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Abstract

Vibrations of Discretely Assembled Ultra-Light Aero Structures

by

Anca - Mihaela Popescu

In this thesis, digital meta materials were investigated to prove this ad-

vancement in material science and manufacturability. The ultra light mor-

phing wing having a twist design attests the cellular solids’ versatility and

scalability. The purpose of the research is to comprehend the impact of in-

jected molded polymers and to implement analysis on the aero structure’s

behavior under vibrations.

This thesis presents a base-excitation modal testing technique for a lat-

tice based aeroelastic wing by measuring the natural frequencies and the

mode shapes of the lattice structure. The wing was vibrated through use of

a shaker, which induced translational motion in the lateral direction of the

wing. Two vibrometer lasers were used to detect the natural frequencies of

the vibrations created by the shaker. The experimental results were com-

pared with the finite element frequency simulations in Abaqus software,

and the analytical model of a trapezoidal plate validated the results.
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1 Introduction

1.1 Motivation

Lattice-based structures enable many different configurations due to their

ability to be disassembled into smaller elements and to be re-assembled, a feature

that raisesmany unanswered questions that aremymotivation for this thesis. This

ability to reconfigure results from internal mechanisms that allow shape change

and reorientation, such as morphing or folding, in this case a morphing wing

structure. I was interested in analysing its mode shapes and in understanding its

high stiffness to weight ratio, despite the difficulty in manufacturing.

Meta-materials with only a few types of components have advantages for

building complex geometric structures of aircraft and space craft compared to the

use of reconfigurable solids. The structural deformation and directional friction

are highly linked, influencing the entire movement of the structure. Therefore,

building aircraft wings from meta-materials is one efficient technique to provide

versatility and scalability in digital systems. Being lightweight materials, the

cellular solids bring improvements in relative stiffness and strength compared to

relative density.

A digital cellular composite system in the shape of a morphing wing provides

an exciting challenge in meta materials, and studying its behavior in vibration and

analysing its natural frequencies aided in the understanding of their uniique char-

acteristics. Having the same mechanical behaviors like elastomers, but with the

advantage of a dramatically reduced mass, ultralight cellular materials stimulate

the investigation combining material science, mechanics and aerospace.
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1.2 Objectives of the present study

The objectives of this study and of this thesis:

• understanding the concept of one volumetric pixel, of an extended lattice

structure and of the wing modular structure

• applying a base-excitationmodal testing technique on one volumetric pixel,

on an extended lattice structure and on the wing modular structure

• the analytical model of the wing modular lattice structure to validate the

natural frequencies experimental results

• simulating and validating in Abaqus software the finite element frequency

vibrations
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2 Literature Review

2.1 Vibration analysis

Vibration analysis on different type of structures has a rich history in mechan-

ics research. Determining the natural frequencies of rectangular plates has been

investigated by several researchers in the past.

Lord Rayleigh has done a notable work bringing new information about the

natural vibrations of completely fixed and completely free rectangular plates [32].

The natural vibration of a completely free plate was theoretically treated for the

first time in 1909 by Ritz[34], proving the linear boundary value problems on the

basis of variational calculus.

On the other side, a completely fixed plate also has been investigated by sev-

eral authors which include Ritz . [34], Weinstein and Chien [41], Sato [22], Tim-

otilta [37], Young [45], and others.

Plate vibration was investigated from early stages of vibration research [25].

Trapezoidal plates are often found on aircraft, missile and other structures. The

natural frequencies and mode shapes were studied by Chopra and Durvasula for

the simply supported trapezoidal plates, using theGalerkinmethod [11],[12]. The

finite element method was the method to investigate free vibration of simply sup-

ported and clamped trapezoidal plates [30], while the method of time-averaged

holographic interferometry was used by Maruyama et al [27]. The transverse

vibration of a fully clamped trapezoidal cantilever plate of various thicknesses

could be analysed by using energy techniques [23]. However, in the existing lit-

erature little research can be found in the literature for the analysis of vibrations

in trapezoidal plates used in aircraft applications [7].

Weight reduction is one of the main factors in building aerospace systems,

while still being able to transmit forces through space with the minimum possi-

ble weight and cost to the customer. Material properties influence the vibration
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behavior of the application, however the material characteristics might be suit-

able for early-stage concepts, but not that suitable for the final application.

The natural frequencies of a simple basic undamped system vibrating is reduced

to the mass m and spring of stiffness k, therefore the natural frequencies can be

straight forward determined from:

f =
1

2π

k

m

Going to more complex geometries, like aerospace applications, the appropiate

modeling through the estimation of the effective stiffness and mass enables cal-

culating higher natural frequencies.

Reinforced fiber composites are hybrid materials, representing a combination

of two or more materials, or of space and materials, which have attributes not

offered by any one material alone. The hybrid materials provide the ability to

synthesize and to design the properties of the material to its desired application.

Cellular structures, as in our case lattice structures, are seen as hybrids of solid

and gas, because the lattices have thermal conductivity and dieletric, due to the

pores in the gas [4].

Vibration analysis proves the many additional benefits of the material selec-

tioni from the high precision process of manufacturability. Digital meta materials

become in this way a prompt method to achieve high performance in aerospace

applications with critical dynamic modes, due to the performance metrics that

scale with the square and the cube root of stiffness per mass density. The various

geometries obtained from building blocks made of digital meta materials provide

overall material life cycle, streamlining design and manufacturing, while found-

ing competition with metallic and ceramic microlattices [17].
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2.2 Digital cellular solids

Digital cellular solids represent meta-materials, constructed of a small num-

ber of physical building blocks. Meta-materials with a few types of component

building-blocks can be used to build complex geometrical structures and high

strength reconfigurable solids for applications in aircraft and space missions.

[44].

