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Abstract
Geometry in the Triangular Spectrum of Perfect Derived Categories
by
Daigo Ito
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor David Nadler, Chair

The derived category Perf X of perfect complexes on a variety X is an algebraic invariant that
reflects many geometric properties of X. Balmer proved that Perf X, together with the monoidal
structure ®[L given by the derived tensor product of sheaves, recovers X. In the course of the
proof, he constructed a locally ringed space Spec®a Perf X, called the tensor triangular spectrum,

and showed that it is isomorphic to X.

In this thesis, in order to study the geometry of varieties with equivalent perfect derived categories,
called Fourier-Mukai partners, we consider the triangular spectrum Spec, Perf X of Perf X, in-
troduced by Matsui and defined using only the triangulated category structure of Perf X. Each
Fourier—-Mukai partner, realized as a tensor triangular spectrum, defines an open subspace of the
common ambient triangular spectrum, and we prove that the interactions among these subspaces
reflect the expected birational geometric behavior.

Motivated by the observation that fixed loci of actions of autoequivalences on the triangular spec-
trum capture geometric information effectively, we introduce the framework of a polarized triangu-
lated category, namely a pair (7, 7) consisting of a triangulated category J and an autoequivalence
7, called a polarization. To such a pair we associate a ringed space called the polarized triangular
spectrum. As concrete applications, we generalize several reconstruction results of Bondal-Orlov,
Ballard, and Favero, exhibit a universal way to compare birationally equivalent Fourier—Mukai
partners with their common canonical model via litaka fibrations, and construct mirror partners in
homological mirror symmetry of log Calabi—Yau surfaces as polarized triangular spectra. We fur-
ther consider co-categorical enhancements of polarized triangulated categories, leading to precise
comparisons with the relative triangular spectrum under the monodromy equivalence.

This thesis is based on three papers [Ito23, IM25, [to25], of which the second is joint work with
Hiroki Matsui. We reorganize the statements and proofs of results in [[to23] using the simplified
constructions provided in [IM25] and provide several new results based on [Ito25]. We also draw
several results from [1025,IN25], collaborations with Noah Olander and John Nolan, respectively.
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Chapter 1

Introduction

1.1 Background

When we think of the derived category Perf X of perfect complexes on a variety X as an algebraic
invariant of the variety, it is natural to ask how much information about X is encoded in Perf X.

In [BOO1], Bondal and Orlov showed that if X is a smooth projective variety with ample (anti-)
canonical bundle, then the triangulated category Perf X knows everything about X, i.e., we can
reconstruct X solely from the triangulated category structure of Perf X. On the other hand, we
cannot expect that this type of complete reconstruction can be generalized too much since there are
various non-isomorphic varieties whose derived categories are triangulated equivalent.

In [Bal05], Balmer nevertheless showed that if we in addition remember a monoidal structure on
Perf X given by the usual derived tensor product ®[LX, then the pair (Perf X, ®%X) can reconstruct
X when X is a noetherian scheme. In the proof, Balmer defined a ringed space Specg 7, called
the tensor-triangular spectrum (or the Balmer spectrum), for a triangulated category J with
a compatible tensor product ®, called a tensor triangulated structure. Points in Specg 7T are
certain subcategories of J, called prime thick ®-ideals. Moreover, when X is a noetherian scheme,
Balmer showed that we have X = Spec@%X Perf X as ringed spaces.

We can reinterpret Balmer’s work as saying that reconstruction of a variety X from its derived
category Perf X can be done by identifying and specifying a “geometric” tensor triangulated struc-
ture on Perf X. Moreover, if we can classify such tensor triangulated structures, we obtain the
classification of Fourier—Mukai partners of 7, i.e., smooth projective varieties whose derived
categories are equivalent to J as triangulated categories. However, directly working with tensor
triangulated structures is hard since we need to keep track of various coherence data and it is in
general quite hard to construct examples “by hand.”

In this thesis, instead of directly focusing on tensor triangulated structures, we will make use of
aringed space Spec, J recently constructed by Matsui [Mat21,Mat23] only using the triangulated
category structure of J, which is called the triangular spectrum (or the Matsui spectrum) of
J. Again, points in Spec, J are certain subcategories of T, called prime thick subcategories. A
crucial fact about this space due to Matsui [Mat21], Ito-Matsui [IM25] and Matsukawa [Mat25b]
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is that given a fairly reasonable tensor triangulated structure @ on J, we know that there is an open
immersion
Specg, T C Spec, T

of ringed spaces. In particular, if a triangulated category 7 is triangulated equivalent to Perf X for
some variety X, then X can be viewed as an open subspace of Spec, 7T by the natural inclusion

X = Spec% Perf X C Spec, T.
X

Letting FM T denote the set of isomorphism classes of Fourier—Mukai partners of 7, we can rephrase
this result as saying that Spec, 7T contains any variety X € FM 7 as a tensor triangular spectrum
corresponding to (Perf X, ®[gx) although Spec, J may contain multiple copies of the same Fourier—
Mukai partners and those Fourier—Mukai partners can possibly intersect with each other in Spec,, 7.
Here are some examples, due to Hirano—Ouchi [HO22] and Ito [Ito23], illustrating how Fourier—
Mukai partners interact with each other geometrically in the triangular spectrum:

Example 1.1.1 (Hirano—Ouchi, Ito). Let T be a triangulated category with X € FM 7.

(1) If X is an elliptic curve, then the triangular spectrum Spec, 7 is a disjoint union of infinitely
many copies of X. See Lemma 4.1.9.

(i1) If X is an abelian variety and X" is a non-isomorphic Fourier-Mukai partner of X, then their
copies in Spec, J do not intersect with each other. Indeed, all the copies of Fourier—Mukai
partners are disjoint in Spec, J. See Lemma 3.3.10 and Theorem 3.3.12.

(ii1) If X is a surface containing a (—2)-curve, then Spec, J contains at least two copies of X
which intersect along the complement of the (—2)-curve. See Corollary 3.3.21.

(iv) If X is connected with X’ € FM T via a standard/Mukai flop, then their copies in Spec, T

intersect with each other along the complement of the flopped subvarieties. See Example
3.3.33.

An upshot is that we have an ambient space Spec, T, depending only on the triangulated struc-
ture of J, whose subspaces capture many of the expected birational geometric features of Fourier—
Mukai partners. This makes it possible to study the information about varieties that is homolog-
ically encoded in derived categories through geometric and intuitive methods, without having to
keep track of categorical coherence data.

This thesis is based on three papers [[t023,IM25, [to25], of which the second is joint work with
Hiroki Matsui. We reorganize the statements and proofs of results in [[to23] using the simplified
constructions provided in [IM25] and provide several new results based on [Ito25]. We also draw
several results from [[025,IN25], collaborations with Noah Olander and John Nolan, respectively.
See §1.3 for more detailed organization of the thesis.
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1.2 Overview

The Fourier—-Mukai locus

Motivated by the observation that the triangular spectrum Spec, J contains all the Fourier—Mukai
partners as open subspaces, we will construct and study the open subspace Spec™ T of Spec, 7,
called the Fourier-Mukai locus, which is defined to be the union of all the copies of the Fourier—
Mukai partners of J embedded into Spec, T as above. In [Ito23], the ringed space structure is
constructed by gluing those of the Balmer spectra, but by the results of Ito—Matsui [IM25], it turns
out that the ringed space structure constructed in [Ito23] agrees with the restriction of the structure
sheaf of the Matsui spectrum.

In this thesis, we will focus on the approach taken in [IM25] and observe that the following
characterization of the Fourier—Mukai locus in [Ito23] is enough to identify the two constructions.
Moreover, we newly provide self-contained proofs of results on Fourier—-Mukai loci in [1t023], with
the approach of [IM25].

Theorem 1.2.1 (Ito). Let T be a triangulated category with FM T # @. Then, Spec™ T is naturally
a smooth scheme locally of finite type, into which the tensor triangular spectrum of any X € FMT
is immersed as an open subscheme. Moreover, the Krull dimension dim Spec™ T equals the Krull
dimension dim X for any X € FM 7.

Notation 1.2.2. With notations as above, let Specg y T denote the open subscheme of Spec™ T
given by the union of all copies of X in Spec, T. Equivalently, Specg y T is the orbit of a single
copy of X (as a tensor triangular spectrum) under the action of the group of autoequivalences.

Now, given the scheme structures on Spec™ T and Specy, y 7, it is interesting to ask their prop-
erties as schemes. It turns out that separatedness and irreducibility of Specg, y T are precisely
related to standard/birational triangulated equivalences in the following sense.

Definition 1.2.3. Let X be a smooth projective variety. Let AuteqPerf X denote the group of
(natural isomorphism classes of) autoequivalences of Perf X and define the subgroup of standard
autoequivalences to be

Auteq™ Perf X := Aut X X Pic X X Z[1] C Auteq Perf X.

We say an autoequivalence @ : Perf X — Perf X is a birational autoequivalence if there exist
closed points x, y € X such that ®(k(x)) = k(y). This implies that there are open neighborhoods
U,,U, C X of x, y, respectively, such that skyscrapers on U, get isomorphically sent to skyscrapers
on U, which explains the name (cf. Lemma 3.1.15). We write the corresponding subgroup by

BAuteq X C AuteqPerf X.
It is easy to see in general we have
Auteq™ Perf X C BAuteq X x Z[1] C Auteq Perf X.

We can organaize
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Theorem 1.2.4 (Ito). Let X be a smooth projective variety.
(i) Specy g Perf X is separated if and only if Auteq™ Perf X = BAuteq X x Z[1].
(ii) Specy g Perf X is irreducible if and only if BAuteq X X Z[1] = Auteq Perf X.
(iii) Specy g Perf X is irreducible and separated if and only if Auteq® Perf X = Auteq Perf X.

See Propositions 3.2.3, 3.2.5, 3.2.8 for more equivalent conditions. Let us also note that the first
condition implies that X can be reconstructed as any connected component of Specy o Perf X, and
that the last condition implies FM X = { X' }. Later, we will exhibit some specific computations of
Fourier—Mukai loci to indicate their relations with geometry. Here are some interesting examples:

Example 1.2.5 (Ito). Let 7 be a triangulated category with a smooth projective variety X € FM 7.

(i) If X is a smooth projective variety with ample (anti-)canonical bundle, then Spec™ T =~ X
essentially by the result of Bondal-Orlov. In particular, Specy o Perf X is irreducible and
separated. See Theorem 4.1.5.

(i) If X is an elliptic curve, then Spec™ 7 is a disjoint union of infinitely many copies of X. In
particular, Specy o Perf X is separated, but not irreducible. See Lemma 4.1.9.

(iii) If X is an abelian variety, then all of its copies in Spec’™ T are disjoint. In particular,
Specy o Perf X is separated but not irreducible. See Proposition 3.3.11 and Theorem 3.3.12.

(iv) If X is a toric variety, then any copies of X,Y € FM T in Spec™ 7 intersect with each other
along open sets containing tori. In particular, Specy o Perf X is irreducible, but in general
not separated. See Corollary 3.3.27 and Remark 3.3.28.

(v) If X is a surface containing a (—2)-curve, then Specy o Perf X is not separated, and in general
not irreducible either. See Example 3.3.24.

(vi) If X is a Calabi-Yau threefold, then each irreducible component of Spec™ T containing a
copy of X contains all the copies of smooth projective Calabi-Yau threefolds that are bira-
tionally equivalent to X. Moreover, Specy o Perf X is neither separated nor irreducible in
general. See Example 3.3.33 and Remark 3.3.36.

In particular, Fourier—Mukai loci provide novel geometric intuitions to reinterpret behaviors
of varieties in birational geometry. Moreover, we will observe relations of Fourier—Mukai loci
with the DK hypothesis proposed by Kawamata [Kaw02], which predicts that K -equivalent smooth
projective varieties are Fourier—Mukai partners. In particular, we will observe that some properties
of Fourier—Mukai loci should be a very strong evidence for the DK hypothesis to be true. More
precisely, we propose the following version of the DK hypothesis:

Conjecture 1.2.6 (Conjecture 3.3.46). Let X be a smooth projective variety. Then, every connected
component of Spec™ Perf X containing a copy of X contains all smooth projective varieties that
are K-equivalent to X as open subschemes.
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The Serre invariant locus

The study of Fourier—Mukai loci described so far is a priori geometric by definition in the sense that
we start with tensor triangulated structures that are equivalent to (Perf X, ®[gx ). In particular, many
computations in examples above turn out to be applications of results from birational geometry.
Hence, it is natural to try to give categorical characterizations of Fourier—Mukai loci to potentially
give backward applications of studies of derived categories to birational geometry.

First, we will discuss comparison of the Fourier—Mukai locus with the Serre invariant locus
Spec®™ T in a triangular spectrum. Here, we recall that points in a triangular spectrum are some
special types of subcategories and thus we can talk about Serre functor invariance of the points in
the triangular spectrum. By construction it will be straightforward to see

Spec™ T  Spec® T ¢ Spec, 7.

Note that Spec®® T is defined purely triangulated categorically and in [HO22,HO24], Hirano—Ouchi
gave a nice reinterpretation of the Bondal-Orlov reconstruction by showing

Spec® Perf X = Specg, Perf X = X
when X is a Gorenstein projective variety with @-generating canonical bundle. Here:

Definition 1.2.7. Let X be a noetherian scheme. We say a line bundle & on X is @-generating if
the smallest thick subcategory containing tensor powers Z®" for n € Z agrees with Perf X.

By Orlov [Orl09], any (anti-)ample line bundle is @-generating. In [I025], Ito—Olander gave
a Nakai—Moishezon-style criterion for ®-generation (cf. Theorem 3.3.3) and provided plenty of
examples of varieties with @-generating canonical bundle that is neither ample nor anti-ample (cf.
Theorem 3.3.5). In this thesis, we will see the following (cf. Theorem 4.1.5, Theorem 4.1.7):

Theorem 1.2.8 (Hirano—Ouchi, Ito). Let T be a triangulated category with X € FM J. Suppose
X is a curve or a variety with @-generating canonical bundle. Then

Spec™ T = Spec®” T.

Since the cases of elliptic curves and non-elliptic curves are two extremes in terms of positivity
of (anti-)canonical bundles, we propose the following conjecture (Conjecture 4.1.12):

Conjecture 1.2.9 (Ito). Let T be a triangulated category with X € FM J. Then we have
Spec™ T = Spec® 7.

When the conjecture holds, the Fourier—Mukai locus can be obtained purely categorically by
considering the Serre invariant locus. The conjecture turns out to be false for K3 surfaces of Pi-
card number 1 and abelian varieties that are not isogenous to products of elliptic curves ([HO24,
Mat25a]), but other cases (especially when the canonical bundle is non-trivial) are still open.
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Polarizations on a triangulated category

Following the observation of Hirano—Ouchi that the Serre invariant locus recovers the tensor trian-
gular spectrum in the special cases, we consider the following framework of polarized triangulated
categories and some associated spaces.

Definition 1.2.10 (Ito). Let J be a triangulated category.

(i) A pair (T, 7) of a triangulated category J and its autoequivalence 7 is called a polarized
triangulated category. In this context, let us refer to 7 as a polarization on 7.

(ii) For a polarized triangulated category (7, 7), define its z-fixed locus to be Spec” T = {P €
Spec, T | 7(P) = P}, where the structure sheaf is defined in the same way as the Matsui
spectrum.

(iii) A polarized triangulated functor (F, @) between polarized triangulated categories (7, 7,),
(75, 7,) 1s defined to be a triangulated functor F : T, — 7, together with a natural isomor-
phisma : For, = 1,0F.

A similar notion of a polarized triangulated category is also introduced by Kuznetsov—Perry in
[KP21], which is a special case of our definition, so it should not cause confusions. We will also
discuss how we can view this framework as local systems of stable co-categories on BZ ~ S! and
clarify relations to relative triangular spectra introduced by Matsukawa [Mat25b] (cf. §5.4). Here
are some benefits of having the formalism of polarized triangulated categories in the context of
tensor triangular geometry and geometry in the triangular spectrum.

e For a nice enough tensor triangulated category, including the case of (Perf X, ®%() for a
noetherian scheme X, we can view its Balmer spectrum as a r-fixed locus for a certain
(semi-)polarization (cf. Proposition 4.2.15). This realization suggests that the study of po-
larized triangulated structures could provide new insights into tensor triangulated geometry
(cf. Proposition 4.3.2, Theorem 4.3.10 in §4.3).

e The classification of tensor triangulated structures up to symmetric monoidal equivalence is
not yet well understood. However, classifying possible polarizations is often more tractable,
as the autoequivalence group of Perf X is well understood for many varieties X . In particular,
we explicitly compute fixed loci for P! and an elliptic curve E (Examples 4.2.11, 4.2.12).

e In noncommutative geometry, the perfect derived category Perf R of right modules over a
smooth proper dg-algebra R does not generally admit a natural tensor triangulated structure.
However, it is known that the Serre functor still exists ([Shk07]), which provides a canonical
polarization. In more geometric settings, categories without natural tensor triangulated struc-
tures may still have a Serre functor, such as in the case of Kuznetsov components ([KP21]).
Moreover, if a triangulated category contains a spherical object, it induces a polarization via
its spherical twist ([STO1]).

We will discuss applications of polarizations in Chapter 5.
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Tensor triangular spectra in the triangular spectrum

Now, we go back to the original question of classifying tensor triangulated structures.

First, we aim at understanding classifications of tensor triangulated structures up to spectral
identity, i.e., up to tensor triangular spectra as subspaces of the triangular spectrum. A key ob-
servation is that since a nice enough tensor triangular spectrum agrees with a fixed locus of a
polarization as subspaces of the triangular spectrum, the classification of such tensor triangulated
structures up to spectral identity is a part of the classification of polarizations up to spectral identity,
i.e., up to fixed loci (or more precisely up to polarized triangular spectra).

Notation 1.2.11. For a triangulated category 7T, let E’R? denote the set of spectrally identical classes
of polarizations on J. When T admits a nice enhancement, we can equip me; with the natural
topology coming from the group algebraic space structure on Auteq J of Toén—Vaquié [TVO07].

For T = Perf P!, the topology knows where the tensor triangulated structure ®p, is in sz; ,
providing a variant of Toledo’s monoidal Bondal-Orlov reconstruction [Tol23] (Theorem 4.3.10).

Theorem 1.2.12 (Ito). We have a homeomorphism

M = [A3/G, (k) U[A®/G, (k).

Perf PI —

Moreover, a rigid tensor triangulated structure @ is spectrally identical to ®[g 1 if and only if ®
P

corresponds to a closed (stacky) point in zmp pl-

It will be interesting to study how general we can gain such characterizations of ®[L

Next, we consider if we can characterize the Fourier—Mukai locus by characterlzmg ‘geomet-
ric” tensor triangulated structures and considering the union of the corresponding tensor triangular
spectra in the triangulated spectrum. In §4.3, we consider multiple necessary properties, but the
following corollary of higher Zariski geometry recently developed in [ABC*25] is suggestive:

Proposition 1.2.13 (Proposition 4.3.22). Let (C, ®) be an idempotent-complete stably symmetric
monoidal co-category. Then, there exists a variety X and a symmetric monoidal co-equivalence
(C,®) ~ (Perf X, ®y) if and only if ® is rigid and the 2-ringed space Specg C is equivalent to the
2-ringed space corresponding to a variety.

Conjecture 1.2.14. Let (T, ®) be a tt-category with FMT # @. Let Spec™®"™ T c Spec, T denote
the union of Specg T over rigid tensor triangulated structures whose spectra are varieties. Letting
SpcP™ T denote the Fourier-Mukai locus enlarged by allowing smooth proper varieties, we have

SpecP™ T = Spec™®*" T ¢ Spec, 7.

See Remark 4.3.23 for more discussions on plausibility of the conjecture.

Finally, we explain the classification up to spectral identity is not fine enough to capture inter-
esting variations of tensor triangulated structures on Perf P! by recalling the result of Ito—Nolan
[IN25].
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Applications of polarizations

Conceptually, the relation to tensor triangular geometry motivates polarizations and their fixed loci,
but let us also consider more concrete applications of the framework of polarizations in Chapter 5.
The most straightforward application is to reconstruction of varieties, which is stated more generally
as Theorem 5.1.3. Note that the latter claim is stronger than Hirano—Ouchi’s formulation above.

Theorem 1.2.15 (Ito). Let X be a Gorenstein proper variety with @-generating canonical bundle.
Then, we have X = Spec® Perf X. Moreover, if there exists a variety Y with Perf X ~ Perf Y,
then X =Y and in particular wy is also @-generating.

It is worth noting that the reconstruction holds for non-projective proper varieties (and there
is indeed such an example!), which is unclear from the original approach of Bondal-Orlov using
the Proj construction (as below). We also provide generalization of Favero’s result on rigidity of
polarizations [Fav12], which is again stated more generally as Theorem 5.1.8.

Theorem 1.2.16 (Ito). Suppose there is a polarized Fourier—Mukai equivalence
D : (Perf X,74) 5 (Perf Y, 0),

where (i) X,Y are proper varieties, (ii) £ is a @-generating line bundle on X, and (iii) o is a
standard autoequivalence, i.e., 6 = f,ot ,[n] € Aut(X) X Pic(X) X Z[1]. Then, f has a fixed
point and we have f™ =idy and X =Y.

In §5.2, we first note that given a projective variety X with an ample line bundle &, there are
two ways of recovering X from (Perf X, 7,):

Spec™ Perf X = X =~ Proj R,

where Ry, 1= @,5[(X, Z®") = @,50 Homp; x (O, 7%, (Oy)) denotes the section ring of Z.

Based on the isomorphism X 2 Proj R, Artin-Zhang ([AZ94]) introduced the noncommuta-
tive projective scheme Proj™ A associated to a right noetherian N-graded algebra A (cf. Definition
5.2.1). The noncommutative projective scheme naturally provides a polarized triangulated category
(Perf Proj™ R, s%) and we obtain the chain of isomorphisms (cf. Proposition 5.2.4):

Spec™ Perf X = Proj R, = Spec**~ Perf Proj™ R,.
Now, we can make two key observations from the isomorphisms:

e For a general right noetherian N-graded algebra A, Proj A no longer makes sense, but the
ringed space Spec’ Perf Proj™ A remains well-defined, so we propose that it is a geometric
realization of Proj"™ A. A natural direction for future research is to investigate the extent to
which the geometry of Proj™ A is captured by Spec®4 Perf Proj™ A.
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e When we set & = w, for a smooth projective variety X, the left hand side becomes the
Serre invariant locus Spec® Perf X while the right hand side becomes the so called canonical
model X" = Proj %, of X, which is a birational invariant of smooth projective varieties.
When w, has positive litaka dimension, X and X" are related by a canonical rational map
X --- X" called the Iitaka fibration. Namely, we have the following relations:

Spec® Perf X D Specg Perf X = X --» X*" =ProjR,, = Spec’*x Perf Proj™ R, -

Since both the left-hand side and the right-hand side are birational invariants of Fourier—
Mukai partners, further investigation can lead to a universal understanding and categorifica-
tion of litaka fibrations across all such partners. This is an ongoing project.

In §5.3, we explore whether algebraic mirror partners in homological mirror symmetry can be
realized as fixed loci. To fix notations, suppose we have an equivalence

Perf X ~ Fuk(M, w),

where X is a smooth variety and Fuk(M, w) denotes a Fukaya-like category associated to a sym-
plectic manifold (M, w), possibly with additional data. Given that there can exist non-isomorphic
Fourier—Mukai partners, the following natural questions arise from our perspective.

Question 1.2.17. Is there a symplecto-geometric way to construct a polarization 7 on Fuk(M, ®)
such that Spec” Fuk(M, w) defines an algebraic mirror partner of a symplectic manifold (M, w)
possibly together with additional data? Furthermore, how canonical is such a mirror partner?

In certain cases, the answer is affirmative. In this paper, we focus on homological mirror sym-
metry of log Calabi—Yau surfaces, as studied by Hacking—Keating in [HK21] and [HK23]. In par-
ticular, we reinterpret their results to show that algebraic mirrors can indeed be constructed as fixed
loci of the Matsui spectrum of Fukaya categories, using only symplecto-geometric data (Proposition
5.3.15). Our approach makes the relation of choices of Lagrangian fibrations and Fourier—Mukai
partners under homological mirror symmetry more explicit.

In §5.4, we discuss that the natural co-categorical enhancement of polorizations corresponds to
considering local systems of perfect co-categories on BZ = S, and under the monodromy equiv-
alence, it is equivalent to giving Perf(BG,, ,)-module structures to perfect co-categories (Proposi-
tion 5.4.10). This perspective first lets us realize the fixed locus/polarized triangular spectrum as
the relative triangular spectrum introduced by Matsukawa [Mat25b]. Moreover, we can consider
polarizations corresponding to any monoid M in spaces by considering the local systems on the
classifying category BM, and if M is group-like, there is the corresponding spectrum given as the
relative triangular spectrum. This story has a natural higher categorical enhancement, and it will be
interesting to see the relation to 3-dimensional mirror symmetry (as proposed by Teleman [Tel14],
see also [GHMG22, PPS25]) in the future research.

In §5.5, we briefly discuss the functoriality issue and how to get around.



CHAPTER 1. INTRODUCTION 10

1.3 Organization of the thesis

This thesis is primarily based on [Ito23,IM25, [to25], where the second work is a joint work with
Hiroki Matsui. In this thesis, we modified some notations/statements for clarity and we newly
rewrite some proofs of results in [[to23] using the results of [IM25]. Some more examples are
added for clarity. Furthermore, there are several new results particularly in §4.3 and §5.4.

Chapter 1 is based on the introductions of [Ito23,Ito25].

Chapter 2 is based on the preliminary section of [[to25] and some materials from [Ito23].

Chapter 3 is based on [Ito23, IM25, [to25]. Most of the examples are coming from [[to23]
except for the case of general abelian varieties from [IM25]. Throughout, the construction of the
Fourier—-Mukai locus is based on the simplified version of [IM25].

Chapter 4 is based on [Ito23,1t025]. §4.3 contains some new results including Theorem 4.3.10
and Proposition 4.3.22. Moreover, we explain the motivation/background for [IN25], which is a
joint work with John S. Nolan.

Chapter 5 is based on [Ito25]. We also simplify some assumptions and give more examples
by citing the results of [I025], which is a joint work with Noah Olander. §5.4 consists of new
results/observations.
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Chapter 2

Preliminaries

2.1 The tensor triangular spectrum and the triangular
spectrum

Throughout this thesis, we work over a field k. In particular, a scheme and an algebra are assumed
to be over k and a variety is assumed to be an integral and separated scheme of finite type over k,
unless otherwise specified. Given a ringed space X, | X| denotes its underlying topological space.

Now, let us quickly fix notations for Balmer’s theory of tensor triangular geometry and Matsui’s
theory of triangular spectra. For details of constructions and results, see [Bal05, Mat23].

Notation 2.1.1. A triangulated category is assumed to be k-linear and essentially small (i.e., having
a set of isomorphism classes of objects) and functors/structures are assumed to be k-linear.

(i) Let T be a triangulated category and let Th(7) denote the set of thick subcategories (i.e.,
triangulated full subcategories closed under direct summand). Note that Th(7) is a poset (and
indeed a complete and distributive lattice) with respect to inclusions and that we can equip
Th(7T) with topology, which we call the Balmer topology, whose closed subsets are of the
form

V(E)={JeTh@)|Iné& =@},

where £ C Ob 7 is a collection of objects. Also, for a collection £ of objects in T, let (&)
denote the smallest thick subcategory of T containing €. We say an object E is a split-
generator if (E£) = 7.

(i) We say a thick subcategory P of a triangulated category T is a prime thick subcategory if
the subposet {J | J 2 P} € Th(7) has the smallest element, or equivalently, P & Ny55J. Let
Spc, T denote the subspace of prime thick subcategories in Th T, which we call the Matsui
spectrum or the triangular spectrum of 7.

(i) Let (T, ®) be a tensor triangulated category (in short, a tt-category), i.e., a triangulated
category J with a symmetric monoidal structure @ that is triangulated in each variable, called



CHAPTER 2. PRELIMINARIES 12

@iv)

v)

(vi)

(vii)

(viii)

a tt-structure. A tt-functor is a monoidal functor between tt-categories whose underlying
functor is triangulated.

A tt-category (7, ®) is said to be rigid if the functor — ® M admits a right adjoint [M, —]
for any object M € 7 and if the canonical map [M,1] ® N — [M, N]is an isomorphism
for any object M, N € 7. In particular, every object is dualizable.

Let (7, ®) be a tt-category. A thick subcategory J is said to be a @-ideal if for any M € T
and N € J, we have M ® N € J. Similarly, a ®-ideal P is said to be a prime ®-ideal if

P#+£Tand M @ N € Pimplies M € P or N € P. Similarly, the radical v/J of a ®-ideal J
18
VT = (M €T | M®" €7 for some n > 0}

and we say a ®-ideal J is a radical ®-ideal if J = \/5 Recall that if (7,®) is a rigid
tt-category, every ®-ideal is radical ([Bal05, Remark 4.3 and Proposition 4.4]).

