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Abstract 

The analysis and the behavior of flow~through porous electrodes 

operating above and below the limiting current are the subjects of this 

dissertation. 

Firstlyp the minimum concentration attainable in a flO1N~through 

porous electrode is estimated by applying the thermodynamics of 

electrochemical cells with a knowledge of the maximum operating 

potential. This predicted concentration is the equilibrium wall con~ 

centration at the back of the reactor and is qualitatively compared to 

the experimentally measured minimum average bulk values observed by 

various authors for the deposition of co~per, silver, lead and 

mercury, and the oxidation of ferrous ions. It is suggested that a 

knowledge of the current versus reactor operating potential will 

elucidate the lower limits observed for any metal system. 

Secondlyp a one-dilnensional model for flow~through porous elec-

trodes operating above and below the limiting current of a metal 

deposition reaction is developed. The model assumes that there is one 

primary reactant in an excess of supporting electrolyte and 

that a simultaneous side reaction may occur. The model predicts non-

uniform reaction rates due to ohlllic 9 mass~transfer, and heterogeneous 

limitations; the effects axial and dispersion are 



included. Results are '(,ritn the 

various authors 011' two different chemical systems: 

data observed by 

(i) the removal of 

copper from sulfate solutions and the removal of from thio~ 

Bulfat solutions. Satisfa agre,ement ions 

and experimental data on over~'all reactor and deposit 

ions has been accomplished. The model is then used to predict 

the effluent concentration as a function of matrix conductivity and 

electrode length for upstream and downstream placement of the counter~ 

electrode and current collector relative to the fluid inlet of the 

electrode. For an infinite matrix conductivity. the lowest 

concentration is achieved when counterelectrode is placed 

upstream to the fluid inlet of the 'tmrking electrode. When the matrix 

conductivity is small. the lowest effluent concentration is still 

achieved for upstream placement of the counterelectrode; however. the 

placement of the current collector depends on the chemical 

system and the value of the matrix conductivity that can be achieved 

in practice. Calculations show that for downstream placement of the 

counterelectrode a lim:[ current distribution cannot be achieved 

electrode ths of interest here). Distribution of potential. 

reaction rate, and electric force are for four 

different 

brine 

process has 

reduced from 

the dilute 

data on mercury re~oval from a sodium 

flow~ porous carbon electrode show that 

potential. l~e mercury concentration was 

600 in the to less than 0.1 

stream. 



In the last portion this dissertation, an economic comparison 

is made between two electrode configurations for flow redox battery 

applications: (i) the flow~through configuration parallel to 

the fluid flow) and (ii) the flow-by configuration (current perpen-

dicular to the fluid • Steady-state computer models are developed 

for each electrode system. These models are used to predict current 

density~ cell voltage, and power density over a complete cycle (charee 

and discharge}. The econ?mic comparison is made by optimizing each 

configuration with respect to an objective function appropriate for 

this application. In this case, only the variable costs are con­

sidered. The 'results of the optimization show that the flow-by 

configuration is superior. The flow-through configuration not only 

yields a lower return on investment, but it is impractical due to a 

requirement of extremely low flow rates eRe < 0.001). Its failure is 

due to current flow (and ohmic potential drop} in the same direction 

as the fluid flow. 
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I, Introduction 

1,1, Perspective 

This dissertation discusses some aspects of electrochemical 

reactor analysis, In particular. the behavior of flow-through porous 

electrodes is examined in applications to metal~ion removal from 

dilute streams and to flow-redox batteries. Because electrochemical 

reactor analysis is not a common subject. even to chemical engineers, 

a brief description of a flow~through porous electrode'is in order, 

Thls is done most simply by analogy, A flow-through porous electrode 

can be thought of as the electrochemical analogue of a packed bed 

catalytic reactor, The packing material in this case is electrically 

conducting and continous, Also. the catalytic properties of the 

packing can be just as important as in chemical reactors. This: latter 

characteristic is especially true in battery applications, 

Flow ..... through porous electrodes have potential not only for metal­

ion recovery and for the storage of energy. but also for the synthesis 

of ch.emicals, This is' because of their ~igh specific interfacial areas: 

and the intimate contact provided between the electrolytic solution 

and the conducting matrix, 

The theme of this dissertation is the prediction and interpreta­

tion of physicochemical phenomena which can occur in flow-through 

porous electrodes. This is accomplished through modeling. Since the 

purpose of modeling is ultimately linked to design. a useful model will 

only include those features which emphasize the limiting factors of 

the system~ Therefore. let us consider some of these limitations; 

a. transfer. For metal-fon removal applications. the 

porous electrode must operate at an appreciable fraction of the 

1 



limiting current (the concentration of the reactant approaches 

zero at the electrode surface; therefore, this current corresponds to 

the maximum rate at which can occur) if a large percentage 

of metal ions are to be removed from solution. To describe the rate 

of mass transfer from the solution to the matrix the concept 

of a mass~·transfer coeff1cient must be used, since we cannot adequately 

describe the fluid flow in the random porous geometry. The effects of 

ax1al dlifusion and are included in the model for complete-

ness. However, only' in are these phenomena 

important because convection dominates in the metal recovery systems. 

b. Because the capital investment of 

these reactors may determine whether they can compete successfully 

with. other processes, it will be advantageous to operate the reactor 

at the highest possible flow rate while maintaining the desired product 

conversion. However, this optimum flow rate may not be achieved in 

practice, oecause the ohmic potential drop within the reactor may 

become unacceptably This can lea~ to low current efficiencies 

due to excessive side reactions. and a decrease in cell voltage on dis-

charge in Thus, the ohmic potential drop limits: 

the flow rate. 

c. If a porous electrode is 

operatli.g under conditions other than the limiting current (battery 

applications in particular), a or kinetic equation is 

needed to describe the dependence of the local reaction rate on con­

centration and the p)tential jump at the matrix~solution interface. 

Because ele:trode kinetics do not follow fundamental laws, one has to 

assume an expression for the polarizat1on equation. Here a form of the 

2 



Butler~Volmer equation was used. 

d, Side reactions. In these times of energy consciousness. any 

cost optimization must include conversion and current efficiency in 

relationship to energy consumption. To account for this, the 

possibility of a simultaneous side reaction must be included in the 

analysis. It will be shown later how the presence of a side reaction 

places limitations on attaining a high conversion or achieving a very 

low effluent concentration of the limiting reactant. 

The analysis of flow~through porous electrodes above and below 

the limiting current is intrinsically complicated by the intimate 

contact that exists between the flowing soluti.on and the electrode 

matrix, Both the ohmic potential drop and the mass~transfer rate are 

in seri.es and i.n parallel with the processes that occur at the 

electrode surface (i,e., heterogeneous reaction ki.netics and double 

layer charging) and cannot be separated to yield simple analytic 

solutions. However, certain limiting cases are tractable and can pro~ 

vi.de ins.ight into the more complete modele presented here (see Bennion 

and Newman (1972) and Newman and Tiedemann (1978)). 

1.2 Scope 

At the time this dissertation was written, chapters 2 through 4 

had been already published, The titles of these chapters remain the 

same as the publisbed form; however, some changes have been incorporated 

to add continuity between the chapters. In addition. the reference 

format has been changed to alphabetical by first author, A review of 

the literature is included with each chapter; however. it is very 

specific since Newman and Tiedemann (1975 and 1978) have extensively 

reviewed the porous electrode 

3 



Chapter 2 (~:.. j 2, 287 (J977)2 is concerned 

with estimating the minimum concentration attainable in a flow-through. 

porous electrode. This is done applying the thermodynamics of 

electrochamical cells with an experimentally determined value of the 

maximum operating potential (the potential of the working electrode 

relative to a reference electrode placed in the dilute product stream). 

This chapter grew out of a paper by Kuhn and Hough.ton (1974) which. 

considered antimony removaL The purpose was to explain their data 

using fundamental thermodynamic principles. 

In Chapter 3 (:I,. Electrochem. Soc •• ill. 1528 (1977) L a 

theoretical model for flow-through porous electrodes is developed for 

the removal of metal ions from dilute streams. The model predicts non­

uniform reaction rates due to ohmic. mass-transfer, and heterogeneous 

kinetic limitations in the presence of side reaction. Results are 

presented for upstream placement of the counter electrode (relative to 

the fluid inlet of the working electrode) and for a matrix conductivity 

much. greater than the solution conductivity. 

In Chapter 4 (~" E1ectroche~" Soc., 125, 58 (1978)), the model 

developed in Chapter 3 is used to predict the performance of a f1ow­

through. porous electrode for variations of electrode current density 

and length, matrix conductivity. flow rate, chemical system, and 

configuration. 

Chapter 5 presents s.ome preliminary data on mercury removal from 

a sodium chloride brine a flow-through porous carbon electrode. 

The results show that this process is extremely effective for mercury 

recovery. The discussion includes suggestions for ohtaining data 

suitable for design purposes. 

4 



In Chapter 6, two different electrode systems are compared on an 

economic basis for redox battery application~, This is done hy developing 

an electrode model for each system and optimizing these systems with 

respect to an objective function appropriate for the redox battery 

application, The first model presented is for the flow-through 

configuration (current parallel to the fluid flow}. This model is 

essentially the same as that developed in Chapter 3 for metal~ion 

removal, except that provision is made for a redox reaction. The 

second model developed is for the flow-by configuration (current 

perpendicular to the fluid flow), This model is not as sophisticated 

as the previous models presented, since it would require a two­

dimensional analysis. However, it is sufficient for the economic 

comparison considered here. This comparison is based solely on the 

variable costs. Results show that the flow~by configuration is superior. 

5 



2, A thermodynamic estimate of the minimum 
concentration attainable in a flow-through 
porous electrode 

2,1 Introdu .. ~tion 

The removal of heavy metals from industrial wastes by flow-through 

porous electrode reactors is promising~ though not yet proved to 

be technologically and economically feasible. Encouraging results have 

been obtained in studies by Bennion and Newman (l972)~ Posey (1973), 

Chu, Fleischmann and Hills (1974), Williams and Keating (1975), Wenger 

and Bennion (1976), and Van Zee and Newman (1977) on the removal of 

various metals and in comparisons to other electrochemical reactors 

(Kuhn and Houghton (1974a), and Kreysa. Pionteck and Heitz (1975»). 

On the other hand~ there are results which are less encouraging. 

In the removal of lead ions Trainham and Newman (1974) have had diffi-

culty in reducing the effluent concentration below 0.5 mg/~. In the 

work of Kuhn and Houghton (1974b). the concentration of antimony was 

reduced from 100 mg/~ in the feed to a dilute product concentration 

not lower than 5 mg/L This apparent limit was explained as being the 

equilibrium concentration at which deposition and dissolution of 

antimony occurs at the same rate, 

The purpose of this chapter is to suggest a criterion by which 

one may estimate the minimum attainable dilute product concentration 

given the maximum operating potential, or given a desired dilute product 

concentration the minimum value of the operating potential at which 

this dilute product concentration can be achieved. thus providing a 

basis for design and operation. 
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In the design of electrochemical reactors, it is desirable to 

avoid side reactions, Such reactions occur if the potential variation 

in the solution exceeds a certain limit, Since a characteristic of 

flow-through porous electrodes is the non-uniform ohmic potential drop, 

the operating potential may not be set arbitrarily high, The maximum 

operating potential is that potential which may be maintained in the 

electrode at which an appreciable side reaction does not occur. This 

can be determined experimentally by measuring the current versus the 

potential of the working electrode current collector relative to a 

given reference electrode placed in the effluent stream (VOP, shown 

schematically in Figure 1). VOP as shown in Figure 1 is the potential 

difference ¢met ~ ¢soln ' where ¢ 
met is the electrostatic potential 

of the constant potential current collector and ¢soln is the quasi-

electrostatic potential (see, for example, Newman (1973), chapters 2 

and 3) of the solution leaving the reactor. 

Various authors (Bennion and Newman (1972), Trainham and Newman 

(1974), Van Zee and Newman (1977), and Adams, Hollandsworth and 

Bennion (1975» have used the configuration shown in Figure 1 to 

obtain the current-potential behavior of these reactors. Inspection 

of the resulting current-potential curve yields a value of the maximum 

operating potential VOP max If it is assumed that the reactant 

species leaving the reactor is in equilibrium with the working electrode 

current collector at the potential VOP • a value of the lower limit max 

of removal of the reactant may be calculated. 

To attain a low effluent concentration, we envision placement 

of the counterelectrode upstream of the working electrode in L 

7 
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Figure 2~1. Measurement of VOP in a flow~through porous electrode. 
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This results in the potential distribution shown in Figure 2 (see 

chapters 3 and 4, also Trainham and Newman (1977b) for details), The 

current flowing in the solution drops to zero at the back of the 

electrode and, because the reaction rate is also low in this region, 

the potential variation in the solution may also be small over a consid­

erable portion of the thickness of the electrode, In this region, the 

potential difference between the matrix and the solution will be 

approximately equal to VOP (-~2L in Figure 2), and thus there may be 

some substantial distance over which the bulk concentration can be 

approaching the wall concentration, 

An alternative electrode configuration used by (Roe (1964), and 

Alkire and Ng (1974, 1977)) involves placement of the countere1ectrode 

adjacent to the working electrode, so that the fluid flow is parallel 

to the separation between the electrodes, (A similar configuration 

has been used by Backhurst, Coulson, Goodridge, Plimley and Fleischmann 

(1969) where the electrodes are fluidized beds rather than packed beds,) 

To attain a low effluent concentration, the electrodes are then made 

long in the direction of flow, Since the reaction rate decreases in 

the dO~lstream region. there will again be a substantial distance where 

the potential difference between the matrix and the solution will be 

approximately equal to VOp, 

An undesirable configuration, from the point of view of attaining 

a low effluent concentration, ts where the counterelectrode is placed 

downstream and the current collector upstream in I. The 

corresponding potential distribution in the solution is also shown in 

2 as a dashed curve and is dra~1I1 for the same total current as 

9 



Figure 2-2. Calculated (see chapter 4 for details) solution-phase and 

solid-matrix-phase potential distributions for the deposition of copper 

and simultaneous formation of dissolved hydrogen for the following 

cases: 1) downstream placement of the counterelectrode with an 

upstream current collector and 2) upstream placement of the counter-

electrode with a downstream current collector, where the matrix conduc-

tivity cr is considerably greater than the solution conductivity K, 

~2 is the potential measured with a copper reference electrode with 

cCu2+ = cf in the reference electrode compartment, The calculations 

in both cases were done for 

3 -1 2 mole/cm ,a = 25 cm • i = -0,007 A/cm • and L = 6 cm 

10 
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the curve for the upstream counterelectrode (for these calculated 

potential distributions the effluent concentration is less by a 

factor of 61 for the upstream placement of the 'counterelectrode than 

for the downstream placement of the counterelectrode). In contrast 

to the two configurations discussed above. the solution potential varies 

substantially in the downstream region. because the current here is 

the total current flowing to the counterelectrode. and an increase of 

the electrode dimension in the direction of fluid flow will not 

necessarily have a beneficial effect on the removal or recovery of the 

solute. The maximum electric driving force (~l - ~2) occurs at the 

downstream end of the electrode. but this does not prevail over a 

substantial distance. If this maximum electric driving force is 

restricted so that undesirable side reactions are maintained at a 

tolerable level. then only a greatly diminished electric driving force 

will be available over much of the electrode thickness. and the effluent 

concentration cannot be expected to drop to the thermodynamic value 

corresponding to the measured value of VOP (-~2L in Figure 2). 

In the applications of this work. we think in terms of the first 

two configurations. where the potential difference between the matrix 

and the solution can be made approximately equal to VOP over a consid­

erable distance. Also in a recycle system (Kuhn and Houghton (l974b) 

or a system with several reactors in series. it is possible to allow 

adequate opportunity for the effluent concentration to approach the 

thermodynamic value corresponding to a given value of VOP. 

12 



2.2 

In order to calculate the minimum attainable concentration in a 

flow~through porous electrode reactor, using the values of VOP max 

one can construct mentally an electrochemical cell which consists 

of the working electrode and the given reference electrode. An expression 

for the open~circuit cell potential U may then be derived using 

thermodynamics if the following assumptions are made: 

1) The reactor has been run sufficiently long that metal 

deposition of the reactant has occurred. 

2) Equilibrium exists between the reacting species and the 

deposited metaL 

3) The molecular and ionic forms of the reacting species are known. 

The value of VOP is then substituted for U, and the equilibrium 
max 

wall concentration for a particular reacting species is obtained. The 

total equilibrium wall concentration is simply the sum of all the 

reacting species which are in equilibrium with the deposited metal. 

This calculated value will be lower than the actual effluent concentra-

tion because of a lack of equilibrium at the downstream end of the 

reactor due to a nonzero reaction rate and electrode kinetic and 

mass~transfer limitations. 

The following examples will help to clarify the method. 

Example 1. Copper deposition from sulfate solutions 

Bennion and Newman (1972) have obtained the current~potential 

behavior of a porous carbon reactor used in the removal of copper from 

sulfate solutions. From their data. a value of VOP equal to 
max 

13 
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~O.Z5 V may be chosen. A schematic representation of this cell is as 

follows: 

a f3 <5 e: <5 I <P a l 

Pt(s) Hg(Q,) Hg
Z

C1
2

(s) KCl transition CUS04 Cu(s) Pt(s) 
Sat'd in region in H2SO4 H2O 

and H2O 

where the reaction at the left electrode is 

(2-1) 

and one possible reaction at the right electrode is 

An expression for the open-circuit cell potential U may be derived 

using the thermodynamics of electrochemical cells (for example, see 

Newman, 1973, chapters 2 and 3). For this cell. the open-circuit cell 

potential was found to be 

2 
c c 

FU = FU6 + ! RT Q,n ~cu~2_+ __ ~Cl~-~.~s~a~t + ! RT Q,n f 
2 P~ 2 Cu2+.CI-

where 

(2-4) 



Thus, the value of the standard cell potential for this cell at 25°C is 

ue 0.337 V ~ 0.2676 V = 0.0694 V • 

Omission of the activity coefficient and liquid~junction potential 

terms (the fourth and fifth terms) in equation 3 will result in a 

satisfactory estimate of the equilibrium copper concentration. With 

these considerations equation 3 may be re~arranged to yield an expression 

for the equilibrium cupric concentration as follows: 

where 

c 2+ 
Cu 

u has been set equal to 

c ~ 4.17 moles/t . 
Cl~.sat 

(2-5) 

VOP • IiVk max 
e = VOP ~ U • and max 

As was mentioned previously. the deposition of copper from cupric 

ions is not the only equilibrium electrode process. Cuprous ions are 

also in equilibrium with both the deposited copper and the cupric ions. 

The equilibrium cuprous concentration can be calculated as was done 

earlier for the cupric ions. However, cuprous ions disproportionate 

according to 

+ 2+ 2 Cu ~ Cu + Cu . 
*'" 

(2~6) 

The equilibrium constant for this reaction is given by Newman (1973). 

p. 57 as 

15 
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With neglect of activity coefficients the equilibrium cuprous concentra-

tion is found to be: 

(2-8) 

Therefore the total equilibrium copper concentration 

(cCu) ~ c 2+ + c + = 7.37xIO~lO moles/~ 
total Cu Cu 

Example 2. Silver deposition from photographic fixing solutions 

Van Zee and Newman (1977) have obtained the current~potential 

behavior (see also chapter 4) of a porous carbon reactor used for 

removing silver from photographic fixing solutions. From their data, 

a value of VOP ~ -0.46 V was chosen due to appreciable side max 

reaction. thought to be 

(2-9) 

which occurs at a significant rate for more extreme values o,~ VOP. 

Silver ions in solutions containing thiosulfate foru a very stable 

complex (Trotman and Dickerson (1973): 



Ag+ -'- 2 02-
T 82 3 (2-10) 

which has a value of the stability constant 13 2 of approximately: 

2 
~ lo7xl013 (~) 0 

mole 
(2-11) 

Therefore, it will be necessary to consider the deposition of silver 

from the silver-thiosulfate complex: 

(2-12) 

which has an expression for the standard electrode potential 

(2-13) 

The value for e u 3- may be calculated from the value of the 
Ag!Ag(8Z03)2 

stability constant of the species and the standard electrode 

potential of the non-complexed silver deposition reaction: 

17 



The 

where 

+ e 

for the standard electrode is 

FU
e 

+ Ag/Ag 
1. * 
2 

ue 
+ Ag/Ag 

0.7991 V . 13 and 15 lead to 

0.0164 V ~ 

(2-14) 

(2-16) 

which indicates that silver will be much more difficult to plate in 

the presence of thiosulfate ions due to hydrogen evolution. 

A schematic of the electrochemical cell which consists of a 

silver-silver thiosulfate electrode and the calomel reference electrode 

)s as follows: 

a S 

pte Hg(Q,) 

An 

6 E 

Hg
2

Clz (8) KCl 
Sat'd 
in H2O 

for the equilibrium 

6 ' 

3-
Ag(S203)2 in 

Na2SZ03"SHZO, 

NaHS0
3

, NaBr 

(s) Pt(s) 

function of vOP may be derived as was done for the copper 

system. This with t of coefficients and the 

liquid-junction is 

18 



where t:,vk "" vor - Ue + uS For c "" L 737 moles/9v 
3- cal 2-

Ag/Ag(SZ03)Z SZ03 

and vop -0.46 V , the value of the equilibrium silver concentration 
max 

is 2.14xIO-4 mo1es/9v or 23 mg/9v of silver, 

Example 3. Mercurx removal from brine solutions 

This example combines aspects of the previous two examples. i.e •• 

multiple electrode reaction equilibria and complexing, Mercuric ions 

Hg2+ form very stable chloride complexes with stability constants of 

the form 

which have values: 9vn Sl "" 12.2. 9vn 6Z "" 29.4. 9vn 63 = 32.0. and 

9vn 64 = 34,3 (see Meites (196Z»), Baes and Mesmer (1976) report that 

the mercurous dimer does not complex appreciably in chloride 

solutions. 

Table 1 lists the expressions and values for the standard 

electrode potentials of mercury, The standard electrode potentials 

involving the complexed species were calculated using the above 

stability constant data. For example. entries 6 and 8 were calculated 

from entries Z and 1. respectively. using the value of 64 as follows: 

19 



o 
N 

2) 

) 

) 

'fable 2-1. 

Reaction 

--+ + 2e 

-+ + 2e 

--+ 0' + 2e 

+ 2CI -+ + 2e 

- -+ 3Cl -+ 3 + :2e 

+ ~,Cl -+ H2Cl':" + :2e 

, + 6Cl -+ + :2e 

+ 8CI -+ + 2e 

Standard electrode potentials of mercury referred 
to the electrode solutions at 25°C. 

I '* - - R'f 9,n + R'f 9,n A~ ", .920 2 2 

1 '* I + t R'f 9,n A~ ~,/ -2 0.8545 2 

1 '* + 1:. R'f 2 
v, \_ 0.789 

:2 

1 * 1 II . \ .. - R'f 9,n .-. O. 68 
2 2 

'* 1 3 1 e \2 -2 - - RT 9,n 2 RT .tn O. 
:2 :2 

'* 1 1 
~ II 2 :2 

- 2RT 9,n + 2 RT 9,n 0.4138 
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ue e RT 64 
(2~19) U ~ tn . 

2~ Hg/Hg2+ Hg/HgC14 

RT 
tn 64 

(2~20) "" F 

Expressions for the equilibrium mercuri.c chloride complex concentration 

as a function of VOP may be derived as was done in previous examples: 

2 c eF 
) 

c "" exp RT llVk ' HgC1 2 
(Z-21) 

,sat 

3 c 

exp (i~ II V k) , c "" 
HgCl; 

~ 

Cl ,sat 

(2-22) 

4 c 

(2F ) c "" exp RT llVk ' 2~ 
HgC14 Cl~,sat 

(2-23) 

where llV
k 

refers to the electrode reaction involving the appropriate 

mercuric complex (activity coefficient corrections and the liquid-

junction potential were neglected), The expression for the species 

HgCl+ and HgZ+ are not given since their contribution to the equilibrium 

mercury concentration is negligible in comparison with the highly 

complexed species. The equilibrium concentration of the mercurous 

dimer may be related to the mercuric chloride complex concentrations 

by the appropriate disproportionation reaction. F'or example, consider 

the reaction 
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,-lith the result 

3 
(J c 

o 

c 

H ++ + 3Cl g2 t Hg + HgC1
3 • 

3 

Cl~ 
[

2F ( e e)~ exp RT U ++ ~ U . 
Hg2 /HgCl; Hg/HgCl; 

From entries 5 and 7 of Table 1, 

~12 
(2.08xIO ) mole/~ , 

(2-25) 

(2-26) 

and may therefore be negl~cted from further consideration. Preliminary 

data on this system have been obtained by Trainham and Newman (1975) 

in a porous carbon reactor. For a feed concentration of 4.12 mg/~ 

of mercury, a value of VOP ~ ~O.46 V was found, with 
max c "" 4.35 

Cl~ 

moles/~ in the brine. Substituting these values into equations 21 

through 23 yields a total mercuric concentration of 
~14 

1,36xlO mg/~, 

2~ 
the complex HgCl, predominating. Under these conditions equation 

'+ 

25 or 26 yields the estimate of the mercurous dimer as 
~27 

1.S2x10 mg/~. 

Example 4. 

A preliminary study has been made on this system by Trainham and 

Newman (1974). An expression for the equilibrium lead ion concentration 

may be obtained hy considering the working electrode reaction to be 
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Pb 2+ + 2e 

with the result 

+ Pb s ue 
Pb/Pb2+ 

Cl~,sat 

(2-28) 

For a feed concentration of lead of 4.32 mg/i a maximum operating 

potential VOP was found to be max 
~O,56 V Substituting this value 

into equation 28 yields an equilibrium lead ion concentration of 

-7 c 2+ = 1.35xlO mole/i or 0,028 mg/i of lead, 
Pb 

Example 5, Oxidation of ferrous ion 

Adams, Hollandsworth, and Bennion (1975) have studied ferrous 

oxidation on a porous carbon electrode from a dilute stream containing 

1,43 g/i of H2S0
4

, On an inert carbon electrode, only the following 

redox reaction need be considered: 

++ Fe + + e 0,771 V • (2-29) 

where the equilibrium ferrous composition may be estimated from 

c 

if the ferric composition is known. If the reactor is long enough. 

the reaction (equation 29) will have gone to complete conversion except 

for the equilibrium composition at a particular value of the 
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operating potential. Thus, for a feed composition of 705 mg/~ ferrous 

ion and a maximum value of the operating potential of VOE' "" 0.7 V • max 

the equilibrium ferrous concentration may be estimated to be 

c ++ = 1.4 mg/~ . 
Fe 

2.3 Experimental minimum concentration 

The minimum wall concentration calculated in the above examples 

must be compared with the minimum bulk average concentration leaving 

the reactor because the equilibrium wall concentration is not easily 

measured. Table 2 lists the measured minimum bulk concentration 

obtained by various authors in flow-through porous electrode reactors. 

Also shown are the predicted minimum wall concentrations for these 

systems which were calculated in examples 1 through 5 for the experi-

mental values listed in the table. 

The experimental bulk concentration will approach the predicted 

wall concentration values if the reaction is carried to a greater 

degree of completion. This may be achieved by reducing the flowrate, 

while holding VOP constant. making the electrode thicker (upstream 

counterelectrode only). or adding additional reactors operating with 

equal values of VOP. 

The discrepancies which exist between the predicted minimum wall 

concentration and the experimental bulk values may be explained as 

follows. For copper removal. the reactor was designed to operate 

with a mass-transfer limitation to remove copper from 667 mg/t to 

1 mg/~ • and not to remove all the copper. For mercury removal. the 

experimental minimum bulk concentration of less than 5xlO-3 mg/t 



I/) 
N 

Table 2-2. Experimental minimum bulk concentration and ted minimum 
wall concentration for various systems. 

Observed 
tern Feed Effluent Electrode Wall 

Concentration Concentration Potential Concentration 
V 

copper 667 0,06 -0.25 '-I. 

silver 1000 42 -0.46 23 

lead .32 0.55 -0.56 0.028 

mercury 4.12 <0.005 -0 46 1. 

ant 100 5 -0. 1. 

ferrous 105 0.1 Ie 
oxidation 

at which the calculated 
minimum 

wall concentration exhibits a 



reported in Table 2 is due to the limitations of the analytical technique 

used for detecting mercury. For the operating potential reported, 

samples obtained from the dilute product stream of the reactor contained 

no detectable mercury. For ferrous oxidation only, the predicted 

minimum wall concentration is greater than the observed bulk value. 

Adams al. (1975) report that the current measured for this system 

is greater than that based on the feed composition (i = nF v cf ) at 

current efficiencies approaching 100 percent. One explanation 

presented by these authors is the oxidation of ferrous species by 

oxygen. a reaction which is catalyzed on a graphite surface. For 

silver. the agreement is good; it should be noted that effluent values 

as low as 0.8 mg/~ were achieved at VOP values as extreme as ~O,55 V • 

but with a considerable loss of current efficiency due to side reactions. 

2.4 The removal of antimony 

As mentioned earlier. Kuhn and Houghton (1974b) have reported 

an apparent limit in the removal of antimony from aqueous solutions 

using a flow-through porous electrode reactor. Application of the 

criterion suggested in previous sections using the data of Kuhn and 

Houghton (l974b) is not possible since their study was one of transient 

response and no steady~state current-potential data were provided, 

However. qualitative information about their experiments allows a 

thermodynamic analysis to be undertaken which indicates that a minimum 

exists in the antimony concentration as a function of VOP. 
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2.5 Analysis of antimony removal 

The chemistry of antimony in aqueous solutions is quite complex, 

and many molecular and ionic species are possible. Kuhn and Houghton (1974b) 

report that in their experiments the oxidation state of the dissolved 

antimony species was plus three. Table 3 lists the standard electrode 

potentials of various antimony which are known to exist in the 

plus three oxidation state (values of which have been calculated from 

thermodynamic data (Wagman. Evans, Parker, Halow, Bailey and Schumm 

(1968)) or found tabulated in the literature (Weast (1971)). Stability 

+ data indicate that Sb(OH)3' arld SbO are the most probable species 

and that Sb+++ rarely exists except under extremely acidic conditions 

(Baes and Mesmer (1976». Expressions for the equilibrium wall concen-

tration as a function of VOP for each of the antimony species may be 

derived as before and are also given in Table 3. 

2.6 Results for antimony removal 

Figure 3 depicts the dependence on VOP of the equilibrium wall 

concentration of the various antimony species found in Table 3, where 

the concentration of hydrogen ion has been set to 1 mole/i. The solid 

line represents the total equilibrium antimony concentration if all of 

these species are in solution. 

The minimum exhibited by the total antimony concentration is due 

to the evolution of stibine (SbH
3

) in a minus three valence state 

at high cathodic (negative values of VOP). This supposition 

is supported qualitatively the data of Kuhn and Houghton (1974b), 

who stibine evolution and low current efficiencies. The low 

current efficiencies are due to cell at too high cathodic 



Table 2-3, Standard electrode tals of to the 

Reaction 

+ Sb + + 3e-

2Sb + + Sb + 

Sb + + + 

Sb + + Sb 3 + 

Sb + + + 

Sb + + + 

electrode, solutions at wall 
concentration of ant as a function of VOp, 

t Concentration» 

3 

:= -0,5104 
5 

exp 

13 
- 0,1445 

Po 
+ 3e "" 3 exp 

~sat) 
6 

- 0.2015 
Po 

+ 3e c "" 2 exp 
3 

c +c 
U ,sat 

+ 3e 0.2307 "" cSb exp 
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-+ 3e o. cUSb02 "" exp 

+ 3e - 0.4633 3F c '" exp 
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Figure 2-3. Equilibrium antimony concentration as a function of 
electrode potential relative to a saturated calomel electrode. 
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potentials where both the evolution of stibine and hydrogen are 

appreciable. However, quantitatively the estimated equilibrium wall 

concentration (shown in Figure 3) lies thirteen orders of magnitude 

below the reported bulk value. As discussed earlier, the bulk value 

will exceed the equilibrium value somewhat because of electrode-kinetic 

and mass-transfer limitations; however. a large discrepancy does exist. 

This may be explained by considering the range of potential at which 

the predicted equilibrium wall concentration is less than or equal to 

the measured bulk value (5 mg/t). Calculations (using the expressions 

found in Table 3) indicate that this range of potential is 

~O.655 < VOP < ~O.130 V. Since Kuhn and Houghton (1974b) operated 

their cell galvanostatically. their cell potential could vary over a 

wide range. To resolve the question of the practical lower limit 

attainable for antimony removal, careful, controlled-potential, 

steady~state experiments will be required. 

2.7 General considerations 

As discussed earlier, the bulk concentration of the reactant 

species will approach the equilibrium wall concentration predicted 

by thermodynamics if the reactor is made thicker (upstream counterelectrode 

only) or additional reactors are placed in series. This may be seen 

quantitatively by considering the analysis presented by Bennion and 

Newman (1972) for a reactor operating at the limiting current with 

an upstream counterelectrode (see Newman and Tiedemann (1976) for 

the analysis of a downstream counterelectrode). 

For reactions carried to a high degree of completion, the allowable 

potential variation across a reactor can be estimated approximately as 
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nF 
2 

v c
f 

k K • 
m 

(2-31) 

This equation shows that the ohmic potential drop across a reactor is 

directly proportional to the feed concentration. In the copper recovery 

process of Bennion and Newman (1972) a value of the operating potential 

vop may be chosen to be -0,25 V (the P9tential at the fluid outlet). 

If their reactor were operating at the design specification, 

~~2 = 0.2 V , the driving force at the front of the reactor would be 

-0,45 V. The data indicate that the magnitude of this value does 

not produce appreciable side reactions -- thus if this driving force 

could be maintained throughout the depth of the reactor the effluent 

concentration will utlimately be reduced. With this in mind, the 

ultimate value of vop is then -0.45 V. Equations 5 and 8 then yield 

an estimate of the lowest attainable equilibrium wall concentration 

for copper of -8 1.94xlO mg/t, 

In order to achieve this in practice, consider reactors placed 

in series: if for example the concentration in the first reactor has 

been reduced by 99 percent, then the total current density in the 

second reactor (i = nF v c f ) will be smaller resulting in a reduction 

in the ohmic potential drop (see equation 31)~ and the electrode poten-

tial can be maintained closer to -0.45 V throughout the second reactor. 

This also applies to short reactors where the reaction rate is 

non-zero at the back of the reactor resulting in an appreciable surface 

overpotential, thereby producing a wall concentration higher than 

the equilibrium value. Increasing the reactor thickness will also 

decrease the wall concentration toward the equilibrium value if the 
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counterelectrode and current collector are placed upstream (or if 

the matrix conductivity is increased, see. for example Newman and 

Tiedemann (1976) and Trainham and Newman (1977c». 

2.8 Conclusions 

A criterion has been suggested for determining the minimum 

concentration attainable in a flow-through porous electrode reactor. 

This may be done by measuring the cell current as a function of the 

potential of the working electrode current collector relative to a 

reference electrode of a given kind placed in the effluent stream 

(see Figure 1). Thermodynamics may then be applied by assuming that 

this measured potential can be set equal to an expression for the 

open-circuit cell potential between these electrodes, thereby yielding 

a value of the equilibrium wall concentration of the reactant species. 

It should be emphasized that the value of the minimum concentration 

obtained is a lower limit, 

Comparison of this concentration with the experimentally observed 

effluent concentration suggests that the procedure is essentially 

correct, although the effluent concentration will be higher than that 

calculated if the reactor thickness is small and mass-transfer and 

electrode-kinetic limitations still exist at the fluid outlet. If 

either mass-transfer limitations or kinetic factors appear to be 

dominant. the reactor may well have been designed so that the effluent 

concentration can be predicted on the basis of these governing factors 

and an estimation based on thermodynamic considerations would not be 

necessary. 
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Measurement of the reactor operating potential as described 

above should help to clarify lower limits observed in flow-through 

electrochemical reactors. It should also aid in the design of reactor 

systems. since information on the allowable ohmic potential variation 

within the solution from the inlet to the outlet of the reactor is 

provided. 
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3.1 

3, A flow~through porous electrode model: application 
to metal~ion removal from dilute streams 

This develops a theoretical model which describes the 

macroscopic behavior of flow~through porous electrodes. In the 

macroscopic treatment of flow~through porous electrodes, the geometric 

detail of the porous structure is disregarded. The solid-matrix phase 

and the electrolyte phase filling the pores are described mathematically 

as a superposition of two continua (see Newman and Tiedemann (1975) 

for details), (Also, see Appendix B or Dunning (1971) for the 

defini~ion of the averaged quantities used in this description and a 

detailed derivation of the equation of continuity for a species i ,) 

The model described here will be applied throughout the remainder of 

this thesis, 

In previous work (Bennion and Newman (1972), Nelvman and Tiedemann 

(1975), Alkire and Gracon (1975), Newman and Tiedemann (1976), and 

Sioda (1975»). a f1ow~through porous electrode operating at the 

limiting current was treated. Sioda (1972) gave an analysis for a 

flow~through porous electrode operating below the limiting current for 

a reversible reaction described by the Nernst equation. 1:vhich also 

includes treatment of the interfacial mass~transfer resistance. Alkire 

and Gracon (1975) included a very analysis of a single electrode 

reaction below the limiting current, including the effects of axial 

diffusion; results are given for an upstream counterelectrode, Recently. 

