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Abstract In this paper, we are interested in texture model-
ing with functional analysis spaces. We focus on the case
of color image processing, and in particular color image
decomposition. The problem of image decomposition con-
sists in splitting an original image f into two components
u and v. u should contain the geometric information of the
original image, while v should be made of the oscillating
patterns of f, such as textures. We propose here a scheme
based on a projected gradient algorithm to compute the so-
lution of various decomposition models for color images
or vector-valued images. We provide a direct convergence
proof of the scheme, and we give some analysis on color
texture modeling.
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1 Introduction

Since the seminal work by Rudin et al. [59], total variation
based image restoration and decomposition has drawn a lot
of attention (see [5, 7, 26, 57] and references therein for in-
stance). We are interested in minimizing energies of the fol-
lowing type where f is the original image:

fIDu|+uI|f—u||’}- )

J | Du| stands for the total variation; in the case when u is
smooth, then [ |Du| = [|Vu|dx. |.|r stands for a norm
which captures the noise and/or the textures of the original
image f (in the sense that it is not too large for such features)
and k is a positive exponent.

The most basic choice for ||.||7 is the L? norm, and k = 2.
From a Bayesian point of view, this is also the norm which
appears naturally when assuming that the image f has been
corrupted by some additive Gaussian white noise (see e.g.
[26]). However, since the book by Y. Meyer [53], other
spaces have been considered for modeling oscillating pat-
terns such as textures or noise. The problem of image de-
composition has been a very active field of research during
the last past five years. Reference [53], was the inspiration
source of many works, e.g. [6,9, 10, 13, 16, 25, 34, 44, 45,
49, 51, 58, 64, 65, 69—71]. Image decomposition consists in
splitting an original image f into two components, u# and
v = f —u. u is supposed to contain the geometrical com-
ponent of the original image (it can be seen as some kind of
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sketch of the original image), while v is made of the oscil-
latory component (the texture component in the case when
the original image f is noise free).

In this paper, we focus on color image processing.
While some authors deal with color images using a Rie-
mannian framework, like G. Sapiro and D.L. Ringach [60]
or N. Sochen, R. Kimmel and R. Malladi [62], others com-
bine a functional analysis viewpoint with the Chromaticity-
Brightness representation [12]. The model we use is more
basic: it is the same as the one used in [20] (and related
with [19]). Its advantage is to have a rich functional analysis
interpretation. Note that in [66], the authors also propose a
cartoon + texture color decomposition and denoising model
inspired from Y. Meyer, using the vectorial versions of total
variation and approximations of the space G (2) for textures
(to be defined later); unlike the work presented here, they
use Euler-Lagrange equations and gradient descent scheme
for the minimization, which should be slower than by pro-
jection methods.

Here, we give some insight into the definition of a texture
space for color images. In [11], a TV-Hilbert model was pro-
posed for image restoration and/or decomposition:

fumrwwf—m@, P

where ||.]|% stands for the norm of some Hilbert space H.
This is a particular case of problem (1). Due to the Hilbert
structure of H, there exist many different methods to mini-
mize (2), such as a projection algorithm [11]. We extend (2)
to the case of color images.

From a numerical point of view, (1) is not straightfor-
ward to minimize. Depending on the choice for ||.||7, the
minimization of (1) can be quite challenging. Nevertheless,
even in the simplest case when ||.||7 is the L? norm, han-
dling the total variation term f | Du| needs to be done with
care. The most classical approach consists in writing the as-
sociated Euler-Lagrange equation for problem (1). In [59],
a fixed step gradient descent scheme is used to compute the
solution. This method has on the one hand the advantage of
being very easy to implement, and on the other hand the dis-
advantage of being quite slow. To improve the convergence
speed, quasi-Newton methods have been proposed [1, 23,
29, 36, 55, 56, 67]. Iterative methods have proved successful
[16, 18, 35]. A projected-subgradient method can be found
in [30].

Duality based schemes have also drawn a lot of atten-
tion to solve (1): first by Chan and Golub in [27], later by
A. Chambolle in [21] with a projection algorithm. A mul-
tiscale version of this algorithm has just been introduced in
[24]. This projection algorithm has recently been extended
to the case of color images in [20]. Chambolle’s projection
algorithm [21] has grown very popular, since it is the first
algorithm solving exactly the total variation regularization

problem and not an approximation, with a complete proof
of convergence. In [73], a very interesting combination of
the primal and dual problems has been introduced. Second
order cone programming ideas and interior point methods
have proved interesting approaches [42, 46]. Recently, it has
been shown that graph cuts based algorithms could also be
used [22, 33]. Finally, let us notice that it is shown in [8, 68]
that Nesterov’s scheme [54] provides faster algorithms for
minimizing (1), see also [15] for a similar scheme.

Another variant of Chambolle’s projection algorithm [21]
is to use a projected gradient algorithm [8, 22, 72]. Here we
have decided to use this approach which has both advantages
of being easy to implement and of being quite efficient.

Notice that all the schemes based on duality proposed in
the literature can be seen as particular instance of proximal
algorithms [31, 37, 41, 52, 61].