Low-density materials are defined by stiffness, strength and spatial configu-

ration of voids and solid, which creates cellular architecture and solid constituent

properties. The mechanical efficiency is improved by controlling the dimensions

and periodicity of the architecture, enabling a self supporting cellular material

with a lower order of magnitude of the density[36].

Cellular materials with low weight and superior mechanical properties are

inspired by natural materials, honeycomb or foamlike structures, such as wood,

cork, plant parenchyma, sponge or trabeculer bone. Micro and nano scale build-

ing blocks with an ordered hierarchy improve mechanical properties of the metal-

lic microlattices [47].

Solid and hollow-tube ceramic octet-truss lattices behave different in com-

pression due to the local buckling induced by the high aspect ratio of the strut

length to nanoscale wall thickness, in contrast to nanoscale TiN trusses or ceramic

composite. These materials have aspect ratios low enough to allow the nanoscale

strengthening effect of the wall thickness to dominate. Therefore, digital cellu-

lar solids are lightweight materials with improvements in relative stiffness and

strength compared to relative density [10].

The systems made out of digital materials is different of analog fabrication

systems, because it proposes a method for fabrication from discrete parts with

discrete relative local positioning. These type of systems could have various

architecture, due to their versatility.
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One of themotivation for the architecture is the biological analogy, that brings

self-assembling and self-reconfigurable capabilities with both extrinsically func-

tional products and intrinsically functional machinery while being made of the

same fundamental set of units.

Digital materials employ a finite number of types of simple discrete compo-

nents which could create large structures respecting the local-only rules, achiev-

ing trivial adaptation to various shapes at large scale.

Lattice-based structures could provide different configurations due to their

ability to be disassembled into smaller elements and to be re-assembled. This

ability to reconfigure results from internal mechanisms that allow shape change

and reorientation, such as morphing or folding. However, the strain of the com-

pliant material changing shape limits the degree of reconfiguration [21].

Lattice-based structures are structures also found in nature where there is a

high stiffness to weight an advantageous ratio, such as bone or wood. This ad-

vantageous ratio is achieved through the geometric configuration and sparse dis-

tribution of material, that could be reproduced in man-made materials, such as

engineered foams. There is a difficulty in manufacturing these complex geome-

tries with traditional processes, but additive manufacturing such as projection

micro-stereolithography represents the solution to create millimeter-scale bend-

ing and stretch dominated lattice structures with polymers, metals, and ceramics.

Struts and nodes are the primary components of the digital material construc-

tion system, which are assembled to make voxels, which create the lattice struc-

tures. The purpose of the nodes is to capture and orient the struts properly so it

can achieve an octahedrON. Voxel to voxel orientation is considered by proper

alignment and orientation.

A digital cellular composite system in the shape of a morphing wing, has a

manufacturing process that enables mass production by using high-performance

composites. The elements of the digital cellular composite elements are assem-
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bled by hand with reversible mechanical connections [20].

Ultralight cellular have the same mechanical behaviors like elastomers, but

with the advantage of a dramatically reduced mass. The new approach is repre-

sented by soft robotic structures made out of digital cellular materiials, replacing

the high mass density of elastomers difficult to use for high-performance aero-

nautics structures.

Meta-materials could be created by these discrete lattice parts, having proper-

ties determined by their base material and lattice geometry. Varying their geom-

etry, it is possible to attain continuum robotic behavior across a range of moduli

with the same set of parts. In this way, it is possible to build lightweight, integra-

tive and deformable structures.

The assembled blocks are made of unidirectional fiber composite beams and

looped fiber load-bearing holes being reversibly linked, like chains, to form vol-

ume filling lattice structures. These parts are mass produced and assembled to fill

arbitrary structural shapes. The resolution is prescribed by the part scale, which

is chosen to match the variability of the boundary stress encountered in an ap-

plication. Each identical part represents a cellular material, making an assembly

that has a predictable behavior [9].

The nonlinear elastic behavior of the multi-axial elastic instability of the lat-

tice is caused by the elastic buckling of the strut members. The geometry is simi-

lar to a Jahn-Teller distortion of an octahedral complex taking into consideration

the orientation about the octahedral centers. The antisymmetric twisting stress

response in 2D lattices is caused by elastic folding or pleating across a lattice

structure, while the plastic deformations are present as well.

Lattice materials are a class of cellular materials with a regular and periodic

microstructure. These materials combine properties that cannot be achieved by

uniform fully solid materials, such as lightness, stiffness, strength and high en-

ergy absorbing capabilities [40].
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Digital cellular solids pursue the existing work of cellular solids by decom-

posing the periodic lattices which compose these solids into discrete parts which

can then be mass-manufactured. If there is a reversible connection, the digital

cellular solids could be reconfigured and repaired to adapt to changing mission

criteria [6]. The current approach has been demonstrated in aerospace applica-

tions such as shape-morphing aircraft or reconfigurable, mesoscale structures.

The digital cellular solids confer as well improved performance over conven-

tionally manufactured rigid pressure vessels. Examination of toroidal pressure

vessels shows that the digital cellular solids compete with other proposed habitat

construction designs, maintaining the core capabilities.

An ultralight aero structure with high stiffness-to-density ratio is built from

digital composite materials, providing the wing the capability to shape according

to the flight conditions [14].

The conventional FEM approach for modeling a high-dimensional lattice is

challenging, due to the difficulty to analyze and visualize the integrated large-

dimension lattice structure in real time. The new technique is an efficient and

effective modeling approach that is both suitable for structural analysis and con-

trol design.

Generating and propagating higher harmonics in lattice structures creates dis-

persion, nonlinearity and modal complexity, resulting in an augmentation of the

functionality landscape of the lattice and making the nonlinearly generated wave

features display modal and directional characteristics that are complementary to

those exhibited by the fundamental harmonic [16].