Alkire and Gould (1976) have extended this work to multiple reaction 

sequences. which includes: deposition of several metals. deposition of 

a metal in the presence of a re~dox system. and an ECE sequence applicable 
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to electro~organic synthesis; results are given for a downstream counter-

electrode, Ateya and Austin (1977) give an analysis similar to Sioda 

(1972) for a single electrode reaction described by the Nernst equation 

and study the effects of axial diffusion and dispersion under conditions 

when the interfacial mass-transfer resistance appears to be negligible, 

The present analysis complements previous work by predicting 

nonuniform reaction rates due to ohmic, mass-transfer. and heterogeneous 

kinetic limitations in the presence of a side reaction, Also included 

are the effects of axial diffusion and dispersion without simplification 

of the Danckwerts (1953), Werner-Wilhelm (1956) boundary conditions 

as was done in previous work (Alkire and Gracon (1975) and Alkire and 

Gould (1976»). Simplifications made possible in the treatment of 

the side reaction due to the small reactant concentration and the 

desire to operate at high current efficiencies should make this analysis 

attractive for design purposes, 

3,2 Model 

The case of metal-ion removal from dilute streams using a flow-

through porous electrode with parallel current and fluid flow can be 

modeled with the following restrictions: 

1) The model is one-dimensional, 

2) The porous cathode is of length L and has an isotropic 

porosity E and specific surface area a which remain constant in 

time. 

3) The hydrodynamics are characterized by the superficial velocity 

v and an average mass-transfer coefficient k • where axial diffusion m 

and dispersion account for deviations from plug-flow. 
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4) There is one reactant species in excess supporting electrolyte. 

5) A simultaneous side reaction may occur, which is characterized 

by its rate at the half~wave potential of the primary reaction. Also, 

if the side reaction involves generation of a gas, it is assumed that 

the gas will remain in solution so that the velocity profile will 

not be disturbed, 

6) The conductivity of both the matrix and pore solution phases 

is uniform, 

Assumptions 1 through 3 simplify the calculational procedure and 

are necessary due to the lack of a better description of the complex 

porous geometry, The validity of assumptions 4 through 6 rests on the 

small reactant concentration, As a consequence of assumptions 4 and 

5, the current efficiency should be high, which further simplifies the 

model by removing the need to follow any reactant species concentration 

which participates in the side reaction. This approach emphasizes the 

salient features of the interaction between the unwanted side reaction 

and the metal deposition reaction. 

3.3 

The equations which describe the behavior of porous electrodes 

have been reviewed recently by Newman and Tiedemann (1975). 

Only one material balance is required ~- that for the metal-ion 

reactant. At steady-state, this may be expressed as 

(3-1) 



where in the absence of migration effects the superficial flux NR 

of th~ metal-ion reactant in the direction of the fluid flow is given by 

and the local pore-wall flux to the flowing solution is related to 

the average mass-transfer coefficient k 
m 

(corrected for axial 

diffusion and dispersion~ see Newman and Tiedemann (1976») by 

(3-3) 

The quantities cRw and cR are the wall concentration and the 

pore=solution concentration of the metal-ion reactant averaged over 

the volume of the pores. In equation 2, DR is the effective diffusion 

coefficient of the metal-ion reactant within the pore solution and 

represents a correction to the molecular diffusion coefficient D 
o 

for tortuosity (DR = Do/T2 ,where L is the tortuosity factor). 

D is the axial dispersion coefficient taken to be (Newman and a 

Tiedemann (1976») 

3v D = -- (1 = E) , a ae: 

which is a fit of a large number of data correlated by Sherwood et al. 

(1975) (see also, Newman and Tiedemann (1915». 

In the matrix phase, the transport of electrons is governed by 

Ohm's law 

(3-5) 
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Since it has been assumed that the concentration of the limiting 

reactant is small compared to the supporting electrolyte concentration. 

the diffusion potential is neglected; consequently. the current density 

i2 in the solution phase is also governed by Ohm's law 

where K is the effective conductivity of the solution within the 

pores, related to the bulk conductivity 

(1959)) 

K "" K E: o 
1.5 

K 
o 

as follows (Rue and Tobias 

(3-7) 

A consequence of electroneutrality is that charge is conserved 

between the matrix and pore-solution phases, Mathematically this 

means the divergence of the total current is zero 

(3-8) 

The transfer current is due to the sum of the individual electrode 

reactions: 

a i . , 
nJ 

where is the average transfer current density (from the matrix 

phase to the pore solution phase) due to reaction j in an electrode 

reaction of the form 
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(3=10) 

With the assumption that the principal reactant R participates 

only in the primary reaction, we can write 

'" nF k (c = cRw,) • 
sR m R .w 

For the case under consideration, the mass=transfer resistance 

is unimportant for the side reaction. and substitution of equation 11 

into equation 9 yields 

(3-12) 

where the subscript S refers to the side reaction. 

In general, the average transfer current density due to reaction 

j may be approximated by the Butler=Volmer equation 

(3-13) 

where i. is the exchange current density which is assumed to have 
oJ 

a composition dependence of the form 

(3=14) 

where i. f is the value of the exchange current density for reaction 
OJ .re 

j at a reference composition c. f' ~.re 
It was further assumed that 
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the transfer coefficients and c/, , 
CJ 

sum to n. 
J 

(a positive 

number. see equation 10) and that the exponents Yij haile the form 

Y{J' "" q .. + 
b l.J nj 

s .. 
1.J 

such that qij '" ~Sij for a cathodic reactant and zero otherwise. 

In equation 13. the surface overpotential for reaction j is 

given by 

(3-16) 

where 

u. 
JW 

(3-17) 

which is the theoretical open-circuit potential for reaction j at 

the local wall composition relative to a reference electrode of a 

given kind. where the subscript r refers to the reference electrode 

compartment. (The pure-solvent density Po 

3 kg/em if the concentrations are given in 

should be expressed in 

mole/cm3 .) 

For the case of metal-ion removal from dilute streams. equations 

13 through 17 can be simplified greatly. Let the reference electrode 

be of the same kind as the metal deposition reaction. where the 

concentration of the primary reactant in the reference electrode 

compartment eRr and the reference concentration in equation 14 

c are set equal to 
R.ref 

(the upstream feed concentration of 

the metal-ion reactant). Also assume that the stoichiometric coefficient 

'" -1. Then equation 13 for a metal deposition reaction reduces to 
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For a simultaneous side reaction, such as the decomposition of the 

solvent. equation 13 reduces to an even simpler form 

where ~U is the difference in the theoretical open~circuit potentials 

of the side reaction and the primary reaction (~U "" U - U ) S R at the 

reference concentration. which in this case are at the upstream feed 

composition. Note that any explicit dependence of the rate of the 

side reaction on the composition has been ignored. This assumption 

is justified if the current efficiency is high and the ratio of the 

metal-ion reactant to the reactant species involved in the side 

reaction .g., the hydrogen ion) is small. 

Let n = ~l ~ ~2 be defined as the local overpotential. and 

combine equations 5 and 6: 

The elimination of cRw between equations 3 and 18 yields 

(3-21) 
~~~~ exp [Cl.CRFn/RT] 

ref 
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Next combine equations 1, 2, and 21 to eliminate NR and jRn' which 

results in a material balance equation for the limiting reactant with 

unknowns and n : 

dCR 
v - ""E(D + D ) dx R a 

-~-- exp [acRFn/RT] 
ref 

An equation for the potential distribution results from elimination 

of i l , i2 ,and inS ' between equations 8, 12, 19, 20, and 21 by 

differentiating equation 20: 

exp [(aaR + a cR) Fn!RT] { 

~(-:RF)~_~ 
---- exp [acRFn/RT] j 

ref 

(3-23) 

Before equations 22 and 23 can be solved simultaneously for cR 

and n, four boundary conditions are required. For cR the following 

conditions were used 

where is the upstream feed concentration, and 

"" 0 at (3-25) 
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~~ the Danckwerts (1953), Wehner~Wilhelm (1956) conditions when axial 

diffusion and dispersion are included, The conditions on n depend on 

the placement of the counterelectrode, For an upstream counterelectrode, 

the current density is zero in the matrix phase at the cathode inlet 

and equal to ~i (the total current density to the electrode) in the 

pore solution phase; the opposite is true at the cathode outlet, 

Application of these conditions to equation 20 yields appropriate 

conditions on n : 

and 

i 
- - at 

K 

at x "" L , 

(3~26) 

To reduce the large number of parameters. equations 22 through 

27 may be expressed in dimensionless form: 

Material balance 

(3-28) 

Potential distribution 

+ e - PI exp [(aa~/aCR + l)nl]j 
I + exp (n i) , 
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Boundary conditions 

e ~ D j de 1 
~ dy "" < 

and at 

and 

de 
dy "" 0 

dn' * and dy "" ~,p 6I at y "" aL , 

where e is the reactant concentration divided by its value upstream 

in the feed. Here the distance and the overpotential were made 

dimensionless in such a manner as to emphasize the pertinent physical 

phenomena. The dimensionless coordinate y , as suggested by the 

limiting current analysis of Bennion and Newman (1972), is the physical 

distance x divided by the quantity l/a ~ via k ,representing the m 

effective depth of penetration of the reaction into the electrode at 

the limiting current. In this way, the parameter 

2 
D' = (DR + D )a k Iv (3-32) a m 

relates to the effect of axial diffusion and dispersion. For flow~ 

reactors, effects of convection, reaction, and mass~transfer 

to the wall are dominant, while axial diffusion and dispersion are 

to have these latter effects 

included in only one D' • and to have the dimensionless 

coordinate y determined by the dominant effects. However, at low 

numbers, D < 100 • axial diffusion and dispersion effects o 

are not small and Tiedemann ). and the inclusion of the 

terms in 28 and in the condition 

is necessary. 
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The local overpotential n was made dimensionless by the 

relation 

exp en I) 

which also shifts the overpotential by an additive amount based on 

the exchange current density i oR,ref of the main reaction and the 

feed concentration cRf of the reactant. This shift is in recognition 

of the fact that the electrode will be run with a relatively high 

electric driving force so that the main reaction can be carried to 

a high degree of completion. The backward term of the main reaction is 

then characterized by the parameter 

which will be insignificant when the reaction exhibits Tafel behavior. 

Under these conditions, the relative importance of the ohmic 

potential drop within the porous electrode is characterized by the 

parameter 

(3-35) 

and the side reaction is characterized by 

a. fa. 

(

_ Fk ) cS cR _ n meRf 
s i R oR,ref 
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at the half~wave potential of the main reaction. The half~wave 

potential may be calculated from equation 33 by setting n' equal to 

zero. This is seen from the second term on the right side of equation 28, 

which represents the dimensionless transfer current of the primary 

reaction -~ setting n' equal to zero yields a value in the denominator 

of two. The backward term of the side reaction is characterized by 

the magnitude of the parameter 

The parameters Ps and P6 represent the relative importance 

of the ohmic potential drop in the pore solution phase and the 

matrix phase, respectively, and are related to the parameter 

cr + K ' 
(3-38) 

and 

cr + K ' 
(3-39) 

so that 

The total current density i to the reactor was made dimensionless 

with the limiting current density that would exist if all the reactant 

in the feed were completely reacted: 
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nFvcRf 

3.4 solut:i.on 

The governing 28 and 29 were first linearized about a 

trial solution. and then. ,,'lith the conditions (equations 

30 and 31). cast in finite-difference form accurate to order h2 where • 
h is the dimensionless distance between the mesh points. and solved 

by a numerical technique developed by Ne~"man (1973. Appendix C). 

Unfortunately. it was fOlmd that the standard central-difference 

approximations of the derivatives were not sufficiently accurate to 

approach the limiting-current result. which can be calculated 

analytically. This anomalous behavior was primarily due to the 

high degree of non-uniformity in the current and concentration 

distributions near the front of the electrode. Therefore. to obtain 

accurate results. new finite-difference approximations to the derivatives 

were developed I\Pll'en<l:l.X A) • 

3.5 

For the 

calculations to be presented, the counterelectrode is upstream, the 

reaction is the of copper. and the side reaction is 

the of dissolved Two of data on copper 

removal and Newman and Alkire and Gracon ) are 

utilized to demonstrate the effectiveness of the model. In the first. 

data set and Ne"nnan of the overall reactor 

are t.ested -- this includes the 



behavior of the porous cathod.e and the effluent concentration of the 

reactant The data set (Alkire and Gracon (1975) 

is used to test: model (calculations of the current distribution 

the porous cathode. 

1 the model fit to the data of Bennion and Ne'Wlllan 

(1972) for copper removal a porous carbon electrode. The quantities 

I and VOP are the total current to the reactor and the potential of 

the cathode current collector relative to a saturated calomel reference 

electrode in the effluent The experimental 

effluent copper concentrations (in mg/i) are shown as the numbers below 

each curve to the open 6 9 squares o. and 

circles O. The numbers above each curve correspond to the solid 

circles • and are the calculated values of the effluent copper concen~ 

tration. Values of the used to fit the data shown in Figure 1 

are given in Table 1. 

Five were adjusted to obtain bet't-leen the 

,.alculated and experimental values in Figure I ~ one value of the 

current for copper deposition v;ras determined by 

the data at the left si.de of the top curve; one value of the 

current for evolution atte~pts to fit the 

rise in the current due to the observed onset of hydrogen evolution 

at the right side of the top curve; and three values of the mass~transfer 

coefficient 

determined 

each 

In 

have been 

to the three different flow rates were 

by the effluent concentration at the right side Qf 

curve, 

2. the fitted values of k 
m 

(shown by the open triangles 

in terms of the dimensionless Sherwood number 
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Figure 3~1. Current~potential curves for an electrode 1001 cm in 
diameter and 6 cm deep, packed with porous carbon flakes and chips. 
Open symbols are experimental data points; closed symbols are calculated. 
Calculated effluent concentrations (in mgJ~) are indicated above the 
corresponding points in upright type; experimental values are given in 
italic type below the corresponding data • The flow rate was 
8 cm3/min for the circles, 12 cm3/min for the squares, and 16 cm3/min 
for the triangles. 

49 



Table 3~1.VaIues of the parameters used in fitting the data in 
Figure 1 and in generating the curves in Figures 5 through 110 

a '" 

Ko -

n "" 

a cR "" 

Ci.cS -

-1 25 cm £: "" 

0.17 mho/cm a "" 

2 

0.5 

0.5 

T -

Y '" 

US-UR '" 

4 
k xl0 » cm/s m 

1.922 

1.620 

1. 315 

0.3 

104 

298.15 K 

0.75 

0.281 V 

.3 
VX 10 » cm/ s 

3.328 

2.496 

1.664 

D "" 0 

"" 

Ci.aR '" 

a '" as 

L '" 

at c '" 0.1 mole/.e. 
R 

6x10-6 2 
cm /s 

-1 

1.5 

0.5 

6 em 

ioS '" 7xl0-
6 

A/cm
2 at c "" S 1 mole/.e.. Ps '" 1 atm 

i "" 3.717x10-12 A/em2 
oS,ref 

dimensionless parameters 

as a function of cRf and v 

5 3 cRf
xI0 ,moles/cm 1.050 1.050 1. 050 1.011 1.003 0.100.3 0.01003 

3 vxl0 .cm/s 9.984 6.656 3.328 2.496 1.664' 10664 1.664 

p x 
1 9.461 22.99 104.9 215.9 501.3 5013. 501.30. 

-16.05 -8.905 -3.254 -2.091 -1. 1.36 -0.1136 -0.01136 

1.247 1.247 1.247 1.295 1.305 13.05 130.5 

1.761 2.745 5.863 8.253 12.53 12.53 12.53 

16.05 8.905 3.254 2.091 1.136 0.1136 0.01136 

44.83 24.87 9.089 5.842 3.173 0.3173 0.03173 

D' 1.385 8.811 12.11 13.68 16.70 16.70 16.70 
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Figure 3-2. Correlation of the Sherwood number as a function of 
Peclet number and dimensionless electrode thickness aLe Open triangles 
come from a fit of the data of figure 1; open circles are the results 
of Appel and Newman. Two correlations from the literature are also 
shown. 
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sk laD as a function of the dimensionless Peclet number vlaD The moo 

upper dashed line is the Wilson and Geankoplis (1966) correlation 

aD 
o (~v ~)1/3 aD ' 

o 

and the lower dashed line is a correlation suggested by Bird (1960) 

aD 
o 

(

V )0.49 2( V )1/3 
= 0,91 E av¢ ¢ Do ' (3-43) 

where a value of E = 0.3 has been used in calculating each line. Also 

shown in Figure 2 by means of the open circles 0 are the data of 

Appel and Newman (1976). where E = 0,372. It should be noted that 

it has been assumed that the dimensionless correlations for k (given 
m 

by equation 42 and 43) have been corrected for dispersion; Appel's 

results have not, and therefore k 
m 

in this case is fundamentally a 

different quantity (see Newman and Tiedemann (1976) for this correction 

and a discussion of different definitions of k ). 
m 

The model fit of the limiting current-distribution data of 

Alkire and Gracon (1975) for copper deposition on platinum screen 

electrodes is shown in Figure 3. The transfer current density for the 

main reaction di2R!dx has been normalized by the total current density 

iR due to the primary reaction and the electrode length L. A uniform 

current distribution would correspond to a horizontal line at an 

ordinate value of 1. Values of the parameters used to fit these data 

are given in Table 2. 

The data for the smallest f10wrate (v = 0,1067 cm/s) were fitted 

first by using literature values of the exchange current densities 

52 



Table 3-2. Values of the parameters used in fitting the data in 
Figure 3. 

260 -1 0,64 D 7.6xl0-6 2 a "" em e:; '" "" em /s 
0 

0.55 mho/em 4 
-1 K "" a = 10 mho/em sR "" 0 

n '" 2 T '" 298.1S K Cl.aR "" 1.S 

Cl.cR '" O.S Y '" 0.75 Cl.aS '" 0.5 

CI. :::: 0.5 US-UR '" 0.481 V L :::: 0.4 cm eS 

at cR :::: 0.1 mole/1 '" 10-3 A/em2 

'" 10-7 A/cm2 at cS :::: 1 mole/1. PS :::: 1 atm 

i :::: 1,732 10-12 A/cm2 
oS,ref 

dimensionless parameters 

as a function of v 

-6 .3 (cRf = 2xl0 mole/em) 

v. eml::; 0.1067 0.2750 

PIX 290.3 82,17 

P", -0,1968 -0.9532 
£, 

p 3)(105 
3.779 3.779 

P4xI012 4.001 2.128 

Ps 0.1967 0.9532 

5.540 26.84 

D~ 6.040 3.203 

0.4133 

47.73 

-1. 880 

3.779 

1.622 

1.880 

52.93 

1.439 
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Figure 3-3. Normalized distribution of copper deposition. Experimental 
data and calculations are for deposition from a 2 ~ cupric solution 
onto a bed 0.4 cm thick with a porosity of 0.64 and a specific surface 
area of 260 cm-l , constructed of layers of Pt screens. 
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in Figure 3, 

Theoretical predictions. ~~ Again the results presented are 

divided into two categories, microscopic distributions and overall 

reactor performance, For the calculations which follow. the counter-

electrode is upstream, the primary reaction is again the deposition 

of copper, and the side reaction is the generation of dissolved 

hydrogen, 

Figure 4 shows the reaction rate distributions for the primary 

electrode reaction only. at and below the limiting current, for the 

physical parameters and dimensionless parameters (corresponding to 

v = 3.328xIO-3 em/g) in Table 1, but with P3 and P4 equal to zero 

(i.e •• a single electrode reaction), The limiting current distribution 

includes the effect of axial diffusion and dispersion and was determined 

from the analysis of Newman and Tiedemann (1976): 

2 D' 
B B (B - 1) exp 

(3-45) 

where 

(3-46) 

and 

(3-47) 
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for copper deposition and hydrogen evolution on copper (see for example, 

Newman (1973), p. 177, and Erdey~Gruz (1972), p. 165; note almost 

any i values would work, 
o 

too large a value of i 
o 

for the 

side reaction which would not allow a limiting current to be maintained 

throughout the electrode, because the data of Alkire and Gracon (1975) 

were obtained at the limiting current) and adjusting the value of the 

mass~transfer coefficient k to obtain reasonable agreement between 
m 

the calculated and experimental values. This value for the mass~ 

transfer coefficient was then used to change the coefficient in the 

Wilson~Geankoplis (1966) correlation (given by equation 42) to 0,85: 

-as-Dk-mO "" ~_0;;..,:-;8;;.;;5~~.". (avDo )1/3 , 
[6(1 ~ e:)]2/3 

The remaining lines in Figure 3 for the higher flowrates were then 

calculated using this expression for the mass-transfer coefficient 

and no additional adjustment of parameters, 

It may be noted that Alkire and Gracon (1975) proposed that the 

estimated specific interfacial area be reduced by a multiplier of 0.81 

to yield an adjusted value, When used in the Wilson-Geankoplis (1966) 

correlation, this effectively reduces the coefficient to 0.947 if one 

continues to use the estimated value. In this case, the value of ak m 

(which is the which enters into the model equations) is 

reduced by a of 0.704 from the value which would be predicted 

by the correlation and the estimated area. 

By our the coefficient from 1.09 to 0.85, we have effectively 

reduced the value of ak by a m of 0.78, Alkire and Gracon's 

choice of the of 0.81 was based on the values of 

the total current, not on a fit of the distribution data as 
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Figure 3~4. Reaction distribution for copper deposition in the 
absence of a side reaction, calculated for aL = 8.663. D' "" 0.lZ17, 
and Pz "" ~3.254. 
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Integration of 45 from y ~ 0 to y aL yields an expression 

for the total dimensionless limiting current density to the electrode: 

1 ~ 

* (0) "" I "" -~~~~~~~~~~~~~~~~~~~~~- . (3-48) 
1 (B - 1) exp 

5 through 8 show current, potential, current efficiency, 

and concentration distributions within a reactor operating at conditions 

which correspond to the point on the upper curve of Figure 1 where 

VOP ~ ~403 mV and the outlet concentration is 0.28 mg/2 

In Figure 9 the solution~phase ohmic potential drop 6~2 across 

a reactor has been plotted as a function of the electrical driving 

force at the back of the reactor (¢l - ¢2)aL for two cases: 1) the 

primary reaction only and 2) when the side reaction is included, for 

values of the physical parameters and dimensionless parameters 

(corresponding to v ~ 3.328XlO-3 cm/s) in Table 1. The ohmic potential 

.rop has been made dimensionless with the quantity 

which is an estimate of the ohmic potential drop across a reactor 

at the current (Bennion and Newman (1972)) when the 

effluent concentration is zero and the effects of axial diffusion and 

are The 

of the cathode current collector relative to a copper reference electrode 

(with a concentration of in the reference electrode compartment) 

at the back of the reactor, 
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Figure 3-5. Current distributions for deposition of copper and 
generation of dissolved hydrogen within a porous electrode with fluid 
flow from left to right, calculated for v ~ 0.003328 em/sec. 
a = 25 em-I. S ~ 0.3. 1 = 6 cm, cRf = 0.0105 mole/to and VOP = -0.403 V 
relative to a calomel reference electrode in the dilute-product stream. 
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Figure 3~6, Solution~phase and solid~matrix~phase potentials, as 
functions of cathode position, for the conditions of Figure 5. 
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Figure 3~7. Local current efficiency as a function of cathode 
position, for the conditions of Figure 5. The overall current 
efficiency is 0.962. 
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Figure 3-8. Distribution of copper concentration in the flowing 
stream and along the pore wall, for the conditions of Figure 5. 
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Figure 3~9. Ohmic potential drop across the solution within the 
porous electrode -~ under the conditions of Figure 4 and also with 
simultaneous generation of dissolved hydrogen. 
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At values of (~ ~ ~ ) T when only the primary 
1 2 a~d 

reaction is considered, the ordinate the value predicted 

by the of NeliJUlEl.n and Tiedemann (1976): 

i [2 B 

(1 .~ B) EDI:p 

B 

and has a value of 1.1057 in this case. 

10 and 11 Shovl the effect on the 

D' 
13' 

curve 

if the fluid is increased or the feed concentration decreased. 

The curve labeled Ivith a v in 10 to the upper 

curve in I, and the curve labeled lO~2M in Figure 11 corresponds 

to the lower curve in L also Table L) 

3.6 

between model calculations and the experimental data 

of Bennion and Nffivman 72) ,sho'liffi in 1 should be considered 

However, the values of the found by fitting 

the data need some clarification, 

The fitted values of the current densities for copper 

and evolution on carbon Table 1) are 0.035 

~3 2 
C "" 10 A/em 

• u 
and 70 times the literature values ( 

(Newman • p • 177) and i. "" 
lO~7 

0 
(Erdey~Gruz (1972). 

p, ) for these reactions on copper. However, it 

should not be that there is fundamental about 

thesa fitted values sinc.e the data are insufficient at the extreme values 

of the current to for their accurate evaluation. We also wish 

64 



(,) 

> 
LL 
c: 

"" 

I 

-0, 
( 

L'II 

,4 -0, 
V 

XBL 7611·9790 

Figure 3-10, Effect of flow rate on the current-potential curve, 
Operation at flow rates substantially above the design value (Bennion 
and Newman (1972), here v = 0.003328 cm/s obscures the limiting­
current plateau because of the high ohmic potential drop in the 
solution phase. For parameter values. see Table 1. 
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Figure 3~lL Effect of feed concentration on the current~potential 
curve. Low concentrations to low currents for the 
primary reaction~ and these are easily obscured by the side reaction 
even in the absence of a significant ohmic potential drop within the 
reactor. For values. see Table 1, 
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to emphasize that we do not suggest this as a method for determining 

fundamental kinetic parameters. since the bed is operating with a 

highly nonuniform current density and mass~transport limitations 

dominate the data in certain regions. 

The fitted values of k (given in Table 1). determined mainly 
m 

by the effluent concentration at the right on the experimental curves 

of Figure 1 and plotted in Figure 2. show a clear dependence on the 

velocity as follows 

sk 0.5454 

aD: = 0.07054 (a~o) . (3-51) 

Data obtained in this manner yields fundamental information about 

k (e.g. Appel and Newman (1976)). Unfortunately. the value used 
m 

for the specific interfacial area a of 
-1 

25 cm is an effective 

value and m~y be low by a factor of 4 to 12 (Bennion (1976). If 

larger values of a are used. the value of k will decrease. and 
m 

the triangles plotted in Figure 2 would move down and to the left 

toward lower values of the Sherwood and Peclet numbers. 

The purpose of Figure 2 is to call attention to the fact that 

the behavior of k is not well established in this flow region. m 

Newman and Tiedemann (1976) have suggested. for a restricted range of 

flow rates: 1 < Fe < 104 and Re < 10 • where Fe is the Feclet 

number v/aD and Re is the Reynolds number v/av. there should 
o 

exist an entry region such that the local mass-transfer coefficient 

is larger than the asymptotic value for deep bed electrodes and that 

the average value of the mass-transfer coefficient will be dependent 

of the quantity aL. 
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Since most measurements for k involve short electrodes, small 
m 

aL (e,g, equation 42 of Wilson and Geankoplis (1966), where 

1.8 ~ aL ~ 27), the entire electrode may be within the entry region 

and will therefore predict too large a .value for k when 
m aL is 

large (deep beds) as is the case for the data of Bennion and Newman (1972) . 

Also in Figure 2, a correlation found in Bird et . (1960, 

equation 43) has been extrapolated by at least an order of magnitude 

in Reynolds number below the range for which the correlation has been 

tested, However, this equation appears to give a conservative estimate 

for k and may be useful for design purposes until better correlations 
m 

are developed for this region of flow, 

In Figure 3 agreement between model calculations and the 

mental data of Alkire and Gracon (1975) for the smallest flow rate 

(0,1067 cm/s) is good, The almost linear behavior on the semi-log 

plot for the predicted limiting current distribution is expected 

based on the analysis of Bennion and Newman (1972) for the special 

case of mass~transfer control, As expected, the value of k which m 

best fits the data (given by equation 44) is less than that predicted 

by equation 42 of Wilson and Geankoplis (1966) due to the large value 

of aL ~ 104, The reason for using equation 44 at the two higher 

flow rates is to have some basis for changing k with the velocity 
m 

since no data on the effluent concentration are given in reference 13 

to enable an estimation of k as was done with the data of Bennion 
m 

and Newman (1972) in Figure 1, (A graph of the total limiting current 

is presented by Alkire and Gracon (1975). from which one could infer 

the effluent concentration if side reactions are negligible, However, 

values from this graph cannot be obtained with great precision. and, 
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as pointed out by Appel and Newman (1976) the total current is an 

inherently inaccurate method of measuring the mass-transfer coefficient 

when the overall conversion is close to 100 percent.) 

In Figure 3, at least two reasons are responsible for the discre-

pancies between the model calculations and the experimental data at 

the higher flow rates, First the data are a re-plot of data taken 

from an arithmetic plot and are subject to error, Second k may not m 

be a constant throughout the electrode as assumed in the model. 

However, the discrepancies in Figure 3 are considerably less than those 

between Alkire and Gracon's Figures 6 and 9, where the lack of explana-

tion has already been noted in the literature (Ateya and Austin (1977). 

One may speculate as to why the agreement between the model of 

Alkire and Gracon and their data is poor, This is perhaps due to the 

inadequate representation of the derivatives in the governing equations 

at the limiting current by standard central-difference approximations, 

New finite-difference approximations to the derivatives (developed 

in Appendix A) are required as discussed earlier. 

The reaction rate distribution when only the metal deposition 

reaction is considered is plotted in Figure 4 for various fractions 

of the limiting current, The effect of axial diffusion and dispersion 

* is apparent in the limiting current distributions as diZ/dY is less 

than one at x/L equal to zero. * The fact that I is not equal to 

one for the limiting current distribution is because mass-transfer 

limitations exist within the electrode and therefore a small fraction 

of the feed concentration will escape unreacted. 

For an appreciable fraction of the limiting current * (I > 0.9) • 

the reaction rate near the front of the electrode is high and decreases 
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almost exponentially, similar to the behavior of the limiting current 

distribution (see equation 45). Near the back of the electrode, the 

rate of reaction for the limiting current distribution is small because 

most of the copper is removed near the front of the electrode. Therefore, 

the reaction rates below the limiting current are greater at the 

* back of the electrode (for values of I > 0.03) and are more uniform 

than the limiting current distribution. Actually, the reaction rate 

at the back of the electrode (di;/dYI y=aL) increases as the value of 

* I decreases from 0.9996 to 0.7273, passes through a maximum at 

* = 0,7273 , and then decreases monotonically with I Thus the 

effective depth of penetration of the reaction into the electrode 

also has a maximum near ~ 0.7273 

* For small values of the current (I < 0.03) , the reaction rate 

distributions take on the same shape and can be described by a model 

with linear electrode kinetics and no concentration variations 

(see Euler and Nonenmacher (1960) and Newman and Tobias (1962)). 

Figure 5 shows the relative rates of reaction for the primary 

reaction and the side reaction as they are distributed throughout 

the porous electrode. The total current density to the electrode 

* was chosen close to the limiting current (I ~ 1.038) for the 

deposition of copper. Consequently, the reaction rate for the primary 

reaction decreases almost exponentially with distance (see equation 45). 

as the solution is depleted with copper while flowing through the elec~ 

trade. The side reaction, generation of dissolved hydrogen, responds 

mainly to the electric driving force between the solid matrix and the 

electrolytic solution. Its rate is high near the entrance to the 

porous electrode and drops to a constant value near the rear. 
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The reason for this can be seen in Figure 6, which represents the 

variation in the solution-phase potential ~2 for a counterelectrode 

placed upstream of the working electrode. The matrix conductivity 

is high. and therefore its potential ~l is nearly a constant, The 

solution potential ~2 varies little near the rear because the current 

carried in the solution is small in this region. Because the driving 

force (~1 - ~2) is essentially uniform for some distance at the back 

of the electrode, measurement of (~l - ~2)aL can lead to a lower 

bound thermodynamic estimate of the minimum concentration attainable 

in a flow-through porous electrode (see chapter 2 or Trainham and 

Newman (1977a) for details), 

In Figure 7, the local current efficiency actually goes through 

a slight maximum near x/L = 0.18, The current efficiency is low at 

the entrance because the high electric driving force lead to a relatively 

high rate for the side reaction. For somewhat values of x, 

the rate of the side reaction decreases more rapidly than the primary 

reaction. and the local current efficiency rises. However, the primary 

reaction rate continues to decrease with distance because of the 

depletion of copper ions. and consequently the local current efficiency 

eventually drops to about 23 percent at the rear of the electrode. 

One might well ask, "Why not eliminate the last 40 percent of the 

thickness of the electrode?n 

Figure 8 shows the concentration of copper ions through the 

thickness of the electrode. The high electric driving force at the 

entrance results in a very low wall concentration there. As the 

electric driving force decreases with x. the wall concentration rises 

toward the bulk value. With the diminishing reaction rate through the 
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next part of the electrode, the wall concentration is able to decrease 

also, the smaller electric force in this We 

can also see from thi.s that the bulk concent:ration is depleted 

by an additional factor of 20 in the last 40 of the electrode, 

the lowered current in this region. This additional 

metal ion removal can be achieved ,\lith little additional 

expense for the added electrode thickness and no added cost 

due to added ohmic 

In Figure 9, the ohmic drop across the solution within 

the reactor exhibits a maxtmum and then a mtnimum as the drivtng force 

* increases at the back of the reactor. The maximum occurs at I "" 0.95 

and is due to a combination of effects: 1) the driving force is high, 

and the current is only slowly, 2) the reaction rate at 

* the back of the electrode goes through a maximum at a value of I "" 

0,7273 as discussed previously in 4, a.nd 3) the driving force. 

though high, is not for the side reaction to contribute 

to the ohmic drop, For larger values of 

decreases due to a decreasing 

rate of reaction at the back of the electrode. Thus, the depth of 

of the reaction is at ~ 0.95. This was 

shown clearly in 4 as the primary reaction approaches the 

limiting current distribution. 

The minimum in the ohmic occurs simultaneously with 

the minimum in the total reaction rate at the back of the electrode 

the rate of the side reaction becomes 

• and the ohmic increases 
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We wish to emphasize that the existence of a local maximum and a 

local minimum is dependent on the physical parameters and operating 

conditions. For example. if the exchange current density for the 

side reaction were significantly larger relative to the primary 

reaction, the driving force required to make the side reaction occur 

to a significant extent would be much less. Thus instead of the 

ohmic potential drop exhibiting a local maximum due mainly to the 

effects of the primary reaction (or lack of effect of the side 

reaction), the side reaction becomes the controlling factor and ~~2 

increases monotonically with increasing (~l ~ ~2)aL 

Another way to achieve a similar result (using the same physical 

parameters) is to increase the ohmic potential drop by increasing 

the superficial velocity as shown in Figure 10. The reactor cannot 

be operated at even twice the superficial velocity without loss of 

the limiting current-plateau and a lack of a local maximum and a 

local minimum in the ohmic potential drop, which is due to extensive 

interference by the side reaction. In harmony with the quantitative 

design principles of Bennion and Newman (1972), these calculations 

show that an increase in the superficial velocity increases the ohmic 

potential drop in the solution so that there is either excessive side 

reaction at the entrance to the porous electrode or a failure to 

maintain the limiting-current condition near the exit. A decrease in 

the feed concentration as shown in Figure 11 will also increase the 

side reaction relative to the reaction and cause the limiting-

current plateau to become less distinct. The ability to calculate the 

current distributions below the limiting current and in the presence 
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of a side reaction permits one to determine the economically optimum 

operating conditions and even permi~sible operating conditions when 

the side reaction accounts for a substantia:L fraction of the total 

current, and there is a penalty for the electrode thicker because 

decrease with increasing distance the side reaction does not 

through the electrode. 

3.7 

A theoretical model for flow~through porous electrodes has been 

described for the application to metal~ion removal from 

dilute streams. A new set of dimensionless parameters has been 

suggested from the analysis, which characterize the relative importance 

of the following physical phenomena within a flow~through porous 

electrode: axial diffusion and dispersion (D') • backward rate of 

the primary reaction (PI) • ohmj,c potential drop (P
2

) • forward 

(P
3

) and backward (P
4

) rates of the side reacdon. 

Satisfactory between model predictions and experimental 

data on overall reactor performance and deposition distributions has 

been achieved. 

The of distributions of current. • and concen~ 

tration in the presence of a side reaction above and below the 

current of the 

an electrode 

But this 

mental data, Most 

reaction makes it to and 

for the most economical removal of metal ions. 

be if there are sufficient exper~ 

are values for the specific interfacial 

area a. the mass-transfer coeff:l.cient and the current 

densities for the reaction and the side reaction, 
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4. The effect of electrode placement and finite matrix 
conductivity on the performance of flow~through 
porous electrodes 

4.1 Introduction 

The model used in calculating the effects of cowlterelectrode 

placement and current collector placement (when the matrix conductivity 

is moderate) on the performance of flow-through porous electrodes 

was developed in chapter 3 (also. see Trainham and Newman (1977b); 

however. results were presented only for the effective matrix conduc-

tivity a much greater than the effective solution conductivity K. 

To date. previous models for flow-through porous electrodes 

(Sioda (1972). Alkire and Gracon (1975). Alkire and Gould (1976). 

Ateya and Austin (1977). and Paulin. Hutin and Coeuret (1977) have 

considered only an infinite matrix conductivity. and no comparisons 

have been made on the performance of these electrochemical reactors 

as a function of counterelectrode placement. 

The purpose of this chapter is to suggest the optimum electrode 

configuration for two cases: 1) when a» K we are concerned only 

with the upstream and downstream placement of the counterelectrode 

and 2) when a~ K • placement of not only the counterelectrode is 

important but also the current collector placement must be considered. 

At least four geometric configurations are possible: 1) upstream 

counterelectrode. downstream current collector (UD). 2) downstream 

counterelectrode. upstream current collector (DU). 3) upstream 

counterelectrode. upstream current collector (UU) and 4) downstream 

counterelectrode. downstream current collector (DD). and are shown 

schematically in Figure 1. It should be noted that the direction of 

fluid flow through the counterelectrode is unimportant to the analysis 
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Figure 4-1. Various configurations of counterelectrode placement 
and current collector placement relative to the direction of the 
fluid flow. 
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to be considered as long as the products don't enter the electrode of 

interest. 

4.2 Analysis 

As mentioned earlier, calculations presented here are a direct 

application of a model for flow-through porous electrodes developed 

in chapter 3, and therefore, the governing equations will not be 

presented here, 

For the removal of metal ions from dilute streams, the behavior 

of a flow-through porous electrode with parallel current and fluid 

flow as shown in Figure 1 can be described by two ordinary differential 

equations: one equation which describes the conservation of the metal-

ion reactant and one charge balance equation given by equations 3-28 

and 3-29. respectively. 

Boundary conditions. Before equations 3-28 and 3-29 can be 

solved simultaneously for e and n' • four boundary conditions are 

required for each electrode configuration shown in Figure 1. For e 

the following conditions were used 

and 

e - D' de 1 
dy "" at y '" 0 • 

at y "" 0.1 , (4-1) 

which are the same conditions used in chapter 3 and are the Danckwerts 

(1953). Wehner-Wilhelm (1956) conditions when axial diffusion and 

dispersion are included. The conditions on n' depend on electrode 

configuration and may be determined from Ohm's law 
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dn "" d(qil - <1>2) 

dx dx a + K 9 
(4-2) 

and are tabulated in Table L The dimensionless Ps and 

P6 which arise in the analysis are the same as defined in equations 

* 3-38 to 3-40. The dimensionless current density I to the reactor 

was defined in equation 3-41. 

Now that all the boundary conditions for each electrode configuration 

have been specified. equations 3-28 and 3-29 can be solved simultaneously 

for e and n' using Newman's method (Newman (1973). Appendix C). 

The potential distribution in each phase qil(x) and <1>2 (x) can 

then be obtained by solving equation 3-33 for n using the known 

distribution for n' • along with the conservation of charge condition 

(4-3) 

and substituting this condition into the derivative of equation 2 

then finally substituting the derivative of Ohm's law for the matrix 

phase into 4 to yield 

d
2 d2<1> 

-2". 1 

di K 
dx

2 (4-5) 

5 may be twice to an for 4>1 

4>1 "" + + 
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Table 4-1.Current and potential conditions for various electrode conf ions, 

Electrod<:! 
Conf ion 12 Ix=o IX=L ly=o ly=O'.L 

* un 0 -1 -i 0 I -p 

DU i 0 0 i i -p 
5 

UU i 0 -1 0 -i + 
K 

0 0 

DD 0 -1 0 1 0 1 + 1 0 a 

--.J 
\0 



The value of C
l 

for the various configurations is obtained from 

the derivative of equation 6 using the values of i l and dn/dx 

at the boundaries found in Table 1. The value of C2 is then obtained 

by specifying ~ g 0 
1 

at the current collector and using a known value 

of n at the appropriate boundary. Table 2 summarizes the results 

for ~l(x) for the various configuration; ~2(x) is simply obtained 

by subtracting n(x) from ~l(x) . 

4.3 Chemical systems 

For the calculations to be presented. two different chemical 

systems (copper removal from sulfate solutions. Bennion and Newman (1972). 

and silver removal from thiosulfate solutions. Van Zee and Newman (1977) 

are used to illustrate the effects of counterelectrode placement and 

current collector placement (when the matrix conductivity is finite) 

on electrode performance. The purpose of presenting results for two 

different chemical systems is to obtain reasonable values for the 

model parameters so that a valid comparison of electrode performance 

can be made when the side reaction is substantial (as for silver removal 

from thiosulfate solutions. Van Zee. and Newman (1977» and when it 

is small (as for the copper recovery process. Bennion and Newman (1972». 

Figure 2 compares model calculations to the data of Van Zee 

and Newman (1977) for silver removal from thiosulfate solutions using 

a porous carbon electrode. The quantities I and VOP are the total 

current to the reactor and the potential of the cathode current collector 

relative to a saturated calomel reference electrode in the 

effluent stream. respectively. The experimental effluent silver concen-

tration (in mg/~) are shown as the numbers below each curve corresponding 
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Table 4~2.Matrix potential distribution for: various 
electrode configurations. 

Electrode Matrix 
Configuration Potential Distribution 

~l(x)/(K: a) 
un n(x) - n(L) + - L(x/L ~ 1) 

K 

nu n (x) ~ n(O) i - - x K 

uu n (x) - nCO) 

nn nex) ~ n(L) 
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va mV 

X 774-5 
Figure 4-2, Current-potential curve for an electrode 5.5 cm deep and 
superficial electrode area of 61 cm2 , packed with carbon flakes and 
chips. Flow rate = 22 cm3/min and the feed concentration ~ 1000 mg 
Ag/~. Numbers below curve corresponding to the open circles 0 are 
experimental effluent concentrations (in mg/~). The small numbers 
above the curve correspond to the solid dots • are calculated 
effluent concentrations (in mg/~). vor is the potential of the current 
collector with respect to a saturated calomel reference electrode 
placed in the dilute product stream. 
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to the open circles 0. The numbers above each curve correspond to 

the solid dots $ and are the calculated values of the effluent silver 

concentration (in mg/9,) , 

A similar model fit to the data of Bennion and Newman (1972) for 

copper removal was given in chapter 3. Values of the parameters 

used to fit the data in chapter 3 and in Figure 2 are given in Table 3. 

Four parameters were adjusted to obtain agreement between calculated 

and experimental values in Figure 1: one value of the exchange current 

density for the main reaction (silver deposition from thiosulfate 

solutions). assumed to be the electrode reaction (see. chapter 2 

equation 2-12. or Trainham and Newman (1977a») 

(4-7) 

and has a standard electrode potential 

one value of the exchange current density for the side reaction (the 

reduction of thiosulfate). which was assumed to be the following 

reaction (Van Zee and Newman (1977») 

(4-8) 

where the standard electrode potential can be calculated (Wagman 

(1968). p. 47. and Dean (1973). pp. 6-14) to be Ue 2- = 0.221 V 
HS /S203 

one value each for the transfer coefficients for the side reaction 

aaS and acS • which were assumed to sum to four, The freedom to 

assign arbitrary values to aaS and is allowed in the model 

since the composition dependence of the polarization equation for the 



Table 4-3.Values of the pararnet~rs used fitt the data in 2 
and in generat g igures 3 throueh 17. 

a 
-1 

IS 25cm IS a:: 0.3 '"' 6x /s 

n .. 2 T '" 298.15 K 1.5 

.. 0.5 L == 6cm 

f 
~ 1.009 f ; 3.11 

$ re • re 

cSf "" em 

a 

n 

-1 ,., 25cm 

'" 1 

(l '" cS 1.25 

$ref .. 9. 

cSf .. 0.9 

IS 

T 

3 

·",0.3 

'" 298.15 K '" 0.5 

".. 0.489 V L "" 5.5cm 

• ref 1. 20xIO-
2 

s 

K 
o 

lC O. SR -1 

0.5 aaS 0.5 

== 0.1922X s v "" 3.3 

1.05 

0.123mho -1 

'" 0.5 (laS"" 2.15 

"" 3.3 s v "" 6.0 

-6 3 eRf 9.21xlO mole/em 

00 
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Table 4~3, {cont 

PI 1.050 

-3.254 to -6.508 

1.24 

5,863)(10 -8 

P5 3.254 

P6 9. to 3.254 

0 1 0,1217 

9. 

-3.738 to -7.416 

5. 

6. 

3.138 

3.71 to 3.7 

0.1168 

00 
lJ1 



side reaction is neglected. 

The value of the mass transfer coefficient k used in iitting 
m 

the data was that obtained in the data of Bennion and Newman 

(1972), and is given by equation 3-51. 

In obtaining the fit to the silver removal data in Figure 2, it 

should not be interpreted that there is anything fundamental about 

the values of the fitted dimensional parameters found in Table 3, 

because not only are the data insufficient, but also the electrode 

is operating with a highly non-uniform current density and mass-transport 

limitations dominate in certain regions. 

The model predictions of the current-potential behavior in 

Figure 2 are in satisfactory agreement with experimental data between 

50 rnA and 500 rnA total current. However, at higher currents (above 

500 rnA), the data indicate the beginning of an additional limiting-

current plateau, and agreement of the model calculations cannot be 

expected for the following reasons: 1) the side reaction postulated 

by Van Zee and Newman (1977) (equation 8) for the reduction of thiosul-

fate could be incorrect and there appears to be no fundamental kinetic 

information on this reaction and 2) if the limiting reactant species 

for the higher were known, the model used here would not be 

sufficient since the concentration dependence for the side reaction was 

neglected and a more general model such as the one proposed by Alkire 

and Gould (1976) would be more appropriate. 

Agreement between model predictions for the silver effluent 

concentration and the experimental values sho~~ in 2 al::'e 

near the current. This is because the model 

were chosen so as to fit the data in this However. 
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should not be over the entire 

range because the data exhibit anomalies (Van Zee and 

Newman (1977»: 1) current effic:tencies above 100 and 2) a 

minimum in the silver effluent concentration wH:h values of 

VOPo 

A of the dimensionless in Table 3 between 

the two chemical that the 

account for the difference in behavior of these 

The and P3 the. relative of the 

backward rate of the main reaction and the forward rate of the side 

4 . reaction and are 10 and 4.3 t~mes , for the 

silver system than for the copper As will be observed later 

a low effluent concentration cannot be achieved for silver system 

and this is due to the combined effect of the 

The of the side reaction is substantial for the silver 

system and this shields the back of the electrode (in the case of an 

from having a electric driving force 

which results in a very small rate for the of silver in 

this This is acc:entuated by the fact that is large,which 

causes the backt"ard rate of the deposition reaction to be of the 

same order on the forward rate and the reactor can become thermo~ 

limited. 

As a concept here" let us consider how we can achieve 

a very high conversion or, " a very low effluent concentration 

of the reactant while. at the same time, the reactor 



at as high a flow rate as possible. Towards these ends, we can consider 

variations of electrode current density and length, flow rate, config~ 

uration, and matrix conductivity. By means of the computer program, 

we have the means to investigate in detail how the presence of a side 

reaction places limitations on the attainment of these goals. 

Effect length. For the case of a very high matrix 

conductivity, Figure 3 shows the effect of electrode length and 

current density on the effluent concentration for the copper system. 

We see, first of all, that we must operate at or above the limiting 

current in order to reach a really low effluent concentration. If we 

'* operate at I = 0.9501 , we cannot expect to remove more than 95 percent 

of the copper even if we have very high current efficiencies and 

substantial electrode lengths. 

The curve on Figure 3 for an upstream counterelectrode and 

'* I = 1.038 shows essentially a limiting~current condition -~ the 

effluent concentration decreases almost exponentially with electrode 

length. (See, for example, the analysis of Bennion and Newman (1972) 

and that of Newman and Tiedemann (1976) when axial diffusion and 

dispersion are included.) However, for downstream placement of the 

counterelectrode, a limiting-current distribution cannot be maintained 

except for electrode lengths less than 2 em, and a truly low effluent 

concentration cannot be attained at all with this electrode configura-

tion (at this flow rate), The current efficiency must necessarily 

be somewhat lower, and the extent of the side reaction somewhat higher. 

with the downstream counterelectrode. 

Figures 4 and 5 introduce the effect of a finite matrix conductivity 

cr. NOW, according to Figure 1. four different configurations are 
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cRf "" 0,0105 M • 

89 



--uu 
---UD, (J" III I( 

c: 

mho/em 

L, em 

L1 

Figure 4~4. Effluent copper concentration as a function of electrode 
length. 
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Figure 4~5. Effluent copper concentration as a function of electrode 
length. 

91 



relevant since the of the current collector must also be 

considered, 4 shows that the mJ retains the 

decre;;tse of r<7ith L is slightly 

to the case degra.ded by the addH:Lonal ohmiL~ 

of the infinite matrix conductivity, (The curve for cr "" 10 I( will 

be dIscussed later in connection "lith the optimum matrix conductivity,) 

Figure 5 shows the poor achievable with the 

other In these cases, the ohmic drop in 

the matrix and solution phases the entire reactor from being 

operated at a limiting~current condition, as we shall discuss in more 

detail later, 

Figure 6 displays the silver effluent concentration as a function 

of electrode length for the various electrode configurations for 

cases where cr» I( and cr ~ I( The results show that none of the 

electrode configurations yields an e~~onential decrease in 61 with 

electrode length; thus a limiting<-current distribution cannot be 

achieved in any of the 

the side reaction, 

of matrtx 

due to extensive interference by 

~~.<~~~~'-
7 and 8 show the dependence 

of the ef:E1uent copper concentration on the matrix resistivity (1/cr) , 

Figure 9 shows similar results for the silver system, Calculations 

for a DD are not here since this configuration does 

not allow a low effluent concentration, in to the other 

when the matrix is small, 

In 7 and 9, we observe that the un 

a minimum with matrix and therefore has an 

for cr to o. K the copper 

exhibits 

value 

On the other 



" DO O"/K :; I 
'~-~=~==~-~=~-~~~=~=--~~~~~~~~---~~~~=~ 

\\ 

" 0.2 \', UU 
' .... ---~ ~-----------~--­
~~~---~---~~---------------~~------