The plan of the paper is the following. In Sect. 2, we de-
fine and provide some analysis about the spaces we consider
in the paper. In Sect. 3, we extend the TV-Hilbert model
originally introduced in [11] to the case of color images. In
Sect. 4, we present a projected gradient algorithm to com-
pute a minimizer of problem (2). This projected gradient al-
gorithm has first been proposed by A. Chambolle in [22] for
total variation regularization. A proof of convergence was
given in [8] relying on optimization results by Bermudez
and Moreno [17]. A proof based on results for proximal al-
gorithms was proposed in [72]. We derive here a simple and
direct proof of convergence. In Sect. 5, we apply this scheme
to solve various classical denoising and decomposition prob-
lems. We illustrate our approach with many numerical ex-
amples. We discuss qualitative properties of image decom-
position models in Sect. 6.

2 Definitions and Properties of the Considered Color
Spaces

In this section, we introduce several notations and we pro-
vide some analysis of the functional spaces we consider to
model color textures.

2.1 Introduction

Let Q be a Lipschitz convex bounded open set in R, We
model color images as R -valued functions defined on Q.
The inner product in L2(2, RM) is denoted as:

M
<u,v)L2(Q’RM) Z/ Zuivi.
Q-
i=1

For a vector & € RM  we define the norms:

M M
Eli=D_1&l, 1Eh= | D & [Elo= max |&]. ()
i=1 i=1 o
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We will sometimes refer to the space of zero-mean func-
tions in L2($2, RM) by Vo:

Vo= {feLz(SZ,RM),/ f:O}.
Q

We say that a function f € L'(€2, R™) has bounded vari-
ation if the following quantity is finite:

M
| flrv = Sup{/ Zﬁdiv@@ ecle, B)}
250

= sup
peCl(@,B)

<f, div ‘Z)LQ(Q,RM)v

where B is a centrally symmetric convex body of R>*M.

This quantity is called the total variation. For more infor-
mation on its properties, we refer the reader to [4]. The set
of functions with bounded variation is a vector space classi-
cally denoted by BV (2, RM).

In this paper, we will consider the following set of test-
functions, which is the classical choice [4, 7]:

B={weR”M /@], < 1}.

Then, for f smooth enough, the total variation of f is:

M
|flrv=/9 > IV fildx.
i=1

As X. Bresson and T. Chan notice in [20], the choice of
the set BB is crucial. If one chooses:

B={weR”M /|| <1},

then one has:

M M
|flrv = IV fildx =) |filtv.
AR

These two choices are mathematically equivalent and de-
fine the same BV space, but in practice the latter induces
no coupling between the channels. As a consequence, if the
data fidelity term does not introduce a coupling either, the
minimization of an energy of type (1) amounts to a series of
independent scalar TV minimization problems, which gives
visual artifacts in image processing (see [19, 28]).

2.2 The Color G(£2) Space

The G(R?) space was introduced by Y. Meyer in [53]
to model textures in grayscale images. It was defined as
div (L (R?)), but one could show that this space was equal
to W~12°(R?) (the dual of W1 1(R?)). For the generaliza-
tion to color images, we will adopt the framework of [6]

@ Springer

(the color space G(€2) is also used in [66], as a generaliza-
tion of [65] to color image decomposition and color image
denoising). Let us insist on the fact that the results of this
section (notably Proposition 2.1) are specific to the case of
2-dimensional images (i.e. 2 C R2).

Definition 2.1 The space G(£2) is defined by:
G(Q) = [ve L2(Q,RM)/3E e L¥(Q, R)M),
Vi=1,...,M, v =div§; and
& -N=0o0ndQ)

(where §,~ - N refers to the normal trace of g?l- over $2). One
can endow it with the norm:

Ivlig =inf{ll€llcc, Yi=1,..., M,

v =divg, & - N =0on dQ}

with [|£[|s = sup ess / M 18 2.

The following result, proved in [6] for grayscale images,
can be easily extended working component by component:
it characterizes G (£2).

Proposition 2.1

G(Q) = {v eLz(Q,RM)// v=0}.
Q

Following the framework of [50], we define || - || below.
Since the total variation does not change by the addition of
constants, we also have:

Lemma 2.1 For f € LZ(Q, RM), let us consider the semi-
norm:

(f u) 2 Ry

I flls= sup
ueBV@QRM) julpvz0  1#lTV
M
Mo e
— sup Zl—l fQ f’ L )
lu|Tv

ueBV(Q,RM) |u|ry#0
If 1| fll« < o0, then [, f =0.

Comparing this property to Proposition 2.1, we can de-
duce that any function f such that || f||. < oo belongs to
G (L2). The converse is also true:

Lemma 2.2 Let f € G(R2). Then || f|« < o0.

Proof Let f € G(). Since [of = 0, the quantity
(fvu>L2(Q,RM)

Ty does not change with the addition of constants
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to u. Thus

(f u) 12 riy

Su
i ulry

ueBV, |u|ry#0
(f, u)LZ(Q,RM)

= su
P ulry

ueBV, [ u=0

I L2 rimy el 2@ mM)
luly

B ueBV, [ u=0
= Cllfllg2@) < oo,

where we used Poincaré inequality: |lu — uq|l 2 ryy <
Clulry. O

The following theorem completes the above two lemmas:

Theorem 2.2 The following equality holds:

G(Q) = {f € LZ(Q)/

(f u) 2 rMy

su
; lue| v

< —I—oo}
ueBV(Q,RM), |u| gy #£0

and for all function f € L*(Q,RM), I fll«=Iflc.
Moreover, the infimum in the definition of || -
reached.

lc is

Proof (i) Let f be a function in the set on the right
hand-side. Thanks to Lemma 2.1, we know that Vi €
{1,..., M}, fQ fi =0. By Proposition 2.1, f € G(2).

