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EPIGRAPH

Once you eliminate the impossible,

whatever remains, no matter how improbable,

must be the truth.

—Arthur Conan Doyle
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ABSTRACT OF THE DISSERTATION

Essays on Identification and Weak Identification

by

Linchun Chen

Doctor of Philosophy in Economics

University of California, San Diego, 2014

Professor Ivana Komunjer, Chair

My doctoral dissertation aims to study several issues on identification and

weak identification, with applications in linear instrumental variables (IV) models

and transformation models.

Chapter 1 is joint with Patrik Guggenberger, Frank Kleibergen and Sopho-

cles Mavroeidis, which considers tests of a simple null hypothesis on a subset of

the coe�cients of the exogenous and endogenous regressors in a single-equation

linear IV model with potentially weak identification. Existing methods of sub-

set inference (i) rely on the assumption that the parameters not under test are

strongly identified, or (ii) are based on projection-type arguments. We show that

under homoskedasticity the subset Anderson and Rubin (1949) test, which re-

places unknown parameters by limited information maximum likelihood (LIML)

xi



estimates has correct asymptotic size without imposing additional identification

assumptions, but that the corresponding subset Lagrange multiplier (LM) test is

size distorted asymptotically.

Subsequently, Chapter 2, joint with Qihui Chen and Patrik Guggenberger,

derives the asymptotic size of the corresponding subset LM test, and shows it is size

distorted. We provide the smallest nonrandom size corrected (SC) critical value

that ensures that the resulting “SC subset LM test” has correct asymptotic size.

We introduce an easy to implement generalized moment selection plug-in SC subset

LM test (“GMS-PSC subset LM test” from now on) that uses a data-dependent

critical value that gives correct asymptotic size.

Chapter 3 focuses on transformation models. It provides su�cient condi-

tions for transformation models with endogenous regressors h(Y ) = �0X+U to be

identified under conditional moment restrictions, E(U |Z) = 0, where Z is the IV

for X. Allowing observables (X, Y, Z) and unobservable U to be high-dimensional,

we show that the assumption of completeness su�ces for identification. Based on

the identification results, we propose to apply the penalized sieve minimum dis-

tance estimator (ĥ, �̂) in Chen and Pouzo (2009) with possible shape constraints

to estimate (h, �). Demand model of di↵erentiated products markets is considered

as an application of transformation models, and we provide the identification and

PSMD estimation results for its parameters.
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Chapter 1

On the asymptotic sizes of subset

Anderson-Rubin and Lagrange

multiplier tests in linear

instrumental variables regression

1



2

Abstract

We consider tests of a simple null hypothesis on a subset of the coe�cients

of the exogenous and endogenous regressors in a single-equation linear instrumental

variables regression model with potentially weak identification. Existing methods

of subset inference (i) rely on the assumption that the parameters not under test

are strongly identified or (ii) are based on projection-type arguments. We show

that, under homoskedasticity, the subset Anderson and Rubin (1949) test that re-

places unknown parameters by LIML estimates has correct asymptotic size without

imposing additional identification assumptions, but that the corresponding subset

Lagrange multiplier test is size distorted asymptotically.

Keywords: Asymptotic size, linear IV model, size distortion, subset inference, weak

instruments.

JEL Classification Numbers : C01, C12, C21.
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1.1 Introduction

In the last decade we have witnessed an increase in the literature dealing

with inference on the structural parameters in the linear instrumental variables

(IVs) regression model. Its objective is to develop powerful tests whose asymptotic

null rejection probability is controlled uniformly over a parameter space that allows

for weak instruments. For a simple full vector hypothesis, satisfactory progress has

been made and several robust procedures were introduced, most notably, the AR

test by Anderson and Rubin (1949), the Lagrange multiplier (LM) test of Kleiber-

gen (2002), and the conditional likelihood ratio (CLR) test of Moreira (2003).1

An applied researcher is, however, typically not interested in simultane-

ous inference on all structural parameters, but in inference on a subset, like one

component, of the structural parameter vector. Tests of a subset hypothesis are

substantially more complicated than tests of a joint hypothesis since the unre-

stricted structural parameters enter the testing problem as additional nuisance

parameters.2 Under the assumption that the unrestricted structural parameters

are strongly identified, the above robust full vector procedures can be adapted by

replacing the unrestricted structural parameters by consistently estimated coun-

terparts, see Stock and Wright (2000), Kleibergen (2004, 2005), Guggenberger

and Smith (2005), Otsu (2006), and Guggenberger, Ramalho, and Smith (2013),

among others, for such adaptations of the AR, LM, and CLR tests to subset test-

ing. Under the assumption of strong identification of the unrestricted structural

parameters, the resulting subset tests were proven to be asymptotically robust with

respect to the potential weakness of identification of the hypothesized structural

parameters and, trivially, have non-worse power properties than projection type

1The latter test was shown to essentially achieve optimal power properties in a class of tests
restricted by a similarity condition and certain invariance properties, see Andrews, Moreira, and
Stock (2006).

2A general method to do subset inference is to apply projection techniques to the full vector
tests. The resulting subvector tests control the asymptotic size, but a severe drawback is that
they are usually very conservative, especially if many dimensions of the structural parameter
vector are projected out. Typically, this leads to suboptimal power properties. In the linear IV
model, a projected version of the AR test has been discussed in Dufour and Taamouti (2005).
A refinement that improves on the power properties of the latter test is given in Chaudhuri and
Zivot (2011).
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tests. However, a long-standing question concerns the asymptotic size properties

of these tests without any identification assumption imposed on the unrestricted

structural parameters.

The current paper provides an answer to that question. We consider a linear

IV regression model with a parameter space that does not restrict the reduced

form coe�cient matrix and thus allows for weak instruments. The parameter

space imposes a Kronecker product structure on a certain covariance matrix, a

restriction that is implied, for example, by conditional homoskedasticity. We study

the asymptotic sizes of subset AR and LM tests when the unrestricted structural

parameters are replaced by the limited information maximum likelihood (LIML)

estimator. The null hypothesis allows for simultaneous tests on subsets of the

slope parameters of the exogenous and endogenous regressors. As the main result

of the paper, we prove that the subset AR test has correct asymptotic size. In

contrast, we show that the asymptotic size of the subset LM test is distorted. We

document this by deriving the asymptotic null rejection probability of the subset

LM test under certain weak IV drifting parameter sequences. The probability can

be substantially larger than the nominal size when the number of instruments is

large. For example, for nominal size ↵ = 5% and two right hand side endogenous

variables, we obtain asymptotic null rejection probabilities under certain parameter

sequences of 9.6, 15.5, and 19.5% when the number of instruments equals 10, 20,

and 30, respectively. Given that the LM statistic appears as a main element in the

subset CLR test, these findings indicate that the latter test also is asymptotically

size distorted.

The paper is structured as follows. Section 1.2 introduces the model and

discusses the asymptotic size properties of the subset AR test. Section 1.3 dis-

cusses the asymptotic size distortion of the subset LM test for the case with two

endogenous regressors. An Appendix provides the proof of the main theoretical

result and some additional technicalities.

We use the following notation. For a full column rank matrix A with n

rows let PA = A(A0A)�1A0 and MA = In�PA, where In denotes the n⇥n identity

matrix. If A has zero columns, then we set MA = In. The chi square distribution
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with k degrees of freedom and its 1� ↵-quantile are written as �2
k and �2

k,1�↵. We

write “wpa1” for “with probability approaching 1”.

1.2 Asymptotic size of the subset AR test

We consider the linear IV model

y = Y � +W� + ",

(Y
... W ) = Z(⇧Y

... ⇧W ) + (VY
... VW ),

(1.1)

where y 2 <n and W 2 <n⇥m
W are endogenous variables, Y 2 <n⇥m

Y consists

of endogenous and/or exogenous variables, Z 2 <n⇥k are instrumental variables,

" 2 <n, VY 2 <n⇥m
Y and VW 2 <n⇥m

W are unobserved disturbances; V = [VY :

VW ], and � 2 <m
Y , � 2 <m

W , ⇧Y 2 <k⇥m
Y and ⇧W 2 <k⇥m

W , withm = mY +mW ,

are unknown parameters and k � m. We are interested in testing the subset null

hypothesis

H0 : � = �0 versus H1 : � 6= �0. (1.2)

This setup also covers general linear restrictions on the coe�cients of the structural

equation, since these can be expressed as (2.2) by appropriate reparametrization.

Since the variables in Y can consist of endogenous or exogenous variables, we

allow for simultaneous tests on elements of the slope parameters of the exogenous

and endogenous regressors. For those variables in Y which are exogenous and are

therefore part of the instrumental variables Z, the disturbances in their first stage

equation are all identical to zero.

To keep the exposition simple, we omit from the model stated in equation

(1.1) any exogenous regressors whose coe�cients remain unrestricted by the null

hypothesis (2.2). When such exogenous regressors are present in the model, our

results remain valid if we replace the variables that currently appear in the defini-

tion of the various statistics by the residuals that result from a regression of those

variables on the included exogenous variables.3

3In particular, suppose the structural equation is y = Y � +W� +X� + ", where X 2 <n⇥q

denotes the matrix of included exogenous regressors. Then, we need to replace (y
... Y

... W
... Z)

in the definitions (1.4), (1.5), (1.6), (1.10) and (1.17) by MX(y
... Y

... W
... Z).
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Denote by Zi the i-th row of Z written as a column vector and analogously

for other variables. We assume that the realizations ("i, V 0
i , Z

0
i)

0, i = 1, ..., n, are

i.i.d. with distribution F. The distribution F may depend on n but for the most

part we write F rather than Fn to simplify notation. Furthermore, EF (Zi("i, V 0
i )) =

0, where by EF we denote expectation when the distribution of ("i, V 0
i , Z

0
i)

0 is F.

As made explicit below, we also assume homoskedasticity.

The Anderson-Rubin (AR) statistic (times k), see Anderson and Rubin

(1949), for testing the joint hypothesis

H⇤ : � = �0, � = �0, (1.3)

is defined as ARn (�0, �0) , where

ARn (�, �) =
1

�̂"" (�, �)
(y � Y � �W�)0 PZ (y � Y � �W�)

�̂"" (�, �) = (1,��0,��0) ⌦̂ (1,��0,��0)0 , and

⌦̂ =
1

n� k
(y

... Y
... W )0MZ(y

... Y
... W ). (1.4)

With slight abuse of notation, we define the subset AR statistic for testing

H0 as

ARn (�0) = min
�2<m

W

ARn (�0, �) . (1.5)

For �̃ = argmin�ARn (�0, �) , the subset AR statistic is then identical to

ARn (�0) =
1

�̂""(�0, �̃)
(y � Y �0 �W �̃)0PZ(y � Y �0 �W �̃). (1.6)

The joint AR statistic in (1.4) is a monotonic transformation of the concentrated

log-likelihood of (�, �) under i.i.d. normal errors, see, e.g., Moreira (2003). Min-

imizing the AR statistic with respect to � is therefore identical to maximizing

the log-likelihood, so �̃ is the constrained limited information maximum likelihood

(LIML) estimator of � under the null hypothesis (2.2). The k-class formulation of

the LIML estimator reads, see Hausman (1983):4

�̃ =
�
W 0(PZ � min

n�k
MZ)W

��1
W 0(PZ � min

n�k
MZ)(y � Y �0), (1.7)

4For expository purposes, we slightly altered the usual expression of the k-class estimator
which has PZ replaced by In and uses the smallest root of the characteristic polynomial in (1.8)

with ⌦̂ replaced by (y �X�0

... W )0(y �X�0

... W ). We use the notation of the k-class estimator
in (1.7) because usage of its expression directly shows the equality of the subset AR statistic and
the smallest characteristic root of (1.8) stated in (1.10).
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where min equals the smallest root of the characteristic polynomial:
����⌦̂W � (y � Y �0

... W )0PZ(y � Y �0

... W )

���� = 0, (1.8)

with

⌦̂W =

0

BB@

1 0

��0 0

0 Im
W

1

CCA

0

⌦̂

0

BB@

1 0

��0 0

0 Im
W

1

CCA . (1.9)

If we substitute the k-class formulation of the LIML estimator (1.7) into the ex-

pression of the subset AR statistic (1.6), we obtain that the subset AR statistic

equals the smallest root of the characteristic polynomial in (1.8):

ARn (�0) = min. (1.10)

It is well known, see e.g. Stock and Wright (2000) and Startz, Nelson,

and Zivot (2006), that when the unrestricted structural parameters � are strongly

identified, ARn(�0) has a �2
k�m

W

limiting distribution. This finding motivates the

choice of the critical value for the subset AR test. The nominal size ↵ subset AR

test rejects the null in (2.2) if

ARn(�0) > �2
k�m

W

,1�↵. (1.11)

We next define the parameter space ⇤ for (�,⇧W ,⇧Y , F ) under the null

hypothesis in (2.2).5 For Ui = ("i, V 0
W,i)

0,

⇤ = {� = (�,⇧W ,⇧Y , F ) : � 2 <m
W ,⇧W 2 <k⇥m

W ,⇧Y 2 <k⇥m
Y ,

EF (||Ti||2+�)  M, for Ti 2 {Zi"i, vec(ZiV
0
W,i), VW,i"i, "i, VW,i, Zi},

EF (Zi("i, V
0
i )) = 0, EF (vec(ZiU

0
i)(vec(ZiU

0
i))

0) = (EF (UiU
0
i)⌦ EF (ZiZ

0
i)),

�min(A) � � for A 2 {EF (ZiZ
0
i), EF (UiU

0
i)}} (1.12)

for some � > 0 and M < 1, where �min(·) denotes the smallest eigenvalue of

a matrix, “⌦” the Kronecker product of two matrices, and vec(·) the column

vectorization of a matrix. The parameter space does not place any restrictions on

5Regarding the notation (�,⇧W ,⇧Y , F ) and elsewhere, note that we allow as components of
a vector column vectors, matrices (of di↵erent dimensions), and distributions.
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the parameter ⇧W and thus allows for weak identification. Appropriate moment

restrictions are imposed that allow for the application of Lyapunov central limit

theorems (CLTs) and weak law of large numbers (WLLNs). As in Staiger and Stock

(1997), it is assumed that the covariance matrix EF (vec(ZiU 0
i)(vec(ZiU 0

i))
0 factors

into the Kronecker product (EF (UiU 0
i) ⌦ EF (ZiZ 0

i)), which holds, for example,

under conditional homoskedasticity. Note that Ui = ("i, V 0
W,i)

0 does not include

the reduced form error VY,i for which no assumptions need to be imposed for the

subset AR test. This also explains why VY,i can be identical to zero which is the

case when Y is exogenous and an element of Z.

The asymptotic size of the subset AR test is defined as

AsySzAR,↵ = lim sup
n!1

sup
�2⇤

P�(ARn(�0) > �2
k�m

W

,1�↵), (1.13)

where P� denotes probability of an event when the null data generating process is

pinned down by � 2 ⇤. The main result of the paper can now be formulated as

follows.

Theorem 1.2.1 Let 0 < ↵ < 1. Then the asymptotic size of the subset AR test

equals ↵:

AsySzAR,↵ = ↵.

By definition, the nominal size ↵ projected AR test, see e.g. Dufour and

Taamouti (2005), rejects the null in (2.2) if the joint AR statistic ARn(�0, �) in

(1.4) exceeds �2
k,1�↵ for all � 2 <m

W , that is, when ARn (�0) > �2
k,1�↵. Therefore,

the nominal size ↵ subset AR and projected AR test are based on the same test

statistic but the former test uses a strictly smaller critical value if mW > 0. We

therefore have the following corollary.

Corollary 1.2.1 Let mW > 0. The nominal size ↵ projected AR test has asymp-

totic size strictly smaller than ↵. It is strictly less powerful than the nominal size

↵ subset AR test in (1.11).

Comments. 1. Theorem 1.2.1 and Corollary 1.2.1 combined imply that

the subset AR test controls the asymptotic size and provides power improvements

over the projected AR test.
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2. Theorem 1.2.1 implies, in particular, that the limiting distribution of

ARn(�0) under strong IV asymptotics provides a stochastic bound on its limiting

distribution under weak IV asymptotics.

3. The results in Theorem 1.2.1 are specific to using the LIML estimator to

estimate the unrestricted structural parameters. When we use another estimator

to estimate them, Theorem 1.2.1 typically no longer holds and the resulting subset

AR test may be asymptotically size distorted. In particular, it can be shown that

the subset AR test that is based on the 2SLS estimator of � is asymptotically size

distorted.

4. When mY = 0, ARn(�0) equals a version of the J statistic that is based

on the LIML estimator, see e.g. Sargan (1958) and Hansen (1982). Theorem 1.2.1

implies that asymptotically the J statistic is bounded by a �2 (k �mW ) distribution

and that the resulting J test has correct asymptotic size irrespective of the degree

of identification. Again, this robustness property does not hold if the J statistic is

evaluated at the 2SLS rather than the LIML estimator.

5. The proof of Theorem 1.2.1 involves a number of steps. Some of these

steps are discussed in Lemmas 1.4.1 and 1.4.2 in the Appendix. First, in Lemma

1.4.1, we construct an upper bound on the subset AR statistic. This upper bound

is a finite sample one so it holds for every n. The conceptual idea behind the

proof is that if the asymptotic size of an ↵-level test based on this upper bound

statistic using the �2
k�m

W

,1�↵ critical value is equal to ↵ and the upper bound is

sharp for some drifting sequences of the parameter ⇧W then the asymptotic size

of the subset AR statistic is equal to ↵ as well. We therefore proceed, in Lemma

1.4.2, by constructing the asymptotic behavior of the upper bound of the subset

Anderson-Rubin statistic. This upper bound equals a ratio so we separately derive

the asymptotic behavior of the numerator and denominator. With respect to the

numerator, we show that its asymptotic behavior for a given drifting sequence of

⇧W is �2
k�m

W

. For the denominator, we show that its asymptotic behavior is such

that it is greater than or equal to one. Combining, we obtain that the upper bound

for a given drifting sequence of ⇧W is bounded by a �2
k�m

W

random variable. The

next (main) technical hurdle that is addressed in the proof of Theorem 1 is that
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this �2
k�m

W

bound applies over all possible drifting sequences of ⇧W . The bound

therefore even applies for drifting sequences which are such that the asymptotic

distribution of the subset AR statistic does not exist. The asymptotic null rejec-

tion probability of the subset AR statistic along such sequences is, however, still

controlled because the finite sample bound on the subset AR statistic still applies

and we have shown that its maximal rejection frequency over all possible drifting

sequences of ⇧W is controlled.

6. In linear IV, it is, for expository purposes, common to analyze the case of

fixed instruments, normal errors and a known covariance matrix, see e.g. Moreira

(2003, 2009) and Andrews, Moreira, and Stock (2006). In that case, the bound on

the subset AR statistic simplifies as well:

AR (�0) 
z0
"

M(⇥
W

+Z

V

W

)z"

1+⌘0
h
(⇥

W

+z
V

W

)
0
(⇥

W

+z
V

W

)
i�1

⌘
 z0"M(⇥

W

+z
V

W

)z" ⇠ �2
k�m

W

, (1.14)

with z", zV
W

, and ⌘ independent standard normal, k ⇥ 1, k ⇥ mW , and mW ⇥ 1

dimensional random vectors/matrices, and ⇥W = (Z 0Z)
1
2⇧W⌃

� 1
2

WW.", with ⌃WW." =

⌃WW��W "��1
"" �

0
W ", for ⌃ = E(UiU 0

i) =
⇣

�
""

�
W"

�
"W

⌃
WW

⌘
.WhenmW = 1 and the length

of ⇥W goes to infinity, the distribution of the subset AR statistic is �2
k�m

W

which

coincides with the bound in (1.14).

7. To gain some further intuition for the result in Theorem 1.2.1, we note

that the subset AR statistic is identical to Anderson’s (1951) canonical correlation

statistic which tests if a matrix is of reduced rank. A test of H0 : � = �0 using the

subset AR statistic is therefore identical to a test of H⇤
0 : rank(�) = mW using the

Anderson’s (1951) canonical correlation statistic in the model

(y � Y �0

... W ) = Z�+ (u
... VW ), (1.15)

with u = " + VW� and � 2 <k⇥(m
W

+1). The value for � implied under H0 and

(1.1) is

� = ⇧W (�
... Im

W

), (1.16)

which is a k ⇥ (mW + 1) dimensional matrix of rank mW .