8L 0.1 

0.08 

0.06 

0.04 

stream lectrade OJ 

1.038 
II = 0.006011 cm/s 
K =0.0 2 mho/cm 

UD or DU 

Upstream 
Countere I ectrode 

XBL 774-

15 

Figure 4-6. Effluent silver concentration as a function of electrode 
length for cRf ~ 0.00927 ~ . 
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hand, for the lm configuration, increases monotonically with 

increasing matrix resistiv:i.ty, The DU configuration on Figure 8 1:.]ould 

also show a minimum at values of Kia than 

unity. This is of less interest than the minima for the UD configuration 

because matrix resistivities are usually much less than solution~phase 

resistivities and because the efflue.nt concentrations are inherently 

with the DU For the DU and UD configurations 

give the same effluent concentration when a K (see Figure 5) but 

at this point, the value of 8L has risen to 0.0125 from a minimum of 

~4 
4.14x10 on 7, At a '" K , the UU configuration is still able 

to attain a value of of 6.08xIO~4 4), [Note, however, 

that the DU configuration performs better than the UU configuration 

for a = K in the silver system, as displayed on Figure 6.] 

Return for a moment to the dashed curve on Figure 4. For this 

curve, a "" 10 K which corresponds to the minimum for the un config-

uration shO\m in 7 ~ and an dependence of 6L on L 

can be maintained. The is to the high-

matrix~conductivity case for L less than about 10 cm, after which 

it becomes somewhat inferior, The ratio of Kia depends on 

electrode for for an electrode 4 em in length the 

optimum ratio is 0.17, for an electrode 8 cm long the 

optimum ratio is 0.07. Note that we a markedly 

different vier,,, of the effect of eonfiguration and matrix resistivity 

if we confine our <i.ttention to the eases a» K and a '" K on 

Figures 3, 4, and 5 from what 'lie get if we inelude the variation of 

a and the optimum value of a, The UD configuration is totally 

unsatisfactory at a "" K but excellent at a "" 10 K • 
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For the silver system. other calculations show that, even at the 

optimum ratio of KIa = 0,2 shown on Figure 9 for the UD configuration. 

a limiting-current distribution and an exponential dependence of 8L 

on L cannot be achieved. Similar results for the copper system can 

be obtained by increasing the flow rate to somewhat less than three 

times the value used in calculating Figures 3. 4. and 5, 

Bennion and Newman (1972) have formulated design considerations for 

achieving a low effluent concentration while operating at as high a 

flow rate as possible. First, the electric driving force within the 

electrode must be maintained high enough to attain a limiting-current 

condition throughout the reactor, The electric driving force must 

also be maintained low enough to avoid excessive side reactions, These 

two conditions thus define a limited range of potentials allowable 

within the reactor, Since the electrode must be of substantial length 

in order to achieve a given effluent concentration. there is an upper 

limit on the flow rate above which these constraints cannot be satisfied 

simultaneously, 

The effect of the side reaction is not one which can be compensated 

for by using a longer electrode or a higher current. even if one is 

willing to pay the price of a lower current efficiency and a higher 

cell potential, It is a characteristic of porous electrodes. 

to their inherently nonuniform reaction rate distributions. that 

substantial current densities flowing over substantial distances in 

either the matrix or solution phases make it impossible to maintain a 

uniform electric driving force (for the reactions) throughout the 

electrode, 
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On the basis of these considerations, an important quantity is 

the difference between the minimum electric driving force nmin and 

the maximum electric driving force nmax that prevail within the 

reactor, Figure 10 displays this quantity as a function of the con~ 

ductivity ratio for the copper system and corresponds directly with the 

conditions of Figure 7, The ordinate. made dimensionless with 

nFv2cRf/sRKakm • will have a magnitude on the order of unity if the 

current density is distributed like that for the limiting current for 

the main reaction (Bennion and Net~an (1972). and Newman and Tiedemann 

(1976), A graph similar to Figure 10 is given by Newman and Tiedemann 

(1976) for the case where the current densities are calculated according 

to the limiting-current distribution for the main reaction, The 

computer program used here permits analysis above and below the limiting 

current and in the presence of a side reaction. 

The fact that the ordinate values on Figure 10 are of order unity 

illustrates how the constraints on the flow-through porous electrode 

can better be satisfied by operation at lower flow rates, 

There is a correspondence between the shapes of the curves on 

Figures 7 and 10, Conditions which lead to an inherently smaller 

value of Inmax - nminl make it possible to achieve a limiting-current 

condition through a portion of the reactor. without extensive 

side reaction, For the UD configuration. the maximum electric driving 

force occurs at the fluid inlet for Kia < 0,175, The position of the 

maximum electric driving force then shifts to the fluid outlet for 

Kia > 0.175, This leads to the sharp minimum for the liD configuration 

in Figure 10, 
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Figure 4-10, Variation in the difference between the maximum and 
minimum driving force for copper deposition with the matrix 
resistivity. 

100 



Detailed distributions. The behavior of these systems can be 

understood better by consideration of the calculated current. potential, 

and electric~driving~force distributions within the electrode. These 

are illustrated for the copper system with an electrode 6 cm long and 

by a 5.5 cm electrode for the silver system. 

For the copper system with an infinite matrix conductivity, 

Figure 11 shows the relative rates of reaction for both the main and 

side reactions for both upstream and downstream placement of the 

countere1ectrode. Figure 12 shows the corresponding distributions of 

potential in the matrix and pore solution. The total current density 

* to the electrode was chosen close to the limiting current (I = 1.038) 

for the deposition of copper. For upstream placement of the counter-

electrode, the main reaction rate decreases almost exponentially with 

distance through the electrode (as predicted by the limiting~current 

analyses of Bennion and Newman (1972). and Newman and Tiedemann (1976»). 

At the same time, the side reaction follows the electric driving force 

(see Figure 12), which is high at the fluid inlet and decreases toward 

a uniform value near the fluid outlet. 

On the other hand. for the downstream placement of the counter-

electrode. the main reaction rate does not show an exponential depen-

dence on distance. Figure 12 shows that the electric driving force is 

very large at the outlet but too low at the inlet. Consequently. a 

limiting~current condition is not maintained near the front. At about 

65 percent of the distance through the electrode, the electric driving 

force has become large enough to assure a limiting~current condition, 

and subsequently an exponential dependence on distance is exhibited. 

However, failure to utilize effectively the front part of the electrode 
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Figure 4~11. Current distributions for deposition of copper and 
generation of dissolved hydrogen within a porous electrode. Calculated 
for cRf ~ 0.0105 M . 
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Figure 4~l2. Calculated solution phase and solid matrix phase 
potential distributions for the deposition of copper and simultaneous 
formation of dissolved hydrogen. 
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makes it impossible to achieve a truly low effluent concentration, 

and lncreasing the electrode length would not help (see Figure 3). The 

resulting reaction~rate distribution now has a maximum; as the electric 

driving force increases toward the back of the electrode, the reaction 

rate goes up, and copper ls depleted from the solution to the extent 

that the mass~transfer driving force becomes small. The reaction 

rate exhlbits a maximum and then decreases with distance, (Similar 

reaction~rate distrlbutlons have been reported by Alkire and Gould 

(1976). These are examples of a general phenomenon (Newman (1966), 

Parrish and Newman (1969. 1970). and Hsueh and Newman (1970) resulting 

from the competition of electric and mass~transfer driving forces.) 

The side reaction has a distributlon in Figure 11 that again follows 

that of the electric drivlng force in Figure 12. Because of the somewhat 

lower rate of the main reaction, in comparison to the upstream placement 

of the counterelectrode, the side reaction now occurs at a somewhat 

higher rate on the average, For these comparisons at a constant total 

'* current (I ~ 1,038). an increase in the effluent concentration from 

one electrode to another is by a corresponding decrease 

in the current efficiency. 

As in porous electrodes in general, the reaction rate distributions 

and ohmic potential drop shield the more remote parts of the reactor 

from having an adequate electric driving force. In this particular 

situation. the contrast between the cases of upstream and downstream 

placement of the counterelectrode arises in the following way. In 

order for there to be a high conversion. there must be a high reaction 

rate -~ current densities in the solution -- near the 

fluid inlet. Since the conductivity K is not high, 
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potential variations in the solution phase can be minimized if the 

current flows out of the electrode at the nearest possible point, 

namely, to a counterelectrode placed upstream. If the counterelectrode 

is placed downstream, the large currents which should be generated 

near the fluid inlet must flow in the solution through most of the 

thickness of the electrode, and this necessarily leads to large 

variations of potential. A similar explanation applied in the more 

complex cases to follow, where the matrix conductivity is also finite. 

Figure 13 shows the reaction~rate distributions for the main and 

side reactions for the copper system where cr ~ K. The corresponding 

potential distributions are shown in Figure 14. Because of the 

complexity of Figure 14, the distributions of electric driving force 

are also shown in Figure 15. 

The reaction~rate and electric~driving-force distributions for 

the UD and DU configurations happen to be identical when cr = K since 

the boundary conditions given in Table 3 are then identical. However, 

the potential distributions in each phase will be different, as seen 

in Figure 14. In these configurations, the counterelectrode and the 

current collector are not at the same end of the reactor. Consequently, 

the current flows in the same direction in the matrix as in the 

solution, and to a certain extent the potential drop in the matrix can 

match that in the solution (see Figure 14). This makes it possible, 

in some cases, to reduce the variation of the electric-driving-force 

within the reactor (see Figure 10), It also means that the extreme 

values of the electric driving force occur at the ends of the reactor, 

with the minimum value occurring somewhere between (see Figure 15), and 

the side reaction follows this distribution (see Figure 13). 
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for cRf ~ 0.0105 M • 
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Figure 4-14. Calculated solution phase and solid matrix pnase potential 
distributions when cr ~ K for the depositions of copper and simultaneous 
formation of dissolved hydrogen. 
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For the UU , the maximum electric drivlng force 

occurs at the inlet. and the minimum at tb,e outlet. and 

for the DD For the main reaction. the UU 

tion shovJS an of rate on distance (see 

For the other • the main reaction is below the limiting 

current for a substantial (DD) or moderate (UD or DU) region near the 

inlet. and the effluent concentration cannot be reduced 

to a truly low value. in the UU are the current 

small near the densities in both the solution and matrix 

back of the electrode. In this the electric driving force 

varies little 

case in 

is the case also for the upstream c,ounterelectrode 

12. ,,,here (J» K), and measurement of cJ?1 ~ cJ?2 at 
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13) • 

x ~ L can lead to a lower-bound thermodynamic estimate of the minimum 

attainable concentration in a flow~through porous electrode (see chapter 2). 

Figures 16 and 17 show the reaction~rate and electric~driving~ 

force distributions for the silver A limiting-current distri~ 

but ion is not achieved for any electrode • due to extensive 

interference by the side reaction, as indeed it is not, even for an 

infinite matrix As for the copper system. 

the ele,ctric force for the DD is small at the 

front of the electrode. and for the UD and DU it is 

small in the middle and at the front, Under 

these conditions. the front and middle of the reactor are not 

utilized, and 10v1 effluent concentrat:Lon cannot be 

achieved even a condition i.s maintained near 

the rear, However, for the UU • the lowest electric 

force occurs at the rear of the reactor, and the rate of the 
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Figure 4~16. Curren.t distributions for silver deposition and 
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main reaction does not decrease with distance. In fact. 

tvith the higher value of for the silver the effluent 

concentration is very close to the thermodynamic limit determined by 

the electric driving force prevailing at the fluid outlet (see chapter 2). 

The discussion has permitted 

under a variety of operating 

that the lowest effluent 

a comparison of several 

conditions. It is to 

concentration is achieved for upstream of the counter electrode 

(see Figures 3 through 6). For downstream placement of the counter~ 

electrode, a limiting~current distribution cannot be obtained (see 

11 and 13), principally because the current in the solution 

must flow through most of the length of the electrode, and this leads 

to a large ohmic potential drop. 

For the DU configuration shown in Figure 8, 8
L 

decreases with 

values of matrix resistivity. For a downstream counter~ 

«:o.lectrode. a situation is created where the ohmic potential drop in 

the solution is working 

near the fluid inlet. 

the favorable mass~transfer condition 

the matrix increases 

the electric force ne.ar the fluid inlet because the matrix 

current must leave the current collector placed there. This 

causes the rate of the main reaction at the front of the electrode 

to increase from about 0.05 when l/a + 0 (in Figure 11) to 0.67 

when a ~ K (In 13). 

As mentioned earlier, the DD configuration is the least efficient 

of the configurations shown in 1. If the matrix resistivity 

is increased from zero, the electric driving force is further reduced 

near the fluid inlet, while it increases somewhat near the fluid outlet 

14 and 15 with This causes the rate of the 
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4,5 Conclusions and summar! 

The theoretical model for flow~through porous electrodes developed 

in chapter 3 has been used to evaluate the effects of electrode 

placement relative to the fluid inlet and finite matrix conductivity 

on the performance of flow-through porous electrodes, If a low effluent 

concentration is desired, the electrode must be operated at a superficial 

current density sufficiently high so that the main reaction may achieve 

a limiting-current distribution, Calculations show that a limiting­

current distribution can only be achieved for upstream placement of 

the counterelectrode and not for a downstream counterelectrode. However, 

if interference by the side reaction is substantial, as is the case for 

silver removal from thiosulfate solutions or for the copper system if 

the superficial velocity is too high, a limiting-current distribution 

cannot be achieved for any electrode configuration at any matrix 

conductivity. 

For an upstream counterelectrode when the matrix conductivity is 

not large. the choice between upstream or downstream placement of 

the current collector depends on the chemical system and what matrix 

conductivity can be achieved in practice. 

Below the limiting current. the performance is only slightly 

better for an upstream counterelectrode than for downstream placement 

of the counterelectrode. 

Calculations for a small matrix conductivity show that the DD 

configuration should probably never be built, 

It is evident from the results that simple limiting~current 

calculations are inadequate for describing the behavior of flow~through 

porous electrodes. Thus. the ability to calculate distributions of 
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main reaction near the front to decrease from about 0,05 when I/O + 0 

to 0,012 when 0 "" K (see Figures 11 and 13), Since the rear of the 

electrode was already at a limiting cu~rent. the increase in the 

electric driving force in this 

rate of the main re.action is 

is of little benefit; the 

than with I/o + 0 because the 

flowing stream was not depleted as much in the upsteam region, not 

because the electric force is larger, The integrated reaction 

rate is 6,3 percent lower when 0 K • and the rest of the current 

goes into the side reaction, driven by the higher electric driving 

force near the rear, 

For upstream placement of the counterelectrode, conditions are 

more favorable when the matrix resistivity is small, For 

the UU configuration. increase of I/o decreases the electric driving 

force in the rear region and causes the current locally to drop below 

the limiting value, Consequently. increases, as shown in 

Figures 7 and 9, For the un configuration, the electric driving force 

decreases near the inlet and increases near the outlet as I/o increases, 

This is favorable until the reaction rate drops below the limiting 

value near the inlet, and this leads to the minimum in the curve of 

The choice between the UD and UU configurations is 

on the chemical system and the matrix conductivity, However, 

the un configuration will a minimum in the effluent concentration 

as a function of K/o and is therefore the best configuration if 

this electrode could be built in 
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current, potential~ and concentration in the presence of side reaction 

above and below the limiting current makes it possible to choose the 

optimum e~ectrode configuration so as to design and optimize an 

electrode system for the most economical removal of metal~ions, 
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5. The removal of mercuric ions from 
a sodium chloride brine 

5.1, Introduction 

The use of mercury cells in the production of chlorine increased 

steadily from a low of 5% in 1945 to a high of 30% in 1968 (Beck (1977)), 

After this time. their use has decreased due to strict environmental 

standards on mercury effluents, In fact. most of the large producers of 

chlorine are committed to replacing all mercury cells with diaphragm 

or membrane cells. However, a major problem associated with replacing 

the mercury cells is that the brine feed stocks have become contaminated 

with mercury, Mercury concentrations in the brine vary from approxi~ 

mately 0,1 ppm to 8 ppm. Membrane separators are extremely sensitive 

even to this level of mercury. and their performance degrades quickly. 

In addit:[on. the recovery of mercury can be financially viable as this 

amounts to one kilogram per tonne of chlorine, The present industrial 

method for mercury recovery is precipitation with HZS, 

In this chapter, some preliminary experiments were performed to 

demonstrate the use of flow~through porous electrodes for the removal 

of dilute concentrations of mercuric ions (approximstely 0,6 mg/l) from 

a 4.2 M sodium chloride brine, The results presented are rather crude 

and, therefore, are not suitable for design purposes; however, the data 

do demonstrate that a flow~through porous electrode is a very effective 

system for removing mercury ions from brine. 

5.2 

At the cathode, mercuric ions HgZ+ are electrodeposited on a 

carbon bed from a variety of stable chloride complexes of the form 

H CI2~€ 
g e:: (0 < e:: < 4) as discussed in Chapter Z (see Table Z-l for the 
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standard electrode potentials of mercury). The competing side reaction 

is hydrogen evolution. The anodic reactions on platinum-rhodium screen 

are simultaneous evolution of chlorine gas and oxygen gas. 

desiE~. The cell constructed for this study followed 

closely the design of Rennion and Newman (1972). Yip (1973). and 

Appel and Newman (1976). 

The porous cathode with a downstream current collector made of 

tantalum (drilled with holes) was placed under the anode and packed 

with irregularly shaped carbon particles (Union Carbide granules plus 

particles, GP-22) between 0.1 and 0.001 cm characteristic dimension. 

The anode was made of two layers of 80 mesh platinum-IO% rhodium screen 

and spot welded to a perforated tantalum current collector. The 

current collector in the anode and the cathode were each attached to a 

0.635 cm diameter tantalum rod. The anode and the cathode were 

separated by a perforated Kel-F plate backed with Whatman 40 Filter 

paper and approximately 8 layers of 0.3 em diameter glass beads. The 

cell housing was made of two sections of 7.62 em I.D, glass pipe and 

attached to a lucite-feed ring by means of a standard glass pipe 

fitting. 

In more recent work completed by Fedkiw (1978). substantial 

improvements in the cell design have been made so that very fine 

control of the flow rate is possible. It is therefore suggested, that 

all such improvements be incorporated when taking data on metal-ion 

removal systems. 

Fluid and electrical circuits. Similar fluid flow and electrical 

systems as described by Fedkiw (1978) were used. Two modes of operation 

for applying current to the cell were employed. The first mode of 
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operation was galvanostatic control using a Princeton Applied Research 

(PAR) model 371 potentiostat/galvanostat. The electrical circuit for 

this mode can be found in Fedkiw (1978, Figure 7.6) without the 2 ~F 

capacitor between the calomel reference electrode and th.e CDunter-

electrode· The difference is that Fedkiw used potentiostatic control 

rather than galvanostatic control as was done here. In the second 

mode of operation, the cell voltage was set with a model 6l0lA 

Hewlett~Packard power supply. The electrical circuit for this mode of 

operation is the same as that given by Fedkiw (1978, Figure 7.5). 

Feed solution. The 4.2 M NaCl brine contained 556 mg/l to 

576 mg/l of mercuric ion and was prepared from AR grade NaCl and HgO 

and distilled water, which was first run through a deionizing column. 

The variation in the mercuric ion concentration is due to evaporation 

over the course of the experiments. ~o significant changes in the CI~ 

concentration could be detected. A feed sample was taken before and 

after each run, and the composition was checked using atomic absorption 

spectroscopy (AA). A run is defined as the measurement of a polariza~ 

tion curve at a specific flow rate. 

The concentration of mercury in the feed is significantly higher 

than that encountered in industrial brine feed stocks. It was chosen 

becaus.e of the limitations of the analytical technique (resolution :::; 

0.1 mg-Hg/l). Thus, a reduction in the feed composition by a factor of 

1/6000 could be detected. However. it will be shown that the dilute 

product concentration was consistently below the limits of detectability. 

5.3 Results and Discussion 

Figures I and 2 show the total cell current (in rnA) versus VOP 

(the potential of the cathode current collector relative to a saturated 
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Figure 5-1. Current-potential behavior for an electrode 7.62 cm 
diameter. packed with carbon flakes and chips. H are experimental 
data points. where the solid line drawn through these points has not 
been calculated. Effluent concentrations (which are not reported) 
were analyzed with normal AA and are not reliable. The electrode 
was operated in the galvanostatic mode. 
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Figure 5-2. Current-potential behavior for an electrode 7.62 cm 
diameter~ packed with carbon flakes and chips. Effluent concentrations 
were analyzed with an IZAA spectrometer (Hadeishi and McLaughlin (1971) 
and Hadeishi (1972)). The cell was operated in the constant voltage 
mode. 
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calomel reference electrode placed in the dilute product stream) and 

the dilute product concentrations for the specified feed composition, 

superficial velocity, and electrode length shown in each figure. The 

data in Figure 1 were obtained using the galvanostatic mode, and the 

data in Figure 2 by the constant voltage mode. Each data point 

required 3 to 5 hours to reach steady-state after each change in 

applied current (galvanostatic mode) or applied voltage (constant 

voltage mode). 

Over 17 runs were attempted, and approximately 200 liters of feed 

solution were passed through the cell. Most of the runs were not 

completed because of the following: steady-state was not achieved, 

fluid system leaks, corrosion of the cathode current collector, and 

ground loops. All of these problems will be discussed in detail in the 

next section. 

In Figure 1 the polarization curve shows the expected behavior. 

In addition, there is reasonable agreement with the theoretical 

limiting current for high conversion, I = nFQcRf/sR = 9.51 mAo The two 

points on the limiting current plateau shaw effluent concentrations 

less than 0.1 mg/l. These samples were analyzed with an Isotope 

Zeeman Atomic Absorption Spectrometer (I~\, Hadeishi and McLaughlin 

(1971) and Hadeishi (1972». This particular instrument has a 

resolution of 0.1 mg-Hg/l and a sensitivity of approximately 

0.04 mg-Hg/l. No detectable amount of mercury could be measured in 

eith.er sample. 

