
UC Riverside
UC Riverside Electronic Theses and Dissertations

Title
Topics in Regression Splines: Dynamic Network Construction and Optimal Treatment 
Selection

Permalink
https://escholarship.org/uc/item/6gb3m3f0

Author
Guo, Wenchuan

Publication Date
2018
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/6gb3m3f0
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA
RIVERSIDE

Topics in Regression Splines: Dynamic Network Construction and Optimal
Treatment Selection

A Dissertation submitted in partial satisfaction
of the requirements for the degree of

Doctor of Philosophy

in

Applied Statistics

by

Wenchuan Guo

December 2018

Dissertation Committee:

Dr. Shujie Ma, Chairperson
Dr. Gregory J. Palardy
Dr. Subir Ghosh



Copyright by
Wenchuan Guo

2018



The Dissertation of Wenchuan Guo is approved:

Committee Chairperson

University of California, Riverside



Acknowledgments

I would like to express my sincere gratitude to my advisor Prof. Shujie Ma for the con-

tinuous support of my Ph.D. study and related research, for her patience, motivation,

and immense knowledge. Her guidance helped me in all the time of research and writ-

ing of this thesis. I could not have imagined having a better advisor and mentor for my

Ph.D. study.

Besides my advisor, I would like to thank my oral exam and thesis committee:

Prof. Subir Ghosh, Prof. Gregory J. Palardy, Prof. Shizhong Xu, and Prof. Jun Li for

their insightful comments and encouragement, but also for the hard questions which

incented me to widen my research from various perspectives.

I also owe a debt of gratitude to the faculty, staff, and fellow students in the

Department of Statistics during my time at Riverside.

Finally, I am thankful to both friends and family whose support helped me

get through the good and bad times. I am especially grateful to my wife Jianan Hui for

her daily support and encourage.

iv



To my family for all the support.

v



ABSTRACT OF THE DISSERTATION

Topics in Regression Splines: Dynamic Network Construction and Optimal
Treatment Selection

by

Wenchuan Guo

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, December 2018

Dr. Shujie Ma, Chairperson

This thesis is concerned with spline techniques for nonparametric and semiparametric

regression.

First, we study the relationships between phenotypes across taxa under dif-

ferent environmental conditions. The correlation/network structure of taxa can be

affected by the disease-associated environmental conditions. Besides, taxa abundance

is differentiated under conditions. Therefore, knowing how the correlation or relative

abundance changes with these factors would be of great interest to researchers. We

develop a nonparametric regularized regression method to construct dynamic taxa as-

sociation networks under different clinical conditions. We also use a varying coefficient

model to estimate taxa abundance to see how it changes across different environmen-

tal conditions. Moreover, for conducting inference, we propose a bootstrap method

to construct the simultaneous confidence bands for inferring the nonparametric func-

tions. We perform simulations to check the performance of the proposed method in

identifying the dynamic network structures, and the results are generally better than

other existing graphical method. As such, the proposed method has potential applica-

tions for researchers to construct differential networks and to identify taxa.
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The second part of the thesis considers how to select optimal treatment for

patients using a large number of baseline covariates. Based on causal inference frame-

work, we develop a new semiparametric model representing the heterogeneous treat-

ment effect. We use this model to estimate the covariate-specific treatment effect curve

and the corresponding simultaneous confidence bands to make individualized treat-

ment decision rule. In particular, we use the B-spline approximation to obtain point

estimators and construct the bands via spline-backfitted kernel smoothing. We provide

asymptotic theory and simulation studies demonstrating the performance of our pro-

posed selection procedure. We also illustrate the application of the proposed method

in a clinical trial on migraine treatment.
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Chapter 1

Introduction

Regression analysis is widely used for inferring the relationships among vari-

ables, which is a major goal in statistical modeling. Various techniques have been

developed for conducting regression analysis for different types of response variables.

Among them, the linear regression is commonly used because of its simplicity and in-

terpretability – the relationships between the dependent and independent variables are

described simply through the regression coefficients. Moreover, statistical inference on

the regression parameters can be conducted based on the well-established theory for

their estimators. However, the strong linearity assumption can be easily violated by

the complex structure of recent data. In practice, a misspecified model produces a

biased estimator and misleading inference results. As modern technologies enable us

to collect data with large sample sizes, nonparametric and semiparametric modeling

techniques become desirable to overcome the misspecification problem of parametric

models. Instead of assuming the relationship structure between variables, nonpara-

metric models estimate a functional form in a pure data-driven fashion. However, it

has the well-known ”curse of dimensionality” – the computational burden increases
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exponentially with the dimensionality which makes it almost impossible to find a sta-

tistically sound and reliable result. Consequently, semiparametric regression methods

rapidly gain their popularity because they retain the flexibility of nonparametric mod-

els as well as the interoperability of parametric models.

Chapter 2 reviews the B-spline smoothing techniques with its applications in

nonparametric models and semiparametric models. This chapter also presents regu-

larized regression models for the high-dimensional problem, including Lasso, Elastic

Net, SCAD, MCP, etc.

Chapter 3, ”Nonparametric Regularized Regression for Phenotype Associated

Taxa Selection and Network Construction,” written jointly with Zhenqiu Liu and Shu-

jie Ma, studies the relationships between phenotypes across taxa under different en-

vironmental conditions. The network structure of taxa can be affected by the disease-

associated environmental conditions. Besides, taxa abundance is differentiated un-

der clinical conditions. Therefore, knowing how the correlation or relative abundance

changes with these factors would be of great interest to researchers. We propose to de-

velop a nonparametric regularized regressionmethod to construct taxa association net-

works under different clinical conditions. We let the coefficients be unknown functions

of the environmental variable. The varying coefficients are estimated by using regres-

sion splines. The proposed method is regularized with concave penalties, and an effi-

cient group descent algorithm is developed for computation. We also apply the varying

coefficient model to estimate taxa abundance to see how it changes across different en-

vironmental conditions. Moreover, for conducting inference, we propose a bootstrap

method to construct the simultaneous confidence bands for the corresponding coeffi-

cients. We use different simulated designs and a real dataset to demonstrate that our

method outperforms other graphical methods in identifying the network structures
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under different environmental conditions. As such, the proposed method has poten-

tial applications for researchers to construct differential networks and to identify taxa.

Chapter 4 presents a semiparametric model for treatment selection in per-

sonalized medicine. We consider the case that has high-dimensional baseline covari-

ates and a binary outcome variable. Based on the casual inference framework, we use

the covariate-specific treatment effect (termed CSTE) curve to represent the heteroge-

neous treatment effect and the corresponding simultaneous confidence bands to make

individualized treatment decision rule for patients. We estimate the CSTE cure using

B-spline approximation and construct the simultaneous confidence bands via spline-

backfitted kernel smoothing. Moreover, we provide the asymptotic theory of the esti-

mator and conduct simulation studies to evaluate the performance.
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Chapter 2

Regression Splines and

High-dimensional Regression

2.1 Regression Splines

In mathematics, a spline is a particular function that is constructed piece-

wise from polynomial functions. The term spline comes from the flexible spline de-

vices used by shipbuilders and draftsmen to draw smooth shapes (Ferguson, 1964).

”spline” is now most commonly referring to a broad class of functions that are used in

applications requiring data interpolation and smoothing. In statistical modeling, one

important task is to investigate the relationships among variables. This procedure in-

cludes many techniques for modeling and analyzing several variables while one often

focuses on the relationship between a response variable and a set of predictor vari-

ables. Regression analysis is often used and helps one understand how the value of

the response variable changes when any one of the predictor variables is varied. Most

commonly, regression analysis estimates the conditional expectation of the response
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variable given a set of predictor variables. Many techniques for carrying out regres-

sion analysis have been developed. Familiar methods such as linear regression, logistic

regression, etc. rely on a linear assumption. These linear models are usually conve-

nient to estimate and easy to interpret the results. However, in recent years, the data

is becoming more complex and the relationship between variables can be non-linear

and even non-additive. Therefore, we have to move beyond linearity. Nonparametric

regression analysis is used for fitting/estimating the non-linear relationships between

predictors and response, in which the conditional mean does not take a predetermined

form and is constructed according to information derived from the data. Regression

spline refers to techniques that use splines to approximate the shapes of a set of un-

known functions through curve fitting in regression-type problems. In this chapter,

attention is focused on the reviews about B-splines and its application to nonparamet-

ric and semiparametric problems.

2.1.1 B-splines

B-splines is a class of splines that have minimal support with respect to a

given degree, smoothness, and domain partition and is short for ’basis-splines’. In this

subsection, we introduce some basics for univariate B-spline function. B-spline curves

are composed from many polynomial pieces and are determined by the order m and

number of interior knotsN . The degree of the polynomial pieces ism−1. We start with

the definition of knots. Consider a sequence of N +2 real values points ti with

t0 ≤ t1 ≤ · · · ≤ tN+1. (2.1)

This sequence comes with two end points t0 and tN+1, the knots ti(1 ≤ i ≤ N ) are

called interior knots. The knots are said to be uniform if the knots are equally spaced,

5



otherwise they are non-uniform. Another popular method to choose knots is simply

using the quantile from the empirical distribution of the underlying variables. The

quantile knots sequence guarantee that an equal number of sample observations lie in

each interval while the intervals will have different lengths. Besides the knots in (2.1),

we define another knot set

tm−1 = · · · = t0 ≤ t1 ≤ · · · ≤ tN+1 = · · · = tN+m,

where we add m − 1 equal knots value at each end. Re-indexing the augmented knots

gives a sequence of ti for 0 ≤ i ≤N +2m− 1. Denote

t = {ti ,0 ≤ i ≤N +2m− 1}.

as the knot sequence. The components in t is termed by knot. We denote a set of

real-valued functions Bi,j for 0 ≤ j ≤ n(n being the degree of the B-spline basis) on the

knot sequence t as the ith B-spline basis function of order j. They can be computed

recursively as follows

Bi,0(x) =


1 if ti ≤ x ≤ ti+1

0 otherwise

and

Bi,j+1 = ai,j+1(x)Bi,j(x) + [1−αi+1,j+1(x)]Bi+1,j(x)

with

αi,j(x) =


x−ti
ti+j−ti if ti+j , ti

0 otherwise.

The linear combination of B-spline basis functions Bi,q(x) of degree q is called B-spline

function, i.e.

B(x) =
N+q∑
i=1

βiBi,q(x),x ∈ [t0, tN+1].

6



The first term B0,q is called ’intercept’ of the B-spline basis. The B-spline basis func-

tions can be generated using the recursive formula in R with spline library (R Core

Team, 2018).

A B-spline function B(x) has the following attracting properties (Patrikalakis

and Maekawa, 2002)

• Geometry invariance property: partition of unity property of the B-spline assures

the invariance of the shape of the B-spline curve under translation and rotation.

• Convex hull property: the convex hull property for B-splines applies locally so

that a span lies within the convex hull of the control points that affect it.

• Local support property: a single span of a B-spline function is controlled by N

control points, and any control pitons affect N spans.

2.1.2 Linear Model

Regression is a popular statistical method for modeling the response variable

as a function of a set of predictor variables Xi(1 ≤ i ≤ p) based on observations. Usually

the goal is to estimate the conditional mean of the response variable given a set of

values for the predictor variables x1, . . . ,xp. The predicted value of Y over the region of

interest is given as

Ŷ (x1, . . . ,xp) = E(Y |X1 = x1, . . . ,Xp = xp). (2.2)

The predicted value(or the conditional mean) is then used as the best guess for the true

underlying response value assuming that the observed response is generated from a

noisy model

Y = f (X1, . . . ,Xp) + ε, (2.3)

7



where f is usually a single valued function of p variables and ε is assumed as a nor-

mally distributed random variable with mean 0 and constant variance. In other words,

the conditional mean Ŷ (x1, . . . ,xp) in (2.2) can be regarded as estimate for f (x1, . . . ,xp).

The classical linear model expresses the Ŷ (x1, . . . ,xp) as a linear function of the

predictor variables, i.e.

Ŷ (x1, . . . ,xp) = α0 +
p∑

i=1

αixp, (2.4)

where the parameters αi(0 ≤ i ≤ p) are chosen to be those for which a defined loss

criterion is minimized. The most common used loss function is the Euclidean distance

between Y and Ŷ

L(αi ,0 ≤ i ≤ p) = E(Y − Ŷ )2. (2.5)

The estimates for (α0, . . . ,αp) that minimize (2.5) are called least squares estimates. And

the model (2.4) is termed ordinary least squares regression.

In practice, the error may not have a normal distribution. A commonly used

generalization is called generalized linear model which allows the response variables

have error distribution from other distributions. It has the form

E(Y |X1 = x1, . . . ,Xp = xp) = g−1
α0 +

p∑
i=1

αixp

 , (2.6)

where g is a real valued function(termed link function). g function describes how the

conditional mean depends on the linear predictor. To see this, we simply re-express

(2.6) as

g(E(Y |X1 = x1, . . . ,Xp = xp)) = α0 +
p∑

i=1

αixp.

Here we present examples of some classical link functions

• g(x) = x is the identify link, used for Gaussian response data.

• g(x) = log(x)− log(1− x) is the probit link, used for binary response data.

8



• g(x) = log(x) used for Poisson, negative binomial count data.

In model (2.6), the variance of Y is typically be a function V (·) that depends on the

conditional mean

var(Y ) = V

g−1
α0 +

p∑
i=1

αixp


 .

The generalized linear models contain the ordinary lease squares regression as a special

case. They often can be more flexible and accurate by capturing the dependence of the

different types of response variable, including binary and count response. For example,

a prediction model that predicts the probability of making yes/no choices(coded as

0/1) is not suitable to a ordinary least squares regression since under loss criterion

(2.5) the predicted value can be negative values or more than 1. Such a case can be

modeled as a logistic model where we use the link function g(x) = log(x)− log(1− x) in

(2.6).

In general, the response variable Y can be generated from a distribution in the

exponential family, which includes a wide variety of distributions such as normal, bi-

nomial, Poisson and gamma distribution. Unlike ordinary least squares regression, the

parameters in the linear combination are obtained via maximizing the log-likelihood

function. A simple algorithm using iterative reweighting scheme can be used for the

estimation of the parameter (Nelder and Wedderburn, 1972). The algorithm involves

repeatedly fitting a weighted linear regression of working response variable on the pre-

dictor variables, which in turn give s a new working response and weights. The process

is iterated until converges.

9



2.1.3 Nonparametric and Semiparametric Model

Nonparametric and semiparametric regression are the extension to the basic

linear model(for both ordinary least squares regression and generalized linear model).

Instead of modeling the conditional mean of the response variable as a linear combi-

nation of the predictor variables, nonparametric and semiparametric model response

variable as a function (or a function of linear combinations) of the predictor variables.

Nonparametric and semiparametric models can be expected to perform better than

linear models in those situations where there are substantial nonlinearities in the de-

pendence of the response on the predictor variables.

Nonparametric Model

The nature of parametric statistics is to reduce an unknown and potentially

complicated function down to a simple form with a small number of unknown param-

eters. The nonparametric approach, in contrast, is to make as few assumptions about

the regression function as possible. Consider a linear model with one predictor, the

model in (2.3) can be written as

Y =m(X) + ε, (2.7)

where m(·) is a smooth, unknown function. Nonparametric regression tries to estimate

the form (2.7) of the relationship between X and Y . The m(·) is not predetermined,

so it is appropriate for discovering the potential shape of m(·) and building prediction

models.

One approach to estimate model (2.7) is to use B-splines. Assume the support

of x is in the range of [a,b]. Let a = t0 < t1 < · · · < tN < b = tN+1 be a equally-spaced

partition of [a,b]. The f (·) can be approximated well by the linear combinations of

10



B-spline basis functions

f (x) ≈
N+q∑
i=1

βiBi,q(x),x ∈ [t0, tN+1]. (2.8)

Plugging (2.8) into model (2.7) gives

Y =
N+q∑
i=1

βiBi,q(X) + ε.

The solution for the βi is almost as easily obtained. It is accomplished by minimizing

the loss

L(βi ,1 ≤ i ≤N + q) = E(Y − Ŷ )2 = E

Y −
N+q∑
i=1

βiBi,q(X)


2

, (2.9)

which is in the form of ordinary lease squares regression.

Now, let us consider the case with more than one predictor. The multivariate

nonparametric regression is taken to be the form

Y =m(X1, . . . ,Xp) + ε,

where m is an unknown p-dimensional smooth function. A practical problem with

model (2.1.3) is that as the number of dimensions increases, the neighborhoods be-

come increasingly less local. For example, for one-dimensional data, we need 20% of

the points by moving 0.2 in this dimension. However, we may need to move 80% to

get 20% in ten dimensions. This is called the curse of dimensionality, which says that

estimation gets exponentially harder as the number of dimensions increases. Although

some techniques are developed, such as the thin-plate spline, multivariate tensor prod-

uct, they are useful for small and can be computationally intensive.

Alternatively, additive models are proposed with each separate nonparamet-

ric function for each predictor. Instead of considering a full p-dimensional function, it

has the form

Y = α +m1(X1) + · · ·+mp(Xp) + ε,

11



where mi(1 ≤ i ≤ p) are p single-valued smooth function. One needs to compute the

B-spline basis functions for each Xi and fit the model by least squares regression. An

algorithm called back-fitting algorithm is proposed as follows

• Provide initial values for the intercept α and all nonparametric functions mi . A

simple choice is to take the intercept as ȳ and mi by the ordinary least squares

regression

• Cycle through all the predictors. Fit a one-dimensional nonparametric regression

with response Y −α −
∑

i,jmi(Xi) on Xj .

• Repeat the cycle until all functions mi converge.

The backfitting algorithm can accommodate different nonparametric smoothers such

as spline, kernel in the exactly same way. Another method is to approximate each

function using a B-spline function, such that (Huang and Yang, 2004)

mj(x) =
N+q∑
i=1

βijBi,q,j(xj ).

The additive model can be reexpressed as

Y =
∑
j=1

N+q∑
i=1

βijBi,q,j(Xj ) + ε.

To estimate the parameters βij , we simply carry out a ordinary linear squares regres-

sion with Bi,q,j(Xj ) on Y . These nonparametric models can extend seamlessly to any

exponential family distribution, whether predicting a continuous response or binary

response. The estimating algorithm is simply extended to a weighted fashion as the

fitting of generalized linear model.
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Semiparametric Model

For nonparametric models, the functions mi can be estimated flexibly. Al-

though the functions can reveal the non-linear relationship between the response vari-

able and each predictor variable, not all the functions need to be nonlinear in the

defined model. We can mix the linear relations or other parametric forms with the

nonlinear terms. One example would be the partially linear model which has the form

Y =
p∑

i=1

αiXi + f (Z), (2.10)

where the Xi(1 ≤ i ≤ p) are a set of predictor variables to be modeled linearly and

the predictor Z is modeled nonparametrically. Moreover, the nonlinear terms are not

restricted to specific variables. One can model nonlinear terms in more than one pre-

dictor variables, or, when Xi is qualitative variable, separate non-linear functions in Xi

for each level.

In model (2.10), the linear combination of the predictor variable behave sim-

ilar to the linear model, and the conditional expectation depends on variable Z non-

parametrically. Such a model is called the semiparametric model since it has both

parametric and nonparametric components. In general, a semiparametric model is

considered to be smaller than a completely nonparametric model because it is inter-

ested in the finite dimensions of the predictor variable. By contrast, in nonparametric

models, the primary interest is in estimating the infinite-dimensional parameter. Thus

the estimation task is statistically more laborious in nonparametric models, especially

when the number of the predictor variable is large. As we discussed, this leads to the

curve of dimensionality.

One commonly used semiparametric model is called single index model. The
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conditional mean has the form

E

Y | p∑
i=1

αiXi

 =m

 p∑
i=1

αiXi

 , (2.11)

m(·) is unknown single-valued function. Single index models are natural extension

of linear models and very general. The single index models generate a surprisingly

large class of models. For instant, linear model and generalized linear models are all

special cases of the single index model(when m(·) is known). The parametric compo-

nents,
∑

i=1αiXi , is usually termed index variable. If we defined a derived variable

η =
∑p

i=1αiXi , η is then the projection of all predictor variable Xi onto to the vector

(α1, . . . ,αp). Therefore, such a model is also called projection pursuit model. The single

index models are very flexible in modeling and offer a similar interpretation as linear

models. They overcome the curve of dimensionality and are becoming more and more

popular in many scientific fields.

However, the estimation of the parameters in the single index model is non-

trivial. Sincem(·) is an unknown function, the parameters αi(1 ≤ i ≤ p) is not identified

without any constraint. The common assumptions on the parameters are the l2 norm

of the vector (α1, . . . ,αp) is 1 and at least one of the coordinates to be non-zero. One can

fit a single index model in an iterative fashion.

• Given the derived variable η, the model (2.11) becomes a univariate nonparamet-

ric model. The unknown function m(·) can be estimated via a one-dimensional

smoothing procedure.

• Given the function m(·), a Newton method is used for estimating αi , it can be

simply derived by expanding m(
∑p

i=1αiXi) =m(η) at current estimates of ηoldas

m(η) ≈m(ηold) +m′(ηold)(η − ηold). (2.12)
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Since η is a parametric component, to update the estimates of αi , one need to

carry out a ordinary least squares regression.

The above two steps are iterated until converges. The B-spline is convenient for this

algorithm since the derivative of B-spline function can be represented by the linear

combinations of lower order B-spline basis functions. The parameters αi is usually

readjusted in each step so that producing an identifiable estimator.

The single index model can be extended to a multiple index model. The con-

ditional mean is not only depends one linear combination, but through
∑p

i=1αijXi , for

1 ≤ j ≤M:

E

Y | p∑
i=1

αijXi

 =m

 p∑
i=1

αi1Xi , . . . ,

p∑
i=1

αiMXi

 . (2.13)

The idea is to extract linear combinations of the predictor variables as derived predic-

tor and then model the conditional mean as a multivariate nonparametric function of

those derives predictor. One method is to estimate the parameters is to use dimen-

sion reduction methods, such as sliced inverse regression (Li, 1991) and its variations

(Cook and Weisberg, 1991; Lin et al., 2016). However, these methods work well only

when m(·) has certain trends such as linear or quadratic. One alternative approach is

to model the m(·) in (2.13) in an additive form

E

Y | p∑
i=1

αijXi

 =m1

 p∑
i=1

αi1Xi

+ · · ·+mM

 p∑
i=1

αiMXi

 . (2.14)

The estimation is accomplished using similar strategy as single index model, where we

can approximate each function using a B-spline function. This model is very powerful

in predicting the response variable since whenM is large, this model can approximate

nearly any continuous function. However, the results is not easy to interpret. All the

predictor variable are included in the model in a multi-faced way. In practice, the
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number of linear combinations is estimated using model selection techniques such as

forward search or simply use information criterion.