The expression of the upper bound in the known covariance matrix case in

(1.14) shows that the distribution of the subset AR statistic is non-decreasing in
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the length of the normalized expression of ⇧W , ⇥W , when mW = 1. The length

of ⇥W reflects the strength of identification so the distribution of the subset AR

statistic is non-decreasing in the strength of identification. This property can be

understood using the analogy with the statistic testing the rank of � discussed

above. When the length of ⇥W is large, the smallest value of the rank statistic is

attained at the reduced rank structure of � shown in (1.16). When the length of

⇥W is small, the smallest value of the rank statistic can be attained at a reduced

rank value of � which results from a reduced rank structure in ⇧W . This implies

that this value of the rank statistic is less than the value attained at the reduced

rank structure corresponding with (1.16). In the latter case, the rank statistic has

a �2(k�mW ) distribution so for small values of the length of ⇥W , the distribution

of the rank statistic is dominated by the �2(k �mW ) distribution.

1.3 Size distortion of the subset LM test

The joint AR test is known to have relatively poor power properties when

the degree of overidentification is large. Recently, other tests were introduced that

improve on the power properties, in particular, the LM test, Kleibergen (2002)

and the CLR test, Moreira (2003). The purpose of this section is to show that

the subset version of the LM test, Kleibergen (2004), su↵ers from asymptotic

size distortion. Because the LM statistic is an integral part of the CLR statistic,

the subset CLR test quite certainly also su↵ers from asymptotic size distortion.

Therefore, given the results in this section, if one attempts to improve further on

the power properties of the subset AR test, the subset LM and CLR tests o↵er no

easy solution.

To document the asymptotic size distortion, it is enough to show asymp-

totic overrejection of the null hypothesis under certain parameter sequences �n =

(�n,⇧W,n,⇧Y,n, Fn). Overrejection of the null of the subset LM test is pervasive

under weak IV sequences and we focus on just one particular choice below.

For simplicity, we consider only the case where mY = mW = 1, i.e. (2.2)

tests a hypothesis on the scalar coe�cient of the endogenous variable Y. In that
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case the subset LM test statistic is given by

LMn(�0) =
1

�̂""(�0, �̃)
(y � Y �0 �W �̃)0PZe⇧(�0)

(y � Y �0 �W �̃), (1.17)

where

⇧̃(�0) = (Z 0Z)�1Z 0

2

664(Y
... W )� (y � Y �0 �We�) 1

�̂
""

(�0,�̃)

0

BB@

1

��0

�e�

1

CCA

0

⌦̂

 
0

Im

!
3

775 .

(1.18)

When mY = mW = 1, the nominal size ↵ subset LM test rejects the null in (2.2) if

LMn(�0) > �2
1,1�↵. (1.19)

The parameter space ⇤ is defined in this section as in (2.13) with Ui replaced by

("i, V 0
i )

0 and with the additional restrictions EF (||Ti||2+�)  M, for Ti 2 {ZiVY,i,

"iVY,i, V 0
i }. These restrictions are needed for the subset LM test for the application

of WLLNs and CLTs when constructing its limiting distribution.

To document asymptotic overrejection of the test in (1.19), we focus on

parameter sequences �n = (�n,⇧W,n,⇧Y,n, Fn) that are such that

n1/2Q1/2⇧Y,n/
p
�Y Y ! h11 2 <k, n1/2Q1/2⇧W,n/

p
�WW!h12 2 <k,

(
EF

n

("iVY,i)p
�""�Y Y

,
EF

n

("iVW,i)p
�""�WW

,
EF

n

(VY,iVW,i)p
�WW�Y Y

)0!h2 2 [�1, 1]3, (1.20)

where Q = EF
n

(ZiZ 0
i), �Y Y = EF

n

(V 2
Y,i), and �WW = EF

n

(V 2
W,i).

6 We denote

such sequences �n by �n,h where h = (h0
11, h

0
12, h

0
2)

0. The Appendix derives the

limiting distribution LMh(�0) of LMn(�0) under �n,h, see (2.48), when IVs are

weak, i.e. ||h11|| < 1 and ||h12|| < 1. The limiting distribution only depends

on the parameters h1 = (h0
11, h

0
12)

0 and h2. In fact, it only depends on h1 through

||h11||, ||h12||, h0
11h12. For example, when k = 5, 10, 15, 20, 25, and 30 then under

�n,h with, for example, ||h11|| = 100, ||h12|| = 1, h0
11h12 = 95, h21 = 0, h22 = .95,

and h23 = .3, the asymptotic null rejection probability is 5.7, 9.6, 12.9, 15.5, 17.7,

19.5%, respectively, for nominal size ↵ = 5%. These probabilities are obtained by

6We do not index Q, �Y Y , etc. by Fn or n to simplify notation. Likewise for other expressions
below, e.g. ⌃, �"", etc.
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simulation using 500,000 simulation repetitions. They provide a lower bound for

the asymptotic size of the subset LM test. The test is therefore size distorted and

the distortion can be substantial when the number of instruments k is large.

Chapter 1, in full, is a reprint of the material as it appears in Econometrica

vol. 80(6) 2012. Guggenberger, Patrik; Kleibergen, Frank; Mavroeidis, Sophocles;

Chen, Linchun, Econometric Society, 2012. The dissertation author was one of the

primary investigators and authors of this paper.

The copyright to this Article is held by the Econometric Society. It may

be downloaded, printed and reproduced only for educational or research purposes,

including use in course packs. No downloading or copying may be done for any

commercial purpose without the explicit permission of the Econometric Society.

For such commercial purposes contact the O�ce of the Econometric Society (con-

tact information may be found at the website http://www.econometricsociety.org

or in the back cover of Econometrica). This statement must be included on all

copies of this Article that are made available electronically or in any other format.

http://www.econometricsociety.org
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1.4 Appendix

The Appendix provides the proof of Theorem 1.2.1 and the derivation of

the limiting distribution of the subset LM statistic.

We first state two lemmas that are helpful to prove Theorem 1.2.1. Their

proofs are given after the proof of Theorem 1.2.1 below.

Lemma 1.4.1 Under the null (2.2) we have wpa1

ARn (�0) = min
d2<1+m

W

d0(⌃1/2⌃̂�1/2)0N 0
nLnNn(⌃1/2⌃̂�1/2)d

d0d
(1.21)

and

ARn (�0) 
z0",nM⌧

n

z",n
⇠n

, (1.22)

where

⌃̂ =

 
�̂"" �̂"W

�̂W " ⌃̂WW

!
=

✓
1

��

...
0

Im
W

◆0
⌦̂W

✓
1

��

...
0

Im
W

◆
,

⌃ = EF (UiU
0
i) =

 
�"" �"W

�W " ⌃WW

!
,

⌃WW." = ⌃WW � �W "�
�1
"" �

0
W ", (1.23)

and

z",n = (Z
0
Z)�

1
2Z 0"�

� 1
2

"" 2 <k,

zV
W

,n = (Z 0Z)�
1
2Z 0 �VW � "��1

"" �"W

�
⌃�1/2

WW." 2 <k⇥m
W ,

⇥n = (Z
0
Z)

1
2⇧W⌃�1/2

WW." 2 <k⇥m
W , (1.24)

and

⌧n = ⇥n + zV
W

,n 2 <k⇥m
W ,

⌘n = (⌧ 0n⌧n)
�1/2⌧ 0nz",n 2 <m

W ,

⇠n = (1,�⌘0n(⌧
0
n⌧n)

�1/2)(⌃�1/20⌃̂⌃�1/2)(1,�⌘0n(⌧
0
n⌧n)

�1/2)0, (1.25)
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and

Nn =

 
1 0

(⌧ 0n⌧n)
�1/2⌘n Im

W

!
,

Ln =

 
z0",nM⌧

n

z",n 0

0 ⌧ 0n⌧n

!
.

The next lemma derives limiting expressions for ⇠n and z0",nM⌧
n

z",n under

sequences �n = (�n,⇧W,n,⇧Y,n, Fn) of null data generating processes in ⇤ such

that the factors of a singular value decomposition of

⇥(n) = Q1/2n1/2⇧W,n⌃
�1/2
WW." 2 <k⇥m

W (1.26)

converge, where againQ = EF
n

(ZiZ 0
i). More precisely, by the singular value decom-

position theorem, see e.g. Golub and Van Loan (1989), ⇥(n) can be decomposed

into a product

⇥ (n) = GnDnR
0
n, (1.27)

where Gn and Rn are k⇥k and mW ⇥mW dimensional real orthonormal matrices,

respectively, and Dn is a k⇥mW dimensional rectangular real diagonal matrix with

nonnegative elements. The latter matrix is unique up to ordering of the diagonal

elements. Let <1 = < [ {+1}.

Lemma 1.4.2 Let �n = (�n,⇧W,n,⇧Y,n, Fn) be a sequence of null data generating

processes in ⇤ and !n a subsequence of n and G!
n

D!
n

R0
!
n

a singular value decom-

position of ⇥(!n). Assume G!
n

! G and R!
n

! R for orthonormal k ⇥ k and

mW ⇥mW dimensional matrices G and R, respectively, and D!
n

! D for a rect-

angular diagonal matrix D 2 <k⇥m
W1 . Then, under �n we have (i) ⇠!

n

�(1+p!
n

) =

op(1) for some sequence of random variables p!
n

that satisfy p!
n

� 0 with proba-

bility 1 and (ii) z0",!
n

M⌧
!

n

z",!
n

!d �2
k�m

W

.

Proof of Theorem 1.2.1. By Lemma 1.4.1 we have wpa1

ARn(�0) 
z0",nM⌧

n

z",n
⇠n

. (1.28)
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There exists a “worst case sequence” �n = (�n,⇧W,n,⇧Y,n, Fn) 2 ⇤ of null data

generating processes such that

AsySzAR,↵ = lim sup
n!1

sup
�2⇤

P�(ARn(�0) > �2
k�m

W

,1�↵)

= lim sup
n!1

P�
n

(ARn(�0) > �2
k�m

W

,1�↵)

 lim sup
n!1

P�
n

(
z0",nM⌧

n

z",n
⇠n

> �2
k�m

W

,1�↵), (1.29)

where the first equality in (1.29) holds by definition of AsySzAR,↵ in (2.10), the

second equality by the choice of the sequence �n, n � 1, and the inequality holds

by (1.28). Furthermore, one can always find a subsequence !n of n such that along

�!
n

we have G!
n

! G and R!
n

! R for orthonormal matrices G 2 <k⇥k and

R 2 <m
W

⇥m
W , D!

n

! D for a diagonal matrix D 2 <k⇥m
W1 , and

lim sup
n!1

P�
n

(
z0
",n

M
⌧

n

z
",n

⇠
n

> �2
k�m

W

,1�↵) = lim sup
n!1

P�
!

n

(
z0
",!

n

M
⌧

!

n

z
",!

n

⇠
!

n

> �2
k�m

W

,1�↵),

(1.30)

where G!
n

D!
n

R0
!
n

is a singular value decomposition of ⇥(!n).

But, under any sequence of null data generating processes �n = (�n,⇧W,n,

⇧Y,n, Fn) in ⇤ and under any subsequence !n of n such that D!
n

! D, G!
n

! G,

and R!
n

! R under �n, we have by Lemma 1.4.2(i) and (ii),

z0",!
n

M⌧
!

n

z",!
n

⇠!
n

 z0",!
n

M⌧
!

n

z",!
n

+ op(1) !d �
2
k�m

W

. (1.31)

This together with (1.29) and (1.30) shows that AsySzAR,↵  ↵. Under strong IV

sequences, the asymptotic null rejection probability of the subset AR test equals

↵, see Stock and Wright (2000). Thus, AsySzAR,↵ = ↵. ⇤

Proof of Lemma 1.4.1. The subset AR statistic ARn(�0), equals the

smallest root of the characteristic polynomial (1.8). From (1.1), we have that

PZ(y � Y �0

...W ) = PZ


Z⇧W (�

... Im
W

) + ("
... VW )

✓
1

�

...
0

Im
W

◆�
. (1.32)

Substituting this in (1.8), pre-multiplying by

����

✓
1
��

... 0
I
m

W

◆0���� and post-multiplying

by

����

✓
1
��

... 0
I
m

W

◆���� yields:
����⌃̂� ("

... Z⇧W + VW )0PZ("
... Z⇧W + VW )

���� = 0. (1.33)
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By a WLLN we have ⌃1/2⌃̂�1/2 !p I1+m
W

and by (2.13) ⌃ is positive definite.

The matrix ⌃̂� 1
2 therefore exists wpa1. Note that

⌃� 1
2 =

0

@ �
� 1

2
"" ���1

"" �"W⌃
� 1

2
WW."

0 ⌃
� 1

2
WW."

1

A and ⌃̂� 1
2 =

0

@ �̂
� 1

2
"" ��̂�1

"" �̂"W ⌃̂
� 1

2
WW."

0 ⌃̂
� 1

2
WW."

1

A .

(1.34)

We pre- and post-multiply (1.33) by
���⌃� 1

2 0
��� and

���⌃� 1
2

��� , respectively, to get

����⌃
� 1

2 0⌃̂⌃� 1
2 � ⌃

� 1
2 0

W ("
... Z⇧W + VW )0PZ("

... Z⇧W + VW )⌃
� 1

2
W

���� = 0 (1.35)

or ����⌃
� 1

2 0⌃̂⌃� 1
2 � (z",n

... ⇥n + zV
W

,n)
0(z",n

... ⇥n + zV
W

,n)

���� = 0. (1.36)

We now use that

(z",n
... ⇥n + zV

W

,n)0(z",n
... ⇥n + zV

W

,n)

=

 
z0",nz",n z0",n(⇥n + zV

W

,n)

(⇥n + zV
W

,n)0z",n (⇥n + zV
W

,n)0(⇥n + zV
W

,n)

!

= N 0
nLnNn

(1.37)

to pre and postmultiply the elements in the characteristic polynomial in (1.36) by���(⌃
1
2 ⌃̂� 1

2 )0
��� and

���⌃
1
2 ⌃̂� 1

2

��� , which exist wpa1:

���Im
W

+1 � (⌃
1
2 ⌃̂� 1

2 )0N 0
nLnNn(⌃

1
2 ⌃̂� 1

2 )
��� = 0. (1.38)

The smallest root min of the characteristic polynomial in (1.38) is with probability

one equal to

min
d2<1+m

W

d0(⌃1/2⌃̂�1/2)0N 0
nLnNn(⌃1/2⌃̂�1/2)d

d0d
(1.39)

which proves (1.21). If we now use a value of d such that

d = (⌃̂1/2⌃� 1
2 )

✓
1

�(⌧ 0n⌧n)�1/2⌘n

◆
, (1.40)

the bottom mW rows of Nn cancel out in the numerator and we obtain the bound

ARn(�0)  1
⇠
n

z0",nM⌧
n

z",n on the subset AR statistic. ⇤

Proof of Lemma 1.4.2. For ease of presentation, we assume !n = n.

Using the moment restrictions in (2.13), an application of Lyapunov CLTs and
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WLLNs implies that under any drifting parameter sequence �n = (�n,⇧W,n,⇧Y,n,

Fn),

(z0",n, vec(zV
W

,n)
0)0 !d (z

0
", vec(zV

W

)0)0 ⇠ N(0, Ik(1+m
W

)),

Q�1(n�1Z 0Z) !p Ik. (1.41)

Therefore, z",n and zV
W

,n are asymptotically independent.

Assume wlog that the j-th diagonal element Dj of D is finite for j  p

and Dj = 1 for j > p for some 0  p  mW . Define a full rank diagonal matrix

Bn 2 <m
W

⇥m
W with j-th diagonal element equal to 1 for j  p and equal to D�1

nj

otherwise for j > p. Note that for all large enough n, the elements of Bn are

bounded by 1.

(i) We can write

⇥n = (n�1Z 0Z)1/2Q�1/2⇥(n) = (n�1Z
0
Z)1/2Q�1/2GnDnR

0
n. (1.42)

Then, noting that (n�1Z
0
Z)1/2Q�1/2 !p Ik under �n, we have ⇥nRnBn !p GD,

where D 2 <k⇥m
W is a rectangular diagonal matrix with diagonal elements Dj =

Dj < 1 for j  p andDj = 1 for j > p. Noting that ⌃�1/20b⌃⌃�1/2 = I1+m
W

+op(1)

we have

⇠n = (1,�⌘0n(⌧
0
n⌧n)

�1/2)(⌃�1/20b⌃⌃�1/2)(1,�⌘0n(⌧
0
n⌧n)

�1/2)0

= 1 + ⌘0n(⌧
0
n⌧n)

�1⌘n + (1, en)op(1)(1, en)
0 (1.43)

for

en = �z0",n(⌧nRnBn)((⌧nRnBn)
0(⌧nRnBn))

�1(RnBn)
0. (1.44)

Note that ⌧nRnBn = ⇥nRnBn + zV
W

,nRnBn, ⇥nRnBn !p GD. Using (1.41) and

D�1
nj ! 0 for j > p, we have

zV
W

,nRnBn !d z̄V
W

⌘ (zV
W

R1, ..., zV
W

Rp, 0, ..., 0), (1.45)

where Rj denotes the j-th column of R.We have vec(zV
W

R1, ..., zV
W

Rp) ⇠ N(0, Ikp)

because the columns of R are orthogonal to each other. Therefore, GD + z̄V
W

has

full column rank with probability 1. This implies that ((⌧nRnBn)0(⌧nRnBn))�1 =
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Op(1) and given that RnBn = O(1) we have en = Op(1). This and (1.43) then

proves the claim with pn = ⌘0n(⌧
0
n⌧n)

�1⌘n.

(ii) Note that because RnBn 2 <m
W

⇥m
W has full rank, we have M⌧

n

=

M⌧
n

R
n

B
n

. As established in (i), we have ⌧nRnBn !d GD + z̄V
W

, where by (1.41),

this limit is independent of the limit distribution z" ⇠ N(0, Ik) of z",n. Therefore,

z0",nM⌧
n

z",n !d z0"MGD+z̄
V

W

z" under �n. Given independence of z" and z̄V
W

, it

follows that conditional on z̄V
W

we have z0"MGD+z̄
V

W

z" ⇠ �2
k�m

W

whenever GD +

z̄V
W

has full column rank. Therefore, also unconditionally, z0"MGD+z̄
V

W

z" ⇠ �2
k�m

W

.

⇤
Limiting Distribution of the Subset LM Statistic

We next derive the limiting distribution of the subset LM statistic under

the drifting sequence �n,h in (1.20) in the weak IV case, where ||h11|| < 1 and

||h12|| < 1. Recall that by WLLNs and CLTs we have under �n,h for Q̂ = n�1Z 0Z

0

BB@

Q̂�1/2n�1/2Z 0"/
p
�""

Q̂�1/2n�1/2Z 0VY /
p
�Y Y

Q̂�1/2n�1/2Z 0VW/
p
�WW

1

CCA!
d

0

BB@

z",h

zV
Y

,h

zV
W

,h

1

CCA ⇠ N

0

BB@0,

0

BB@

1 h21 h22

h21 1 h23

h22 h23 1

1

CCA⌦ Ik

1

CCA ,

n�1(
"0"
�""

,
V 0
Y VY

�Y Y

,
V 0
WVW

�WW

,
"0VYp
�""�Y Y

,
"0VWp
�""�WW

,
V 0
Y VWp

�Y Y �WW

) !
p
(1, 1, 1, h21, h22, h23),

Q�1Q̂ !
p
Ik, n�1Z 0[" : V ] !

p
0, (1.46)

where z",h, zV
Y

,h, zV
W

,h 2 <k. Define

 
v1,h

v2,h

!
=

 
(zV

W

,h + h12)0(zV
W

,h + h12)

(zV
W

,h + h12)0z",h

!
. (1.47)

It is easily shown that (v1,h, v2,h)0 only depends on h0
12h12 and h22 and not on the

other elements in h. By Theorem 1(a) and Theorem 2 in Staiger and Stock (1997)

we have ✓
�WW

�""

◆ 1
2

(�̃ � �) !d �h =
v2,h � hh22

⌫1,h � h

, (1.48)

where h is the smallest root of the characteristic polynomial

|(z",h, zV
W

,h + h12)
0(z",h, zV

W

,h + h12)� ⌃h| = 0 (1.49)
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in  and ⌃h 2 <2⇥2 with diagonal elements 1 and o↵ diagonal elements h22. By

Theorem 1(b)7 in Staiger and Stock (1997) we have

�̂""(�0, �̃)/�"" !d �
2
"h = 1� 2h22�h +�2

h. (1.50)

We have from (2.37)

Q̂�1/2n�1/2Z 0Y/
p
�Y Y !d zV

Y

,h + h11, (1.51)

Q̂�1/2n�1/2Z 0W/
p
�WW !d zV

W

,h + h12,

Combining (2.39)-(2.42), we obtain

bs = (n�1Z 0Z)�1/2n�1/2Z 0(y � Y �0 �W �̃)/
p
�"" !d sh = �(zV

W

,h + h12)�h + z",h.