The effluent concentration of the other four points on the curve 

were analyzed by nOi.-mal AA spectroscopy (approximate sensitivity 

5 mg-Hg!l). Unfortunately, the high. concentration of Cl- interferes 
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to SUCQ an extent as to invalidate tQe results. In addition, the 

dilution of the samples to minimize the chloride interference reduced 

mercury concentration below the limit of detectability. Similar 

problems were also encoun,tered with the IZAli. spectrometer; however, the 

relative increase in sensitivity of this instrument offset some of 

these difficulties, 

In 2 the polarization behavior is irregular and suggests 

results. There is no obvious reason for the apparent 

in the data at approximately 52 mA, The theoretical limiting 

current density is 28 mA above this value and there was no evidence 

of other trace metals present in the feed solutions. 

Consider then two plausible causes: 

1) Ground loops - these experimental maladies can affect the 

measurement of both VOP and I (only the cell voltage was set in this 

mode of operation), In the case of VOP, the data points denoted by • 

are at large cathodic potentials, and the equilibrium analysis in 

Chapter 2 indicates that the measured effluent concentratton would be 

very small. This corresponds to the experimental observation of no 

detectable mercury in the effluents; however, these contradict the 

measured current, which would put the effluent concentration well 

above the detectable level. 

2) Formation of insoluble mercurous. chloride (Hg
2

Cl
2

) ~ H the 

mercuric species is not immediately reduced to liquid mercury and the 

mercurous dimer (Hg~+) forms.; precipitation of mercurous chloride 

w~ll follow. The overall reactions arb 

dynamic data): 

+ 2e- H 2+ 
g2 + 2e:Cl-. 

Table 2~1 for thermo-

(5~1) 
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and 

The solubility product of Hg
Z

C1
2 

is 

K "" sp 

(5-Z) 

(5-3) 

Equation 1 corresponds to a theoretical limiting current of 40 mA 

if all the mercury were being removed (half that of mercuric deposi-

tion), and 12 mA below the apparent plateau. 

These explanations are not satisfactory considering the well 

behaved data in Figure 1. The only conclusion that can be drawn is 

that a flow-through porous electrode is an extremely effective device 

for removing mercuric ions from brine. 

5.4 Recommendations for further work 

The data presented in this chapter can be considered preliminary 

at best. However, the data show the process has promise and should be 

pursued further. The following discussion will be concerned with the 

problems encountered in obtaining the data and suggestions for obtaining 

data useful for design purposes. 

Analytical technique. Perhaps the most difficult measurements 

to be made in these experiments are the accurate determination of the 

feed composition and the effluent composition. For concentration 

above 50 mg-Hg/t. M and 1ZM spectroscopy can be used. As mentioned 

previously. the high concentration interferes with these techniques; 

however, this ir.terference can be reduced to an acceptable level by 

dilution with distilled water. A solvent extraction technique using 

123 



diphenylthiocarbamate (dithizone) in toluene was also tried. Again, 

the Cl~ interferred to an extent that the results were not realiable. 

