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WELL-POSEDNESS AND SCATTERING FOR THE ZAKHAROV
SYSTEM IN FOUR DIMENSIONS

IOAN BEJENARU, ZIHUA GUO, SEBASTIAN HERR, KENJI NAKANISHI

ABSTRACT. The Cauchy problem for the Zakharov system in four dimensions
is considered. Some new well-posedness results are obtained. For small initial
data, global well-posedness and scattering results are proved, including the
case of initial data in the energy space. None of these results is restricted to
radially symmetric data.

1. INTRODUCTION AND MAIN RESULTS

Let a > 0. The Zakharov system

{m — Au = nu,

1.1
i/a? — An = —Alul?, (L.1)

with initial data
U(O7I) = Uo, n(ovx) = nNo, TL(O,I) =N, (12)

is considered as a simplified mathematical model for Langmuir waves in a plasma,
which couples the envelope u : R1*? — C of the electric field and the ion density
n : R4 — R, neglecting magnetic effects and the vector field character of the
electric field, see [28, Chapter V] and [30].

The parameter a > 0 is called the ion sound speed. Formally, as a — oo, (|1.1))
reduces to the focusing cubic Schrédinger equation

it — Au = |ul?u, (1.3)

which is energy-critical in dimension d = 4, see for example [19, 20, [4] and the
references therein concerning recent developments on global-wellposedness, blow-
up and scattering for (1.3)). For rigorous results on the subsonic limit (as o — 00)

of (1.1) to (1.3) we refer the reader to [26] 24] 22].

Strong solutions (u,n) of the Zakharov system preserve the mass

/d lu|?dx = /d luo|?dz, (1.4)
R R

and the energy, with D := v/ —A]
D~ 1pl?
E 5) — 2 |
(u’nan) /]Rd |Vu| + 2002

[nf?

+ — njul*dx = E(ug,no,n1). (1.5)
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In view of (1.5)), a natural space for the initial data is the energy space
(uo, no,n1) € HY(R?Y) x L*(RY) x H1(RY). (1.6)

For initial data in the energy space, the Zakharov system is known to be globally
well-posed if d = 1 (see [0]) and locally well-posed if d = 2,3 (see [3]). A low
regularity local well-posedness theory has been developed in [5] in all dimensions,
with further extensions in [I] if d = 2, and in [2] if d = 3, see also the references
therein for previous work. In the case of the torus T¢ well-posedness results were
proved in [29] 21].

In [23] blow-up results in finite or infinite time for initial data of negative energy
were proved if d = 3, and if d = 2 blow-up in finite time was derived in [} [7].
Concerning the final data problem in weighted Sobolev spaces, we refer to [27} 6] 25].

Recently, the asymptotic behaviour as ¢t — oo for the initial data problem was
studied in dimension d = 3: In [II], small data energy scattering in the radial
case was obtained by using a normal form technique and the improved Strichartz
estimates for radial functions from [I5]. In [12], a dichotomy between scattering
and grow-up was obtained for radial solutions with energy below the ground state
energy. In the non-radial case in dimension d = 3, scattering was obtained in [16]
under the assumption that the initial data are small enough and have sufficient
regularity and decay. This result was improved recently in [I0, @], where scattering
was shown for small initial data belonging to the energy space with some additional
angular regularity.

In the present paper, we continue the analysis of the initial value problem
and focus on the energy-critical dimension d = 4. In particular, we will address the
small data global well-posedness and scattering problem in the energy space, i.e.

(ug, o, 1) € HY(RY) x L2(R*) x H™Y(RY), (1.7)

with no additional symmetry or decay assumption.
We reduce the wave equation to first order equation as usual: Let

N :=n—iD 'n/a, (1.8)
then n = Re N = (N + N)/2 and the Zakharov system for (u, N) reads as follows:

(i0; — A)u = Nu/2 + Nu/2, (1.9)
(i0; + aD)N = aD|ul?. ’
The Hamiltonian then becomes
N 2
E(u,n,n) = Ez(u,N) := |Vul? + ‘T| — Re Nl|u|*dx. (1.10)
R4

We will restrict ourselves to the system (1.9). Our first main result is a small data
global well-posedness and scattering result.

Theorem 1.1. There erxists g = go() > 0 such that for any (s,1) € R? satisfying
>0, s<d4l+1, (s1)#(2,3),
1+1 11 1.11
max(%,l—l) Ssgmin(l+2,2l+§), (L11)
and for any initial data (ug, No) € H*(R*) x H'(R*) satisfying

H(u07N0)||H1/2(R4)><L2(R4) < €o, (1'12)
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there ezists a unique global solution (u, N) € C(R; H*(R*) x HY(R*)) of (1.9) with
some space-time integrability. The solution map is continuous in the norms

H® x H' 5 (ug, No) — (u, N) € L(R; H* x H"). (1.13)
Moreover, there exist (u®, N*) € H*(R*) x H'(R*) such that
i (Ju(t) — S e + N0~ WalON* ) =0, (1.1)

where S(t) = e7*A and W, (t) = e**P are the free propagators.

In the above statement, we need the space-time integrability to ensure the
uniqueness. For example, for any T > 0,

u e L*((0,T); Bi5 (RY)) (1.15)

is sufficient for uniqueness on [0, T], where B i/f is the inhomogeneous Besov space.
See Propositions and [5.2] for more detail of the space-time integrability.

Very recently, we learned about an independent work of Kato and Tsugawa [17].
By a different method, they prove the small data scattering for [ = s —1/2 > 0,
using bilinear estimates in UP-VP spaces for the standard iteration. While their
iteration scheme is more direct, our estimates are more elementary and we cover a
wider range of (s,1).

Our second result is a large data local well-posedness result for the same range
of regularity (s,[) as above, except for the energy space H'(R*) x L?(R%).

Theorem 1.2. Let (s,1) € R? satisfy and (s,1) # (1,0). Then, for any
(ug, No) € H*(R*) x HY(R?), there exists T = T(ug, Ng) > 0 and a unique local
solution (u, N) € C([-T,T); H*(R*) x H'(R*)) to satisfying some space-time
integrability ( is enough for the uniqueness). Both T > 0 and (u, N) depend
continuously on (ug, No).

In dimension d = 4, Ginibre-Tsutsumi-Velo [5] proved local well-posedness in the
range | < s <[+ 1,1>0,2s > 1+ 1, see Figure 2l Their method is the standard
Picard iteration argument in the X spaces. Theorem gives further local well-
posedness results in some new region indicated in Figure [T, while Theorem [I1]
covers the same range of exponents as well as the energy space (s,1) = (1,0), which
is missing from the large data result Theorem

The proofs for Theorems(I.1]and[I.2]use the normal form technique and Strichartz
estimates as in [II] and the follow-up papers [12, 10, O] and related work on the
Klein-Gordon-Zakharov system [I4] 13]. Our argument is somewhat simpler than
[5] and it also implies some scattering results.

There is a qualitative difference in our proof between s < [+ 1 and s > [ + 1.
Since the Strichartz norm of W, (t) is worse than that of S(t), we use only the H!
norm for N, while keeping the full Strichartz norm for u, for s < {4+1. For s > [+1,
however, this strategy is prevented by the normal form of u, so we need to modify
the Strichartz norm for u, and to use that of N. Consequently, we can not recover
all the Strichartz norms of S(t) for u, in spite of the scattering. See Proposition
for the precise statement. This is consistent with that [5] is restricted to s <1 +1
and X*® implies the full range of Strichartz norm.

The energy space (s,1) = (1,0) is at the intersection of s = 1+ 1 and | = 0,
where our multilinear estimates actually break down. More precisely, we can not
close any Strichartz bound for the normal form of u when (s,l) = (1,0). This is
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why (1,0) is excluded from Theorem Fortunately enough, with the help of the
conservation law and using the well-posedness in nearby (s,l), we are still
able to show global well-posedness and scattering in the energy space (s,1) = (1,0)
for small data as in Theorem Since the limit NLS is critical in the energy
space H'(R%), it may have blow-up with bounded H' x L? norm for large data,
which suggests that there may be essential difference between large and small data.

