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Abstract

The analysis and the behavior of flow-through porous electrodes
operating above and below the limiting current are the subjects of this
dissertation,

Firstly, the minimum concentration attainable in a flow-~through
porous electrode is estimated by applying the thermodynamics of
electrochemical cells with a knowledge of the maximunm operating
potential. This predicted concentration is the equilibrium wall con-
centration at the back of the reactor and is qualitatively compared to
the eiperimentally measured minimumn average bulk values observed by
various authors for the deposition of conper, silver, lead and
mercury, and fhe oxidation of ferrous ions. It is suggested that a
knowledge of the current versus resactor operating potential will
elucidate the lower limits observed for any metal system.

Secondly, a one-dimensional model for flow-through porous elec-
trodes operating above and below the limiting current of a metal
deposition reaction is developed. The model assumes that there is one
primary reactant species in an excess of supporting electrolyte and
that a simultaneous side reaction may occur. The model predicts non-
uniform reaction rates due to ohmic, mass~transfer, and heterogeneous

kinetic limitations; the effects of axial diffusion and dispersion are



e

included. Results are compared with the experimental data ohserved by
various authors on’ twe different chemical systems: (i) the removal of
copper from sulfate solutions and (i1) the removal of silver from thio-
sulfate SGluﬁiCﬂSe Satisfactory agreement between model predictions
and experimental data on over-all feactaf_?erformance and deposit
distributions has been accomplished. The model is then used to predict
the effluent concentration as a function of matrix conductivity and
electrode length for upstream and downstream placement of the counter-
electrode and curvent collector relative to the fluid inlet of the
working electrode. For an infinite matrix conductivity, the lowest
effluent concentration is achieved when the counterelectrode is placed
upstream to the fluid inlet of the working electrode. When the matrix
conductivity is small, the lowest effluent concentration is still
achieved for upstream placement of the counterelectrode; however, the
optimum placement of the curvent collector depends on the chemical
system and the value of the matrix conductivity that can be achieved
in practice. Calculations show that for downstream placement of the
counterelectréde a limiting current distribution cannot be achieved
(for electrode lengths of intevest here). Distribution of potential,
reaction rate, and electyic driving force are presented for four
different configurations.

Thirdly, preliminary data on mercuxy removal from a sodium
chloride brine using a flow-through porous carbon electrode show that
thizs process has great potential. The mercury concentration was
reduced from approximately 600 mg/l in the feed to less than 0.1 mg/l

in the dilute product stream,



In the last portion of this dissertation, an economic comparison
is made between two electrode configurations for flow redox bhattery
applications: (i) the flow®thrdugﬁ configuration (current parallel to
the fluid flow) and (ii) the flow-by configuration (current perpen-
dicular to the fluid flow), Steady-state computer models are developed
for each electrode system. These models are used to predict current
density, cell voltage, and power density over a complete cycle (charge
and discharge). The economic comparison is made by optimizing each
configuration with respect to an objective function appropriate for
this application. In this case, only the variable costs are con-
sidered. The ‘results of the optimization show that the flow-by
configuration is superior. The flow~through configuration not only
yields a lower return on investment, but it is impractical due to a
requirement of extremely low flow rates (Re < 0.001). Its failure is
due to current flow (and ohmic potential drop) in the same direction

as the fluid flow.
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I. Intreduction

1.1, Perspective

This dissertation discusses some aspects of electrochemical
reactor analysis. In particular, the behavior of flow-through porous
electrodes is examined in applications to metal-ion removal from
dilute streams and to flow-redox batteries. Because electrochemical
reactor analysis is not a common subject, even to chemical engineers,
a brief description of a flow=through porous electrode is in order.
This is done most simply by analogy. A flow=-through porous electrode
can be thought of as the electrochemical analogue of a packed bed
catalytic reactor. The packing material in this case 1s electrically
conducting and continous. Also, the catalytic properties of the
packing can be just as important as in chemical reactors. This latter
characteristic is especially tyrue In battery applicatioms.

Flow=through porous electrodes have potential not only for metal-
ion recovery and for the storage of energy, but also for the synthesis

of chemicals. This is because of their high specific interfacial areas
and the intimate contact provided between the electrolytic solution
and the conducting matrix.

The theme of this dissertation is the prediction and intefpretam
tion of physicochemical phenomena which can ocecur in flow-through
porous electrodes. This is accomplished through modeling. Since the
purpogse of modeling is ultimately linked to design, a useful model will
only Include those features which emphasize the limiting factors of
the gystem. Therefore, let us consider some of these limitations:

a. Mass traunsfer. For metal-ion removal applications, the

poroug electrode must operate at an appreciable fraction of the



limiting current (the concentration of the limiting reactant approaches

zero at the electrode surface; therefore, this current corresponds to

the maximum rate at which mass—transfer can occur) if a large percentage
of metal ions are té be removed from solution. To describe the rate

of mass transfer from the solution phase to the matrix phase, the concept
of a mass-—transfer coefficient must be used, since we cannot adequately
describe the fluid flow in the random porous geometry. The effects of
axial diffusion and dispersion are included in the model for complete—
ness. However, only in battery applications are these phenomena
important because convection dominates in the metal recovery syétemse

b, Ohmic¢ potential drop. Because the capital investment of

these reactors may determine whether they can compete successfully
with other processes, it will be advantageous to operate the reactor

at the highest possible flow rate while maintaining the desired product
conversion. However, this optimum flow rate may not be achieved in
practice, because the ohmic potential drop within the reactor may
become unacceptably large. This can lead to low current efficiencies
due to excessive side reactions, and a decrease In cell voltage on dis-
charge in battery applications. Thus, the ohmic potential drop limits
the flow rate.

¢. Heterogeneous rveaction kinetics. If a porous electrode is

operating under conditions other than the limiting current (battery
applications in particular), a polarization or kinetic equation is
needed to describe the dependence of the local reaction rate on con-
centration and the potential jump at tha matryix-solution interface.
Because ele:trode kinetics do not follow fundamental laws, one has to

agsume an expression for the polarization equation. Here a form of the



Butler=Volmer equation was used.

d. Side reactions. In these times of energy consciousness, any

cost optimization must include conversion and current efficiency in
relationship to energy consumption. To account for this, the
possibility of a simultaneous side reaction must be included in the
analysis. It will be shown later how the presence of a side reaction
places limitations on attaining a high conversion or achieving a very
low effluent concentration of the limiting reactant.

The analysis of flow-through porous electrodes above and below
the limiting current is intrinsically complicated by the intimate
contact that exists between the flowing solution and the electrode
matrix. Both the ohmic potential drop and the mass-transfer rate are
in geries and in parallel with the processes that occur at the
electrode surface (i?eﬁ, heterogeneous reaction kinetics and double
layer charging) and cannot be separated to yield simple analytic
solutions, Howévef, certain limiting cases are tractable and can pro-
vide insight intc the more complete models presented here (see Bennion
and Newman (1972) and Newman and Tiedemann (1978)).

1.2 Scope

At the time this dissertation was written, chapters 2 through 4
had been already published. The titles of these chapters remain the
same as the published form; however, some changes have been incorporated
to add continuity between the chapters. 1In addition, the reference
format has been changed to alphabetical by first author. A review of
the literature is included with each chapter; however, it is very
gpecific since Newman and Tiedemann (1975 and 1978) have extensively

reviewed the porous electrode literature,



Chapter 2 (J. Appl. Electrochem., 7, 287 (1977)) is concerned

with estimating the minimum concentration attainable in a flow-through
porous electrode. This is done by applying the thermodynamics of
electrochemical cells with an experimentally determined value of the
maximum operating potential (the potential of the working electrode
relative to a reference electrode placed in the dilute product stream).
This chapter grew out of a paper by Kuhn and Houghton (1974) which
considered antimony removal. The purpose was to explain their data
using fundamental thermodynamic principles.

In Chapter 3 (J. Electrochem. Soc., 124, 1528 (1977)), a

theoretical model for flow=through porous electrodes is developed for
the removal of nmetal ions from dilute streams. The model predicts non-
uniform reaction rates due to ohmic, mass-transfer, and heterogeneous
kinetic limitations in the presence of side reaction. Results are
presented for upstream placement of the counterelectrode (relative to
the fluid inlet of the working electrode) and for a matrix conductivity
much greater than the solution conductivity.

In Chapter 4 (J. Electrochem. Soc., 125, 58 (1978)), the model

developed in Chapter 3 is used to predict the performance of a flow-
through. porous electrode for variations of electrode current density
and length, matrix conductivity, flow rate, chemical system, and
configuratcion.

Chapter 5 presents some preliminary data on mercury removal from
a sodium chloride brine using a floW@thfough porous carbon electrode.
The results show that this process is extremely effective for mercury
recovery. The discussion includes suggestions for ohtaining data

suitable for design purposes.



In Chapter 6, two different electrode systems are compared on an
economic basis for redoﬁ battery applications. This is done by developing
an electrode model for each gystem and optimizing these systems with
respect to an objecﬁive function appropriate for the.redo# battery
application. The first model presented is for the flow=through
configuration (current parallel to the fluid flow). This model is
essentially the same as that developed in Chapter 3 for metal-ion
removal, except that provision is made fgr a redox reaction. The
gsecond model developed is for the flow-by configuration (current
perpendicular to the fluid flow). This model is not as sophisticated
as the previous models presented, since it would require a two=-
dimensional analysis. However, it is sufficient for the economic
comparison considered here. This comparison is based solely on the

variable costs. Results show that the flow=by configuration is superior.



2. A thermodynamic estimate of the minimum
concentratlon attainable in a flow-through
porous electrode

2.1 Introduation

The removal of heavy metals from industrial wastes by flow=through
porous electrode reactors is promising, though not yet proved to
be technologically and economically feasible. Encouraging results have
been obtalned in studies by Bennion and Newman (1972), Pasey (1973),
Chu, Fleischmann and Hills (1974), Williams and Reating (1975), Wenger
and Bennion (1976), and Van Zee and Newman (1977) on the removal of
various metals and in comparisons to other electrochemical reactors
(Ruhn and Houghton (1974a), and Kreysa, Pionteck and Heitz (1973)).

On the other hand, there are results which are less encouraging.
In the removal of lead ions Trainham and Newman (1974) have had diffi-
culty in reducing the effluent concentration below 0.5 mg/f. In the
work of Kuhn and Houghton (1974b), the concentratilon of antimony was
reduced from 100 mg/f in the feed to a dilute product concentration
not lower than 5 mg/f. This apparent limit was explained as beilng the
equilibrium concentration at which deposition and dissolution of
antimony occurs at the same rate.

The purpose of this chapter 1s to suggest a criterion by which
one may estimate the minimum attainable dilute product concentration
given the maximum operating potential, or given a desired dilute product
concentration the minimum value of the operating potential at which
this dilute product concentration can be achieved, thus providing a

basis for design and operation.



In the design of electrochemical reactors, it is desirable to
avold side reactions. Such reactions occur if the potential variation
in the solﬁtion exceeds a certain limit. Since a chavacteristic of
flow=-through porous electrodes is the non-uniform obmic potential drop,
the operating potential may not be set arbitrarily high. The maximum
operating potential 1s that potential which may be maintained in the
electrode at which an appreciable sidé reaction does not occur. This
can be determined experimentally by measuring the current versus the
potential of the working electrode current collector relative to a
given reference electrode placed in the effluent stream (VOP, shown
schematically in Figure 1), V0P as shown in Figure 1 is the potential
difference @m - & , where ®met is the electrostatic potential

et soln

of the constant potential current collector and @S is the quasi-

oln
electrostatic potential (see, for example, Newman (1973), chapters 2
and 3) of the solution leaving the reactor.

Various authors (Bennion and Newman (1972), Trainham and Newman
(1974), Van Zee and Newman (1977), and Adams, Hollandsworth and
Bennion (1975)) have used the configuration shown in Figure 1 to
obtain the current-potential behavior of these reactors. Inspection
of the vesulting current-potential curve yields a value of the maximum
operating potential VOPmax . If it is assumed that the reactant
species leaving the reactor is in equilibrium with the working electrode
current collector at the potential VOP s, a value of the lower limit
of removal of the reactant species may be calculated.

To attain a low effluent concentration, we envision placement

of the counterelectrode upstream of the working electrode in Figure 1.
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Figure 2-1. Measurement of VOP in a flow-through porous electrode.



This results in the potential distribution shown in Figure 2 (see
chapters 3 and 4, also Trainham and Newman (1977b) for details). The
currvent flowing In the solution drops to zero at the back of the
electyode and, because the reaction vate 1s also low in this region,
the potential variation in the solution wmay also be small over a consid-
erable portion of the thickness of the electrode. In this region, the
potential difference between the matrix and the sclution will be
approximately equal to VOP (c@ZL in Figure 2), and thus there may be
some substantial distance over which the bulk concentration can be
approaching the wall concentration.

An alternative electrode configuration used by (Roe (1964), and
Alkire and Ng (1974, 1977)) dinvolves placement of the counterelectrode
adjacent to the working electrode, so that the fluid flow is parallel
to the separation between the electrodes. (A similar configuration
has been used by Backhurst, Coulson, Goodridge, Plimley and Fleischmann
(1969) where the electrodes are fluidized beds rather than packed beds.)
To attain a low effluent concentration, the electrodes are then made
long in the direction of flow. Since the reactlon rate decreases in
the downstream region, there will again be a substantial distance where
the potential difference between the matrix and the solution will be
approximately equal to VOP.

An undesirable configuration, from the point of view of attaining
a low effluent concentration, is where the counterelectrode is placed
downstream and the current collector upstream in Figure 1. The
corresponding potential distribution in the solution is also shown in

Figure 2 as a dashed curve and is drawn for the same total current as
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Figure 2-2. Calculated (see chapter 4 for details) solution-phase and
solid-matrix~phase potential distributions for the deposition of copper
and simultaneous formation of dissolved hydrogen for the following
cases: 1) downstream placement of the counterelectrode with an
upstream current collector and 2) upstream placement of the counter-
electrode with a downstream current collector, where the matrix conduc-
tivity 0 d1s considerably greater thanm the solution conductivity « .
@2 is the potential measured with a copper reference electrode with
ccu2+ =cg in the reference electrode compartment. The calculations

5

in both cases were done for v = 39328X1053 cm/sec , ¢ = 1,05%x10

£

mole/cm3 , a=25 cmgl , 1= «0.007 A/cmz ,and L = 6 cm .
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the curve for the upstream counterelectrode (for these calculated
potential distributions the effluent cuncentration is less by a

factor of 61 for the upstream placement of the counterelectrode than
for the downstream placement of the counterelectrode). In contrast

to the two configurations discussed above, the solution potential varies
substantially in the downstream region, because the current here is

the total current flowing to the counterelectrode, and an increase of
the electrode dimension in the direction of fluid flow will not
necessarily have a bemeficial effect on the removal or recovery of the
solute, The maximum electric driving force (@1 - @2) occurs at the
downstream end of the electrode, but this does not prevaill over a
substantial distance, If this maximum electric driving force is
restricted so that undesirable side reactions are maintained at a
tolerable level, then only a greatly diminished electric driving force
will be available over much of the electrode thickness, and the effluent
concentration cannot be expected to drop to the thermodynamic value

corresponding to the measured value of VOP (-0 in Figure 2).

2L
In the applications of this work, we think in terms of the first
two configurations, where the potential difference between the matrix
and the solution can be made approximately equal to VOP over a consid-
erable distance., Also in a recycle system (Kubn and Houghton (1974b))
or a system with several reactors in series, it is possible to allow

adequate opportunity for the effluent concentration to approach the

thermodynamic value corresponding to a given value of VOP.
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2.2 Analysis

In order to calculate the minimum attainable concentration in a
flow=-through porous electrode reactor, using the values of VOPmax .
one can construct mentally an electrochemical cell which consists
of the working electrode and the given reference electrode. An expression
for the open-circuit cell poientiél U may then be derived using
thermodynamics 1f the following assumptions are made:

1) The reactor has been run sufficiently long that metal
deposition of the reactant has occurred.

2) Equilibrium exists between the reacting species and the
deposited metal.

3) The molecular and ilonic forms of the reacting species are known.
The value of VOPmax is then substituted for U , and the equilibrium
wall concentration for a particular reacting species 15 obtained. The
total equilibrium wall concentration is simply the sum of all the
reacting species which are in equilibrium with the deposited metal.
This calculated value will be lower than the actual effluent concentra-
tion because of a lack of equilibrium at the downstream end of the
reactor due to a nonzero reaction rate and electrode kinetic and

mass~transfer limitations.

The following examples will help to clarify the method.

Example 1. Copper deposition from sulfate solutions

Bennion and Newmaun (1972) have obtained the current-potential
behavior of a porous carbon reactor used in the removal of copper from

sulfate sclutions. From their data, a value of VGFmaX equal to



-0,25 V may be chosen. A schematic representation of this cell is as

follows:
o g 8 §° ¢ of
Pt(s)| Hg(Q) HgZClz(s) ¢ transition CuSO4 Cu(s)! Pr(s)
region ,

in stO4
and HZO

where the reaction at the left electrode is

2Hg + 2€1° % Hg,Cl, + 2e” . (2-1)

and one possible reaction at the right electrode is

wt s T ocu. (2-2)

An expression for the open-circuit cell potential U may be derived
using the thermodynamics of electrochemical cells (for example;, see
Newman, 1973, chapters 2 and 3). For this cell, the open-circuit cell

potential was found to be

2
o, 1 ccz+ccf t 1
FU = FU + 3 RT fn —— 2828 L L oy g £
2 3 2 24 -
p Cu  ,C1
Q
1
+F@° - %), (2-3)
where
6@ o _]; o &3: o g; 8
FUO = Wy " Moy " T ¥Wggcy, Y2 RTIR A o (2~4)

2772 Cu” ,Cl

14
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Thus, the value of the standard cell potential for this cell at 25°C is

1 = 0.337 v - 0.2676 V = 0.0694 V .

Omission of the activity coefficient and liquid-jumction potential
terms (the fourth and fifth terms) in equation 3 will result in a
satisfactory estimate of the equilibrium copper concentration. With
these consideratious equation 3 may be re-arranged to yield an expression

for the equilibrium cupric concentration as follows:

3
P
_ o 2F _ =13
¢ L, =3 exp (§E=AVK> = 9,07x10 mole/L (2-5)
Cu ¢
Cl ,sat
where U has been set equal to VOP , AV, = VOP - Ue , and
max k max

c = 4.17 moles/% .

Clm,sat
As was mentioned previously, the deposition of copper from cupric
ions 1s not the only equilibrium electrode process. Cuprous ions are
also in equilibrium with both the deposited copper and the cupric ions.
The equilibrium cuprous concentration can be calculated as was done
earlier for the cupric ions. However, cuprous ions disproportionate

according to

2 cu’ T ocu Cuz+ . (2-6)

<=

The equilibrium comnstant for this reaction is given by Newman (1973),

p. 57 as
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cz fz
Cu+ Cu+ 1 mole
£ = 6 X (2-7)
¢ o2+t 24P6  1.67x10° B
Cu Cu

With neglect of activity coefficients the equilibrium cuprous concentra-

tion is found to be:

6 x 1/2
c L= (c 2+p0/1367xl0 53%;)
Cu Cu

=10 moles

7.,359%10 T -

L]

(2-8)

Therefore the total equilibrium copper concentration

(c.) s o, te L= 7.37x10" 0
total Cu Cu

Cou moles/4

5

or 4.68x10 ° mg/L .

Example 2, Silver deposition from photographic fixing solutions

Van Zee and Newman (1977) have obtained the current-potential
behavior (see also chapter 4) of a porous carbon reactor used for
removing silver from photographic fixing solutions. From their data,
a value of VOPmax = «=(.46 V was chosen due to appreciable side
reaction, thought to be

520§“ + 8™ + 85 » 2us” + 3,0, (2-9)

which occurs at a significant rate for more extreme values of VOP.
Silver ioms in solutions containing thiosulfate foru a very stable

complex (Trotman and Dickerson (1973)):



.%a . .
Ag +zszo§ P Ag(SZOB)z , (2-10)

which has a value of the stability constant BZ of approximately:

: 3= "o
3)2

2
£ c £ c )
agt Ag’*’( szoi"” szo§>

£ 3- c
Ag(SZOS)Z Ag(SZ

2

20 +<ke z~>

agtls.0 2

= —; 23 1 o q1.7x10%3 (-égi«) a (2-11)
A mole

3@
A8(5,04) 5

Therefore, it will be necessary to consider the deposition of silver

from the silver-thiosulfate complex:

2"’ -+ 3“"' =
Ag + 25203 = Ag(8203)2 + e (2-12)

which has an expression for the standard electrode potential

%
P 3Es%uﬁuuzazmm>\e .
Ag/Ag(S,05)5 2 g 5,03
8 6
+ RT &n A BE/K 4 (2-13)
Ag(SZOS) H
The value for Ue 3. may be calculated from the value of the
Ag/Ag(s,0,);

stability constant of the species Ag(SZOS)gm and the standard electrode

potential of the non-complexed silver deposition reaction:

17



Ag 2 Ag 4 e . (2-14)
The expression for the standard electrode potential is

9

§ e

0

[ % o 8
FU = - Yo RT Rn AT /A (2-15)
se/agt 2 ', " Mg st
where Ue = (0.,7991L V . Equations 13 and 15 lead to
Ag/hag
v 3e o + " %2 tn 8,
Ag/Ag(8,05)) Ag/Ag
= 0.0164 V , (2-16)

which indicates that silver will be much more difficult to plate in
the presence of thiosulfate lons due to hydrogen evolution.

A schematic of the electrochemical cell which consists of a

gsilver—silver thiosulfate electrode and the calomel reference electrode

ig as follows:

a g8 § £ §* ) of
Pe{sy| Hg(L) HgZClZ(s) kCl tran- iAg(SZO3)§Q in| Ag(s)| Pt(s)
Sat'd sitiom~,Na S 0. 5H.0
in HZO region { © 27273 77277
% NaHS0., NaBr

An expression for the equilibrium Ag(SZOB)gm concentration as a

function of VOP may be derived as was dome previously for the copper
system. This expression with neglect of activity coefficients and the

liquid-junction potential is

18



c
Szoéw 7
c 8 ———————— @xp f o AV , (2-17)
Ap(s.0)3" © RT “ 'k
Bi22¥579 ¢1”,sat
where AV, = VOP - Ue + Ue . For ¢ = 1,737 moles/{
k rg/ag(s.0)>"  cal 5. 02"
A A1) 2”3
and VOPmax = -0,46 V , the value of the equilibrium silver concentration

is ZSlAXlOgé moles/% or 23 mg/l of silver.

Example 3. Mercury removal from brine solutioms

This example combines aspects of the previous two exaumples, i.e.,
multiple electrode reaction equilibria and complexing., Mercuric ions

ng+ form very stable chloride complexes with stability constants of

the form

£ 2-¢© 2-g ae ae &
HgCl HgCl 24 -
€ £ He Cl
g = = (2-18)
€ £ e £ c € ae
gt Hg2+( c1” 01”> HgCli“e

which have values: In Bl = 12.2, in 82 = 29,4, in 83 = 32.0, and

n 64 = 34,3 (see Meites (1962)). Baes and Mesmer (1976) report that
the mercurous dimer ng% does not complex appreciably in chloride
solutions.

Table 1 lists the expressions and values for the standard
electrode potentials of mercury. The standard electrode potentials
involving the complexed species were calculated using the above
stability constant data. For example, entries 6 and 8 were calculated

from entries 2 and 1, respectively, using the value of B4 as follows:
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1)

2}

3)

4)

6)

8)

Table 2-1.
Reaction
Hey' > ong?t & 247
Hg - ng*.+ 2e
2Hg ~+ Hg§+ + 2e
Hg + 2C1 - HgCl, + 2e

2

Hg + 3C1 = HgCl; + 2e

Hg + 4C1 =+ HgClém + 2e

ng’t + 61" - 2HgCl]

2 + 28n

-+ 2=
Hg 4

5+ 8C1 ~ 2HgCl

+ 2e

Standard electrode potentials of mercury referred

to the hydrogen electrode.

polt= B Nl

tof b rolb pofie

b}

P bt

RT in

RT in

Aqueocus solutions at 25°C.

Fud
8 6 .0
A + RT &n A /A
Hg§+ g2t wt
1 5 6 \2
ERT fn A 2+/{}\ _}.}
Hg H
\
RTan@%+/h?d2
ng \ B
e 22 A+ 2R 20 A]_ /{A@+ 2
al B2 \m
1
Zarand’ _+Zaraan® /%)
c1 HgCLL | H
'3
2RT 2o A° _ %-% RT fn A° 2~/€x6+ 2
ci Hgﬁl4 R
xs,%%<kg+2 —rran 20 P8
Hgy ' \ B \c17)  Hge1]
2° (%)% - rr an (AB A
Hey \H'/ c1”) el

U ,volt

0.

o

o

520

.8545

- 789

4768

4434

L4138

09787

.03852
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® N (2-19)
Hg/HgClé Hg/Hg"
) 0 R
U = U L, == in B, . (2-20)
e - e, 24T 4
Hg, /HgClZ Hg., /Hg

Expressions for the equilibrium mercuric chloride complexz concentration

as a function of VOP may be derived as was done in previous examples:

2
c “‘“’QO
N S 2F -
LHgCl exp (RT Avk) . (2-21)
2 ¢
Cl ,sat
3
C ==
c = ww££wbmm’exp 2 ay ) (2-22)
- 2 RT k
HgC13 ¢t
Cl ,sat
4
C =
¢ =B e (2E av ), (2-23)
2= 2 RT "k
chlé oo
€l ,sat

where Avk refers to the electrode reaction involving the appropriate
mercuric complex (activity coefficient corrections and the liquid-
junction potential were neglected). The expression for the species

g 2+ . . . . . e g s ,
HgCl'  and Hg are not given since their contribution to the equilibrium
mercury concentration is negligible in comparison with the highly
complexed species. The equilibrium concentration of the mercurous
dimer may be related to the mercuric chloride complex concentrations

by the appropriate disproportionation reaction. For example, consider

the reaction
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Hg"?” +3cl” T Hg + HegCll , (2-24)
with the result
S
HgCl
S “*M§“ww§=exp %%’ U6 . - U6 _ . (2-25)
Hg c Hg. /HgCl Hg/HgCl
2 c1” 2 3 3

From entries 5 and 7 of Table 1,

S
HgClS -12
e 8 e (2 08%10 7)) mole/S (2-26)
+=4 3
ng e
Cl

and may therefore be neglected from further consideration. Preliminary

data on this system have been obtained by Trainham and Newman (1975)

in a porous carbon reactor. For a feed concentration of 4.12 mg/%

of mercury, a value of VOP = =0.46 V was found, with ¢ = 4.35
max ol

moles/% in the brinme. Substituting these values into equations 21

through 23 yields a total mercuric concentration of 1536X10mlé ng/

the complex HgClim predominating. Under these conditions equation

2

25 or 26 yields the estimate of the mercurous dimer as 1.52%10 / mg/L .

Example 4, Lead removal from lead-sulfste solutions

A preliminary study has been made on this system by Trainham and
Newman (1974). An expression for the equilibrium lead ion concentration

may be obtained hv considering the working electrode reaction to be



w2 r2e” ey, 00 = -0.126 7, (2-27)
Pb/Pb
with the result

3

- lo 2E py (2-28)
€ 2+ 2 CFPART “'k) -
Ph c
Cl ,sat

For a feed concentration of lead of 4.32 mg/? a maximum operating
potential VOPmax was found to be =~0.56 V . Substituting this value
into equation 28 yields an equilibrium lead ion concentration of

¢ oy = 1a35X10%7 mole/% or 0.028 mg/f of lead.
Pb

Example 5. Oxidation of ferrocus ion

Adams, Hollandsworth, and Bennion (1975) have studied ferrous
oxidation on a porous carbon electrode from a dilute stream containing
1.43 g/% of H2564 ., On an inert carbon electrode, only the following

redox reaction need be considered:

pet s ret e, ¥ =011 v, (2-29)

where the equilibrium fervous composition may be estimated from

c c
=t =
_ Fe Cl ,sat ~F _
¢ L 5 exp (ﬁE‘AVR) (2=30)
Fe o

if the ferric composition is known. If the reactor is long enough,
the reaction (equation 29) will have gone to complete conversion except

for the equilibrium composition exiting at a particular value of the

23



operating potential. Thus, for a feed composition of 705 mg/? ferrous

ion and a maximum value of the operating potential of VOP = 0,7V

max ’

the equilibrium ferrous concentration may be estimated to be

¢ 4= 1.4 mg/Q .
Fe

2.3 Experimental minimum concentration

The minimum wall Concentration calculated in the above examples
must be compared with the minimum bulk average concentration leaving
the reactor because the equilibrium wall concentration is not easily
measured. Table 2 lists the measured minimum bulk concentration
obtained by various authors in flow-through porous electrode reactors.
Also shown are the predicted minimum wall concentrations for these
systems which were calculated in examples 1 through 5 for the experi-
mental values listed in the table.

The experimental bulk concentration will approach the predicted
wall concentration values if the reaction is carried to a greater
degree of completion. This may be achieved by reducing the flowrate,
while holding VOP constant, making the electrode thicker (upstream
counterelectrode only), or adding additional reactors operating with
equal values of V0P,

The discrepancies which exist between the predicted minimum wall
concentration and the experimental bulk values may be explained as
follows. For copper removal, the reactor was designed to operate
with a mass-transfer limitation to remove copper from 667 mg/l to
1 mg/% , and not to remove all the copper. For mercury removal, the

experimental miniwum bulk concentration of less than 5X10E3 mg/L

24
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Table 2-2.

System

copper
silver
lead
MeTCuUry
antimony

ferrous
oxidation

WP@tenti&l at which the calculated antimony

Experimental minimum bulk concentration and predicted minimum

wall concentration for various systems.

Observed
Feed Effluent Electrode
Concentration Concentration Potential
mg/l mg/ L v
667 0.06 -0.25
10060 42 ~-0.46
4.32 0.55 ~-0.56
4,12 <0.005 ~0.46
%
100 5 ~0,3828
705 1 0.7

minimum (see Figure 2).

Calculated Wall
Concentration
mgf L

4.7x107°

23

0.028

1.36x10" 2%

1.62x10" 13

1.4

wall concentration exhibits a



reported in Table 2 1s due to the limitations of the analytical technique
used for detecting mercury. For the operating potential reported,
samples obtained from the dilute product stream of the reactor contained
no detectable mercury. For ferrous oxidation only, the predicted
minimum wall concentration is greater than the observed bulk wvalue.
Adams et al. (1975) report that the current measured for this system

is greater than that based on the feed composition (i = nF v cf) at
current efficiencies approaching 100 percent. One explanation

presented by these authors 1s the oxidation of ferrous species by

oxygen, a reaction which 1s catalyzed on a graphite surface. For

silver, the agreement 1s good; it should be noted that effluent values

as low as 0.8 mg/? were achieved at VOP values as extreme as -0.55V ,

but with a considerable loss of current efficiency due to side reactions.

2.4 The removal of antimony

As mentioned earlier, Kubn and Houghton (1974b) have reported
an apparent limit in the removal of antimony from agqueous solutions
using a flow-through porous electrode reactor. Application of the
criterion suggested In previous sections using the data of Kuhn and
Houghton (1974b) is not possible since their study was one of transieant
response and no steady-state current-potential data were provided.
However, qualitative information about their experiments allows a
thermodynamic analysis to be undertaken which indicates that a minimum

exists in the antimony concentration as a function of VOP.

26
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2.5 Analysis of antimony removal

The chemistry of antimony in aqueous solutions is quite complex,
and many molecular and ionic species are possible. Kuhn and Houghton (1974b)
report that in their experiments the oxldation state of the dissolved
antimony specles was plus three. Table 3 lists the standard electrode
potentials of various antimony species which are known to exist in the
plus three oxidation state (values of which have been calculated from
thermodynamic data (Wagman, Evans, Parker, Halow, Bailey and Schumm
(1968)) or found tabulated in the literature (Weast (1971)). Stability
data indicate that Sb{OH)3 , and SbO% are the most probable species
and that Sb+%+ rarely exists except under extremely acidic conditions
{(Baes and Mesmer (1976)). Expressions for the equilibrium wall concen-
tration as a function of VOP for each of the antimony species may be

derived as before and are also given in Table 3.

2.6 Results for antimony removal

Figure 3 depicts the dependence on VOP of the equilibrium wall
concentration of the various antimony species found in Table 3, where
the concentration of hydrogen ion has been set to 1 mole/%. The solid
line represents the total equilibrium antimony concentration if all of
these species are present in solution.

The wminimum exhibited by the total antimony concentration is due
to the evolution of stibine (SbHS) in a minus three wvalence state
at high cathodic potentials (negative values of VOP). This supposition
is supported qualitatively by the data of Xuhn and Houghton (1974b),
who report stibine evolution and low current efficiencies. The low

current efficiencies are due to cell operation at too high cathodic
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6)

Table 2-3. Standard electrode potentials of antimony referred to the hydrogen

Aqueous solutions at 25°C. Equilibrium wall
concentration of antimony as a functlon of VOP.

electrode.

Reaction

SbH, + Sb + w4 3e”

.%. P,
25b BHZO -+ Sb203 + 6H‘ + 3e

Sb + H,0 + sb07 + 287 + 3e”

Sb + 3H,0 + Sb(O0H), + T o+ 3e”

Sb + 2H,0 + HSbO, + b+ 3e”

Sb + 20,0 + §bO, + it o+ 3e”

Uagvolt

-0.5104

0.1445

0.2075

0.2307

0.2309

0.4633

Concentration, mole/f

c .c 3
(H+ Cl-isat>

3F
®sbH, ~ 5 exp <”‘§E Avk>
3 p
[0]
13
o 6F
®sb,0, ~ 3 &P (ﬁ? AVk)
273 (c P )
H Cl ,sat
pﬁ
0 iF
c + 73 exp (ﬁ@ AVk>
Sbo c +c _
H' €l ,sat
7
c = po L AV
Sb (OH) (c )3 &P ART 'k
ut c17,sat
p?
i} 0 3F
“usvo, " 3 =P (RT AVR)
2 (c &
H Cl 9sat>
8
c = -~—€9w———— ex 3F Ly
sbo” o o3 PART “'k
9 €4
H Cl ,;sat
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Figure 2-3. Equilibrium antimony concentration as a function of
electrode potential relative to a saturated calomel electrode.



potentials where both the evolution of stibine and hydrogen are
appreciable. However, quantitatively the estimated equilibrium wall
concentration (shown in Figure 3) lies thirteen orders of magnitude
below the reported bulk value. As discussed earlier, the bulk value
will exceed the equilibrium value somewhat because of electrode-kinetic
and mass-transfer limitations; however, a large discrepancy does exist.
This may be explained by considering the range of potential at which
the predicted equilibrium wall concentration is less than or equal to
the measured bulk wvalue (5 mg/L). Calculations (using the expressions
found in Table 3) inddicate that this range of potential is

~0.655 < VOP < -0,130 V . Since Kuhn and Houghton (1974b) operated
their cell galvanostatically, their cell potential could vary over a
wide range. To resolve the question of the practical lower limit
attainable for antimony removal, careful, controlled-potential,

steady-state experiments will be required.

2.7 General considerations

As discussed earlier, the bulk concentration of the reactant

species will approach the equilibrium wall concentration predicted

by thermodynamics 1f the reactor is made thicker (upstream counterelectrode

only) or additional reactors are placed in series. This may be seen
quantitatively by considering the analysis presented by Bennion and
Newman (1972) for a reactor operating at the limiting current with
an upstream counterelectrode (see Newman and Tiedemann (1976) for
the analysis of a downstream counterslectrode).

For reactions carried to a high degree of completion, the allowable

potential variation across a reactor can be estimated approximately as

30
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nF vch

s.a k g
m

ADI~ -
2 s

. (2-31)
This equation shows that the ohmic potential drop across a reactor is
directly proportional to the feed concentration. In the copper recovery
process of Bennion and Newman (1972) a value of the operating potential
VOP may be chosen to be =0.25 V (the potential at the fluid outlet).
1f their reactor were operating at the design specification,
A@é = 0.2 V , the driving force at the front of the reactor would be
=0.45 V . The data indicate that the magnitude of this value does
not produce appreciable side reactions -- thus if this driving force
could be maintained throughout the depth of the reactor the effluent
concentration will utlimately be reduced. With this in mind, the
ultimate value of VOP is then =0.45 V . Equations 5 and 8 then yield
an estimate of the lowest attainable equilibrium wall concentration
for copper of 1594X10w8 mg/L .
In order to achieve this in practice, consider reactors placed
in series: 1if for example the concentration in the first reactor has
been reduced by 99 percent, then the total current density in the
second reactor (i = aF v cf) will be smaller resulting in a reduction
in the ohmic potential drop (see equation 31), and the electrode poten-—
tial can be maintained closer to =0.45 V throughout the second reactor.
This also applies to short reactors where the reaction rate is
non-zero at the back of the reactor resulting in an appreciable surface
overpotential, thereby producing a wall concentration higher than
the equilibrium value. Increasing the reactor thickness will also

decrease the wall concentration toward the equilibrium value if the
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counterelectrode and current collector are placed upstream (or if
the matrix counductivity is increased, see, for example Newman and

Tiedemann (1976) and Trainham and Newman (1977¢)).