Unfortunately, AA and lZAA , and solvent extraction with 

dithizone, vrere the only available in the laboratory at the 

time the data were taken. At the present time, there is the capability 

of determining Hg
2+ by differential pulse anodic stripping voltammetry 

using a Princeton Applied Research Model 174. The resolution of this 

technique is 1 ppb or A gold electrode is required (see 

Princeton Applied Research Application short or NUrnberg elg77}), 

collector 
~~~~~. 

The first cathode~current collector 

that was used was made of 316 stainless steel. It was found that the 

value of VOP would drift continuously in the cathodic direction. This 

would occur whether or not current was being passed. Furthermore, it 

was not possible to pass enough current (below the limiting current 

for Hg deposition) to protect cathodically the collector in order to 

stop the potential drift, In addition, visual inspection of the 

current collector showed signs of pittinr; corrosion. 

It should be understood that measurement of VOP under these cir~ 

cumstances is meaningless with respect to mercury removal, because the 

current collector was acting independently of the carbon bed. 

In order to overcome this problem. a test was run on several types 

of metal rods. These included titanium, tantalum, aluminum, and 

zirconium. Each rod was placed in a separate beaker containing 4 H 

NaCl. The potential of these rods with respect to a saturated calomel 

refarence electrode placed in the same beaker was measured. It was 

observed that the tantalum rod exhibited the most stable potential. 

ia well documented that tantalum is one of the most metals 
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known. ) With this data in mind. a current collector made of tantalum 

was fabricated as discussed in section 5.2. No further problems were 

encountered with current collector corrosion after the tantalum collector 

was installed in the cell. 

There are two possible problems to be considered when using 

tantalum as an electrode material: 

a. The passivation of tantalum is due to the formation of an 

oxide layer. In some applications. this film might cause a large 

contact resistance between the collector and the electrode bed. 

b. Tantalum is very susceptible to hydrogen embrittlement. 

Therefore. evolution of hydrogen at the surface of the tantalum should 

be avoided whenever possible. In order to reduce this problem in a 

flow~through porous electrode. the tantalum current collector should 

always be placed where the electric driving force is the smallest (see 

Chapter 4). As an added precaution. a small piece of metal with a 

hydrogen overvoltage less than that of tantalum could be welded to the 

collector. 

Electric power. There are three possible modes of operation 

for applying electric power to the cell. Two of these modes have been 

mentioned: galvanostatic control (I is set. and VOP varies until a 

steady~state is reached) and constant cell voltage (VOP and I both 

vary until a steady-state is reached). A third mode of operation is 

potentiostatic control (VOP is set. and the current varies until a 

steady-state is reached. The latter mode was used by Appel (1976) 

and Fedkiw (1978). Some runs were tried using potentiostatic co~trol. 

but the cell current showed rapid fluctuations. Similax behavior was 

observed by Bennion and Newman (1972). 
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Fedkiw (1978) solved this prob.lem by placing a 2 11f capacitor between 

the reference electrode and the anode. His reasoning was as follows: 

a potentiostat is a high gain proportional controller, and if the 

capacitance between the anode and the cathode were enough.. the 

potentiostat can be forced into oscillations. Appel (1976) was able 

to avoid this problem because the surface area of his electrode was 

small (aL ~ 10). Data in the galvanostatic mode could be gathered 

here because the rise time of the PAR 371 is reduced approximately 

three orders of magnitude when operated as a galvanostat rather than 

a potentiostat. 

Ground Loops. Whenever current is passed between the working 

electrode and the counterelectrode. care must be exercised so as not to 

provide an alternative current path. These problems may be minimized 

by eliminating all conductors in the fluid flow system other than 

the electrodes. For example: thermocouples. thermistors, metal pipe, 

metal~pipe fittings, and conducting pump heads. 

Ground loops can also occur between instruments. This can lead 

to erroneous measurement of current and potential. To avoid these 

problems. battery-powered instruments should be used whenever possible. 

When such instruments are not available. isolation transformers should 

be used on each instrument. This is especially true when a potentiostat 

is used, because most potentiostat circuits ground the working 

electrode. The object is to minimize the number of grounds in the 

system. 

Flow control. In order to obtain the steady-state polarization 

behavior of a flow~through porous electrode. a steady flow rate must 

be maintained. If this is to be achieved in practice, several factors 

must be considered: 
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a. Air bubbles. The cell should be packed and assembled while 

submerged in distilled water. Before the cell is attached, the flow 

system should be completely flushed of air. The air l'ubbles not only 

plug the electrode and cause channeling. but their movement can cause 

rapid fluctuations in the flow rate. 

b. Gas evolution. The evolution of gas in a porous electrode 

should always be avoided. Some comments under a are applicable. If 

a gas evolving anode is used, an isolated electrode compartment with 

separate anolyte flow is required (see Fedkiw (1978). 

c. Electrode plugging. This will only be a serious problem after 

the cell has run a substantial amount of time. The time for plugging 

can be estimated (Bennion and Newman (1972)): 

t (5-4) 

It should be noted that Bennion and Newman (1972) made an error 

of a factor of ten in their design calculations when applying equa­

tion 4 to the copper system. They calculated 49 days inst.ead of 

4.9 days. The latter value agrees very well with the experimentally 

determined plugging time of 5 days, 

d. Pump system. A Fluid Metering Inc. piston pump was used to 

feed the system. This pump was chosen because of its convenient 

variable capacity and fine flow control, A column of N2 can be used 

to damp the oscillations. It should be noted that the flow delivered 

by this pump depends on the fluctuati.ons in the electr1.c power applied 

to the motor, These variations can have a substantial effect on the 

flow delivered by the pump at low flow rates. Therefore. a power 
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leveling transformer should always be placed bet'tveen the pump and the 

power company. 

e. Tubing and tubing connectors. Leached 1/4" LD, Tygon tubing 

was used to connect the fluid flow system, Connectiorts were made with 

stainless steel hose clamps. This method worked in a mediocre manner 

because the clamps cut the tubing, In addition, the Tygon tubing is 

subject to chemical attack. 

To eliminate these problems, plastic tube fittings made by JACO 

Manufacturing Company (Berea, Ohio} and Bev-a-line lined tubing made 

by Dynalab Company (Rochester, NevT York) should be used. 

5,5, Summary and Conclusion 

Preliminary data have been presented on the removal of mercuric 

2-E: chloride complexes (HgCI , I < E: < 4) from a NaCI brine using a 
e: --

flow-through porous electrode. The data show that the process h~s 

2-E: promise, as the concentration of HgCI€: was reduced from 576 mg/i 

to less than 0.1 mg/i. 

The major problems encountered in obtaining design data: 

analytical technique, current collector corrosion, ground loops, and 

flow control, have been discussed, and suggestions for improvement 

made. 
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6. A comparison between flow~thr()ugh and flow~by 
porous electrodes for redox energy storage 

6.1 Introduction 

In previous chapters the emphasis has been placed on the 

application of flow~through porous electrodes to metal-ion removal 

from dilute streams, This chapter will deal strictly with the 

application of flow-through porous electrodes to electrochemical-energy 

storage. 

In the post "energy crisis" years the ability of electric 

utilities to meet peak power demands economically has become increasingly 

acute. One answer to this problem is to store off-peak power and to 

recover this power during high demand periods (power load-leveling). 

Energy storage requirements for electric utilities may be met in 

several ways. The numerous advantages of flow-redox batteries 

(Thaller (1974,1976), Beccu (1974), and Kangro (1954, 1969)) have 

been discussed by Yao and Birk (1975), and Warshay and Wright (1977). 

Some particularly attractive features are listed below: 

1) Unlimited cycle life regardless of the depth of discharge 

because redox reactions do not affect the morphology of the electrode 

material. 

2) Simple electrode reactions. 

3) High temperatures not required, 

4) Minimal environmental impact. 

5) Readily available reagents and materials of construction. 

Preliminary capital cost estimates and 3ize estimates for an 

iron/titanium [Ti(III)ITi(IV)! IFe(III) IFe(II)] redox battery indicate 

economic viability for the system (Warshay and Wright (1977». Many 
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other redox couples have been suggested (Thaller (1974,1976), Beccu 

(1974). Giner. Swette. and Cahill (1976). and Kangro (1954,1969». Of 

these. the iron/chromium system [Cr(lll)ICr(ll) I IFe(III)IFe(II)] 

appears to be the most promising. Recently. the NASA-Lewis Research 

Center, using an iron/chromium cell, has achieved a power density of 

approximately 915 W per square meter of membrane separator (Gahn 

and Hagedorn(1978»). 

Two basic electrode configurations have been proposed for flow­

redox batteries. Kangro (1954,1969) has suggested an electrode 

configuration where the current and fluid flow are in parallel 

(flow-through configuration, see Figure la and b). Thaller (1974,1976) 

and Beccu (1974) have suggested a cell configuration where the current 

is perpendicular to the fluid flow and a separator is essential (flow-by 

configuration. see Figure lc), The flow-through configuration 

(Figure la and b) has the advantage over the flow-by configuration 

(Figure lc) that a separator is not required; however, a major 

disadvantage of this configuration can be seen in Figure lb. Consider 

an iron/titanium cell. On discharge the unreacted Ti(lII) and Fe(III) 

would be lost according to the reaction 

Ti(llI) + Fe(IlI) + Ti(lV) + FeCII) 

when the streams are allowed to mix after flowing through the porous 

electrodes (Newman (1977)). 

The purpose of this chapter is to compare, on an economic basis. 

the performance of the 
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Figure 6-1, Various configurations of electrode placement relative 
to the direction of fluid flow, a and b are the flow-through 
configuration on charge and discharge, c is the flow-by con£igu~ation, 
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two configurations for redox~energy storage. As mentioned above. 

Warshay and Wright (1977) have made capital cost estimates 

for the £lovl by The f1ow~by coni is 

usually considered to be either a two~tank or four~tank system. The 

f1ow~through configuration is primarily a three~tank system. The two~ 

tank flow~by configuration can also be operated with a time varying 

superficial velocity. whereas, the other systems cannot due to their 

single~pass operation (Thaller (1974). (By operation 

we mean the reactants on each half cycle pass through the electrode 

only once.) 

The perspective here is to compare the steady-state performance 

of two operational redox storage systems: 

1) the f10w~through configuration (current parallel to the 

fluid flow); 

2) the flow~by configuration (current perpendicular to the 

fluid flow). The basis for comparison is the return on investment 

based all operaj::i:ng CG~tS:i. 

6.2 

The analysis for a redox reaction is similar to that 

for a metal~deposition reaction in section 3.3. However. if the 

dimensional analysis also presented in section 3.3 is to be used. 

analyses must be considered for both a cathodic limiting 

reactant and ~n anodic limiting reactant. 

From 3-13 

may be written as 
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i "" i nR oR,ref 

(6-2) 

where the reference electrode used in measuring ~2 is of the same 

kind as the redox reaction, and the concentration of the reactant 

and product species in the reference electrode compartment, c
Rr 

and 

cPr' and the reference concentration in equation (3-14). c and R.ref 

cp f' have been set equal to .re 
and (the upstream feed 

concentration of the redox couple). It is also assumed that s ""-1 
R 

and sp "" I . 

If axial diffusion is small compared to axial dispersion or if 

the diffusion coefficients of the reactant and product species are 

equal, the local concentration of the product species within the pores 

is simply related to the local reactant concentration within the 

pores and the feed concentration 

(6-3) 

Also, for a redox couple. the wall fluxes of the reactant and 

product species are equal and opposite 

One can now write in terms of and cRw with the use of 

equation'3 as 

(6-5) 
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This equation allows the explicit dependence of the product species 

concentration on the local reaction rate to be removed from equation 

2 with the result: 

where n = ¢l - ¢2 • as previously defined in equation 3-20. Only 

one differential material balance is now required -- that for the 

cathodic reactant. The elimination of c
Rw 

between equations 3-11 

and 6-6, results in an equation for jRn which is similar to equation 

3-21. A material balance equation for the case of a cathodic limiting 

reactant is then obtained by substituting the above equation for jRn 

and equation 3-2 into equation 3-1: 

- a 

1 

If the same assumptions are made about the side reaction as in 

chapter 3. an equation similar to equation 3-23 can be derived for 

the local overpotential: 
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Equations 7 and 8 can be expressed in dimensionless form by 

introducing the dimensionless coordinate y ~ ak x/v , the dimensionless 
m 

concentration e "" cR/cRf ' and equation 3~33: 

Material balance 

de 
dy"" D' 

d2e e ~ (1 + ~ )Pl exp [(1 + aaR/acR)n'] 

dy2 ~ 1 + exp Cn') + PI P7/epf exp [(1 + aaR/acR)n'] 
(6-9) 

Charge balance 

(6-10) 

The dimensionless parameters D'. PI' P2• P3 ' and P4 are the same 

as those defined in chapter 3. The additional parameters P
7 

and epf 

are given by 

P7 kmR/kmP 

epf CPf/cRf 

(6~11) 

(6-12) 
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For an anodic reactant equation 2 is expressed 

as 

Equation 5 can then be used to eliminate cpw/cPf in equation 13, 

By following the same procedures used in deriving equation 7; a 

material balance equation for an anodic limiting reactant is obtained: 

Consequently, the charge balance equation becomes 

14 and 15 can now be into forms identical to 

9 and 10. This is VW1~~jC~!l'CU by introducing into equations 

14 and 15 a dimensionless local n~7,~?Y'n~ based on the anodic 
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reactant (comuare with equation 3~33 for the cathodic reactant): 

exp (n*') "" 

along with the dimensionless coordinate y and the dimensionless 

concentration e to yield 

Material balance 

Charge balance 

d::~ , " P2{~:3 .xp (~ ~cSn*' l(taR+ ... P;' exp( aaS a:
R 
"cS n*)] 

8 - ( 1 + L~<t)pi exp [(1 .,. "<R/"aR)n"] 1 
+ l+exp (n* I )+p iP7/epfexp [(l+o:.cR/CXaRn* I] J' 

where the dimensionless parameters are defined as 

pi 
3 

pi 
2 
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These parameters correspond to the dimensionless variables defined 

previously for the cathodic reactant in equations 3~34 through 3-37 

(e,g, for the cathodic reactant corresponds to p' 
1 

for the 

anodic reactant). 

Boundary conditions. Before equations 9 and 10 or equations 17 

and 18 can be solved simultaneously for e and n' ,e and n*' , 

respectively, four boundary conditions are required for each electrode 

configuration shown in Figure 4~l, For e , equations 4-1 are 

applicable. For a cathodic reactant, the conditions on n' tabulated 

in Table 4~1 are also applicable. For an anodic reactant, the 

conditions on n*' are of the same form as those given in Table 4-1 

for n' , except that and P6 should be replaced by 

which are defined as 

and 

so that 

"" '+ 

pI 
5 

and 

(6-23) 

(6-24) 
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Cyc~ing Erocedure. A calculational procedure is needed so that 

system behavior can be predicted over a complete cycle (i.e., charge 

and discharge), The following procedure was used for the flow~through 

configuration. 

1. The variables listed in Table 1 were set; 

2. Equations 17 and 18 were solved for the positive electrode 

(subject to the un configuration boundary conditions); 

3. Equations 9 and 10 were then solved for the negative 

electrode (subject to the UD configuration boundary conditions); 

4. The cell voltage on charge was then evaluated from the 

results of 2 and 3, which includes the ohmic drop in the gap between 

the electrodes given by ~~ = I L IK' gap c gap o' 

5, Equations 17 and 18 and then equations 9 and 10 were solved 

for the positive electrode and the negative electrode. respectively; 

subject to the DU configuration and the following restrictions: 

a. The feed concentrations for each electrode on charge and 

discharge are the same as the product concentrations on charge; 

b. The superficial velocity on discharge vd = vctc/td ' where 

in the calculations which follow; 

c. The discharge current density was arbitarily set at 

(Note that 

cathode and positive for the anode); 

I are negative for the c 

6. The cell voltage on discharge is then calculated from the 

results of 5. which again includes the ohmic drop in the gap between 

the electrodes, 
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Variables set 
on charge 

I 
c 

c+c. c_c 

Variables set on charge and conditions 
used in the calculations. + ~ positive 
electrode. ~ F negative electrode. c ~ 
charge. d = discharge 

electrode lengths for the positive 
electrode and the negative electrode 

superficial velocities for the 
positive electrode and the 
negative electrode 

current density on charge 

concentration of reactants on 
charge in the feed tank 

concentration of products on 
charge in the feed tank 

Conditions used 
in calculations 

v -c 

I < 0 for 
c 

cathode 

c '" c +c -c 

c+d "" c_d 

at equilibrium 
with c+c and 
c 
-c 
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From the above results the power on charge and discharge are 

In the optimization procedure 

which follows in a later section Ic' I d, and v are optimized with 

respect to an objective function appropriate for this system. Id 

is optimized with the condition that cell operation on discharge is 

at the power maximum. This choice follows from the optimization 

because energy is lost due to mixing in the gap between the electrodes 

by equation 1. 

6,3 Flow-by porous electrodes 

A flow-redox battery using flow-by porous electrodes (perpendicular 

current to fluid flow) can be modeled to include the following 

characteristics: 

1, Each electrode exhibits linear polarization behavior; this 

is typical of a "practical" redox system because the exchange current 

densities are large. 

2, The positive electrode and the negative electrode are both 

of length L (in the direction of fluid flow) with isotropic porosities 

E+ and and specific surface areas and which remain 

constant in time; for a redox system no morphological changes occur 

in the electrode material. 

3. The concentration variations in the direction of current 

flow are negligible, 

4. The variation in potential in direction of fluid flow is 

negligible; this will be a good approximation except near the fluid 

inlet. 
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5. The hydrodynamics are characterized by superficial velocities 

and v and average mass transfer coefficients km+ and 

6. Only one electrode reaction occurs at each electrode. 

k 
m~ 

It should be noted that the only other modeling work completed 

for this configuration is that done by Alkire and Ng (1974, 1977). Their 

model. which was applied specifically to metal~ion removal, included 

two~dimensional concentration variations and complete Butler-Volmer 

kinetics with a side reaction. 

~alysis. The emphasis is on a simplified model which includes 

only the pertinent features of flow-by porous redox batteries. The results 

obtained illustrate the important features that would be observed with a 

more sophisticated approach. 

Figure 6.2 shows a schematic of the flow-by 

confIguration to be modeled. The cell potential V is defined to be the 

difference between the positive and negative current collectors 

(6-26) 

which may be decomposed: 

+ c c 
In Ow _ RT In Ow 

+ n F -c c 
Rw Rw 

open~circuit potential 
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fluid flow 

membrane 
separator 

porous 
electrode 

porous 
electrode 

L 

Flow-by porous electrode configuration 

XBL 796-10071 
Figure 6~2. Flow redox cell with current flow 
perpendicular to the fluid flow. 
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d I: 2 (- + K + cosh"+ 1 
+~ 

~·i 1 + 
I) 
+ 

d [1/ + (~- + .: ~") cosh I) +Ll + (6-27) 
K + (5 I) I) 

surface and ohmic-potential arop 

where 0 and R are the oxidized and reduced species of the redox 

couple and subscripts + and - denote the positive and negative electrode. 

Equation 27 has been written for a positive value of i on discharge 

and a value of i on charge. The first term and the second 

term in brackets represent the total potential loss in each electrode in 

the direction of current flow, a combination of surface overpotential for 

linear kinetics and ohmic potential drop (Newman and Tiedemann (1975»). 

The last term in brackets the ohmic potential drop across the 

In equation 27~ 1)2 is the dimensionless exchange current density 

for an electrode (Newman and Tiedemann (1975») 

It is assumed to have a dependence of the form 

IT ,ref 
i 

, y. 
1. 

(6-29) 
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where i o,ref 
is the value of the exchange current density at a 

reference composition Co f. 
~,re 

It is further assumed that the 

transfer coefficients a and a sum to n (in this case n = 1) 
a c 

for an electrode reaction of the form 

and that the exponents Y
i 

have the dependence 

a c 
=:; q.; + - S • 

.A. n ~ 
(6-31) 

such that qo ~ -so'" I for a cathodic reactant and zero otherwise. 
~ ~ 

For '" a '"' 0.5 equation 28 becomes 
c 

(6-32) 

where the c i.ref have been set equal to (the upstream feed 

concentration of the oxidized and reduced species of a redox couple). 

Material balances. Continuity equations for reactant and product 

species can be used to describe the variation of concentration and 

current density through the porous electrode. In addition. the 

electrode length may be calculated for set values of the cell voltage 

and utilization of the reactants. From these results, the power 

densities on charge and discharge can be obtained. 

To do this, the unknown wall concentration in equations 27 and 

28 must be related to the bulk concentration of the oxidized species 

for the positive electrode. The wall concentrations c. and the 
~w 
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bulk concentrations c. are linked through the limiting current 
1, 

density relationship 

where 

is the limiting current density in the direction of current flow, 

which follows from Faraday's law (Newman and Tiedemann (1975»: 

or 

F a k 
m 

neglect 

61 11 3i 
c "" ~+~ 

i ,ox dy 

with ily(d) = 11 • ily(O) = 0 • and si = ~l 

The bulk and wall concentrations of the reduced and oxidized 

(6-33) 

(6-34) 

(6-35) 

(6-36) 

species in each electrode can be related through the pore-wall fluxes. 

since these fluxes are equal and opposite for a redox reaction: 

(6-37) 

Equations 33 and 37 can be combined to yield the reactant-wall concen-

trations in terms of the bulk concentrations and the limiting current 
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The local bulk concentration of the reduced species is given by 

(6-39) 

provided that diffusion in the x-direction is neglected Cor DR ""_DO) • 

Equations 37, 38, and 39 relate the wall concentrations of the 

reduced and oxidized species to the bulk concentration of the oxidized 

species in each electrode. 

The differential material balance for a species i may be 

simplified (owing to the assumptions stated previously): 

(6-40) 

An integration over y with ily(d) = -i and ily(O) ~ 0 , gives 

(6-41) 

It follows that for each electrode on discharge 

(6-42) 

or 

(6-43) 

With the use of equations 33. 34. 38, 39. and 43. all the unknown 

compositions in equations 27 and 32 can be related to the differential 

material balance for the oxidized species in the positive electrode 
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(equation 41), Either the electrode length can be calcula~ed for 

a set superficial velocity and reactant utilization or the superfi~ial 

velocity for a set electrode length and reactant utilization: 

L 
C07d:;,. 

(6-44) 

cO+ 

or 

(6-45) 

6,4 Cost analysis 

An objective function must be specified in order to compare the 

performance of the flow~by and flow~through configuration on a 

sound economic basis. This objective function should relate the 

overall costs (capital. fixed. and variable costs) for an entire 

system to local variables, such as current density, cell voltage. 

and flow rate. However. for the comparison considered here. only 

the costs and system variables related to the net specific power of 

a particular configuration are important, In this case. the objective 

function will be based solely on the variable costs, The terminology 

specific power' refers to the amount of power in watts per square 

meter recovered by storing off-peak. nighttime power, In general. 

the objective function should be constructed in terms of intensive 

variables. that is. independent of the separator or gap area (membrane 

area for the flow~by area for the 



flow~through configuration). 

The simplified cost analysis presented here allows a quick 

evaluation of the two different electrode configurations. However, 

it must be emphasized that construction of large scale systems 

should be based on more detailed cost and performance evaluations. 

Capital costs and fixed costs. In this particular study, the 

exact functional form for these costs is not important because it 

is assumed that the energy storage facilities are built and are 

operational. However, for the sake of completeness an approximate 

formulation will be given (see Newman (1979)) for the case of 

variable, capita~and fixed costs. 

The capital costs and the fixed costs in $1 year ~ m
2 

for each 

configuration are assumed to have one value: 

Flow-by 

Flow~through 

(6-47) 

3 where CBi and CAi are the total costs per unit volume ($/m ) and 

total costs per superficial-electrode area ($/m2), respectively. The 

factor r (year-I) represents the effect of interest, depreciation, 

and taxes. This factor should reflect the average lifetime of the 

components in the system. If the expected lifetime of the components 

depends significantly on the current density or cell voltage, this 

simplified treatment of capital costs would have to be modified. 
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The term C' 
F 

in equations 46 and 47 represent the fixed costs 

(i.e., labor, materials, and maintenanca). This term is sometimes 

taken to be a fraction of the total capital investment plus the 

cost of labor. This assumes that the labor costs can be scaled 

with the superficial~electrode area. 

Variable The costs to be emphasized here are the power 

costs on charge and discharge, and the pumping costs. The variable 

costs also include materials makeup plus waste treatmen~which may 

or may not be functions of the operating conditions. In any case, 

the relationships are not known and it will therefore be assumed 

that these additional costs are negligible. 

The variable costs ($!year - m2) are given by 

Flow-by 

discharge 

2 2 J (v teN + v dtdC D) -c c p - p (6-48) 

pressure drop 

Flow-through 

charge discharge 
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( + ) 

'1 

+ + _hCPD)j (6~49) 

pressure 

The only difference between 48 and 49 is that the length 

of electrode over w'hich the pressure drop occurs is explicit for the 

flow-through conf and for the flow~by configuration. 

In equation 48 9 the electrode thicknesses (perpendicular to the 

direction of fluid flow) and d account for the fact that the 

volumetric flow rate may be different for each electrode. 

The factor S is the on-stream factor days operating 

per 365 days or operating cycles per 

In equations 48 and 49, the pressure correlation used is 

for Re = v/av < 1 Bird et a1. (1960)). Th1.s is typical of the 

flow rates encountered in the cell at NASA-Lewis for the 

and (1978)) and~ as will be seen 

later, the optimum flow rates for the flow-through configuration 

typically give Re < 0.001 • 

As can be seen in 46 through 49 there is no optimum 

value for electrode length. An order of analysis of the 

terms in these equations indicates that systems can be 

built so that the pressure drop terms are small compared to the 



remaining terms. In the case of the flow-by configuration. the 

electrode length is determined by the desired conversion and the 

minimum flow rate which can be easily controlled in practice. There-

fore, the variable costs for either configuration can be expressed as 

! 

C S "" P t SC - PdtiCpD' V c c pN 
(6-50) 

where P c "" Vc1c and Pd "" VdId· 

The. total cost of a redox system can now be given 

v 

year 
~ [CC~ + P t SC N - PdtdSC D]A • 

£ c C P P tot 
(6-51) 

where Atot is the total superficial electrode area of the system. 

For the comparison considered here, only the variable costs CpN 

and CpD' and the system variables related to these costs Pc' Pd ' tc' 

and td are important. The capital and fixed costs per unit superficial 

area can be optimized separately, and will not be considered further in 

this analysis. 

Dimensional considerations indicate that only ratios of costs are 

needed to determine the optimum design and operating conditions. In 

this comparison only the ratio of the cost of daytime and nighttime 

power is important. Consequently. the objective function to be maxi-

mized can now be expressed as 

(6-52) 

where C 

6.5 

To simplify the optimization, only the case where Vc = vd and 

tc td will be considered~ It is also convenient to equate the super-

152 



veloclties in each_ electrode 

equation 52 becomes 

NSP(W/ni) 

v 
~c 

With these assumptions, 

The method of is different for each configuration. 

For the flow~through , the net power is maximized 

over discharge current, current, and flow rate. For the flow-

by configuration. it was only necessary to the net specific 

power with to the cell on in order to obtain 

a valid comparison w:i,th the results obtained for the flow-through 

configuration. 

It was not necessary to optimize the flow-by configuration with 

respect to flow rate because the pressure is ignored in the 

objective function. Furthermore. this can operate at any 

velocity vlith a in electrode length. Also, because 

the effluent is isolated the number of coulombs passed on charge and 

must balcmce. whereas \"yith the flow configuration. 

extra is lost according to equation 1, 

The results are for the Fe/Ti redox 

sys tem. This cheluical was chosen because data on fundamental 

• such as current densities, solution conductivities • 

and viscosities ,-16.re available (Giner (1976) and Miller (1977) 

see Table 2). However. the values of the current densities 

were not available on the electrode materials used in the cells at 

NASA~Lewis for which a power of 237 W/m2 (Gahn 

and was achieved for the 

153 



Table 6-2. Values of the parameters used in generating the results 
in Figures 3 through 10. 

Parameters used in both electrode systems 

25 cm-l 
s "" 0.3 

n "" 1, T 

e (c) e (d) 
u + "" 0.6513 V • U 3+ 2+ "" 0.1 V 

i "" oR 

FeC1 2/FeC12 Ti /Ti(OH)2 

Flow-through configuration 

K "" 0.25 mho/cm. cr "" 2xI0
14 

mho/cm, L "" 3 cm. L "" 1 cm 
o gap 

on charge: 5 M 

-4 c g c "" 3.2942xlO M 
T1.· 3+.f F Cl+ ~ , e 2,:1: 

-
-+ C1

2
(g) - lO-3c (f) (f) 2Cl + 2e ioS "'" aaS "" 0.38, -Cl 

a cS "" 0.69(f) 
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(Table 6~2 continued) 

on discharge: 

c 
,f 

20 M U
e 
Cl 

2 

aD~ "" 0.07054 ( 

L 3595 (g) 

fS454 (b) 

0,176 mho/emU), K "" 0.207 mho/em(i) 
o~ 

c 3 "" c 
1" + £: 1. , .c 

0,047 em(k) 

(k) 
I/K ~ 25 mho/cm s 

,f 

Skm . ( v )0,49 2( V )1/3 CO 
~~= 0,91 €~ 1J! <~ 
aD aV1J! D o 0 

(a) and Austin (1973) 
(b) All reactions 

Reid and Gahn (1977) and 

155 



(Table 6~2 continued) 

Cd) Dean (1973) and Baes and Mesmer (1976) 
(e) Miller (1977) 
(f) Erdey-Gruz (1972) 
(g) Newman (1973) 
(h) Trainham and Newman (1978) 
(i) Giner et a1. (1976) 
(j) Figure 10 only 
(k) Alexander and Hodgdon (1978) 
(l) Bird al. (1960) 
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The primary electrochemical reactions were assumed to be 

FeC1
Z 

~> 
+ FeC12 + e , (6-54) 

and 

Ti3+ + 2+ 
(6~55) + n(OH)Z + + e " 

The species assumed in these reactions are based on stability data 

(Baes and Mesmer (1976)), experimental measurements of open-circuit 

potentials (Reid and Gahn (1977)) and secondary reference state 

quantities (Wagman (1968), For Ti(IV) the hydrolyzed species is 

expressed Ti(OH)~+, as there is no strong evidence supporting the 

commonly written "titanyl" ion, Ti02+ (Baes and Mesmer (1976»). 

The flow~through model has provision for side reactions, and these 

were assumed to be evolution of hydrogen and chlorine 

(6-56) 

and 

2Cl~ C1
2

(g) + 2e , (6-57) 

Flml-through As mentioned previously, this 

configuration was optimized with respect to discharge current density, 

charging current density, and flow rate, with equation 53 as a criterion. 

To simplify this procedure, and also to reduce computer costs. the 

charging current density was set and the value of C (cost of night= 

time to daytime power) was eventually calculated for which this value 

of Ic was an optimum. This has the advantage, first of all, that the 

discharge current density can be optimized separately~-operation is to 

be at the power maximum independent of the value of C. For this 

reason, the search in one-dimensional rather than three-dimensional. 
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To be more specific. cwo equations result for the cost ratio C 

when equation 53 is differentiated with respect to v at constant I 
c 

and tnen with respect to I at constant v. setting the results equal c 

to zero 

(lp d/dv 
c, '" (lPC/dV 

(6-58) 

aPd/aIc 
C. (jp /ar ~ "" 

c e 
(6-59) 

Tne procedure is to set Ie and guess a value for v; calculate the 

derivatives in equations 58 and 59; while simultaneously adjusting the 

current density on discharge so that cell operation is at the power 

maximum. Tne procedure is repeated at a set I adjusting v until a 
c 

plot can be made of equations 58 and 59 versus I~ "" Ic/nFvcRf (the 

current density on charge made dimensionless with the limiting current 

density that would exist for fluid velocity v if all the reactant in 

the feed were completely reacted) as shown in Figure 3. I* is really a 
c 

dimensionless substitute for v because Ic. n. F. and cRf are set. In 

In Figure 3. the point of intersection of the cwo curves represents the 

value of the cost ratio for which I c ' Id> and v are optimum. Figure 3 

also shown that equation 58 is more dependent on v than equation 59, 

Figure 4 shows that for an increase in optimum flow rate by a 

factor of 8.1. Ic increases by a factor of 20. This implies a greater 

utilization of the reactant species on charge at higher current 

densities. It should be noted that the optimum superficial velocity 

varied from (0.961 to 7.78) cm/s over the charging range con-

sidered. However. these low velocities would probably be difficult to 

attain in 
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XBL 796-10070 

Figure 6-3. Computer-aided graphical optimization procedure. 

159 



II 
*u 
J-mI 

0.9 

0.4 

3 
1 20 

/ 
XBl 796-10068 

Figure 6~4. Effect of changing current density on the 
reciprocal of the superficial velocity. 
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Figure 5 shows that the cost ratio decreases with current density. 

Therefore, the higher the cost of daytime power relative to nighttime 

power. the higher the current density at which the system can be 

economically charged. 

As might be expected from the previous graphs. 6 shows that 

the ratio of the optimum current density recovered on discharge to 

that of the required charging current density, decreases with charging 

current density. Thus, the current efficiency is low. Also. a low 

value of C results in a low energy efficiency. 

The decrease in the'energy efficiency with current 

density on charge is clearly shoW11in Figure 7. 

Pd/Pc is 0.6. whereas at Ic "" 20 rnA/cm2 , Pd/Pc drops to 0.27. 

The NSP (W/m2) is shown in Figure 8 as a function of C. The NSP 

is much higher at low values of C. 

Flow-by configuration. As mentioned previously. this configu-

ration was optimized only with respect to the cell voltage on discharge. 

Again. optimization of the flow rate is unnecessary because the 

pressure drop contribution to the objective function is not included. 

In order to compare the net specific power of the two systems, 

similar results as were obtained in Figure 8 are required. The values 

of Vd , v, and cOL are set, and the electrode length is calculated from 

equations 27 and 44. Once L is known. a value of V that will recharge c 

the cell to the initial concentrations can be calculated. The total 

current density, and consequently the power. for either or dis-

can be obtained from 
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XBL 796-10069 
Figure 6~5. Effect of the changing current density on 
the cost ratio (no nighttime to daytime power costs). 
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Figure 6-6. Ratio of the optimum discharge current 
density to the changing current density versus the 
the changing current density. 
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Figure 6-7. Dependence of the power required on charge 
and power recovered on discharge as a function of the 
changing current density. 
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Figure 6~8. Net specific power recovered by the flow~through 
configuration versus the cost ratio (nighttime to daytime 
power costs). 
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and 

(6-61) 

A value for C is then determined for which Vd is an optimum from 

the equation 

C '" 

and finally the net specific power is calculated with equation 53. 

Equation 62 is analogous to equations 58 and 59 used for optimization 

of the flow-through reactor. 

Figure 9 shows a comparison between the flow-through and flow-by 

configurations. Except for very high reactant utilization on discharge 

«90%), the flow-by configuration yields the greater return on 

investment. 

In Figure 10, the effect of increasing the specific interfacial 

area and decreasing the electrode thickness is shown for the flow-by 

reactor. An increase in a by a factor of ten yields an increase in 

the performance by a factor of three. Similar results can be expected 

for the flow-through configuration. 

6.6 Discussion 

The results of the optimization have shown several important 

differences between the two configurations, However, these results 

have raised several pertinent questions: 

1. Were the parameters used in the calculations equivalent for 

both systems, and if so. were values representative of actual systems? 

2. Why is the performance of the flow-through configuration so 

much poorer? 
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0.1 ..... ___ -..It..-___ ''''''''''''''_ 
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- - - Flow-through 
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XBL 796~10073 
Figure 6-9. A comparison between the flow~by configuration and the 
flow-through configuration based on the net specific power recovered. 
The curve for the flow-by configuration is the same as that shown in 
Figure 8. The flow-by results are for the discharge feed compositions 
shown at various utilizations of reactant. 
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Figure 6-10. Dependence of the net specific power on the cost 
ratio for the flow-by configuration with the specific interfacial 
area and the electrode thickness as parameters. 
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3. Why is the optimum flow rate for the flow-through configuration 

so small? 

4. Is there perhaps a better configuration coupled with a 

different chemical system for which the flow-through electrodes would 

yield competitive results? 

We will endeavor to answer these questions in this section. 

Parameters. In order to obtain a valid comparison between the 

two configurations, the parameter values were shared whenever possible 

(see Table 2). However, the differences need some clarification. The 

total iron concentration and titanium concentration were each 3.00 M 

for the flow-through configuration and 2.97 ~ for the flow-by 

configuration. 

In the flow-through case, the concentrations of Ti3+ and FeCI; in 

the feed (set equal to 3.2942 x 10-4 ~. see Table 2) were determined 

from the equilibrium for the reaction which occurs in the gap between 

the electrodes on mixing after passing through the electrodes on dis-

charge 

(6-63) 

which has an equilibrium constant 

"" 4 • 823 x 10-
10 

( mo~e t . (6-64) 

In equation 64, the activity coefficients and the activity of water 

have been set equal to unity. 

The results of the optimization show that the charge imbalance due 

+ to incomplete conversion of FeCIZ on discharge is very small. In fact, 
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the percent of (stored on discharge) required to restore the 

system to the initial state of charge (i.e., all FeCli converted to 

FeC12), was always less than 0.05%. Therefore, the side reactions on 

charge are extremely small. This is due to the optimization procedure 

which forces the system to operate at nearly 100% current efficiency 

on charge. 

The correlation used in predicting the mass transfer coefficient 

for the flow-through configuration is the same on that determined in 

Chapter 3 (equation 3-51). For the flow-by configuration, a mass 

transfer correlation appropriate for the Reynolds numbers encountered 

was used (Bird al. (1960), see quat ion 3-43). 

Other variations in the parameters are due to the inherent 

differences between the two systems. For example. the superficial 

velocity was arbitrarily set for the flow-by system (v = 1.7 x 10-3cm/ s ). 

whereas. an optimum value was determined on charge for the other 

system, Experimental conductivity and viscosity data were available 

for the mixtures FeC1 2/FeCl; and Ti3+/Ti(OH)~ encountered in 

typical flow-by systems (Giner et al. (1976)). but were not available 

for the Fe/Ti mixtures of the flow-through system, In the latter case, 

a value of 0.25 mho/em was assumed (see Table 2), Experimental data for 

the membrane separator thickness and resistivity were also known for 

the flow-by system (Alexander and Hodgdon (1978». where a 1 em gap was 

assumed in the flow-through calculations. 

It can be concluded from the above discussion that the differences 

between the parameters used in each system are mino~ and therefore, 

will not account for the discrepancy in performance. 

As mentioned previously, values for the kinetic parameters and the 

specific interfacial area were not available for die· system at NASA-
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Lewis for which a discharge power density of 237 W/m2 (Gahn and Hagedorn 

(1978») was achieved. This compares with a calculated maximum power 

density of 170 W/m2 (top curve Figure 10). A value of 25 cm-l for the 

specific interfacial area was used in most of the calculations. How­

ever, Figure 10 has shown that for a tenfold increase in the value of 

a, the NSP increases by factor of three. Even a value of a equal to 

250 cm-l could be conservative by a factor of two or three, and this 

would account for most of the discrepancy. In addition. the values of 

the exchange current densities used in the calculations (see Table 2) 

could easily be low by an order of magnitude. At the present time, 

there is no way to tell how well the models predict reality. because 

there are no steady-state data available. 

Superficial velocity. In Figure 4, the optimum superficial 

velocity for the flow-through system varied from (0.961 to 7.78)10-5 

cm/s over the charging range of 1 mA/cm2 to 20 mA/cm2 • Again. these 

velocities would be extremely difficult to achieve in practice. 

The optimum velocity is low for several reasons: 

I. The conversion is moderate on both charge (0.11 < cRL/cRf < 

0.64) and discharge (0.15 < cRL/cRf < 0.6) for the charging current 

density range of 1 mA/cm2 to 20 mA/cm2 . A low conversion, which would 

allow a much higher flow rate. is not possible due to the single pass 

operation. 

2. The feed composition of the reactants on charge is 3~. This 

is 300 times the feed composition of the copper removal process 

(Bennion and Newman (1972» modeled in Chapter 3. This contributed 

substantially to the two-orders of magnitude difference in flow rate. 

3. A comparison of Figure 7 with Figures 8 and 9 shows that the 
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system cannot be run economically a high current densities. 

An estimate of the maximum allowable velocity on charge can be 

obtained from the limiting current design equations of Bennion and 

Newman (1972). The difference in the standard electrode potentials 

for the system is ~Ue = O.55l3V (see Table 2). If we assume 0,OS13V 

is lost to the separator. then there is approximately 0.2V available 

for ohmic losses in each electrode. If we combine equations 3-49 and 

3-S1 an expression for the velocity results 

(6-66) 

Using the values of the parameters in Table 2 and ~~2 = 0.2. we obtain 

v "" 2.1 x 10~S cm/s. This estimate is the same order of magnitude on 

the velocities obtained by the optimization procedure. 

As mentioned previously. the results for the flow-by configuration 

operating at a fixed conversion are essentially independent of velocity. 

For a desired conversion. the electrode length is set. and the velocity 

can be calculated or vice versa. This operational flexibility makes 

the flow~by configuration superior. 

Effect electrode thickness. For the flow-by configuration. 

results were obtained for electrodes of thickness 3 cm and 0.5 cm in 

the direction of current flow. Figure 10 shows that there is only a 

small improvement in the performance of the 3 cm thick electrode over 

the 0.5 em thick electrode. The electrode length of the 3 cm thick 

varied from approximately 5.2 to 5.5 times that of the 0.5 cm thick 

electrode over the discharge range considered. 
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It should be kept in mind that the FelTi chemical 

system has been used for a relative comparison between two electrode 

configurations. Other chemical systems offer larger open~circuit 

potentials and reaction rates per unit volume (aio). However, the 

mathematical models and the optimization procedures developed here can 

be used directly or modified accordingly, so that other systems can be 

compared. 

6.7 Summary and conclusions 

Theoretical models have been developed for two electrode 

configurations for redox battery applications: 1) flow~through porous 

electrodes and 2) flow-by porous electrodes. These models were used to 

determine which system yields the greater return on investment. To 

do this. both systems were optimized with respect to an objective 

function appropriate for the application. 

The results show that the flow-by configuration is superior. Not 

only does this system yield a greater return on investment, but it 

also offers the operational flexibility of variable flow rate and 

conversion. Its limitations compared to the flow~through system will 

be associated with the maintenance and reliability of the membrane 

separator. 

The flow-through configuration in addition to yielding a lower 

return on investment, offers an impractical superficial velocity (the 

optimum superficial velocity was of order cm/s). Its failure is 

due to current flow ohmic in the same direction 

as the fluid flow. 

The here has been to use a optimization pro~ 

cedure to obtain a valid comparison between two electrode systems. 



a 

e 
a. 

1 

B 

C 

Notation 

-1 specific interfacial area. cm 

e = A./p property expressing the secondary reference state. 
1 0 

i/mole 

see equation 3-47 

= in e • see equation A-I. in Chapter 6 the ratio of 

daytime to nighttime power costs 

c - concentration of chloride in a saturated calomel reference Cl .sat 

C' 
F 

electrode compartment. mole/i 

concentration of the reactant species, in the flow-by 

analysis of Chapter 6 it is referred to as the reduced 

species, mole/cm3 

concentration of the oxidized species in a redox reaction. 

mole/cm3 

concentration of the product species in a redox reaction. 

mole/cm3 

reactant species concentration in the side reaction. mole/cm3 

3 concentration at electrode exit. mole/em 

cost per unit volume. $/m3 

cost per superficial-electrode area, $/m2 

2 capital and fixed costs. $/year-m 

fixed costs, $/year-m2 

variable costs. $/year-m2 

daytime power costs. $/W 

nighttime power costs. $/W 
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DD 

DU 

D 
a 

D 
o 

D' 

f. 
~ 

F 

h. 

i 

i 
oj 

i. f OJ ,re 

downstream counterelectrode, downstream current collector 

downstream counterelectrode, upstream. current collector 

axial dispersion coeffic:ient of the reactant species, cm
2
/s 

2 molecular diffusion coefficient of the reactant species, cm Is 
2 effective diffusion coefficient of the reactant species, em Is 

dimensionless describing the relative importance 

of axial diffusion and • see equation 3-32 

molar activity coefficient of i 

z I z 
~ f./f i n molar 

~ n 
to ionic species n 

coefficient of species i referred 

Faraday's c:onstant. 96487 C/equiv 

dimensionless distance bet"reen mesh points 

superficial current density to an electrode, A/em2 

€,:x:change current density for reaction 2 
j , Alcm 

exchange current density for reaction j at a reference 

composition c, f' see equation 3~14. A/cm2 
],' re 

current in the matrix. A/em
2 

2 superficial current density in pore~solution phase. A/cm 

i . transfer current for reaction j per unit interfacial 
nJ 

r:k 

'* i 
2 

area, AI 

dimensionless current density to an electrode. 

see equation 3~4l 

dimensionless current density in pore~solution phase, see 

equation 3~46 

total dimensionless current density in pore~solution 

phase. see 

to an electrode due to metal~deposition 

reaction, 
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I 

I 
c 

k m 

L 

L 
s 

L gap 

M. 
1 

n 

Pe 

total current to an electrode, A 

2 
current density on charge, A/cm 

current density on discharge, A/cm
2 

pore-wall flux of species i, mole/cm2-s 

dimensionless transfer current of metal deposition reaction. 

see equation A-6 

dimensionless transfer current of side reaction, see equation 

