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ABSTRACT OF THE DISSERTATION

The Anisotropic Bernstein Problem
By
Yang Yang
Doctor of Philosophy in Mathematics
University of California, Irvine, 2023

Associate Professor Connor Mooney, Chair

In this thesis we discuss the Bernstein problem for parametric elliptic functionals. In the
first part, we give a proof by foliation that the cones over S*¥ x S! minimize parametric elliptic
functionals for each k,I > 1. We also analyze the behavior at infinity of the leaves in the
foliations. This analysis motivates conjectures related to the existence and growth rates
of nonlinear entire solutions to equations of minimal surface type that arise in the study
of such functionals. In the second part we construct nonlinear entire anisotropic minimal
graphs over R* which completes the solution to the anisotropic Bernstein problem. The
examples we construct have a variety of growth rates, and our approach both generalizes to
higher dimensions and recovers and elucidates known examples of nonlinear entire minimal
graphs over R",n > 8. The first two parts are joint works with C. Mooney. In the final
part, we discuss the work of Ecker-Huisken about a Bernstein theorem for the minimal
surface equation with controlled growth condition, and also its possible generalization to the

anisotropic case.
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Chapter 1

Introduction

A well-known theorem of Bernstein says that entire minimal graphs in R? are planes. Build-
ing on work of Fleming [13], De Giorgi [7], and Almgren [1], Simons [31] extended this result
to minimal graphs in R"*! for n < 7. In contrast, there are nonlinear entire solutions to
the minimal surface equation in dimension n > 8 due to Bombieri-De Giorgi-Giusti [2] and

Simon [29].

In this thesis, we study the Bernstein problem for a more general class of parametric elliptic

functionals. These assign to an oriented hypersurface ¥ € R™*! the value

Ag = / O(v)dA, (1.1)

where v is the unit normal to ¥, and ® is a uniformly elliptic integrand, namely, a one-
homogeneous function on R™™! that is positive and smooth on S™, and satisfies in addition
that {® < 1} is uniformly convex. For example, the case ® = 1 on S" corresponds to the
area functional. Such functionals have attracted recent attention both for their applied and
theoretical interest ([5, 22, 23, 21, 24, 9, 11, 12] ). In particular, they arise in models of

crystal surfaces and in Finsler geometry, and they present important technical challenges



not present for the area functional (especially due to the lack of a monotonicity formula),

often leading to more general and illuminating proofs even in the area case.

Almgren-Schoen-Simon proved that the (n—2)-dimensional Hausdorff measure of the singular
set for a minimizer of (1.1) vanishes [25]. In particular, minimizers are smooth in the case
n = 2. Morgan later showed that the cone over S¥ x S¥ in R?**2 minimizes a parametric
elliptic functional for each & > 1, by constructing a calibration [20]. Thus, there exist

singular minimizers of parametric elliptic functionals when n > 3.

The anisotropic Bernstein problem asks whether critical points of A which are graphs of
functions defined on all of R™ are necessarily hyperplanes. In the case of the area functional
®(x) = |z|, the answer is positive if and only if n < 7. For general uniformly elliptic
integrands, it is known that the answer is positive in dimension n = 2 by work of Jenkins
[15] and in dimension n = 3 by work of Simon [28]. It is also known by recent work of
Mooney [18] that the answer is negative in dimensions n > 6. This left open the cases

n=4,5.

The thesis is organized as follows. The second chapter introduces the work of the author
and Mooney, proving the cones over S¥ x S minimize parametric elliptic functionals for each
k, 1 > 1, by constructing foliations by minimizers in the spirit of [2]. To our knowledge,
this is the first application of the foliation approach for integrands other than area (that is,

Chapter 3 is from the paper of the author and Mooney. We discuss the recent solution of
the anisotropic Bernstein problem (the answer is yes if and only if n < 4). We construct
nonlinear entire anisotropic minimal graphs over R*, and the examples we construct have a
variety of growth rates. Our methods both generalize to higher dimensions and shed light

on known examples in the case of the area functional.

In Chapter 4, we introduce a theorem of Ecker-Huisken [10], saying that in the area funca-



tional case, Bernstein theorem holds with controlled growth assumption, and we discuss its

possible generalization in the parametric elliptic functional case.



Chapter 2

A proof by foliation that Lawson’s

cones are Agp-minimizing

2.1 Introduction

A well-known result in the theory of minimal surfaces is that area-minimizing hypersurfaces
in R"*! are smooth when n < 6, but can have singularities in higher dimensions. An impor-
tant tool in the theory is the monotonicity formula, which reduces the regularity problem
to establishing the existence or non-existence of singular area-minimizing hypercones. Such
cones were ruled out by Simons in the case n < 6 [31]. On the other hand, Bombieri-De

Giorgi-Giusti proved that the cone over S* x S? in R® is area-minimizing [2].

In this chapter we consider the regularity problem for minimizers of parametric elliptic
functionals, which generalize the area functional. These assign to an oriented hypersurface

Y C R*™! the value

Ap(D) = /Z O(v) dA, (2.1)



where v is the unit normal to ¥, and ® is a one-homogeneous function on R™*! that is
positive and C? on S", and has uniformly convex sub-level sets. Functionals of the form
(2.1) have attracted recent attention for their applied and theoretical interest (23], [9]). In
particular, they arise in models of crystal surfaces and in Finsler geometry, and the lack of
a monotonicity formula for critical points of (2.1) presents interesting technical challenges.
Almgren-Schoen-Simon proved that the (n—2)-dimensional Hausdorff measure of the singular
set for a minimizer of (2.1) vanishes [25]. In particular, minimizers are smooth in the case
n = 2. Morgan later showed that the cone over S¥ x S¥ in R?**2 minimizes a parametric
elliptic functional for each k > 1, by constructing a calibration [20]. Thus, there exist

singular minimizers of parametric elliptic functionals when n > 3.

The purpose of this chapter is to prove that the cones over S* x S’ minimize parametric
elliptic functionals for each k, [ > 1, by constructing foliations by minimizers in the spirit of
[2]. To our knowledge, this is the first application of the foliation approach for integrands

other than area (that is, ®|s» = 1).

Remark 2.1.1. The examples here and in [20] show that the best regularity result possible
for minimizers of (2.1) is that the singular set has e.g. locally bounded (n — 3)-dimensional
Hausdorff measure. It remains an interesting open problem to determine the maximum
possible dimension of the singular set for a minimizer of (2.1). See e.g. [32], pg. 686, for

further discussion of this problem.

The approach of constructing a foliation by minimizers has several advantages. The first is
that it removes some of the guesswork involved in constructing a calibration. Indeed, the
approach involves solving a nonlinear ODE, which we show is possible provided the integrand
® satisfies analytic conditions that are straightforward to check (see Lemma 2.2.1). The
second is that the behavior at infinity of a leaf in the foliation gives quantitative information
that is useful in the study of the closely related Bernstein problem for graphical minimizers.

When a critical point of (2.1) can be written as the graph of a function u, we say that u



solves an equation of minimal surface type. An interesting question is:

Question 2.1.2. Are entire solutions to equations of minimal surface type in R™ necessarily

linear?

For the area functional, the answer to Question 2.1.2 is “yes” if n < 7 ([13], [7], [1], [31]) and
“no” if n > 8 ([2]). For general parametric elliptic functionals, the answer is “yes” whenn < 3
([15], [28]) and was recently shown to be “no” when n > 4 ([19]), and its complete resolution
will be further discussed in Chapter 3. Our main theorem in this chapter is an important first
step twoards the resolution of the anisotropic Bernstein problem. More precisely, it suggests
the existence of nonlinear entire solutions to equations of minimal surface type in dimension
n > 4 that grow sub-quadratically at infinity (see Conjecture 2.3.1 and the discussion after

its statement).

For future reference we state our main result of this chapter here. We fix k, [ > 1, we let

r € R*! and y € R'*!, and we define the Lawson cones C}; over S¥ x S! by

Cii := {|z| = |y|} C RF!*2,

Theorem 2.1.3. For each k, | > 1, there exist parametric elliptic functionals Ag such that
® is analytic away from the origin, and each side of the cone Cy is foliated by analytic

minimizers of Ag. In particular, Cy, minimizes Ag.

Remark 2.1.4. The foliation is generated by dilations of a pair of critical points of Ag, each
of which lies on one side of C}; and is asymptotic to C}; at infinity. We discuss the precise
asymptotic behavior in Section 2.3.

Remark 2.1.5. The Ag-minimality of C; is new in the cases k #land k+1 < 5,or k+1 =6
and min{k, [} = 1. The cases k = [ < 2 were treated in [20], and the remaining examples
(k41 =6 and min{k, [} > 2 or k+ [ > 7) are known to minimize area, up to making an

affine transformation ([16]).



Remark 2.1.6. A proof of minimality by foliation gives rise to a proof by calibration through
the following observation: If we denote by v(z) the unit normal to the leaf that passes
through z, then the vector field V®(v) is a calibration on R**2. For a discussion of this
connection in the area case see e.g. [6]. Indeed, it is divergence-free by the minimality of the
leaves, and satisfies

Vo(v) w < d(w)

for all w € SF*+1 and at all points . The inequality follows from the convexity of the

hypersurface V®(S¥+1) and the fact that V®(w) - w = ®(w).