Now let u € BV(2, RM) such that |u|ry # 0. By [4,
Th. 3.9], one can find a sequence u, € C®(Q,RM) n
WLH(Q; RM) such that ||u — u,llz — 0 and |u,|7v —
|7y . _

Then, for all g such that f =divg and g - N =0 on 9Q:

M
(f, un)LZ(Q’RM) = Z/ divgu,1
i=17%

< 1&llooltnlry.

Since f € LZ(Q), we can pass to the limit in both sides
of the inequality, and by construction of u,,, we get:

Ifl«=1flg-

(i) For the converse inequality, the proof is standard (see
e.g. [2, 47]).

Let f (S] LZ(Q, RM) such that SupuGBV(Q,RM),UHTV#O X
(f’u>L2(Q,RM)

Ty < +00. Let us define:

{D(Q RM)—>L (Q, R2M)

@}_)(6(,0 8(0 8(pM 8(/) )

X1 xp’ 7 7 Oxy 0 Oxp

To each Vector(dx ,g% da(il o

)T (DR RM)),
we can associate fQ i 1 fl¢'dx (without ambiguity since
fi has zero-mean, and if two functions have the same gra-
dient over 2 they only differ by a constant on the con-
vex domain §2). We have [, "M figidx < | fll.l¢lpy =
||f||*||(g%,..., 33‘%)”1 thus we have defined a bounded
linear form on T(D(2, RM)). Using Hahn-Banach’s the-
orem, we can extend it to L'(Q,R?M) with the same
norm | f|ls. Since L>®(Q,R*M) is identifiable with the
dual of L'(Q2, R?*M), there exists g € L®(Q2, R*M) with

g1l Lo, rM) = | f ]I, such that:

Vo € D(Q,RY),

/Qém_ [E3 2,

i=1 j=1

M
=—Z/§,~V¢,~. @
i=17%

This is true in particular for ¢ € D(Q, RM), thus f =div g

in the distributional sense, and since the functions are in

L2(2, RM) there is equality in L*(Q,RM). Since div g €

Lz(Q, RM ), we can then consider the normal trace of g.
If ¢ € D(Q, RM), we have by (4):

M M
;/ﬂﬁwF—;/Qgi-Vw

But on the other hand, using integration by parts:

M M M
div gip; = — /§i~Vfﬂi+ / 9ig& N
>J. 2 Jot Ve,

The equality f = div g in L%(Q2, RM) shows that the
boundary contribution vanishes for ¢ € D(Q, RM). Thus
g - N =0 over 9.

Incidentally, we notice that the infimum in the G-norm is
reached. (I

Remark 2.3 From the proof of Lemma 2.2, we can deduce
that the topology induced by the G-norm on G (£2) is coarser
than the one induced by the L? norm. More generally, there
exists a constant C > 0 (depending only on €2), such that for

all £ € G(Q), I1f I < CIlLf I 2. -
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In fact the G-norm is strictly coarser than the L? norm.
Here is an example for M =2 color channels. Let us con-
sider the family of functions (f (my,ma)y \.myeN+ defined on
(—m, )% by

1(m1,mz)(x’ y) =cosmix + cosmyy

and

fz(ml’mz>(x, y) =cosmax + cosmyy.

The vector field E('""'"” defined by

. 1 1
glmima) — (— sin(mgx), — sin(mky)>
m mg

for k € {1, 2} satisfies the boundary condition, and its diver-
gence is equal to f 12 As a consequence

1 1
e < 2(—2 + —2)
mymy

and

lim [ fO") g =0.

mi,my——+00

Yet,

T
2
”f(ml’mZ)”LZ(Q’RM) = /;T[

+ (cosmpx + cos mzy)2 dxdy

= 8n2.

T

(cosmix + cosmly)2
-7

The sequence f,, converges to O for the topology in-
duced by the G-norm, but not for the one induced by the
L? norm.

The following result proposed by Y. Meyer in [53] spec-
ifies this idea.

Proposition 2.2 Let f,,n > 1 be a sequence of functions
of L1(Q2, RM) N G(RQ) with the following properties:

(1) There exists q > 2 and C > O such that || f || Lq(q rM) <
C.

(2) The sequence f, converges to O in the distributional
sense.

Then || f, |l converges to O when n goes to infinity.

It means that oscillating patterns with zero mean have a
small G-norm. Incidentally, notice that in the above exam-
ple, the frequencies of all color channels had to go to infinity
in order to have convergence to zero for the G-norm. Other-
wise, assumption (2) in the above proposition fails.

@ Springer

3 Color TV-Hilbert Model: Presentation
and Mathematical Analysis

The G-norm detailed in Sect. 2 is the main tool to study the
TV-Hilbert problem on which all the algorithms described
in this paper rely.

3.1 Presentation

The TV-Hilbert framework was introduced for grayscale im-
ages by J.-F. Aujol and G. Gilboa in [11] as a way to ap-
proximate the BV-G model. They prove that one can ex-
tend Chambolle’s algorithm to this model. In this section we
show that this is still true for color images. We are interested
in solving the following problem:

. 1 2
lgf|u|Tv+ﬁ||f—ul|H &)

where H = Vj (the space of zero-mean functions of LZ(Q,
RM)) is a Hilbert space endowed with the following norm:

2
lvll7, = (v, Kv)2q miy

and where K : H — L*(Q2, RM)

e is a bounded linear operator (for the topology induced by
the L2(2, RM) norm on )
e is symmetric positive definite

and K ! is bounded on Im(K).