Let Spcg, T C Th T denote the subspace of prime ®-ideals in Th T, which we call the Balmer
spectrum or the tt-spectrum of (7, ®).

Let (7, ®) be a tt-category. We say an object M € T is @-invertible if there exists N € T
such that M @ N = 1 and let Pic(7, ®) denote the group of isomorphism classes of ®-
invertible objects. For an invertible object M € Pic(7, ®), let

denote the corresponding autoequivalence of 7T if doing so will not cause any confusion about
which tt-structure we are using.

The group Auteq 7 of the natural isomorphism classes of autoequivalences of J acts on Th(7T)
both as lattice isomorphisms and as homeomorphisms by

AuteqT X ThT 3 (7,7) ~ 77'(J) € ThT.

The action restricts to an action on Spc, J. On the other hand, the action does not restrict
to Spcg T in general for a tt-structure ®. Letting End T denote the monoid of natural iso-
morphism classes of triangulated endofunctors on Th T, this action naturally extends to the

monoid action
EndTXxThT 3 (7,9~ z7!(J) € ThT.

For r € End 7, let
Spc* T ={PeSpc,T|P=1"P)} cSpc, T
denote the subspace of fixed points by the action of z. Similarly, for 7 € End 7, write

Th*T={JeThT|J ="}
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Although tt-categories are ubiquitous in many fields (cf. e.g. [Bal20]), we will primarily focus
on ones coming from algebraic geometry and quiver representations. Before introducing them, let
us fix some notations for the latter. For example, see [Ela22].

Construction 2.1.2. Let Q be a quiver and let Q, (resp. Q,) denote the set of vertices (resp. arrows)
of Q together with the source and the target maps denoted by s,7 : Q; — Q,. Now let R = kQ
denote the path algebra of Q and let M be a right R-module. For a vertex v € Q,, let M, denote the
subspace Me, C M, where e, € R denotes a path of length 0 at v. Note we have a decomposition

M = ®U€Q0MU

by k-vector spaces and a quiver arrow a from u to v induces a k-linear map M, — M. Therefore,
giving a right R-module M is equivalent to giving a collection { M, | v € Q,} of k-vector spaces
and a collection {M, : M, — M,, | a € Q;} of k-linear maps and this data is called a
representation of a quiver Q. Note we can similarly define maps of representations so that they are
equivalent to homomorphisms of right R-modules. In particular, the category of right kQ-modules
and the category of representations of a quiver Q are equivalent.

Now, for a vertex v € Q,, let P, denote the right submodule e, R C R. Then we clearly have
kQ = @ eq, P

Therefore, P, are projective and indeed it can be shown that any indecomposable projective module
is isomorphic to P, for a unique vertex v € Q,. Moreover, the Nakayama functor S (cf. Example
2.2.6) sends each P, to an indecomposable injective module I, := S(P,) and it can be shown that
any indecomposable injective module is isomorphic to I, for a unique vertex v € Q. Also, for
v € Q, let S, denote the corresponding simple right R-module k, on which the idempotent e, acts
by the identity and any other path acts by zero.

Furthermore, if Q is finite and has no oriented cycles, then we can order Q, = {1, ..., n} com-
patibly with arrows and then it is a standard result that (P,, ..., P,) is a full and strong exceptional
collection of Perf R (cf. Example 2.1.3 (i1)) and R = Endix(&,P;). From now on, we will assume
a finite quiver with no oriented cycles is ordered.

Finally, note that given two representations M = ({M, | v € Q,},{M, : M, — M, | a €
QbHand M' = ({M! | veQy},{M : Ms’(a) - MI’(a) | a € Q,}) of a quiver Q (or equivalently
given two right kQ-modules M and M'), we can define a quiver tensor product M ®,,, M’ to be
the vertex-wise and arrow-wise tensor product

(M, ® M |veQy),{M,Q M : M, ® M, > M, & M,,|acQ}).

Note the quiver tensor product defines a symmetric monoidal structure on the category of right
kQ-modules.

Now, the following are main examples we will deal with:

Example 2.1.3.
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@

(ii)

Let X be a noetherian scheme and let D(X) denote the derived category of Oy-modules. A
complex & of O0,-modules is said to be perfect if it is locally quasi-isomorphic to a bounded
complex of locally free @,-modules of finite rank. Define Perf X C D(X) to be the full
subcategory on perfect complexes. Then, the derived tensor product @ , := @%X gives a
rigid tt-structure on Perf X. Recall when X is a smooth variety, Perf X is equivalent to the
bounded derived category D’coh X of coherent @ -modules.

Let Q be a finite quiver with no oriented cycles and let D(kQ) denote the derived category of
right kQ-modules. A complex of right kQ-modules are said to be perfect if it is quasi-
isomorphic to a bounded complex of finitely generated projective right kQ-module. Let
Perf kQ C D(kQ) denote the full subcategory on perfect complexes. Then, the derived tensor
product ®,,, := ®EeP gives a tt-structure on Perf kQ. Note that since kQ is finite-dimensional
(and hence noetherian) and has finite global dimension, we see that Perf kQ is equivalent to
the bounded derived category D’Mod"€kQ of finitely generated right kQ-modules.

The corresponding tt-spectra are known:

Theorem 2.1.4 ([Bal10b, Theorem 54]). Let X be a quasi-compact and quasi-separated scheme.
Then, there is a homeomorphism

Sy 1 1X]| 5 Spec@% Perf X
X

of ringed spaces, where the continuous map on the underlying topological spaces is given by

X Sy(x) :={F €Perf X | x & Supp F}.

Here, for & € Perf X we define the support of  to be

SuppF (= {x € X | F, %£0inPerf Oy }.

Theorem 2.1.5 ([SL13, (2.1.5.1), (2.2.4.1)]). Let QO be a finite quiver without oriented cycles. Then,

Spc@,ﬁep Perf kQ = |_| Ker(P, ®ep —)-

vEQ,

Now, let us recall the construction of the structure sheaf on the tt-spectrum.

Notation 2.1.6. In the rest of the paper, we fix the following models for localization and idempotent
completion, which are the same as ones fixed in [Bal02, 2.11, 2.12]. See loc. cit. for more details.

(i) Let X be a triangulated category and let J be a thick subcategory of K. Then, the localization

K /J can be modeled by setting objects to be the same as ones of K and morphisms to be
equivalence classes of fractions

N
— >

with cone(s) € J (cf. e.g., [Ver96, Chapter II]). Note that given a chain of thick subcategories
J c J Cc K, there is a canonical strictly commutative diagram
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K

N

x/J > K/d

where each functor is the identity on the object and the canonical quotient map on the hom
set.

(i) Let K be a triangulated category (or more generally an additive category). We fix the model
of idempotent completion X to be the Karoubi envelope, i.e., we set objects to be the pair
(M,e), where e : M — M is an idempotent in an object M, and morphisms (M,e) —
(N, f) are morphisms ¢ : N — N in X such that fo¢ = ¢p = ¢poe. Note any triangulated
functor F : K — £ induces a unique canonical functor

F% 0 %% = £8,
which sends an object (M, e) to (F(M), F(e)) and a morphism ¢ to F(¢).

For a triangulated category K and a thick subcategory J C K, we write the compositions of the

canonical functors by
g 2 K= K/T = (K/T)

One reason for fixing models is to make sense of the strict equalities in the following construc-
tion:

Construction 2.1.7. Let K be a triangulated category and let I € J C X be a chain of thick
subcategories. Then, we get a canonical functor

Py 1 (KD = (K /)

induced by the canonical functor KX/J — XK /J. In particular, the following diagram strictly com-
mutes:

X
xX/J > K/d
(3/9Y ——— (X/3Y
and hence we have the strict equality
d3 = Pgs°9s-

Now, by construction, for any chain J C J € £ C X of thick subcategories, we have the strict
equality:
Prg = Prg®Pgs-
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Now, we construct a structure sheaf on the Balmer spectrum.

Construction 2.1.8. Let (7, ®) be a tt-category with unit 1. We define a structure sheaf Oy & ON
Spcg T as follows. First, for an open subset U C Spcg T, set TV = Ny, P, which is clearly a
®-ideal (where we set 7? = T). Then, the triangulated category

TU) := (T/TY)!

has a canonical tt-structure ®,, induced by @ whose unit 1, is the image of 1 under the canonical
functor q; 1= gquv : T = T(U) (ctf. Construction 2.1.7). Now, we set

OF% (U) := Endy(1y),

which is commutative since 1, is the unit of the (symmetric) monoidal structure @,,. Now, recall
the following claim, which follows by Construction 2.1.7.

Lemma 2.1.9 ([Bal02, Proposition 5.3]). Let (T, ®) be a tt-category. Let V|, C V, be open subsets
of Spcg, J. Then, for the canonical tt-functor

Py, v, *= Pgvighn - TV, = TV,

we have the strict equality g, = py.y,0qy,. Moreover, for any triple of open subsets V|, CV, C V3
in Spcg T, we have the strict equality:

Pvivy = Pvin,°Pv,v;-

Therefore, the association
p
0%, (U € V) (Endgg(1,) = Endy (1))

is a presheaf of commutative rings and we define the structure sheaf O g on Spcg T to be its
sheafification. The corresponding ringed space is denoted by Specg 7.

Note that we can generalize the construction to any subspace X C Th 7 and an object M € T
instead of Spcg T C Spc, T and 1 € T. More precisely, the association

re Puv
6, (U CVCX)w (Endm,)(qV(M)) i EndT(U)(qU(M))>

is a presheaf of (not necessarily commutative) rings, where p;;;,’s and q;;’s are suitably generalized,
e.g., for any open subset U C X, we set

TW) :=(T/ Npey PV
Now, we can define the sheaf Oy ,, of rings on Spcg T to be its sheafification.

We can also equip the Matsui spectrum with a ringed space structure Spec, T = (Spc, 7T, O5 )
as follows:
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Construction 2.1.10. Let T be a triangulated category. The center Z(7) of a triangulated category
7 is defined to be the commutative ring of natural transformations @ : id; — ids with a[l1] =
[1]a, where the multiplication is defined by composition. We say an element @ € Z(7) is locally
nilpotent if «,, is a nilpotent element in the endomorphism ring End+(M) for each M € T. Let
Z(7),,; denote the ideal of locally nilpotent elements and set Z(7),.4 := Z(7)/Z(T)-

As in Construction 2.1.8, we can make the association

U Z(TWU))eq-

into a presheaf @;rz on Spc, T and define the structure sheaf Oy, on Spc, T to be its sheafification.
The corresponding ringed space is denoted by Spec, J. See [Mat23] for more details.
Furthermore, as remarked in [HO24, Section 1.3] (see also [Bal02, Definition 6.6]), note that
the same construction indeed defines a sheaf on any subspace X C Th T, which will be denoted
by Oy , or simply Oy if doing so may not cause any confusion. To be more precise, Oy , is the
sheafification of the presheaf
X 3 U Z(TW)yes

where as before we set
TU) := (T/ Npey P).

Note that Balmer’s definition ([Bal02, Definition 6.6]) corresponds to the case when we set X =
Spcg T for a tt-structure @ on TJ. Namely, using their notation, we have the relation

Spacept.red(‘j’ ®) = (SpC® ‘I’ @Spc® T,A)'
The tensor triangular spectrum and the triangular spectrum are closely related.

Theorem 2.1.11 ([Mat21, Proposition 4.8], [Mat23, Corollary 3.2, Theorem 4.6]). Let (T, ®) be a
rigid tt-category so that every @-ideal is radical.

(i) Any prime thick subcategory that is a (radical) ®-ideal is a prime @-ideal.

(ii) If (T, ®) is moreover idempotent complete and locally monogenic (cf. [Mat23, p.9] for defini-
tion) with noetherian Balmer spectrum, then any prime @-ideal is a prime thick subcategory,
i.e., we have Spcg J C Spc, 7.

(iii) For a noetherian scheme X, the tt-category (Perf X, ®y) is rigid, idempotent complete, and
locally monogenic. In particular, a thick subcategory of Perf X is a prime ®-ideal if and
only if it is a prime thick subcategory that is a @-ideal (which is also directly shown in
[Mat21, Corollary 4.9]).

For convenience, let us use the following notion in this thesis.

Definition 2.1.12. A tt-category (7, ®) (or a tt-structure ®) is said to be M -compatible (M for
Matsui) if we have that a thick subcategory of T is a prime ®-ideal if and only if it is a prime thick
subcategory that is a ®-ideal.
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By Theorem 2.1.11, arigid, idempotent complete and locally monogenic tt-category with noethe-
rian Balmer spectrum is M -compatible. On the other hand, this is not a necessary condition.

Example 2.1.13. For a finite acyclic quiver Q, the tt-category (Perf kQ, ®,,,) is in general not
rigid, but since Spec@,reID Perf kQ consists of maximal thick subcategories (as Spec k’s) (cf. Theorem
2.1.5), we have

Spec®rep Perf kQ C Spec, Perf kQ.

Moreover, it is easy to see that a thick subcategory is a prime ®-ideal if and only if it is a prime
thick subcategory that is a ®-ideal.

On the other hand, Example 4.2.9 shows that (Perf(Bu,), ® Buz) is not M -compatible, while
being rigid and idempotent complete.

2.2 Triangular spectra in algebraic geometry

Now, the following are important aspects of the theories of Balmer and Matsui spectra in terms of
algebraic geometry, where the order of references aligns with the order of the statements.

Theorem 2.2.1 ([Bal0O5, Theorem 6.3], [Mat21, Corollary 3.8], [Bal02, Theorem 8.5], [Mat25b,
Theorem 7.7]). Let T be a triangulated category with T ~ Perf X for a noetherian scheme X. Fix
a tt-structure @ so that (T, ®) is tt-equivalent to (Perf X, ® y). The following assertions hold:

(i) We have Specg, T = X as ringed spaces.
(ii) We have the inclusion Spcg T C Spc, T as topological spaces.
(iii) We have (Spcg T, Ogye 7.4) = Xioq as ringed spaces (cf. Construction 2.1.10 for notations).
(iv) We have an open immersion
Xrog = (Speg T, Ogpe, 7.4) < Spec, T
of ringed spaces whose underlying continuous map is the inclusion in (ii).

Proof. Only for readers’ convenience, we reproduce a proof of part (iv) although it is a mere spe-
cialization of the proof of Matsukawa [Mat25b, Theorem 7.7] (see also [Mat25b, Remark 7.8]) to
our setting. Let X = (J,., U, be an affine open cover and set Z, = X \ U,. Also, fix a split-
generator & of Perf X. (Recall if X is a quasi-compact and quasi-separated scheme, then Perf X
has a split generator ((BB02, Corollary 3.1.2]).) By [Tho97, Lemma 3.4] there is &, € Perf X such
that Supp &%, = Z,. Since (¥, @y &) = (F, @y Perf(X)) C Perf X is a ®-ideal and

F €E(F, @y &) CPerf, X :={% €Perf X |Supp¥g C Z,}

we have (#; @y &) = Perf, X by [Tho97, Theorem 3.15]. Now, by [Mat23, Corollary 4.4], the
natural inclusion
Spc, Perf X / Perf ;, X < Spc, Perf X
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is an open embedding, where we identify Spc, Perf X/ Perf z X with the subspace on prime thick
subcategories of Perf X containing Perf ; X. Now, recall from [Bal02] that

Spc®X Perf X = {Sy(x) | x € X},

where Sy(x) = {F € Perf X | F, = 0in Perf Oy  } (and x € X is not necessarily a closed point).
We claim
Spc, Perf X/ Peer[_ X ={Syx)|xeU}.

Indeed, itis clear Perf , X C Sy(x)forx € U, sowehave {Sy(x) | x € U;} C Spc, Perf X/ Perf , X.

On the other hand, recall that an open immersion j; : U; < X induces a fully faithful dense functor

J; @ Perf X/ Perf, X < Perf U,

(cf. [TT90] and [Bal02, Theorem 2.13]) and since j'Sy(x) = SU,.(X) for x € U,, we have a
commutative diagram:

{Sy(x) | x e U,;} —— Spc, Perf X/ Peer[_ X

i I
Speg, Perf Uy < Spc, Perf U,
where vertical arrows are bijections by [Mat21, Proposition 2.11]. Moreover, the bottom inclusion

is the identity by [Mat21, Corollary 4.9] (as any thick subcategory of Perf U, is a @-ideal) and
therefore we see that the top inclusion is the identity as desired. Now, we have that

Speg, Perf X = U Spe,, Perf X'/ Perf , X C Spc, Perf X
i€l
is an open subspace and hence we are done by [Mat23, Theorem 4.6]. [

Now, using the same notations as in Theorem 2.2.1, we can interpret those results by the fol-
lowing slogans:

e Part (i) claims that a noetherian scheme can be viewed as a choice of a tt-structure on its
perfect derived category.

e Part (i1) claims that topologically such a choice of a tt-structure may be viewed as a choice
of a subspace in the Matsui spectrum.

e Part (iii) claims that the reduced structure sheaf on |X| can be recovered as the structure
sheaf O, .. of Spcg T in the sense of Construction 2.1.10, which only uses the triangulated
category structure once we identify the subspace Spcg T C Spc, 7.

e Part (iv) claims that the structure sheaf of X 4 can be indeed recovered as the restriction of
the structure sheaf O; , of the entire Matsui spectrum Spc, 7.
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An upshot is that understanding subspaces of the Matsui spectra provides a novel way to understand
relations of derived categories and algebraic geometry. Now, let us see some examples to get some
sense of those definitions. We will come back to those examples later.

Example 2.2.2.

@

(i)

(iii)

[Mat23] Let X = P,. Then we have
Spec, Perf P, =P, L |_| Spec k
iz

as ringed spaces, where the underlying topological space of each Spec k corresponds to a
prime thick subcategory of the form <@Pi(i)> fori € Z.

[HO22,Mat23] Let E be an elliptic curve. Then we have

Spec, Perf E =~ E LI |_| E, ,
(r.d)el

as ringed spaces, where I := {(r,d) € Z | r > 0,gcd(r,d) = 1} and E, , is a copy of E for
each (r,d) € I.

[GS23, Example 5.1.3] Let R = kA, be the path algebra of the A,-quiver. Then we have
Spec, Perf R = Spec k LI Spec k LI Spec k

as ringed spaces, where the underlying topological space of each Spec k corresponds to points
(P)), (P,), (S,), respectively. Here, the structure sheaf Oy, , of Spec, Perf R can be computed
as follows: First of all, since Spec, Perf Ris discrete, it suffice to find Oy ,((P})), O ,(( P,)),
and O ,({S,)), which are isomorphic to the stalks of O , at the corresponding points. On
the other hand, we know

@ZTZ«Pl)) = @ZTZ«Pz)) = @zre (<Sz>) = Z(Perf k)4 = k.

LA

Since stalks are preserved under sheafification, we obtain the desired structure sheaf O ,.

We also note that the triangular spectrum remembers semi-orthogonal decompositions.

Proposition 2.2.3 (Matsui, Matsukawa). Let X be a noetherian scheme and suppose we have a
semi-orthogonal decomposition

Perf X = (S,,...,S,).

Then, there is a natural open immersion

Spec, S, U --- U Spec,, S, < Spec, Perf X.
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Proof. This follows by iteratively applying [Mat25a, Proposition 3.1] since Perf X has a split-
generator and hence is classically finitely generated (see also [Mat25a, Example 2.5]). Here, for
example, the embedding Spec, S, < Spec, Perf X is given as the composition

Spec, S, = Spec, T/(S,,...,S,) C Spec, 7. ]
This allows us to observe more geometric information contained in the Matsui spectrum.

Example 2.2.4 (Hirano—Ouchi). Let f : Y — X be a blow-up of a smooth variety X along a
smooth center Z of codimension c. By Orlov’s blow-up formula [Orl93], we have

Perf Y = (Lf™ Perf X, ¥ (Perf Z), ...,V ,_,(Perf Z)),

where f* : Perf X < PerfY and ¥, : Perf Z < Perf Y are fully faithful. Hence, we have an
open immersion

XUZuU--uZ c Spec, Perf X LI Spec, Perf Z Ui --- U Spec, Perf Z < Spec, Perf Y.

Moreover, the computations in [HO22, Example 3.8] show that the image of X intersects with
Specg, Perf Y =Y along the complement of Z and the exceptional divisor. On the other hand, the
image of ¢ — 1 copies of Z’s do not intersect with Y since L f* Perf X and hence any prime thick
subcategory in the image of Spec, Perf Z contains O, but S, (y) does not.

Given other semi-orthogonal decompositions coming from projective bundles [Orl93], Severi—
Brauer varieties [Ber09, Mat25b], standard flips [BO95, HO22], quadratic fibrations [Kuz08], etc.,
we obtain similar examples.

Finally, let us recall that perfect derived categories on smooth projective varieties have a par-
ticularly nice property.

Definition 2.2.5. Let 7T be a triangulated category with finite dimensional Hom-spaces. A Serre
functor S : T ~ T is atriangulated autoequivalence such that for any F, G € 7T, there is a functorial
isomorphism

Hom+(F, G) = Hom(G, S(F))",

where (—)* denotes the dual of a vector space over k. It is well-known that a Serre functor, if exists,
is unique up to natural isomorphism and commutes with any k-linear autoequivalence of J (e.g.
[Huy06, Lemma 1.30]). When 7 admits the Serre functor S, we define the Serre invariant locus
to be

Spc®* T 1= Spc® T.

Example 2.2.6.

(i) If T = Perf X for a Gorenstein proper variety X, then we have S = —®,, wy[dim X], where
wy denotes the canonical bundle of X. In particular, if X has the trivial canonical bundle,
then S is given by the shift functor [dim X].
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(i1) If T = Perf kQ for a finite quiver Q with no oriented cycle, then a Serre functor S is given
by the Nakayama functor, which is the composition R Hom,4(—, kQ)oR Hom, (-, k).

Let us recall some facts about the following simplest case:

Example 2.2.7. Let R = kA, be the path algebra of the A,-quiver. Then it is easy to see there are
only three indecomposable representations:

o (k<0)=e R=P =5;
e 0«ky=sS,=1,;
° (k:—k)EeszPzzll;

and thus the Nakayama functor S acts by S(P,) = I, = P,, S(P,) = I, = §,, and S(S,) = P,[1],
where the last equality follows since S is triangulated and we have a distinguished triangle P, —
P, - I, — P|[1].
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Chapter 3

The Fourier-Mukai locus in the triangular
spectrum

In [Ito23], we constructed the Fourier—Mukai locus by gluing the Balmer spectra in the triangular
spectrum. Later in [IM25], we proved that the Fourier—-Mukai locus constructed in [Ito23] is nat-
urally isomorphic to an open ringed subspace of the triangular spectrum. In this thesis, we take
the latter approach to construct the Fourier—Mukai locus and observe that they indeed coincide. In
particular, this chapter also serves as a self-contained exposition of [Ito23] with the approach of
[IM25].

3.1 Construction of the Fourier-Mukai locus and orbits of
Fourier-Mukai partners
Definition 3.1.1. Let 7 be a triangulated category.

(i) We say a smooth projective variety X is a Fourier-Mukai partner of 7 if there exists a
triangulated equivalence J ~ Perf X. Let FM T denote the set of isomorphism classes of
Fourier-Mukai partners of 7J.

(i) We say a tt-structure @ on 7 is geometric in X € FM T if there exists an equivalence
(T, ®) = (Perf X, ®)

of tt-categories. We say a tt-structure @ on 7T is geometric if there exists X € FM T such
that ® is geometric in X.

(iii) Define the Fourier-Mukai locus of 7 to be the subspace

Spc™ T = U Spcg, T C Spe, T

geom. tt-str. @ on T
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Now, we have the following consequences of Theorem 2.2.1.
Proposition 3.1.2. Let T be a triangulated category with FM T # (. Then, the following hold:
(i) For a geometric tt-structure @ on 7, the inclusion Spcg T C Spc, T is open.
(ii) The Fourier-Mukai locus of T is open in the triangular spectrum of 7J.

(iii) In [1to23], the topology on the Fourier-Mukai locus is defined to be the one generated by open
subsets of the Balmer spectrum for each geometric tt-structure. This topology on Spc™ T
agrees with the subspace topology on Spc™ T in Spc, 7.

Proof. For a fixed X € FM 7 and a tt-equivalence ® : T = Perf X , we have a commutative

diagram
c

Spcg T Spc™ T Spc, T

o] o= @l

Spcg Perf X <. Spc™ Perf X = Spc, Perf X

where the vertical maps induced from @ are homeomorphisms. By Theorem 2.2.1, we have that
the inclusion Spcg, Perf X C Spc, Perf X is an open embedding. Therefore, we have part (i). Part
(1) and (ii1) immediately follow from part (i). L]

Note by [Ito23, Theorem 4.7], we can glue the Balmer spectra corresponding to geometric tt-
structures to equip Spc™ T with a scheme structure, where the corresponding scheme is denoted
by Spec™ 7. Recall by construction the scheme structure on the Fourier-Mukai locus satisfies the
following properties.

Theorem 3.1.3 ([Ito23, Theorem 4.7]). Let T be a triangulated category with FMT # @. Then,
the scheme Spec™ T is a smooth scheme locally of finite type and for any geometric tt-structure ®,
we have a canonical open immersion

Specg, T — Spec™ T
of schemes whose underlying continuous map is the inclusion.

Now, we show that we can obtain the same scheme structure on the Fourier-Mukai locus by
simply restricting the structure sheaf on the triangular spectrum to the Fourier-Mukai locus. Logi-
cally, the following steps are unnecessary for the later parts and readers may safely skip to Notation
3.1.7, but we present them for readers’ convenience. To see this, let us recall the following classical
result (e.g. [Gro64, Proposition 10.9.6] and [Har77, Proposition 1.3.5]):

Lemma 3.1.4. Let X and Y be reduced schemes locally of finite type over an algebraically closed
fieldkandlet f,g : X — Y be morphisms of schemes over k. If f and g agree on the set of closed
points, then they agree as a morphism of schemes over k.
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Now, we are ready to show the following.

Theorem 3.1.5. Let T be a triangulated category with FM T # (. Then, there is an isomorphism
SpecFM T5 (Spc:FM T, Oy , |SpCFM 7)
of ringed spaces whose underlying continuous map is the identity.

Proof. First, note that by Theorem 2.2.1, (Sch'vI T, 05,

type. Take an open covering {Spcg, T} gea of Spc™ T, where each ®, 1s a geometric tt-structure
on J. Then, for each @ € A, there exists a canonical open immersion

|spcm 7) 1s @ smooth scheme locally of finite

Iy : Specg T & Spec™ T

whose underlying continuous map is the inclusion by Theorem 3.1.3 and therefore there is an open
immersion

iy @ 1,(Specg T) = (Spc™ T, O 4| gpemo)
whose underlying continuous map is the inclusion by Theorem 2.2.1. Now, by Lemma 3.1.4, we
see that {i,},c4 glues to a morphism

¢ : Spec™ T — (Spc™ T, Oy |y )

whose underlying continuous map is the identity. Since ¢ is a homeomorphism and locally an
isomorphism, it is an isomorphism. [

Remark 3.1.6. Note that Theorem 3.1.5 makes the construction of the structure sheaf on the Fourier-
Mukai locus purely triangulated categorical. Therefore, if we can determine the underlying topo-
logical space of the Fourier-Mukai locus categorically, then we can reconstruct information coming
from the gluings of structure sheaves of Fourier-Mukai partners performed in [[to23]. In partic-
ular, we have more hope to have backward applications of the Fourier-Mukai locus to birational
geometry.

Notation 3.1.7. In the sequel, the Fourier—Mukai locus refers to the ringed space
(Spc™ T, O | sperm7)-

Now, let us recall some geometric results on the Fourier-Mukai locus from [Ito23], to which we
provide self-contained proofs. First, we recall basic notations and terminologies.

Definition 3.1.8. Let T be a triangulated category with X € FM 7. Define the full orbit of X in
the Fourier-Mukai locus to be the open subscheme

Specg x T 1= U Specg T C Spec™ 7.

geom. tt-str. @ in X

In particular, the underlying topological space Spcg, 7T is the union of all Balmer spectra corre-
sponding to geometric tt-structures in X.
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The name “full orbit” is justified by the following more general construction.

Definition 3.1.9. Let T be a triangulated category with X € FM 7 and fix a geometric tt-structure
®, in X. For a subgroup G C Auteq 7, define the G-orbit at ®, to be the open subscheme

G - Specg T 1= U 7(Speg, T) C Spec™ 7.

TeG

When G = Auteq 7, the G-orbit at any geometric tt-structure in X coincides with the full orbit of
X.