The chapter is organized as follows. In Section 2.2 we prove Theorem 2.1.3. We reduce
the problem to the careful analysis of a certain nonlinear second-order ODE, using the
symmetries of Cy;. More precisely, we choose integrands that (like Cy;) are invariant under
rotations in x and y, and we search for critical points ¥, of (2.1) that share these symmetries
and can be written in the form {|y| = o(|x|)} or {|x| = o(|y|)} for some function o of one
variable. The condition that ¥j; is a critical point gives rise to a nonlinear second-order
ODE for 0. The heart of our construction is Lemma 2.2.1, which gives conditions on the
integrand that guarantee the existence of solutions to the ODE with the desired properties.
In particular, after a change of variable we can view the ODE as a nonlinear first-order
autonomous system. The conditions we impose on the integrand guarantee that the solution
trajectory is trapped in a region of the plane that corresponds to a function ¢ that defines
a foliation leaf 3J;; which is asymptotic to C};, and approaches C}; at a precise rate. We
remark that our approach quickly recovers the foliation by area-minimizing hypersurfaces of
each side of the Simons cone Cy; when k > 3 (see Remark 2.2.4). Finally, in Section 2.3 we
discuss the behavior at infinity of the leaves in the foliation given by Theorem 2.1.3, and the
implications for Question 2.1.2. In particular, we state conjectures concerning the existence
and growth rates of nonlinear global solutions to equations of minimal surface type in R¥++2

for each k, [ > 1, and we compare these conjectures with what is known about the minimal



surface equation.

2.2 Proof of Theorem 2.1.3

2.2.1 Integrand Notation

We choose integrands @ that depend only on |z| and |y|. We define them by a pair of

one-variable functions ¢ and 1 as follows:

D, y) = - (2.2)

The functions ¢ and v will be chosen to be positive, smooth, even, and locally uniformly

convex on R.

2.2.2 Foliation Leaf Notation

Having fixed an appropriate choice of ®, we will show that there exists a critical point of Ag

of the form
Sw = A{lyl = oz} < {lyl > [}, (2.3)
where o is smooth, even, convex, asymptotic to |.|, and |o’| < 1. The dilations of ¥ are

then minimizers of Ag, and they foliate one side of Cy; (namely {|y| > |z|}), see Figure 2.1.

A similar procedure will give a foliation of the other side {|z| > |y|} by minimizers of Ag.



Rl+l

Figure 2.1: The dilations of ¥; foliate one side of Cy;.

Rk+l



2.2.3 Euler-Lagrange ODE

For hypersurfaces of the form (2.3) and integrands of the form (2.2), the condition that ¥,

is a critical point of Ag is equivalent to the nonlinear second-order ODE

" / OJ(t) / 1 _
where
L) 5009 = 6()
P<$) T 8¢//<8)7 Q( ) * (b”(s) ° (25)

This follows from the first variation formula
tr(D*®(v(2))11(2)) =0

for critical points of (2.1), where I1 denotes the second fundamental form of ¥ and v denotes
the unit normal. One can also use the symmetries of ¥;; and ® to reduce the problem to

taking the first variation of the one-variable integral

Ag(Xy) = const. /tkal(t)gb(a’(t)) dt.

In the following technical lemma we show that there exists a global solution to (2.4) with
the desired properties, provided ¢ satisfies certain analytic conditions. We will later give
examples of ¢ that satisfy these conditions. To state the lemma we define for a smooth
function ¢ on R the function Ejy;(p) by

Bu(o)(9) = G yets) - (k4 (1= 25 ) 5) ¢

R T+

() a- e

10



Lemma 2.2.1. Assume that ¢(s) is a smooth, even, uniformly convezr function on R that

satisfies
60) =1, )=, 1)
and in addition that
Eu(0)(s) 2 w1~ 5 25)

for some k > 0 and all s € [0, 1]. Then there exists a global smooth, even, convex solution

o to the ODE (2.4) that satisfies the initial conditions

a0)=1, ¢'(0)=0 (2.9)
and in addition satisfies o(t) > |t|, |o’(t)| < 1 for all t, and

o(t) = [t| + alt|™ + o(t| ") (2.10)
as |t| = oo for some a > 0, where

k+1—1 k+1—1\" kl
“:IT_\/( 2 >_¢~(1)(kz+1)‘ (2.11)

Remark 2.2.2. Tt is straightforward to check that any function ¢ satisfying the conditions

(2.7) and (2.8) automatically satisfies the inequality

YOG z)(ﬁ R 212

so i is well-defined. Conversely, any choice of ¢ that satisfies (2.7) and (2.12) also satisfies

(2.8) for s € [1 — 4, 1], where k > 0 and ¢ > 0 depend only on the left side of (2.12) and

11



ol es(-1,1))-

Proof of Lemma 2.2.1. Standard ODE theory gives the short-time existence of a solution
to (2.4) with the desired properties in a neighborhood of 0 (see Remark 2.2.3 below). To

proceed we rewrite (2.4) as an autonomous first-order system. In terms of the quantities
w(t) :=eTa(e"), z(r):=0d'(e7), (2.13)
the second-order ODE (2.4) becomes:

w —wW + z
= = V(w, z2). (2.14)
2 —l% —kzP(2)

We denote the components of the vector field V by V¢ i = 1, 2, and the solution curve

(w(T), z(7)) by I'(1). The only zero of V in the closure of the infinite half-strip
Q={w>1}n{0<z<1}

occurs at (1, 1) (here we used (2.7)). In addition, the linearization of (2.14) around the zero

(1, 1) has the form X' = M X, where

~1 1
M = . (2.15)

ki
O —k =1

The eigenvalues of M are

k+1+1 Erl—1)\2 kl
M=o jE\/( 2 )_¢”(1)(k+l)’ (2.16)

and these eigenvalues correspond to directions with slopes 1 + A4.

12



We claim that I" is contained in the region R C €2 bounded by the curves

Iy i={z = 0}, FQ::{V2:0}:{w:£(ﬁ—z)}, and

e fem e (125 ey

We first note that V2 > 0 on I'; N {w > 0} using that Q(0) < 0. Next, by the uniform
convexity of ¢, the curve I'y N €2 is a graph over the positive z-axis with negative slope, and
furthermore V! < 0 in Q (in particular, on T's N Q). Finally, after a calculation using the

definitions (2.5) of P and @ and inequality (2.8), we have

V2 Ap+ A
<14+ =T =
1 <=

on '3 N Q). Indeed, the preceding inequality can be written

k+1-1

—1Q(z) — kwzP(z) > 5

w(w — z)

on '3 N Q. Using that

k141 2
rynQ=dw= _ 1
30 {w o1 a1 °c )}

and that
¢(z) — z¢'(2) ¢'(2)
_ S et A o) _
Q(Z) ¢//(2) Y (Z) ¢//(Z)
the previous inequality becomes
k+1+1 2
_ / _ _ /
U9 —2¢) k(k+l—1 k+l—1z)¢
E+1—-1[(k+1+1 2 kE+1+1
_ 1 _ /!
T (k:+l—1 k+l—lz>k+l—1( 2k

k141 (k4141 .,
_k:+l—1( 2 Z><1 28"

13



wV

Figure 2.2: The solution curve is contained in the region R bounded by I'y, I's and T's.

After regrouping terms, we see that this inequality holds for z € (0, 1) using (2.8). We
conclude that I's and I's meet only at (1, 1), and V points towards the interior of R on each
of the curves {T';}3_, (see Figure 2.2). It only remains to argue that I'(7) € R for all 7 << 0,

which holds by the initial convexity of o (note that V2 < 0 “above” 'y in Q).

Since R C QN {V? > 0}, we conclude that ¢ > |.|, |o/| < 1 and that o is convex. The
asymptotic behavior (3.2.2) follows from the linear analysis. Indeed, the region R excludes
the line with slope 1 + A_ that goes through (1, 1). Thus, in the expansion of I' for 7
large, the coefficient of the principal eigenvector of the linearized operator at (1, 1) (which
corresponds to the eigenvalue A\, and has slope —p = 1 4+ Ay) is nonzero, completing the

proof. O

Remark 2.2.3. We could not find a precise reference for short-time existence, so for com-

pleteness we sketch the argument. We first rewrite (2.4) in divergence form:

[tkal(b,(()'/)]/ _ ltk(7171¢(0’).

14



We are thus looking for a continuous function ¢’ on an interval [0, ¢o] such that ¢’(0) = 0

and

GG b (HI;J,(S) o /0 g (1+ /0 o/(r) dT)H 6(0(s)) ds

where ¢* is the Legendre transform of ¢. For ¢ty > 0 small, the operator G is a contraction
mapping on the space of continuous functions on [0, o] that vanish at 0 and are bounded
by 1 in the C° norm. A fixed point argument then gives the existence of a function o €
CH0, to] N C>(0, to) that solves (2.4) on (0, ty) and satisfies o(0) = 1, ¢/(0) = 0. The higher
regularity of o follows from the observation that ¥ = {|y| = o(|z|)} can be locally written
over its tangent planes as a C'! graph that solves an equation of minimal surface type (and

is thus smooth, see e.g. [14]). Finally, the equation (2.4) itself gives that

16(0)

"0 = T e

> 0,

so o is convex near 0, concluding the argument.

Remark 2.2.4. In the case of the area functional we have that

é(s) = VI+ s2. (2.17)

Our approach recovers the foliation of each side of the cone Cy; by area-minimizing hy-

persurfaces when k > 3, as follows. First, a short calculation shows that the function

oo(t) := (1 +t*)¥/* is a super-solution of the ODE (2.4) corresponding to the area integrand

(2.17) when k£ > 3. A similar calculation was performed in [8] to construct a sub-calibration
/

for Ciy. If we take I'y as above and we take I's = {(e "op(e7), o4(€7)), 7 € R}, then a similar

argument to the one above shows that the solution trajectory to the associated autonomous

15



system is trapped between I's and I's, giving an exact solution ¢ of (2.4) with the desired

properties.