At the other excluded endpoint (s,1) = (2, 3), we can prove a strong ill-posedness
result, both by instant exit and by non-existence.

Theorem 1.3. There erists a radial function ug € H?(R*) such that for any
e >0, any Ng € H*(R*), and any Ty, > 0, the system has no solution
(u, N) € C([0,Tp); S"(R*)?) satisfying (u(0), N(0)) = (eug, No), the equation
in the distribution sense, and

(u, N) € L*((0,Tp); H'(R*) x H3(R*)). (1.16)

Moreover, the unique local solution (u, N) € C([-T,T]; H> x H?) given by Theorem
satisfies N(t) & H3(R*) for all t € [T, T]\ {0}.

Note that is weaker than the usual weak solutions, as it does not require
(u(t),N(t)) € H® x H' for all t near 0. The above ill-posedness is due to the
mismatch of regularity between u and N in the normal form for N.

The rest of paper is organized as follows. In Section 2, we recall the normal
form reduction from [I1], and then gather multilinear estimates used in the later
sections. They easily follow from the Littlewood-Paley decomposition, Coifman-
Meyer bilinear estimate, Strichartz and Sobolev inequalities. Using these estimates
and the standard contraction argument, we first prove the small data scattering in
H* x H' for s <1+ 1 in Section 3, and then the local well-posedness for large data
in H'/2 x L? in Section 4. In Section 5, we extend these results to higher regularity
by persistence of regularity, except for the energy space (s,1) = (1,0). Theorem [1.1
for (s,1) # (1,0) follows from Propositions and Similarly, Theorem
follows from Propositions [4.2] and In Section 6, we prove Theorem in
the energy space (s,1) = (1,0), using the results in (s,0) for s < 1 and in (1,!) for
I > 0. In Section 7, we prove the ill-posedness Theorem at (s,1) = (2,3).
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2. NORMAL FORM AND MULTILINEAR ESTIMATES

In this section, we set up integral equations and basic estimates for solving the
equation. Our analysis is based on the normal form reduction devised in [II].

2.1. Review of the normal form reduction and notation from [II]. Let
¢ = F¢ denote the Fourier transform of ¢. We use S(t) and W, (¢) to denote the
Schrodinger and wave semigroup, respectively:

St = F LM d), Wa(t)p = FL(etel ).

Fix a radial, smooth, bump function 7y : R* — [0,1] with support in the ball
B (0), which is equal to 1 in the smaller ball Ba(0). For k € Z let xx(§) =
no(€/2F) — no(&/281) and x <k (&) = no(£/2%), and let Py, P<; denote the corre-
sponding Fourier multipliers.

For two functions u, v and a fixed K € N, K > 5, we define the paraproduct
type operators

(’LLU)LH = Z(ngeru)(ka)v ('LH))HL = (’U’U,)LH,
keZ

(o) == D> (Pru)(P),
[k1—k2|<K -1
ky,k2€Z

(2.1)

so that wv = (wv)pg + (wv)mr + (wv)gu. We also define

(W)ar == Y (Pou)(Pek—xv), (u0)ra = (Vu)ar,
\k—lokgéZaISL
(uv)xr = Z (Peu)(P<p-kv), (w)rx = (vu)xr,

|k—logs a|>1,
kEZ

(2.2)

so that (uwv)gr = (w)ar + () xL.

Moreover, for any * = HH, LH, HL, oL, etc., we denote the symbol (multiplier)
of the bilinear operator (uv). by P.. We denote finite sums of these bilinear opera-
tors in the obvious way, e.g. (wv) gy = (uv)Lg+(uv) g y. With these notations,
it was shown in [II] that is equivalent —at least for smooth solutions— to the
following integral equation. Henceforth, for simplicity, we replace the nonlinear
term Re Nu/2 with Nu as in [I1], because the complex conjugation here makes no
essential difference for our arguments.

u(t) =S ()uo — SN, u)(0) + AN, u)(t)

—i/o S(t—s)Q(aD|u|2,u)(s)ds—i/o S(t = )QN Nu)s)ds

—i/o S(t —s)(Nu)La+HH+aL(S)ds,
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and
N(t) =W, (t)Ng — Wu (t) DQ(u, u)(0) + DQ(u, u)(t)

— 1/0 Wo(t — s)aD(ut) g gtaL+Lads (2.4)
—i /O Wa(t — s)(DQ(Nu, u) + DQ(u, Nu))(s)ds,

where (2, Q) are the bilinear Fourier multiplication operators

S(E—=n)g(n) .
24alg—n[+n2"

of (€= witn)
€= nl* = Inf* — al¢]
The equations after normal form reduction can be written as
(i0; + D*)(u — QN,u)) = (Nu)pgsmasar + QaD|ul?, u) + QN, Nu),
(i0; + aD)(N — DQ(u,u)) = aD|ul} tarrra + DQ(Nu, u) + DQ(u, Nu).

Q(f,9) :}-_I/PXL—\Q

Q(f.9) :f'.il/’PXL+LX

(2.5)

2.2. Function spaces and Strichartz estimates. Let s,/ € Rand 1 < p,q < co.
We use B , B, , to denote the standard Besov space, with norms

p,q’
ke 1/q ad . 1/q
5y, = IP<oflp+ (D2 PfIE) ) Iflg,, = (D0 2 upesiz)

k=1 k=—o0

/]

with obvious modifications if ¢ = oo, and we simply write B, = By ,,

For the exponents s < [+ 1, we use the following resolution spaces
u € X*:= C(R; H*(R*)) N L™ (R; H*(R*)) N L*(R; B;(RY)),
N e Y!:= C(R; H/(R*)) N L (R; H'(R?)).

'S_ .S
By = B, 5.

(2.6)
For any Banach function space Z on R'** and any interval I C R, the restriction
of Z onto I is denoted by Z(I). For example,

X*((0,71) = C((0, T} H*(RY)) n L*((0, T); Bi(RY)). 27

We will use the following well-known Strichartz estimates for the wave and the
Schrodinger equation in dimension d = 4.

Lemma 2.1 (Strichartz estimates, see [18]). For any s € R and any functions

(), f(t,z), we have

1Sl Lo rznrz By Sl e

| (1 — ) f(s)ds

SIAlleiez 4289,

L;’OL%ﬁLng
HWOé(t)(b”L?oLgmL?BG*S/G S ||¢||L2

/ Wt — ) f(s)ds

S Iz

L L2nL2Bg /¢
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2.3. Multi-linear estimates for quadratic and cubic terms. Next, we prove
multi-linear estimates for the nonlinear terms in in the Besov spaces of z € R*.
For ¢, only Holder’s inequalities will be used, which needs no explanation. In
the following, we ignore the dependence of constants on (s,l), but distinguish by
C(K) when it is not uniform for K. The main tools are Littlewood-Paley theory
and certain Coifman-Meyer type bilinear Fourier multiplier estimates. Roughly
speaking, the multipliers 2 and 2 act like

Q(f,9) ~ D MDY (fg)xr, Qf.g) ~ D D) (fG)xr+1x, (2.8)

in product estimates in the Besov spaces. Hence the proof is reduced to usual
computation of exponents as in the paraproduct. We only sketch the proof.

Lemma 2.2 (Quadratic terms). Let K > 5.
(1) Assume that s,1 > 0. Then for any N(z) and u(x),

[(Nu)Latarlsg,, S IN|wlluls;,

[(Nu)mulls;,, S CU)N vl
(2) Assume 0 <1+ 1< 2s. Then for any u(z) and v(x),

[D(wv)gullg S CK)||ull s [[v] s,

[D(uv)ar+ralla S |lulls;lv]

(2.9)

Bj-

(2.10)

B;-

Proof. The estimates above follow directly from Bony’s paraproduct and Holder’s
inequality. For example,

k42 k+2
1Ps(Nuwallpas S Y I(Pej-xN)(Byu)llas S ) [INllzellPyullze. (2.11)
j=k—2 j=k—2

Then, we sum up the squares with respect to k. The other estimates follow in a
similar manner. This argument loses the summability for HH at the 0 regularity
(s=1=0for (1) and s =1+ 1=0 for (2)), but then we can simply use Hélder in
x together with the embedding Bg C LP and LP C Bg, for 2 < p < 0. O

Similarly to [12, Lemma 4.4] and [I3] Lemma 4.4], we will exploit in the proof of
local well-posedness and persistence of regularity that the boundary contributions,
as well as cubic terms, can be made small by choosing K > 5 large.