Remark 3.1.10. In [Ito23], the scheme G - Spec®0 J is denoted by Specg} J, where @, = ® X
Example 3.1.11. Let X be a smooth projective variety. We set
Auteq™ Perf X := Aut X X Pic X x Z[1] C AuteqPerf X
to be the group of standard autoequivalences. Clearly, we have
Auteq™ Perf X - Specg  Perf X = Specg Perf X.

It is natural to ask how those copies of Fourier-Mukai partners interact with each other in the
triangular spectrum. Indeed, the following results and examples in [[to23] show that the topology of
the Fourier-Mukai locus is closely related to types of possible equivalences between Fourier-Mukai
partners, which are then related to (birational) geometric properties of varieties.

Definition 3.1.12. Let X and Y be smooth projective varieties. We say a triangulated equivalence
® : Perf X — Perf Y

is birational if there exists a closed point x € X such that ®(k(x)) is isomorphic to k(y) for some
closed point y € Y. If a birational equivalence exists, X and Y are said to be birational Fourier—
Mukai partners. Let

BAuteq X C AuteqPerf X

denote the subgroup of birational autoequivalences.

Example 3.1.13. For a smooth projective variety X, since any standard autoequivalence sends a
skyscraper sheaf to a skyscraper sheaf up to shift, we have

Auteq®™ Perf X C BAuteq X x Z[1].
Recall that for a noetherian scheme X, the isomorphism X = Specg Perf X is given by
X23x Sy(x) :={F €Perf X | F, 20} € Spec®x Perf X.

Let us also recall the following useful observation by Hirano—Ouchi.
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Lemma 3.1.14. [HO22, Lemma 3.2] Let X and Y be smooth varieties and suppose that we have
a fully faithful functor ® : Perf X < Perf Y that admits a right adjoint functor. Then, for x € X
andy € Y, we have ®(Sy(x)) = Sy (y) if and only if D(k(x)) = k(y)[!] for some | € Z.

As a consequence, we obtain a useful criterion for birational triangulated equivalences.

Lemma 3.1.15. A triangulated equivalence ® : Perf X — Perf Y is birational up to shift (i.e.,
® € BAuteq X X Z[1]) if and only if

®(Specg Perf X) N Specg PerfY # 0.

Moreover, birational Fourier—-Mukai partners X and Y are birationally equivalent (and indeed
K-equivalent (cf. Definition 3.3.38)).

Proof. By Lemma 3.1.14, <I>(Spec®X Perf X)N Spec®Y Perf Y # @ if and only if ®(k(x)) = k(y)[/]
forsome x € X,y € Y,and ! € Z, i.e., ® is birational up to shift by definition. Now, since
X = @(Specg Perf X) and Y = Specg PerfY are both open in Spec, Perf Y, the intersection
O (Specg Perf X) N Specg, Perf Y defines isomorphic open subschemes in X and Y, i.e., X and
Y are birationally equivalent. For K-equivalences, see Theorem 3.3.42. [

Definition 3.1.16. Given a birational triangulated equivalence ® : Perf X — Perf Y up to shift,
we define the associated birational map to be the birational map given by

[}
X D Specg Perf X N CI)‘I(Spec@X Perf X) = ®(Specg Perf X) N Specg PerfY CY.

Remark 3.1.17. In [Ito23], we made use of Inaba’s moduli of simple objects of Perf X ([Ina02])
and Calabrese’s results in [Cal17] to show the openness of the domain of definition, but because of
the openness of the tt-spectrum shown in [IM25], we no longer need to use them.

Let us also record when a triangulated equivalence is not birational.

Lemma 3.1.18. Suppose the kernel & € Perf(X X Y) of a Fourier-Mukai equivalence ®,, :
Perf X ~ Perf Y is a locally free sheaf on X X Y. Then, ® is not birational, i.e.,

®(Specg Perf X) N Specg PerfY = 0.

Proof. Since & is flat over X, we see that @, (k(x)) = P, ),y for any closed point x € X by
[Huy06, Example 5.4], which is locally free and hence Supp @ (k(x)) =Y. ]

Using the action of (birational) autoequivalences, let us give the decomposition theorem of the
full orbit Specg y Perf X of X.

Lemma 3.1.19. Let X be a scheme admitting an open cover {U, },; by irreducible open subschemes
U,. Then a connected component and an irreducible component coincide. In particular, such a
component is given as a union of mutually intersecting irreducible open subschemes of the form U..



CHAPTER 3. THE FOURIER-MUKAI LOCUS IN THE TRIANGULAR SPECTRUM 28

Proof. First, we can write

x=1]

jel
where each V; is a union of mutually intersection irreducible open subschemes of the form U;. Note
that each VJ is irreducible and hence connected, which suffices for a proof. O]

In general, a smooth projective variety is not tt-irreducible, but we have an important symmetry
for irreducible components of the full orbit Specg, , Perf X:

Lemma 3.1.20. Let X be a smooth projective variety. Then, the irreducible component of the full
orbit Specg y Perf X containing Specg, Perf X agrees with

BAuteq X - Specg Perf X C Spec™ Perf X,
which we call the birational orbit of X in the Fourier-Mukai locus.

Proof. Since for T € AuteqPerf X, 7(Specg Perf X) N Specgy Perf X # @ if and only if 7 €
BAuteq X X Z[1], the claim follows from Lemma 3.1.19 noting shifts act trivially. U

Theorem 3.1.21. Let X be a smooth projective variety and consider the set of left cosets
1, := AuteqPerf X /BAuteq X x Z[1].
Then, we have the decomposition of the full orbit:

Specg, x Perf X = |_| 7(BAuteq X - Specg Perf X)) = |_| BAuteq X - Specg Perf X.

[r]ely Iy

In particular, each irreducible component of the full orbit is isomorphic to the birational orbit of
X. See Corollary 3.3.13 for an example of this expression in the case of an abelian variety.

Proof. First, note by definition that the scheme 7(BAuteq X - Specg Perf X) does not depend on
the choice of the representative of [7]. Moreover, by definition we have

Specg x Perf X = U 7(BAuteq X - Specg Perf X).

[t]ely

Therefore, it is enough to see the right hand side is disjoint, which indeed follows since we have
r(Spec®X Perf X) N Spec®X Perf X # @ if and only if € BAuteq X X Z[1]. ]

Since we by definition have

Spec™ T = U Specg x 7,
XeFMT
the study of the Fourier—Mukai locus reduces to understanding the birational orbit for each Fourier—
Mukai partner and how birational orbits interact for different Fourier—Mukai partners. Finally, let
us introduce the following notion for convenience.
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Proposition 3.1.22. Let T be a triangulated category with X,Y € FMT. Then, X and Y are
birational Fourier-Mukai partners if and only if

Specg x T N Specg y T # 0.
Therefore, any birational Fourier-Mukai partner is isomorphic if and only if we have

Spec™ T = |_| Specg x T

XeFMT

in which case 7 is said to be of disjoint Fourier-Mukai type.

Proof. The first claim is a direct consequence of Lemma 3.1.15 and the second claim is the direct
consequence of the first. [

Finally, let us pose the following natural question.

Question 3.1.23. Let T be a triangulated category with X,Y € FM J. Does
Specg x T = Specg y T

imply X = Y ? Note that the equality implies that the birational orbits of X and Y are isomorphic.

3.2 Properties of the Fourier-Mukai locus and orbits as
schemes

Now, let us observe some basic properties of Fourier-Mukai loci and full orbits, and their relations
with (birational) geometry.

Definition 3.2.1. Let X be a smooth projective variety. For a property P of a scheme, we say X
satisfies tt- (tt for tensor triangular) if Specg, y Perf X satisfies P.

Example 3.2.2. Any smooth projective variety is tt-smooth and tt-locally of finite type, so we are
mainly interested in understanding if a smooth projective variety is tt-separated, tt-irreducible, or tt-
quasi-compact. Since a universally closed morphism is quasi-compact and in this thesis only exam-
ples of tt-quasi-compact varieties will be smooth projective varieties with @-generating canonical
bundles (e.g. with ample (anti)canonical bundles), we will not elaborate on tt-universally closed-
ness, let alone tt-properness/projectivity.

Separatedness

Separatedness of Fourier—Mukai loci and full orbits implies that varieties appearing are birationally
rigid.

Proposition 3.2.3. Let X be a smooth projective variety. The following are equivalent:
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(i) X is tt-separated;
(ii) The birational orbit coincides with Spec®x Perf X, i.e.,

BAuteq X - Specg Perf X = Specg Perf X.

(iii) We have the decomposition

Specg x Perf X = |_| 7(Specg, J) = |_| X;
Ix

[r]€ly

(iv) If ® : Perf X — Perf X is a birational triangulated equivalence, then for any closed point
X € X, there exists a closed point x' € X such that ®(k(x)) = k(x');

(v) We have
BAuteq X X Z[1] = Auteq™ Perf X.

Equivalently, any birational autoequivalence is standard.

In light of Remark 3.1.6, a tt-separated smooth projective variety X can be reconstructed as a
connected component of Specg,  Perf X if we can categorically determine Spcg, y Perf X.

Proof. First of all, (i1) = (ii1) follows by Theorem 3.1.21 and (iii) = (i) is clear. Also, by [Huy06,
Corollary 5.23] and Lemma 3.1.14, (iv) < (v) < (ii) follows. Therefore, it remains to show
(1) = (11). We show its contrapositive. Suppose there exists a birational autoequivalence ® €
BAuteq X such that

U := ®(Specg Perf X)U Specg Perf X 2 Specg Perf X.

Then, U is not a separated scheme since otherwise X = Specg Perf X is closed in U (as it is an
image of a proper scheme in a separated scheme) and hence Specg Perf X is a closed and open
subscheme of U, i.e.,

U = ®(Specg, Perf X)L Specg Perf X

which is absurd as @ is birational (cf. Lemma 3.1.15). Therefore, Specg y Perf X has a non-
separated open subscheme U and hence is not separated either. [

Proposition 3.2.4. Let T be a triangulated category with FM T # @. The following are equivalent:
(i) SpeCFM T is a separated scheme;

(ii) For any X,,X, € FMT and ® : Perf X, ~ Perf X,, if ® is a birational triangulated
equivalence up to shifts, i.e., if

®(Specg, Perf X,) N Specg, Perf X, # 0,

then we have
O(Specg Perf X,) = Specg Perf X,.
1 2

In particular, we have X | = X,.
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(iii) T is of disjoint Fourier—Mukai type and each X € FM T is tt-separated. Equivalently,
Spec™ T = |_| |_| 7(Specg, Perf X) = |_| |_| X.

XeFM T [r]lely XeFMT Iy

In particular, the set of isomorphism classes of connected components of Spec™ T coincides
with FM 7.

Proof. (i) = (iii) and (iii) = (i) are clear, so it suffices to show (i) = (ii). We show its contrapos-
itive. Suppose there exist X, X, € FM T and a triangulated equivalence ® : Perf X, — Perf X,
such that

U :=®(Specg, Perf X,) N Specg, Perf X, # ¢

but (I)(Spec®x Perf X,) # Spec®x Perf X,. Then,
1 2
X = <I)(Spec®x1 Perf X)) U Spec®x2 Perf X, C Spec™ Perf X,

is not a separated scheme since otherwise X, = @(Spec®x Perf X,) is closed in X (as it is an
1

image of a proper scheme in a separated scheme) and hence U is a closed and open subscheme of
Specg  Perf X, = X,, which is absurd as X, is connected. Therefore, Spec™ Perf X, =~ Spec™ T
2

has a non-separated open subscheme and hence is not separated either. 0

Irreducibility

Irreducibility of Fourier—Mukai loci and full orbits implies that all autoequivalences are birational
in nature, and we expect variates appearing have rich birational geometry.

Proposition 3.2.5. Let X be a smooth projective variety. The following are equivalent:
(i) X is tt-irreducible;
(ii) X is tt-connected;
(iii) For any triangulated autoequivalence ®@ : Perf X ~ Perf X, we have
D(Specg  Perf X) N Specg Perf X # 0.

In particular, any tt-spectrum of geometric tt-structure in X intersects with each other in
Specg, y Perf X.

(iv) We have
BAuteq(X) x Z[1] = Auteq(Perf X).

Equivalently, any autoequivalence is birational up to shift.

(v) We have
Specg x Perf X = BAuteq X - Specg Perf X.
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Proof. First of all, (iii) <= (iv) is Lemma 3.1.15. Now, (i) < (ii) < (iv) < (v) follow by
Theorem 3.1.21. ]

Remark 3.2.6. In [Ueh17], a smooth projective variety X is said to be of K-equivalent type if
BAuteq X X Z[1] = Auteq Perf X
(cf. Remark 3.3.43). Therefore, X is tt-irreducible if and only if X is of K-equivalent type.
Proposition 3.2.7. Let T be a triangulated category with FM T # @. The following are equivalent:
(i) SpecFM T is an irreducible scheme;

(ii) For any X, X, € FM T, any triangulated equivalence ® : Perf X, ~ Perf X, is birational
up to shifts, i.e.,
®(Specg, Perf X;) N Specg Perf X, # @.

(iii) Any X € FM T is tt-irreducible and for any X,Y € FM T,
Specg x T N Specg y T # @.

Proof. By Proposition 3.1.22 and Proposition 3.2.5, (ii) = (iii) follows. By Lemma 3.1.19, (iii) =
(1) and (1) = (ii) follow. O

Combining tt-separatedness and tt-irreducibility, we obtain the following.
Proposition 3.2.8. Let X be a smooth projective variety. The following are equivalent.
(i) X is tt-separated and tt-irreducible;
(ii) AuteqPerf X = BAuteq X X Z[1] = Auteq™ Perf X;
(iii) Spec™ Perf X = Specg  Perf X.
In these cases, FM X = { X }.

Proof. The implications (i) < (ii) <= (iii) follow by Proposition 3.2.3 and Proposition 3.2.5.
The last implications follow since for any Y € FM 7, Y is a closed and open subscheme of X. L[]

Remark 3.2.9. Note that FM X = {X} does not imply either tt-separatedness nor tt-irreducibly.

For example, the Hirzebruch surface [, has no non-trivial Fourier-Mukai partner, but by [BP14]
and Corollary 3.3.27,

Auteq Perf X = BAuteq X X Z[1] 2 Auteq™ Perf X,

1.e., I, is tt-irreducible but not tt-separated. On the other hand, an elliptic curve E has no non-trivial
Fourier—-Mukai partner, but by Theorem 4.1.5 and Theorem 3.3.12,

Auteq Perf X 2 BAuteq X X Z[1] = Auteq™ Perf X,

1.e., E is tt-separated but not tt-irreducible.
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Quasi-compactness

Definition 3.2.10. Let T be a triangulated category with FM T # (J. We say T has a finite Fourier-
Mukai cover if there is a finite subset S ¢ FM T such that Spc™ T = Uxes Speg.x 7T

If FM T is a finite set, then T has a finite Fourier-Mukai cover. Moreover, the assumption that
FM T is finite is not too special. Indeed, Kawamata conjectured that for any smooth projective
variety X, FM X is finite ([Kaw02, Conjecture 1.5]) and the conjecture holds for curves and sur-
faces ([Kaw02], [Huy06]), for abelian varieties and varieties with ample (anti-)canonical bundle
([Fav12]), and for toric varieties ([Kaw13]). On the other hand, a counter-example is also given by
Lesieutre using an infinite family of blow-ups of P? at certain 8 points, which are all connected by
Cremona transformations ([Les14]).

Question 3.2.11. Does Lesieutre’s example have a finite Fourier—Mukai cover? More generally,
does every smooth projective variety have a finite Fourier—Mukai cover?

As before, we have the following:
Proposition 3.2.12. Let X be a smooth projective variety. Then, the following are equivalent:
(i) X is tt-quasi-compact;
(ii) I, = AuteqPerf X /BAuteq X XZ[1] is finite and the birational orbit of X is quasi-compact.

Proof. By Theorem 3.1.21, I is finite if and only if the full orbit Specg,  Perf X has only finitely
many connected components. Since every connected component of the full orbit is isomorphic
to the birational orbit, (i) = (i). Similarly, if I, is infinite or the birational orbit is not quasi-
compact, then X is not tt-quasi-compact. [

Proposition 3.2.13. Let T be a triangulated category with EM T # (. The following are equivalent:
(i) Spec™ T is quasi-compact;
(i) T has a finite Fourier-Mukai cover and every X € FM T is tt-quasi-compact.

Proof. First, suppose Spec™ T is quasi-compact. Then, T clearly has a finite Fourier-Mukai cover.
Since Spec™ T is of finite type, it is in particular noetherian and hence each Spcg x T is quasi-
compact for X € FM 7. The other direction is clear. [

Observation 3.2.14. Note that tt-quasi-compactness of a smooth projective variety X may fail in
various ways:

(1) Forabelian varieties (Corollary 3.3.13), the birational orbit is quasi-compact but I  is infinite.

(i1) For toric varieties (Corollary 3.3.27 and Remark 3.3.28), I is finite but the birational orbit
is in general not quasi-compact.
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(111) For some K3 surfaces (Example 3.3.24), I, is infinite and the birational orbit is not quasi-
compact.

It is indeed hard to come up with tt-quasi-compact smooth projective varieties except for ones
with ®-generating canonical bundle. From observations so far, it is reasonable to expect the fol-
lowing.

Conjecture 3.2.15. A smooth projective variety X is tt-separated and tt-quasi-compact if and only
if Specg x Perf X = Specg Perf X. This follows from a stronger conjecture that there is no smooth
projective variety X such that 1 < |Iy| < oo.

To author’s knowledge, we do not have a counter-example to the stronger conjecture either.

3.3 Examples

Now let us apply results so far to compute Fourier-Mukai loci and full orbits for some specific cases.
In this section, k is an algebraically closed field of characteristic O.

Smooth projective varieties with ®-generating canonical bundle

The easiest case is when a smooth projective variety has a @-generating canonical bundle. This
can be understood as generalization of the Bondal-Orlov reconstruction.

Definition 3.3.1. For a noetherian scheme X, a line bundle & on X is said to be ®-generating if
(L®" | ne Z)=Perf X.

Since Perf X has a split-generator and 7, = — ® , £ is an autoequivalence, the condition is
equivalent to saying there exists N > 0 such that 0, @ --- ® Z®" is a split-generator of Perf X
([1025, Lemma 2.2]).

Example 3.3.2. By Orlov [Orl09], any (anti-)ample line bundle is ®-generating.

In [I025], we provided a Nakai-Moishezon-style criterion for @-generation, which in particular
provides a lot of examples of @-generating line bundles that are neither ample nor anti-ample.

Theorem 3.3.3 (Ito—Olander). Let X be a proper variety and £ a line bundle on X. The following
are equivalent:

(i) &£ is @-generating;
(ii) For any closed subvariety Z C X, ¥\, or £, is big.

Indeed, if we disallow the condition “Z~!|, is big” from condition (ii) above, then it is exactly
the Nakai—Moishezon criterion for ampleness. As a result, we obtain the following examples.



CHAPTER 3. THE FOURIER-MUKAI LOCUS IN THE TRIANGULAR SPECTRUM 35

Theorem 3.3.4 (Ito—Olander). The following schemes admit @-generating line bundles which are
neither ample nor anti-ample:

(i) A reducible union of two copies of the projective line meeting at a node.
(ii) Any smooth projective surface containing an integral curve of negative self-intersection.
(iii) A blowup of a quasi-projective variety in a closed point.

(iv) Affine space of any dimension with doubled origin. In fact, the structure sheafis @-generating
but not ample. In particular, a scheme with a @-generating line bundle need not be separated
and need not satisfy the resolution property.

(v) The blowup of the affine plane at the origin minus a closed point of the exceptional divisor.
In fact, the structure sheaf is @-generating but not ample in this case.

(vi) Hironaka’s smooth proper, non-projective threefold.

Theorem 3.3.5 (Ito—Olander). The following provide @-generating canonical bundles which are
neither ample nor anti-ample

(i) Let X be a smooth projective surface over an algebraically closed field such that o or a);(l

is big (e.g. toric surfaces or surfaces of general type). Then, wy is @-generating if and
only if X contains a (=2)-curve. In particular, most smooth projective toric surfaces have
®-generating canonical bundle.

(ii) Let X be the blow-up of a smooth variety with ample canonical bundle at finitely many points.
Then, wy is @-generating.

(iii) Let k be an algebraically closed field and let X be the blowup of Pi in n closed points. Assume
either: (a) all the points lie on a line and n # 3, or (b) all the points lie on a conic and n # 6.
Then, @y is @-generating.

(iv) Let E be an elliptic curve over the complex numbers. Let F be a rank two vector bundle on
E andlet X = Pg(F). If F is unstable, then wy is @-generating.

(v) LetY C I]j’f(‘: be a smooth projective hypersurface of general type over the complex numbers.
Assume Y contains a line ¢ C H:"f: which moves on Y, i.e., H(Z, /VK/Y) # 0. If X is the
blowup of Y in ¢, then w is @-generating.

Now, in these cases, the Fourier—-Mukai locus is as simple as possible, and as a result so is the
group of autoequivalences.

Proposition 3.3.6. Let X be a smooth projective variety with @-generating canonical bundle. Then,
X is tt-separated and tt-irreducible, i.e,

Spec™ Perf X = Specg  Perf X.
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In particular, by Proposition 3.2.8,
Auteq Perf X = BAuteq X X Z[1] = Auteq* Perf X.

Since the proof gets much simpler if we consider the Serre invariant locus, let us delay it to
Theorem 4.1.5. It is worth mentioning that we deduce the equality Auteq Perf X = Auteq™ Perf X
from the computation of the Fourier—-Mukai locus, not the other way around (cf. Proposition 3.2.8).

Abelian varieties
First, let us recall some basics of the derived category of coherent sheaves on an abelian variety.

Notation 3.3.7. Let X be an abelian variety and let X denote its dual. For a closed point x € X,

letr, : X 5 X ;¥ = y + x denote the translation. Moreover, for a closed point a € X , let
Z, € Pic’(X) denote the corresponding line bundle of degree 0.

In [Orl02], Orlov gave several important results on the derived category of coherent sheaves on
an abelian variety.

Definition 3.3.8. Let X be an abelian variety. Then, define the group of symplectic automor-
phisms of X X X (with respect to the natural symplectic form) to be
% f 1 f: 2 O f 1 g 2 f 4 _f 2 ;
Sp(XxX):={< € Aut(X x X) A 27 ) =idyy v o,
f3 f4 f3 f4 _f3 f1 X
where Aut(X x X) denotes the group of automorphisms of abelian varieties and fl denotes the
transpose of f;. Here, we are writing an automorphism f : X X X — X x X with matrix form,

where f, : X = X, f, : X — X, etc. We say a symplectic automorphism f is elementary if f
is an isogeny.

Theorem 3.3.9 ([Orl02, Theorem 2.10, Corollary 2.13, Proposition 3.2, Construction 4.10, Propo-
sition 4.12]). Let X be an abelian variety. Then, there is a surjective group homomorphism

y . AuteqPerf X — Sp(X x X)

such that for any ®, € AuteqPerf X with Fourier-Mukai kernel & € Perf(X X X) (which is
necessarily isomorphic to a sheaf on X x X up to shift) and for any (a, a), (b, f) € X x X, we have
that y(®4)(a, a) = (b, p) if and only if

* ~ 4 *
t(o’b)*% ®@Xxx nzgﬂ ~ t(a’o)% ®@Xxx | Z,

where x; denotes projections m; © X X X — X so that @g(—) = Rz, (77(—) Qxyx &). Moreover,
we have
Kery = (X X X), X Z[1] C Auteq Perf X,

where each component corresponds to translations, tensor products with lines bundles of degree 0,
and shifts, respectively. Furthermore, for any elementary symplectic automorphism f € Sp(X X
X), there exists a (semihomogeneous) vector bundle & on X X X such that y(®y) = f.
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We have the following “global” understanding of the Fourier-Mukai locus of an abelian variety:

Lemma 3.3.10. Let T be a triangulated category with an abelian variety X € FMT. Then, any
Y € FM T is also an abelian variety and we have

Spec™ T = |_| Specg y 7.

YEFM T

as a scheme. In particular, T is of disjoint Fourier—Mukai type.

Proof. By [HNW11, Theorem 0.4], any Fourier-Mukai partner of X is also an abelian variety.
Moreover, it is well-known that any birationally equivalent abelian varieties are isomorphic. [

In particular, in order to understand the Fourier-Mukai locus, we can focus on the locus Specg y T
for a single abelian variety X € FMJ. Now, we show any variety is tt-separated, but not tt-
irreducible.

Proposition 3.3.11. An abelian variety X is not tt-irreducible.

Proof. By Proposition 3.2.5, it suffices to show there is a triangulated equivalence ®@ : Perf X —
Perf X such that
®(Spcg Perf X) N Spcg Perf X = 0.

Take an ample line bundle % on X with isogeny ¢ o - X - )? 2 X, x» ¥ QRL -1, First, note
that by [Plo05, Example 4.5], we have

r(=Qp, £) = <id)2 0 ) € Sp(X x X)

¢3 1dX

and in particular ¢, = ¢,. Thus, we have

. (dy ¢o 5
f = < 0 idX> € Sp(X X X).
Now, since f is, in particular, an elementary symplectic isomorphism, we have a vector bundle &
on X X X such that &, € AuteqPerf X (with y(®4) = f) by Theorem 3.3.9. Therefore, we see
that

@ (Specg  Perf X) N Specg Perf X =@.
by Lemma 3.1.18 as desired. ]

Theorem 3.3.12 (Ito—Matsui). An abelian variety X is tt-separated.

Proof. Take a birational autoequivalence ® € Auteq Perf X, i.e., suppose there exist x,,, y, € X
such that ®(k(x,)) = k(y,). By Proposition 3.2.3, it suffices to show that for any x € X, there
exists y € X such that ®(k(x)) = k(y). Now, by [MGP13, Proposition 3.2], we have ® = @, for
a sheaf & on X X X that is flat along each projection and therefore by [Huy06, Example 5.4] we
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have J| (xo)xx = D(k(x,)) = k(y,) under the canonical identification {x,} X X = X. Moreover,

by Theorem 3.3.9, there is a corresponding isomorphism f5 : X X X — X x X satisfying
fo(a,a) = (b, p) if and only if

* * ~ *
t(a,o)% ®@XXX g ga = t(osb)*% ®@X><X ”2313’
which is equivalent to

~ ¢* * * -1
SN A~ I(O,—b)'% ®@Xxx EZQﬁ ®@Xxx (7r1 Z) .

*
(a,0)

Under canonical identifications {x} X X = X =~ X X {y} for closed points x, y € X, we therefore
see that for any a € X, we can take a, b, f such that

O(k(xy +a)) = ‘%I{x0+a}><X = (ITQ,O)%N{XO}xX
= (tzﬁo,—b)‘% B0y T2 Ls By (”Tg‘”)_l> [pcx
2 15 (F | i) Ox (1L o, (T L)) | ixx
= k(y,+ b) ®o, (ﬂ;gﬁ R0,y (”ikga)_l) |{x0}><X = k(y,+b)
as desired. 0

By Theorem 3.2.4, Lemma 3.3.10, and Theorem 3.3.12, we obtain some kind of a generalization
of [Mat23, Corollary 4.10] (see also [HO22, Theorem 4.11] and [HO24, Theorem 5.3]). Here we
note that Spec™ Perf X = Spec, Perf X holds for an elliptic curve X by [HO22, Proposition 4.10]
and the subsequent argument.

Corollary 3.3.13. Let X be an abelian variety. Then there is an isomorphism

Spec™ Perf X = |_| |_| Y

YEFMPerf X 1y
of schemes. Moreover, I, is infinite for each abelian variety Y € FM X.

Proof. The first claim follows from Theorem 3.2.4, Lemma 3.3.10, and Theorem 3.3.12. For the
latter claim, note that the image of standard autoequivalences (and hence birational autoequiva-
lences up to shift) in Sp(Y x Y) is in the subgroup of lower triangular matrices by [Plo05, Example
4.5]. Hence, the powers of @, constructed in the proof of Proposition 3.3.11 define infinitely many
distinct elements in the left coset 1. ]

By Theorem 3.1.5 and Corollary 3.3.13, we can reconstruct all the Fourier-Mukai partners of
an abelian variety X if we can identify the Fourier-Mukai locus

Spec™ Perf X C Spec, Perf X

purely categorically.
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Spherical twists and surfaces

Next, let us make some observations on spherical twists and the case of surfaces. First, let us recall
the following notions.

Definition 3.3.14. Let X be a smooth projective variety. An object & Perf X is said to be
spherical if

1) F=2F Quwy;

k ifi=0,dimX
0 otherwise.

(il) Hom(#, F[i]) = {
Note if F is spherical, then ", F[i] forany i € Z and ¥ @ £ for any line bundle Z are spherical.