Other Models

Other examples of nonparametric and semiparametric models using B-spline

estimation are the following

• A heteroscedastic model in (Wang and Yang, 2009)

Y =m
(∑p

i=1
αiXi

)
+ σ

(∑p

i=1
αiXi

)
ε,

where

m
(∑p

i=1
αiXi

)
= E (Y |Xi ,1 ≤ i ≤ p) .

• A partially linear single index model for two sets of predictor variable Xi ,Zi(1 ≤

i ≤ p)(Ma et al., 2014a)

E(Y |Xi ,Zi ,1 ≤ i ≤ p) =m
(∑p

i=1
αiXi

)
+

p∑
i=1

βiZi . (2.15)

This is a general form of the single index model.

• A varying index coefficient model(Ma and Song, 2015a)

Y =
p∑

i=1

mi

(∑p

j=1
αjZk

)
Xi + ε.

The coefficients of the linear combinations of Xi form a semiparametric model.

• A local-scale model (Ma et al., 2014b)

Y =m(X1, . . . ,Xp,Z1, . . . ,Zq) + σ (X1, . . . ,Xp,Z1, . . . ,Zq)ε,

where Z1, . . . ,Zq are q categorical predictors, X1, . . . ,Xp are p continuous predic-

tors. This is an example of multivariate nonparametric regression model which

is estimated via tensor-product B-spline.
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2.1.4 Discussion

Parametric regressionmodels(linearmodel, generalized linearmodel) are based

on a strong assumption that a pre-determined form determines the conditional mean.

In contrast, nonparametric models, nonparametric regression impose less stringent as-

sumptions on the regression functions, thus more flexible and has been adopted in a

wide range of scenarios. B-spline can be applied to all those above nonparametric and

semiparametric models. Comparing to other nonparametric methods, for instance, the

common kernel smoothing method, the biggest advantage of spline smoothing is its

simplicity(easy to implement) and fast computation. Intensive simulations conducted

in the literature suggest that the spline estimator is very stable and can successfully de-

tect and capture the highly nonlinear relationship between the response and predictor

variables.

2.2 High-dimensional Regression

Assume that the response variable and predictor variables have been cen-

tered. That means all variables have mean zero and the intercept term is not included.

We consider the following linear regression model as we discussed in Section 2.1

Y =
p∑

j=1

βjXj + ε,

where ε is a random variable following normal distribution with mean 0 and constant

variance, βj(0 ≤ j ≤ p) are some coefficients and Xj(1 ≤ j ≤ p) are p predictor variables.

Suppose we are given n responsemeasurements yi(1 ≤ i ≤ n) and corresponding predic-

tor measurements xi = (x1, . . . ,xp)>. To ease the explanation, we denote x = (x1, . . . ,xn) as

the design matrix in Rn×p and β = (β1, . . . ,βp)> as coefficients of the linear combination.
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We pick the coefficients β to minimize the l2 loss criterion

L(β) =
n∑
i=1

(yi − x>i β)
2 = ‖y − x>β‖.

The solution of β is given in a unique closed-form

β̂ = (x>x)−1x>y.

For the linear regression model, even the assumptions for ε are met in practice, one

still can argue that there are some drawbacks for the linear model. First, the linear

regression produces unbiased estimator, that means the expected value of the estimates

of the coefficients is the same as its true value. However, the estimates usually have

high variance. The expected test error is a combination of bias and variance. The mean

squared error of the estimator β̂ in estimating β is

MSE(β̂) = V ar(β̂) + (E(β̂)− β)2.

The first term is the variance, while the second term is the squared bias. By the famous

Gauss-Markov theorem, the least squares estimator has the smallest mean squared er-

ror among all the unbiased linear estimators. However, there may exist a biased es-

timator with a smaller mean squared error. In other words, the prediction accuracy

of y can sometimes be improved by sacrificing some small amount of bias in order to

decrease the variance. Second, linear regression assigns a coefficient to each predictor

variable. When the dimension p is small, the estimates are easy to obtain and inter-

pret. However, in high-dimensional problems, the number of predictors may exceed

the number of observations n. In such a case, the solution for ordinary least squares

regression is not well defined, since when p > n, the matrix x cannot have linearly

independent columns, and x>x is not invertible.
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The remedy for high-dimensional cases is to use penalized regression. Two

popular penalized regression methods are ridge and lasso regression. They both shrink

the regression coefficients β towards zero. However, Lasso can exclude superfluous

predictors by shrinking their coefficients to exactly zero (Menelaos et al., 2015). In

other words, we ignore irrelevant predictors or small details to get a more stable pre-

diction.

2.2.1 Penalized Regression

In this subsection, we briefly review some penalized methods in linear re-

gression settings. In general, the penalized regression can be expressed in a unified

framework, which is to minimize the following loss

L(β) =
n∑
i=1

(yi − x>i β)
2 +λ

p∑
j=1

p(βj ), (2.16)

where p(·) is a penalty function on the regression coefficient βi and λ is a tunning

parameter that controls the strength of the penalty function. Note that when λ = 0, this

model reduces to ordinary lease squares regression. This form can also be extended to

generalized linear model. One simply need to replace the loss function by the negative

log-likelihood function. The result estimates is also called penalized MLE.

Ridge Regression

Ridge regression (Hoerl and Kennard, 1970) is defined by minimizing

n∑
i=1

(yi − x>i β)
2 +λ

p∑
j=1

β2j .

When λ =∞, β̂ = 0 which means all coefficients are shrined to 0. For ridge regression,

we seek the trade off between bias and variance: the bias increases as λ increases but

19



the variance decreases as λ increases. The ridge regression solutions are given by

β̂ = (x>x+λI)−1x>y,

where I is a p × p identity matrix. The solution is also is linear function of response

variable y. The term λ is added to the diagonal of x>x so that the solution is well

defined even when x>x is not full rank. That is the reason why the ridge was first

proposed to deal with issues of multicollinearity.

Lasso

Lasso regression (Tibshirani, 1996) tries to minimize the following loss

n∑
i=1

(yi − x>i β)
2 +λ

p∑
j=1

|βj |.

The difference between ridge and lasso is the penalty function. The former uses a l2

penalty and the later uses l1 penalty. Their solutions behave differently: the nature

of l1 penalty is to shrink coefficients to zero exactly. So that the lasso regression can

perform variable selection. As the tuning parameter increases, more coefficients are

shrunken to zero. Many researchers have studied the property of lasso and argued that

it can recover the correct model, but the estimator of those non-zero components is

biased. This bias does not go away as the sample size increased. Thus the estimator is

not consistent. One approach for reducing the bias is to employ a two-stage method:

at first, stage, identify the set of non-zero components; at the second stage, re-fit a

restricted ordinary least squares regression on those selected components.

SCAD

Fan and Li (2001) modified the lasso penalty function so that the larger coeffi-

cients are shrunken less that lasso. The penalty function is called the smoothly clipped
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absolute deviation(termed SCAD)

pγ (t,λ) = λ

∫ t

0
min{1, (γ − x/λ)+/(γ − 1)}dx,

for some γ ≥ 2,λ ≥ 0. Or equivalent, it can be written as

pγ (t,λ) =



λt if t ≤ λ

γλt−t2/2−λ2/2
γ−1 if λ < β ≤ γλ

λ2(γ2−1)
2(γ−1) if β > γλ

(2.17)

As γ increases, the amount of shrinkage in the lasso for large coefficient decreases. The

solutions are obtained by minimizing

n∑
i=1

(yi − x>i β)
2 +

p∑
j=1

pγ (βj ,λ).

SCAD produces an unbiased estimator with oracle properties such that it asymptoti-

cally normally distributed. However, SCAD is non-convex, which makes the computa-

tion more difficult and less efficient than lasso.

MCP

Another non-convex penalty, minimax concave penalty (MCP), is introduced

by Zhang (2010). It has the form

pγ (t,λ) = λ

∫ t

0
(1− x/(γλ))+dx,

for some γ > 1. Or equivalent, it can be written as

pγ (t,λ) =


λt − t2

2γ if t ≤ γλ

γλ2/2 if t > γλ

.

The MCP penalty works very similar to SCAD. They both begin by applying the same

rate of penalization as the lasso, but continuously relaxes that penalization until the
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rate of penalization drops to when t > γλ. However, MCP relaxes the penalization rate

immediately while with SCAD the rate remains flat for a while before decreasing.

As pointed out by Zhang (2010), the MCP and SCAD belong to the family of

quadratic spline penalties with the sparsity and continuity properties. However, MCP

is the simplest penalty that produces an estimator for β that is nearly unbias, sparse

and continuous.

Elastic Net

Hui and Trevor (2005) designed elastic net to overcome some limitations of

lasso regression. The elastic net regularization is a combination of lasso and ridge. The

loss criterion is
n∑
i=1

(yi − x>i β)
2 +λ1

p∑
j=1

|βj |+λ2

p∑
j=1

β2j ,

where λ1 and λ2 are two tunning parameters. The l2 penalty term makes the loss func-

tion strictly convex(when λ2 > 0) and thus it has a unique minimum. Elastic net in-

cludes lasso when λ1 = 0 or ridge regression when λ2 = 0. Another re-parameterization

of the elastic net is to express the two tuning parameters in terms of a single parameter

that control the strength of regularization and another parameter controls the balance

between lasso and ridge penalties. Then the loss can be reexpressed as

n∑
i=1

(yi − x>i β)
2 +αλ

p∑
j=1

|βj |+ (1−α)λ
p∑

j=1

β2j .

The advantage of elastic net is its ability to select correlated predictors. The elastic net

splits the estimated signal between the correlated predictors which offers a reasonable

compromise.

The idea that adding a ridge penalty to the lasso penalty can be applied to

non-convex penalties such as MCP and SCAD. For example, Huang et al. (2016) studies
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the combination of MCP and ridge, called Mnet. The loss is given as

n∑
i=1

(yi − x>i β)
2 +

p∑
j=1

pγ (βj ,λ1) +λ2

p∑
j=1

β2j ,

where pγ (·,λ1) is the MCP penalty with tunning parameter λ1.

Group Lasso

Aforementioned regularization methods tend to select the non-zero compo-

nents from the all the predictors. However, in some problems, the predictors belong

to pre-defined groups. It is desirable to select the groups instead of single predictors

alone. Yuan and Lin (2007) proposed the group lasso to achieve this. Assume that the

predictors Xi(1 ≤ i ≤ p) are divided intoG groups with pg predictors in the group g. We

denote Xg as the predictors corresponding to the gth group. The group lasso minimize

n∑
i=1

yi − G∑
g=1

Xgβg


2

+λ
G∑
g=1

√
pgβ

2
g ,

where the √pg terms accounts for the varying group size. The group lasso is a lasso

regression on a group level. An entire group of predictors is either selected or dropped

out of the model. If the group size pg = 1, it reduces to the lasso. The group lasso

produces sparsity between groups but not within groups. In other words, if a group is

selected into the model, all the coefficients of the predictors in that group are set to be

non-zero. Simon et al. (2013) consider a method called ”sparse-group lasso” that yields

sparsity within each group. It minimizes

n∑
i=1

yi − G∑
g=1

Xgβg


2

+ (1−α)λ
G∑
g=1

√
pgβ

2
g +αλ

p∑
j=1

|βj |.

The penalty is a combination of group lasso penalty and lasso penalty. The lasso

penalty term controls the sparsity level of all the coefficients. The group variable selec-

tion can also be obtained via other penalties such as SCAD(Zeng and Xie, 2014). More

group selection methods can be found in Huang et al. (2012a).
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2.2.2 Coordinate Descent Algorithm

The widely used algorithm for computing regularized regression is coordinate

descent algorithm. This algorithm minimize the loss function with respect to a single

coefficient at a time then iteratively cycling through all the coefficients until converge.

We only summarize the algorithm for lasso regression, other applications can be found

in Breheny and Huang (2011, 2015); Friedman et al. (2008, 2010). Denote the current

estimate for βk as β
old
k . We write the loss function as

Q(βj ) =
1
2

n∑
i=1

(yi −
∑
k,j

xikβ
old
k − xijβj ) +λ

∑
k,j

|βoldk |+λ|βj |,

where the factor 1/2 is just for convenience. This can be views as a univariate lasso

regression with the partial residual yi −
∑

k,j xikβ
old
k as the working response variable.

A closed form solution exists when βoldj , 0 which is

βnewj = S(
n∑
i=1

xij(yi −
∑
k,j

xikβ
old
k ),λ),

where S(·,λ) is called soft-thresholding operator with value

S(t,λ) =



t −λ: if t > 0, |t| > λ

t +λ: if t < 0, |t| > λ

0 : if |t| ≤ λ

.

This algorithm can be implemented in a path-wise fashion. For a grid of values of

tunning parameter λ. One can start with the smallest λ such that all coefficients are

shrunken to zero. Then decrease λ and cycle through the all coefficients. In next

step, decrease λ again and use the previous solution as the initial value(also called

”warm start”). The coordinate descent algorithm is shown to be very fast and efficient

to compute a solution path over a grid λ values, which outperforms LARS (Efron et al.,

2004) for lasso or linear approximation for SCAD (Fan and Li, 2001) in larger problem.
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R package glmnet implements the coordinate algorithm for lasso, ridge, and

elastic net for generalized regularized regression models. While ncvreg implements

for SCAD, MCP, and Mnet. Another package picaao(Ge et al., 2017) provides a unified

framework of path-wise coordinate optimization for both convex l1 penalty and non-

convex penalties MCP, SCAD.

2.2.3 Penalty Parameter Selection

A practical problem for the regularized method is how to choose the opti-

mal tuning parameter λ. A general approach for tuning parameter selection is cross-

validation (Stone, 1974). It is a pure data-driven method that does not require estimat-

ing the variance or degrees of freedom. The idea is to divide the data into K fold. Part

of the data is used to fit the model hile the other parts are set to be a validation set. The

prediction error is estimated based on the validation set and used to assess the perfor-

mance of the model. For example, if K fold is used, we fit the model with the last k − 1

parts of the data and calculate the prediction error when predicting the first part of the

data. In general, we map observations index {1, . . . ,n} to the set {1, . . . ,K}, which forms a

randomized partition of the sample. Denote the ŷ−k(λ) be the fitted response variable

given a tunning parameter λ, computed when the kth part of the data removed. Under

some loss criterion l(Y , Ŷ ), the cross-validation estimate of the prediction error for the

kth part is given by

Ek(λ) =
∑

i∈kth part

l(yi , ŷ
−k
i (λ)).

So that the cross-validation error is

CV (λ) =
1
K

K∑
k=1

Ek(λ).
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We choose the tuning parameter that minimizes CV (Ŷ ,λ) as the optimal one. K = 5

and K = 10 is usually used in practice as a good compromise for bias and variance.

Leave-one-out cross-validation refers to the case that K equals to the sample size n.

The CV (λ) is approximately unbiased for the expected prediction error, but it may

suffer from high variance and require intensive computation.

Alternatively, one can use information criteria including Akaike information

criterion (AIC) (Akaike, 1973) and Bayes information criterion (BIC) (Schwarz, 1978).

Nishii (1984) consider a generalized information criterion that has the form

measure of model fitting+ an × measure of model complexity,

an is some positive sequence that depends on sample size n. This generalized form

can be view as a regularization problem with ”loss+penalty”. The an works like the

parameter λ in regularzied regression that controls the strength of the penalty, in this

case, on model complexity.

AIC has the form AIC = −2 · loglik + 2 · d, where loglik is the log-likelihood

function, d is the number of parameters in the model. Here we use ”log-likelihood”

since it can be applied to response variables other than Gaussian. Shao (1997) argue

that AIC may fails to identify the correct because of over-fitting. Another popular

criterion is BIC BIC = −2 · loglik+ log(n) ·d. The difference between AIC and BIC is the

choice of an. The former choose a constant and the later is a data-driven function. It is

known that the BIC can identify the true model consistently in linear regression with

fixed dimensions.

Other related information criteria can be found in Wang et al. (2009) and Fan

and Tang (2013).
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Chapter 3

Nonparametric Regularized

Regression for Phenotype

Associated Taxa Selection and

Dynamic Network Construction

In this chapter, we present a nonparametric regularized regression method to

construct taxa association networks under different clinical conditions. The content of

this chapter is primarily contained in Guo et al. (2016).

3.1 Introduction

The microbiota lives and interact with a host, and provide a wide range of

metabolic functions. In the human body, the change of microbial community structure

may affect our health and cause disease. The interactions among disease-associated
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taxa play critical roles in determining metabolic functions. Hence, identifying disease-

associated taxa and exploring or predicting interactive network structures for disease-

associated taxa are essential parts of studies in metagenomic research. To identify

abundant features, two popular statistical approaches are usually considered, includ-

ing statistical testing (White et al., 2009; Alekseyenko et al., 2013; Schloss PD, 2005;

Singleton et al., 2001) and sparse learning. Relevant examples of the latter include the

regularized multinomial logistic regression model (Tanaseichuk et al., 2013) and the

sparse weighted distance learning method (Liu et al., 2011).

One popularmethod for constructing taxa association networks is to use graph-

ical models. In the network graph, each vertex represents a taxon and two vertices are

connected if the two taxa are partially correlated. One of the most commonly used

graphical models is the Gaussian graphical model (Krämer et al., 2009), which is ap-

plied to continuous data by assuming that the data come from a multivariate Gaussian

distribution. Besides the Gaussian graphical model, some other models are also de-

veloped for specific data types. For example, the local Poisson graphical model was

proposed to deal with sequencing data (Allen and Liu, 2013) and a generalized linear

model was used to fit the discrete gene expression data (Zhang andMallick, 2013). One

appealing feature of using the Gaussian graphical model is that the construction of the

association networks can be explored by estimating coefficients in a linear regression

model; i.e, a regularized regression model can be established by using one gene as

the response and other genes as the predictors. Meinshausen and Bühlmann (2006)

proposed a neighborhood selection method with l1 penalty, which is computationally

fast in the high-dimensional setting. For the Gaussian graphical model, the inverse of

the covariance matrix can be used to represent the graphical structure where the esti-

mation is achieved via maximizing the regularized log-likelihood function (Yuan and
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Lin, 2007). Friedman et al. (2008) developed the graphical lasso algorithm through

coordinate descent to estimate the sparse inverse covariance matrix.

In practice, the relationship between taxa may change under different clinical

conditions. Determining the network structure under environmental changes is a big

challenge. Recently, Liu et al. (2015) developed a multi-level graphical model for the

construction of the association network, which can build the network and select dif-

ferentiated taxon under different clinical conditions simultaneously. The clinical con-

ditions are coded as a binary dummy variable. However, in many studies, the clinical

conditions are continuously measured.

In this paper, we propose a nonparametric regression method by letting the

parameters be unknown functions of the phenotypic variable, which is used to rep-

resent the clinical conditions so that the network structure or relative abundance is

allowed to change under different conditions. Regression splines are employed for es-

timation of the unknown functions. For network construction, we also use regularized

regression. Instead of the l1 penalty, we choose to use the concave penalties including

the smoothly clipped absolute deviation penalty (SCAD) (Fan and Li, 2001) and the

minimax concave penalty (MCP) (Zhang, 2010) for the purpose of reducing estimation

bias. Group SCAD and group MCP (Huang et al., 2012b) are, therefore, applied to the

spline coefficients. A group descent algorithm is developed for fast and efficient com-

putation. After gene selection, we propose a simultaneous confidence band for testing

the shape of each unknown function to further explore the dynamic structure chang-

ing with the environmental conditions that the association network can have and for

performing disease associated taxa selection. We demonstrate that the proposed meth-

ods can successfully identify the biological important taxa and the dynamic network

structure associated with the disease through simulation studies and a real metage-
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nomic count data.

The rest is organized as follows. The model, estimation methods, and com-

putational algorithm are presented in Section 3.2. Our statistical inference procedure

is presented in Section 3.2.4. Numerical simulations for different models and a real

data analysis are given in Section 3.3. Some concluding remarks are demonstrated in

Section 3.4.

3.2 Graphical Model

Our goal is to identify phenotype associated taxa and construct the dynamic

network structure of those species given different measured values of the phenotype.

We need to model the relationship between a set of phenotype variables and a set of

predictor variables. For each sample(predictor variable), we have multiple metage-

nomic count features including the number of 16S rRNA clones assigned to a specific

taxon, or the number of shotgun reads mapped to a specific biological pathway or sub-

system. Before we proceed, we introduce some notations for our data structure. Let

Y be the phenotype variable and yi(1 ≤ i ≤ n) be it’s realized value. xij represents the

total number of reads of feature j in sample i for 1 ≤ i ≤ n and 1 ≤ j ≤ p. Using matrix

notations gives the data structure

X =



x11 x12 · · · x1p

x21 x22 · · · x2p

...
...

. . .
...

xn1 xn2 · · · xnp


, and y =



y1

y2

...

yn


.

Wedenote the row vector as xi = (xi1, . . . ,xip)T thenX can be represented asX= (x1, . . . ,xn)
>.

To adjust for the read-depth differences in sequencing, the metagenomic count matrix
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X is first transformed into a proportion matrix P = [pij ], where pij = xij /(
∑

j xij ) and

thus
∑

j pij = 1. To overcome variance heterogeneity with compositional data, the pro-

portion matrix P is then converted into a normally distributed matrix Z = (z1, . . . ,zn)>,

where zi = (zi1, . . . , zip)> with the arcsine or log-ratio transformation. We take zij =

2arcsin(√pij ) for the arcsine transformation. For the log-ratio transformation, there

may be zeros in the proportion matrix. Thus, we first replace

pij =


δij if pij = 0

(1−
∑

j ′ |pij′=0 δij ′ )pij if pij > 0

,

where δij is a small imputed value for pij and the log-ratio transformation yields Z =

[zij ]n×p, where zij = log(pij /pip). The same data transformation strategy is considered

in Liu et al. (2011) and Liu et al. (2015).

Given normalized Z and the phenotype y, the task is to identify taxa and

network structure of taxa given different values of the phenotype. The association

network is constructed via the Gaussian graphical model. In this section, we present a

nonparametric version of the Gaussian graphical model to estimate dynamic network

structure as well as the estimation methods.