Lemma 2.3 (Boundary terms). There exist 8,(s,1) > 0 such that for all K > 5,
and for any N(x),u(x),v(x), we have the following:
(1) If I > max(0,s — 2) and (s,1) # (2,0),

IQUN, )| s < 27N ||l s, 61 >0 for s <142. (2.12)
(2) Ifl <min(2s — 1,5+ 1) and (s,1) # (2,3),
1D, v) ||t < 2725wl s Jol| s, 02 >0 forl < s+ 1. (2.13)
(3) If I > min(0,s — 1) and (s,1) # (1,0),
QN 0|l S 275N ||ge|lullp;, 65>0 fors<l+1. (2.14)
(4) If | <min(2s — 1/2,s + 3/2) and (s,1) # (2,7/2),
D) 2w, ) o S 27K

~

B llvllms + l|vll By llullme], (2.15)

where 84 > 0 forl < s+ 3/2.
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Proof. Since they are all straightforward, we prove only (2.14))-(2.15)), leaving (2.12))-
(2.13)) to the reader. By [II, Lemma 3.5] and using (2.8)) with Bernstein, we have

| P (D) DQU(Pry N, Pryu)l| e S || Pro N | o || Pry wll 12n

< 9%ko(1/po—1/q0)+4k1 (1/p1=1/a1) | Pio N || .20 || Pr, (2.16)

u”Lil )
for any k, ko, k1 € Z and any p,po,p1.,qo, q1 € [1,00] satistying 1/p = 1/po + 1/p1
and g; < p;j. The same estimate holds for the bilinear operator 2. For the low

frequency part, say if k1 < kg — K, we can replace Py, with P<j,. The above with
(P, 0, P1, 90, q1) = (4,4,00,2,4) and the HL restriction |k — ko| < 1 in Q yields

12(N, )]

2D PN Y 2R By
ki<k—K

Bj

By S ’ ; (2.17)
s

where kT := max(k, 0), using P<oB; C Bgm for the lower frequency component.
The summation over k; < k — K is bounded by

20=9)T(h=K) (g£1)

o Wl (2.18)

k<K = 2% L>K — {

This and ||P,N||g: € €2 lead to (2.14)), with the small factor 27X for s < 1 and
for 1 < s <1+ 1. The conditions [ > 0 and [ > s — 1 ensure uniform boundedness
of the coefficient after the summation, respectively for s < 1 and for s > 1, while
the endpoint (s,l) = (1,0) is excluded due to the logarithmic growth at s = 1.
Similarly with (p, po,p1,q0,q1) = (6,6,00,4,2), we have

||Pk<D>lQ(U, U)HL”Bé/G

< gkt (-1-5)—k/2 Z 2251 =K7 3 | P g || Py v (2.19)
~ 4
ki<k—K
Using this and || Pyul|s; € 35, lead to (2.15)), with the small factor for s < 2 and
for2<s<l-—3/2. O

Lemma 2.4 (Cubic terms). There exist 0;(s,1) > 0 such that for all K > 5, and
for any M(x), N(z),u(zx),v(x), w(x), we have the following:
(1) If s > 1/2, then 61 > 0 and

12(D(uv), w)llz S 27 K [l -

UHBi/Q + [|v]| s uHBi/2]||w||Bi/2. (2.20)

(2) If1 >0, -l<s<l+2,s<20+1 and (s,1) # (1,0),
1M, Nu)lls;,, < 27K M| g ||IN gl g, 62> 0 fors <l+2.  (2.21)
(B)Ifs>1/2, —s<li<s+1,1<2s, and (s,1) # (1,2),

IDANw, )|t + D0, Nu)l| g S 2775 N[ o]

B; ”UHij (2.22)
where 63 > 0 forl < s+ 1.

Proof. For (2.20), we can use a standard product inequality for s > 1/2:

luollsg,, S lullae [0l g1 + ol

ull g1z, (2.23)
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which easily follows using Bi/ > c L8, e.g. by the paraproduct calculus. Putting
f = uv, we obtain from (2.16)) with (p, po,p1,90,q1) = (2,2,00,8/5,4)

IPQDS,w)llse S 282K ST bkl 2
ki <k—K

By 5 llwll g2, (2.24)
which leads to ([2.20]) with a small factor, in the same way as in the previous lemma.
For (2.21)) and (2.22]), we can use a standard product inequality:

o <min(s,Ls+1—1) = |[Nulge S [Nl ullz;, (2.25)

which holds for s +1 > 0 unless s = 1 and ¢ = [. Putting g := Nu, we obtain from
" with (p>P0,P1, q0, Q1) = (4/37 2,4,2, 2)

t(s—1-1)— —kfo
IPUM, g)llp;,, S Y, 28 CTHDTRERTE DM | Py, gl 1o (2.26)

4/3 ™~
ki1<k—K

First, the low frequency part k£ < 0 is bounded using Young on Z
1P<oQ(M, g)l| B3, S I1PL(M, g)

4/3 ™ ”QSOLi/S

> 27 M RIP gllag
ey <k—K G

For 0 < k < K, the summation over k; is bounded by 2k(s_l_1)_KHPkM||Hz S ﬁi
with the small factor for s <1+ 2. For K < k, it is bounded by

{0 <1l — 2k(3717l70)27K(170')

(2.27)

S 1Mz _ 1 S 275 M [ gl e

o>1 = 2ke=270, (2.28)
The case 0 < lisfineifoc =lby s <2l+1,ifc <s+1byl>0,andifc =s+1—1
by I > 0. In the critical case s = 1 for the product inequality, we have s < 2] + 1
and [ > 0 by the exclusion (s,1) # (1,0), so that we can choose o = —¢. The case
o > 1is fine by s <1+ 2. Then the only remaining case is (s,l) = (3,1), where we
are forced to choose o = 1 then we should replace for k > K with

1PQ(M, 9)l 55, S 252 V| PuM]|gtl| Per—rc gl (2.29)

4/3 ™~
which is bounded using || Py M ||z € €4. Thus we obtain (2.21).
SimﬂarIYa from ‘) with (pap()apla QOa(h) = (27 27 00, 234)7 we have

1P DAg, 0) a1 |t + [P DR(v, g) i |
< Z 2k+(l7176)+k1*kf5HpkgHHG | Py 0| B, (2.30)

~

k1 <k—K
for which the low frequencies k < K are easily bounded using the factor 2¥1, while
for k£ > K the summation is bounded by
s<1 =— 2k(l—s—¢7)2—K(1—s),
s=1 = 2kI-1=9)(k - K), (2.31)
§>1 = 2kl-1=0)
The case s < 1 is fineif o = s by I <2s,and if o =s+1—1by s > 1/2. The case

s> 1lisfine if 0 = s by [ < s+ 1, and obviously if ¢ = [. The critical case s =1 is
also fine, as none of the conditions is on the boundary thanks to (s,) # (1,2).
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For the other HL interaction, choosing (p, po, p1,40,q1) = (2,4,4,2,4) we have
1P.DQ(g, v) Lo | st + 1P DQA(v, 9) L e

5 Z 2l<:+(lflfs)+k17k;rc7HpkvnB2 Pklg||Hf'7 (232)
ki <k—K
which is also easy for k < K. For k > K, the summation is bounded by
<1 — Qk(lfafs)QfK(lfo')
7 1 (2.33)
o>1 = 2k(-1=9),