Construction 3.3.15. Let X be a smooth projective variety and take an object & € Perf X. Define
P, € Perf X X X to be
Py = cone(p|E’ @ p;& = 0,),

where p, : X X X — X denotes the i-th projection, O, denotes the structure sheaf on the (image
of) diagonal A C X X X, and the morphism is given by the composition

P& @p;E - AN (PE @pyE)=A,(8"®E) = A0y =0,.
When & is spherical, the associated Fourier-Mukai transform
Ty :=®gy, : Perf X — Perf X

is called the spherical twist associated to &. It is a standard result (e.g. [Huy06, Proposition 8.6])
that any spherical twist is an autoequivalence.

Recall the following result:

Lemma 3.3.16. [Uehl7, Example 4.2] Let X be a smooth projective variety and let & € Perf X
be a spherical object. If x € Supp &, then Supp T (k(x)) = Supp &. If x € X \ Supp &, then
Ty (k(x)) = k(x).

Now, we get the following useful corollary:

Proposition 3.3.17. Let X be a smooth projective variety of dimension > 1 and let & € Perf X be
a spherical object. Then, Ty is birational if and only if Supp & # X. If Supp & is moreover not a
singleton, then the associated birational map X --- X is given by the identity on X \ Supp &, i.e.,

Specg Perf X N Tg(Specg Perf X)= X \ Supp &
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Proof. The first part follows from Lemma 3.3.16. In particular, in such a case, the domain of
definition of T, contains X \ Supp &. If Supp & is moreover not a singleton, then for any x €
Supp &, Supp T (k(x)) is not a singleton (i.e., x is not in the domain of definition of T, by Lemma
3.1.14), which shows the second part. O

In particular, we can see the following by Proposition 3.2.3:

Corollary 3.3.18. Let X be a smooth projective variety (of dimension > 1). If there exists a
spherical object & € Perf X with Supp & neither being X nor being a singleton, then X is not
tt-separated.

Example 3.3.19. One of the easiest examples of spherical twists arises for elliptic curves. Let X
be an elliptic curve. Recall as a variant of [Orl02], we have the following short exact sequence:

0
1 — Aut X X Pic’ X x Z[2] — AuteqPerf X — SL(2,Z) — 1,
where 6 is given by the action on the image of the charge map
Z : K(X) » 75, F v (rank F, y(F)).

Since the author could not find a proof of this fact, let us include it for completeness. The surjectivity
of 6 follows by noting that the images of the spherical twists 7;; and 7}, for a closed point x € X

generate SL(2, Z) (cf. [STO1]). On the other hand, to show Aut X X Pic’ X x Z[2] = Ker 0, it
suffices to show any @ € Ker @ is a standard autoequivalence since then by the Riemann-Roch
theorem, the line bundle part needs to have degree 0 and the shift part needs to have even degree.
Indeed, since any object in Perf X is a direct sum of shifts of coherent sheaves, any ® € Ker 6
sends any indecomposable skyscraper sheaf to an indecomposable skyscraper sheaf (up to shift) as
desired.

Now, noting that the images of 0, and k(x) under 8 generate SL(2, Z), we see that any autoe-
quivalence can be written as compositions of spherical twists and standard equivalences. Moreover,
it is easy to see that T ) ~ Oy(x) ® — (e.g. [Huy06, Example 8.10 (i)]) and hence is indeed a
standard equivalence. This illustrates that for the latter claim in Proposition 3.3.17 we really need
to exclude the case when the support of a spherical object is a singleton since in this example the
birational map associated to Tk(x) is the identity on the whole X, not just on X \ {x}. Note, on the
other hand, that T}, is not birational by Proposition 3.3.17.

Now, let us make some observations on Specg y Perf X. Recall we have the following relation
(called a Braid group relation) ([STO1]):

T@XTk(x)T@X = Tk(x)T@XTk(x)-
Noting that T}, is a standard autoequivalence, this relation says
Ty, Ty To, (Specg , Perf X) =T, T, (Specg Perf X) C Specg, y Perf X.

In other words, T, acts on T),\ T, (Specg Perf X), but does not act on Specg Perf X. Also, see
Observation 4.1.11 for a thorough description of Specg y Perf X.
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Spherical twists give the following key example for Fourier-Mukai loci corresponding to sur-
faces.

Example 3.3.20. ([Huy06, Example 8.10(iii)]) Let X be a smooth projective surface and C C X
a (—2)-curve, i.e., a smooth rational curve with C> = —2. Then O, is a spherical object. More
generally, the pull-back O (k) of Op, (k) under an isomorphism C = P! is spherical. Note that any
smooth (irreducible) rational curve in a K3 surface is a (—2)-curve.

By Proposition 3.3.17, we get the following:
Corollary 3.3.21. Let X be a smooth projective surface. Suppose X admits a (—2)-curve C. Then,
Specg  Perf X NT, (Specg, Perf X) = X \ C.
In particular, X is not tt-separated.

Remark 3.3.22. Note that by blowing up a surface twice and looking at the strict transform of the
exceptional curve of the first blow-up, we can always get a surface with a (—2)-curve. Therefore,
tt-separatedness is not birational invariance.

In the rest of this subsection, let us consider specific cases of K3 surfaces although we will
indeed see the following claim holds for any surface in the next subsection (Corollary 3.3.48).

Lemma 3.3.23. Let T be a triangulated category with a K3 surface X € FMJ. Then, T is of
disjoint Fourier-Mukai type, i.e,

Spec™M T = |_| Specg x T

XeFM T

Proof. 1t is well-known that a Fourier-Mukai partner is also a K3 surface (e.g. [Huy06, Corollary
10.2]). Moreover, note that any birationally equivalent K3 surfaces are isomorphic since they are
minimal models. 0

In particular, this gives a different proof and generalization of [HO22, Example 3.5] when a
K3 surface X is not isomorphic to the moduli space M, (v) of H-semistable sheaves for an am-
ple divisor H with a Mukai vector v = (r,c,d) € H*(X, Z) such that c € NS(X), r > 0, and
gcd(r,cH,d) = 1 (cf. [Huy06, Proposition 10.20]).

Example 3.3.24. In contrast with the case of abelian varieties, a K3 surface X is not tt-separated
in general. For example, if we have the Picard number p(X) > 12, then X admits a (—2)-curve
([Huy16, Corollary 14.3.8]). Moreover, if X contains a (—2)-curve and Aut X is infinite, then
there are infinitely many (—2)-curves in X ([Huyl6, Corollary 8.4.7]) and hence X is far from
being separated. On the other hand, there are K3 surfaces with no (—2)-curves (while having the
infinite automorphism group) (cf. [Huy16, §15.2.5]).

Note that when p(X) > 12, we have FM Perf X = {X} ([Huyl6, Corollary 16.3.8]), so al-
though such a K3 surface has a (—2)-curve, the whole Fourier-Mukai locus can be simpler than
other K3 surfaces with multiple Fourier-Mukai partners.
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In [HO24], Hirano—Ouchi provided the full description when p(X) = 1.

Theorem 3.3.25 (Hirano—Ouchi). Let X be a complex algebraic K3 surface of Picard number 1.
Then, for every Y € FM X,

BAuteqY X Z[1] = Auteq™ Perf Y C AuteqPerf Y.
In particular, every Y € FM X is tt-separated and

Spec™ Perf X =~ |_| |_| Specg, PerfY.

YEFM X Iy

Toric varieties and varieties of general type

Let us briefly look at cases of toric varieties and varieties of general type. First, the following result
by Kawamata [Kaw13, Theorem 5] shows any toric varieties are tt-irreducible:

Theorem 3.3.26 (Kawamata). Let X be a smooth projective toric variety and Y a smooth projective
variety. Suppose there is a triangulated equivalence ® . Perf X ~ Perf Y. Then, Y is also a
toric variety and ® is birational up to shift with the associated birational map being a toric map.
Moreover, there exist only finitely many such birational maps when X is fixed and Y is varied.

Corollary 3.3.27. Let T be a triangulated category with a toric variety X € FMT. Then, any
Y € FM T is toric and tt-irreducible, and SpeCFM Perf X is irreducible.

Proof. Follows from Proposition 3.2.5 and Proposition 3.2.7. [

Remark 3.3.28. Note that Theorem 3.3.26 is not enough to show that X is tt-quasi-compact since in
general there may be birational autoequivalences such that the associated birational maps agree, but
the action on the triangular spectrum is different over the complement of the domain of definition.
Also, note that X is not tt-separated in general by Corollary 3.3.21 since a toric surface may contain
a (—2)-curve.

Since a toric variety has a big anti-canonical bundle (for example [BP14, Lemma 11]), they are
special cases of the following result by Kawamata (in the proof of [Kaw02, Theorem 2.3 (ii)]):

Theorem 3.3.29 (Kawamata). Let X be a smooth projective variety with big (anti-)canonical bun-
dle and suppose there is a triangulated equivalence ® : Perf X ~ Perf Y with Y a smooth projec-
tive variety. Then, Y has the big (anti-)canonical bundle and ® is birational.

Corollary 3.3.30. Let T be a triangulated category with X € FM T for a smooth projective variety
X with big (anti-)canonical bundle. Then, any Y is tt-irreducible and Spec™ T is irreducible.

Proof. Follows from Proposition 3.2.5 and Proposition 3.2.7. [

Question 3.3.31. If X is tt-irreducible (equivalently, BAuteq X X Z[1] = Auteq Perf X), what can
we say about positivity of its (anti-)canonical bundle?
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Flops and K-equivalences

Now, let us move on to a more general approach to study Fourier-Mukai loci using birational geom-
etry. For this, let us introduce the following standard notions in birational geometry (e.g. [Kaw02],
[KM98], and [Tod06]).

Definition 3.3.32. Let X and Y be projective varieties with only canonical singularities.

(1) A birational map @ : X ---Y is said to be crepant if there exist a smooth projective variety
Z and birational morphisms f | Z — X and g : Z — Y suchthataof = gand f*Ky ~g
g'Ky.

(i) A birational map « : X ---Y is said to be a flop if there exist a normal projective variety W
and crepant birational morphisms ¢ : X — W andy : Y — W such that

* ¢ =you;
e ¢ and y are isomorphisms in codimension 1;
e the relative Picard numbers of ¢ and y are 1;

e for any ¢-ample divisor H on X, —H' is y-ample, where H' is the strict transform of
HonY.

Here are some examples of flops and applications to our situations.
Example 3.3.33.

(1) (See [HuyO06, Section 11.3] for details.) Let X, be a smooth projective variety of dimension
2k+1 and suppose X, contains a closed subvariety Y; isomorphic to P* whose normal bundle
is isomorphic to Op(—1)®**!. Now, writing the blow-up along Y, by p, : X — X, we see
that its exceptional divisor E is isomorphic to P*x[P* and moreover that we can blow-down to
the other projection, which yields a birational morphism p, : X — X,. Then, the birational
map p,op;' : X,--+X, is called the standard flop. In short, the standard flop is constructed
so that it fits into the following diagram:

E ~ Pk x Pk

PN

where the normal bundle of ¥; & P* in X is isomorphic to Op. (= 1)®*! (so that @ |pc & Opi)
and p;, is the blow-up along Y; with exceptional divisor E. In particular, it can be shown that
the birational map p,o pl_l : X, - X, 1s indeed a flop by considering contractions X; = W
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of P* for each i. Here, note that X, is not necessarily projective in general (cf. Remark
3.3.36), so let us suppose X, is projective in this paper. By [BO95, Theorem 3.6], the functor

® = p,,op," = @, : Perf X, — Perf X,

is an equivalence, where Z = X, X, X, C X, X X,. Since p, and p, are isomorphisms
away from exceptional loci, ®@ is moreover birational and indeed the associated birational
map X, --+ X, is the isomorphism X, \ Y¥; = X, \ Y,, i.e., the standard flop itself (cf.
[HO22, Lemma 3.7]). Note that in general the birational Fourier-Mukai partners X, and X,
are not isomorphic and therefore

VES CID(Spec@X1 Perf X,) N Spec@,x2 Perf X, C Spec®x2 Perf X,.

Indeed, if ®(Specg, Perf X|)NSpecg Perf X, = Specy, Perf X, then X, is a closed and
Xy X X3
open subscheme of X, which is absurd. These arguments reproduce [HO22, Example 3.9].

(i1) (See [HuyO06, Section 11.4] for details.) Let X, be a smooth projective variety of dimension
2k and suppose X, contains a closed subvariety Y, isomorphic to P* whose normal bundle
is isomorphic to the cotangent bundle Q, . As in the construction of the standard flop, we
can construct a birational map X, --- X, called the Mukai flop, that fits into the following
diagram:

E=PQ,) —> Y, xY,

P>y, «— X, X, &—— Y, = (P*)"

where the normal bundle of Y; in X; is isomorphic to €y, (P*)* denotes the dual projective
space of P, p, is the blow-up of X, along Y;, and p, is a birational morphism contracting
E to the other direction, noting O (E) & Og(—1,—1) and the Fujiki-Nakano criterion (cf.
[Huy06, Remark 11.10]). Again, X, is not necessarily projective, so let us suppose it is
projective in this paper. However, in contrast to the standard flop, the functor

® = p,. op,* : Perf X, — Perf X,

is not even fully faithful for » > 1 by [Nam03a]. In the paper, Namikawa nevertheless proves
the following: First, consider the contractions X; — W of Y, and write Z’' = X, X;,, X, with
projections ¢g; : X — X,. Then, the functor

¥ =gq,,0q," =0, : Perf X; — Perf X,
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(i)

is an equivalence. In particular, since g, and g, are isomorphisms away from exceptional
loci, W is birational and indeed the associated birational map X, --- X, is the isomorphism
X, \Y, = X,\Y,,ie., the Mukai flop itself.

Let us focus on the case of threefolds. First, recall the following important results:

Theorem 3.3.34 (Kollar). [Kol89, Theorem 4.9] Let X, and X, be projective threefolds with
Q-factorial terminal singularities. Suppose Ky and Ky are both nef. Then any birational
map X, --- X, can be written as a finite composite of flops. Moreover, each flop does not

change analytic singularity and only involves at worst terminal singularities for flopping
contractions (cf. [Kol89, Theorem 2.4]).

Theorem 3.3.35 (Bridgeland). [BriO2, Theorem 1] If X is a projective threefold with terminal
singularities and

Yl Y2
N o
X

are crepant birational morphisms with smooth projective varieties Y|, Y,, then there is an
equivalence Perf Y| ~ Perf Y,. Moreover, such an equivalence can be taken to be birational.

In particular, if X, and X, are birationally equivalent smooth projective threefolds with nef
canonical bundles (e.g. smooth projective Calabi-Yau threefolds), then there is a birational
triangulated equivalence Perf X, ~ Perf X,. In other words, each irreducible component of
Spec™ Perf X, containing a copy of X, contains all the copies of smooth projective three-
folds with nef canonical bundles that are birationally equivalent to X, . In particular, a smooth
projective threefold with nef canonical bundle is not tt-separated in general.

Remark 3.3.36.

@

(ii)

Given the first two examples, Orlov-Bondal conjectured that if smooth varieties X and Y are
related by flops, then they are Fourier-Mukai partners ([BO95]). Note this is a special case
of Conjecture 3.3.40. On the other hand, a choice of a Fourier-Mukai kernel is a delicate
problem. In the first two examples, given a flop X, — W « X, we can always take a kernel
tobe O, for Z = X, X, X, C X, X X,, but Namikawa showed that this is not the case for a
stratified Mukai flop in [NamO3b] although it is shown that there is a (birational) equivalence
of derived categories corresponding to such a flop in [CKL13].

Theorem 3.3.34 is generalized to minimal models of general dimension by Kawamata in
[Kaw08] and Theorem 3.3.35 is generalized to more general singularities in [Che02] and
[VdBO4]. In particular, Van den Bergh uses a different method in his proof, which contributed
to the development of noncommutative crepant resolutions.
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(111) In the last example, we have seen that any birationally equivalent Calabi-Yau threefolds are
Fourier-Mukai partners, but the converse is not true. In [OR18, Theorem 4.1], it is shown that
there are Calabi-Yau threefolds that are Fourier-Mukai partners, but not birationally equiva-
lent. In particular, X is not tt-irreducible in general. More generally, Uehara also produces
threefolds of Kodaira dimension 1 that are Fourier-Mukai partners, but not birationally equiv-
alent ([Ueh12)).

Now, by the symmetry of flops, note that Example 3.3.33 (and conjecturally any flop not chang-
ing class of singularity) produces autoequivalences by applying triangulated equivalences corre-
sponding to flops back and forth. Those autoequivalences, called flop-flop autoequivalences, can
indeed be non-standard autoequivalences and thus their actions on tt-spectra would be interesting.

Example 3.3.37. We will use the same notations as in Example 3.3.33 in each respective part.

(i) Consider the following diagram of the standard flop:

E ~ Pk x P*

PN

Then, we get an autoequivalence

® = p,,p, op,,p," : Perf X, = Perf X, - Perf X .

Note that O (i) is a spherical object in Perf X, for any k € Z (e.g. [Huy06, Example 8.10
(v)]). By [ADM19, Theorem A], we have

_ -1 -1 o1
=T, 1°T0,2° " °To i

More generally, any flop-flop autoequivalence

P1.(0x(mE) @ p,"(—))op,,(05(nE) @ p;*(-))

can be written as compositions of (inverses of) spherical twists around Op. (/) for some /.
In particular, any flop-flop autoequivalence associated to a standard flop glue copies of X,
along an open neighborhood of X, \ Y,. Here, note that a priori the open neighborhood can
be strictly larger than X, \ Y; since Proposition 3.3.17 can only tell behaviors on X, \ Y; and
it is a priori possible that a skyscraper sheaf k(x) at some x € Y, gets mapped to a skyscraper
after several compositions of spherical twists. In particular, if we suppose X is a threefold
so that k = 1 and Y; are (—1, —1)-curves (in which case the standard flop is called the Atiyah
flop), then we have ® = T@‘Pl1 1y i.e., @ is the inverse of the spherical twist and we can apply
Proposition 3.3.17.
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(i1) In the same paper, the authors show similar results for Mukai flops by using P-twists instead
of spherical twists ((ADM19, Theorem B]). In particular, let us consider the case when k =
1, i.e., when X, is a surface. Then, the Mukai flop indeed does not do anything, but the
corresponding flop-flop autoequivalence g,.q,"°q,.q," is the inverse of the spherical twist
T@PI(_ 1y 80 we can apply Proposition 3.3.17. In higher dimensions, it will be interesting to
investigate P-twists more closely.

(ii1) In addition to the Atiyah flops, which flop (—1, —1)-curves in threefolds, we can also think
of flopping other types of rational curves in threefolds, namely, (-2, 0)-curves and (-3, 1)-
curves, which are the only possibilities (cf. [Pin83, Proposition 2]). Note, in those cases, the
corresponding sheaves are not spherical, so the straightforward generalization cannot be ex-
pected. On the other hand, Toda showed that the corresponding flop-flop autoequivalences
can be described as generalized spherical twists [Tod07]. Moreover, the case of (=3, 1)-
curves is considered by Donovan-Wemyss [DW16], where they define noncommutative gen-
eralization of twist functors. It turns out that cases of (—1, —1)-curves and (-2, 0)-curves end
up staying in commutative world while we strictly need noncommutative methods for the
case of (=3, I)-curves. It will also be interesting to investigate their actions on tt-spectra in
the future.

Now, we will see that birational Fourier-Mukai partners are closely related to a well-studied
topic in birational geometry, namely K-equivalences. First, let us recall the definition.

Definition 3.3.38. Let X and Y be smooth projective varieties. We say X and Y are K-equivalent
if there is a crepant birational map X ---» Y.

Remark 3.3.39. Any birationally equivalent minimal models are K-equivalent by [Wan98, Corol-
lary 1.10].

One of the main conjectures about K-equivalences is proposed by Kawamata [Kaw02]:

Conjecture 3.3.40 (DK hypothesis). Let X and Y be smooth projective varieties. If X and Y
are K-equivalent, then they are Fourier-Mukai partners. Conversely, if X and Y are birationally
equivalent Fourier-Mukai partners and have non-negative Kodaira dimension, then they are K-
equivalent.

Remark 3.3.41. The first implication of this conjecture can be thought of the combination of the
following two conjectures.

(i) Kawamata ([Kaw17, Conjecture 3.6]) conjectured that any K-equivalence factors into com-
positions of flops, which is shown for K-equivalences between threefolds ([Kaw02]), minimal
models ([Kaw08]) and toric varieties ([Kaw13]), respectively.

(i1) Bondal-Orlov ([BO95]) conjectured that varieties related by a flop are Fourier-Mukai part-
ners. This has been also shown in various cases as we have seen in Example 3.3.33. Moreover,
Example 3.3.33 suggests that such varieties are birational Fourier-Mukai partners.
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Now K-equivalence comes into our contexts due to the following result:

Theorem 3.3.42. [Tod06, Lemma 7.3.] Let X and Y be smooth projective varieties. If X andY are
birational Fourier-Mukai partners, then they are K -equivalent under the birational map associated
to a birational triangulated equivalence.

Remark 3.3.43. For this reason, a birational triangulated equivalence up to shift is called a triangu-
lated equivalence of K-equivalent type by Uehara in [Ueh17].
We can rephrase this result as follows:

Corollary 3.3.44. Let T be a triangulated category and suppose X,Y € FMT. If there is a

prime thick subcategory of T that is an ideal with respect to both tt-structures transported from
(Perf X, ® ) and (Perf Y, ®y), then X and Y are K-equivalent.

Now, we have the following natural question arising from Theorem 3.3.42:

Question 3.3.45. If X and Y are K-equivalent Fourier-Mukai partners, then are they birational
Fourier-Mukai partners?

Note that conjectures in Remark 3.3.41 suggest the question has a positive answer. Indeed, if
Question 3.3.45 has a positive answer, one direction of the DK hypothesis is equivalent to the non-
emptiness of intersections of tt-spectra of birationally equivalent Fourier-Mukai partners by Lemma
3.1.15 and Theorem 3.3.42. Therefore, we propose the following version of the DK hypothesis:

Conjecture 3.3.46 (DK hypothesis). Let X be a smooth projective variety. Then, every connected
component of Spec™ Perf X containing a copy of X contains all smooth projective varieties that
are K-equivalent to X as open subschemes.

Note in particular that this version of the DK hypothesis has a topological necessary condition
to be true. Now, let us note that for surfaces, K-equivalence is indeed a quite strong condition.

Lemma 3.3.47. [Huy06, Corollary 12.8.] If X and Y are K-equivalent smooth projective surfaces,
then they are isomorphic. In particular, any birational Fourier-Mukai partners are isomorphic.

As a corollary, we obtain generalization of Lemma 3.3.23:

Corollary 3.3.48. Let T be a triangulated category with a surface X € FM T. Then T is of disjoint
Fourier-Mukai type and hence we have

Spec™ T = |_| Specg, x T

XeFM T

Finally, let us summarize notions and implications we have seen so far.

Observation 3.3.49. Let X and Y be smooth projective varieties. Write relations of X and Y as
follows:
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ISO: X and Y are isomorphic;

FOE: There exists a triangulated category T such that X, Y € FM T and Specg, y T = Specg y T C
Spec, T;

BFM: X and Y are birational Fourier-Mukai partners, or equivalently there exists a triangulated
category J such that X,Y € FM T and Specg, x T N Specg y T # 0;

KEFM: X and Y are K-equivalent Fourier-Mukai partners;

BEFM: X and Y are birationally equivalent Fourier-Mukai partners;
FM: X and Y are Fourier-Mukai partners;
KE: X and Y are K-equivalent;
BE: X and Y are birationally equivalent.

Now, we clearly have the following implications:

@~ BEFM —— FM

Q.3.1.23 57Q33.45 a "
PEEEN PN t
1

ISO == FOE =——= BFM ——= KEFM DK hyp.

X,Y : minimal surfaces (e.g. K3 surfaces), abelian varieties

where solid black arrows are proved implications, dashed blue arrows are implications under a
question or conjecture, dotted green arrows are implications known under the specified additional
hypotheses, and dash—dot red arrows indicate implications for which counterexamples are listed
below:

(i) This is equivalent to saying that there is a triangulated category 7 that is not of disjoint
Fourier-Mukai type, which we have already seen (e.g. standard/Mukai flops between non-
isomorphic varieties or any birationally equivalent non-isomorphic Calabi-Yau threefolds).
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This shows at least one of BFM = FOE and FOE = ISO is false, where the former is more
likely to be false since it is sufficient to find K-equivalent Fourier-Mukai partners that are not
birationally equivalent around some points.

(i1) In [Ueh04], Uehara constructed a family of rational elliptic surfaces that are Fourier-Mukai
partners (and birationally equivalent), which are not K-equivalent. Note they have Kodaira
dimension equal to —oo and hence they do not contradict with the DK hypothesis.

So far, we have been assuming projectivity of varieties, but it is also natural to only assume
properness, since properness is a categorical property while projectivity is not, in the sense that if
we have varieties X, Y with Perf X ~ Perf Y, then X being proper implies Y being proper, but X
being projective does not imply Y being projective. Hence, we consider the following analogue of
the Fourier-Mukai locus.

Definition 3.3.50. Let T be a triangulated category. Let pFM T denote the set of isomorphism
classes of smooth proper varieties that are Fourier-Mukai partners of 7, i.e., whose perfect derived
categories are equivalent to J. As before, noting Theorem 2.2.1 (iv), we define the proper Fourier—
Mukai locus to be the open subscheme

SpecP™ T 1= U Specg x T C Spec, 7T.
XepFM T

Observation 3.3.51. Since a smooth proper variety of dimension < 2 is projective, we see that if
we have a curve or surface X € FM T, then Spec™ T = Spec”™ 7. On the other hand, Spec”™ T
can be a priori strictly larger than Spec™ T since flops of 3-dimensional varieties may not preserve
projectivity while inducing equivalences of derived categories.

In general, by the result of Matsukawa (Theorem 2.2.1 (iv)), we may consider the union of all
(reduced) noetherian schemes whose derived category is equivalent to a prescribed triangulated
category, but in this thesis, we will only consider up to the generality of the proper Fourier—Mukai
locus.
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Chapter 4

Cutting out the triangular spectrum

In the preceding chapters, we have observed that the triangular spectrum contains subspaces that
capture (birational) geometric data of varieties. Nevertheless, what we have seen so far has been
geometric in nature since we start with tt-structures that actually come from the tt-categories of the
form (Perf X, ® ). Indeed, many results/examples in the last chapter were obtained by applications
of birational geometry.

In this chapter, we aim at giving more categorical descriptions of Fourier-Mukai loci, which
could potentially lead to reverse applications to birational geometry. Furthermore, we set up the
framework of polarizations on a triangulated category as a way to cut out loci in the triangular
spectrum.

4.1 The Serre invariant locus and the Fourier-Mukai locus

In this section, we will focus on the Serre invariant locus of the triangular spectrum introduced in
[HO22]. This will naturally lead to the notion of polarizations in the next section.

Definition 4.1.1 (Hirano—Ouchi). Let T be a triangulated category with a Serre functor S. A prime
thick subcategory P of T is said to be Serre invariant if S(P) = P. Let

Spc®™ T ¢ Spe, T

denote the subspace of Serre invariant prime thick subcategories. Since thick subcategories are
replete, the Serre invariant locus does not depend on a choice of Serre functors. Recalling Con-
struction 2.1.10, set

Spec®™ T = (Spc> 7, Opeser.4)-

We have the following quick observation.

Proposition 4.1.2. For any triangulated category T, we have

Spc™ T ¢ Spc® T ¢ Spe, 7.
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Moreover, any triangulated equivalence ® . T ~ T’ induces compatible homeomorphisms:

Spc™ T —=~ Spc>" T——~Spc, T

ol= ol o=

c eorqr €
Spct™ 7" —— Spc®>*" 7' —— Spc, T’

Proof. For the first claim, let S denote a Serre functor of J and take X € FM 7 and a triangulated
equivalence @ : Perf X ~ T. Note that any point in @(Spcg ) is of the form ®(Sy(x)) for
some (not necessarily closed) point x € X. Now, by the uniqueness of Serre functors and the
commutativity with equivalences, we have

S(P(Sx(x)) = D(S(Sx(x))) = Plwy[dim X] @y Sx(x)) = P(Sx(x)).
Thus,
@(Spcg, Perf X) C Spce T

for any X € FM T and an equivalence ® : Perf X ~ T. Since Spc™ 7 is the union of these images,
we see
Spc™ T ¢ Spc® T ¢ Spe, 7.

The latter claims follow from commutativity of a Serre functor with triangulated equivalences
and the construction of Fourier-Mukai loci. [

The following lemma is a useful criterion for checking if a thick subcategory is Serre invariant.
This should be known to experts, but let us include a proof for completeness.