(1.52)

By (2.37) we have

b�"Y /(
p
�""�Y Y )=(n� k)�1(y � Y �0 �W �̃)0MZY/(

p
�""�Y Y )

=(n� k)�1(W (� � �̃) + ")0MZY/(
p
�""�Y Y )

=(n� k)�1(VW (� � �̃) + ")0MZVY /(
p
�""�Y Y )

=

✓
�WW

�""

◆ 1
2

(� � �̃)(n� k)�1 V 0
WVYp

�WW�Y Y

+ (n� k)�1 "0VYp
�""�Y Y

+ op(1)

(1.53)

and likewise

b�"W/(
p
�""�WW ) = (n� k)�1(y � Y �0 �W �̃)0MZW/(

p
�""�WW )

=

✓
�WW

�""

◆ 1
2

(� � �̃)(n� k)�1V
0
WVW

�WW

+(n� k)�1 "0VWp
�""�WW

+ op(1),

(1.54)

7Note that it does not change the asymptotic results if one defines �̂""(�0, �̃) withMZ replaced
by In as in Staiger and Stock (1997).
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where b�"Y and b�"W have been implicitly defined here. Therefore, by (2.37) and

(2.39)

b�"Y /(
p
�""�Y Y ) !d ��hh23 + h21 and b�"W/(

p
�""�WW ) !d ��h + h22. (1.55)

Next let ⇧̃(�0) = (e⇡Y
... e⇡W ), bpY = (Z 0Z)1/2e⇡Y /

p
�Y Y 2 <k, and bpW = (Z 0Z)1/2e⇡W

/
p
�WW 2 <k. That is,

bpY = Q̂�1/2n�1/2Z 0[Y � (y � Y �0 �W �̃)0
b�"Y

�̂""(�0, �̃)
]/
p
�Y Y

= Q̂�1/2n�1/2Z 0Y/
p
�Y Y � bsb�"Y /(

p
�""�Y Y )

�̂""(�0, �̃)/�""

2 <k

bpW = Q̂�1/2n�1/2Z 0W/
p
�WW � bsb�"W/(

p
�""�WW )

�̂""(�0, �̃)/�""

2 <k (1.56)

Using (2.41), (2.42), (2.43), and (1.55) we have

bpY ! dpY,h=zV
Y

,h + h11 � sh
��hh23 + h21

�2
"h

and

bpW ! dpW,h=zV
W

,h + h12 � sh
��h + h22

�2
"h

. (1.57)

By simple calculations8,

LMn(�0) =

✓
�̂""(�0, �̃)

�""

◆�1

bs0P(bp
Y

,bp
W

)bs (1.58)

and therefore by the continuous mapping theorem

LMn(�0) !d LMh = s0hP(p
Y,h

,p
W,h

)sh/�
2
"h. (1.59)

8Note that the numerical value of LMn(�0) is not a↵ected if one replaces ⇧̃(�0) by ⇧̃(�0)T
for any invertible matrix T 2 R2⇥2. Here we take T as a diagonal matrix with diagonal elements

�
� 1

2
Y Y , �

� 1
2

WW .
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Abstract

In the linear instrumental variables model with possible weak identifica-

tion, we are interested in testing a hypothesis on the coe�cient of an exogenous

variable when one right hand side endogenous variable is present. Under the as-

sumption of conditional homoskedasticity but no restriction on the reduced form

coe�cient vector, Guggenberger, Kleibergen, Mavroeidis and Chen (2012) show

that the subset AR test based on Anderson and Rubin (1949), obtained by re-

placing parameters not under test by the limited information maximum likelihood

(LIML) estimator, has correct asymptotic size. Here we derive the asymptotic size

of the corresponding subset Lagrange multiplier (LM) test. It is size distorted. We

provide the smallest nonrandom size corrected (SC) critical value that ensures that

the resulting “SC subset LM test” has correct asymptotic size. Furthermore, we

introduce an easy to implement generalized moment selection plug-in SC subset

LM test (“GMS-PSC subset LM test” from now on) that uses a data-dependent

critical value to achieve correct asymptotic size.

Keywords: Asymptotic size, linear IV model, size correction, size distortion, subset

inference, weak instruments.

JEL Classification Numbers : C01, C12, C21.
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2.1 Introduction

The last decade witnessed a growing literature about inference on the struc-

tural parameter vector in the linear instrumental variables (IVs) model. The objec-

tive was to develop tests whose asymptotic null rejection probability is controlled

uniformly for a parameter space that allows for weak instruments. For a simple full

vector hypothesis, satisfactory progress has been made and several robust proce-

dures were introduced, most notably, the AR test by Anderson and Rubin (1949),

the Lagrange multiplier (LM) test of Kleibergen (2002) and Moreira (2009), and

the conditional likelihood ratio (CLR) test of Moreira (2003), see also Andrews,

Moreira, and Stock (2006).

Most of the times however, an applied researcher is ultimately not interested

in simultaneous inference on all structural parameters, but on a subset, typically

one component, of the structural parameter vector. Testing a subset hypothesis

rather than a full vector hypothesis complicates matters substantially, because

now the parameters not under test, enter the testing problem as additional nui-

sance parameters.1 Under certain assumptions, including that the parameters not

under test are strongly identified, the above robust full vector procedures can be

adapted by replacing the parameters not under test by consistently estimated coun-

terparts together with chi square critical values with reduced degrees of freedom,

see Kleibergen (2004, 2005), Guggenberger and Smith (2005), Otsu (2006), and

Guggenberger, Ramalho and Smith (2012), among others, for such adaptations of

the AR and LM tests to subset testing. Under this assumption of strong identifi-

cation of the parameters not under test, the resulting subset tests were proven to

be asymptotically robust with respect to the potential weakness of identification

of the parameters under test and, trivially, have non-worse power properties than

projection type tests.

1A general method to do subset inference is to apply projection techniques to the full-set
tests. The resulting subset tests have asymptotic size smaller or equal to the nominal size. But
a severe drawback is that they are usually very conservative, especially if many dimensions of
the structural parameter vector are projected out. Typically, this leads to suboptimal power
properties. In the linear IV model, a projected version of the AR test has been discussed in
Dufour and Taamouti (2005). A refinement that improves on the power properties of the latter
test is given in Chaudhuri and Zivot (2011).
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Guggenberger, Kleibergen, Mavroeidis, and Chen (2012, GKMC from now

on) expand on these findings and show that the subset AR test has correct asymp-

totic size when the parameters not under test are replaced by the LIML estimator

and when no identification assumptions are imposed on the reduced form coe�-

cient matrix. Given the power advantages of the LM test over the AR test, it is

then only natural to also consider the subset LM test. Unfortunately, GKMC also

show that the subset LM test is generally size distorted asymptotically by docu-

menting asymptotic overrejection of the null along a particular drifting sequence

of weak IVs. This paper is about size correction of the subset LM test.

We consider a linear IV model with one right hand side (RHS) endogenous

variable2 and a parameter space that imposes conditional homoskedasticity but

does not restrict the reduced form coe�cient vector. We are interested in the

nontrivial task of inference on the coe�cient of an exogenous variable. For example,

Andrews and Guggenberger (2010b, Section 6.2) show that a t test (with fixed or

subsampling critical values) based on 2SLS has asymptotic size equal to 1. On

the other hand, GKMC consider the subset AR test and prove that it has correct

asymptotic size. The objective of this paper is to provide an alternative test

that has correct asymptotic size, is easy to implement, and has more competitive

power properties than the subset AR test. The candidate test considered here is

a generalized moment selection (GMS) plug-in size-corrected (PSC) version of the

subset LM test.

Expanding on GKMC where it was documented that asymptotic overrejec-

tion of the null hypothesis may occur, we derive the asymptotic size of the subset

LM test for inference on the coe�cient of the exogenous variable when the param-

eter of the endogenous variable not under test is replaced by the LIML estimator.

The asymptotic size of the subset LM test is distorted with the distortion increas-

ing in k. Here k denotes the number of instruments. For example, for nominal size

↵ = 5% the asymptotic sizes of the subset LM test are 7.5%, 10.8%, and 17.4%

2In applied work using the linear IV model, the case with one RHS endogenous regressor is
by far the most common one. Applications with more than one endogenous RHS regressors are
rather rare - for one exception, see the wage regression in Angrist and Krueger (1992) where two
RHS endogenous variables appear, namely education and veteran status.
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when k = 6, 10, and 20, respectively, and k denotes the number of instruments.

The analysis also enables the calculation of SC critical values (for given k and

nominal size ↵), the smallest fixed critical values such that the resulting SC subset

LM test has correct asymptotic size.

The main contribution of the paper is the introduction of a nonbigger,

data-dependent GMS-PSC critical value that still leads to a test that controls the

asymptotic size of the test. The idea of a PSC critical value is taken from Andrews

and Guggenberger (2009). We try to improve further on the power properties of

the PSC subset LM test by combining the approach with generalized moment

selection, following an idea in Andrews and Soares (2010). The recommended

procedure of the paper is the GMS-PSC subset LM test.

Our approach of calculating the asymptotic size uses the theory developed

in Andrews, Cheng, and Guggenberger (2011, ACG from now on) about finding

“worst case parameter sequences”, including weak IV sequences, along which the

asymptotic size is taken on. We reduce the dimension of the infinite dimensional

nuisance parameter vector to one of dimension three for the SC subset LM and

dimension two for the GMS-PSC subset LM test. Then, we can find the asymptotic

worst case through simulations.34

Further power improvements may be possible using Bonferroni type criti-

cal values and refinements thereof, see McCloskey (2012) for comprehensive study.

These refinements will likely be computationally challenging in our situation, there-

fore, the discussion using this procedure is beyond the discussion of this paper.

3The simulation based approach for finding critical value adjustments has been used in sev-
eral applications, including e.g. Andrews and Jia Barwick (2012) for inference under moment
inequalities. In that paper the search is implemented over a mean vector in Rk

+, where k is the
number of moment inequalities, and corresponding correlation matrices in Rk⇥k.

4In the previous version of the paper, Chen and Guggenberger (2011) “On the Asymptotic
Size of Subvector Tests in the Linear Instrumental Variables Model”, available at SSRN, we
consider the arguably less common case of a linear IV model with two right hand side endogenous
variables. Again, the parameter space imposes conditional homoskedasticity but does not restrict
the reduced form coe�cient matrix. We derive the asymptotic size of the subset LM test for a
hypothesis involving the coe�cient on one of the endogenous variables when the other parameter
not under test is replaced by the LIML estimator. We show that the subset LM test in this setup
has the same asymptotic size (as a function of k and ↵) as for the model with one endogenous
variable discussed above. Therefore, the same SC-critical values apply for this hypothesis test as
well.
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Ultimately, one is interested in a test with optimal power properties, see Andrews,

Moreira, and Stock (2006), Elliott, Müller, and Watson (2011), Montiel (2012),

Moreira and Moreira (2012), and Andrews and Guggenberger (2013).

The rest of the paper is structured as follows. Section 2.2 describes the

model and the subset LM test for a hypothesis test involving the coe�cient of

an exogenous regressor. Section 2.3 provides the asymptotic size results and SC

critical values. The recommended procedure appears in Section 2.4, where the PSC

subset LM test is defined5. An appendix provides the derivation of the limiting

distributions of the test statistic under drifting sequences, and other technical

material.

We use the following notation. For a full column rank matrix A with n

rows let PA = A(A0A)�1A0 and MA = In�PA, where In denotes the n⇥n identity

matrix. If A has zero columns, then we set MA = In. The chi square distribution

with k degrees of freedom and its 1 � ↵-quantile are written as �2
k and �2

k,1�↵,

respectively.

2.2 Model and Subset LM Tests

As discussed above, we consider a linear IV model with one RHS endogenous

and one RHS exogenous variable

y = Y � +X✓ + u,

Y = Z⇡ + V, (2.1)

where y, Y, X 2 Rn, Z = (X,Z) 2 Rn⇥k for a k � 2, and Y and X are endogenous

and exogenous regressors, respectively. The components of Z contain additional

instruments besides X. Wlog, we leave out additional exogenous RHS variables in

the structural equation.6 We assume that � is an element of a compact set.

5A local power comparison with the subset AR test will be studied in future work.
6Additional RHS exogenous variables are simply projected out, see also GKMC. That is,

if the model is y = Y � + X✓ + X2✓2 + u and Y = Z⇡ + X2�2 + V for exogenous variables
X2 2 Rn⇥q, then the analysis below is applied to the residuals from projecting onto MX2 ,
MX2y = MX2Y � + MX2X✓ + MX2u and MX2Y = MX2Z⇡ + MX2V. The parameter space in
(2.13) below would then need to be adjusted accordingly.
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Denote by Zi the i-th row of Z written as a column vector and analogously

for other variables. We assume that the realizations (ui, Vi, Z 0
i)

0, i = 1, ..., n, are

i.i.d. with distribution F. Furthermore, EF (ui, Vi)Zi = 0, where by EF we denote

expectation when the distribution of (ui, Vi, Z 0
i)

0 is F. As made explicit below,

we also assume conditional homoskedasticity. We are interested in testing the

hypothesis

H0 : ✓ = ✓0 versus H1 : ✓ 6= ✓0 (2.2)

on the coe�cient of the exogenous regressor in the presence of a possibly weakly

identified coe�cient on an endogenous regressor.

The subset LM test statistic we consider is derived from the full vector LM

statistic LM(�⇤, ✓⇤) for a test of the null H 0
0 : � = �0 and ✓ = ✓0, see Kleibergen

(2002, eq. (3)). The full vector statistic is given by

LM(�⇤, ✓⇤) = b��2
u (�⇤, ✓⇤)r(�⇤, ✓⇤)0P(X,Ze⇡(�⇤,✓⇤))r(�

⇤, ✓⇤), (2.3)

where

r(�⇤, ✓⇤) = y � (Y,X)(�⇤, ✓⇤)0

b�2
u(�

⇤, ✓⇤) = (n� k)�1r(�⇤, ✓⇤)0MZr(�
⇤, ✓⇤) (2.4)

e⇡(�⇤, ✓⇤) = (Z 0Z)�1Z 0[Y � r(�⇤, ✓⇤)
b�2(�⇤, ✓⇤)

b�2
u(�

⇤, ✓⇤)
] and

b�2(�⇤, ✓⇤) = (n� k)�1r(�⇤, ✓⇤)0MZY. (2.5)

The full vector test rejects H 0
0 at nominal size ↵ if LM(�0, ✓0) > �2

2,1�↵. The subset

test statistic to test H0 replaces the nuisance parameter � by the restricted LIML

estimator. Define

b� =
Y 0(In � kLIMLMZ)(y �X✓0)

Y 0(In � kLIMLMZ)Y
(2.6)

the LIML estimator of � when ✓ = ✓07, where kLIML is the smallest root of the

equation

det(Y
0
Y � kY

0
MZY ) = 0 (2.7)

in k, and

Y = (y �X✓0, Y ). (2.8)

7Here and below we do not index the estimator/test statistics by ✓0 or n to simplify notation.
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The subset LM test statistic to test (2.2) is given by LM(b�, ✓0). The nominal size ↵

subset LM test, as suggested in Kleibergen (2004) and Kleibergen and Mavroeidis

(2009), rejects the null in (2.2) if8

LM(b�, ✓0) > �2
1,1�↵. (2.9)

From GKMC it is known that this test is asymptotically size distorted. We pro-

vide an adjusted critical value such that the resulting subset LM test has correct

asymptotic size. First, we derive the asymptotic size of the test in (2.9).

Let P�() denote the probability of an event when the null DGP is pinned

down by a vector � whose parameter space is ⇤. By definition, the asymptotic size

(at nominal size ↵) of the subset LM test equals

AsySz = lim sup
n!1

sup
�2⇤

P�(LM(b�, ✓0) > �2
1,1�↵). (2.10)

We next define the parameter vector � and its parameter space ⇤. For a given

distribution F define

�1 = ⌦1/2⇡/�V 2 Rk,

�21 = EFuiVi/(�u�V ) 2 [�1, 1],

�22 =
⌦1/2

1

k⌦1/2
1 k

2 Rk

�23 =
⌦1/2⇡

k⌦1/2⇡k 2 Rk, (2.11)

where9 ⌦1 denote the first column of the matrix ⌦. (and analogous notation will

be used for other expressions) and

�2
u = EFu

2
i , �2

V = EFV
2
i , and ⌦ = EFZiZ

0
i. (2.12)

The vector ⇡ = (EFZiZi)�1EFZiYi determines the strength of the instruments and

�21 the degree of endogeneity. Note that �22 and �23 have norm 1.

8Given that the LIML estimator of � minimizes the AR statistic in � for given ✓0 it would
be natural to also consider a variant of the subset LM test that uses a test statistic given
by the minimum of the LM statistic for given ✓0 over the nuisance parameter �⇤, that is the
test statistic inf�⇤2R LM(�⇤, ✓0). However, the properties of the resulting test that uses �2

1,1�↵

computationally unattractive and requires numerical optimization.
9In case the numerator in one of the quotients in (2.11) is zero, the quotient is defined as 1.
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Let � = (�1,�2,�3), where �2 = (�21,�22,�23), �3 = (�, F ).10Unless other-

wise stated, we assume from now on that the null (2.2) holds. Using the definitions

in (2.11) and letting Wi = (ui, V 0
i )

0, the parameter space ⇤ is given by

⇤ = {� = (�1,�2,�3) :

EF ||Ti||2+�  M, for Ti 2 {Ziui, ZiVi, uiVi, ui, Vi, Zi},
EFZiW

0
i = 0, EFvec(ZiW

0
i )(vec(ZiW

0
i ))

0 = EFWiW
0
i ⌦ EFZiZ

0
i,

�min(A) � � for A 2 {EFZiZ
0
i, EFWiW

0
i}} (2.13)

for some � > 0 and M < 1, where �min(·) denotes the smallest eigenvalue

of a matrix, “⌦” the Kronecker product of two matrices, and vec(·) the column

vectorization of a matrix. The parameter space does not place a restriction on the

parameters ⇡ 2 Rk or � 2 R and thus, in particular, allows for weak identification.

Appropriate moment restrictions are assumed to allow for the application of Lya-

punov CLTs and WLLNs. As in Staiger and Stock (1997) and GKMC, conditional

homoskedasticity is assumed.

2.3 Asymptotic Size and Size-Correction

We now derive the asymptotic size of the subset LM test for the parameter

space ⇤. In the Appendix 2.6, we derive the limiting distributions of the subset

LM test statistic under drifting sequences of parameters �n,h. By definition, �n,h

denotes a sequence �n = (�1n,�2n,�3n) 2 ⇤, n = 1, 2, ..., such that

n1/2�1n ! h1 2 R [ {±1},
�2n ! h2 = (h21, h22, h23) 2 [�1, 1]⇥Rk ⇥Rk, (2.14)

and h = (h1, h2). Define H ⇢ (R [ {±1})k ⇥ [�1, 1]⇥Rk ⇥Rk as the set of all h

for which there is a sequence �n,h.