The case 0 < 1 is the same as the case s < 1 in . The case o > 1 is OK by
I <s+1. When! = s+1 > 3/2, we can choose ¢ = min(s, [, s+[—1) = s # 1 thanks
to (s,1) # (1,2). In the critical case s = 1, we can choose ¢ < min(s,l,s+1—1) <1
such that [ — s — o < 0, since [ < 2s = 2. This concludes the proof of . (I

3. SMALL DATA SCATTERING FOR s <[+ 1

Using the multilinear estimates in the previous section, it is now easy to obtain
global well-posedness and scattering for small initial data in H* x H' in the range
(1.11)) under s <1+ 1. In Section 5 we will show that we only need smallness in
H'/2 x L2 for all regularities by persistence of regularity argument. Fix K = 5. As
in [I1], Section 4], for fixed initial data (ug, No) € H® x H', we define a mapping
(u, N) = (u/,N') = @y, n,(u, N) by the right-hand sides of the equations (2.3)-
(2.4). Then for small initial data (ug, No), we see that ®,,, n, is a contraction in a
small ball around 0 of X* x Y. Indeed, from the estimates in the previous section,
we obtain

' llx= < Nollzzs + 1N lyellullxs + llulXe + 1INl x-,
INllye < INoll ez + llullxs + 1Ny [lel%

where we need s <[+ 1 in using for Q(N,u). By the contraction mapping
principle, we have a unique solution in a small ball in X*® x Y, and the Lipschitz
continuity of the solution map H® x H! — X* x Y! follows from the standard
argument.

Now we derive scattering for (u, N) in H® x H', assuming (s, 1) satisfying ,
(u, N) € X*/2xY"? with small norm and the scattering of the transformed variables,
namely for

(3.1)

U(u,N) := (u—QN,u), N — DQ(u,u)) (3.2)
there exist (ux, Ni) € H® x H' with small norm in H'/? x L? such that
U(u, N) — (S(t)us, Wo(t)N+) — 0 in H® x H'  (t — +o0). (3.3)

In the current case s < [+ 1, the latter assumption obviously holds in view of
that (u, N) € X* x Y and the Strichartz estimate with the global bounds on the
nonlinear terms.

The bilinear estimate for the normal form in Lemma [2.3] implies that the above
transform W is invertible for small data in H'/? x L? and bi-Lipschtiz. More pre-
cisely, for any (u', N') € H'/? x L?, the inverse image ¥~ (u/, N') is the fixed points
of the map

(u, N) = Uy o (1, N) := (0 4 QN u), N’ + DQ(u,w)). (3.4)
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Lemmal2.3[implies that ¥, y/ is a contraction in a small ball of H/2x L2 if (u/, N”)
is small, hence the unique small (u, N) € $~1(u/, N') is given by the iteration

(u, N) = lim (W, x0)*(0,0). (3.5)

By , we get
(u, N) — U (S (t)us, Wo(t)Nx) — 0in HY2 x L2 (t — +o0).
To show the scattering for (u, N), it suffices to show
TS () ur, Wa(t)Nx) = (S(t)ut, Wo(t)N1) in HY? x L?  (t — +00). (3.6)
By the construction of inverse, we get
(Wi (), NE(t) = U H(S(t)us, Wa(t)Ny) in L°(HY? x L?)  (n— 00). (3.7)
where (u9, N?) = (0,0), and for n = 1,2, ,
'ttt =S (tuy + Q(NET, ul),
NP =W, ()N + DQ(u'}, ut).
Thus, to show , it suffices to show for any n
(WL (t), NE(t)) = (S(t)us, Wo(t)Ny) in HY?2 x L?  (t — +00), (3.8)
for which by induction on n and bilinear estimates it suffices to show
(Q(Np,up), DQ(up,up)) = 0in H® x H'  (t = +00) (3.9

for all free solutions (ur, Nr) in H* x H'. The density argument with the bilinear
estimate allows us to restrict to the case ur(0), Np(0) € C5°(R*), then the above
is almost obvious by the dispersive decay of S(t) and W, (t) (we omit the details).

For higher regularity (s, 1) # (1/2,0), we do not have smallness in H* x H', so
we should replace Lemma 2.3 with the following set of estimates

12N, Wllgs S INIalulls., 1N, Wz, S INlbyllulB.,

~ (3.10)
[DQu, W mrllae < llullasllulls,
where the Besov spaces B, and By are defined by
B,:=B°, By:=B.° 1/p=1/2—¢/4 (3.11)

for some small € > 0 such that H*x H' ¢ B, x By by the sharp Sobolev embedding.
(3.10) implies that W, n- is a contraction with respect to the equivalent norm

1w, N) |z = [l e + Nl + 672wl , (3.12)
for 0 < § < 1, on the closed set
F:={(u,N) € H* x H||(u,N)|z <1/6, |Nlpy <6, |lullz, <%}, (3.13)
provided that 2(u’, N’) € F. Indeed, yields for any (u, N) € F,
I(QN, @), D, )|l esm S 8% [N, w5, 6% (3.14)

u o~
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hence [|[(QN,u), DQ(u,v))||z < 62 and U, n'(u, N) € F. For the difference, we
have from (3.10)), for any (v, M) € H® x H',

(N, v), D))l e S 1w Nl o [0l 5, S 8l (v, M)z,
1M, u), DA, W) o) | gexen S W, M) gexan lullp, < 6 ll(v, M)z, (3-15)

12N, v) + QM w)l|5, < INlsylvllz, + IMllzylluls, < 60, M)]|2-

Since the scattering of ¥(u, N) implies |¥(u, N)||p,xBy — 0 as t — oo, choosing
0 > 0 small enough ensures that 2¥(u, N) € F for large t. Then (u, N) given by
3.5)) is the same as the fixed point in F'. Since we can take § > 0 arbitrarily small,
3:_1% implies that ||(u, N) — U(u, N)||gsxmt — 0 as t — oo, hence the scattering
of (u, N) in H® x H'.

Since all the estimates are uniform and global in time, the same argument works
for the final state problem, namely to find the solution for a prescribed (small)
scattering data at ¢ = co. Thus we obtain

Proposition 3.1. Let (s,1) € R? satisfy (1.11]), s < [+ 1 and (s,1) # (1,0).
Then there exists €1 = €1(s,1) > 0 such that for any (ug, No) € H*(R*) x H'(R*)
)

satisfying ||(uo, No)||gsxm < €1, there exists a unique global solution (u,N) €
X*x Yl of (1.9). Moreover, there exists (u™, N*) € H® x H' such that
lim [u(t) — S@u* s + INO ~ WalON i =0, (3.16)

Conversely, for any (ut, N*) € H® x H' with ||(ut, N*)| gsxm < €1, there exists
a unique solution (u, N) € X* x Y satisfying (3.16)). Both the maps (ug, No)
(u,N) and (ut, NT) — (u, N) are Lipschitz continuous from the e1-ball into X* x
Y

The uniqueness without the smallness is proved in the next section. For the
question if (u, V) obtained above really solves the equation (1.9 before the normal
form, see Remark

4. LARGE DATA LOCAL WELL-POSEDNESS FOR s < [+ 1

For large data, the proof in the previous section does not immediately work,
in particular at the endpoint (s,l) = (1/2,0). The main difficulty is the lack of
flexibility in the choice of the Strichartz norm for the boundary term and the bilinear
term (Nu)pg. More precisely, L° H. is the only choice among the Strichartz norms
of W, (t) for N, to estimate Q(N,u) in L{HZ, and to avoid losing regularity in
(Nu)rg. For the former term, we can play with the frequency gap parameter K in
the normal form to extract a small factor. For the latter term, we use the following