average mass-transfer coefficient between flowing solution 

and electrode surface, cm/s 

thtckness of porous electrode, cm 

separator thickness in flow-by porous electrode, em 

gap thickness of flow-through porous electrode, cm 

symbol for the chemical formula of species i 

number of electrons transferred in an electrochemical reaction 

number of electrons transferred in reaction j 

superficial flux of the reactant species, mole/cm2=s 

hydrogen or chlorine partial pressure. atm 

Peclet number. v/aD 
o 

dimensionless parameter describing the relative importance 

of the anodic term tn a metal deposition reaction. and a 

redox reaction. see equation 3-34 

dimensionless parameter describing the relative importance 

of the ohmic potential drop. see equation 3-35 

dimensionless parameter describing the relative tmportance 

of the forward term tn the stde reaction, see equation 3-36 

dimensionless parameter describing the relative rate of the 

backward term in the side reaction, see equation 3-37 

dtmensionless parameter which characterizes the ohmic potential 

drop in the pore-solution phase, see equation 3-38 
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i 

P 
1 

r 

R 

Re 

s 

dimensionless parameter which characterizes the ohmic 

potential drop in the matrix phase, see equation 3-39 

kmR/kmP' ratio of: mass transfer coefficients for reactant 

and product series in a redox reaction 

dimensionless parameter describing the relative importance 

of the cathodic term in a metal deposition reaction and 

a redox reaction. see equation 6-19 

same physical significance as Pz only for an anodic reactant. 

see equation 6~ZO 

same physical significance as P3" see equation 6~21 

same physical significance as P4, see equation 6-22 

same physical significance as P 5' see equation 6-23 

same physical significance as P6, see equation 6-24 

cathodic reaction order 

the effect of interest, depreciation and taxes, yr -1 

universal gas constant. 8.3143 J/mole-K 

"" v/av or v/1jJa\) , Reynolds number 

on-stream factor. days operating/365 days or operating 

cycles/year 

S,' stoichiometric coefficient of species i in electrode reaction j 
~J 

sR stoichiometric coefficient of reactant species 

sp stoichiometric coefficient of product species 

T absolute temperature, K 

t charging time. s 
c 

td discharge time, s 

U open-circuit cell potential, V 

UD upstream counterelectrode. downstream current collector 

uu upstream counterelectrode. upstream current collector 
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U . open~circuit potential for reac.tion j at local wall composition 
JW 

relative to a reference electrode of a given kind, V, see 

equation 3-17 

standard electrode potential for reaction j, V 

standard electrode potential for reaction k, V 

standard electrode potential of reference electrode, V 

= Us UR difference in open~circuit cell potentials of 

the side reaction and primary reaction at the reference 

, V 

v superficial fluid velocity, cm/s 

VOP potential of the cathode current collector relative to a 

saturated calomel reference electrode placed in the dilute 

product stream, V 

(VOP) maximum value of VOP at which appreciable side reaction does max 

y 

z. 
~ 

not occur, V 

VOP e 
+ VI' ca V 

distance through porous electrode, cm 

x ak Iv dimensionless distance through porous electrode, in 
m 

the flow~by analysis of Chapter 6 it is the distance in the 

direction of current flow, em 

valance or number of species i 

Greek Letters 

~ a k lv, reciprocal of penertation depth at the limiting 
m ~l . 

current, cm 

anodic transfer coeffieient for reaction j 

cathodic transfer coefficient for reaction j 

overall stability constant, where E denotes the number of 
~1 ~1 

ligands in the complex, (~mole ) or (kg mole ) 
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I 

~2 

~ gap 

n . 
SJ 

n 

n 

n 

K 

K 
o 

K 
S 

exponent in composition dependence of exchange current 

density 

porosity or void volume. also number of ligands in a complex 

quasi-electrostatic potential. V 

electrostatic potential in matrix phase. V 

quasi-electrostatic potential in the pore solution phase. V 

ohmic potential drop across porous electrode, V 

estimate of ohmic potential across porous electrode at the 

limiting current. V see equation 3-49 

I L /K, ohmic drop across gap in flow-through porous 
c gap 0 

electrode. V 

~2 - U surface overpotential for reaction j, V 
jw 

= ~l - ~2 local overpotential. V 

dimensionless local overpotential for the cathodic reactant. 

see equation 3-33 

dimensionless local overpotential for the anodic reactant. 

see equation 6-16 

effective conductivity of solution, mho/em 

intrinsic conductivity of solution. mho/em 

effective conductivity of the separator, mho/cm 

absolute activity of species i 

-1 
property expressing secondary reference state. kg mol 

=A~/Ae zi/zn property expressing secondary reference state 
1 n 

of species i referred to ionic species n 

viscosity. g/cm-s 

electrochemical potential of species. i •. i mol~l 
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Superscripts 

o 

e 

* 

Subscripts 

c 

cal 

d 

f 

L 

+ 

o 

p 

R 

ref 

s 

sat 

w 

pure state 

secondary reference state at infinite dilution 

ideal=gas secondary reference state 

charge 

calomel 

discharge 

feed 

length of electrode. exit 

negative electrode 

positive electrode 

oxidized species 

product species 

reference electrode compartment 

reactant species, reduced species or primary reaction 

reference composition 

side reactant or side reaction 

saturated 

wall or electrode surface 
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Appendix A, Logarithmic finite difference approximation 

To obtain a more accurate representation of the derivatives in 

equations 3-28 to 3-31 more of the physics needed to be incorporated 

in their dependence, This was done by considering the concentration 

distribution at the limiting current~ which decreases exponentially 

with electrode thickness (see Bennion and Newman (1972), and Newman 

and Tiedemann (1976). With this in mind, a new ~ariable was defined: 

c e "" e (A-I) 

Now apply this equation to the upstream boundary condition on 

the concentration (equation 3-30) to obtain 

(A-2) 

Next introduce the central-difference approximations at the first real 

mesh point (j "" 2 , mesh point 1 is an image point): 

or 

(A-4) 

If e is approximately exponential in distance, then C will be 

approximately linear, and less error will be introduced when the 

derivative is approximated by a finite-difference form in the variable C , 
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Similarly, a central-difference approximation for the axial 

diffusion and axial dispersion term in equation 3-28 can be derived 

for any interior mesh point j 

(.1\.-5) 

The resulting material balance equation at any interior mesh point 

j now becomes 

where 

n~ 
1 + e J 

(.1\.-6) 

(.1\.-7) 

To check ~ posteriori the overall application of Faraday's law. whereby 

the integral of the transfer current J R for the principal reaction 

should be related to the difference between the inlet and outlet 

concentrations of the principal reactant, one should use an integration 

formula for J R which also takes account of the approximately 

exponential dependence of J R on distance. 

So that the integrated current is also correct for the side 

reaction, combine equations 3-28 and 3-29 by eliminating J R from 

both equations to yield 
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(A-8) 

where 

Next express the outer~derivative in equation A-8 as a central-difference 

written between points halfway between mesh points: 

1. [(l dn I + e _ D I de) _ (l dn I + e _ D I de) ] "" J . 
h P2 dy dy . I P2 dy dy . I S 

J~ J-2 2 

(A-lO) 

Now express the terms e - D'd8/dy halfway between two mesh points 

using equation A-I and the values of e at the adjacent mesh points 

(see also equation A-2): 

( ,de) _ (D!~) e - D d - J e . e . + I I - h In e • 
y I J J j j+z 

(A-H) 

and 

(A-12) 

With these approximations and a central-difference expression for 

the derivative of n' , the resulting equation for the potential 

at any interior mesh point j becomes 



I + I Z I je e 
1 n'+l n. 1- n. . '+1 J ]- J + J J 

Pz hZ h ( 
D' e '+1) je} "-I ( 1 - - In ~ - ,J 1 
he" h 

J 

Similarly. to treat the upstream boundary condition for the 

potential, integrate equation A-8 from zero to h/Z to yield 

Use the same approximations as above for y = h/Z and use the boundary 

conditions in equation 3-30 to obtain (for j = 2) 

J Sj . (A-15) 

With equation A-13 at the interior mesh points, this corresponds then 

to a trapezoidal integration of the transfer current J S over the 

thickness of the porous electrode. 

The governing finite-difference equations A-6 and A-13 along 

with the upstream boundary conditions A-4 and A-15 were then linearized 

about a trial solution and solved simultaneously with the downstream 

boundary condition for e and n' using Newman's technique (Newman 

(1973). Appendix C). The new approximations to the derivatives in 

concentration provided accurate values for e and n' at the mesh 

points without introducing anomalous values for the integrated current. 
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'* Appendix B. Macroscopic description of porous electrodes 

Flooded-porous electrodes can be modeled as a superposition of 

two-cvntinua. one the matrix phase. the other the solution phase 

(this disregards any geometric detail of the pore). Therefore, the 

quantities to be defined in this appendix will be assumed to be 

continuous functions of time and space coordinates. In this treatment, 

both phases are present at any point in space. 

Average quantities. Consider a small volume V somewhere within 

the electrode (shown schematically in Figure 1). 

The porosity or void fraction e is 

1 
e:: "" V 

V pore 

f dV' 
V 
"'~ 

V 

Define <ci > the solution-phase concentration of species i 

(B-1) 

(simply written as in chapters 2 through 6). averaged over the 

volume of the solution in the pores: 

<c.> 
:l 

V 
1 pore 

"" Vpore f 
The superficial concentration e::<c.> 

1. 

(B-2) 

averaged over the volume of 

the pores and matrix is then 

'* This derivation was done by my research director Professor John Newman. 
It appears only in one other reference (Dunning (1971». The author 
is g1.ateful to Professor Newman for permission to use the derivation. 
because it elucidates the physical meaning of the equations assumed 
in this thesis. 
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v 

pore 

Small volume V of a porous electrode containing 
pore volume and solid volume. 

XBl 796-10075 
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c.dV' 
~ 

where. for flow~through porous electrodes > is the preferred 

concentration. because it is the cup average concentration and is 

continuous as the stream leaves the electrode, 

Further. define jin as the normal component of the flux of 

species i at the pore-wall interface, relative to the velocity of 

the pore-wall interface, pointi.ng in the direction of the solution 

(shown schematically in Figure 2): 

where, n is a unit normal vector pointing into the solution, 

(B-4) 

v w 

is the velocity of the pore wall, and !i is the total flux of species 

i , 

The interfacial area between the solution and the matrix is then 

where, S refers to the pore walls and dS' w 

solution into the matrix, 

The specific interfacial area is 

a ~ A/V • 

dS' • (B-5) 

points out of the 

where, again V is the total volume (shown schematically in Figure 1). 
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pore 

matrix 

Figure B-2. 

Sign conventions: unit vector n and normal component of pore-wall flux 
pointing into the solution and the element of interfacial area 
pointing out of the solution. 

XBL 796-10076 
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The average value of 

denoted by > is in 

<J' > "" in 

s 
w 

J. averaged over the interfacial area. in ' 

1 
A 

s 
w 

(B-7) 

An expression for the transfer of species i from the matrix phase to 

the solution phase is then obtained from equation 6 with the result 

(N. ~ c, v ). dS' • 
-~ ~-w -

(B-8) 

[In equation 3-1 (the equation of continuity for the primary reactant 

R) this was written as a jRn. J 

Now, define N. 
-~ 

as the average flux of a species i in the pore 

solution averaged over the cross-sectional (superficial) area. 

Next, consider a plane surface cutting the porous electrode, then 

s S pores 

N.dS' f N.dS' 
-1. -1 

N .• n '" "" (:8-9) 
1 

dS' dS' 

where. n is perpendicular to the plane of area S and S pore is the 

of the the pore volume rather than the solid matrix. 
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Thus, <N.> is the average superficial flux of 
~ 

i in the 

solution (pore) phase, but referred to the projected area of the 

entire plane rather than to the area of an individual [In 

equation 3~1 for the primary reactant R ,<N.> was written as 
-1. 

Current. In the solid matrix phase~ the movement of electrons 

is governed by Ohm's law 

where. ~l and 11 are the potential and current density in the 

matrix phase. referred to the superficial area (not to the area of an 

individual phase). 

In the pore phase the superficial current density is denoted by 

12 and is due to the movement of charged solutes 

(B-ll) 

The differential material balance for a 

species i within the solution. in the absence of homogeneous chemical 

reaction is 

where 

i at any 

and N, are the concentration and total flux of a species 
~ 

within the pore. Next, integrate equation 12 over 

the volume of the pores to get 
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V pore 

f 
dc. 
--~ dV' at 

V pore 

f 
Then, apply the Gauss~Ostrogradskii (divergence) theorem 

to obtain 

V pore 

f 
dc. 

~ dV' "" at" 

S pore 

f NodS' 
-i -

s 
w 

-f N. odS' 
-~ -

(B-13) 

(B-14) 

, (B-15) 

where the integral over the surface of the pore volume is comprised 

of the pore cross-sectional area S pore and the area S with the 
w 

matrix. The integral over the pore cross section can also include the 

total superficial area S of the volume element V because N, 
-~ 

can be taken to be zero within the matrix phase. This allows the 

average flux <N.> 
-~ 

in equation 9 to be introduced into first term 

on the right-hand side of equation 15: 

S 
pore 

f N. odS' 
-~ -

s S 

<N .>odS' • 
-~ -

Again, apply the divergence theorem to obtain 

s V 

<N.>·dS' ",,!l7o<N.>dV' .. V 17 0 <&> 
~ - -1. ... 

(B-16) 

(B-1]) 
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It should be born in mind that the average quantities are based 

on a volume V (shown schematically in Figure 1) which is large 

compared to the pore structure and small compared to the regions over 

which considerable macroscopic variation occur. 

The equation of continuity for a species i is obtained by 

differentiating equation 3 with respect to time 

ae:<c.> 1 
_."..-;;;.1.~ "" _ 

V 

V pore 

f 
de. 
~dV' at 

S 
w 

+ 1. f c,v odS' 
V l.-W-

(B-lS) 

The last term expresses the fact that the pore volume may be changing 

with time. Next~ substitute equation 15 for the first term on the 

right-hand side of equation 18 

S w 

+ 1. c.v odS' 
V l.-W-

It then follows from equations 16 and 17 that 

1 
V 

s 
w 

(N. - c.v )"dS' • 
-]. l.-W -

(B-20) 

and finally from 8 we get the material balance for species 

i (including the 
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This equation states that the increase in concentration with time at 

any point within the porous electrode is due to transfer of a species 

from the matrix phases to the solution phase (a jin) because the 

species is involved in electrode processes (faradaic electrochemical 

reactions or double-layer charging) and because the species moves 

toward the point (the negative of the divergence of the flux <lii». 

The term, a<j. > • resembles the term which would describe the bulk 
~n 

production of a species by homogeneous chemical reaction, this occurs 

because of the averaging process. 

Faraday's law. An electrode reaction j can be expressed in 

abstract form as follows 

2':i I s .. M. -» n.e 
i ~J 1. J 

(B-22) 

where i refers to the species that participate in reaction j , 

Faraday's law is then expressed as 

_\ Sij 
L F i .• n. nJ 

J 
(B-23) 

where i. is the average transfer current density (from the matrix 
nJ 

phase to the solution phase) due to reaction j. This may be related 

to the superficial transfer current per unit volume of the electrode 

(B-24) 
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Appendix C. 

The purpose of this appendix is to provide the linearized form 

of the governing differential equations. which are used in the 

programs found in Appendix D. 

The equations are linearized by approximating the non-linear 

terms with a Taylor expansion around a trial solution neglecting terms 

higher than first order: 

f(x1, "3'···· xn) ~ £("l'''2' , ... , xu) 10 + L h - '~)(~~Jo · 
(C-l) 

where the known trial values are denoted by a naught O. 

Material balance. In Appendix A the material balance equation 

for a metal deposition reaction written in logarithmic finite difference 

form was given by equations A-6 and A=7: 

The linear form of each term is given by 
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Term 1. 

Term 2. 

~ In 6 j+1 ~ 1:.. {[In 6j+1]6. 
2h 6'_1 2h eO J 

J . 1 J-

Term 3. 

(a R/a R+1)n ~ 
a C J [( n 'O)~ 

:::::: 1/ 1 + e j 6. n. J 
1 + e J 

• (C=3) 

n! (a /a +l)n! n! n: 

1
· 0 O[ ( 0) Jl ( .0)2 

+ e J ej + PIe aR cR J 1 + 1 + e J aaR/acR nj/ 1 + e J 

(C-5) 

For a redox reaction with a cathodic reactant the third term in 

equation 2 becomes 
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which has the following linear form 

where 

THET 

2 
x (e~ - THET)/no 

J 

(C-6) 

(C-7) 

(C-8) 

For a cathodic reactant the potential 

distribution was given by either equation 3-29 or 5-

(:2 

201 



where J
Rj 

is given by either equation 5 or equation 6, which depends 

on whether a metal deposition reaction or a redox reaction is being 

considered. Only the last term in equation 9 remains to be linearized 

and is given by 

-a sn ~ fa R 
P

c J c e ~ 

3 [ 

0 a n!fa a ~ n! fa 
P P

aS J cR _ P cS cS J cR I 

3 4 e - 3 - a cR e n j 

] [ 

0 a a an! fa 
+....£§. I 0) _ P P as e as J cR I 

a nj 3 4 a nj 
cR cR 

For the case of a redox reaction with an anodic reactant PI ' Pz • 
P3 • and P4 become Pi • Pi . P3 • and P4 • and acR is set equal 

to and vice .;;..;;;;.=;;;;; as discussed in chapter 6. 
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Appendix D. Listing of Computer Programs 

This appendix contains the computer programs used to calculate 

the results in Chapters 3. 4. and 6. Also provided. is a key to the 

pertinent computer notation, 

Program FRACI calculates for a cathodic metal-ion reactant 

distributions of concentration, current density and potential for a 

flow-through porous electrode (current parallel to the fluid flow). 

Two different listings of this program are given. The first listing 

is for either an upstream counterelectrode. downstream current 

collector (UD) or vice versa (DU). The second listing is for either 

an upstream counterelectrode. upstream current collector (UU) or a 

downstream counterelectrode. downstream current collector (DD). To 

run anyone of these cases see notation for program FRACI and program 

REDOX under NCELEC. The two listings for program FRACI can be easily 

identified by the comment cards at the top of the programs. 

Program REDOX optimizes the behavior of a flow redox cell 

(current parallel to the fluid flow) with respect to I d • I and v 
c c 

using equation 6-53 as a criteria. The notation is similar to that 

found in program FRACI. 

Both program FRACI and program REDOX require subroutines BAND(J) 

and MATINV (see Newman (1973)~ Appendix C for a discussion of these 

routines). A listing of each of these subroutines is provided, they 

are listed once where they first appear. 

Program REDOX2 optimizes the behavior of a flow redox cell 

(current perpendicular to the fluid floW) with respect to Vd using 

equation 6-53 as a criteria. 
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Notation for prc)gram FRACI and program REDOX 

ALPHA 

ALPHAL 

ALPHA2 

ALPHC 

ALPHC2 

CCL 

CFC 

CFD 

CH 

COLD 

CPC 

CPD 

aaR 

aL "" (a k /v)L 
m 

acS 

chloride ion concentration in the feed, M 

feed concentrations on charge, mole/cm3 

3 feed concentrations on discharge. mole/cm 

hydrogen ion concentration in the feed. M 

previous value of unknown 

product concentrations after charge. mole/cm 3 

product concentrations after discharge before 

204 

mixing. mole/cm 3 

CPDM product concentrations after discharge and after mixing. mole/cm 
) 

CPF 

CPW 

CRF 

CRFN feed concentration of the limiting reactant to the negative 

electrode on discharge. mole/cm) 

CRFP feed concentration of the limiting reactant to the positive 

electrode on discharge. mole/cm3 

CRPN feed concentration of the product species to the negative 

electrode un discharge. mole/cm3 

CRPP feed concentration of the product species to the positive 

electrode on discharge. mole/cm3 



CRW 

CVC 

CVD 

DA 

D1 

DP 

DPH12 

DPOT 

DR 

EFF 

EPS1L 

ETA 

ETAP 

F 

FAC 

H 

JCOUNT 

JT 

NCELEC 

NJ 

NM 

c
Rw 

cell voltage on charge, V 

cell voltage on discharge. V 

D a 

Di 

D' 

potential drop in the solution across the electrode, V 

damping constant for n' 

DR 

current efficiency 

E: 

n 

F 

damping factor for e 
mesh size 

number of iterations 

mesh point number at which logarithmic finite difference 

approximations change to linear finite difference 

flag for counterelectrode and current 

NCELEC > 1 -+ UD or UU 

NCELEC < 1 -+ DU or DD 

total number of mesh points 

NJ-l 

placement. 
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OCUEFC overall current efficiency on charge 

OCUEFD overall current efficiency on discharge 

PCl2 partial pressure of C12~ atm 

PHIl <Pl 

PHIZ <P2 

PIHZ partial pressure of H2~ atm 

PWC density charge, Wlcm 2 power on 

2 PWD power density on discharge, wi em 

PI P1 

P2 Pz 
P3 P

3 

P4 P4 

PS Ps 
P6 P6 

P7 P7 

QI i 

QISTAR 1* 

Q10I i oR, ref 

Q10Z i oS, ref 

QJ1STR 1/1* 

QKAPAO 1<0 

QKAPPA I< 

QKM k m 

QKR kmR, 

QL L 



QLS 

QN 

R 

S 

SIGMA 

SR 

SUA 

T 

TAU 

THETAP 

THETAW 

THETA2 

TI 

TRANI 

TRAN2 

ueAL 

Ul 

U2 

v 

Yl 

thickness of the separator. cm 

n 

R 

sR 

superficial area of the electrode 

T 

e 
p 

total current. A 

'* di2R!dy 

'* diZS!dy 

open circuit potential of the main reaction at the upstream 

feed conditions relative to a saturated calomel reference 

electrode. V 

v 

x!L 
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Input parameters for program REDOX2 

QLS 

RS 

D1F (I) 

L s 

R 
s 

separator thickness~ cm 

separator resistivity, ohm~cm 

Each of the following parameters are required for first the 

positive electrode and then the negative electrode, 

A 

D 

UTH. 

QN 

S 

QKAPAO 

SIGMA 

EPSIL 

RHO 

QMU 

DATIO 

CF 

CPF 

a 

d 

U
e 

n 

s 

K 

(J 

s 

P 

11 

i o,ref 

cOf concentration of reactant species on 

discharge 

concentration of product species 

on discharge 
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PROG~AM FRAC!(Ii'iPUT,OUTFUn 

C CAlCJLATES OISTRFlUTIONS OF CURRtNT,PQTE~rIAl,ANO CO/1.CEI\HATION 
C FOR JO AND au CONFIGURATIONS 

DH1ENSION A(Z,2).8(Z,Z',C(2,10031.C(2,5',GI2I,)«(2.2I,'1(2,21 
o r ME N S ION E: Til ( 10 0 3) ,i RAN 1 ( 1 il 0 3 ) • 1R A N 2 ( 1 0 0 3) • T R A H 11 I) 0 :3) • E F F HOI) 3 I • 

1 COL D ( Z , 10 a 3) ,P 1-1 2 ( 1 0 I) 3 ) • PH Z CAL ( i 0 (j 3 ) , THE TA VI ( 10 03) • CUR R 1 ( 1 0 0 3 I , Vi ! 1 0 
1(13) ,PHI1(10Q3) ,PI-'I2 (1003) 

COMMON A.8,C,n,G,Y.V,N,NJ,JCQUNT 
101 FORMt\i!fi5.01 
102 FORMAT(Il,I3.I2) 
103 FORMAT(lHO,~S ~ ~,F7.3,2X,~(CM-ll~,2X,~EPSILON ~ ~,F3.2.2),~V : ., 

lEa9.4,2)(.~(CM/SECI~/1HO.~OR ~ ~.€a9.~,2x,~CCM42/SEC)~.2),~KAPAO : 
1~~EO~,4,2X.~{t1HO/CM1"'.2X."'S IGM" ." ",EOg.4,2X,"!MHC/CMI~/1~O."'SR : 
1~.FL;,1~2X.~N : "'.F3.1.2X,~F ~ ~~F6.n.2x,~(C/EQ)M.cx."R '" ~.F7.S,2X 

1,"(JIt10LE-OEG K)"'.2X.~T '" "',FB.4.2X,"'(OEG 1()"'/1HO I~IOl '" "',1::0<:).4,( 
lX.~(AMPS/CM~2)~.2X,"'I~2 ~ "',E09.L;,2X.~(AMPS/CM+2)M,2X,~SA ~"'.Fl1.E 

1.2X.~(CM~21~/tHO."'AlPHA-A =~,F4.l,2X,"'AlPHA-C ~ "',F4.2.2X,"'AlPH~-A 

12 '" ~,FL;.2.2X,~ALPHA-C2 '" ~.F4.2.2X.~OELTA U ~ ~.F5.3.2X,~(VOLTS)'" 
1) 

taL; FCRMIl,T!lHad5X,"'CRF '" ",E09.4.2X."'(MOLES/CM+3!"',Z)(,~I" ~,Ela.L;.2)! 
t,~(AMPS/CM+2)"'1 

1115 FCRMl.\r(l"10.~Pl '" ~,tlS.8/1HO.~PZ " ~.E15.e/lHa."'P3 '" ~,El~.5/iHO,'" 
lPL; '" "'.E1S.8/1HO.~P5 '" ~,E15.8/1HO,~P6 " "',E15.8/1HO,"'OP = ~.E15.e 
11 

106 FORMAT(lHO,05X."'ISTAR = ~.El0.4.Z~,~KM = ~,Ea9.4.2x,~(CM/SECI~.Z). 
1"'OA ~ ~,EOQ.4,2).~(CM+2/SEC)~/) 

107 FORMAT(1HQ,"'L = ~,E09.4.2X,~(CMI~.?X,~NJ = "'.r3,2).~~ : "'.EG9.L;,Z) 
1.~ALPHAL = ~,~q.4.2X.4KAPPA/SIGMA = ~,El0.4/) 

108 FORM~T(1"10.~lHE NEXT RUN 010 NOT CCNVERGE~) 
109 FORMAT(lHO,i5X.4THETA"',13X.~ETAPRIME~) 
110 FORMATC10X,Ei5.e.5X.:15.81 
111 FCRMATliHO.I51 
112 FORMAi(SX."'X/L~.09X.~T"'ETA" ,07)(,"ETAPRIME"',a7'l(.~E'fA"'.06X.~TRANS ct' 

lRR l"'.lX.~TRANS CURR 24,3X,~TOT CURR~,5X,~CURR EFF"'.6X,~T~ETAW~/) 

1 13 F OR M A i (0 <) (E t 2 • 6, 1 X I ) 
11L; FORMAT (VH, 3(E15. S,ZX) I 
115 FORM.TI1X.~VOo • ·.F7.4.2X,"'IU)·,2X,~IPHI2L-PHI201 = ~.F7.4.1X •• 1 

1U)~.2X,~C~Wl ~ ~.E9,4.2X.·(MOlES/CM.3)~.2),"'ITOT = ·,F7.L;.lX.·(A~F 
1SI~,2X,4NO. ITERArIONs~.I3/) 

tiEi FORMIIT(HH) 
117 FORMAT(F15.a,IZ) 
118 FCRMAT(iHl,4X."'X/l·,05X.·CURRi~/~ 
119 FORMAT(2~10.7) 
120 FORM~T(iHO,50X,~OOWNSTREAM COUNTER ElECTROCE"'/1HC.50X,~UFSTREA~ C 

1URRENT COlLECTOR~/) 

121 FORMAT{iHO,4X,"'X/L~,09X,~PHll"',OgX.~PHr2~,1(X.~FH2"',09X,~FH2CAl"'/l 
122 FORMAT 15 IE12 6,1)( I) 
123 FCRMATI1HO,50X,¥UPSTREAM COUhTER ELECTROCE~/1HO,S(x."'rOWN~TREAM CL 

1RRENT COlLECjOR~/) 

PRINT 116 
JDISf,,:-l 

C IF JOIST .GE. ONE NORMALIZED CEPOSIT DISTRleUTICN IS PRINTED 
READ 101.S.EPSIl.V.DR.QKAPIIO .SIGMA .SR.QN.F ,".T ,AlPHII.AlPt-C.ALP,"1l2 

1.AlPHC2.SUA 
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READ iOi.CRF $ READ i02.N.~J,NCELEC ~ ~Ja=NJ ~ ClOmO.l 
~KM~4.369E~OJ~V~~O.S475 

Q 1<11", 1. 091 E F'S IL Ii' (S "'0 RI ! 6 .... C1 • -E F'S IL) I I ...... ( 2./1. ) ... ..,,,, ~ U ./3 .l 
Q 1<11 '" a • !Ill (l1 <;1:2 2 
E TAP",-6. a 
GAM",O.75 s PIH2",1.aE-2~ b CH",2.8~E-03 
OATIO"'O.38E-04 t OATI02"'O.70E-OS 
QI01~OATIO"'(C~F"'1000./a.1)"'~GAM 

QI02~OATI02"'F'IH2'"'' (0. S~AlP"'C21"'CI""''''( 1. 0-4LPl"C21 
U1 '" 0.337' - SR"'R~T/QN/F"'AlOGICR~41000./a.g97071 
U2 '" 0.0 - O.S"'R"'T/F"'~LOG(PII"2/CH~"'2)-Ul 

UCUCAL '" o. 337-.l67&"(I.S~R"'T IF"'lIlOG (CRF"'10a 1."'4. 17"''''21.997I!Y''''''3 ) 
PRINi 103,S.EPSIL.V.DR.QKAPAa.SIGMA.SR.Q~.F.R.T.QI01.QIC2.SUA.ALFI" 
lA.Al~HC.~LPHA?.AlPHC2.U2 

QKAPPA ~ QKAPAO"'EPSIL+"'1.5 
DA = 3 .... 11. ® EPSrl)~V/S/~PSIL 

Phl. fi ""2=1. 1: P3",1. ~ Pl.,,!. t P5~1. fi Pt;",l. 
aSIGMA'''00155 
IF!NCELEC .GE. 11 GO TO '102 

901 ~SP=P6 $ P6 P:P5 b PRINT 120 5 p~" psp 
9112 PRINT 123 

99 READ 117.0I.JSTAR $ 
READ iOi.QL fi IF(Ql 
QSIGMA"QSIGI1A+O.005 
SIGMhlOQaQ. 
OELTA"QKAPPA/SIGMA 

IF!JSTAR .li. 01 STOP 
.LE. QlO) GO TO 91 
~ SIGHA~QKA~PA/ns!r,~A 

P1 " (®S~"'QI01/(ON"'F"'QKM"'CRF))~"'(1.+ALPHA/ALP~CI 

P2 " CRF+QN"'F/S~~V"'~2 IS/QKM"'AlF~C~F/R/T~(l./QKAPFA + 1./~IGMAI 
Pl '" -SR~QI02/QN/F/QKM/CRF"'(~QN~F"'QKM"'CRF/SR/QIC1)~~(ALPH(2IALPHCl 

1"'EX~(AlPHC2~F~U2/R/TI 

P4 " IsSR~f'1IOll!QN"'F~QKM"'CRFIlHI(Il.lPHt.2 + JllFHC2I1ALPI'CP 
lEXPI-IJllPHAl • AlPHC2)"'F+V2/A/TI 
P5 '" sp2/11./QKAPPA .. 1./SIG~A)~(1./QKAPPA) 

P6 '" ®P2f(SIGMA/Q~APPA + 1.0j' 
TAU " 3.Ii'~(1./3.) 
OP"'EPSIl~(oR/iAU~"'2+0A)~S"'QK~/V~~2 

PRINT 10;.Pl,P2.P3.P4.P5.P6.0P 
NJ=Ql"'NJO/QlO+3 ~ JT:(NJ®3''''7/8+Z ~ JlI~=2 

91 H ~ Ql"'Q~M~S/(V"'FlOAT(NJo3»)1 N~"'NJol 
ALPHAL '" S~QKM~QL/V 
PRINT 10y.aL.NJ.H.ALPHAL.OELTA 
PRINT 104.CRF.CH 
arSTAR ~ QI~SR/(QN~F"'V~CRF) 

PRINT 1.06.a!STAR.aKM.OA 
88 : 0.5 • O.S"'SQRTI1.0 + 4.a~op. 
ITHETA : 1. S lETA? 2 
IFIJSTAR • GT. 0 I GO TO 98 
00 200 J"'i.NJ S e8EXp"'EXP(®H~FlCAT(Jw21/~e)/8e 
C(ITH~TA.JI~(1.0sQISTARI"'(i.Ose8EXp)+68ExP S IFIQISTAR .GE. IJ.~~ 

11 C( ITHE iA.J) '" 8BEXPtoOP/69~~3"'OP( 38 lOP"'''''' FI. CAT IJoNJ H) oIH,PHAL/l!!e) 
200 cnEUP.J) " ETAP 
98 JCOUNT '" (j 

1. JCOUNT '" JCOUNT + 1. 
CRIILO"'C (lET AP, 2) 
J '" 0 
00 2 1"'1.1'1 
DO 2 K"'1.N 
YII.KI '" 0.0 

2XII.IO,. 0.0 
:3 J '" J to 1 

DO 4 I~1.N 

CClon.JhC(I,JI 
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Gn) " 0.0 
00 It K",l,N 
1\(1.KI '" 0.0 
'3<I,K) '" 0.0 

It Ocr.KI '" Y,O 
IF(J.EO.NJI GO TO B 5 IF{J.GT.l) GO TO 7 
D (I THE TIl, IT H E TIl):', t , 0- 0 1"/2 • ~ I r'" AL OG (C (I THE T II ,J + 2)1 C !I THE T A ,J I) 
X (ITHETA.ITHETAI '" -OP""C(ITHETA,J+1'12.0/rI/C(ITHE1A.JH') 
8 ( IT H ET II , IT H ET A '''' 0 P"" C ( IT fJ ETA. J .. 1) 12. a I HI C ( IT fl E 1.1\ ,J ) 
GIITHETAI,,1.0 
S<IETtlP.J:f::TAP) '" -1.0 
GO TO 25 

7 EP '" EXP(C!IETAP,J)) $ EPA" EXP(ALPHA<\\C(IETAF,JIIIlLPHC'''Et> 
8(ITHETA,IETAPI " (EP""CIITHf.TA.JI + P1<\\EFA"'(i. + ALPl-iA/ALFl-iC" 

U1. {- Et>lll/lt. + Epl"' ... Z 
G(ITHETA) '" BIITl<'ETA.IE.TAPI"'CIHTAP,J) - P1"'EPA/ll. -+ EP) 
EPAZ", EXP(ALOHAZ"'C(IETAP.JI/ALPHC) 
EPCZ '" EXP(-ALPHCZ"'CIIETAp.J'/ALPHC) 
S!IETAP.IETAP) '" -2./H ...... 2/P2tP3 ... (ALPHC2 ... EFC2tP4~ALPH42 ... EpA21/~LPflC 
G!!f::TAP) '" P3"'«1.+'LPHC2"C(IETAP~J)/ALP~CI"'EFC2+f4"'(ALPHA2" 

lC(IETAP.JI/AlPHC - 1.)~EPA21 
S(ITHETA~ITHETAI ~ -2."OP/H~~2 

IFIJ.GT,JTl GO TO 21 
CP '" O.5*QLOGICIITHETA.J+11/CIITHETA.J-111/H 
COTH ::: -CP~(1.0 - OP~CPI + OP*ALCGICIITHETA.Jtl''''CiITHETA.J-l'l 

lC!ITHETA.JI"'~21/H~~2 

6!ITHETA.ITHETAI:::8(ITHETA.ITfJETAI+COTH 
AIITHETA.ITHfTAI = CIITH~TA.J)/H"'IO.5 - Cp·CP +OP/HI/CIITHETI,J-Il 
O(ITHETA,ITHETA) ~ C(ITMETA.J)/H~(-i).5+0P.CHDP/HI/C(ITHElA,J+i) 

RAT2:::CIITHETA.JHI/CCITHETA.J) t CP2:0P"'lILOG(RIIT2'/HI2. 
9(1ETAP.rTH!TAI=(O.5-CP2+0P/HI/H~S~RT(RAi21"2.0 

O(I~TAP.ITHETAj"'(O.S-CP2-0P/FI/H/SQRT(RAT21·2.0 

IF{J .Gr. 21 GO TO 6 
G nET A P ),;, G ( IE TA P) + 2 • I) I H'" ( P5" Q 1ST II RIP 2 t 1. 0 I 
D(IETAP.IETAPi:2,O/P2/H·~2 

GO TO 25 
& R.ATbC(ITHETA.JI/C(ITHETA.J-U t CP1:I)P~ALOG{RA1'i)/HI2!. 

O(IETAP.ITHETA):O,5"'O!IETAP.ITHETAI 
B(IETA?ITHETA):O,S~S(IETAP.ITHtfA)+(CP1-.5+DF/Hj/H/SQRT(RAT1) 

A(IETAP,ITHETAI",(-O.5+CPi-OP/HI/H·snRT(RAT1) 
GO TO 24 

21 A (ITHETA.ITHETAI '" IOP/H" 0.5'/H 
o (ITHETA .ITHf.TA) " IDP/H = (I. ~) /14 
AIIETAP,ITHETA1"!=O.5=OP/Hllr $ CCIETAP,ITHETAI"'IQ.5 w DP/H)/H 
8(rErAP.ITHE.TA)"2.0·DP/H·~2 

24 1\ (IETAP,rETAPI '" 1./H"'~21P2 
D II ErA P • lET A P) '" 1. IH'" '" 21 1'2 

25 CONTINUE 
14 IF(JCOUNT ,GT, JUMI GO TO 

8 IITHf: TA.ITHETA I '" 1.0 
!l.IIiHETA.IiHEUI", 0.0 
X(ITHETA.ITHETAI~O.O $ 
OIHHETA.IETAPI", 0.0 

GIITHE1Al : C(ITflET~.J) 

t C(ITHETA.ITHE'UI '" 0.0 
8(ITHEU.IETAP) " 0.0 

14 CALL BANDIJI 
GO TO 3 

a I'!IIiHETA.ITHETAI ~ 1.0 
V!ITHETA.ITHEUI" -1.0 
8UETAP.IETAPI '" 1.1l 
Y(IETAP.IETilP) '" -1.0 
G!IETAPI " -2.·H~F&"'QIS1AR 

15 C All ~ A N 0 (J j 
FAC~10.0 ~ 01'01"'1.5 

211 



DO 20 J:d .• ,'4J ~ IF!C(ITHETA.JI,LT.COLO!ITHETA.JI/FACI CcrHEU.JI" 
lCOLO(ITHETJI.JI/FAC £ !F(C(ITHET~.J).GT.COLOHTHETA.JI"''FAC) 
lC(IT~ETJI.JI"COLO(ITHETA.JI4f~C 

IF!C(IETJlP.JI.GT.COLD!IETAP.J'+DDOTI C(IETAP.J)"CCLO!IETJlF.JI+DFOT 
20 IFIC(IETJlP.J),LT.COLD(IETAP.J)aOPOTI CIIETAP.J)"CCLO{Ie:TAP.J)-OPCT 

IF(JCOUNT .LE. JLIMI GO TO 1 
CRAL"C(IETJlP.21 
IF!AaS(CRAL a CRALO).LE.l.E-06"'A~S(CRJlL)1 GO TO 11 
IF!JCOUN-.LE,15) GO TO:l. ~ FRINT 108 

11 ErA(NM)"R"'r/ALP~C/F"'(C(IETAP.NM)-ALOG(~QN"'F"'OKM"'C~F/SR10IOlil 
00 12 J"Z.NM 
ETAIJl " R4T/ALPHC/F"'!C!IETAP.JI - ALOr,(-ON~F"'QK~"'CRF/SR/CID1)J 
TRAN1!JI " (C!ITHETA.J' - Pl"EXpntlLPHA/.1LF'HC + 1.I"'ClIETIIP.J)))/ 

il1., t EXP(C!IEHP.JIII 
QNI01~Qlcrl"'SR/Q~/F/CRF/~KM ~THET~W(J)~(C(ITHETA.J)aQNI01"EXP(ALP~A 

1"'F/R/T"'ETAIJIII/11.0-QNI01"'EXp(-aLPHC"F/R/T"'ETAIJIII 
TRAN2(J) = 03"(1. - P4~EXP«ALPH~2 + ALO~CZI/AL~H("C(IEiAP.J))I" 

lEXP(-ALPHC2"C!IETAP,JI/ALPHCI 
TRANT(J) '" TRAN1CJI .. TRAN?(JI 
EFF!Jl ~ TRAN1(JI/TRANTIJ) 
Vl!J):FlOATIJ-2'/fLOATINM-ZI $ p~rl(J)",QKAPPtl/(QK~PPAtSIG~III"!ETA{ 
1JI-ET4(N~)"QI"QL/QKAPPA~(VlIJI-1.)1 t PHIZ(J)",PHll(JI-ETII(JI 

PHZIJI",ETA(NMltPHI2(J) ~ PH2CAlIJ)",PHI2/J)-UCOCAl 
IFINCELEC .GE. 1) GO TO 12 I PHI1IJ':OKAPPI/(QMIFPAtSIGMII"IEiIIJ 

1l-ETAI2!-DI/QKAPPA"(1,-H) .~ PIH2(J)"PHH IJI-EU(J) 
PH2!JI:ETAINM!+PHI2(JI $ PH2CAl(JI,.PHI?IJI-UCUCAl 

12 CONTINUE t TI.,QI"'SUA 
ORH2",PHI2(NM)-PHIZ(2) ~ CRW.,THETAWINM)"'CFiF ~ pj;HT 115,P!o2CIIL(lI;I" 

1,DPHIZ,CRW,rI.JCQUNT $ PRINT 112 
PRI NT 11.1,! Vi (J I ,C ( HI-! n A .J , • C ( IETA P.J I ,ETA (J I t TR ANi (J I • Tl< AN2 (J I • 

iT RA NT (J , • EFF (J , • T1-4 E T AW (J) .J: 2, NM, 05l 
PRINT 121 ~ PRINT 122.1V1(JI.FI411IJ).PHI2!JI.PH2(JI.PH2CAl{JI.J,,2. 

lNM.051 
TRANli ,,0.0 $ iRANZT,. 0.0 $ iRAP.l.T ,. Q.O $ TRAP2T,. 0.0 
IF!QI02 .LE. 1.0E-30) GO TO 27 
00 to J:q,NM 
TRAP1i" TRAPH + H4(TRANilJ) + TRAN1(J e l))/2.J 
iRAP2T", TRAP2T + H~(TRAN2(J) + TRAN2IJ-UIIZ.(l 
IF(T~II.N1!J) ITRANUJ-lI .LE. 0.1l1 .. 0 TO 17 
IF!TRAN1!J! .EO. TRAN1!J-ll) GO TO 17 
TRAN1i " 1-4'" (TRANUJ) @ TRANUJ-U IIALOG (TRANUJ) ITRANUJ® 1 H + 

lTRANiT 
GO TO 18 

17 TRANiT '" H~(TRAN1(J) + TRAN1(J-l11/2.0 + TRANiT 
U IFITRAN2(J)/TRAN2(J-1l .LE. 0.01 GO TO 19 

IF(T~AN2(Jj .EO. TRAN2IJ-1)1 GO TO 19 
TRANZT" H"'(TRANZ(J) - rRAN2(J-UI/HOr,HRAN2fJIITRANZ(J-111 + 

.I. fRANZT 
GO TO 16 

19 TRAN'lT " H~(TRAN2(JI ~ TRANZIJ-111/2.0 • TRAN'lT 
16 CONTINUE 

TRANTT = TRAN1T + TRAN'lT 
TRAFTT " TRAP1 T t TRAPZT 
PRINT 114.TRAN1T.TRAN2T.TRANTT 
PRINT 114,TRAP1T.TRAPZT.TRAPTT $ GO TO 28 

27 00 3iJ J:d. NM 
TRAP1T " TRAP1T t H~ITRAN1IJI t TRAN1IJ-111/2.0 
IF!T~AN1(JI .EO. TRAN1!J-lI1 GO TO 29 
IFITRANUJI/TRAN1IJ-U ,LE. 0.0) GO TI) 29 
TRAN1T ~ H"'CTRAN1(JI - TRAN1!J-111/AlOG(TRAN1!JI/TRAN1IJ-lll + 

1 T RA Nl r 
GO TO 30 
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29 iRANlf ~ H$(fRAN1(JI • TRAN1!J-lI1/2.0 • TRAN1T 
30 CONTINUE 

PRINT 114.TP.AN1T.TRAP1T g ~LO~al ~ NJO:NJ-J 
28 IF(JOrSr .GE. 1) GO TO 31 ! GO TO 99 
31 00 25 J~2.NM t CUPR1(JI:rRAN1(JI~AlPHAl/T~A~1i 

26 VUJhFl,OIiT!J-Z,/FlOAi(NM-;n S PRII\i lti! f t:RrNT 119.('i'UJI.CURQU 
lJI.J:o:Z.N"l.OS) ~ GO iO gg & EI><O 
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sueROUTI~~ BAND(J> 

o I ME NS YOt>! A« 2 ,Z» 98 « 2 w Z» 9 C « Z t too 3» ,0 « :;, '!) t G « 2) ,X «2, Z) \I Y( Z ,2) " 
:I.F Ci~, 3 t 10(3) 
Ca~M:N A,S,C,O,G,X,V,N,NJ,JCCUNT 

101 FeRMAT (l~HOOETEnM:O AT J~III4,·ITE~ATION ~.,I41 
IF (J®Z) 1,6,8 

1 fliPh N + 1 
DC Z !:1,N 
C U , 2 /(>IH 1): G n , 
co 2 L:::1,N 
LPN: !. + ~ 

2 CII,LPNI. X(I,LI 
CALL MHINII (N,2~N+lI10E.nRM) 
IF « DEi E ~M » .. , ;5 , 1$ 

;5 PRINT 101,J,JCCUNT 
1+ CO" 1(: 1 II f\; 

[ (!( t liP 1,1). OO( II Z "","" U 
DO ~ L:1,N 
E(K,I.,U. '" C!(I(,l) 
LPN: L + N 

~ X(I(,L): '" D(K,LP~) 
F<f.TURN 

6 DO ., I:1tN 
00 7 l(:l,N 
CO 7 L:d ,N 

1 DI!,K): O(I,I() + A(!,L)"'X(L,~I 
8 IF (J@NJI 11,9,9 
'3 CO 1J hl,N 

CO 1'J L.l II N 
lit!). Gel:) '" YU,L''''C(L.,NP1~J®2) 
DO 10 M:l,~ 

10 ~(Itl): Aft,L) + Y(I,H)~[(H,l,J"'2) 
11 CO 12 hl,N 

D u:: 9 NP1):: .., G n» 
co 12 l.~l,N 
C(ItNP1)~ D(I,NP1) + A(I,L).E(L,NP1,J"'1) 
DO 12 K:1,N 

12 eU,l<h BU,.O + ,i!n:tU"'~(L,l!tJ"'U 
CALL l'1ATlNII (N,NPl ,DETER!") 
IF (oETERM) 1",13,14 

13 PRINT 101,J,JCOUNT 
1 ~ CO 15 K: 1 , N 

DQ 15 M.l,NP1 
15 f(K,M,JI: .., D(K,~) 

IF (J"'NJ' 20,16,15 
16 00 17 i<:1tN 
11 C(K,J'= E(K,NP1,JI 

CO 18 JJ:Z,NJ 
M: r~ J ® JJ + 1 
CO 18 K=l,N 
C(K,M': E(K,NP1,~1 
CO 18 L;;;1tN 

18 C (K, M h C (I(, 1'0 + f «I(, L, Ii» .e n .. M+ 1) 

co 19 1..:1,N 
DO 19 K·1tN 

19 C(I(,1). e(I(,l) + X(K,l)"'C(l,3) 
20 n:rURN 

END 
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CIMIfNSIOl' A(2,2},8(2~219C(hH03I!1D(2,~n!lJCOL(Z),X(;Z,!;) 
NM1=N-l I OETFRM=l.D I DO 1 I=l.N I JCOLCIJ.I I DO 1 K=l," 

1. X(!.KhfHI,IO tOO 6 n=l,NMl $ IFlh.IIH $ BHAJ(=,1BSHUII,II)) 
JC.U ~ DC 2 J=IFll,N fi IF(AE~(8(II ,J»eLE®8MU) GO TO l I JCll!J 
BMAX=ABS(SCII,JII 

2 CONTrNU~ t OETERM=OEr~RM~B(II.JCJ I IFfDETERH 0 EC@OeO) RETURN 
IFeJCet Q.ln GO TO lj. I JS.';CCUJO ! JCOUJChJCCUII) 
JCOUIII=JS 1003 I=l,N 1; SAIIE=8U,JC' t IHI,JChB(I,IU 

3 B<I,II)=SAIIE I OtT:~M.®DfTEw~ 

'" 00 I) hI!'l,N I F:!l8«I,IIUB (II ,II) I 00 S J=IP1,N 
r 8(I.J'=8(I.J'~F~8CII,J) I CO 6 K=l,M 
G X(I.K)=X(I,K)eF~~(!ItK) I CE1ERM=Of-TER~·B(N~N) 

IF(DrT-RM.~Q.a.al ~ETU~N I DC 7 rI~Z.N I IR.N-II+Z I IM1:IR-l 
JC:JCOLCIRI $ 00 7 K=l~M I F~X(IR.~)/B(IR.IR) S C(JC.K)~F 
CO 7 I=1~nl1 

7 Xn,!()::XU.IO"fH!.rFU~F I ,JC:JCOI.(t) I DO 8 Kd,M 
8 Q(JC.KJ:)({1,IO/!Hld) S RfTUFiN I END 
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C CAlCUl~TCS D!ST~IBUTIONS OF CUFRE~T,POTENTIAL,AND CONCENT~ATION 
C FOR UU AND DO CO~F!GURATIONS 

o I Hi NS IOt! A«;2 9 2) ,8 «29 Z) ,C (;!, HI: J) ,0 « 12,5) ,G « in ,X «2, (2) ,Y « 2 ,2' 
OIMF.liSION HAUCC3t ,TRANt( :(03) ,TRANZUOO3),TlUt\TU003) ,EFF(U03), 

HOLC (2,1 UO J) ,PH2 UO 0;3) ,PHZCAl UIlIl3) \I TM flAW (1 IHI J) 9CU~Rl «1003' Ill' 1 UO 
1031 ,F'HIU1::1(3) ,PHIZHOOJ) . 
CDM~ON A,B,C,D,G,X,y,N.NJ.JCClNT 

101 FORMAT(F15.0) 
102 FOp.M~r(Il,lJ.IZ) 
103 FORMAT(lHr.,·S ~ ~,F7,3.ZX.·(CMQl) •• ZX.·EPSIlON ~ ~,F3e2,ZX =~, 

1~09.4.2X,·(CM/SE()~/IHO.·Of : ~,EO~04,2X,·(CM+2/SEC)·,ZX,~KAPAa ~ 
:1"',E:()9$b,2X?"'(MHO/C~)·?ZX,"~IGHA 1IIl 'I',EO~@4,ZX,'I'(H"O/CH)'I'/1HOt~SR !Il 

1"9F~.1,2x,~N : 'I',F3$1,2X~.F ~ ·,F~.O?2X,~(C/F.Q)~,2X?·R = .,F7@5,2X 
1,.IJ/'10LE®ClG 10·,2)(,"'1 lIIl "'tF8@~,Z)(t.(OEG I('./IHO,~IU. = 'I/o 09@4,Z 
lX,"'(~MPS/CM+2)·,2X,·IC2 1IIl ~?E~9@4,2Xt~(AHPS/CH+2)'I',2Xt'l'SA !Il'l',Fl1@' 
1,lX,"'ICH+2)"'/1HO,·ALPHAeA 1IIl'l',F4@2, ,X,'I'~lFHA*C : "',F4@Z,ZX,'I'ALPHA-A 
12 1IIl "',F4.Z,2X,"'AlPHA@CZ : ~,F4.2,2X,.OELTA U = "',F5@3,ZX,~(VCLTS)~ 
U 

104 FDRHATll~O,D~X,'I'C~F : ·,ED~@,,2x,.IHaL~S/C"+3) •• 2X.'I'I s • 10@.,2X 
1 , • fA 11 PSI eM", 2 ) Ii' » 

103 FaRMArll~n~'I'pl : ·,E15,8/1"D,·P2 •• ,EI5e8/1HO,.Fl S ~,El' e8/1HG 
lP~ 1IIl Ii',El~.8/1HO,~PS ~ ·,El'$8/1HO,·P6 ~ .,E15~e/lHO,·OP • '" 15~& 
1) 

106 FO~MAT(1~Q,05X9·ISrA~ • ·,Fla@~,2X,~KH • .,E0ge~,ZX,·(CH/SEC)'I',ZX9 
l~DA ~ ~,~O~e~,2X (CH+Z/SEC)'/J 

107 Fa~HAT(l~D,·L 1IIl 1$,~'9@~,2X (CM''I',2X,~NJ. ·.I3.2X.~H •• ,EO'$~ 
1,"'AlPHAL ~ .,Eg0~,2X,.KAPPj/SIGMA 1IIl •• E1G@~/) 

10 e FO~,MAT (1HD ,~THt: t~.XT f(UN 010 NOT :ONVEPGE·) 
10Q FORHATC1~~,15)(,·THETA·.13X.·ET.PRIME·J 
Ita FaR~AT(10X,E1S08.~X,~15@8) 
111 FURMAT(lHO.!~) 
112 FO~MATr5X,·X/L·,Q9X,·THETA·,07X.'ET.FRIME·,a7X.·ETI·.aIX.~TRANS CU 

lFR l~,lX,~T~ANS CURR 2·,3)(,410T CJRR49~X9~CU~~ EFF.t6X,4THETAW~/) 
113 FCRMAT(O'3(EIZ. (,1)0) 
11~ FORMAT(lFO,3(El~G8,ZX» 
115 FORMATUX,"'VOP ::: "',F7.4,ZX,"'C\I).,ZX,'I'(PHIZl"'PHUO) .lIIl 'I',F1.u..,1l( I> 4' 

lV'~,2X,'I'CRWl ::: "',Fj'~9Z)(,·(MClES/CM+3)4.'Xt·ITOT : .,F7$~!>lXt~(AHP 
lS)~,2X,~NC. ITFFAT!ONS~,!3/) 

11 c FORMAT« lHU 
117 FORMAT(F15.u,IZ) 
115 FORMAi(1~1,~X.4X/t~t05X,'I'CUR~1"'/) 
119 Fv~MAT(2FI0~7) 
120 FORHATll~D.~DX.·DOWNSTREAH COUNTER ELEC1RODE~/1HO,50X,~DCWNSTRIIH 

1 tUR~ENT CCLlECTCR·/) 
121 FOKMAT(1~O.4X,.X/L'I',09X,·PHll·,09X •• PHIZ.!>10X,.FH2~~09X,·PH2CAL4,) 
112 FORMAT($(E:12@6,IX)~ 
123 FCRMAT(1~O,50X,.UPSTRE.H CCU~lER ElECT~OOE·/lHat!OX.~UFSTREIH CURR 

lENT COLl~CTCR~J' 
PRINT lH 
JOIST:-l 

C IF JOIST 0G~@ ONE ND~HllIlED DEPOSIT DISTRIBUTION IS PRINTED 
READ l~l,StEPSIL,V,DR,QKAP.a,SIG"A,SR.QN.F.R,T ,'LPHA,ALPH(,ALPHA! 

1, ALPHCZ. SUI 
~lAO 101.CRF J R~AO 102.N.NJ.NC!lEC S ~JCsNJ I QLO~Q.l 
CKM~~0~~/EPSIl~(S·DR/(~.~(1@$epSIl»)··(2@/3,''I'V~.(1~/3@) 

GKH:::4.36~~-QJ·V4~O.~41S 
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QKH=C.OUC1922 
CKM-1.~7C5.·V·-D.~~5~·IS·DFJ'·D.4'46/EFS]L 
!YAP-®4.0 
GAI"'-O.7:i ~ PIH2=1.0E'"24 $ CH:2.8Z!:@03 
OATI~.'.38~®C~ $ D4TID2:D.70EeD5 
GIU1-04TIO-(CRF-luOO./D.1)··GAM 
QID2=CATI02·PIHZ··ID.S-ALPHCZI·CH··11. [-ALPHC2J 
~1 = ~,J~1 ® SR-F..TIQN/F-ALOGICRF-1DCD./[.991D1J 
CZ = 0.0 e O.S-R.T/F.ALOG(PI~2/CH •• 2)@Ul 
~CUCAL = O.331®.2676+D.S-R~T/F·AlOG(CRF.1QDO •• ~.17.-2/.99707 •• 3i 
PRINT ll3,S,£PSIL,W.DR,QKAlaU,SIGHA.SR,QN.F,R,T,aI01,QI02.5UA,ALPH 
1~,~LFHC,ALF~AZ,ALP~C2.U2 
QKAP~A = QKAPAO~EP~IL~.1.5 
SIGMtl"GlKAPPA 
CcLTA"QK~PPA/SIG~A 
OA - 3.·(1. ® EP~!l)~V/S/EPSIL 
Pi " ! ~SR.Ijl.QI01/(C1N'IIF'IIQKM"Cj;F»n(18+AlHUl/AlFHC) 
F2 ~ CRF~QN"F/SR·V""Z IS/Q~M'AlP~C.ljl.F/~/T·(l$/QKAPPl + 1$/SIG~A' 
P:3 " -SR ~QI(j UQN/F IQKM/C RF 11'« - eN 'liP QKM.CR F/SRI QUt) •• U lP He" AL FHC) 

l'11EXPCAlPHC2.1jl.F"U2/R/T' 
P4 ~ (-SR"QI01/(QN'IIF'IIQKH.C~F))".«AlPHAZ + ALPHC2)/AlPHC). 

IF.XP(-(ALPHA2 + AlPHC2).F.U2/~/T) 
F5 " @~2/(1~/QKAPPA + 10/S]G~j)'II(10/QKAFPA) 
P6 " -P2/(SIGHA/QKapPA + 1@0) 
TAU = 3.".Cl./3@1 
CP,,£PSIL'II(DR/TAU"·2+0A)·S·QK~/V""Z 
PR:NT 10S,P19P2~P3,P~tPStPE~OP 
IFfNCELE:C .GE", 11 GO TO 902 

901 F5P~~S $ P6P"P5 i PRINT 120 i P5~ P5P J PE~ P~P S GO TO 99 
902 PRINT 123 
99 READ 111~QltJSTA~ i IF(JSTAR .lT~ 0) STep 

R(AO lC1,QL S IF(QL .LE. QlO) GO TO 97 
NJ~QL"NJO/~LO+3 ! JTg(NJ-3)-7/8+Z S JlIH~Z 

91 H = QL~QKH·S/(V~FLOAT(NJ®3)t NH~NJ~1 
flPHAL ~ S.QKM~Ql/~ 

PRINT l07,QlwNJ,~,ALPHAL,OEllA 
PRINT 10~,CRF,QI 
CISTAR " GI-SR/(QN-F-V-CRFJ 
PRINT 10E,QISTAR~Q(M,04 
6B G.; + O.S~SQRT(l.Q + ~$O.OP) 
ITHETA ~ 1. S If TAP = Z 
IF(JSTAR .GT. 0» GO TO 98 
CD zao J~1INJ I BBEX~=EXP'-H.FLOAr(J-2J/eBl/eB 
C(ITH~TA,JJ=(1.Q®QISrAR)~(j@G~BeEXF)+BaEXp s IF(QISTAR $GEe Oe9g 

11 C iI 111fT A ,J. '"' 88E)(F+OP/:JEln 3"e: XP (S8 10 F'IlH-FlO AT« J<®N J+U 00 AI. FHA!"I es, 
200 C(IETA?~JJ ~ ETAP 

95 JCOUNT ~ IJ 
1 JCOUNT ~ JCOUNT + 1 

CRUI:l=C( If:TAPtZ' 
J ::l (I 

00 Z I-1,M 
CO 2 K:l'll,N 
YU,IO ~ Cd! 

2 )( U ,10 = 0 .. ::: 
J J ~ J + 1. 

DO 4 I"i,N 
COLOH,JhC{I,J) 
Gn) "" (1.0 
00 1+ 1<=1,1'1 
UI,K) "" Q"I] 
EU,IO g D"O 

4 OUtlO = 1:1..0 
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!FIJ.(Q.NJI GO TC ~ § IFCJ0GT.1l GO TO 1 
C (I t H. ~ A ,IT H [T A ) 'I< 1. (j e Dr:; 12 • (I H "I! A LOG ( C (I i H ETA, J ... 2 » Ie « IT H ET A , J I ) 
X(IT~trA,Il~ETAI = -DP'l'C'I1H€TA,J.11/2.a/H/CIIT~ETA,J.2) 
E{ITr~iA,!TrfTAI: OP.C(lrH~TA,J.l)/20Q/H/C(!THfTA,J) 
G (ITHr::TAI=l.1l 
enF:TAo,H.TAP) '" -l.G 
GO TO 25 

7 fF '" fXPICIIET,p,JI) I EFA = ~XPI~LP~A'I'C(IETAP,JI/ALPH[I'I'EP 
E(ITHf.TA,IfH.P) '" (F.P·C(ITflETA,.J) ... P1'1'EPA'I'CI.® .. ALPHA/ALPHCIJ! 

lfl •• ::P)) 1/11 •• ~:P)"'1J!2 

G(lTFi:·Ul = 8CITI'"STA,IETAP)"'CUETAP,JI ... P1'1'ePA/U .... EP) 
FPA2 = EX~'ALPHA2·CIIFTAP,J)'ALPHCI 
EPCZ = EXPI-ALFHCZ·CCIETAP,JI/ALPHCJ 
e ( H. T~ 0 • iF TAP) = - Z • I H H 21 F 2 + P 3 • «A t. P He 2 • E PC Z .. P '+ IJI til.. FHA Z "'E FA ,» I ALP Ii C 
GCIETAP) : P3"'{(1.+AloHC2"'C(!ETAP~J)/AL?~C).EPC2+P~"'(ALPHAZ. 

1C(If"fAP,JIOLPHC - 1.)"'EFA21 
e (ITH~TA ,ITHlTAI = -2."'01'/11"''''2 - 1./(13 + EP) 
IFIJ.GT.Ji) GO TO 21 
CP = O.5"'AlCG(C( :THfTA,J-HI/C (ITHEiA,J-llI/H 
COTH'" -CP"'(1.( - OP"'CPI +- OF'i'I.\LO(;(CU1Hi!TA,J+-U"'C(ITI1ETA,JoUI 

1CCITHETA,J)"''''ZI/H'''*2 
e(IT~~TA,IT~fTA'=8(ITHETA,]T~~TAJ.CDTH 
A(ITH~iA,ITHr.TA) = C(ITH~TA9J)/H"'(O.5 - op.cp +OP/I1'/C(ITHETA,J-1. 
C{ITH~TA.liHETA' • CIITHfTA,JI/H"'C-D35+DF"'CF+CP/HI/C(ITHETA.J"'11 
F~T2=C{ITHEiA~J.l)/C(ITH~TA,JI 5 CP2=DpIJIALCGIAAT2'/H/2. 
SlrETAP, JTHETA )=(C.~-CP2+0F/I")/H""5:HT(RAT2J""2.0 
o (LETA? 1THt"TA 1=(/:,.:;-CP2-0F/f,I/H/SQRT(f'IllZ'''Z30 
IF(J .GT. 2) GO TO 6 
IFO;CrLS:C .GE. 1) G{HTAP''''GIIETAPHZ.Il/H.(l@O''''GISTAIU 
IF(NCfLEC .LT. 1) G<IEHP)",G!It.::TAPH2.0/H 
C (! r. T ~ ~, H TAP) = 2. Q I P 2 IH"'" 2 
GO TI) 25 

6 FAT1=CIITHETA,JI/CrITHETA,J-1) ! CF1=OF"'ALOGIR'TlI/H/2. 
C (lETA?, lTHfTAI",C.'>"'DCIEiH, :T~t:TAI 
e (H. TA P, !THE TA ): (.;'·3 (! Ei AF, IlHe n )+ (C P 1-.5 -to? 11-1 >lH ISQRT eRA T U 
fj ( IF TAO. Hr-£ i A l '" ($ a • ~ +C P 1- C P I H II H'" sa 1'<1 (Fi AT U 
GC TO 24 

21 AIITHETA,ITHFTAI = (OP/H + D,~'/H 
O<IThCTA,ITHFTAI = (OP/H - 00~I/H 
A (IF. TAP, lTl"fTA 1= 1-0. 5-0P/H III- £ OC lETAF, ITHETA.", ((h S-DFIIH 111 
8(IETAP,ITHETAI=2.0·0P/H ...... , 

24 A(:::ETAP,lrTAP) = i,/H"""'2IP2 
(IETAP.lfUPI = 1./H"""21P2 

25 CONTINUr:: 
IF(JCOUNT .GT. JL!'11 GOTe 1 .. 
e'IT~ETA.ITHFTAI = 1.0 I GIITHETAI '" CIITHETA,JI 
A{ITH[TA~ITH(TA) : 0.0 $ O(ITHrTAfITHET~) = DeC 
XCITHfTA,ITHfTAJ=w'~ I B(Il~fTA,IETAFi '" 0 0 
C(IiF~rA,ItTAP) = a.a 

14 CALL 8AtJCIJl 
GO TO 3 

8 EIITFE~A.ITH~TA' = 1.0 
Y(IT~~TA,ITHfTAI '" -1.0 
e (H T AP. 1fT A P) = i, C 
'T(:n.lp.lFTAPl '" -1.0 
! F ( Net: l[ C • GE. 11 GO r 0 15 
G(rrrMPI:2.·H .... P2~QISTAR 

15 CALL a~NC(J) 

FAC~lC.O ~ DPOT=1.5 
00 Zl J=l,NJ $ IF{C(ITHE'TA~J).LT.COLIH :THHA,J)/FACl CUT ... e:U,JI= 

lCGLD!ITHfTA,JI/FAC ~ IF(C(IT~7TA,J).G;.COlD(ITHETA,J).FACI 
1CIITH(7A,JJ=CDLDCI7HETA,JJ·FAC 
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IFCC{IrTAP,JI@GT@COlO(IETAf,JI+OFOTI CCIETAP,JI$CClO(IETAP,J)+OPCT 
20 IF (C (IF: TAP ,J) .. L T@COlD <IE TA F ,J I-DPH» C «IETAP ,J hcel OU ElAP ,J) "'0 par 

IFIJCOUNT .LE .. JlIMI GO TO 1 
C P,1\l "C <I~TAP, en 
H(A3S feRAl. @ CRAl{l) .. lEd .. E"'!l6'l'ABS (CFALI» GO TO 11 
IFIJCOUNT .. LE.151 GO TD 1 I FRINT 108 

11 FTA(NMI_~'l'T/ALFH(/F'l'CCIIET'P,NH.-ALDGC-QN'l'F'l'QK~'CRF/SRIQI011. 
00 12 J-Z,NM 
rTAIJ) ~ R·T/ALPHC/F~(C(IETAP~JI '" AlOG(®QN.F.Qk~.CRF/SR/QI01) 
TRANUJI ~ U::CITH[TA,JI ® Pl'EXP (ULPHA/AlPHC + 10 )~C( IETAF,J»)I 

1(1. 4> t:'XP(C<IE'TAP,n» 
CNlnl~QI~l·SR/N/F/CRF/QKM $ THETAW(J)~(C(ITHETA~J)eQNI01.E~P(AlFMA 

1 • FIR I P F.T A (J »» )I H. 0'" Q N 10 1 <\il E )( F « '" A l PH C If FIR IT III ETA «J ) » » 
TRAN2CJ. ~ PJIf(l. * P~.EXP«~LPHAZ + ALP~C2)/AlF~C.C(lETAP,J"). 
lrXp(0ALP~C2~C(!~TA~~J)/ALFHC) 
'f~AN'i{J) :: TRAN11Jl • TRANHJI 
EFFLH :: TRANUJiI"I'RIHH(JI 
Yl(J)~FlCAT(J@2)/FLOAT(NM@() 1 PHll(J)~Q~APPA/(QKAPPA+SIG"A).(ETA( 

IJI-ETA(NHI) I PHI2CJI.PHIIIJI-ETAIJI 
PH2 Uhd::'TJUNM) +PHI2 (J' ~ PHZCALCJhPHI2{JI"'UCllCAL 
HCNCHEC .LT. 1) GO TO 12 I PHI1(Jhd~KAPPA/CQI(APPA+S:IGHA).(ETA(J 

1)@E,TJU2J' $ PHIZ(JhPHIHJ)-H/HJ) 
PH2CJI~ET.INMJ.PHI2IJ' I P~2CAL'J}.P~I2IJI-UCCCAL 

12 CONr~NUE I TI~QI~SU. 
CPlir2~PHI20\j11)"FHIl(2) I CRW~THt:'AW(NH'~CRF S FlnNT 115,PHtCALOHH 
1~npHI2~CNW,TI~JCOUNT I PRINT 112 

PRINT 113w ('(1(J) ,CCITHETihJ) ,CUETAP,J) AtJ) tTRAIH(JhT~AN2CJh 
tTRANnJ) ,UFCJ) ,iHETAI,UJhJ:i1l2,NM~a~) 

FRItH 121 SPRINT 12Z,(Y1(JhFHI1t.H ,PHHIJhFH2(JI ,PH2CAL (J),J~2, 
1NM,(lSI 

TRANli : G@C I TRANZY: O®O I TRAP1T ~ G@O f TRAP2T ~ O@O 
IF (QUZ .LE. 1@ClE s 3a; GO TO 21 
DO IE J::J,NH 
TRAP1T ~ TRAP1T • H·CTRAN1IJ) • TRAN1(J@1»/2.0 
TRAP2T:: TRAPIT • H·(TRANZIJ) • TRANZ(J@1)/2.0 
IF(Tr,ANUJ)ITRAN1CJ"'U .LEI) C.Il) :;0 TO 17 
IF (TRANUJ) .EQ@ TRANi( J-U» GO TO 17 
TRANi! ~ H·(TRA~i{J) .. TRA.l(J-1')/AlOG(TRAH1(J)/TAANi(J-l)) + 

1 iRMU! 
GO TO H 

11 TRANi! :: H·(TRAN1{J) + TRA~l«J-l')/Z.O t TRA~iT 
18 IFURANZ IJIITRANZ(j""U .lE .. C@O. GO TO 19 

IF (TRM~Z (J) ,,£Q0 T~AN2( J-t U GO TO 19 
TRAN2T :: H~(TRANZ(J) '" TRA~Z IJ-l)) IAlOG(TRANZ(J)/TRANZ(J-1) + 

1TRAN2T 
GO TO 1~ 

1~ TPAN2T : H~(TRANZ(J) + TRA~2IJ-l)'/2.0 + fRANZT 
i.E CONT !NUE 

TRANTT ~ TRANiT + TRANZT 
TR~PTT :i1l TRAP1! + TKAP2T 
PRINT 114,TRANjT~TRAN2T,TRAN1T 
PRINT 114.TRAP1T,TKAP2T,TRAP1T I GO TO 28 

27 CO JO J~hNH 
'l'I\AP1T • TRAPH ... FfIllUUNHJ) • nANUJ®U)/2Ii>O 
IFITRANllJI .EQ. TR~NlIJ-ll) GB TO 
IF(TF-AN1(JI/1RAN1(J-l) @LE. 0,,0) GO 0 29 
TRANiT ~ H~(TRAN1(J) '" TP.AN1(J-ll)/AlOG(TRAN1(J}/TRAN1(J-l)) + 

1 TRINH 
GO TO 30 

2~ TRAN1T • HeCTRINIIJ •• TRA~1IJ-111/200 + TRANIT 
30 CONTINUe: 

FRINT 114,TRAN1T I QlO-QL I NJO.NJ~3 
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28 IF(JOIST .GE. U GO TO 31 $ GO TO 99 
31 CO 2~ J~2,NM ~ CURR1(J):TR~N1(J'~AlPHAl/TRAN1T 
26 Y1(J):FlCAT(J@2)/FlO~T(NM~€) I PRINT 118 SPRINT 119,(Yt(J),CURA1( 

1J) ,J::::2,NM,1!5) $ GO TO 99 :I END 
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PN~GR.M REDDXIINPUT.DUTPUTI 

L ~.l~wlATES THE 8EHAVIOR Of A FLOW REDOX CEllON CHARGE AND 
, CISCHARGE ~H~N THE CURRENT AND FLUID FLO~ ARE IN PARAllEL 

Dl~tN~lON AI2.21.BI2,2J.CI2.100JJ.DI2.5»,GI2~.X!2,2b.Y!2,2j, 
lET.llDD31,TRAN1Il0031.TRAN2110031,TRANTll0031.EFfllDD31, 
l'LlC'2,l003!,PHl{l0031,PH2CAL!lOD31,THETAWI2.1003I,CURRIII003!.Yl! 
llC03j,PHllilOD3j,PH12!l0031,THETA2!l003!,QKM'41,DI!41,U44!,CFC441, 
lCPL!4j.CFD!4).CPD'4I,VEL'41.RVEL'21~RlVEl'2).CPDM44J.PC(SI,POSlS! 
CL~~LN A.~.C,D.G9X.y,N.NJ.JCaUNr 

101 ~(~~A!IF15.0j 
102 f(~~Alil1,13j 
103 fL~~A141HO.$S ~ *.fl.3,2X.*ICM-l}*,2X.*EPSllON g *.F3*2,2X,$~ g $. 

ItlO.4.2X.*(CM/Sl ,2X.~OR ~ *.EIO.4.2X,*(CM~ZIS)./IHO.~OP ~ ~.EIO.4 
1.2A.$'CM~2/SJ*,2X.*KAPPAO ~ *.EIO.4.2X.*(MHO/CMj •• 2X,.SIGMA ~ .,El 
lD.4,2X.*IMHO/CM'./lHD,-SR *,F4.1,ZX.*N. *,F3.1.2X.-F $ -.EIO.4, 
1~x •• 4k/EQ~*.2X.*R ~ *.F1.5.2X.*'J/MOlE-DEG Kj-.2X,*T % .,F8.4.2X.* 
1!Ut1 KI*/IHD,.rOR ~ -.E10.4.2X •• 'AMP/CM+2j*,2X,*IOS = *.EIO.4,2X,* 
l'AMPlkM+21' lX,-SA • *.Fl1.6.2X.'ICM~21*/lHO,*AlPHA-AR • *.F4.l I ZX 
1 •• ~L~HA-CR ,f4.2.2X,*AlPHA-AS m *.F4.2.2X,.ALPHA-CS • *.f4.2.2X 
1.'u~LTA U • *.f5.3.2X."VGlTSj*j 

104 fl~MAr'lHo.'CRF • *,E12.6.2X.*(MOlE/CM~3b'.ZX.*CPf • *,E12.6.2X.*1 
lMLLE/LM+31*.2X.*KNR • *.E12.6.2x.*'CM/SI*. 

ID~ fCRMAI(lHO,*Pl • *.E15.8/1HO.*P2 • *,E1S.8/1HOI*P3 • '.E15.B/IHO.* 
1P4 • 'IEIS.B/IHOI'PS • 'IEIs.a/lHo.'P6 • • E1S.I/lHO.'P? • -.E1S.I 
I/lHO.'DP • ',E1S.B/1HO.*CPF/CRF ••• EIS.B/I 

106 FL~M.T'lHO,'KMP • -,EIO.4.2X,"CM/SI*.2X.*OA ~ •• EIO.4.2X.-'CM+ZIS 
1 ••• ~A •• K.PP./SIGMA • *,E1Q.41 

Inl fLH~Al'lHO.$l ~ *.E10.4.2X.*IAMPICM~2j*.2X.$ISTAR ~ *.El0@4~2X.*lr 
101 ~ *.EIO.4,2X.*IAMPI*/1HO.*l ~ -,EIO.4,2X.*lCMI*,ZX.*NJ g *.14. 
!~~.$~ ~ ~.E10.4.2X,*ALPHAl ~ ',EIO.4,2X.*lS ~ •• f5.3.2X •• 'CMA*/1 

lOB fCiMAillHo.-rHE NEXT RUN UID NOT CONVERGE*' 
lD~ FCAMAIIIHO.15X,-rHEJA.,13X,eETAPRIME.' 
110 fL~~AI(lOX,E15 B.5X.E!5.8l 
111 ~'~MA1!lHO.l51 
112 FLRMAT~5x,-X/L-.09x,.rHETA$.01x.*ETAPRIME •• 01X.'EJA*,O6X.*JRANS CU 

lRR 1 •• lX,-TRANS CURK Z*.3x.-ror CURR*.5X •• CURR EfF*.6X.-THErA~*/1 
113 rC~MAl 'lX.IP9E13.6J 
114 F~~MAIIIHO,3'E15.8.2Xjl 
115 fCN~ATIIHO,*4PHI2L-PH'2QI. .F8.4.1X •• I~I* 2X.'CRWL ~ *.EIO.4,2X. 

1.!~ULf/CM~31 2X,.CP~l ~ *,E10.4.2X.'!MOlE/CM~3J •• 2X,*NO. ITER4TIO 
~kS z ~.13/1 

llh FL~~Ar!lHIJ 
111 F£H~4!(F1S.O,I2) 
liB fCHMAJIIHl,4X.*X/L*.D5X.*CURR1./j 
ll~ F.LH~AlI2flO.71 
120 F.CRMA&41HO.5QX •• DO~NSTRE4M COUNTER ElECTROOE./IHO,50x,*upsrREA~ c 

luHR~l COLlECTOR'/) 
121 f~jM.rllMa.4x,.X/L •• 09X.'PHll.ID9X *PHIZ*.lOX,.PH1*,09X.'PH2C4L •• l 

tX,*JhtTAP.,lX,-rHET4Pw*/1 
122 tlg'AI17IE12.6.1XI' 
123 F~RHAJIIHDI5DX •• UPSJREAM COUNTER ELECJROOE./IHa.50X.*DO~NSTREAM cu 

lRHtNf COLLECTUR-/I 
l~~ f(~~Ml'2F1500~ 
12$ f~iH~I'II.50X.$rI'rVj + E- rl(I11)*/) 
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126 FL~MATil/,50X,~fE' III FEiIII) + E-$/J 
121 FG~MAlill,50X,*TI'IIII T!lIV} + E-*/l 
l~d FG~MAI{I/,50X,*FEI 1111 • E- FEllll*/1 
129 FC~MAi'11162X.*SUMMARV Uf RESULTS*/113~x,$CHARGE*,57X,'D[SCHARGE*1 
l~O fG~MAriII15X,*FEED CONCENTRATIGN*.lOX,*PRODUCr GONCENTRATION',15X. 

l'FE~u GGNCENrNA'IO~'.lOX"PNODUCr CONCENTRATION*/lBX,'IMOLE/CM+3J' 
1.1~x,~iMCLE/CM+31~,23X."MOLE/CM.31',19X,*IMOLE/CM.31*/l01X,*BEFON 

It ~!X1N~',6X.*AfTER MIXING*1 
121 fG~MAlilX.*FEjlll*,dX.E15.8.15X.E15.8,19X,E15.8.5X,E15.8.3X,E15.BI 
IJd FCRMAII1X.*FEIIIII*.D7x.E15.8,15X,E15.8,19X.E15.8.05X,E15.8.03X. 

lE15.8j 
133 F(~~Aiilx.*r!'IVI'.8X.E15.8.15X,E15.B,19X.E15.8.5X.E15.8.3X,E15.8' 
lJ4 f~KMAillX,.TI!IIIJ~.D1X,E15.8,i5X.E15.B.19X,E15.8.05X.E15.8,03X. 

lE15.~J 

135 F~RNAI'II,2X,*- ELECTRODE VEl.*.3X.*. ELECTRODE VEL.*,lX,*RATIO*,3 
lX,*1/RATIJ*,20X.*- ELECTRuDE VEL.*.3X.*. ELECTRODE VEL.*.3X.*RATrO 
1*.3x,*1/RATI0*j 

136 ~lK~AI'7X,.jCM/SI.,13X,.!CM/S»*,48X,.ICM/~j*,13X •• ICMI 51.11 
~31 fLHMATI2X.E14.8.5X.E14.d.3X.F7.4,3X.F7.4.21X.E14.d.05X.E14.8,2X. 

Ifl.4.jX,F7.41Il 
13d ~w~~AiI2X,.CURRENT DENSITV •• 5X •• CELL VOtTAGE*.5X,.CuRRENT EFFIC!EN 

lC~.,11X,.CURRENT DENS!TV*,05X,*CELL VOLfAGE*,05X,*CuRRENT EFFICIEN 
1~¥*/5~.*'AMP/CM+2»$,llX,*'VI'.07X,$- ELECTRODE*,2X.*. ELECTRUUE*, 
117~.*IAMP/CM+2!$,llX,*{Vj$.8X.*-ELEcrRODE*.2X.*+ ELECTRODE*/) 

1~9 f~kMAl'2X,E14.B,06X,fll.8.4X.F9.6,4X,F9.6,15x,E14.8.06X,Fll.8.4X. 
lfi.t.4X,F9.61 

140 F~~MAr(/45X,*uvERALL*.66X,*uVERALL$1143X.F9.6.64X,F9.6I 
l~ fCRMAIII12X.*OHMIC POTENTIAL DRG? ACROSS SEPARATOR *.Fll.8.2X.*IVI 

1*.2CA.*OhMlC PUTENTIAl DROP ACKOSS SEPARATUR ',Fll.B.2X.*lv)*1 
142 fGRMATIII06X.'PERCENT OF CHARGE REQUIRED TO ~ESTOKE SYSTEM TO INT! 

liiAL STATE DUE TO INCOMPLETE CONVERSION OF fIIIIl! *.Fll.8,2X,*!OI 
lOA~J 

143 fG~MAIIIIOQX.*PEKCENf OF CHAR~E REQUiRED TU RESTORE SYSTEM TO INTI 
lrlAL STAlE DUE fa INCOMPLETE CONVERSION OF FEIIIII .,Fll.8.2X.*'OI 
10~$b 

14~ f'~~AILII135X,4EIQ.al 
145 fL~M4illP6EZO.5J 

P~l~l 116 
~LS=i.O 
LHt~~c.a s CRPN~a.~ s CRfP=O.O ~ CRPp~a.o 
R~Au 101,S.EPSI~,~KAPAO,SIG~A.F.R.T,SUA 

~EAC l02,N.NJ S NJO=NJ $ Ql':O.l 
~tAC lOl,QL 

~1 ~£A& 101. QICHAR.QISTAR $ IF(~ICHAR.EQ.O.O» STOP $ JCY=l $ IP=l 
~~~-1.0 5 QN=l.O S CRf~O.003 
~1~-~ICHAR S V~Ql*S~/YN/F/CRF/~ISTAR S JSTAR2 0 $ VSAVEgV 
~ISIA~=QISTAR 