Lattice structures have a dispersive and asymmetric wave propagation. These

structures absorb the energy, due to their superior strength at low density. The

resilience of lattice structures is caused by extremely large deformations and their

asymmetric nature [33].

Lattice structures present defects in the form of perturbations to the units’
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mass, inter-element force and on-site potential generated by the bi-stable ele-

ments. Nonlinear dynamics are introduced in the structure by repelling magnets

through the inter-element force. The structures defects are overcome with prop-

agating waves by varying parameters of the lattice [18].

Different lattice architectures, rectangular, sheared and hexagonal, create dis-

persion surfaces that overlap in frequency and beaming direction, proving fre-

quency dependent directional energy flow [46].

However, the system stability could be lost because of the vibration of beams,

since nonlinear vibrations could occur under external forces that will influence

the normal behavior, leading to damage in the system structure [1].

2.3 Aircraft wings

There are different techniques proposed involving dynamic measurements

such as modal analysis, acoustic emission, and ultrasonics. There is a necessity in

studying and performing an experimental modal analysis for a wing of an aircraft

model [15]. There are two techniques for minimizing the structural vibrations:

• passive control, which add damping to the structure, but it reduces its vi-

bration

• active control, which involves control forces generated by an external en-

ergy source and applied through actuators. The active systems could bring

a strong control and could be designed to influence a number of vibration

modes

Mechanical vibrations are abundant and ubiquitous in environment, provid-

ing no limitations in their applications. These vibrations are using electrostatic

devices, electromagnetic field and utilizing piezoelectric materials.

Different beam shapes ranging from rectangular beams to triangular beams

in terms of resonant frequency, output voltage and efficiency proved that the
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shape can have a great effect on the output voltage and therefore maximum out-

put power density. The deformation, strain and voltage of a triangular vibration

energy harvester is more than those of a rectangular or trapezoidal one.

Jet flux or turbulent fluid flow create high-intensity acoustic loading in high-

speed aircraft panels. The high-intensity noise created is combined with high

temperatures, because of the aerodynamic heating and jet exhaust impingement.

Also, in high-speed military aircraft, the issue of acoustic fatigue becomes rele-

vant, due to broadband random noise and high-level harmonic tones [28].

A simplified model of the complex structural models used in high-speed air-

craft components is the isotropic beam. The multi-modal beam response is con-

sidered for the finite element modal approach.

The mode shapes of the linear system are used to output the static finite el-

ement cases into modal coordinates. The nonlinear stiffness coefficients are ex-

tracted from the regression analysis, having a model with direct non-linear and

non-linear cross-coupling terms. Free vibration behavior of quasi isotropic car-

bon fiber laminated composite plates are numerically, analytically, and experi-

mentally investigated [2].

Applications that involve unwanted structural vibrations, such as automotive,

marine, civil and medial fields use fiber reinforced polymer composite materials,

due to high strength-to weight and stiffness-to-weight ratios. These polymers

provide excellent chemical and corrosion resistance.

The control and suppression of unwanted structural vibrations can be achieved

with piezoelectric smart structures, where structural dynamics and control theory

are taken into consideration for the design. The smart piezoelectric structures

represent a structure with sensors and actuators coordinated by a controller and

based on piezo actuators. The smart structure has the ability to adapt to changes

in the environment and to perform self-diagnosis [42].
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2.4 Laser vibrometer

The natural frequencies and mode shapes of aircraft structures are measured

using base-excitation modal testing technique. A shaker is often set onto the base

or one of the edges of the structure, inducing a lateral translational motion. The

displacement of the shaker base and the painted spots of the wing are measured

by photonic probes. The frequency response functions are calculated with a spec-

trum analyzer.

There are different ways tomeasure dynamic parameters of the tiny read/write

head suspension:

• fixed suspension and excited it by a mechanical shaker; a small force trans-

ducer is used to measure the force applied by the shaker, and a photonic

probe is used to measure the response.

• the excitation device is a suspension’s servo actuator and a white noise

current in the servo actuator as the force portion of the frequency response

function

• an electromagnetic actuator focused on a small ferromagnetic target glued

onto the test structure. These electromagnetic exciters are designed to pro-

vide a force which approximates a point load.

• a pulse air to induce free vibration of a head-suspension assembly, and used

a laser Doppler vibrometer to measure its response.

The hammer impacts induce time domain response of fiber-optic sensors,

which are transformed into frequency domain. The natural frequencies and am-

plitudes are the first displacement and strain mode shapes, based on the frequency

transfer function. The use of impact hammers or shakers as exciting sources and

bonded accelerometers as sensing elements represents the conventional modal

analysis approach, which ensures resolution and sensitivity.

11



However, large structures with a special geometry require high complexity.

The detection of vibration parameters in practical composite structures is imple-

mented based on embedded fiber-optic sensors with fiber Bragg gratings (FBGs).

In this case, a signal proportional to the second time derivative of the displace-

ment is considered.

There are a few FBGs techniques:

• irradiating the fiber with a UV beam filtered with a suitable silica phase

mask reproducing the grating structure

• the lateral illumination of the optic fiber with two intersecting coherent UV

laser beams (interferometric writing)

• punctual variation of the refractive index of the fiber (point to point writ-

ing).

Multi-reference sine sweep tests are performed that combines the speed of

multiple-reference random testing with the force levels of sine sweep tests, by

sweeping simultaneously independent source signals at different individual fre-

quencies [29].