2.2.4 Proof of Main Theorem

In this final subsection we choose the functions ¢, ¢ that define ®, and we apply Lemma

2.2.1 to prove Theorem 2.1.3.

Proof of Theorem 2.1.3. We first indicate how to choose integrands ® that are C*! away

from the origin, defined through the notation (2.2). For p,q > 2 to be chosen later we take

[ l
—1- +
pk+1)  plk+1)
R
- qk+10)  qlk+1)

|sl”,
(2.18)

|s%,

up to making small perturbations near s = 0 so that ¢ and v are smooth and uniformly

convex. It is straightforward to check that if p and ¢ are related by

lp—1)=k(g-1), (2.19)

then @ is C%! away from the origin. We note that ¢ satisfies (2.7), and we will verify that
provided p is sufficiently large, then ¢ also satisfies the desired inequality (2.8). Away from a
small neighborhood of s = 0, where we perturbed (2.18) and the inequality (2.8) is obvious,
the inequality Ey(¢)(s) > 0 becomes

[@-1) (w—s)ws} (1-s)

(k+1—V(k+1—1/p), 5,
i+l (s

(2.20)

— 5%).

Denote the left side of (2.20) by L(s) and the right side by R(s). Since L is quadratic in s

16



and R” is decreasing in s, it suffices to prove the inequalities

R(1)<IL'(1), L'<R'(1).

The first inequality holds provided

4k
. 2.21
P= i i (221)

in agreement with Remark (2.2.2). The second one holds provided

) k420 +2 4
(p—l)—( F 1l +(]g+l)(k;+l—1))<p_1) (2.22)
4k |
DT

Both (2.21) and (2.22) hold e.g. when p > 6, regardless of k, 1 > 1. When p > 6 the
inequality (2.12) also holds, so by Remark (2.2.2) the desired inequality (2.8) holds for some

Kk > 0.

Up to exchanging k£ and [, the function v satisfies (2.7), and a similar analysis shows that
Eir(¥) > k(1 — s) for some k£ > 0 and all s € [0, 1] if ¢ > 6. We conclude using Lemma
2.2.1 that each side of CY; is foliated by smooth critical points of A when we choose ¢, ¥
as above with p, ¢ > 6, and furthermore ® € C%*(S¥+*1) provided p and ¢ are chosen such

that (2.19) holds as well.

We now explain how the integrand can be made analytic on S¥**! by perturbing the C%!

integrand constructed above. We first improve to smooth. Take ¢ and ¢ as above, and let

o(s) = su(1/s)

17



for s < 1. We glue ¢ to ¢ near s = 1 by taking the convex combination

¢ =m0+ (1—ns)0,

where 75 is a smooth function that transitions from 1 to 0 in the interval [1 — 24, 1 — §] for

0 > 0 to be chosen, and satisfies

75| cm @y < Crd™™

with C,, independent of 8. Since ¢ and ¢ agree to second order at s = 1, the inequality (2.8)
holds for ¢ away from [1 — 2§, 1 — 4] provided § is small (see Remark (2.2.2)). Furthermore,
we have

(™) (5) = ¢0(s)] < Con(1 = 5)* ™

for each m <2 and s € [1/2, 1]. It follows that

|Ew(9) — Eu(¢)| < C8

in [1 — 20, 1 —6]. Since Ej(¢) > k0 in this interval, the inequality (2.8) holds for ¢ when
§ is small, up to reducing & slightly. After replacing ¢ by ¢ (and keeping 1 the same), we
obtain a new integrand that is smooth on S¥**! and by Lemma 2.2.1 satisfies the desired

properties.

Finally, we indicate how to improve the regularity from smooth to analytic. We start with a
smooth choice of integrand ® as constructed above. Using the symmetries of & we may view
it as a smooth function on S'. We approximate this function by the partial sums Sy of its
Fourier series with N terms. We add small correctors of the form ay +by cos(26)+cn cos(40)
to Sy to obtain new approximations Ty, with ay, by, ¢y chosen such that T agrees to

second order with ® at § = 7/4. Since Sy converge uniformly in C™ to ® for any m, the
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functions T do as well. It follows that the one-homogeneous extensions of Ty to R? (which
we now identify with Ty) have uniformly convex sub-level sets for N large. Since Ty agree
to second order with ® on the diagonals, Remark (2.2.2) implies that the conditions (2.7)
and (2.8) hold for the function obtained by restricting T to the horizontal lines tangent to
S' when N is large. The same holds (with k and [ exchanged) for the restriction of Ty to
the vertical lines tangent to S'. Hence, after replacing ®(z, y) with Tx(|x|, |y|) for N large,
we obtain an integrand that is analytic on S¥**! and by Lemma 2.2.1 satisfies the desired

properties. O

2.3 Discussion

In this section we discuss the implications of the analysis in Section 2.2 for Question 2.1.2.
The discussion is motivated by the examples of entire minimal graphs constructed in [2] and
[29]. Those examples are asymptotic to area-minimizing cones of the form K x R, where
K is the Simons cone in [2], and any one of a large family of area-minimizing cones with
isolated singularities in [29]. In all cases, each side of K is foliated by smooth area-minimizing
hypersurfaces. These are closely related to the level sets of the functions u that define the
entire minimal graphs. More precisely, each level set of u is a graph over K outside of some
ball, with the same leading-order asymptotic behavior at infinity as a leaf in the foliation.
Furthermore, if the distance between a leaf in the foliation and K on 0B, behaves like r=#

as r — 00, then supg |Vul| ~ r#.

In view of this discussion we conjecture:

Conjecture 2.3.1. For any integrand ® as constructed in Theorem 2.1.3, and k # [, there
exists an elliptic extension of ® to R¥*3 and a nonlinear global solution to the corresponding
equation of minimal surface type in R¥H2 whose graph is asymptotic to Ciy x R. Moreover,

the gradient of this solution grows at the same rate that the leaves in the foliation associated
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to ® approach Cy;.

In Chapter 3, we will prove the case when k£ = [, but this problem remains open for the case
when k # [. The proof of Theorem 2.1.3 shows that for any p € (0, py), we can choose
integrands such that each side of C}; is foliated by minimizers whose distance from C}; on

0B, behaves like r—#, where

k4+1—1 k+1—1\? min{k, !
S ES S (ST T =

2 2 5

The formula (2.23) comes from (2.11) and noting that, when choosing ¢ and 1, we could
take any exponents p and ¢ such that (2.19) holds and p, ¢ > 6. Thus, Conjecture (2.3.1)
predicts that for any p € (0, ug), there exist global solutions to equations of minimal surface
type in R¥+2 whose graphs are are asymptotic to Cj; x R, and have maximum gradient in

B, growing like r*.

Remark 2.3.2. Mooney showed in [18] that when k& = [ = 2, the graph of u = |z|? — |y|?
(which is asymptotic to Cys X R) minimizes a parametric elliptic functional Ay, and each level
set of u minimizes Ag, where ® = Wy, ;. The perspective in that work is quite different,
and the proof is based on solving a linear hyperbolic equation to construct W. However,
the discussion at the end of [18] shows that this strategy could be challenging to implement
when 2 < k + [ < 3. In these cases, Question 2.1.2 may instead yield to a combination of

the approaches from [2] and [18].

To conclude we discuss the gradient growth rates of the solutions predicted by Conjecture
2.3.1. We first consider the possibility of constructing solutions with fast growth. In the case
k =1 =1, a closer inspection of inequalities (2.21) and (2.22) shows that we can take any
p = q > 5 when defining ¢ and . This corresponds to the “optimal” value pi; = % One
may hope to show that (2.23) can be improved to puy = (k+1—1)/2 for arbitrary k and [,

which corresponds to choices of ¢ such that inequality (2.12) tends to equality. However, we
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suspect that this is not possible. Indeed, if k = [ is large, this corresponds to a small value
of ¢”(1). It would follow that the integrand @ is larger on S¥ x S*¥ than at nearby points
on v2S8%**1 in which case perturbations of Cy, could likely decrease its energy. Since the
quantity (2.23) is bounded above independently of k and [, it does not seem likely that the
examples from Theorem 2.1.3 can give rise to solutions to equations of minimal surface type

with arbitrarily fast gradient growth.

On the other hand, Conjecture 2.3.1 predicts the existence of global solutions to equations

of minimal surface type with very slow gradient growth, namely

sup |Vu| ~ r#

T

with ¢ > 0 small. However, global solutions to equations of minimal surface type with
bounded gradient are linear. This is a consequence of the De Giorgi-Nash-Moser theorem.
Indeed, if the gradient of a global solution u to an equation of minimal surface type is
bounded, then each derivative u, is a global bounded solution to a uniformly elliptic equa-
tion in divergence form (with ellipticity constants depending on ||Vu| ). Applying e.g.
Theorem 8.22 from [14] and sending Ry — oo (keeping in mind the remark at the end of
Section 8.9), we see that w, is constant. We thus expect that the ellipticity of the integrands
from Conjecture 2.3.1 will degenerate as u tends to zero, and we conjecture a “quantitative”

version of the rigidity result for solutions with bounded gradient:

Conjecture 2.3.3. Let u be a global solution to an equation of minimal surface type on R™,

corresponding to a functional Ay. Then for some e¢(n, ¥) > 0,

sup |Vu| = O(r®) = u is linear.
By

In [10] the authors give a beautiful proof of Conjecture 2.3.3 for the area functional, for any

€ < 1 and in arbitrary dimension n. The proof in [10] depends on precise constants in the
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Simons inequality for the Laplacian of the second fundamental form on a minimal surface.
Although analogues of the Simons inequality exist for critical points of (2.1), the constants
degenerate with the ellipticity of ®, and it is not clear that the same strategy would prove

Conjecture 2.3.3.
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Chapter 3

The anisotropic Bernstein problem

3.1 Introduction

In this chapter we study graphical critical points of parametric elliptic functionals, which

assign to an oriented hypersurface ¥ C R"*! the value

Aa(S) = /E B(v) dA. (3.1)

Here v is the unit normal to X, and ® is a uniformly elliptic integrand, namely, a one-
homogeneous function on R™*! that is positive and smooth on S™, and satisfies in addition
that {® < 1} is uniformly convex. Such functionals have attracted recent attention both for
their applied and theoretical interest ([5, 22, 23, 21, 24, 9, 11, 12]). In particular, they arise
in models of crystal surfaces and in Finsler geometry, and they present important technical
challenges not present for the area functional (especially due to the lack of a monotonicity

formula), often leading to more general and illuminating proofs even in the area case.