3.2.1 Gaussian Graphical Model

In mathematics, a graph consists of a set of vertices, along with a set of edges

connecting some pairs of the vertices. In graphical models, each vertex represents a

random variable, and the graph gives a visual way of understanding the joint distribu-

tion of the entire set of random variable. When all variables are continuous, the most

commonly used graphical model is the Gaussian graphical model. The variables have

a multivariate Gaussian distribution. In our study, we assume that given Y = y, the
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p-dimensional random vector Z follows a multivariate normal distribution such that

Z |Y=y ∼N (µ(y),Σ(y)),

with µ(y) = (µ1, . . . ,µp) as the conditional mean and Σ(y) as the variance of variable Z .

The key difference between this model and the traditional Gaussian graphical is that

the mean vector and covariance matrix are functions of the variable y. The advan-

tages of using Gaussian distribution are that all the conditional distributions are also

following a Gaussian distribution. The inverse covariance matrix Σ−1(y) contains the

information about the conditional covariances between variables. Such covariances

represent the covariance between two variables conditioned on the remaining vari-

ables. In other words, if the ijth element in the inverse covariance matrix is 0, then

variable j and j ′ are conditionally independent given variables other than i, j. By say-

ing that, the inverse covariance matrix determines the network work structure. Then

we express this idea mathematically.

For an arbitrary subset S ∈{1, . . . ,p}, denote ZS as the subvector of Z cor-

responding to S . Given Y = y, we assume that Σ(y) is nonsingular so that inverse

matrix does exist and denote K(y) = Σ−1(y). Lauritzen (1996) establish that for any

j , j ′ ∈ {1, . . . ,p}, such that Zj is independent of Zj ′ given Z {1,...,p}/{j,j ′} if and only if

Kjj ′ (y) = 0. Hence, the conditional independence structure can be represented by a

graphical model. An undirected graph G = (Γ ,E) consists of the p-nodes set Γ and

edges set E. For Gaussian graphical models, the pair (j, j ′) is not contained in the edge

set if and only if Kjj ′ (y) = 0 for any y ∈ D, where D is the domain of Y . Without loss of

generality, y falls into a closed interval D = [a,b]. By examining the conditional distri-

bution of one single variable versus the rest, we can obtain the dependence structure
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via multiple linear regression. To see this, for each node i ∈ Γ , define

θj(y) = {θj
j ′ (y), j , j

′}> = argminθ∈Rp−1E(Zj −θ>Z−j |Y = y)2, (3.1)

where Z−j p − 1 vector that does contain variable Zj , Z−j = (Zi , i , j)>. θj(y) is the

regression coefficient of the population linear regression of Zj on Z−j . One can show

that the solution of (3.1) is given by θ
j
j ′ (y) = −Kjj ′ (y)/Kjj(y), so that equivalently, for

any given y ∈ D,

θ
j
j ′ (y) = 0 if and only if Kjj ′ (y) = 0.

We define the set of neighbors of a node i ∈ Γ as

nej = {j ∈ Γ : θj
j ′ (y) , 0 for some y}.

Thus, to identify the association among taxa, we need to select variables from the

neighbors of a node. Also, studying the change of µ(y) can be used to identify dif-

ferentiated features under different conditions.

3.2.2 Estimation via Regression Spline

In this subsection, attention is focused on the estimation of the inverse co-

variance matrix K(y) and the mean vector µ(y). We assume that θj
j ′ (y) and µj(y) are

smooth functions of y for j = 1, . . . ,p, and approximate each θ
j
j ′ (·) and µj(y) by using

B-spline basis functions. Let a = t0 < t1 < · · · < tNn
< b = tNn+1 be a partition of [a,b]

satisfying max0≤k≤N |tk+1 − tk |/min0≤k≤N |tk+1 − tk | ≤M for some constant M > 0, where

Nn increases with the sample size n. Let B(y) = {Bk(y) : 1 ≤ k ≤ Jn}T be the qth order

B-spline basis functions given on page 87 of de Boor (2001), where Jn = Nn + q. First,

we consider the estimation of θj
j ′ (·). By the result in de Boor (2001), each function θ

j
j ′ (·)

can be approximated well by a spline function such that

θ
j
j ′ (y) ≈ B(y)T ηj

j ′ for some ηj
j ′ ∈ R

Jn .
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Let zi,−j = {zij ′ , j ′ , j}T and w
j
i = zi,−j ⊗ B(yi), where ⊗ denotes the kronecker product

of two matrices. For any vector a, denote ||a|| as its L2 norm. The estimator of ηj =

{(ηj
j ′ )

T , j ′ , j}T can be obtained by minimizing

Q(ηj ) =2−1
n∑
i=1

(zij −
∑
j ′,j

zij ′B(yi)
T η

j
j ′ )

2 +n
∑
j ′,j

p(||ηj
j ′ ||,λ)

=2−1
n∑
i=1

(zij − (ηj )Twj
i )
2 +n

∑
j ′,j

p(||ηj
j ′ ||,λ)

=2−1||Z j −W jηj ||2 +n
∑
j ′,j

pλ(||η
j
j ′ ||),

(3.2)

where Z j = (z1j , . . . , znj )T , W
j = [(wj

1)
T , . . . , (wj

n)T ]T and pλ(·) is a concave penalty func-

tion with a tuning parameter λ that controls the sparsity levels. Then the resulting

estimator is

η̂j = argminηj∈R(p−1)JnQ(ηj ). (3.3)

(3.2) forms a group regularization problem. This procedure acts like the regularized

regression problems at the group level: depending on λ, an entire group of spline

coefficients that determines the dependence between two variables may drop out of the

model. Note that this procedure does not produce sparsity within a group. That is, if a

group of spline coefficients is non-zero, they will all be non-zero. The most commonly

used penalty function is `1 penalty which is also called Lasso. However, Lasso produces

biased estimator when p is large and the bias doesn’t go away as sample size goes to

infinite. Other penalties are proposed, such as concave penalties SCAD and MCP. They

enjoy the sparsity as the `1 penalty that it can automatically set the small estimated

parameters to zero. More importantly, it has an unbiased property where it does not

shrink large estimated parameters (Fan and Li, 2001). The MCP has the form

pλ(t) = λ

∫ t

0
(1− x/(γλ))+dx, (3.4)
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for some γ > 1 and the SCAD penalty is given as

pλ(t) = λ

∫ t

0
min{1, (γ − x/λ)+/(γ − 1)}dx, (3.5)

for some γ > 2.

Similarly, each smooth mean function µj(y) can be approximated by µj(y) ≈

B(y)Tαj , for some unknown B-splines coefficients αj ∈ RJn . We minimize

S = ||Z j −B(y)Tαj ||2 (3.6)

for j = 1, . . . ,p. Note that the estimator of αj has an explicit solution which is

α̂j = [B(y)B(y)T ]−1B(y)Z j . (3.7)

Therefore, given α̂j , the estimated value of the mean function µj(·) at a given point

y0 ∈ [a,b] is given by

µ̂j(y0) = B(y0)
T α̂j = B(y0)

T [B(y)B(y)T ]−1B(y)Z j . (3.8)

3.2.3 Implementation

One way to obtain the minimizer of the objective functionQ(ηj ) given in (3.2)

is using the Newton-Raphson algorithm. At each step, the concave penalty function

can be locally approximated by a quadratic function as (Fan and Li, 2001)

pλ(||η
j
j ′ ||) ≈ pλ(||η

j0
j ′ ||) + 2−1p′λ(||η

j0
j ′ ||){||η

j
j ′ ||

2 − ||ηj0
j ′ ||

2}/ ||ηj0
j ′ ||, (3.9)

where ηj0
j ′ is the current estimate of ηj

j ′ . Thus,

Q(ηj ) ≈ 2−1||Z j −W jηj ||2 +n
∑
j ′,j

2−1{p′λ(||η
j0
j ′ ||)/ ||η

j0
j ′ ||}||η

j
j ′ ||

2 +C, (3.10)

where C is a constant independent of ηj . By minimizing the above equation, we update

the solution

ηj = {(W j )TW j +nΩλ(η
j0)}−1(W j )TZ j , (3.11)
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where Ωλ(ηj0) =diag{p′λ(||η
j0
j ′ ||)/ ||η

j0
j ′ ||, j

′ , j}. The above algorithm is the same as com-

puting the ridge regression iteratively until convergence. We set ηj
j ′ = 0 if ||ηj0

j ′ || < ε for

some small thresholding value ε. After the selection of non-zero ηj , we can refit the

model with ordinary linear regression by using those non-zero ηj ’s to increase accu-

racy. Let η̂j
j ′ be the resulting estimate. Then the estimate of θj

j ′ (y) at y is obtained by

θ̂
j
j ′ (y) = B(y)T η̂j

j ′ .

The quadratic approximation presented above is inefficient for large-scale

models. Thus, for the high-dimensional data, we apply the group descent algorithm

in Breheny and Huang (2015) which is efficient and can improve computational speed.

The algorithm is as follows

Group descent algorithm

1. For j ′ , j, let

mj ′ = (W j
j ′ )

T r +η
j
j ′

(ηj
j ′ )

update = G(||mj ′ ||,λj ′ ,γ)
mj ′

||mj ′ ||

rupdate = r − (W j
j ′ )

T ((ηj
j ′ )

update −ηj
j ′ )

2. Repeat Step 1 until r converges.

In the above algorithm, for SCAD penalty,

G(x,λ,γ) =



ST (x,λ) if |x| ≤ 2λ

ST (x,γλ/(γ−1))
1−1/(γ−1) if 2λ < |x| ≤ γλ

||x|| if |x| > γλ

,

for MCP penalty,

G(x,λ,γ) =


ST (x,λ)
1−1/γ if |x| ≤ γλ

x if |x| > γλ

,
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where

ST (x,λ) =



x −λ if x > λ

0 if |x| ≤ λ

x+λ if x < −λ

,

is called soft-thresholding operator (Donoho and Johnstone, 1994).

3.2.4 Simultaneous Confidence Band

In addition to obtaining the estimators, the construction of simultaneous con-

fidence bands for the coefficient functions is also very important, which allows us

to make inference for the shape of the function. In this work, we propose a boot-

strape simultaneous confidence band to test whether coefficient functions are zero or

not. Our approach is based on resampling from residual terms, where the confidence

bands are constructed by using wild bootstrapped samples. In the following, we de-

fine ε̂ij = zij − ẑij for a fixed j and 1 ≤ i ≤ n, where ẑij is the fitted value of obtained

from (3.8) or in Sec 3.2.3. The regular residual bootstrap method requires that the er-

ror terms are independent and identically distributed, which is almost impossible in

practice. We thus apply the wild bootstrap method (Hardle and Mammen, 1993). The

b-th bootstrapped samples are zij,b = ẑij + vi,bε̂ij for 1 ≤ i ≤ n, where {vi,b}1≤i≤n are i.i.d

samples that have the following two point distribution

vi,b =


(1−
√
5)/2 with probability (5 +

√
5)/10

(1+
√
5)/2 with probability (5−

√
5)/10

.

Repeat the estimation procedure Nb times. Note that Nb is usually set to be a large

integer. In simulations, we let Nb = 1000. We obtain the confidence band for θ̂j
j ′ (y) as

follows: we first find the lower and upper 100(1−α/2)% quantiles of the bootstrapped

θ̂
j
j ′ (y), say L

j ′

j (y) and U
j ′

j (y); then, denote the wild bootstrap (1 − α)100% confidence
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band for θj
j ′ (y) as [L

∗(y),U ∗(y)] and define

L∗(y) = θ̂
j
j ′ (y) + (Lj

′

j (y)− θ̂
j
j ′ (y))M(α)

U ∗(y) = θ̂
j
j ′ (y) + (U j ′

j (y)− θ̂
j
j ′ (y))M(α),

(3.12)

where M(α) = z−11−α/2

√
χ2
2,1−α/Jn which is the inflation factor from pointwise confidence

intervals to uniform confidence bands as given in Yang (2008), in which χ2
t,τ is the

τ-quantile of the chi-square distribution with t degrees of freedom. We also use similar

way to construct the confidence band for µj(y). Besides, we rank taxa by using the

p-value to see if the abundance of taxa is unchanged under different conditions. Let

σ̂j,b(y) be the estimated standard deviation from the bootstrap. Define the test statistic

as Tn = supy |(µ̂j(y)− z̄j )/σ̂j,b(y)| to test

H0 : µj(y) = 0 v.s Ha : µj(y) , 0,

where z̄j =
∑

i zji/n. Then the p-value pv is obtained by solving the equation Tn =√
χ2
2,1−pv /Jn . Hence, pv = Jn(1 − Fχ2

2
(T 2

n )), where Fχ2
2
(·) is the cdf of the χ2

2 distribution.

Small p-value implies that the jth taxon is significant differentiated under different

conditions(or different level of phenotype).

3.3 Numerical Studies

We compare the finite-sample performance for the constant coefficient model

and the varying coefficient model by using simulated data and apply our method to

the analysis of a metagenomic count data. We also compare the proposed varying

coefficient model method (vcm) with the graphical lasso method (glasso) and the space

method (space) in both of the constant coefficient model and varying coefficient model.

In general, glasso estimates the inverse covariance matrix and space only performs
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neighborhood selection. They are used for estimating constant coefficient models. We

compare our the vcm with these two methods since they provide good estimates and

are widely used in finding graphical structure. Let Θ be the inverse covariance matrix

in the Gaussian graphical model. The graphical lasso (Yuan and Lin, 2007) is defined

as

Θ̂glasso = argmin
Θ�0
{− log |Θ|+ tr(SnΘ) +λ‖Θ‖1},

where |·| is the determinant, ‖·‖1 is thematrix l1 norm, λ > 0 is the tuning parameter that

controls the sparsity level of Θ and Sn is the sample covariance matrix. Θ̂glasso is the

solution over positive definite matrices. Sparse partial correlation estimation (space) is

an approach for selecting non-zero partial correlations in the high-dimensional frame-

work. The method uses sparse regression techniques for model fitting which is similar

to our method when the coefficient is constant. We use space method with all weights

equal to 1. For details see Peng et al. (2009). For computation of these methods, we

used the R-packages glasso (Friedman et al., 2008), space (Peng et al., 2009) and vcm.

3.3.1 Simulated Data

To study the performance of our method, we simulated data from four dif-

ferent constant coefficient models and one varying coefficient model. We obtain the

estimators for each model with p = 50 and n = 200,300,400. For simulated data, we

focus on the estimation of Σ(y) since a good estimate of the mean function is easy to

obtain through the spline method (3.8). Thus, we set mean function µ(y) to be 0 for

constant coefficient models, and sin function for the varying coefficient model. For

each case, we generate random samples y1, . . . , yn. Then, we sample X1, . . . ,Xn from

N (µ(y1),Σ(y1)), . . . ,N (µ(yn),Σ(yn)) and obtain the normalized data Z1, . . . ,Zn. We use

the four different performance measures shown in Table 3.1 to compare the estimates
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of Σ(yi) with its true value: the average false positive number (FP), average false neg-

ative number (FN), average false positive rate (FPR) and average false negative rate

(FNR), where FNR and FPR are defined as FPR=FP/N, FNR=FN/P. We call them av-

erage error rates since they are computed by taking the average of error rates across

different level of y. We run each model 100 times and find the average of these metrics.

Note that in our setting “Non-NULL” means two taxa are not correlated under a given

condition. For example, Σ̂(yt)ij is non-zero implying taxon i and taxon j are correlated

when phenotype at level yt.

Prediction
Null Non-Null Total

Truth
Null True Neg. (TN) False Pos. (FP) N

Non-null False Neg. (FN) True Pos. (TP) P

Table 3.1: Performance measures for neighborhood selection.

In order to complete the simulations, covariance matrices or network struc-

ture for each model are computed using the desired structure of the adjacency matri-

ces. Denote A as the adjacency matrix of a graph. We consider 3 different structures of

A. These 3 structures are described as follows:

(a) An AR model: A is a band matrix with bandwidth h, i.e. Aij = 0 for |i − j | > h.

(b) The scale-free network: A is generated by using the Barabasi Albert (BA) model

algorithm. The graph begins with an initial connected network of 2 nodes. New

nodes are added to the network one at a time. Each new node is connected to

1 existing nodes with a probability that is proportional to the degree of that the

existing nodes already have.

(c) The random matrix model: Each pair of off-diagonal elements of A are randomly

set to be 1 with probability π. That is Aij = Aji = 1 with probability π and 0
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otherwise.

We use AR(1),AR(2), scale-free network and random matrix model for the constant

coefficient model and AR(1) model for the varying coefficient model. The true graph

models are depicted in Figure 3.1. The adjacency matrix of the scale-free network and

random matrix model can be generated randomly by R-package huge.

(a) AR(1) (b) AR(2)

(c) Scale-free (d) Random matrix

Figure 3.1: Plots for true graphical models of our simulations.

We choose SCAD as our penalty function and let γ = 3.7 as suggested in Fan

and Li (2001). For the three estimationmethods, we also have to select the optimal tun-

ing parameters, namely λ, λglasso, λspace. We select the optimal value of the parameter
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for our method and graphical lasso by Bayesian information criterion (BIC). Define

BIC(λ) = n log(SSEλ/n) + d̂fλ · log(n) ·Cn,

where SSEλ is the sum of squared errors, d̂fλ is the estimator of the effective number

of parameters (Breheny and Huang, 2009) and Cn = loglog(p). This BIC is also called

modified BIC which is used when p is large. We also use this criterion to select the op-

timal interior knots. In the simulation, we use cubic B-splines to estimate the function

where q = 4. We also let the number of interior knots to be N = [1.5n1/(2q+1)], where [x]

is the largest integer that is not greater than x.

Define

BIC(λglasso) = −n log |Θ̂|+n · trace(Θ̂Sn) + k log(n),

where Sn is the sample covariance matrix and k is the number of non-zero Θ̂ij for i ≤ j.

The tuning parameter λ or λglasso is selected as the minimizer of BIC. The λspace is

choosen to be in the range of O(n0.5Φ−1(1 − α/(2p2))) for small α such as 0.1, where

Φ(·) is the distribution function of standard normal distribution. λspace = n0.5Φ−1(1 −

1/(2p2)) is used in this simulation for simplicity.

Constant Coefficient Model

In constant coefficient models, the covariance matrix does not depend on y,

i.e. Σ(y) = Σ and we let µ(yi) = 0, where yi are uniformly distributed in [0,1] for i =

1, . . . ,n. We use AR(1) model, AR(2) model, scale-free network and random matrix

model to examine our method.

Example 3.3.1 The AR Model

We consider two different inverse covariance matrices. The first one is an AR(1) model

and the corresponding inverse covariance matrix is defined as: (Σ−1)ij = −0.4 for |i−j | =
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1; 1 for i = j and 0, otherwise. Note that this inverse covariance matrix is a band

matrix with bandwidth 1. The second model an is a AR(2) model with band matrix

that has bandwidth 2, that is (Σ−1)ij = −0.4 for |i − j | = 2; 1 for i = j and 0, otherwise.

Table 3.2 shows the performance of the three methods. For the two AR models, the

false negatives equal to zero for all cases by the three methods. This indicates that

these three methods can successfully find the true nonzero components in this simple

setting. The space method has smaller false positives than the other twomethods, since

it may enforce more sparsity for this case. Our method performs better than Glasso for

these two models.

Example 3.3.2 The Scale-free Network

In this simulation setting, we consider one version of the inverse covariance

matrix which is randomly generated from an R function huge.generator in huge li-

brary. The results are shown in Table 3.2. In general, our method has larger false

positive numbers than space but smaller than Glasso. And there is no big difference

between the three methods in false negative numbers.

Example 3.3.3 The Random Matrix Model

For this model, we still have onematrix. For the sparse inverse covariance ma-

trix, we set the probability π to 3/p = 0.03. That is, the off-diagonal entry of Σ−1 is 0.3

with probability π = 0.03 and 0 with probability 0.97. In Table 3.2, again we observe

that the false negatives are well controlled by the three methods. Our method performs

similarly to Space. In this example, glasso is the best method since it has the smallest

false positive number. These three examples illustrate that when the coefficients are

not varying with the covariate, our proposed vcm method has good performance.
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AR(1) AR(2) Scale-free network Random Varying coefficient
Size Method FP FN FPR FNR FP FN FPR FNR FP FN FPR FNR FP FN FPR FNR FP FN FPR FNR

n = 200
vcm 16 0 0.013 0.000 16 0 0.013 0.000 7 14 0.005 0.189 11 0 0.009 0.000 13 4 0.011 0.052
space 0 0 0.000 0.000 2 0 0.001 0.000 12 6 0.010 0.081 13 0 0.011 0.000 27 49 0.022 0.662
glasso 28 0 0.023 0.000 17 0 0.014 0.000 13 6 0.011 0.054 5 0 0.004 0.000 6 49 0.005 0.662

n = 300
vcm 7 0 0.005 0.000 7 0 0.006 0.000 11 7 0.009 0.094 5 0 0.004 0.000 14 4 0.011 0.053
space 3 0 0.002 0.000 2 0 0.001 0.000 7 3 0.005 0.040 4 0 0.003 0.000 19 49 0.016 0.662
glasso 12 0 0.010 0.000 15 0 0.012 0.000 2 7 0.001 0.094 0 0 0.000 0.000 7 49 0.005 0.662

n = 400
vcm 4 0 0.003 0.000 4 0 0.003 0.000 12 3 0.009 0.040 3 0 0.002 0.000 13 4 0.011 0.057
space 0 0 0.000 0.000 0 0 0.000 0.000 20 3 0.017 0.040 14 0 0.011 0.000 33 48 0.028 0.648
glasso 15 0 0.0127 0.000 8 0 0.006 0.000 3 14 0.002 0.189 2 0 0.001 0.000 12 49 0.010 0.662

Table 3.2: The comparison between the proposed method and two other methods for
four constant coefficient models and a varying coefficient model. The simulations are
based on 100 iterations. Four measures are reported, where FP and FN are rounded to
whole numbers.

Varying Coefficient Model

There are many possible structures for the varying coefficient model, here

we just use a varying coefficient AR(1) model for illustration purposes. We construct

Σ−1(y) by the following scheme. First, generate a band matrix A with bandwidth

1. The diagonal elements are 0 and non-zero coefficients are 20sin(y). Second, let

Σ−1(y) = A/p + Ip. When p is large, Σ−1(y) is a positive definite band matrix with

bandwidth 1, where the diagonal elements are 1. Note that in this model the non-

zero elements of Σ−1(y) is c · sin(y), where c is a fixed constant. In our setting, the

c = 0.4. So, the estimated coefficients should form a sine curve with respect to y. We

use wild bootstrap to obtain the confidence bands where we set Nb = 1000. We let

µ(y) = [sin(y),sin(y),sin(y),sin(y),0, . . . ,0]′, which means the first four are differentiated

features. In this example, y1, . . . , yn are uniformly distributed in [0,2π].

