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In this dissertation, a new method for producing ultra-bright electron beams in nonlin-

ear plasma wave wakes driven by an electron beam driver is explored using particle-in-cell

simulations and analytic theory. In order to understand this process an accurate descrip-

tion of a nonlinear wakefield is required. These nonlinear wakefields are excited by intense

particle beams or lasers pushing plasma electrons radially outward, creating an ion bubble

surrounded by a sheath of electrons characterized by the source term S ≡ − 1
enp

(ρ − Jz/c),

where e is the electron charge, np is the plasma number density, ρ is the charge density,

and Jz is the axial current density. Previously, the sheath source term was described phe-

nomenologically with a positive-definite function thereby resulting in a positive definite wake

potential. In reality, the wake potential is negative at the rear of the ion column, which is

important for self-injection and accurate beam loading models.

To account for this, in the first part of this dissertation a multi-sheath model in which

the source term, S, of the plasma wake can be negative in regions outside the ion bubble

is introduced. Using this model, a new expression for the wake potential and a modified
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differential equation for the bubble radius is obtained. Numerical results obtained from

these equations are validated against particle-in-cell simulations for unloaded and loaded

wakes. The new model provides accurate predictions of the shape and duration of trailing

bunch current profiles that flatten plasma wakefields. It is also used to design a trailing

bunch for a desired longitudinally varying loaded wakefield. The multi-sheath model is also

applied to beam loading in laser wakefields. Areas where the multi-sheath model can be

improved for laser drivers in future work are discussed.

In the second part of this dissertation, a new method of controllable injection to generate

high quality electron bunches in the nonlinear blowout regime driven by electron beams

is proposed and demonstrated using particle-in-cell simulations. Injection is facilitated by

decreasing the wake phase velocity through focusing the drive beam spot size. Two regimes

are examined. In the first, the spot size is focused according to the vacuum Courant-

Snyder (CS) beta function while, in the second, it is self-focused by the plasma ion column.

The effects of the driver intensity and vacuum CS parameters on the wake velocity and

injected beam parameters are examined via theory and simulations. For plasma densities of∼

1019 cm−3, particle-in-cell (PIC) simulations demonstrate that peak normalized brightnesses

& 1020 A/m2/rad2 can be obtained with projected energy spreads of . 1% within the middle

section of the injected beam and with normalized slice emittances as low as ∼ 10 nm.

In the last part of the dissertation, a predictive model for injection using the self-evolving

driver method in the plasma focusing regime is developed. The model is used to characterize

how the wake evolution and final injected beam parameters scale with the driver parameters.

Parameter scans of PIC simulations using different drivers are performed and compared with

the model predictions. In particular, the dependence of the injected beam parameters with

the diffraction length, energy, intensity, spot size, and duration of the driver is examined. It

is found that injection and optimal beam loading can be simultaneously achieved. The multi-

sheath model is also used to study the beam loading effects from the injected bunch in this

case. PIC simulation results indicate that the injected beam can be efficiently accelerated
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to 18.27 GeV with a projected energy spread of 0.49% and peak normalized brightess of

Bn ∼ 1020 A/m2/rad2 for a plasma density of ∼ 1019 cm−3.
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CHAPTER 1

Introduction

1.1 Background

Particle collider experiments of high energy electron and positron beams have provided

tremendous insight into the fundamental physics governing our universe. Conventional ac-

celerators use radio-frequency (RF) technology to generate the kinds of TeV-class energies

needed for these experiments. However, the acceleration gradients provided by the vacuum

structures are limited to 100 MV/m due to material breakdown of the accelerator walls.

Therefore, conventional accelerators based on RF-technology needed to study high energy

physics are large and very costly to build. Two prominent examples are the Large Hadron

Collider – LHC (27 km), a circular accelerator capable of TeV beam energies, and the Stan-

ford Linear Accelerator – SLAC (3.2 km), a linear accelerator that was capable of generating

up to 50 GeV beams. SLAC is now home to the LINAC Coherent Light Source – LCLS,

which generates a 4 GeV electron beam to drive a free electron laser that produces 5 − 25

KeV coherent x-ray pulses. Not only are these machines large and expensive, but they also

require a significant amount of maintenance to keep them operational.

Plasma-based accelerators have been proposed as alternatives to conventional accelerators

because they are capable of providing much higher accelerating gradients. It has long been

known that plasmas can sustain electric fields on the order of nonrelativistic wavebreaking

field E ' mcωp/e ' 0.96
√
np[cm−3] V/m [1, 2], where np is the plasma electron density

and ωp =
√

4πnpe2/me is the plasma frequency. For a plasma density of np = 1018 cm−3,
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accelerating fields of ∼ 100 GV/m can be achieved, which is several orders of magnitude

higher than the breakdown limit of RF-accelerators. Therefore, the size and cost of future

linear collider facilities could be dramatically reduced if plasma-based accelerator technology

can be successfully developed.