The anisotropic Bernstein problem asks whether critical points of Ag which are graphs of
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functions defined on all of R™ are necessarily hyperplanes. In the case of the area functional
®(z) = |z, it is known through spectacular work of Bernstein, Fleming [13], De Giorgi [7],
Almgren [1], Simons [31], and Bombieri-De Giorgi-Giusti [2] that the answer is positive if
and only if n < 7. For general uniformly elliptic integrands, it is known that the answer
is positive in dimension n = 2 by work of Jenkins [15] and in dimension n = 3 by work of
Simon [28]. It is also known by recent work of Mooney [18] that the answer is negative in
dimensions n > 6. This left open the cases n = 4, 5. The purpose of this chapter is to settle

the anisotropic Bernstein problem negatively in these remaining cases:

Theorem 3.1.1. There exists a smooth nonlinear function u : R* — R and a uniformly

elliptic integrand ® on R® such that the graph of u in R® minimizes Ag.

We in fact construct, for any p € (0, 1/2), a pair (u, ®) proving Theorem 3.1.1 such that

supu ~ ritH

B

for r large, and our methods both generalize to higher dimensions and shed light on known

examples in the case of the area functional.

Here and below we denote for € R¥*! and y € R!*! the cone O} C R¥+2 by

Cru = {|z] = |yl}.

The first examples of nonlinear entire minimal graphs were constructed in [2]. The examples
in [2] are asymptotic to Cpp, x R C R?**3 for k > 3. Similarly, for the more general
anisotropic case, the example in [18] is asymptotic to Cys x R. However, the approaches
in [2] and [18] are completely different. In the former, the method is to carefully construct
super- and sub-solutions to the minimal surface equation, with appropriate ordering and

symmetries, and then use the maximum principle. In [18], the method is to first fix a choice
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of solution u, and then construct the integrand ® by solving a linear hyperbolic equation. In

the case k = [ = 2 it turned out that for the simple choice

u =z =yl

the hyperbolic equation for ® reduced after a change of variable to the classical two-variable
wave equation. This made the construction significantly shorter and more elementary than
for the case of the area functional. Unfortunately the analogous choice for u in the case
k =1 =1 does not solve an equation of minimal surface type, as shown in [18]. However,

the choice

‘4/3 |4/3

u= |z —ly

also yields a two-variable wave equation for ® in the case k = [ = 1 after a change of variable,
so it seemed likely that the methods in [18] could be adapted. The issue is that this choice
of u does not solve an equation of minimal surface type near {|z||y| = 0}, so both « and the
integrand ® obtained by solving the wave equation need to be modified. This seems to be

tricky, and we are leaving the pursuit of this approach to its conclusion for future work.

In this chapter we instead proceed by the maximum principle, inspired by [2]. The problem
of constructing entire graphical minimizers in R™*! is closely related to the existence of
singular minimizers in R™. This was certainly recognized in [2], where it was shown that
(U553 is area-minimizing by constructing foliations of each side of the cone by smooth area
minimizers. It is clear that the level sets of the entire graphical minimizers in [2] resemble
the leaves in this foliation, but no explicit connection is made between the results. Our
approach in this chapter is to make this connection explicit. As a consequence we are able to
construct, in the general anisotropic case, a variety of examples with many different growth

rates in the optimal dimension n = 4, and to recover the known examples from [2].

Our starting point is the work in Chapter 2, where we prove that the cones C}; minimize
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parametric elliptic functionals for all £, 1 > 1 by constructing foliations. It was known
previously that minimizers of (3.1) are smooth in the case n = 2 by deep work of Almgren-
Schoen-Simon [25]. Morgan [20] later proved that minimizers are not necessarily smooth in
dimension n = 3. Indeed, he proved that C';; minimizes a parametric elliptic functional, by
constructing a calibration. Although the foliation approach in Chapter 2 is more involved,
advantages are that it removes some of the guesswork involved in constructing a calibration,
and that the leaves in the foliation give a hint as to how to proceed in the anisotropic
Bernstein problem. We showed in particular in Chapter 2 that for any p € (0, 1/2), there
is an integrand ¥ such that the sides of C}; are foliated by minimizers of Ag that closely
resemble the level surfaces of locally Lipschitz functions that are homogeneous of degree

1+ p. This involved the careful analysis of a nonlinear second-order ODE.

The first step in this chapter is to deepen the analysis of the nonlinear ODE. By studying its
linearization around a solution, we obtain small perturbations of the leaves in our foliation of
each side of C'1; that have the same asymptotic behavior as before, but have strictly positive
or negative anisotropic mean curvature. These leaves then define locally Lipschitz functions
w and w that are homogeneous of degree 1 + 1, constant on the leaves, vanish on C;, and
by virtue of the curvature of their level sets serve as good model candidates for super- and

sub-solutions.

The second step in this work is to make a choice of integrand ® on R®. Our choice agrees
exactly with ¥ on {25 = 0}, and can be viewed as way of smoothly extending ¥ to S*\{z5 =

0}. The case of the area functional suggests taking
o\ 1/2
q)|{x5:1} = <]- + WV > )

and our integrand indeed resembles this choice.

The final step in this work is to “re-stack” the level sets of the functions w and w in a way
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that they become legitimate super- and sub-solutions to the equation of minimal surface
type defined by ® on one side of C;. This is accomplished by composing w and w with
appropriate concave, resp. convex one-variable functions. We can then proceed as in [2],
using these super- and sub-solutions to trap the exact solutions to the equation we wish to

solve in By with appropriate boundary data, and taking R to infinity.

We conclude the introduction with several remarks. The first is that our approach works
equally well to construct examples asymptotic to C x R for all £ > 1. We focus on the case
k = 1 for simplicity of notation and to emphasize ideas. In a later section we indicate how
to generalize to higher dimensions, and we also make explicit how our approach recovers
the examples from [2], whose construction seems at first somewhat ad-hoc. The second
is that our approach does not work when k& # [, because the argument relies crucially
on the odd symmetry over Cy of solutions to the PDE associated to ®. We intend to
pursue this question in future work. In [29] Simon constructs entire minimal graphs that are
asymptotic to the cylinders over a variety of area-minimizing cones with isolated singularities
(in particular, all of the area-minimizing Lawson cones, which are affine transformations of
Cr with k+1 > 7 or k+1 = 6 and min{k, [} > 2, see e.g. Chapter 5 in A sufficient
criterion for a cone to be area-minimizing by G. Lawlor). The existence of foliations plays
an important role in that paper as well, and we believe that a combination of the ideas in
that work and ours may bring further clarity to the picture. Finally, we remark that when
® is close to the area functional on S™ in a strong topology, e.g. C*, the results are the
same as in the area case. For example, the Bernstein theorem holds up to dimension n =7
28], regularity of minimizers holds up to dimension n = 6 [25], and stable critical points in
low dimensions are flat ([4], [5]). We thus know that for our examples, the integrands are
necessarily far from area. It would be interesting to weaken the topology required for such
results e.g. to closeness in C? (which suffices for proving the flatness of stable critical points
in dimension n = 2 [17]), and our examples may shed light on this question. These remarks

are discussed at greater length in a later section.
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The chapter is organized as follows. In Section 3.2 we recall our results from Chapter 2
concerning the foliation of each side of C'j; by minimizers of parametric elliptic functionals,
and we refine our analysis of a certain nonlinear ODE to obtain perturbed foliations by
hypersurfaces with anisotropic mean curvature of a desired sign. In Section 3.3 we make our
choice of integrand ®, which fixes the equation we wish to solve. In Section 3.4 we construct
super- and sub-solutions to this equation using the perturbed foliations. In Section 3.5 we
put it all together to prove Theorem 3.1.1. Finally, in Section 3.6 we discuss generalizations
of our constructions to higher dimensions, the relation to the case of the area functional,

and future work.

3.2 Foliation

In this section we first recall for the reader’s convenience the construction of foliations of each
side of C1; by minimizers of (3.1), accomplished in Chapter 2. We then refine the analysis
from Chapter 2, and we use this along with a study of a linearized problem to perturb the
leaves of the foliation so that they have positive or negative anisotropic mean curvature.
Finally, we use these leaves to define homogeneous functions on R* that will serve as models

for super- and sub-solutions to the PDE we eventually wish to solve.

