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Semiclassical Eigenvalues for 

Potential Functions Defined on a 

* Finite Interval 

John E. Adams and William H. Miller 
::j: 

Department of Chemistry, and Materials and Molecular 
Research Division of.the Lawrence Berkeley Laboratory, 

University of California, Berkeley, CA 94720 

Abstract 

LBL-6630 

It is shown that the usual WKB quantum condition for one-dimensional 

potentials should be modified for-problems defined on the finite interval 
2 . 

h 1T 2 2 1T a+b 
(a, b) by adding the "correction" b.V(x) = Bm (b_) /cos [b~a (x - - 2-)] to 

the actual potential. Numerical application shows the modified quantum 

condition to be a considerable improvement over the usual (i.e., un-modified) 

equation. 

Work performed under the auspices of the U. S. Department 
of Energy. 
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I. Introduction 

The ordinary WKB approximation1 for the one-dimensional Schrodinger 

equation, 

h2 d2 
(- Zm - 2 + V(x) - E)lj!(x) 

dx 
0 (1.1) 

is appropriate if the domain of x is the entire real axis, - 00 < x < +x>. 

If V(x) is a potential well, as in Figure la, then WKB, or semiclassical 

eigenvalues are determined by the Bohr-Sommerfeld quantum condition 

X 

1 /> j 2~ (n + 2)n = dx 2m[E-V(x)]/h 
X . 

< 

(1. 2) 

for n = 0,1,2, •... If V(x) is of the type corresponding to a 

scattering situation, as in Figure lb, then it·is the phase shift 

n which is of interest, and the WKB approximation for it is 

(1. 3) 

Eqs. (1.2) and (1.3) are not strictly applicable, however, if the 

domain of xis not the whole line (-00 ,-f<X>). This situation most commonly 

arises when treating the radial Schrodinger equation of a spherically 

symmetric .two-body problem. Here the coordinate (now called r) is 

2 
restricted to the semi-infinite interval (O,oo), and as Langer has shown, 

Eqs. (1. 2) and (1. 3) are modified by having the "correction term" 

added to the potential V. 

h2 

2 8mr 
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In this paper we show how Eq. (1.2) is modified when the domain of x 

is restricted to a finite interval (a,b). (The notion of phase shift, and 

therefore Eq. (1.3), does not arise when dealing with a finite interval.) 

Section II first reviews Langer's idea of mapping a given domain onto the 

( ) 
.. .. 3 

whole line -oo,+oo and also the fact, emphasized by Froman and Froman, 

that this does not lead to a unique modification of Eqs. (1.2) and (1.3). 

In Section III we show how a unique modification of Eq. (1.2) can 

be defined for the case of a finite interval, and Section IV describes 

the results obtained with this modified quantum condition for a harmonic 

oscillator confined to a finite interval. This example has specific 

relevance to treating frequency doubling in wave guides4 and has been 

the subject of recent quantum mechanical calculations. 5 Comparison of 

the results of our modified WKB eigenvalue equation with the exact quantum 

mechanical values show it to be quite accurate and a considerable improvement 

over the unmodified quantum condition, Eq. (1.2). 
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II. Langer-Type Transformations; Non-Uniqueness 

Suppose the Schrodinger equation (1.1) is defined on the finite 

interval a :S x :S b. Eq. (1. 2) is then not strictly applicable, according 

to Langer, 2 and his solution to the problem is to map the interval (a,b) 

onto the whole line (-oo,+ro). Let the one-to-one function z(x) be the 

mapping function; i.e., 

z(a) = -oo 

z (b) +ro 

and 

z' (x) > 0 

for all x E (a,b). It is then a straight-forward (but tedious) matter to 

convert the Schrodinger equation in x, Eq. (l.l),.into an equivalent one 

in z and then to apply the WKB eigenvalue condition, Eq. (1.2), to the 

transformed equation. 
.. .. 3 

As Froman and Froman show in general, this leads 

to a quantum condition identical to Eq. (1. 2) with the following "correction" 

~V(x) added to V(x): 

h2 !.: 
~V(x) =--- z'(x) 2 

2m 

i.e., the modified quantum condition is 

- ~V(x)]/h 

(2.1) 

2' 
(2.2) 

In Langer's specific case, for example, (a,b) - (0, 00), the mapping 
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function he uses is 

z(x) = Q,n x (2.3) 

It is then easy to show that Eq. (2.1) gives 

h2 
6V(x) = (2.4) 

8mx
2 

2 the well-known Langer correction term. 

