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INTRODUCTION

Let 7 be a finite group and let Z= be its integral group ring. A well-known
result of Swan [5, Corollary 8.1] states that Z= has no nontrivial idempotent
elements. It follows by a proof in [7, p. 215] that if = is abelian, then Z» has
no nontrivial idempotent ideals. On the other hand, if = is perfect (and hence
not solvable), then the augmentation ideal of Zx is idempotent [2, p. 190].
The following natural problem is considered here. Determine which finite
groups 7 have the property that Z= be without nontrivial idempotent ideals.

In the present paper we show that if = is nilpotent (e.g., abelian), then Z=
has no nontrivial idempotent ideals (Theorem 3.1). Also, if 7 is not solvable,
then Z has a nontrivial idempotent ideal (Theorem 2.1). It seems likely that
Zm can have nontrivial idempotent ideals if and only if = is not solvable.
This is false for the case where the idempotent ideal is only one-sided
(Section 5). The proof of Theorem 3.1 is different from the abelian case
since the argument used in [7, p. 215] does not seem to extend to non-
commutative situations. Qur proofs in this direction occupy most of the work.
The main step is to show that any idempotent ideal is Zz-projective. As an
application, we give the analogue (Corollary 4.2) of a result of Jennings [4]
for Zm.

Given any finite group =, it is not known whether every nonfinitely gener-
ated projective Zm-module is free [6, p. 88], [1]. We refer the reader to the
final paragraph of this paper for the role that idempotent ideals play in this
unsolved problem.

In the sequel, by ideal we shall mean two-sided ideal.

I am grateful to William H. Smoke for his assistance in the problem
considered here. Also, I wish to acknowledge my indebtedness to the referee
for his suggested modification in the proof of 3.1 and for the examples in §5.

1. Let R be a ring with identity. If M is an R-module, the image of the
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natural pairing Homg(d, R) @ M —> R is an ideal 7x(M) and called the
trace ideal of M. We shall suppress the subscript R when the reference to
the ring R is clear.

The following two propositions are known and can be easily verified.
Prorosirion 1.1, If A4 is an idempotent ideal of R, then +(4) = A.

ProrosiTiON 1.2, Let M be a projective R-module. Then +(M) = R if and
only if for any maximal ideal A of R, Homg(M, R/4) # 0.

The proof of the next proposition holds in a more general context, but this
does not concern us here.

ProposiTION 1.3, Let = be any group and M be a projective Zmw-module.
Then 1(M) = Zm if and only if for any prime p of Z, vz (M[pM) = Z .

Proof. 'T'he necessity follows immediately from the fact that for any R-mod-
ule M, 7(M)= R if and only if R is a direct summand of a direct sum of copies
of M. For the sufficiency, let A be any maximal ideal of Z7. Then ANZ = (p)
is a prime ideal of Z. Since 77 (M[pM)=Z,,m, Homg (M[pM, Zn|A) == 0 by
Proposition1.2. But M is Zr- pmJectlve Soit follows that Homgy, (M, 77/ 1):=0.

Thus by Proposition 1.2, the proof is complete.

Combining Proposition 1.3 with a major result of Swan [5], we obtain the

principal objective of this section.

CoROLLARY 1.4. Let = be any finite group. If P is a finitely generated
nonzero projective module over Zm, then its trace ideal v(P) is equal to 7.

Proof. Swan [5, Corollary 7.2] has shown that P/mP is free over Z,=
for any integer m £~ 0. Since P is Z-free, P/mP is nonzero. It follows by
Proposition 1.3 that 7(P) coincides with Z7 and the proof is complete.

2. THEOREM 2.1. Let 7 be a finite group. If w is not solvable, then 7w has
a non-trivial idempotent ideal.

Proof. Since 7 is not solvable, it contains a normal subgroup =" £~ {e}
such that =" = [#’, #']. Let I’ denote the augmentation ideal of Z#'. By
[2, p- 190], I’ is idempotent. We have an exact sequence

0—>Zn - I' > Zn — Zmw[/r — 0.