The results are given in Table 3.2. We observe that space and glasso methods

can not correctly identify the true non-zero elements when the coefficients are func-

tions of the covariate. The number of false negatives is around 49, which is close to

the number of true positives. The proposed vcm method has false negatives close or

equal to zero which indicates that it can identify the non-zero elements correctly. The

number of false positives for vcm is larger than Glasso but smaller than space. We fur-
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ther conduct inference for the non-zero coefficient functions. In Figure 3.2 (a) of the

supplemental materials, we plot the estimates and the corresponding confidence bands

for 25 nonzero coefficient functions. We see that the estimates are good fits to the true

curves for most cases and the true coefficient curve is covered in the confidence bands.

Figure 3.2 (b) depicts the estimates and the confidence bands for the means µ(y). In

the true model, the first four are nonzero functions and others are zero. The estimates

and the confidence bands capture these features well.

Summary

Overall, the performance of ourmethod depends on themodel settings. In the

case of constant coefficient models, either the space method or glasso perform slightly

better than our method. This is due to the fact that space and glasso fit the true model

when the coefficients are constant. In the varying coefficient model, the advantage of

our method becomes significant, in particular, for identifying the edges in the graph,

which is important in network construction when the network is differentiated at dif-

ferent phenotype level.

3.3.2 Real Data

In this section, we apply our method to the metagenomic count data. This

data set includes 377 features and 310 samples. We use BMI as our phenotype vari-

able, y. We discard those genera with average read less than 5 and remove three outliers

based on the BMI values. The remaining data has 46 variables with high abundances

and 307 samples for each genus. Data were normalized with the proportion and arcsin

transformation, so the input matrix Z is a normalized taxa matrix following multivari-

ate Gaussian distribution. We use SCAD penalty as our penalty function with γ = 3.7,
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Figure 3.2: Plots for the varying coefficient model. Estimated values (solid line), true
values (blue curve) and constructed confidence bands (dashed line).
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then we run our program to select the optimal tuning parameter λ and interior knots

by using BIC criterion. The common network is shown in Figure 3.5. We not only

want to determine the change of correlations across different clinical conditions and

to construct the network structures but also interested in identifying which features

are changing with respect to BMI. For each j, we use the wild bootstrap procedures to

construct simultaneous confidence band for µj(y). Some estimates of µy are shown in

Figure 3.3. We rank these genera by its p-value. The p-value is calculated according

to the method described in Section 2.5. Small p-value means that µj(y) is actually far

away from its center z̄j , which implies a strong association with the phenotype variable

y (BMI). The results are shown in Table 3.3.
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Figure 3.3: Plot of µ̂1(y), · · · , µ̂10(y) (solid line) and the corresponding confidence band
(dashed line). x and y axis represent BMI and transformed relative abundance, respec-
tively.

As shown in Table 3.3, there are five genera with p-value less than 0.05, in-

cluding Collinsella, Faecalibacterium, Anaerotruncus, Prevotella, Sutterella, indicat-

ing there are statistically significant associations between BMI (obesity) and relative

abundances of these 5 genera. Among 5 genera, Faecalibacterium and Prevotella are

known to be associated with obesity and other diseases (Brahe et al., 2015b; Under-

wood, 2014). Even though no linear association between BMI and taxa at genus level
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Figure 3.4: Plots of θ̂(y) (solid line, x-axis: BMI, y-axis:estimate of θ̂(y)) and the corre-
sponding confidence bands (dashed line).

was identified in the original study, BMI was shown to be associated with both Faecal-

ibacterium:prausnitzii and Anaerotruncus:colihominis at species level (Zupancic et al.,

2012), indicating there are nonlinear associations between obesity and the 5 identified

genera. We can actually see how the abundance of taxa changes with respect to BMI

from the plot of estimates. For instance, the first plot in the second row of Figure

3.3 shows the non-linear relationship between BMI and abundance of Anaerotruncus.

Clearly, we see that the abundance is rapidly changing when the BMI is not normal,

implying Anaerotruncus might be associated with obesity. Besides, the co-abundance

network in Figure 3.5 indicates the interactions among taxa. Moreover, we can see

the correlations between taxa as functions of BMI. Figure 3.4 shows that most of the

partial correlations on the network vary nonlinearly with BMI. Acidaminococcus and
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p-value for 46 taxa
Collinsella Faecalibacterium Anaerotruncus Prevotella Sutterella Acetivibrio Acidaminococcus
0.001557951 0.007524841 0.016318952 0.024868580 0.043738394 0.050680600 0.057123471

Candidatus.Phytoplasma Parabacteroides Lachnobacterium Lachnospira Roseburia Oscillospira Coprococcus
0.063555498 0.069381527 0.070691111 0.073462994 0.076860826 0.077038225 0.081355583
Turicibacter Anaerofustis Clostridium Lactobacillus Aphanothece Subdoligranulum Incertae.sedis
0.089880754 0.109993814 0.127659304 0.152920700 0.159558940 0.166045373 0.167860372
Eubacterium Odoribacter Mitsuokella Bacteroides Butyrivibrio Alistipes J2.29
0.181689982 0.262140071 0.265265557 0.278605901 0.286860849 0.329254537 0.330960027
Dialister Streptococcus Ruminococcus Dorea Treponema Adlercreutzia Catenibacterium

0.335849803 0.341022784 0.341038181 0.353564086 0.367057596 0.376976322 0.390724080
Fusobacterium Blautia Succinivibrio Phascolarctobacterium Megamonas Peptococcus Escherichia
0.397224083 0.475954833 0.516351591 0.581397375 0.601874573 0.607808991 0.610656122
Pectinatus Tenacibaculum Paracoccus Desulfovibrio

0.629212706 0.657244479 0.692471937 0.778485521

Table 3.3: p-value for 46 taxa. Small p-value implies µj(y) is changed under different
conditions.

Dialister, Catenibacterium and Dialister, Blautia and Dorea, Collinsella and Dorea,

Blautia and Coprococcus are correlated when BMI is too high or too low, indicating

that BMI is associated with the gain or loss of the correlations between these taxa. On

the other hand, Aphanothece and Desulfovibrio are correlated but may not be associ-

ated with BMI (in this network, the connected taxa are correlated regardless of BMI).

Out of 46 taxa on the co-abundance network, eighteen of them have 6 or more node de-

grees. Those taxa include Desulfovibrio(6), Dialister (6), Dorea (6), Faecalibacterium

(6), Lachnospira (6), Lactobacillus (6), Paracoccus (6), Ruminococcus (6), Blautia (7),

Collinsella (7), Odoribacter (7), Oscillospira (7), Aphanothece (8), Eubacterium (8),

Incertae.sedis (8), Subdoligranulum (8), Sutterella (8), and Clostridium (9). The taxa

with the highest degree (9) are Clostridium. Clostridium together with Ruminococcus,

Blautia, Eubacterium, and 6 other taxa directly connecting to them may function to-

gether as a subnetwork. These taxa have been reported to be associated with obesity

in different studies (Brahe et al., 2015a; Kasai et al., 2015). The results from our net-

work analysis provide additional information about how these taxa function together.

Moreover, One of the 3 BMI associated taxa, Faecalibacterium, has the node degree of 6.

The direct connections between Faecalibacterium and six other taxa including Dorea,

Subdoligranulum, and Lactobacillus may also have biological implications. Further
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studies are required to evaluate the biological significance of these taxa.

We also applied the glasso and space methods on this real data. The degrees

of the top 10 genera are shown in Table 3.4. The total edges from vcm are 106 including

24 significant edges and 84 non-significant edges. Although most of the edges are not

significant, all selected edges are kept in the network. A weak signal could cause those

”non-significant” correlations, but they still can provide some biological information.

Comparing with the other two methods, our method provides more information on

how the network structure changes conditionally on BMI. Although it seems that they

both have similar taxa with high degrees, most variables have degree 0 in the network

estimated by the glasso method and many taxa have degree 0 or 1 by space method

(estimated networks are shown in Figures S3 and S4 in the supplementary materials).

space glasso vcm
Incertae.sedis 9 Eubacterium 10 Clostridium 9
Eubacterium 8 Clostridium 8 Sutterella 8
Blautia 8 Incertae.sedis 7 Subdoligranulum 8
Subdoligranulum 7 Blautia 7 Incertae.sedis 8
Coprococcus 7 Aphanothece 7 Eubacterium 8
Clostridium 7 Acetivibrio 7 Aphanothece 8
Ruminococcus 6 Coprococcus 5 Oscillospira 7
Aphanothece 6 Anaerotruncus 5 Odoribacter 7
Lachnospira 5 Ruminococcus 3 Collinsella 7
Dorea 5 Oscillospira 3 Blautia 7
Total edges 64 Total edges 43 Total edges 106

Table 3.4: Comparison of three methods on the real data. Degree of each genera and
total edges in the networks estimated by graphical lasso(glasso), space method(space)
and varying coefficient model method(vcm).

3.4 Discussion

We proposed a nonparametric regularized regression method for network

construction and genera selection. We also developed a wild bootstrap method for

constructing the simultaneous confidence band for conducting inference on the coef-
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Anaerofustis Turicibacter Butyrivibrio Candidatus.Phytoplasma Catenibacterium
1 1 2 2 2

J2.29 Peptococcus Phascolarctobacterium Streptococcus Treponema
2 2 2 2 2

Anaerotruncus Fusobacterium Mitsuokella Parabacteroides Prevotella
3 3 3 3 3

Roseburia Succinivibrio Acetivibrio Acidaminococcus Alistipes
3 3 4 4 4

Bacteroides Escherichia Megamonas Pectinatus Adlercreutzia
4 4 4 4 5

Coprococcus Lachnobacterium Tenacibaculum Desulfovibrio Dialister
5 5 5 6 6

Dorea Faecalibacterium Lachnospira Lactobacillus Paracoccus
6 6 6 6 6

Ruminococcus Blautia Collinsella Odoribacter Oscillospira
6 7 7 7 7

Aphanothece Eubacterium Incertae.sedis Subdoligranulum Sutterella
8 8 8 8 8

Clostridium
9

Table 3.5: Degrees of each node in the correlation network.

ficient functions. We compare the performance of the proposed method with other

two popular methods, the glasso and space methods, under different graphical mod-

els, including AR(1), AR(2), random matrix model, scale-free network and a varying

coefficient model. We tested our method by using the simulated data from the de-

signed models. Compared to the other two methods, the proposed method has better

performance when the network structure changes under different clinical conditions.
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(a) Our method (b) Graphical Lasso

(c) Space

Figure 3.5: Networks constructed across clinical conditions for the real data using three
different methods.
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Chapter 4

Optimal Treatment Selection Using

the Covariate-Specific Treatment

Effect Curve

4.1 Introduction

Personalizedmedicine is an approach that takes individual variability into ac-

count for treatment selection. Most traditional clinical trials have primarily been con-

cerned with the overall significance of the treatment for the entire population. How-

ever, heterogeneity of treatment effects exists in subgroups of patients (Wang et al.,

2007). For instance, Keller et al. (2000) compared two treatment regimens for chronic

depression based on a 12-week study. Although their studies show that the combina-

tion of two treatments had a significant advantage over single treatment alone, there

are some patients didn’t respond to the combination treatment. How to assign treat-

ment for those who are not likely to benefit from the combination treatment is not
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resolved in practice. As more and more information per individual is being collected

in clinical studies, individual characteristics should be considered in a treatment de-

cision, especially when there are several treatment options available. Moreover, while

a different subgroup of individuals often has unique medical histories or records, not

all of the information is relevant for treatment selection and because of the “curse of

dimensionality”, identifying useful information for more accurate treatment decision

from those records is a tremendous challenge.

The goal of personalized medicine is to identify individuals who are more

likely to benefit from a particular treatment and the success of personalized medicine

crucially depends on the development of accurate and reliable statistical tools for es-

timating the optimal treatment regime given the data collected from clinical trials or

observational studies. Such tools are important for doctors tomake useful personalized

recommendations for disease screening, prevention, and treatment. Various statistical

methods have been proposed to estimate and make inference for treatment selection

rules. Song and Pepe (2004) proposed the selection impact (SI) curve to perform treat-

ments selection based on a single continuous-scale covariate. The curve divides the

entire population into two groups where one group is more likely to benefit from the

new treatment. However, this method does not provide an individual-level decision

rule. Moreover, they assume the treatment difference is monotonically associated with

the covariate which can be easily violated in practice. Bonetti and Gelber (2004) devel-

oped subpopulation treatment effect pattern plot using an improved subgroup based

method. It displays the patterns of treatment effect across overlapping intervals of the

covariates. This method is effective for large sample sizes, but have poor behavior when

sample sizes are smaller than 500 (Bonetti et al., 2000). Bonetti et al. (2009) then pro-

posed an alternative and better permutation-based inference, but this method requires
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a specification of the number of patients per subpopulation and the largest number of

patients in common among consecutive subpopulations. Another direction is to use

nonparametric and semiparametric models. (Cai et al., 2011) proposed a two-stage es-

timation procedure where they estimate the subject-level treatment differences at the

first stage and the average treatment difference for each subgroup at the second stage.

The performance of this procedure highly depends on the adequacy of the first stage. If

the model at first stage is misspecified, the inferences about treatment difference may

become invalid. Zhou andMa (2012) proposed the biomarker adjusted treatment effect

curve to assess clinical utility for time-to-event data. Ma and Zhou (2014) proposed the

covariate-specific treatment effect(CSTE) curve which is defined as the impact of a co-

variate on the treatment effects for continuous responses. Han et al. (2017) adjusted

the CSTE curve for a binary response. There are two drawbacks to most existing meth-

ods. First, they often estimate the optimal treatment regime based on maximizing the

conditional mean of the potential outcome. One fundamental challenge of estimat-

ing the optimal treatment regime is the lack of a reliable outcome model for many

diseases. The outcome model specifies not only how the treatment and covariates in-

fluence the outcome but also how they interact with each other, the latter is the source

of the heterogeneous treatment effects. Such an outcome model, which is usually para-

metrically specified in real data analysis, is hard to specify because when a complex

disease is involved, the doctors often lack complete knowledge on how a drug works

and how it interacts with the patients characteristics. It is observed in the literature

that a misspecified outcome model can result in very biased estimator of the optimal

treatment regime. Moreover, the inferences in some outcome models (Zhang et al.,

2012a) don’t consider potential variability associated with the estimated optimal treat-

ment decision rule that they simply conclude one treatment is better than the other
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when the potential expected outcome is larger. Second, most existing methods were

not originally intended for a large number of covariates, thus not able to select im-

portant variables for optimizing treatment decision. Multiple baseline covariates are

involved in some approaches (Laber and Staicu, 2017; Lu et al., 2013; Cai et al., 2011;

Zhang et al., 2012b). For the case of high-dimensional covariates, those methods can be

ineffective due to a large number of covariates. It is difficult to determine which covari-

ates should be included in the model for treatment selection. Moreover, one scientific

question is that in practice, people may not be interested in the effect of each covariate,

since the individual effect can be very weak. It is more important to consider how to

assign the optimal treatment for patients with a set of observed covariates. Besides, re-

cent advances in molecular biology have enabled researchers to acquire vast amounts

of genetic characteristics on individuals and the number of acquired characteristics(co-

variates) sometimes exceed the sample size. Given a large number of covariates, how to

identify the useful ones that can assist the treatment assignment is still a challenging

problem.

In this paper, we present a generalization of the CSTE curve suitable for high

dimensional baseline covariates. The CSTE curve represents the predictive ability of

covariates in evaluating whether a patient responds better to one treatment over an-

other. It has two main attractive features. First, it can visually display the treatment

effect on the patients outcome as a function of covariates value. This property is sim-

ilar to that of the receiver operating characteristic curve for the diagnostic ability of

a biomarker. Second, it can visually represent the magnitude of the predictive abil-

ity of a set of covariates. Using all covariates instead of one is particularly crucial for

the unconfoundedness assumption usually needed in randomized trials that treatment

assignments are made independently of outcomes given the covariates. With infor-
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mation about a large number of covariates considered as the baseline covariates, the

unconfoundedness assumption becomes more reasonable. To exploit the information

in these covariates, one simple and effective way is to consider all covariates together

as a predictor and then assign different weights to the covariates. This derived pre-

dictor is called index variable. The weights can be inferred either from the leading

factor in the principal component analysis or the estimates from a single-index model.

However, among a vast number of covariates, most of themmay not have effects on the

outcome variable. To this end, model selection is performed to select the most relevant

covariates. We propose a semiparametric model to model the CSTE curve to make in-

dividualized decision rules using multiple covariates. It has three steps. First, we use

a semiparametric logistic varying coefficient model to estimate the covariate-specific

treatment effect. The useful covariates are selected simultaneously in the estimation

procedure. Second, we provide simultaneous bands for the CSTE curve under the de-

sired confidence level. Third, based on the simultaneous confidence band, we find the

subset of suitable patients for one particular treatment. The inference method based

on simultaneous confidence band ensures that there is no inflated type I error associ-

ated with testing the nonparametric function and considers the possible variability in

the difference between two treatment. The proposed semiparametric model is consid-

erably more flexible than the existing methods and it incorporates nonlinear covariates

and interaction effects. By assuming the interaction betweenmultiple continuous-scale

covariates and the treatment group is a continuous function of the covariates, the pro-

posed varying coefficient functions are flexible enough to depict both local and global

association between the treatment and covariates values thus very robust against model

misspecification. Moreover, by using an index model, we can include a large number

of potential covariates to achieve better predictive power.
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4.2 Methodology

We consider a population of n subjects, a binary treatment, denoted by Zi = 1

if the subject i is assigned to treatment, p-vectors of covariates, denoted by Xi , and

binary-valued outcomes, denoted by Yi . We assume that the observed data are inde-

pendent and identically distributed. Our goal is to select the optimal treatment by

using the observed data. Following the Neyman-Rubin counterfactual framework of

causality, let Y (0) denote the potential outcome of the subject when it is assigned to the

control condition, and Y (1) denote the potential outcome when the subject is assigned

to the experimental condition. Since each unit receives only one treatment, either Y (0)

or Y (1) is observed, but not the both. Under the stable unit treatment value assump-

tion, we assume Y ≡ ZY (1) + (1 −Z)Y (0) The above model indicates that the observed

outcome is the potential outcome that would be seen when the treatment is received.

The goal is to study the conditional expectation of Y given a set of covariates X = x.

Following Han et al. (2017), we suggest a varying coefficient model for the covariate-

specific treatment effect curve(termed CSTE) with high-dimensional covariates. It has

the following form

CSTE(x) = logit(E(Y (1) = 1|X = x))− logit(E(Y (0) = 1|X = x)) (4.1)

with logit(x) = log(x)− log(1− x). We make the unconfoundedness assumption

(Y (0),Y (1))⊥Z |X ,

so that there are no unmeasured confounders. This assumption becomes more reason-

able when we use a large number of covariates as the potential confounding variables

instead of one covariate as considered in Han et al. (2017). Under the unconfoundeness

58



assumption, the CSTE curve can be reexpressed as

CSTE(x) = logit(E(Y (1) = 1|X = x))− logit(E(Y (0) = 1|X = x))

= logit(E(Y = 1|X = x,Z = 1))− logit(E(Y = 1|X = x,Z = 0)).

(4.2)

Denoting µ(x, z) = E(Y = 1|X = x,Z = z), we model the logarithm of odds ratio as

logit(µ(x, z)) = g∗1(x) · z+ g∗2(x), (4.3)

where g∗1(·) and g∗2(·) are single-valued function of p variables. We see

CSTE(x) = logit(µ(x,1))− logit(µ(x,0)) = g∗1(x). (4.4)

Since g∗1(·) and g∗2(·) are functions of a p-vector, it has the curse of dimensionality. For

dimensionality reduction, we model each function as a linear combination of covari-

ates, such that

g∗1(x) = g1(x
>β1) and g∗2(x) = g2(x

>β2), (4.5)

where β1 = (β11, . . . ,β1p) and β2 = (β21, . . . ,β2p) are two p-vectors of unknown parame-

ters. Then, substituting (4.5) into (4.3) one has

logit(µ(x, z)) = g1(x
>β1) · z+ g2(x

>β2) (4.6)

with gk as single-valued function of single variable. The coefficients of the linear com-

binations as well as the two unknown functions are chosen to simultaneouslymaximize

the log-likelihood function of the binomial distribution. The proposed model is a in-

dex model and robust against model misspecification. Our model contains the model

in Han et al. (2017) as a special case. We have the same formwhen p = 1. By saying that,

their model captures the dependence of the response variable Y with only one single

covariate. This is true when there is a high degree of association between response and

that covariate. However, when there are strong association among other covariates, we

have considerably different models.
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Unlike parametric models, the solutions for βk may not be unique, and they

can not be analyzed without any limitations. The most commonly used assumption on

βk in index models is that assume βk belongs to the parameter space

Θ = {β = (β>1 ,β
>
2 )
> : ‖βk‖ = 1,βk1 > 0,βk ∈ R

p, for k = 1,2}, (4.7)

where ‖ · ‖ denotes the l2 norm of a vector. To study the asymptotic properties for the

estimator, we re-arrange the parameter space Θ by eliminating the first component

{
βk,−1 =

(√
1−

∑
i>1

β2ki ,βk2, . . . ,βkp

)>
,
∑

i>1
β2ki < 1, for k = 1,2

}
. (4.8)

The derivative with respect to the coefficients (βk2, . . . ,βkp) can be easily obtained using

the chain rule under the above parameter space. For high-dimensional problems (with

large number of covariates), p can be much larger than n but only a small number

of covariates are important or relevant for treatment selection, which means although

the number of nonzero elements increases as n increases, it is much smaller than n.

Without loss of generality, we assume that only the first sk = skn components of βk

are non-zeros, i.e., we can write the true values as βk = (βk1, . . . ,βks,0, · · · ,0)>. It is

worth noting that Ma and Song (2015a) considered a varying index coefficient model.

They studied the low-dimensional case that the number of covariates is small, and the

method requires that the response variable is continuous. In our paper, we allow that

the number of covariates is much larger than sample size, which is usually true for

covariates such as biomarkers and clinical endpoints.

4.3 Estimation and Theory

This section discuss the estimation of the model (4.6) and the asymptotic the-

ory. We minimize the negative log-likelihood function simultaneously with respect to
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the parameters βk and the functions gk for (1 ≤ k ≤ 2). A method to construct simulta-

neous confidence band is given in Section 4.3.2.

4.3.1 Algorithm

The logistic varying index coefficient model has the form

logit(µ(x, z)) = g1(x
>β1) · z+ g2(x

>β2).