A disturbing feature of this approach, however, is that the correction 

6V(x) is not invariant to the choice of mapping function. 3 For the semi-

infinite interval (0, 00), for example, another choice of mapping function 

is 

1 z(x) = x-- (2.5) 
X 

clearly x E (0, 00 ) maps onto z E (-ao,+oo) and z'(x) > 0. For this mapping 

function, however, Eq. (2.1) gives 

h2 
6V(x) =-

2m 
3 

which is considerably different from Langer's correction term. 

(2.6) 

For the finite interval (a,b) there are also a variety of choices of 

mapping functions. One which is similar in spirit to Langer's, Eq. (2.3), 

is 

z(x) (2. 7) 



and from Eq. (2.1) one finds 

h2 
/W(x) =-

8m 

2 
(b-a) 

2 2 
(x-a) (b-x) 
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(2. 8) 

for this mapping function. 6V(x) in Eq. (2.8) is similar to the Langer 

correction, Eq. (2.4), in that near the ends of the interval it takes 

the Langer form: 

2 
(b-a) 

2 2 
(x-a) (b-x) 

2 
(b-a) 

2 2 
(x-a) (b-x) 

2 
8m(x-a) 

2 
8m(b-x) 

(2.9a) 

(2.9b) 

There are other choices for the mapping function, however, and they give 

different results for 6V(x). 

How then does one choose one mapping function over another? For the 

semi-infinite interval, why is Langer's correction, Eq. (2.4), to be preferred 

over any other (e.g., that of Eq. (2.6))? Our answer to the dilemma is 

that one chooses the mapping function, and therefore the correction term 

6V(x), so that the correct quantum mechanical result is obtained if the 

potential V is set to zero. 

For the semi-infinite interval, for example, this criterion selects 

the Langer correction term uniquely: for V(x) = 0, the phase shift should 

be zero, so that one should have 

Tf 
n = 4 + Hm 

~ 

[ -kx +1 dx' /2m[E-6V(x')] jt1
2
'] = o 

< 

(2.10) 
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and only Langer's correction, ~V(x) of Eq. (2.4), satisfies this. 6 Other 

corrections do not in general give n = 0 when V = 0, which is clearly 

unphysical, and our point of view is that this is the primary reason 

why Langer's correction is the preferred one. 
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III. The Correction Term for Finite Intervals 

The strategy described at the end of the preceeding section is what 

is now followed to find the "best" 6V(x) for the finite interval (a,b). 

Thus V(x) is set to zero in the modified WKB quantum condition, Eq. (2.2), 

so that it reads 

X> 
1 f J 2' (n + z)TI = dx 2m[E-6V(x)]/h 

X< 

(3.1) 

and we seek the. function 6V(x) for which Eq. (3 .1) gives the corr~ct quantum 

mechanical eigenvalues for this case that V(x) :: 0 for x E: (a,b); these, of 

course, are the "particle-in-a-box" eigenvalues, 

h2 
E =

n 2m 

n = 0,1,2, •... 

7 
This problem can be solved by using the RKR inversion method, a 

procedure which allows one to construct the potential function which 

gives rise, within the WKB approximation, to a specific set of eigen-

values. Assuming that 6V(x) is symmetric about the mid-point of the 

a+b 7 interval, 2 , the RKR formula is 

X -
-~ [6V-E(n)] 

where the upper limit of the integral is the zero of the radicand, and 

where E(n) is given by Eq. (3.2). Carrying out this integral gives x 

in terms of 6V, 

(3. 2) 

(3.3) 



a+b 
X - --= 

2 
b-a 

7r 
-1 

cos 
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which can be inverted to give 6V(x): 

112 
6V(x) = -8m cos2[b7r (x- a+b)] 

-a 2 

(3.4) 

Eq. (3.4) is the desired correction term for the finite interval (a,b). 

To summarize, for any potential V(x) defined on the (a,b) interval, the 

modified WKB eigenvalue condition is 

X 

(n + ~)TI = !> dx /2m[E-V(x) 
X< 

2' - 6V(x)]/h (3.5) 

with 6V(x) given by Eq. (3.4). By construction, if V(x) = 0 then Eq. (3.5) 

gives the correct quantum eigenvalues, Eq. (3.2). Without the correction 

6V(x) the WKB eigenvalues for V = 0 would be 

E 
n 

1 2 

[
(n + 2)7r J 

b-a 
(3. 6) 

n = 0,1,2, ..• , which are quite poor for small n; for n = 0, it is off 

by a factor of 4, and for n = 1 by a factor of 1.8. 