But since =" is normal in 7, Z7w - I’ = I' - Z7 and hence the ideal Zn - I’ is
idempotent. This completes the proof.
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3. Recall that a finite group = is nilpotent if and only if = is the direct
product of its sylow subgroups.

TueoreM 3.1. If = is a finite nilpotent group, then Zw has no nontrivial
idempotent ideals.

Proof. Use induction on the order of m. Let p be any prime number
dividing |7 | and let =" <] = be a nontrivial p-group. The kernel J of
Zm — Iw|n' is Zw - I' where I’ is the augmentation ideal of Z='. Since I'[pl’
is the augmentation ideal of Z, =", it is nilpotent. Therefore, I'* C pI’ for
some 7 and so J* = Zz - I'* C pZw. Now let 4 be an idempotent ideal of Zz.
By induction, the image of 4 in Zx/n’ is (0) or Zn/n'. Therefore, A C J or
A4 ]J=Zr. HAC Jthen AC N J*C N p'Zn = (0) so if 4 = (0), then
A + ] = Zn. This implies that 4 + J* = Znso A + pZw = Z=. Therefore,
Zm[A is divisible by p and so must be finite of order prime to p. This applies
to all primes p | | 7| so [Z= : A] is prime to |7 |. According to a result of
Swan [5, Proposition 7.1] we conclude that 4 is Z=-projective. Therefore,
by Corollary 1.4 and Proposition 1.1, 4 = Z=. This completes the proof
of the theorem.

4. As an easy consequence of Theorem 3.1, we get the analogue of a result
of Jennings [4] for Z=. (Jennings considered the group ring of a finitely
generated torsion free nilpotent group over a field of characteristic zero.)
For this purpose we use the following known lemma. I have been unable
to find a proof of it in the literature.

Lemma 4.1. Let = be any finite group. Then the Jacobson radical of I=

is zero.

Proof. For a given ring R, let its Jacobson radical be written as J(R).
Let p be a prime in Z and 7, : Zr — Z,m be coeflicient reduction. Since 7,
is a ring epimorphism, J(Zr) is contained in the inverse image 5, (J(Z,7)).
Thus if p+| = | then, by Maschke’s theorem, [(Zrn) C ker(y,). Therefore,
if Ae J(Zn), X € ker(n,) for infinitely many primes p 1 | 7 [. This means that
A = 0 and hence J(Zn) = (0).

CoOROLLARY 4.2. Let m # {e} be a finite nilpotent group and I be the aug-
mentation tdeal in Zw. Then I™t! is a proper ideal of I" for all n > 1.

In the context of 4.2, the intersection () I” = (0) if and only if = is a
p-group by a result of Gruenberg [3].

5. Except for the last step, the argument used for Theorem 3.1 would also
apply to one-sided ideals. However, it turns out that the conclusion does not
hold for the one-sided case.
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ExampLE 1. Let = = .S;, the symmetric group on three letters,
=%, y:4% =1, y* = |, yxy = x71>. Let | be the left ideal of Z=
generated by 2, ¥ + 1, x2 & - 1. Then J2 = ], but | = Z=.

ExampLE 2. Letw == D, , the dihedral group of order 8,

m={xy:xt =19 =1,yxy = x 1.

Let J be the left ideal of Zw generated by 3, ¥ — I, #* + 1. Then J2 = ],
but | # Z=.

It is known (and easy to show) that the trace ideal of any projective R-
module is idempotent. On the other hand, in Z, 7 finite, it is not even known
whether there is a nontrivial idempotent ideal that can be realized as the
trace ideal of a projective Zm-module. Such a module could not be Zn-free
and in view of Corollary 1.4, it could not be finitely generated. This cannot
occur if 7 is finite solvable by another theorem of Swan [6, Theorem 7].
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