3.2.1 Previous Results

In Chapter 2 we constructed uniformly elliptic integrands ¥ on R* defined by analytic, even,

one-variable functions ¢ as follows:

_ ylé(al/Iyl), Iyl > 0,
G, y) = pllal ) = 4 (32)

|zl (ly|/[]), x| > 0.
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We showed that for any p € (0, 1/2), the function ¢ could be chosen such that there exists

a critical point ¥ C {|y| > |z|} of Ay of the form

X ={lyl = a(l=)},

where the function o is even, analytic, locally uniformly convex, larger than |.|, ¢(0) = 1,
and

o(t)=7+ar " +o(r7")

for some a > 0 as 7 — oo. Furthermore, the curve I' parameterized for 7 > 0 by

(170 (1), 0/(7)) tends as 7 — oo to (1, 1), and T is bounded in a certain region of the

(w, z) plane:

rc{0<z<1}n{z>3/2—w/2}. (3.3)

We remark that the smoothness of U away from 0 ensures that

2¢'(1) = (1), (3.4)

and that p and ¢ are related through the identiy

¢(1)
2¢"(1)

= (1 = p). (3:5)

The dilations of ¥, along with their reflections over C4;, give a foliation of each side of Cy;
by minimizers of Ag. The condition that ¥ is a critical point is equivalent to o solving the

ODE

G(o)(1):=0d"(1) + %P(OJ(T)) + %Q(U,(T)) =0, (3.6)
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where

Pl =513, g = 0,

(3.7)

and the results were obtained through the analysis of this ODE.

Remark 3.2.1. In Chapter 2 we defined ¥ in {|z| > 0} and {]y| > 0} by two different
functions ¢ and . However, the conditions in Chapter 2 that ¢ and ¢ are required to
satisfy are invariant under taking convex combinations when k = [, so we can assume ¢ = v

after replacing W(xz, y) by (¥(x, y) + ¥(y, z))/2.

3.2.2 Refinement of Foliation Analysis

From hereon out, we fix a choice of p € (0, 1/2) and ¢ as in the previous subsection. For
the purposes of this chapter we need to make the asymptotic expansion of o a little more

precise.

We first establish some notation. Here and for the rest of the chapter we will let ¢ denote a
small positive constant that depends only on ¢, and its value may change from line to line.
For a smooth function h on (0, 0o), we denote by F(h) a smooth function on (0, co) such

that, for all 7 > 1,

[F(R)(@) < R, FR) (D] <R ()], [FR) ()] < R (7).

Proposition 3.2.2. There exists a > 0 and b € R such that

oc=1+ar " Fbrt 4 F(riT,
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For our purposes, the following corollary in fact suffices:

o =T1+ar "+ F(r~Y?) for some a > 0. (3.8)

Before proving Proposition 3.2.2, we recall a few things from the proof of the results in the
previous subsection. First, the ODE (3.6) for o can be written as a first-order autonomous

system for X(s) := (e *o(e®), o’(e®)) of the form

where

V(w, z) = (—w+ 2z, —P(z) — Q(2)/w).

Using the identities (3.4) and (3.5) we have that V(1, 1) = (0, 0) and that

-1 1

—p(l—p) =2

DV(1,1)= M :=

The matrix M has eigenvalues —1 — p and g — 2, corresponding to eigenvectors in the
directions of lines with the slopes —p and p — 1. We proved in Chapter 2 that the solution
curve X tends to (1, 1) as s tends to infinity, and by (3.3) is trapped in a region which

excludes the line through (1, 1) with slope pu — 1.

Proof of Proposition 3.2.2: Let

Y(s)=X(s)—(1,1), W(w,2)=V(w+1, z+1),

so that

Y' =W(Y), W(0)=0, DW(0)=M.
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The eigenvalues of MT + M are —3 & /1 + (1 — u(1 — u))? € (=5, —3/2). Since |Y| tends

to zero, we conclude from the ODE for |Y|* that
ce™™ < [Y|X(s) < ¢ e3> 0. (3.9)
To obtain (3.9) we use that

Y - MY| <c'Y]?, s>0. (3.10)

Letting

p:(L _:u)> q:(lv:u_l)

denote the eigenvectors of M, decomposing Y into a linear combination of these vectors,

and using (3.9) in (3.10) gives in a similar way that for some ag € R,
1Y (5) — age”IHsp| < ¢7le™3/2 5> 0.
We conclude from this the following improvement of (3.9):
Y2 <cle2Hms 5>,
Using this improved estimate in (3.10) we conclude that for some a, b € R,

1Y (s) — ae”FWsp — pelt=Dsq| < ¢le 2001 5 >

The conclusion follows from this expression and from the second component of the ODE for
Y, provided a > 0. To show that a > 0, note first that by (3.3), we have a > 0 and that

if @ = 0 then b = 0. In the latter case we would have |Y|? < ¢ le™#(1##)5 5 > 0, and upon

32



examining the ODE (3.10) for Y again we could improve the expansion of Y to

1Y (s) — aye”Fsp — bet=Dsq| < ¢le 1 5>

If a; # 0 then the upper bound |Y|? < ¢ le (45 5 > 0 is violated, hence a; = 0,
and again by (3.3) we have b; = 0. We conclude that |[Y|> < ¢ le 81403 s > 0, which

contradicts the lower bound in (3.9). O

3.2.3 Linear ODE

Our goal now is to perturb the leaves in the foliation determined by the function o. We let

L denote the linearization of the ODE (3.6) at o, namely,

L= (4 2+ T8 e 2200
= f" + [log(p)]'f' + af,

where

p(s) = so(s)¢"(0'(s)).

Using the invariance of the operator G under the Lipschitz rescalings
o — oy =N "To(\7),

we see that the function
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solves the linearized equation

Lf(] - O

Furthermore, by the properties of o and the estimate (3.8), fy is smooth, positive, even, and

satisfies
fo=a(l+p)r "+ F(r ). (3.11)
For g continuous, the solution to the ODE

Lf=g. f(0)=f(0)=0
can be written
£ = folr) / W / g(s)p(s) fols) ds dt. (3.12)

Taking

g =05/

in (3.12) we obtain a smooth even solution f;. By the asymptotics (3.11) of fy and the

formula (3.12) for f;, we have for some d € R that
fi=dr 4+ F(r71?), (3.13)

Below we will often bound quantities by powers of o, which serves as a strictly positive
regularization of the function |7|. Using (3.8) and (3.13) and applying Taylor’s theorem with

remainder to P and @), it is straightforward to show for e small that

|G(o +efy) —eL(f1)] < cteo™3720, (3.14)
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Indeed, Taylor expansion gives for |¢| > 0 small and any 7 > 0 that

P 10010, o/ (7) 16 £ (-
6—2|G(o'—|—ef1) _EL(fl)l < H HL ([0, 0 (7)+lefL (7)) {2

-
12 / 2
1 ‘flfly fl
#@lleso (2 + 241
1021 1R
el @l (L2 + LS

2 £12

+ [1Qll 2o, 1y 231 :

Using that P is odd and ¢ and f; are even we have that

P[] Lo ([0, 0 (7)+lef1 (P)ID) gc‘ll,

T o
and the remaining terms can be bounded using (3.8) and (3.13).

In summary, we have proven:

Proposition 3.2.3. There exists g > 0 small such that the functions
g:=0+¢€f1, ag=0—¢f
are even, locally uniformly convex, larger than |T|, and have the asymptotics
c=1+ar "+ ]:(7'_1/2), oc=T+ar "+ ]-"(7'_1/2)
for some @, a > 0. Furthermore, they satisfy for all T € R that

G(@) > o™, —G(g) > co™?

35

(3.15)

(3.16)



and

7(27) < o(7) < (7). (3.17)

N | —

The inequality (3.17) follows from the asymptotics (3.8) for ¢ and (3.13) for fi, and the

smallness of ¢y. For (3.16) we use (3.14) and that 5/2 < 3 + 2pu.

Geometrically, the surface

X = {lyl = (=)}

has anisotropic mean curvature vector pointing “away from” C';, and the opposite is true

for the hypersurface

E:={lyl = a(lz])}.

Remark 3.2.4. The choice ¢ = 075/? is convenient but there is flexibility in the choice of

exponent. For all arguments in this chapter, the choice ¢ = 07772 with

w<p<l—up

would suffice. These inequalities guarantee that

oc=T4ar "+ F(r7),

that the solution f to Lf = g, f(0) = f(0) = 0 satisfies

f=dr 4+ F( )

for some d € R, and that G(o + €f) > cg for € > 0 small. The arguments below can also be

treated in a similar way as presented for such choices of [.
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3.2.4 Model Super- and Sub-solutions

To conclude the section we define functions that are homogeneous of degree 1 + p and take
the value 1 on ¥ and ¥. These serve as model super- and sub-solutions to the PDE we
eventually wish to solve. First, we define functions g, wy of two variables (&, ¢) in {¢ > [£]}
by

WA, ATE(T)) = wo(A T, A a(7)) = AT

Here A > 0 and 7 € R. We extend these functions over the diagonals by odd reflection, and
we define them to vanish on the diagonals. The continuity of wy follows from the identity
wWo(7/a(7), 1) = o 17# and taking 7 to foo, and similarly for wy. The calculations below

show that Wy, wy are in fact locally Lipschitz.

Here and below we evaluate the quantities of interest for wg at the point A™'(7, 7(7)), and

for wy at A71(7, o(7)). We calculate

—p A H
Vw_O = (1 + :u)— —/(_Ela 1)7 va = (1 + H) ,(_gla 1) (318)
0c—TO — og—TCo
Using Proposition 3.2.3 we conclude that
cATHot < Vgl [Vwg| < ¢ 'A ok (3.19)

It follows that ¢ < |Vwg(7/7(7), 1)], |[Vwo(r/a(7), 1)] < ¢ ! for all 7 € R, which establishes

the local Lipschitz regularity of these functions.