Example (The Rudin-Osher Fatemi model) It was proposed
in [59] by L. Rudin, S. Osher, and E. Fatemi for grayscale
images. It was then extended to color images using differ-
ent methods, for instance by G. Sapiro and D.L. Ringach
[60], or Blomgren and T. Chan [19]. In [20], X. Bresson and
T. Chan use another kind of color total variation, which is
the one we use in this paper. The idea is to minimize the
functional:

1
lulry + - ILf = ullg2q gy (6)

It is clear that the problem commutes with the addition
of constants. If the (unique) solution associated to f is u,
then the solution associated to f + C is (u + C). As a
consequence we can always assume that f has zero mean.
Then this model becomes a particular case of the TV-Hilbert
model with K =Id.

Example (The OSV model) In [58], S. Osher, A. Solé and
L. Vese propose to model textures by the H~! space. In or-
der to generalize this model, we must be cautious about the
meaning of our notations but it is natural to introduce the
following functional:

1
influlry + 5 [ 1947~ ™
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where
A’lvl
Ay = ,
A’]UM
Vi
Veo=| : |,
Vom

Vo> =IVoil? +|Vpal* + -+ |Voul?

and

/IVA‘I(f—u)Iz
Q
M
= [ YAt —uhp
L
M . . .
S DYUENOIITED
L

=(f —u,—A'(f —w) 2 qrM)

The inversion of the Laplacian is defined component by
component. For one component, it is defined by the follow-
ing consequence of the Lax-Milgram theorem:

Proposition 3.1 Let Xo={P € H'(Q,R) : [, P
v e LX(Q), with Jo v =0, then the problem:

=0). If

apP

—AP =v, —log =0
on

admits a unique solution in Xy.

For K = —A~!, the Osher-Solé-Vese problem is a par-
ticular case of the TV-Hilbert framework.

3.2 Mathematical Study

In this subsection, we study the existence and uniqueness
of minimizers of Problem (5). A characterization of these
minimizers is then given in Theorem 3.1. Notice that this
theorem and its reformulation could be easily obtained using
convex analysis results [40], but for a pedagogical purpose,
we give an elementary proof inspired from [53].

Proposition 3.2 (Existence and Uniqueness) Let f €
L2(Q, RM). The minimization problem:

-k -

f
in {|u|TV + 7

LZ(SZ RM)»
ueBVQ,RM), (f—u)e Vo}

has a unique solution u € BV(2,RM).

Proof Let E (u) denote the functional defined on L?(Q2, RM)
(with E(u) = +oc if u ¢ BV(Q, RM) or (f —u) ¢ V).

Let us notice that E # 4-00 since fq = ﬁ Jq f belongs
to BV(Q,RM) and (f — fq) € Vo.

The functional E is convex. Since K is bounded, we de-
duce that E is lower semi-continuous for the weak L2(2)
topology. E is coercive: by Poincaré inequality,

3C >0, |lu—ugl:=<Clulrvy

. 1 1
Wltl'll'lgz': @fg U= o fQ f fo'r E(L.t) < +o00. Thus E has
a minimizer. Since the functional is strictly convex, this min-
imizer is unique. O

We introduce the notation v = f — u, when u is the
unique minimizer of the TV-Hilbert problem.

Theorem 3.1 (Characterization of minimizers) Let f €
L2(Q,RM).

(1) If |IK fls« < A then the solution of the TV-Hilbert prob-
lem is given by (u,v) = (0, f).

@) If ||K fll« > A then the solution (u, v) is characterized
by:
IKv|« =X and

(u, Kv)LZ(Q,RM) = )\.|u|TV

Proof (1) (0, f) is a minimizer iff

Vh € BV(Q,RM) Ve e R,

1
|€h|TV+ﬁ||f_€h||H ||fI|H,

—2)

which is equivalent to

1
IEIIhITv+—€ IIhIIH——E foh)y =0.

We can divide by |e| — 0, and depending on the sign of
€ we get:

+(f. h)n < Alhl7v.

If (0, f) is a minimizer, we can take the supremum for
h € BV(Q,RM), By definition of the *x-norm, we have:
1K flls <A

Conversely, if f € L>(€2, R™) is such that | Kf||, < A,
the second inequality is true, thus (0, f) is a minimizer.

(i1) As before, let us characterize the extremum: (u, v) is
a minimizer iff

Vh € BV(Q,RM) Ve e R,

1
lu+eh|ry T ||v —eh|3, = lulry T ||v||H,

or

|u+6h|Tv+—6 17, — —€(v, h)p > lulry.

A
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By triangle inequality, we have:

1 1
lulry + lellhl7v + Wznhn%{ = e )y = fulry,

1
hirv = (v, k)

Taking the supremum, we obtain || Kv||, < A.
Moreover, choosing h =u, e €] — 1, 1[:

1
(I+e)|ulry = de’ u)p + lulrv

1

Fore > 0: |u|ry > X(v,u)H
1
Fore <O0:|u|ry < X(v,u)H.