10Regarding the notation (�1,�2,�3) and elsewhere, note that we allow as components of a vec-
tor, column vectors (of di↵erent dimensions), scalars, and distributions. We leave out a subindex
F on the left hand side expressions in (2.11) and (2.12) to simplify notation. Regarding the
subindices on the components of �: a subindex 1 and 2 indicates that the limit distribution of
the subvector LM statistic depends on that component discontinuously and continuously, respec-
tively, while it does not depend on components with subindex 3. See Andrews and Guggenberger
(2010b) for more details on that terminology.
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It is shown in the Appendix 2.6 that the limiting distribution, LMh say, of

the subset LM statistic under �n,h depends only on h.Using the theory developed

in ACG, we then obtain explicit formulae for the asymptotic size of the test. More

precisely, by Theorem 2.1(c) in ACG we have for the subset LM test

AsySz = sup
h2H

P (LMh > �2
1,1�↵), (2.15)

respectively.11

This section is about the simulation of these quantities. The dimension

of h 2 H is too large for simulation when k is large. An important insight is

that the dimension can be reduced substantially. When ||h1|| = 1, the limiting

distributions of the subset statistic is �2
k�1 and thus nuisance parameter free. For

the case ||h1|| < 1 let

 
zu,h

zV,h

!
⇠ N(0,⌃(h)⌦ Ik) and ⌃(h) =

 
1 h21

h21 1

!
(2.16)

for zu,h, zV,h 2 Rk. Lemma 2.6.1 (applied to the case where z3 ⌘ 0, m3 = h22,

||m3|| = 1, m2 = h1, z1 = zu,h, and z2 = zV,h) establishes that the distribution of

Zh = (z0u,hzu,h, z
0
u,h(zV,h + h1), (zV,h + h1)

0(zV,h + h1), z
0
u,hh22, (zV,h + h1)

0h22)
0 2 R5

(2.17)

only depends on

h = (||h1||, h0
1h22, h21) 2 R+ ⇥ [�1, 1]2 ⇢ R3 (2.18)

and not on the other components of h. As shown in the Appendix, the limiting

distributions of the subset statistic is a function of Zh and h21. Therefore, it is

enough to simulate the expressions in (2.15) for h 2 H rather than h 2 H, where

H is the set of all vectors h defined in (2.18) that can be obtained for a h 2 H.

That is a three dimensional simulation task.
11We derive the continuous limiting distributions of the subvector statistics under �n,h in the

Appendix. Assumption B in ACG then follows directly with hn(�n) in Assumption B of ACG
defined as (n1/2�1n,�2n) and CP+(h) = CP�(h) given by P (LMh > �2

1,1�↵) for the subvector
LM test. By Theorem 2.2 in ACG, Assumption B implies Assumptions A1 and A2 in ACG which
are needed to apply Theorem 2.1 in ACG. Assumptions C1 and C2 in ACG also hold true in our
context.

To simplify notation we do not index AsySz by LM, by k, or by ↵.
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Table 2.1 reports the simulated AsySz of the subset LM test and shows

that it is generally distorted.1213 While for small k the distortion is relatively

small, it increases in k and is significant for large k. For example, when k = 20,

the asymptotic size of the nominal size 5% test is 17.4%. Asymptotic overrejection

can happen under sequences �n,h of weak IVs, i.e. ||h1|| < 1, especially when

(h0
1/||h1||)h22 is close to one in absolute value; see below for more numerical details.

Table 2.1 also provides the fixed critical values that one would need to use

for the subset LM test to have asymptotic size smaller or equal to the nominal size

↵. These size-corrected critical values are denoted by LMSC,k,1�↵; they depend on

the nominal size ↵ and the number of instruments k. Denote by

ch(1� ↵) (2.19)

the 1� ↵-quantile of LMh. For given ↵ and k, by definition,

LMSC,k,1�↵ = sup
h2H

ch(1� ↵), (2.20)

see Andrews and Guggenberger (2009) for more on size-correction. For exam-

ple, LMSC,20,.95 = 7.69, which by far exceeds �2
1,.95 = 3.84. The asymptotic size

of the SC subset LM test that rejects when LM(b�, ✓0) > LMSC,k,1�↵ equals

suph2H P (LMh > suph2H ch(1 � ↵)). By construction, the latter expression is

bounded by ↵. Furthermore, for any h 2 H such that ch(1�↵) = suph2H ch(1�↵)

we have P (LMh > suph2H ch(1� ↵)) = ↵ and thus the asymptotic size equals ↵.

12To simulate P (LMh > �2
1,1�↵) for a given h we first simulate 3⇥ 105 random draws of LMh.

We consider k 2 {2, 3, 4, ..., 10, 15, 20, 25} and nominal sizes ↵ = 1% and 5%. In the search over
l = ||h1|| 2 [0,1], s 2 [�1, 1], and h21 2 [�1, 1], we consider ||h1|| 2 {0, .1, .2..., .9, 1, 5, 10, 100},
s values in [�1, 1] of the form t⇥ .05 for all possible integers t, and h21 2 {0, .3, .6, .9, .95, .999}.
Going through the derivations in Subsection 2.6.1, one notices that one can restrict attention
to non-negative correlations h21 by exchanging zu,h by �zu,h, e.g. h is numerically the same
with zu,h replaced by �zu,h. These choices provide a fine grid over the set H. We also consider
15000 random draws for l, s, and h21. Finally, we do a refined search for the maximal rejection
probability around certain vectors h that generated the highest rejection probabilities. In this
search, we increase the number of draws to 2⇥ 106 for each choice of h.

For the simulations of LMh we need to calculate h, defined in (2.40). Equation (2.40) leads
to a quadratic equation in  and we can easily explicitly solve for the smaller solution.

13Given that, of course, one cannot cover every possible vector h 2 H in the simulations, the
reported asymptotic size results should be interpreted as lower bounds on the actual asymptotic
size. However, we performed a very thorough search and therefore are confident that the reported
and actual asymptotic sizes are very close to each other. By analytical arguments, it might be
possible to reduce the dimension of h even further.
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Given these SC critical values, implementation of the SC subset LM test is

trivial. The test rejects the null hypothesis in (2.2) at nominal size ↵ whenever

LM(b�, ✓0) > LMSC,k,1�↵. (2.21)

However, we do not recommend this “brute force” size correction because one can

easily design a data-dependent critical value that improves on the power properties

of the test in (2.21). We do so in the next section.

2.4 Data-dependent Choice of Critical Value

In this section, we improve on the power properties of the SC subset LM

test by picking a data-dependent critical value. We consider PSC and GMS-PSC

critical values in the next two subsections.

2.4.1 Plug-in Size-Corrected Subset LM Test

We now describe a data-dependent PSC critical value that is smaller than

LMSC,k,1�↵ in (2.20) and therefore leads to a more powerful test than the SC

subset LM test in (2.21). The idea is to replace components in the vector h by

consistently estimated counterparts, whenever a consistent estimator exists, rather

than maxing over that component when calculating the critical value, as done in

(2.20). See Andrews and Guggenberger (2009) for the general theory.

Of the components (||h1||, h21,
h0
1h22

||h1|| ) of h that impact LMh, one can estimate

consistently the quantity
h0
1h22

||h1|| = lim
n!1

�0
1n�22n

||�1n|| , (2.22)

where the limit is taking along a sequence �n,h, and again �1n = ⌦1/2⇡/�V and

�22n = ⌦1/2
1 /||⌦1/2

1 ||.14 More precisely, define

b⌦n = n�1Z 0Z and b⇡n = (Z 0Z)�1Z 0Y (2.23)

14Even though one cannot consistently estimate h1.



36

and let (b⌦1/2
n )1 denote the first column of b⌦1/2

n . Then, using the moment restrictions

in (2.13) a weak law of large numbers guarantees that the estimator

bsn =
\h0
1h22

||h1|| =
b⇡0
n
b⌦1/2
n (b⌦1/2

n )1

||b⇡0
n
b⌦1/2
n ||||(b⌦1/2

n )1||
=

b⇡0
n(b⌦n)1

(b⇡0
n
b⌦nb⇡n(b⌦n)11)1/2

, (2.24)

where (b⌦n)11 denotes the upper left element of b⌦n, satisfies

bsn � �0
1n�22n

||�1n|| !p 0. (2.25)

The PSC subset LM test is implemented as follows:

1) Calculate the estimator bsn in (2.24).

2) Calculate the PSC critical value given bsn which is defined as

LMPSC,k,1�↵(bsn) = sup
h2H(bs

n

)

ch(1� ↵), (2.26)

where H(bsn) is a subset of H that contains only the h1 vectors equal to15

h1 = le1 for l 2 [0,1] and sets h22 = (bsne1 +
p

1� bs2ne2), (2.27)

where ej denotes the j-th coordinate vector in Rk.

3) The PSC subset LM test rejects the null hypothesis in (2.2) if

LM(b�, ✓0) > LMPSC,k,1�↵(bsn). (2.28)

The following theorem states that the PSC subset LM test has correct

asymptotic size.

Theorem 2.4.1 Assume 0 < ↵ < 1. The asymptotic size for the parameter space

in (2.13) of the PSC subset LM test defined in (2.28) equals its nominal size ↵.

Comments. 1) Clearly, the PSC subset LM test provides an improvement

in power over the SC test defined in (2.21). This holds because the critical value of

the former test is always nonlarger than the critical value of the latter test because

15Finding the maximum over h 2 H(bsn) in (2.26) is a two dimensional simulation task, namely
over l = ||h1|| 2 [0,1] and h21 2 [�1, 1]. We provide PSC critical values LMPSC,k,1�↵(s) for
some choices of k for a grid of s values in [�1, 1] for ↵ = 5%.
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the former critical value is obtained as a maximum over a smaller set than the

former. (Clearly then the asymptotic size of the test is at least ↵ as it equals ↵ for

the SC subset LM test.)

2) Table 2.2 provides critical values LMPSC,k,1�↵(s) for certain choices of k

and a grid of s values.16 Table 2.2 only provides LMPSC,k,1�↵(s) for s � 0 because

the simulations show that LMPSC,k,1�↵(s) = LMPSC,k,1�↵(�s).

Given LMPSC,k,1�↵(s), implementation of the PSC subset LM test is trivial.

Table 2.2 documents that the expected power improvements over the SC test should

be expected to be substantial. E.g. for ↵ = 5% and k = 10 whenever |s|  .6

we have LMPSC,k,1�↵(s) = 3.84 whereas LMSC,k,1�↵ = 5.64 is substantially bigger.

Only in the extreme cases where |s| is close to one LMPSC,k,1�↵(s) is close to the

SC critical value LMSC,k,1�↵ = 5.64.

The PSC critical values LMPSC,k,1�↵(s) = suph2H(s) ch(1 � ↵) reported in

Table 2.2 are approximations obtained by simulation using ||h1|| values in {0, .1, .2,
. . . , 1, 5, 10, 100, 1000} and h21 values in {0, .1, .2, . . . , .9, .95, .999}. For each choice

of h in the search, the quantile ch(1 � ↵) is simulated using 500,000 draws from

LMh.

3) The theorem holds by Theorem 3 in Andrews and Guggenberger (2009).

2.4.2 GMS-PSC Critical Values

If we knew that ||h1|| = 1 one could safely implement the subset LM

test together with a �2
1,1�↵ critical value. Unfortunately, we cannot consistently

estimate ||h1||. However, one can still extract helpful information from the data

about ||h1|| that can help to improve the power properties of the PSC subset LM

test further under certain sequences �n,h for which ||h1|| = 1. The approach uses

the same intuition as the generalized moment selection (GMS) method in Andrews

and Soares (2010).17 To describe it, define

||bh1n|| = n1/2||b�1n|| = n1/2(b⇡0
n
b⌦nb⇡n)

1/2/b�V n (2.29)

16Many additional choices of k are available from the authors upon request.
17It might also be worthwhile to investigate the Bonferroni approach developed in a general

framework in McCloskey (2012).
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for

b�2
V n = n�1

nX

i=1

(Yi � Z 0
ib⇡n)

2. (2.30)

Note that under any sequence �n,h with ||h1|| < 1 it follows that ||bh1n|| =
Op(1). Consider a nonrandom sequence n that satisfies

n ! 1 (2.31)

as n ! 1, for example n = (lnn)1/2. It follows that under any sequence �n,h for

which ||h1|| < 1 we have �1
n ||bh1n|| = op(1).

The GMS-PSC subset LM test is implemented as follows:

1) Calculate �1
n ||bh1n|| for the estimator in (2.29) and a choice of n, e.g.

n = (lnn)1/2.

2) If �1
n ||bh1n|| > 1 take the critical value LMGMSPSC,k,1�↵ of the GMS-

PSC subset LM test as �2
1,1�↵ otherwise take LMGMSPSC,k,1�↵ = LMPSC,k,1�↵(bsn)

defined in (2.26).

3) The GMS-PSC subset LM test rejects the null hypothesis in (2.2) if

LM(b�, ✓0) > LMGMSPSC,k,1�↵. (2.32)

Note that under sequences �n,h for which ||h1|| < 1 the GMS-PSC subset

LM test uses the critical value LMPSC,k,1�↵(bsn) with probability approaching 1.

This choice of critical value guarantees correct limiting null rejection probabilities

by Theorem 2.4.1. Under sequences �n,h for which ||h1|| = 1 the limiting distribu-

tion of the subset LM statistic LM(b�, ✓0) is �2
1. Using a �2

1,1�↵ critical value under

such sequences therefore ensures correct limiting null rejection probability. The

GMS-PSC subset LM test uses the critical value �2
1,1�↵ or the larger critical value

LMPSC,k,1�↵(bsn) under such sequences and therefore does not overreject asymp-

totically under such sequences either. We therefore have the following theorem.

Theorem 2.4.2 Assume 0 < ↵ < 1. The asymptotic size for the parameter space

in (2.13) of the GMS-PSC subset LM test defined in (2.32) equals its nominal size

↵.
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Comments. 1) The critical value LMGMSPSC,k,1�↵ of the GMS-PSC subset

LM test is always nonbigger than the critical value LMPSC,k,1�↵(bsn) of the PSC

subset LM test. It is strictly smaller under certain sequences �n,h for which ||h1|| =
1, namely when n1/2�1n goes to infinity fast enough relative to n, where �n,h =

(�1n,�2n,�3n), such that the event �1
n ||bh1n|| > 1 occurs asymptotically. That is,

the power of the GMS-PSC subset LM test is always nonsmaller but sometimes

strictly larger than the power of the PSC subset LM test.

2) The choice of n in finite samples represents a size-power trade-o↵. Pick-

ing a “small” n increases the probability of the event �1
n ||bh1n|| > 1 and thus the

probability of using the smaller critical value �2
1,1�↵ rather than LMPSC,k,1�↵(bsn)

for LMGMSPSC,k,1�↵. This has a favorable e↵ect on the power properties but leads

to higher rejection probabilities under the null hypothesis as well. Following An-

drews and Soares (2010) we consider the BIC choice n = (lnn)1/2 and the “law

of iterated logarithm” choice n = (2 ln lnn)1/2 in Table 2.3.

3) Table 2.3 reports the AsySz of subset AR test and all these three subset

LM tests studied in the paper. All these subset LM are shown to be asymptotically

size corrected.

Chapter 2, in part, is currently being prepared for submission for publi-

cation of the material. Chen, Linchun; Chen, Qihui; Guggenberger, Patrik. The

dissertation author was one of the primary investigators and authors of this ma-

terial.
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2.5 Tables

Table 2.1: AsySz in % and SC Critical Values for Subset LM Test

k 2 3 4 5 6 7 8 9 10 15 20 25

AsySz, ↵ = 1% 1.0 1.1 1.2 1.4 1.8 2.0 2.4 2.8 3.0 4.9 6.5 8.1

LMSC,k,.99 6.64 6.76 7.05 7.31 7.78 8.17 8.62 8.89 9.18 11.27 12.81 14.01

AsySz, ↵ = 5% 5.0 5.0 5.6 6.5 7.5 8.3 9.2 10.0 10.8 14.3 17.4 19.7

LMSC,k,.95 3.84 3.84 4.05 4.33 4.61 4.88 5.13 5.39 5.64 6.60 7.69 8.43
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Table 2.2: LMPSC,k,1�↵(s) for ↵ = 5%

|s|\k 5 10 15 20 25

.325 3.84 3.84 3.84 3.84 3.84

.35 3.84 3.84 3.84 3.84 3.9

.375 3.84 3.84 3.84 3.84 3.9

.4 3.84 3.84 3.84 3.9 4.0

.425 3.84 3.84 3.84 4.0 4.1

.45 3.84 3.84 3.9 4.0 4.2

.475 3.84 3.84 3.9 4.1 4.2

.5 3.84 3.84 4.0 4.2 4.3

.525 3.84 3.84 4.0 4.2 4.5

.55 3.84 3.84 4.1 4.3 4.6

.575 3.84 3.84 4.2 4.5 4.7

.6 3.84 3.9 4.3 4.6 4.8

.625 3.84 3.9 4.4 4.7 5.0

.65 3.84 4.0 4.5 4.8 5.1

.675 3.84 4.1 4.6 5.0 5.3

.7 3.84 4.1 4.7 5.1 5.4

.725 3.84 4.2 4.8 5.3 5.6

.75 3.84 4.3 4.9 5.4 5.8

.775 3.84 4.4 5.1 5.6 6.0

.8 3.84 4.5 5.2 5.7 6.2

.825 3.84 4.6 5.3 5.9 6.4

.85 3.84 4.7 5.5 6.1 6.7

.875 3.9 4.9 5.7 6.3 6.9

.9 3.9 5.0 5.8 6.5 7.2

.925 4.0 5.1 6.0 6.7 7.5

.95 4.1 5.3 6.2 6.9 7.7

.975 4.2 5.4 6.4 7.2 8.1

1 4.3 5.6 6.6 7.6 8.4
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Table 2.3: AsySz for subset AR Test and Various subset LM Tests

kh21k = 0

AR SCLM PSCLM GMS-PSC LM

s = 0

kh1k = 0.01 0.15 0.37 1.66 1.66 1.66

kh1k = 0.50 5.01 1.74 5.18 5.18 5.18

kh1k = 1.00 5.26 1.82 4.95 4.95 4.95

s = 0.5

kh1k = 0.01 0.18 0.37 1.71 1.71 1.71

kh1k = 0.50 5.08 1.76 4.76 4.76 4.76

kh1k = 1.00 5.20 1.82 5.11 5.11 5.11

s = 0.9

kh1k = 0.01 0.18 0.41 0.70 1.82 1.82

kh1k = 0.50 5.06 1.87 2.66 5.10 5.10

kh1k = 1.00 5.28 1.74 2.48 5.02 5.02

kh21k = 0.5

AR SCLM PSCLM GMS-PSC LM

s = 0

kh1k = 0.01 0.19 0.39 1.56 1.56 1.56

kh1k = 0.50 5.18 1.85 5.24 5.24 5.24

kh1k = 1.00 5.13 1.58 4.77 4.77 4.77

s = 0.5

kh1k = 0.01 0.23 0.36 1.74 1.74 1.74

kh1k = 0.50 5.04 1.80 5.11 5.11 5.11

kh1k = 1.00 5.15 1.73 4.83 4.83 4.83

s = 0.9

kh1k = 0.01 0.17 0.40 0.68 1.73 1.73

kh1k = 0.50 5.27 1.88 2.66 5.12 5.12

kh1k = 1.00 5.32 1.77 2.44 4.97 4.97

kh21k = 1

AR SCLM PSCLM GMS-PSC LM

s = 0

kh1k = 0.01 0.22 0.40 1.80 1.80 1.80

kh1k = 0.50 5.28 1.65 5.06 5.06 5.06

kh1k = 1.00 5.38 1.72 4.95 4.95 4.95

s = 0.5

kh1k = 0.01 0.20 0.38 1.71 1.71 1.71

kh1k = 0.50 5.32 1.74 5.03 5.03 5.03

kh1k = 1.00 5.47 1.71 5.04 5.04 5.04

s = 0.9

kh1k = 0.01 0.21 0.50 0.87 2.05 2.05

kh1k = 0.50 5.18 1.67 2.53 5.14 5.14

kh1k = 1.00 5.37 1.82 2.65 4.99 4.99
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2.6 Appendix

We formulate the following lemma that is more general than needed for the

purpose of the application in Section 2.3. The general case however will be used

for the application in the Supplementary Appendix.

Lemma 2.6.1 Let (z01, z
0
2, z

0
3)

0 ⇠ N(0,⌃ ⌦ Ik) for a positive definite correlation

matrix ⌃ 2 R3⇥3, where zj 2 Rk for j = 1, 2, 3. Let mj 2 Rk for j = 2, 3 be fixed

vectors with ||m2|| 6= 0. For notational simplicity, also define m1,m1 2 Rk as the

zero vectors. Denote by ej 2 Rk the j-th basis vector for j = 1, 2. Then the two

vectors

((zi +mi)
0(zj +mj))1ij3 and ((zi +mi)

0(zj +mj))1ij3 (2.33)

in R6 have the same distribution, where m2 = ||m2||e1 and

m3 =
m0

2m3

||m2|| e1 +
s

||m2||2||m3||2 � (m0
2m3)2

||m2||2 e2.