Lemma 4.1.3. Let T be a triangulated category with a Serre functor S. Moreover, suppose J is
connected, i.e., cannot be written as a direct sum of nontrivial triangulated subcategories. Then,
any nontrivial admissible subcategory J of T is not Serre invariant.

Proof. By the definition of a Serre functor, if an admissible subcategory J is Serre invariant, then
the right orthogonal and the left orthogonal agree, which implies T = J @ J* since for any X € 7,

0
there is a split triangle Y - X — Z — Y[l1]withY € Jand Z € J* = 1J. Thus, since T is
connected, such an J should be trivial. U]

Combined with Corollary 4.1.2, this provides another proof for [HO22, Lemma 5.7].
Example 4.1.4.

(i) [HO22, Remark 5.2] If T = Perf X for a smooth projective variety X with trivial canonical
bundle, then S = (—)[dim X] and hence

Spec®" T = Spec, 7.
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(i1) If T = Perf kQ for a quiver Q of type A,, then by Example 2.2.7, we can see
Spec® T = @.

As pointed out right after [GS23, Example 7.1.7] by Gratz-Stevenson, the same results hold
for any quiver of type A, and D,. More generally, since any thick subcategory of Perf kQ for
any Dynkin quiver Q is admissible (for example, by [IT09]), the same results hold by Lemma
4.1.3.

One crucial observation by Hirano—Ouchi ([HO22, Proposition 5.3]) is the following. Note that
in [HO22], they only show the equality Spcg Perf X = Spc>* Perf X of the underlying spaces and
the equality as ringed spaces is proven in [IM25, HO24], independently.

Theorem 4.1.5 (Hirano—Ouchi). Let X be a Gorenstein projective variety X with @-generating
canonical bundle. Then, we have

X = Specg Perf X = Spec™ Perf X = Spec® Perf X.

In particular, we can reconstruct a Gorenstein projective variety X with ®@-generating canonical
bundle from Perf X as a triangulated category. This is a strict generalization of the Bondal-Orlov
reconstruction by Theorem 3.3.5. See Theorem 5.1.3 for further discussions and generalizations.

We provide a proof for readers’ convenience. For future use, let us record the following simple
observation as a lemma.

Lemma 4.1.6. Let (T,Q®) be a tt-category with a split generator E. Then, a thick subcategory
JC Tisa®-ideal if and only if IQ E C J.

Proof. One direction is clear. Conversely, suppose J @ E C J forJ € Th7T. Let
J=(MeT|IJ®QM CIT}.
Then J is clearly a thick subcategory of J. Now, since E € J, wehave J = T,i.e.,Jisa®-ideal. []
Proof of Theorem 4.1.5. The inclusion
Spcg, Perf X C Spc® Perf X
is clear by the definition of ®-ideals since the Serre functor can be written as
S =—-Q, wy[dim X].

Conversely, by the definition of ®-generation (cf. Definition 3.3.1), there is N > 0 such that
E=0,® @ co;e;" is a split-generator of Perf X. Since for any P € Spc® Perf X, we have

PR&E=27,

P is a ®-ideal by Lemma 4.1.6 and hence by Theorem 2.1.11 (iii), P is a prime ®-ideal. Therefore,
Spcg, Perf X = Spc® Perf X and we are done for the underlying spaces by Proposition 4.1.2. The
structure sheaves also agree by Theorem 2.2.1 (iv) and Notation 3.1.7. [
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For curves over an algebraically closed field of characteristic 0, we have the following.

Theorem 4.1.7. Let T be a triangulated category with a smooth projective curve X € FM TJ. Then,
Spec™ T = Spec® 7.
For a proof let us introduce some notions and results discussed in [HO22].

Construction 4.1.8. Let X be an elliptic curve. Let I := {(r,d) | r > 0,gcd(r,d) = 1} and
M (r,d) denote the fine moduli space of y-semistable sheaves having Chern character (r, d) with
universal family %, , € coh(X X M(r,d)). Let

®, , : Perf M(r,d) ~ Perf X

denote the Fourier-Mukai equivalence given by %, ,. Then, we have the corresponding open sub-
scheme
M,, =, ,(Specg,, Perf X) ¢ Spec™ Perf X.

r,

Note that if %! , is another universal family, we have an invertible sheaf # on M (r, d) such that

%r’d =N ® p *<,where p : X X M(r,d) - M(r,d) is a canonical projection. Thus, writing

the corresponding Fourier-Mukai equivalence by @’ , we see that @/ , = @, ;0(—= ® (.4, ) and
thus @, ; and @’ , define the same subspace of Spc, Perf X, soin partlcular M, , does not depend
on a choice of umversal families.

Lemma 4.1.9. [HO22, Lemma 4.13] Let X be an elliptic curve. Then, FM(X) is a singleton and

Spec, Perf X = Spec> Perf X = Specg, Perf X LI |_| M,,
(rd)el

In particular, we have:
(i) M, N Spcg Perf X =@ forany (r,d) € I;
(ii) M, ,n M, , =8 forany (r,d) # (r',d") € I.
Now, we can put the ingredients together to show Theorem 4.1.7:

Proof of Theorem 4.1.7. By Corollary 4.1.5 we only need to consider the case when X is an elliptic
curve. By Proposition 4.1.2 we may assume J = Perf X and by Construction 4.1.8 we have

Speg, Perf X' U U M,, C Spc™ Perf X

(rd)el
Thus we conclude by Lemma 4.1.9. U

Remark 4.1.10. Since an elliptic curve is tt-separated by Theorem 3.3.12, the categorical construc-
tion of the Fourier—Mukai locus as the Serre invariant locus lets us reconstruct the elliptic curve as
a connected component of the Serre invariant locus. This is observed in [Mat23, Corollary 4.10].
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Observation 4.1.11. Let T be a triangulated category with an elliptic curve X € FM 7. Let us
reinterpret Hirano—Ouchi’s presentation

Spec, Perf X = Spec® Perf X = Specg, x Perf X = Specg Perf X LI |_| M,,

(r.d)el

in terms of the presentation in Theorem 3.1.21. First, recall that the determinant map gives an iso-
morphism det : M (r,d) — Pic?(X). Hence, fixing a line bundle on X of degree 1 (or equivalently
fixing a base point of X), we obtain a canonical isomorphism z, ; : X = M(r,d) forany (r,d) € 1
and let {, , : Perf X — Perf M(r,d) denote the corresponding equivalence. Therefore, writing
T4 := D, 400, , € AuteqPerf X with 7, ;) = idpg x, We have

M, , = ®, ,(Specg, ~Perf X) =1, ,(Specgy Perf X)
and thus we can write

Specg, x Perf X = |_| 7, 4(Specg Perf X).
7, 4€10{(0,1)}

In particular, this shows I, = I U {(0, 1)} and hence Hirano—Ouchi’s presentation corresponds to
a specific choice of the representatives in the left coset

I, = AuteqPerf X/ Auteq™ Perf X.

Since the cases of elliptic curves and non-elliptic curves are two extremes in terms of positivity
of (anti-)canonical bundles, we proposed the following conjecture in [Ito23]:

Conjecture 4.1.12 (Ito). Let T be a triangulated category with X € FM J. Then we have
Spc® T = Spc™ 7.
In particular, dim Spc® T = dim Spc™ T = dim X.

Remark 4.1.13. Note the conjecture also holds for 7 = Perf R when R is the path algebra of a
Dynkin quiver by Example 4.1.4 (i1).

The conjecture tends to be false when a canonical bundle w is trivial so that Spec®" Perf X =
Spec, Perf X. The following are given in [HO24, Mat25a] (over a field of characteristic 0).

Theorem 4.1.14 (Hirano—Ouchi, Matsukawa). Let X be a K3 surface with Picard number 1. Then,
Spec™ Perf X G Spec® Perf X = Spec, Perf X.

Theorem 4.1.15 (Matsukawa). Let X be an abelian variety that is not isogenous to any product of
elliptic curves. Then,

Spec™ Perf X ¢ Spec® Perf X = Spec, Perf X.

On the other hand, the conjecture is widely open for varieties with “positive” (anti-)canonical
bundle, such as toric varieties and varieties of general type.
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4.2 Fixed points of autoequivalences and polarizations

In this section, we introduce the framework of polarizations on triangulated categories and their
corresponding loci/spectra following [Ito25,1025]. In short, a polarization on a triangulated cat-
egory is a fixed autoequivalence, and we can consider its fixed points in the triangular spectrum.
This is a direct generalization of the construction of the Serre invariant locus.

It turns out that the framework of polarizations is closely related to tensor triangular geometry,
although studies of polarizations are rich in its own right. To mimic the construction of tt-spectra,
we will first introduce our guiding example from algebraic geometry, which was essentially ob-
served in [HO22, Mat23] and made explicit in [IM25]. For notations and terminology, recall that
Notation 2.1.1 (vi), (viii) and Definition 3.3.1.

Proposition 4.2.1 (Guiding example). Let X be a noetherian scheme and let &£ be a @-generating
line bundle. Then, we have

Specg, Perf X = Spec™ Perf X C Spec, Perf X.
Proof. The proof is exactly the same as Theorem 4.1.5. [

Let us list some takeaways from this observation.

e To get the space of fixed points, we only need a single autoequivalence 7, € Auteq Perf X,
which does not require any other extra structures on the triangulated category Perf X such as
monoidal structures.

e When X is reduced, we can reconstruct the structure sheaf of the tt-spectrum on
Spcg, Perf X = Spc™ Perf X

as the restriction of the structure sheaf of the Matsui spectrum by Theorem 2.2.1 (iv). Namely,
we do not need the data corresponding to the tensor unit O, to define the structure sheaf (cf.
Construction 2.1.8).

e It is also worth emphasizing that the classification of tt-structures is not yet well-formulated
while classifications of autoequivalences just happen inside of Auteq Perf X, which is well-
understood in various cases. In other words, we can hope for classifying geometry of

Spc’ Perf X C Spc,, Perf X

when we vary 7 € Auteq Perf X.



CHAPTER 4. CUTTING OUT THE TRIANGULAR SPECTRUM 57

Generalization with tt-structures and ®-generating objects

Let us first generalize the guiding example in the presence of tt-structures to clarify which classes
of tt-categories are in our scope and below we will recast this phenomenon in the absence of tt-
structures so that it is applicable to more general classes of triangulated categories not admitting
natural (symmetric) monoidal structures.

The following property extracts the essence of the proof of Proposition 4.2.1.

Definition 4.2.2. Let (7, ®) be a tt-category. An object & € 7T is said to be ®-generating if £ is
®-invertible and if (#®" | n € Z) = 7. Note that for a noetherian scheme X, a line bundle & on
X is ®@-generating if £ is @-generating in (Perf X, ® ).

Indeed, by the identical arguments as in the proof of Proposition 4.2.1 (and hence Theorem
4.1.5), we immediately obtain the following generalization. Note however that we are not claim-
ing the identification as ringed spaces below, since a priori a tt-spectrum may not be open in the
triangular spectrum.

Proposition 4.2.3. Let (T, ®) be an M -compatible rigid tt-category with a @-generating object
Z. Then, we have
Spcg T = Spc™ T C Spc, 7.

Generalization in the absence of tt-structures and polarizations

Above, the data of an autoequivalence coming from tensoring with ®-generating objects recovered
tt-spectra. Based on this observation, let us consider an analogue of tt-spectra in the absence of
tt-structures as follows.

Definition 4.2.4. Let T be a triangulated category.

(i) For an autoequivalence 7 € Auteq 7, the pair (7, 7) is said to be a polarized triangulated
category (in short, a pt-category). In this context, a chosen autoequivalence = of 7 may be
interchangeably referred to as a polarization on 7.

(ii) For a pt-category (7, 7), define its 7-fixed locus (of the triangular spectrum) to be the ringed
space
Spec” T = (Spc” T, Ogper 7.0)-

See Construction 2.1.10 for the definition of the structure sheaf Og . .. If there is no con-
fusion, let us write O, = O, 4.

(ii1) For a pt-category (7, 7), define its pt-spectrum (polarized Matsui spectrum) to be the
ringed space
Spec, (T, 7) = (Spc, (T, 7), @SPCA(T’T), N

where

Spc,(T,7) = {P € Th" T | the poset {Q € Th* T | P C Q} has a unique smallest element}.
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Similarly, if there is no confusion, let us write 0, := Og,. (7 ) a-

(iv) Let (7, 7,) and (7,, 7,) be pt-categories. A pt-functor (resp. pt-equivalence) (F, ) is de-
fined to be a triangulated functor (resp. equivalence) F : T, — T, together with a natural
isomorphism a : 7,0F = For,. In this paper, we abuse notations by saying a triangulated
functor F : T, — 7, is a pt-functor if there exists a as above, as the data of @ does not play
a role in studying fixed loci/pt-spectra.

As in the case of triangular spectra (cf. [Mat23, Proposition 4.2]), a pt-equivalence F : (7T, ;) S
(7,, 7,) induces an isomorphism of fixed loci/pt-spectra as ringed spaces (which does not depend
on the choice of «).

In this thesis, we focus on fixed loci since they are more computable for our purposes and
we want to study geometry of subspaces in the triangular spectrum, noting that the pt-spectrum
is not necessarily contained in the triangular spectrum (cf. Example 4.2.9). On the other hand,
the pt-spectrum aligns better with the theory of relative Matsui spectra developed by Matsukawa
[Mat25b]. To maintain our focus, let us delay the following topics to later sections.

Remark 4.2.5. Indeed, when pt-categories can be enhanced to the dg/oco-categorical setup, we
may identify a pt-category as a Perf(BG,, ,)-module (or equivalently a local system of stable co-
categories on S') and we can realize its pt-spectrum as a relative Matsui spectrum with respect to
this action. See §5.4 for more discussions.

Remark 4.2.6. Another immediate question is whether or not the association of pt-categories with
pt-functors to fixed loci/pt-spectra as above is functorial. Unfortunately, it is not even well-defined
on morphisms (as in the case of the triangular spectrum) for the similar reason that the maximal
ideals of a ring are not necessarily pulled back to maximal ideals by ring homomorphisms. Never-
theless, the association (7, 7) — Th*(T) can be made into a functor (into the category of topological
complete lattices), so the theory of pt-spectra can be extracted from a functorial theory. See §5.5
for more discussions.

First, let us quickly note the following features of fixed loci/pt-spectra with respect to localiza-
tions, which are analogous to what happens to tt-spectra and relative Matsui spectra.

Lemma 4.2.7. Let (T,71) be a pt-category. For any open subset U of Spc® T or Spc, (7T, 7), the
polarization t descends to a polarization T, on T(U) 1= (T Npey P Moreover, fixing data for
a quasi-inverse, T induces automorphisms t, of Spec” T and Spec, (7, t) as ringed spaces, whose
underlying map is the identity.

Proof. Fix an open subset U of Spc” T or Spc, (7, 7). Since 7(P) = P for any P € U, we have
7(NpeyP) = NpeyP. Therefore, 7 induces an autoequivalence on T/ Ny, P and hence on the
Karoubi envelope J(U), which is denoted by 7,,. Now, since 7, induces a functorial automorphism
O (U) = 02(U) by conjugation (which depends on the choice of the data for a quasi-inverse of
7), T induces an automorphism @, = O, of sheaves. Since 7 acts on the underlying topological
space as the identity, 7 induces the automorphism of Spec” 7 and Spec, (7, 7) as ringed spaces. [
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Next, let us clarify the relationship among fixed loci, pt-spectra, and triangular spectra.

Proposition 4.2.8. Let (T, 7) be a pt-category. Then,
Spc” T = Spc, (T, 7) N Spc, T.

In particular, Spc” T = Spc, (T, 7) if and only if Spc,(T,7) C Spc, T, in which case we say t or
(7, 7) is M-compatible.

Proof. By definition, the containment Spc, (T, 7)NSpc, T € Spc” T and Spc™ T C Spc,, T are clear,
so it remains to show
Spc® T ¢ Spe, (T, 1)

Take P € Spc’ 7. It suffices to show that the unique smallest element P of {QeThT |PCQ}is
fixed by 7. Indeed, since 7 acts lattice-isomorphically on the lattice {Q € Th | PCQlasPis
fixed by 7, it preserves the unique smallest element P. 0

Note in general that the pt-spectrum is not necessarily contained in the triangular spectrum. The
following example is well-known to experts, but let us record it for completeness.

Example 4.2.9. Let X = By, (and assume char k # 2) andletz = 7, (), Where y is the non-trivial
character of y,. Now, since Perf X = (O, Oy(y)) =~ Perf k @ Perf k, we have

Spc, Perf X = (Oy) LU {(Ox(x))
and Spc’ Perf X = J. On the other hand, since Th* Perf X = {(0), Perf X}, we have
Spe,(Perf X, 7) = Spcg  Perf X = (0)

and hence
Spc,(Perf X, 7) N Spc, T =@ = Spc™ 7.

Indeed, fixed loci, pt-spectra, and tt-spectra relate as follows in general.

Proposition 4.2.10. Let (T, ®) be a rigid tt-category (so that any @-ideal is radical) with noethe-
rian tt-spectrum and let & be a @-generating object. Then, we have

Spcg T = Spc,(T,74) C ThT.
In particular, @ is M -compatible if and only if T, is M -compatible, in which case we have
Spc™ T = Spcg T = Spc, (T, 7).

Proof. By the same arguments as Proposition 4.2.1, Th*” T agrees with the lattice of radical thick
®-ideals of (Perf X, ® x). Hence, by [Mat21, Proposition 4.7], Spcg T = Spc, (T, 7). The latter
claim follows from Proposition 4.2.8 (see also Proposition 4.2.3). [
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We have observed (e.g. in Theorem 3.3.5) that there is subtle difference between the notion of
(anti-)ample line bundles and the notion @-generating line bundles, but further generalizations to
pt-categories reveal that there are even more subtleties for such properties of line bundles.

We begin with a simpler example of P! and then move on to the case of elliptic curves where
we can already observe such complexity, namely, there is a line bundle that is not ®-generating,
but whose 7-fixed locus still agrees with tt-spectrum at all k-points.

Example 4.2.11. Let X be a smooth projective variety with ample (anti-)canonical bundle. Then,
by [BOOL1], polarizations on Perf X are classified by

Auteq Perf X = Aut X X Pic X X Z[1].

In particular, if X = P!, then Auteq Perf P! is a group generated by Aut P! = PGL(2), Pic(X) = Z
and shifts Z[1]. Also, note that by [Mat21, Example 4.10], we have

Spc, Perf P' = P' L1 Z,

where Z is equipped with discrete topology and each point corresponds to the thick subcategory
generated by O(i) for i € Z. It is straightforward to observe the following:

(i) For f, € Aut P!, we have

Spc’s Perf P! = {fixed points of f : P! = P'}uZ cP'uZ.
(i) For 74 ) € PicP' with i # 0, we have
Spc™® Perf P! = P! c P! u Z.

(iii) For [n] € Z, we have
Spc!™ Perf P! = P! L Z.

Therefore, for a general autoequivalence 7 = O, (i) ®@D§ f.(=)[n], we have

PY uz ifi=0;

Spc” Perf P! =
P { Py ifi%0.

To get a clearer presentation of the classification, let us compute the following set. Define the
equivalence relation ~ on Aut P! by setting f ~ g if (P')/ = (P!)%. Note that under Aut P! =
PGL,(k), fixed points correspond to eigenlines. Now, we claim that there is a natural bijection

(Aut(PY \ {idp:}/ ~) = Sym* P! = P2,

Indeed, it is clear that any f € Aut P! except for idp: has two fixed points (counted with multiplic-
ity) and any pair of two points (counted with multiplicity) in P! can be realized as fixed points of
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certain f € Aut P!. In other words, the set of configurations of fixed points is in bijection with the
set of degree 2 divisors in P!, which is naturally in bijection with Sym? P!,

Thus, we have a complete classification of polarizations on Perf P! up to the geometry of its
fixed locus as follows:

{polarizations on Perf P! up to fixed loci in Spc, Perf P!} = ({T@P] }u {T@PI(I)}) x (P? U {idp: })

See Theorem 4.3.10 for a natural algebraic stack structure on this set.

On the other hand, to the author’s knowledge, it is still not known if we have a complete classi-
fication of tt-structures on Perf P! up to tt-geometry/tt-equivalences.

Also, note that not all tt-spectra are realized as fixed points of autoequivalences since the tt-
spectrum for the quiver tensor product ®,,, on the Kronecker quiver consists of two points in Z
(Example 4.3.16). We do not know if the converse is also false. That is, we do not know if given
a polarization on Perf X, there exists a tt-structure on Perf P! whose tt-spectrum agrees with the
7-fixed locus.

Example 4.2.12. Let us observe geometry of fixed loci in the case of an elliptic curve E over
an algebraically closed field k of characteristic zero. We will classify fixed loci for generators
of AuteqPerf E and observe that a line bundle is ®-generating if and only if the corresponding
7-fixed locus agrees with the tt-spectrum (see the third bullet). On the other hand, there is a non-
®-generating line bundle whose 7-fixed locus agrees with the tt-spectrum on all k-points.

First, recall from Example 3.3.19 that there is a short exact sequence

1 - Aut E X Pic’ E x Z[2] —» Auteq Perf E —€> SL2,7) —» 1
where @ is given by the action on the image of the charge map
Z : K(E) » 7>, + (rank F,deg F).
Also recall from [HO22, Theorem 4.11] (cf. Construction 4.1.8) that we have

Spec, Perf E = Specg Perf E LI |_| M, ,,
(rd)el

where I = {(r,d) € Z ,X Z | gcd(r,d) = 1} and

M,, =y (SPCC®M<,,d> Perf M (r, d))

for the moduli space M (r,d) of stable sheaves of rank r and degree d and the Fourier—Mukai
transform ®,, with respect to a universal family %, ;. For convenience, let us write the subspace

M,, = Spec%E Perf E C Spec, Perf E.

It is easy to check
M, (k) = (S, (F) | [F] € M(r,d)(K)},
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where we define
Sr,d(g) =(Z|[¥]e M(r,d)k),E % F) CPerf E.

Note the generic point of M, ; is given by
Mg - =(F | [¥] € M(r,d)(k)) C Perf E.

Also, recall that any object in Perf E can be written as a direct sum of shifts of indecomposable
coherent sheaves on E and hence that any autoequivalence of Perf E takes an indecomposable
coherent sheaf to a shift of an indecomposable coherent sheaf. Hence, as a very rough estimate, for
an autoequivalence v € Auteq Perf E, we have

Spc’ Perf E C |_| M, ,,

(rd)el”

where I := {(r,d) € TU{(0,1)} | 8(z)(r,d) = £(r,d)}, noting that for a coherent sheaf # on
E, we have (rank & [n],deg #[n]) = (—1)"(rank &, deg F).
Now, let us consider the z-fixed locus corresponding to generators of Auteq Perf E.

e To get more explicit descriptions of generators of SL(2, Z), note that 6 maps T}, ,(= 74, ()

1 0
and T, denotes the spherical twist with respect to an spherical object &. To visualize the
corresponding fixed loci, note that T}, maps the component M, , to M, ., , while T;;, maps
the component M, , to M, , ,if r—d > 0Oandto M_,,, , otherwise. Thus, we have

and T, toa := <i O) and f = <1 _11> respectively, where x is a closed point of E

Spc’k Perf E = M,

and
Spc’er Perf E = |_| M, ,.
reZ.,
For the latter equality, we need to show that for any stable sheaf & of rank r and degree 0,

we have
T@ES,’O({G/T ) =S, o(F).

To see this, note that we have
T,,F = cone(H(E, %) @ H'(E, F)[-1]) ®c Op 2 %)

(e.g., cf. [Huy06]) and there exists a unique stable sheaf &, of rank r and degree 0 with
global sections (up to isomorphism) by [Ati57, Theorem 5]. Therefore, for any stable sheaf
F ¢ F,,of rank r and degree 0, we have H'(E, %) = H'(E, %) = O and hence T, ¥ = &,
e, T, S, o(F) =S, o(F). Since T,; induces an automorphism on the component M, o, we
see that Ty, S, ((F, ) = S, o(F, ) as well.
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e Consider 7 = f, for f € Aut E. By definition we have

Spc” Perf E = {fixed points of f} U | | {S,,(F) | F = £.F} U (n,,}.
(r,d)el

Note a special case is when f is a translation, in which case

Spc’ Perf E = |_| M, U |_| {n.4}-

reZ., (r.d)el.d+0

since the only homogeneous stable bundles are ones of degree 0 by Atiyah’s classification.
Here, it is worth noting that the fixed loci for T@E and translations are the same while their
images under € are different.

e Consider 7 = 7, (:= — ®o, P) for & € Pic’ E. By definition we have

Spc” Perf E = My, U | | {S,(F) | F=F @L}uin,).
(r,d)el

By [Ati57, Corollary of Theorem 7], we see that:

- if #®" =~ O, then | |,., M, , C Spc’ Perf E and
- if &£® % O for all r > 0, then

Spc” Perf E = M, LI |_| 1.4}

(rd)el

In particular, a line bundle is @-generating if and only if the corresponding z-fixed locus
agrees with the tt-spectrum. On the other hand, the second example is quite close to recon-
struct the tt-spectrum in the sense that the k-points of its z-fixed locus agree with those of
the tt-spectrum. In particular, the tt-spectrum is realized as a unique maximal dimensional
connected component of Spc’ Perf E.

So far, we have observed the fixed loci for the generators of Auteq Perf E, so for fun, let us consider
some explicit examples:

e Set 5
e = (T Ti)' = 111

where i denotes the inverse map E — E with respect to the identity element e (cf. e.g.,
[STO1]). Clearly, we have
M, n Spc’ Perf E = E,,

where E, denotes the set of 2-torsion points of E (with respect to the fixed point e). To
understand the action of i* on the moduli spaces, let us recall we have an isomorphism

det : M,, > M, , =Pic' E



CHAPTER 4. CUTTING OUT THE TRIANGULAR SPECTRUM 64

so that i* det # = det i*F forany # € M, ,(k). Now, for aline bundle & = O ((d —1)e+p)
of degree d, note that i*# =~ < if and only if p € E,. Therefore, setting

F,4(p) :=det "(O,((d — e + p)),

we see that

Spc’ Perf E = E, L |_| |_| {Z.4)},

(r,d)el peE,

where the generic points of all the connected components are included.
e Set
T = d)%,oofl’o*,
where f1, 1 E - M, (= Pic’(E)) is an isomorphism given by the fixed point e. It is easy
to check 6(7) = (_01 (1)> and hence we see

Spc’ Perf E = §.

Variants of polarizations

Now, let us introduce the following natural generalizations of pt-categories, which will be used to
deal with reconstructions of not necessarily quasi-projective schemes.

Definition 4.2.13. Let T be a triangulated category.

(i) For an endofunctor 7 € End 7, a pair (7, 7) is said to be a semi-pt-category. In this context,
an endofunctor 7 may be interchangeably referred to as a semi-polarization. We define the
corresponding fixed locus to be

Spec” T 1= (Spc” T, Ogper7.4)-

(i1) For a collection 7 = {r,},., of polarizations on 7, a pair (7, 7) is said to be a multi-pt-
category and the collection 7 is said to be a multi-polarization. We define the corresponding
fixed locus to be

Spec™ T 1= (Spc” T, Ogper 7.4)

where we set
Spc’ T := ﬂ Spc’ T.

iel

We define the corresponding notions of the pt-spectrum for each. See §5.4 for more discussions. In
particular, the notion of semi- (resp. multi-) polarizations correspond to “local systems” on BZ
(resp. BZ*" for the free group Z*" in n elements), whereas usual polarizations correspond to “local
systems” on BZ ~ S'.



CHAPTER 4. CUTTING OUT THE TRIANGULAR SPECTRUM 65

To begin with, we have the following generalization of our guiding example (Proposition 4.2.1)
for weakly pt-categories.

Lemma 4.2.14. Let X be a noetherian scheme and & a split generator of Perf X. Write @ 1= @y
and set Ty 1= — Q@ & € End Perf X. Then, we have

| X| = Spcg, Perf X = Spc™ Perf X C Spc, Perf X.

In particular, we have X, 4 = Spec™® Perf X.

red =

Proof. First, take P € Spc™ Perf X C Spc, Perf X. Then, since we have
(1) {(P)={F €Perf X | F @ & € P},

we have
P={F €Perf X | FQ & € P}

and hence for any & € P, we have # @ & € P, i.e., P is a ®-ideal by Lemma 4.1.6 as & is a split
generator. Since P is moreover a prime thick subcategory, we have P € Spcg Perf X by Theorem
2.1.11.

Conversely, take P € Spcg Perf X. Since it is in particular a ®-ideal, we have

PCc{F €Perf X | F Q & € P}.

On the other hand, since P is a prime ®-ideal and it cannot contain a split generator (so # ® & € P
implies # € P), we have
PO{F €Perf X | F Q@ & € P}.