Sinusoidal sweep methods allow for higher RMS input loads, lead to much

cleaner FRF and provide symmetric and antisymmetric excitations to empha-

size symmetric and antisymmetric modes. The disadvantage of sinusoidal sweep

methods is that the method is single-reference and must be run in series, which

extends overall testing time. If there are two shakers mounted on wingtips and

two shakers mounted on the horizontal stabilizers, then a total of four sine sweeps

would need to be performed: wing symmetric, wing antisymmetric, horizontal

stabilizer symmetric, and horizontal stabilizer antisymmetric. In order to perform

multiple sine sweeps in series is to combine the individual different frequencies

to sweep at the same time, a technique will be called a “multi-sine sweep’. All

12



sine sweep phase combinations are supposed to be performed at the same time to

generate multi-reference frequency response functions.

Multi-sine excitation is a multiple-reference excitation technique with the su-

perior signal-to-noise ratio of traditional single-reference sine sweep excitation.

Several sweeps simultaneously over the desired frequency range of interest are

performed, but each excites the aircraft at a different frequency at each instant in

time. So, all sine sweeps can be performed at the same time.

In aircraft applications, the most common experiments are made of four elec-

trodynamic shakers used to excite each wing tip and each horizontal stabilizer tip.

Descriptions of the different shaker excitation methods which are representative

of those used in aircraft ground vibration testing are described below:

• Conventional Sine Sweep Tests. Four separate wing symmetric, wing an-

tisymmetric, horizontal tail symmetric, and horizontal tail antisymmetric

sweeps from 50 to 1 Hz. Since there is only one independent source signal

per sweep, only one of the load cells can be used as a reference signal for

calculating FRF’s

• Conventional Burst Random Test. All four shakers excited simultaneously

with independent burst random input signals. All four shaker load cells are

used as FRF references

• Multi-Sine Case: Symmetric, then Antisymmetric Ratio Sweep

Two thin faces ofmetal sheet bonded to a visco-elastic coremade a constrained-

layer damping sandwich structure, which provides an efficient way to suppress

noise and vibrations in the structurewhich is thin and light. This type of constrained-

layer damping structures are useful for automotive, aerospace and naval applica-

tions.

Good signal-to-noise ratio is obtained in the following methods of excitation:
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• shakers inject high energy levels, giving vibrations over the noise floor.

Mounting a shaker requires skilled experiments

• hammer excitations are dificult to repeat at the same physical location of

the structure, creating the DOF-jitter

The wavenumbers were estimated through three methods using the function

of frequency:

• the spatial Fourier method, which suffers of a limited wavenumber domain

resolution

• the Prony approach and the wave fitting approach, which both have a a

good wavenumber domain resolution. Their estimations are comparable

with the analytical results, proving the estimated equivalent Young’s mod-

ulus function of frequency. Moreover, the wave number could be estimated

through the wave fitting approach.

Multi-dimensional vibrometry at high speeds cannot be performed by multi-

dimensional vibrometry, because it relies on single-point measurements and on

beam scanning, which results in utility and precision limitations. This issue is

solved by creating a laser vibrometer that performs high-speedmulti-dimensional

imaging-based vibration and velocity measurements with nanometer-scale axial

resolution without the need for beam scanning[26].

Several industrial applications require high-speed vibrometry, like nonde-

structive inspection and diagnosis of aircraft components, microelectromechani-

cal systems (MEMS), automotive brakes, musical instruments, hard disk drives.

The laser Doppler vibrometry is a convetional method for laser vibrometry

which is unable to perform vibration measurements at high speed. The Doppler

vibrometry is based on single-point measurements and relies on beam scanning.
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The ultralight micro lattices fracture after contact with loading platens, be-

cause of the reduction in stiffness, which makes the measurement of the com-

pressive stiffness of these ultralight lattices with conventional contact techniques

a major challenge. Non-contact resonant approaches are used for modulus mea-

surements in solid materials, at both small and large scales. The Laser Doppler

Vibrometry is coupled with Finite Elements Analysis for the reliable extraction

of the Young’s modulus in ultralight microlattices[35].

The effective Young’s modulus of the sample in the direction normal to the

face sheets can be obtained from the detection of resonant frequencies by close-

form analytical solutions or fitting to Finite Element models.

However, contactmeasurement techniques are not applicable toYoung’smod-

ulus measurements on ultralight cellular materials with deformation created by

fracture events, because the necessary load application results in the characteri-

zation of a post-fractured lattice.

Therefore, the scanning laser Doppler vibrometer system is used to obtain

the mode shapes of a vibrating structure surface. The modal properties, natural

frequencies, mode shapes and modal damping ratios show changes of physical

properties of a structure, like the mass, stiffness and damping[43].

Withmodal properties, the damage of the vibrated structure could be detected,

located and characterized, since the laser Doppler vibrometer offers accurate,

non-contact surface vibration measurement. The vibrometer is based on Doppler

shifts between the incident light from and scattered light to the system.

Cellular materials, such as polymers, metallic, ceramic or hybrid, provide

mechanical proficiency due to architectural optimization and base material se-

lection. The base material is deposited in form of films with a thickness lower

than microns, establishing mechanical size effects at nanoscale[39].
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3 Discretely Assembled Ultra-Light Structures

When mass strongly influences performance and cost, the desired materials

are strong and stiff ultra-light materials for structural applications. In aerospace,

specific mechanical properties lead the design of aerospace structures with criti-

cal dynamic modes. [4].

Starting from one volumetric pixel and implementing the building block ap-

proach, it was proven that ideal stiffness and strength behavior can be achieved at

ultra-light mass density, using industrial mass production processes. Therefore,

an ultralight, reversibly assembled lattice material composed of injection molded

thermoplastic building blocks displays stiffness and strength [17].

3.1 One Volumetric Pixel

The digital material concept uses a single three dimensional geometric shape

as a basis for the cellular solid construction. In this project the used voxel was a

cubic octahedron shown in figure 1. Cuboctahedral lattices were assembled from

injection molded octahedral unit cells named voxels.

One voxel has a pitch, or unit cell length, of 3 inches, and quadrilateral strut

cross section to enable injection molding, with a cross-sectional area of 2.63 e10-

3 square inches, as it is represented in figure 2.