The lemma states that, besides the elements in ⌃, the distribution of ((zi+

mi)0(zj+mj))1ij3 depends only on the vector (||m2||,m0
2m3, ||m3||)0 2 R3 rather

than on (m0
2,m

0
3)

0 2 R2k. When ||m2|| = 0 dependence is reduced to ⌃ and ||m3||.
Proof of Lemma 2.6.1. For any orthogonal matrix B 2 Rk⇥k and 1 

i  j  3

(zi +mi)
0(zj +mj) = (Bzi +Bmi)

0(Bzj +Bmj) ⇡ (zi +Bmi)
0(zj +Bmj), (2.34)

where “⇡” denotes equality in distribution and “⇡” holds because ((Bz1)0, (Bz2)0,

(Bz3)0)0 ⇠ N(0,⌃ ⌦ Ik). Choose an orthogonal matrix B1 2 Rk⇥k such that

B1m2 = ||m2||e1. Second, choose an orthogonal matrix B2 2 R(k�1)⇥(k�1) such that

diag(1, B2)B1m3 = m3, where diag(1, B2) denotes a block-diagonal matrix. Below

we show that this is possible. Define B = diag(1, B2)B1 and note that Bmj = mj

for j = 1, 2, 3. The desired result in (2.33) therefore follows from (2.34).

To show that we can find an orthogonal matrix B2 2 R(k�1)⇥(k�1) such

that diag(1, B2)B1m3 = m3, define B1m3 = ||m3||em3 = ||m3||(em31, em0
32)

0 for
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em31 2 R and em32 2 Rk�1 and ||em3|| = 1. We can find B2 such that B2 em32 =

||em32||(1, 0, ..., 0)0 2 Rk�1 and therefore diag(1, B2)B1m3 = ||m3||(em31e1+||em32||e2).
Now note that

m0
2m3 = m0

2B
0Bm3 = ||m2||e01||m3||(em31e1 + ||em32||e2) = ||m2||||m3||em31 (2.35)

which implies ||m3||em31 = m0
2m3/||m2||. The desired result for ||m3||||em32|| then

follows immediately from ||em3|| = em2
31 + ||em32||2 = 1. ⇤

2.6.1 Asymptotics Under the Null for subset LM Statistic

when ||h1|| < 1
We first derive the limiting distribution of the subset LM statistic under the

drifting parameter sequence �n,h in (2.14) under the null hypothesis (2.2). Again,

that is, we are considering parameter sequences �n in ⇤ such that

n1/2�1n = n1/2⌦1/2⇡/�V ! h1 2 (R [ {±1})k,
�21n = EFuiVi/(�u�V ) ! h21 2 [�1, 1],

�22n = ⌦1/2
1 /||⌦1/2

1 || ! h22 2 Rk,

�23n = ⌦1/2⇡/||⌦1/2⇡|| ! h23 2 Rk. (2.36)

For notational simplicity, the expressions on the right side of the “=” signs in

(2.11) are not indexed by n, e.g. we write F not Fn or ⇡ rather than ⇡n. Note that

h22 has norm 1.

Recall the notation in (2.16). Using steps analogous to those to obtain

(3.14) in Andrews and Guggenberger (2010a), we have under �n,h

 
(n�1Z 0Z)�1/2n�1/2Z 0u/�u

(n�1Z 0Z)�1/2n�1/2Z 0V/�V

!
!d

 
zu,h

zV,h

!

n�1(u0u/�2
u, V

0V/�2
V , u

0V/(�u�V )) !p (1, 1, h21),

⌦�1(n�1Z 0Z) !p Ik, and n�1Z[u : V ] !p 0. (2.37)

We first assume that ||h1|| < 1. This is the case where ✓ is weakly identified.

Define  
vh

vu,h

!
=

 
||zV,h + h1||2
(zV,h + h1)0zu,h

!
. (2.38)
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Note that (vh, vu,h) only depends on Zh. By Theorem 1(a) and Theorem 2 in Staiger

and Stock (1997) we have

�V

�u

(b� � �) !d �h =
vu,h � hh21

vh � h

, (2.39)

where for LIML, h is the smallest root of the equation

det((zu,h, zV,h + h1)
0(zu,h, zV,h + h1)� ⌃(h)) = 0 (2.40)

in . Note that �h and h only depend on Zh and h21. By Theorem 1(b)18 in

Staiger and Stock (1997) we have

b�2
u/�

2
u !d �

2
uh = 1� 2h21�h +�2

h. (2.41)

From (2.37) it follows that

(n�1Z 0Z)�1/2n�1/2Z 0Y/�V !d zV,h + h1. (2.42)

Combining (2.39)-(2.42),we obtain

bs = (n�1Z 0Z)�1/2n�1/2Z 0(y � (Y,X)(b�, ✓0)0)/�u !d sh = �(zV,h + h1)�h + zu,h.

(2.43)

By (2.37) and (2.39) we have

b�/(�u�V ) = (n� k)�1(Y (� � b�) + u)0MZY/(�u�V )

= (n� k)�1(V (� � b�) + u)0MZV/(�u�V )

=
�V

�u

(� � b�)(n� k)�1V
0V
�2
V

+ (n� k)�1 u0V
�u�V

+ op(1).

! d ��h + h21. (2.44)

Define bp = (Z 0Z)1/2e⇡/�V 2 Rk.

bp = (n�1Z 0Z)�1/2n�1/2Z 0[Y � (y � (Y,X)(b�, ✓0)0)
b�
b�2
u

]/�V

= (n�1Z 0Z)�1/2n�1/2Z 0Y/�V � bsb�/(�u�V )

b�2
u/�

2
u

2 Rk. (2.45)

18Note that it does not change the asymptotic results if one defines b�2
u with MZ replaced by

In as in Staiger and Stock (1997).
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Using (2.41), (2.42), (2.43), and (2.44) we have

bp !d ph = zV,h + h1 � sh
��h + h21

�2
uh

. (2.46)

Define bpX = (Z 0Z)�1/2Z 0X. By simple calculations19,

LM = ||((bpX , bp)0(bpX , bp))�1/2(bpX , bp)0bs(�u/b�u)||2 (2.47)

and therefore by the continuous mapping theorem (CMT)

LM !d LMh = ||((h22, ph)
0(h22, ph))

�1/2(h22, ph)
0sh||2/�2

uh. (2.48)

Note that h0
22sh, p

0
hsh, p

0
hph, and p0hh22 only depend on Zh and h21.

2.6.2 Asymptotics Under the Null for Subset LM Statistic

when ||h12|| = 1
We complete the derivation of the limiting null distributions along sequences

�n,h of the subset LM test statistic and now deal with the case where ||h1|| = 1.

The next lemma, whose proof is given at the end of this subsection, provides the

limits under �n,h for kLIML, b�, b�2
u, bs and other statistics in the case where ||h1|| =

1. Note that ||h1|| = 1 covers the case of “strong” instrument asymptotics where

⇡ 6= 0 is fixed but also covers cases where ||⇡|| goes to zero albeit at a rate slower

than n�1/2. For notational simplicity, we often leave out a subindex n.

Lemma 2.6.2 Under �n,h for which ||h1|| = 1 the following limits hold jointly

under the null: (i) u0PZu/�2
u !d ||zu,h||2, (ii) n�1u0MZu/�2

u !p 1,

(iii) ||n1/2�1n||�2Y 0PZY/�2
V !p 1, (iv) n�1Y 0MZY/�2

V !p 1,

(v) ||n1/2�1n||�1u0PZY/(�u�V ) !d z0u,hh23, (vi) n�1u0MZY = Op(1),

(vii) n(kLIML�1) = Op(1), (viii) ||n1/2�1n||�V

�
u

(b���) !d z0u,hh23, (ix) b�2
u/�

2
u !p 1,

and (x) bs !d Mh23zu,h, (xi) b� = n�1u0V + op(1), (xi) ||n1/2�1n||�1bp !p h23.

19Note that the numerical value of LM is not a↵ected if one replaces (X,Ze⇡) by (X,Ze⇡��1
V ).
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Note that

LM = (bs0P(bp
X

,||n1/2�1n||�1bp)bs)(�u/b�u)
2 !d z

0
u,hMh23P(h22,h23)Mh23zu,h, (2.49)

where the convergence holds by Lemma 2.6.2 (ix), (x), (xi), and the CMT. Because

P(h22,h23) = P(M
h23

h22,h23), considering an orthogonal basis (Mh23h22, h23, v3, ..., vk)

of Rk it is easily seen that Mh23P(h22,h23)Mh23 is symmetric and idempotent and has

rank 1. Therefore,

LM !d �
2
1. (2.50)

Proof of Lemma 2.6.2. The proof of (i)-(vi) is straightforward and there-

fore omitted. For (vii), note that as in the proof of Theorem 2 in Staiger and

Stock (1997), kLIML equals the smallest root in k of the equation det(J 0Y
0
Y J �

kJ 0Y
0
MZY J) = 0, where J 2 R2⇥2 has ones on the diagonal, �� in the lower

left, and 0 in the upper right corner. We will show that the smallest root, LIML

say, of det(J 0Y
0
Y J � (1 + n�1)J 0Y

0
MZY J) = 0 in  satisfies LIML = Op(1).

This is obviously su�cient because kLIML = 1 + n�1LIML. The latter equation

can be rewritten as det(J 0Y
0
PZY J � n�1J 0Y

0
MZY J) = 0. Using the formula

for the determinant of a 2 ⇥ 2 matrix and noting that Y J = (u, Y ), we obtain

A2 +B+ C = 0, where

A = (n�1u0MZu)(n
�1Y 0MZY )� (n�1u0MZY )2,

B = �(n�1u0MZu)(Y
0PZY )� (u0PZu)(n

�1Y 0MZY )

+2(u0PZY )(n�1u0MZY ), and

C = (u0PZu)(Y
0PZY )� (u0PZY )2. (2.51)

Using (i)-(vi), it follows that A = Op(1), B = �||n1/2�1n||2�2
u�

2
V (1 + op(1)), and

C/(||n1/2�1n||2�2
u�

2
V ) !d ||zu,h||2� (z0u,hh23)2. It follows that LIML = p�pp2 � q,

where p = �B/(2A) and q = C/A. Note that p goes o↵ to +1. Using a mean

value expansion of the function f(q) =
p

p2 � q about q = 0 we can write LIML =

p� |p|+(4(p2� ⇠))�1/2q for an intermediate value ⇠ with |⇠|  |q|. As p > 0 wpa1,

we have LIML = (p2 � ⇠)�1/2q/2 = Op(q/p) = Op(1).
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To prove (viii), note that using kLIML = 1 +Op(n�1)

||n1/2�1n||�V

�u

(b� � �) = ||n1/2�1n||�V

�u

Y 0(In � kLIMLMZ)u

Y 0(In � kLIMLMZ)Y

= ||�1n||�V

�u

n�1/2Y 0(PZ +Op(n�1)MZ)u

n�1Y 0(PZ +Op(n�1)MZ)Y

=
n�1/2||�1n||�1Y 0(PZ +Op(n�1)MZ)u/(�u�V )

n�1||�1n||�2Y 0(PZ +Op(n�1)MZ)Y/�2
V

! dz
0
u,hh23, (2.52)

where in the last line we use parts (iii)-(vi). The proofs of parts (ix)-(xii) are

straightforward using the previous parts of the lemma, in particular b�� � = op(1)

and noting in (x) that Ik � h23h0
23 = Mh23 because h0

23h23 = 1. ⇤
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Abstract

This paper aims to provide su�cient conditions for multivariate transfor-

mation models with some endogenous regressors, h(Y ) = X�+U , to be identified

under conditional moment restrictions (CMR), E(U |Z) = 0, where Z is the instru-

mental variable (IV) for X. Allowing observables (Y,X, Z) and unobservable U

to be high-dimensional, we show that the assumption of completeness su�ces for

the identification purpose. We also provide an alternative identification strategy

similar to Chiappori, Komunjer, and Kristensen (2013) assuming the existence of

a Lewbel’s special regressor, which is an element of X. Based on the identifi-

cation results, we propose to use the penalized sieve minimum distance (PSMD)

estimator ↵̂ = (ĥ, �̂) by Chen and Pouzo (2009) to estimate ↵ = (h, �), and we

prove the
p
n-consistency of ↵ and asymptotic normality of � by verifying high

level assumptions. This paper also focuses on an application for the demand of

di↵erentiated products markets, which is recognized as an inverse problem with

endogeneity. Given that demand system is invertible to its mean utility vector

as shown in some recent studies, and belongs to the class of transformation mod-

els in our discussion, we provide the identification and estimation results for the

parameters of interest.

Keywords: identification, linear transformation models, completeness condition,

special regressor, penalized sieve minimum distance estimator, demand in di↵er-

entiated products markets

JEL Classification Numbers : C01, C14, C26.
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3.1 Introduction

This paper considers the problems of identification and estimation in the

class of linear transformation models, with application for demand analysis in dif-

ferentiated products markets. Given that (Y,X) are independently and identically

distributed, linear transformation models1are of the form:

h(Y ) = �0X + U, (3.1)

where h(·) : R ! R is a monotone function, we can assume that it is nondecreasing

without loss of generality (WLOG), Y is an observed dependent variable, X are

observed random vector of dx ⇥ 1, � is a vector of coe�cients of X, and U is an

unobserved random variable. A subset of X, X1, may be endogenous in the sense

that it is correlated with U so that Cov(X1, U) = 0

The origin of transformation models comes from the Box-Cox model where

the function of h is specified as:

h(y) =

8
<

:

y��1
�

if � 6= 0

log y if � = 0.

Transformation models have been extensively studied in the econometric literature

since the work of Horowitz (1996). Such models (3.1) can include a large body

of models depending on how the functional form of h and distribution of U are

specified, for example discrete choice models, the proportional hazards models, the

accelerated failure time models, and so forth. These models often include some

endogenous elements of X and have been estimated using generalized moment

method (GMM) estimation using IV. In particular, the model covers market share

models, as pointed out in Fève and Florens (2010). Let Y be the observed mar-

ket share of the product, X be observed product characteristics (include possibly

endogenous variable, for example price), and U be unobserved product character-

istics to econometricians, then �0X+U on the RHS is the mean level utility of the

product. And h is the function of inverse market shares.

1We call them linear transformation models because the right hand side (RHS) of the equations
are linear functions.
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Fève and Florens (2010) semiparametrically studies the identification of

(h, �) in the models (3.1) under exogenous and endogenous CMRs, and proposes a

sequential approach to estimate h and � using the Tikhonov regularization method.

However, there is a small typographical error in their proof of identification2. We

correct it by adding a more restrictive assumption and extend their version of

semiparametric transformation model from a univariate case3to a multivariate case,

allowing Y and U to be multi-dimensional, and h to be a vector function. Formally,

we write the multivariate models as:

h(Y ) = X� + U (3.2)

where h(·) : RJ ! RJ , � 2 Rd
x . And Y = (Y1, . . . , YJ)0 is a J⇥1 observable random

vector, X is random matrix of J ⇥ dx, and U = (U1, . . . , UJ)0 is an unobserved

random vector of J ⇥ 1. Throughout the paper, we will use the invertible function

of market shares (usually derived from discrete choice model with market level

data) in di↵erentiated good as an example of transformation models, which could

be reviewed as a generalized model in Berry, Levinsohn, and Pakes (1995) (BLP).

The study is driven by the following motivations: firstly, transformation

models are widely used in semiparametric and nonparametric literature, most of

whose identification is shown under the conditional independence of X and U ,

whereas in this paper we will identify the model under a di↵erent type of exclusion

restriction, CMR; secondly, nonparametric instrumental variable regression analy-

sis has developed rapidly in recent years and provides us identifying assumptions

and estimation procedures that may be useful for transformation models; lastly,

from an empirical perspective, though GMM method of BLP is widely used in

applied works, little has been done towards the identification of such models, even

in a linear setup. To our knowledge, the most recent work is nonparametric identi-

fication in di↵erentiated goods market using market-level data by Berry and Haile

(2014).

The objective of this paper is to provide identification and estimation results

2Their error and a correction can be found in Appendix 3.7.1
3We call it a univariate case because in the model h(Y ) is a function from real line to real

line and U is a unobserved scalar; semiparametric property lies in the fact that h is infinite-
dimensional while � is finite-dimensional.
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for linear transformation models in a multivariate case and to contribute to the

literature of the BLP method by providing results in a semiparametric setup.

Our paper di↵ers from the existing literature in the following aspects: (i) we

consider multivariate rather than univariate transformation models; (ii) we provide

two di↵erent strategies - using the assumption of completeness and the special

regressor - to show that linear transformation models are identified; and (iii) we

carefully analyze a generalized BLP model. The remainder of paper is organized

as follows: in Section 3.2 we will discuss the related literature on transformation

models; in Section 3.3 we start with an example in market share models and

show the identification results based on two di↵erent conditions; in Section 3.4 we

propose to use the PSMD estimator with multivariate monotone rearrangement

to estimate the models; and in Section 3.5 a more formal application of the BLP

model is illustrated in which we rely on the work of Beckert and Blundell (2008)

and Berry, Gandhi, and Haile (2013) about invertibility of demand systems to get

the transformation model, and we provide the identification and estimation. In

the last section, we conclude with the results and point out the possible extension

of our work.

3.2 Related Literature

This paper relates to several fields of literature, including a large body of

works on identification of transformation models and nonparametric instrumental

variables (NPIV) models. For the sake of identification of models with endogenous

regressors, researchers rely on two kinds of exclusion restrictions: CMR and inde-

pendence conditions. CMR is often used together with IV condition in the model

specification of additive errors, to show the identification of parameters of inter-

est, while the stronger independence conditions can be applied to identification of

non-additive non-separable structural models. In our paper, we inclusively focus

on CMR as an identifying assumption.

Transformation models have been used widely in econometrics and statis-

tics since the seminal work of Box and Cox (1964). Foster, Tian, and Wei (2001)
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shows identification of the Box-Cox model under full independence of X and U .

Komunjer (2009) considers the restrictions on the support of the conditional dis-

tribution of U given X and shows that they are su�cient to identify the true

parameter � in a semiparametric Box-Cox model without either CMR or inde-

pendence condition. In a more general setting, a growing number of papers have

exploited the condition of independence between an observable covariate and the

unobservable error term in semi-nonparametric identification of the transformation

functions. An incomplete list includes Han (1987), Ridder (1990), Horowitz (1996),

and Jacho-Chávez, Lewbel, and Linton (2010). Linton, Sperlich, and Van Keile-

gom (2008) discussed the identifying conditions and proposed consistent estima-

tors for transformation parameters in semiparametric models. A recent working

paper by Chiappori, Komunjer, and Kristensen (2013) relies on the completeness

condition for identification of nonparametric models (Further examples can be

found in Darolles, Fan, Florens, and Renault (2011), Blundell and Powell (2003),

Newey and Powell (2003), Hall and Horowitz (2005), Severini and Tripathi (2006),

and DHaultfoeuille (2006)). In contrast to these papers, the nonparametric quasi-

di↵erence identification method exploits the conditional independence between the

unobservable individual-specific e↵ects and idiosyncratic disturbances, which we

will not investigate in this paper.

Some literature in demand analysis considers identification of discrete choice

models with endogeneity. Lewbel (2000), Chernozhukov, Hong, and Tamer (2007),

Blundell and Powell (2004) consider linear semiparametric models, allowing for sin-

gle additive scalar shock that may be correlated with some observables. Ekeland,

Heckman, and Nesheim (2004) establish that in an additive version of the hedo-

nic model, technology and preferences are generically nonparametrically identified

from data on demand and supply, in a single hedonic market. Our paper is also

inspired by the seminal work of BLP in empirical industrial organization liter-

ature. BLP provides one of the most influential market equilibrium models for

di↵erentiated products, and uses a random coe�cients Logit model at the prod-

uct brand level and applies a GMM estimator given CMR. The BLP approach,

originally used in the industry of automobiles, has also been applied at city or
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national levels to a limited number of food products, including breakfast cereals,

frozen foods, and ketchup, and also in environmental economics (see Nevo (2001,

2000), for example). Komunjer and Santos (2010) study a simple version of the

BLP model as an example to show the semiparametric identification of minimum

distance from independence estimator. Extensions to non-additive shocks are con-

sidered in Matzkin (2007). Fox and Gandhi (2010) introduce a separability axiom

and prove that separability of a structural model ensures identification.