Lemma 4.1. Let0 < T < oo and N € C([0,T); L?(R*)). Suppose that W, (—t)N (t)
is strongly convergent in L2 ast — T —0. Then for any € > 0, there exists a finite
increasing sequence 0 =Ty < Ty < --- <T,11 =T such that
[N (LeoL24L208) (1, 1540) < € (4.1)
for each j=0,...,n.
Note that the L? L% norm is not controlled by the Strichartz estimate for W, (),

but it is bounded for nice initial data. The case T' = co will be used for large data
scattering. For T' < oo, the assumption on N is equivalent to N € C([0,T]; L?).
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Proof. Put N* := limy_,7_o W, (—t)N(t) € L2. By the strong convergence, there
exists 7" € (0, T) such that supgs <, [|N (£) = Wa ()N T2 < /4. Since C§° C L2
is dense, there exists Ny € Cg° such that || Ny —N*[|2 < /4. The dispersive decay
of W, (t) implies that W, (t)Nog € L7L1(R). Define N’ by

N'(t) :=P<pyN(t) (0<t<T"), N'(t):=Wo({t)No (T <t <T). (4.2)
By the above choice of 7" and Ny, we have ||[N — N'||e (17 ,1);22) < €/2. Since

N € C([0,T']; L%) and [0,7"] is compact, N'(t) — N(t) in L2 uniformly on t €
[0,7"] as k — oo. Hence for large k we have [|[N — N'||o((0,7/};22) < €/2. Hence

IN = N'l|pee(o,7);22) < €/2, N'€ L{([0,T); Ly). (4.3)
Choosing T1 < Ty < --- < T, appropriately ensures that | N'|pz2p41 (7, 1,,,) < /2
for each j, then we get the desired estimate. O

Now we are ready to prove the local well-posedness for large data in H'/2 x L2.
For any initial data (ug, No) € H'/? x L2, let

up = S(t)(ug — QUNo,ug)),  Np = Wa(t)(No — DQug, ug)),  (4.4)
and apply Lemma [£.1] to Np. Then for any € > 0, there exists 7' > 0 such that
HuF”LfBi/Q(O,T) + ||NF||L§°L§+L§L§(0,T) <e. (4.5)

Putting H := HY/? x L? and m := ||(ur(0), Np(0))||3, we look for a unique local
solution on (0,7") as a fixed point of the map ®,,, n, in the closed set

[ (uy N) | £oo 0,720y < 2m, }

K: =< (u,N)e C([0,T]; H
{( )€ COTER N Yl om0,y + IV 24 28 0y < 22

From the multilinear estimates in Section [2| we have
1N, w)[[x1/2 S 27 KNl Lo 2 [lull x1/2,

12(Dluf?, u) < 27 ull e g2l

2
||L%H;/2 L%Bi/27

—0
”Q(N? NU)HL%Biﬁ SJ 2 K”N”%chfn”uHL%Bi/zﬂ (46)

O —6
[ DQ(u, w)||Lgor2 <2 KllullifoH;m

o —0K
||DQ<NU7U)||L}L§ S2 ||NHL§°L§ Hu”ifBi”’
and the same estimate on Dﬁ(u, Nu), as well as for the difference. Taking K large
makes these estimates contractive. For the remaining two terms,
HD|u‘%-IH+aL+La”L}L§ S C’(K)||u||2LQBl/2,
t4

(4.7)
[(Nu)La+HH oL HL%BijiH}Hi/’“ S CE)Nllzgerz+rzeallull 2 prres

which is also made contractive on the interval [0, T] by choosing & > 0 small enough
such that C(K)e < 1 after fixing K. Then ®,, n, becomes a contraction on KZ,.

The uniqueness of solution in the class X/2 x Y? is obtained in the same fashion:
Let (uj, Nj) € XY/2 x Y? for j = 0,1 be two solutions. For any e > 0, applying
Lemma [4.1] we can find 7 € (0,T) such that for j = 0,1

”uj”LfBi/Q(O,T’) + ||Nj||Lg°Lg+L§L;(o,T/) <g, (4.8)
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so that both the solutions belong to K¢, on [0,7"], hence (ug, No) = (u1, N1) as
long as they are solutions in the above class.
The continuous dependence is also obtained in the same way, because

HY? % L? 5 (ug, No) — (up, Np) € XY/2 x y° (4.9)

is continuous. Take a strongly convergent sequence of initial data. If the smallness
condition is satisfied by the limit, then so is it by those sufficiently close to
the limit. Then we can estimate the difference from the limit in the same way as
above, leading to the strong continuity.

We have worked out at the lowest regularity (s,!) = (1/2,0), but the same
argument works as long as we have the small factor 2% namely for |s — | < 1.
Thus we obtain

Proposition 4.2. Let (s,1) € R? satisfy and |s —1| < 1. For any (ug, No) €
H*(R*) x HY(R*), there exists a unique local solution (u, N) € (X* x Y)([0,T]) of
for some T > 0, where both T and (u, N) depend continuously on (ug, No).
More precisely, if (uo.n, Non) — (ug, No) in H® x H', then T,, — T and for any
0<T < T, we have ||Un — UHXS([O,T’]) + ||Nn — NHY"([O,T’]) — 0.

5. PERSISTENCE OF REGULARITY EXCEPT FOR (s,1) = (1,0)

Once we have the unique solution at the lowest regularity (s,l) = (1/2,0), it
gains as much regularity as the initial data. To prove this, we will focus on the
derivation of a priori estimates, assuming that all relevant norms are finite, which
is justified by the local well-posedness in higher regularity by Proposition

For solutions (u, N) € (X2 x Y°)([0,7T)) with (u(0), N(0)) € H® x H' and
0 < T < 00, we will improve the regularity up to H* x H' by the following steps.

(1) Improve u to s <1+ 1.

(2) Improve N tol <2s—1,1<s+1, and (s,1) # (2,3), for s <1+ 1.

(3) Improveu to 1 <s <4l+1,s<20+11/8 and s <[+ 2.
The persistence of regularity is a general phenomenon in nonlinear wave equations,
but we encounter some difficulties. One is the same as in the previous section,
which is solved by Lemma [{.1] Another difficulty for s > [+ 1 is that the normal
form can not keep the full Strichartz norm of w, which is why we separate (3).

5.1. Regularity upgrade for u in s < [+ 1. Let (s,1) € R? satisfy and
s < 1+1. Let (ug, No) € H® x H" and let (u, N) € (X'/2x Y*)([0,T)) be a solution
for some 0 < T < 0. If T' = 0o, we also assume that N scatters in Hglg. From the
estimates in Section [2} we have for s <[4 1,

[(Nu)ra+mm+arllzzp: voias < C1E)|Nlper2 2o [ullLzps.
4

tBis
1N, w)| e s < Co2™ R[Nl oo 2 [l e s
1N, u)ll 255 < Co2™ *X|IN|| pee gt llull 12 5 (5.1)

(
—0
12(Duf?, )]l Lz s < Co2 KHUHL?H;HUHZLfBi/m
(

IR, Nullz; < Co2™ " N7 o lull sz g,

for some constants 6(s,l) > 0, Cy(s,l) > 0 and C4 (K, s,1) > 0. Note that Cyp — oo
as (s,1) — (1,0) in the third and the last estimates, and the small factor 279K is
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lost for s =1+ 1 in the third estimate. Anyway, taking K = K(s,l) large ensures
smallness of the right side in the latter 4 estimates:

Co2 K (Nl e, + 0l pyso + INIZ e } < 1. (5.2)
t 4

After fixing such K, choose € > 0 such that Cy(K)e < 1, and apply Lemma to
N, which yields a finite sequence 0 =Ty < T} < --- < T,41 = T such that

[N (Lo L2 4 L2048y (1, 1540) < E- (5.3)
Then on each subinterval we obtain from the above estimates

||UHXS(TJ‘,TJ‘+1) < CQHU(T])HHS + Hu||XS(Tj7Tj+1)/2? (54)

for some constant Cy(s) > 0. Hence if u(0) € H?®, then by induction on j, we
deduce that u € X*([0,7)). If T = oo, this implies the scattering of u in H?, via
the argument in Section

For continuous dependence on the initial data, consider a sequence of solutions
(ty, Ny) such that (u,(0), N, (0)) = (w(0), N(0)) in H* x H', u,, — u in X'/2(I)
and N,, — N in Y!(I) for some interval I C [0,T). For large n, (un, N,,) satisfies
similar bounds to and within I, with slightly bigger bounds. Then the
same estimates as above for (u,, —u, N,, — N) yield the convergence in (X* x Y'!)(I).