Therefore, we seek theminimizer of the negative log-likelihood function given (xi , yi , zi),1 ≤

i ≤ n:

1
n

n∑
i=1

log{1+ exp(g1(x
>
i β1)zi + g2(x

>
i β2))} −

1
n

n∑
i=1

yi{g1(x>i β1)zi + g2(x
>
i β2)} (4.9)

To overcome the high-dimensionality for large number of covariates, we exploit the

sparsity through parameter regularization. With the sparsity constraint of βk’s, we

minimize the following penalized negative log-likelihood

1
n

n∑
i=1

log{1+exp(g1(x>i β1)zi+g2(x
>
i β2))}−

1
n

n∑
i=1

yi{g1(x>i β1)zi+g2(x
>
i β2)}+

2∑
k=1

p∑
i=2

p(βki ,λ),

(4.10)

where p(·) is a penalty function with a tunning parameter λ that controls the level of

sparsity in βk , k = 1,2.

The functions gk(·), k = 1,2, are unspecified and are iteratively estimated using

smoothing B-splines regression. Before we proceed, we introduce the B-splines that

will be used to approximate the unknown functions. For k = 1,2, assume the support

of gk(·) is

[inf
x
(x>βk),sup

x
(x>βk)] = [ak ,bk].

Let ak = t0,0 < t1,k < · · · < tNk ,k < bk = tNk+1 be a equally-spaced partition of [ak ,bk], called

interior knots. [ak ,bk] is then divided into subintervals I`,k = [t`,k , t`+1,k), 0 ≤ ` ≤ Nk − 1
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and INk
= [tNk

, tNk+1], satisfying

max0≤`≤Nk
|t`+1,k − t`,l |

min0≤`≤Nk
|t`+1,k − t`,k |

≤M

uniformly in n for some constant 0 <M <∞, whereNk ≡Nk,n increases with the sample

size n. Consider the space of polynomial splines of order qk ≥ 2 on [ak ,bk]. We write

the normalized B spline basis of this space (de Boor, 2001) as Bk(uk) = {B`,k(uk) : 1 ≤

` ≤ Ln,k}>, where the number of spline basis functions Lk =Nk + qk . For computational

convenience, we let Nk = N and qk = q so that Lk = L. In practice, cubic splines with

order q = 4 are often used. By the result in de Boor (2001), the nonparametric function

can be approximated well by a spline function such that

gk(x
>βk) ≈ Bk(x

>βk)
>δk

for some δk ∈ RL, k = 1,2. For notation simplicity, we write Bk(x>βk) as B(x
>βk).

Since both coefficients of the linear combinations βk and nonparametric func-

tions gk(·) are unknown, we proceed in an iterative fashion. To use matrix notation, we

denote Z = (z1, · · · , zn)> and let X = (x1, . . . ,xn) be the p × n data matrix. We define �

as an element-wise product: if a and b are two vectors, then (a� b)i = ai · bi ; if C is a

matrix, then (a�C)ij = ai ·Cij .

Step 1: Given the direction of βk , the solution for the function gk is easily obtained. We

define a derived variable ηk = x>βk . Reexpressing the model gives

logit(µ(x, z)) ≈ B(η1)
>δ1z+B(η2)

>δ2 =
(
zB(η1)

>,B(η2)
>
)

δ1

δ2

 .
This can be viewed as a logistic regression if we let (z�B(η1)>,B(η2)>) be the input

predictor matrix and no intercept term.

Step 2: Given values for a fixed gk , it remains to find the solution that minimizes (4.9)

or (4.10) with respect to βk . Let β
old
k and βold

k,−1 be the current estimate for βk and βk,−1,
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respectively, we approximate

B`(x
>βk) ≈ B`(x

>βold
k ) +B′`(x

>βold
k )x>J (βk,−1 −β

old
k,−1)

to have

logit(µ(x, z)) ≈
(
z ·B′(x>βold

1 )>δ1 � x>J ,B′(x>βold
2 )>δ2 � x>J

)
β1,−1

β2,−1


+ z ·

(
B(x>βold

1 )>δ1 −B′(x>βold
1 )>δ1 � x>Jβold

1,−1
)

+B(x>βold
2 )>δ2 −B′(x>βold

2 )>δ2 � x>Jβold
2,−1),

where J = ∂βk/∂βk,−1 = (−βk,−1/
√
1−‖βk,−1‖

2
2,Ip−1)

> is the Jacobian matrix (of size p

by p − 1). To obtain the (sparse) estimates of βk , we carry out a (regularized) logistic

regression with

(
Z �B′(X>βold

1 )>δ1 �X>J ,B′(X>βold
2 )>δ2 �X>J

)
on the input and

Z �
(
B(X>βold

1 )>δ1 −B′(X>βold
1 )>δ1 �X>Jβold

1,−1
)

+
(
B(X>βold

2 )>δ2 −B′(X>Jβold
2 )>δ2 �X>Jβold

2,−1
)

added to the predictor that has known coefficient 1 and no intercept term, where

B(X>βold
k ) and B′(X>βold

k ) are two L × n matrix form of B(x>i β
old
k ) and B′(x>i β

old
k ), for

i = 1, . . . ,n, respectively. This produces a updated vector βnew
k,−1. Then we set βnew

k =

(
√
1− ||βnew

k,−1||2, (β
new
k,−1)

>)>, for k = 1,2. If ||βnew
k,−1|| exceeds 1, we divide βnew

k,−1 by its L2

norm and multiply 1 − ε with a small ε. The estimation of gk and βk is repeated until

convergence(step 1-2).

One way to predict CSTE value is to use the spline estimator ĝ1(·) obtained in

the above procedure. However, as mentioned in Wang and Yang (2007), spline estima-

tor only provides convergence rates but no asymptotic distributions, so no measures
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of confidence can be assigned to the estimators. Spline-backfitted kernel (termed SBK)

estimator is designed to overcome this issue for generalized additive model(Liu et al.,

2013). SBK combines the strength of kernel smoothing with spline regression which is

easy to implement and provide asymptotic distributions. Therefore, in the following

step, we fit a local linear logistic regression to get an SBK estimator.

Step 3: Given z = 1, the model becomes an additive model:

logit(µ(x, z = 1)) = g1(x
>β1) + g2(x

>β2). (4.11)

The loss criterion for a local logistic regression can be expressed as the following neg-

ative quasi-likelihood function:

l(a,x) = − 1
nz

∑
i,zi=1

[yi(a+ ĝ2(x
>
i β̂2))− log(1 + exp(a+ ĝ2(x

>
i β̂2)))]Kh(x

>
i β̂1 − x

>β̂1), (4.12)

where ĝ2, β̂k are the estimators from previous two steps, Kh(·) is a kernel function with

bandwidth h, and nz is the total sample size in experimental group. We seek the min-

imizer over the above loss function to obtain the SBK estimator of g1(·). The predicted

CSTE value at an new input vector x0 is given by

CSTE(x0) ≈ ĝ1,sbk(x
>
0 β̂1) = â(x0) = argminal(a,x0). (4.13)

Note that this step is simply fitting a weighted logistic regression with ĝ2(x
>
i β̂2) added

to the predictor with known coefficient 1. The estimates are also used to obtain the

simultaneous confidence band. We will discuss the details in the next section.

There are a number of implementation details for the above procedure (step

1-3):

• One way to choose an initial guess for βk is to simply carry out a logistic regres-

sion with Y as response and X as input, then normalize the estimates.
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• We use coordinate descent algorithm (Breheny and Huang, 2011) to fit the regu-

larized logistic regression. The algorithm can be applied to the regularized lin-

ear models using non-convex penalties such as MCP and SCAD which induce

nearly unbiased estimators. The MCP (Zhang, 2010) has the form pγ (t,λ) =

λ
∫ t

0 (1 − x/(γλ))+dx,γ > 1 and the SCAD (Fan and Li, 2001) penalty is pγ (t,λ) =

λ
∫ t

0 min{1, (γ − x/λ)+/(γ − 1)}dx,γ > 2, where γ is a parameter that controls the

concavity of the penalty functions. In particular, both penalties converge to the

L1 penalty as γ → ∞. We put γ in the subscript to indicate the dependence of

these penalty functions on it. In practice, we treat γ as a fixed constant.

• The optimal tunning λ can be chosen from a sequence of values using either

cross-validation, information criterion such as Bayesian information criterion

(BIC) or modified BIC. For the high-dimensional problem, to get better estimates

of βk , it is convenient to use a two-stage strategy: use the estimates of index sets

of non-zero components in βk and then re-fit the model without regularization.

• We use cubic B-splines with the number of interior knots equal to the integer

part of [n1/9], which is the theoretically optimal order when using cubic splines.

If equally-spaced knots are used, it is reasonable to transform the variable ηk =

x>βk into a quasi-uniform [0,1] distribution using the transformation described

in Wang and Yang (2009), where we let η∗k = F(ηk/2b + 0.5) and F(·) is the cu-

mulative distribution function of beta distribution Beta(p/2 + 0.5,p/2 + 0.5). We

choose b to be the 95% quantile of the sequence {||x1||2, . . . , ||xn||2}. The B-spline

basis functions and their derivatives are calculated using the bsplineS function

in R package fda.

So far we have discussed an iterative algorithm and spline-backfitted kernel
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smoothing for estimating the CSTE curve and we will demonstrate the performance of

the proposed method based on simulation experiments in Section 4.5.1.

4.3.2 Asymptotic Analysis

We introduce some notations first. For any positive sequences {an} and {bn},

let an � bn denote limn→∞ anb
−1
n = C for a constant 0 < C < ∞ and an � bn denote

limn→∞ anb
−1
n = 0. For any vector a = (a1, . . . , ap)> ∈ Rp, denote ‖a‖ = (

∑p
l=1 a

2
l )

1/2 and

‖a‖∞ =maxl |al |. For anymatrixA = (Aij ), denote ‖A‖ =max‖ζ‖=1 ‖Aζ‖, ‖A‖∞ =maxi
∑

j |Aij |,

and ‖A‖2,∞ = maxi ||Ai ||, where Ai is the ith row. For any symmetric matrix A, let

λmin(A) and λmax(A) be the smallest and largest eigenvalues of A, respectively. We

assume that the nonsparsity size s = max(s1, s2) � n and the dimensionality satisfies

logp =O(nα) for some α ∈ (0,1).

We denote βk1 = (βk1, . . . ,βsk )
>,βk1,−1 = (βk2, . . . ,βsk )

>,βk2 = (βk(sk+1), . . . ,βp)
>.

Then we can write

β(1) = (β>11,β
>
21)
>,β(2) = (β>12,β

>
22)
>,β(1),−1 = (β>11,−1,β

>
21,−1)

>(1 ≤ k ≤ 2).

Denote J as the Jacobian Matrix J (βk) = ∂βk/βk,−1,J (βk1) = ∂βk/βk1,−1(1 ≤ k ≤ 2),, and

J (β(1)) = ∂β(1)/∂β(1),−1 = diag(J (β11),J (β21)), which is a block diagonal matrix. We use

the superscript ‘0’ to represent the true values. For instance, the true value of βk1 is

β0
k1. The parameter space can be written as

Θ =
{
β = (β>1 ,β

>
2 )
> : βk =

(√
1− ||βk1,−1||2,β

>
k1,−1,β

>
k2

)>
, ||βk1,−1|| < 1,βk2 = 0,1 ≤ k ≤ 2

}
.

Denote the first sk(1 ≤ k ≤ 2) components of xi as xi,1k = (xij ,1 ≤ j ≤ sk)> and

the last p − sk components as xx,2k = (xij , sk < j ≤ p)>. Denote S(x) = (1 + e−x)−1 as the

sigmoid function. Denote the true expected value of the response given η as

E(Y |η, z) = S(g̃1(x
>β1)z+ g̃2(x

>β2)),
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where η = (η1,η2)> = (x>β1,x
>β2)

>. Then we define

Ωn =
1
n

n∑
i=1

J (β0
(1))
>


g̃ ′1(x

>
i,11β

0
11)̃xi,11zi

g̃ ′2(x
>
i,12β

0
21)̃xi,12



g̃ ′1(x

>
i,11β

0
11)̃xi,11zi

g̃ ′2(x
>
i,12β

0
21)̃xi,12


>

J (β0
(1)),

where x̃i,1 = xi,1 −E(xi,1|η0). Moreover, define

Φn =
1
n

n∑
i=1

σ2(xi)J (β
0
(1))
>


g̃ ′1(x

>
i,11β

0
11)̃xi,11zi

g̃ ′2(x
>
i,12β

0
21)̃xi,12



g̃ ′1(x

>
i,11β

0
11)̃xi,11zi

g̃ ′2(x
>
i,12β

0
21)̃xi,12


>

J (β0
(1)),

where σ2(x) = E[{Y − S(g(η0))}2|x].

To establish asymptotic properties, we need the following regularity condi-

tions.

(A1) The penalty function pγ (t,λ) is a non-decreasing symmetric function and concave

on [0,∞). For some constant a > 0, ρ(t) = λ−1pγ (t,λ) is a constant for all t ≥ aλ

and ρ(0) = 0. ρ′(t) exists and is continuous except for a finite number of t and

ρ′(0+) = 1.

(A2) For any βk ∈ Θ, g̃k ∈ Hr for some r > 2, where Hr is the collection of all functions

on [a,b] such that the qth order derivative satisfies the Hölder condition of order

γ with r ≡ q + γ , i.e. ∀ φ ∈ Hr , ∃ C0 ∈ (0,∞) such that |φ(qt)(u1) − φ(q)(u2)| ≤

C0|u1 −u2|γ for any a ≤ u1,u2 ≤ b.

(A3) For 1 ≤ j ≤ sk , supxE(X
2+2(κ+1)
j |η0) ≤ Cκ,k for some constant κ ∈ (0,1). For sk ≤

j ≤ p − sk , supxE(|X
2+%
j |η0) ≤ C%,k , for some % > (8/3)(1−α)−1 − 2 and % ≥ 2.

(A4) ∃ c,c′ , ck ∈ (0,∞) such that λmin(Ωn) ≥ c, λmin(Φn) ≥ c′ almost surely, and ‖E(X̃2X̃
>
1 )‖2,∞ ≤

ck , where X̃v = Xv −E(Xv |η0), X1 ∈ Rsk and X2 ∈ Rp−sk (1 ≤ v,k ≤ 2).

(A5) Letwn = 2−1min{|β0kj | : 2 ≤ j ≤ s,k = 1,2}.Assume thatwn� λ�max((s/n)1/2,L3/2−r+

L2nα/2−1/2).
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Assumption (A1) is a typical condition on the penalty function, see Fan and

Li (2001). The concave penalties such as SCAD and MCP satisfy (A1). Assumption

(A2) is a typical smoothness condition on the unknown nonparametric function, see

for instance Condition (C3) in Ma and He (2016). Assumption (A3) is required for the

covariates, see Condition (A5) in Ma and Yang (2011). Moreover, the design matrix

needs to satisfy Assumption (A4). A similar condition can be found in Fan and Li

(2001). Assumption (A5) assumes that half of the minimum nonzero signal in β0
k is

bounded by some thresholding value, which is allowed to go to zero as n→ ∞. This

assumption is needed for variable selection consistency established in Theorem 4.3.1.

Denote β−1 = (β>11,−1,β
>
12,β

>
21,−1,β

>
22)
>. Theorem 4.3.1 establishes the consis-

tency for the parameters of the linear combinations.

Theorem 4.3.1 Under Assumptions (A1)-(A6) in Appendix, and α ∈ (0,κ), where κ =

min(1/2, (2r−3)/(2r+1)), nα−1L4 = o(1), n1/2L3/2−2r = o(1), s =max(s1, s2), and log(n)sL2n−1/2 =

o(1), there exists a strict local minimizer β̂−1 = (̂β
>
11,−1, β̂

>
12, β̂

>
21,−1, β̂

>
22)
> of the loss function

given in (4.10) such that β̂k2 = 0(1 ≤ k ≤ 2) with probability approaching 1 as n→∞, and

‖β̂−1 −β
0
−1‖ =Op(

√
s/n).

The following Theorem presents the convergence rate for the spline estimator of the

unknown functions, applied Theorem 4.3.1.

Theorem 4.3.2 Under conditions given in Theorem 4.3.1, for k = 1,2, we have

n−1
n∑
i=1

{ĝk(x>i β̂k)− gk(x
>
i β

0
k)}

2 =Op(L
−2r +L/n+ s/n).

To estimate the simultaneous confidence band, we need the following assumptions, see

Assumption (A4), (A6) in Zheng et al. (2016).
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(A6) The kernel function K is symmetric probability density function supported on

[−1,1] and has bounded derivative. The bandwidth h satisfies h = hn = o(n−1/5(logn)−1/5)

and h−1 =O(n1/5(logn)δ) for some constant δ > 1/5.

(A7) The joint density of x>β0
1 and x>β0

2 is a bounded and continuous function. The

marginal probability density functions have continuous derivatives and the same

bound as the joint density.

We borrow some notations in Zheng et al. (2016):

σ2(x) = E[µ(x, z)(1−µ(x, z))|z = 1],D(x) = f (x)σ2(x),v2(x) = ||K ||22f (x)σ
2(x), (4.14)

and the quantile function

Qh(α) = ah + a−1h [log(
√
CK /(2π))− log(− log

√
1−α)]

for any α ∈ (0,1), where ah =
√
−2logh, CK = ||K ′ ||22/ ||K ||

2
2 and f (x) is the density function

of x. Without loss of generosity, assume x>β0
1 is in the range [0,1] and letM be a set

of x such thatM = {x : x>β0
1 ∈ [h,1 − h],x ∈ Rp}. Theorem 4.3.3 is an adaptation from

Theorem 1 in Zheng et al. (2016). It is based on SBK smoothing and provides a method

to construct the simultaneous confidence band for g1.

Theorem 4.3.3 Under conditions given in Theorem 4.3.1, sn−1/10(log(n))−δ/2−1/2) = o(1)

for some δ > 1/5, and Assumption (A6)-(A7), we have

lim
n→∞

P

sup
x∈M

|̂g1,sbk(x>β̂1)− g1(x>β
0
1)|

σn(x>β
0
1)

≤Qh(α)

 = 1−α,

where σn(x>β0
1) is given by

σn(x
>β0

1) = n−0.5h−0.5v(x>β0
1)/D(x>β0

1).

Then, the 100(1−α)% simultaneous confidence band for g1(x>β1) is given by

ĝ1,sbk(x
>β̂1)± σn(x

>β0
1)Qh(α). (4.15)
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In practice, we estimate f (η1) simply by kernel density estimation and σ (x>β̂1) by

smoothing µ̂(x, z)(1 − µ̂(x, z)) given z = 1 with x>β̂1 as input. For details of implemen-

tations of kernel and spline estimation for functions in (4.14), we refer to Zheng et al.

(2016). The optimal bandwidth hopt that minimize the mean square error is taken to

be the order of n−1/5. However, as suggest in Zheng et al. (2016), we use a data-driven

undersmoothing bandwidth h = hopt(logn)−1/4 and hopt is given in Zheng et al. (2016).

The simultaneous confidence band in (4.15) can be estimated as

ĝ1,sbk(x
>β̂1)± σ̂n(x

>β̂1)Qh(α). (4.16)

4.4 Treatment Selection via Confidence Bands
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Figure 4.1: A simulated example, demonstrating CSTE estimation and its correspond-
ing confidence bands and cutoff points. The solid curve is estimates of CSTE function.
The dashed curves are corresponding confidence intervals of the CSTE curve. Four
vertical dash lines indicate the location of cutoff points.

In this section, attention is focused on making individualized treatment de-

cision rule for patients. We provide an example to illustrate how to select the optimal

treatment based on CSTE curve and its confidence bands.

The goal of the treatment selection is to find which group of patients will

benefit from new treatment based on their covariates. By the definition of CSTE curve,
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if we assume that the outcome of interest is death, the CSTE curve is the odds ratio

of the treatment effect in reducing the probability of death. By saying that, positive

CSTE(x) value means the patients will not benefit from new treatment since they may

have a higher death rate than patients who receive old treatment. We define the cutoff

points as the place where the upper and lower confidence intervals equal to 0, i.e.

Sl = {x ∈ R : ĝl(x) = 0} and Su = {x ∈ R : ĝu(x) = 0}.

Based on these cutoff points, we can discover the regions with the positive or negative

value of CSTE(x) and then guide us to select the best treatment for a future patient. To

summarize, this treatment selection method consists of the following steps:

1. Estimate CSTE curve ĝ1(x>β̂1) and the corresponding confidence bands.

2. Identify cutoff points and the positive(or negative) regions for ĝ1(x>β̂1).

3. Select optimal treatment for a new patient based on its baseline covariates.

We use the following example to illustrate the method of using SCBs to select optimal

treatment for patients. We assume x>β̂1 has a range of (−4,2). In Figure 4.1, the solid

line represents a CSTE curve and dashed lines above and below the curve are the corre-

sponding 95% confidence bands. We assume the outcome variable Y is the indicator of

death. As shown in the Figure, the CSTE is decreasing when x>β̂1 is from -4 to -1.6 and

increasing after -1.6 until x>β̂1 reaches 2. In general, when patients predicted value

x>β̂1 is within the range of (-4,-1.6), higher level implies that patient is more likely

benefited from the new treatment instead of old treatment. On the other hand, if x>β̂1

falls into (-1.6,2), using new treatment when the patient has a lower level. To get a

more specific range about when to use new or old treatment, we also need to know

when the CSTE function is getting positive and negative. We see that there are four

71



cutoff points, say a,b,c,d, where the CSTE equal to 0 on these points. Therefore,

ĝ1(x
>β̂1) > 0 when x>β̂1 ∈ [−4, a], [d,2]

and

ĝ1(x
>β̂1) < 0 when x>β̂1 ∈ [b,c].

When a new patient with covariates value x>0 β̂1 falls into region [−4, a] or [d,2], then

the patient is more likely benefited from old treatment with confidence level 95% since

there is a higher probability of death when using new treatment. If x>0 β̂1 falls into

region [b,c], then the patient should receive the new treatment. Besides, there are

two gaps [a,b] and [c,d] from -4 to 2. The confidence bands contain both negative

and positive values of our CSTE. Therefore we are not able to detect which treatment

should be used for this patient. Han et al. (2017) define a modified version of the

CSTE curve using the quantile of the covariate to compare covariates capacities for

predicting responses to treatment. Then they use the ”best” covariate as guidance

to select treatment. This may be time-consuming when there is a large number of

covariates. Our method selects relevant covariates simultaneously in the estimation

procedure and combines information into linear combinations of those covariates. As a

result, our method is more convenient and more useful in selecting optimal treatment.