We deduce that || Kv|||u|7y > (v, u)y = Alu|ry, and by the
first upper-bound inequality, we have || Kv||, = A.
Conversely, let us assume these equalities hold. Then:

1
lu 4+ eh|ry + —||v —eh||H

1
x((u +eh), Kv) 2 pmy + A||v||%i

1
+—||h||He ——e(h V)H

>|u|Tv+—||v|IH O
. (u,Kv)? (Q,RM) .
The m%lpplng U > SUD |y 20 —Tafpy 1S convex,
lower semi-continuous for the H strong topology as a supre-
mum of convex lower semi-continuous functions. As a con-
sequence, for A > 0 the set

Gy ={ve L*(Q,RM), |v]. <A}

is a closed convex set, as well as K~'G,. The orthogonal
projection of this set is well-defined and we can notice that
Theorem 3.1 reformulates:

{ V= Pl,)(-t_lG)L(f)
u=f—v.
Indeed, if (u,v) is a minimizer of the TV-Hilbert prob-
lem, with f = u + v, we have v € K~1G, and for any
e K7'Gy,

= (u, Kﬁ)Lz(Q,RM) — (u, Kv)Lz(Q,RM)

< IK||«|ulry — Alu|rv <0,
thus by the equivalent definition of the projection on a closed

convex set (see Ekeland-Témam [40]), we obtain the desired
result.

@ Springer

Consequently, v is the orthogonal projection of f on
the set K~'G, where G, = {rdivp, |p| < 1} (see Theo-
rem 2.2), and the problem is equivalent to its dual formula-
tion:

nf LK divD ~ [ @®)
pI<1

4 Projected Gradient Algorithm

In the present section, we are interested in solving the dual
formulation (8), which can be done using fast algorithms.
For grayscale images, the famous projection algorithm by
A. Chambolle [21] was the inspiration for all the following
algorithms. We present here a projection algorithm, and we
provide a complete proof of convergence of this scheme. We
note that an independent work has just been reported in [74],
where the authors M. Zhu, S.J. Wright, and T.F. Chan have
also applied the projected gradient method for solving the
dual formulation of total variation minimization for image
denoising. They have a general framework also, although
applied only to scalar image denoising and not related to
image decompositions.

As explained in the introduction, the scheme we propose
here can be seen as a proximal point algorithm [31]. The
proof of convergence could then be derived from results in
[52] (the Lions-Mercier algorithm being itself a particular
instance of proximal algorithms [39]). However, we have de-
cided to present here an elementary proof of the convergence
for didactic reasons.

4.1 Discrete Setting

From now on, we will work in the discrete case, using the
following conventions. A grayscale image is a matrix of size
N x N.We write X = RV*N the space of grayscale images.
Their gradients belong to the space Y = X x X. The discrete
L? inner product is (u, v)x = 3" j<n Ui.jVi. -

The gradient operator is defined by (Vu); ; = ((Vu)?
(Vu)ij) with:

i,j’

ir1.i—u;; ifi<N
v ).CI:{MFFI,] Uijj 1
VWii=1o ifi =N
and
y Ui j+1 — Uj,j ifj<N
(V”)i»f_{o if j=N.

The divergence operator is defined as the opposite of the
adjoint operator of V:

VpeY, (—divp,u)x=(p,Vu)y,
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Pit1j— Pij %f‘l<i<N
divp)ij = | P, ifi=1
—pf_l’j ifi=N
pl?"jJr]—pl.}:j ifl<j<N
+1 07 if j=1
-pi ifj=N

A color image is an element of X* . The gradient and the
divergence are defined component by component, and the
discrete L? inner product is given by:

M
Vu,ve XM (uov)gn =) @® v®)y,
k=1
M
vp.geYM, (p,g p®,q®)y
k=1

so that the color divergence is still the opposite of the adjoint
of the color gradient.

4.2 Bresson-Chan Algorithm

Problem (8) for grayscale images was tackled in [21] in the
case K = Id, then in [11] for a general K. For color im-
ages, X. Bresson and T. Chan [20] showed that Chambolle’s
projection algorithm could still be used when K = Id. It is
actually easy to check that it can be used with a general K
for color images as well.

Following the steps of [11], one can notice that, provided

1 C . .
T < ————, the fixed point iteration:
= BIKT,2 p

ot _ P T(VK iV " — f/h) .
1+ VK- divp " — f/0)]
gives a sequence (p ")nen such that AK ~'div p"*! — v,

and f —AK~'div p"*! - u; when n — +o0.
Notice that the upper bound on 7 is the same as for
grayscale images.

4.3 Projected Gradient

It was recently noticed [8, 22] that problem (8) for grayscale
images could be solved using a projected gradient descent.
This is the algorithm we decided to extend to the case of
color images.

Let B be the discrete version of our set of test-functions:

B={veY" VI<i j<N,|v <1}

The orthogonal projection on B is easily computed:

P _ X1 X2
B5(x) = (max{l, x|} max{l, |x|2})'

The projected gradient descent scheme is defined by:

P = Pe(p"t 4 tV(K T divp™ — f/0) (10)

which amounts to:
mal pgf‘j+TV(K—1diva_§),-,j
Y max(L g + eV K div = Dl

)

X
where 7 = £.
N

The convergence result for the projected gradient descent
in the case of elliptic functions is standard (see [43], Theo-
rem 8.6-2). Yet in our case the functional is not elliptic, and
the proof needs a little more work.

. 1
Proposition 4.1 If 0 < 7 < R

converges. More precisely, there exists p € B such that:

then algorithm (11)

hm (K d1V ™=K~ d1vp

and

12K divp — fI = inf K" divp — f13,.
pe

Proof In the following, we shall write A := —VK —Ldiy.