2.8 Conclusions

A criterion has been suggested for determining the minimum
concentration attainable in a flow-through porous electrode reactor.
This may be done by measuring the cell current as a function of the
potential of the working electrode current collector relative to a
reference electrode of a given kind placed in the effluent stream
(see Figure 1). Thermodynamics may then be applied by assuming that
this measured potential can be set equal to an expression for the
open=circuit cell potential between these electrodes, thereby yielding
a value of the equilibrium wall concentration of the reactant speciles,
It should be emphasized that the wvalue of the minimum concentration
obtained is a lower limit.

Comparison of this concentration with the experimentally observed
effluent concentration suggests that the procedure is essentially
correct, although the effluent concentration will be higher than that
calculated if the reactor thickness is small and mass—transfer and
electrode~kinetic limitarions still exist at the fluld outlet. If
either mass~transfer limitations or kinetic factors appear to be
dominant, the reactor may well have been designed so that the effluent
concentration can be predicted on the basis of these governing factors ==
and an estimation based on thermodynamic considerations would not be

necessary.
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Measurement of the reactor operating potential as described
above should help to clarify lower limits observed in flow~through
electrochemical reactors. It should also aid in the design of reactor
systems, since information on the allowable ohmic potential variatiom
within the solution from the inlet to the outlet of the reactor is

provided.
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3. A flow-through porous electrode model: application
to metal-ion removal from dilute streams

3.1 Introduction

This chapter develops a theoretical model which describes the
macroscopic behavior of flow-through porous electrodes. In the
macroscopic treatment of flow-through porous electrodes, the geometric
detall of the porous structure is disvegarded. The solid-matrix phase
and the electrolyte phase filling the pores are described mathematically
as a superposition of two continua (see Newman and Tiedemann (1975)
for details). (Also, see Appendix B or Dunning (1971) for the
definition of the averaged quantities used in this description and a
detailed derivation of the equation of continuity for a species 1 .)
The model described here will be applied throughout the remainder of
this thesis.

In previous work (Bennion and Newman (1972), Newman and Tiedemann
(1975), Alkire and Gracon (1975), Newman and Tiedemann (1976), and
Sioda (1975)), a flow-through porous electrode operating at the
limiting current was treated. Sioda (1972) gave an analysis for a
flow=through porous electrode operating below the limiting current for
a rveversible reaction described by the Nernst equation, which also
includes treatment of the interfacial wass-transfer resistance. Alkire
and Gracon (1975) included a very general analysis of a single electrode
reaction below the limiting current, including the effects of axial
diffusion; results are given for an upstream counterelectrode. Recently,
Alkire and Gould (1976) have extended this work to multiple reaction
sequences, which includes: deposition of several metals, deposition of

a metal in the presence of a re-dox system, and an ECE sequence applicable
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to electro-organic synthesis; results are given for a downstream counter-
electrode. Ateya and Austin (1977) give an analysis similar to Sioda
(1972) for a single electrode reaction described by the Nernst equation
and study the effects of axial diffusion and dispersion under conditions
when the interfacial mass-transfer resistance appears to be negligible.
The present analysis complements previous work by predicting
nonuniform reaction rates due to ohmic, mass~transfer, and heterogeneous
kinetic limitations in the presence of a side reaction. Also included
are the effects of axial diffusion and dispersion without simplification
of the Danckwerts (1953), Werner-Wilhelm (1956) boundary conditions
as was done in previous work (Alkire and Gracon (1975) and Alkire and
Gould (1976)). Simplifications made possible in the treatment of
the side reaction due to the small reactant concentration and the
desire to operate at high current efficiencies should make this analysis

attractive for design purposes.

3.2 Model

The case of metal-ion removal from dilute streams using a flow-
through porous electrode with parallel curvent and £luid flow can be
modeled with the following restrictions:

1) The model is one-~dimensionsal.

2) The porous cathode is of length 1 and has an isotropic
porosity € and specific surface area a which remain coanstant in
time,

3) The hydrodynamics are characterized by the superficial velocity
v and an average mass—transfer coefficient km , where axial diffusion

and dispersion account for deviations from plug-flow.
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4) There is one reactant species in excess supporting electrolyte.

5) A simultaneous side reaction may occur, which is characterized
by 1ts rate at the half-wave potential of the primary reaction. Also,
if the side reactlon involves generation of a gas, it 1is assumed that
the gas will remain in solution so that the velocity profile will
not be disturbed.

6) The conductivity of both the matrix and pore solution phases
is uniform.

Assumptions 1 through 3 siwmplify the calculational procedure and
are necessary due to the lack of a better description of the complex
porous geometry. The validity of assumptions 4 through 6 rests on the
small reactant concentration. As a consequence of assumptions 4 and
5, the current efficiency should be high, which further simplifies the
model by removing the need to follow any reactant species concentration
which participates in the side reaction. This approach emphasizes the
salient features of the interaction between the unwanted side reaction

and the metal deposition reaction.

3.3 Analysis

The equations which descyibe the behavior of porous electrodes
have been reviewed recently by Newman and Tiedemaon (1975).

Only one material balance is required -~ that for the metal-ion

reactant. At steady-state, this may be expressed as

dNp
ax 2 gy (3-1)
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where in the absence of migration effects the superficial flux NR

of tha2 metal-ion reactant in the direction of the fluid flow is given by

de

_ R
N, = €(DR + Da) E;ﬁ'+ c

R

and the local pore-wall flux to the flowing solution 1s related to
the average mass-transfer coefficient km (corrected for axial

diffusion and dispersion, see Newman and Tiedemann (1976)) by

2

Jgn © km(ch - CR) ‘ (3-3)

The quantities Cau and cp are the wall concentration and the
pore-gsolution concentration of the metal-ion reactant averaged over

the volume of the pores. In equatiom 2, DR is the effective diffusion
coefficient of the metal-ion reactant within the pore solution and
represents a correction to the molecular diffusion coefficient Do

for tortuosity (DR = DO/TZ , where T 1is the tortuosity factor).

Da is the axial dispersion coefficient taken to be (Newman and
Tiedemann (1976))

= 3% (1 - -
D,==—=(@1-¢), (3-4)

which is a fit of a large number of data correlated by Sherwood et al.
(1975) (see also, Newman and Tiedemann (1975)).

In the matrixz phase, the transport of electrouns is governed by

Ohm'’s law

il = de@lldx . (3-5)



Since it has been assumed that the concentration of the limiting
reactant is small compared to the supporting electrolyte concentration,
the diffusion potential is neglected; consequently, the current density

iz in the solution phase is also governed by Chm's law

i, = -k do,/dx , (3-6)

where K 1s the effective conductivity of the solution within the
pores, related to the bulk conductivity K, as follows (Rue and Tobias

(1959))
K =K € . (3=7)

A consequence of electroneutrality is that charge is conserved
between the matrix and pore-sclution phases. Mathematlcally this
means the divergence of the total current 1s zero

di di

1 2

PR o I ¢

. + o . (3-8)

The transfer current is due to the sum of the individual electrode

reactions:

KEZai,, (3-9)
]

where inj is the average transfer current density (from the matrix

phase to the pore solution phase) due to reaction i in an electrode

reaction of the form
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Vs, Mt >ne . (3-10)

With the assumption that the principal reactant R participates

only in the primary reaction, we can write
. (3-11)

For the case under consideration, the mass-transfer resistance
is unimportant for the side reactlon, and substitution of equation 11

into equation 9 yields

diz anF
T " e, Jrat s (3-12)

where the subscript § vefers to the side reaction.

In general, the average transfer current density due to reaction

j may be approximated by the Butler-Volmer equation

) o (- 58
- eXp |~ TRy nso] s (3-13)

@a,F
= loj exp RT n h|

nj sj

where ioj is the exchange currvent density which is assumed to have

a composition dependence of the form

e +J
. iw
i.,.=1, I§—— 5 (3-14)
o] oj,ref i <ci,ref>
where in rof is the value of the exchange current density for reaction
$

j at a reference composition ¢, « 1t was further assumed that

i,ref
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the transfer coefficients aaj and @cj sum to nj {a positive

number, see equation 10) and that the exponents Yij have the form

G,
= ==a==1’c o=
Yij qij + nj Sij H (3 15)

such that qij = ﬁsij for a cathodic reactant and zero otherwise.

In equation 13, the surface overpotential for reaction j is

given by
nsj = @l - @2 - ij . (3~-16)
where
& .8 RT iw . RT ir
Uy = Uy~ Up mpolegy g ley, g, ()
JjF i o R § o

which is the theoretical open—circuit potential for reaction j at
the local wall composition relative to a reference electrode of a
given kind, where the subscript ¥ refers to the reference electrode
compartment. (The pure-solvent density po should be expressed in
kg/cm3 if the concentrations are given in mcle/cm3 o)

For the case of metal-ion removal from dilute streams, equations
13 through 17 can be simplified greatly. Let the reference electrode
be of the same kind as the metal deposition reaction, where the
concentration of the primary reactant in the reference electrode
compartment cp. and the reference concentration in equation 14

are set equal to Cre {the upstream feed concertration of

cR,ref

the metal-—-ion reactant). Alsoc assume that the stoichiometric coefficient

Sp = =1 . Then equation 13 for a metal deposition reaction reduces to
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{ o= | ol g g | - SR BN SR 2 (3-18)
*ar T Tok,ref|®P TRT V1T %2 T %P [T TR 1T 2 ¢

For a simultaneous side reaction, such as the decomposition of the

solvent, equation 13 reduces to an even simpler form

aaSF acSF

|
ig= lossref{eXP [ BT (@l -9, - AUJ = exp [f RT (@1 -0, - AUJ’9(3—19)

where AU is the difference in the theoretical open-=circuit potentials

of the side reaction and the primary reaction (AU = US - UR)

reference concentration, which in this case are at the upstream feed

at the

composition. Note that any explicit dependence of the rate of the
side reaction on the composition has been ignored. This assumption
is justified 1f the current efficiency is high and the ratioc of the
metal-ion reactant to the reactant species involved in the side
reaction (e.g., the hydrogen ion) is small.

let n = ®1 - @2 be defined as the local overpotential, and

combine equations 5 and 6:

dn/dx = d(@l - @Z)/dx = @11/6 + iZIK . (3=20)
The elimination of Chru between equations 3 and 18 yields
“r
T oexp [(@aR + @CR)Fn[RT]
j = - —BE (3-21)
Irn 1 nF :

- - exp (o _Fn/RT]
CRfkm SRloRsref cR



Next combine equations 1, 2, and 21 to eliminate N, and jRn , which

R

results in a material balance equation for the limiting reactant with

unknowns Ca and n

c

R
ch dch 'E;g T exp [(@aR + acR)Fn[RX]
Vax e D) e o - (320
dx i exp [acRFn/RE]

‘pe¥m  ®rYoR,ref

An equation for the potential distribution results from elimination

of il . iz , and 1 between equations 8, 12, 1%, 20, and 21 by

ns °*

differentiating equation 20:

2 a_oF o F
M - ,,j:, _}, . asS _ _ _ c8 _
a2 (K * U) a{lossref EXP ( zr N AU)) exp ( = (n AU))]

‘R

— =~ exp [(oaaR + occR>Fn/R’l‘] l

<,ﬂ &E) °Rf

8 1 nF } :
R - — exp [o_Fn/RT]
chkm SRloRgref cR

(3-23)

Before equations 22 and 23 can be solved simultaneously for ¢

R
and 1n , four boundary conditions are required. For cp the following
conditions were used

ch
CpeV = CpV = €(DR + Da)-ggm at x = 0 (3-24)
where Cpg is the upstream feed concentration, and
ch
- = af x =1L (3-25)

dx
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-= the Danckwerts (1953), Wehner~Wilhelm (1956) conditions when axial
diffusion and dispersion are included. The conditions on n depend on
the placement of the counterelectrode. For an upstream counterelectrode,
the current density is zero in the matrix phase at the cathode inlet

and equal to ~-i (the total current density to the electrode) in the
pore solution phase; the opposite is true at the cathode outlet.
Application of these conditions to equation 20 yields appropriate

conditions on n

%gm% at x=0 , (3-26)
and
%z§ at x =1 . (3-27)

To reduce the large number of parameters, equations 22 through
27 may be expressed in dimensionless form:
Material balance

@29 0 = Py exp [(o /o o+ 1n']

8Y o pe - -
D 5 T ¥ emp (1) . (3~-28)

Potential distribution

2 o +
gﬂgj, = - { as cS
p 5 Pz P3 exp ( o, gn /OLCR) [1 - ?4 exp < 5 i

¥ cR

B

9 - P, exp [(a /o _ + 1)n']
1 aR’ "cR ; . (3-29)

1+ exp (n)
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Boundary conditions

oo 48 ; an’ _ o - -
g - D iy 1 and dy PSI at vy = 0 , (3-30)
and
40 _ an' _ 5 F = -
iy " 0 and dy P61 at y = oL , (3-31)

where © 1is the reactant concentration divided by its value upstreanm
in the feed. Here the distance and the overpotential were made
dimensionless in such a manner as to emphasize the pertiment physical
phenomena. The dimensionless coordinate vy , as suggested by the
limiting current analysis of Bennion and Newman (1972), is the physical
distance x divided by the quantity 1l/o = v/a km s representing the
effective depth of penetration of the reaction into the electrode at

the limiting current. In this way, the parameter
D' = (D, +D)ak /vz (3-32)
R a m

relates to the effect of axial diffusion and dispersion. TFor flow-
through reactors, effects of convection, reaction, and mass-transfer
to the wall are dowminant, while axial diffusion and dispersion are
secondary. Thus, it is appropriate to have these latter effects
included in only one parameter, D' , and to have the dimensionless
coordinate y determined by the dominant effects. However, at low
Péclet numbers, v/a Do < 100 , axial diffusién and dispersion effects
are not small (Newman and Tiedemann (1976)), and the inclusion of the
corresponding terms in equation 28 and in the boundaxry condition

(equation 30) is necessary.



The local overpotential n was made dimensionless by the

relation

nbkmch
SRloRgref

exp (n") = - exp (aCRSﬁ/RT) R (3-33)
which also shifts the overpotential by an additive amount based on

the exchange current density ioRgref of the main reaction and the
feed concentration Cre of the reactant. This shift is in recognition
of the fact that the electrode will be run with a relatively high
electric driving force so that the main reaction can be carried to

a high degree of completion. The backward term of the main reaction is

then characterized by the parameter

1+, /oz,CR

s. i aR
P o= |- R7oR,ref (3-34)
1 nFk ¢ ®

m Rf

which will be insignificant when the reaction exhibits Tafel behavior.
Under these conditions, the relative importance of the ohmic
potential drop within the porous electrode is characterized by the

parameter

p = _CR Rf

o HFZVZC
~e |
2 ng kaT

1,1
=+ 7;) : (3-35)

and the side veaction is characterized by

o o
. § T¢R
s i o FAU/RT nFk ¢ ¢
Py e <‘“ ’;’TLM*> (3-36)
m RE R oR,ref
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at the half-wave potential of the main reaction. The half-wave

potential may be calculated from equation 33 by setting n' equal to
zero. This is seen from the second term on the right side of equation 28,
which represents the dimensionless transfer current of the primary
reaction -— setting 1T’ equal to zero yields a value in the denominator
of two. The backward term of the side reaction 1s characterized by

the magnitude of the parameter

OzaS.m’cS
SRioR ref o
= | me— s = _
Fy nFk_c - exp [-Flo g + & JAU/RT] . (3-37)

The parameters P5 and Pé represent the relative importance

of the ohmic potential drop in the pore solution phase and the

matrix phase, respectively, and are related to the parameter P

5 ¢
GPZ
Py ==5x > (3-38)
and
KPZ
P =~ 51w (3-39)
80 that
MPZ = PS + ?6 . (3-40)

The total curvent density 1 to the reactor was made dimensionless
with the limiting current demsity that would ewxist if all the reactant

in the feed were completely reacted:
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- (3-41)

3.4 Numerical solution

The governing equations 28 and 29 were first linearized about a
trial solution and then, along with the boundary conditions (equations
30 and 31), cast in finlte-difference form accurate to order hz , where
h  is the dimensionless distance between the mesh points, and solved
by a numerical technique developed by Newman (1973, Appendix C).

Unfortunately, it was found that the standard central-difference
approximations of the derivatives were not sufficiently accurate to
approach the limiting-current result, which can be calculated
analytically. This anomalous behavior was primarily due to the
high degree of non-uniformity in the current and concentration
distributions near the front of the electrode. Therefore, to obtain
accurate results, new finlte~difference approximations to the derivatives

were developed (see Appendix A).

3.5 Results

Comparisons between model predictions and experiments. For the

calculations to be presented, the counterelectrode is upstream, the
primary reaction is the deposition of copper, and the side reaction is
the generation of dissolved hydrogen. Two types of data on copper
removal (Bennion and Newman (1972) and Alkire and Gracon (1975)) are
utilized to demonstrate the effectiveness of the model. TIn the first
data set (Bennion and Newman (1972)), predictions of the overall reactor

performance are tested -—= this includes predicting the current-potential
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behavior of the povrous cathode and the effluent concentration of the

reactant species. The remaining data set (Alkire and Gracom (1975))

is used to test model calculations of the current distribution within
the porous cathode.

Figure 1 displays the model fit to the data of Bennion and Newman
(1972) for copper removal using a porous carbon electrode. The quantities
I and VOP are the total current to the reactor and the potential of
the cathode current collector relative to a saturated calomel reference
electrode placed in the effluent stream, respectively. The experimental
effluent copper concentrations (in mg/l) are shown as the numbers below
each curve corresponding to the open triangles A, squares O, and
circles 0. The numbers above each curve correspond to the solid
circles ® and are the calculated values of the effluent copper concen-
tration. Values of the parameters used to fit the data shown in Figure 1
ave given in Table 1.

Five parameters were adjusted to obtain agreement between the
valculated and experimental values in Figure 1: one value of the
exchange current density for copper deposition was determined by
fitting the data at the left side of the top curve; one value of the
exchange current density for hydrogen evolution attempts to fit the
rigse in the current due to the observed onset of hydrogen evolution
at the right side of the top curve; and three values of the mass-~transfer
coefficient km corresponding to the three different flow rates were
determined mainly by the effluent concentration at the right side of
each experimental curve,

In Figure 2, the fitted values of km {shown by the open triangles

A) have been plotted in terms of the dimensionless Sherwood number
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Figure 3-1. Current-potential curves for an electrode 10.1 cm in
diameter and 6 cm deep, packed with porous carbon flakes and chips.

1 1
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XBL 76119795

Open symbols ave experimental data points; closed symbols are calculated.

Calculated effluent concentrations (in mg/l) are indicated above the
corresponding points in upright type:; experimental values are given in
italic type below the corresponding data points. The flow rate was

8 cm3/min for the circles, 12 cm3/min for the squares, and 16 cm3/min
for the triangles.
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Table 3~1.Values of the parameters used in fitting the data in
Figure 1 and in generating the curves in Figures 5 through 11.

- -6 2
a = 25 cm ! £ = 0.3 D@ = 610 6 cm /s
Ky = 0.17 mho/cm g = 164 mho/cm Sp = -1
n = 2 T = 298,15 K Qg © 1.5
Ay = 0.5 Y = 0.75 a¢ = 0.5
acS = (.5 US@UR = 0.281V L = 6 cm
ka1Oé9 cm/s VXLOS, cm/s
1.922 3.328
1.620 2.496
1.315 1.664
i = 3.8x107° A/cm? at ¢, = 0.1 mole/R
oR : R ’
. -6 2 _ ~
isg = 7%10 A/cm at cg =1 mole/L, pg = 1 atm
. B -12 2
1oSgref = 3,717x10 Afcnm

dimensionless parameters

as a function of ch and v

XlOs,moies/cmS 1,050 1.050 1.050 1.011 1.003 0.1003 0.01003

“Rf

vx10°, cn/s 9.984 6.656 3.328 2.496 1.664' 1.664 1.664
P1X109 9.461 22.99 104.9 215.9 501.3 5013.  50130.
P, -16.05 -8.905 -3.254 -2,091 -1.136 -0.1136 -0.01136
p3x195 1.247 1.247 1.247 1.295 1.305 13.05 130.5
Péxzog 1.761 2.745 5.863 8.253 12.53 12.53  12.53

P 16.05 8.905 3.254 2,091 1.136 0.1136 0.01136
?6xzeé 44.83 24.87 9.089 5.842 3.173 0.3173 0.03173

D”xlaz 7.385 8.877 12.17 13.68 16.70 16.70 - 16.70
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Figure 3=2. Correlation of the Sherwood number as a function of

Péclet number and dimensionless electrode thickness alL. Open triangles
come from a fit of the data of figure 1:; open circles are the results
of Appel and Newman. Two correlations from the literature are also -
shown.



52

€km/aDo as a function of the dimensionless Péclet number v/aDO . The

upper dashed line is the Wilson and Geankoplis (1966) correlation

ek

1/3
aDm ) 1.09 - (a; ) 9 (3-42)
o [6(1 - )] o

and the lower dashed line is a correlation suggested by Bird et al. (1960)

.01 a(«e‘;’w)oaég Vo o (3-43)
aDQ ° avy (Do) :
where a value of € = 0.3 has been used in calculating each line. Also
shown in Figure 2 by means of the open circles O are the data of
Appel and Newman (1976), where € = 0.372 . It should be noted that
it has been assumed that the dimensionless correlations for km (given
by equation 42 and 43) have been corrected for dispersion; Appel's
results have neot, and therefore km in this case is fundamentally a
different quantity (see Newman and Tiedemann (1976) for this correcﬁion
and a discussion of different definitions of km Y.

The model £it of the limiting current-distribution data of
Alkire and Gracon (1975) for copper deposition on platinum screen
electrodes is shown in Figure 3. The transfer current demsity for the
main reaction diZR/dx has been normalized by the total current density
iR due to the primary reaction and the electrode length I . A uniform
current distribution would correspond to a horizontal line at an
ordinate wvalue of 1. Values of the parameters used to fit these data
are given in Table 2.

The data for the smallest flowrate (v = 0.1067 em/s) were fitted

first by using literature values of the exchange current densities



Table 3-2.Values of the parameters used
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in fitting the data in

Figure 3.
a = 260 cu € = 0.64 D, = 7.6x10™° ca’/s
K, = 0.55 mho/cm g = 10é mho/cm Sp = -1
n = 2 T = 298.15 K e,p = 1.5
Qop = 0.5 Y = 0.75 ®hg = 0.5
QCS = 0.5 USQUR = (0,481 V L = 0.4 cm
i = J;.Om3 A/cmz at ¢, = 0.1 mole/%
oR R
ioS = 10&7 A/cm2 at ¢, = 1 mole/%, pg = 1 atm
ios rer = 1732 10712 azem?

dimensionless parameters

as a function of v

= 2x10°° mole/cmS)

(cpe
v, cn/s 0.1067 0.2750 0.4133
?lxlog 290. 3 82,17 47.73
P, -0.1968  -0.9532  -1.880
PSXIOS 3.779 3.779 3.779
p,x10'% 4,001 2.128 1.622
P 0.1967  0.9532 1.880
?6x166 5.540  26.84 52.93
D' 10° 6.040 3.203 2.439
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Figure 3-3. Normalized distribution of copper deposition. Experimental
data  and calculations are for deposition from a 2 mM cupric solution
onto a bed 0.4 cm thick with a porosity of 0.64 and a specific surface
area of 260 cm‘“l9 constructed of layers of Pt screems.
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in Figure 3,

Theoretical predictions. ~- Again the results presented are
divided into two categories, microscopic distributions and overall
reactor performance. For the calculations which follow, the counter-
electrode is upstream, the primary reaction is again the deposition
of copper, and the side reaction is the generation of dissolved
hydrogen.

Figure 4 shows the reaction rate distributions for the primary
electrode reaction only, at and below the limiting current, for the
physical parameters and dimensionless parameters {corresponding to
v o= 3.328X10$3 em/s8) in Table 1, but with PB and Pé equal to zero
(i.e., a single electrode rveaction). The limiting current distribution

includes the effect of axial diffusion and dispersion and was determined

from the analysis of Newman and Tiedemann (1976):

* - ¥
diz Be y/® + (B = 1)eBy/D exp [~QL(;-+ ji)]

i v B__D (3-45)
dy B -2 (8- 1) exp ["@L(% * ‘3‘)]
where
i; - zg%gig 9 (3-46)
and
1+ /1 + 4D

B = 5 . (3-47)



for copper deposition and hydrogen evolution on copper (see for example,
Newman (1973), p. 177, and Erdey-Gruz (1972), p. 165; note almost

any io values would work, except, too large a value of io for the
side veaction which would not allow a limiting current to be maintained
throughout the electrode, because the data of Alkire and Gracon (1975)
were obtained at the limiting current) and adjusting the value of the
mass-transfer coefficient km to obtain reasonable agreement between
the calculated and experimental values. This value for the mass-
transfer coefficient was then used to change the ceoefficient in the

Wilson-Geankoplis (1966) correlation (given by equation 42) to 0.85:

ek

1/3
m 0.85 v
- = . (3=44)
aDO [6(1 - 8)]2/3 (aDO)

The remaining lines in Figure 3 for the higher flowrates were then
calculated using this expression for the mass—transfer coefficient
and no additional adjustment of parameters.

It may be noted that Alkire and Gracon (1975) proposed that the
estimated specific interfacial area be reduced by a multiplier of 0.81
to yvield an adjusted value. When used in the Wilson-Geankoplis (1966)
correlation, this effectively reduces the coefficient to 0.947 if ome
continues to use the estimated value. In this case, the value of akm
(which is the quantity which enters into the model equations) is
reduced by a multiplier of 0.704 from the value which would be predicted
by the Wilsopn~Geankoplis (1966) correlation and the estimated avea.

By our reducing the coefficient from 1.09 to 0.85, we have effectively
reduced the value of akm by a multiplier of 0.78. Alkire and Gracon's
choice of the multiplier of 0.81 was evidently based on the values of

the total limiting current, not on a £it of the distribution data as
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Figure 3-4. Reaction distribution for copper deposition in the
absence of a side reaction, calculated for gl = 8.663, D' = 0,1217,

and PZ = =3, 254, '



Integration of equation 45 from y = 0 to vy = oL vyields an expression

for the total dimensionless limiting current density to the electrode:

3 -y ¢ - I E H
1 - @m@L/g %'EML%WLL exp [f@L %>+ %%](QBQL/D - 1)
~1,(0) = 1" = e o (3-48)
1 - =3 (B -~ 1) exp [“(}L 3 o} ET]

B

Figures 5 through 8 show current, potential, current efficiency,
and concentration distryibutions within a reactor operating at conditions
which correspond to the point on the upper curve of Figure 1 where
VOP = -403 mV and the outlet concentration is 0.28 mg/l .

In Figure 9 the solution-phase ohmic potential drop A@Z across
a reactor has been plotted as a function of the electrical driving

force at the back of the reactor (9, - 0 for two cases: 1) the

1 2>aL
primary reaction only and 2) when the side reaction is included, for
values of the physical parameters and dimensionless parameters

{corrvesponding to = 38328X1063 cm/g) in Table 1. The ohmic potential

Zirop has been made dimensionless with the quantity

nfve
- RE
AD} = —mee—m o
2 S_K ak
R m

(3-49)

which is an estimate of the ohmic potential drop across a reactor
operating at the limiting curvent (Bennion and Newman (1972)) when the
effluent concentration is zero and the effects of axial diffusion and

dispersion are negligible. The potential (&, - &

1 2)@L is the potential

of the cathode current collector relative to a copper reference electrode
{with a concentration of ch in the reference electrode compartment)
placed at the back of the reactor.
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Figure 3-5. Current distributions for deposition of copper and
generation of dissolved hydrogen within a porous electrode with fluid
flow from left to right, calculated for v = 0.003328 cm/sec,

a =25 cm"l9 €=0.3, L=206cm cpeg = 0.0105 mole/%, and VOP = -0.403 V
relative to a calomel reference electrode in the dilute-product stream.
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Figure 3-6. Solution-phase and solid-matrix-phase potentials, as
functions of cathode position, for the conditions of Figure 5.
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Figure 3-~7. Local current efficiency as a function of cathode
position, for the conditions of Figure 5. The overall current
efficiency is 0.962.
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Figure 3-8. Distribution of copper concentration in the flowing
stream and along the pore wall, for the conditions of Figure 5.

62



140 } i ‘ i T

- one reaction
s tWQO reactions

I | | | |
-0.10 -0.20 -0.30 -0.40 -0.50

.10

XBL 771-4984

Figure 3-9. Ohmic potential drop across the solution within the
porous electrode -- under the conditions of Figure 4 and also with
simultaneous generation of dissolved hydrogen.
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At large negative values of (@7 - ®Z)@T

when only the primary
veaction is considered, the ordinate approaches the value predicted

by the limiting-current anslysis of Newman and Tiedemann (1976):

¥ ~
142 [‘B; -~ @L + 14 phye OB
0o 2 ?
M)% B 5 —FT "7 (3-30)
2 B “{” M“QQM' ( ‘1, = 5 ) e }§P [ "'('O;I,A g E’f’ 'is 7 ’]

B*

and has a value of 1.1057 in this case.
Flgures 10 and 11 show the effect on the current-potential curve
if the fluid velocity is increased or the feed concentration decreased.
The curve labeled with a v in Figure 10 corresponds to the upper
curve in Figure 1, and the curve labeled 1Om2M in Figure 1l corresponds

to the lower curve in Figure 1. (See also Table 1.)

3.6 Discussion

Agreement between model calculations and the experimental data
of Bennion and Newman (1972) shown in Figure 1 should be considered
satisfactory. However, the values of the parameters found by fitting
the data need some clarification.

The fitted values of the exchange current densities for copper
deposition and hydrogen evolution on carbon (see Table 1) are 0.035
and 70 times the reported literature values (4 = 1O®3 A/cmz

o,Cu
(Newman (1973}, p. 177) and i@ g 1Om7 A/cmz (Erdey=-Gruz (1972),
%
2 ;
p. 165)) for these reactions on copper, respectively. However, it
should not be interpreted that there is anything fundamental about

these fitted values since the datas are insufficient at the extreme values

of the current to provide for their sccurate evaluation. We also wish
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Figure 3-=10. Effect of flow rate on the current-potential curve.
Operation at flow rates substantially above the design value (Bennion
and Newman (1972), here v = 0.003328 cm/s obscures the limiting-
current plateau because of the high ohmic potential drop in the
solution phase. For parameter values, see Table 1.
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Figure 3-11. Effect of feed concentration on the current-potential
curve. Low concentrations correspond to low currents for the
primary reaction, and these are easily obscured by the side reaction
even In the absence of a significant chmic potential drop within the
reactor. For parameter values, see Table 1.
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to emphasize that we do not suggest this as a method for determining
fundamental kinetic parameters, since the bed is operating with a
highly nonuniform current density and mass-transport limitations
dominate the data in certain reglons.

The fitted values of km (given in Table 1), determined mainly
by the effluent concentration at the right on the experimental curves
of Figure 1 and plotted in Figure 2, show a clear dependence on the
velocity as follows

ek , 05454
—2 = 0,07054 (——-—) . (3-51)

aDO aDO

Data obtained in this manner yields fundamental information about
km (e.g. Appel and Newman (1976)). Unfortunately, the value used
for the specific interfacial area a of 25 cmﬁl is an effective
value and may be low by a factor of 4 to 12 (Bemnion (1976)). If
larger values of a are used, the value of km will decrease, and
the triangles plotted in Figure 2 would move down and to the left
toward lower values of the Sherwood and Péclet numbers.

The purpose of Figure 2 is to call attention to the fact that
the behavior of km is not well established in this flow region.
Newman and Tiedemann (1976) have suggested, for a restricted range of
flow rates: 1 < Pe < 104 and Re < 10 , where Pe is the Péclet
number v/aDo and Re 1is the Reynolds number v/av , there should
exlst an entry region such that the local mass-transfer coefficient
is larger than the asymptotic value for deep bed electrodes and that
the average value of the mass~transfer coefficient will be dependent

of the quantity al .



68

Since most measurements for km involve short electrodes, small
al. (e.g. equation 42 of Wilson and Geankoplis (1966), where
1.8 < al < 27), the entire electrode may be within the entry region
and will therefore predict too large a value for km when al is
large (deep beds) as is the case for the data of Bennion and Newman (1972).

Also in Figure 2, a correlation found in Bird et al. (1960,
equation 43) has been extrapolated by at least an order of magnitude
in Reynolds number below the range for which the correlation has been
tested. However, this equation appears to give a conservative estimate
for km and may be useful for design purposes untll better correlations
are developed for this region of flow,

In Figure 3 agreement between model calculations and the experi-
mental data of Alkire and Gracon (1975) for the smallest flow rate
(0.1067 cm/s) is good. The almost linear behavior on the semi-log
plot for the predicted limiting current distribution is expected
based on the analysis of Bennion and Newman (1972) for the special
case of mass-transfer control. As expected, the value of km which
best fits the data (given by equation 44) is less than that predicted
by equation 42 of Wilson and Geankoplis (1966) due to the large value
of alL = 104 . The reason for using equation 44 at the two higher
flow rates is to have some basis for changing km with the velocity
since no data on the effluent concentration are given in reference 13
to enable an estimation of km as was done with the data of Bemnion
and Newman (1972) in Figure 1. (A graph of the total limiting current
is presented by Alkire and Gracon (1975), from which one could infer
the effluent concentration if side reactions ave negligible. However,

values from this graph cannot be cbtained with great precision, and,



as pointed out by Appel and Newman (1976) the total current is an
inherently inaccurate method of measuring the mass—-transfer coefficient
when the overall conversion 1s close to 100 percent.)

In Figure 3, at least two reasons are responsible for the discre-
pancies between the model calculations and the experimental data at
the higher flow rates. First the data are a re-plot of data taken
from an arithmetic plot and are subject to error. Second km may not
be a constant throughout the electrode as assumed in the model.
However, the discrepancies in Figure 3 are considerably less than those
between Alkire and Gracon's Figures 6 and 9, where the lack of explana-
tion has already been noted in the literature (Ateya and Austin (1977)).
One may speculate as to why the agreement between the model of
Alkire and Gracom and thelr data is poor. This is perhaps due to the
inadequate representation of the derivatives in the governing equations
at the limiting current by standard central-difference approximations.
New finite-difference approximations to the derivatives (developed
in Appendix A) are required as discussed earlier.

The reaction rate distribution when only the metal deposition
reaction is considered is plotted in Figure 4 for various fractions
of the limiting current. The effect of axial diffusion and dispersion
is apparent in the limiting current distributions as diZ/dy is less
than one at =x/L equal to zero. The fact that I* is not equal to
one for the limiting current distribution is because mass—transfer
limitations exist within the electrode and therefore a small fraction
of the feed concentration will escape unreacted.

For an appreciable fraction of the limiting current (i* > 0.9) ,

the reaction rate near the front of the electrode is high and decreases
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almost exponentially, similar to the behavior of the limiting current
distribution (see equation &45). Near the back of the electrode, the

rate of reaction for the limiting current distribution is smsll because
most of the copper is removed near the front of the electrode. Therefore,
the reaction rates below the limiting currvent are greater at the

back of the electrode (for values of I* > 0.03) and are more uniform
than the limiting current distribution. Actually, the reaction rate

*
at the back of the electrode (diz/dyl increases as the value of

y=uL)
i* decreases from 0.9996 to 0.7273, passes through a maximum at

I* = (,7273 , and then decreases monotonically with 1* . Thus the
effective depth of penetration of the reaction into the electrode

also has a maximum near I* = 00,7273 .

For small values of the current (I?'e < 0.03) , the reaction rate
distributions take on the same shape and can be described by a model
with linear electrode kinetics and no concentration variations
{see Euler and Nonenmacher (1960) and Newman and Tobias (1962)).

Figure 5 shows the relative rates of reaction for the primary
reaction and the side reaction as they are distributed throughout
the porous electrode. The total current density to the electrode
was chosen close to the limiting current (1* = 1.038) for the
deposition of copper. Consequently, the reaction rate for the primary
reaction decreases almost exponentially with distance (see equation 45),
as the scolution is depleted with copper while flowing through the elec-
trode. The side reaction, generation of dissolved hydrogen, responds
mainly to the electric driving force between the solid matrix and the

electrolytic solution. Its rate is high near the entrance to the

porous electrode and drops to a nearly constant value near the rear.
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The reason for this can be seen in Filgure 6, which represents the
variation in the solution~phase potential @2 for a counterelectrode
placed upstream of the working electrode. The matrix conductivity

is high, and therefore its potential &, is nearly a comstant. The

1
solution potential @Z varies little near the rvear because the current
carried in the solution is small in this region. Because the driving

force (@l - ®2) is essentially uniform for some distance at the back

of the electrode, measurement of (¢, -~ 0 can lead to a lower

1 Z)QL

bound thermodynamic estimate of the minimum concentration attainable
in a flow-through porous electrode (see chapter 2 or Trainham and
Newman (1977a) for details).

In Figure 7, the local current efficiency actually goes through
a slight maximum near x/L = 0,18 . The current efficiency is low at
the entrance because the high electric driving force lead to a relatively
high rate for the side reaction. For somewhat larger values of x ,
the rate of the side reaction decreases more rapidly than the primary
reaction, and the local current efficiency rises. However, the primary
reaction rate continues to decrease with distance because of the
depletion of copper ions, and consequently the local current efficiency
eventually drops to about 23 percent at the rear of the electrode.
One might well ask, "Why not eliminate the last 40 percent of the
thickness of the electrode?”