Therefore,
P={F €Perf X | F @ & € P} = (1) (P),

i.e., P € Spc™ Perf X. The latter claim follows from Theorem 2.2.1 (iii). L]

By the same proof as above (and Proposition 4.2.10), we can generalize Proposition 4.2.10 to
the following claim:

Proposition 4.2.15. Let (7, ®) be a rigid tt-category with a split generator & of J. Then, we have
Spcg T = Spc,(T,75) C ThT.
If ® is moreover M -compatible, then
Spcg T = Spc, (T, 7¢) = Spc™ T C Spe, T.

Now, let us use multi-polarizations to give another generalization of Proposition 4.2.1. First,
let us recall the following notion:
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Definition 4.2.16. Let X be a quasi-compact quasi-separated scheme and {Z,},.; a collection of
line bundles on X. Write @ := ® . We say { Z,},; is an ample family if the following equivalent
conditions hold (cf. [BGI71, 6.11.2.2.3]):

(1) For any quasi-coherent O, -module & of finite type, there exist integers n;, k; > 0 such that
F 1is a quotient of @, ( g[®—ni)®ki;

(i) There is a family of sections f € I'(X, 31.@”) such that X , forms an affine open cover of X,
where X, denotes the complement of the vanishing locus of f.

In condition (i), we can always take such a direct sum to be finite. If a quasi-compact and quasi-
separated scheme X admits an ample family, then X is said to be divisorial.

Proposition 4.2.17. Let X be a divisorial scheme and let {Z,},c; be an ample family. Then, we

have
(Z® | d e 7®) = Perf X.

where we are using multi-grading notations d = (d,),c; € Z%" and % = Q),.; L.
Proof. The proof is essentially the same as [Orl09, Theorem 4], but let us provide a proof for
readers’ convenience. First, we take a locally free sheaf & of finite rank on X and we want to
show F € (Z®¢|d € I). By the definition of an ample family, there exists a bounded above
complex & each of whose terms are finite direct sums of line bundles 31.@" together with a quasi-
isomorphism & — %. Consider the brutal truncation ¢=="+*Y% for m = dim X. Since the cone
of the map == ™™VP — F is isomorphic to €[m + 1] for some locally free sheaf & and we
have Hom(%, &[m + 1]) = H"\(X, FV ®p, g) = 0, we see that & is a direct summand of
o=~ p je, F € (£L® |d e I). Now, since any perfect complex over a divisorial scheme
is quasi-isomorphic to a bounded complex of vector bundles (e.g., cf. [TT90, 2.3.1.d]), we see

(% | d e I)=Perf X. O
As a direct corollary, we obtain the following:

Theorem 4.2.18. Let X be a noetherian divisorial scheme and take an ample family {Z,},c;. Set
® = @y and take the corresponding multi-polarization t > = {Tgi }ier- Then, we have

Spcg Perf X = Spc* Perf X C Spc, Perf X.

In particular, we have X 4 = Spec” 7.

Proof. The containment Spcg Perf X C Spc® Perf X is clear. Conversely, if P € Spc® Perf X, then
forany d € Z®!, we have Z®? @ P = P. Since (£®? | d € Z®') = Perf X by Proposition 4.2.17,
we see that P is a ®-ideal and hence P is a prime ®-ideal by Theorem 2.1.11 (ii). The latter claim
follows from Theorem 2.2.1 (iii). [

Remark 4.2.19. Similarly, we can define and consider the notion of ®-generating family of line
bundles (see [1025, §6]). Clearly, Theorem 4.2.18 extends to such family.
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Finally, let us mention that we may talk about an open subvariety of the original variety as a
spectrum of a multi-pt-category.

Example 4.2.20. Let .S be a smooth projective surface over an algebraically closed field with a
(=2)-curve C C S. Then recall that O is a spherical object in Perf .S and there is the associated
spherical twist T@S. Note in [Ito23, Corollary 5.14], it is essentially observed that

Specg Perf SN Spec’oc Perf S = S\ C,
so if we take a ®-generating line bundle & on .S and set 7 = {T, 0 T }, we have
Spec’ Perf S = S\ C.

In particular, classifications of multi-polarizations up to their spectra must involve classifications
of (=2)-curves.

4.3 Tensor triangular spectra in the triangular spectrum

In this section, we study (M -compatible) tt-structures up to geometry in the triangular spectrum
following [Ito23,Ito25], and we explain the relation to the work of Ito—Nolan [IN25].

Definition 4.3.1. Let T be a triangulated category.
(i) We say tt-structures ® and ®' are spectrally identical if
Spcg T = Spcg T C ThT.
Recall that we say a tt-structure @ on 7 is said to be M -compatible if

Spcg T C Spe, 7.

(i) We say (semi-, multi-)polarizations z, 7’ are spectrally identical if
Spe,(T,7) = Spc,(T,7') C ThT.
Recall that we say a polarization 7 on 7 is said to be M -compatible if
Spc, (T, 7) C Spc, 7,
which implies Spc® T = Spc, (7, 7) by Proposition 4.2.8.

The classifications of (M -compatible) rigid tt-structures and polarizations up to spectral identity
are parts of the classification of (M -compatible) semi-polarizations up to spectral identity in the
following sense. Let

tt,rig tt,rig,M pt pt,.M spt spt,M
M=, M= M, M, M, M
denote the sets of the corresponding spectrally identical classes. We clearly have

pt spt
imq C zmq )
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Proposition 4.3.2. Let T be a triangulated category with a split-generator &. Then, the map

MEE - M, @ -QF

is well-defined and injective, and does not depend on the choice of €. The same claims follow in
the M -compatible case. In particular, we can canonically view

tt,rig spt tt,rig,M spt,M
M= My, My C

Proof. All of the first claims are direct consequences of Proposition 4.2.15. The M -compatible
case follows by Proposition 4.2.8. [

Example 4.3.3. Let X be a noetherian scheme with a ®-generating line bundle (e.g., a quasi-
projective scheme). Then, by definition,

®X e w«ztt,rig,M n mpt,M - wzspt,M

Perf X Perf X Perf X

. . . . tt,rig.M pt.M
Therefore, we can categorically reconstruct ® y if we can specify ® x in the locus M = NI, .

To specify ® y in the locus ﬂ)ttrferr'f;(/' N wzfjteff > let us note that we may equip sz’; with natural

topology as follows when 7 has a suitable enhancement with nice properties.

Notation 4.3.4. In the rest of discussions on M, y’s, we assume our ground field k is alge-
braically closed of characteristic zero.

Construction 4.3.5 (Topology on 9)25’; ). In this construction, we follow [HP24] for the terminology
on oco-categories. See also §5.4 for more expositions. Suppose that a triangulated category 7 is the
homotopy category of a k-linear smooth proper idempotent-complete stable co-category C that is
connected (in the sense of [HP24, Definition 5.18]). Let Aut;(C;) denote the co-groupoid of T-
linear co-autoequivalences of C;. for a k-scheme T' — Spec k (cf. [HP24, §4.1]).

By [HP24, Proposition 8.2] (see also [TV07, Corollary 3.24]), Aut,(C;) is an ordinary groupoid
under any base change to a k-scheme T — Spec k and moreover the sheafification of the presheaf

(Schy)® — Set, T+ zy(Aut (C;))

is a group algebraic space Aut(C/k) such that Aut(C/k)(k) = z,(Aut,(C)) (cf. [RomO0S, Remark
5.2 ()] with H = G,,). Therefore, z,(Aut,(C)) has the subspace topology from | Aut(C/k)|.

Now, suppose that any autoequivalence of 7 = Ho(C) has an enhancement to an autoequivalence
of C uniquely up to natural isomorphism, i.e., that

Auteq T = 7my(Aut, (C)).

Then, since EUZ?; is a quotient set of Auteq 7, sz; has the natural quotient topology. We also put
the subspace topology on EIR?’M C 9)25’; .
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Remark 4.3.6. By considering the higher locally algebraic moduli stack M(Fun, (C, €)/k) of endo-
functors (see [HP24, §7.3] for notations), we may also expect natural topology on E)Jlfjp *. Since the
natural morphism Aut(C/k) — M(Fun,(C, C)/k) is a Zariski open immersion ([HP24, Proposition

8.2]), we expect that Em? C zmj;’ * is an open embedding with respect the topology.

Example 4.3.7. Let X be a smooth proper variety. Then, Perf X is the homotopy category of
the k-linear smooth proper connected idempotent-complete stable co-category Perf® T in a natural
way (cf. [BZFN10, HP24]). Moreover, since any autoequivalence of Perf X is a Fourier—Mukai
transform by [Ola24, Theorem 1], we see that

Auteq Perf X = z,(Aut,(Perf*™ X))
by [BZFN10, Theorem 1.2]. Therefore, > _ has natural topology.

Perf X

Remark 4.3.8. In the enhanced set-up of polarizations (§5.4), it may be more natural to construct
EUth as a certain geometric quotient/stratification of the (derived) stack Aut,(C) (or its G,,-gerbe
Aut, (€)). We postpone such considerations to future works, but for € = Perf P!, we expect it to be
the stack [A3/G, ] U [A3/G, ] (cf. the proof of Theorem 4.3.10).

Proposition 4.3.9. Let X be a smooth proper variety. Then, the natural homomorphism
p t Auty, X Picy, X Z — Aut(Perf X /k)

of group algebraic spaces is an open immersion, where Auty . denotes the automorphism group
scheme of X, Picy . the Picard scheme of X, and Z the constant group scheme (over k). If we
moreover have

Auteq Perf X = Auteq™ Perf X,

then the open immersion p is an isomorphism.

Proof. This should be well-known to experts and essentially follows from [HP24, Lemma 8.14]
(see also [Ros09, Proposition 2.10] and [Ols25, Example 1.2, Theorem 1.7, Proposition 5.5]), but
let us include arguments for readers’ convenience. First of all, consider the natural homomorphism

p : Auty, XPicy, X Z — Aut(Perf X /k)

of group algebraic spaces given by the actions of Aut ,, and Picy /, on Perf(X)_, ~ Perf(X_)) by
p(f, L) = f.(—) ® Z. More precisely, we first define the natural morphism Aut kX Picy /e X
Z — Aut(Perf X /k) on G,,-gerbes defined by the formula above and then rigidify it to get p (cf.
[Sta21, Tag 06QD]). In particular, p is a monomorphism, as it is clear on the presheaf level by
the uniqueness of Fourier—Mukai kernels and the sheafification preserves monomorphisms. Since
we can directly see the identity component of Auty , X Picy X Z is Aut(;( i X Picg( Ik which is
smooth as it is a group scheme of finite type over a field of characteristic zero (cf. [Sta2l, Tag
047N1), and the identity component of Aut’(Perf X /k) of Aut(Perf X /k) exists and is smooth by
[HP24, Lemma 8.10], the homomorphism p restricts to the homomorphism

P’ Aut’ , X Pic’

i i = Aut’(Perf X /k).
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Now, we show p° is an isomorphism. Let e € Aut())( /k(k) X Picg( / (k) and ¢’ € Aut’(Perf X /k)(k)
be the identity elements. By the proof of [HP24, Lemma 8.10], we have

T, Aut(Perf X /k) = HH'(Perf X /k) = Ext}_, (0,,0,)
and as in the proof of [HP24, Lemma 8.14], the Lie algebra map

dp® : T,(Aut’, X Pic)

Xk 0 =H(X, Ty ) @ H'(X, 0x) — T, Aut(Perf X /k)

agrees with the Hochschild-Kostant—Rosenberg isomorphism. Therefore, the homomorphism p°
is étale (at e and hence on Autg( i X Pic())( /k) and since the image of p° is an open subgroup of the
connected group algebraic space Aut’(Perf X /k), it needs to agree with Aut®(Perf X /k) and hence
p° is surjective. Since p and hence p° is a monomorphism, p° is an open immersion ([Sta21, Tag
05W5]) and hence an isomorphism. Similarly, since p° is étale, p is also an étale monomorphism
and hence an open immersion.

Now, if we moreover have
Aut(Perf X /k)(k) = Auteq Perf X = Auteq™ Perf X = (Auty ,, X Picy  XZ)(k),

then the open immersion p is surjective on k-points. Since any algebraic space of finite type over
an algebraically closed field k has a k-point, p is surjective by considering the complement of the
(set-theoretic open) image of p and hence p is an isomorphism. ]

To be more concrete, let us consider the case X = P!. The following results can be understood
as a variant of the monoidal Bondal-Orlov reconstruction by Toledo [Tol24, Corollary 3.18]. Note
that our approach does not need to specify the @-unit.

Theorem 4.3.10 (Monoidal Bondal-Orlov reconstruction for P'). A rigid tt-structure ® on Perf P!

is spectrally identical to @p if and only if @ defines a closed point in Emﬁ;f Pl

Proof. By the computations in Example 4.2.11, we see that

me . =[A/G,](k)U[A’/G,](K)

Perf P! —

as sets (noting [A3/G,](k) = P%*(k) U BG, (k) as sets), where G,, acts on A by the standard
scaler action and the origins (i.e., BG, (k)’s) correspond to (the classes of) idp.p1 and T6,1(1)-

Now, we claim that the bijection is indeed a homeomorphism, where we put the subspace topology
[A%/G, (k) C |[A/G,]|. By Proposition 4.3.9, we have

Aut(Perf P! /k) 2 PGL, x Z X Z.
First, consider the morphism

f :GL, —» A, (‘CI 2) = (c,d —a,—D).
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Then, f is clearly G, -equivariant for the standard scaler actions of G,, on GL, and A°. Also, note
that f is surjective and flat (as every fiber is 1-dimensional and GL,, A* are both regular). Since
the quotient GL, — PGL, is the canonical G,,-torsor, the surjective flat morphism f induces the
surjective flat morphism

f 1 PGL, - [A*/G,],

as flatness can be checked after the surjective flat base change along A* — [A®/G, ] [Sta21, Tag
06PZ]) and surjectivity is clear. Since £ is also of finite type, we see that

|71t IPGL, | — [[A/G,]]

is a surjective open continuous map by [Sta21, Tag 06R7], which then induces a surjective open
continuous map on k-points (equipped with the subspace topology):

q : PGL,(k) — [A*/G,,1(k); l? zl > the orbit k* - (¢, d — a, —b).

By construction, it is direct to see that A, B € PGL,(k) has the same configuration of fixed points
Z] € PGL, (k) if and only
if cx? + (d — a)xy — by? = 0. Therefore, the quotient of PGL,(k) by spectral identity is homeo-
morphic to [A®/G, ](k) by the universal property of quotient topology. Also note that [A3/G, 1(k)
has a unique closed point at the origin. Therefore, since (Z X Z)(k) has discrete topology, the
computations in Example 4.2.11 give the homeomorphism

in P! if and only if g(A) = q(B), noting that [x : y] € P! is fixed by [3

MM~ [A3/G, (k) U [A3/G, (k).

Perf PI —

pt.M

In particular, """ has only two closed points, which correspond to idp,+ p1 and T6,1(1)-

Perf P!
Now, we claim idpgspi & Mo Y. Indeed, assume that there is ® € W:;Tfpl such that ® ~
. . tt,rig pt . ~ pt
idpeppr iIn WM 2 NN, then we have 7,,, 1= — ® (Opi1 () © Opi(m)) = idpesp1 € zmpgrf pi

forall ,m € Z with | # m, as Op:(I) ® Opi(m) is a split-generator when / # m. Now, since
7,1 ((Op1(n))) = (Op:1(n)) for all n € Z by the assumption, we have

(Op1(n) ® Op1 (1) @ Opi(n) @ Opi(m)) = (Opi(n))
for all I,m,n € Z with [ # m. In particular, for any n,m € Z, we have
@Pl(n) ® @Pl(m) E <@P1(n)> ﬂ (@Pl(m)>.

Thus, if n # m, then we have
@[pl(n) ® @Ipl(m) = 0.

This is absurd since then for 3 distinct integers /,m,n € Z, we have

(Op1(n) ® Opi (1) @ Opi(n) @ Opi(m)) =0 & (Opi(n)).

pt . . . tt,rig
bors pi that is also in the image of IN g

Therefore, @ y = T, (1) 1 aunique closed point in M Purf Pl
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Question 4.3.11. Here are natural questions arising from this observation.

(i) For a smooth proper connected idempotent-complete stable co-category C, can we naturally
make mgt into a stack so that ;™ = [A%/G,]U[A?/G,,]? How about other sets such as

o Perf P!
ME", ME"E?

(i) Can we prove the monoidal Bondal-Orlov reconstruction in the above sense more generally?
If not, can we characterize tt-structures corresponding to closed points/stacky points (or more
generally living in closed subvarieties/substacks)?

(iii) Take Fourier-Mukai transforms ®,, @, : Perf X — Perf X. Can we give geometric crite-
rionon P, P € D (X X X) for @, D to define spectrally identical semi-polarizations?

(iv) If X is a noetherian scheme with a ®-generating line bundle, does every noetherian scheme
Y with Perf Y ~ Perf X admits a ®-generating line bundle? In this case, the locus MrEM

Perf X
w:;z:l « contains ®, for every Y with Perf Y ~ Perf X.

Next, let us consider several properties of tt-structures and the corresponding subsets of the set
EIRT;:M of spectral identity classes of M -compatible tt-structures on 7.

Definition 4.3.12. Let T be a triangulated category. An M -compatible tt-structure @ on 7 is:
(1) geometric if (7, ®) ~ (Perf X, ® ;) for a smooth projective variety X;
(ii) schematic if Specg T is a scheme;
(iii)) Serre-compatible if a Serre functor S exists and can be written as S = — ® S(1).

. . . tt,M
Write the corresponding subsets in 2™ by

tt,geom,M tt,sch,M tt,Sc,M tt,M
M E™, e gpitseM ¢ g,

Recall that we have
Spc™T = U Spcg 7.

tt,geom,M
@M

. . . tt,rig,M tt,sch,M tt,Sc,M
Write the loci corresponding to 3=, M~ MM~ by
Spc™ T, Spc*" T, Spc>* T ¢ Spe, T.

Example 4.3.13. Let X be a smooth projective variety.

() If w, is ®-generating, then ng’e':ﬂ’ie"m = {®,} by the Bondal-Orlov reconstruction (cf.
Theorem 5.1.3).
(i) If X is anelliptic curve, then My 75" = {® JuiL | e (®x., ), where ®y . denotes a tt-

structure given by transporting ® x along the autoequivalence 7, ; (cf. Construction 4.1.11).
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Remark 4.3.14. Note if ® is Serre-geometric, then S(1) is necessarily @-invertible with inverse
S~I(1).

By definition, we have the following inclusions.

Corollary 4.3.15. Let T be a triangulated category. Then, we have

Spc™ T ¢ SpcP™ T ¢ Spe* T ¢ Spe, T.

In particular, if Spc™ T = Spc, T (e.g. if an elliptic curve X € FMT), then all of them agree.

Let us provide several examples of schematic tt-structures to observe how these loci change.

Example 4.3.16. Let J be a triangulated category.

)

(ii)

We see the inclusion Spc™ T ¢ Spc*" T can be strict. Define a tt-structure on the (under-
ived) category Vect, of finite dimensional k-vector spaces as follows. First, we define a
triangulated category structure on Vect, by setting the shift functor to be the identity functor
and by setting a triangle X — Y — Z — X to be distinguished if it is an exact sequence

(or equivalently if it is a finite direct sum of (shifts of) the triangle k i k — 0 — k). Then,
(Vect,, ®,) is a tt-category with the usual tensor product ®,. Since the only additive proper
subcategory of Vect, is 0, the underlying topological space of Specg Vect, is a singleton
and since Endy,, (k) = Z(Vect,),,4 = k, it follows that

Spec, Vect, = Specg Vect, = Spec k

as ringed spaces. Therefore, the tt-structure @, is schematic, while there is no geometric
tt-structure on Vect,.

We can also cook up schematic tt-structures that are not geometric as follows. We follow the
proof of [Sos08, Proposition 4.0.9], which is suggested here [AT023]. Let X be a smooth
projective variety (or more generally a connected noetherian scheme). Define a tt-structure
X on Perf(X U X) = Perf X @ Perf X by setting

(A,BIK(C,D) :=(A®x C,AQx D& C ®y B),
where the unit is given by (O, 0). Also note that the projection
D . Perf X ®Perf X > Perf X; (A,B)— A
is a tt-functor and hence we have a morphism
¢ : Spec®X Perf X — Specg(Perf X @ Perf X); P> PP Perf X.

of ringed spaces, which was shown to be a homeomorphism with inverse y induced by the
inclusion tt-functor

Y :Perf X - Perf X @ Perf X; A (A4,0).
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(i)

@iv)

Now, by construction (cf. Construction 2.1.8), for any open subset U C Specg_ Perf X, ®
induces an equivalence

(Perf X @ Perf X)(U & Perf X) ~ Perf X(U)

sending Ty gpesx = (1y,0) to T, and hence by the definition of structure sheaves on tt-
spectra, ® induces an isomorphism

X = Specg Perf X = Specg, Perf(X U X)

as ringed spaces and hence [X] is a schematic tt-structure on Perf X @ Perf X. On the other
hand, it is not geometric since Perf X 2 Perf(X L1X) and indeed FM X LUX = @ as Perf XX
is not connected. Now, by construction we see that

Specg Perf(X LX) C Spec®XuX Perf(X U X)
is the inclusion of X into the first component of X LI X.

We see that the inclusion Spc™ T € Spc™" T can be strict even when FMT # §. Let X =
P!, First, it is well-known that Perf X = Perf kKr, where kKr is the path algebra of the
Kronecker quiver Kr. Thus, we can consider the tt-category (Perf X, ®,,). By Theorem
2.1.5 we have Spec®rep Perf X = Spec k U Spec k, where those two points correspond to
prime thick subcategories (O, ) and (O (1)) and hence ®,, is a schematic tt-structure and

rep

Spc® Perf X N Spc®rep Perf X = @ by Example 2.2.2. Thus, we have

Spc® Perf X = Spc™ Perf X C Spc*" Perf X.

By transporting the tt-structure ®
see that

rep Under autoequivalences coming from Pic(X) = Z, we

Spc*™" Perf X = Spc, Perf X.
In particular, Spc*®" Perf X \Spc™ Perf X = Z. By similar procedures, we expect any variety
X with full exceptional collections has

Spc™ Perf X G Spc™" Perf X

(cf. [SL13, (2.1.6)]). However, we do not know if SpcSCh Perf X = Spc, Perf X in general.

Let X be a smooth projective variety with ample (anti-)canonical bundle and suppose X €
FM 7. In this case, we can see schematic tt-structures behave similarly as geometric tt-
structures in the following sense. Suppose that @ is a schematic tt-structure on J with
Specg, T = X with unit ®(Oy) for some ® : Perf X ~ TJ. Then, by [Tol24, Corollary
3.18], we have that ® is monoidal on objects, i.e., for any #, & &€ Perf X, we have

O(F @y §) = O(F) ® D(E).



CHAPTER 4. CUTTING OUT THE TRIANGULAR SPECTRUM 75

In particular, ® induces a bijection Spcg J = Spcg Perf X of the underlying topological
spaces. It is worth mentioning that in [Tol23], Toledo extensively considers deformation
of tt-structures (up to tt-equivalences) using Davydov-Yetter cohomology, but note that in
general spectral identity does not imply tt-equivalence and vice versa.

Remark 4.3.17. The author would like to thank Paul Balmer for sharing some thoughts on this topic,
in particular, Example 4.3.16 (i).

Next, let us provide motivations to consider a Serre-compatible tt-structure:

Proposition 4.3.18. Let T be a triangulated category with a Serre functor and take a tt-structure
(®, 1. If (®, 1) is rigid, then we have a natural isomorphism S(—) = — ® S(1). In particular, any
M -compatible rigid tt-structure is Serre-compatible.

Proof. For the first claim, note that we have the following natural isomorphisms forany M, N € T:

Hom,(M,S(N)) = Hom4(N, M)*
=~ Hom4 (1, NV ® M)*
~ Hom(N" ® M, S(1))
~ Hom(M, N ® S(1)).

Hence, we have S(—) = — ® S(1). ]

Proposition 4.3.19. Let T be a triangulated category with FMT # (. We have the following
inclusions:

Spc™ T < SpcP™ T ¢ Spc™ T ¢ Spc** T ¢ Spe® 7.

Proof. The first two inclusions are trivial. The third one follows from Proposition 4.3.18. The last
one follows from definition. [

Remark 4.3.20. Let T be a triangulated category with a Serre functor. Conjecture 4.1.12 implies
that all of the inclusions Spc™ T ¢ SpcP™ T ¢ Spc™ T ¢ Spc® T ¢ Spc® T are the equalities
if FM 7 is not empty. Indeed, each equality is a priori non-trivial. Although Conjecture 4.1.12 is
false in general, it will be interesting to see if there is any equality that still holds.

Given the observations, let us propose the following conjecture that is weaker than Conjecture
4.1.12, but still provide a categorical characterization of the proper Fourier—Mukai locus. Here,
recall that if FM T # () and Perf X ~ T for a variety X, then X is necessarily smooth and proper.

Conjecture 4.3.21. Let (T, ®) be a tt-category with FMT # @. Let Spc"®"™ T c Spc, T denote
the union of Spcg T over rigid tensor triangulated structures whose spectra are varieties. Then, we
have

SpcP™ T = Spc™&¥* T ¢ Spe, T.

Note that the conjecture indeed holds as a formal consequence of higher Zariski geometry de-
veloped in [ABC*25] if we upgrade the meaning of “whose spectra are varieties” in the following
sense.
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Proposition 4.3.22. Let (C, Q) be a 2-ring, i.e., an idempotent-complete stably symmetric monoidal
oo-category. Then, there exists a variety X and a symmetric monoidal co-equivalence (C, ®) =~
(Perf X, ®y) if and only if ® is rigid and the 2-ringed space Specg C is equivalent to the 2-ringed
space corresponding to a variety. In particular, we have the equality of the corresponding loci:

SpcP™ Ho(€) = Spc™®?** Ho(@) € Spc, Ho(C).

Proof. One direction is clear. For the other direction, note that by the fundamental adjunction of
higher Zariski geometry in [ABC*25], there is a fully faithful embedding

Spec : 2CAlg,, < {Locally 2-Ringed Spaces}*

where 2CAlg,;, denotes the co-category of rigid 2-rings (see also [ABC*25, Observation 5.12, Re-
mark 5.13]). In particular, if (C, ®) is rigid and the locally 2-ringed space Spec(C, ®) is equivalent
to the locally 2-ringed space given by a (proper) variety X, then we have an equivalence

(C,®) ~ (Perf X,®,) in 2CAIgrig. ]

Remark 4.3.23. Let (C, ®) be a rigid 2-ring. Note that by [Che25, Theorem E] (see also loc. cit.
for notations/terminology), if the locally spectrally ringed space (Spcg C, R@Sme) is a (classical)
variety X (which implies Specg Ho(C) = X), then there is a symmetric monoidal fully faithful
embedding

(Perf X, ®y) < (C, ®).

In particular, if € = Perf Y for some smooth proper variety Y, then the embedding above implies
there is in particular a fully faithful embedding Perf X < Perf Y, which gives a restriction on pos-
sible variety X. For example, if we further require dim X = dim Y, then such varieties seem to be
closely related to birational geometry (e.g. pull-backs along blow-ups). In such a case, Conjecture
4.3.21 may fail in an interesting way due to the phenomenon described in Example 2.2.4.

Finally, let us note that the classification of tt-structure up to spectral identity is quite coarse by
the results of Ito—Nolan (cf. [IN25, Proposition 6.1, Proposition 6.11], Proposition 6.17).
Theorem 4.3.24 (Ito—Nolan). Let A be a nonzero finite-dimensional commutative k-algebra.

(i) There is a canonical tt-structure x', on Perf P(A).

(ii) The construction A v %', is functorial in surjective maps of finite-dimensional commutative
k-algebras and essentially injective.

(iii) Spec*/A Perf P(A) = Spec*/d‘ ) Perf P(A) C Spec, Perf P(A) for any finite-dimensional com-

mutative algebra A. Here, % ama is ti-equivalent to @, of the Beilinson quiver for P(A).

In particular, for any non-isomorphic finite-dimensional commutative k-algebras A, A" of same
dimension, we see that %', and *',, are not tt-equivalent but spectrally identical.
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Chapter 5

Applications of polarizations on a
triangulated category

In this chapter, we observe several situations where polarizations appear naturally.

5.1 Reconstruction of varieties

First, let us introduce the following notions to conveniently formulate/give proofs of several recon-
structions.