~w NJ-~L.NJO/QLO+3 S Jr-(NJ-31*7/8+Z I JLIM-O 
IF'J~¥ .GT. 11 GO fO 40 $ IfIIP.EJ.ll JDC-O 
N~~LEC~l 

E!AF--3.5 
CBf-O.003 $ CPF-3.2941994E-01 
VcLIlj=V I CFCi31-CRF $ CfCI4j-CPf 
Cl'~j·O.00000500 $ DI141-0.000005000 I OR~DI(3) 
D' 34 1:3,4 
Q~M'!)~1.09/EPSIL'IS*Dll11/«6.*!1.-EPSlljJ)**'2./3.j*V**(1./3.h 
~~M'11:4.369E-03*V·$O.5454 

34 LL~ll~uE $ QKR~QKM(JJ 
P7~'h~131/QKMI41 

~R--l $ 'N:l.O $ ALPHA-O.5 $ AlPHC~O.5 
ALPh42:0.5 $ AlPHC2~O.5 § PIH2~1.OE-24 § CH~5.00 

~ICl~tCRf*CPFI·*Oe5 
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D~!102~3.QOE-O~ $ Q102:0AfI02*PIH2$*I005*ALPH(2)*CH**!10O-ALPHC21 
Ul~O.1+R$r/F*ALOG!CRf*CH$*2/CPF' $ U'JCYI~UI-O.2415 
L2~-D.5$R*r/F.ALOGIPIH2/CH**21-Ul 
JiO-!f,"'J $> JKMP"4 $ IF!JOC.EQ.O) PRINT 125 
.. I.. lU 31 

40 IfaJ~¥ .GT. 21 G0 TO 50 $ QI~-Ql $ IFIIPoEQ.ll JDC"O 
EUP"'-7.00 
c~t~a.003 S CPF-3.2941994E-Ol 
VEL!21"V S CFClll"CRF S CFC(21=CPF 
Cl'lJ~O.0000055 S D!121~O.0000057 S OR~Olll) 
j;J,. ~.;;j 1"1.2 
YKMIAj"1.09/EPSIL$'S.OllIJ/16.*11.-EPSILII)**Cl./3.)*v*.'1./3.1 
QKM'II~4.369E-03*V·*005454 

33 CL~iI~UE S QKR~~KM(1) 
Pl·~K~111/QK~12J 
SR~l.O $ QN~1.0 $ AlPHA~O.5 $ ALPHC=O.5 
ALYHA~~O.3a s ALPHC2~O.c9 $ PCL2 g 1.0E-27 S CCL g 20. 
~IGl=10.$'CRf*CPF)**O.5 
bI02=1.~E-03*CCL$*O.38*PCl2**O.655 
~1~.Q513-SR*R.r/QN/F*ALOG(CRf/CPFI $ UIJCYJ=U1-0.2415 
U2=1.3595-R*T/F/2.*AlOGICCL**2/PCl2i-Ul 
JK~R=! $ JKMP*2 $ IfIJDC.EQ.O! PRINT 126 
GIj W 31 

50 l~'JCY .GT. 3! GO TO 60 S JDC=JDC+IP-l 
J i"'i'oJ 
tl"AP."'-1.5 
I';i;HH=-l 
~Rf~~~fN $ CPF=CRPN 
VE~13'·V $ CFDI31-CPF I CFDI41-CRF 
U1Pj-Oll31 $ DIP4-01!4J I 01131-y1P4 S OI14!-DIP3 $ OR-DIll) 
UC 37 1""3.4 
~~"JL1.1.ag/EPSll.'S.Ullll/16 •• (1.-EPSILIJI •• '2./3.I.V •• 110/301 
w~Mll'·40369E-03·V··O.5454 

37 L(~J!~UE $ QKR=QKM!3J 
P7=~~~!31/Q~M{4! 
~g~l.Q S QN~l.O i AlPHA:O.5 $ AlPHC~005 

A4PhA~~Oo38 $ AlPHC2:0.69 $ PCl2~1.OE~27 $ CCl=20. 
~101~'CRF$CPFI*~O.5 
Qla~gl.0E-03*CCL**O.38*PCl2*$O.655 
ulza.l~R*T/F*ALOG'CPF*CH**LICRFj $ uIJCYI=UI-O.2415 
Y2~1.j595-R.T/r/20*AlOGICCl*.2/PCl2)-Ul 

JK~~g3 $ JKMP~4 S IFIJOC.EQ.O! PRINT 127 S GO TO 31 
cO C"tdl~UE 

Jr..:l\.J 
EUP"'-3.0 
~R~"'LgfP $ CPf=CRPP 
~EL44J"'V $ CFDill"'CPF $ CfD'2!~CRF 
D1PI-GEIIJ S 01P2-D1121 S 0111'-0IP2 S DI12'-0IP1 $ DR-DIIIJ 
DC ,j~ 1'" 1.2 
~~I!~·1.D9/EPSll*IS*DI{!1/!6.*'1.-EPSIlllj*~(2.'301.V$*110/3.1 
~K~(!~"'4.369E-03$V •• O.5454 

38 ~C~JINUE $ QKR~QKM(lj 

PJ~~~~ll)/~~M'2J 
S~:-l.O $ YN=l.O $ AlPHA=O.5 $ AlPHC~O.5 
A~PHA~:O.5 $ ALPHC2:0.5 $ PIH2~100E-24 $ CH=5000 
QIG!:lO.${CRf*CPF~$*O.5 
wATAa2~3.00E-08 $ QI02:0ATI02*PIH2*$(O.5*ALPHt2j*CH$$(1.O-AlPHCl) 
ul~0@~13-SR$R*T/QN/F*ALOG'CRf/CPF! S U'JCyj~Ul-O.2415 
u2--0.5*R$T/f*ALOGI~IH2'CH*$2j-Ul 
J~~~~l j JKMP~2 $ IfIJOC.EQ@O! PRINT 128 

31 If' JLl(". EC. 0) 
IPR I,M liB. S. ErSIL. II.CH (JKMIU .wl« JKMP) .Q~AP.\O.SIGMA.SR.QN.f.R. T .QIO 
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11.~102,SUA.AlPHA.AlPHC.AlPHA2,ALPHC2,U2 
~KA~PA .., QKAPAO~EPSIl*$1.5 

04 g ~o*(l. - EPSILI*VIS/EPSll 
"';.!:.J. G~A"'O.O 
~~l~MA~QSIGMA+OoOOOl 

UELrA~'KAPPA/SIGMA 
11'(1,;.1. .Llo O.O! GO TO 35 
Plg(~g$QIOl/IQN*F*QKR$CRF)'$$ll.+AlPHC/ALPHA) 

P2.-AiPHA.QN.F.F*V~V.CRF/ISR$S*U~R$R$TI*11.IQKAPPA+1.1£IGMA' 
P3.5K.QI02/CQN.F.WKR.C~fl.EXPI-ALPHA2.F.U2/R/TJ.IQN.F.QKR*CRF/SRI 

iwAC1o·*(ALPHA2/AlPHAI 
~4~(£~.QIOI/QN/F/QKR/CRFI •• IIALPHA2+ALPHC21/ALPHA'*EXPIIAlPHA2+ 

lALP~'~I·F*U2/R/rl 
AbFl.AlP~A $ ALP2-AlPHC $ AlPHA-ALP2 $ ALPHC-ALPl 
GG III 30 

35P1 '" I-SR*QHll/' QN*F*lJKR*CRof j 1**( 1.+ALPHAIAlPHCJ 
P2 ~ LRF*QN*f/SR~V*$2 IS/Q~R*AlPHC*F/R/T$'l./QKAPPA + 1./SIGMA) 
PJ g -SR$QI02/QN/f/QKR/CRF*(-QN*F~QKR*CRF/5R/Q101J$$(AlPHC2IAlPHC) 

1*EXfIAlPHC2*F.U2/R/Tb 
P4 ~ (-SR*QI01/IQN*F*QKR*CRFlj.*'!AlPHA2 + AlPHC21/ALPHCJ* 

lEXPI-{AlPHA2 + AlPHC21*F*U2/R/TI 
3@ P5 2 -P2/'1./Q~APPA + 1./SIGHA)*Il./QKAPPAJ 

Pc : -P2/ISIGMA/QKAPPA + 100J 
IAU ~ 3.**'1./3.1 
OP g tPSll*IDR/TAU*$2+0AJ*S*QKR/V**Z 
H.E lAP"C Pf/eRF 
H g ~L$~KR$S/IV$flOAT(NJ-3)1$ NM~NJ-l 

ALPHAl ~ S*QKR*Ql/V 
~lSjAR g Ql*S~/(QN*f*V*CRfJ $ Ti=Ql*SUA 
If4JOC.NE.OI GO TO 96 
PR!~I 104.CRF.CPf,QKMIJKHRJ 
P~l~l l06.QKMIJKMPI.DA,DElTA 
PRl~I lOl,QI,QISTAR.TI,Ql,NJ,H.AlPHAl,QLS 
PNl~T lOS.Pl.?2.?l.P4.P5.P6.P1.DP.fHETAP 

9b If.(NCflEC oGE. 1) GO TO 902 
901 P5P·P~ I P6P=P5 $ IFIJDC.EQ.DI PRINf 120 $ PS-P5P S P6=P6P 

GI. HJ 903 
~~z If!JL~.EC.OJ PRINT 123 
903 C!JMINUE 

bS "" C.5 + 0.S*SQRT(1.0 • 40D*OPI 
II~tJA '" 1 $ IETAP '" Z 
IfLJSIAR .GT. OJ GU fa 98 
DGZOO J-l.NJ I BBEXP-EXP!-H*FlOAJIJF21/BBI/BB 
LIIIHtTA.JJ-ll.O-QISTARI.'l.O-BBEXPI+BBEXP $ IflQISfAR .GE. 0.99 

11 ~!lTHETA.JI.BBEXP.DP/BB •• 3.EXP(B8/DP*H*FLOATIJ-NJ+11-AlPHAl/BBI 
ZOO ~lltiAP.J •• ETAP 

Sd JCI.l..Ni "" 0 
1 JL~Y~T '" JCuUNT + 1 

J '" a 
ea; " l"'1./IO 
DL ;(. K·l.N 
)fU.K~ "" 0.0 

,l, Xg.l..Kl "" 0.0 
:3 J '" .J ;. 1 

DG I;) l-l.N 
CY~u'l.J)=Cll.JI 
GUJ '" 0.0 
Du <4 K.l.N 
AU.K) '" 0.0 
I:!U •• o "" 0.0 

4 J:lU.I<,,j "" 000 
lr'.J~EQ@hJ) GO TO 8 $ IF(J.GT.l) GO TO 7 
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U'lTHfTA.!THETAI~1.O-DPI200/H$AlOGI'!IrHErA.J+Zj/C(ITHETA.J~J 
X(lIHETA.1THETAa ~ -UP*CIITHETA.J+1)/2.0/H/CIITHETA.J+2J 
HI II~EIA.ITHETAJ. DP*CIITHETA.J+11/2.0/H/CIIThETA.JI 
GIAihETA;-l.O 
H{lfIAP.IETAPI = -1.0 
G~ lL 25 

1 tP • fXP1CIIETAP.JII $ EPA. EXPIAlPHA*CIIEIAP.JJ/AlPHCJ*EP 
AlP-ll.+AlPHA/AlPHCI $ DX1-l.+EP+Pl*P1*EPA/THETAP 
Dlrtr~ll.+1.ITHETAP*ll.-C'lTHETA.JJJI*Pl*EPA 
B(lJhETA.1ETAPI=OTHET*AlP/DX1+iEP+Pl*P7$AlP*EPA/THETAPl$iCllTHEIA. 

lJJ-DlhEII/OXl$$2 
GIIThfTAI-SI ITHETA.IETAP)*C'IETAP,JJ-Pl*EPA*{l.+l./IHETAPI/DXl 
EPA2. EXPIAlPHA2*C4IETAP.J!/AlPHCJ 
tP~~ ~ EXPI-AlPHC2*CIIETAP.JI/AlPHC) 
~'ItrAP.IETAP) : -2./H$*Z/P2+P3*(AlPHC2*EPC2+P4*AlPHA2*EPA2J/AlPHC 
G!lfIAPI ~ P3*111.+AlPHC2*'(IETAP.Jb/AlPHC)*EPC2+P4*(AlPHA2* 

lCllETAP.JJ/AlPHC - 1.J*EPA2J 
8'lJ~frA.ITHETAb~-2.$DP/H$*Z-(1.+PI/THETAP*EPA)/DXl 

It'JeGT.JII GO TO 21 
CP ~ O.5$AlOG{CjITHETA.J+II/CIITHETA.J-1~I/H 
~LTh ~ -CP*!l.O - DP*CPl + DP*AlOGICIITHETA.J+1J*CIIIHETA.J-IJI 
lC(~ihETA.Jj$*2j/H**2 
H4IrhETA.ITHETAJ~8!ITHETA.ITHETAI+COTH 

A~lJhETA.ITHETAI = CIITHETA.JI/H$(O.5 - DP*CP +DP/HI/C4ITHETA.J-IJ 
U4IThEXA.ITHETAJ ~ C!ITHETA.JI/H*(-0.5+DP$CP+DP/HJ/CIITHETA.J+1) 
RA12:C€lTHETA.J+l1/CiITHETA.Jl i CP2=DP*AlOG'RAT2J/HIZ. 
64!tfAP.ITHEJAA:IO.5-CP2+0P/H)/H*SQRTIRAT2j$2.0 
Q41kTAP.ITHETAJ=IO.5-CP2-DP/Hj/H/SQRT{RAT2J*2.0 
lflJ .GT. 21 GO TO 6 
Y{ltTAP):G(IETAPI+2.0/H*(P5*QISTARIP2+1.0) 
D{lEIAP.IEIAP)~2.0/P2/H**2 

GL Tu 25 
Q RAT1~'(rTHETA.JI/CjfTHETA.J-ll $ CP1:DP*AlOGIRAT1J/HI2. 