5.2. Regularity upgrade for N in s <[+ 1. Let (s,l) € R? satisfy (1.11) and
s < 1+1. Let (ug,No) € H* x H' and let (u, N) € (X* x Y)([0,T)) for some
0 < T < oo and some I’ € (s — 1,1). From the estimates in Section [2, we have
ID(u*) i+ ararllia < CLE)|ull72p:,
1D, )| e < CollulZe s (5.5)
IDQNw, w)]| 1 st + D, Nu)l| . < ColIN || e e lull 72
for some constants Co(s, 1) > 0 and C; (K, s,1) > 0, and the same for DQ(u, Nu).
Choose € > 0 so small that Cpe? < 1. Since u € L?B;(0,T), there exists a finite
sequence 0 =Ty < Ty < -+ <T,41 =T such that
HUHL%BZ(ijTjH) <¢€ (5.6)
for each j. Then on each subinterval we have from the above estimates
[N Lo mr (1y,1550) < ColIN(Ti) e + 1N 2oe me (7, 7;40) /2
+C1(K)e® + COHUHZL‘;OH;(T- T

5 Ti+1)?

(5.7)

for some constant Cy(l) > 0. Hence if N(0) € H!, then by induction on j, we
deduce that N € L°H'(0,T). If T = oo, then we have the scattering of N from
the argument in Section |3} We also obtain the Strichartz norm of N using
for the normal form. We can also upgrade continuous dependence, using the same
estimates for the difference from the limit, see the previous subsection for more
detail. Combining the results in this and the previous subsections yields

Proposition 5.1. Let (s,1) € R? satisfy (1.11) and s < | + 1. Let (u,N) €
(X2 x YO)(I) be a solution of (1.9) on an interval I C R, and suppose that
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(u(to), N(to)) € H*(R*) x HY(R*) at some to € I. Then (u, N) € (X*xY")(I) and
moreover,

N e L3(I; B/ n B /%) (5.8)

If I D (tg,00), then (u, N) scatters in H® x H' ast — oo. If (un(to), Nu(to)) —
(u(to), N(to)) in H® x H' and the corresponding sequence of solutions (w,, N,) —
( N) in (Xl/2 x YO)(J) on some interval ty € J C I, then the convergence holds
n (X* x YY) (J). The same convergence result holds for the scattering data, if
Iﬂ J D (t1,00) for some t1 < co.

5.3. Regularity upgrade for u in s > [+ 1. Let (s,1) € R? satisfy s > [ + 1.
Then [ > 0 and s > 1. Let (ug, No) € H® x H' and let (u, N) € (X x Y!)([0,T))
for some 0 < T' < oo and some s’ € (1,s). In this case, the normal form estimate
is not good enough to keep the full Strichartz bound of u. Hence we decompose

u=u"+Q(N,u), (5.9)
(i0; — A)u' = (Nu) ... + QaD|u|?,u) + Q(N, Nu), .
where LH ---:= LH + HH + oL for brevity, and look for closed estimates in
u'eX®, we X' :=LEH;NL "L, (5.10)
l 2/ ._ Rl=57/6 ~ [3—-57/6 '
NeL¥H.NL/"B, B:=B.>/5nB /S
where 1/g; :=1/2 — ~/3, for some « € [0, 3/4] satisfying
vy+1l<s, 20+v/2+1>s. (5.11)

Such v exists if and only if 1 < s <4l + 1 and s <204 11/8. Also note that
x*c LB o, c LTI (5.12)

since v+ 1 < s. Similarly, L MB is a wave-Strichartz norm in H!, cf. .
We write (Nu)rg... = (Nu Y. + (NQ(N,u))pg.... From the estimates in

Section [2| we have for k > 2,
[(N') .. ||LfBg/3+L1Hs < Ci(K )||N||L°°L2+L2L4 Hu/”LfBja
DI 1)y < Co2 " a2yl (5.13)
[Pk Q(N,u)||Lsems < Col|Nsp—1ll Lo e ||ull oo mrs,

for some constants Cy(s,l) > 0, 6(s) > 0 and C1(K, s,1) > 0. We need some more
estimates. Since H'*2 C LS, we have for k > 2,

[Pk QN w)l| 270 po < Col N>k llzge  lull p2ra— o (5.14)
It remains to estimate Q(N, Nu), (NQ(N,u))g.... If B C L%, then for k > (log a),
1251 2UN, Nu)l gtz S IN>k-1lm [Nulls S IN>k-1llm INIsllulze, _
Pk (NN, ) pesz S IN TN sl ol |
If B¢ L2 but [ > 57/6, then putting

Vg =1/ —(1-5v/6)/4=1/2—-~/8 =1/4, 1/q3:=1/2+1/q2,  (5.16)
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we have B C L%, Bj 3 O B2Ev/2H 5 B2 and so

4/3 as
[1P>k$UN, Nu)lB; , S (INsk-1llme [Nullpoe S IN>k-1llm [Nsllullze, (5.17)
P>k (NN, w) LB, S IINWBIN> K-k sl | e
If I < 5v/6, then using
3 D B T o BRSO g = 1/2 41 /g = 1-9/3, (5.18)
we have
[P>k(NQ(N,w)rn- || B, N S INIBIQUN, w)s k- k-2l i+ (5.19)

SAINIBIN> k- k-3l mellull g

For the other term, putting ¢ :=5v/6 —1 >0 and 8 :=1/(l+ o) € (0,1), we have
the complex interpolation

[H',B,%|s =By Cc L%, [H B li_g=BL.7, (5.20)
where 1/g5 := (1 — 8)/2+ 8/q1 and 1/¢ := 1/q4 — 1/¢5, whereas
P>k QUN, Nu)l[B; , S [[P>kQUN, Nu)l| o+

(5.21)
S INs k-1l pioe [ Nullpos S |\N>k—1|\nga||NHBgsHUIIL:.O-
Hence by the interpolation inequality,
1—
12N, Nu)lls;,, S 1N 5 IV 1 N [l e (5.22)
Therefore, in any case we have some S3(l,v) € (0,1] such that
e A L e M M S

P>k (NN, w)) Ll 1283, < CollNsk—k sl m [N 27 gllullxs

for some constant Cs(s,1) > 0. Choose K > 1 so large that Cp2~ 9K||u||22 12 <1,
and then choose € > 0 so small and k£ > K so large that
C1(K)e + Col[Nsp—1llppe . < 1,

(5.24)
Col| Nk =3l e 1 IN | ot 1Nl 2 < 1.
Applying Lemma [{1] we obtain a finite sequence 0 =Ty < T} < -+ < Ty =T
such that . holds. Then from the above estimates on each subinterval,
[0S kllxs 7y, 1400 < Cllw/(Ty) s + 0l s 7y 7y00) + Sllull 1000, (5.25)

1Q(N, U)>k||X/(Tj,Tj+1) < Olullxr ;000

for some small constant ¢ > 0, while the frequencies < k are bounded by X1/2.
Using u = u’ + Q(N,u) and X* C X', and adding the low frequencies, we obtain

'l x5 (2 1y 1) + 1QUN W) Lxr (2 1540)

o (5.26)
< 2Cs]|u/(T)) | e + 2"~ 2wl x1 2z, 1, )
By induction on j starting from ||u'(0)||gs < 0o, we thus obtain
lullx o) < 1l x=0,m) + IUN, w)ll x7(0,) < 0 (5.27)

If T = oo, then u is scattering by the argument in Section[3] Thus we have obtained
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Proposition 5.2. Let (s,1) € R? satisfy (1.11) and s > [ + 1. Let (u,N) €
(X2 x YO)(I) be a solution of (L.9) on an interval I C R, and suppose that
(u(to), N(tg)) € H*(R*) x H(R*) at some ty € I. Then we have u — Q(N,u) €
X*(I), as well as (5.8)), and for all v € [0,3/4] satisfying (5.11)),

we C(I; H3) N L (I; H) N LY =1, L), (5.28)

We also have scattering and continuous dependence similar to Proposition[5.1), but
in the above space (5.28)).