4.5 Numerical Studies

4.5.1 Simulated Data

In this section, we investigate the finite-sample performance of our proposed

method via simulated datasets. We run all simulations in R in a linux cluster. We

consider three examples:
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• Example 1: logit(µ(x, z)) = x>β1(1− x>β1)z+ exp(x>β2).

• Example 2: logit(µ(x, z)) = (x>β2)
2z+ sin(πx>β2/2).

• Example 3: logit(µ(x, z)) = −exp(x>β1)z/1.5+ (x>β2)
2.

The true curves are depicted in Figure 4.2. The simulated data are generated

as follows: the outcome data Y is sampled from a binomial distribution with proba-

bility of success equals to µ(x, z); the covariate X is generated from a truncated mul-

tivariate normal distribution with mean vector 0, covariance matrix with Σij = 0.5|i−j |,

and each covariate is truncated by (−2,2); the binary scale covariate Z is sampled from

Binomial(1,0.5), which means each sample is randomly assigned as either control or

treatment group. We set the first three covariates have non-zero coefficients: β1 =

(1,1,1,0, . . . ,0)′/
√
3 and β2 = (1,−2,0, . . . ,0)′/

√
5. We set dimension p = 10,50,100,500

and sample size n = 500,750,1000. For each pair of n and p, we repeat the simulations

J = 300 times. We note that our simple choice of the number of knots works well in

the simulations, although it could be selected using an information criterion following

that of Ma and He (2015) or Ma, Liang and Tsai (2014).

To obtain sparse estimates of βi for high-dimensional cases, we choose SCAD

as the penalty function and let γ = 3.7 as suggested in Fan and Li (2001). The optimal

tuning parameter λ is chosen from a geometrically increasing sequence of 30 parame-

ters by minimizing modified Bayesian information criterion (Wang et al., 2009):

BICλ = −2 · log(Loss) + dfλ · log(n) ·C(p),

where Loss is the loss function in (4.10), dfλ is the number of non-zero elements in

βk , C(p) is function of p. Note that if C(p) = 1, it is equivalent to traditional BIC

(Schwarz, 1978). When dimension p is large, Wang et al. (2009) shows that modified
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BIC performs better in model selection than traditional BIC if using proper Cn. In our

simulations, we set C(p) = loglog(p).

Denote t1, . . . , t200 to be 200 equally spaced grid points on the range of η̂1, then

we evaluate the following metrics for nonparametric function g1(·):

• Mean square error: MSE = 1
J

∑
j

[
1

200
∑200

i=1(ĝ1(ti)− g1(ti))2
]
.

• Mean absolute error: MAE = 1
J

∑
j

[
1

200
∑200

i=1 |ĝ1(tj )− g1(tj )|
]
.

• The average coverage probability of the simultaneous confidence band (CP).

For variable selection, we compute the average number of parameters that are incor-

rectly estimated to be non-zero(FP), the average number of parameters that are incor-

rectly estimated as zero(FN); the proportions that all relevant covariates are correctly

selected(C) and the proportions that some relevant covariates are not selected(IC).

We define that the oracle estimator of g1(·) is obtained when the true indexes

of non-zero components in βks are given. The MSE, MAE, and CP are summarized

in Table 4.1. Examples of the three models are depicted 4.2: the green solid curves

are estimates of CSTE. The blue dashed curves are true values and blue dashed curves

are confidence bands. The confidence bands can cover the true CSTE function in most

regions. From Table 4.1, we see that the coverage probabilities are slightly less than

95% but close to 90% when the sample size is 750. When the sample size is 1000, the

empirical coverage is close to the nominal 95% confidence level. The MSE and MAE

are also decreased as sample size n increases. This shows that the estimates of con-

fidence bands become steadily and more accurate as the sample size increases. The

model selection results are summarized in Table 4.2. The false positive and false neg-

ative are decreasing when n increases. The above studies indicate the reliability of our
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methodology, such as the desired coverage rate of the simultaneous confidence bands.

It ensures their applications for the real data application in the following section.

Setting Model 1 Model 2 Model 3
(n,p) MSE MAE CP MSE MAE CP MSE MAE CP

(500, Oracle) 0.230 0.364 0.880 0.217 0.336 0.861 0.389 0.400 0.840
(750, Oracle) 0.125 0.276 0.925 0.113 0.251 0.905 0.143 0.268 0.905
(1000, Oracle) 0.095 0.23 0.947 0.088 0.230 0.935 0.083 0.220 0.940

(500, 10) 0.280 0.494 0.874 0.325 0.428 0.889 0.405 0.461 0.858
(750, 10) 0.169 0.318 0.897 0.151 0.293 0.924 0.329 0.472 0.885
(1000, 10) 0.112 0.258 0.939 0.095 0.243 0.929 0.099 0.241 0.931
(500, 50) 0.530 0.461 0.871 0.506 0.576 0.870 0.679 0.621 0.863
(750, 50) 0.258 0.371 0.930 0.331 0.426 0.903 0.280 0.393 0.920
(1000, 50) 0.100 0.248 0.957 0.129 0.280 0.955 0.099 0.242 0.959
(500, 100) 0.698 0.594 0.836 0.525 0.566 0.826 0.640 0.660 0.862
(750, 100) 0.153 0.305 0.906 0.452 0.477 0.896 0.141 0.291 0.907
(1000, 100) 0.108 0.230 0.947 0.188 0.338 0.920 0.093 0.237 0.940
(500, 500) 0.718 0.789 0.826 0.642 0.777 0.835 0.683 0.519 0.831
(750, 500) 0.413 0.503 0.857 0.434 0.453 0.860 0.524 0.444 0.854
(1000, 500) 0.123 0.249 0.930 0.174 0.319 0.925 0.143 0.287 0.912

Table 4.1: Simulation results for three examples. Oracle estimator is obtained when
true index sets are given. The True CSTE functions are x(1 − x),x2,−exp(x)/1.5. MSE,
MAE, CP represent mean square error, mean absolute error and coverage probability
of the simultaneous confidence bands, respectively.

Model 1 Model 2 Model 3
(n,p) FPR FNR C IC FPR FNR C IC FPR FNR C IC

(500, 10) 0.282 0.025 0.885 0.115 0.274 0.019 0.904 0.095 0.381 0.015 0.909 0.090
(750, 10) 0.206 0.008 0.956 0.043 0.170 0.007 0.960 0.039 0.280 0.018 0.941 0.058
(1000, 10) 0.162 0.000 1.000 0.000 0.110 0.005 0.994 0.005 0.217 0.002 0.989 0.010
(500, 50) 0.271 0.042 0.785 0.214 0.172 0.181 0.564 0.435 0.165 0.236 0.535 0.465
(750, 50) 0.108 0.041 0.823 0.176 0.178 0.025 0.892 0.107 0.094 0.125 0.563 0.436
(1000, 50) 0.070 0.009 0.952 0.047 0.111 0.005 0.975 0.025 0.082 0.065 0.788 0.211
(500, 100) 0.063 0.093 0.625 0.375 0.107 0.084 0.605 0.395 0.093 0.087 0.670 0.330
(750, 100) 0.055 0.065 0.703 0.296 0.098 0.044 0.688 0.311 0.040 0.106 0.681 0.318
(1000, 100) 0.031 0.032 0.845 0.154 0.053 0.037 0.830 0.170 0.021 0.061 0.803 0.196
(500, 500) 0.114 0.138 0.471 0.519 0.119 0.164 0.223 0.777 0.104 0.166 0.243 0.757
(750, 500) 0.974 0.096 0.540 0.460 0.069 0.138 0.294 0.706 0.059 0.132 0.302 0.698
(1000, 500) 0.030 0.062 0.609 0.391 0.039 0.102 0.413 0.587 0.049 0.094 0.449 0.551

Table 4.2: Model selection results. FP(false positive): zero is estimated as non-zero;
FN(false negative): non-zero is estimated as zero; C(correctly selected): all relevant
covariates are selected; IC(incorrectly selected): some relevant covariates are not se-
lected.

4.5.2 Real Data

In this subsection, we present and discuss the results of applying the pro-

cedure described in previous sections to a real data set. The purpose is to illustrate
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(a) Example 1: g1(x) = x(1− x)
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(b) Example 2: g1(x) = x2
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(c) Example 3: g1(x) =

−exp(x)/1.5

Figure 4.2: CSTE curves for three examples. The true functions are: example 1, g1(x) =
x(1 − x); example 2, g1(x) = x2; example 3, g1(x) = −exp(x)/1.5. The red solid curve is
the estimate of CSTE curve; the greed dashed line is the true value; the blue dashed
curve is true value and blue dashed curves are the 95%confidence bands.

the functioning of the CSTE curve in a real-world example and provide some insight

into the interpretation of the results. The goal is to analyze the effect of Zhengtian-

wan in the treatment of migraines. This is a multicenter, randomized, double-blind,

placebo-controlled trial on the effectiveness of Zhengtian pill on treating patients with

a Migraine. A migraine is a common neurological disorder characterized by recurrent

headache attacks. Migraine treatment involves acute and prophylactic therapy. The

objective of this study is to evaluate the efficacy and safety of Zhengtian Pill for mi-

graine prophylaxis. Zhengtian Pill, a Chinese Patented Medicine (PM) approved by

the State Food and Drug Administration (SFDA) of China in 1987, has been used in

clinical practice for more than 20 years in China to stimulate blood circulation, dredge

collateral, alleviate pain, and calm the liver. To evaluate the effectiveness of Zhengtian

Pill on preventing the onset of migraine attacks, a large-scale, randomized, prospec-

tive clinical study was conducted. Eligible patients were monitored during a baseline

period of four weeks, during which the headache characteristics were recorded as base-

line data. In this period, any use of migraine preventive medications was prohibited.

76



After the baseline period, a 12-week treatment period and four-week follow-up period

were carried out. Patients were requested to keep a headache diary throughout the

whole study period, from which investigators were able to extract detailed informa-

tion of migraine attacks including migraine days, frequency, duration, and intensity as

well as the use of acute medication during the study period. The outcome measures

were evaluated at 4, 8, and 12 weeks, and during the follow-up period. The patients

who met the inclusion criteria were randomly assigned into the experimental group

and control group in a 1:1 ratio using a computer-generated stochastic system.

In our analysis, the response variable Y binary valued indicating if the num-

ber of days that headaches occur has decreased 8 weeks after patients were treated. Z

is another indicator: Z = 1 means the subject is assigned in the experimental group;

Z = 0 means in the control group. The covariates x1 to x3 are gender(0 for male, 1

for female), height and body weight, x4 to x12 are overall scores for TCM symptoms

Huozheng, Fengzheng, Xueyu, Tanshi, Qixu, Yuzheng, Xuexu, Yinxu, Yangxu at week

0, respectively. All covariates are centered and standardized as input. We have 204

observations where 99 are in the experimental group and 105 are in the control group.

The purpose of this exercise is to model the odds ratio as a function of those covariates.

The number of covariates p = 12 might be regarded as small, so we estimate the CSTE

curve using the algorithm in Section 4.3.1 with and without model selection. We use

SCAD as our penalty function and the optimal tuning parameter is selected via the

modified BIC criterion. The corresponding confidence bands for the CSTE curve are

calculated. The results are not intended as definitive analyses of these data.

Table 4.3 summarizes the point estimates of β1 and the corresponding stan-

dard errors. Figure 4.3 shows two estimated CSTE curve and their confidence bands:

(a) using all 12 variables; (b) using all variables except x7 and x8 (not selected). To
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aid in interpretation for each covariate, we depict each covariate versus g1 where other

covariates are projected onto their mean values in Figure 4.4. As we can see, Huozheng

has a monotonic dependence on the CSTE, but the corresponding relationships for

other overall scores are highly nonlinear; most of them have a quadratic appearance.

On the basis of these Figures, one would conclude that the odds ratio does depend on

the linear combination of the covariates and in a nonlinear manner.

If all variables are used to estimate the curve, the two cutoff points are c1 =

−0.502, c2 = 2.182. The estimates of the overall rating of biomarker values is xβ̂1 where

the majority of the points (> 95%) fall into the interval (−1.2,5). Two cutoff points

divide this interval into three parts. Since the response variable y = 1 represents a

headache improves after 8 weeks treatment, higher CSTE value means the patient is

more likely benefited from the treatment. Suppose a new patient with biomarker value

x0, then when x0β̂1 falls into [−1.2, c1] and [c2,5], the treatment does not have signif-

icant effect, but if it falls into (c1, c2), then this treatment can improve the headache

of this patient. In the Zhengtianwan data, there are 37.7% of patients fall into the in-

terval. On the other hand, when x7,x8 are removed from the model, we obtain a new

estimate β1,ms. As we can see from Figure 4.3 (b), the positive region of the CSTE curve

becomes wider than (a) where the two cutoff points become -0.811 and 2.366. The

majority of xβ̂1,ms falls into −(2.5,5). When x0β̂1,ms is in the range of [−0.811,2.366],

the patient should receive Zhengtianwan treatment and 50.98% of all patients in the

training dataset fall into this interval.

78



-1
0

-5
0

5
10

Real Data Example

η1

C
S
TE

Estimates
SCB

c1=−0.502 c2=2.182

(a) Without variable selection

-1
0

-5
0

5
10

Real Data Example

η1

C
S
TE

Estimates
SCB

c1=−0.811 c2=2.366

(b) With variable selection

Figure 4.3: Real data example. Red curve is the CSTE curve; blue dashed curves are
the confidence bands. (a) two cutoff points are -0.502 and 2.182; (b) two cutoff points
are -0.811 and 2.366.
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Figure 4.4: Covariate v.s. CSTE curve. Other covariates are fixed on their mean values.
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Variable Gender Height Weight Huozheng Fengzheng Xueyu Tanshi Qixu Yuzheng Xuexu Yinxu Yangxu

β1
0.88 0.10 -0.04 -0.06 0.08 -0.09 -0.08 0.04 0.18 -0.24 0.30 -0.03
(0.23) (0.01) (0.01) (0.03) (0.02) (0.01) (0.03) (0.11) (0.04) (0.05) (0.07) (0.02)

Penalizd β1
0.70 0.11 -0.05 -0.04 0.14 -0.15 0.00 0.00 0.21 -0.38 0.49 -0.14
(0.31) (0.02) (0.01) (0.02) (0.03) (0.01) (0.00) (0.00) (0.05) (0.07) (0.09) (0.06)

Table 4.3: Estimates of β1 and the corresponding standard errors(in parentheses). First
row: using the unpenalized model; second row: using the penalized model.

4.6 Discussion

Both the simulation and real-world study in Section 4.5.1 and 4.5.2 suggest

that modeling procedure for CSTE curve can successfully detect and model compli-

cated nonlinear relationships between binary response and high-dimensional covari-

ates. In practice, the non-linear dependencies we suggested are not characteristic of all

situations. We adapted the spline-backfitted kernel smoothing to construct the simul-

taneous confidence bands for the non-linear functions to choose the optimal treatment.

Moreover, the confidence bands can be used to verify the presence of non-linear rela-

tionships as well.

Our model was motived by the desire to provide an individualized decision

rule for patients along with the ability to deal with high-dimensional covariates when

the outcome is binary. The semiparametric modeling can be viewed as generalizations

of the CSTE curve for one covariate in Han et al. (2017) in the sense that the odds

ratio depends on the linear combination of all covariates. Although we consider a

single decision with two treatment options, our model can be generalized to multiple

treatment arms easily.
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4.7 Proofs

4.7.1 Preliminaries

Denote β = (β>1 ,β
>
2 )
>. Define

Hi(β,δ) = B(x>i β1)
>δ1zi +B(x>i β2)

>δ2 =Di(β)
>δ (4.17)

as the B-spline approximation for the linear predictor, where

δ = (δ>1 ,δ
>
2 )
> and Di(β) = (B(x>i β1)

>zi ,B(x
>
i β2)

>)>.

Denote zi1 = zi and zi2 = 1, then Di(β) can be written as (B(x>i β1)
>zi1,B(x

>
i β2)

>zi2)>.

Using the B-spline approximation, the expected value of Y depends on the β and δ:

E(Y |η, z) = π ≈ π(β,δ).

Plugging (4.17) into the negative log-likelihood function gives a function of β and δ:

Ln(β,δ) = −
1
n

n∑
i=1

YiHi +
1
n

n∑
i=1

log(1 + exp(Hi)) +
2∑

k=1

p∑
i=2

p(βki ,λ). (4.18)

The unpenalized version is

Ln(β,δ) = −
1
n

n∑
i=1

YiHi +
1
n

n∑
i=1

log(1 + exp(Hi)).

We introduce some lemmas that will be used in the proof of main theorems.

Define N0 = {β = (β>1 ,β
>
2 )
> : βk = (β>k1,β

>
k2)
> ∈ Rp, ||βk || = 1 and βk2 ≡ 0, k = 1,2}. Let

s = max(s1, s2) and recall that L is the number of spline basis functions. We have the

following Lemma.

Lemma 4.7.1 Under Assumption (A3) and log(n)Lsn−1 = o(1), for k = 1,2,

sup
βk∈N0

||n−1
n∑
i=1

B(x>i βk)B(x
>
i βk)

> −E{B(x>βk)B(x
>βk)

>}|| =Oa.s.(
√
log(n)s/(Ln)). (4.19)
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Let wi(1 ≤ i ≤ n) be some weights between 0 and 1, then we have

sup
βk∈N0

||[n−1
n∑
i=1

wiDi(β)Di(β)
>]−1|| =Oa.s(L), (4.20)

and

sup
βk∈N0

‖n−1
n∑
i=1

Di(β)εi‖ =Oa.s.(
√
log(n)s/n). (4.21)

Proof. (4.19) is in Lemma A.1 in Ma and Tu (2018), (4.21) follows from the same pro-

cedure as the proof of Lemma A.1 in Ma and Tu (2018), thus their proofs are omitted.

We only show (4.20). ∀a ∈ R2L with unit length, we divide a into a = (a>1 ,a
>
2 )
> with

a1,a2 ∈ RL. Note that zik and wi are positive constants that are less than 1, then by

(4.19), log(n)Lsn−1 = o(1), and Lemma A.1 in Ma and Tu (2018), we have

a>
1n

n∑
i=1

wiDi(β)Di(β)
> −E[D(β)D(β)>]

a
=

2∑
k=1

wizika
>
k

1n
n∑
i=1

B(x>i βk)B(x
>
i βk)

> −E{B(x>βk)B(x
>βk)

>}

ak+
2

n∑
i=1

a>1 (wiB(x
>
i β1)B(x

>
i β2)

> −E[B(x>β1)B(x
>β2)

>])a2

≤
2∑

k=1

a>k

1n
n∑
i=1

B(x>i βk)B(x
>
i βk)

> −E{B(x>βk)B(x
>βk)

>}

ak
+

2∑
k=1

a>k

1n
n∑
i=1

B(x>i βk)B(x
>
i βk)

>

ak − 2a>1 E[B(x>β1)B(x
>β2)

>]a2

=Oa.s.(
√
log(n)s/(Ln)) +Oa.s.(L

−1) +Oa.s.(L
−1) =Oa.s.(L

−1).

(4.22)

By Theorem 5.4.2 of DeVore and Lorentz (1993), λmax[E{B(x>βk)B(x
>βk)

>}] = O(L−1)

uniformly for unit βk for n sufficiently large. A direct calculation shows that

a>E[D(β)D(β)>]a ≤ 2
2∑

k=1

a>k E(B(x
>βk)B(x

>βk)
>)ak .
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We thus have

λmax(E[D(β)D(β)>]) ≤ 2
2∑

k=1

λmax[E{B(x>βk)B(x
>βk)

>}] =O(L−1).

This, together with (4.22), shows

||n−1
∑n

i=1
wiDi(β)Di(β)

>||

≤||n−1
n∑
i=1

wiDi(β)Di(β)
> −E[D(β)D(β)>]||+ ||E[D(β)D(β)>]|| =Oa.s(L

−1),

which implies (4.20).

Denote δ̂(β) = argminδL(β,δ) for given β and δ̃(β) as the population version

such that δ̃(β) = argminδE[L(β,δ)]. We obtain the following results.

Lemma 4.7.2 Under Assumptions (A2)-(A4), and nα−1L4 = o(1) and α ∈ (0, (2r − 3)/(2r +

1)), for δ′kν = ∂δ̂(β0)>/∂βkν or ∂δ̃(β0)>/∂βkν , we have

sup
xi

∥∥∥δ′k1Di(β
0) + g̃ ′k(x

>
i β

0
k)E(xi,1|η

0
i )zik

∥∥∥∞ =Op

(
L3/2−r +L2

√
log(n)/n)

)
,

and

sup
xi

∥∥∥δ′k2Di(β
0) + g̃ ′k(x

>
i β

0
k)E(xi,2|η

0
i )zik

∥∥∥∞ =Op

(
L3/2−r +L2nα/2−1/2

)
.

Proof. Consider the case that δ′ν = ∂δ̂(β0)>/∂βkν first. By the definition of δ̂(β), the

score function is given by

1
n

n∑
i=1

Di(β)(yi − π̂i) = 0, (4.23)

where π̂i is the fitted conditional mean of Y evaluated at δ̂(β) when given β. It’s easy

check that the derivative of the LHS of (4.23) with respect to δ̂(β) is non-zero. Denote

ŵi = π̂i(1− π̂i). Taking derivative with respect to β>k on both sides yields

1
n

n∑
i=1

[(∂Di(β
0)/∂β>k )(yi − π̂i)−Di(β)B

′(x>i βk)
>δ̂k(β)x

>
i ŵizik]

−1
n

n∑
i=1

ŵiDi(β)Di(β)
>∂δ̂(β)/∂β>k = 0.