Next we calculate

AL
(@—70') (3.20)
(@ —13) (-7, 1) (-0, 1) 7" (-7, 1) ® (-7, 7)],

D*wg =(1+ p)
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and the same expression with @ replaced by ¢ for D*wy. By Proposition 3.2.3, each of the

four entries in the matrix in brackets is bounded up to multiplying by constants by o~/2,
which gives
|D*wwg|, |D*wo| < ¢ A T, (3.21)

For z, y € R? we let

w(x, y) =wo(lz], lyl), w(z, y)=wo(lz| |yl).

We evaluate the quantities of interest for w, resp. w on {(|z|, |y|) = A7 (7, &(7)), 7 > 0, A >

0}, resp. {(|z|, ly|) = A7 (7, a(7)), 7 > 0, A > 0}. By (3.19) we have

cAFot < |V, |[Vu| < Aok (3.22)

Furthermore, for 7 > 0 the entries of D?*w that are not in D*wy are /\7*185% and )\6_13@0_0.

Using (3.18) we have the bounds

Ar 1 0gmg|, Ag | Omg] < ¢ IA et < e IA g 12,

and similarly for D?>w. We conclude from (3.21) that

|D*w|, |D*w| < ¢ Ao, (3.23)

Finally, we relate the curvature of the level sets of w, w to a PDE. Recall that

V(z, y) = ezl [yl) = lylo(ll/lyl) = [zlo(lyl/|2])-
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Using that 0w < 0 in {¢ > £ > 0}, we have in {|y| > |z|} that

ﬁZJ(VE>EU = (,01111)_055 — 2@12’(1)_05( + 902211)_()@.{ — ﬁ + 2

Ly (3.24)
= [yl

where the derivatives of ¢ are evaluated at (|0:wp|, |Ocwp|). Using the formulae (3.18) and
(3.20) and the relation between ¢ and ¢, and evaluating the above expression on {(|z|, |y|) =

A, T(7)), 7> 0, A > 0}, we get

Indeed, up to the factor —A¢” (o), the first three terms on the right side of (3.24) contribute
the first term in the expression (3.6) for G, and the last two contribute the second two
terms in the expression for G. The analogous calculations hold for w, with @ replaced by o.

Combining this calculation with Proposition 3.2.3 we obtain:

Proposition 3.2.5. We have

Ui (V)wy; = —Ag"(77)G(7) < —cho™™/?
on {(lz], ly) = A7, &(7)), 7 2 0, A > 0}, and

i (Vw)w,; = —A¢"(0)G(o) = cho ™™
on {(z], ly) = A7 (7, a(7)), 7 > 0, A > 0}.

To conclude the section we note that inequality (3.17) from Proposition 3.2.3 and homo-

geneity imply that

w(-) Sw(2) =2""w() in {ly| > |=[}. (3.25)
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3.3 Choice of Integrand

In this section we fix our choice of integrand. Let U be the same as above, and let F be a

smooth even convex function on R such that
I
F(s) :s—l—gs , s> 1/2.

We let ¥ be any smooth locally uniformly convex function on R*, depending only on |z| and

ly| and invariant under exchanging x and y, such that
U = F(V) in {¥ > 1}.
(See Remark 3.3.2). Finally, we define

219 (&, &) = €R\{0},

U(z,y), z=0.

O(x, y, z) = (3.26)

Proposition 3.3.1. The function ® is in C*(S*) and is a uniformly elliptic integrand.

Proof. On {|z| > 0} this follows from the local uniform convexity of ¥, which in {¥ > 1}

follows from the identity

D*V = F'(U)D*V + F"(U)VU @ VU,

the uniform ellipticity of ¥ and the fact that F”(s) > 0 for s > 1. We now examine the
points on S§* N {z = 0}. Using the fact that F(s) = s + s7!/8 for s > 1/2, we have in a

neighborhood of $* N {z = 0} that



Thus, on a hyperplane tangent to S* on {z = 0}, the horizontal second derivatives of ®
at the point of tangency agree with those of U, the mixed horizontal and vertical second
derivatives vanish, and the pure vertical second derivative is strictly positive, completing the

proof. O

Remark 3.3.2. This can be accomplished e.g. by taking F' to be a positive constant in a
small neighborhood of 0 and locally uniformly convex otherwise, and defining ¥ to be the

sum of F(¥) and a small multiple of an appropriate radial cutoff of |z|? + |y|.

3.4 Super and Sub Solutions

Let ®, W be as in the previous section. We note as in [18] that the graph of a function u on

a domain Q C R* is a critical point of A if and only if

in 2. In this section we “re-stack” the level sets of w and w to obtain super- and sub-solutions

of (3.27) in {|y| > |z|}, without changing their growth rates.

3.4.1 Supersolution

To begin we fix the quantities

We define



where H(0) = 0 and

/

o 6-1
H(s) = Als|™ + P mmm = g5 4 BIsD,

We note that H is well-defined because v < 1. We claim for B = A% and A sufficiently large

that @ is a super-solution to (3.27) in {|y| > |z|}.
To see this, note first that

H(s)>1+ As™ T,

Combining this with the estimate (3.22) we conclude on {(|z|, |[y|) = A7, o(7)), 7 >
0, A > 0} that
V) = H (A7) V| > (AN + A7) > cAYV2,

For A > 1 sufficiently large we conclude that

Va({lyl > |=[}) € {¥ > 1},

thus V@ always lies in the region where W = F'(¥). Henceforth we assume A has been chosen

at least this large. We calculate using the one-homogeneity of U that
Uy (Vayu; = F'(H (w)¥ (V) Uy (Vo)
+ F(H (@) T (Vo) 7 (@) (Vo)
+ F'(H (w)¥ (Vo)) H (@) 0,(Vo)¥;(Vw)w;,
=1+11+1I1

in {|y| > |z|}. We have that F'(s) > 1/2 and F"(s) = s~3/4 when s > 1, and that H < 0.

Using this, along with Proposition 3.2.5, and the estimates (3.22) and (3.23) on Vw and
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D?w, we conclude that

1< —c)\a_5/2, 11 < —c ‘Fﬂ ﬁ/_g)\“a_“, 1171 < c_lﬁ/_Q)\l”“U_l/Q

on {(|z|, ly|) = A7, (7)), 7 > 0, A > 0}. Here H and its derivatives are evaluated at

A~1=#_ We conclude in particular that

\I/l](Vﬂ>ﬂm S —C ()\0'_5/2 + ‘H”

ﬁlfg)\“a_’g L TH TN g2,
We can make sure this is nonpositive provided
ﬁ//

2 <H (WA e AT (HY| JH (W) a2,

After the change of variable s = A™'7#, 5 = ¢'/?>~# this desired inequality becomes
2 < s H'|/H ()6 + H(s)s'6 ™ .= E (3.28)

for all s > 0 and ¢ > 1. We have

ey —y Avs”—kB#z%eBl
ST () = S T

and since H > 1+ As™7,

ﬁ/Z(s)s7 > A%s77 + 57,

To continue we split the verification of (3.28) into two cases. In the case s < 1 we have

Y
Ays™70 4 ZePT
As™7 4 Bl
> min{y, 1/2}X + A2X™™  (here X = s%%)

26+ A%sgM

E>

2
> cAM+
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for any B > 1, hence (3.28) is true in the case s < 1 for A large and any B > 1. We may

take e.g. B = A2%. Then in the remaining case s > 1 we have

B s2%  BI

e
26 S~ ~—M
E> 1457 54 95
A+ eBl

6BI

1 -M —0 ~
iBmX‘i‘X (hereXzs 0')

B
>_ P xixMm
“oArD T

v

1
> ZAX + XM (using that B = A% > 1)

M
> CAMAT,

concluding the proof of (3.28) provided B = A? and A is large.

Remark 3.4.1. Roughly, the term “I” in the PDE, which represents the curvature of the
level sets of w, dominates in a region of {|y| > |z|} that lies away from the boundary Ci;,
is tangent to C1; near 0, and separates sub-linearly from Cy; for |y| large. The term “I1.”

which represents the remaining vertical curvature of the graph of u, dominates near C';.

3.4.2 Subsolution

The subsolution is similar to and in fact easier to construct than the supersolution. Let

v, M, and 0 be as above. We first define
Uy = ﬂ(ﬂ%

with H(0) =0 and

0o 01 dt

H'(s)=e ' 1447
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We claim that for all C' > C large, there exists A¢ > 0 small such that the function ug is a

sub-solution of (3.27) in
Qo= {w> A"} = {(la], yl) = A7 (7, a(7)), 720, 0 < A < Ac}.
The value \¢ is chosen for any C' > 1 as follows. First, we choose A\¢ < 1 small such that
HOG ™) >1/2. (3.29)

Using (3.22) we conclude that

|Vug| > A in Qc.

After possibly taking A smaller we thus have
Vue(Qe) C {0 > 1}

This fixes our choice of Ao for arbitrary C' > 1. Since ¥ = F(¥) in {¥ > 1} we conclude in

QC that

Wi (Vo) (uo)ij = F'(H! (w) ¥ (Vaw) )Wy (Vaw)w;,

+ F"(H'(w)¥(Vw)) H' (w) Wi (Vw) U (Vw)w,;

=1+4+11+1I1.