It is easy to replace L® with By, + H'"? using v’ € X* and (5.14).

5.4. Lipschitz continuity of the solution map. Here we consider local Lipschitz
continuity of the flow map. In the above arguments, the Lipschitz dependence is
lost only when we seek time intervals with smallness, typically by Lemma [£1] If
(ug, No) € H® x H' with s > 1/2 and | > 0, however, it is easy to see that
holds locally uniformly with respect to the initial data, because we can first dispose
of the high frequencies using the higher regularity, and then the remaining low
frequencies by Sobolev in z and Hélder in ¢.

Similarly, the regularity upgrading argument in Section [5.1] works uniformly if
[ > 0and T < oo, because of (.3)), so does the argument in Section [5.2]for s > 1/2,
I <min(2s — 1,5+ 1), and T < oo, because of , as well as that in Section
for I >0, s <min(2l + 11/8,1+2), and T < oo, because of and (5.3).

Thus we obtain Lipschitz continuity of the flow map, locally both in time and in
the initial data, for all the exponents (s,1) in the range and off the boundary. Since
we need to decrease [ for the uniform control in (5.24), v in can not be on
the boundary, namely 2] + ~v/2 + 1 > s, for the local Lipschitz estimate.

The Lipschitz continuity global in time and for the scattering is more tricky,
because the L?L3 norm in Lemma is not bounded by the Strichartz estimate
for the wave equation. For small data, we can obtain Lipschitz estimates directly
from the contraction mapping argument, but then the smallness on HY? x L?
depends on (s,!), which tends to 0 as (s,[) approaches s = 4l + 1, (2, 3) or (00, 0).
The regularity upgrading for N in Section works well for T' = oo, because in
the number of subintervals can be uniformly bounded for each € > 0, provided
that |lu[|z2 s is uniformly bounded. This yields a smallness condition in the form

[[(uo, No)ll sz 2 < €2(s,1), (5.29)
where €5(s,1) > 0 is non-decreasing in I, for global Lipschitz continuity in H* x H'.

Remark 5.3. Strictly speaking, we need to prove that the solution to obtained
above is also a solution of the equation before the normal form. The easiest
way is to use [5] for existence of solutions for smooth approximating initial data,
taking the limit by the continuous dependence proved above. To be self-contained,
however, we can directly show that smooth solutions of solve . In fact,
if (u, N) € (X* x Y*)(I) with s > 1 is a solution of on some interval I, then
by definition of € and ﬁ, reads

equ = (i0; + D*)u — Nu = —Q(eqn, u) — QN, equ,),
eqy = (id; + aD)N — aD|u|> = —=DQ(eqy, u) — DQ(u, eq,).

Since equ,eqn € C(I; H*=2) and Q, DQ : (H~2)2 — H*2 has a small factor due
to K, we deduce that eq, = 0 = eqy on I if K is large enough.
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6. SMALL DATA SCATTERING IN THE ENERGY SPACE

For (s,1) = (1,0), the failure of Strichartz bound on the normal form Q(N,u)
cannot be compensated by regularity of N, and so there seems no way to close
the estimates as above for (s,1) = (1,0). Instead, we invoke the conservation laws
with the weak compactness argument. This type of argument usually yields a
weak result, typically without uniqueness. We can however obtain the strong well-
posedness for small data as in Theorem thanks to that both in the larger space
(s,0) with s < 1 and in the smaller space (1,1) with [ > 0.

Assume (ug, Ng) € H* x L?. By Proposition there is ¢ := £1(1/2,0) < 1
such that if ||(ug, No)||gi/2xr2 < €o then there is a unique global solution (u, V) in
X1/2 x YO, satisfying

||(’U,,N)||X1/2><yo < Cgp < 1. (61)
Proposition [5.1] implies that (u, N) € X* x Y° for all s € [1/2,1).
Fix a sequence {(ugn,Non)} C S(R?) such that (ugn, Non) — (uo,No) in

H' x L? and ||(vo,n, No.n)||zr1/2x 12 < €0. By Proposition for each n, there is a
unique global solution (u,,, NV,,) satisfying (6.1) and for all 1/2 <s < 1,

sup [ (un, Nn ) || xsxyo < 0o, (6.2)

Now we claim a uniform bound at the energy level:

s#? | (wn (), Ny (0 | 1 12 < 00. (6.3)

By Proposition we have (u,, N,,) € X®xY? for all n, by which we can justify the
conservation law Ez(u,(t), No(t)) = Ez(uon, Non). Using (6.1) for N, together
with the Sobolev inequality [ul|zs < [[Vul 2 yields

Ez(un, Nn) = (1 = O(e0))l[Vunll3 + [INa13/2, (6.4)

which, combined with the lower regularity bound , implies .

Next we prove convergence ., (t) — u(t) in H! as n — oo, locally uniformly in R.
Take any convergent sequence t, — to. From Propositions [3.1] and [5.1] -, we know
that u, (tn) = u(teo) in HE for s < 1, andN (tn) = N(tso) in LZ. From (6.3), we
have {u, (t,)}n is bounded in H! C L4 thus we get u(too) € HY, up(tn) — u(too)
weakly in H!, and |u,(t,)]*> — |u(t )|2 weakly in L2. Since N (tn) = N(tso)
strongly in L , we have [ Ny, (tn)|un(tn)|?dz = [ N(too)|u(tso)|*dz, and so,

Ez(u(teo), N(tso)) < hmlnfEZ(un(tn),Nn(tn))
= liminf Ez(ugn, Non) = Ez(uo, No).

n—0o0

(6.5)

By the time reversibility we get Ez(u(too), N(teo)) = Ez(uo, No). Indeed, if there
is a tp € R such that Ez(u(to), N(to)) < Ez(uo, No), then we solve the Zakharov
system with initial data (u(to), N(to)) at t = ty. By the uniqueness we get a
contradiction. Then the equality in implies |V, (t,) |22 = [Vu(teo)|| L2, from
which we conclude that u, (t,) — u(ts) strongly in H2, and so the locally uniform
convergence u, — u in C(R;H}). Thus we obtain the unique global solution
(u,N) € (C N L*®)(R; H! x L?). Note that the smoothness of the approximate
solutions (uy,, NV,,) was used only to ensure the unique existence and the conservation
law. Now that we have them for the solutions in the energy space, we can apply the



20 I. BEJENARU, Z. GUO, S. HERR, K. NAKANISHI

above argument to a sequence of initial data in H'! x L2, which implies continuous
dependence of the initial data, locally uniformly in time.

By Propositions|3.1| and (u, N) scatters to some (u*, N*) in H® x L? for all
s < 1. Since u(t) € L>®(R; H2), we have S(—t)u(t) — ut weakly in H' as t — +oo.
Since |u(t)|? is bounded in (H})? C Bi/g, while N(t) is vanishing in B; ' as t — oo

due to the scattering in L2 C B; ', we have
/N(t)\u(m?dx =0 (t— +o0), (6.6)

and so
Va3 + INTII3/2 <lim inf [VS(=)u(®)]3 + [Wa(-)N(®)]3/2
e 2 2
—tim inf [Va(t)}3 + [ N(2)]3/2
:ltlin_groleZ(u(t),N(t)) = Ez(ug, Np).