Recently there is a growing interest in NPIV regression models: Ai and

Chen (2003), Newey and Powell (2003), Florens and Simoni (2012), Darolles, Fan,

Florens, and Renault (2011), Hall and Horowitz (2005), Blundell, Chen, and Kris-

tensen (2007), Gagliardini and Scaillet (2011) to name a few. Hoderlein and Holz-

mann (2010) shows how the additional information about the joint distribution

of observables may be incorporated when discussing identification and construct-

ing estimators, and characterize the large sample behavior of such an estimator.

Meanwhile, the control function method is similar to the IV method. To estimate

control variates in a reduced-form equation is the first step in controlling for the

endogeneity of the regressor, followed by adjusting the whole system to a new con-

trol function equation; thus CMR will be imposed on the control function. il Kim

and Petrin (2011) shows that in the linear model with additive errors, the IV and

classic control function estimators are numerically identical. For a detailed com-

parison between these two methods, refer to Blundell and Powell (2003), il Kim

and Petrin (2010), Petrin and Train (2010), Gandhi, il Kim, and Petrin (2010).

Our paper will take the IV method instead of the control function method, because

we are particularly interested in the GMM estimator used in demand analysis.

3.3 Identification

Before our formal discussion of identification for linear transformation mod-

els, we will use the example below to show how to treat the market share model

as a transformation model.
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3.3.1 Market share model as a transformation model

In a di↵erentiated products market, each individual i chooses j from J

goods, {1, . . . , J}. The choice set J always includes the option not to purchase,

i.e., to choose an “outside good”, which we denote as j = 0. Therefore, J =

{0, 1, . . . , J}, for each j 2 J \{0}, = (xj, pj) is the observed characteristics of

product j, where xj 2 X ⇢ Rd
x is the observed characteristics other than price, pj

is the price, and ⇠j 2 R is unobserved product characteristic. A simple specification

of the utility is:

u(zj, ✏ij) = ��pj + �0xj + ⇠j + ✏ij, (3.3)

where � > 0. We can normalized the utility of “outside good” to ui0 = 0. We

assume ✏ij follows a independently and identically distributed (iid) Type I extreme

value (or Gumbel) distribution, where

F (✏; ⌫, �) = exp{� exp{✏� ⌫

�
}}.

The market share sj of product j is simply then the measure of the set of consumers

who choose j from J , i.e.,

sj =Pr(uij � uil, 8l 2 J )

=Pr(��pj + �0xj + ⇠j + ✏ij � ��pj + �0xj + ⇠l + ✏ik, 8l 2 J )

=Pr(✏ij � ✏il � (��pl + �0xl + ⇠l)� (��pj + �0xj + ⇠j), 8l 2 J )

=
exp{��pj + �0xj + ⇠j}

1 +
PJ

m=1 exp{��pm + �0xm + ⇠m}
,

where j = 1, . . . , J , and s0 =
1

1 +
PJ

m=1 exp{��pm + �0xm + ⇠m}
.

Therefore, 8j 2 J \{0}, and we can invert the market shares as s
j

s0
=

exp{��pj + �0xj + ⇠j}. Then log( sj
s0
) = ��pj + �0xj + ⇠j, so again we can write:

fj(s1, . . . , sJ) = log
sj

1�PJ
m=1 sm

= ��pj + �0xj + ⇠j, 8j 2 {1, . . . , J}. (3.4)

Equation (3.4) is in the form of Model (3.2) where h = (f1, . . . , fJ), Y = (s1, . . . , sJ).

If U = (U1, . . . , UJ)0 is distribution free, it becomes a semi-nonparametric linear

transformation model.
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However, in demand analysis, economists want to allow heterogeneity in the

preference, where � is not constant for all individual i’s, and relax the distribution

assumption on ✏ij. A special case can be written as the linear random utility model:

u(xj, pj, ⇠j, ⌫i) = ��ipj + �0
ixj + ⇠j + ✏ij,

where (�i, �i, ✏i1, . . . , ✏iJ) are defined on the probability space (⌦,F ,P). In the case

with heterogenous preference, the invertibility of the market shares will become

much more complicated, which we will discuss later in our application section.

3.3.2 Identification: univariate case

We consider Model (3.1) with CMR

E(U |Z) = 0, (3.5)

where Z 2 Rd
z is a random vector including exogenous elements of X as a subset,

used as the instrument for endogenous regressor. Then reduced form of the above

model is:

E(h(Y )|Z) = �0E(X|Z).
The model is semi-nonparametric because the parameter space contains a infinite-

dimensional parameter h and finite-dimensional parameter � 2 Rd
x .

Now let us introduce the definition of structure and identification following

the usual terminology. Structure of Equation (3.6) is defined as a particular value

of (h, �, FU |X), where FU |X is the conditional distribution of U conditional on X

(refer to Koopmans and Reiersol (1950), Brown (1983), Roehrig (1988), Matzkin

(2003)). The model is the set of all structures (h, �, FU |X) that meet the restric-

tions of the condition (3.5). Each structure in the model induces a conditional

distribution of FY |X of the observables. We say two structures (h, �, FU |X) and

(h̃, �̃, F̃Ũ |X) are observationally equivalent if they generate the same FY |X . If there

is no observational equivalence of (h, �, FU |X) for Model (3.6), then (h, �, FU |X) is

identified. For the purpose of identification, we need to impose some normaliza-

tion restrictions. For any non-zero scalar c and d, (h, �, FU |X) is observationally

equivalent to (ch, c�, c�, FcU |X) and (h + d, �, FU+d|X). Horowitz (1998) provides
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an easy method for normalization. For scale normalization (restriction on c), one

can simply set the first component of the coe�cient is one. Then Model (3.1) can

be written as:

h(Y ) = X0 + �0X1 + U, (3.6)

where Y, U 2 R, X1 2 Rd
x

�1

where U is unobservable. WLOG, we assume X0 is exogenous. And we can assume

h(y0) = 0 for some constant y0 2 R, for all unknown functions h, to achieve location

normalization.

We provide some notations used for analysis in this paper4. The distribu-

tion of (Y,X, Z) denoted F is assumed to belong to a set F . If F is absolutely

continuous with respect to Lebesgue measure, its density is denoted by f , then the

marginal cumulative distribution functions (cdf) and probability density functions

(pdf) are denoted byFY , FX , FZ and fY , fX , fZ , respectively. h is an element in a

Hilbert space H. We can express a structural model by an operator K from H⇥F
into an Hilbert space E ,

K : (H⇥ F) ! E
K(h, F ).

If the operator is linear with respect to h, we can rewrite it as:

K(h, F ) = T h� r,

where T is a linear operator from H to E depending on F , and r is an element

of E and also a function of F . The inverse problem is ill-posed if T �1 does not

exist, is not unique, or is not continuous. The ill-posed problem cannot guarantee

that consistency of estimator for T and F will lead to consistency of estimator for

h if we compute h by h = T �1r. It is obvious from (3.5) that T is a conditional

expectation operator, and :

H = L2(R, fY ) ⌘ L2
F (Y ),

where T = E(·|Z). (3.7)

4See also Carrasco, Florens, and Renault (2007)
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The IV condition (3.5) will give us:

E(h(Y )|Z) = X0 + �0E(X1|Z). (3.8)

Assumption 3.3.1 (Completeness) The conditional distribution of Y,X1 on Z is

completeness, that is,

E(g(Y,X1)|Z) = 0 a.s. implies g(Y,X1) = 0 a.s. (3.9)

for any square integrable function g 2 L2(Y,X1).

This concept comes from statistics literature: a statistic T (X) is complete if

E(T (X)) = 0 a.s. implies T (X) = 0 a.s. for all X. It is also known as strong iden-

tification (see Florens, Mouchart, and Rolin (1990)). It means that all functions of

Y,X1 are correlated to some function of Z.5 Andrews (2011) called this property

L2-completeness, which is between completeness (L1-completeness) and bounded

completeness (L1-completeness). The conditional distribution f(Y,X|Z) is L2-

completeness with respect to Z if and only if every non-constant random vector

�(Y,X) 2 L2(Y,X) is correlated with some random vector �(Z) 2 L2(Z). Hu and

Shiu (2011) argues that completeness implies that there does not exist a nonzero

function in L2(Y,X) orthogonal to the family of distributions {f(y, x|z) : z 2 Z}.
In addition, they also show that the completeness of multi-dimensional densi-

ties can be induced by the completeness of one-dimensional conditional densities.

Equivalently, this implies that the conditional expectation operator T satisfies the

following restrictions on its null space, which makes T is injective:

N (T ) = {h 2 H : T h = 0} = {0}. (3.10)

This assumption is always interpreted as a nonparametric rank condition in NPIV

literature.6

Assumption 3.3.2 (Measurable separability) Y and Z are measurably separated,

i.e., g(Y ) = h(Z) a.s. implies g(Y ) = h(Z) = constant a.s.

5 The LEMMA 2.1 in Severini and Tripathi (2006): “The conditional distribution of X given

Z is complete if and only if for each function f(x) such that Ef(x) = 0 and varf(x) > 0, there
exists a function g(z) such that f(x) and g(z) are correlated.”

6See Newey and Powell (2003), Darolles, Fan, Florens, and Renault (2011).
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It means that the only events in common are trivial for �(Y ) and �(Z):

�(Y ) \ �(Z) = {;,⌦}.

Therefore, there does not exist an exact relation between Y and Z. (See Florens,

Mouchart, and Rolin (1990) and San Mart́ın, Mouchart, and Rolin (2005) for more

details about measurable separability.)

Assumption 3.3.3 (Rank condition with IV) (Yi, Zi)ni=1 is iid sample. EZiZ 0
i and

EXiZ 0
i are of full rank.

Theorem 3.3.1 Assume that h(y0) = 0 for some finite y0 and (3.5), if Assump-

tions 3.3.1, 3.3.2 and 3.3.3 hold, h, � and FU |X in Model (3.6) are identifiable.

3.3.3 Identification: multivariate case

We want to generalize equation (3.6) from a single-index model, where

Y 2 R and h(Y ) 2 R, to a multivariate case:

h(Y ) = X0 +X1� + U, (3.11)

where Y, U 2 RJ , X 2 RJ⇥(d
x

�1)

Let h(Y ) = (h1(Y1, . . . , YJ), . . . , hJ(Y1, . . . , YJ))0, X0 = (X0,1, . . . , X0,J)0,

� = (�1, . . . , �d
x

�1)
0 and X1 = (X 0

1,1, . . . , X
0
1,J)

0, where X 0
1,j is the jth row of X1.

Therefore, we can rewrite (3.11 )as:
0

BB@

h1(Y1, . . . , YJ)
...

hJ(Y1, . . . , YJ)

1

CCA =

0

BB@

X0,1

...

X0,J

1

CCA+

0

BB@

X1,1,1 · · · X1,1,d
x

�1

...
. . .

...

X1,J,1 · · · X1,J,d
x

�1

1

CCA

0

BB@

�1
...

�d
x

�1

1

CCA+

0

BB@

U1

...

UJ

1

CCA ,

that is,

hj(Y1, . . . , YJ) = X0,j +X 0
1,j� + Uj, 8j = 1, . . . , J. (3.12)

Similarly, we allow some of X1,j to be endogenous and adopt the following

IV condition7:

E(Uj|Zj) = 0, 8j = 1, . . . , J. (3.13)

7We adopt di↵erent instrumental variables Zj for Xj in every single equation, we could also
use the same instrumental variables Z in the conditional moment restriction. E(U |Z) = 0.
However, in Appendix 3.7.2, we show that the condition we adopted is weaker and also su�cient
for identification.
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The random vector Zj is the instrument for Xj. From Model (3.12) we can

get:

E(hj(Y )|Zj) = X0 + (E(X1,j|Zj))
0�, 8j = 1, . . . , J. (3.14)

Assumption 3.3.4 (Completeness) The conditional distribution of (Y,Xj) given

Zj is completeness for all 1  j  J , that is, E(g(Y,Xj)|Zj) = 0, 8j a.s. implies

g = 0 a.s. for any square integrable function g.

Intuitively it means that there exists no function of Y not correlated to

any function of Zj. This is a property of completeness because it is equivalent to

assume the conditional distribution of Y on Zj = zj, f·|Z
j

=z
j

(·, zj) is complete.

Assumption 3.3.5 (Measurable Separability) Y and Zj, 1  j  J are measur-

ably separated, that is, 8j, g(Y ) = h(Zj) a.s. implies g = h =constant a.s.

It is weaker than independence. Y and Zj are measurably separated if and

only if the only events in common are trivial for �(Y ) and �(Zj):

�(Y ) \ �(Zj) = {;,⌦}, 81  j  J.

Assumption 3.3.6 (Rank condition with IV) X1 contains only non-constant or

zero variables and there exists at least one linear combination of X1’s row vectors

X 0
1,j, 1  j  J , X̃ = ↵0X1 with a positive definite covariance matrix, where

↵ = (↵1, . . . ,↵J)0.

That is to say, X is of full column rank and contains only random variables

or constant zero.

Theorem 3.3.2 Suppose there exists some finite value y0 2 RJ such that h(y0) =

0 for some vector and Condition (3.13) hold. If Assumptions 3.3.4, 3.3.5 and 3.3.6

are satisfied, h, � and (FU
j

|X
j

) in Model (3.12) are identifiable.
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3.3.4 An alternative identification strategy

Now we provide another identification method (special regressor method)

for the model (3.1) with CMR (3.5), which is inspired by the work of Lewbel (1998)

and Chiappori, Komunjer, and Kristensen (2013).

Assumption 3.3.7 (i) h is continuously di↵erentiable on R, h0(y) > 0 for every

y; (ii) there exists some finite value y(0), h(y(0)) = 0.

Di↵erent from previous identification procedure, this identification method

requires the first order di↵erentiability of the infinite-dimensional parameter h(·).
We also put a location restriction on the model as in part (ii), because(h, �, FU |Z)

and (h+ b, �, FU+b|Z) are observationally equivalent for any non-zero scalar b.

Assumption 3.3.8 Let X be the support of X. X has at least one component

whose � coe�cient, WLOG suppose X0’s coe�cient �0, is nonzero, and for a.e.

x 2 X , the conditional distribution FU |X(·, x) of U given X = x is absolutely

continuous with a continuous density fU |X(·, x).

Absolute continuity of the conditional distribution of the error term is im-

posed here, which is useful in calculating the first derivative of the conditional

distribution. We also assume that at least one of the regressors in X is condition-

ally exogenous, therefore both cases of single and multiple endogenous regressors

in Section 3.3 will be included in this method. WLOG we may assume that this

restriction is satisfied by its first component, X0.

Assumption 3.3.9 Let X1 be the remaining components of X except for X0, then

assume: (i) U ? X1|X0; (ii) X0 is continuously distributed on X0 2 R.

Instead of assuming the completeness of the conditional distribution of Y

on Z, there exists a special regressor X0 implied by Assumptions 3.3.8 and 3.3.9.

And we are going to use the large support of this regressor to identify the model.

Theorem 3.3.3 Suppose Assumptions 3.3.7-3.3.9, and set X0’s coe�cient to �0

to be 1, then, under the typical conditions for linear IV model, that is, EZiZ 0
i and

EXiZ 0
i are of full rank, h, � and FU|X are identified.
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Remark 1 The similarity between the identification strategies using the condition

of completeness and special regressor is that they both identify h first, then �.

The key assumptions in Section 3.3 are the completeness condition regarding the

IV, and measurable separability between the dependent variable and the exogenous

regressors, which are usually imposed in the literature of NPIV regression analysis

and are not testable. When relaxing those assumptions, the identifying strategy

in this section requires a certain level of continuity and di↵erentiability of the

conditional distribution. In some sense, these two identification strategies can be

regarded as supplemental to each other, depending on the type of data.

We now consider the extension of Theorem 3.3.3 in a vector set-up (3.2)

with CMR (3.13).

Assumption 3.3.10 (i) h is continuously di↵erentiable on R, either @h(y)
@y

j

> 0 or
@h(y)
@y

j

< 0 8y, 8j = 1, . . . , J ; (ii) there exists some finite value y0 2 RJ , h(y0) = 0.

Assumption 3.3.11 Let X be the support of X. X has at least one column whose

corresponding � coe�cient is nonzero, let the column vector be X0, then �0 6= 0.

For a.e. x 2 X , the conditional distribution FU
j

|X
j

(·, xj) of Uj given Xj = xj is

absolutely continuous with respect to Lebesgue measure.

Assumption 3.3.12 For 8j = 1, . . . , J , let X1,j = X�0,j, be the remaining matrix

of Xj except for X0,j, then assume: (i) Uj ? X0,j|X1,j; (ii) X0 is continuously

distributed on X0 2 RJ .

Assumption 3.3.13 (i) E[h(Y )|Z] 62 linearspan(X), and E[ZjZ 0
j], E[XjZ 0

j] are

of full column rank.

Theorem 3.3.4 Suppose Assumptions 3.3.10-3.3.13, and set �0 = 1, then h, �

and FU
j

|Z
j

are identified.



67

3.4 Estimation

3.4.1 The PSMD estimator

In this section we focus on estimations with instrumental variables Z under

CMR (3.8), and our estimation is based on the previous work of Ai and Chen

(2003) and Chen and Pouzo (2009). The object of our interest could be equivalently

expressed as, for any j:

mj(Zj; �0, h0,j) = E[h0,j(Y )�X0,j � �0
0X1,j|Zj] = 0 a.s.� (Zj), (3.15)

wheremj is the conditional expectation of a vector of the residual functions ⇢j given

Zj, and ⇢j(Y,X0,j, X1,j; �, hj) = hj(Y ) � X0,j � �X1,j. Let Rj = (Y 0, X 0
0,j, X

0
1,j)

0,

dz
j

= dim(Zj), then dr
j

= dim(Rj) = dx + dy, and

mj(Zj; �0, h0,j) = E(⇢j(Rj; �, hj)|Zj) =

Z
(h0,j(y)�x0,j��0

0x1,j)dFR
j

|Z
j

(rj, Zj) = 0

has a unique solution (�0, h0) based on our identification results in the previous

section. Denote parameters of interest ↵ = (�, h) = (�, h1, . . . , hJ) 2 A ⌘ B ⇥H,

whereH =
QJ

j=1 Hj. We assume that the parameter spaceH is a nonempty, closed,

possibly non-compact infinite-dimensional subset of H =
QJ

j=1 H
j, a separable

Banach space with norm khks =
PJ

j=1 khjks,j. Following Chen and Pouzo (2009),

we define the PSMD estimator as

↵̂ = arg min
↵2A

k(n)

{ 1
n

nX

i=1

JX

j=1

m̂j(Zj,i; �, hj)
0[⌃̂j(Zj,i)]

�1m̂j(Zj,i; �, hj) + �n

JX

j=1

P̂n(hj)}

(3.16)

where Ak(n) ⌘ B ⇥ Hk(n) are sieve spaces for A ⌘ B ⇥ H, m̂j(Zj; �, hj) and

⌃̂j(Zj) are nonparametric estimators of mj(Zj; �, hj) and ⌃j(Zj) (a positive def-

inite weighting matrix), �n � 0 is a penalization tuning parameter such that

�n = o(1), and the penalty P̂n(·) � 0 is an empirical analog of a nonrandom

penalty function P = H ! [0,+1). Let kj(n) be the dimension of the sieve

Hj
k(n) for the function space Hj and k(n) =

PJ
j=1 kj(n) < 1, that is, we use finite

dimensional sieve spaces Hj
k(n) to approximate the function space Hj. Then, finite

dimensional sieves Hk(n) =
QJ

j=1 Hj
k(n) are used to approximate the function space



68

H. More generally, we are using the PSMD estimator with “slowly growing finite-

dimensional sieves (k(n)/n ! 0) and small flexible penalty (�nP (·) & 0 fast) or

zero penalty (�nP (·) = 0)”, because this is “easier to compute and performs very

well in finite samples”. (See Chen and Pouzo (2012) for details.)