U'lETAP.lfHETAI=0.5*D£IEIAP.ITHEfA! 
B'itJAP.!IHEjAJ=O.5*611EIA~.IIHETAj+!CP1-.5+DP/HJ/H/SQRTIRATl! 
A4!ETAP.IIHEIAJ=I-O.5+CPI-DP/HI/H*SQRTlRATll 
GC lL 24 

21 AjAJ~ETA.ITHETAI = IDP/H + O.51/H 
DIIThfTA.ITHETAI = IDP/H - O.51/H 
A{IEiAP.ITHEIAI=I-O.5-0P/HI/H $ D(IErAP.1THErAI~IO.5-0P/H)/H 

b'lEIAP.IIHErAI~Z.0*DP/H**2 
24 A'l~rAP.IEJAPI = 1./H**2IP2 

DIJE1AP.IETAPI : 1./H**2IP2 
25 CC~ll~UE 

IFIJ'CUNJ .GI. JlIMJ GU 10 14 
~'llh~TA.ITHEr~J : 1.0 $ G(ITHET~J = CIITHEIA.J) 
AdlJncTA.IIHETAJ = OQO $ DIITHEIA.1THETA) & 0.0 
XlllHETI.1THETII-O.D $ BIITHETA.IETAPI • 0.0 
O(likcll.IETAPI • 0.0 

14 Cll~ b~NO(JJ 
G~ 1U 3 

H B'llh~TA.lrHErAI • 1.0 
~'11H~rA.IIHETAJ • -1.0 
BIIEJAP.IETIPJ • lQO 
vtlEJAP.iETAPI • -1.0 
GIIEJAPI • -Z@*H$P6*QISr4R 
CA1~ ~INO'J} 
~A~·5.0 $ OPOl-Z.O 
U~ ~o J-l,NJ $ IFICIITHETA.JJ.lT.CDLD(lTHEJA.JI/FACI CIITHEJ'.JI­

lLCLU&ITHETA.JI/FIC $ IfIC41THEIA.JI.GT.COLD41IHETA.JI$fACJ 
lCllIhETA.JI-COlOIITHETA.J)*FAC 
l,FILI1ETAP.JJ.GT.CDlD4IEJAP.JI+DPorl CIIErAP.JJ-CDLD(IETIP.JJ~DPOI 
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20 [f'~4!ET4P,JI0LT0COLDlIETAP.JI-DPOTJ C'IEJAP.JI~COlO{lETAP.JI-OPOr 
tH,J4..LUN T .LE. JlHU GO TO 1 
O~ ~Sd 1=1.1\1 $ DO 998 J"'1.NJ.5 

'J9d IE'Ai.l~ICU •. H-COlD!I,JII .GT. 1.E-08$A8SIc(I,JJ)J GO TO 999 
Gi.. H" 11 

'J~'J if!J~~YNT.lE.201 GO TO 1 $ PRI~T 108 
Ai IH~1 .Gi. 0.01 ';0 TO 57 

ETAINM)~R$T/AlPHCIF*(CilETAP.NM)-AlO~I-~N$f*CKR*CRf/SRIQI01JI 
GL lu 58 

51 AUrA .. "'lPl 
EIA'~M)=R*T/AlPHA/f$IAlOG'QN$f*QKK*CRf/SR/QI011-C'lETAP.NMII 

5l:i oc a J"'2,NM 
H'H,! .(;T. O.{H GO TO 61 
ciAIJJ ~ R*T/AlPHC/f*ICllcTAP.JI - AlOGI-QN$f$QKR*CRf/SR/Q[OlJI 
GL iu 68 

64 EJA'JJ"'R*T/AlPHA/F*(AlOGI~N$F*QKR*CRf/SR/YIOlj-C(lETAP • .1) 
AI.PHA""Al P2 

@S T~A~14J)~IC{lfHETA.JI=Pl*EXPliAlPHA/AlPHC+l.)$CllEfAP.J)j$ll.+l./f 
IH~IAP.ll.-C'ITHETA.JJ)II/'l.+EXP(C'IETAP.JII.PI*Pl*EXPllAlPHA/AlPH 
l,L.H.J<l<C! lETAP •. n I/THErAP) . 

ikE fA .. H.J I "'C; ( ITHE fA. J I -TRANU J I 
rRA~L'JI '" P3.'1. - P4*EXP'IAlPHA2 + AlPHCZI/AlPHC.CIIETAP.J)}). 

lEXPI-AlPHC2*CIlETAP.J'/AlPHCI 
rR4~T'JI = TRANIIJI • TRAN21JI 
EfhlJj '" TRANllJl/fRANllJI 
Yl'Jj~FlOAlIJ-21/FlOATINM-21 ~ PHIIIJI=QKAPPA/(QKAPPA+SIGMAI$CETAI 
IJ!-tTAt~MI.Q!*Ql/QKAPPA$(YIIJI-l@11 $ PH12(JI=PHIIIJI-ETAIJI 
Plil{J~:ETAINMJ+PH12(JI $ PH2CAlIJI"'PHI2IJI-UIJCVI 
ThtlA~!Jlgl@+lHETAP-CllfHefAvJ) 
Th~iA~'2.J)~THETA2!J)+P1*'C'ITHETA.JI-THETA~'1.J)J 
If'~~ELEC .GE. 1) GO TO 12 $ PH!lIJJ=QKAPPA/IQKAPPA+SIGHAJ$IETAIJ 

lJ-ETAI21-Ql/QKAPPA*(1.-Yll $ PH124J'=PHl1(JJ-ETAIJI 
Ph!!JJ=PHIlIJJ+ETA(21 $ PH2CAlIJJ~PHI2'J)-U!JCyj 

l~ ~~~r!hUE $ TI=QI$SUA 
If'~LY .Gt@ 11 GO TO 55 
6RfN~IhErA2'NHJ*CRf $ CRPNgC(lTHETA.NMI$CRf 

55 If'~~V .Gr. 21 GO TO 56 
6~fP~iHEjA2INMI$CRF $ CRPP:ClITHETA.NMJ*CRf 

56 6L~i H-.UE 
UPH!~~PH12INMI-PHI2'21 $ CR~gTHETAW'lvNMI*CRF $ CPWgTHETAWI2.NMI$ 
l~kf ~ tFIJOC.NE.O) GO TO 62 $ PRINT 115.DPHIl.CRW.CPW.JCOUNT 

Pklf'.I 112 
PRINT 113.IY1IJJ.CllTHETA.Ji.CIIETAP.JI.ETA(JI.TRAN1IJI.TRAN2(J~. 

1 H'~N! 'J) v EFF! J I • fliEr A 1<1 H. J I. J"'l. NI4. 90 I 
~a!~r 121 ~ PRINT 122.iYIIJI.PH11iJI.PHlZ{Jj.PHliJI.PHZCAl(JI.THfT 
lA~'J~.THETAwI2.JI.J~2.NM.90j 

©~ THA~lJ '" 0.0 $ TRANZT '" 040 $ TRAPlf '" O@O $ TRAP2T '" 040 
lF4"'Hl2 .LE. l.OE-30) GO TO 27 
O{ 16 J"'3.NM 
T~Afll '" fRAP1T + H*!TRANIIJI + TRANl(J-111/2@O 
J~AP2! '" TRAPZT + H*{TRAN2IJI + TRAN2IJ-111/2.0 
Af'T~AN1IJI/TRANl'J-11 .lE. 0401 GO TO 11 
IFIIKAN1(JI .EQ. TRANIIJ-lil GO TO 11 
IRA~!T '" H*ITRANIIJI - IRANIIJ-11IJALOG(TRAN1{JI/TRAN14J-111 + 

URAMT 
GC H .. IS 

11 IRA~lI '" 1i$'TRAN1(JI + TRAN1IJ-111/2.0 + TRANIT 
la IF'IMINlIJI/TRAN2(J-11 .LE. 0.0' GU TO 19 

IfllRANZ(JI .EQ. TRAN2IJ-lll GC TO 19 
IRINlI '" H.,rRAN2(JI - TRAN2(J-III/AlOGITR4NZ(JI/TRAN2(J-111 + 

1 rUII.21 
,.G,c m 16 
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19 TkA~21 ~ H*(lRAN2IJI ~ TRAN2IJ-IJJ/2.0 + fRANZl 
10 l.0 11f><UE 

TRA~Ir ~ TRANIT ~ TRANZT 
i~A~li % TRAPl! t TRAP2T 
IF'Ju~0NE.OI GO TO 69 
PHI~T 114.TRANIT,TRAN2T.rRANrr 
FR!Ni 114.TRAP1T,fRAP2T.TRAPTT S GO TO 69 

21 DC 30 J"'3.Nf~ 
IKAPil • TRAPIT ~ H*ITRANIIJI + THANIIJ-lII/Z.O 
IfllHANllJI .EQ TRANIIJ~lll GO fU Z9 
lfHRANlIJI/TRANUJ-l/ .LE:. O.vl GO TO 29 
rRA~11 ~ H*ITkANIIJI - TRAN1IJ-lII/ALOGITRAN1!JJ/fRAN1IJ-111 + 

1. HUi/>d I 
GL HJ 30 

29 IRA~lI ~ H*ITRANIIJI + TRANIIJ-IIJ/Z.O + TRANIT 
30 CC/I,UNUE 

Af4J~L.EQ.OJ PRINT 114,TRAN11.TRA?lT $ QlO:Ql $ NJO=NJ-3 
6i IfI,J6~ .Gr. U GO TO 70 

~JISlk~l./~lSTAR 

~YffN6~r~AP1T/rRAprT S QI1NCnTKAP1T $ QITNC~IRAPlr 

~P~tj!"'CRPN $ C?C!4I g CRfN S Qll~~I 
P~1~SCgPHIli2l $ PH1NCC"'PHII1NMI ~ PH2NSC~PH2CAl(2J 

VNC~PH1NSC-PHINCC+PH2NSC-PH1NSC S JCY-Z S GO TO 99 
70 If(JVI .GT. 2J GO TO 71 S JOG"'l 

Rwfl(ll~VEl!l}/VELIZ} S RIVEL(ll%l./RVElIIJ 
CWfrPc~rRAPIT/rRAprT 

~!lPCgTRAPlr S QITPC-TRAPTT 
G£uEfC:'~11NCtQl1PCj/'QlTNC+QlTPCJ 
CP61id"'CRPP $ CPC!2l%CRfP 
PH1PCC·PHIIINMI $ PHIPSC-PHll(2J $ ?H2PSC-PH2CAl42b 
VPC~PHIPCC-PH1Pse~PH1PSC-PH2PSC 
vSE~C~-QI1$Ql~/QKAPAO S CVC=~PC+~SEPC+VNC 
PC, IP~"'C~(>~Ql 
~1: C.98S*QI ~ JCY~3 S GU TO 99 

11 U(JCY .Gf. 3) GO TO 12 
~~ifND·TRAPIT/TRAprT I. QIIND-TKAP11 S QIIND-rRAPTf 
C~U'j~~rHErA2(N~J*CRF I CPD(4)~CIITHETA.NMJ$CRf 
PH1~~D~PHIliNMj ~ PH1NCO-PHlll2J I PH2NSO-PH2CAlINMl 
VNU~~hlNSD-PHlNCD+PH2NSD-PHlNSD 

~A=-yt I JCY-4 I GO TO 99 
12 ~i..(\J .LWJE 

RvEl'~j~VEL!3i/VElI4J I R1VEL!2j~1./RVElI21 
C~HP~rRAPlTnRAPH $ QUPO-rRAPlT I QITPO"'TRAPTT S QI2"'QI 
CPu~1)·rHErA2INM)$CRf I CPDiZj-C{ITHEIA.NMI*CRf 
O~YEFY·IQI1NO+QIIPDJ/!QITND+QITPDI S fE3TI3-CPC!2J-CPD{41 
PH1P~C·PHIlI21 S PHIPSO-PHlliNMI I PH2PSO-PH2CAlINMJ 
VPO~~H1PCD-PH1PSD~PHIPSD~PH2?SD I VSE?D~QI2.QlS/QKAPAO 

Cw~·wPD+YSEPU+~ND 
Pt~-~VD$QI ~ IfiJDC.LE.l) GO TO 49 $ IFIPD.GT.PDSAVEJ GO TO 51 
IFIUI.GT.QJSI QIM N-QI I IFIQI.LT.QISI QIMAX-QI I GO TO 52 

51 lE£~!.Gr.QISl QIMAX~QISI IFIQI.LT.QlSI QIMIN=QIS 
4~ PDSA~.PDSAVE $ PDSAVE~PD I QIS~Ql 

5J ('CJI. I l.NU E 
Pl'ltM 145. PD.:;)l 
J£~~JO~-!P~l I If!JDC.EQ.O~ GO TO 64 
IF'Ju~.GT.l) GO TO 65 $ QIO-Ql I evao-eva I QJ·-O.820*QlIQIMlN~O.O 
QlMAX~Q!O I JCY-3 S jDC~2 I GO TO 99 

65 IFI~L.GE.9! JOC~-l I QINE~gO.5*(QI-CVD *(QI-QIOI/ICVD-CVDOj) 
IF!JuL.EQ.2) GU TO 53 I SQUAD=IQI-QI0J/ICVO-CVDO) 
C~YADz'BQUAD-'QIO-QIUO)!(CVOO~eYDOOj;/('VO-CVOUO) 

S~YAu~dQUAD-CQuAD*ICVD+CVDO) $ A~uAO~QI~IS~UAO+CQUAD.CVOJ$CVD 

lf48wUAD**2.LT.3 O*AQUAO*CQUADb GO TO S3 
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CVD~ew~-AQUAD/(SQRTIBQUAD$.2-3.0$4QU4D$CQU4D'~8QUAD) 
IJll'lltlOlJ'" 4QUAD~CijDNEim>l<1 BQUAlHCQU4D$(; VDNEiIl) 

53 If'~lNE~.tT@QIMAXJ Q!NEW~O.5>1«QIMAX+Y!SJ 
lfl~!NEw$~T.QlMIN) QINE~~O.5*(YlMlN~QISj 
~l~L~~I $ CVDOO~CVD 
IfAAB£{QI>I<CVO).lT.ABSIQIO*CVDOll GO TO 63 $ QIOO~QIO 
C~~~~CvOO $ ~'O"'QI $ CVDO~CVD 

e3 ~l~-~!NeW s jCY~3 $ jOC=jOC+l 
If'A~S{QINE~-Ql».LT.1.e-4*A6S(QiNEWjj JDC=O 
'f'J~C.EQ$lj GO TO 99 i IFIAaSIPD-PUS4V).lT.1.E-5*PDJ JDC=O 
Ge HJ 99 

64 PiJSUPJ",Pi) 
1~'ft3r13 .LT. O.Oj GO TO 73 
'P~~(J):CPD'3)+CPD(4J $ CPOMI4J=O.O 
CP~MI1~aCPD'lj~'POI21-FE3TI3*O.5 i CPOM(ZJ a fE3TI3$O@5 
Chl~=fE3TI3/CFO!2J*100. S NCH1S~1 $ ~O TO 74 

13 CP~~'!jaCPO!11+CPU(2) $ CPOH(21=O.O 
~P~~'3'=CPD(3J+CPD(4)+FE3TI3$0.5 $ CPDMI4Jg-FE3TI3$O.5 
'Hl~~-FE3TI3JCfD'4i$lOO. $ NCHIS:-l 

14 1~'lP.NE.1J GO TO 47 
P~lNJ 129 $ PRINT 130 
~RINI 131,CfCI11@CPCI1'.CFOtl),CPOI1I,CPOH(11 
PRI~J 132,CFC(2),CPCI2)@CFO(2)~'PO'2j~CPOM(2) 
PK1~i 133.CFCI31.CPC43I,CfOI3~.CPOI31.CPDM'31 
PRl~J 134,CFC'41.CPCI4j,CFD(4J,CPD(41.CPDHI4~ 
PRINT 135 $ PRINT 136 
P~I~i IJ7.VElI1I,VElI21,RVElI11.RlVElill.VElIJJ.VElI41.RVEll2J,RIV 

lE~44J $ PRINT 133 
PRl~J 139.QI1.CVC.CUEfNC.CUEfPC.QIZ.CVD.CUEFND.CUEfPD 
PRI.I 140.0CUEFt.OCUEFD I PRINT 141.VSEPC.VSEPD 
li'N~HJS @GT. 01 PRINT 142.CHIS I IFINCHIS .If. 01 PRINT 143.CHIS 

41 P~G$-~12$CVD I P~C#-QI1*CVC I EEfF=PWC/PWO 
P~1#P~D-O.4*P~C I P~2=PwO-PwC/~.O $ PW3:p~D-a.25*pwC $ PW4~pwo-a.z 
l$fw~ I PRINT 144.PW1.PW2,PW3.PW4 

PH!.r 144.PWD.PWC.QJISTR.EEFF $ J'Y-l I IP-I'.1 $ Joe-! 
G~ lL 197.66.61.59.48,541.1' 

60 ',il"'-l .• OZ*QICHAR I V"'1.0Z*VSAVE $ GO TO 99 
61 ~1=-O.9S*QICHAR $ V:O.9S*VSAVE I GO TO 99 
59 ~l=eUJCHAR $ V-l.OZ*VSAVE $ GO TO 99 
4~ Ul~eY1CH~ I V-O.98*VSAVE $ GO TO 99 
54 ccsr."OS(21-PDS43iI/IPCI21-PC(311 

T~Y.4POS'41-POS'511/IPC'41-PCI511 $ ~ISTAR=QISTAV 
PRI.T 145, QICHAR9QISTAR9CDST.TRY.IPDSIIJ,PCl.'91:1951 
Ge 10 '107 I ENu 
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PROG~AM ~EOO)(2 

C CALCULATES iHE 8Ef"AVIOR OF A HOW REDOX CELL ON CFARGE IINC 
C DrSCHARG~ WHEN T~E CURRENT IS PERPENDICULAR TC l~E FLUID FLOW 

o I11E NS ION CF (2! .C PI' (21 • OK M (I.; I .0 If' (1.1 .ROI<t<1 ( 21 ,II ( e I .0 ( 2') • un on • ON \ 2 
1.) • S ( l. Q K II P A 0 ( ). 0 K A P II ! 2: j ,S I G M Ii i 2) • E PS I L ( 2' ) • RHO ( 2' I • Q M U ( 2) • Q I 0 ( 2') • 
10 It (2' l 9 If (;» ,GNU (2') • ONlJ ! 21 ,OA rr (j ( 2) • Q (2: I • Z (2.6) • 1 HE TIl (2' I • rio ETA P ( 2) 
1.. lH E T P f I 2' 1 • CON 0 (2' I • SIN "H 2 ) • COS H (,0 • R I ( Z) • P ( 2:) • Q J I ( 1 0 a 0 I ,T H E TIl J ( 1 0 a 
10 ) • XL ( 1000 j .0 H. P! 10(0) ,Q I LN ( 1000 I iHETA N (10 a (jj • TM E PP (10 001 • THE f'N « 1 
10 00 ) • i HE T W f' 110 a 0 I • THE: Hm { 10 0 0 I • i!4E PW f' ( 10 00 ) • i!-it': F"H ( 10 () 0 ) • \I Of'e r R ( 10 
11l 01 ,PWC (l). PWO! 31 ,Q ID en ,arc en 

100 FORMAiIFtS.g. 
zoo FORMAT(IISOX.~iHIS RUN DID NOY CO~VERGE~) 
201 FORM~T(I.;OX,E16.095X.Ei6.S,5X.I3.SX.E16.S.SX.E16.8) 
202 FOR~ATI/I~X.·A ICM-11·.O~YI~THICXhESS IC~I·I05X.'UTMETA IV)~.lOX 

1.""N"",10X."'S"'I 
203 FORM~T(llax."'QNU:::: "'. 15.8.2X,~h ,r21 
201.; FORMATII11DX,""X ICMI·,11X,·THETII.·,IOX,·I IA/CMt21"",D7X,·Ilt II/C~ 

lt2)~,a6x."'rL- (II/CMtZ''''' a6X.·\I{r~OI IV)""II, 
205 FORMAiI3X,E16.8.E17.8,2X.E16.8,2X,E16.8,2X,E16.8,2X.El6.81 
200 FORMAT(/1X,~* ELECTROOE"",FiO.6,5X,Fl0.6,lCX,F8.E,10X,F4.2,6X,F5.2) 
207 FORMAi(/1X~~~ ELECTRODE~.F10.6,SX.Fl0.6.10X,F8.6,10X.F4.2,oX.FS.2J 
21)8 FORMAT {ltI>X,"'IO IA/CMt2'''',OSX,·KIPPA(l (MHC)~,05X,~KAFPII (1'110)"",05) 

1,~SIGMA (MHOI~.SX.""EPSILON"'1 
20Q FORMATI/1X,"'+ ELECTRODE"",E12.E,SX.F10.6,7X,Fl0.c,EX,E12.&,2X,f10.& 

1) 

210 FORM.Tl/tX,""· ELECiRODE"".E12.E,SX.FlO.6.7X,F1U.E,EX,E12.6,ZX,F1D.& 
1) 

211 FORMlli(/14X,"'CRF (MOLE/CM+:)I"",OSX,""CPF {MOLE/CH31"'.05X,""V (CM/S)'" 
1,o5X,"'DR (CM~2/S)""~05X."'DP (CMt2lSl""~05X.~KtJP (CM/SI"'.05X."'KMP <Cl­
liS)"') 

212 FGRMAil/1X.""t ELECTROOE"',E15.6.7~.E12.6.S~.E12.E,2X.E12.6.~X.E12.€ 
1.4X,E12.6.3X,E12.EI 

213 FORMAi!/1X,""~ ElECTROOE"'.E15.6.7X.E12.6.5X.E12.E.2X.E1Z.6.4X.E12.€ 
1. 4X ,E i 2.6; • OJ X • E 12. E: I 

214 FORMAT!1110X,"'X (CMI"",ilX.""Y~ETAt"".12X,"'THETA®"".ljX.""THETAP+"',11X. 
l"'iHEfAF'~"'I!1 

215 FORMATC3X,Ei6.S,E17.8.2X,E1.6.0.2X,E16.8.2X,E16.el 
216 FORMATI/I10X."'X ICMI"'.10X.""THEiIN."",11X.""THETAN-"',11X."'THETAPN."", 

110X,""THEiIlPW-"'111 
217 FOR~AT!3X,E16,8.1X.E16.8.2X,E16.8.2X.E16.S.2X.E16.81 
218 FORt1AT (lfI4I.;X.""OISCHARGE"/lI) 
219 FORMAiiII14SX.""CHARGE"/II) 
220 FORMAr(20X~"CEll VOlTIIGE"",F9.6,2X.·iV)"",2X.""ELECTROOE lENGTH"", 

1E12,6.2X."'(CM) .2X.E.12.6.2X,EU.6) 
221 FaRMAT(3X.Ei6.8.E1r,8.2X.E16.~.2X.E16.8.2:X.E16.8.2X.El6.8,2X.I31 
222 FORMAT!1120X."'MEM8RANE rHICK~ESS".F9.6.2X.""(CMI~.2X.·MEMB~ANE RESI 

1TIVITV"',Fl 06.2X.~(OHM~CMI"") 
223 FORMATI"ZDX,"THE ELECTRODE LENGTHS ON CHARGE AND OISCHIIA(E ARE ~c 

iT EQUAL") 
224 FORMATI8E16.BI 

110"'0. (lO(lU 
TMEOJT~O.3 ~ NJMAX~ll.;i $ H",11,(l-THEOUTj/FLO~T(NJM~X-ll 
F",95487. 'Ii R",8.3143 'Ii '1':;:296.15 1i II"",i 11 IN",2 
PRINT 202' 
READ lOll. QLS.RS 
READ 100.HJIFilhLd.4»)) READ 100.U(II.O(I1.un;(II.QtHli.S!n~ 

lQKAPAI! (n .SIGMAIII.EPSIl(U .RHO!!) .QHU!! ).OATIO H I.CFn).CPfUI.h 
11.21 $ PS!20.86 $ RTF~R""T/F 
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\I (IPI",IIO 'Il VlllllhVQ 
00 2 r~1.4 $ IF!I .GT. I GO TO 1 
Q 11M! rhO. 91 "'A (IPI"'O IF I (RHO (IP)"'Ij( Il') IA! IPIIQMU I IPIIPSI 1"""0.4'1'" 

lPSIHZ'" (flMU IIP)lRHO lIP) lOll" II 1I 'HIu'./3.) b GO TO Z 
1. Q 11M (I ) '" (I • 91 '" A n III I '" D IF n I '" (R Ii 0 n N , '" V n: N I I fA ( I N I I Q I'U U N II F S I I """ (I • 4'3 '" 

1PSI"''''Z'''(UMUIIIIII/RHOIINI/OIF!III''''''(1./3.1 
Z CONTINUE b RQKM(IP)",OKM(11/QIIMIZI b ROKM(IN)",OKM(31/0KM(4) 

PRINT 20e..A{tl.DI1l,UTHHhQN(U~S(U '1l PRINT 2(7'.A!21.0121.UTH(ZI 
1,ON(2),SI21 '1l PRINT 208 

CH: 6. Q {) f; U TH n: Nl '" U TH (INHR "'T/f"'jllOG (CM'II"'2) 
DElTAU:UTH!IPj$UTHIINI 
DO 3 r",1.2 $ THETPFII):CPF(II/CF(IJ $ QKAPA!II",OKAPAO<II"'EPSIl(II'" 

1"'1.5 f; QIO(I):OAT!O(II"'(CF!I)~CPfIIll~"'O.~ 

Q!II"'SQRT(A(II~0(!I%%2"'F~QIO(!1/2./R/T/SQRT(THETPf(!)1'II(l.IOKAPl\iI 

UH./SIGMA(I))I$ CONIHI)",SIGMAtI»/QKAPAIII+Q!(APA(II/SIGMAlrI 
3 P!I'=O(II/(QKAPA(II+SIGMA!II) 

PRINT 209.aIO(11~QKAPAO(1)tQKAPA(11.SIGMA(1'.EPSIl(1) 
PRINT 210.QIO(2).QKAPAD(21.QKAPA(2).SIGI"iA(21.EP~Il(2) , PRINT 211 
PRINT 212 ,Cr (t) .CPF (11 ,II! U .DIF (I) ,OIl" (2). QKM!!,I, (;I(M (2) 
PRINT 213.CFlZI,CPFIZ).1I(2'.OIFun.OIF!41.,)I(MCH.QI(M!41 
PRINT 22Z,QlS.RS 
OTSAVE",O.99 
THETA (1PI ",THEOUT 
THETAP(IP)"'l.~THErpF!IP)@THfTA{IPI 
THETA(IN)"'l.+S{INI"'O(IP)"'QN(Il'l~V!IPI~CF{IP)/S!IP)/O(INI/CN(IN)1 

1V(IN)/CF(IN)~{1.-THETA(IPI' 

THETAP!INI=I.+TMETPFIINI-THETA(INI 
UDSAVE ~OElrAU+RTF/QN{!P)~ALOGITHEiA{IPI/THETAP(IP)I+Rif/ON(IN)~ 

lALOGITHETA(INI/THETAP(INI) 
904 READ 100.DElV 

IF!DELV.~O.D.OISTOP I CV~UOSAve$DELV I CVS~VE=CV I PRINT 218 
JCHAR"'l 
V(IPI~VO $ VIIN)~VQ 

900 GO TO 19113.901.9IlZI.JCHAR 
SOl CV=UDSAVE-l.02'11DELV I GO TO 903 
S02 CII=UOSAVE-D.'3a"'OELV 
903 ICHARG"'D $ QJII1I:0.01 t J:l , OTHETA:O.O 

98 IFIICHARG .GT. III OTHETA"'OTSAIIE S IF(JCHAR.NE.ll GO TO 99 
IF!ICHARG .GT. I)GO TO 99 , IF(ICHARG.EO.lIPRINT 219 

99 QI",OJIIJl $ THETAIIP'=I.-0THETA 
THETAPIIP'=I.+THETPFIIPI-THETAIIPI 
THETA!INI=l.+S(INI~O(IPI~QN(IPI~II(IPI.CF(IPI/S(lPI/O(INI/CN(INII 
lV(INI/CF(INI~!1.-THfTA!!P)1 

THETAP(IN)~1.+THETPF(INI-THETA(I") 
VOPCIRIJI",OElTAU+RTF/QNIIPI"'4l0G(THETA!IPI/THETAP!IPI)+RTF/QN(!N)~ 

lALOG(THETAIINI/THETAP(INI) 
IF(ICHARG.EQ.OI USAVE=VOPCIR(l) 
IFITHETAIIPI .GT. 1.0+1.0E-08) GO TO 999 
IFITHETA(IPI.lT.THEDUTIGO TO 999'IF(TH£TA(I~).lT.l.E-OSI GO TO '19~ 
IF!THETAPIIPI .LT. 1.0E-0IH GO TO <J9<;! 
IFITHEiAPIIN) .Li. 1.0E-I)!!) GO TO 999 
QILIIP)~-QN(IP)~F~O(IPI~A(IP)'IIQK~(rp)~THElA(IPI"'CF(IPIlSI lP) 
QIL(INI2QN(INI'IIF·D!INI·AIIN)~QKM(IN+11~THETA{IN)"'CF(INI/SIINI 
JCOUIH:O 

4 QIOlD.OI I JCDUNT.JCDUNT+l 
DO 5 I"'l~Z 
QNUII).O(I)~ITHETAP(I)'IITHETAII)+(RQKM(II~THETA(I)$THETAP(I')~ 

lTHETA(I)~QI/QIl(I)-RQKM(I)~THfTA«I)·~2"'OI~"'2/QIl{I)~~ 2''''.00l5 

DNU(I»~(Q(I)/QNU(I) 14~3~Q(I'/40~«RQKM(I)"'THETA(I}-T~ETAP(I'I'" 

1THETA(I)/QIlCI)-2."'RQKM(II'II(THEla(I)/QIlII)I"'~2~OI) 

SINH(I):{EXP(QNU(III-EXP(-QNU(II'l/l. 
COSH(II:(EXPIQNU(III+EXP(-QNU(II"/20 
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Z{r011~(l.+CQND(!)"'COSH(I)j/{QNU(I)·srNH!I)) 

ZII~2):(COND(rl~QNU(IlnSINH\II·~znONUII!G(28+CO~O(I)"'CaSH I!))'" 
1! SINi'I« II +QNU !I1nCOSHI I I I "'DN'J II)) I (QNU( II"'SHH (I) I HZ 
RHlhdH/GlILIII 
Z <I.3ldlOGlTHETA (I)"'! i.-RI (I) I) +R! 1"I11 (1" ~IH II)) 
ZII9~1~1./QIL(I}/(1.-RI(II) 
Z II ~"j dl OG (THE Til P ( II + THE TIl ( I I 'OR I (II "'RQI( 1'1 (I II 1./ (1. HHET A PH j I 

1. T hE TIl ( I JI R I ( r II RQ K M n: I j 
5 ZII,&I.l./(QltTHETAPIII"'QILIIJ/THETIIII/ROKMI11 I 

QINEW.(UfHIIPI@UfHIINI@CV+QI"''''Z'''tZIIP,21''P(IPI+l(IN,21"'P! JNII+R~TI 
1F'" I (Z II P. 31 e2: (I P ,51 ) IQ N (I P I + 1'1: (IN 9 3) @Z ( IN 95) liON (IN) » II (F (IP) '" ( 1 e 

1+Q!"'Z!rp~21+Z(IP9111+p(rNI~(1.tQI"'ZtIN92ItZ(IN,1»)+QLS"'RStRff"'C( 
1Z (IP, 41 tllIP ~6) ) 10 N (IP 1HZ( I I\< ,4 i H (IN, §) I/QN« IN II ) 

00 30 bl.Z 'Ii IF(OINEW .GT. alLln) QINEW.O.5"'UHOLD+QILUn 
CURLIM:®THETAPIII/THETA(II/RGKMIII"'OILII) 

30 IFIQINEW .IT. CURLIM) QINEW~Oo5~(QIOLD+CURLIMI 
QI:<:QINEW f> HCA9SIQI-QIOlDI .LE. 1.E-!lfJ"'A9SCGlI) GO TO 6 
IflJCOUNT .lE. L5J GO TO 4 I PRINT 200 

6 QJIIJhCH :I> THETIlJ(JhTHETA!IPI S JMAX:J :I; QILPiJ)"'QIUIPI 
THETINIJI.THETAC[NI I THEPPIJI.l.tTHETPFCIPI-THETACIPI 
THEPN!JI-1.+THETPFCINI-THETACINI 
THETWP(JI.THETA(IPI~11.-QI/Qll(IPI} 

THETWN(JI~THETA(IN)"'(l.-QI!QIL(INI) 

THEPWP(JI~THEPP(JJ+RQKM{IP)~THETA(IPl~QI/OIL(rp) 

rHEPWN(JI~THEPNIJ)+RQKMiINI~THEfA(rNI·Qr/QrL(rNj 

QILNIJ).QILIINJ I DO 1 1_1,2 
QNUII'.Q(II~ITHETAPIII~THETAIIjt~RQKM(II~THETA(Jj0THETAPll))'" 

lTHETA(II~Qr/GlIL(I)@RQKM(II"'T~ETACIj"'?2~QI?"'2!QIl(I)"'~2'''''''0.25 

SINHIII.IEXPIQNUIIII-EXP(-QNUCI'Ij/2. 
COSH(II-CEXP!QNU!III+EXPI-QNUIIltIIZ. 

1 Z(I.11.(2.+COND(Ij~COSHII"/(QNU(I)"'SINH(!I) 
AP",PCIPI"'I'l..H(IPdll 'I: AN.P(!NI~H.HIIN.ll) t QOHI'.QlS"'!<S 
8LNTHP.ALOGITHETAIIPI"'C1..-QI/QIL(IPII) I eL~THN~~lOGITHET~(lN)'" 

llt.eQI/OILIIN)', :I; CLNTHP-ALOG(T~ET.aIIPltTHETICIFI"'~aKMIIP'~aII 
lQILeI?11 I CLNTHN~ALOGITHET.PCINI+THETAII~I"'RQK~CINI"'al'QILIINII 

ETA.-QI-CIPtANtaOHMI I ETACP.R-T/F/QNIIPI-C8LNTHP-CLNTHPI 
E TA CN~ R"'T IF IQN ( IN)'" (8LNTHN-C L NTH ~I 
IFIJ.EQ.tIGO TO 10 I IF(QJIIJ'-QJIIJ@l'.LE.O.OIGO TO 998 

10 ClihOELTIU+ETHETACPte:TACN I IFIABSCCIl'-CIl'U .LT. 1.0E@061 GO TO 8 
PRINT 2!H.CVyCV1~J,THETAJ!JI.aJIIJI $ STOP 

8 J=J+l I QJIIJI.QJIIJ@11 IOTHETI.QTHETA+H 
IF!ICH~RG .GE. 11 DTHETA:;gCTHEiA-2.i)?H I GO TO 99 

998 JMAX",JMAX-i 
999 Xl!11",O.1l 

Qy .. -QI'HIP,nF"'IIIIPI"'CFIIPI"'IHIPI/S(IP' fj 00 '3 M~2.JMAJ( 
9 XL(MI.XL(M-i).QY/!QJIIHI-QJIIM-111-(THETAJ!M@1)@T~ET~Ji~)I"'ILOGIQJ 

U (M'/QJHMoi)' 
IFIICHARG.GT.OIGO TO 14 
QID(JCHARI~QNIIP)"'F~V(IPI/S(IN)~n(IPI/Xl(JMAXI"'Cf(IPI'"il@sTHETAJ(J 

lMA)OI II PWDLJCHARj-QIOiJCHARI"'C'I 
HIJCHIR.NE.U GO TO 14 
PRINT Z2a.CV,Xl(JMAX).QIO(JCHAR)~PWD(JCHAR) 

PRINT Z(l4 l> PRIiIIT 2!lS.!XllIl.THEUJIII.QJIIII.(HLF(II.QIU.n:I.VCPC 
UFHII.hl.JHAX.1Il1 f}PRINT 22:1.)fL(JMA)O .rt'ETAJIJMAXI.GJI(JI"AlO.QILF 
lIJMAXI,QtLNIJMAX).VOPCIR!JMAXI,JMAX $ PRINT 214 

PRINT 21?(XL!II.THEfAJ(II.THETAN(rl.THEFPII).T~EFN(II.I"'1.JMIX. 10 
11 $ PRINT 216 

PRINT 211.(Xl!II.rHETWp{II.THETWM(I).THEPWP(II.THEPWN{I}.I~1.JMAX. 

lUH 
14 ICHARG.ICHARGtl $ J=l 

IFIICHARG.NE.1JGO TO 11 
CV:USAVE+O.OOOI0 1 QJI(l)=@O.025 $ XLDIS=~L(JMAXI 
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DTSAVEgOTHETA-k $ GO TO ~8 

11 IF!ICHARG.NE.2IGO TO 12 
CIIOLDgCV $ XlOlD~Xl{JMAXI ~ CVgO.S~(CV.USAVEI 

IFIXLOLD.GT.XLOISICV:CVOlD+O.05 ! GO TO qa 
12 DCV:IXLD[S-XL(JMAXII~ICV-CVOLDI/IXLIJHIX)-XLOLOI 

IF (DCII • U • 0.0 I DCV'" ! CII -USAVE ) ~ lEX II ( ()( LO I S -x L IJ HII ) I II (Xl (JHA)O -XL Ole 
1)~ALOG«CV-USAVEI/{CVOlD-USIIIEII)-1.0) $ CVOLOgCV $ XLOLD"'XL!JHAXI 

IF!ABSIDCVI.GT.1.0E-OS)GD TO 13 
QIC(JCHAR)",QN(rpl~F~V{IPI/S(IN)~O(IPI/Xl(JMAXI~CF(rp)~(THEPP(l'-

lTHEPP(JMAXI) i PWC(JCMARI~CV~QIC(JCHAR) 

IFIJCHAR.NE.ll GO TO 15 
PRINT 220 9CV,Xl (JMAX) 9G1IC IJCI<AR I ~PWC (JCHAR I 
PRINT 204 I PRINT 205,IXL(II.THETAJ(II,QJIIII,QILFI[j9QIL~I['.VOPC 

URI II, I"'i.9JMAX 910 I ~PRINT 221,XI.. IJMAX), THETAJ IJMA)I ,QJI IJI'AXI ,(;Ill? 
l!JMAX),QILN(JMAXI,VOPCIR(JM~)I,JMAX t PRINT 214 

PRINT 2159IXL(II,THETAJ(I),THETAN(I),THEP~(II,THEFN(I)9r"'1,JMAX,lD 

11 Ii PRINT 216 
PRINT 211,IXl(II.THETWP(II,T~ETWN(I),TMEFWP(I),T~EPWN(II,I"'i,JMAX, 

11 01 
15 JCHAR=JCHAR+l $ IFIJCHAR.LT .4IGO TO qOD 

COST:« PWD CU ~PWO(2) II (pwe 131 ®FWC (2)) 
PROfIT~PWO(l)~COST~PWClll 

PRINT 224,PWQ(11,PWClll.COST,PROFIT,QIC(1),QIO(11,CVSAVE 
PRINT 224, (PWQIII,PWCIII,r",Z.3) 
GO TO 904-

13 CV=CV~QCV $ IF(CV.LE.USAVE)CV:o.5~(CVOlD+USAVE} ~ IF(ICHI~G$lT.101 
lGO TO 98 $ PRINT 223 

STOP ~ END 
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