To prove the equality above, we consider the final state problem. Following the
argument in Step 1, we fix a sequence {(u}, N;J)} C S(R*) such that (v}, N;}) —
(ut,N*) in H' x L?. Then by Proposition we have a sequence of solutions
(i, Np) € X1/2 x YO scattering to (u, N.¥) as t — oo, which converges to (u, N)
in X2 x Y as n — oco. The regularity is upgraded to X* x Y for all (s,1)
in Proposition As in Step 1, we have sup,, ; (@, No)||lmrixr2 < oo, hence
un(t) — u(t) weakly in H!. Thus by

Ez(u(t), N(1)) < liminf By (@, (t), Na(t)) = liminf [Vl ]3+ [N, ]15/2
= [Vu™ 3+ INTI3/2.

Hence we get
lim Ez(u(t),N(t)) = |Vu™[5 + [|NT]3/2

t—+oo

and so, S(—t)u(t) — u™ strongly in H}, namely the scattering in H}.

To show the continuity of the solution map in L{°(R; H!), it remains to prove
Un(tn) — u(t,) — 0 in H! in the case t,, — oo, for a sequence of solutions (u,, N,,)
in the energy space such that (u,(0), N,(0)) — (u(0), N(0)) in H* x L2. Since
S(—t)u(t) — u™ in H], it is equivalent to showing S(—t,)un(t,) — u™ in HL. We
already know the H? convergence for s < 1 as well as the weak convergence in H}.
Then the strong convergence is equivalent to [|uy, (tn)|| g1 — |||/ 1. Since

”Nn(tn)HBZl < ”Nn - NHL;’OL?I + ||N(tn)||B4—1 — 0, (6.7)
we have [ N, (tn)|un(t,)|*dz — 0, and so, as n — oo,
[Vt (ta) 113 + [ Na(ta)[13/2 = Ez(un(tn), Nu(tn)) +o(1)
= Ez(un(0), Np,(0)) + o(1) = Ez(u(0), N(0)) + o(1) (6.8)
= [IVu* 3 + [INFI3/2 + o(1).

Since |[un(tn)]l2 — [JuT|l2 and || N, (t.)]l2 — ||NT|l2, the above implies the strong
convergence of S(—t,)un(t,) in H}, and thus u,, — uin L°(R; H}). This completes
the proof of Theorem in the case (s,1) = (1,0).
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7. ILL-POSEDNESS AT (s,1) = (2,3)

In this section, we prove Theorem The main point is that the multilinear
estimates fail only for the boundary quadratic term coming from the initial data.
Exploiting the dispersive smoothing, we can prove that the other terms are more
regular if the initial data is localized in space.

Proof of Theorem[I.3 First of all, for any initial data (ug, No) € H? x H3, we
have a unique local solution for (s,!) in (L.11)) satisfying s < 2 and I < 3, say
(u, N) € (X2 x Y?)([0,T]), by Proposition% and In the Duhamel formula
([2-4), the first term on the right is obviously in C(R; H?). The integral terms are
regular thanks to the high regularity. Indeed,

||D|u|%{H+OéL+LOz||L%HS S ||“H2L$B§7

~ (7.1)
IDQUNw, w)ll Ly ms S IVl mzlulg2 52,

and the same for DQ(u, Nu). To bound DQ(u,u) in H3,
for u, assuming that

ug € WL RY) = {f : 9°f € L*(R*) for |a| < 2}. (7.2)

Then S(t)ug € C((0,00); BY) for all p > 2 by the dispersive L2 decay estimate for
S(t). Moreover, in the Duhamel formula (2.3) of u, the terms except for (Nu)rg...
easily gain better regularity by

12N, )l S (N a2 llull a2,

we use local smoothing

1(Dul?, W)l i S llull e mzllull7z g2 (7.3)
12N, Nu)llzz gz, <INz llull 2 s-

The remaining term is bounded in C([0,T]; B?) by
t t
I8 = ) Nu) sy £ [ 1= oIV 0) a3, ds
0 0 (7.4)
¢
S [l PN o)z
Gathering the above estimates, we obtain u € C'((0,7]; H? N B3). Since B3 C L™,
1DQ(w, w)l| s S [lullae vl 52, (7.5)
and plugging this into the above estimates for N, we deduce that
N — Wa(t)DQ(ug, uo) € C((0,T]; H2), (7.6)
if ug € H2NW21(R4). Hence it suffices to find such a ug that DQ(ug, uo) & H3. It
is constructed in the next Lemma Then N(t) € H3 for all 0 < t < T, namely
the instant exit or the latter part of the theorem.

Thanks to the high regularity, it is easy to translate it to non-existence. Indeed,
if (u, N) € L2((0,T); H* x H®) then from the equation without the normal form,

Nu€ LiH) = uwe CHNL;B; = Du* € L{L2 = N € C L. (7.7)

In particular, (u, N) belongs to the uniqueness class at (s,1) = (1/2,0). Hence it
should be identical with the exiting solution obtained above, satisfying N (t) & H?
for all ¢ # 0, contradicting N € LZ((0,T); H2). O
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It remains to prove the failure of the bilinear estimate:
Lemma 7.1. There is a radial u € (H2NW21)(R*) satisfying DQ(u,u) & H3(RY).

This failure of bilinear estimate comes from that H?(R*) is not an algebra, but
we should be careful about cancellation in the nonlinearity. In fact, the proof below
implies that D (u, u) is bounded in H? for real-valued or purely imaginary u € H2.

Proof. Modulo a bounded operator, the symbol of DS can be approximated
al¢] a (26 - n £ aff])

= 7.8
=P WP Foldl Il " TEI0E — 1 — P ¥ aleD (7
in the XL frequency, while in the LX frequency,

€= 02— Fale] 1 IE(E— 12— 0] F alé])’

where the second terms are O(|¢|~2(Low)) for |¢| > 1, and so bounded H? x H? —
H?3 for high frequency. Hence it suffices to construct u € H? N W12 such that
supp @(§) =0 for |¢] <1 and

(uﬂ)HL — (UQ_I,)LH € Hz(R4) (710)

Indeed, this is necessary and sufficient for Dﬁ(u,u) ¢ H? under the condition of
supp@. Note that the left side is simply zero if u(R*) C R or iu(R*) C R. The
remaining is the anti-symmetric part, which can be expanded by putting u = v+iw

(va)pr — (vi) L = 2i[(wv)gL — (WV)LH]. (7.11)
Now it is easy to avoid the cancellation considering the form
v=) aipi, w=) big;, ;@) =e(2), (7.12)
i>J i>J
where J > loga, {a},{b} C [0,00), and ¢ € S(R%R) is a non-zero real-valued
radial function satisfying

0<¢<1, suppp C{[[{]-1] <1} (7.13)

Put ¢ := ¢(0) > 0. Injecting the above ansatz expands the bilinear form
j—K

(vw)gr — (vw) Ly = Z Z (ajbr — arbj)e;pk. (7.14)
§>J k>J

Since F(¢;px) is supported around |¢| = 27,
I@TDIGe ~ D127 (asby— anby)osonl (715)
i>J k<j—K
Imposing a support condition on {a}, {b}

supp a Nsupp b = 0, (7.16)

we can decouple the above as

ITTDF ~ D127 D asbresenlls + D112 Y biarpsells. (7.17)

i>J k<j—K i>J k<j—K
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By rescaling z + 277z, and using ¢(2877z) = ¢ + O(|2¥79x|), the L2 norm is
approximated by

129 5" abipionlliz = lase(e) 3 bo(290)]1a

k<j—K E<j—K (7.18)
>cajllleliz Y bk —Cllagp(@)llz Y k27
k<j—K k<j—K
Fix 6 € (1/2,3/4) and let
-—0 .. -—0 ..
J J dd
a; = J <J 1.s even bj _)J <J 1? o) (7.19)
0 otherwise, 0 otherwise.
Then for j > K + J,
. 1-6 k—j -K
PORZEICES SRR D = A (7.20)
k<j—K E<j—K

and so

NIz 2 150G = K Cllezgsarm) = C27 KN sy = 00, (7.21)
since —0 < —1/2 <1 —26. Also we have

lullzz S 15 7°lNegsn < oo, lullwar S 127257 lla s < oo (7.22)

Thus we have obtained a desired example v € H? N W21, [
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