Since

1K~ divg — f /115
=K~ divp — /A3
+(KK~'divg — p). K~ divp — f/}) 2
+001g - I,
we begin by noticing that p is a minimizer if and only if,

peBandVg e B,Vr >0,

G—p.P—(Pp+TV(K "divp— f/A)) 2 > 0.

Or equivalently:
p=Pp(p+T(VK " divp — f/M)

where Pg is the orthogonal projection on 3 with respect to
the L? inner product.
We know that such a minimizer exists. Let us denote it

by p.
e Now let us consider a sequence defined by (10).

We have:

155 = BI = I Pe(5 + V(K divp* — £/2)

— Pa(p+ V(K "divp — /)7
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< p—p* + VK~ div(p — pY)II?
since Pg is 1-Lipschitz [43]
< It —tA)(p — PO

Provided || — T A] < 1, we can deduce:

—kt1
Ip

—pll < 1p* - Pl (12)

and the sequence (|| p¥ — p|) is convergent.

e A is a symmetric positive semi-definite operator.

By writing E =ker A and F =Im A, we have:

€
YM—E®F

and we can decompose any ¢ € Y™ as the sum of two or-
thogonal components g € E and g € F. Notice that by
injectivity of K~!, E is actually equal to the kernel of the
divergence operator.

Letuj =0<pz=<---
of A.

< 4 be the ordered eigenvalues

1 — Al = max(]1 — tp1], |1 — Tpal)

=max(l, [I = 7a)

2
=1 for0<7<—.
Ha

We can restrict / — 7 A to F' and then define:

@) = —=-tA)F|

=max(|1 —tual, |1 — Tial)

2
<1 for0<1<—.
Ha

e Now we assume that 0 < 7 < %
Therefore, inequality (12) is true and the sequence (ZJk) is
bounded, and so is the sequence (K ~! div i)k ). We are going
to prove that the sequence (K ~! div i)k) has a unique cluster
point. Let (K ~! div 13‘/’(]‘)) be a convergent subsequence. By
extraction, one can assume that i)‘p(k) is convergent too, and
denote by i; its limit.

Passing to the limit in (10), the sequence (p
convergent towards:

<P(/<)+1) is

p=Ps(p+V (K divp— f/2))

Using (12), we also notice that:

@ Springer

Asa consequence:

Ip—pI>=1p-pI
= | Pg(p+ V(K™ divp— f/3)
— Pa(p+tV(K~ " divp — f/0))
< =) P - pI?
<~ Del?+ @215 — Pl
<Ip—pI* if(p—Pp)r#£0.
Of course, this last inequality cannot hold, which means
that ||(p P)rll = 0. Hence (p p) €E= kerA and

K~'divp = K~ div p: the sequence (K ! div p*) is con-
vergent.

e The last remark consists in evaluating .

We have:
ta = IVK div || < [IVIIIIK | Idiv]|.

Since ||div |2 = ||[V||? = 8 (see [21], the result is still true
for color images), we deduce that

e <8IK'. 0

Since we are only interested in v = A K ~! div p, Proposi-
tion 4.1 justifies the validity of algorithm (10).

5 Applications to Color Image Denoising
and Decomposition

The projected gradient algorithm may now be applied to
solve various color image problems.

5.1 TV-Hilbert Model

The color ROF model As an application of (11) with K =
Id, we use the following scheme for the ROF model (6):

m . fy. .
pm+l _ Pl’] +‘[V(dlvpm — 7)1’] (13)
Y max (1, |p) + TV @iv p = L)1)

The color OSV model As for the OSV model (7), K =
—A~! we use:

; f
pi; —tV(Adivp" + )i

m+1 __
Lj T

: )
max(L, |p}"; — TV(Adiv p™ + %)i,j|2)
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5.2 The Color A2BC Algorithm

Following Y. Meyer [53], one can use the G(S2) space to
model textures, and try to solve the problem:

influlry +a|Lf —ullG. (15)
In [13], J.-F. Aujol, G. Aubert, L. Blanc-Féraud and

A. Chambolle approximate this problem by minimizing the
following functional:

lulry + 5z I f —u—vl75 g
Fuam,v)=1 if (u,v) e BV(Q,R) x G, (16)

+ oo otherwise

or equivalently,

1
Fyp, ) = [ulry + —ILf = =l g, + X6, (vn)
with

0 ifveGy,
+o00 otherwise.

X6, (v) = {

The generalization to color images was done by J.-F. Au-
jol and S.H. Kang in [12] using a chromaticity-brightness
model. The authors used gradient descent in order to com-
pute the projections, which is rather slow, and requires to
regularize the total variation.

In [20], X. Bresson and T. Chan used the following
scheme (but relying on Chambolle’s algorithm) for color im-
ages in order to compute the projections. As in the grayscale
case, the minimization is done using an alternate scheme
(but in the present paper we use the projected gradient de-
scent scheme described before to compute the projections):

o Initialization:
up=v9=0
e Iterations:

Vo1 = P, (f —un) (17)

Upt1=f —vn1 — PG, (f — vnt1) (18)
e Stop if the following condition is true:

max(|tpq1 — Unl, [Vpy1 — V) <€

In [6], it is shown that under reasonable assumptions, the

solutions of problem (16) converge when A — 0 to a solu-
tion of problem (15) for some «.