First, we adopt a consistent series least squared estimator of mj(Zj; �, hj),

as defined in (3.17):

m̂j(Zj; �, hj) = pJn(Zj)
0(P 0

jPj)
�

nX

i=1

pJn(Zj,i)⇢(Rj,i; �, hj) (3.17)

where (P 0
jPj)� is the generalized inverse of matrix P 0

jPj, Pj = (pJn(Zj,1), . . . ,

pJj,n(Zj,n))0, pJn(Zj) = (p1(Zj), . . . , pJ
n

(Zj)) and {pl(·), l = 1, 2, . . . } is a sequence

of known basis functions (such as power series, splines, wavelets and Fourier series)

that can approximate any integrable real-valued function of Zj well, Jn ! 1 slowly

as n ! 1. To simplify presentation, we let Jn be the dimension of pJn(Zj), and

pJn(Zj) be a tensor-product linear sieve basis, which is the product of univariate

linear sieves.

Next we consider the sieve spaces forH. As documented in Chen and Pouzo

(2012), in many economic applications, although the functional forms of structural

functions h0 are unknown, they are assumed to be Hölder continuous or to have

continuous derivatives. Thus, it is reasonable to assume that the parameter space

H is a subset of a Hölder space (denoted as ⇤k) or a Sobolev space (denoted as

W k,p) with k > 0, but it could be a non-compact subset of a space of smooth

functions.

The assumptions below are similar to Chen and Pouzo (2009):

Assumption 3.4.1 (i) (Yi, Zi)ni=1 is an iid sample; (ii) Ak = B ⇥ Hk, k � 1,

are the sieve spaces satisfying Hk ⇢ Hk+1 ⇢ H, B is a compact subset of Rd
x

�1,

and there exists a function ⇧k(n)h0 2 Hk(n) such that k⇧k(n)h0 � h0ks = o(1);

(iii) Aj
k = B ⇥Hj

k, for all j = 1, · · · , J , E[mj(Zj; �, hj)0⌃j(Zj)�1mj(Zj; �, hj)] is

continuous at (�0, h0,j) under k · ks.

Assumption 3.4.2 (i) 8j, E[mj(Zj; �, hj)0⌃j(Zj)�1mj(Zj; �, hj)] is lower semi-

continuous on Aj; (ii) for each k � 1, Ak is closed subspace of (A, k · ks).
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Assumption 3.4.3 (i) �n suph2H
k(n)

|P̂n(h) � P (h))| = Op(�n) with P (·) a non-

negative real-valued measurable function of h 2 H, P (h0) < 1 and �n|P (⇧nh0)�
P (h0)| = O(�n).

Let {�j⌃,n}n and {�jm,n}n be real-valued positive sequences decreasing to zero

(as n ! 1), denoting the convergence rates of ⌃̂j �⌃j and m̂j �mj respectively.

Assumption 3.4.4 8j, (i) supz2Z
j

|⌃̂j(z)�⌃j(z)| ⌘ Op(�
j
⌃,n); (ii) with probability

approaching one, ⌃̂j(z) is positive definite, and its smallest and largest eigenvalues

are finite positive uniformly in z 2 Zj; (iii) ⌃j(z) is positive definite, and its

smallest and largest eigenvalues are finite positive uniformly in z 2 Zj.

Denote ⇠jon ⌘ supz2Z
j

kpJn(z)kE.

Assumption 3.4.5 (i) Zj is a compact connected subset of Rd
z

j with Lipschitz

continuous boundary, and fZ
j

is bounded and bounded from zero over Zj; (ii) the

smallest and largest eigenvalues of E[pJn(Zj)pJn(Zj)0] are bounded and bounded

away from zero for all Jn; (iii) Jn(⇠
j
0n)

2 = o(n) or Jn log(Jn) = o(n) for P-spline

sieve pJn(Zj), 8j.

Let {bjm,J
n

}n be a real-valued positive sequence decreasing to zero (as Jn !
1), denoting the bias of approximating mj(·; �, hj) by the series basis pJn(Zj).

Assumption 3.4.6 (i) sup↵j2Aj

n

supz V ar[⇢j(Xj;↵)|Zj = z]  Kj < 1; (ii) for

any g 2 {mj(·;↵j) : ↵j 2 Aj
n}, there is pJn(Zj)0⇡ such that, uniformly over

↵j 2 Aj
n, either (a) or (b) holds: (a) supz |pJn(z)0⇡| = O(bjm,J

n

); (b) E{[g(Zj) �
pJn(Zj)0⇡]2} = O((bjm,J

n

)2) for pJn(Zj) sieve with ⇠j0n = O(J1/2
n ).

Theorem 3.4.1 Let ↵̂n = (�̂n, ĥn) be the PSMD estimator defined in (3.16) with

�n > 0,�n = o(1) and

k↵ks = k�kE +
JX

j=1

sup
y2RJ

|(1 + |y|2)�✓/2hj(y)| for some ✓ � 0. (3.18)
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with penalty P (h) = k(1 + | · |2)�⌫/2k⇤k(RJ ) with k > 0, ✓ > ⌫ or P (h) = k(1 + | ·
|2)�⌫/2h(·)kp

Wk,p(RJ ) with 0 < p < 1 and k > J
p
, ✓ > ⌫. Suppose that Assumptions

under Theorem 3.3.1 and Assumptions 3.4.1- 3.4.6 hold, if

max{(�jm,n)
2, E[mj(Zj,⇧k(n)↵

j
0)

0mj(Zj,⇧k(n)↵0)]} = O(�n), 8j,

then k↵̂n � ↵0ks = op(1); P (ĥn) = Op(1).

Remark 2 The proof of Theorem 3.4.1 is a minor modification of Lemma 2.1 in

Chen and Pouzo (2009).

Denote ⇧k(n)↵0 = (�0,⇧k(n)h0) 2 Ak(n) ⌘ B ⇥Hk(n). Let Aos ⌘ {↵ 2 A :

k↵ � ↵0k = o(1), P (h)  c} and Aosn ⌘ Aos \ Ak(n). For any ↵ 2 Aos we define

the first path-wise derivative of m(Z,↵) at the direction [↵�↵0] evaluate at ↵0 as

dm(Z,↵0)

d↵
[↵� ↵0] ⌘ dm(Z,↵0)

d�0 [� � �0] +
dm(Z, h0)

dh
[h� h0].

Define the pseudo-metric k↵1 � ↵2k for any ↵1,↵2 2 Aos as

k↵1 � ↵2k2 = E[(
dm(Z,↵0)

d↵
[↵1 � ↵2])

0⌃(Z)�1(
dm(Z,↵0)

d↵
[↵1 � ↵2])]. (3.19)

Let Hos ⌘ {h 2 H : kh� h0ks = o(1), P (h)  c} and Hosn ⌘ Hos \Hk(n). For any

h1, h2 2 Hos, we define:

kh1 � h2k2 = E[(
dm(Z,↵0)

dh
[h1 � h2])

0⌃(Z)�1(
dm(Z,↵0)

dh
[h1 � h2])].

By Theorem 3.4.1, we derived convergence of PSMD estimator, we now want

to derive the asymptotic distribution of �̂n. First we introduce some notations.

Let V be the closure of the linear span of A � {↵0} under the metric k · k. Then

(V , k · k) is a Hilbert space with the inner product:

< ⌫1, ⌫2 >= E{(m(Z,↵0)

d↵
[⌫1])

0⌃(Z)�1(
m(Z,↵0)

d↵
[⌫2])} (3.20)

and for any ⌫ 2 V we call ⌫ = 0 if and only if k⌫k = 0. Thus, (V ,< · >) is a

Hilbert space. Any ⌫ ⌘ (⌫�, ⌫h) 2 V if and only if

⌫ 0
�E


{dm(Z,↵0)

d�
}0⌃(Z)�1dm(Z,↵0)

d�

�
⌫� < 1



71

and

E


{m(Z,↵0)

dh
[⌫h]}0⌃(Z)�1{m(Z,↵0)

dh
[⌫h]}

�
< 1.

For any fixed and nonzero � 2 Rd
x

�1, f(↵) = �0� is clearly a linear functional on

V . By the results in Van der Vaart (1991) and Shen (1997), f(↵) = �0� has to

be bounded in order for f(↵0) ⌘ �0�0 to be estimated at a
p
n rate, with V =

Rd
x

�1 ⇥ W , where W = H � {h0} and W ⌘ {! : E
h
k⌃(Z)� 1

2{dm(Z,↵0

dh
[!]}k2E

i
<

1}. For each component �l of �, denote D!
l

= dm(Z,↵)
d�

l

� dm(Z,↵)
dh

[!l]. Let !⇤ =

(!⇤
1, . . . ,!

⇤
d
x

�1) be the solution to

min
!
l

2W
E[D!

l

(Z)0⌃(Z)�1D!
l

(Z)],

for l = (1, . . . , dx � 1). Denote D!⇤(Z) ⌘ (D!⇤
1
(Z), . . . , D!⇤

d

x

�1
(Z)).

Assumption 3.4.7 For all j, (i) Aj
os and Aj

osn are convex, mj(Zj,↵) is continu-

ously path-wise di↵erentiable with respect to ↵ 2 Aos; (ii) there are finite constants

c, c0 > 0 such that ck↵j�↵j
0k2  E[kmj(Zj,↵j)k2E]  c0k↵j�↵j

0k2 for all ↵j 2 Aj
os;

(iii) there is a finite constant K > 0 such that K ⇥k↵j �↵j
0k  k↵j �↵j

0ks for all
↵j 2 Aj

os.

Assumption 3.4.8 For all j, (i) E[E[X1,j|Zj]0⌃(Zj)�1E[X1,j|Zj]] is finite; (ii)

E[D!⇤(Zj)0⌃(Zj)�1D!⇤(Zj)] is finite and positive-definite.

Lemma 3.4.1 Let Assumptions 3.4.7 and 3.4.8 hold, then, there are finite positive

constants c, c0 such that for all ↵j 2 Aj
os, we have :ck� � �0kE  k↵ � ↵0ks and

c0khj � h0,jks  k↵j � ↵j
0ks.

Let {�n}n and {�s,n}n be real-valued positive sequences decreasing to zero (as

n ! 1), denoting the convergence rates of k↵̂n�↵0k and k↵̂n�↵0ks respectively.

Remark 3 Lemma 3.4.1 implies that k�̂n � �0kE = OP (�n) and kĥn � h0kE =

OP (�n) if k↵̂n � ↵0k = OP (�n).
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Theorem 3.4.2 Let ↵̂n = (�̂n, ĥn) be the PSMD estimator defined in (3.16) with

�n > 0,�n = o(1) and with norm defined in (3.18). Suppose all conditions of The-

orem 3.4.1 and Lemma 3.4.1 hold. Let �m,n = maxj{�jm,n} and �⌃,n = maxj{�j⌃,n},
if max{�m,n,

p
�n} = �m,n and suph2H

osn

|P̂n(h)�P (h)| = op(1), then k�̂n��0kE =

op(n�1/4); E({E[ĥn,j(Y )� h0,j(Y )|Zj]}2) = op(n�1/2).

Denote No ⌘ {↵ 2 Aos : k↵ � ↵0k = Op(�n), k↵ � ↵0ks = Op(�s,n)} and

Non ⌘ No\Ak(n). For any non-zero � 2 Rd
x

�1, in our model, there is a ⌫⇤ 2 V such

that �0(�̂n � �0) =< ⌫⇤, ↵̂n � ↵0 >, that is ⌫⇤ ⌘ (⌫⇤
�, ⌫

⇤
h) is the Riesz representer

of �0(�̂n � �0), with ⌫⇤
� ⌘ (E[D!⇤(Z)0[⌃(Z)]�1D!⇤(Z)])�1� and ⌫⇤

h ⌘ �!⇤ ⇥ ⌫⇤
�.

Assumption 3.4.9 (i) There exists a measurable function b(Z) with E[|b(Z)|] <
1 and constants  2 (0, 1], r � 1 such that for all � > 0 and ↵,↵0 2 N0n

sup
k↵�↵0k

s

�

Z
|⇢(x,↵)� ⇢(x,↵0|rdFY |Z=z(y)  b(z)r�r;

(ii) sup↵2N0
|⇢(X,↵)|  C(X) and E[C(X)2]  const. C < 1;

(iii) �2n ⇥ (�s,n) = o(n�1).

Assumption 3.4.10 (i) �0 2 int(B); (ii )⌃0(Z) ⌘ V ar[(h0(Y )�X0 � �0
0X1)|Z]

is positive definite for all Z 2 Z; (iii) there is a ⌫⇤
n ⌘ (⌫⇤

�,�!⇤
n⇥⌫⇤

�) 2 Ak(n)\{↵0}
such that k⌫⇤

n � ⌫⇤k ⇥ �n = o(n�1/2).

Assumption 3.4.11 (i) �n = o(n�1/4); (ii) �⌃,n ⇥ �n = o(n�1/2);

(iii) �n sup↵2N0n
|P̂n(h± ✏n!⇤

n⌫
⇤
�)� P̂n(h)| = op(

1
n
) with 0 < ✏n = o(n�1/2).

Define g(Z, ⌫⇤) ⌘ {dm(Z,↵0)
d↵

[⌫⇤]}0⌃(Z)�1 and ĝ(Z, ⌫⇤) be its LS projection

onto pJn(Z):

ĝ(Z, ⌫⇤) = pJn(Z)0(P 0P )�
nX

i=1

pJn(Zi)g(Zi, ⌫
⇤).

Assumption 3.4.12 (i) E[kdm̂(Z,↵
o

)
d↵

[⌫⇤]� dm(Z,↵
o

)
d↵

[⌫⇤]k2E] = o(n�1/2);

(ii) E[kĝ(Z, ⌫⇤)� g(Z, ⌫⇤)k2E] = o(n�1/2).

Assumption 3.4.13 Either (a) or (b) holds: (a) {(dm(Z,↵0

d↵
[⌫⇤])0⌃(Z)�1m(Z,↵) :

↵ 2 N0n} is a Donsker class; (b) {m(·,↵) : ↵ 2 N0n} ⇢ ⇤�
m

c (Z) with �m/(dx�1) >

1/2.
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Assumption 3.4.14 (i) m(Z,↵) is twice path wise di↵erentiable in ↵ 2 N0n,

E

✓
sup

↵2N0n

|d
2m(Z,↵)

d↵d↵
[⌫⇤

n, ⌫
⇤
n]|2
◆

< 1;

(ii) E
h
sup↵2N0n

kdm(Z,↵)
d↵

[⌫⇤
n]� dm(Z,↵0)

d↵
[⌫⇤

n]k2E
i
= o(n�1/2); (iii) for all ↵ 2 N0n,

↵ 2 N0,

E

⇣
dm(Z,↵0)

d↵
[⌫⇤]
⌘0
⌃(Z)�1

⇣
dm(Z,↵)

d↵
[↵� ↵0]� dm(Z,↵0)

d↵
[↵� ↵0]

⌘�
= o(n�1/2).

(3.21)

The proofs of the following Theorem 3.4.3 and 3.4.4 are skipped because they are

easy to derive from Theorem 3.1 and 3.2 in Chen and Pouzo (2009).

Theorem 3.4.3 Let ↵̂n = (�̂n, ĥn) be the PSMD estimator defined in (3.16) with

�n > 0,�n = o(1) and with norm defined in 3.18.

Suppose all conditions of Theorem 3.4.2 and Assumptions 3.4.10-3.4.14

hold, then,
p
n(�̂n � �0) ) N(0, V �1), where

V �1 ⌘

2

664

(E{D!⇤(Z)0⌃(Z)�1D!⇤(Z)})�1

(E{D!⇤(Z)0⌃(Z)�1⌃0(Z)⌃(Z)�1D!⇤(Z)})
⇥(E{D!⇤(Z)0⌃(Z)�1D!⇤(Z)})�1

3

775 .

Following Chen and Pouzo (2009), we propose a weighted bootstrap proce-

dure.

Assumption 3.4.15 {Wi}ni=1 is an iid sample of positive weights satisfying

E[Wi] = 1 and V ar(Wi) = 1, and is independent of {(Y 0
i , Z

0
i)}ni=1.

Theorem 3.4.4 Let all the assumptions of Theorem 3.4.3 and Assumption 3.4.15

hold. Let

↵̂⇤
n ⌘ arg min

↵2A
k(n)

{ 1
n

nX

i=1

JX

j=1

m̂j,W (Zj,i,↵
j)0[⌃̂j(Zj,i)]

�1m̂j,W (Zj,i,↵
j)+�n

JX

j=1

P̂n(hj)},

where m̂j,W (Zj,↵) = pJn(Zj)0(P 0P )�
Pn

i=1 p
J
n(Zj,i)(hj(Yi) � X0,j,i � �0X1,j,i)Wi.

Then: conditional on data {(Y 0
i , Z

0
i)}ni=1,

p
n(�̂

⇤
n � �̂n) has the same limiting dis-

tribution as that of
p
n(�̂n � �0)
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Remark 4 We note that the
p
n asymptotic normality of �̂n is established using

the convergence rate k↵̂n � ↵0k = oP (n�1/4), even though ĥn(Y ) may converge to

h0(Y ) arbitrarily slowly under the metric k · ks.

Remark 5 The reason why we suggest using PSMD estimator is partly because

it is easy to add a priori information about function h or shape constraints. For

example, in the application we are going to show in the next section, the functional

form h is weakly monotone, then we can use the PSMD estimator with mono-

tonicity restriction on h. Another procedure to make full use of the monotone

properties of h0 is to apply a multivariate monotone rearrangement to the uncon-

strained PSMD estimator for h, ĥ in Chernozhukov, Fernandez-Val, and Galichon

(2009). Define the rearrangement operator Rk and the rearranged function ĥ⇤
k with

respect to yj as

ĥ⇤
k(y) = Rkĥ(y) = inf


⌧ :

Z
I{f(y0k, y�k  ⌧}dy0k � yk

�
, (3.22)

this is the univariate increasing rearrangement applied to the univariate function

yk 7! ĥ(yk, y�k), holding the other arguments y�k constant. Let ⇡ = (⇡1, . . . , ⇡J

be an ordering, i.e. a permutation, of the integers 1, . . . , J and we define the ⇡-

rearrangement operator R⇡ and the ⇡-rearranged function ĥ⇤(y) as ĥ⇤(y) = R⇡ĥ =

R⇡1 · · ·R⇡
J

ĥ, where ĥ⇤
⇡ is shown to be weakly increasing in y. Then we can define

the average arrangement as

ĥ⇤ =
1

|⇧|
X

⇡2⇧
ĥ⇤
⇡

However, the comparison between these two procedures is beyond the discussion of

this paper.

3.5 Empirical Illustration: Semiparametric BLP

Model

In Subsection 3.3.1 we discussed transformation of a linear utility model

without heterogeneous preferences, at market level. However, in demand analysis

of di↵erentiated goods market, economists prefer to allow heterogeneity into the
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preference, where � is no longer a constant among individuals. Econometricians

also want to relax the parametric distribution assumption on ✏ij to avoid misspec-

ification error. We will use the invertibility condition proposed by Beckert and

Blundell (2008), and Berry, Gandhi, and Haile (2013).

3.5.1 Demand in di↵erentiated products market

Let us consider a market for a di↵erentiated commodity with J products.

The products j 2 {1, . . . , J} are each described by a vector of characteristics

zj 2 Z, and a market price pj 2 R. Th market is thus described by a menu

of price/characteristic combinations, that is, M = {(p1, z1), . . . , (pJ , zJ)}. Again,

we allow for unobserved product characteristics for j by a scalar ⇠j 2 R, which
is a “vertical” product specific unobservablel you can think of it as unobserved

“quality” shock at the product level. Then, M = {(p1, x1, ⇠1), . . . , (pJ , xJ , ⇠J)} A

consumer i in the population with characteristics ⌫i 2 V has a conditional indirect

utility for product j given by

uij = u(pj, xj, ⇠j, ⌫i)

where V is a measurable space. We normalized the utility of “outside goods”,

j = 0, ui0 = 0 (since the relative di↵erences are su�cient to determine choice in

a discrete choice model). The market share sj of j is the measure of the set of J

products, i.e.,

sj = Pr{⌫i 2 V : uij � uik, 8k 2 J \{0}} (3.23)

Fix (xj, pj) for all inside goods j 2 J \{0}, sj is determined by �j(⇠1, . . . , ⇠J ; x1,

. . . , xJ , p1, . . . , UJ) defined by the RHS of Equation (3.23).