Figure 8 shows the concentration of copper ions through the
thickness of the electrode. The high electric driving force at the
entrance results in a very low wall concentration there. As the

electric driving force decreases with x , the wall concentration rises

toward the bulk value. With the diminishing reaction rate through the



next part of the electrode, the wall concentratlion is able to decrease
also, despite the smaller electric driving force in this region. We
can also see from this figure that the bulk concentration is depleted
by an additional factor of 20 in the last 40 percent of the electrode,
despite the lowered current efficilency in this yegion. This additional
metal ion removal can be achieved with relatively little additional
expense for the added elecirode thickness and virtually no added cost
due to added ohmic potential drop.

In Figure 9, the chmic potential drop across the solution within
the reactor exhibits 2 maximum and then a winimum as the driving force
increases at the back of the veactor. The maximum occurs at I* = 0.95
and is due to a combination of effects: 1) the driving force is high,
and the current is only increasing slowly, 2) the reaction rate at
the back of the electrode goes through a maximum at a value of I* =
0.7273 as discussed previously in Figure 4, and 3) the driving force,
though high, is not large enough for the side reaction to contribute
substantially to the ohmic potential drop. For larger values of
(@l - ®Z>QL , the ohmic potential drop decreases due to a decreasing

rate of reaction at the back of the electrode. Thus, the depth of

)

= & 3
penetration of the reaction is decreasing at I = 0.95 . This was

shown clearly in Figure 4 as the primary reaction approaches the
limiting current distribution.

The winimum in the ohmic potential occurs simultaneously with
the minimum in the total reaction rate ét the back of the electrode
(digldy)ial . At this point the rate of the side reaction becomes

significant, aud the ohmic drop increases accordingly.
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We wish to emphasize that the existence of a local maximum and a
local minimum is dependent on the physical parameters and operating
conditions. For example, if the exchange current density for the
side reaction were significantly larger relative to the primary
reaction, the driving force required to make the side reaction occur
to a significant extent would be much less. Thus instead of the
ohmic potential drop exhibiting a local maximum due wmainly to the
effects of the primary reaction (or lack of effect of the side
reaction), the side reaction becomes the controlling factor and A@Z
increases monotonically with increasing (@l - ®Z)aL .

Another way to achieve a similar result (using the same physical
parameters) is to increase the ohmic potential drop by increasing
the superficial velocity as shown in Figure 10. The reactor cannot
be operated at even twice the superficial velocity without loss of
the limiting current-plateau and a lack of a local maximum and a
local minimum in the ohmic potential drop, which is due to extensive
interference by the side reaction. In harmony with the quantitative
design principles of Bennion and Newman (1972), these calculations
show that an increase in the superficial velocity increases the obhmic
potential drop in the soclution so that there is either excessive side
reaction at the entrance to the porous electrode or a failure to
maintain the limiting-current condition near the exit. A decrease in
the feed concentration as shown in Figure 11 will also increase the
side reaction relative to the primary reaction and cause the limiting-
current plateau to become less distinct. The ability to calculate the

current distributions below the limiting current and in the presence

73



of a side reaction permits one to determine the economically optimum
operating conditions and even permissible operating conditions when

the side reaction accounts for a substantial fraction of the total
current, and there 1s a penalty for making the electrode thicker because
the side reaction does not necessarily decrease with increasing distance

through the electrode.

3.7 Conclusion and summary

A theoretical model for f£low-through porous electrodes has been
described for the specific application to metal-ion removal from
dilute streams. A new set of dimensionless parameters has been
suggested from the analysis, which charvacterize the relative importance
of the following physical phenomena within a flow-through porous
electrode: axial diffusion and dispersion (D') , backward rate of
the primary reaction (Pl) , ohmic potential drop (PZ) , forward
(PB) and backward (Pé) rates of the side reaction.

Satisfactory agreement between model predictions and experimental
data on overall reactor performance and deposition distributions has
been achieved.

The knowledge of distributions of curvent, potential, and concen-
tration in the presence of a side reaction above and below the limiting-
current of the primary reaction mskes it possible to design and optimize
an electrode system for the most economical removal of metal iomns.

But this design may only be accomplished if theve are sufficient exper—
mental data. Most important are values for the specific interfacial
area a , the mass-~transfer coefficient km , and the exchange current

densities for the primary veaction and the side veaction.
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4, The effect of electrode placement and finite matrix
conductivity on the performance of flow-through
porous electrodes

4.1 Introduction

The model used in calculating the effects of counterelectrode
placement and current collector placement (when the matrix conductivity
is moderate) on the performance of flow~through porous electrodes
was developed in chapter 3 (also, see Trainham and Newman (1977b));
however, results were presented only for the effective matrix conduc~
tivity O much greater than the effective solution conductivity « .

To date, previous models for flow-through porous electrodes
(Sioda (1972), Alkire and Gracon (1975), Alkire and Gould (1876),
Ateya and Austin (1977), and Paulin, Hutin and Coeuret (1977)) have
considered only an infinite matrix conductivity, and no comparisons
have been made on the performance of these electrochemical reactors
as a function of counterelectrode placement.

The purpose of this chapter is to suggest the optimum electrode
configuration for two cases: 1) when O >> K we are concerned only
with the upstream and downstream placement of the counterelectrode
and 2) when O= K , placement of not only the counterelectrode is
important but also the current collector placement must be considered.,
At least four geometric configurations are possible: 1) upstream
counterelectrode, downstream current collector (UD), 2) downstream
counterelectrode, upstream current collector (DU), 3) upstream
counterelectrode, upstream current collector (UU) and 4) downstream
counterelectrode, downstream current collector (DD), and are shown
schematically in Figure 1. It should be noted that the direction of

fluid flow through the counterelectrode is unimportant to the analysis
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Figure 4-~1. Various configurations of counterelectrode placement
and current collector placement relative to the dirvection of the
fluid flow.



to be considered as long as the products don't enter the electrode of

interest.
4,2 Analysis

As mentioned earlier, calculations presented here are a direct
application of a model for flow-through porous electrodes developed
in chapter 3, and therefore, the governing equations will not be
presented here.

For the removal of metal ions from dilute streams, the behavior
of a flow-through porous electrode with parallel current and £luid
flow as shown in Figure 1 can be described by two ordinary differential
equations: one equation which describes the conservation of the metal-
ion reactant and one charge balance equation given by equations 3-28
and 3-29, respectively.

Boundary conditions. Before equations 3-28 and 3-29 can be

solved simultaneously for © and n' , four boundary conditions are
required for each electrode configuration shown in Figure 1. TFor ©

the following conditions were used

-t 98 _ =
6 -D dy 1 at y=0,
and
dé _ -
i 0 at vy =alL , (4=1)

which are the same conditions used in chapter 3 and are the Danckwerts
(1953), Wehner-Wilhelm (1956) conditions when axial diffusion and
dispersion are included. The conditions on n' depend on electrode

configuration and may be determined from Ohm's law
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R Tl B (4-2)

and are tabulated in Table 1. The dimensionless parameters PB and

P6 which arise in the analysis are the same as defined in equations
3-38 to 3-40., The dimensionless current density I* to the reactor
was defined in equation 3-41.

Now that all the boundéry conditions for each electrode configuration
have been specified, equations 3-28 and 3-29 can be solved simultaneocusly
for © and 1n' using Newman's method (Newman (1973), Appendix C).

The potential distribution in each phase @l(x) and @2(x) can

then be obtained by solving equation 3-33 for n using the known

distribution for n' , along with the conservation of charge condition

& @ (4=3)

and substituting this condition into the derivative of equation 2

a*n _ [k + 0) ai,
2 g J dx
dx

(4-4)

then finally substituting the derivative of Ohm's law for the mastrix
phase into equation 4 to yield

2
dzn L k+to d ®l (4-5)
2 i< 2 "

dx dx

Equation 5 may be integrated twice to vield an expression for @1 H

S
®1 Tk +0 (mh+¢C

1* + Cz} o {4-6)



Table 4-1.Current

and potential boundary conditions for wvaricus electrode counfigurations.

Electrode
2 ) L
Configuration 11(0) il(L) 1,(0) | 1,(1) dn/dXEng dn/dxhx=L dn /dy§y=0 dn /dygy=aL
* *
up 0 -1 -1 0 ~1fK ifo PSI ~P61
" %
DU i 0 0 i -i/C i/k Pﬁl “PSI
1 1 %
Uy i 0 -1 0 -il= 4+ = 0 ~P. 1 0
g K 2
DD 0 -1 0 { 0 N 0 PI
") K 2

6.
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The value of Cl for the various configurations is cobtained from

the derivative of equation 6 using the values of i, and dn/dx

1

at the boundaries found in Table 1. The value of C2 is then obtained

by specifying ¢, = 0 at the current collector and using a known value

1
of 1N at the appropriate boundary. Table 2 summarizes the results
for @l(x) for the various configuration; @2(x) is simply obtained

by subtracting n(x) from @l(x) .

4.3 Chemical systems

For the calculations to be presented, two different chemical
systems (copper removal from sulfate solutions, Bennion and Newman (1972),
and silver removal from thiosulfate solutions, Van Zee and Newman (1977))
are used to illustrate the effects of counterelectrode placement and
current collector placement (when the matrix conductivity is finite)
on electrode performance. The purpose of presenting results for two
different chemical systems is to obtain reasonable values for the
model parameters so that a valid comparison of electrode performance
can be made when the side reaction is substantial (as for silver removal
from thiosulfate solutions, Van Zee and Newman (1977)) and when it
iz small (as for the copper recovery process, Bennion and Newman (1972)).

Figure 2 compares model calculations to the data of Van Zee
and Wewman (1977) for silver removal from thiosulfate solutions using
a porous carbon electrode. The quantities I and VOP are the total
current to the reactor and the potential of the cathode current collector
relative to a saturated calomel reference electrode placed in the
effluent stream, respectively. The experimental effluent silver concen-

tration (in mg/{) are shown as the numbers below each curve corresponding



Table 4=2.Matrix potential distribution for various
electrode configurations.

Electrode Matrix
Configuration Potential Distribution
K
®l(x)/(K + 0)
uD nix) - n(L) + §~L(x/L - 1)
DU nGx) - n(0) - = x
uu n{x) - n(0)
DD n(x) - n(L)
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Figure 4~2., Current-potential curve for an electrode 5.5 cm deep and
superficial electrode area of 61 cmzs packed with carbon flakes and
chips. Flow rate = 22 cm3/min and the feed concentration = 1000 ng
Ag/f. Numbers below curve corresponding to the open circles 0 are
experimental effluent concentrations (in mg/l). The small numbers
above the curve correspond to the solid dots ¢ are calculated

effluent concentrations (in mg/4). VOP is the potential of the current
collector with respect to a saturated calomel reference electrode
placed in the dilute product stream.
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to the open circles 0. The numbers above each curve correspond to
the solid dots e and are the calculated values of the effluent silver
concentration (in mg/f).
A similar model fit to the data of Bennion and Newman (1972) for
copper removal was given in chapter 3. Values of the parameters
used to fit the data in chapter 3 and in Figure 2 are given in Table 3.
Four parameters were adjusted to obtain agreement between calculated
and experimental values in Figure 1: one value of the exchange current
density for the main reaction (silver deposition from thiosulfate
solutions), assumed to be the electrode reaction (see, chapter 2

equation 2-12, or Trainham and Newman (1977a))

3= - 2-
Ag(8203)2 + e - Ag + 25203 R (4=7)
and has a standard electrode potential Ue 3. = 0.0164 V
Ag/Ag(8,04)

one value of the exchange current density for the side reaction (the
reduction of thiosulfate), which was assumed to be the following

reaction (Van Zee and Newman (1977))

szoi“ +8e” + 8H ~ 2HS™ + 3H0 , (4-8)

where the standard electrode potential can be calculated (Wagman et al.
(1968), p. 47, and Dean (1973), pp. 6-14) to be U _  , = 0.221 7V ;
HS /8,05

one value each for the transfer coefficients for the side reaction
aaS and acS , which were assumed to sum toc four. The freedom to
assign arbitrary values to o g and acg is allowed in the model

since the composition dependence of the polarization equation for the



Table 4-3.Values of the parameters used in filrting the data in Figure 2
and in generating Figures 3 through 17.

Copper deposition with simultaneous generation of dissclved hydrogen

a = ZSCmml € = 0,3 D@ = 6x10~6cm2/s K, = 0.17who/cm sp = -1
n o= 2 T = 298,15 K a_, = 1.5 a_p = 0.5 o = 0.5
o = 0.5 U.-U_. = 0.281 V L = 6cm k = 0m1922xlﬁ_3cm/s v = 3,328X10-3cm/5
¢S S R m .
) 2 -13 2 -5 3
= = = X
ioRJef 7»009&3.0 Alcm iossref 3.717%x10 Afcm CRf 1.05%10 “mole/cm

Cgp = IGNBMOKe/CWB

Silver reduction with simultaneous reduction of thiosulfate

a = 25cm ¢ & =.0.3 D, = lxla‘scm/s K, = 0.123mho/cm sy = -1

n o= 1 T = 298.15K @, = 0.5 ap = 0.5 a_ = 2.75

@ o = 1.25 Ug=Up = 0.489 V L = 5.5¢m ko= 39330X10-3cm/s v = 60011X10—3cm/s
-5 2 ~ -22 2 ~ -6 3

ionr&f 9.134%x10 “Afcm iosyref = 1,20x10 Aflcm Cps = 9,27%x10 "mole/cm

Cop = 09951x1@"3m01e/cm3

St
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Table 4~3. (continued)

Dimensionless parameters

Copper.

1.050%10""

-3.254 to -6.508
1.247x10™"
5.863x107°

3.256

9.089x107 M to 3.254

0.1217

Silver

9.404%x10

4

-3.738 to -7.476

5.364%x10
6.341%10
3.738

3.777x10°

0.1168

4

46

15

to 3.738

68



side reaction is neglected.

The value of the mass transfer coefficient km used in fitting
the data was that obtained in fitting the data of Bennion and Newman
(1972), and is given by equation 3-51.

In obtaining the fit to the silver removal data din Figure 2, it
should not be interpreted that there is anything fundamental about
the values of the fitted dimensional parvameters found in Table 3,

because not only are the data insufficient, but alsc the electrode

is operating with a highly non-uniform current density and mass-transport

limitations dominate in certain regions.

The model predictions of the current-potential behavior in
Figure 2 are in satisfactory agreement with experimental data between
50 mA and 500 wA total cuvrrent. However, at higher currents (above
500 mA), the data indicate the beginning of an additional limiting-
current plateau, and agreement of the model calculations cannot be
expected for the following reasons: 1) the side reaction postulated
by Van Zee and Newman (1977) (equation 8) for the reduction of thiosul-
fate could be incorrect and there appears to be no fundamental kinetic
information on this reaction and 2) if the limiting reactant species
for the higher plateau were known, the model used here would not be
sufficient since the concentration dependence for the side reaction was
neglected and a more general model such as the one proposed by Alkire
and Gould (1976) would be more appropriate.

Agreement between model predictions for the silver effluent
concentration and the experimental values shown in Figure 2 ave
satisfactory near the limiting current. This is because the model

parameters were chosen so as to fit the data in this region. However,
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agreement should not be expected over the entire current~potential
range because the data exhihitfun@xplaimed anomalies (Vaon Zee and
Newman (1977)): 1) current efficlencies above 100 percent and 2) a
minimum in the silver effluent concentration with increasing values of
vop.

A comparison of the dimensionless parameters in Table 3 between
the two chemical systems suggests that the parameters Pl and PB
account primarily for the difference in behavior of these systems.

The parameters Pl and P3 represent the relative importance of the
backward rate of the main reaction and the forward rate of the side
reaction and are 10@ and 4.3 times greater, respectively, for the
silver system than for the copper system. As will be observed later

a low effluent concentration cannot be achieved for silver system

and this is due to the combined effect of the parameters Pl and PS .

The magnitude of the gide reaction is substantial for the silver
system and this shields the back of the electrede (in the case of an
upstream counterelectrode) from having a large electric driving force
which results in a very small vate for the deposition of silver in
this region. This is accentuvated by the fact that Pl is large, which
causes the baclkward vate of the deposition reaction to be of the

same order on the forward rate and the reactor can become thermo=

dynamically limited.

4.4 Results and discussion

As a unifying conecept here, let us consider how we can achieve
a very high conversion or, equivalently, a very low effluent concentration

of the limiting reactant while, at the same time, operating the reactor
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at as high a flow rate as possible. Towards these ends, we can consider
variations of electrode current density and length, flow rate, config-
uration, and matrix conductivity. By means of the computer program,

we have the means to investigate in detall how the presence of a side
reaction places limitations on the attainment of these goals.

Effect of electrode length. For the case of a very high matrix

conductivity, Figure 3 shows the effect of electrode length and
current density on the effluent concentration for the copper system.
We see, first of all, that we must operate at or above the limiting
current in order to reach a really low effluent concentration. If we
operate at I* = 0,9501 , we cannot expect to remove more than 95 percent
of the copper even if we have very high current efficiencies and
substantial electrode lengths.

The curve on Figure 3 for an upstream counterelectrode and
I* = 1.038 shows essentially a limiting-current condition == the
effluent concentration decreases almost exponentially with electrode
length. (See, for example, the analysis of Bennion and Newman (1972)
and that of Newman and Tiedemann (1976) when axial diffusion and
dispersion are included.) However, for downstream placement of the
counterelectrode, a limiting-currvent distribution cannot be maintained
except for electrode lengths less than 2 cm, and a truly low effluent
concentration cannot be attained at all with this electrode configura-
tion (at this flow rate). The current efficiency must necessarily
be somewhat lower, and the extent of the side reaction somewhat higher,
with the downstream counterelectrode.

Figures 4 and 5 introduce the effect of a finite matrix conductivity

g . Now, according to Figure 1, four different configurations are
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Figure 4-3, Effluent copper concentration as a function of electrode
length for Cps = 0.0105 M .
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Figure 4-4. Effluent copper concentration as a function of electrode
length.
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relevant since the placement of the current collector must also be
congidered, Figure 4 shows that the UU configuration retains the
exponential decrease of @L with L , although performance is slightly
degraded by the additional obmic potential drop cowmparved to the case
of the infinite matrix conductivity. (The curve for o = 10 ¢ will
be discussed later in connection with the optimum watrix conductivity.)
Figure 5 shows the relatively poor performance achievable with the
other configurations. In these cases, the ohmic potential drop in
the matrix and solution phases prevents the entire reactor from being
operated at a limiting-current condition,; as we shall discuss in more
detail later.

Figure 6 displays the silver effluent concentration as a function
of electrode length for the various electrode configurations for
cases where 0 >> K and 0 = Kk . The results show that none of the
electrode configurations yields an exponential decrease in GL with
electrode length; thus a limiting-current distribution canmot be
achleved in any of the geometries due to extensive interference by

the side reaction.

Effect of matrix conductivity. Figures 7 and 8 show the dependence

of the effluent copper concentratiocn on the matrix resistivity (1/0) .
Figure 9 shows similar results for the silver system. Calculations
for a DD placement are not presented here since this configuration does
not allow a low effluent concentration, in comparison to the other
configurations when the matrix conductivity is swall.

In Figuves 7 and 9, we observe that the UD configuration exhibits
a minimum with matrix resistivity and therefore has an optimum value

3

for o {about equal to 0.1 « for the copper system). On the other
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Figure 4-6. Effluent silver concentration as a function of electrode

length for Cgeg = 0.00927 M .
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Figure 4-7. Dependence of the copper effluent concentration on the

matrix resistivity.
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hand, for the UU configuration, 87 increases monotonically with

4

increasing matrix resistivity. The DU configuration on Figure 8§ would
also show a minimum at values of K/0 substantially greater than

unity. This is of less interest than the minima for the UD configuration
because matrix resistivicies are usually much less than solution-phase
resistivicies and because the effluent concentrations are inherently
large with the DU conflguration. For exawple, the DU and UD configurations
give the same effluent concentration when 0 = K (see Figure 5) but

at this point, the value of @L has risen to 0.0125 from a minimum of
éeléXlQﬂé on Figure 7. At ¢ = Kk , the UU configuration is still able

to attain a value of @L of 6,08X16%4 (see Figure 4). [Note, however,
that the DU configuration performs better than the UU configuration

for O =g din the silver system, ag displayed on Figure 6.]

Return for a moment to the dashed curve on Figure 4. For this
curve, O = 10 Kk , which corresponds to the minimum for the UD config-
uration shown in Figure 7, and an exponential dependence of SL on L
can evidently be maintained. ?h% performance is superior to the high-~
matrix-conductivity case for 1L leas than about 10 cm, after which
it becomes somewhat inferior. The optimum ratio of «/0 depends on
electrode length, for ewample, for an electrode 4 cm in length the
optimum ratio is approximately 0.17, for an electrode 8 cm long the
optimum ratic is approximately 0.07. WNote that we get a markedly
different view of the effect of configuration and matrix resistivity
if we confine our attention to the cases ¢ >> Kk and 0 =K on
Figures 3, 4, and 5 from what we get if we include the variation of
0 and the optimum value of ¢ . The UD configuration is totally

unsatisfactory at ¢ = K but excellent at ¢ = 10 K .,
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For the silver system, other calculations show that, even at the
optimum ratio of Kk/o = 0.2 sghown on Figure 9 for the UD configuratiom,
a limiting-current distribution and an exponential dependence of SL
on L cannot be achieved. Similayr results for the copper system can
be obtained by increasing the flow rate to somewhat less than three
times the value used in calculating Figures 3, 4, and 5.

Bennion and Newman (1972) have formulated design considerations for
achieving a low effluent concentration while operating at as high a
flow rate as possible. First, the electric driving force within the
electrode must be maintained high enough to attain a limiting-current
condition throughout the reactor. The electric driving force must
also be maintained low enough to avoid excessive side reactions. These
two conditions thus define a limited range of potentials allowable
within the reactor. Since the electrode must be of substantial lemgth
in order to achieve a given effluent concentration, there is an upper
limit on the flow rate above which these constraints cannot be satisfied
simultaneously.

The effect of the side reaction is not one which can be compensated
for by using a louger electrode or a higher current, even if ome is
willing to pay the price of a lower current efficiency and a higher
cell potential. It is a characteristic of porous electrodes, leading
to their inherently nonuniform reaction rate distributions, that
substantial current densities flowing over substantial distances in
either the matrix or solution phases make it impossible to maintain a
uniform electyic driving force (for the reactions) throughout the

electrode.
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On the basis of these considerations, an important quantity is
the difference between the minimum electric driving force nmin and
the maximum electric driving force Moax that prevail within the
reactor. TFigure 10 displays this quantity as a function of the con-
ductivity ratlo for the copper system and corresponds directly with the
conditions of Figure 7. The ordinate, made dimensionless with
anchf/sRKakm , will have a magnitude on the ovder of unity if the
current density is distributed like that for the liwiting current for
the main reaction (Bennion and Newman (1972), and Newman and Tiedemann
(1976)). A graph similar to Figure 10 is given by Newman and Tiedemann
(1976) for the case where the current denslties are calculated according
to the limiting-current distribution for the main reaction. The
computer program used here permits analysis above and below the limiting
current and in the presence of a side reaction.

The fact that the ordinate values on Figure 10 are of order unity
illustrates how the constraints on the flow-through porous electrode
can better be satisfied by operation at lower flow rates.

There is a correspondence between the shapes of the curves on
Figures 7 and 10. Conditions which lead to an inherently smaller

value of ln - N

, [ make 1t possible to achieve a limiting-current
max min

condition through a larger portion of the reactor, without extensive
side reaction., For the UD configuration, the maximum electric driving
force occurs at the fluid inlet for K/0 < 0.175 . The position of the
maximum electric driving force then shifts to the fluid outlet for

k/o > 0.175 . This leads to the sharp minimum for the UD configuration

in Figure 10.
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Detailed distributions. The behavior of these systems can be

understood better by consideration of the calculated current, potential,
and electric-driving-force distributions within the electrode. These
are illustrated for the copper system with an electrode 6 cm long and
by a 3.5 cm electrode for the silver system.

For the copper system with an infinite matrix conductivity,

Figure 11 shows the relative rates of reaction for both the main and
gide reactions for both upstream and downstream placement of the
counterelectrode. Figure 12 shows the corresponding distributiouns of
potential in the matrix and pore solution. The total current density
to the electrode was chosen close to the limiting current (Ik = 1.038)
for the deposition of copper. For upstream placement of the counter=-
electrode, the main reaction rate decreases almost exponentially with
distance through the electrode (as predicted by the limiting-current
analyses of Bennion and Newman (1972), and Newman and Tiedemann (1976)).
At the same time, the side reaction follows the electric driving force
(see Figure 12), which is high at the fluid inlet and decreases toward
a uniform value near the fluid outlet.

On the other hand, for the downstream placement of the counter-~
electrode, the maln reaction rate does not show an exponential depen-
dence on distance. TFigure 12 shows that the electric driving force is
very large at the outlet but too low at the inlet. Consequently, a
limiting=-current condition is not maintained near the front. At about
65 percent of the distance through the electrode, the electric driviang
force has become large enough to assure a limiting-current condition,
and subsequently an exponential dependence on distance is exhibited.

However, failure to utilize effectively the frout part of the electrode
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Figure 4-11. Current distributions for deposition of copper and
generation of dissolved hydrogen within a porous electrode. Calculated
for Cpg = 0.0105 M .
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makes 1t impossible to achieve a truly low effluent concentration,

and increasing the electrode length would not help (see Figure 3). The
rasulting reaction-rate distyibution now has a maximum; as the electric
driving force increases toward the back of the electrode, the reaction
rate goes up, and copper is depleted from the solution to the extent
that the mass~transfer driving force becomes small., The reaction

rate exhibits a waximum and then decreases with distance. (Similar
reaction~-rate distributions have been reported by Alkire and Gould
(1976) . These are examples of a general phenomenon (Newman (1966),
Parrish and Newman (1969, 1970), and Hsueh and Newman (1970)) resulting
from the competition of electric and mass-transfer driving forces.)

The side reaction has a distribution in Figure 11 that again follows
that of the electric driving force in Figure 12. Because of the somewhat
lower rate of the main reaction, in comparison to the upstream placement
of the counterelectrode, the side reaction now occurs at a somewhat
higher rate on the average. For these comparisons at a constant total
current (I* = 1.038), an increase in the effluent concentration from
one electrode to another 1s accowmpanied by a corresponding decrease

in the current efficiency.

As in porous electrodes in general, the reaction rate distributions
and ohmic potential drop shield the more remote parts of the reactor
from having an adequate electric driving force. In this particular
situation, the contrast between the cases of upstream and downstream
placement of the counterelectrode arises in the following way. In
order for there to be a high conversion, there must be a high reaction
rate -- generating high current densities in the solution —— near the

fluid inlet. Since the sclution-phase conductivity « 1is not high,
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potential variastions in the solution phase can be minimized if the
current flows out of the electrode at the nearest possible point,
namely, to a counterelectrode placed upstream. If the counterelectrode
is placed downstream, the large currents which should be generated
near the fluid inlet must flow In the solution through most of the
thickness of the electrode, and this necessarily leads to large
variations of potential. A similar explanation applied in the more
complex cases to follow, where the matrix conductivity is also finite.

Figure 13 shows the reaction-rate distributions for the main and
side reactions for the copper system where ¢ = K . The corresponding
potential distributions are shown in Figure 14, Because of the
complexity of Figure 14, the distributions of electric driving force
are also shown din Figure 15.

The reaction=-rate and electric=driving-force distributions for
the UD and DU configurations happen to be identicalvwheﬁ 0 = K since
the boundary conditions given in Table 3 are then identical. However,
the potential distributions in each phase will be different, as seen
in Figure 14, 1In these ccnfigurations9vthe counterelectrode and the
current collector are not at the same end of the reactor. Consequently,
the current flows in the same direction in the matrix as in the
gsolution, and to a certain extent the potential drop in the matrix can
match that in the solution (see Figure 14). This makes it possible,
in some cases, to reduce the variation of the electric-driving-force
within the reactor (see Figure 10). It also means that the extreme
values of the electric driving force oécut at the ends of the reactor,
with the minimum value occurring somewhere between (see Figure 15), and

the side reaction follows this distribution (see Figure 13).
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Figure 4-13. Current distributions for deposition of copper and
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For the UU configuration, the maxioum electric driving force
occurs at the inlet, and the winimum at the outlet, and conversely
for the DD configuration. For the main reaction, only the UU configura-
tion shows an exponential dependence of rate on distance (see Figure 13).
For the other configurations, the main reaction is below the Ilimiting
current for a substantial (DD) or moderate (UD ox DU} region near the
inlet, and consequently the effluent concentration cannot be reduced
to a truly low value. Only in the UU configuration are the current
dengities in both the solution and matrix phases swmall near the
back of the electrode, In this reglon the eleciric driving force
varies little (as is the case also for the upstream counterslectrode
case in Figure 12, where ¢ >> k), and measurement of @l - @2 at
% = L can lead to a lower-bound thermodynamic estimate of the minimum
attainable concentration in a flow-through porous electrode (see chapter 2).

Flgures 16 and 17 show the reaction-rate and electric~driving-
force distributions for the gilver system. A limiting~current distri-
bution is not achieved for any electrode configuration, due to extensive
interference by the side reaction, as indeed, it is not, even for an
infinite matrix conductivity (see ¥igure 6). As for the copper system,
the electric driving force for the DD configuration is small at the
front of the electrode, and for the UD and DU configurations it is
small in the middle and only moderately large at the front. Under
these conditious, the front and middle rvegions of the reactor are not
effectively utilized, and a low effluent concentration cannot be
achieved even though a limiting-current condition is maintained near

the rear. However, for the UU configuration, the lowest electric

driving force occurs at the rear of the reactor, and the rate of the
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main reaction does not decrease exponentially with distance. In fact,
with the higher value of ?3 for the silver system, the effluent
concentration is very close to the thermgdynamicvlimit determined by

the electric driving force prevailing at the fluid outlet (see chapter 2),

Effect of configuration. The preceding discussion has permitted

a comparison of several configurations under a varilety of operating
conditions. It is important to recognize that the lowest effluent
concentration ls achieved for upstream placement of the counterelectrode
(see Figures 3 through 6). For downstream placement of the counter=—
electrode, a limiting-current distyibution cannot be obtained (see
Figures 11 and 13}, principally because the current in the solution
must flow through most of the length of the electrode, and this leads
to a large ohmic potential drop.

For the DU configuration shown in Figure 8, QL decreases with
increasing values of matrix resistivity. For a downstream counter-
ajectrode, a situation is created where the ohmic potential drop in
the solution is working against the favorable mass-transfer condition
near the fluid inlet. Increasing the matrix resistivity increases
the electyric driving force near the fluid inlet because the matrix
current must leave through the current collector placed there. This
causes the rate of the main reaction at the front of the electrode
to increase from about 0.05 when 1/0 + 0 (in Figure 11) to 0.67
when O =« (In Figure 13).

As mentioned earlier, the DD configuration is the least efficient
of the configurations shown in Figure 1. If the matrix resistivity
is increased from zero, the electric driving force is further reduced

near the fluid inlet, while it increases somewhat near the fluid outlet

(compare Figures 14 and 15 with Figure 12). This causes the rate of the
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4,5 Conclusions and summary

The theoretical model for flow-through porous electrodes developed
in chapter 3 has been used to evaluate the effects of electrode
placement relative to the fluid inlet and finite matrix conductivity
on the performance of flow-through porous electrodes. If a low effluent
concentration is desired, the electrode must be operated at a superficial
current density sufficiently high so that the main reaction may achieve
a limiting-current distribution. Calculations show that a limicing-
current distribution can only be achieved for upstream placement of
the counterelectrode and not for a downstream counterelectrode. However,
if interference by the side reactrion is substantial, as is the case for
gilver removal from thiosulfate solutions or for the copper system if
the superficial velocity is too high, a limiting-current distribution
cannot be achieved for any electrode configuration at any matrix
conductivity.

For an upstream counterelectrode when the matrix conductivity is
not large, the choice between upstream or downstream placement of
the current collector depends on the chemical system and what matrix
conductivity can be achieved in practice.

Below the limiting current, the performance 1s only slightly
better for an upstream counterelectrode than for downstream placement
of the counterelectrode.

Calculations for a small matrix conductivity show that the DD
configuration should probably never be built.

It is evident from the results that simple limiting-current
calculations are inadequate for describing the behavior of flow-through

porous electrodes. Thus, the ability to calculate distributions of



main reaction near the front to decrease from about 0.05 when 1/0 - 0O
to 0.012 when o = K (see Figures 11 and 13). Since the rear of the
electrode was already at a limiting cuvrent, the increase in the
electric driving force in this region is of little benefit; the
rate of the main reaction is higher than with 1/0 + 0 because the
flowing stream was not depleted as much in the upsteam region, not
because the electric driving force is larger. The integrated reaction
rate is 6.3 percent lower whem O = K , and the rest of the current
goes into the side reaction, driven by the higher electric driving
force near the rear.

For upstream placement of the counterelectrode, conditions are
already more favorable when the matrix vesistivity is small. For
the UU configuration, lncrease of 1/0 decreases the electric driving
force in the rear region and causes the current locally to drop below
the limiting value. Consequently, GL increases, as shown in
Filgures 7 and 9. For the UD configuration, the electric driving force
decreases neay the inlet and increases near the outlet as 1/0 increases.
This is favorable until the reaction rate drops below the limiting
value near the inlet, and this leads to the minimum in the curve of
BL versus K/0 . The choice between the UD and UU configurations is
dependent on the chemical system and the wmatrix conductivity. However,
the UD configuration will display a minimum in the effluent concentration
as a function of K/0 and is therefore the best configuration if

this electrode could be built in practice.
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current, potential, and councentration in the presence of side reaction
above and below the limiting current wmakes it possible to choose the
optimum eiectrode configuration so as to design and optimize an

electrode system for the most economical removal of metal-ioms.
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5., The removal of mercuric ions from
a sodium chloride brine

5.1. Introduction

The use of mercury cells in the production of chlorine increased
steadily from a low of 57 in 1945 to a high of 307 in 1968 (Beck (1977)).
Afrer this time, their use has decreased due to strict environmental
standards on mercury effluents. In fact, most of the large producers of
chlorine are committed to replacing all mercury cells with diaphragm
or membrane cells. However, a major problem associated with replacing
the mercury cells is that the brine feed stocks have become contaminated
with mercury. Mercury concentrations in the brine vary from approxi-
mately 0.1 ppm to & ppm. Membrane separators are extremely sensitive
even to this level of mercury, and their performance degrades quickly.
In addition, the recovery of mercury can be financially viable as this
amounts to one kilogram per tonne of chlorine. The present industrial

method for mercury recovery is precipitation with H,S.

2
In this chapter, some preliminary experiments were performed to
demonstrate the use of flow=—through porous electrodes for the removal
of dilute concentrations of mercuric ions (approximately 0.6 mg/l) from
a 4,2 M sodium chloride brine. The results presented are rather crude
and, therefore, are not suitable for design purposes; however, the data
do demonstrate that a flow-through porous electrode is a very effective

system for removing mercury ions from brine.

5.2 Electrochemical system

. 2+ .
At the cathode, mercuric ionz Hg  are electrodeposited on a

carbon bed from a variety of stable chloride complexes of the form

2=-€

H.gClg

(0 < € £4) as discussed in Chapter 2 (see Table 2-1 for the



standard electrode potentials of mercury). The competing side reaction
is hydrogen evolution. The anodic reactions on platinum-rhodium screen
are simultaneous evolution of chlorine gas and oxygen gas.

Cell design. The cell counstructed for this study followed
closely the design of Bennion and Newman (1972), Yip (1973), and
Appel and Newman (1976).

The porous cathode with a downstream current collector made of
tantalum (drilled with holes) was placed under the anode and packed
with irregularly shaped carbon particles (Union Carbide granules plus
particles, GP-22) batween (0.1 and 0.001 cm characteristic dimension.
The anode was made of two layers of 80 mesh platinum-10% rhodium screen
and spot welded to a perforated tantalum current collector. The
current collector in the anode and the cathode were each attached to a
0.635 cm diameter tantalum rod. The anode and the cathode were
separated by a perforated Kel-¥ plate backed with Whatman 40 Filter
paper and approximately 8 layers of 0.3 c¢m diameter glass beads. vThe
cell housing was made of two sections of 7.62 cm I.D., glass pipe and
attached to a lucite-feed ring by means of a standard glass pipe
fitting.

In more recent work completed by Fedkiw (1978), substantial
improvements in the cell design have been made so that very fine
control of the flow rate is possible. It is therefore suggested, that
all such improvements be incorporated when taking data on metal-ion
removal systems.

Fluid and electrical circuits. Similar fludd flow and electrical

systems as described by Fedkiw (1978) were used. Two modes of operation

for applying current to the cell were employed. The first mode of
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operation was galvanostatic control using a Princeton Applied Research
(PAR) model 371 potentiostat/galvanostat. The electrical cirecuit for
this mode can be found in Fedkiw (1978, Figure 7.6) without the 2 uF
capacitor between the calomel reference electrode and the counter-
electrode- The difference is that Fedkiw used potentiostatic control
rather than galvanostatic control as was done here. In the second
mode of operation, the cell voltage was set with a model 6101A
Hewlett-Packard power supply. The electrical circuit for this mode of
operation is the same as that given by Fedkiw (1978, Figure 7.5).