5.3 The Color TV-L1 Model

The TV-L1 model is very popular for grayscale images. It
benefits from having both good theoretical properties (it is
a morphological filter) and fast algorithms (see [32]). In or-
der to extend it to color images, we consider the following
problem:

influlry +Alf —ul 19)

with the notation

M
futi= [ >l
Q2 =1

(as for the total variation, we have decided to have a cou-
pling between channels).

Our approach is different from the one used by J. Darbon
in [32], since it was using a channel by channel decomposi-
tion with the additional constraint that no new color is cre-
ated. As for the A2BC algorithm, we are led to consider the
approximation:

. 1
influlry + — | f —u— |3+ vl
u,v 20

Once again, having a projection algorithm for color im-
ages allows us to generalize easily this problem. In order
to generalize the TV-L1 algorithm proposed by J.-F. Aujol,
G. Gilboa, T. Chan and S. Osher [14], we aim at solving the
alternate minimization problem:

o 1

() influlry + — | f —u— v}
u 1 205

(i) inf—||f —u— o]} +Alv].
v 20

The first problem is a Rudin-Osher-Fatemi problem.
Scheme (11) with K = Id is well adapted for solving it. For
the second one, the following property shows that a “vecto-
rial soft thresholding” gives the solution:

Proposition 5.1 The solution of problem (ii) is given by:

V@) = VT () —u(x)
_ fw—uw
f) = w2

almost everywhere.

max (| f(x) —u(x)[2 — ai,0)

The proof of this last result is a straightforward extension
of Proposition 4 in [14].

Henceforth, we propose the following generalization of
the TV-L1 algorithm:

e Initialization:

ug=v9=0
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e [terations:

V1 = VI (f —uy) (20)
Upt1 = f —Upy1 — PGD, (f - vn+1) (21)

e Stop if the following condition is satisfied:
max(|tpq1 — Unl, [Vpy1 — val) <€
5.4 Numerical Experiments

In this subsection, we present the results of the algorithms
described above. Figure 1 shows the decrease of the energy
and the convergence of the projected gradient algorithm for
the OSV model (7). We compare scheme (11) with the pro-
jection algorithm of [9] (which is a straightforward modifi-
cation of Chambolle’s projection algorithm [21]). Both al-
gorithms behave similarly and it is hard to tell whether one
converges faster than the other. Figures 2 and 3 depict de-
noising results using ROF (6) and OSV (7) models. The
images look very similar but since the OSV model penal-
izes much more the highest frequencies than the ROF model
[14], the denoised image still shows the lowest frequencies
of the noise.

Figures 5 and 6 depict cartoon-texture decomposition ex-
periments using different kinds of textures (the original im-
ages are shown on Fig. 4), using the A2BC and TVLI1 al-
gorithms. Both results look good. However, one may ob-
serve, notably on Figs. 6 and 7, a sort of halo in the tex-
ture part of the A2BC (by comparison, with TVL1 the tex-
ture of the caps looks flatter), and edges that, in our opinion,
should remain in the cartoon part only. Both texture parts
look “gray”.

6 Qualitative Analysis of Decomposition Models

In this section, we try to explain some of the visual results
obtained in the last section.

6.1 Edges and Halo

More precisely, we first focus on Figs. 6 and 7 (cartoon-
texture decomposition), where it seems that, with the A2BC
algorithm, a sort of halo and edges appear in the texture
part (at least more visibly than with the TVL1 algorithm).
We believe that this phenomenon is not related to a wrong
choice of parameters, but rather to an inherent limit of
some models that rely on the total variation plus a norm
that favors oscillations for the texture part (like the BV-G
model).

For the sake of simplicity, we will restrict our discussion
to the simple case of one-dimensional single channel sig-
nals, but the core idea still applies to the case of color im-
ages. Suppose for instance, that one wants to decompose a
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signal f using the BV-G model, i.e. find a decomposition
(u, v) that solves:

min_[ulry + [Jvllg (22)
utv=f

where the functions are defined on 2 = (—1, 1). In dimen-
sion 1, the divergence operator reduces to the derivation, and
the boundary condition on & implies that & is the antideriva-
tive of v that cancels at —1:

t
/1l(ﬂdt
—1

Now, consider a step edge, perturbed with some textures
as in Fig. 8(a), for instance:

lvllg = sup . (23)

te(—=1,1)

J@)=Lo.n) + Bsin@pro)li ), 24

3
7
where 8 > 0, p € N*. The ideal decomposition would be a
perfect step u(x) = 1o,1)(x) on the one hand, and the pure
oscillation v(x) = 8 sin(8pnx)]l%§|x|§% on the other hand
(see Fig. 8(b) and (c)). The energy of the cartoon part is

simply |u|ry =limju —lim_ju =1, Wherleas the energy of

3

1
3+

the texture part is given by ||[v||g = B f14 sin(8pmt)dt =
i

%. Yet, replacing u# on [—}‘, JT] with any non-decreasing

function & with the same limits at the boundary, say, a ramp
X (% + ﬁx)]l[_,m] (x) as in Fig. 8(d)), one still gets the
same cartoon energy |i|ry = 1. As for the texture part, we
should notice that one extra oscillation is added near the
discontinuity of the original function f. But, precisely, the
G-norm favors oscillations, so that this change in the texture
part will not be penalized. Indeed:

5] P /0 L Var) = 25)
= max| —, — 4+ — =
e =M apr L \2 T 2y 4pr

for n small enough (0 <n < min(%, pin)).