3.2 Extended Lattice Structure

A systemmade of digital materials consists of modular building blocks form-

ing larger structures of arbitrary size and shape, where struts and nodes are the

primary components of the digital material construction system, which are as-

sembled to make voxels, which create the lattice structures [21]. Voxel to voxel

assembling creates different configurations by proper alignment and orientation,

where the strain of the compliant material changing shape limits the degree of
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Figure 1: Cubic octahedron volumetric pixel

reconfiguration.

By using building block based assembly as an intermediate and temporary

approach to our aircraft wing application, it represents a method that helps un-

derstand the material lifecycle, potentially streamlining design, analysis, man-

ufacturing, and servicing to fully realize by proving therefore the potential of

lattice materials in transformative structural applications [17].

In the intermediate experiment, the lattice structure is built of 2 by 2 by 4

voxels (figure 3), which will be simulated and tested in order to get the validation

of the method applied in this study.

3.3 Aircraft Wing Lattice Structure

From one single volumetric pixel to an extended voxels substructure to an

aircraft lattice structure, there is only a matter of building process. The aircraft

wing is made of cuboctahedral voxels with a 3 in pitch and kite shaped strut
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Figure 2: Cross section geometry of the injection molded struts

cross-section, as presented in figure 2, injected molded with Ultem 2200.

The designed digital material wing has a 13.5 foot wing span with a 45o sweep

and a total of 2061 voxels. The wing substructure was designed using the previ-

ously presented voxels as the fundamental components, and it is represented in

figure 4:
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Figure 3: Extended Lattice Structure

Figure 4: Aircraft Voxel Wing
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4 Vibration Analysis and Validation

4.1 Experimental Analysis

4.1.1 Basics of vibrations

Vibration analysis on different type of structures was always an interest in

the research field. The best way to approach our application is to understand

the vibrations from the fundamental part of volumetric pixels, which is a beam

extracted from a volumetric pixel.

The natural frequency of the beam can be computed using the the following

fundamental formula of vibration:

f =
3.5156

2πL2

√
EI

δA
(1)

where L is the length of the beam, δ is the density of the beam, E represents the

stress applied to it, A is the area of the cross section. The value of E is 6.89 ×

109N/m2 and the value of I is 0.25 × 10−12m4. The density of the beam is

1411.6kg/m3.

We know that the length isL = 42E−3m, with an area ofA = 2×1.8mm1.9mm/2
2

=

1.71E−6m.

Also, the modulus of elasticity is E = 6.89E9N/m2 and I = 0.25E−12m4.

The length of the beam in our experiment is 0.042m, while the area of the

cross section is 1.71 mm2. By calculating the natural frequency the result is

269.86 Hz.

f =
3.5156

2πL2

√
EI

δA
= 269.86Hz (2)

In order to validate the analytical result, the detached beam was tested with

the vibrometer laser. The oscillation of the beam was captured by a high speed
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camera, Fastec il5, with a frame rate of 2,270 fps, with an average period of

oscillation of 8.5 frames, which is approximate 3.5 ms (fig. 5). The beam was

(a) t = 0 (b) t = 1*10E-6 (c) t = 2*10E-6

(d) t = 3*10E-6 (e) t = 4*10E-6 (f) t = 5*10E-6

Figure 5: High Speed Camera

excited by the shaker, while the laser was pointing on the beam (fig. 6). The laser

technique involves sine testing, i.e. testing of a structure which is assumed to be

effectively linear, excited by a sinusoidal input excitation.

The fundamental bending frequency, the first bending mode, detected was

270 Hz, while the second and third mode of vibration were captured as well in
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Figure 6: Laser Setup

the same experiment (figure 7). It has be proven the laser vibrometer measure-

ment technique is a valid method for the natural frequencies detection in our

application.

Figure 7: Beam Bending Modes
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4.1.2 1 volumetric pixel

In the experimental testing, the mechanical excitation of one voxel was cre-

ated by the shaker mounted in one of the corners of the volumetric pixel. The

laser vibrometer pointed on different spots on the voxel and from different direc-

tions: we tested the voxel on 2 different pitches and on the beam as well (fig. 8

and fig. 9).

Figure 8: Voxel Experimental Setup - Pitch Measurement

The laser results showed different frequencies due to the fact the vibrations

were measured from different locations and angles, even if the shaker excitations

were the same (fig. 10). From the first plot, we can see the natural frequencies

were more significant from the second laser direction. On the second plot the

frequencies shown are the frequencies at the same values from the other side of

the pitch and from the beam of the voxel, but with 3D Finite Element Frequency
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Figure 9: Voxel Experimental Setup - Beam Measurement

Simulation a much lower amplitude.
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Figure 10: Natural Frequenices of 1 Voxel
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4.1.3 Extended lattice structure

The vibrometer laser experiment is reapplied in the same setup, as shown in

the following figure:

Figure 11: Extended lattice structure tested

The bending modes were caught between 100 and 600 Hz (fig. 12). After

1000 Hz, the extended lattice structure does show any mode of vibration caught

by the laser.
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Figure 12: Natural frequencies of the extended lattice structure
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4.1.4 Aircraft lattice wing experiment

In the experimental testing, the mechanical excitation of the wing was created

by the shaker mounted in the lateral part of the structure (fig. 13).

Figure 13: Wing Structure - Shaker Excitation Experiment

The excitation was a repetitive sine wave applied in the middle upper part of

the wing. Two vibrometer lasers were mounted to measure the vibrations of the

excitation. The upper edge of the wing has 12 modular lattice structures, so we

had 12 measuring points, which were tracked from different direction in order to

catch the vibration from different axis (fig. 14).