Using that F” > 1/2, F"(s) = s73/4 for s > 1, Proposition 3.2.5, the estimates (3.22) and
(3.23) on Vw and D*w, and (3.29), we conclude on {(|z|, |[y|) = \7'(, a(7)), 7 > 0,0 <
A < Ao} that

I>eXa ™2 11> cH" A VMo TIT > —c I\ 2712,
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We emphasize here that ¢ does not depend on C'. We have in particular that
U, (Vug) (ug)ij > ¢ ()\0—5/2 _|_ﬂ//()\—1—u))\ug—u) o\ H2n,-1/2

in Q¢. After the same change of variable as in the previous subsection, we conclude that ug

is a sub-solution of (3.27) in Q¢ provided

c?<sH"(s)5+ 576 M :=Eforall s >\, 6> 1. (3.30)
Since
sH"(s) = CS—(SH'(S) > 10375
- 1+ 5207 4

for s > Ag' " (here we use (3.29) again), we have

1
E> Cs76+s6 "
1
= Z_ICX + XM (here X = 5s7%5)

M
> cC'M+1

for s > /\El_“, o > 1. Thus, (3.30) holds for any choice C' > C large.

Remark 3.4.2. Again, the term “I” representing the curvature of the level sets of uy domi-
nates in a region of )¢ that lies away from C; and separates sub-linearly from C4; as |y| gets
large, and the term “II” representing the vertical curvature of the graph of uy dominates in

the region of Q¢ close to C';.

We have shown that ug is a sub-solution of (3.27) in Q¢,. To get a sub-solution of (3.27) on

all of {|y| > |z|} we take a truncation of uy. Namely, the function

up := max{0, ug — ﬂ()\(_;;_”)}
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is a sub-solution to (3.27) on {|y| > |z|}, as is
@R() = R_I@(R)

for any R > 0. To conclude this section we let

. _14p
w=uo, in {yl > o}, R=2"%,

and we extend u to all of R* by odd reflection over C;. For this choice of R, we have in

{lyl > ||} that

IS
IN
g

(3.31)

Indeed, in {|y| > |z|} we have

u= R u(R)
< R 'up(R-)
= R H(w)(R)
< R 'w(R-) (since H' < 1)
= R'w (homogeneity)

<w (choice of R and inequality (3.25))

< H(w) (since H >1)

Furthermore, since H has linear growth, we have that

supu > cr'ttH
By
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for all r large.

3.5 Proof of Theorem 3.1.1

Finally, we put everything together to prove the main theorem of this chapter.

Proof of Theorem 3.1.1: The definition and uniform ellipticity of ® were established in

Section 3.3. For k£ > 1, solve the Dirichlet problem

\I/U(Vuk)aﬁjuk = 0, uk|8Bk =u.

We have the existence of a unique solution ux € C*°(By) N C (B_k) by the results in Section
5 of [27]. By the symmetries of the integrand ¥ and the boundary data and uniqueness, the
functions uy depend only on |z| and |y|, and are odd over Cj; (note that @ is odd over Cy).

In particular, they vanish on C};. Using (3.31) and the maximum principle we conclude that

[
IA
S

IA
gl

in B N {|ly| > |z|}, with the reverse inequality on the other side of ;. Simon’s interior
gradient estimate (see Section 5 in [27]) implies that for any R > 0 and k& > 2R, the norm
|ug|lc1(B,) is bounded by a constant independent of k. We can in fact replace the space
C'(Bg) in this estimate by C™(Bg) for any m, using De Giorgi-Nash-Moser theory and
Schauder estimates [14]. We may thus extract a subsequence of {u} that converges locally

uniformly along with all its derivatives to a smooth limit u which solves the equation

\Ifij (VU)UU =0
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on R* and furthermore satisfies

u<u<mu

in {|y| > |z|}, with the reverse inequality otherwise. Since

supu > crttH

By

for all r large, this completes the proof. O]

3.6 Discussion

In this final section we discuss how our methods recover, in a systematic way, known examples

of nonlinear entire minimal graphs, and we discuss some open questions related to this work.

3.6.1 Entire minimal graphs asymptotic to Cy; x R

The above approach adapts easily to constructing nonlinear entire solutions to equations
of minimal surface type whose graphs are asymptotic to Cyr x R for any £ > 1. In this
subsection we outline how to do this in the case of the minimal surface equation and k& > 3,
both recovering the examples in [2] and giving a systematic way of building super- and

sub-solutions starting from a foliation.

For z, y € R*¥ k > 3, the minimal leaves foliating a side of the cone Cj;, are dilations of

{ly| = o(|z])}, where o solves

G(o) :=0" + k(1 +0") <Z/ — l) =0, o(0)=1, o' (0)=0.

T o

The quantity G is equivalent to the mean curvature of the leaf, up to multiplying by positive
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constants. An analysis of this ODE similar to that done above in the more general anisotropic

setting shows that for

p=(k—1/2) = /(k = 12 — 2%,

we have

o=T1+ar "+ F(r“) for some a > 0.

Here

o =min{k — 1/2 + /(k — 1/2)2 — 2k, 2u + 1}

k—1/2++/(k—1/2)2 -2k, k=3

2u+1, k> 4.

From here the analysis follows the same lines. Let 5 € (i, o). By analyzing the linearized
equation at o with right hand side 0?72, one produces perturbed leaves defined by functions
(o, @) with the asymptotic behavior 7+ (a, @)7 #+F(77") and a, @ > 0, and mean curvature
(=G(ao), G(7)) > co P72 Define w, w to be functions that are homogeneous of degree
1 + s with the perturbed leaves defined by ¢, & as level sets, and then choose H, H with
linear growth and a constant K such that the minimal surface operator applied to H (W) is
nonpositive and to max{0, H(w) — K} is nonnegative in {|y| > |z|} (recall in this case that
F(s) = V1 +s?). The analysis is nearly identical after changing the parameters v, M, &

from Section 3.4 to

_ptl2 2 1

p+17 T Bt T M(p+1)
As above, the key terms are a term representing the mean curvature of the level sets (we
called it “I” above), which was designed to have a desired sign by perturbing the leaves
in the minimal foliation, and terms involving H”, H" (we called them “II” above) which

represent a favorable curvature in the remaining “vertical” direction. These terms dominate
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in complementary regions of {|y| > |z|} (see Remarks 3.4.1 and 3.4.2).

Remark 3.6.1. It is known more generally by work of Hardt-Simon that each side of any area-
minimizing hypercone C' with an isolated singularity is foliated by smooth area-minimizing
hyperfurfaces [30]. In this more general setting, perturbing the leaves in the foliation to have
mean curvature of a desired sign amounts to solving the Jacobi field equation with a source
term decaying at a certain rate. It is feasible that our approach of perturbing the leaves,
then stacking could produce entire minimal graphs asymptotic to C' x R provided the cone

has appropriate symmetries; see next sub-section for issues that can arise.

3.6.2 The case Cy, k #1

From Chapter 2, we know for any k, [ > 1, each side of CY}; is foliated by minimizers of
a parametric elliptic functional. Perturbing the leaves in the foliation to have anisotropic
mean curvature of a desired sign works in the same way as described above for any k and [
(and similarly for the foliations associated to the area-minimizing Lawson cones), as well as
the construction of super- and sub-solutions to equations of minimal surface type on each
side of the cone that are appropriately ordered and have comparable growth rates. However,
to build entire solutions asymptotic to Cy X R, we rely on the odd symmetry over Cy of
solutions to the Dirichlet problem on bounded domains. Thus, another argument is needed

to produce examples asymptotic to Cy; X R when k # [.

In [29] Simon constructs entire minimal graphs that are asymptotic to C' x R for a large
class of area-minimizing cones C' including all of the area-minimizing Lawson cones. The
approach in that work is first to solve the Dirichlet problem on B; with large values on one
side of the cone and small values on the other, and then note that appropriate rescalings and
translations of the resulting graphs converge to complete (but not necessarily entire) minimal

graphs. It is then delicately argued that these graphs must in fact be entire, using along the
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way the minimal foliations constructed in [30]. Perhaps a combination of approaches in this
chapter and in [29] could elucidate what is happening, and allow the construction of entire
anisotropic minimal graphs asymptotic to Cj; X R in the remaining cases k # [ and either

k+1<6ork+10=6and min{k, [} = 1.

3.6.3 Controlled Growth Results

It is known that minimal graphs satisfying the controlled growth condition |Vu| = o(|z|) are
necessarily linear [10]. A key tool in the argument is the Simons identity for the Laplace of the
second fundamental form, which has an anisotropic analogue (see [33]). Similar arguments
might thus be used to prove controlled growth Bernstein theorems in the anisotropic case,
assuming e.g. that |Vu| = O(|z|°) for some € small depending on the dimension and the

integrand.

3.6.4 Closeness to Area

Finally, the known results for the area functional are robust under small C* perturbations
of the integrand in (3.1) from area on S". For example, the Bernstein theorem still holds
up to dimension n = 7 ([28]), and the flatness of stable critical points holds in dimension
n = 3 (this was shown in [4], [5], also for the first time in the case of the area functional).
Interestingly, the latter result holds in dimension n = 2 under the hypothesis of C*? closeness
to the area functional [17]. It would be interesting to determine whether or not the topology
in which closeness is measured could be relaxed e.g. to C? in the other cases. By quantifying
the closeness to area of the integrands in this chapter or in Chapter 2, one could gain insights

into this question.
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Chapter 4

Controlled growth anisotropic

Bernstein problem

4.1 Introduction

It is well known that the only entire solutions of the minimal surface equation on R",

aiv [ —— ) =,
V14| Vul?
are linear functions, provided that n <7, [1], [7], [13], [31].

In 1990, Ecker and Huisken [10] extended this theorem to all dimensions, assuming in ad-
dition that the gradient of u grows slightly slower than linearly. Their theorem says the

following;:

Theorem 4.1.1. An entire smooth solution u of the minimal surface equation satisfying

[Vu(z)] = o(V/|z[* + [u(z)[?)
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s a linear function.