Feed solution. The 4.2 M NaCl brine contained 556 mg/l to

576 mg/1l of mercuric ion and was prepared from AR grade NaCl and HgO
and distilled water, which was first run through a deionizing column.
The variation in the mercuric ion concentration is due to evaporation
over the course of the experiments. No significant changes in the CL~
concentration could be detected. A feed sample was taken before and
after each run, and the composition was checked using atomic absorption
gpectroscopy (AA). A run is defined as the measurement of a polariza-
tion curve at a specific flow rate.

The concentration of mercury in the feed is significantly higher
than that encountered in industrial brine feed stocks. It was chosen
because of the limitations of the analytical techanique (resolution <
0.1 mg-Hg/1l). Thus, a reduction in the feed composition by a factor of
1/6000 could be detected. However, it will be shown that the dilute
pfodﬁct concentration was consistently below the limits of detectability.

5.3 Results and Discussion

Figures 1 and 2 show the total cell current (in mA} versus VOP

(the potential of the cathode current collector relative to a saturated
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Figure 5-1. Current-potential behavior for an electrode 7.62 cm
diameter, packed with carbon flakes and chips. H are experimental
data points, where the solid line drawn through these points has not
been calculated. Effluent concentrations (which are not reported)
were analyzed with normal AA and are not reliable. The electrode
was operated in the galvanostatic mode.

119



80
\ | | 1 |
Theoretical Limiting Current 80 mA

70| CHg®**, L, mg/? —

< 0.l
O Value Shown
X Value Unknown

) 241

X ]

“Hg®" f = 576 mg/?
v = 31621072 cm/0

40— L=417cm -

) 290
| | | | |
0.l -0.| -0.3 -05 -0.7 09 -l
VOP, V

XBL 796-6392
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were analyzed with an IZAA spectrometer (Hadeishi and McLaughlin (1971)

and Hadeishi (1972)). The cell was operated in the constant voltage
mode.

120



121

calomel reference electrode placed in the dilute product stream) and

the dilute product concentrations for the specified feed composition,

superficial velocity, and electrode length shown in each figure. The
data in Figure 1 were cobtained using the galvanostatic mode, and the
data in ¥Figure 2 by the constant voltage mode. EHach data point
required 3 to 5 hours to reach steady-gtate after each change in
applied current (galvanostatic mode) or applied voltage (constant
voltage mode) .

Over 17 runs were attempted, and approximately 200 liters of faed
solution were passed through the cell. Most of the runs were not
completed because of the following: steady-state was not achieved,
fluid system leaks, corrosion of the cathode current collector, and
ground loops. All of these problems will be discussed in detail in the
next section.

In Figure 1 the polarization curve shows the expected behavior,
In addition, there is reasonable agreement with the theoretical
limiting current for high conversion, I = nFQch/sR = 9,51 mA. The two
points on the limiting current plateau show effluent concentrations
less than 0.1 mg/l. These samples were analyzed with an Isotope
Zeeman Atomic Absorption Spectrometer (IZAA, Hadeishi and McLaughlin
(1971) and Hadeishi (1972)). This particular instrument has a
resolution of 0.1 mg-Hg/l and a sensitivity of approximately
0.04 mg-Hg/l. No detectable amount of mercury could be measured in
either sample.

The effluent concentration of the other four points on the curve
were analyzed by ncrmal AA spectroscopy (approximate sensitivity

5 mg-Hg/1l). Unfortunately, the high concentration of Cl interferes
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to such an extent as to invalidate the results. In addition, the
dilution of the samples to minimize the chloride interference reduced
the mercury concentration below the limit of detectability. Similar
problaems were also encountared with;tﬁe IZAA spectrometer; however, the
relative increase in sengitivity of this instrument offset some of
these difficulties,

In Figure 2 the polarization behavior is irregular aund suggests
spurious vesults. There is no obvious reason for the apparent
plateau in the data atg approéimately 52 wA. The theoretical limiting
current density is 28 mA above this value and there was no evidence
of other trace metals present in the feed solutions.

Consider then twe plausible causes:

1} Ground loops - these experimental maladies can affect the
measurement of both VOP and I (only the cell voltage was set in this
mode of operation). In the case of VOP, the data points denoted by e
are at large cathodic potentials, and the equilibrium analysis in
Chapter 2 indicates that the measured effluent concentration would be
very small. This corresponds to the experimental observation of no
detectable mercury in the effluents; however, these contradict the
measured current, which would put the effluent concentration well
above the detectable level.

2} TFormation of insoluble mercurous chloride (Hg261 - 1f the

)
mercuric species is not immediately reduced to liquid mercury and the
mercurous dimer (Hg§+} forms; precipitation of mercurous chloride
will follow. The overall reactions arve (see Table 2-1 for thermo-
dynamic data};

- - -+
MeC1?E 4+ 207 o+ Hg?

. 5 + 2eCl , (5-1)
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and
2+ -
ng + 2C1 > HgZCl2 (5-2)
The solubility product of HgZClz is
, 9 3 -18 pole’
K = C e £ = 2 x 10 —3 (5~3)
SP Hg, Gl Hg,Cl, 2

Equation 1 corresponds to a theoretical limiting current of 40 wA
if all the mercury were being removed (half that of mercuric deposi-
tion), and 12 mA below the apparent plateau.

These explanations are not satisfactory considering the well
behaved data in Figure 1. The only conclusion that can be drawn is
that a flow-through porous electrode is an extremely effective device
for removing mercuric ions from brine.

5.4 Recommendations for further work

The data presented in this chapter can be considered preliminary
at best. However, ths data show the process has promise and should be
pursued further. The following discussion will be concerned with the
problems encountered in obtaining the data and suggestions for cbtaining

data useful for design purposes.

Analytical technique. Perhaps the most difficult measurements
to be made in these experiments are tha‘accurate determination of the
feed composition and the effluent campositien. For concentration
above 50 mg-Hg/L, AA and IZAA spectroscopy can be used. As mentioned
previously, the high Cl concentration interferes with these techniques;
however, this irterference can be reduced to an acceptable level by

dilution with distilled water. A solvent extraction technique using
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diphenylthiocarbamate (dithizone) in toluene was also tried. Again,
the C1~ interferred to an eﬁteﬁt that the results were not realiable,
Unfortunately, AA and TZAA gpectroscopy, and solvent extraction with
dithizone, were the only techuniques available in the labhoratory at the
time the data were taken. At the present time, there Is the capability
of determining ng+ by differential pulse anodic stripping voltammetry
uging a Princeton Applied Research Model 174. The resolution of this
technique is 1 ppb or greater. A gold electrode is requirved (see
Princeton Applied Research Application short or Nliraberg (1977)).

Current collector corrosion., The first cathode-current collector

that was used was made of 316 stainless steel. It was found that the
value of VOP would drift continuously in the cathodic direction. This
would occur whether or not current was being passed., Furthermore, it
was not possible to pass enough current (below the limiting current
for Hg deposition) to protect cathodically the collector in order to
gtop the potential drift. In addition, visual inspection of the
current collector showed signs of pitting corrosion.

It should be understood that measurement of VOP under these cir-
cumstances 1s meaningless with respect to mercury removal, because the
current collector was acting independently of the carbon bed.

In order to overcome this problem, a test was rTun on several types
of metal rods. These included titanium, tantalum, aluminum, aad
zirconium. Each rod was placed in a separate beaker containing 4 M
NaCl. The potential of these rods with respect. to a saturated calomel
refarence electrode placed in the same beaker was measured. It was
observed that the tantalum rod @khibited the most stable potential.

(It is well documented that tantalum is one of the most passive metals
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known. ) With this data in mind, a current collector made of tantalum
was fabricated as discussed in section 5.2. No further problems were
encountered with current collector corrosion after the tantalum collector
was installed in the cell.

There are two possible problems to be considered when using
tantalum as an electrode material:

a. The passivation of tantalum is due to the formation of an
oxide layer. In some applications, this film might cause a large
contact resistance between the collector and the electrode bed.

b. Tantalum is very susceptible to hydrogen embrittlement.
Therefore, evolution of hydrogen at the surface of the tantalum should
be avoided whenever possible. 1In order to reduce this problem in a
flow-through porous electrode, the tantalum current collector should
always be placed where the electric driving force is the smallest (see
Chapter 4). As an added precaution, a small piece of metal with a
hydrogen overvoltage less than that of tantalum could be welded to the
collector.

Electric power, There are three possible modes of operation

for applying electric power to the cell. Two of these modes have been
mentioned: galvanostatic control (I is set, and VOP varies until a
steady-state is reached) and constant cell voltage (VOP and I both
vary until a steady-state is reached). A third mode of operation is
potentiostatic control (VOP is set, and the current varies until a
steady-state is reached. The latter mode was used by Appel (1976)
and Fedkiw (1978). Some runs were tried using potentiostatic coatrol,
but the cell current showed rapid fluctuations. Similar behavior was

observed by Bennion and Newman (1972).
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Fedkiw (1978) solved thig problem by placing a 2 uf capacitor between
the reference electrode and the anode. His reasoning was as follows:

a potentiostat is a high gain proportional controller, and if the
capacitance between the anode and the cathode were large enough, the
potentiostat can be forced into oscillations. Appel (1976) was able
to avoid this problem because the surface area of his electrode was
small (al ~ 10). Data in the galvanostatic mode could be gathered
here because the rise time of the PAR 371 is reduced appfcximataly
three orders of magnitude when operated as a galvanostat rather than
a potentiostat.

Ground Loops. Whenever current is passed between the working
electrode and the counterelectrode, care must be exercised so as not to
provide an alternative current path. These problems may be minimized
by eliminating all conductors in the fluld flow system other than
the electrodes. For example: thermocouples, thermistors, metal pipe,
nmetal-pipe fittings, and conducting pump heads.

Ground loops can also occur between instruments. This can lead
to erroneous measurement of current and potential. To aveid these
problems, battery-powered instruments should be used whenever possible.
When such instruments are not available, isolation transformers should
be used on each instrument. Thils is especially true when a potentiostat
is used, because most potentiostat circuits ground the working
electrode. The object is to minimize the number of grounds in the
system.

Flow control. In oxder to obtain the steady-state polarization
behavior of a flow-through porous electrode, a steady flow vate must
be maintained. 1If this is to be achieved in practice, several factors

must be considered:
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a. Alr hubbles. The cell should be packed and assembled while
submerged in distilled water. Before the cell is attached, the flow
gystem should be completely flushed of air. The air tubbles not only
plug the electrode and cause channeling, but their movement can cause
rapid fluctuations in the flow rate.

b. Gas evolution. The evolution of gas in a porous electrode
should always be avoilded. Some comments under a are applicable. If
a gas evolving anode is used, an isolated electrode compartment with
separate anolyte flow is required (see Fedkiw (1978)).

c. Electrode plugging. This will only be a serious problem after
the cell has run a substantial amount of time. The time for plugging

can be estimated (Bennion and Newman (1972)):
t = pMS/ZMMakmch . (5-4)

Tt should be noted that Bennion and Newman (1972) made an error
of a factor of ten din their design calculations when applying equa-
tion &4 to the copper system. They calculated 49 days instead of
4.9 days. The latter value agrees very well with the experimentally
determined plugging time of 5 days.

d. Pump system. A Fluid Metering Inc. piston pump was used to
feed the system. This pump was chosen because of its convenient
variable capacity and fine flow comtrol. A column of NZ can be used
to damp the oscillations. It should be noted that the flow delivered
by this pump depends on the fluctuations in the electric power applied

to the motor. These variations can have a substantial effect on the

flow delivered by the pump at low flow rates. Therefore, a power
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leveling transformer should always be placed between the pump and the
power company.

e, Tubing and tubing comnectors. Leached 1/4" 1.D. Tygoun tubing
was used to connect the fluid flow system. Connectiods weremade with
stainless steel hose clamps. This method worked in a mediocre manner
because the clamps cut the tubing. In addition, the Tygon tubing is
subject to chemical attack.

To eliminate these problems, plastic tube fittings made by JACO
Manufacturing Company (Berea, Ohioc) and Bev-a-line lined tubing made
by Dynalab Company (Rochester, New York) should be used.

5.5, Summary and Conclusion

Preliminary data have been presented on the removal of mercuric
chloride complexes (HgCléag, 1 < ¢ < 4) from a NaCl brine using a
flow-through porous electrode. The data show that the process has

promise, as the concentration of HgCléms

was reduced from 576 mg/l
to less than 0.1 mg/ZL.

The major problems encountered in obtalning design data:
analytical technique, current collector corrosion, ground loops, and

flow control, have been discussed, and suggestions for improvement

made.
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6. A comparison between flow-through and flow-by
porous electrodes for redox energy storage

6.1 Introduction

In previous chapters the emphasis has been placed on the
application of flow-through porous electrodes to metal-ion removal
from dilute streams. This chapter will deal strictly with the
application of flow-through porous electrodes to electrochemical-energy
storage.

In the post "energy crisis" years the ability of electric
utilivies to meet peak power demands economically has become increasingly
acute. One answer to this problem is to store off-peak power and to
recover this power during high demand periods (power load-leveling).
Energy storage requirements for electric utilities may be met in
several ways. The numerous advantages of flow-redox batteries
(Thaller (1974,1976), Beccu (1974), and Kangro (1954, 1969)) have
been discussed by Yao and Birk (1975), and Warshay and Wright (1977).
Some particularly attractive features are listed below:

1) Unlimited cycle life regardless of the depth of discharge
because redox reactions do not affect the morphology of the electrode
material.

2) Simple electrode reactions.

3) High temperatures not required.

4) Minimal environmental impact.

5) Readily available reagents and materials of comstruction.

Preliminary capital cost estimates and size estimates for an
iron/titanivm [T1(III)|Ti(IV)||Fe(III)|Fe(I1)] redox battery indicate

economic viability for the system (Warshay and Wright (1977)). Many
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other redox couples have been suggested (Thaller (1974,1976), Beccu
(1974), Giner, Swette, and Cahill (1976), and Kangro (1954,1969)). Of
these, the iron/chromium system [Cr(III)|Cr(II)||Fe(I1I)|Fe(II)]
appears to be the most promising. Recently, the NASA-Lewis Research
Center, using an iron/chromium cell, has achieved a power density of
approximately 915 W per square meter of membrane separator (Gahn

and Hagedorn (1978)).

Two basic electrode configurations have been proposed for flow-
redox batteries. Kangro (1954,1969) has suggested an electrode
configuration where the current and fluid flow are in parallel
(flow-through configuration, see Figure la and b). Thaller (1974,1976)
and Beccu (1974) have suggested a cell configuration where the current
is perpendicular to the fluid flow and a separator is essential (flow-by
configuration, see Figure 1lc). The flow-through configuration
(Figure la and b) has the advantage over the flow-by configuration
(Figure lc) that a separator is not required; however, a major
disadvantage of this configuration can be seen in Figure 1b. Consider
an iron/titanium cell. On discharge the unreacted Ti(III) and Fe(III)

would be lost accerding to the reaction
Ti(IT1I) + Fe(III) - Ti(IV) + Fe(Il) (6-1)

when the streams are allowed to mix after flowing through the porous
electrodes (Newman (1977)).
The purpose of this chapter is to compare, on an economic basis,

the performance of the
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Filgure 6-1. Various configurations of electrode placement relative
to the direction of fluid flow. a and b are the flow~through
configuration on charge and discharge. c¢ is the f£low=-by configuration.
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two configurations for redox—-energy storage. As mentioned above,
Warshay and Wright (1977) have made preliminary capital cost estimates
for the two-tank, flow by configuration. The flow-by configuvation is
usually considered to be either a two-tank or four-tank system. The
flow=through configuration is primarily a three-tank system. The two-
tank flow~by configuration can also be operated with a time varying
superficial velocity, whereas, the other systems cannot due to thedir
single-pass operation (Thaller (1974)). (By single-pass operation
we mean the reactants on each half cycle pass through the electrode
only once.)

The perspective here is to compare the steady-state performance
of two operational redox storvage systems:

1) the flow-through configuration (current parallel to the
£fluid flow)

2} the flow-by configuration (current perpendicular to the
fluid flow). The basis for comparison is the return on investment

based on operatiang cestss

6.2 TFlow-through porous electrodes

The analysis for a redox reaction is similar to that presented
for a metal-deposition reaction in section 3.3. However, if the
dimensional analysis also presented in section 3.3 is to be used,
separate analyses must be considered for both a cathodic limiting
reactant and an anodlc limiting reactant.

Cathodic reactant. From equations 3-13 through 3-17, the

Butler~Yolmer equation may be written as
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where the reference electrode used in measuring & is of the same

2

kind as the redox reaction, and the concentration of the reactant

and product species in the reference electrode compartment, Crr and

c , and the reference concentration in equation (3-14), and

Pr CRgref

CPsref , have been set equal to Cpg and Cpg (the upstream feed
concentration of the redox couple). It is also assumed that Sp = -1
and SP =1,

If axlal diffusion is small compared to axdlal dispersion or if
the diffusion coefficients of the reactant and product species are
equal, the local concentration of the product species within the pores
is simply related to the local reactant concentration within the

pores and the feed concentration

(6=3)

c, = C + ¢ - O .
R

Also, for a redox couple, the wall fluxes of the reactant and

product species are equal and opposite

k (e

IR = e ) . (6-4)

R~ gy’ = “Kyp(Cp Pw

One can now write ¢ in terms of ¢ and ¢ with the use of
Pw R Rw

equation- 3 as

(6~5)

y
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This equation allows the explicit dependence of the product species
concentration on the local reaction rate to be removed from equation

2 with the result:

(6-6)

where 1 = @1 - @2 s, as previously defined in equation 3-20, Only
one differential material balance is now required -~ that for the
cathodic reactant. The elimination of R between equations 3~11
and 6-6, results in an equation for jRn which 1s similar to equation
3-21. A material balance equation for the case of a cathodic limiting

reactant is then obtained by substituting the above equation for jRn

and equation 3-2 into equation 3-1:

de dzc

v—2 = gD +D) —t
dx R a 2
dx

°R ‘re T SR S
e e 41 b exp n
ch cPf RT
a . (6-7)
N S Perf 1 exp (o g¥og)F ;
kar®rs  SrloR,ref RT KapCes RT

If the same assumptions are made about the side reaction as in
chapter 3, an equation similar to equation 3-23 can be devrived for

the local overpotential:
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dx , .
“r “re T R (O + o g)F
Faptill R dereunll L2 e Tl
_ <« 3_5) RE Pf
8/ 1 __oF exp[“’cRF “j L1 exp{(o’aRﬂcR)F n]
kaCRf SRloR,ref RT kaCPf RT

(6-8)

Equations 7 and 8 can be expressed in dimensionless form by

i

introducing the dimensionless coordinate vy = akmx/v , the dimensionless

concentration 0 = /ch , and equation 3-33:

R

Material balance

1-9 . :
9 8 - (1 + 5 )Pl exp [(1 + ocaR/och)n ]
48 _ pr 46 PE (6-9)
H ¥
dy dyz 14+ exp (n") + P1P7/9Pf exp [ (1 + aaR/acR)n ]
Charge balance
2 o ., o
d™n’ _ _ ' o as cS
— P2§P3 exp ( o N /QCR)[} Pé exp < TN
dy cR
0 -(1+L229p exp [(1 +a /o _dn'l
@Pf 1 aR’ "cR
(6-10)

+ ~ ¥ T
1+ exp (n') + P1P7/6Pf exp [(1 +'uaR/acR)n i

The dimensionless parameters DY, P19 PZ3 PB9 and ?4 are the same

as those defined in chapter 3. The additional parameters P7 and epf
are given by
P7 = ka/ka s (6-11)
ePf = CPf/ch . (6-12)



Anodic reactant. For an anodic reactant equation 2 is expressed

a8

c o F c o F
. , § rv [ %aR pw [ Yer
i =1 ——— axp : (9, =0 {} - expl=—r— (9.0 % . (6=13)
nR oR,ref chf [ RT 172 Cpg L RT 172

Equation 5 can then be used to eliminate c_ /c

Pw in equation 13.

PE

By following the same procedures used in deriving equation 7; a

material balance equation for an anodic limiting reactant is obtained:

de dzc
v —2 e e(D 4+ D) —
dx a ' "R 2
dx
°r Cre T p (g + o RF
oo\t e | - S
. RE Cpg , ,
nf exp [= aaRF ﬂ] + 1 + 1 expg:« (aaR+acR)F ﬁ]
SploR, ref RT kirCre  KupCpe RT

(6-14)

Consequently, the charge balance equation becomes

lGSgZ’ef exp RT (n-AU)] -« expb ~ RT (n-AU)

e ReE T RY @p * %p)F
Cpg | G*P RT n

RT

{6-15)
Equations 14 and 15 can now be put ints forms identical to
equations 9 and 10. This is accomplished by introducing into equations

14 and 15 a dimensionless local overpotential based on the anodic

P {
a_ F ' (a__+o )F
E““ aanjﬁL 1 + 1 expEa aR “cR T?E
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reactant (compare with equation 3-33 for the cathodic reactant):

nFk _c
exp (N*') = - R RE exp (-0 _ Fn/RT) , (6-16)

SRYoR, ref

along with the dimensionless coordinate y and the dimensionless

concentration € to yield

Material balance

9 0 - (l + 18m 0 }Pi exp [(1 + @aR/aCR)ﬂ*']
49 pr d78 Pt (6-17)
= - 7 7 ] 7 5 -
dy dyz 1+ exp (N*") + P1P7/6Pf exp [(1 + aaR/acR)n* 1
Charge balance
2 0 o+t
d net R N _ ot o as CS et
5 PZ PB exp ( a N /aaR) 1 P4 exp| ————— N
dy cR
0 -1+ 2%pr exp [ 40 _Jo_)n*']
0 1 cR’' "aR ?
I+exp ( *?)ig'y /6, cexp[ (Lo Ja_n*"] {° (6-18)
PAn 177/ pe®*P ‘cR aRr’] g
where the dimensionless parameters are defined as
s 1 l+@cR/aaR
(i) (629
mR Rf
a anvzc
Pt MM(ML) (6-20)
2 sRakaRT K 5‘
o /o
. a8" aR
o1 o CRos,rer as™V/ RT{ nFk RCRe } (6-21)
3 nFk pCpe SRoR,ref
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@, gt%g

OtaR

SRioR ref
el e exp [(0_ o + o )FAU/RT] . (6-22)
M nRORE

These parameters correspond to the dimensionless variables defined
previously for the cathodic reactant in equations 3-34 through 3-37
(e.g, Pl for the cathodic reactant corresponds to Pi for the

anodic reactant).

Boundary conditions. DBefore equations 9 and 10 or equations 17

and 18 can be solved simultaneously for 6 and n' , 6 and n*',
regpectively, four boundary conditions are requirgd for each electrode
configuration shown in Figure 4-~1. TFor 0 , equations 4~1 are
applicable. For a cathodic reactant, the conditions on n' tabulated
in Table 4-1 are also applicable., For an anodic reactant, the
conditions on nN*' are of the same form as those given in Table 4~1

for n' , except that P. and P, should be replaced by P! and P’

3 6 5 6 °
which are defined as
op!
¥ = o -
?5 g+’ (6-23)
and
KP;
! = -
P6 g+’ (6-24)
so that
- P! = P! 4+ PT | {6-25)
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Cyecling procedure. A calculational procedure is needed so that

system behavior can be predicted over a complete cycle (i.e., charge
and discharge). The following procedure was used for the flow-through
configuration,

1. The variables listed in Table 1 were set;

2. Equations 17 and 18 were solved for the positive electrode
(subject te the UD configuration boundary conditions);

3. Equations 9 and 10 were then solved for the negative
electrode (subject to the UD configuration boundary conditions);

4, The cell voltage on charge was then evaluated from the
results of 2 and 3, which includes the ohmic drop in the gap between
the electrodes given by A@gap = Ichap/Ké;

5. Equations 17 and 18 and then equations 9 and 10 were solved
for the positive electrode and the negative electrode, respectively;
subject to the DU counfiguration and the following restrictions:

a. The feed concentrations for each electrode on charge and

discharge are the same as the product councentrations on charge;

b. The superficial velocity on discharge v, = vgtc/td ., where

d

V,, =V

and t /t, =1 in the calculations which follow:
d-+ ¢’ d

de=

c. The discharge current density was arbitarily set at

Id = (3,95 IC . (Note that I and ic are negative for the

d
cathode and positive for the anode):
6. The cell voltage op discharge is then calculated from the

results of 5, which again dincludes the ohmic drop in the gap between

the electrodes.
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Variables set
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Variables set on charge and conditions

used in the calculations. + = positive
electrode, - = negative electrode, ¢ =

charge, d = discharge

Conditions used

on charge in calculations
L, L electrode lengths for the positive 1, =1,
o electrode and the negative electrode + -
Vies Vg superficial velocities for the v, = vac
positive electrode and the
negative electrode
ic current density on charge IC < 0 for
cathode
c+c9 c“c concentration of reactants on c+c = ch
charge in the feed tank
n i =
Ciq® Sog concentration of products on Cid € 4

charge in the feed tank

at equilibrium

with ¢ and
c +c

=C
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From the above results the power on charge and discharge are

calculated: P =1V and P_= 1. V. . In the optimization procedure
c cc D DD

which follows in a later section 1c9 I and v are optimized with

d9

respect to an objective function appropriate for this system. Id

is optimized with the condition that cell operation on discharge is
at the power maximum. This choice follows from the optimization
because energy is lost due to mixing in the gap between the electrodes

by equation 1,

6.3 Flow-by porous electrodes

A flow-redox battery using flow-by porous electrodes (perpendicular
current to f£luid flow) cén be modeled to include the following
characteristics:

1. Each electrode exhibits linear polarization behaviocr; this
is typical of a "practical" redox system because the exchange current
densities are large.

2. The positive electrode and the negative electrode are both
of length 1 (in the direction of fluid flow) with isotropic porosities
€+ and €_  and specific surface areas a, and a_ which remain
constant in time; for a redox system no morphological changes occur
in the electrode material.

3. The concentration variations in the direction of current
flow are negligible.

4, The variation in potential in direction of fluid flow is
negligible; this will be a good approximation except near the fluid

inlet.
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5. The hydrodynamics are charvacterized by superficial velocities
v, and v_  and average mass transfer coefficlents km+ and kmw .

6. Only one electrode reaction occurs at each electrode.

It should be noted that the ounly other modeling work completed
for this configuration is that dome by Alkire and Ng (1974, 1977). Their
model, which was applied specifically to metal-ion removal, included
two-dimensional concentration variations and complete Butler~Volmer
kinetics with a side reaction.

Analysis. The emphasis is on a simplified model which includes
only the pertinent features of flow-by porous redox batteries. The results
obtalned 1llustrate the important features that would be observed with a
more sophisticated approach.

Figure 6.2 shows a schematic of the flow-by

configuration to be modeled. The cell potential V 1is defined to be the

difference between the positive and negative current collectors

Ve (dh) -0 (d-) , (6-26)
which may be decomposed:
et c”
v = e _ Ue + RT 1n Ow _ RT 1n Ow
+ - n F + n F -
+ < = c
Rw Rw

open=circult potential
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surface overpotential and ohmic-potential drop

where O and R ave the oxidized and reduced specles of the redox
couple and subscripts + and -~ dencte the positive and negative electrode.
Equation 27 has been written for a positive value of 1 on discharge
and a2 negative value of 1 on charge. The first term and the second
term in brackeis represent the total potential loss in each electrode in
the dirvection of current flow, a combination of surface overpotential for
ilinear kinetics and ohmic potentiasl drop (Newman and Tiedemann (1975)).
The last term in brackets represents the ohmic potential drop across the
separator.
In equation 27, vz is the dimensionless exchange current density

for anm electrode (Newman and Tiedemann (1975))

2
2z aFd™ [ L 1% . _
V7= (aa + ac) T (K + G) i, - (6-28)

It is assumed to have a composition dependence of the form

Yy

c,
. iw _
Yo T lcﬁraf ? <c > s (6-29)

i,ref
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where io ref is the value of the exchange current density at a
3

reference composition Ci pof * It is further assumed that the
9

transfer coefficients aa and ac sum to n (in this case n = 1)

for an electrode reaction of the form
i
) s M," > ne (6-30)
i

and that the exponents Yi have the dependence

o
c
= q, +— g, 6~31
Yi 9 n °i ( )
such that q = -8, = 1 for a cathodic reactant and zero otherwise.

For o =a_ = 0.5 equation 28 becomes

2 c c
vz = agg (%.+ %) io ref V COW ch ? (6-32)
° Oof "Rf

have been set equal to Cig

concentration of the oxidized and reduced species of a redox couple).

where the ¢

i.ref (the upstream feed

Material balances. Continuity equations for reactant and product

species can be used to describe the variation of concentration and
current density through the porous electrode. In addition, the
electrode length may be calculated for set values of the cell veoltage
and utilization of the reactants. From these results, the power
densities on charge and discharge can be obtained.

To do this, the unknown wall concentration in equations 27 and
28 must be related to the bulk concentration of the oxidized species

for the positive electrode. The wall concentrations i and the
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bulk concentrations c, are linked through the limiting current

density relationship

Ci = ci(l - i/iL) . (6=33)

where

iL = Fad km ¢y (6-34)

is the limiting current density in the direction of current flow,

which follows from Faraday's law (Newman and Tiedemann (1975)):

8, s,
4 FEg— GEZ e = mg.l e -
2in " aF hy T oF iy (6-35)
or neglect
21,7 31,
Fa km Ci = ==‘E‘;;~ + mlay (6-36)
with 11y(d) =1, 1137(0) =0, and s, =-1.

The bulk and wall concentrations of the reduced and oxidized
species in each electrode can be related through the pore-wall fluxes,

since these fluxzes are equal and opposite for a redox reaction:

kmO(CO - ¢

) (6-=37)

ow) =~ Krier T Sy

Equations 33 and 37 can be combined to yield the reactant-wall concen-—

trations in terms of the bulk concentrations and the limiting current

e, = +-20 L . (6-38)
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The local bulk concentration of the reduced species is given by

Cr T Cof + Cpg = Cq (6-39)

provided that diffusion in the x~direction is neglected (Qr‘DR,ﬁ;DO),

Eéuations 37, 38, and 39 relate the wall concentrations of the
reduced and oxidized species to the bulk concentration of the oxidized
species in each electrode.

The differential material balance for a species 1 may be

simplified (owing to the assumptions stated previously):

neglect neglect
7 . A
(aci EZ{;E s, (331&/}{ S
% Ty ) T wF j@?*“"lay : (6-40)
/

An integration over vy with ily(d) = =i and ily(o) = (0 , gives

dci S,
Vda?gm‘gﬁ-l . (6-41)

It follows that for each electrode on discharge

de de
O+ _ R~
d+y+F dx dsvwF dx

=1, (6-42)

or

d+v+
c ==

R- = Cre- T T Cogr T S04 - (6-43)

With the use of equationms 33, 34, 38, 39, and 43, all the unknown
compositions in equations 27 and 32 can be related to the differential

material balance for the oxidized species in the positive electrode
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(equation 41). Either the electrode length can be calculated for
a set superficial velocity and reactant utilization or the superficial

velocity for a set electrode length and reactant utilization:

“of+ "
“o+

L= d,vF - (6-44)

Co+
or

v, = - L ) (6-45)

Of+ry o
aF n

Co+

6.4 Cost analysis

An objective function must be specified in order to compare the
performance of the flow-by and flow-through configuration on a
sound economic basis. This objective function should relate the
overall costs (capital, fixed, and variable costs) for an entire
system to local variables, such as current density, cell voltage,
and flow rate. However, for the comparison considered here, only
the costs and system variables related to the net specific power of
a particular configuration are important. In this case, the objective
function will be based solely on the variable costs. The terminoclogy
het specific power' refers to the amount of power in watts per square
méter reéavered by storing off-peak, nighttime power. In general,
the objective function should be constructed in terms of intensive
variables, that is, independent of the separator or gap area (membrane

area for the flow-by configuration; superficial-flow area for the
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flow-through configuration).

The simplified cost analysis presented here allows a quick
evaluation of the two different electrode configurations. However,
it must be emphasized that construction of large scale systems
should be based on more detailed cost and performance evaluations.

Capital costs and fixed costs. 1In this particular study, the

exact functional form for these costs is not important because it
is assumed that the energy storage facilities are built and are
operational. However, for the sake of completeness an approximate
formulation will be given (see Newman (1979)) for the case of
variable, capital, and fixed costs.

The capital costs and the fixed costs in $/ year - mz for each
configuration are assumed to have one value:

Flow~by

|- ? -
Chp = [(Cy, + Cpud) + (¢, +Cpd)lr+Cl, (6-46)

Ficw@through

= ; ? -
Chp = [(C, +Cy L) + (C, +CpL)lx+Cl, (6-47)

B

where CBi and €,y are the total costs per unit volume ($/m3) and
total costs per superficial-electrode area ($/m2), respectively. The
factor T (yearml) represents the effect of interest, depreciation,
and taxes. This factor should reflect the average lifetime of the
components in the system. If the expected lifetime of the components

depends significantly on the current density or cell voltage, this

simplified treatment of capital costs would have to be modified.
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The term C% in equations 46 and 47 represent the fixed costs
(i.e., labor, materials, and maintenance). This term is sometimes
taken to be a fraction of the total capital investment plus the
cost of labor. This assumes that the labor costs can be scaled

with the superficial-electrode area.

Variable costs. The costs to be emphasized here are the power

costs on charge and discharge, and the pumping costs. The variable
costs also include materials makeup plus waste treatment, which may
or may not be functions of the operating conditions. In any case,
the relationships are not known and it will therefore be assumed
that these additional costs are negligible.

The variable costs ($/year - mz) are given by

Flow-by
7 = s
CVS = IQVCtCSCpN Idvdtdsch
charge discharge
u,d az
4,2 S 1"+ 2 2
+ £ 3 (V+ctcCpN + V+dtdeD)
P £
4
u_d a” 9 9
+ w‘;g% (VGCtCCpN + vwdtdeD) . (6-48)

pressure drop

Flow-through
? = ) T
CVS = IcvctCSC N LivitiSC D

charge discharge



u ¥ az
4.2 S| "4+ 2 L2
+ £ 3 (V+QtanN * v+dtdeD>
2 2
“
u@L@am 2 p
+w?w< CeteCon vmdtdch)» (6-49)

pressure drop

The only difference between equations 48 and 49 ig that the length
of electrode over which the pressuve drop occurs is explicit for the
flow-through configuration and implicit for the flow-by configuratioun.

In equation 48, the electrode thicknesses (perpendicular to the
direction of fluid flow) d+ and d_  account for the fact that the
volumetric flow rate may be different for each electrode.

The factor S 1s the on-stream factor (either days operating
per 365 days or operating cycles per year).

In equations 48 and 49, the pressure drop covrelation used is
for Re = v/av < 1L (see Bird et al. (1960)). This is typical of the
flow rates euncountered in the cell stacks at NASA-Lewis for the
flow=by configuration (Gabn and Hagedorn (1978)) and, as will be seen
later, the opitimum flow rates for the flow-through configuration
typically give Re < 0.001 .

As can be seen in equations 46 through 49, there is no optimum
value for electrode length. An order of magnitude analysis of the
terms in these equations indicates that practical systems can be

built so that the pressure drop terms are small compared fo the
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remaining terms. In the case of the flow-by configuration, the
electrode length is determined by the desired conversion and the
minimum f£low rate which can be easily controlled in practice. There-

fore, the variable costs for either configuration can be expressed as

|
€8 = P ¢ sC - P t 8C 6=50
v cec pN dd” pD’ ( )

where ?C = chc and Pd = ded*

The total cost of a redox system can now be given by

cost o {C?

- (6~51)
year C¥

+ P t8C _~-P t.8C _JA
¢ ¢ pN

d d” pD” tot’

where Atot is the total superficial electrode area of the system.

For the comparison considered here, only the variable costs CpN
and Gng and the system variasbles relatred to these costs PC, Pd’ tc,
and ty are important. The capital and fixed costs per unit superficial
area can be optimized separately, and will not be consldered further in
this analysis.

Dimensional considerations indicate that only ratios of costs are
needed to determine the optimum design and operating conditions. In
this comparison only the ratioc of the cost of daycime and nighttime

power 1s important. Consequently, the objective function to be maxi-

mized can now be expressed as

t
c

3 2 = - o CP 9 6=52

NSP(W/m“) Pd £y c ( )
s C=20 C .

where ’pN/ pD

6.5 Optimization procedures and vesults

To simplify the optimization, only the case where v, = vy and

b, =ty will be counsidered. It is also convenient to equate the super—
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ficial velocities in each electrode Ve & Viae With these assumptions,

equation 52 becomes
NSB(W/m?) = P - CP_. (6-53)

The method of optimization is different for each configuration.
For the flow=through configuration, the net specific power is maximized
over discharge current, charging current, and flow rate. For the flow-
by configuration, it was only necessary to optimize the net specific
power with respect fo the cell voltage on discharge in order to obtain
a valid comparison with the results obtained for the flow-through
configuration.