(4.24)
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Solving (4.24) obtains, for ν = 1,2,

{∂δ̂(β0)/∂β>kν}Di(β0) = (Λ1v +Λ2v +Λ3v)Di(β0), (4.25)

where,

Λ1v,k =

1n
n∑
i=1

(yi − π̃i)(∂Di(β
0)/∂β>kν)

B,
Λ2v,k =

1n
n∑
i=1

(π̃i − π̂i)(∂Di(β
0)/∂β>kν)

B,
Λ3v,k =

−1n
n∑
i=1

B′(x>i β
0
k)
>δ̂k(β

0
k)xi,νDi(β

0)>zik

B,
(4.26)

B =

1n
n∑
i=1

ŵiDi(β
0)Di(β

0)>
−1 ,

and π̃i is evaluated at the true value g̃. We need to bound three terms in (4.26). We

start with Λ1v,kDi(β
0). Note that

sup
xi
‖Λ1v,kDi(β

0)‖∞ ≤ sup
xi
‖Di(β

0)‖ · ‖1
n

n∑
i=1

(yi − π̃i)xi,νkB
′(x>i β

0
k)
>zik‖2,∞ · ‖B‖

≤ c1 ·L · ‖
1
n

n∑
i=1

(yi − π̃i)xi,νkB
′(x>i β

0
k)
>zik‖2,∞,

(4.27)

for c1 ∈ (0,∞), where the second inequality follows from Lemma 4.7.1. Let Dn = Lnω

for ω satisfying ω ≤ (3/8)(1 − α), ω(2 + %) > 1, ω(1 + %) > 1/2. We can decompose Uij`

into

Uij` = (yi − π̃i)xijB
′
l(x
>
i β

0
k)zik =Uij`,1 +Uij`,2 +Uij`,3,

whereUij`,1 =Uij`I(|Uij` | > Dn),Uij`,2 =Uij`I(|Uij` | ≤Dn)−Uij`,3 andUij`,3 = E[Uij`I(|Uij` | ≤

Dn)]. By Assumption (A3), E|Uij` |2+% ≤ C%,kL
1+% and

∞∑
n=1

P (|Uij` | > Dn) ≤
∞∑
n=1

E|Uij` |2+%/D
2+%
n ≤ C%,kL

−1
∞∑
n=1

n−ω(2+%) <∞.

Then by Borel-Cantelli lemma, we have P (1n
∑n

i=1Uij`,1 = 0) = 1 as n approaches infinity.

Therefore, ∀t > 0,∃ c2 ∈ (0,∞), such that sups+1≤j≤p |
1
n

∑n
i=1Uij`,1| ≤ c2n

−t. We also

obtain

|Uijk`,3| ≤ E|Uij` |2+%/D
1+%
n ≤ C%,kn

−ω(1+%)
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implies

sup
s+1≤j≤p

|1
n

n∑
i=1

Uij`,3| ≤ C%,kn
−ω(1+%) ≤ C%,kn

−1/2.

We have E(Uij`)2 � L, E(Uij`,1)2 ≤ C%,kLn
−ω%, and E(Uij`,3)2 ≤ C%,kn

−2ω(1+%). Hence

∃ c3 ∈ (0,∞) such that E(Uij`,2)2 ≤ c3L. Moreover, by the definition of Uij`,2, for t ≥ 2

E|Uij`,2|t ≤ (2Dn)
t−2t!E|Uij`,2|2 ≤ (2Lnω)t−2t!E|Uij`,2|2.

Therefore, for c4 ∈ (0,∞) and a large enough n, by Bernstein’s inequality, we have

P
(
|1
n

∑n

i=1
Uij`,2| ≥ c4

√
nαL/n

)
≤ 2exp

{
−

c24n
1+αL

4nc3L+4Lnωc4
√
n1+αL

}
≤ 2exp

(
−
c24n

α

5c3

)
.

Since log(p) =O(nα), ∃ c5 ∈ (0,∞), such that log(p) ≤ c5n
α for a large n. If we choose c4

such that c4 >
√
5c3c5, then we have

P

 sup
s+1≤j≤p

|1
n

n∑
i=1

Uij`,2| ≥ c4
√
nαL/n

 ≤ 2pexp
(
−
c24n

α

5c3

)
= 2exp(c6n

α),

where c6 = c5 − c24/5c3 < 0. Since ∃ c∗4 ∈ (0,∞), such that c2n−t +C%n
−ω(1+%) + c4

√
nαL/n ≤

c∗4
√
nαL/n, then, for a large n, we have

P

‖1n
n∑
i=1

(yi − π̃i)xi,2kB
′
`(x
>
i β

0
k)
>zik‖∞ ≥ c∗4

√
nαL/n

 ≤ 2exp(c6n
α). (4.28)

A similar argument shows that

P

‖1n
n∑
i=1

(yi − π̃i)xi,1kB
′
`(x
>
i β

0
k)
>zik‖∞ ≥ c∗∗4

√
log(n)L/n

 ≤ 2sexp(−c∗6 log(n)), (4.29)

for c∗∗4 , c
∗
6 ∈ (0,∞). Combining (4.27), (4.28), and (4.29) gives

sup
xi
‖Λ11,kDi(β

0)‖∞ =Oa.s.(L
2
√
log(n)/n)

sup
xi
‖Λ12,kDi(β

0)‖∞ =Oa.s.(L
2
√
nα/n).

Next, we bound Λ2ν,kDi(β
0). By Lemma 4.19, ∃ c7 ∈ (0,∞) such that

sup
xi
‖Λ2ν,kDi(β

0)‖∞ ≤ c7Lsup
xi
||1
n

n∑
i=1

(π̃i − π̂i)xi,vkB
′(x>i β

0
k)
>zik‖2,∞.
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Under Assumption (A2), the uniform convergence rate of the spline estimator (Newey,

1997) is given as

sup
x
|g̃k(x>β0

k)−B(x
>β0

k)
>δ̂k(β

0)| =Op(L
−r +

√
log(n)L/n).

Since S(x) is Lipschitz continuous over real number, we have

sup |π̃i − π̂i | =Op(L
−r +

√
log(n)L/n).

Under Assumption (A3), we have E|xjB′`(x
>β0

k)|
2 =O(L), which implies E[xjB′`(x

>β0
k)] =

O(L1/2). Using the same argument as the proof of (4.28), we obtain

P (||xi,2kB′(x>i β
0
k)
> −E(xi,2kB′(x>i β

0
k)
>)||2,∞ ≥ c8L

√
nα/n) ≤ 2exp(−c∗8n

α).

for some constant c8, c∗8 ∈ (0,∞). By triangle inequality, we get

||xi,2kB′(x>i β
0
k)
>||2,∞ =Oa.s.(L

√
nα/n+L1/2) =Oa.s.(L

1/2). (4.30)

Similarly, we get ||xi,1kB′(x>i β
0
k)
>||2,∞ = Oa.s.(L

√
log(n)/n + L1/2) = Oa.s.(L1/2). These re-

sults lead to

sup
xi
‖Λ2ν,kDi(β

0)‖∞ =Op(L
3/2−r +L2

√
log(n)/n). (4.31)

Then, we deal with Λ3ν,kDi(β
0). Define

Λ0
3v,k = −

1
n

n∑
i=1

g̃ ′k(x
>
i β

0
k)xi,νDi(β

0)>B · zik . (4.32)

By the uniform convergence rate for the spline derivative estimator, we have

sup
xi
|g̃ ′k(x

>
i β

0
k)−B

′(x>i β
0
k)
>δ̂k(β

0)| =Op

(
L−r+1 +

√
log(n)L3/n

)
. (4.33)

Similar as (4.30), we obtain supxi
‖1n

∑n
i=1xi,νkDi(β

0)>zik‖2,∞ = Oa.s.(L−1/2). Then, to-

gether with (4.22), (4.33), and the fact that sup‖B(xiβ0
k)zik‖ is bounded above, we ob-

tain

sup
xi
‖Λ3v,kDi(β

0)−Λ0
3v,kDi(β

0)‖∞ =Op

(
L−r+3/2 +L2

√
log(n)/n

)
. (4.34)
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By Corollary 6.21 of Schumaker (1981), under Assumption (A2), there exists δ∗k ∈ R
L

such that supxi
|B(x>i β

0
k)
>δ∗k −E{g̃

′
k(x
>
i β

0
k)xij |η

0}| =O(L−r ). For 1 ≤ j ≤ p, define

Λ0
3,j = −

1
n

n∑
i=1

g̃ ′k(x
>
i β

0
k)xijDi(β

0)>B · zik

Following the same reasoning as the proof in Lemma 4.7.1 and letting δ∗ = (δ∗>1 ,δ∗>2 )>,

we obtain

sup
1≤j≤s

||δ∗ +Λ0>
n,3,j || =Oa.s.

(√
log(n)L2/n

)
and sup

s+1≤j≤p
||δ∗ +Λ0>

n,3,j || =Oa.s.

(
nα/2

√
L2/n

)
.

We thus have

sup
xi

sup
1≤j≤s

|Di(β
0)>δ∗ +Λ0

3,jDi(β
0)| =Oa.s.

(√
log(n)L2/n

)
and

sup
xi

sup
s+1≤j≤p

|Di(β
0)>δ∗ +Λ0

3,jDi(β
0)| =Oa.s.

(
nα/2

√
L2/n

)
.

Therefore,

sup
xi
||Λ0

31,kDi(β
0) + zikE{g̃ ′k(x

>
i β

0
k)xi,1k |η

0}||∞ =Oa.s.

(√
log(n)L2/n

)
and

sup
xi
||Λ0

32,kDi(β
0) + zikE{g̃ ′k(x

>
i β

0
k)xi,2k |η

0}||∞ =Oa.s.

(
nα/2

√
L2/n

)
.

By (4.34) and the above results, we obtain

sup
xi
||Λ31,kDi(β

0) + zikE{g̃ ′k(xiβ
0
k)xi,1k |η

0}||∞ =Op

(
L−r+3/2 +

√
log(n)L4/n

)
sup
xi
||Λ32,kDi(β

0) + zikE{g̃ ′k(xiβ
0
k)xi,2k |η

0}||∞ =Op

(
L−r+3/2 +

√
log(n)L4/n+nα/2

√
L2/n

)
(4.35)

So far, we have calculated the bound of ΛtνDi(β
0) for t = 1,2,3, then combin-

ing results in (4.29), (4.31), and (4.35) gives

sup
xi

∥∥∥(∂δ̂(β0)>/∂βk1)Di(β
0) + zik g̃

′
k(x
>
i β

0
k)E(xi,1k |η

0)
∥∥∥∞ =Op(L

3/2−r +L2
√
log(n)/n)),
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and

sup
xi

∥∥∥(∂δ̂(β0)>/∂βk2)Di(β
0) + zik g̃

′
k(x
>
i β

0
k)E(xi,2k |η

0)
∥∥∥∞ =Op(L

3/2−r +L2nα/2−1/2).

Replacing Yi with E(Yi |xi) yields the same results for δ′kν = (∂δ̃(β0)>/∂βkν).

Given βk2 = 0 and plugging δ̃(β) into (4.18) yields a constrained likelihood

function

L̃n(β(1),−1) := L((β>11,−1,0
>,β>21,−1,0

>)>, δ̃((β>11,−1,0
>,β>21,−1,0

>)>), (4.36)

Let s =max(s1, s2). Then we have the following Lemma.

Lemma 4.7.3 Under Assumptions (A1)-(A5), and α ∈ (0,κ), where κ =min(1/2, (r−7/4)/(r−

3/4)), log(n)nα−1L4 = o(1),
√
log(n)n1/2L3/2−2r = o(1), log(n)s1/2L2n−1/2 = o(1) and s2n−1 =

o(1), there exists a strict local minimizer β̃(1),−1 of L̃n(β(1),−1) such that ‖β̃(1),−1 − β
0
(1),−1‖ =

Op(
√
s/n), where β0

(1),−1 = (β0
11,−1,β

0
21,−1).

Proof. Define an eventMn =
{̃
Ln(β

0
(1),−1) >max||u||=C L̃n(β

0
(1),−1 +u

√
s/n)

}
for a C ∈ (0,∞).

Since there exists a local minimum in the ball {β0
(1),−1 + u

√
s/n, ||u|| ≤ C}, it suffices to

show that P (Mn)→ 1 as n→∞. Denote H0
i =Hi(β

0, δ̃(β0)) and π0
i = S(H0

i ). Define

ρ(t) = ρ′(|t|)sign(t),

where sign(·) is the sign function. By the Taylor expansion of L̃n(β(1),−1) at β
0
(1),−1 and

Assumption (A5), for large enough n, we have

L̃n(β
0
(1),−1 +u

√
s/n)− L̃n(β0

(1),−1) =−∆n1 +∆n2

+λρλ(β
0
(1))
>(
√
s/nu) + (s/n)u>Ψ (β∗(1),−1)u,

(4.37)

where

∆n1 =
1
n

n∑
i=1

(Yi −π0
i ){D

′
i (β

0)>δ̃(β0) + δ̃
′
(β0)>Di(β

0)}>J ,
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∆n2 =
√
s/nu>

n∑
i=1

J>{D ′i (β
0)>δ̃(β0) + δ̃

′
(β0)>Di(β

0)}

{D ′i (β
0)>δ̃(β0) + δ̃

′
(β0)>Di(β

0)}>J
√
s/nu(1 + o(1)),

β∗(1),−1 = β0
(1),−1+εu

√
s/n for some constant ε ∈ (0,1),Ψ (β∗(1),−1) = diag{p′′γ (|β∗1i |,λ)(2 ≤ i ≤

s1),p′′γ (|β∗2i |,λ)(2 ≤ i ≤ s2)}, D ′i (β
0) = ∂Di(β

0)/∂β0 = diag(B′(x>i,1kβ
0
11)x

>
i zi ,B

′(x>i,1kβ
0
21)x

>
i )

is a block diagonal matrix, δ̃
′
(β0) = ∂δ̃(β0)/∂β0, and J = diag(J (β0

11),J (β
0
21)). Note

that for 2 ≤ i ≤ sk , |β0ki | ≥ 2wn.By Assumption(A5), |β∗ki | ≥ |β
0
ki | −Cε

√
s/n ≥ wn for large

enough n. Moreover, by Assumption(A5), we have that wn ≥ aλ for some constant a

and large enough n. Therefore, by Assumption(A1), we obtain λρλ(β(1))
>(
√
s/nu) = 0

and (s/n)u>Ψ (β∗(1),−1)u = 0 for large enough n. Then, (4.37) can be written as

L̃n(β
0
(1),−1 +u

√
s/n)− L̃n(β0

(1),−1) = −∆n1 +∆n2.

When g̃ is given, define ∆̃n1 as

∆̃n1 =
1
n

n∑
i=1

(yi − π̃i)


g̃ ′1(x

>
i,1kβ

0
11)̃xi,1kzi

g̃ ′2(x
>
i,1kβ

0
21)̃xi,1k


>

J
√
s/nu,

where π̃i is the fitted conditional mean. To compute the difference between ∆n1 and

∆̃n1, it suffices to bound |∆n1,k − ∆̃n1,k |, where

∆n1,k =
1
n

n∑
i=1

(yi −π0
i ){B

′(x>i,1kβ
0
11)̃δk(β

0)x>i zik + (∂δ̃(β0)/∂β0
k1)Di(β0)}

>J (β0
k1)
√
s/nu

and ∆̃n1,k =
1
n

n∑
i=1

(yi − π̃i)g̃
′
k(x
>
i,1kβ

0
11)̃xi,1kzikJ (β

0
k1)
√
s/nu.

Define

Ψni,k = B′(x>i β
0
k)
>δ̃k(β

0
k1)xi,1kzik + (∂δ̃

>
(β0)/∂β0

k1)Di(β
0)− g̃ ′k(x

>
i β

0
k )̃xi,1kzik , (4.38)

where x̃i,1k = xi,1k − E(xi,1k |η0). Since ∃ CJ ∈ (0,∞), such that ‖J (β0
k1)
√
s/nu‖ ≤ CJ

√
s/n,

we obtain

|∆n1,k − ∆̃n1,k | ≤ ∆n11,k +∆n12,k +∆n13,k ,
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where

∆n11,k = ‖
1
n

n∑
i=1

(π̃i −π0
i )g̃
′
k(x
>
i,1kβ

0
k1)̃xi,1kzik‖(CJ

√
s/n),

∆n12,k = ‖
1
n

n∑
i=1

(π̃i −π0
i )Ψni,k‖(CJ

√
s/n),

and ∆n13,k = ‖
1
n

n∑
i=1

(yi − π̃i)Ψni,k‖(CJ

√
s/n).

For 1 ≤ j ≤ sk , denote

∆n11,k,ij = (π̃i −π0
i )g̃
′
k(x
>
i,1kβ

0
k1)x̃ijzik ,

where x̃ij = xij −E(xij |η0). Then we have

E(∆2
n11,k) = (C

√
s/n)2

s∑
j=1

1
n2

(
n∑
i=1

E(∆n11,k,ij )
2 +

∑
i,i′

E(∆n11,k,ij )(∆n11,k,i′j ))

= (C
√
s/n)2

s∑
j=1

1
n2

n∑
i=1

E(∆n11,k,ij )
2.

(4.39)

By Assumptions (A2) and (A3), we have E(∆n11,k,ij )2 = O(L−2r ). Therefore, E(∆2
n11,k) ≤

c(s2n−2L−2r ) for some c ∈ (0,∞). Then, by Chebyshev’s inequality, ∀ε > 0, ∃ M >
√
c/ε,

such that

P (|∆n11,k,ij | >Msn−1L−r ) ≤ E(∆2
n11,k)/M

2 ≤ ε,

which implies

∆n11,k =Op(sn
−1L−r ). (4.40)

For ∆n12,k , we have

∆n12,k ≤ (CJ

√
s/n)L−r‖1

n

n∑
i=1

Ψni,k‖.

By Lemma 4.7.2 and triangle inequality, we have

1
n2

n∑
i=1

E(Ψ
>

ni,kΨni,k) =O(s)O(n−1)O[{L−r+1 +L3/2−r +L2
√
log(n)/n}2] (4.41)

and

1
n2

n∑
i,i′

E(Ψ
>

ni,kΨni′ ,k) =O(s)O[{L−r+1 +L3/2−r +L2
√
log(n)/n∗}2]. (4.42)
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Therefore,

E‖1
n

n∑
i=1

Ψni,k‖2 =O[(s1/2L3/2−r + s1/2L2
√
log(n)/n)2]. (4.43)

(4.43) and (4.39) implies

∆n12,k =O(sL3/2−2rn−1/2 + sL2−rn−1
√
log(n)). (4.44)

Next, since (Yi − π̃i)2 ≤ 1, we have

E(∆n13,k)
2 ≤ (CJ

√
s/n)2

1
n2

n∑
i=1

E(Ψ
>

ni,kΨni,k)

=Op[(s/n)
2(L3/2−r +L2

√
log(n)/n)2].

Therefore,

∆n13,k =Op[(s/n)(L
3/2−r +L2

√
log(n)/n)]. (4.45)

Combining (4.40), (4.44), and (4.45) gives

∆n11,k +∆n12,k +∆n13,k =Op(υn),

where

υn =
√
log(n)sL2−rn−1 +

√
log(n)sL2n−3/2 + sL3/2−2rn−1/2.

We thus have ∀ ε > 0, ∃ M1 ∈ (0,∞), such that P (Hn1,k) ≤ ε where Hn1,k = {∆n11,k +

∆n12,k + ∆n13,k ≤ M1υn}. By Assumption (A3), E(∆̃n1,k)2 = Oa.s(s2/n2) which implies

∆̃n1,k = Op(s/n). So ∃ M2 ∈ (0,∞), such that P (Hn2,k) ≤ ε, where Hn1,k = {|∆̃n1,k | ≤

M2s/n}. Then P (
∑2

k=1Hn1,k ∩Hn2,k) ≥ 1 − 4ε and on the event
∑2

k=1Hn1,k ∩Hn2,k , we

have |∆n1| < M1υn +M2s/n. By (4.42), (4.41) and the assumption that L3/2−rs1/2 = o(1)

and
√
logns1/2L2n−1/2 = o(1), we have |∆n2 −

√
s/nu>Ωnu

√
s/n| = o(s/n). By Assumption

(A5), ∃ C ∈ (0,∞), such that λmin(Ωn) ≥ C, so we have
√
s/nu>Ωnu

√
s/n ≥ Cs/n. Define

Hn3 = {∆n2 > C′s/n} for some constant C′ ∈ (0,∞), then P (Hn3) ≤ ε, which implies event∑2
k=1Hn1,k ∩Hn2,k ∩Hn3 happens with high probability. Moreover, on this event, we
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have L̃n(β
0
(1),−1 + u

√
s/n) − L̃n(β0

(1),−1) > −M2s/n+C′s/n > 0 when C′ > M2. Similar as

(4.36), we define another constrained loss function as

L̂n(β(1),−1) := Ln((β
>
11,−1,0

>,β>21,−1,0
>)>, δ̂((β>11,−1,0

>,β>21,−1,0
>)>). (4.46)

Define

F̂n(β(1),−1) = L̂n(β(1),−1)− L̂n(β
0
(1),−1)

and F̃n(β(1),−1) = L̃n(β(1),−1)− L̃n(β
0
(1),−1).

For any sequence of positive numbers δn with δn = o(1), defineN1 = {β(1),−1 ∈ Rs1+s2−2 :

‖β(1),−1 −β
0
(1),−1‖ ≤ δn}. We have the following lemma.

Lemma 4.7.4 Under Assumptions (A3) and (A5) and log(n)sL2n−1/2 = o(1),

sup
β(1),−1∈N1

‖β(1),−1 −β
0
(1),−1‖

−1 |̃Ln(β(1),−1)− L̂n(β(1),−1)| = op(
√
s/n).

Proof. By Taylor’s expansion at δ̂(β(1),−1) and the fact that ∂̂L(β(1),−1)/∂δ̂(β(1),−1) = 0,

we have

L̂n(β(1),−1)− L̃n(β(1),−1) = (̃δ(β(1))− δ̂(β(1)))
>B−1(̃δ(β(1))− δ̂(β(1))), (4.47)

where

B(β(1)) =

1n
n∑
i=1

ŵiDi(β(1))Di(β(1))
>

−1 .
Again, by the Taylor’s expansion of the gradient equation at δ̂(β1,−1) and the definition

of δ̃(β1,−1), δ̃(β1,−1) can be written as the solution of a weighted least square regression,

i.e.