The two lasers were oriented from different directions, as shown in figure

15, representing X and Y axis. The natural frequencies detected from the lasers

measurements will be presented in the next section.
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Figure 14: Experimental Setup

Figure 15: Lasers Setup on Wing Structure
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From the experiments, the first mode of vibration has the natural frequency

at 10.31 Hz, detected on the measuring points 1 and 12 on the Y axis (figure 16).

Figure 16: First mode of vibration

The second mode of vibration is caught at 27 Hz on both Y and Z axis from

the measuring points 1, 5, 9 and 12 (figure 17).

Figure 17: Second mode of vibration
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Third mode of vibration is detected at 30.31 Hz on the Z axis from the mea-

suring points 9 and 12 (figure 18).

Figure 18: Third mode of vibration

The fourth mode of vibration is caught at 49.5 Hz on measuring point 5 from

the Z direction and at 41 Hz on point 9 and point 12 (figure 19).

Figure 19: Fourth mode of vibration

The fifth mode of vibration is caught at 58 Hz on the measuring point 12 from
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the Z direction (fig. 20).

Figure 20: Fifth mode of vibration

The seventh mode of vibration is caught at 84 Hz on the Z axes on the mea-

suring point 9 (figure 21).

Figure 21: Seventh mode of vibration

To summarize the laser vibrometer technique, the results of the vibrometer

laser measurements are shown in table 1:
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Experiment

Frequency[Hz]

1st mode
10.31

2nd mode
27

3rd mode
30.31

4th mode
49.5

5th mode
58

6th mode
-

7th mode
84

Table 1: Experimental Analysis
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4.2 Analytical Model of Morphing Wing

4.2.1 Dynamic Stiffness Method

Working with an aircraft wing, we tried to represent the wing as a bending-

torsion coupled beam. The coupling between the bending and torsional motions

is developed from the non-coincident elastic and mass axes of the wing. The

model of partial differential equations of motion of bending-torsion wing is the

following:

EIh′′′ +mḧ−mxαψ̈ = 0

GJψ̈ +mxαḧ− Iαψ̈ = 0

where EI and GJ are the bending and torsional rigidities of the wing, m is the mass

per unit length, I the polar mass moment of inertia per length about the Y-axis and

the partial differentiation with respect to position y and time t.

After processing the equations, the frequency dependent dynamic stiffness

matrix K is given by:

K = DB−1

We could model the wing with the dynamic stiffness matrix equation, repre-

senting the bending-torsion coupled beam. Since the wing is not uniform, it can

be modelled as an assembly of many uniform dynamic stiffness elements. The

wing was split in 5 elements with same material properties, but different geom-

etry dimensions. The overall dynamic stiffness matrix of the complete wing is

assembled from each of the 5 dynamic stiffness elements.

In order to extract the natural frequencies and mode shapes from the over-

all dynamic stiffness matrix of the wing, the Wittrick-Williams algorithm [8] is

applied, which has featured in hundreds of papers. The algorithm is particularly

suitable in solving free vibration problem using the dynamic stiffness method.
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The algorithm monitors the Sturm sequence condition of the overal stiffness

matrix K, in such a way that there is no possibility of missing any natural fre-

quency of the wing. We summarise the procedure of the algorithm next.

Suppose that ω denotes the circular (or angular) frequency of the vibrating

wing. According to the Wittrick-Williams algorithm, j, the number of natural

frequencies passed, as ω is increased from zero to ω∗, is given by:

j = j0 + sK

sK is the number of negative elements on the leading diagonal ofK△,K△ is the

upper triangular matrix obtained by applying the usual form of Gauss elimination

to K, and j0 is the number of natural frequencies of the wing still lying between

ω =0 and ω = ω∗, when the displacement components to which K corresponds

are all zeros.

Therefore, it can be determined how many natural frequencies of the wing lie

below an arbitrarily chosen trial frequency:

j0 =
∑

jm

The algorithm was implemented in a FORTRAN executable program, called

CALFUN,which calculates the flutter speed of an unswept cantilever aicraft wing

using finite element method and two dimensional unsteady aerodinamics. The

normal approach through the use of generalised coordinates is implemented for

the wing to be idealised both aerodinamically and structurally. The beam element

representation of the wing stands for the structural idealisation, while the strip

theory based on the Theodorsen expression for lift and moment stands for the

aerodinamic idealisation. The flutter matrix is formed by algebraically summing

the mass, stiffness and aerodinamic matrices.
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The data necessary for the vibration analysis is the bending rigidity, the tor-

sional rigidity, the mass per unit length, polar mass moment of inertia per unit

length, the distance between elastic axis and mass axis and the length of the wing

or elements. The elastic axis was considered to coincide with the Y-axis. The

FORTRAN program provided the natural frequencies of the first 4 modes of vi-

bration only, provided in the following table (table 2):

Experiment DSM

Frequency[Hz] Frequency[Hz] Error

1st mode
10.31 100.49 874.68%

2nd mode
27 150.56 457.66%

3rd mode
30.31 276.82 813.3%

4th mode
49.5 450.7 810.51%

Table 2: DSM & Experimental Analysis

After analysing the results and comparing them with the laser vibrometer

measurements, it was proven that the dynamic stiffness method does not rep-

resent a suitable approach for the aircraft wing in our case, since the wing is not

a high aspect ratio wing and idealising it as a beam of 5 or more elements does

not validate this method.
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4.2.2 Rectangular Plate Model

There is a large literature for free vibration of rectangular plates. The basic

theory of rectangular plates is defined by the following differential equation:

D∇4w + ρ
∂2w

∂t2
= 0

, where w is transverse deflection;∇4 is the biharmonic differential operator, and

D represents the flexural rigidity:

D =
Eh3

12(1− ν2)

E is Young’s modulus; h is plate thickness; ν is Poisson’s ratio; ρ is mass density

per unit area of plate surface; and t is time [24].