Definition 5.1.1. Let 7 be a triangulated category and let X be a noetherian scheme.
e A polarization 7 is said to be X-reconstructive (resp. weakly X -reconstructive) if

(i) Spc’ T has a unique maximal-dimensional connected component (Spc® 7)*, and
(i1) there exists a tt-structure @ on J with tt-equivalence (7, ®) ~ (Perf X, ®%X) such that

Spcg T = (Spc” T)* C Spc, T (resp. Spcg T C (Spc” T)* C Spe, T).
Note, by [Mat25b, Theorem 2.11], that the inclusion Spc® T C (Spc” T)* is open.

e A line bundle & on X is said to be reconstructive if the polarization 7., on Perf X is
X -reconstructive. Note that if 7o, is (weakly) Y -reconstructive, then X = Y by Theorem
5.1.5, so the notion should not cause any confusion. Also, note that 7., is always weakly
X -reconstructive.

We define the analogous notions for semi-polarizations and multi-polarizations.
Example 5.1.2. Let X be a noetherian scheme.

(i) If 7 is (weakly) X -reconstructive, then so is any conjugation yoron~! for n € Auteq Perf X.
Similarly, if 7 is (weakly) X -reconstructive, then so is any polarization yozon~! on a trian-
gulated category T together with an exact equivalence 7 : Perf X ~ 7.
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(i) A ®-generating line bundle £ on X is reconstructive by Proposition 4.2.3.

(ii1)) On an elliptic curve, a non-torsion line bundle of degree O is reconstructive, but not ®-
generating by Example 4.2.12. This is a motivating example for why we do not simply ask
for Spc” T = Spcg, T in the definition.

(iv) If X is a Gorenstein proper variety, then the Serre functor is weakly Y -reconstructive for
every variety Y with Perf Y ~ Perf X.

Now, let us state a generalization of the reconstruction of Bondal-Orlov and Ballard from the
perspective of polarizations.

Theorem 5.1.3. Let X be a Gorenstein proper variety of dimension n and suppose Spec> Perf X
is a separated scheme whose n-dimensional connected components (with reduced structure) are all
isomorphic to each other. Then, the following assertions hold:

(i) X can be reconstructed as an n-dimensional connected component of Spec>® Perf X with
reduced structure.

(ii) If there exists a variety Y with Perf X ~ Perf Y, then X >~ Y.

Let us note that thanks to [Mat25b, Theorem 2.11] there is no need for any projectivity assump-
tion and that Theorem 5.1.3 is indeed a strict generalization of the reconstruction of Bondal-Orlov
and Ballard by the following example (ii).

Example 5.1.4.

(i) A Gorenstein proper variety with reconstructive canonical bundle satisfies the suppositions
of Theorem 5.1.3 by definition.

(i1) More specifically, we can still apply Theorem 5.1.3 to any Gorenstein proper variety with
®-generating canonical bundle that is neither ample nor anti-ample (cf. Theorem 3.3.5).
We can indeed construct a non-projective proper Gorenstein toric variety with ®-generating
canonical bundle, so the supposition of properness is a strict generalization as well.

(iii)) By [HO22, Theorem 4.11] (cf. Lemma 4.1.9), elliptic curves over algebraically closed field
of characteristic zero also satisfy the suppositions.

Before giving a proof of Theorem 5.1.3, let us make the following simple yet effective obser-
vation.

Theorem 5.1.5. Let T be a triangulated category and suppose that there are proper, connected
and reduced schemes X,Y with Perf X ~ Perf Y ~ 7. Suppose there is a X -reconstructive and
weakly Y -reconstructive polarization T on J. Then, t is Y -reconstructive and X = Y. The same
claim follows for weak polarizations and multi-polarizations.

Proof. By supposition, there exist tt-structures @ , and ®, such that
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o (7,®y) (resp. (T,®y)) is tt-equivalent to (Perf X, ®[gx) (resp. (Perf Y, ®[gy )) and

e (Spec”J)* =Specy T = X andY = Specg T C (Spec” T)".
open

Since Y is proper and X is separated, Y is a closed subscheme of X as well. Therefore, Y is an open
and closed subvariety of the connected scheme X and hence Y = Specg T = (Spec* T)* =z X. [

Let us note that Theorem 5.1.5 gives quick proofs for variants of [Fav12, Theorem 3.8].

Corollary 5.1.6. Let T be a triangulated category and suppose that there are proper, connected
and reduced schemes X,Y with Perf X ~ Perf Y ~ TJ. Let & be a reconstructive line bundle on
X and let M be any line bundle on' Y. Suppose there exists a pt-equivalence

F : (Perf X,7g) 5 (Perf Y, 7 ,).

Then, M is a reconstructive line bundle on Y and X = Y. The same claims follow for multi-
polarizations by replacing £ with an amply family on X (assuming X is moreover divisorial) and
A with a collection of any line bundles on Y .

Proof. Since For,oF~!isa X-reconstructive and weakly Y -reconstructive polarization on Perf Y,
we are done by Theorem 5.1.5. [

Remark 5.1.7. In the original result by Favero, varieties are not assumed to be proper (only divi-
sorial), but for our arguments to work, properness is essential for the existence of Serre functors.
It is interesting to see if there is a way to show Favero’s original result from the perspective of the
triangular spectrum.

Now, with similar ideas, we give a short proof of the reconstruction theorem.

Proof of Theorem 5.1.3. For part (1), first note that X = Specg Perf X is a connected, closed and
open subscheme of Spec® Perf X by the same arguments as before. Hence, Specg  Perf X is an

n-dimensional connected component of Spec®" Perf X with reduced structure. Thus, by taking any
n-dimensional connected component of Spec> Perf X with reduced structure, we reconstruct X.
For part (i1), since Y is automatically proper and Gorenstein (e.g., [dSdS12, Proposition 1.5]),
the argument of part (i) shows Y is also isomorphic to any n-dimensional connected component of
Spec™ Perf X with reduced structure, and hence X =~ Y. O

Finally, let us generalize yet another reconstruction result of Favero [Fav12, Lemma 4.1]. This
result clarifies the interplay of automorphisms and line bundles as polarizations, which lead to
certain rigidity.

Theorem 5.1.8. Let X be a proper variety and let T be a polarization on Perf X. Suppose there is
a variety Y and a standard autoequivalence

o = f.ot ,[i] € Auteq™(Perf Y) = Aut Y X PicY x Z[1]
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together with a pt-equivalence
® : (Perf X,7,) ~ (Perf Y, 0)
given by a Fourier-Mukai transform ® = @, with Fourier-Mukai kernel & € D (X XY). Then,

(i) If T = to, for a line bundle & on X such that H'(X, #®™) # 0 for some l,m € Z, then f™
has a fixed point.

(ii) If f™ has a fixed point for some m € Z and if every connected component of Spech Perf X
is isomorphic to X, then we have f™ = idy, and X =Y.

In particular, if T = 1, for a @-generating line bundle £, then f™ = id, for some mand X =Y.

Proof. Let us first recall some computations from [Fav12]. Take &' € Dy(X X Y) so that
®~! = ®,,. Then, we get an equivalence @ yrq : Dye(X X X) = Dy (Y X Y) such that if
@ : (Perf X,®;) — (Perf Y, ®) is a pt-equivalence, then @ g5/ (S) = T,

(i) We proceed by mimicking the proof of [Fav12, Lemma 4.1]. Fix I, m € Z so that

H' (X, %) = Homy, (Oy, Z®"[I]) # 0.

Then, since 77, = @y yeon and 6™ = Qg om 4 iy fr M, 1= fL M Q -+ @ [ M, We get
0# Homec(X)(@X, FoI]) < Homec(XXx)(A*@X, A, Z®M1])
= Homec(ny)(CD%x%,(A*@X), @zgj,(A*QQf@m)[l])
= Homec(YXY)(A* Oy, (idy X f™), M, [mi+1])
= Homp_y)(Oy, A'(idy X f™), M ,[mi + 1)
Here, the first inclusion follows since the diagonal map A has a left inverse (given by a pro-

jection) and hence A, = RA, is faithful on D_.. Now, since the last term is the cohomology
of a complex supported on the fixed locus Y/ of f™, we see that ™ has a fixed point.

(i) We may assume m = 1 since ™ = f"oz, [mi]. Now, since Spc®$ Perf Y C Spc, Perf Y is
an open inclusion, by taking fixed points of o, we obtain

0 + (Spc@% Perf Y)° C Spc’ Perf Y = Spc’ Perf X.

open

Thus, by supposition dim(Spc®% Perf Y)° = dim Y. Now, note
(Speg. Perf Y)” = (Spegy Perf Y)/+*"« = (Spcg Perf Y)/» = Y/

since 7, fixes every point in the Balmer spectrum. Therefore, we have dimY”/ = dimY and
hence we necessarily have f = id,. Then, we have X = Y by Theorem 5.1.5.
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The last claim follows from part (1) and (ii), noting that for a @-generating line bundle &, there
exists m # 0 such that H(X, Z®™) # 0 by Theorem 3.3.3 (as a large enough power of a big line
bundle has a global section by definition) and #®" is ®-generating by [I025, Lemma 3.14]. [

There are some simplifications we can make to suppositions.

Remark 5.1.9. Use the same notations as in Theorem 5.1.8.

(1) If X is projective, then @ and 7 are automatically of Fourier-Mukai type by [Bal09, Theorem
1.2].

(i1) If X is a variety all of whose automorphisms have a fixed point, then part (iii) simplifies. For
example, any smooth proper complex variety X with H' (X, 0) = Oforall i > 0 falls into this
category by the holomorphic Lefschetz fixed point formula. This includes smooth projective
rationally connected varieties (e.g., smooth weak Fano varieties over an algebraically closed
field of characteristic zero), Enriques surfaces and any smooth proper varieties birationally
equivalent to those varieties.

(iii) On the other hand, the equidimensionality in part (iii) cannot be removed with our current
proof, so we cannot apply this theorem with 7 = 7, for a reconstructive line bundle & with
(Spc™ Perf X)* ¢ Spc™ Perf X.

Finally, let us leave another observation suggesting a further interplay between “positivity” of
line bundles and fixed-point properties of automorphisms (see also [Fav12, Remark 4.2]).

Example 5.1.10. Let E be an elliptic curve over an algebraically closed field of characteristic zero
and take a line bundle & on E of degree 0 with Z®" % O for any n > 0. In particular, & is
reconstructive. Then, as we observed in Example 4.2.12, & is quite close to cutting out the Balmer
spectrum while H'(E, #®™) = 0 for all [, m € Z. Now, using the same notations as in Example
4.2.12, consider an equivalence

D, Perf £ — Perf E,

where E = M 0= Pic’(E) is the dual of E and # = % 1.0 1s the Poincaré bundle. Then, it is easy
to check that ¥ : = Cbgorgocbg, : Perf £ > Perf E sends skyscraper sheaves at closed points to
skyscraper sheaves at closed points and hence we can write ¥ = f,or , for some f € Aut E and
A € Pic E. Therefore, we have a pt-equivalence

@, : (Perf E, f,o1,) ~ (Perf E, 7).

Note it is moreover clear that we have f equals the translation 7, on Eby[Z]€eE, ie.,

f=tigy: ESE, (8] [0, 2]

Hence, we have observed that the reconstructive line bundle & fails to satisfy the supposition of
Theorem 5.1.8 (ii) and indeed f* = f;, has no periodic point. On the other hand, if we take & to
be a line bundle of degree 0 with Z®" =~ O for some 0 # n € Z, then f" = t;gn = oy = 1dg
and Spc"#®" Perf E = Spc, Perf E is equidimensional of dimension 1, so we can apply Theorem
5.1.8 (iii) while & is not reconstructive.



CHAPTER 5. APPLICATIONS OF POLARIZATIONS ON A TRIANGULATED CATEGORY 82

5.2 Geometric realization of noncommutative projective
schemes and Iitaka fibrations

We observe that fixed loci can be thought of as geometric realization of (derived) noncommutative
projective schemes in the sense of [AZ94]. Along the way, we will also make some observations
on relations with birational geometry. First, let us quickly recall materials from [AZ94].

Definition 5.2.1. Let A be a right noetherian N-graded algebra (over k). The noncommutative
projective scheme Proj" A associated to A is a triple (qgr 4, s 4, A), where

e the symbol qgr A denotes the (k-linear) abelian category obtained as the quotient of the
abelian category of finitely generated Z-graded (right) A-modules by the Serre subcategory
of finitely generated torsion Z-graded A-modules,

e the symbol s, denotes the autoequivalence of qgr A given by shifting gradings by one, and
e the symbol A denotes the image of A in qgr A by abuse of notation.

Similarly, let QGr A denote the quotient category of the abelian category of Z-graded (right) A-
modules by the Serre subcategory of torsion Z-graded A-modules. Note that QGr A is the ind-
completion of qgr A.

The following classical results are their guiding examples (see for example [Har77, Exercise
11.5.9]):

Theorem 5.2.2. Let A be a finitely generated N-graded commutative algebra generated in degree
1.

(i) The functor

I': CohProjA — qgrA, M — &,_,1'(Proj A, 4 (n))

nezZ

is an equivalence of abelian categories, where Coh Proj A denotes the abelian category of
coherent sheaves on Proj A. Under this equivalence, the autoequivalence — ®@ijA Opyoj 4(1)
on Coh(Proj A) corresponds to the autoequivalence s, on qgr A. Furthermore, I" naturally

extends to an equivalence
I' : QCohProj A ~ QGrA,

where QCoh Proj A denotes the abelian category of quasi-coherent sheaves on Proj A.
(ii) The functor I" above induces an isomorphism
Proj A = Proj (@®,50'(Proj A, Op,; 4(n))) = Proj (@®,5, Homg,, , (4,5, 4))

of schemes. In particular, note that the right hand side is constructed precisely by the data
of Proj™ A.
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Therefore, for a general right noetherian N-graded algebra A, we may think of Proj™ A as
a “(noncommutative) space” whose abelian category of coherent sheaves (resp. quasi-coherent
sheaves) is qgr A (resp. QGr A). Now, to make comparisons of fixed loci/pt-spectra with noncom-
mutative projective schemes and to see some relations with birational geometry, let us introduce
some notions and recall some facts on the litaka fibration.

Notation 5.2.3. For a pt-category (7, 7) and a fixed object ¢ € 7, define the N-graded (not neces-
sarily commutative) algebra
:RT,C = ®n20 Homf]'(ca ,L_n(c))’

where multiplications are given by compositions under identifications
" 1 Homg(c, 7"(¢)) = Hom4(z"(c), z""(c)).

For a pt-category (Perf X, 7.,) given by a line bundle & on a normal projective variety X, note that
this construction gives the section ring

Rg = RTS:”’@X E @nzor(X, $®n)

of &, where multiplications are given by multiplication of sections and hence are commutative.
Note if R, is a finitely generated k-algebra (e.g., if & is semi-generating ([Laz17, Example 2.1.30])
or if & = w, for a smooth projective variety X ([BCHM10])) and if the litaka dimension of & is
positive, then there is a rational map

¢y ¢ X-—>ProjR,
that is birationally equivalent to the natural rational maps
Pigen 1 X —-2Y, 1= ¢ gen(X) C PHUX, Z®")

for all large enough n with #®" being effective, in which case Y, = Proj R, by finite generation
of R, (cf. [Lazl7, Theorem 2.1.33]). The rational map ¢, is called the litaka fibration and
dim Proj R, equals the litaka dimension of Z. Furthermore, if & is moreover big (resp. semi-
generating), then ¢, is birational (resp. defined everywhere) (cf. [Laz17, Definition 2.2.1. (resp.
Theorem 2.1.27.)]).

As a special case, when X is a smooth projective variety, the construction above gives the
canonical ring Ry := R, of X and the canonical model X" := ProjRy of X. By the results
above, if the Kodaira dimension of X (i.e., the litaka dimension of @ ) is positive, we have a natural
rational map

d)X © X - xcan

where dim X" equals the Kodaira dimension of X and ¢, is birational when X is of general type
(i.e., wy is big). The canonical ring and the canonical model are important in birational geometry
since they are birational invariants of smooth projective varieties.

Now, let us make our guiding observation.
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Proposition 5.2.4. Let X be a projective scheme and take an ample line bundle . Then, we have
isomorphisms
Spec™ Perf X = X =~ (ProjR.,)

red*

Moreover, we have a pt-equivalence
(Perf X, 7o) = (Perf Proj™ Ry, 55 )

where Perf Proj" R, is the subcategory on compact objects in the unbounded derived category
D(QGrR.,) of QGr R, and S, denotes the restriction of the derived functor of sz, on D(QGr Re)
to compact objects by slight abuse of notation.

Proof. For the first claim, the first isomorphism is Proposition 4.2.1 and the second isomorphism
is classical (e.g., cf. [GW10, Corollary 13.75]). The last claim follows from Theorem 5.2.2 (i)
and the fact that the compact objects in the unbounded derived category of quasi-coherent sheaves

on a quasi-compact quasi-separated scheme agrees with perfect complexes (e.g., cf. [Sta2l, Tag
09MS)). O

Therefore, given a noncommutative projective scheme Proj" A, we may think of the ringed
space
Spec’# Perf Proj™ A

as its geometric realization with reduced structure. The following is one obvious future direction,
which we do not pursue further in this paper.

Question 5.2.5. How much information of A and Perf Proj™ A is retained in Spec®4 Perf Proj™ A.
Moreover, how rich is the geometry of Spec’ Perf Proj™ A when A is noncommutative?

Remark 5.2.6. We can learn several more observations from Proposition 5.2.4.

(i) It is natural to ask if we can also recover the non-reduced structure sheaf on Spc™ Perf X,
corresponding to 0. Not surprisingly, it is possible if we use the extra data of an object ¢ :=
A n] € Perf X for any line bundle ./# on X and any n € Z. Indeed, the same construction
as the structure sheaf of the tt-spectrum where we use c instead of the tensor unit object (cf.
the last paragraph of Construction 2.1.8), we can define the sheaf 0, . 1= Og,.s per x o Of
rings on Spc*” Perf X and moreover by construction we have an isomorphism

Spec.” Perf X := (Spc™ Perf X, 0, .) = Specg Perf X = ProjR,.

Note on the right hand side, we construct a ringed space using both 7., and O, simultaneously
while on the left hand side, we construct the underlying topological space and the structure
sheaf separately, which indicates different nature of those two constructions.

Now, since a noncommutative projective scheme Proj™ A gives (Perf Proj™ A4, s ,, A), we can
construct a ringed space

Spec’, Perf Proj™ A := (Spc* Perf Proj™ A, O, 4)
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as above, which may be thought of as a more natural geometric realization of Proj™ A. Note
on the other hand that O, , is in general a sheaf of noncommutative algebras.

(ii) For aline bundle & on a projective variety X, Spec™ Perf X and Proj R, do not necessarily
agree. For example, if X is a smooth projective variety, then we have

Spec’x Perf X = Spec® Perf X

while we have Proj :wa = ProjR, = X°". To be more concrete, let .S’ be a blow-up
of a smooth projective surface .S with ample canonical bundle at a point (which has a @-
generating canonical bundle by Theorem 3.3.5 (i1)). Since the canonical model is birational
invariant, we may relate them via the litaka fibration

Spec™s Perf S" = S’ --+.§ = Proj Ry = Proj Ry,

Therefore, in general, the fixed loci/pt-spectra are supposed to remember more birational
geometric data than the Proj construction.

Combining (i) and (ii) for a smooth projective variety X with a good enough line bundle &,
the litaka fibration provides a way of naturally comparing two ringed spaces Spec;‘i Perf X and
Proj R, constructed from the data of the same triple (Perf X, z.,, O,) via the rational map

Spec;i Perf X D Specg Perf X = X --=Proj R, = Spec;yj Perf Proj™ R.,.

Now, a natural question is if we can do this process purely categorically. Namely:

Question 5.2.7. Let X be a smooth projective variety and £ be a nice enough (e.g., big) line bundle
on X. Can we construct a pt-functor

(Perf Proj™ R, sx,) — (Perf X, 75)
(or the other way around) that induces a “rational” map

Specgf( Perf X --- Proj R,

agreeing with the Iitaka fibration? For £ = w,, is the corresponding map Spec®® Perf X --- Xcan
universal in the sense that for any Fourier—Mukai partner Y that is birationally equivalent to X, it
is birationally equivalent to Spec™® Perf Y --- Y9

Remark 5.2.8. Such a map can be understood as an analogue of comparison maps in tensor tri-
angulated geometry (cf. [BallOa]). Indeed, we can construct such a comparison map from the
pt-spectrum for the Serre functor to the homogeneous prime spectrum of the canonical ring, which
is a work in progress.
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5.3 Constructions of mirror partners as spectra of Fukaya
categories

Homological mirror symmetry predicts that there is an equivalence between the bounded derived
category D’;oh(X ) of coherent sheaves on a variety X over C and a certain category Fuk(M, w)
associated to a symplectic manifold (M, @) possibly with additional data. The notation Fuk(M, ®)
is based on the Fukaya category, but it could denote the Fukaya-Seidel category, the (partially)
wrapped Fukaya category, the category of constructible sheaves with prescribed microsupport, etc.
If there is such an equivalence D’éoh(X ) ~ Fuk(M, w), we say X and (M, w) are mirror partners.
On the other hand, we know that in general there are non-isomorphic Fourier—Mukai partners, so
we have the following natural questions.

Question 5.3.1. Given a symplectic manifold (M, w), is there a canonical choice of an algebraic
mirror partner? What kind of data of the symplectic manifold is responsible for determining its
mirror partner(s)?

If we suppose that a mirror partner of (M, w) is a divisorial variety X (e.g., a smooth variety
or a quasi-projective variety), then from our perspective those questions are equivalent to asking if
we can canonically associate to Fuk(M, @) a multi-polarization corresponding to an ample family
on X (cf. Theorem 4.2.18), using purely symplecto-geometric data of (M, w). In other words:

Question 5.3.2. Is there a symplecto-geometric way of constructing a (multi)polarization 7 on
Fuk(M, w) such that Spec’ Fuk(M, w) is an algebraic mirror partner of (M, w), possibly using ad-
ditional data? How canonical is such a mirror partner?

Indeed, in some cases, the answers are yes. In this section, we will follow the philosophy of
the SYZ picture in the sense that Lagrangian sections of the torus fibration M — B are supposed
to correspond to line bundles on (the compactification of) X (cf. [Abo09]). Before looking into
examples, let us mention relations with existing works.

e Note that with our approach, we can explicitly construct algebraic mirror partners as fixed
loci/pt-spectra, so our picture can lead to predictions of algebraic mirror partners given sym-
plectic data. Note the construction of symplectic mirrors as certain spectra of algebraic mir-
rors is done for log Calabi—Yau surfaces in [GHK15]. We will discuss more on homological
mirror symmetry for log Calabi—Yau surfaces later.

e Itis also natural to ask if we can geometrically construct a symmetric monoidal structure ® ,,
on Fuk(M, w) so that under homological mirror symmetry, we have

X = Specg Perf X = Specg Fuk(M, w).

Let us mention constructions of two such monoidal structures which are related to the context of
polarizations.
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Example 5.3.3.

(1)

(ii)

In [Sub10, Theorem 5.0.34], a symmetric monoidal structure & ,, is constructed on the gen-
eralized Donaldson-Fukaya category Donﬁ(M ) (c.f. [Sub10, Definition 4.0.27]) for a smooth
Lagrangian torus fibration 7 : M — B over a compact connected base, which restricts
to fiberwise addition on the level of objects that are Lagrangian sections of the fibration.
It is also shown that when M is a 2-torus, homological mirror symmetry ([PZ98]) gives a
monoidal equivalence

(Perf X,®y) =~ (Don* (M), ®,,)

where Don™ (M) denotes the extended Donaldson-Fukaya category (see also [Sub10, The-
orem 7.0.45]). It is recently announced in [ABN24] that the construction of this monoidal
structure can be extended to singular cases, more precisely, to almost toric fibrations only
with focus-focus singularities in the sense of [SymO03, Definition 4.2, Definition 4.5], while
it seems to be still unknown if those monoidal structures correspond to ® 5 on Perf X under
homological mirror symmetry. We will later mention when such a monoidal structure &,
can be expected to be at least spectrally identical to @ , on Perf X (Proposition 5.3.15 and
Remark 5.3.16 (iv)) under homological mirror symmetry, i.e.,

X = Specg Perf X = Specg Don™(M).

In [Han19] Hanlon introduced the monomially admissible Fukaya-Seidel category 5, (W5)
for the Landau-Ginzburg model ((C*)", Ws), where W5 is the Hori-Vafa superpotential as-
sociated to a fan X C R” defining a smooth proper toric variety Xy and A is additional data
called a monomial division associated to a fixed toric Kihler form on (C*)" and a fixed mo-
ment map u : (C*)" — R” ([Han19, Definition 2.1, Definition 3.18]). Roughly speaking, the
objects are Lagrangians in (C*)" subject to admissibility conditions given by A. Now, for the
subcategory
Fy\Wy) C Fy(Wy)

of Lagrangian sections of the torus fibration ¢, Hanlon constructed a symmetric monoidal
structure ®, y on the homotopy category Ho(33} (WYy)) so that there is a symmetric monoidal
equivalence

(Lin X5, ®y,) = (Ho(Fy(Wr)), @ 5)

where (Lin Xy, ® v ) denotes the symmetric monoidal full subcategory of (Perf Xy, ®y )
on line bundles [Han19, Corollary 4.6]. Since Xy is assumed to be smooth (in particular,
divisorial) and hence Lin X split-generates Perf X = D’c’oh(X ) by Proposition 4.2.17, any
extension ® Az of ®, 5 to D*F} (Ws) agrees with @ y on objects under homological mirror
symmetry, i.e., we have

X5 = Spec®x2 Perf Xy = Specg, DT (W5).

In fact, the symmetric monoidal structure ®, y on Ho(F} (Ws)) =~ Lin X is constructed by
identifying multi-polarizations on J, (W5 ) corresponding to Pic X under the equivalence, so
it is indeed more direct to construct Xy as a fixed locus instead of as a tt-spectrum.
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In the rest of this section, we will consider spherical twists and some other classes of autoe-
quivalences together with their corresponding fixed loci. We will particularly focus on homological
mirror symmetry for log Calabi—Yau surfaces as in [HK21] and [HK23]. Our main claim in this
section is Proposition 5.3.15, which reformulates results in [HK21] and realizes algebraic mirror
partners as fixed loci of Fukaya categories. Readers with familiarity in [HK21] and [HK23] can
safely skip to Proposition 5.3.14.

Notation 5.3.4. In the rest of this section, we will assume an algebraic mirror partner X is smooth
so that homological mirror symmetry means an equivalence Perf X = Dléoh(X ) ~ Fuk(M, w) for
simplicity. However, even without the assumption, we can actually generalize the arguments below
to any (divisorial) variety X by recalling Perf X can be constructed from Di’oh(X ) as locally finite
homological functors on Dﬁoh(X ) by [Nee22, Theorem 6.6.(2)] (or by [Rou08, Corollary 7.51] if X
1s moreover projective). Hence, in those cases, we can replace Fuk(M, @) with the corresponding
triangulated category Fuk(M, w)" of locally finite homological functors so that we have Perf X ~
Fuk(M, w)". Indeed, by construction, any pt-equivalence
(D® (X),7) ~ (Fuk(M, ), 0)

coh

restricts to a pt-equivalence
(Perf X, Tpq x) = (FUk(M, )", 6| gyt aop)-

Now, let us first begin with geometrically understanding some classes of spherical twists on
Fuk(M, ).

Example 5.3.5 (Dehn twists and spherical twists). To a framed exact Lagrangian sphere .S in an
exact symplectic manifold (M, w) (i.e., an exact Lagrangian submanifold with a fixed diffeomor-
phism to a sphere), we can associate an automorphism 7 of (M, @), called the Dehn twist along .
(cf. e.g., [Sei08, (16¢)]), which induces the autoequivalence 7, on the Fukaya category Fuk(M , w).
In [STO1], it is observed that a Lagrangian sphere is a spherical object in the split-closed derived
Fukaya category D* Fuk(M, @) ([STO1, Ic]) and thus we can construct the associated spherical
twists T's. Now, by [Sei08, Corollary 17.17], we see that over D* Fuk(M , ), the autoequivalence
7, agrees with the spherical twist T on objects and hence, independently of choices of a framing
on .S, we have
Spec”s* D” Fuk(M, w) = Spec’s D” Fuk(M , w).

On the other hand, since fixed loci given by spherical twists can behave in various ways (cf. Ex-
ample 4.2.12 and Example 4.2.20), we cannot expect an arbitrary choice of Dehn twists give a
multi-polarization that constructs an algebraic mirror. In particular, note that over a variety of
dimension > 2, spherical twists will never agree with tensoring with line bundles by combining
[Ito23, Corollary 5.15] with the fact that skyscraper sheaves on a (smooth) variety of dimension
> 2 are not spherical. Nevertheless, it will be interesting to understand the relation of the geometry
of fixed loci and Lagrangian spheres in the case of elliptic curves, where we already have explicit
computations.
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As we just observed above, we are interested in automorphisms of a symplectic manifold since
they are supposed to induce autoequivalences of Fuk(M, @). In [HK21], more classes of automor-
phisms, called Lagrangian translations and nodal slide recombinations, are defined and studied for
Weinstein 4-manifolds that are mirrors to log Calabi—Yau surfaces. Since Lagrangian translations
correspond to tensoring with line bundles and thus are particularly relevant to us, let us explain
them more in detail.