If there exists a unique vector (⇠1, . . . , ⇠J) such that �j(p1, . . . , pJ ; x1, . . . ,

xJ , ⇠1, . . . , ⇠J), 8j, then the function is invertible in ⇠j, we can write its inverse

function as:

⇠j = ��1
j (s1, . . . , sJ ; x1, . . . , xJ , p1, . . . , pJ), 8j (3.24)

where ⇠j is the error term in the transformation model. So the first problem is to

show the existence and uniqueness of inverse market share function.
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We will inspect a special case of the linear random utility model, which is

the BLP model in semiparametric linear case:

u(xj, pj, ⇠j, ⌫i) = ↵ipj + �0
ixj + ⇠j + ✏ij

where (↵i, �i, ✏i1, . . . , ✏iJ) are defined on the probability space (⌦,F ,P).

3.5.2 Invertibility of demand system

Suppose (�i, �i) can be written as:

 
�i

�i

!
=

 
�0

�0

!
+

 
�1i

�2i

!

where �1i 2 R, �2i 2 RK are random variables, then

u(xj, pj, ⇠j, ⌫i) = (��0pj + �0
0xj + ⇠j) + (�1ipj + �0

2ixj + ✏ij)

Define �j = ��0pj + �0
0xj + ⇠j and �ij = �1ipj + �0

2ixj + ✏ij, we can rewrite the

utility as uij = �j + �ij, where �ij 2 V , and the market share functions are:

sj = Pr{⌫i 2 V : uij � uik, 8k 2 J \{0}} = �j(�1, . . . , �J) (3.25)

We begin the invertibility by introducing the following assumptions, that

are quite general in nature, of linear random utility model and widely satisfied in

applied contexts, following the work of Berry, Gandhi, and Haile (2013):

Assumption 3.5.1 For all � 2 V , the indirect utility u(�, �) is continuous and

non-decreasing in its first argument.

Assumption 3.5.2 The distribution P� over consumer characteristics � 2 V is

continuous, i.e., for any two distinct product (p, x, U) 6= (p0, x0, U 0), the set of

consumers � 2 V for whom u(�, �) 6= u(�0, �) has probability measure 0 under P�.

Assumption 3.5.3 For any observable vector of product characteristics (p, x, U),

and for any consumer � 2 V , there exists � and �0, such that u(�, �) > 0 and

u(�0, �) > 0 .
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Assumption 3.5.4 For any � 2 RJ such that �j(�) > 0 for all j 2 J , and for

any non-empty I ⇢ J \{0}, there exists an i⇤ 2 I with the property that strictly

increasing �i⇤ cause �j strictly decrease for some j 2 J \{0}� I, i.e., setting �0 so

that �0j = �j for j 6= i⇤ and �0i⇤ > �i⇤, then �j(�
0) < �j(�) for some j 2 J \{0}� I.

Theorem 3.5.1 For any vector of market shares (s0, s1, . . . , sJ) 2 �J located in

the interior of �J , where

�J = {(t0, . . . , tJ) 2 RJ+1|8j, tj � 0, and
X

j

tj = 1}

if the random utility model satisfies 3.5.1-3.5.4, there exists a unique vector (�1,

. . . , �J) 2 R that solves Equation (3.25): sj = �j(�1, . . . , �J), 8j 2 {1, . . . , J}, or
S = �(�)

Proof of Theorem 3.5.1 is straightforward from Lemma 1 and The-

orem 1 in Berry, Gandhi, and Haile (2013). The existence is proved by a con-

struction of function of � = (�1, . . . , �J) and the Brouwer fixed point theorem.The

uniqueness can be achieved by contradiction argument. square

Theorem 3.5.1 is called Inversion Theorem, which was originally introduced

by Berry (1994) and discussed by Berry and Pakes (2007). It enables us to trans-

form the market share system to a mean utility equation system, which belongs to

the class of transformation models. The model can be written as:

�(S) = ��1(S) = ��0P +X�0 + U (3.26)

It is the system of equations: �j = ��1
j (s1, . . . , sJ) = ��0pj + �0

0xj + Uj, 8j. We

can then apply our identification strategy straight forward to the inverted market

share models.

Then, we can apply our identification strategy and estimation procedure

straight forward to the inverted market share models.



78

3.5.3 Identification and estimation of market share func-

tions

Now use Theorem 3.3.2 to show identification of Equation (3.26) and linear

random utility model in a di↵erentiated goods market. For Equation (3.26),

�(S) = ��1(S) = P +X�0 + U

Here h(Y ) = ��1(S), Y = S,W = P,X = X. The parameters of interest

are the function ��1, parameter vector �, and unobservable U . The identifying

assumption is:

E(Uj|Wj, Xj) = 0

where Wj is the instrument for j-th equation of the market share model, Let Zj =

(W 0
j , X

0
j)

0. If the observed product characteristics matrix X satisfies Assumption

3.3.6 , the market share S is strongly identified by instrument Wj given Xj, and S

and Xj are measurably separated (Assumption 3.3.5), we can identify ��1, � and

U by Theorem 3.3.2. Therefore, our identification result is a semi-nonparametric

version of Berry and Haile (2014)’s nonparametric proof.

Letmj(Zj, �, �) = E[�j(S)�Pj�X
0
j�|Zj]. We propose the PSMD estimator

to estimate (3.26):

(�̂n, �̂n) = arg min
(�,�)2A

k(n)

(
JX

j=1

m̂j(Zj, �, �)
0⌃̂j(Zj)

�1m̂j(Zj, �, �) + �n

JX

j=1

P̂n(�j)),

(3.27)

where

m̂j(Zj, �, �) = pJn(Zj)
0(P 0P )�

nX

i=1

pJn(Zj,i)(�j(Si)� Pj,i �Xj,i�)

and ⌃̂(z,↵) is a series LS estimator with

[�̂(z,↵)]lk =
nX

s=1

(�l(Ss)� Pls �X 0
ls�)(�k(Ss)� Pks �X 0

ks�)p
J
n(Zs)

0(P 0P )�1pJn(z).
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3.6 Conclusion and Extensions

In our paper we have extended the work on identification of linear trans-

formation models in Fève and Florens (2010):

h(Y ) = �0X + U

under CMR E(U |Z) = 0 from a univariate case to a multivariate case:

h(Y ) = X� + U

based on the completeness condition of conditional distribution. We also modified

the strategy in Horowitz (1996) and later in Chiappori, Komunjer, and Kristensen

(2013) to achieve identification with a special regressor. We proposed to estimate

the models by the PSMD estimator and applied our identification and estima-

tion results to a semi-nonparametric setup of demand estimation in di↵erentiated

products markets, which can be regarded as a generalized BLP model.

We can further study the multivariate transformation models in a panel

data setup with available data across markets or years, and study the duration

models with censored data. And we can study the multivariate transformation

models with weak identification and partial identification issues, which is still an

open research field.
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3.7 Appendix

3.7.1 Proof of Theorems

Corrections for Theorem 2.2 in Fève and Florens (2010)

Theorem 2.2 (FF) Let us consider model (3.1) under IV condition

E(U |Z) = 0

Let us assume (i) Assumption FF1: E(XX 0) is invertible and X only contains

non-constant variables; (ii) Assumption FF2: Y is strongly identified by Z given

X; (iii) Assumption FF3: Y and X are measurably separated. Then h and � are

identified. Their Proof of Theorem 2.1: Let us consider two solutions h0, �0

and h1, �1 to equation (2.1). Then if h = h1 � h0 and � = �1 � �0, we have

E(h(Y )|Z) = �0X,

and we have to prove that this imply h = 0 and � = 0. The above equation and

FF2 imply h(Y ) � �0X = 0 and FF3 implies that h(Y ) = �0X = c, where c is

a real constant. As X is not constant �0X = c implies c = 0 and then � = 0

under FF1. Finally, h(Y ) = 0. The statement “ �0X = c implies c = 0” is not true

without additional assumption. Consider a simple example, � 2 R2 and X 2 R2.

�0X =
⇣

�0 � �0

⌘ w0 + 1

w0

!
= �0 6⌘ 0

And even with the assumption FF1 that E(XX 0) is invertible, this argument is

not true. We can check that for the above case, E(XX 0) is invertible. Thus,

we need a stronger assumption here. Let’s replace the assumption A1 by the

following statement: Assumption FF1’ X has non-constant variables and its

covariance matrix ⌃ is of full rank, i.e., ⌃ is positive definite. Suppose that X

follows some distribution F with mean U and covariance matrix ⌃. Let X be a

linear transformation of X, X = AX,A is not random, we know that E(X) = AU

and

Cov(X) = A⌃AT
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Here we know that A = �0, then, Cov(X) = �0⌃�. And X = c implies

Cov(X) = 0. If ⌃ is full rank, it must be positive definite and Cov(X) is a

quadratic form, which implies � = 0.

Proof of Theorem 3.3.1

Let us prove this theorem by contradiction. Suppose we have two observa-

tionally equivalent structures, (h, �, Fu|X) and (h̃, �̃, F̃ũ|X). Therefore, (h, �) and

(h̃, �̃) are two solutions to Equation (3.8). Then we have

E(h(Y )|Z) = X0 + �0E(X1|Z)
E(h̃(Y )|Z) = X0 + �̃

0
E(X1|Z)

Take the di↵erence of these two equations above, we get

E(h(Y )� h̃(Y )|Z) = (� � �̃)0E(X1|Z)

Let f(Y ) = �h(Y ) = h(Y )� h̃(Y ) and g(Z) = (��)0E(X1|Z) = (�� �̃)0E(X1|Z).

E(f(Y )� g(Z)|Z) = 0

By Assumption 3.3.1, we can get f(Y ) = g(Z) a.s. Then By Assumption 3.3.2,

we know that f = g = constant a.s., that is, �h(Y ) = (��)0E(X1|Z) = c, where

c is a constant scalar. h(Y ) � h̃(Y ) = c for all Y 2 Y , and h(y0) = h̃(y0) = 0.

Therefore, c = 0, h(Y ) = h̃(Y ) for all Y , h is identified. It remains to show � and

Fu|X are identifiable. Assumption 3.3.3 is the standard identifying condition for

linear IV models, then, � is identified. Observational equivalence of (h, �, FU |X)

and (h̃, �̃, F̃Ũ |X) also implies that

FU |(X=x)(h(y)� x0 � �0x1, x0, x1) = F̃Ũ |X(h(y)� x0 � �0x1, x0, x1).

h(y)�x0��0x1 = h̃(Y )�x0� �̃
0
x1, 8(y, x) induces FU |Z = F̃Ũ |Z . FU |Z is identified.

⇤

Proof of Theorem 3.3.2

We prove it similar to Theorem 3.3.1. Suppose that we have two observa-

tionally equivalent (h, �, (FU
j

|X
j

)) and (h̃, �̃, (F̃Ũ
j

|X
j

)). Therefore, (h, �) and (h̃, �̃)
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to Equation (3.14). Then for all j = 1, . . . , J , we have:

E(hj(Y )|Zj) = X0,1 + �0E(X1,j|Zj)

E(h̃j(Y )|Zj) = X0,1 + �̃
0
E(X1,j|Zj)

Take the di↵erence of these two equations above, we get

E(
h
hj(Y )� h̃j(Y )

i
� (� � �̃)0E(X1,j|Zj)|Zj) = 0

Let fj(Y ) = hj(Y )� h̃j(Y ) and g(Zj) = (� � �̃)0E(X1,j|Zj).

E(fj(Y )� g(Zj)|Zj) = 0

By Assumption 3.3.4, we know that for all 1  j  J , fj(Y )� g(Zj) = 0 a.s., then

fj(Y ) = g(Zj) a.s.. By Assumption 3.3.5, we can get that fj = g = constant a.s.,

that is, fj = hj(Y ) � h̃j(Y ) = cj, 8j, 8Y . Given that there exists a y0 such that

h(y0) = h̃(y0) = 0, cj = 0 then, h is identified. ⇤

Proof of Theorem 3.3.3

If the above model is not identified, then there exist two observation-

ally equivalent triplets (�, h, FU |X) and (�̃, h̃, F̃Ũ |X), i.e., conditional on X = x,

h�1(�0X + U) and h̃�1(�̃
0
X + Ũ) have the same distribution:

G(x, y) = FY |X(y, x) = P (Y  y|X = x) = P (h�1(�0X + U)  y|X = x)

= P (U  h(y)� �0x|X = x)

= P (U  h(y)� �0x|X1 = x1) (By A 3.3.9 (i))

= FU |X(h(y)� �0x, x1)

Take the derivative of G(x, y) w.r.t to x0 and y, respectively.

0 6= @G(x, y)

@x0
= ��0 · fU |X(h(y)� �0x, x1) (By A 3.3.8 and 3.3.9(ii))

0 6= @G(x, y)

@y
= h0(y) · fU |X(h(y)� �0x, x1)(By A 3.3.8 and 3.3.7)

@G(x, y)/@y

@G(x, y)/@x0
= �h0(y)

�0

where �0 6= 0
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Similarly @G̃(x,y)/@y

@G̃(x,y)/@x0
= � h̃0(y)

�̃0
where G̃(x, y) = F̃Y |X(y, x) = P (h̃�1(�̃

0
X + U) 

y|X = x) , then
h0(y)
�0

=
h̃0(y)

�̃0

for all y 2 R

By setting �0 = 1 in model, h̃0 = h0, for a.e. y 2 R. By Assumption 3.3.7 (ii), a

proper location normalization, h is identified. Then, under CMR E(U |Z) = 0 and

regular assumptions of linear regressions, � and FU |X will be identified. ⇤

Proof of Theorem 3.3.4

If the above model is not identified, then there exist two observationally

equivalent triplets (�, h, FU
j

|X
j

) and (�̃, h̃, F̃Ũ
j

|X
j

), i.e., conditional on X = x,

h�1(Y ) = h�1(X� + U) and h̃�1(Y ) = h̃�1(X�̃ + Ũ) have the same distribution

and

G(x, y) = FY |X(y, x) = P (Y  y|X = x) = P (h�1(X� + U)  y|X = x)

= P (U  h(y)� x�|X = x)

= P (U  h(y)� x�|X1 = x1) (By A 3.3.9 (i))

= FU |X(h(y)� x�, x1)

then Gj(x, y) = FU
j

|X(h(y)� x�, x1), where h(y) =

0

BB@

h1(y1, . . . , yJ)

. . .

hJ(y1, . . . , yJ)

1

CCA and

x =

0

BB@

x0,1, . . . , x0,d
x

. . .

xJ,1, . . . , xJ,d
x

1

CCA.

For all j, take the derivatives of Gj(x, y) w.r.t to x0,j and y, respectively.

0 6= @Gj(x, y)

@x0,j
= ��0 · fU

j

|X(h(y)� �0x, x1) (By A 3.3.11 and 3.3.12(ii))

0 6= @Gj(x, y)

@y
=

@hj(y)

@y
@fU

j

|X(h(y)� �0x, x1)(By A 3.3.11 and 3.3.10)

@Gj(x, y)/@y

@Gj(x, y)/@x0,j
= �@hj(y)/@y

�0

where �0 6= 0
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Similarly ,
@G̃j(x, y)/@y

@G̃j(x, y)/@x0,j

= �@h̃j(y)/@yj

�̃0

then,
@hj(y)/@y

�0

=
@h̃j(y)/@y

�̃0

for all y 2 R and j

By setting �0 = 1,
@hj(y)

@y
=

@h̃j(y)

@y
, for a.e. y 2 R and 8j. By Assumption 3.3.10

(ii), a proper location normalization, hj is identified for any j. Then, under CMR

E(Uj|Zj) = 0 and Assumption 3.3.13, we can find one linear combination of the J

equations satisfies regular assumptions of linear IV regressions, � and FU
j

|Z
j

will

be identified. ⇤

3.7.2 Compare di↵erent assumptions

Strong Identification

Assumption 3.7.1 Y is strongly identified by Zj given Wj for all 1  j  J ,

that is, E(g(Y,Wj)|Zj,Wj) = 08j a.s. implies g = 0 a.s. for any square integrable

function g.

Assumption 3.7.2 Y is strongly identified by Z = (Z1, . . . , ZJ) given W =

(W1, . . . ,WJ), that is, E(g(Y,W )|Z,W ) = 0 a.s. implies g = 0 a.s. for any

square integrable function g.

Assumption 3.7.1 shows that if

E[g(Y,Wj)|Zj = z0j,Wj = w0j] =
R
g(y, w0j)

f(y,Z
j

=z0j ,Wj

=w0j)R
f(y,z

j

,w
j

)P(dz
j

)P(dw
j

)P(dy) = 0

and
R
g2(y, w0j)fY z

j

w
j

(Y, z0j, w0j)dy < 1, then g(Y, w0j) is forced to be zero.

Assumption 3.7.2 shows that if

E[g(Y,Wj)|Z = z0,W = w0] =

Z
g(y, w0)

f(y, Z = z0,W = w0)R
f(y, z, w)P(dz)P(dw)

Pdy = 0

and
R
g2(y, w0)fY ZW (Y, Z = z0,W = w0)dy < 1, then g(Y, w0) is forced to be

zero.
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Obviously,
R
g2(y, w)fY ZW (Y, Z = z0,W = w0)dy < 1 is a stronger condi-

tion than
R
g2(y, w)fY z

j

w
j

(Y, z0j, w0j)dy < 1, 8j = 1, . . . , J.

Now let{⌦,F ,P}be the probability measure. We know that

�(Wj, Zj) ⇢ �(W1, . . . ,WJ , Z1, . . . , ZJ) ⇢ F , 8j = 1, . . . , J.

Suppose 3.7.2 is satisfied, i.e.,

P [E(g(Y1, . . . , YJ ,W1, . . . ,WJ)|�(Z1, . . . , ZJ ,W1, . . . ,WJ)) = 0] = 1

)P [g(Y1, . . . , YJ ,W1, . . . ,WJ) = 0] = 1

Then,

P [E(g(Y1, . . . , YJ ,Wj)|�(Zj,Wj)) = 0]

�P [E(g(Y1, . . . , YJ ,W1, . . . ,WJ)|�(Zj,Wj)) = 0]

=P{E[E(g(Y1, . . . , YJ ,W1, . . . ,WJ)|�(Z1, . . . , ZJ ,W1, . . . ,WJ))|�(Zj,Wj)] = 0}
�P [E(g(Y1, . . . , YJ ,W1, . . . ,WJ)|�(Z1, . . . , ZJ ,W1, . . . ,WJ)) = 0] = 1

Thus, P [E(g(Y1, . . . , YJ ,W1, . . . ,WJ)|�(Zj,Wj)) = 0] = 1. Therefore, 3.7.1 is

weaker than 3.7.2. We adopted the weaker condition 3.7.1.

Measurable Separability

Assumption 3.7.3 Y and Zj, 1  i  J are measurably separated, i.e. 8j,
g(Y ) = h(Zj) a.s. implies g = h =constant a.s.

Assumption 3.7.4 Y and Z = (Z1, . . . , ZJ) are measurably separated, i.e.,

g(Y ) = h(Z) a.s. implies g = h =constant a.s.

3.7.3 means that the only events in common are trivial for �(Y ) and �(Zj).

�(Y ) \ �(Zj) = {;,⌦}, 81  j  J.

Equivalently, �(Y ) \ (\J
j=1�(Zj)) = {;,⌦}, and �(Y ) \ ([J

j=1�(Zj)) = {;,⌦}
3.7.4 implies �(Y ) \ �(Z1, . . . , ZJ) = {;,⌦}, �(Zji) = Z�1

ji (B), B 2 B,
is the smallest sigma algebra such that Zji is a measurable function in to R,
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and �(Zj1, . . . , ZjK) is the smallest algebra such that all Zji, i = 1, . . . , K are

measurable. Therefore,

{;,⌦} ⇢ �(Zj) ⇢ �(Z1, . . . , ZJ)

{;,⌦} ⇢ (\�(Zj)) ⇢ ([�(Zj)) ⇢ �(Z1, . . . ,WJ)

){;,⌦} ⇢ {�(Y ) \ (\�(Zj))} ⇢ {�(Y ) \ ([�(Zj))} ⇢ {�(Y ) \ �(Z1, . . . , ZJ)}

�(Y )\ ([�(Zj)) = {;,⌦} is implied by �(Y )\ �(Z1, . . . , ZJ) = {;,⌦}, but
not vice versa, which means 3.7.3 is weaker than 3.7.4
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