It was not necessary to optimize the flow-by configuration with
respect to flow rate because the pressure drop is ignored in the
objective function. Furthermore, this configuration can operate at any
velocity with a corresponding change in electrode length. Also, because
the effluent is isclated the number of coulombs passed on charge and
discharge must balance, whereas with the flow through configuration,
extra charge is lost according to equation 1.

Chemical system. The results presented are for the Fe/Ti redox

system. This chewical system was chosen because data on fundamental
parameters, such as exchange current densities, solution conductivities,
and viscosities were available (Giner et al. (1976) and Miller (1977)
see Table 2). However, the values of the exchange current densities
were not available on the electrode materials used in the cells at
NASA-Lewis for which a power density of approximately 237 W/mz (Gahn

and Hagedorn (1978) was achieved for the ¥Fe/Ti system.



Table 6-2, Values of the parameters used in generating the results
in Figures 3 through 10.

Parameters used in both electrode systems

a=25cm Y, e=0.3 D 4y =D 2y ™ 5%107% cm?/s
0,Ti 0,14 (0H) 2
= = - -6 2, (a)
n=1,T=298.15 K, D, rect, 5.5%10°C em”/s
D 4" 5.7x10”° cmz/s<a)s o, = o, = 0.5(P)
0,FeCl
2
P , = 0.6513 v, 4o - gy = 0.1 y(@
FeCl, /FeCl 717" /71 (08)
2 2 2
, 1/2 (e) 1/2
i = 10/c c = [ ¢ c
oR ( FeCl,, £ FeClz,f) * ToR ( i3t ¢ Ti(OH)§+,f>

Flow=through configuration

K = 0.25 mho/cm, 0 = leolé mho/em, L = 3 cm, L =1 cm
o gap

on charge: Cype = O M
c = o =3 M
74 (OH) %if FeClz,f -
-4
c =c = 3.2942x10 M

113t f FeClgsf

- - e () ) (£)
201 = Clz(g) + 2e ig 10 e, aaS = (0,38,

cS

154



(Table 6-2 continued)

c = 20M , U o= 1.3595(8)
e, f €1,/C1

6.708x10 24 /em?, (F)

s

+

=
+

.)&.

3>

mu
i

~ o =)
Bag @ Peg T V0

0.5454 (h)

Flow=by configuration

- ’ (1) _ (i
Kc+ = (,176 mho/cm > K= 0.207 mho/cm

s{nﬂ
v = ln7x1023cm/sg 1./s<g = 25 mho/cm(k)
on discharge:
c = o = 2,7 M
Ti3+9f Feclg%gf
¢ = ¢ = (3,27 M
Ti{DH)§+9f FéClzgf
iigg 001 of Y 0.49 ,2‘;32_, 1/3 (8
ab B YD
) o

i

U= 0.86 , v = 0.0251 cmz/s

(a) Ateya and Austin (1973)
(b) All primary reactions
{¢) Reid and Gahn (1977) and Wagman et al. {1968)

d,=d_=3cm d =d_=0.5ca L =0.047 cn
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(Table 6=2 continued)

(d)
(e)
(£)
(g)
(h)
(1)
D)
(k)
L)

Dean (1973) and Baes and Mesmer (1976)
Miller (1977)

Erdey-Gruz (1972)

Newman (1973)

Trainham and Newman (1978)

Giner et al. (1976)

Figure 10 only

Alexander and Hodgdon (1978)

Bird et al. (1960)
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The primary electrochemical reactions were assumed to be

FeCL, Feci; + e, (6-54)

and

- + + -
13t & 28,0 Ti.(oz»z)g + M O+ e . (6-55)

The gpecies assumed in these reactions are based on stability data
(Baes and Mesmer (1976)), experimental measurements of open—cirecuit
potentials (Reid and Gahn (1977)) and secondary reference state
quantities (Wagman (1968)). For Ti(IV) the hydrolyzed species is
expressed Ti(QH}§+5 as there 1s no strong evidence supporting the
commonly written “titanyl" ion, 102t (Baes and Mesmer (1976)).

The flow=-through model has provision for side reactions, and these

were assumed to be evolution of hydrogen and chlorine

2t + 207 - H, , (6-56)
and
2017 > CL,(g) + 2e . (6-57)
Flow=through configuration. As mentioned previously, this

configuration was optimized with respect to discharge current density,
charging current density, and flow rate, with equation 53 as a criterion.
To simplify this procedure, and also to reduce computer costs, the
charging current density 1@ was set and the value of C (cost of night~
time to daytime power) was eventually calculated for which this vélue

of I, was an optimum. This has the advantage, first of all, that the
discharge current density can be optimized separately--operation is to
be at the power maximum independent of the value of C. For this

reason, the search in one-dimensional rather than three-dimensional.



To be more specific, two equations result for the cost ratio C
when equation 53 is differentiated with respect to v at constant Ic
and then with respect to ic at constant v, setting the results equal

to zexro

an/Bv

- = ¢, (6-58)
EPc/av
SPd/SIP

§§*7§Eé = (C, (6-59)
¢ e

The procedure 1s to set IC and guess a value for v; calculate the
derivatives in equations 58 and 59; while simultaneously adjusting the
current density on discharge so that cell opevation is at the power
maximum. The procedure 1s repeated at a set iC adjusting v wuntil a
plot can be made of equations 58 and 59 versus IZ = Ic/anch (the
current density on charge made dimensionless with the limiting current
density that would exist for flwld velocity v 4if all the reactant in
the feed were completely reacted) as shown in Figure 3. IZ is really a
dimensionless substitute for v because IC9 n, F, and Cpe are set. In
In Figure 3, the point of intersection of the two curves represents the
value of the cost ratio for which Ic” ng and v are optimum. Figure 3
also shown that equation 58 is more dependent on v than equation 39,
Figure 4 shows that for an increase in optimum flow rate by a
factor of 8.1, Ic increases by a factor of 20. This implies a greater
utilization of the reactant speciles on charge at higher currvent
densities. It should be noted that the optimum superficial velocity
varied from (0.961 to 7.78) lOEgvcm/s over the charging rvange con-
sidered. However, these low velocities would probably be difficult to

attain in practice.

158



159

0.47
o . 0.46
3|S
SIS 0.45
0.44
o
L
 0.43
S|&
allae 0.42
QI

0.41

0.40
0.58 0.59 0.60 061 062 0.63

XBL 796-10070

Figure 6~3. Computer-aided graphical optimization procedure.



XBL 796-10068

Figure 6-4. Effect of changing current density on the
reciprocal of the superficial velocity.
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Figure 5 shows that the cost ratio decreases with current density.
Therefore, the higher the cost of daytime power relative to nighttime
power, the higher the current demsity at which the system can be
economically charged.

As might be expected from the previous graphs, Figure 6 shows that
the ratio of the optimum current density recovered on discharge to
that of the required charging current density, decreases with charging
current density. Thus, the curvent efficiency is low. Also, a low
value of C results in a low energy efficiency.

The decrease in the energy efficlency with current
density on charge is clearly shown! in Figure 7. At Ic = 1 mA/cmz9
Pd/Pc is 0.6, whereas at I, = 20 wA/cm?, Pd/Pc drops to 0.27.

The NSP (W/mz) is shown in Figure 8 as a function of C. The NSP
is much higher at low values of C.

Flow-by configuration. As mentioned previocusly, this configu-

ration was optimized only with respect to the cell voltage on discharge.
Again, optimization of the flow rate is unnecessary because the
pressure drop contribution to the objective function is not included.

In order to compare the net specific power of the two systems,
similar resulits as were obtained in Figure 8 are required. The values
of Vd; v, and Cop, 2¥e set, and the electrode length is calculated from
equations 27 and 44. Once L is known, a value of Vc that will recharge
the cell to the initial concentrations can be calculated. The total
current density, and comsequently the power, for either charge or dis-

charge can be obtained from

Ic = n+de{ch - CRL}+/Lg {(6-60)
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XBL 796-10069

Figure 6=5., Effect of the changing current density on
the cost ratio (no nighttime to daytime power costs).
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Figure 6-6. Ratio of the optimum discharge current
denslity to the changing current density versus the
the changing current density.
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XBL 796-10066
Figure 6~7. Dependence of the power required on charge

and power recovered on discharge as a function of the
changing current density.
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XBL 796-10065

Figure 6-8. Net specific power recovered by the flow-through
configuration versus the cost ratio (nighttime to davtime
power costs).
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and

Id = n+de(cOf - COL)%/LP (6-61)

A value for C 1s then determined for which V,; is an optimum from

the equation

¢ = -'(BPd/BVd>/<aPC/BVd) R (6-62)

and finally the net specific power is calculated with equation 53,
FEquation 62 is analogous to equations 58 and 59 used for optimization
of the flow-through reactor.

Figure 9 shows a comparison between the flow-through and flow=by
configurations. Except for very high reactant utilization on discharge
(<907), the flow=by counfiguration yields the greater return on
investment.

In Figure 10, the effect of increasing the specific interfacial
area and decreasing the electrode thickness is shown for the flow=by
reactor. An increase in a by a factor of ten vields an increase in
the performance by a factor Qf three. Similar results can be expected
for the flow~through configuration.

6.6 Discussion

The results of the optimization have shown several important
differences between the two configurations. However, these results
have raised several pertinent questions:

1. Were the parameters used in the calculations equivalent for
both systems, and if so, were values representative of actual systems?

2. Why is the performance of the flow=through configuration so

much poorer?

166



Flow-by
Flow-through

Pi-CPe, W/m®

Flow-by
v=17x% 10" cm/s
Cre , 1= Cri*r= 2.7TM

Cre® = Criom® = 0.27M %
CEeLl 0.05 % 01102
G u 1o 0.5
0.1 6.3 0.5 0.7 0.9

C
XBL 796-10073

Figure 6~9. A comparison between the flow-by configuration and the
flow-through configuration based on the net specific power recovered.
The curve for the flow-by configuration is the same as that shown in
Figure 8. The flow-by resulits are for the discharge feed compositions
shown at various utilizations of reactant.
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XBL 796-10072

Figure 6-10. Dependence of the net specific power on the cost
ratio for the flow-by configuration with the specific interfacial
area and the electrode thickness as parameters.



3. Why is the optimum flow rate for the flow-through configuration
g0 small?

4. 1Is there perhaps a better configuration coupled with a
different chemical system for which the flow=through electrodes would
yield competitive results?

We will endeavor to answer these questions in this section.

Parameters. In order to obtain a valid comparison between the
two configurations, the parameter values were shared whenever possible
(see Table 2). However, the differences need some clarification. The
total iron concentration and titanium concentration were each 3.00 M
for the flow-through configuration and 2.97 M for the flow-by
configuration.

In the flow-through case, the concentrations of 113 and FeClz in
the feed (set equal to 3.2942 x lOmé,gs see Table 2) were determined
from the equilibrium for the reaction which occurs in the gap between
the electrodes on mixing after passing through the electrodes on dis-

charge

113+ Fec1} + 2m,0 2 Ti(om) 5" + Fecl, + 21", (6-63)

27 &

which has an equilibrium constant

CTi3+ cFeClz

- L \2
= 4.823 x 10710 (EEEZ) . (6-64)
CTi(OH) %"% CFeClzc‘H%
In equation 64, the activity coefficients and the activity of water
have been set equal to unity.

The results of the optimization show that the charge imbalance due

to incomplete conversion of FeClg on discharge 1s very small. In fact,
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the percent of charge (stored on discharge) required to restore the
system to the initial state of charge (i.e., all FeClg converted to
FeClz)9 was always less than 0.05%. Therefore, the side reactions on
charge are extremely small. This is due to the optimization procedure
which forces the system to operate at nearly 100% current efficiency
on charge.

The correlation used in predicting the mass transfer coefficient
for the flow-through configuration is the same on that determined in
Chapter 3 (equation 3-51). TFor the flow=by configuration, a mass
transfer correlation appropriate for the Reynolds numbers encountered
was used (Bird et al. (1960), see quation 3-43).

Other variations in the parameters are due to the inherent
differences between the two systems. For example, the superficial
velocity was arbitrarily set for the flow-by system (v = 1.7 % 10m3cm/s),
whereas, an optimum value was determined on charge for the other
gystem, Experimental conductivity and viscosity data were avallable

for the mixtures FeClz/FeC1§

and T13+/Ti(OH)§+ encountered in
typical flow-by systems (Giner et al. (1976)), but were not available
for the Fe/Ti mixtures of the flow-through system. In the latter case,
a value of 0.25 mho/cm was assumed (see Table 2). Experimental data for
the membrane separator thickness and resistivity were also known for
the flow=by system (Alexander and Hodgdon (1978)), where a 1 cm gap was
assumed in the flow-through calculatioms.

It can be concluded from the asbove discussion that the differences
between the pavameters used in each system are minor, and therefore,
will not account for the discrepancy in performance.

As mentioned previocusly, values for the kinetic parameters and the

specific interfacial area were not available for the system at NASA-



Lewis for which a discharge powex density of 237 W/mg (Gahn and Hagedorn
(1978)) was achieved. This compares with a calculated maximum power
density of 170 W/mz (top curve Figure 10). A value of 25 emt for the
specific interfacial area was used in most of the calculations. How-
ever, Figure 10 has shown that for a tenfold increase in the value of
a, the NSP increases by factor of three. Even a value of a equal to
250 cm~! could be conservative by a factor of two or three, and this
would account for most of the discrepancy. In addition, the values of
the exchange current densities used in the calculations (see Table 2)
could easily be low by an order of magnitude. At the present time,
there is no way to tell how well the models predict reality, because
there are no steady-state data available.

Superficial velocity. In Figure 4, the optimum superficial

velocity for the flow=through system véried from (0.961 to 7.78)10“5
cm/s over the charging range of 1 mA/em? to 20 mA/cm?. Again, these
velocities would be extremely difficult to achieve in practice.

The optimum velocity is low for several reasons:

1. The conversion is moderate on both charge (0.11 < cpy/epe <
0.64) and discharge (0.15 < QRL/ch < 0.6) for the charging current
density range of 1 mA/cmz to 20 mA/cmZa A low conversion, which would
allow a much higher flow rate, 1s not possible due to the single pass
operation.

2. The feed composition of the reactants on charge 1s 3M. This
is 300 times the feed composition of the copper removal process
(Bennion and Newman (1972)) modeled in Chapter 3. This contributed
substantially to the two—orders of magnitude difference in flow rate.

3. A comparison of Figure 7 with Figures 8 and 9 shows that the
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gystem cannot be run economically a high current densities.

An estimate of the maiimum allowable velocity on charge can be
obtained from the limiting current design equations of Bennion and
Newman (1972). The difference in the standard electrode potentials
for the system is Au® = 0.5513v (see Table 2). If we assume 0.0513V
is lost to the separator, then there is approximately 0.2V available
for ohmic losses in each electrode. If we combine equations 3-=49 and

3-51 an expression for the velocity results

s_ Kk AD)

vloéﬁSé-é = 0.07054 mgmmmasgm a0°5454v094546g (6~66)
g nF ¢

RE

1
Using the values of the parameters in Table 2 and A@z = 0.2, we obtain

v = 2,1 x 1072 cm/s. This estimate is the same order of magnitude on
the velocities obtained by the optimization procedure.

As mentioned previously, the results for the flow-by configuration
operating at a fixed conversion are essentially independent of velocity.
For a desired conversion, the electrode length is set, and the velocity
can be calculated or vice versa. This operational flexibility makes
the flow-by configuration superior.

Effect of electrode thickness. For the flow-by configuration,

results were obtained for electrodes of thickness 3 cm and 0.5 cm in
the direction of current flow. Figure 10 shows that there is only a
small improvement in the performance of the 3 cm thick electrode over
the 0.5 cm thick electrode. The electrode length of the 3 cm thick
varied from approximately 5.2 to 5.5 times that of the 0.5 cm thick

electrode over the discharge range considered.
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Other svstems. It should be kept in mind that the Fe/Ti chemical

system has been used for a relative comparison between two electrode
configurations. Other chemical systems offer larger open—circuit
potentials and reaction rates per unit volume (aio)s However, the
mathematical models and the optimization procedures developed here can
be used directly or modified accordingly, so that other systems can be
compared.

6.7 Summary and conclusions

Theoretical models have been developed for two electrode
configurations for redox battery applications: 1) flow-through porous
electrodes and 2) flow-by porous electrodes. These models were used to
determine which system yields the greater return on investment. To
do this, both systems were optimized with respect to an objective
function appropriate for the application.

The results show that the flow=by configuration is superior. Not
only does this system yield a greater return on investment, but it
also offers the operational flexibility of variable flow rate and
conversion., Its limitations compared to the flow=-through system will
be associated with the maintenance and rellability of the membrane
separator.

The flow-through configuration in addition to yielding a lower
return on investment, offers an impractical superficial velocity (the
optimum superficial velocity was of order 1073 cmfs). TIts failure is
due to current flow (and ohmic potential drop) in the same direction
as the fluid flow.

The perspective here has been to use a simplified optimization pro-

cedure to obtain a valid comparison between two electrode systems.
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Notation

f e =1
specific interfaclal area, cm

= ki/po property expressing the secondary reference state,

2/mole

see equation 3~-47

= {n 6 , see equation A~1l, in Chapter 6 the ratio of

daytime to nighttime power costs

concentration of chloride in a saturated calomel reference

electrode compartment, mole/4

concentration of the reactant species, in the flow-by
analysis of Chapter 6 it is referred to as the reduced

. 3
species, mole/cm

concentration of the oxidized species in a redox rveaction,

mole/cm3

concentration of the product species in a redox reaction,

mole/cm3

reactant species concentration in the side reaction, mole/cm3
concentrarionat electrode exit, mole/cm3

cost per unit volume, $/m3

cost per superficial-electrode area, $/m2

capital and fixed costs, S/year=m2

fixed costs, $/yearam2

variable costs, $/year=m2

daytime power costs, S$/W

nighttime power costs, $/W
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DU

i

o]

i,
oj,ref
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downstream counterelectrode, downstream current collector
downstream counterelectrode, upstream current collector
Con s . P . . 2
axial dispersion coefficient of the reactant species, cn’ /s
e e . . 2
molecular diffusion coefficient of the reactant species, cm /s
. ; . . . 2
effective diffusion coefficient of the reactant species, em”/s

dimensionless parameter describing the relative importance

of axial diffusion and dispersion, see equation 3-32
molar activity coefficient of species 1

z. /7 . e . ;
= fi/fn i/ n molar activity coefficient of species i referred

to ionic species n
Faraday's constant, 96487 C/equiv

dimensionless distance betwsen mesh points

superficial current density to an electrode, A/cmz

exchange current density for reaction j , A/c:m2

exchange current density for reaction 3 at a reference

composition c, see equation 3-14, A/cm2

,ref’

¢ . . , , 2
superficial current density in the matrix, A/cm

‘e . ; ; 2
superficial current density in pore-solution phase, A/cm

transfer curvent for reaction Jj per unit interfacial

area, A/gmz

dimensionless superficial current density to an electrode,
see equation 3-41
dimensionless current density in pore~solution phase, see

equation 3-46

%
= =1 total dimensionless current density in pore-solution

phase, see equation 3-48

total current density to an electrode due to metal-deposition

. 2
reaction, Afcm
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total current to an electrode, A
current density on charge, A/cm2
current density on discharge, A/cm2
pore-wall flux of species i, mole/cmzms

dimensionless transfer current of metal deposition reaction,

see equation A-6

dimensionless transfer current of side reaction, see equation

A=9

average mass—transfer coefficilent between flowing solution

and electrode surface, cm/s

thickness of porous electrode, cm

separator thickness in flow-by porous electrode, cm
gap thickuness of flow-through porous electrode, cm
symbol for the chemical formula of species i

number of electrons transferred in an electrochemical reaction

number of electroms transferred in reaction j
superficial flux of the reactant species, mole/cmzas
hydrogen or chlorine partial pressure, atm

Péclet number, v/aDO

dimensionless parameter describing the relative importance
of the anodic term in a metal deposition reaction, and a
redox reaction, see equation 3-34

dimensionless parameter describing the relative importance

of the ohmic potential drop, see equation 3-35

dimensionless parameter describing the relative importance

of the forward term in the side reaction, see equation 3-36

dimensionless parameter describing the relative rate of the

backward term in the side reaction, see equation 3-37

dimensionless parameter which characterizes the ohmic potential

drop in the pore-solution phase, see equation 3-38
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dimensionless parameter which characterizes the ohmic

potential drop in the matrix phase, see equation 3-=39

kﬁR/ka9 ratio of mass transfer coefficients for reactant

and product series in a redox reaction

dimensionless parameter describing the relative importance
of the cathodic tevrm in a metal deposition reaction and

a redox reaction, see equation 6-19

same physical significance as P, only for an anodic reactant,

2
see equation 6-20

same physical significance as P see equation 6-21

39
same physical significance as Pég see equation 6-22

same physical significance as P gee equation 6-23

59
same physical significance as P69 see equation 6-24
cathodic reaction order

the effect of interest, depreciation and taxes, yr
universal gas constant, 8.3143 J/mole-K

= v/av or v/av, Reynoclds number

on-stream factor, days operating/365 days or operating

cycles/year

stoichiometric coefficient of species 1 in electrode reaction j
stoichiometric coefficient of reactant species

stoichiometric coefficient of product species

absolute temperature, K

charging time, s

discharge time, s

open~civcult cell potential, V

upstream counterelectrode, downstream current collector

upstream counterelectrode, upstream current collector
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KD R D D

AT

vorp

VOop
{VO“)max

AV

open—circuit potemtial for reaction j at local wall composition
relacive to a reference electrode of a given kind, V, see

equation 3-~17

standard electrode potential for veaction j, V
standard electrode potential for reaction k, V
standard electrode potential of reference electrode, V

= US - UR difference in open-circuit cell potentials of
the side reaction and primary reaction at the reference

composition, V
superficial fluid velocity, cm/s

potential of the cathode current collecter relative to a
saturated calomel reference electrode placed in the dilute

product stream, V

naximum value of VOP at which appreciable side reaction does
not occur, V

vop - Ue + Ve

k cal ? v

distance through porous electrode, cm

% akm/v dimensionless distance through porous electrode, in
the flow-by analysis of Chapter 6 it is the distance in the

direction of current flow, cm

valance or charge number of species i

Greek Letters

= a km/v, reciprocal of penertation depth at the limiting

current, cm
anodic transfer coefficient for reaction j
cathodic transfer coefficlent for reaction j

overall stability constant, where € denotes the number of

ligands in the complex, (L moleal) or (kg molesl)
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gap

8]

n
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exponent in composition dependence of exchange current

density

porosity or void volume, also number of ligands in a complex
quasi-electrostatic potential, V

electrostatic potential in matrix phase, V
quasi-electrostatic potential in the pore solution phase, V
ohmic potential drop across porous electrode, V

estimate of chmic potential across porous electrode at the

limiting current, V see equation 3-49

K { o . 3
e Lgap/ o’ ohmic drop across gap in flow-through porous

electrode, V

]

@l - @2 - ij surface overpotential for reaction j, V

@l - @2 local overpotential, V

dimensionless local overpotential for the cathodic reactant,

i

see equation 3-33

dimensionless local overpotential for the anodic reactant,

see equation 6-16

effective conductivity of solution, mho/cm

intrinsic conductivity of solution, mho/cm

effective conductivity of the separator, mho/cm
absolute activity of species i

property expressing secondary reference state, kg m@lml
sxg/ki zy/2

of species i referred to ionic species n

n property expressing secondary reference state

viscosity, g/cm-s

electrochemical potential of species, i, j mol_l



Superscripts

Subscripts
c

cal

ref

sat

pure state
secondary reference state at infinite dilution

ideal-gas secondary reference state

charge

calomel

discharge

feed

length of electrode, exit
negative electrode

positive electrode

oxidized species

product species

reference electrode compartment
reactant specles, reduced species or primary reaction
reference composition

side reactant or side reaction
saturated

wall or electrode surface

17%s
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Appendix A. Logarithmic finite difference approximation

To obtain a more accurate representation of the derivatives in
equations 3-28 to 3-31 more of the physics needed to be incorporated
in their dependence. This was done by considering the concentration
distribution at the limiting current, which decreases exponentially
with electrode thickness (see Bennion and Newman (1972), and Newman

and Tiedemann (1976)). With this in mind, a new variable was defined:

0 =e . (A-1)

Now apply this equation to the upstream boundary condition on

the concentration (equation 3-30) to obtain

¢ v dCY -
e(l—Ddy) 1. (A=2)

Next introduce the central-difference approximations at the first real

mesh point (j = 2 , mesh point 1 is an image point):
C, - C
_pt 2 1) -

62<l D o 1, (A-3)

ot
8
D’ 3% _
ezélngln —e—">- i. (A=4)

If 6 4is approximately exponential in distance, then C will be

approximately linear, and less errvor will be introduced when the

derivative is approximated by a finite-difference form in the variable C .
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Similarly, a central-difference approximation for the axial
diffusion and axial dispersion term in equation 3-28 can be derived

for any interior mesh point J

2 D'e,
D’ Q_% = .,___MQQZ g'; In o (AGS)
dy h b

The resulting material balance equation at any interilor mesh point

j now becomes

8, g, DO, 8,
b gy AR L 1L, IR - (A-6)
2h 8, 2 14 8, Ri
j=1 h j-1
where
) ¢
5 - p e(@aR/@cR+l)nj
i 1
Tog = . = . (A-7)
1+e J

To check a posteriori the overall application of Faraday's law, whereby

the integral of the transfer current J for the principal reaction

R

should be related to the difference between the inlet and outlet
concentrations of the prinmcipal reactant, one should use an integration

formula for JR which also takes account of the approximately

exponential dependence of JR on distance.

So that the integrated current is also correct for the side

reaction, combine equations 3-28 and 3-29 by eliminating JR from

both equations to yield
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d {1 dn' - pr 98 _ -
dy(Pzdy +0 - D dy> Ig s (A-8)

where

aaS OLf:S
= - i . PSochee oo § .
JS PB exp ( agsn /acR) 1 P4 exp QCR n . (A-9)

Next express the outer—derivative in equation A-8 as a central-difference

written between points halfway between mesh points:
1/ L dn’ 40y _flodn’ o e 48 - -
T (P iy + 0 -0D &y (P &y +6 =D dy JS . (A=10)
2 . L 2 , 1
2 173

Now express the terms 0 - D'd8/dy halfway between two mesh points
using equation A~l and the values of 0 at the adjacent mesh points

(see also equation A-2):
de p' . Y41
8 -0 =) =60, . |1~ 1n =), (A-11)
i i+l h 6j

and

' 0,
(6 - D' 29) =./96.6 <1 - %— in TL.} . (A-12)
1

With these approximations and a central-difference expression for
the derivative of n' , the resulting equation for the potential

at any interior mesh point j becomes
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7 T 9
1 Myt VOO o' . Oyl vO%. D’ %
= + 1 -+ 1n - 1-21n
h b h not e

= J.. - (A=13)

Similarly, to treat the upstream boundary condition for the

potential, integrate equation A-8 from zero to h/2 to yield

i

H 3
(—1‘:“"@11""*“9“1379}E) ,,,,(..l;;@._,g.,@
h/2

46y _ h _
> i 2 D ) I . (A-14)

PZ dy dy o 2 783
Use the same approximations as above for y = h/2 and use the boundary

conditions in equation 3-30 to obtain (for 4§ = 2)

P

- )
21 ¥l 3.2 D, L) 25 % - -
=2 = ejejﬂ <1. — 1n @j} h<P21 +1> Jgy « (a-15)

With equation A-13 at the interior mesh points, this corresponds then
to a trapezoidal integration of the transfer current JS over the
thickness of the porous electrode.

The governing finite~difference equations A-6 and A-13 along
with the upstream boundary conditions A-4 and A-15 were then linearized
about a trial solution and solved simultaneously with the’downstream
boundary condition for © and n' using Newman's technique (Newman
(1973), Appendix C). The new approximations to the derivatives in

concentration provided accurate values for © and n' at the mesh

points without introducing anomalous values for the integrated current.
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: %
Appendix B, Macroscopic description of porous electrodes

Flooded-porous electrodes can be modeled as a superposition of
two-centinua, one the matrix phase, the other the solution phase
(this disregards any geometric detall of the pore). Therefore, the
gquantities to be defined in this appendix will be assumed to be
continuous functions of time and space coordinates. In this treatment,
both phases are present at any point in space.

Average quantities. Consider a small volume V somewhere within

the electrode (shown schematically in Figure 1).

The porosity or void fraction € is

pore v
gg%: f dv’zmg%fﬁe (B-1)

Define <ci> the solution-phase concentration of species 1

(simply written as cy in chapters 2 through 6), averaged over the

volume of the solution in the pores:

v
1 pore

<e,> = cidV' . (B=2)

pore

The superficial concentration €<Ci> averaged over the volume of

the pores and matrix is then

This derivation was done by my research director Professor John Newman.
It appears only in one other reference {(Dunming (1971)). The author
is grateful to Professor Newman for permission to use the derivation,

because it elucidates the physical meaning of the equations assumed
in this thesis.
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v
pore

v
e<c.> = & f c, dv! =};j; dv' (B=3)
i v i v i ’

where, for flow=through porous electrodes <ci> is the preferred
concentration, because it is the cup average concentration and is
continuous as the stream leaves the electrode.

Further, define jin as the normal component of the flux of
species 1 at the pore-wall interface, relative to the velocity of

the pore-wall interface, pointing in the direction of the solution

(shown schematically in Figure 2):
Jin = Ee (E{i = Q'i;YW) 9 (Bgé)

where, n 1s a unit normal vector pointing into the solution, v
is the velocity of the pore wall, and §i is the total flux of species
i,

The interfacial area between the solution and the matrix is then

5 S 5
W W

W
A= wj neds’ zfg@g;dsﬁ =j s’ , (B=5)

where, Sw refers to the pore walls and dS' points out of the

solution into the matrix.

The specific interfacial area is

= AV , (B~6)

where, again V is the total volume (shown schematically in Figure 1).
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pore

matrix

Figure B-2.

Sign conventions: unit vector n and normal component of pore-wall flux
pointing into the solution and the element of interfacial area ds
pointing out of the solution.

XBL 796-10076
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The average value of jin averaged over the interfacial area,

<4 > 4
denoted by Jin is

8
W
fj, neds’ Sw
in— 1
T O A TR R (B=7)

~=

neds’

An expression for the transfer of species 1 from the matrix phase to

the solution phase is then obtained from equation 6 with the result

3 2 ee e - ° v -
a<j, > \7g§ﬂ (§i Cizw> as' . (B-8)

{In equation 3=1 (the equation of continuity for the primary reactant
R) this was written as a jRn o]

Now, define Ei as the average flux of a species 1 in the pore
solution averaged over the cross-sectional (superficial) area.

Next, consider a plane surface cutting the porous electrode, then

S Spores
f n'N,ds' f neN,ds’
Njro=—g = 5 9 (8-9)
ggﬁds' Jgads°
where, n 1is perpendicular to the plane of area § and S is the

pore

part of the plane cutting the pore volume rather than the solid matrix.



Thus, <Ni> is the average superficial flux of species 1 din the
solution (pore) phase, but referred to the projected area of the
entire plane rather than to the area of an individual phase. [In

.

equation 3~1 for the primary reactant R <§i> was written as NR
Current. In the solid matrix phase, the movement of electrons

is governed by Ohm's law

i, = -oVé, , (B-10)

where, @1 and 51 are the potential and current density in the
matrix phase, referred to the superficial area (not to the area of an
individual phase).

In the pore phase the superficial current density is denoted by
32 and is due to the movement of charged solutes

i, = F g z2, N> (B-11)

Material balance. The differential material balance for a

species i within the solution, in the absence of homogeneous chemical

reaction is

(B=12)

where cy and N, are the concentration and total flux of a species
i at any point within the pore. Next, integrate equation 12 over

the volume of the pores to get
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pore o vpore
1 491 =
oy av

[
§

Vendv' . (B-13)

Then, apply the Gauss-Ostrogradskii (divergence) theorem

=fdv VeF , (B-14)

to obtain

v S S

pore e ) pore W
a_g,.g:f; LI ° LA ® 9 P
- av 5ot - f neast, 6es)

where the integral over the surface of the pore volume is comprised
of the pore cross-sectional area Spcre and the area Sw with the
matrix. The integral over the pore cross section can also include the
total superficial area S of the volume element V because N,

can be taken to be zero within the matrix phase. This allows the
average flux <§i> in equation 9 to be introduced into first term

on the right-hand side of equation 15:

pore

f N, eds’
N;*d5

Again, apply the divergence theorem to obtain

<N >eds’ . (B~16)

v
N, >eds’ :d§QV°<NQ>dV' = ¥ Ve<N > . (B~17)
-1 = —i et
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It should be born in mind that the average quantities are based
on a volume V (shown schematically in Figure 1) which is large
compared to the pore structure and swmall compared to the regions over
which considerable macroscopic variation occur.

The equation of continuity for a species i is obtained by

differentiating equation 3 with respect to time

Voo S
de<e > pere 5e. v
i i i

c
B S s 41 [og s -
oy = gg” T av' + 3 CyV ds’ . (B~18)

The last term expresses the fact that the pore volume may be changing
with time. Wext, substitute equation 15 for the first term on the

right~hand side of equation 18

S S S
de<e > pore W W
i

mgm;]:, ° 7 ° ¥ };f ° 9 -
Y v f N, eds +j§i s’} + 3 c v cds’ . (B-19)

It then follows from equations 16 and 17 that

S
ge<e,> 1 "
Wg‘z}éﬂ“ = = Jo<lf,> = f{’“’f (El - cizw) °d§' (B-=20)

-
and finally from equation 8 we get the material balance for species

i {(including the solvent):

B€<ci>
e — R <5 b - e .
T a<ij, Ve<N > . {B~-21)



This equation states that the increase in concentration with time at
any point within the porous electrode is due to transfer of a species
from the matrix phases to the solution phase (a jin) because the
species is involved in electrode processes (faradaic electrochemical
reactions or double-layer charging) and because the species moves
toward the point (the negative of the divergence of the flux <§i>)e
The term, a<jin> , resembles the term which would describe the bulk
production of a species by homogeneous chemical reaction, this occurs
because of the averaging process.

Faraday's law. An electrode reaction j can be expressed in

abstract form as follows
i
s, M >ne (B-22)
i

where 1 refers to the specles that participate in reaction J .

Faraday's law is then expressed as
joo= =) =L i (B~23)

where imj is the average transfer current density (from the matrix
phase to the solution phase) due to rveaction J . This may be related
to the superficial tramsfer current per unit volume of the electrode

Vei, as follows

Vei, = a | Ly (B-24)
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Appendix C. Linearization of the governing equations

The purpose of this appendix is to provide the linearized form
of the governing differential equations, which are used in the
computer programs found in Appendix D.

The equations are linearized by approximating the non-lineax
terms with a Taylor expansion around a trial solution neglecting terms

higher than first order:

n
~ o\ /af
f(xl,xz,XB, coes xn) £(X) 9%y sKay oo xn)tO + .Z (Xi Xi>6§§7>

i=1 i

0
(C-1)

where the known trial values are dencted by a naught 0 .

Material balance. In Appendix A the material balance equation

for a metal deposition reaction written in logarithmic finite difference

form was given by equations A-6 and A-7:

0. 0. 1\ 0. .0, 0. o,
pt b | [y SAFEY g (AFAZIN 1, IR
2|4 6. o2 7n M F,
i~ P j-1
g
6 - p (0 p/o p+n i
. = l@
- = =0 , (C-2)
J
1 +e

The linear form of each term is given by



Term 1.
GO
+ | —l— 1n -1
26°
3+l
Term 2.
6. 8 e?ﬂ 09 0°
Ao A Loyl M LA+ |- —fe, . (et
2h 6,a1 2 g© i g° 3+1 6° j=1
J j=1 341 j=1
Term 3.
A
9. - P (aaR/acR%l)nj n?o
CE— o ?:[l/(l+ej )]6
1 +e J
o op 0 - 0,2
n! (o /o _+1)n! ( n! ) ( n! )
_ S j .0 aR’ "¢cR 3 | " 3
{e ej + Ple 31 + i1l + e oz,aR/cch& nj/ L+e
. -~ b
i <aaR/acR+1m§© ( n33°) § ( ng")z
7
+ Je ej + Ple Ll +\1l+e @aR/@cRd nj/ 1+e
(@ /o _+1)n'° n“’)
- B aR' "R ™ Ay e d ), (C-5)

For a redox reaction with a cathodic reactant the third term in

equation 2 becomes
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(4o /o _)n!
_ aR’ "cR’ ']
ej - [1+ (1 Gj)/ePf}Ple

n' (140 /o )ng ?