δ̃(β(1)) = δ̂(β(1)) +B(β(1)) ·
1
n

n∑
i=1

Di(β(1))
>(E(Yi)− π̂i)

= δ̂(β(1)) +B(β(1)) ·
1
n

n∑
i=1

Di(β(1))
>[S(g̃(β(1)))− π̂i],
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where π̂ is the fitted probability evaluated at δ̂(β1,−1). Since Di(β(1))
>(Yi − π̂i) = 0 for

i = 1, . . . ,n, we have

δ̃(β(1))− δ̂(β(1)) = B(β(1)) ·
1
n

n∑
i=1

Di(β(1))
>[S(g̃(β(1)))−Yi]. (4.48)

Plugging (4.48) into (4.47) yields

L̂n(β(1),−1)− L̃n(β(1),−1) =

1n
n∑
i=1

εiDi(β(1))
>

 ·B(β(1)) ·

1n
n∑
i=1

εiDi(β(1))

 ,
where εi = S(g̃(β1,−1))−Yi . Therefore, we obtain

F̂n(β(1),−1)− F̃n(β(1),−1) =

1n
n∑
i=1

εiDi(β(1))
>

 ·B(β(1)) ·

1n
n∑
i=1

εiDi(β(1))


−

1n
n∑
i=1

εiDi(β
0
(1))
>

 ·B(β0
(1)) ·

1n
n∑
i=1

εiDi(β
0
1,−1)

 .
Note that the above term can be decomposed into three parts, such that

F̂n(β(1),−1)− F̃n(β(1),−1) = fn1(β(1),−1) + fn2(β(1),−1) + fn3(β(1),−1),

where

fn1(β(1),−1) =

1n
n∑
i=1

εi(Di(β(1))
> −Di(β

0
(1))
>)

B(β(1))

1n
n∑
i=1

εiDi(β(1))

 ,
fn2(β(1),−1) =

1n
n∑
i=1

εiDi(β
0
(1))
>

(B(β(1))−B(β
0
(1))

)1n
n∑
i=1

εiDi(β(1))

 ,
and fn3(β(1),−1) =

1n
n∑
i=1

εiDi(β
0
(1))
>

B(β0
(1))

1n
n∑
i=1

εi(Di(β(1))
> −Di(β

0
(1))
>)

 .
For any β(1),−1 ∈ N1, ∃ c ∈ (0,∞) such that

E
(
‖β(1) −β

0
(1)‖
−2‖εi(Di(β(1))−Di(β

0
(1)))‖

2
)

≤ c · ‖β(1) −β
0
(1)‖
−2s sup

`,k
|B′`(x

>
i,1kβk1)|

2‖β(1) −β
0
(1)‖

2 =O(L2s)

Then by Bernstein’s inequality and following the same procedure as the proof for

Lemma 4.7.1, we obtain

sup
β(1),−1∈N1

‖β(1) −β
0
(1)‖
−1‖1

n

n∑
i=1

εi(Di(β(1))−Di(β
0
(1)))‖ =Op(sL

√
log(n)/n). (4.49)
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Therefore, by Lemma 4.7.1, (4.49) and the condition log(n)sL2n−1/2 = o(1), we have

sup
β(1),−1∈N1

‖β(1) −β
0
(1)‖
−1|fn1(β(1),−1)|

=Op(
√
log(n)s/n)Op(L)Op(sL

√
log(n)/n) = op(

√
s/n).

(4.50)

Since E‖n−1
∑n

i=1 εiDi(β
0
(1))‖

2 =O(n−1L−1) =O(n−1), we have

‖1
n

n∑
i=1

εiDi(β
0
(1))‖ =Op(n

−1/2).

Moreover, let β(1),−1 be any vector in N1 and a be a unit vector in R2L. Here a can be

written as a = (a>1 ,a
>
2 )
>, where a1,a2 are two vectors in RL. By the Taylor’s expansion

at β0
(1),−1, there exists a constant C ∈ (0,∞) such that

a>E[Di(β(1))Di(β(1))
> −Di(β

0
(1))Di(β

0
(1))
>]a

=
2∑

k,k′

a>k E
(
B(x>i,1kβk1)B(x

>
i,1kβk′1)

> −B(x>i,1kβ
0
k1)B(x

>
i,1kβ

0
k′1)
>
)
ak

≤C‖β(1),−1 −β
0
(1),−1‖∞ ≤

√
2Cs1/2‖β(1),−1 −β

0
(1),−1‖

which implies

‖B(β(1))−B(β
0
(1))‖ =Op(s

1/2‖β(1),−1 −β
0
(1),−1‖). (4.51)

(4.51) and Lemma 4.7.1 give us

sup
β(1),−1∈N1

‖β(1),−1 −β
0
(1),−1‖

−1‖B(β(1))−B(β
0
(1))‖

≤ sup
β(1),−1∈N1

‖β(1),−1 −β
0
(1),−1‖

−1‖B(β(1))‖ · ‖B(β
0
(1))‖ · ‖B(β(1))

−1 −B(β0
(1))
−1‖ =Op(L

2s1/2)

Thus, we have

sup
β(1),−1∈N1

‖β(1),−1 −β
0
(1),−1‖

−1|fn2(β(1),−1)| ≤ ‖
1
n

n∑
i=1

εiDi(β
0
(1))
>‖

· ‖B(β(1))−B(β
0
(1))‖ · ‖

1
n

n∑
i=1

εiDi(β(1))
>‖

=Op(n
−1/2)Op(L

2s1/2)Op(
√
log(n)s/n) = op(

√
s/n).

(4.52)
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Similar as (4.50), we obtain

sup
β(1),−1∈N1

‖β(1),−1 −β
0
(1),−1‖

−1|fn3(β(1),−1)| = op(
√
s/n). (4.53)

(4.50), (4.52), and (4.53) lead to

sup
β(1),−1∈N1

‖β(1),−1 −β
0
(1),−1‖

−1 |̃Ln(β(1),−1)− L̂n(β(1),−1)|

≤
3∑

t=1

sup
β(1),−1∈N1

‖β(1),−1 −β
0
(1),−1‖

−1|fnt(β(1),−1)| = op(
√
s/n).

Lemma 4.7.5 Let α ∈ (0,κ), where κ = min(1/2, (2r − 3)/(2r + 1)). Under Assumptions

(A1)-(A5), if nα−1L4 = o(1), n1/2L3/2−2r = o(1), and log(n)sL2n−1/2 = o(1), then there exists

a strict local minimizer β̂(1),−1 of L̂n(β(1),−1) given in (4.46) such that ‖β̂(1),−1 − β̃(1),−1‖ =

op(
√
s/n) and ‖β̂(1),−1 − β

0
(1),−1‖ = Op(

√
s/n), where β̃(1),−1 is the strict local minimizer of

L̃n(β(1),−1) given in Lemma 4.7.3.

Proof. Since F̃n(β(1),−1) = L̃n(β(1),−1)− L̃n(β
0
(1),−1),

β̃(1),1 = argminβ(1),−1
L̃(β(1),−1) = argminβ(1),−1

F̃n(β(1),−1).

Then by mean value theorem, we have

F̃n(̂β(1),−1)− F̃n(β̃(1),−1) = F̃n
′
(β̃(1),−1) + (̂β(1),−1 − β̃(1),−1)

>F̃n
′′
(β̃

c
(1),−1)(̂β(1),−1 − β̃(1),−1)

= (̂β(1),−1 − β̃(1),−1)
>F̃n

′′
(β̃

c
(1),−1)(̂β(1),−1 − β̃(1),−1),

where β̃
c
(1),−1 lies on the line segment joining β̂(1),−1 and β̃(1),−1. Using β̂(1),−1 in the

above argument to get

F̂n(̂β(1),−1)− F̂n(β̃(1),−1) = (̂β(1),−1 − β̃(1),−1)
>F̃n

′′
(β̃

cc
(1),−1)(̂β(1),−1 − β̃(1),−1),
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where β̃
cc
(1),−1 is another vector lining on the segment. Then, there exists a constant

c ∈ (0,∞) such that

‖β̂(1),−1 − β̃(1),−1‖
2 ≤ c|F̃n(̂β(1),−1)− F̂n(̂β(1),−1)|+ c|F̂n(β̃(1),−1)− F̃n(β̃(1),−1)|

≤ ‖β̂(1),−1 −β
0
(1),−1‖ · op(

√
s/n) + ‖β̃(1),−1 −β

0
(1),−1‖ · op(

√
s/n)

≤ (‖β̃(1),−1 −β
0
(1),−1‖+ ‖β̂(1),−1 − β̃(1),−1‖) · op(

√
s/n) + op(s/n)

= ‖β̂(1),−1 − β̃(1),−1‖ · op(
√
s/n) + op(s/n),

(4.54)

where the second and the third inequalities follow from Lemma 4.7.3 and Lemma

4.7.4. And (4.54) implies ‖β̂(1),−1 − β̃(1),−1‖ = op(
√
s/n). By triangle inequality and

Lemma 4.7.3, we have

‖β̂(1),−1 −β
0
(1),−1‖ ≤ ‖β̂(1),−1 − β̃(1),−1‖+ ‖β̃(1),−1 −β

0
(1),−1‖

= op(
√
s/n) +Op(

√
s/n) =Op(

√
s/n).

Lemma 4.7.6 Let β̂−1 = (̂β
>
11,−1, β̂

>
12, β̂

>
21,−1, β̂

>
22)
> ∈ R2p−2, where (̂β

>
11,−1, β̂

>
21,−1)

> = β̂(1),−1

is the strict local minimizer of L̂n(β(1),−1) obtained in Lemma 4.7.5 and β̂k2 = 0. Then

under the assumptions in Lemma 4.7.5, with probability approaching 1, β̂−1 is a strict local

minimizer of the penalized negative log-likelihood function in (4.10).

Proof. Let supp(̂β−1) be the collection of indices of non-zero components

in β̂−1. Denote β̂ = (̂β
>
1 , β̂

>
2 )
> = (β̂11, β̂

>
11,−1, β̂21, β̂

>
21,−1)

> as the estimator of β, where

β̂k1 =
√
1− ||̂βk1,−1||2, k = 1,2. According to the argument in the Theorem 1 in Fan

and Li (2001), β̂−1 is a strict local minimizer of L̂n(β(1),−1) in (4.46) if the following

conditions hold

− 1
n

n∑
i=1

(yi − π̂i (̂β))(∂Ĥi (̂β)/∂β(1))J (̂β(1)) + pλ(|̂β(1),−1|) = 0, (4.55)
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‖w‖∞ < ρ′(0+), (4.56)

and

λmin(Πn(̂β)Πn(̂β)
>) > λκ(ρ; β̂(1),−1), (4.57)

where Ĥi (̂β) =Di (̂β)>δ̂(̂β),

w =
1
λn

n∑
i=1

(yi − π̂i (̂β))(∂Ĥi (̂β)/∂β(2)),

Πn(̂β) =
1
n

n∑
i=1

{∂Di (̂β
>
)̂δ(̂β)/∂β(1)}J (̂β(1))

and κ(ρ;v) is the local concavity of the penalty ρ at v ∈ Rq given as

κ(ρ;v) = lim
ε→0+

max
1≤j≤q

sup
t1<t2∈(|vj |−ε,|vj |+ε)

−
ρ′(t2)− ρ′(t1)

t2 − t1
.

By the definition of β̂(1),−1, (4.55) holds. By Lemma 4.7.2 and Assumption (A5) and

the same argument in the proof of Lemma 4.7.3, we can have λmin(Πn(̂β)Πn(̂β)>) is

positive. By Assumption (A5) and results in Lemma 4.7.5, κ(ρ; β̂(1),−1) with probability

approaching 1. So condition (4.7.2) also hold. It suffices to show (4.56). Define

w∗ =
1
λn

n∑
i=1

(yi − π̂i(β
0))(∂Ĥi(β

0)/∂β(2)),

where π̂(β0) is evaluated at Di(β
0)>δ̂(β0). A direct calculation shows that

w −w∗ = 1
λn

n∑
i=1

(yi − π̂i (̂β))(∂Ĥi (̂β)/∂β(2) −∂Ĥi(β
0)/∂β(2))

+
1
λn

n∑
i=1

(π̂i(β
0)− π̂i (̂β))(∂Ĥi(β

0)/∂β(2)) := A1 +A2.

For A2, we have

A2 ≤
1

4λn

n∑
i=1

(Di(β
0)>δ̂(β0)−Di (̂β)

>δ̂(̂β))(∂Ĥi(β
0)/∂β(2)) (4.58)
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By Taylor expansion at β0 and Lemma 4.7.2, we have

Di(β)
>δ̂(β)−Di(β

0)>δ̂(β0) =
2∑

k=1

{B′(x>i β
0
k )̂δk(β

0)x>i,1kzik + (∂δ̂(β0)/∂β0
k1)Di(β0)}(βk1 −β

0
k1)

≤
2∑

k=1

g̃ ′k(x
>
i β

0
k1)̃x

>
i,1kzik(βk1 −β

0
k1)(1 + op(1))

(4.59)

and

∂ĝ ′k(x
>
i β

0
k)/∂βk2 = g̃ ′k(x

>
i β

0
k )̃x
>
i,2kzik(1 + op(1)). (4.60)

By Bernstein’s inequality, we have

||n−1
n∑
i=1

x̃i,2kx̃
>
i,1k −E(n

−1
n∑
i=1

x̃i,2kx̃
>
i,1k)||2,∞ =Op(n

α/2−1/2s1/2) = op(1).

By Assumption (A4) and triangle inequality, we have ‖n−1
∑n

i=1 x̃i,2kx̃
>
i,1k‖2,∞ = Op(1).

This, together with Assumption (A5), (4.58), and (4.59), implies

‖A2‖∞ = ‖β̂(1) − β̂
0
(1)‖Op(λ

−1)Op(1) =Op(λ
−1√s/n) = op(1). (4.61)

On the other hand, taking derivative with respect to β(2) on the RHS of (4.59), we have

the following inequality for A1

‖A1‖∞ = ‖ 1
λn

n∑
i=1

(yi − π̂i (̂β))[
2∑

k=1

g̃ ′′k (x
>
i β

0
k1)̃xi,2kx̃

>
i,1kzik (̂βk1 −β

0
k1)]‖∞

≤ C‖β̂(1) −β
0
(1)‖ · ‖

1
λn

n∑
i=1

(yi − π̂i (̂β))̃xi,2kx̃
>
i,1k‖2,∞

≤ C‖β̂(1) −β
0
(1)‖ · ‖

1
λn

n∑
i=1

(yi − π̂i(β
0))̃xi,2kx̃

>
i,1k‖2,∞

+C‖β̂(1) −β
0
(1)‖ · ‖

1
λn

n∑
i=1

x̃i,2kx̃
>
i,1k‖2,∞ · sup

xi
|π̂i(β

0)− π̂i (̂β)|

=Op(λ
−1√s/n)op(1) +Op(λ

−1√s/n)op(1) = op(1),

(4.62)

for some C ∈ (0,∞). Therefore, (4.61) and (4.62) imply

‖w −w∗‖∞ ≤ ‖A1‖∞ + ‖A2‖∞ = op(1).
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Next, we bound ‖w∗‖∞. Define

w∗0 =
1
λn

n∑
i=1

(yi − π̂i(β
0))(∂H̃i(β

0)/∂β(2)) =
1
λn

n∑
i=1

(yi − π̂i(β
0))


g̃ ′1(x

>
i β

0
1)̃xi,2kzi

g̃ ′2(x
>
i β

0
2)̃xi,2k

 .
Then by the second statement in Lemma 4.7.2, 4.33, and Assumption (A.5) we have

‖w∗ −w∗0‖∞ ≤
1
λn

n∑
i=1

|yi − π̂i(β
0)|(L3/2−r +L2nα/2−1/2)

+ ‖ 1
λn

n∑
i=1

|yi − π̂i(β
0)|xi,2k‖∞(L−r+1 +

√
log(n)L3/n)

≤O[(L3/2−r +L2nα/2−1/2)/λ] = op(1).

Here, w∗0 can be decomposed into w∗0 = w∗01 +w∗02, where

w∗01 =
1
λn

n∑
i=1

(π̂i(β
0)− π̃i(β

0))


g̃ ′1(x

>
i β

0
1)̃xi,2kzi

g̃ ′2(x
>
i β

0
2)̃xi,2k


and w∗02 =

1
λn

n∑
i=1

(yi − π̃i(β
0))


g̃ ′1(x

>
i β

0
1)̃xi,2kzi

g̃ ′2(x
>
i β

0
2)̃xi,2k

 .
By the same reasoning as (4.28), we have ‖̃xi,2k‖∞ = Op(nα/2−1/2). Under Assumption

(A5), for t = 1,2, we have

‖w∗0t‖∞ ≤ λ−1 sup
k
‖g̃ ′k(x

>
i β

0
k )̃xi,2k‖∞ =Op(λ

−1nα/2−1/2) = op(1).

By triangle inequality, we have

‖w∗0‖∞ ≤ ‖w
∗
01‖+ ‖w

∗
02‖ = op(1).

Therefore,

‖w‖∞ ≤ ‖w∗‖∞ + op(1) ≤ ‖w∗ −w∗0‖∞ + ‖w∗0‖∞ + op(1) = op(1).

Then the proof is complete.
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4.7.2 Proof of Theorem 4.3.1

Proof. It is a direct consequence of Lemma 4.7.5 and 4.7.6

4.7.3 Proof of Theorem 4.3.2

Proof. By the convergence rate result of spline estimators given in Zhou et al.

(1998), we have

n−1
n∑
i=1

{ĝk(x>i β
0
k)− gk(x

>
i β

0
k)}

2 =Op(L
−2r +L/n).

Moreover, by Assumptions (A2), (A4) and Theorem 4.3.1, ∃ C ∈ (0,∞) such that

n−1
n∑
i=1

{ĝk(x>i β̂k)− ĝk(x
>
i β

0
k)}

2 ≤ C (̂βk1 −β
0
k1)
>(̂βk1 −β

0
k1) =Op(s/n), (4.63)

Therefore, by triangle inequality,

n−1
n∑
i=1

{ĝk(x>i β̂k)− gk(x
>
i β

0
k)}

2 ≤ 2n−1
n∑
i=1

[{ĝk(x>i β̂k)− ĝk(x
>
i β

0
k)}

2 + {ĝk(x>i β̂k)− ĝk(x
>
i β

0
k)}

2]

=Op(L
−2r +L/n+ s/n).

4.7.4 Proof of Theorem 4.3.3

Proof. Let

l̃(a,x) = − 1
nz

∑
i,zi=1

[yi(a+ ĝ2(x
>
i β

0
2))− log(1 + exp(a+ ĝ2(x

>
i β

0
2)))]Kh(x

>
i β

0
1 − x

>β0
1), (4.64)

which is the loss criterion used for SBK when true βk(1 ≤ k ≤ 2) is given. Minimizing

the (4.64) gives

ã(x) = argmina l̃(a,x).

We need to bound the difference between ã(x) and â(x) = ĝ1,sbk(x>β̂1) in (4.13). By

the definition of â(x), we have ∂l(â(x),x)/∂â(x) = 0. Then by mean value theorem, we
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obtain

(â(x)− ã(x))∂
2l(a∗,x)
∂a∗2

=
∂l(â(x),x)
∂â(x)

− ∂l(ã(x),x)
∂ã(x)

= −∂l(ã(x),x)
∂ã(x)

, (4.65)

where a∗ lies on the line segment between ã(x) and â(x). Since ∂̃l(ã(x),x)/∂ã(x) = 0 and

K is a bounded function, we have∣∣∣∣∣−∂l(ã(x),x)∂ã(x)

∣∣∣∣∣ =
∣∣∣∣∣∣−∂l(ã(x),x)∂ã(x)

+
∂̃l(ã(x),x)
∂ã(x)

∣∣∣∣∣∣
=|n−1z

nz∑
i=1

(yi − [1 + exp(−ã(x)− ĝ2(x>i β̂2))]
−1)Kh(x

>
i β̂1 − x

>β̂1)

−n−1z
nz∑
i=1

(yi − [1 + exp(−ã(x)− ĝ2(x>i β
0
2))]
−1)Kh(x

>
i β

0
1 − x

>β0
1)|

≤|n−1z
nz∑
i=1

yi(Kh(x
>
i β̂1 − x

>β̂1)−Kh(x
>
i β

0
1 − x

>β0
1))|

+|(nzh)−1
nz∑
i=1

(ĝ2(x
>
i β̂2)− ĝ2(x

>
i β

0
2))|

≤O(h−1) + |(nzh)−1
nz∑
i=1

(ĝ2(x
>
i β̂2)− ĝ2(x

>
i β

0
2))|.

(4.66)

It is easy to verify that |∂
2l(a∗,x)
∂a∗2 | =O(h) . Therefore, (4.65) and (4.66) gives

sup
x∈M
|̂a(x)− ã(x)| ≤ C sup

xi
|(nzh)−1

nz∑
i=1

(ĝ2(x
>
i β̂2)− ĝ2(x

>
i β

0
2))|

≤ sup
xi
|x>i β̂2 − x

>
i β

0
2| ≤ C

√
s‖β̂2 −β

0
2‖ =Op(s/

√
n).

(4.67)

For simplicity, we denote a(x) = g1(x>β
0
1) as the true value. Zheng et al. (2016) establish

following result

P

(
sup
x∈M

|ã(x)− a(x)|
σn(x>β

0
1)
≤Qh(α)

)
= 1−α as n→∞. (4.68)
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By (4.67) and Assumption (A6), we obtain the following inequalities:

(σn(x
>β0

1)Qh(α))
−1(sup

x∈M
|̂a(x)− a(x)| − sup

x∈M
|ã(x)− a(x)|)

≤(σn(x>β0
1)Qh(α))

−1 sup
x∈M

(|̂a(x)− a(x)| − |ã(x)− a(x)|)

≤(σn(x>β0
1)Qh(α))

−1 sup
x∈M
|̂a(x)− ã(x)|

=Op(sn
−1/2)Oa.s.(n

1/2h1/2(−2logh)−1/2))

=Op(sn
−1/10(log(n))−δ/2−1/2)) = op(1)

(4.69)

Therefore, Theorem 4.3.3 follows from (4.69), (4.68), and Slutsky’s Theorem.
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Chapter 5

Conclusions

Nonparametric and semiparametric regression have been a very active re-

search topic in statistical modeling, but most development mainly focus on low dimen-

sional data. In this thesis, we developed nonparametric and semiparametric regression

methods that utilize B-spline to explore and predict high-dimensional data.

In Chapter 2, we provide a detailed review of B splines, regression models,

and regularized methods. In Chapter 3, the difficulty of estimating the dynamic net-

work structure is revealed. We introduce a regularized nonparametric regression to

exploit sparse network structure. The solution provides us a guideline on how to esti-

mate dynamic network under different clinical conditions. We use splines to estimate

the nonparametrtic regression and simultaneous confidence bands for inferring non-

parametric functions. We convert the graphical model estimation problem into a group

penalized regression by applying the B-spline approximation. Our proposed method

outperforms other existing popular graphical model in estimating changing network.

In Chapter 4, we focus on the applications of regression splines in person-

alized medicine. It is the first time in literature that high-dimensional covariates are

104



considered in optimal treatment selection. We use a semiparametric model to esti-

mate the treatment effect. The key step is to combine the B-spline approximation with

regularized regression. The relevant covariates are selected via the parametric part

of the model. We then estimate the simultaneous confidence bands of nonparametric

functions with spline-backfitted kernel smoothing. Moreover, we establish the conver-

gence rate for our spline estimator. The computational issues in the proposed iterative

algorithm are also discussed in this Chapter.
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