In our case, the wing is considered to be a rectangular plate clamped at the

base edge, while all the other 3 edges are considered to be free.

Let consider the wing as a rectangular thin plate with dimension of a (m)

by b(m) and h(m) thick [3]. Based on the principle of virtual work, the steady

state transverse displacement, ξ0(x, y) of a clamped rectangular plate at the point

excitation (x′
, y(′))

ξ0(x, y) = F0

∞∑
m=1

∞∑
n=1

Ψmn(x, y)Ψmn (x
′, y′)

B (I1I2 + 2I3I4 + I5I6)− ρsω2I2I6

The shape function is given as:

Ψmn(x, y) = ϑm(x)ζn(y)

, where:

ϑm(x) = J (βmx/a)−
J (βm)

H (βm)
H

(
βmx

a

)
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J (s) = cosh(s)− cos(s)

H(s) = sinh(s)− sin(s)

ζn(y) = J (βny/b)−
J (βn)

H (βn)
H (βny/b)

Numerical results for the dimensionless frequency parameter:

λ = ωa2
√
ρ

B

were computed using the following equation:

ωmn =

√
B

ρs

√(
βm
a

)4

+

(
βn
b

)4

+ 2

(
βmβn
ab

)2
RmRn

2m2n

, for rectangular plates of arbitrary a/b ratio.

Themodel implementationwas created inMatlab and all the numerical results

were computed, from the a/b ratio to the natural frequencies of the rectangular

idealised wing plate. The results are presented in table 3.

Experiment Rectangular plate

Frequency[Hz] Frequency[Hz] Error

1st mode
10.31 29.67 187.78%

2nd mode
27 51.61 91.148%

3rd mode
30.31 87.31 188.06%

4th mode
49.5 36.857 25.541%

5th mode
58 196.88 239.45%

6th mode
- 273.50 -

7th mode
84 350 316.67%

Table 3: Rectangular Plate Model & Experimental Analysis
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4.2.3 Trapezoidal Plate Model

In the present study, the wing is idealised as a trapezoidal plate made of UL-

TEM 2200 plate having a base width a = 3.619 m, top width b = 1.848 m, height

d = 2.849 m and thickness h = 0.539 m to h = 0.308 m, and having the follow-

ing material properties: the modulus of elasticity E = 2.57 MPa, Poisson’s ratio

ν = 0.35 and density ρ = 259.74kg/m3.

The results are influenced by the free-width ratio, the clamped position, and

the swept-back angle on the vibrations of the trapezoidal plate [8]. The natural

frequency (circular frequency) ω is expressed in terms of a dimensionless fre-

quency parameter λ:

λ = ωa2
(
ρh

D

)1/2

D is the flexural rigidity of the trapezoidal plate, defined as:

D =
Eh3

12 (1− v2)

The dimensionless frequency parameter was determined in previous studies

and experiments, based on the plate geometrical form, free-width ratio, summa-

rized in tables based on boundary conditions [38].

The natural frequencies of plates increase linearly with thickness and decrease

inversely with a2 length [5].

The dimensionless frequency parameter λ is a function of the boundary con-

ditions, plate geometry and Poisson’s ratio for free boundary conditions:

λ = λ(boundary conditions, geometry, Poisson’s ratio)

So, the natural frequency can be expressed as:
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ωij =
λ2ij
2πa2

√
Eh3

12γ (1− v2)

The aircraft wing is idealised here as an asymmetric simply supported trape-

zoidal plate:

Figure 22: Trapezoidal plate - Wing sketch

We can determine from the wing dimensions the following: b/a = 0.51

and d/a = 0.787.

Regarding the results obtained in earlier studies [5], the dimensionless fre-

quency parameter was obtained through the method of linear interpolation of the

dimensionless parameter λ, from the determined values for general cases:

Wing lengths ratio

b/a d/a=0.5 d/a=1.0 d/a=1.5

0.4 64.26 32.50 25.39
0.8 52.47 23.18 17.86

Table 4: Dimensionless frequency parameter - Wing ratios

Obtaining the fundamental parameter λ = 6.5710 through interpolation and

based on plate analysis of eigenvalues of vibration of several methods [19], [13],

[31], we could determine the dimensionless frequency parameters of each vibra-
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tion mode in our case.

Therefore, natural frequencies of each mode of vibration were determined

based on this method and the results are shown in the following table (table 5):

Experiment Trapezoidal plate

Frequency[Hz] Frequency[Hz] Error

1st mode
10.31 9.35 9.29%

2nd mode
27 12.882 52.28%

3rd mode
30.31 30.536 0.74%

4th mode
49.5 36.857 25.541%

5th mode
58 47.95 17.327%

6th mode
- 73.118 -

7th mode
84 78.605 6.4233%

Table 5: Trapezoidal Plate Model & Experimental Analysis

An important discussion for the current method is represented by the parame-

ters variations, for example: the modulus of elasticity, wing thickness or density.

The wing thickness goes from 0.539 m on the base of the wing to 0.308 m on

the highest level of the wing. The difference in the natural frequencies is shown

in figure 23.

The material ULTEM 2200 has modulus of elasticity and density that influ-

ences the behavior as well. The error bar are shown in the plots in figures 24 and

25.

It can be easily perceived from the plot in figure 26 that the trapezoidal plate

method is the one that is validating the experimental results.