Definition 5.3.6. A smooth quasi-projective surface U is a log Calabi-Yau surface with maximal
boundary if there exist a smooth rational projective surface Y and a singular nodal curve D &€
| - Ky | such that U = Y \ D. In particular, D needs to be either an irreducible rational nodal curve
or a cycle of smooth rational curves. We may also refer to such a pair (Y, D) as a log Calabi—Yau
surface with maximal boundary.

Example 5.3.7. A most basic example is when Y is a smooth projective toric surface and D is its
torus boundary divisor consisting of a cycle of rational curves. Note in this case we have U = Y \ D
is a torus an. On the other hand, when a smooth projective toric surface Y contains a (—2)-curve C
and —K, is nef (e.g., Y = [,), we can find an irreducible rational nodal curve D € | — K| so that
C C Y\ D as follows. First, since —Kj is nef (and hence base-point-free on a toric surface), we can
take distinct general smooth irreducible members D, D, € | — K, | not containing C (and hence
disjoint from C as K, - C = 0). If we consider the pencil formed by D, and D,, then a generic
member is an elliptic curve by the adjunction formula for arithmetic genus. Now, if we blow up
finitely many base points, then we obtain a rational elliptic surface, as we may assume base points
are simple and hence exceptional divisors give sections. Since a generic singular fiber D is of
Kodaira type I, (i.e., an irreducible rational nodal curve as g,(D) = 1), we obtain a desired rational
curve D € | — K| by taking the pencil to be general enough, as singular fibers are characterized
by vanishing of the discriminant and a fiber of type I, corresponds to a simple zero (see [SS19] for
an exposition of (rational) elliptic surfaces). In particular, (Y, D) is a log Calabi—Yau surface with
maximal boundary and Y \ D is not quasi-affine as it contains a (—2)-curve.

We also have more examples of non-quasi-affine log Calabi—Yau surfaces with maximal bound-
ary.

Example 5.3.8. Let Y be a rational elliptic surface with a section and a singular fiber (e.g., the
blow-up of P? at the 9 base points of a cubic pencil). Note in this case —K, = F where F is a fiber
class. In particular, if | F'| has a fiber D of Kodaira type I, (n > 1), then (Y, D) is a log Calabi—Yau
surface with maximal boundary. Also note U = Y \ D is not quasi-affine in this case since U
contains other fibers.

Notation 5.3.9. Let (Y, D) be a log Calabi—Yau surface with maximal boundary. Within its com-
plex deformation class, there exists a distinguished class in the sense that it induces a split mixed
Hodge structure. See [HK23, Section 2.2] for more details. In the sequel, we assume that a log
Calabi—Yau surface with maximal boundary is equipped with this distinguished complex structure.

In this setting, we have the following homological mirror symmetry ([HK23, Theorem 1.1]).
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Theorem 5.3.10 (Hacking-Keating). Let (Y, D) be a log Calabi—Yau surface with maximal bound-
ary (and with distinguished complex structure). Then, there is a Weinstein 4-fold M together with
a Lefschetz fibration w : M — C such that there are compatible equivalences

Perf D = D" Fuk(Z) Perf Y ~ D’Fuk(w) Perf U ~ D*WFuk(M),

where Fuk(X) denotes the Fukaya category of a smooth fiber ¥ of w near infinity, Fuk(w) denotes
the directed Fukaya category of w and WFuk(M) denotes the wrapped Fukaya category of M.

Now, let us recall constructions of Lagrangian translations introduced in [HK21].

Construction 5.3.11 (Lagrangian translations). Suppose M is an exact symplectic 4-manifold that
is the total space of an almost toric fibration

T . M—>B

only with focus-focus singularities (cf. e.g., [SymO03, Definition 4.2]), where B is an integral affine
manifold homeomorphic to a disk. Further suppose there is a fixed Lagrangian section L, for x.
Those settings are applicable when M is a mirror to a log Calabi—Yau surface. Now, for the smooth
locus M*™ of x, there are so called global action-angle coordinates

p,, : T*B— M*™"

so that over the zero section of T*B, it functions as the fixed Lagrangian section L,. Roughly
speaking, p, takes (¢,p) € T*B to a point in M*™ given by transporting L,(q) € M along the
time-one Hamiltonian flow prescribed by p € T . B. Now, for a Lagrangian section L : B - M,
we define

o, : M°™ - M*", xm— P, &+ (L)),

where y € T*B denote any preimage of y under p, . Intuitively, we are adding L — L, at each
fiber using the linear structure. By [HK21, Proposition 4.11], ¢, is well-defined and extends to a
symplectomorphism of M, which is called the Lagrangian translation by L (with respect to L).

The following are the main results in [HK21, Corollary 4.21, Theorem 5.5].

Theorem 5.3.12 (Hacking—Keating). Let (Y, D) be a log Calabi—Yau surface with maximal bound-
ary and set U :=Y \ D. Define the subgroup Q := {< € PicY | £L|, = O,} C PicY. Fixa
toric model of (Y, D) and consider the corresponding almost toric fibration & . M — B for the
mirror partner (M, w) (cf. [HK23, Section 1.1]). Further, fix a Lagrangian section L, of m. Then,
the following assertions hold.

(i) There exists a canonical diffeomorphism1 : U — M (cf. [HK21, Lemma 4.20]) that induces
bijections
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preserving Hamiltonian isotopy

Pic(U) ~ {Lagrangian sections of © up to ﬁber—} _: Lag,

Lagrangian sections of & equal to L, near
=: Lag, L

o —— {&M up to fiber preserving Hamiltonian
isotopy

(ii) Take a line bundle & € Q and the corresponding Lagrangian section L € Lag, ; as above.

Then, o, induces an autoequivalence o, of D*WFuk(M) and under homological mirror
symmetry (Theorem 5.3.10), T4, corresponds to o, i.e., we have a pt-equivalence

(Perf U, 7g),) =~ (DWFuk(M), o, ).

Remark 5.3.13. Use the same notations as in Theorem 5.3.12. The action of Q on Perf U only
depends on the image Q C Pic U of Q under the restriction Pic Y — Pic U. We have Q = Q if and
only if D is negative definite or indefinite, i.e., the intersection form associated to D, is negative
definite or indefinite when we write D = D, + --- + D, where D, are irreducible components that
are necessarily rational curves (cf. [HK21, Section 2.3] for more discussions). In such a case, by
[HK21, Remark 5.6], we have a pt-equivalence

(Perf Y, 7,) ~ (D°Fuk(w), 5, ).
As a consequence, we get the following result.

Proposition 5.3.14. Use the same notations as in Theorem 5.3.12. Then, the diffeomorphism 1
U — M and homological mirror symmetry induces a multi-pt-equivalence

(Perf U, 7,) ~ (D"WFuk(M), 7, ),
where we set the multi-polarizations t, and t, , to be
7g 1={7y, | £ € Q} C AuteqPerf U, 7., :={o,, | L €lag,; } C Auteq D*WFuk(M).
In particular, the multi-polarization t, , does not depend on the choice of L,

Proof. By Theorem 5.3.12, homological mirror symmetry induces the following commutative di-
agram:

o » To © > Auteq Perf U

El l 2

Lag, ; — 7,, < Auteq D*WFuk(M)
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which proves the first claim. Since homological mirror symmetry functor does not depend on the
choice of L, the multi-polarization 7, , is determined as the image of 7, under homological mirror
symmetry and does not depend on the choice of L. [

As a further consequence, we can obtain a construction of a mirror algebraic partner as a fixed
locus, which may be viewed as a partial converse of the main result of [GHK15].

Proposition 5.3.15. With the same notations as in Theorem 5.3.12, we have
U = Spec™ D*WFuk(M).

Moreover, if there exists an M -compatible tt-structure & ,, on D*WFuk(M) such that its unit 1,,
corresponds to the structure sheaf O, under homological mirror symmetry and that forany L, L’ €
Lag, ;. we have
o (o) o (Ty) ®y op(Tyy),
then we have
U = Spec™ D"WFuk(M) = Specg, D"WFuk(M).

Proof. First, we claim QO contains an ample line bundle. Indeed, take a line bundle & on Y that
restricts to an ample line bundle on U (which exists as the restriction PicY — Pic U is surjective).
If Z| is not trivial on some irreducible components of the boundary divisor, then we can twist by
divisors corresponding to such components so that the restriction to D is trivial without changing
the restriction to U. So, we may assume & € Q and hence we have an ample line bundle Z|,, € O.
Now, since we have Specg, Perf U C Spec™ Perf U for any 7, € 7, C PicU and O contains an
ample line bundle on U, we get

U = Spec™ Perf U = Spec™ D*WFuk(M).

Moreover, since under homological mirror symmetry, we see (c(1,,) | 6 € 7, ;) = D*WFuk(M)
and hence by the same argument as in Theorem 4.2.18, we have

Spec™ D*WFuk(M) = Specg DYWFuk(M). O
Remark 5.3.16. Use the same notations as in Theorem 5.3.12.

(i) IfU is quasi-affine, then we already have Spec, D?WFuk(M) = U by [Mat23, Corollary 4.7].
However, as we have seen in examples, there are plenty of cases where U is not quasi-affine.

(i1) Recall from Remark 5.3.13 (cf. [HK21, Remark 5.6, Remark 5.7])) that if D is negative-
definite or indefinite, then for any & € Q and the corresponding L € Lag,; , we have a
pt-equivalence

(Perf Y, 7.,) ~ (D°Fuk(w), 5, ).

Thus, we know that we have

Y = Specg PerfY C Spec™ Perf Y = Spec™ D’Fuk(w),

open
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where 7, and 7, , are naturally extended to Perf Y and D*WFuk(w). A natural question is
if we can add more polarizations to 7, , to cut out Y while only looking at the symplectic
side. Note, by passing to D’Fuk(w) =~ Perf Y, we “compactify” D*WFuk(M) =~ Perf U
so that we have the Serre functor S,, = S,. In particular, we have a multi-polarization
T.9 o= 7,,U{S, } on D’Fuk(w). If an algebraic mirror Y is a toric surface (or more generally
a surface of general type), we conjecture

Y = Specf’”’ D°Fuk(w)

(if and) only if @, = O, (—D) is reconstructive. In particular, unless the compactification is
nice, we expect to need more polarizations to cut out the tt-spectrum.

(ii1) In general, suppose that we have an M -compatible tensor triangulated structure @,, on the
Fukaya-like category constructed from an almost torus fibration. We expect we can apply
similar strategies as above to show ®,, is spectrally identical to the tt-structures @ , of its
algebraic mirror X if there are enough Lagrangian sections (so that they correspond to an
ample family) and tensor product of those sections are given by certain modifications of
fiber-wise additions.

Let us finish this subsection with plenty of natural questions arising from our observations.

Question 5.3.17. Let M be a Weinstein 4-fold and suppose there is an almost-torus fibration 7z :
M — B with a fixed Lagrangian section L,,.

(i) Can we characterize an almost toric fibration z#’ : M — B for which we have an isomorphism
Spec™? D*WFuk(M) = Spec™ D*WFuk(M)?

More generally, given a multi-polarization Pic(X) on Perf X ~ Fuk(M), can we construct
the corresponding Lagrangian fibration of M ?

(ii) If Spec™ D*WFuk(M )is alog Calabi—Yau surface with maximal boundary, then is it a mirror
partner of M ? In other words, can we predict mirror partners of M using fixed loci?

(iii)) Can we give symplecto-geometric formulae for prime thick subcategories (or even prime
®-ideals) in Spec™? D*WFuk(M)?

(iv) Using such formulae, can we construct Spec™ D*WFuk(M ) more directly from M without
fully going through the wrapped Fukaya category?

5.4 Polarizations as local systems of stable co-categories on .S'!

In order to make the comparison of pt-spectra with relative Matsui spectra precise, let us set up the
co-category version of pt-categories.
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Notation 5.4.1. Let k be a (discrete) field (while many results work over any E_ -ring spectrum).
Let 8 denotes the co-category of (small) spaces and let Cat_ denote the co-category of (small)
co-categories.

)

(ii)

(111)

Let Pr- denote the co-category of presentable co-categories and colimit-preserving functors,
which has a natural symmetric monoidal structure (cf. [Lurl7, Proposition 4.8.1.15]), and
let Cat™" denote the co-category of small perfect (i.e., stable and idempotent-complete) co-
categories with exact functors. By [BGT14, Lemma 4.5], the presentable co-category Cat""
has a natural symmetric monoidal structure that preserves small colimits in each variable, i.e.,
Cat” € CAlg(Prt). From [BGT13, §3.1], for example, recall that we have the symmetric
monoidal equivalence
Ind : Cat™ s Pry, :(-)

given by the Ind-completion and taking compact objects, where Pr's‘t ,, denotes the co-category
of stable compactly generated co-categories together with functors that preserve colimits and
compact objects (i.e., Pr-, is not a full subcategory of Pr").

Let
Cat’™" : = Modpgs,(Cat™™)

denote the co-category of k-linear small perfect co-categories. Since Perf k € CAlg(Cat™™),
we see that Cat’™" is presentable by [Lurl7, Corollary 4.2.3.7]. Moreover, since Cat™" &
CAlg(Pr") satisfies the supposition of [Lurl7, Theorem 4.5.2.1] (as the geometric realization
is a small colimit), Catierf is a symmetric monoidal co-category with the natural relative
monoidal structure. Again since Cat™" € CAlg(Pr-) satisfies the supposition of [Lurl7,
Corollary 4.4.2.16] for each small simplicial set K, we see that the relative monoidal structure
preserves all small colimits in each variable. Therefore, we naturally have

Cat’™" € CAlg(Prh).

Letting Prl';w = ModIndPerf(k)(Pr's‘t’w) denote the co-category of stable k-linear compactly gen-
erated oo-categories with morphisms given by k-linear functors that preserve colimits and
compact objects, we, by construction, have the equivalence

Ind : Catl™ S Pri @ (-)”.

We view Pr,'; ., as a symmetric monoidal co-category through this equivalence. In the sequel,
perfect co-categories are meant to be k-linear small perfect co-categories. Set Mod k : =
Ind Perf k.

Applying [Lurl7, Proposition 3.4.2.1] to the symmetric monoidal co-category Pr- with its
unit 8 ([Lurl7, Corollary 3.2.1.9, Example 4.8.1.20]), the forgetful functor induces a sym-
metric monoidal equivalence

Modg(Prt) ~ Pr-.


https://4.8.1.20
https://4.4.2.16
https://4.8.1.15
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Moreover, by [Lurl7, Corollary 3.4.1.7] (see also the proof of [PPS25, Lemma 2.2]), we have
the equivalence
CAlg(Pr") ~ CAlg(Mods(Pr-)) ~ CAlg(Pr")s,.

Therefore, given a presentably symmetric monoidal oo-category A, there uniquely (up to
contractible choices) exists a symmetric monoidal and colimit-preserving functor

sending {x*} to 1,, where ® denotes the canonical §-module action on A coming from the
underlying equivalence of Modg(Pr-) ~ Pr-. For any presentable co-category €, equipped
with the canonical left S-module structure (see also [Lurl7, Proposition 4.2.4.9]), and for
A€E AIgAm(S) o~ AIg[El(S), we define the oco-category LMod ,(€) of left A-modules in C.

(iv) For n € Z,,, recall that by [GH15, Theorem 6.3.2] together with discussions in [GH15,
Definition 6.3.10] applied to V = § (noting Catio ~ Cat_, e.g., by [GH15, Theorem 5.4.6]),
we have the monoidal fully faithful embedding

B : Algg (S) — Algg (Cat,)

where BM is the single-object co-category (with the object denoted by *) together with
Homg,,(,*) = M (cf. [GH15, Remark 6.3.5]). Furthermore, if M is group-like, i.c.,
7y(M) is a group (cf. [Lurl7, Example 5.2.6.4]), then the co-groupoid BM is equivalent to
(the fundamental co-groupoid of) the classifying space BM (cf. [Lur09, Remark 1.2.5.2]).

Definition 5.4.2. For co-categories X and C, define the co-category of local systems on X with
coefficients in C to be
Loc(X;C) := Fun(X, C),

where Fun denotes the co-category of co-functors. For an E,-monoid M in § (for n > 1), define
the oco-category of M -polarized perfect co-categories to be

pCatzerf(M) 1= Loc(BM;Catzerf).
Note that pCatZerf(M ) is naturally k-linear presentably E, ,-monoidal, i.e.,
pCatl™ (M) € Alg _ (Pr¥)
by (the opposite of) the Day convolution (cf. [PPS25, Proposition 2.8, Remark 2.9]).

Let us first do a sanity check for discrete free monoids.

Example 5.4.3 (Semi-polarized co-categories). Let F be the (discrete) free monoid generated by
a set E. Then, by [Lur26, Tag 00JD] (or [Lur26, Tag 00JC] when F, = Z,), the co-category

pCatZerf(M ) is equivalent to the co-category of perfect co-categories € together with endofunctors
{r, 1 € > @} ., under the functor sending ® € pCat™® (M) to (®(x), {®(e)},.r). In other
e eeE k eeE
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words, such a pair (C, {7,},.5) admits a unique extension (up to contractible choices) to a functor
BF, — Catierf. In particular, we call pCatzerf(ZZO) the oo-category of semi-polarized perfect
co-categories, whose objects will be denoted by pairs (C, 7) of a perfect co-category € and its
endofunctor 7 using the equivalence above. This is a natural co-categorical enhancement of semi-
polarized triangulated categories (cf. Definition 4.2.13). Note that under the equivalence, we also
have the expected equivalence of oco-groupoids:

—OT]
Mappcatzerf(z>o)((el, Tl), (62, Tz)) =~ Eq <Mapcatzeﬁ(el, 62) 3 Mapcatper‘f(el, 62)> .
> 70— k

The following interpretation is quite well-known to many people, but let us record precise ar-
guments for readers’ convenience.

Lemma 5.4.4. The natural functor
BZ., — BZ

induced by the monoid inclusion 7, — Z exhibits BZ as the localization BZ, with respect to
{1} (in the sense of [Lur26, Tag 01MP]). In particular, the induced functor

f £
pCatl™" (Z) < pCat?™" (Z,,)

is fully faithful and the essential image is equivalent to the co-category of pairs (C, t) of a perfect
oo-category C and its autoequivalence t under the equivalence of Example 5.4.3.

Proof. First, note that by definition (cf. [Lur26, Tag 01MF, Tag 01MP]), the localization of BZ
with respect to {1} is the same as the localization with respect to all edges, as a functor BZ,, — C
sends 1 to an equivalence if and only if it sends all n € Z, to equivalences. Now, we see BZ, —
BZ is a weak homotopy equivalence. By Quillen’s theorem A [Lur26, Tag 02P0], it suffices to show
the nerve of Ho(BZ ) X442 Ho(BZ), , is weakly contractible. Indeed, Ho(BZ ) X4,z Ho(BZ),,
is equivalent to the (ordinary) poset (Z, >) and hence its nerve is a filtered co-category, i.e., weakly
contractible by [Lur26, Tag 02PH]. Since BZ is a Kan complex, we conclude that BZ,, — BZ is
a localization by [Lur26, Tag 01MY].

Now, by the definition of localizations, the induced functor pCatzerf(Z) < pCatzerf(ZZO) is

fully faithful and the essential image consists of functors BZ, — Catzerf that send the morphism

1 :%—x* to an equivalence. Under the equivalence of Example 5.4.3, such functors correspond to
pairs (C, 7) of a perfect co-category € and its autoequivalence 7. 0

Example 5.4.5 (Polarized co-categories). Let M be the discrete monoid Z. By Lemma 5.4.4,
objects of pCat]’zerf(Z) can be thought of being given by pairs (C, 7) of a perfect co-category € and
its autoequivalence 7 and such a pair (C, 7) uniquely extends to a functor BZ — Catzerf such that
x> Cand 1 — 7 up to contractible choices. Also, we have an equivalence

—oT)
Map . et ((C1, 7)), (Cy, 7,)) =~ Eq | Map(Cy, C,)) = Map(C,, C,)
pCat,” (Z)

Tp0—
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of co-groupoids. In particular, an object of Mappcatperf (Z)((Gl, 7,),(C,, 7,)) is a functor f : C;, — C,
k

together with an equivalence a : for, ~ 7,0 f. Therefore, we define
pCatzerf = pCatzerf(Z)

to be the co-category of polarized perfect co-categories, which is also the oo-category of local
systems of perfect co-categories on BZ ~ S'! by definition.

Example 5.4.6 (Multi-polarized categories). Let M be the (discrete) free group Z*£ generated
by a set E. By the same arguments as above, we define pCatZerf(Z*E) to be the co-category of
multi-polarized perfect co-categories indexed by E. Note on the other hand that a Z%-polarized
perfect co-category corresponds to a perfect co-category € equipped with a (homotopy-coherently)

commuting family {7}, of autoequivalences of C.

Now, we will observe that when M is a group-like E,-monoid in spaces, we can view M -
polarized categories as k-linear presentably E,_,-monoidal categories of left modules in Catzerf
over the k-linear stably E,-monoidal category

Perf™ (k) := Loc(M; Mod k)?,

where Loc(M ; Mod k) is equipped with a k-linear presentably E,-monoidal structure as in (the proof
of) [PPS25, Proposition 2.8, Remark 2.9]. To see this, let us note the following quick observation.

Lemma 5.4.7. Let M be an E,-monoid in 8. Then, there is a canonical k-linear stably E,-monoidal
equivalence
M ® 1, per = Perf (k).
k

Proof. By [PPS25, Proposition 2.8], we have an equivalence of k-linear presentably [E,-monoidal
categories: M @ 1F’fk ~ Loc(M;Modk) as lprk ~ Mod k is presentably symmetric monoidal.

Thus, by construction, we have the equivalence of k-linear stably E,-monoidal categories:

M ® lcatzerf ~ M ® (lprk,w)w ~ (M ® lPr;w)w ~ PerfM(k) 0

Example 5.4.8. Let M be a discrete monoid. Then, Perf™ (k) is equivalent to the co-category of
M -graded perfect complexes over k in the usual sense. Indeed, a functor ® : M — Modk is
compact if and only if ® lands in Perf k and ®(m) = O for all but finitely many m € M.

Now, let us recall the following monodromy equivalence (cf. Beardsley—Péroux [BP23, Lemma
3.9] for the underlying equivalence and Pascaleff-Pavia—Sibilla [PPS25, Proposition 2.10] as a
monoidal equivalence):

Theorem 5.4.9 (Monodromy equivalence). Let M be a group-like E,-monoid in & and suppose
that the classifying space BM is connected. Then, there is the k-linear presentably E,_,-monoidal
monodromy equivalence:

pCat?™ (M) = LModpgu (Cat?™).
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Proof. Since the notations slightly differ, let us comment on how this version follows. First, since
Catzerf is a presentably symmetric monoidal co-category, [PPS25, Proposition 2.10] gives a k-linear
presentably E,_;-monoidal equivalence:

pCat?" (M) = Loc(BM; Cat?™) =~ LMody, g,,(Cat?™") = LMod,, (Cat?™").

Now, by [PPS25, Lemma 2.2] and Lemma 5.4.7, we have k-linear presentably [E,-monoidal equiv-
alences:

LMod,, (Cat]™) = LMod g ., (Caty"™) = LModpy i, (Cat] ™). O
atk

Per

As a special case, we obtain the following (cf. [Tell4, Remark 4.6], [GHMG22, Example 0.4]):

Proposition 5.4.10. We have a k-linear presentably symmetric monoidal equivalence

pCat?™" (Z") =~ LModp, B ‘k)(Catzerf).

By viewing a polarized co-category (C, t) as a Perf (BG,, , )-module in Catzerf, we have the following
identification, where the right hand side denotes the relative triangular spectrum ([Mat25b]):

Spc,(Ho(C), Ho(z)) = Spc,(C, Perf(BG,, ), Perf k).

Proof. First, recall that there is a natural k-linear symmetric monoidal equivalence (by [Mou21,
Theorem 4.1] for n = 1 and [BH25, Theorem 3.3.10,Remark 1.1.1] for general n):

Perf(BG", ) = Perf*' (k).

Thus, the monodromy equivalence (Theorem 5.4.9) applied to M = Z" gives a desired equiva-
lence. Now, assume n = 1. Then, on objects, the monodromy equivalence takes (C, ) to a left
Perf(BG,,,)-module structure on € with the action © BGmk(l) ®M :=1/(M)for M € C. By con-
struction, a thick subcategory of € is a left Perf (BGm’k)—éubmodule of € if and only if it is fixed by
7. Therefore, we have the identification

Spc,(Ho(€), Ho(7)) = Spc,(C, Perf(BG,, ), Perf k)
of the pt-spectrum and the relative Matsui spectrum of the corresponding Perf(BG,, ,)-module. [
From this observation, we define the following.

Definition 5.4.11. Let M be a group-like E,-monoid in § and let (C, 7) be an M -polarized perfect
co-category, which can be naturally viewed as a Perf™ (k)-module in Cat,‘zenc by the monodromy
equivalence. Define the M -polarized triangular spectrum of (C, 7) to be

Spec, (C, ) := Spec,(C, Perf™ (k), Perf k).
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5.5 Functoriality of spectra and topological lattices

In Remark 4.2.6, we mentioned that the association taking pt-categories to their pt-spectra does not
define a functor due to lack of well-definedness on morphisms. The following observations let us
remedy this feature to some degree.

Lemma 5.5.1. Let F : (T,,1,) = (J,, 1,) be a pt-functor. Then, a map
F':Th?J, > Th"T,, I F'(J)

is well-defined, continuous (with respect to the subspace topology of the Balmer topology) and
preserving inclusions of categories.

Proof. First, for J € Th™ T,, we have F~!(J) € Th™ T, since
o {(F'(0) = F'(z;'(0) = F'(9).

Hence, F~! is well-defined. To show continuity, take a collection & of objects in J,. Then, we
have

(FY'V(®&)={JeThT, | F'ONn&=0)={J€ThT, | InF(&) =0} =V(F(&)),

ie., F7' : ThT, — ThT, is continuous, which restricts to a continuous map Th™ T, — Th™ T,
since we put the subspace topology on Th 7. The fact that F~! preserves inclusions is clear. [

Now, let us introduce the following notion as a target category.

Definition 5.5.2. Define a topological complete lattice to be a complete lattice (L, <) together
with topology defined on the set L, where no compatibility is required. Let
TopClLat

meet

denote the category of topological complete lattices whose morphisms are poset maps that preserve
arbitrary meets and that are continuous.

Remark 5.5.3. Since a lattice can already be thought of as a generalization of topological spaces,
a topological (complete) lattice can be thought of as essentially having two different topologies.
Compatibility of two topologies indicates certain geometricity. Indeed, for a noetherian scheme
X with a ®-generating line bundle Z, the lattice structure on Th™* Perf X recovers the Balmer
topology on Spc,(Perf X, 7,,) = Spcg Perf X by the Hochster duality (cf. [KP17]).

It is natural to ask how much the converse holds. Namely, if topology on Spc,(Perf X, 7.,)
constructed by the Hochster duality, if applicable, agrees with the Balmer topology, then is it iso-
morphic to (a Fourier—Mukai partner of) X?
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Construction 5.5.4. Let ptCat denote the category of pt-categories with pt-functors. Define the
thick spectrum functor to be the functor

Th : ptCat® — TopCLat

meet

sending a pt-category (7, 7) to the sublattice Th® T C Th T of fixed points by 7 equipped with the
subspace topology of the Balmer topology on Th T (cf. Notation 2.1.1 (i) and (viii)) and sending
a pt-functor F : (T;,7,) = (J,,7,) to the continuous poset map F~' : Th2T, — Th™ T, (cf.
Lemma 5.5.1). For well-definedness, we need to note the following two facts:

e For any non-empty subset S C Th” T, we see that [, P is a thick subcategory and that
T(ﬂﬁ])): ﬂf(ip)= ﬂﬂ),
Pes Pes Pes

i.e., [)pes P € Th” T. Note we also have T € Th* T, which is a unique largest element, i.e.,
the empty meet. Since a poset that admits an arbitrary meet is a complete lattice, we have
Th" T € TopClLat

meet*

e For any subset .S C Th™ T,, we have
F! (ﬂ ﬂ>> = F'®
Pes Pes

and hence F~!is meet-preserving, i.e., we have shown

F~' € Homyyc,  (Th™ T, Th™ T)).

Since the pt-spectrum Spec, (7, 7) is (non-functorially) constructed from Th® T viewed as a
topological complete lattice, we may focus on Th® T to achieve a functorial theory.
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