To sum up, given any decomposition with sharp edges,
there exists a decomposition with the same energy where
shadows of edges appear in the texture part. So it is not sur-
prising to see edges appear in the texture part of our exper-
iments. This phenomenon is also a possible explanation of
the sort of halo that also appears. Replacing the sharp edge
with a gradation, the same argument shows that one can add
an oscillation to the texture part without changing the total
variation of the cartoon part. This is why in Fig. 6 the caps
in the texture part look so “inflated” compared to those of
TVLI.

It is clear that a model like TVL1 does not suffer from
such a drawback, since any extra oscillation in the texture
part would be penalized. In fact, the TVL1 model does not
favor oscillations at all, and it is rather surprising that this
model performs well compared to oscillation-based models
(see [33, 71], and Figs. 5 and 6). In fact, the TVL1 model
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Fig. 1 Left: Energy vs

Energy vs iterations

8 Square distance to the limit vs iterations

iterations of the
Osher-Solé-Vese model with

— — —08V 1/64
- — 08V 1/32

Chambolle’s projection 10°° Projected OSV 1/32 |1

— — — Chambolle
Projected

algorithm (in green and
blue—stepsize 1/64 and 0.031)
and with the Projected gradient
algorithm (in red—stepsize
0.031). Right: L? square
distance (on a logarithmic scale)
between the limit value (2000
iterations) vs the number of
iterations, for OSV using 1/64
stepsize

100 150

Fig. 2 First row: original and
noisy images

(PSNR = 56.9 dB). Second row:
denoised with color ROF
(A=15,PSNR =73.8 dB) and
with color OSV (A =15,

PSNR = 73.4 dB)

“works” because instead of considering textures as oscil-
lations, one might as well regard them as objects of small
scale. For grayscale images, since this filter is morpholog-
ical, it is sufficient to study its effect on each level set of
the data. The case of disks was studied in [25] and convex
sets in [3, 38]. It can be shown that if the data is the charac-
teristic function of a convex set, solutions of (19) are given
by an opening of radius % followed by a test on the ratio
perimeter/area. If that ratio is too large, then the solution is
the emptyset; if it is small enough, the solution is the result
of the opening. Therefore what we obtain when considering
the family of TVL1 filters for A > 0 is very similar to a gran-
ulometry, a tool that is used in mathematical morphology in
the study of textures (see for instance [63]).

200 250 100 50 100 150 200 250 300 350 400

6.2 Color of Textures

The second remark is that the extracted texture parts look
like gray-level images. If one looks at them closely, one can
see that there are colors, but they are spread on very small ar-
eas. In view of the definition of the G-norm and the example
of Remark 2.3, it is clear that, on each channel and on every
local neighborhood, the average value of the texture part
should vanish (otherwise, the “antiderivative” & would take
large values, so that the G-norm would be large). Therefore
the overall impression is gray. The TVL1 model does not
impose such a condition on the average value, as it can be
seen on Fig. 6. Notice the stripes of the wood and the holes
inside the letters that are colored, contrary to the A2BC
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Fig. 3 First row: original and
noisy images

(PSNR = 57.3 dB). Second row:
denoised with color ROF

(A =25,PSNR =74.2 dB) and
with color OSV (A =25,

PSNR = 74.1 dB)

Fig. 4 Original images

model. These were sent to the texture part because of their
small scale, not because they were oscillations. However the
overall impression is still gray too, since the colors of large
areas, which matter for an impression of color, are kept in
the cartoon part.

6.3 Comments

The conclusion is that although the different algorithms
studied in this paper produce apparently similar results, they

@ Springer

actually have very different qualitative properties, and they
rely on different definitions of textures. This is another il-
lustration of the difficulty to define precisely the notion of
texture. Even though we pointed out some qualitative differ-
ences in the visual results, the choice of the best decom-
position is arguable. While it is clear that some textures
should be dealt with working on their frequential content,
some others require to work geometrically on their elemen-
tary patterns, in a way that is reminiscent of the texton theory
[48].
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Fig. 5 Cartoon-texture
decomposition using color
A2BC algorithm (upper row)
and color TVLI1 (lower row)

Fig. 6 Top: cartoon-texture
decomposition using the A2BC
algorithm (A = 0.1, u = 10).
Bottom: cartoon-texture
decomposition using the TVL1
algorithm (¢ = 0.1, A = 0.7).
The parameters were chosen as
a compromise so that the results
are comparable. However, with
the A2BC algorithm, if one
wants to send the raised pattern
on the left side of the wall to the
texture part (as in the TVL1
model), one has to considerably
degrade the clouds

Fig. 7 Detail of the texture
parts of Fig. 6 (left: A2BC,
right: TVL1). Notice how the
edge of the cap appears in the
A2BC model

@ Springer



246 J Math Imaging Vis (2010) 37: 232-248
f(=@)
1.0}
-1.0 ~05 0.0 05 1.0
u(z) 1.0
1.0f
v(x)
0.0
1ol JZ v(t)at
-1.0 “os 0.0 05 1.0 -1.0 “os 0.0 05 1.0
(z) 1.0}
1.0f
(x)
0.0
0.0
—10l 7, o(t)de
-1.0 ~0s 0.0 05 1.0 -1.0 ~0s 0.0 05 1.0

Fig. 8 Decomposition of a 1-dimensional signal. Top: Original sig-
nal f. Middle row: ideal decomposition (left: cartoon part, right tex-
ture part). Bottom row: another decomposition. The total variation of

Open Access This article is distributed under the terms of the Cre-
ative Commons Attribution Noncommercial License which permits
any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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