If u is an entire solution to the minimal surface equation, and

|Vu| < C, (4.1)

then w is linear. The reason is that the minimal surface equation becomes uniformly elliptic
in this case, and then the Harnack inequality of De Giorgi and Nash can be applied [14]. If

we assume something weaker, that

ju(z)] < C(1+ |2)), (4.2)

then u is linear. The reason is that linear growth implies the gradient is globally bounded,
and this is by the interior gradient estimate of Bombieri-De Giorgi-Miranda [3]. And in
Theorem 4.1.1, the assumption is weaker than the previous examples. In fact, it is almost
optimal, since in [29], Leon Simon constructed nonlinear global solutions to the minimal

surface equation in high dimensions with

|Vu(x)| < c|x|1+0(1/”).

The problem appears to be open if we just assume

[Vu(z)| = O(Jz)).

In the anisotropic case, growth conditions (4.1) and (4.2) also imply global solutions are
linear. In the case of (4.1), the reason is the same as the minimal surface case; and the case

(4.2) is by the interior gradient estimate of Leon Simon [27].

The chapter is organized as follows. In Section 4.2, we give a proof of Theorem 4.1.1. And

o4



in Section 4.3, we discuss a possible generalization of Theorem 4.1.1 to the anisotropic case,

and also its difficulty.

4.2 Proof of Theorem 4.1.1

Let > = graph u. Assume without loss of generality that 0 € ¥. We let ¥ N B =
{(z, u(z)) € R" : |z]* + |u(z)|* < R?*}, v =+/1 + |[Vu|?, and |II] denotes the norm of the

second fundamental form of 3. The Theorem 4.1.1 follows from the following lemma:

Lemma 4.2.1. We have the curvature estimate:

111(0)|v(0) < c¢(n)R™* Sup v (4.3)
R
for all R > 1.

Theorem 4.1.1 follows from this estimate and the sub-linear growth hypothesis on |Vul:

Proof of Theorem 4.1.1. Suppose the Lemma 4.2.1 is true, then

11(O)}e(0) < e(m) B sup (v/T+ o[« + [u(@)?))

YNBr

After taking R — +o0, we get I1(0) = 0. By translation, we have the same holds at any

point on . n

Now it suffices to prove the Lemma 4.2.1.

Proof of Lemma 4.2.1. To prove (4.3), we recall two well-known relations for minimal
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surfaces, the Jacobi equation

Lev"™ = A"t [TTJ20" ! =0, (4.4)

and Simons inequality [26]

AIT? > 2(1 +2/n)|VI|IT||* - 2|11|*, (4.5)

where v"*1 is the (n + 1)-th component of v, Ly and A denote the Jacobi operator and the
Laplace-Beltrami operator on ¥ respectively. Notice that v"*! = v~1, and plug this into the

equation (4.4), we arrive at

Av = |[IT]*0 + 20| Vo (4.6)

From (4.5) and (4.6) we compute

A([ITPv) (g = p) I 207 + p(p — 1+ 2/n) | TT[P~*0"| V|12

(4.7)
+ q(q + D)2 |[II]P|Vo|? + 2pg| LT|P~ 9 'V - Vo.
By Young’s inequality we have for € > 0 that
2pq|II[vV|I1| - Vv > —pg [ev?|V|II||* + e II]?|Vo]*]. (4.8)

Using (4.8) inequality in (4.7) we get

A(IIIPv) 2 (g = p) LI 20" + plp — 1+ 2/n — eq] [TT[P~*0?| V| T1]]?

+qlg+1—ep| vt IIP| Vo]
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We can choose ¢ such that each of the last two terms is non-negative provided
q(1—-2/n) <p—1+2/n,
in which case
A(T[Pv7) > (g — p) LT[>0,
In particular, taking p = ¢ > ”T_z we conclude that
A(|II]PvP) > 0.

Notice that mean value property also holds on minimal surfaces [14]:

|[I1PvP(0) < c(n)][ |I1PvP d7"

Y¥NBgr

1/2
< ¢(n)R™™? (/ |11|*Pv?P d%")
$NBg

(4.9)

(4.10)

where we used Cauchy-Schwarz inequality and the fact that the n-dimensional Hausdorff

measure on minimal graphs can be estimated by J#" (X N Bgr) < ¢(n)R™ [14].

Now, in (4.9), replace p with p — 1 and ¢ with p, then for p > n — 1 we get

A(|TI[P~ wP) > [TT[PT P

(4.11)

In order to estimate the right-hand side of (4.10), we then multiply (4.11) by |[I1[P~1vPp?P

where 7 is a test function with compact support, then we obtain

/ ‘]]|2pv2pn2p < / A (|]_]|(p—1)vp) . |]_]|p—1vp7]2p'
b by
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Denote |11|??~YyP by f, then we have

. 2p — 2p—1 . . 2 2
/E(Af fn 2p/2f77 Vf-Vn /ZIVfI nr
< c(p) / PO vy (4.13)
>

= clp) [ [P0 DO
b

From (4.12) and (4.13), and by using Young’s inequality we get
/ |]]|2p112”772p < C(p)/ (|H|2(p—1)v2(p—1)772(p—1)) . (1)2|v77|2)
> »

< c(p) ( [ e | v2p|v77|2p) .
> >

Let € be small, then we finally arrive at

[ e < cip) [ e (4.14)
b >

We now choose 1 to be the standard cut-off function for ¥ N By, with n = 1 in B and

n = 0 outside of Byg. Then, since p = p(n), we obtain from (4.14)

1/2
(/ |T1|P0?P d%””) < c(n)RY*R™P sup P (4.15)
YNBRr

Y¥NBagr

which in view of (4.10) implies estimate (4.3).
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4.3 The Anisotropic Case

The Theorem 4.1.1 does not hold for general elliptic functionals, for example in Chapter
3, the nonlinear entire solution u whose graph is a minimizer to some parametric elliptic
functional, and its gradient has growth rate between (0, 1/2) at infinity. However, one of the
key ingredients in the proof of the Theorem 4.1.1 is Simons identity for the Laplace of the
second fundamental form, which has an anisotropic analogue (see [33]). It seems possible
that one could use similar arguments to prove a controlled growth Bernstein theorem in the

anisotropic case:
Conjecture 4.3.1. Let u be a global solution to an equation of minimal surface type on R™,

corresponding to a functional Ag. Then for some e(n, ®) > 0,

sup |Vu| = O(r®) = u is linear.
By

Below we discuss briefly what the main difficulty is in extending the arguments of Ecker-

Huisken to the anisotropic case.

We first note that it can be shown that there is an anisotropic analogue for the Jacobi
operator for minimal graphs. If a hypersurface ¥ is a minimizer of a parametric elliptic

functional Ag, consider ¥ a normal variation of ¥, defined as
Y= {z+4ep(2)v(z), z€ T},

where v(z) is the unit normal of ¥ at z and ¢ is a smooth function compactly supported on
Y. After some computation, we see that the anisotropic mean curvature of ¥ is, to leading

order in €, eLgp, where Lg is the anisotropic Jacobi operator

Lo = Ag + |1 1s)*. (4.16)
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Here Ag and |I1|* are defined by
App = div (D*@(vV)Vy), |Ils|* =tr (D*®(v)-I1?).

Similar to the minimal surfaces case, if ¥ is the graph in R"™! of a function on R", we

conclude that for the (n 4 1)-th component of the unit normal v to ¥ we have

L@VTH—I = A@Vn—H + ‘]Lp|2yn+1 = 0.

T

Plugging v~ = v"*! into the above equation, we arrive at

Apv = |IIs[*v 4+ 207" (D*®(v)Vv) - V). (4.17)

In [33], there is a generalization of Simons inequality, which says the following:

1 1-—
5Aq)|nq>|2 > (?Z) (1+2/n)(D?*®V|I1y|) - V|IIs| — (A\g" + C(n,0)eq)| [ Is|* (4.18)

for all n € (0,1] and 6 > 0 with a non-negative constant ¢ that tends to 0 as || — Al|ca — 0,

where A(x) = |z|, and \g is defined as follows

Ao 1= inf agjgzﬁ (Z)VaVﬁ

zeS",Vez+\{0} |‘/|2

For simplicity, in the future we will still use A, I7 instead of Ag and Ilp. From (4.17) and
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(4.18) we compute

A(IPv") > (¢ = (Ag" + C (1, 0)za)p) [T 0"

1—
+p (p -2+ (?Z) (1+ 2/n)> |[[1P~209(D?*®V|I1]) - V||

+q(q+ V| IIPvI"*(D*®V) - Vo + 2pg| I[P~ 1" Y (D*®V|IT]) - V.

Using Young’s inequality we derive
A(LIPPv?) > (g — (Ag" 4+ C(n,0)ea)p) [TI]PT>01 (4.19)

provided
(2— G_T?(D (1+2/n)) G<p—2+ (1%) (1+2/n).

It seems that we can continue as in [10], but the issue is that the constant A¢ degenerates

with the ellipticity of ®. To be more precise, in order to have
AP > (g — (03" + Cln. O)za)p) [ L1728 > 0,

we would need ¢ > (A\z' + C(n,0)eq)p. Combining this with the constraint from the use of

Young’s inequality in (4.19), we see that we would need

(2 - G_TZ) (1+ 2/n)) (A5l + C(,0)ea) < 1,

which for A small is not possible, so it is not clear that the same strategy would prove

Conjecture 4.3.1.
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