3 aR’ "¢R
L+e” + P1P7/6Pfe

(C-6)

which has the following linear form

50
. e(1+aaRjusR)nj
1

1+ 6,/p° + [-8%In?
@Pf h| h|

0
o <l+aaR/@cR)nj /Do

0 -
+ B nj (1 + 1/6Pf)Ple . (C=7)

where

o 0

n; P.P. (14 /o _)n!
p° =1 +ed + 81 7 e aR’ "¢R™ ']
PE

o o

n: PP (140 /o Int
o _ o 3 17 aR’ "eR"J
B~ = THET (1 + @aR/aCR)/D + [e + gggw-(l + @aR/acR)e

2
x (6§ ~ THET) /D°

(140 /o_)n'°
o ]? e aR’ "cR’ g . (C-8)

THET = [1 + 1/6?£(1 - 63) 1

Charge balance equation. For a cathodic reactant the potential

distribution was given by either equation 3=29 or 5-

2

{1 d™n} Go + 0o
T, I exp (~0_ni/o _J]1 - P, exp é«---«=m-n3 =0 ,
PZ d‘}72 Ri 3 eS'j" ek & %R |



where JRj is given by either equation 5 or equation 6, which depends

on whether a metal deposition reaction or a redox reaction is being

considered. Only the last term in equation 9 remains to be linearized

and is given by

_ v ? 10
“0ogNi /0 g %ogNs /g %o gy /Op
P.e - P.Pe =P, |- -2 e '
3 34 . h

0 o

-0, n' /o o o a_.n: /o

+ e ¢S '] cR <1 + cS ni°>J - PP [ as e a8 'j thw
¢k

o SéacR b

o]
o n' /oy o
+e 257 CR(LL - 25 n3°)] ) (C-10)
a -
cR

For the case of a redox reaction with an anodic reactant Pl ’ PZ s

{ ¥ ? 7
P3 , and ?4 become P! , P! , ?3 , and P4 , and acR is set equal

1

to O r and vice versa, as discussed in chapter 6.
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Appendix D. Listing of Computer Programs

This appendix contains the computer programs used to calculate
the results in Chapters 3, 4, and 6. Also provided, is a key to the
pertinent computer notation.

Program FRACI calculates for a cathodic metal-ion reactant
distributions of concentration, current density and potential for a
flow-through porous electrode (current parallel to the fluid flow).
Two different listings of this program are given., The first listing
is for either an upstream counterelectrode, downstream current
collector (UD) or vice versa (DU). The second listing is for either
an upstream counterelectrode, upstream current collector (UU) or a
downstream counterelectrode, downstream current collector (DD). To
run any one of these cases see notation for program FRACI and program
REDOX under NCELEC. The two listings for program FRACI can be easily
identified by the comment cards at the top of the programs.

Program REDOX optimizes the behavior of a flow redox cell
(current parallel to the fluid flow) with respect to Id9 Ic and v,
using equation 6-53 as a criteria. The notation is similar to that
found in program FRACI.

Both program FRACI and program REDOX require subroutines BAND(J)
and MATINV (see Newman (1973), Appendix C for a discussion of these
routines). A listing of each of these subroutines is provided, they
are listed once where they first appear.

Program REDOX2 optimizes the behavior of a flow redox cell
(current perpendicular to the fluid flow) with respect to V3 using

equation 6-53 as a criteria.



Notation for program FRACI and program REDOX

ALPHA

ALPHAL

ALPHAZ

ALPHC

ALPHC2

CCL

CFC

CFD

CH

COLD

CPC

CPD

CPDM

CPW

CRF

CRFN

CRFP

CRPN

CRPP

@aR

oL = (a km/v)L
aaS

%er

s

chloride ion concentration in the feed, M
feed concentrations on charge, mcle/cm3
feed concentrations on discharge, mcle/cm3
hydrogen ion concentration in the feed, M
previocus value of unknown

product concentrations after charge, mole/cm3

product concentrations after discharge before mixing, mﬁle/cm3

204

product concentrations after discharge and after mixing, mole/cm3

Cpg

cPw

“re

feed concentration of the limiting reactant to the negative
electrode on discharge, mole/cm3

feed concentration of the limiting reactant to the positive

electrode on discharge, mole/cm3

feed concentration of the product species to the negative
electrode vn discharge, m@le/cm3

feed concentration of the product species to the positive

electrode on discharge, mgle/cms



CRW

cve

CcVDp

DA

DI

De

DPHIZ

DPOT

DR

EFF

EPSIL

ETA

ETAP

FAC

JCOUNT

JT

NCELEC

NJ

Ru

cell voltage on charge, V
cell voltage on discharge, V
D

a

by

D!

potential drop in the solutlon across the electrode, V

damping constant for n'

DR

current efficiency

€

n

n'

F

damping factor for ©

mesh size

number of iterations

mesh point number at which logarithmic finite difference
approximations change to linear finite difference
approximations

flag for counterelectrode and current collector placement,
NCELEC > 1 -+ UD ox UU
NCELEC < 1 = DU oxr DD

total number of mesh points

NJ-1
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OCUE¥C
OCUEFD
PCi2
PHI1
PHIZ
PIH2
PWC
PWD

Pl

P2

P3

P4

P5

P6

P7

QI
QISTAR
Qiol
Q102
QJISTR
QKAPAO
QKAPPA
QKM
QKR

QL

overall current efficilency on charge
overall current efficiency on discharge
partial pressure of Cl29 atm

0

1

®Z
partial pressure of Hzg atm

power density on charge, W/cmz

power density on discharge, W/c.m2

%

lcR,ref

1ossref

1/1%

& &%

-
B

206



QLS

oN

SIGMA
SR
SUA

T

TAU
THETAP
THETAW
THETAZ2
TI
TRAN1
TRANZ

UCAL

Ul

u2

Y1

thickness of the separator, cm

g
S

superficial area of the electrode

total current, A
il /a
2w’
di* /d
28’
open circuit potential of the main reaction at the upstream
feed conditions relative to a saturated calomel reference

electrode, V
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Input parameters for program REDOXZ

QLS Ls separator thickness, cm
RS Rs separator resistivity, ohm-cm
DIF (I} DO+’ DR+’ DR»’ Doﬁ

Fach of the following parameters are required for first the

positive electrode and then the negative electrode.

A a

D d

UTH Ue

QN n

S 8

QRAPAD K

SIGMA g

EPSTIL €

RHO p

Quu u

DATIO icgref

C¥ Cog concentration of reactant species on
discharge

CPF Cpg concentration of product species

on discharge



PROGRAM FRACI{INPUT,OUTFUT)

CALCJLATES OISTRIBUTIONS OF CURRENT,POTENTIAL,ANO COMCENTRATION
FOR JO AND DU CONFIGURATIONS

DIMENSION A{2,2)1R{2:215C(2:1003Vo0(2:5)G1(2)X1{242)eY(2,2)
OIMENSION ETA{4003) oTRANL(L003) o TRANZ(1003) oTRANT (2003)EFF(1003),
1C0L002,4003) 3PH2(L003) (PH2CAL(L003) THETAW(1003) sCURRLI{10030,Y1 (40
1933 oPHIL(1003) ,PHIZ2(1503)

COMMON AsB9CsNeGo¥ s ¥ NeNJoJCOUNT

1801 FORMATI(F1IS.9)

102 FORMAT{(IL,13-,12}

103 FORMATUAHO %S = 2B 3F 732X o2 (LML 1% 2N, *EPSILON = ¥ ,F3,2:24,%¢ = %2,
1€0906 92X P{CM/SECI*/1HOe®0R 5 #,€00.5,2X o7 (CM42/SEC)® 2% 3KARAQ
L% 96090k e2X o {MRO/CHMI® 42X 2S IGML = ®4E(QQelbo2X o #(MHL/CHMI®/{b0 3SR
L2 oFbolo2Xo®N = PoF3,1e2Xo%F = #2F6oNe2Xs*{C/EQI#R,2X9%R = ¥,F7.5,42X%
Lo P U/ MOLE=DEG KI® 92X #T = 2 9FBebLe2X o ®{NEC KI¥/LH0 3%¥108 = ®E0%ebse2
IX 2 {AMPS/CH$2) 2 02X 3?1002 = #jE0G.092X o *{AMPS/CME2) % 42X 2SA =% ,F1li.6€
192X % {CMeZI*/{HO;*ALPHA=A 22 FLo232Rs2ALPHAC = % (FLo2:2X%ALPHASA
12 2 PoFb 292X *ALPHA=C2 = P oFLo2+2Xo#NELTA U 3 #,3F563,2% ¥ (YOLTS)®
1)

104 FORMAT (1HO08Y ¢#CRF 2 2,E09:06 42X ¥ (MOLES/CMe3)® 92X o%1 = # E40abe2X
Lo {AMPS/CME212)

105 FCORMAT(1HO%P1L 5 #,E15.8/1H0:%P2 = #,8165,8/1H05%P3 = ®,E1€,8/1H0,%
1Ph 3 2,E015.8/71H0%P5 = #E15,8/1H0,%*P5 = % oE15:8/1H0,%0F = #,E15,8
1}

106 FORMAT (iHO 05X oPISTAR = * 810l e2M %KM = 2 ,E09h8,2X P (CM/SECI®o2¥,
1%0A = 2,E(9e4,2Xo%{CMe2/SEC)®E/)

107 FORMATI{LHO o%L = ®9ECQobe2X o *{CMIS42Y o®NJ = 2,1342) %K 2 2 .E(39,4,2)
Lo PALPHAL = *350:,L 2K *KAPPA/SIGMA = #,EL 0oL/}

108 FORMAT{1HO 2 THE NEXT RUN NI0 NOT CCNVERGE®)

409 FORMAT{LHO s 15X *THETA® ;13X *ETAPRIME #)

140 FORMAT(L0X €15, 8¢5X 515,81}

111 FORMAT(4HQ,1I8)

152 FORMATIS K o #*X /L5 90 IX o2 THETA® (Q7X, *ETAPRIME® ;07N "ETA® 06X, ITRANS CU
IRR 1%, 1X*TRANS CURR 2%,3%U,%T0T CURR#,;EX*CURR EFF® BN *TEETAR®/)

443 FORMAT{039(E12.6451%))

114 FORMAT (140, 3(Z15. 342X}

145 FORMAT(IX o2V0D = *gFT7 092X * (V) * 32X % (PHIZL=0HIZ20) = 2,FTeboiXe *{
LVI® 22X g% CRHL 2 PeEQ b o2X s PIMOLES/CMEII® 28 %IT0T =2 #,F7eboid % (ANE
153%,2X #N0O, ITERATIONS®,13/}

$46 FORMAT {1H1)

117 FORMAT(F15.0,12)

118 FORMAT(IH L LN ¥X/L¥ 05X *CURRL®/Y

£49 FORMAT(2€40.7)

120 FORMAT{1HO 50X *DOWNSTREAM COUNTER ELECTROCE®/1H 50X, *UFSTREANM €
LURRENT COLLECTOR®/)

129 FORMAT (LHO g X ®X/L 2 09X o*PHI1* 09X o #PHIZ% o {1 (X ¥ EHEF o (OX o ¥FH2CAL®/)

122 FORMATI{S{EL2.641%1)

123 FIRMAT(1iHD ;50X *UPSTREAM COUNTER ELECTROCE®/1HO,5 (X *COWNSTREAN CL
IRRENT COLLECTOR%/)

PRINT 116

JOIST==1

IF JOIST «GEe. ONE NORMALIZED CEPOSIT DISTRIBUTICN IS PRINTED

READ 1019SeEPSILoVoDR,QKAPAD oSIGHA SR QNeF o ReT HALPHAALPFCALPHAZ
1, ALPHCZ ,SUA

9% 9
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992
99

97

200
98
i
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READ 104,CRF § READ 102,NoNJoNCELEC § NJG=NJ & CLG=001
NKM=L, 369E=03%Y*¥ 0,567

QAKM=1e 09/7EPSILP{S*0R/ (6% (L, =EPSTLI}I®2{2,/3.)3y22(L,/3,)
QKM=0.0001%22

ETépzaéeQ

GAM=0,75 § PIHZ=z1,0E=24 § CHs2.83E-03

DATI0=0.38E-06t ¢ DATIO2=0.70E<=§5
QI04=DATIC®*(CRF%1000./70.2)%2*GAM
NAI02=0ATI02%*PIH2*? {0, 52ALPHC2IPCR* 2 (1. 0=ALPHC2)

Ui 5 0337 = SR®R2T/QN/F2ALOGICRF?1000.7/0.99707)

U2 3 00 = 0,5*R®*T/F¥ALOG(PIR2/CR®22) =11

UCUCAL = 003370267640 .5%R*T/F*ALOGICRF®100 1s%4,17%%2/,99707%%3})
PRINT 103:SeEPSILoV0ROKAPAG«SIGMA SR sONF oRoT 01010182 ,SUAALEPR
LAGALPHC ALPHAZ JALPHC2,U2

AKAPPA = QKAPAQ®EPSIL®*%1,5

08 =2 3.2{1. = EPSILI®VY/S/EPSIL

Pizil, § P2=21, § P3=1. § Pisil. § PS=1., § PE=1i.

GSIGMA=(,155

IF(NCELEC +GE. 1) 60 70 902

PEP=P6 § POEP=PS § PRINT 4120 § PSSz PSP § P&z FRE § GO TC 99
PRINT 123

READ 117,QI5JSTAR § IF(JUSTAR LT, B) STCP

READ 101,QL $ IF{AL LE. QLOY GO TO 97

ASIGMA=QSIGMA+(.005 % SIGMA=QKABPA/OSIGMA

SIGMA=10300.

DELTA=QKAPPA/SIGMA

Pl = {(=SR®*QIFL/(ON®F*QKN2CRF ) IS2 (L ¢ALPHA/ZALPRC)
P2 = CRFPQN®F/SRBV*%2 /S/QKMPALFHCH*F/R/T#(1,/0KAPEA ¢ 1,/5IGMAY
P3 = ~SR®*QI02/QN/F/QKM/CRF* (=ON*F2OKMRCRF/SR/QICL I 2 (AL PRC2/ALPHT)

L#EXPLALPHC2#F2UZ/R/TH

Pl = (=SR*NIJ1L/{ON®*FP*QKM2CRF I }22({ALPHAZ 4 ALFHC2)/ALPMC)®
LEXP{={ALPHAZ + ALPHC2)®F2U2/R/7}

PE = =P2/7{L/OKAPPA ¢ 1./S5ICMA)®{L./AKARRA)

Pg = =P2/7(SIGMA/AKAPPA + 1.0)

TAU 2 3e$3(19/3e’

OP=EPSIL2{DR/TAUP#2+DA)*S2QKM/ye 82

PRINT 105+P1¢P2sP3,PboP5,PB,DP

NJ=QL®*NJO/QLO+3 § JT={NI=3)27/822 § JLIM=2

H = QUL*QKMPS/(VPFLOAT (NJ=3)) % NPaNJ=1

ALPHAL = S®QAKM*QL/Y

SRINT 107,Q0LoNJoHALPHALL,DELTA

PRINT 106,CRF,01

RISTAR = QI®SR/(CN*F2Y*CRF)

PRINT 106,QISTARGQKM,DA

B8 = 005 ¢ 8,5%SORT{L,0 ¢ 4.0%0P}

ITHETA = 1 ¢ IETAP = 2

IF(JSTAR 6T, 0} GO 7O 98

00 2080 J=i.NJ § BREXPSEXP(=H*FLCAT{J=2)/2R)/88
CUITHETAJ)=(1,0-0ISTARI® (L .0~-BBEXPI*BBEXP § IF(QISTAR .6E. 0.9¢
1} C(ITHETA,J)=BBEXP+NP/B%23*EXP(BB/0P*HAFLCAT {J=-NJeL)=ALPHAL/BE)
C{IETAP,J) = ETAP

JCOUNT = §

JCOUNT = JOOUNT & 1
CRALO=C{LETAP,2)

J =0

00 2 I=34¢N

00 2 K=1.N

?‘IsK) = Qeo

XA{IKD = 0.0

J=Jd &g

DO & I=ieN

COLB(T4¥=C(T,d)



23

24

25

i%

i5
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GI(I) = (.0
DQ & KgieN
A(IoK) = 0,0
FLL4K) = 0.0
D{IsKY = (o0

IFlJ.EQ.NJ) GO TO 8 § IF(J.GTo1) GO TO 7

D{ITHETA, ITHETA) =21 o 1=0P/2 o0 /F*ALOG(CIITHE TA qJ*2)/CI{ITRETA 541}
X{ITHETAS ITHETAY = «0QP*C(ITHETAJ¢1) /2. 0/H/CUITHE TA4J42)
BUITHETALITHETA)s OP®CIITHPETALJ+1)/2.0/H/C(ITHE 1A ,J)
G{ITHETAYs1.0

BUIETAPLLETAP) = =1.8

GO 70 25

EP = EXP{CUIETAP:J)) $ EPA = EXP{ALPRA®C(IETAF J)/ALPHCI®*E®
S(ITHETALIETAPY = (EPPC(ITHETAGJY ¢ PL*EFA®(L. ¢ ALPHA/ALFHC®
1{1. ¢ EPIII/(4. ¢ EPI®=2

GUITHETAY = BUITHETAGIETAPI*CIIETAP,J) =~ PL¥EPA/ (1, ¢ EP)

EPA2 = EXP{ALOHA2®C(IETAPJ)/ALPHC)

EPC2 = EXF(=ALPHCZ®CILETAP,J)/ALPHC)

BITETAPGIETAP) = =2,/H®22/P2¢P3*(ALPHRC2Z*EFC2¢PLIALPHAZ#EPAZI /ALPRC
GIIZTARY = P3%({1.¢LLPHC2*C{IETAP J)/ALPHCI*EFC24F0* (ALPHAZ®
LCHIETAPJI/ALPHC » 4,1%EPA2)

BIITHETALITHETAY = =2.%0P/H¥%*2 = 1,./{1. ¢« EP)

IF{J.6T.JT) GO 70 21

CP =2 g.5%ALOGICIITHETA,J¢1)/C{ITHETAJ=2))/H

COTH = =CP%{1.0 = DPACP} + DPRALCG(CIITRETAGJ¢LI*C(ITHETAGJ=1)7/
{CIITHETAJ1#%2 ) su# 22

BUITHETA, ITHETAI=B(ITHETALITRETAI+COTH

A{ITHETAGITHETA) = CUITHETA,J)/H®(0,5 = CP*CP +DP/HI/CIITHETAJ=1)
OQ(ITHETAG ITHETA) = ClITRETA ¢J)/H®(=0,5+0P2CFeDP/H)/CL{ITHE TA,J41)
RATZ2sC(ITHETA,J#1) /C{ITHETAJ) 3 CP2=20P¢ALOG(RAT2)/H/2,
B{IETAP,ITHETA)=2{0,5-CP2+0P/HI/H®SORT(RAT21%2,0
D{IETAPSITHETAIS((,5=CP2=0P/h ) /HISORTIRAT2)*2,0

IF(J »5T. 2) GO TG &

GIIETAPI=G{IETAP)+2, 0/H*(PS*GISTAR/P2+1,0)
D{IETAPLETAPI 22,0/ P2/H*%2

GO 70 25

RATL=C(ITHETALJ)/CIITHETAJ=1) § CP1i=z0PR*ALOG(RATLII/M/Z,
O{IETAP,ITHETA) =0, 5*D(IETAP, ITHETA)

BITETAP ITHETAY =0 .5*5(IETAP, ITHETA) 6 (CPL=o5¢DF/H) /H/SQRTIRATL)
A(TETAP,ITHETAY ={=0,5¢CPL=-0P/H)/H*SART{(RATL)

G0 70 2¢

A(ITHETA ITHETA) (DP/H ¢ (.5)/K

DIITHETALITHETA) (OP/H = B.8)/¥

A(YTETAP,ITHETA) =2{=(,5=0P/H)/F § CUTETAPGITHETAI={0.5=00/H)}/H
BIETAR,ITHETAY=2.0%DP/H#2

BA{IETAPLIETAP) = L1, /H®®2/P2

DIIETAPSIETAR) = {,./H*22/92

CONTINUE

IFLJCOUNT 6T, JLIM) GO 70 14

BIITHETAL, ITHETA) = 1.8 § GUITHETA) = CULITRETAJ)
A{ITHETALITHETAY = 0.0 § CUITHETAGITHETA} = 0.0
X{ITRETALITHETAI=0.0 & B(ITHETA,TETAP) = (.0

DUITHETA, LETAP) = 0.0
CALL BANDU)

Go T0 3

GUITHETA, ITHETA) = 1.0
VY{ITHETACITRETA) = =1,
BUIETAPLIETAPY) = Lo
Y{IETAPLLIETAP) = =1.0
GIIETAP) = =2,%H®*FH*QISTAR
CALL BAND{J)

FAC=10.0 & O0P0T=1,5

®on
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00 20 J=l.NJ § IF(C{ITHETA,J)elLT.COLD{ITHETAJ) sFAGCY CUITFETA,J)=
LCOLD(ITHETAGYI/FAC § IF(C{ITHETA4J) oGTCOLDITTHETAJ)RFAC)
ICUITHETAJ) =COLO(ITHETAJI®FAC

IF(C{IETAPoJ) oGT.COLDIIETAP oJ) ¢0BOT) CUIETAP J)I=CCLD(IETAF,J)0FQT

28 IF(CIIETAP,J)oLT-COLO(IETAPJ)=0POT) C(IETAP,J)=CCLDI{IETAR . J}=-0PCY

IF(JCOUNT oLE, JLIM} GO TO &

CRAL=C{IETAP2)

IF(ABS{CRAL < CRALD).LE.1.E-06%A9S(TCRALY} GO TO 1f

IF(JCOUNT LE-15) GO TO & ¢ PRINT 108

14 ETAINMI=R*T/ALPRCAF*(CUIETAP NM) -ALOG(~-QN*F2*QKMBCRF/SR/QTI04))

00 12 J=2,NM

ETA{J) = RAT/ALEHC/F®{C{IETARJ) = ALOG{-QN®F2QKM3CRF/SR/CIOL))

TRANL{J) = (CUITRETAJ) = PL*EXP{IALPHA/ALPHC + 1.)2C(IETAPJI)D/
101, ¢ EXP(CUIETAP,JI )

ANIQL=QIgL*SR/QN/F/CRF/NKM FTHETAH(JIs(CIITHETAJ I -ONIQL®ERP(ALPEA
LRF/R/THETAMININIZUL . 0-ONIJLI*EXP (=ALPHCBF/R/TR®ETALIDI D)

TRAN2(J) = P3%(1, = PLYEXP({(ALPHAZ ¢ ALPHCZ)/ALFH(®CIIETAR,4}) )2
LEXP(=ALPHC2* C{IETAP,JY /ALPHC)

TRANT(J) = TRANL(J) ¢ TRANZ(J)

EFF(J) = TRANL(JI/TRANTIJ)

Yi{NN=FLOAT(J=23/FLOAT{NN=2) ¢ PHI1{J)=0KAPPA/(QKAPPASSIGPAI®(ETA(
1J)=2ETA(NM)+QI*QL/AKAPPA® (Vi {J)=1,)) ¢ PHIZ(J}I=PHIL(J)=ETALI)

PH2{J)=ETAINMI+PHIZ(J) § PR2CAL{JI=PHIZ(J)=UCUCAL

IF{NCELEC +GEs 1) GO TO 42 ¢ PHIL(JI=0KAFPA/(QKAFPACSIGMA)®IETA LY
1)=ETA(2)=QL/0KAPRPAR (1 ,=Y1) % PHIZ(JI=PRIL (J)=ETALJ)

PH2 (JI=ETA(NMI ePHIZ2(J) § PH2ZCAL(JI=PHIZ{J)-UCUCSL

12 CONTINUE § TI=QI*SUA

DFEHIZ=PHI2(NM) =PHI2(2) % CRUsTHETAW(NMI®CRF § PRINT 115,PF2CALINPK)
Lo0PHIZ,CRU,TI,JCOUNT 8 PRINT 142

PRINT 1430(YL(JIClITHETAJ oCIIETAP D 9ETAIJ) o TRANLIJI 4TRANZ(ID
LTRANT (U GEFFLJ) oTRETAWIJY oJ=29NMo05)

PRINT £24 S PRINT 122,(VLi{J)oPRILIJIPHIZ(J)PH2(J) «PH2CA 1{J) 2,
INHMe 05)

TRANLT = 0.0 § TRAN2T = 0,0 § TRAPLT = 0.0 ¢ TRARP2ZY = (.0

IF(QI02 «LE. 1,0E=-30) &0 TO 27

00 16 Js3I,NM

TRAPLYT = TRAPLY & H®{TRANL{J) ¢ TRANI(JI=1))/2,3

TRAP2ZT = TRAP2T ¢ R¥(TRANZ(J) ¢ TRAN2{J=1})/2.0

IF(TRANL(J) /TRANL(J=2) oLEs 0.0) GO TO 17

IF{TRANL(J} 50, TRANL(J=1)) GO 7O 17

TRANLT = HP*(TRANL(J) = TRANL(J=1P)/ALOGI(TRANL(JI/TRANLI(J=12)) ¢
LTRANLT

GO 10 13

17 TRANLT = H®(TRANL(J) ¢ TRANL(J=19)/2,.0 ¢ TRANLT
18 IF(TRANZU{JI/TRANZ(J=1) oLEs 0.0} GO TO 19

IF{TRANZ{J} oEQ. TRANZ(J=1}) GO TO 19

TRANZT = H*(TRANZ(J) = TRANZ2WJ=L¥)/ALOGITRANZ{JI/TRANZ{J=1)}] ¢
1TRANST
GO 10 1%

L9 TRANZT = H*{TRANZ2(J) ¢ TRANZ2(J=111/2.0 ¢ TRANZY
16 CONTINUE

TRANTT = TRANLT & TRANZT

TRABPTT = TRAPLIT ¢ TRAPZT

PRINT 116,TRANLT,TRAN2T,TRANTY

PRINT 114 TRAPLT,TRAP2T,TRARPTT § GO 7O 28

27 00 30 J=3.NM

TRAPLY = TRAPLT + H®{TRANL(J) ¢ TRAML{J~=1D)/2.0

IF{TRANLIC(Y) EQ. TRANLI{J=13} GO YO 29

IF(TRANLUJI/TRANL(J=1) oLEs 0.0) GO TO 29

TRANLT = H®*(TRANL{J) = TRANL(J=1))/7ALOGITRANLLJI/TRANLIJ=1ID ¢
LTRANLT

GO 7O 38



29
30

28
31
26

TRANLT = HP(TRANL(J)} ¢ TRANL(J-11)/72.0 ¢ TRANLT

CONTINUE

PRINT L16,TRAMIT,TRAPLIT § ALO0=0L 8 NJO=NJ=3

IF{JOIST .GE. 1) GO TQ 31 & GO 7O 99

00 26 J=2.NM § CUPRI(JI=TRANL(JIIPALPHAL/ TRANLY
YilJi=FLOAT{J=2)/FLOAT(NM=2) § PRIRT 118 § FRINT 119,(Y1(J),CURRLI
$JVed=2,NM05) § GO TO 99 -§ END
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SUBROUTIM BANDLJ)

0 IMENS T0N B(2+2) oBU2:2) 0025300300250 9612)9%1252),¥(252),
18 {2+3,1003)
COMMON AsBoL o0eG oo Y oNoNIpJECUNT
101 FCORMAT (1YHODETERM=0 AT J=,14,*ITERATION =%,3&)
IF (J=2) 1788
1 NPis N ¢ 1
0C 2 I=14M
{l.2%N¢i)=s G(I}
£O 2 Lsi4N
LPN=2 L ¢ N
2 DUlILPNl= X{IsL)
CALL MATINV (N.2%Ne¢1,DETIRM)
IF (DETERM) 4304
3 PRINT 101¢JeJCOUNT
& £6 5 Kzigh
LK hPle1)3 D{K,2%N¢1)
00 £ Lsi¢N
ElKsLolls = DIK,L)
LPN= L % N
5 X{KoLl=zs = D{KeLPH)
RETURN
6 00 7 I=1,M
00 7 K=1i,N
£C 7 L=, M
D(ZoKdzs DIIeK) ¢ B{TLD®X{L LK)
IF (J=NJ} 11,9,9
O 17 I=ieN
£0 413 L=ieN
E(T)= GUI) = YT LIBE(LoNPLpJ=2)
00 20 M=1.N
19 A{IebLls ABUIsL) ¢ V(I MIZE(Melod=2)
11 CO0 12 I=14N
DElsNPL)= = GII}
CO 12 LsieN
CUIsNPLi= D{I NP1L) ¢ BT LIPE(L NPL,d=1)
D0 12 K=414N
12 B{IsKdlz BUIK) ¢ BLZ,L)%3  (LoKoed=1)
CALL MATINV (N.NPL LOETERF)
IF (DETEERM) 14 13,10L
43 PRINT 181¢J¢JCOUNT
16 [0 15 KsleN
00 1% Ms31.NP1
15 EiKeMaJBS = D€K§?’1§
IF (J=NJ) 20, 16,15
16 DO 17 K=1,N
17 ClEodi= El(RK NPLoJ)
CO 18 JJ=2,NJ
Mz NJ = JJ + 1
CO 18 Ksi4N
ClKeMlz EIK NPL W)
£CO 18 L=14N
18 CiKoMIzs CUKeM) ¢ I (Kol oM)IPC(LoMe1)
£O 19 L=1sN
DO 19 K=1,N
19 CiKoil=z ClKel) o XK LI®CIL,3)
28 FETURN
£ND

W O =



or o &

SUBFOUTIME MATINV (N,M,DETLRM) SCOMMON A¢B8,CsD

CIMENSION 8{29239B(2:2)eC 25100200025 JCOL(2)9X(245)
Nii=h=1 3 ODETFRM=1.0 6 DO 1 I=1.N 8 JCGL{(I)=I § DO 41 Ksi M
X{I+K)=0{I K} € 00 B II=1.hML & IP1i=11+1 § BMAX=2ABSIBI(II,II))
JC=I1 3 00 2 J=sIP1oN ¢ IF(ABS(B(IT sJ)).LE.BMAX) GO TO 2 8§ JC=J
BUMAX=ABS(B{ITI 4 )

CONTINUE ¢ DETERM=DETERM®B({II.JC) 8 IF(DETERM.EG.0.,0) RETURN
IF{JCet Qe Xl) GO TO & ¢ JS=JCCLIJO) 3 JCOL(JCHI=JCCLIT)
JCOL{ITV=2dS § DO 3 I=1oN § SAVE=B{I.,JC? ¢ BI{I,JC)=B(I,1I1)
B{I,II)=SAVE § DETTRM=-DETERW

00 6 I=IP4LoN ¢ FeBlI,ITI/B(II,I1) 8 00 § JsIPL, N
B{loJ1=B{IlsJl=F28(11,J) § 0O 6 K=io.HM

XiT oK a X (I oK} =F 23 {IT,K) § CETERMsDETERVFPB (NN
IFIBIT " RMe~QeB+0) RETURN 3 DC 7 I1I=2¢N § IR=N=II¢2 § IHi=IR=1
JC=JCOLIIR) 8 DO 7 K=iosM § F=X{IR:X)/B{IR,IRY 8§ C{JUCK)=F

£0 7 I=1,IM1

XAT oK1 XTI oK) =8 {J<IRI®F 8§ JC=JCOLILl) % DO 8 KsioM

DUJCK I=X{1,K}/78{1,1) § RETURN & END



FROGRAM FRACI( INPUT,OUTPULT)

CALCULATES OISTRIBUTIONS OF CURRENT,POTENTIAL,AND CONCENTRATION
FOR UU AND DO CORFIGURATIONS

ODIMEMSION A{2,2) ¢8L2:2) sC1221003)9012:8),6(2) X220V (2:2)

DIMENS IOM ETVACLOC3D o TRANZI( 003) TRANZ(L0083) s TRANT(LD03 EFF (1083},
;COLC(2915Q339?H2(13@3?9?H2C§@Qi@@339?%57@%@19@339CU§§1€1@@3§??3§3@
1031 ,PHTIL(1303) PHIZ2(L003)

CUMMON AoBoCoDoGoXeVoNoNJyJCOUNT

1801 FORMATI(F15.8)

102 FOPMAT(I1,13,12)

1803 FORMAT (LHR,®S = gs??a3eZX9§§Cﬁ@is§e§X9sg?SILQﬁ 2 2,F30202X ¢%Y B
LF09:Lg2X o F{CH/SECI*/LHB 920 = B BB % 492X 2 (CHE2/SECI®2X ;®KAPAD =
12 3£ 096 2X s 2 {MHO/CY)®2X o 2SIGHA 2 2 EDCoho2X 2 (HMO/CHM) #/ 1HEB, 28R =
lsegée 1%2X9$N = & FSeig@Xg*? 2 59F§93923§§€Cé’§Q§592X gg 2 $$$7ee§2g
1, 2(J/MOLE=-CEG K359239$T 2 F,FBo392Xo®(0EG K)®/1HB,%I0L = 2 ED09e 492
LA P LEMPS/CHE2) % p2Xe 2I02 = 2oE3%cbo 2o ? (AMPSICHE2) 22X %SA 3% yF 1166
L2 s *(CH42 )P /1 H0 ) PALPHA=L 22 Fhe 29 eX o®ALFHASC = %oFLe22%:%ALPHA=A
12 8 ®BoFLo292Xo®ALPHASCZ = 39FLa292Xo®DELTA U = ®4F53:2X2(VYCLTS)I®
1)

106 FORMATI(LFO,0BX ®CRF = 2,F0C%e8 ¢2Xo® (MCLES/CH®3)%92Xs%1 = 99E10e b4e2X
1 #{AMPS/CH%2)%)

1835 FORMATILFR %P1 = #,E18:.8/71H0,%P2 =2 2 E18:.8/71HB,%F3 =5 ®,E 15 87148
1PL = #,E15,8/71H0:%P8 5 2, £18,8/1H0:%P6 2 2,E18,8/1H0:%0P = 2 £ 18,8
i)

106 FORMAT(4iF009X2ISTAR = #,F10ebo2X %KM 2 2,609:.5:2X,%(CH/SECI®2¥,
1308 =2 29EG9.442X :2{CHe2/SEC)?#/)

107 FORMATILHD 2L = %770%6202X g?(CHI 232X e%NJ 2 23130240 % = 2,E0 Se 92X
LePALPHAL 2 ®.EGsbo2X o 2KAPPA/SIGHA = ®E1Geb/)

168 FORMAT{iHO #THs #EXT RUN DID HOT CONVERGE®)

189 FORMAT(LmO 15X #THETA® 13X, 2ETARPRIME®)

110 FORMAT(L10XE15.8+X 515, 8)

133 FURMAT(1HO,I%)

112 FORMAT ISR o 8X/L%2 00X 2P THE TA® 07X o PETAFPRINMES 0PN, PETA®, 06X ,*TRANS CU
1PR 1%,1 X *TRPANS CURR 2%,3X %707 CURRZB.EXPCURR EFF 2 ,6),®*THETAH®/)

113 FCRMAT(09(E12e €oaXd )

114 FORMAT(LFO,3({E18:8,2X))

145 FORMAT (1X,%V0P 3 2 ,F7.0692% oP(V)® 02X s 2{PHIZL=PHIZO) = 2eFTebolX ¢ ®¢{
LVIP 2%, PCRHL = 2,7 3L o2X 2 (HCLES/CM® 322X %ITOT = 29FTebolid 2 (BHP
18V% .24 ®NC, ITERATIONS®2,1I3/)

14¢ FORMAT(1HL)

147 FORMAT(FiB.06.12)

118 FORMATULP1 6% *X/L*%405X , *CURF1%/)

119 FORMAT(2F10.7)

120 FORMATU(LPFO.50X,®D0WNSTREAM COUNTER ELECIRODE®/1HB,508X *DCHNSTREAN
4 CURSKENT CCLLECTCR®2/)

121 FORMAT(1FOoLXs 2 /L% 009X s PHI 12,094, *PHIZ®, 10X ®FH2® 09X o *PH2CAL® 4}

122 FORMATI(S(E126601X))

123 FORMAT(1H0,50X*UPSTREAM CCUNTER ELECTRODE®/1HE,E §§e§@§§?§5§ﬁ CURR
IENT COLLECTOR=2/)

BRINT 116

JDIST==1

IF J0IST «GLe CNE NORMALIZED DEPCSIT D ISTRIBUTICM IS PRINTED

READ 171 S,EPSIL,Ve DR QKAPAD SIGHA -SRoONoFoRoT ALPHAALPHC,ALPHAZ
1,ALPHC2,SUA .