The conclusion of the most accurate analytical method implemented can be

drawn from table 6:
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Figure 23: Trapezoidal plate vibration method - Thickness variations

Figure 24: Trapezoidal plate vibration method - Modulus of elasticity variations
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Figure 25: Trapezoidal plate vibration method - Density variations

Figure 26: Trapezoidal plate vibration method - Validation with experiment
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4.3 FEA Simulation

In order to validate the use of the beam modeling approach for digital mate-

rial substructures as a means of reduced order simulation a fully meshed Abaqus

finite element model was run for a single voxel. Figure 27 shows the Abaqus

tetrahedron mesh which contains 12 217 nodes and 6 019 elements. The bottom

most node was constrained to only axial movement in the vertical direction to

replicate the experimental set-up which will be presented later. Using the single

Figure 27: Abaqus cubic octrohedron volumetric pixel tetrahedron mesh

beam voxel presented earlier, the wing substructure in figure 28 can be simulated

with, 13 0752 nodes and 148 425 elements.

With the same tetrahedral mesh that was used before, that would result in a to-

tal of 2.5509096e7 and 1.2567672e7 elements, which is too large of a simulation

to solve in a reasonable amount of time and would preclude eventual optimiza-

tion or aeroelastic analysis (figure 29). The furthest inboard nodes had the fully

fixed encaster boundary condition applied to them and the Eigen Solver Lanczos

method was used.
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Figure 28: Wing voxel substructure

Figure 29: Abaqus wing mesh

Abaqus shows that the first mode of vibration has a frequency of 9.0788 Hz

(figure 30). The secondmode of vibration inAbaqus shows a frequency of 26.166

Hz (figure 31). The third mode of vibration shows a frequency of 31.160 Hz
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Figure 30: Abaqus Wing Simulation - first mode of vibration

Figure 31: Abaqus Wing Simulation - second mode of vibration

(figure 32). The fourth mode of vibration shows a frequency of 47.177 Hz (figure

33). The fifth mode of vibration shows a frequency of 57.259 Hz (figure 34). The
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Figure 32: Abaqus Wing Simulation - third mode of vibration

Figure 33: Abaqus Wing Simulation - fourth mode of vibration

sixth mode of vibration shows a frequency of 73.647 Hz (figure 35). The seventh

mode of vibration shows a frequency of 81.073 Hz (figure 36).

The simulation results are presented in table 7.
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Figure 34: Abaqus Wing Simulation - fifth mode of vibration

Figure 35: Abaqus Wing Simulation - sixth mode of vibration

The study proves the methods implemented for ultra-light lattice structures

are valid and their accuracy cannot be denied. The entire set of results is presented
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Figure 36: Abaqus Wing Simulation - seventh mode of vibration

Simulation

Frequency[Hz]

1st mode
9.0788

2nd mode
26.166

3rd mode
31.160

4th mode
47.177

5th mode
57.259

6th mode
73.647

7th mode
81.073

Table 7: Morphing Wing - ABAQUS Simulation

in table 8:
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Furthermore, for the readers understanding, the results are represented in the

following plots as well (figure 37 and figure 38). In figure 37 it is shown that

the trapezoidal method validates the approach, while figure 38 shows the overall

analysis of this study.

Figure 37: Model - Experiment - Simulation Validation

Figure 38: Model - Experiment - Simulation Analysis
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5 Conclusions

The purpose of this study was to investigate the vibrations and the natural

frequencies of a base-excitation modal testing technique for a lattice based aeroe-

lastic wing.

Vibration analysis of an aircraft wing created from lattice structures is essen-

tial and the work in this thesis provided that vibration analysis experimentally

and then verified analytically. The components of this investigation were:

1. Introduction of the concept of a volumetric pixel and then the modular

lattice structure used to build the aircraft wing

2. Creation of the experimental setup required to employ the laser vibrometer

testing technique. The experimental vibration analysis was carried out by

design and implementation of a laser vibrometer setup for this testing. The

ultra-light structures in this experimental setup are vibrated by a shaker,

which induces translational motion in the lateral direction of the wing. One

or two vibrometer lasers detect the natural frequencies of the vibrations

created by the shaker.

3. Determination of the natural frequencies of each lattice block, starting with

analysis of one single volumetric pixel and then the aircraft wing composed

of these pixels, via measurements made using the experimental setup.

4. Development of an analytical model of the experimental setup used for

measurement of the wing, and also via finite element frequency analysis

using a computer-aided design tool. These followed from the introduction

of digital meta materials in order to understand volumetric pixels and then

used to understand various lattice structures derived from them.

5. Validation of the experimental measurements through analytical modeling,

focused on the natural frequencies of the system of equations developed,
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which were based on geometry, boundary conditions and material proper-

ties.

6. Validation of the experimental and analytical results via a finite element

analysis made using the computer-aided design tool ABAQUS.

The detected natural frequencies and mode shapes are in good agreement

across the experiments, the analytical findings and simulation procedure.

As final approach to the current problem, the experimental results and an-

alytical results were validated as well through a finite element analysis in the

computer aided design tool Abaqus. The detected natural frequencies and mode

shapes are in good agreement from the experiments, numerical findings and sim-

ulation procedure.

The main finding of the study can be summarized as follows: experimental

and analytical methods for vibration analysis of discretely assembled ultra-light

structures, which are common in various aircraft applications (and in other craft),

provide useful results. Specifically, the validity and accuracy of the general laser

experimental method developed and used in this work was demonstrated via an-

alytical modeling and by application of finite element analysis to detect natural

frequencies and mode shapes.
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6 Future Work

Future research suggested by this study include:

1. Modeling of the morphing wing as a combination of plate and beam, af-

ter analyzing the modes from the simulations that show the wing behaves

similar to a plate with a beam attached

2. Further investigation and analysis of the implications of boundary condi-

tions

3. Further investigation of the geometry and forces and how they affects the

aircraft wing performance

4. Study of new implementations of different types of digital meta materials

for the same aircraft application

5. Investigation of differentmaterials and comparison of the results with those

of this study

6. Design and implementation of a control system appropriate for an aircraft

with a lattice based aeroelastic wing that would enable autonomous flying
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