It is interesting to note that our correction in Eq. (3.4) assumes 

the Langer form in the limit that xis close to one of the end points; e.g., 
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h2 (~)2 
6V(x) 

b-a 
= 8m 2 7r _ b-a)] 

cos [b (x-a 
-a 2 

h2 (~)2 
b-a 

8m 2 7r 
(x-a) - 2!.] cos [b -a 2 

h2 (~)2 
b-a 

=-
. 2[7r(x-a)] 8m 

s1n b-a 

h2 
. -----=-

8m(x-a)2 

as x + a; it has a similar limit as x + b. Finally, one notes that in 

the special case that (a,b) = (O,oo), Eq. (3.4) becomes 

h2 
6V(x) = ~im 

b 8m 
+oo 

h2 
-, = --2 

8mx 

. 2(7rx) s1n -
b 

(3.7) 

i.e., it becomes the Langer correction if (a,b) is the semi-infinite limit. 
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IV. Example: Harmonic Oscillator in a Box 

As an example of the modified WKB eigenvalue condition, Eqs. (3.4) 

and (3.5), we consider a harmonic oscillator of unit mass (m = 1) defined 

on the interval(-~,~); i.e., the potential is +oo for jxj 

potential plus the correction term is 

V(x) + tN(x) 
1 2 2 1 

=-wx +-2 8 

>~ 
2 

The 

(4 .1) 

where units are used such that h = 1. For L + 00 the correction vanishes 

and the eigenvalues will be those of the ordinary harmonic oscillator, 

1 
£im E = (n + 2)w 
L~ n. 

n = 0,1,2, 

(4.2) 

while for L + 0 one has 6V(x) >> V(x), so that the eigenvalues will be those 

determined by 6V(x) alone, 

(4. 3) 

n = 0,1,2, ... 

A quantum mechanical calculation of these eigenvalues as a function 

of L has recently been reported, 5 and this provides an excellent test of 

the modified WKB quantun condition. Setting w = ~, Table I and Figure 2 

show the ground (n = 0) and first excited state (n = 1) eigenvalues as a 

function of L, the box size. 

One sees that the modified WKB eigenvalues are in quite good agreement 

· .. "" 

.-
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with the exact quantum mechanical ones and certainly a major improvement 

.. Iii over the ordinary WKB values for small L. There is an intermediate range 

of L for which the ordinary WKB eigenvalues are slightly more accurate 

than the modified ones, though both converge rapidly to the correct 

results as L + oo. 
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V. Concluding Remarks 

The main result of the paper is the correction term, ~V(x) of Eq. (3.4), 

which should be added to the actual potential when applying the WKB quantum 

condition to a problem confined to the finite interval (a,b). For the 

special case (a,b) = (0, 00) it becomes the usual Langer correction, Eq. (2.4). 

The example discussed in Section IV shows that that modified WKB 

quantum condition is a substantial improvement over the un-modified WKB 

equation and for this example gives good agreement with the quantum 

mechanical eigenvalues. 
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Table I. Eigenvalues for a Harmonic Oscillator in 
(a) 

a Box. 

Quantum Number Yli WKB(b) Quantum (c) Modified WKB (d) 

0 0.5 2.47 9.87 9.88 

0 1 0.64 2.48 2.48 

0 2 0.25 0.65 0.67 

0 3 0.25 0.34 0.38 

0 4 0.25 0.27 0.30 

1 0.5 22.21 39.48 39.55 

1 1 5.57 9.89 9.90 

1 2 1.. 47 2.54 2.54 

1 3 0.82 1. 25 1. 26 

1 4 0.75 0.88 0.90 

(a) Potential parameters as defined in Section IV. 

(b) Results of the ordinary (i.e., un-modified) WKB quantum condition, 

Eq. (1. 2). 

(c) Results of reference 5. 

(d) Results of the modified WKB quantum condition, Eqs. (3.4) and (3.5). 
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Figure Captions 

Figure 1. (a) A typical potential function for which bound state 

eigenvalues exist. (b) A typical one-dimensional scattering 

potential. In both cases x< and x> denote classical turning 

points, the roots of the equation V(x) = E. 

Figure 2. Eigenvalues of the ground (n = 0) and first excited state (n = 1) 

for a harmonic oscillator of frequency w = % in a box of length 

L. The points represent the exact quantum mechanical values of 

reference 5, the solid curves the values calculated via the 

modified WKB quantum condition, Eqs. (3.4)-(3.5), and the dashed 

lines the results given by the ordinary unmodified WKB quantum 

condition, Eq. (1. 2). 
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