RLAD 104,CRF 8 RIAD 102,NoNJNCILEC 8§ NJO=NJ § GLB=D.1

CKM=" 88 /EPSIL#{S?DR/ (5% (1.=EPSIL))I®2(2:73:0%Y%2(1c/ 3}

CEMz2,36CE=03%Y% 90,5675

216



961
982
99

97

209
98
1

QKM=C,0U01922

CRM=. (T8 % Y880 50542 (SPDF) 920, 43L6/ERS 1L

l"?lgpz@"%e@

GAM=(0.7S 8 PIM221,0E=26b 8 CH=2,825=03

DATIG='0385=0& § DATIDZ2s8.70E-108
GIG1=DATIC®(CRF*1000./70,1)%%GAN
QI0Z=CATI0Z*PIH2%2(J.5PALPHC2)IBCH®® (1, (=ALPHC2)

Ul = 5,337 = SKRPR®T/QN/FRALCGICRFPL0C06/ (o99707)

Le = Ge0 = G.5*R¥T/F2ALOG(PIFZ/CHE®2)=UY

UCUCAL = 0,337-,2670¢0.5"R¥T/F?ALOGICRF?1000,%4.17%%2/,997(7%%3)
PRINT L33,8,EPSILoV¥oDR, QKA IAD ;SIGMASReGNoFoRoToCI01,2102,SUA:ALBH
18 BLPHC, ALPRAZALPHCZ U2

GRAPPA = QKAPAD®EPSIL®%2{ .5

SIGHA=QKARPPA

CELTA=QKAPPA/SIGHA

DA = 3.%(1. = EPSILIPV/S/EPSIL

Pl = (-SR*QIGL/{GN*FPOQKM®CRF) %2 {1, +AL FHAZALPHC)

Fg = CRFIQN®F/SR®*VES2 /S/QKMIALPHCUF /R/TP® {1, /QRAPPA ¢ 1./5IGFA)D

F3 = =SR¥GIG2/ON/F/QKM/CRF¥(=(N*F2QKH2CRE/SR/GINL)I 2 (ALPHC /AL PHO)

LPEXP{ALPHC2*F2UR/R/T)

PL = (~-SR?*QIGL/(ON®*FROQKHPCEFII®2((ALPHAZ ¢ ALPHC2)/ALPHC)®
LEXP (= {ALPHAZ ¢ ALPHC2)®F2U2/R/T)

F& =2 «RP2/{1,/QKAPPA » iefﬁiﬁﬁésgﬁiei@ﬁﬁﬁﬁﬁg
P = =P2/ISIGHA/RKARPPA ¢ 1,03

TAU = 3%2(1,/3:}
CP=LPRSIL*(OR/TAU®S2 DRI #SPQKE/VPR2

PRINT 10BE,P1,P2,P3,PL,P5,PE,P

IFINCELEC «GEs 1) GO 70 9@2

F8P=F5 § PBP=PZ g PRINT 120 § PSs PSP 3 PéE= PEP € GO TO 99
PRINT 122

READ 117,01, JSTAR 3 IF{JSTAR .LT. 0) §STCP
RTAD 1€4,Q8L § IF{QL -LE., QLB) GG 7O 97
NJ=QL#NJG/NL043 &8 JTs(NJ=3)27/842 § JLIM=2

H = QL*QKMP®S/{VPFLOAT(NJ=3))¢ NH=NJ=1

BLPHAL = S®QKM2®QL/ZY

PRINT 107,QL sNJo bt ALPHAL,DELTA

PRINT 104,CRF,Q1

CISTAR = QI®SR/(QN*F®VYRCRF)

PRINY 10€,QISTARQKM,04

88 = 0.5 ¢ 0.5%SQRT{L.0 ¢ %,0%0P}

ITHETA = 4 § IETAP = 2

IF{JSTAR +GT, 8) GO 70O 98

B0 220 J=i,NJd § BEENPSEXP(=H®FLOAT (J=2)/EB}/EB
CUITHETA )= (1., 0-QISTARI® {1, G-BBEXP) ¢+BBEXP 8 IF(QISTAR .GE. 0,99
1V CUITHETA:J)=BBEAP+DP/3IBR P32 {P(SB/DEHSFLOAT(J=NJel) = AL EHAL/ED)
CIIETAP,J} = ETAP

JCOUNT = @

JCOUNT = JCOUNT ¢ 1

CRALO=C(3ETaP,2)

J = g

B0 2 T=1.N

£0 2 Kgleh

YIIeK} = L&

(T oK} = Qe

4 8 4 ¢ 1

B0 & I=g,N

COLDIZJI=C{Te )

E{I) = 5.0

0O & K=1i,N

AlT K 0o 8

ELT oK} 8.0

HESEN 41 8 8

[
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21

2k

2%

14

15

IF(JL0eNJ) GO TC 3 8 IF{JoGTel) GO TO 7

COITHE TAGITHITA) 51.6=0P/2 o (/H®*BLOG(C (I THET A, J+2) FCLITHETALJY)
KALTHETASITHETA) = =DP*CU{ITHETA) J+ 1} /2 0/H/CIITFETAJ42)
E(ITHEVAIThETAYs CP*CUITHETA oJ 4 1) /2 0/H/C(ITHETA )
CIITHETA) s 1.0

BUIETAP, ILTAP) = =1,0

GC T0 25

EF = AXP(C(ILETAPJY) ¢ EPA = ZXP(ALPFAPC(IETAR,J) /ALPHC) 2EP
E(ITHETASIFTAP) = (EP®C{ITHETA,J) ¢ PL®*EFA®(4e ¢+ ALPHA /ALPHC®
10ie ¢ LPIDI/(Ls ¢ ~PjBRD

GUITHETAY = BUITHLTAGIETAPI®CLIETAR ) = PL¥EPA/ (41, ¢+ EP)

FPAZ = EXPLALPHAZ®CIIETAP 3J) /ALPHS)

EPC2 = EXP(=ALFH({2*C{IETAP ;J) 7ALPKHC)

BLIETAD, JETAP) = =2, /H**2/P24P3% (ALPHC2%EPC2+PL¥ALFHAZ *EFA 2) /A LPHC
G(IETAP) = P3®*({{1.%ALPHC2*C(IETAP J) /ALPHC) %EPC2+PL*(ALPHA2®
LICLIETAP , JI/ALPHE = 1, )2EPAZ)

BUITHFTAZITHETAY = =2.*0P/H#%2 = { /(1. + EP}

IFlJ.GT.47T) GO TO 21

CP = 0oS5*ALOGICI THETA J+1) /C(ITHETAd=1) )/H

COTH = =CP*(1,( = OP®CP) ¢ DF®ALOSI{C(TTHETAJ* LI *CIITHETAgd=1)7
LCIITHETAJ)#%2) /H¥®2

EAITRETASITHETA)=BIITHETAITPETAY#COTH

BLITHETAGITHETA) = CUITHITAGJI/H®(0.5 = DF*CP +DP/HI/C(ITHETA,J=1)
CAITHFTAZITHETA) = ClITHF TAGJI/H®* (=0 6+0R*CP+DP/H)/CITTHETAJ®1L)
BAT2=C(ITHETA9J*1) /CUITHETAJ) 5 CP2=DF*ALCGIRAT2)/H/2,
BUIETAP, JTHETA IS (0. P=CP2+DF/H)/H*3ART(RAT2)% 2.0

CULETAP, JTHETA )=(0o5=CP2=0F/R)/H/SAQRT(RAT2)%2,0

IF(J «GTs 2} GC TO &

IFANCALEC oGEo 1) GUIETAPI=G{IETAFP) #2,0/H%{1,0=-0ISTAR)
ITFANCFLEC «LTo 1} GUIETAP)=CGIIETAP) +2,.0/H

CUILTAR, IETAP)=2.G/P2/H*%2

Go TN 25

FATL=ClITRETA JI/C(ITHETA,J=1) § CPL=DF%ALOGIRATL)I/H/2,
CUOIETAP, ITHETA)=C S ¥*D(IETAF, ITHETA)

BUIETAP, JTHETA) = [ Z*3(IETAF, ITHLTA 16 (CP1=s5¢0P/H) /H/SQRT (RAT 1)
BUIFTAC, ITHETA)=(=0,54CP1=CR/H) /H*SQFRT (RAT1)

CC TO 24

BLITHETASITHETA) = (DP/H ¢ 0.%)/H

CATTHETALITHETA) = (OP/H = D.5)/H

AUIETAP, ITHETA)=(=045<0P/H)/F § C(IETAP,ITHETA )= (0o 5=0F/H) /H
B(IETAP, ITHETA) =2, 0%DP/H»® ¢

A(IETAP, IETAPY = 1, /H®®2/P2

CHIETAP, IETAPY = 1./H®%22/P2

CONT INUE

IFCJCOUNT »GTe JLIMY GO TC 16

BILTHETA,ITHFTA) = 1 3 GUITHETAY = CUITHETA, O
A{ITHETALITHETA) = @ 3 OQUITHFTA,ITHETA) = 0.0
XKCLTHETAGITHETAY=. 0 8 BUITHETA,IETAF) = 0.0
CITHETALZIETAP) = (.0

CALL BANLCLYY

GG TO 3
E(ITHETAGITHETA) = 1.9
YIITHITAGITHETA) = =160

BIIETAR, JETAP) = 1.¢€

Y(IETARP, IFTAP) = =1.0

JF{NCLLEC «GEe 1} GO 7O 15

GUIETAP) =2, ¥H*P2*QISTAR

CALL BANEC(J)

FAC=10.0 3 O0OPOT=1.5

£O 21 U=1oMNJ & IF(CIITHETA J)oLT-COLD{ (THETALJI/FAC) CUITHETR 4=
L1COLO(ITHETAGUY/FAC § IF(CCITEITAJ) o GT.COLD{ITHETALJIRFAL)
1CUITHITASJ)SCOLDIITHETA;J) *FAC
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219

i3

12

17
18

i9
i€

27

2¢
390

IF(C(INTAPyJ)eGTCOLDIIETARJI+0EOT) CUIETAP,J) 2COLDITETARP ;J) +DBCT
IF(CIIETAP oJ) o LTCOLDIIETAF,J)=0PIT) C(IETAP JI=COLD(IETAP ,J)=DP0T
IF{JCOUNT oLEe JLIMY GO TO 1

CRAL=C(IFTAP 2)

TF{A3S [CRAL = CRALOVI<LE«L1:E=06%A4BS [CPAL)Y) 60 TO 41 .
IF(JCOUNT-LE-18) GO TO 1 §& FRINT 1868
ETACNMI=RET/ALPHC/F#(CUIETAP JNMI=ALOG(-QN3F2UKFYCRE/SR/7Q 18 1))

00 12 Js2,NM

FTALY) = RB®T/ALPHC/FH*(CIIETARJ) = ALOG{~QNZF2CKMPCRF/SR/QI04))
TRANLUJY = (CUITHETAGJ) = FLYEXF ((ALFHA/ZALPHE ¢ 1.)%C(IETAE.J) )/
1{1s & "XP(C(IETAP.JY))

CNIN1=QI04%SR/N/F/CRF/QKH & THETAKIJ)I=(CIITHETAJ)=CONIBL*EXP (ALEHA
L2F/R/THETA(SI ) 1/ {1c 0=ONTI QL ENE(=ALPHCOPF/R/TSETALJI )

TRANZ2(J) = P3%{L, -~ PL2EXP((ALPHA2 & ALPHCZ2) 7ALBRCP*CIIETAPJ)} ) ®
IEXP(-ALPHC2®C{IETAP  JI/ALBHC)

TRANT(J) = TRANL 1YY & TRAMZ(J)

EFFLJ) = TRANLIJIZTRANT (W

Yi{JI)=FLOAT(J=2)/FLOAT(NM=2) % PHIL(J)=QAPPA/(QKAPPASSIGHA)I®{ETA(
IJI=ETAINMIY § PHIZ(JI=PHIL{JI=-ETALY)

PH2 LI =ETAINMY +PHIZ (YY) & PH2CAHLIJ)=PHIZ2{J)=UCLCAL

IFINCELEC «LTe 4) GO 70 12 § PHIL{JI=QKAPPA/(CKAPPASSIGHAI®(ETAWS
11=ETAL(Z)) § PHIZIS)=PHILIJ)=ETALS

PH2 (J) sETAINMI+PHIZ(JY) & BFR2CALIJI=PEIZ(J)=UCUCAL

CONT INUE & TI=0T%5UA

CPHIZ=PHIZINM)=PHIZ(2) & CRU=THE TAUINMIZCRE ¢ BFINT L15.,PH sCALINRD
1o0PHIZ,CRYsTI,JCOUNT ¢ PRIKNT 412

PRINT 114300V 30J) oClITHETAsJ) hCUIETAP o J) oETALJ) s TRANLIJD s TRANZLI I,
LTRANTII) EFF{J) s THETAKH{ I s 22 oNMo05)

FRINT 4214 § PRINT 122 (V4(JD oFHILCI) PHIZIJID oFHR(J) sPHZCAL () oJa 2,
iNM, 65}

TRANLY = B8 ¢ TRANZT = 0.8 & TRARLIT = 0.0 ¢ TRAPZT =2 (.0
IF(QIn2 oLEe 1.8E-308) GG 70 27

00 18 JU=3.NM -

TRAPLT = TRAPLT ¢ HB(TRANI(J) ¢ TRANL(J=1))72.0

TRARP2T = TRAP2T ¢+ HEITRANZ{J) ¢ TRANZ(J=1})/72.0
IFITEANL (I /TRANI(I=1) oLEe £o8) 50 7O 17

IF(TRANL(Y) EQe TRANL(J=1)) GO TO 47

TRANLIT = HPITRANLI(J) = TRAPL(J=11) 7ALOGITRANL(JI/TRANLII=23) ¢
1TRAMLT

GO TO 18

TRANIT = H2{TRANLIJ) ¢ TRARLIJ=13)/2.0 ¢ TRAMNLT

IF{TRANZ LJ)/TRANZ{J=1) oLE. (B 6O 70 19

IFITRANZ{J) oEQe TRAN2{J=1)) GO TO 19

TRANZT = H*(TRANZ(J) = TRANZ (J=1)) ZJALOGITRANZ{JI/TRANZ (J=1)) +
{TRANZT ,

G0 TO 416

TRANZT = HR{TRANZ(J) ¢+ TRAK2(1J=13)/72,8 ¢ TRANZT

CONT INUE

TRANTT = TRANLT ¢ TRANZT

TREPTT = TRAPLT ¢ TKAP2T

PRINT 114,TRANIT,TRANZT ,TRANTT

PRINT 144,TRAPLIT,TRAP2ZT,TRABIT & 6O TO 28

£0 30 J=3.NM

TRAPLT = TRAPAT + HT(TRANLIGJI) ¢ TRANL(I=1)9/2.0

IF(TRANL(J) oEQe TRANL{J=1)) GO TO 29

IF{TRANL LJ)/IRANL(J=1) <LEs 8.8 GO TG 29

TRANLIT = H2(TRANL(S) = TRANLIJ=1))/ALOGI(TRANLIJI/TRANLIS=1)) &
1TRANILT i

GG TO 38

TRANLT = HO(TRANL{J) & TRARL(J=10)72.8 & TRANILIT

CONT INUE

PRINT 414, TRANIT,TRAPLIT ¢ GLG=GL &8 NJEB=NJ=3
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28 IF(JOIST .GE. 1) GO 70 31 ¢ GG TO 99

31 [0 28 J=2,NH 3 CURRI(JI=TRENL(JIPALPHAL/TRANIT

26 YL{JI=FLCAT(J=2)/FLOAT(NM=2) § PRINT 418 € PRINT 119,{V10J) ,CURRLY
141 5J=2,NM,05) § 60 TO 99 § END



6

PRUGRAM REDOXIINPUT,DUTPUT)

CALLULATES THE BEHAVIOR OF A FLOW REDOX CELL ON CHARGE AND
CISCHARGE WHEMN THE CURRENT AND FLUID FLOW ARE IN PARALLEL

DIMENSION A{252)9882:2)0:C02:L003),010255):6828:X02:205Y0292),
LETA{1003), TRANL{1003), TRANZ{1003}3, TRANT{LO003),EFF{10603),
LLGLLEE2,1003),PHI{1003) PH2CALLL1003),THETAR(2,1003) ,CURRL{LO03eY 14
L1603 ,PHILEL1003) PHIZ(1003) ,THETAZ2{1003):0KMI%)D144),UL%),CFCL%),
LCPLI4 I CFDES) o CPDES) s VELIG) sRYEL{2)-RIVELLIZ) ,CPDME &) 2PCI5),PDSES)

CUMMLN A.850:0e6 X oY o NoNJ o JCOUNT

A01 FCHHATIF15.0)

102 FLEMATIIL.13)

103 FORMATLLHD %5 = B3FTo392X 9B CM=112,2 4, 8EPSILON = 3,F3.2:2X:8¢ = &,
LELQo%e2XoB{CM/S) 82X oB0R = %8,E10.402K,8{CH#2/5)3/1H0,8D0P = 2,E10.4%
L1o2a03{CH22/51%:2% CKAPPAD = 8,E10.592X, F(HHO/CHIF2Xs8SIGHA = B,E]
10040 2%y B{MHO/LHIS/IHD s 85R = 8P4, 102X 8N 2 ®,F3.1,2Xe8F = 3,E1D.4%y
12X088L7EBQIB 2K %R = #,F To5:2X9%{ J/MOLE-DEG K1B,2X 87 = &,FB:.%4,2X,%
LIDEE RIBJIHO2I0R = $,E10.402X & {AHP/CH#2)%,2%0%[0S = #9EL0%92%, %
LEAMPA LM+ 208, 20,854 = B.FLl1.6,2X 8 {CHe2)1 2/ 1H0%ALPHA-AR = %,F4.242X
1e%aLPRAE-CR = ggF“’%eZgZXegﬁL?HA”QS = gaF%3232%e$éLPHA@CS = §9F$s292§
Lokl TA U = #.F8.302%,8{V0LTS)I®)

104 FLAMATELIHOSLRF = 2,E12:.6:2X,BIMOLE/CH®3)%,2X:20PF = $.E12.692X+%(
LTHLLE/LM®30 % 2X o #KMR = #¥,E12.602X,8({LH/5)%)

105 FURMATIIHO,8PY = %,E15.8/1H0,%P2 = &,E15.8/1H0,%P3 = #,E15.8/1H0,#%
184 = 8, B15.B/LH0:.%P5 = 8,EL5.8/1H0,%P& = $,E15.8/1H0,%P7 = 8,E15.8
LALHG 80P = %,E15,8/LHO2CPF/CRF = 8,E15.8/)

106 FLABATLLHO %KMP = %,E1004,2X % {CH/S)I%,2X0804 = 8,E10.4,2X.:8(LMe2/S
Li#,24.83KAPPA/SEGHA = 8,E10.4)

107 FLRAAT{LHO %1 = #,E10.4:2X B {ANP/CH®2)%7 2%, 2 I5TAR = #,E1004%92X: %17
16T = 3,E10.4:2%,8(AMPI&/LH0, %L = 8,E10.,%402X: 2{CH) &, 2X,8NJ = &914%
L2Xo%¥h = $,E10.492Xs38ALPHAL = $,E10:%402X08LS = B3F5.3,2% 0 8{CHKIE/)

108 FLCEMAT{LIHO,#THE NEXT RUN DID NOT CONVERGE®)

L09 FPLRMATLLIHO 15X 2 THETAS, 123X, SETAPRINKES)

LIO FLHMAT{I0X,EL5.8+5X%X0E1568)

L1l FLBKATLLIHO. L5}

112 FLREATISXowX/L 2, 09X ¢ THETAZ ,OQTH - RETAPRIMES 07X, 2ETAS,06X,%¥TRANS QU
LRE 12,1 X #TRANS CURR 2%,3X 3707 CURRZ;3X,%CURR EFF%,6XSTHETAr®/)

L13 FOHMAT (1X.1P9EL3.6)

114 FLEBMATIIHD,3(EL5-892X0)

118 FORAATULRO2{PHI2L=-PHIZO) = %;FB.4o1Xe®(V)8,2X,%CRUL = %2,E10:42%,
LS {BLLE/CH3 ) %o 2K s 80PUHL = 3, E10.4: 24, #{MOLE/CM®3)%, 24,8N0. [TERATIO
INS = 8,137}

Lio FLARATLIHL)

1317 FLRMATIF15.0412}

118 FLHAMATIIHL 4%, 8 X/L%, 05X, #CURRL®/}

Liy RLRMAZIILIZF10.T)

120 FLRHAN{LIHD 50X, %D0UNSTREAN COUNTER ELECTRDDE®/LHO,50X,2UPSTREAH C
LuRRENT CULLECTOR®/}

12 FLABAT{LIHO X 2 XJL 2, 09K o BPHIL B, 09X, &PHIZS, LOX o #PH1%,, 09X BPH2LALEL T
LA ¢ RETAPS, TX, #THETALWR/ )

122 FLBEATLTIEL2.6451%0)

123 FLRHAT{LIHO 50X, %UPSTREAM COUNTER ELECTRODE#/1HGB,50% #DORWNSTREAH CU
LRRENT COLLECTOR®/)

124 FLBMATL2F15.0)

L2% FLBHAIL/ /950K, #T181IV) + E~- = TI4115)%/}
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126 FURMATI/ /50X #FECIL) = FE(LLIL) + E-%/)
127 FLERATLZ /450X, TILILL) = TH{IV) ¢ E-%/)
120 FUBRAT(/ /550X, %FELIIL) « E- = FE{L[L)&/)

129 FPLEMATL///7624:%SUMMARY OF RESULTS®///3GXs2LHARGE®,5TX,3DISCHARGE®)

130 FURMATI{//LSX#FEED CONCENTRATICNS,10X,%PRODUCT CONCENTRATION%Z, 15X,
l#Fecy CONCENTRATION®,L10X,%PRODUCT CONCENTRATIONZ/18X . 2#{ MOLE/CHMe3) %
Lo lIdAe8{ MCLE/CH®3) % 23X o2 MOLE/CMe3) &, 19X, & {MOLE/CH+3)%/ 101X, 2BEFOR
L MUIXING®, 6 X #AFTER MIXING=®)

131 FOBMAL L X #FELL L)% o8X+EL15:8015XsE15:8,19%X9E15.895%X:,E15:8:3%X:E15.8)

132 FORMAZU LA SFE{IT10®,07XsEL5:8915K0EL5:8,19%0E15.8+05X:E15.8:03%,
LE15.8)

133 PLRBATEL A 6TILIVI®8XoEL158s15X9EL5:819X5E15.8+5X9E15.8;3%X,E15.8}

L3t FURMATEL X 8T (Il 807X oELl5.8915X9E15.8919%0E15.8,05%5E15.8,03%,
LElE.8)

135 FLRMATL//92X0%= ELECTRODE VEL-%¥:3Xe%¢ ELECTRUDE VEL.%®3X,%8RATID®%,3
Lo ®L/RATIO% 20X %= ELECTRUDE VEL.%,3Xy%¢+ ELECTRODE VEL.%,3X;%RATIOD
Le,3n,8L/RATIOR)

L36 FLREAJLTR#{CM/S)I® 313X BILM/SI%48X %8 (CM/5)8,L3X,8(CM/S)87)

137 FLRHMATE2XsELGcB8s5XoE1%0803%sFTeo%o3%eFTo6621X6E14%.8:05%:E14.8¢92X%5
LFlo4esXoFTa&/7)

L38 FUHRAT12X.3CURRENT DENSITY®5X,2CELL VOLTAGE®,5X %CURRENT EFFICIEN
LLy#®, 17X, SCURRENT DENSITY®,05%X,%CELL VOLTAGE#,05X,#CURRENT EFFICIEN
LoV 2/ 54 % AMP/CMe 2 R 11X ¥{ V)%, 07X 8~ ELECTRODE® 2X %8+ ELECTROULES,
LITXo %4 AMP/CMe 202 L IX o8 (V)% ,8X,8=~ELECTRODE® 2X,%¢ ELECTRODE®/}

139 FURMATIZ2XsEL%eBo06XoFL1o894XoFF0694KF906915X0EL14.8,06X,F11.89%4,
LFSabobdXoFI:6)

149 FLEHEATU/ 45X, BUVERALLE 66X, 80VERALLR/ /43X oF9:6964%X:F:61}

lal FCRMAT(//72X,%0HMIL POTENTIAL DRLUP ACROSS SEPARATUR #%oF11.8:2Xe8(V)
L%, 20R,%0HMIC PUTENTIAL OROP ACR(GSS SEPARATUR B,Fll.8:2X,8(v)=)

142 FGREAT(//06X.%#PERLCENT 0OF CHARGE REQUIRED TD RESTORE SYSTEM TO INTI
‘LitaL STAYE DUE TU INCOMPLETE CONVERSIUN UF TICIII) #,FL1.8,2X,8(0/
1042)

1432 FLAKALL/ /06X #PERCENT OF CHARGE REQUIRED TU RESTORE SYSTEM TO INTI
LTial STATE DUE TO INCUMPLETE CONVERSION OF FELIIL) BeFll.802X0%10/
10jy&}

164 FOEMATL///35X,4E16.8)

145 FLEBMAT(L1P6E20.5)

PRINE 116
GLS=1,.0
CREM=C.0 § CRPN=0.T & CRFP=0.0 % LRPP=0.0
REAU 101 :SeEPSIL ,uKAPAD,SIGMAF R,T,SUA
REAL 102.:NeNJ §& NJO=NJ $ QLI=0.1
RedL 101,490
$7 REab 101, QICHAR,QISTAR $ IF(WICHAR.EQ.0.0) STOP & JL¥V=] § IP=]
3R==1,.0 § AON=1.0 $ CRF=0.003
iz ICHAR $ V=QI2SR/UN/F/CRF/QISTAR § JSTAR=0 % VSAVE=Y
ISTAY=QISTAR
S49 NJ=6LENJG/OLO#3 $ JT=({NJ=3)%7/8+2 & JLIH¥=0
Fducy o6T. 1) GO 70 40 % IFLIP.EQ.1} JDC=0
NekLEC=1
ETAF=-3.5
CRF=0.003 $ CPF=3,2941994E-07
VELLL)=Y & CFCE3)=CRF & CFCL4)=(PF
Lit3)=0.00000500 3% DI(41=0-000005000 % DR=DI{3)
0L 34 I=3,4
Qubll )=l O09/EPSILELSBDI I/ {68 Lo~EPSEL)ISB{2:/3,0%VY8%(1./3.)
QEMAL)=4,369E-038YE20.545%
34 CLAFAMNUE 8 QKR=QKM{3)
PI=CaM{3)/7QKML4S)
S5R==1 5 GN=1.0 $ ALPHA=0.5 $ ALPHC=0.5
BLPHAZ=0.5 § ALPHC2=0.5 § PIH2=1.0E<24 & CH=5.00
CICL=4CRFBLPFIE20L.5
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40

33

50

37

&0

38

31

DAFI02=3,00E-08 $ QI02=0AT7T102%PIH2¢2(0.5%ALPHC2 }8CHE®{1.0-ALPHC2)
Uls0.1+R2T/F2ALOGICRF#CHE®2Z/LPF) & ULJLYI=UL=-0.2415
L2==0-58ReT/F2ALOGI(PIH2/CHE®2) ~U]

JKBR=4 § JKMPs4 $§ IF({JUC.EQ.0) PRINT 125

st U 31

IF4duY «GTe 2} GU TO 50 $ Ql==g] $ IF{IP.EQ.1) JDC=0
ETAP==7 .00

CRF=0,003 $ CPF=3,2941994E~-07

VEL{2)=V¥ $ CFC(L1i=CRF § CFCL2)=CPF

Ci141)=0.0000055 & D1{2)=0.0000057 & OR=DI{1}

LGL 23 I=ls2
GRMELd=1o09/EPSIL®{SEDI(I)/ {68l 1.-EPSILYIIRR{2./3.0%¥E8(1,./36)
QKMEL )=4.369E~038Y580.5454

CLANYINUE & QKR=gKM{L)

Pl=ugbl{ 1)/ QKML 2}

SR=1.0 % AN=1.0 & ALPHA=0,.5 § ALPHC=0.5

APHAL=0.38 & ALPHCZ2=0.69 $ PLL2=1.0E-27 $ CCL=20,
wiGl=10.2{CRFECPFI¥E0 .5

6I02=1eJE-Q3RCCLE50, 38%PLL2%%Q, 655
Ll=.68513=-5ReR4T/AN/FEALOGICRF/CPF) & UL JILY)I=UL~-0,2415
U2=1.3595=-ReT/F /2, 2AL0OGICCL%%2/PCL2)-U]

JKER=) § JKMPs2 § IF{JDC-EQ.0) PRINT 126

GG fu 31

IRE4LY oGTe 3) GO TO 60 3 JOC=J4DC+1IP-]

JI=ind

ETAb==1.5

MLELEL==]

LRE=LRFN 6 (PF=CRPN

YELE3)=V $ CFDI{331=CPF § LFDL4)=CRF

UIP3=0143) & DIP4=Dl1%} $ DI{3)=0IP% $ DIL4)=DIP3 § DR=DI(3)
ul 37 1=3:4%

AR LA 1 09/EPSILB{S2DI{1) /16,2 {L.~EPSIL)})E8{2./3.)08VEB(1./30)
UKHL L )=4.369E-03%v%20.5454%

LOMNTEINUE 3 QKR=GKM(3)

Pl=ukn{ 3} /KM 4)

S8=1.6 % UN=1.0 3 ALPHA=0.5 % ALPHC=0.5

ALPRAL=0.38 $ ALPHC2=0.69 $ PLL2=L1.0E-27 3% CLL=20.
wl0l={CRFECPF)®%20.5

GI0zs1.0E-033C0L%20,38%PLL 2820655

Ji=0, LeRBT/F2ALDGLCPFELHER2/CRF) & U{JCYI=Ul-0.2415
U2=1.3595-ReT/F/2.2AL0G{CLLFR2/PLL2)~-U])

JKBR=3 § JKMP=4 $ IFP{JDCEG-0) PRINT 127 % GO Y0 31

CLNTLMUE

JT=hy

ETAP=-3,.0

LRF=LRFP $ CPF=CRPP

VEL{4d=Y % CFDi{1)=CPF % LFD{2)=CRF

LIPI=LEL1) & DIP2=01{(2) % DI{1)=DIP2 % DI{2)=0DIPL $ DR=DI{1}
DL 34 I=le2

UEM L 3= 09/EPSIL= S8R}/ 6501 ~EPSILIIRS{2./3.03YE8(1./3.)
GKHLL3=6,.369E~038VYER0,5454

CLATINUE & QHR=UKMLL}

Pilaguid{1)/0K8i2)

SR==1.0 % QUN=1.0 % ALPHA=0.5 § ALPHC=0.5

ALPHAZ=0,5 § ALPHCZ=0.5 § PIH2=l.0E~24 & LH=5.00
QICA=10.5{CRFECPFREE0.5

LATI02=3.00E~08 % QI02=DATIOZ22PIHZ8R{0.5%ALPHC2)BCHES(] .0~-ALPHC2)
Ul=.6513-SRER%*T/ON/FLALOG{CRF/LPF) & ULJICYI=UL-0.2415
Uds=0,58RBT/FSALOGIPIH2/CH®%2)=-U]

JEER=1 3 JKHMP=2 & IF(JDC.EQ.0) PRINT 128

IFLJDC.EC0)
IPRINMT 1036¢5+EPSIL VDI {JIKHMRY ;OLLIKNPI QKAPAB SIGHA SR QN FRT010
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35

36

$6
901

962
983

200
98
i

224

1106102+ 5UAALPHA ALPHC o ALPHAZ ) ALPHC2 U2

WKAPPA = QKAPAQ®EPSIL=2®1,5

Dd = 2.8{1., = EPSILIBV/S/EPSIL

WS1lGHA=0.0

w3 46HA=QSIGMA+0. 0001

DELTA=SCRAPPA/SIGMA

IFE6L oL¥e. 0.0) GO VO 35

Pl=(>ReQICL/ (QN#FEQRRECRF} 185 { 1. +ALPHC/ALPHA)

Pos—~ALPHARUNSF 2F ey BYRCRF/ [ SRESEUKRERST )L L. /QKAPPA+ L /STGHA)
PI=SR¥QI 02/ (AN FeUKRSCRF ) 2EXAP{ AL PHAZSF2U2/R/T)I & {QNEFEQKRELRF/ SR/
lelQl)&s{ ALPHAZ/ ALPHA)
P4={SREQIOL/ON/F/QKR/CRF) 2 { (ALPHAZ+ALPHC2) /AL PHA)=EXP{ {ALPHAZ
LALPRLLIBFEUZ/R/IT)

ALFL=ALPHA $ ALP2=ALPHC § ALPHA=ALPZ2 $ ALPHC=ALPL

6L To 36

#1 §{~SRBQIOL/ (GNSF2KRECRF ) )82 L. ¢ ALPHAZALPHL)

pe CRESONSF/SRBYEE2 JS/QARBALPHLSF/R/TS{L. /QKAPPA ¢+ L./SIGHA}
23 = -SREQI02/QN/F/QKR/CRF2{~QN®FBQKR®CRF/SR/QIOLI=&{ALPHL2/ALPHC)
LBEAFLALPHC2%FRUZ/R/IT)

P4y = (=3RBQIOL/{CNBF®UKRSCRF) ) &&{ LALPHAZ ¢ ALPHCZ2}/ALPHC)®
LEXP{=-LALPHAZ2 + ALPHC2)®F&U2/R/T)

PS5 = =P2/L1./QKAPPA ¢ 1./SIGMA}S{1./QKAPPA)

Pe = =P2/{SIGHA/OQRAPPA ¢+ 1.0)

T4y = 3.%8({1./3,)
DR=EPSILSIDR/TAURS 2+ DA 2SEQKRR/ VR

TeETAP=CPF/CRF
H = bl®qKRES/({YSRFLOATINJ=3}15% NMsNJI=-1
ALPHAL = SHQKR=QL/Y

CLS3AR = QIBSR/(ONSFBYRCRF) $ Ti=Ql#sSUA

IFLJDL.NESD) GO TO 96
PRINI 104,CRF,CPF.AQKM{JKMR)

PRINT 106,0KMIJIRMP)DA,DELTA
PRINT 107,01 QISTAR,TI QL NJoHeALPHAL, QLS

PHINT 105:PLloP2:P3,:P4:P5:P6,PT,0P,THETAP

How

it

LR{NCELEC -GE. 1} GO TO 902

P5P=Pe $ P6P=PS $ IF{JDC-EQ.D) PRINT 120 & P5=P5SP § P6=PseP
G TU 903

LE{JLL.EG.0) PRINT 123

CONTINVE

EE = B.5 ¢ 0.5%5QRT{1.0 ¢ %.04DP)

IikEIA = L & JETAP = 2

1£145748 .GT. 02 GU TO 98

DG- 2008 J=1,NJ & BBEXP=EXP{-H®2FLUOAT{(J~2)/8B)7/88

COITHETA v J)={1.0-QISTARI%®{1.0-BBEXP)+BBEXP $ IFI{QISTAR .GE. 0.99
14 CUATHETA,J)=BBEXP+DP/BBs832EXP{BB/DPEHSFLOAT(J=-NJ+1)=ALPHAL/BB)
ClAE AP J) = ETAP

JCLLNT = 0
JLEULMNT = JCGUNT +
J =0

BE « 4=1oN

DL 2 K=1N

Y{Iekd = 0.0

XéleKd = 0.0

d=d ¢ 1

DG 4 Ai=1 4N

CLALLEEe 320l )
Gil) = G.0

8O 4 KsloN

A4l.%) = 0.0

BiI K3 = 0.0

4 Dlidokd = 0.0

IF4JoEQ-RJY GO TO 8 & IF(JGT-1) GO YO 7



2%

25

14

225

DEITHETA GITHETA)=1 o 0=0P/2.0/H%ALOGICIITHETA, J+2 )} /CLITHETA, 1))
KEATHETAZITHETA) = ~PPsCIITHETA,J#1)/2.0/H/CLLTHETA,J22)
BLITHETAITHETA)= DP®C{ITHETAJ+1)/2.0/HICIITHETAJ)
GEATHETA)=1.0

BLIETAP,JETAP) = ~1.0

Gu IL 25

EP = EXP{CLIETAP,J)) $ EPA = EXPLALPHASC{IETAP,J}/ALPHC)=EP
ALP=§1.+ALPHAZ/ALPHC) 3 DXL=Sl.¢EP+PL#PTHEPA/THET AP

BIFET={lo¢l /THETAPE{ 1. ~CLITHETA,J}} )*P12EPA

BULIRETA IETAP)=OTHETSALP/DXI+{EP+PLI#PTHALPSEPA/THETARP ) S#{C{ITHETA,
LJi=LThETI/OX]1%%2
GUITRETA)=BlITHETALETAPI®CLIETARP J)-PL2EPARL L+ 1. /THETAP}/DX]
EPAZ2 = EXPLALPHA2&C(IETARP,J}/ALPHL)

EPLL = EXP{-ALPHCZBC{IETAP,J}/ALPRHC)

BELETAP ) IETAP) = —2./H%%2/P2+P3%{ALPHC2HEPL2+P4&3ALPHAZ2SEPA2) JALPHC
GLLETAP) = PAS( (L. +ALPHC2BC{IET AR yJ)7ALPHC ) SEPC20P 4% ALPHAZS
LCUAETAR, JB/ALPHE = 1.)%EPA2)
BLLINETAITHETA)=~2, 80P/ HE22~( 1. ¢PL/THETAPSEPA) /DX

Ib{doTdT) GO TO 21

CP = 0.5%ALOGICIITHETAGJ#L)/CLITHETAJ=12)/H

LUTH = =CPs( 1.0 - DP%CP) ¢ DP#ALUGICEITHETA Je LISBCIITHETA, 400/
LCUATRETA S )%82 ) /HER2

BEIThETAITHETA)=B{ITHETA, ITHETA) +COTH

ALITHETALITHETA) = CUITHETA,J)/H2{0.5 ~ DP%CP #DP/H)/CLITHETAgd~1)
DEITHETALITHETA) = CUITHETAJ)/HB(=0-5¢+DPECPeDP/HI/CLITHETAJ®1)
RAT2=CL{ITHETA.J+1 ) /C{ITHETA,J) $ CP2=DP*ALOGIRAT2)/H/ 2.

BULIETAP o ITHETFA)=(0.5=-LP2+DP/HI/HeSQRT (RAT2)22.0

BLIETAP, ITHETA)=[0.5-CP2-DP/H)/H/SQRTIRATZ2)%2.0

I6ld 07, 2) GO TO 6

GALETAP)=GLIETAP)¢2.0/H&{PE%QISTAR/P2+1.0)

DULIETAP, JETAR)=2,0/P2/1%%2

Gu Tu 285

RATI=CLITHETA,J)/C{ITHETA =1} & CP1=DP2ALOGIRATLI)I/H/2,

DELETAP» ITHETA)=0.5%D{ IETAP, ITHETA)

BLLETAP o ITHETA)}=0.5#B IETAP ITHETA) ¢{CPLl~o5+0P/HI/H/SQRTIRATL)
ALLETAP ITHETA)={=0.5¢CPL~-DP/H)/HESQRTIRATL)

GG 1L 24

ALLTHETAITHETA) = (DP/H ¢ 0.5)/H

DUITRETAGITHETA) = {OP/H = G.5)/H

ALIETAP o ITHETA)={~0.5-0P/HI/H § DILIETAPITHETA)={0.5-DP/H)/H
BUIET AP, ITHETA)=2.08DP/7HE%2

ALLIETAP, IETAP) = l./He%27P2

DIIETAP o IETAP) = 1./H2%2/P2

COMTANUE

IFEJCLUNT 6T JLIM) GU TQ 14

BOATRETALITHETA) = 1.0 §& GUITHETA) = CL{ITHETA.J)
ALATOETALITHETA) = 0.0 $ DIITHETA,ITHETA) = 0.0
KLATHETAITHETA)=0.0 & BUITHETALIETAP) = 0.0

OUITHETALIETAP) = 0.0

CALL BANDLJY
6L Tu 3
BEITnETA,ITHETA) =

Y4 ITHETACITHETAY = ~1.0
BLLIET AP, [ETAP) = 1
Y4LAETAPL,IETAP) = =1.0

GLIETAP) = ~2,%H*P&ZQISTAR

CALL BANDIJ)

FAL=5.0 % DPOT=2.0

BUG 20 J=1,NJ $ IFICLITHETA J)oLT-COLDIETHETAJI/FACY CLITHETA 4=
LCCLDELTHETAJI/FAL & IF{C{ITHETA. 2} 6T -COLDEITHETAJ)®FAL)
LCLITHETAJ)=COLDLITHET A, J) BFAL
LFQCILETAP 0 ) oGTCOLDUIETAP 30 ¢0POT) CUIETAP,J)=COLOIIETAR,J)¢+DPOT



20 IF4LALETAP sJ) LT COLDIIETAPRP,J)~DPUT) CEIETAP,J)=COLDIIETAL,J}=-DPOT
LFLJLUUNT oLE. JLIM) GO TO 1
0L %58 1=1,N & DO 998 Jsl,NJ¢5
998 1FLAUBSECLT 00 -COLDIT,d)) oGTe L.E-08%ABSICII,J0)) GO TO 999
6L Tu 11
Y99 LPLJCLUNTLLE.20) GO TO 1§ PRINT 108
i1 IFiel oGTe 0.0 60 7O 57
ETAINM)I=ReT/ALPHC/ FE{C{IETAP  NM) -ALOG{-QN#F2GKRECRF/SR/QI01))
GL Tu 58
57 ALPrA=4LP1
ETAINM)I=R&T/ALPHA/FE{ALOG(GNSF#QKRSCRF/SR/QI0L)-CLIETARP ;NM) )
56 0L 42 J=2,NM
4FL6L 2GTs 0.0) GO TO 67
ElALY) = ReT/ALPHC/F&{C{IETARL,J) - ALOGI-QNSFEQXR®=CRF/SR/QIO0L))
6L Iy 68
61 ETA44)=RET/ALPHA/F#{ALUGIGN#F&QRRECRF/SR/QICLI-CLEIETAR ) )
ALPHA=ALP2
68 TRANLAJ)I=(CIITHETASJ)~PLSEXP{LALPHA/ALPHC#L b 2CIIETAPJ) )8 lLlo+1./T
LRETAPE{ L o~CUITHETAJ DI DI/ {1 ¢EXPLCIIETAP J) ) ¢PLEPTHEXP ({ ALPHA/ALPH
L¢3 8CLIETAPJ) )/ THETAPR)
ThETAablod)=CUITHETA,J)-TRANLLJ)
TRONZESY = P3I%[1l. ~ PLH¥EXP({ALPHAZ ¢ ALPHC2)/ALPHC®C{IETAP,J)) )%
LEARP{~ALPHC2BCLLETAP yJ)/ALPHC)
TRANTEL) = TRANLILJ) & TRANZI{J)D
EFR{43 = TRANLIJI/TRANT{J)
Y14J4)=FLOAT(J=2)/7FLOATINM=2) % PHIL{J)=QKAPPA/ (QRAPPA+SIGMA)&(ETA(
LUd=ETALNN) +QLIQL/QRAPPAR(Y1{J)~10)) & PHIZIJI=PHILIJI-ETALJ)
PHI(JG=ETAINM) +PHIZ(JD & PH2CALIJI=PHIZ{J)-ULJCY)
ThETA2{J =1 ¢THETAP=-C{ITHETA,J)
ThiETanl2sJ)=THETA2{J)+PTH{C{ITHETA ) ~THETARL L, J))
IFAMLELEL -GE. 1) GO TO 12 8 PHILIJI=QKAPPA/(QRAPPACSIGHAIS(ETALY
L)=ETAL2)=-QL/QKAPPA%R( L. ~V]) $ PHIZLJ)=PHIL{JI=-ETALJ)
Phliisd=PHI2IJI+ETA(Z2) & PH2CALIJI=PRIZEJI-ULJCY)
12 LUMNTINUE $& TI=QI=5UA
IFdslyY -GT. 1) GO 10 55
CREN=ThETAZINM)#CRF $ CRPNsSC{ITHETA.NM)SCRF
55 1FL4LY .06T. 2) GO TO 56
CREP=THETAZ{NM}&CRF & CRPP=CILITHETA,NH)*CRF
56 LLATIMNUE
DPHIZ=PHIZ{NM)-PHIZ2{2) § CRW=THETAW{1 ,NHISCRF % CPHU=THETAH{Z2,NH)®
LCRE $ LF{JDCNE.O) GO 70 62 % PRINT L15,DPHI2CRW:CPHe JCOUNT
PRINT 112
PRINT 1313.{YLLJIoCLITHETAGJ) sCUIETAPJ)ETALJ) o TRANLIJ)I o TRANZLSY,
LIRANT 8J) EFFLJ) o THETARIL 54} o J=2 9 NH,90)
PRINT 121 & PRINT 122,{V10J)oPHILIJLPHIZLID oPHLILS) PH2CALL J), THET
1Az J) o THETAR{Z2¢d) o J=2.NM; 900
62 TRANLT = 0.0 $ TRAN2T = 0.0 § TRAPLIY = 0.0 & TRAPZT = 0.0
iPiei02 oLE. 1.0E-30) GO YO 27
DL 16 A=3,NH
TRABLY = TRAPLT ¢+ H&{TRANL{J} ¢ TRANL{J=-11)/2.0
TRAP2T = TRAP2T ¢ H2{TRANZIJ) ¢ TRANZ2(J-10)/2.0
LFLTRANLLJI/TRANLEI-1) LE. 0.0} 60 10O 17
IF{THANLEJ) EQ. TRANLI{J-1})} GO TO 17
TRANLT = H®{TRANL{J) - TRANLIJ-LII/ALOGETRANL{JI/TRANLES~1)) ¢
LIRAANLT
GL 1L 18
17 TRANLT = HE{TRANL{J) ¢+ TRANL{J=11})72.0 ¢ TRANLT
18 IFLTRANZ2{JI/TRANZLJ-1) LE. 0,00 6GU TO 19
IFLIRANZ2TJ) -EQ. TRAN2EJ-1)} 60 TO 19
TRANZT = He{TRAN2(J) - TRAN2(J=-1)1/ALOGITRANZLSI/ITRANZ(I=12) ¢
1784627
BL Tu Lé

226
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L9 TRAM2T = HB{TRAN2{J) ¢ TRANZ2{J-131/2.0 + TRANZT
16 LLNTLINUE
TRANTT = TRANIT ¢ TRANZT
IRAFTT = TRAPLT ¢ TRAPZT
IFLJULNE.D) GO TO 69
PRINT 114, TRANL1T,TRANZT, TRANTT
PRINI 114 TRAPIT,TRAPZ2T,TRAPTT & GO TO 69
27 B 38 J=3.NHM .
TRALLT = TRAPLT + HE{TRANL{J} + TRANI(4=1)1/2.0
IFEIRANLLJ) EQe. TRANLUJ=L}} GO FU 29
IFLTRANLEJI/TRANLLY=1) -LEs 0.3} GO TO 29
TRANLT = H&(TRANL({J) -~ TRANLUJ=-1)3/ALOGETRANLEJI/ZTRANLEI=-1)) +
LIRAALT
GL 140 30
29 TRANLY = HE{TRANL{J) ¢ TRANL{J=11})/72.0 ¢ TRANIT
30 CONTAINUE
BFLJLLLEQ.D) PRINT 114,TRANLT,TRAPLIT ¢ QLO=QL $ NJO=NJ=-3
&% I1FL4Gy GT. 13 GO TO 70
UJISTR=1./4ISTAR
CUEFNL=TRAPIT/TRAPTT § QIINC=THAPLT $ QITNCsTRAPTT
LPLEIA=CREN & LPCI4)=CRFN $ QIl=yl
PRANSC=PHILL{Z2) & PHINCC=PHIL{NM! $ PHINSC=PH2CAL(2)
YNC=PHINSC-PHINCC#PHZNSC-PHINSC & J4CY=2 § GO TO 99
70 IF{4LY 6T, 2) GO TO 71 ¢ JDC=1
RvELLL)=VEL{L)/VELL{Z2) $ RIVELIL)=1./RVELILL)
CUEBEFRL=TRAPLIT/TRAPTT
LIIPL=TRAPLT § QITPC=TRAPYY
CLUEFC={QlINC+QILIPCI/{QITNC+QETPRC)
CPLELI=CRPP 5 CPCL2)=CRFP
PHIPLL=PHILI{NM) § PHIPSL=PHIL{2) & PH2PSL=PH2CALL2)
YPL=PHIPCL-PHLIPSCHPHLIPSL-PHEPSC
YSEFPL==QI12QLES/QKAPAD & CVL3YPL+YSEPC+YNC
PLLIRI=CVLEQI
Wi= €.585%Q1 & JCY=3 § GU TU 99
71 AFLJLY 6T 30 GO 7O 72
CLEFND=TRAPLIT/TRAPTT & JIIND=TRAPLT & JIVNDsTRAPIT
CPUL34=THETAZINMI®CRF § CPO(4)=ClLITHETANMISCAF
PHINSD=PHILINM) $ PHINCOD=PHI1{2) $ PHINSD=PH2CALINM)
YND=PhINSD=PHLINCD+PH2ZNSD~PHLINSD
wi==yg4 § JLY=6 § GO 70 69
72 CUMTLNUE
RVELIZI=VELI3I/VELLS) & RIVEL{Z2I=L./RVEL{2)
CLEFPU=TRAPLIT/TRAPTY & QILPD=TRAPLT & QLTPD=TRAPTY 5 Ql2=0QI
CPUALI=THETAZINNISBCRF % CPDI2)=ClITHETANHISBCRF
QLUEFE=(QIIND+QIIPDI/{QITND#QITPD}) & FEITI3I=CPL{2)-CPD{%)
PHIPLE=PHILLZ2) 5 PHIPSD=PHIL(NM) % PH2ZPSD=PH2CALINM}
YPOSPHIPCD~PHLPSD#PHIPSD-PHZPSD $ VSEPD=QI2%QLS/QKAPAD
Cyu=yPO+YSEPLUSVND
PL==LV0%UL § IF{JDC.LE-L) GO TO 49 & LFIPD.GT.PBSAVYE) GO TO 51
[Fldle6T.015) QIMIN=QLI & IFIQI.LT.QIS) QIMAX=4]l & GO 70 52
851 LEEGL.GT .Q15) QiNAX=QI5% IF{QI.LT.QI5) QIMIN=QLS
49 POSAV=PDSAVE & PDSAVE=PD § QiS=sudi
2 CLMTANUE
PRINT 145, PD,QL
JEL=JBG=IP+L 8 IF{JDC.EQ.0)F GO TO 64
IFEJUL.GT.1) GO YO 65 ¢ QI0=Qf § CvDU=CVD $ QL=-0.820%Q1$QIMIN=0.0
GAMaX=0I0 $ JLY=3 § 4DC=2 & GO TO 99
65 IFLsDLGE-9) JOL==] % QINEW=0.52{QI-CVYD #{QI=-QL0)/8CVD-CVDOY)
IFiJUL.EQ.2) GU TO 33 & BQUAD={QI-QIG}/{CYD~CVDO}
CCuAL=E{BQUAD-{Q10-QIUC)/{LVYDO~CVYDOO) I/ {CYD=CVBUOSY
BuudAl=30UAD-CQUADR{CVYD#CVDO) § AQUAD=QI-{BLUUAD+CQUADSCVYDI=CYD
IFE8uUAD®R2 LT3 .0%A0UADRCQUAD) GO YO 53



228

CVDNER==80UAD/ ( SQRT{BQUAD282-3,0%4QUADSCEUAD ) +BQUAD)
JANEm=2QUAD+CVYDNER&{BQUAD+CQUADSCYDNER)
53 AFLGINERLT-QIMAX) QINEW=0.5%{QIMAX+QIS)
AFLGINEN BT QIMIN) QINEw=0.5%{QIMNIN®QLS)
GiltL=461 § CVDOO=CVD
IFLaBS{QI®CYD) LT ABS{QIO®CYDO)) GO TO 63 $ QIO0=QI0
C¥BLu=CYyD0 ¢ RIO=QI $ LVYDO=CVD
&3 wl==GINEW & JCY=3 § JDC=JDC+]
IFLABSIQINER=QI) LTl E~4®ABS{QINEW)) JDC=0
IF{ILL-EQell GO TO 99 & IF{ABS{PD-PUSAY} LT.1lcE~52PD) JDC=0
66 14 99
6% PLSLER)=PD
IFEFE3TI3 oLTe 0.0} GO TO 73
LPLME3)=CPDI3)eCPDI4) $ CPDH(4I=0.0
CPEMEL)=CPD(LI*CPDI2)=-FE3T]380.5 & CPDMI2)=FE3TI3%80,.5
CHIS=FE3TI3/CFD{2)%1006. $ NCHIS=]l & GO 7O 74
73 CPUMELI=CPDLLI+CPDL2) & CPDMIZ2)=0.0
CPOBL3)=CPDI3)+CPD(4)+FE3TI3#0.5 & CPDM(4)=-FE3T[380.5
CHES==FE3TI3/CFD{44%100, % NCHIS=~1
74 LELIPNELL) GO TO 47
PRANT 129 $ PRINT 130
PRINI 131,CFCLL)oCPCULLYCFD{LI CPDEL)CPOMLL)
PRINY 132.CFCI2),LPCI2),CFD(2),CPDL2) . CPDNML2}
PRINT 133,CFCL3),CPLE3),CFDI3),CPD(3),LPDME3)
PRINT 134,CFCL4%),LPCLLI,CFD{4),CPD(4),CPDMIS)
PRINT 135 ¢ PRINT 136
PRINT 3137, VELELD VELL{2),RVELELI ;RAIVELIL)VELIZD oVELI4S),RVELE2)4RLY
1EL L) & PRINT 138
PRIAT 139:0Q11sCVC,CUEFNCCUEFPC,QI2,CVD,CUEFND,CUEFPD
PRINT 1L40,0CUEFC,OCUEFD $ PRINT 141,YSEPC,VYSEPD
AEINLEES 6T« 08 PRINT 142,CHIS & IF(NCHIS LT. 0} PRINT 143,CHIS
47 Pol==0128CYD $ PBC=-QI1%CVYC $ EEFF=PHL/PHD
Pul=PaD-0.4%Pk{ $ Pu2=PWD-PKL/3.0 $ PW3=PWD<-0.25%P8ul $ PH4=PWHD=0.2
L2Pwl § PRINT 1464 ,PHLPH2.PHI PHS
BRINE 144.PHDsPRC,QJISTRIEEFF § JCY=1 $ [P=[Pe¢l § JOC=]
GO TU (9T7066061:59948:54) 1P
66 Gl==1.02%QICHAR & V=1.02%YSAVE $ GO TO 99
61 (l=~0-988QICHAR § V=0.98&YSAVE & GO YO 99
59 Li=~udCHAR § ¥=1.028YSAVE & GO TO 99
4y wi=-yICHAR 3 ¥=0,.98%YSAVE § GO TC 99
54 COST=LPUSL2)~-PDSL3)3/1PCL2)-PCL3}}
TRY=(£DS14)-PDSI5) )/ 1PCL4)=PCIB)) $ QISTAR=QISTAY
PRINT 1450 QICHAR,QISTARCOSTTRY 4PDS{1)PCEI}oi=1,5)
66 TU $7 % END



PROGRAM REDOX2

CALCULATES THE BEFAVIOR OF & FLOW REDOX CELL ON CRARGE ANC
DISCHARGE WHEN THE CURRENT IS PERPENDICULAR TG THE FLUID FLOW

ODIMENSTION CF{2)CPF2)sQKM{G) oDIF (L) oRAKMIZI oA (2 o021, UTHI2) GN{2
33 5S{2)Y QRAPAGB{2IoOQKAPAIZ2) o STGMALRZY JEPSTIL{2) RHO{( 2, QMUCL2) (QT0(2),
TQIL(2Y . vI2) s ANULZY o ONUL2) o DATIB(Z) 4 0(2) 3 2(28) THETA(2) THFETAR(2)
L THETPF{2) COND(Z s SINH{Z o COSHIZI oRI(2ZY 4P (2) oJY (10000 o THETAJ{ 10D
18 XL (10000 ,0TLPIL000Y QILNTL10D0) THETANILOON) o THEPP(1000) o THEPNI(Y
10001 o THETWPI{L000) o THE TUNCILIOO00) o THEPHP{L000) oTHEFWR{L1000),VOPCIR(18
1000 PHCII I oPHDI(3) ,QID(3Y . QIC(3}

1008 FORMAT({FL5.0)

200 FORMAT (/750X ®*THIS RUN DIUD NOT COMERGE®)

204 FORMAT (LOGX4E160 85X 0L 168 ¢5XsI3s5%E1608¢5Xq£36,8)

202 FORMAT {170 4X %A {CHM=13#,00X *THICKNESS {(CH)I®,05X,UTHETA (V)®,40X
Lo®N®,10X28%)

283 FURMAT (/10X %UNU = #,E15.85283%1z #1279

206 FORMATIL//740 %X (CHI® g1 e ®THETAG® (10X %Y {A/CME2)12 07X 2IL ¢ (A/CP
Le23%506X,% L (A/CME2) #0064 %4(I=0) (¥1277)

205 FORMAT (SN vE LB BoE L7 802KsE16,892HoEi0aB892X 9E16e802X9E36.8)

206 FORMAT(/4Xo?¢ ELECTRODE® jF1089BKoF 106801 0X FB8E 910K oFbo2¢8XeF5,2)

207 FORMAT{/1Xy%= ELECTRODE®F 10BN oF 40ebo 10X oF 80910 oFbe2BHsF5e2)

208 FORMAT{/1uX 210 (A/CM+2)% 05K *KAPPAD (MHC) ¥,05% o IKAFPA (FHOI*,08x
19®SIGHA (MHOI® 8, *EPSTILON®)

209 FORMATI{/L X% ELECTRODE®EL2:6o5EsF10:697XF 106360 3E12:6,2X¢F10,:86
i3

240 FORMAT(/4X¢®= ELECTRODE® ¢EL12 €8N ogF 1000 e7H gF100€pEX9EL26¢2X9F1006
1}

211 FORMAT{/LLX %CRF (MOLE/CHM+3Y % 5085%,#CPF (MOLE/CMe3) 2,050 %y (CM/S)®
19 05X ®0R (CMe2/7S1% 05X :%0P {(CME2/751% 05X #KMR (CM/S)I® 05X 4%KME (CP
1750%)

212 FORMATI{/0Xo%¢ CELECTRODE® ) ELS. 697 RoE 126057 o812 2N eEL2,6:04KsEL2:6
198X 9E82:6534gE12, €}

213 FORMAT{/4Xo%= ELECTRODE® E15e697RgE120095K £ 12:Co2XeE126.04HsEL2.€
Lo X s212:.603XoE12.6)

21 FORMAT (/710X %% {(CMIP o 1IN B THETASR 12N o2 THETA=% ;L IX o PTHETAP$® 311X,
L4 THETAR=27/} ’

215 FORMAT (3N gE 1608817 o8:2Kebl80o892ReE1608e2XELDL8)

246 FORMAT (/77400 :%% {CMI®P 40X o THETARG® ;11X o PTHETAR =2 s {iX*THETAPH S,
110X *THETAPY=2//}

247 FORMATI3X gEL16680iXobL6 842X vELB o802 eE1608,2XqELE .8}

218 FORMAT (/776X *DISCHARGE®//Z/7)

249 FORMAT{/7/7/65X*CHARGE®///)

220 FORMAT(20X,%CELL VOLTAGE®sF 9.6,2%, ¥ {VI®, 20 PELECTRODE LENETH®,
LE12:6 2N ®ICHY®2X E12:64 24 o€ 12 06}

221 FORMAT (3K 0EL16689E17 8920 b1 6:892XoE16c892% oE168e2XoE16e82X13)

222 FORMAT (/720K *MEMBRANE THICKAESS?sFQe6,2X, 2 {CMI F,2X o *MEMBRANE RESI
ITIVITYRF11,6,2% " {0HM=CMI®}

223 FORMAT{//720R,%THE ELECTRODE LENGYRS ON CHARGE AND DISCHARCE ARE kU
17 EQUAL®Y

224 FORMAT(8E16,8}

VRs0.0000¢

THEOUT=03 ¢ NJMAM=21841 € H={1:0-THEQUT) /FLOBT(NJNAY=1)

F=96687. 3 R=2803163 § T=298.1%5 § IP=1 § IN=2

PRINY 282

READ 100.0L SRS

READ 108 4{DIF{TlsT=1o%) § READ 100,{A(T) 0{T) UTHITI QNITIS(T)
SAKAPAG{I) oSIGMALI I oEPSIL{I) oRHO(L} sQHU T oDATIDITIoCF (I oCPE(T) 012
112} 8 PSI=(.86 § RIF=R*T/F

229



i

2

3

90b

908
981
982
903

38

VIR =vR § VIINI=vQ

00 2 I=1s4 ¢§ IF(I ,GT, 2} GO 70O 4

GRM{I} =091 2A(IPI*DIF{TII®(RHCIIPI®VIIPI/ALIPI/QMU(IP)I/PST)I®20,569%
1PST==22 (AMUCIPI/RHO(IPI/DIF(1) %% {L./3.) § GO TO 2

QRMAII=0. 9L *ACINI*DIF{II*(RECTINI*VIINI Z7ACINY 70U (IN)/PST)®%0,49%
1PSI*#2% (QMUIN) /RHO(INI/DIF (I #2(1a/3,)

CONTINUE § ROKMIIP)I=20KM{LI/QKMIZ) § ROKM(IN}=QKM(3) /QKM{L)

PRINT 206,A(1),000) JUTH{L)QNIL)oS(1Y § PRINT 287,A(2},002),UTH(2)
LoQN(2) .52 ¢ PRINT 208

CH=6o00 § UTH{INI=UTH{IN} +R¥T/FRALOG{CH"#2)

DELTAY=UTHIIRP) «UTH(IN)

00 3 I=1,2 $ THETPF{I)=CPFIII/CF{I) ¢ QKAPA(II=0KAPAQ{II®EPSIL(T)®
1#4.5 § QIO{ID=sDATIO(II®{CFILI®CPF{TII** 0, ¢

QEXI=SART (A(I)*0(1)1*22%F*QI0 (L) /2,/R/T/SQART{THETPE{I))® (4 ./OKAPA(]
1) ¢4 o/SIGHACLY)I IS CONDII)=SIGMA(TI/OKAPA(TI+QKAPA(II/SIGHA (T}
P{I)=D{I)/(QKAPALTI) +SIGHMALT)

PRINT 209010013 ,QKAPAD(L) QKAPALL) oSIGMA(L)EPSTILIL)

PRINT 210,QL0{2),QKAPAGI2),QKAPALZ) (STGMA(2) EPSTL(2) ¢ PRINT 214
PRINT 242,CF UL oCPF{L) oV (1) sDIF{L) 40IF(2) 4 QKM{LT CKM(2)

PRINT 213,CF(21CPF {21V (2) oDIFI3)s0IF (L) ,QKM{3),0KM (%)

PRINY 22Z,QLS,RS

DTSAVE=0.99

THETA(IP)=THEOUT

THETAP({IP)2q «+THETPF(IP)=-THETA (10}

THETA(INI=L . #STINI®D(IPI*QN{IP} #Y(IPIRCF {IP)/S{IPI/DIINI/CNCIND Y/
LY (INI/CFUINY #({1.=-THETA(IP))

THETAP{INISL +THETPFIINI=THETA(IN)

UDSAVE 2DELTAUSRTF/ON{IP) *ALOGI(THETA(IR) /THETAP(IP))eRTF/UN(INY®
LALOGITHETA(IN)I/THETAPLIND)

READ 100+ DELY

IFIDELV.ZQ.0.0)STOP § CVY=UDSAVE=DELV § CVSAVE=CY § PRINY 218
JCHAR=Y

Y{IP)=V¥Q § VIINI=VQ

GO TO (983,901,902} (JCHAR

CV=UDSAVE=1.02%0ELY ¢ GO TO 963

CYsUDSAVE~-0.98%0ELY

ICHARG=0 § QJI(10=0.01 $ Jsi § DOTHETA=0.8

IF{ICHARG oGT. 0) DTHETASOTSAVE § IF(JCHAR.NE.L) €0 YO 99
IF(ICHARG o6V, 41)60 70 99 $ IF{ICHARG.ER,1)PRINT 219

99 QI=0JI(JY § THETA(IPI=i.-DTHETA

THETAP{IPI=il . ¢ THETPFIIPI-THETA(IP}

THETA(INI =L o ¢ST{INI*O(IP)*ON(IPIBY(IPIPCFIPYI/SI TP I/O(INI/ZENCING Y/
LYIINI/CFUIND ®*(1.=-THETA(IP))

THETAP{INI =L ¢ THETPF{IN)=THETALIN)
VOPCIR(JI=DELTAUSRTF/QNIIPI2ALOGITHETA(IP)/THETAP (IP) I *RTF/GN{INT®
LALOG(THETA(INI/THETAP(IN} )

IF{ICHARG ,EQe0) USAVEsSVOPCIR({YL)

IFITHETALIPY .6Te 1.0¢1.06E-08) GO TG 9389

IF(THETALIPI LT THEQUT)IGO TO 9998IF(THETA(INI LT, 1.E~08} GO VO 9%
IF(THETAP{IP} LY. 1.0E-08} GO 7O 999

IF(THETAP{IN)} LY. 1.0E-08) GO 7O 999
QILIIPI==QN{IPYPF*D{IP)2A(IPI2QKA(IPI®THETA(IPI®CF{IRY/S(IP)
QIL(INDI=QNCIND®*F*OCIN) *ACIN) "QKHM(INS L) BTHETALINIBCFLIND /S (TIND
JCOUNT=0

L QIOLD=QY § JCOUNT=JCOURNT#1

00 5 I=1s2

QNUIL)=QUI) 2 (THETAP(II*THETA (D) +{ROKM(IV2THETAII)-THETAR(I))®
LTHETA(II®*QT/QILII) ~RAKMIL)®THETA LI #%22QI%92/QIL (11?22} #2025
ONU(T = (QUII/7QNULTY 12232Q(T10 /Lo * ((RAKM(TIPTHETA(T )=THETAR (I} 2
ATHETA(IIZQIL T =2, *RAKMII IS (THE TACI /QIL (1) 09%29Q1)
SINH(II=(EXPIQNUACI) ) =EXP(-QNU(I) VI /2,
COSHII)=(EXPIAQNU{I} ) ¢EXP{-QNUIL) /2,

230



231

Z{Io112(2,¢COND(II*COSHITII/Z{ONUITI®SINKII)

Z(1,2)=(COND(I}2QNU(II=SINHI{I)I®=2%0NU{I)=(2, +COMI(LI2COSHI{TD)®
LOSINACTIS 2QNULTIIRCOSH{TIII*ONU TR Z(ONULI) ®SIRHIT ) 9%2

RI{I}=QL/7Q1IL (D)

ZALo3)=ALOGI{THEYAITI®{ L, =RI(IIIIERI(TI /(L =RI(T))

Z{Lobd=3 o /7QTLALI/ (L .=RI(IN)

ZAT o312 ALOGI{THETAP(II¢THETAITI*RILII*RAKMILII -1/ (1. ¢THETAP(I)/
ATHETA(I)/RT (LI /RAKM (T

5 Z(146)21./{QI¢THETAP{II®QIL (I)/THETA{T) /RGKHMIIY )

QINEH= (UTHIIP)=UTH{IN)=CV+QI*%2%{Z(IP2) %P (IR +Z(IN,2)2P{INI)R®T/
LFS{{ZAIP3) =Z (TIPS 1 7QANITIPY S {Z{IN 3 =Z(INSII/Z/QN{INI VI Z(PIIPYI® (4,
L2QIPZ{IP 2V +Z TP L) I +PUTINI® (1, ¢QIPZ{IN2) ¢ Z {INo1) P +QLS®RSIRTFS((
LZ{IPo L) +Z TP o6 I/ONIIPIE{Z{ TN oL} 2Z (INBII/QNTINIDY)

00 30 Isle2 § IFIQINEW o6Te QILIE}) QINEWs0.5%(QICLD+QILIINY

CURLIM==THETARP{I)/THETA(LI/RGKMITI®QIL(T)

30 IF{QINEW .LT. CURLIM}) QINMEW=0.5%(QIO0LO¢CURLIM]
QI=QINEKW § IF{ABS(QI-QIOLOD? oLE, 1.E«06%ABS{QIY) GO TO &
IF{JCOUNT oLE. 15) GO TO & ¢ PRINT 200
& QJI(JI=QT & THETAJ(JI=2THETA(IP) § JHMAX=, § QILP{J)=QIL{IP)

THETAN(JI=THETAUIN) § THEPPIJ)=sl.+THETPF{IPI=-THETA(IR)

THEPN{JI=L o ¢ THETPF (IN) =THETA (IN)

THETHP{JIsTHETA(IPI #{L.=-QI/QIL{IP))

THETHN(JI = THETA(INI#* {1, =QI/QILCIN})

THEPUP (JI=THEPP(JI ¢ROKMIIPI*THETALIRPI®QI/QILIIP)

THEPHN(J =2 THEPN{S I +ROKM{INI#* THE TA(INI®*QI/QIL {IN)

QILNGYI=QIL{INY} 3 00 7 I=1.2

ANULI)=Q(I I {THETAR(II®*THETA{I) ¢ {RAKM{TI*THETA( I} ~-THETARP(I)}®
LTHETA(LI®*QI/QILA{T) ~RAKM{TI® THETA (I )#%22Q1%%2/QTL(1)%%2)%%,25

SINH{T)= {EXPIQNU(TI) ) -EXP{-QNU(I}}) /2.

COSHLII=s{(EXP (ANMULT} I ¢EXP{=QNUILTI}/2,

7 Z(Lle1)=(2,¢CONDLIISCOSHETIIZ(ONUCTI®SINNITNY

AP2PlIPY? (1. ¢Z(IPs4)}) § AN=P{INI®{L,3Z{INysL)) ¢ QOHPF=QLS®*RS

BLNTHP=ALOG(THETA(IPI* (L., ~QI/QIL(IP}I} ¢ BLNTHNsALOG(THETA(IN)®
1(1:=QI/Q8L{INY)) € CLNTHP=ALOG(THETAR(IP)¢THETA(IF)#RAKH(IPI*QL/
LQIL(IPI) 8 CLNTHN=ALOG(THETAP(INI¢THETA(INI®ROKMIINI®QI/ZCILIING)D

ETA=-QI®(AP+AN®QOHM) 8 ETACP=RE®T/F/QN(IRPI® (BLNTHR-CLNTHP}

ETACN=R®T/F/QAN{IN} 2 (BLNTHN=CLNTHW)

IF{J.EQLIGD TO 98 § IF(QJICII®QIL(J=1) LE-Dc00G0 TO 998

10 CYLi=0ELTAUSETACETACPHETACN 8 IF{ABS(CVY-CVYL) -LTo 1.,0E-06% 60 TO 8

PRINT 201,CVyCVLsJo THETAJIJD (QJILIY § STOP

8 J=Jdeil 8 AII(II=0IIlJ=1) § DTHETA=0THETA+H
IF{ICHARG «GE. 1) DTHETA=OTHETA=2.0%H § GO 70 99
998 JHAXsJIMAX-1
999 XL{i)s0.0
QY= =QN{IP)SF2YLIRPI2CF (IP)*DLIPYI/S{IP) § 00 9 M=2,JMAX
G HLIMI=XLIN=1) ¢QY/{QJI{HI=QJ T (M= D) P{THETAJ (Mo ) =THETAS (M) }SALOG(QJ
LI{MI/QUTIN=L0)

IF{ICHARG.GT.03GD TQ 16

RID(ICHAR =QNIIPIR*F 2V {IPI/S{TIMI*D{IPI/ XL (UNANIBCF{IPIB {4, =-THETAJ (Y
iMAX)E 8 PHUDIJCHAR)=QID(JOHARI®*CY

IF(JCHARGNE-1} GO TO 16

PRINT 220 oCVoXL{IMAX) sQIDCJCHARD sPHU{JCHAR)

PRINT 206 § PRINT 205, (XL IT) oTHETAJ(I) oQUI{TYoQILF(TI}QILK{T)VCPC
LIR(I) o121 o MAX o 108) SPRINT 221 XL {UMAK) o THETAJ(IMAXY (ST LIPAXI (QILF
L{JMALD o QELNTJIMAX) oVOPCIR(JMAN) 4 JMAX § PRINT 21&

PRINT 2459 (XLITIoTHETAJ{I ) THETANITI) s THERPPII) ¢ THEFN{I) o121 JMAX 18
13 § PRINY 216

PRINT 217 {XLILIoTHETHP{E ), THETHN(L) s THEPHP (T}, THEPHUNIII oIl JHANR,
116}

14 ICHARG=ICHARG®L § J=1
TF{ICHARG.NE-LY60 TO 14
CYsSUSAVE®(G. 00040 8 QJI{1)==0,025 § XLDIS=XL (YMAX)



DTSAVE=OTHETA=-KR § GO TO 98

11 IF(ICHARG.NE,2)G0 YO 12

CVOLD=CV 3 XLOLDsXL{JMAX) ¢ CV=0.5%(CYPUSAVE)
IF{XLOLOGT XLDISICV=CVYOLD®0 05 § GO TO 98

12 DCY={XLOIS=XL{JMAX} I*{CV=CVOLD) /IXL{JMAR)=XLOLD )

IF(OCVLTo8.0)0CY={CY=-USAVEI®(EXPUIXLDIS=XL {UHADY D/ {XL(IMAXD=XLOLE
1V 2AL0G{(CY=-USAVE) /7 (CYOLD=USAVE) I ¥=1,08) § CyOLCsCY § XLOLOD=2XLIJMAX)

IF{ABS(DCV) oGT « 1. 0E-08)G0 TO 43

QIC(JCHAR) =QAN(IPI®*FAYI{IPI/STINI#D(IPI/XL(JMAXIZCF (IPIBI{THERPP(L)
LTHEPP{JUMAX)) § PHC(JCHAR)=CY*QIC{JCHAR)

IF{JCHARNE.1} GO TO 15

PRINT 220,CYXLIJMAX) ¢QICIJCRAR) oPHC{JCHAR)

PRINT 20%& § PRINT 206, (XL{II o THETAJ(II pQUI{IIQILFA{T)QILK(L) sVOPC
LIRII) oI o JHAN 10) SPRINT 221, XLIJMAX) o THETAJ(IMAD) yGII (JFAX) o QTILP
LOJMAX) G QILN{JNAXY ,VOPCIRIJNAY) g JHAX § PRINT 21&

PRINT 245 {(XL(IVoTHETAJ(I); THETANIL) THEPE(I) o THEFNIT) sI=i,JMAX,10
1} § PRINT 218

PRINT 247 {(XL{ITVoTHETHP(TI o THETHRR(I) yTHEPRP (I} s THEPHNIT) s I8 9JMAR,
11.6)

15 JCHAR=JCHAR®L § IF (JCHARLLT «41G0 70 940

COST={PHD{3) =PHO(2) )7 (PHC(3) =FHC(2))
PROFIT=PHWO(L)=COST*PUCIL)

PRINT 226PHO{1)oPHC(L)COST,,PROFIT,QIC{1)oQI0(L) oCVYSAVE
PRINT 224 (PHO(I}PHC(I}sI=243)

60 70 984

13 CVsCVYeDCY 8§ IF(CY.LE.USAVEICY=20.5*(CVOLDCUSAVE) § IF(ICHARG.LT.10)

160 Y0 98 § PRINT 223
STOP 3 EWMD
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