There are two main approaches to plasma-based acceleration (PBA). In 1979, Tajima

and Dawson proposed using a short-pulse laser to excite a plasma wave wakefield traveling

at near the speed of light [3]. This idea is commonly referred to as Laser Wakefield Accelera-

tion (LWFA). In LWFA, the laser ponderomotive force pushes the plasma electrons outward,

leaving behind background ions. Due to the space-charge separation, the electrons are then

attracted back to the axis by the ions, thereby forming the plasma wake. Using 1D computer

simulations, Tajima and Dawson demonstrated that electrons could be trapped and acce-

learated by the wake due to the ultra-high electric fields of 100 GV/m produced for a plasma

density of 1018 cm−3. Their work outlined many of the basic concepts of plasma-based accel-

eration. Since short pulse laser systems were not available at the time, numerous variations

of the LWFA concept were proposed and investigated in the following years, such as the

Plasma Beat Wave Accelerator (PBWA) [4, 5, 6] and the Self-Modulation Laser Wakefield

Accelerator (SMLWFA) [7, 8, 9] . In PBWA, two lasers with different frequencies are used

to generate a beat-wave of short pulses at the plasma frequency. In SMLWFA, a single pulse

extending over many plasma wavelengths self-modulates as it propagates in the plasma due

to Raman forward scattering [7, 10]. Using these schemes, many important experimental

results were obtained in the years following the work of Tajima and Dawson [3]. In 1985,

it was confirmed experimentally that relativistic plasma wakefields with high electric fields

of up to 1 GV/m could be produced using PBWA [11]. Electron trapping and acceleration

in plasma wakefields were also observed in experiments using PBWA in 1993 [12] and 1994

[13] and SMLWFA in 1995 [9, 10]. With the advent of short pulse tabletop laser systems,

many subsequent LWFA experiments demonstrated that GeV-class beam energies could be

produced over centimeter length scales [14, 15, 16, 17, 18, 19, 20, 21, 22, 23] .
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In lieu of a laser pulse, a relativistic electron beam can also be used to excite a plasma

wave wakefield. This concept was proposed by Chen et al. [24] in 1985 and is commonly

referred to as Plasma wakefield Acceleration (PWFA). The main difference between PWFA

and LWFA is that the plasma electrons are initially displaced by the space charge force of

the particle beam instead of the ponderomotive force of the laser. Nevertheless, a similar

wake structure is produced as electrons are attracted back to the axis by the background

ions. Naturally, beam-driven wakefields are also capable of producing ultra-high accelerating

fields similar to those seen in LWFA. In initial experiments performed at the Stanford Linear

Accelerator Laboratory (SLAC) using a single relativistic positron bunch, accelerating gradi-

ents of 56 MeV/m were demonstrated by Blue et al. [25] in 2003. In subsequent experiments

using a single relativistic electron drive bunch, accelerating gradients of 280 MeV/m were

demonstrated by Muggli et al. [26] in 2004, 27 GeV/m by Hogan et al. [27] in 2005, and

52 GeV/m by Blumenfeld et al. [28] in 2007. Notably, the results of Blumenfeld et al. [28]

showed that the 50 GeV/m gradients could be sustained for over 85 cm, resulting in the

energy doubling of some electrons from 42 GeV to 85 GeV. In 2014, efficient high gradient

acceleration (4.4 GeV/m) of a trailing bunch was demonstrated by Litos et al. [29] using a

drive bunch to excite the wake and a separate trailing bunch to extract energy from it. In

2015, it was shown that the tail of a positron bunch could form a mono-energetic beam in a

> 3 GeV/m wakefield excited by the main body of the bunch [30].

Theory and simulation have played a critical role in our understanding of the structure

and fields of plasma wakefields. In the linear regime, a wide driver excites a small amplitude

plasma wakefield. For this regime, the necessary linear fluid theory has existed for over

thirty years [24, 31]. However, a second regime also exists where the plasma response is

nonlinear and electrons can be completely cavitated in regions near the driver. Cavitation

from a long laser pulse was first pointed out by Sun et al. [32] in 1987 when they showed

theoretically that for an intense and narrow laser with power above the critical self-focusing

limit, Pc, the plasma electrons could be completely blown out by the ponderomotive force
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of the laser. Using 2D cylindrical fluid and particle-in-cell (PIC) simulations, Rosenzweig

et al. [33] demonstrated in 1991 that a wakefield based on complete electron cavitation

could also be produced with a narrow relativistic electron driver. Due to the blowout, a

bubble-like cavity is produced in which only ions remain. The electrons which are initially

blown out are attracted back to the axis by the ions, thereby creating a thin plasma sheath

around the bubble and a wakefield. For obvious reasons, this regime is now often referred

to as the “bubble” or “blowout” regime. In the work of Rosenzweig et al. [33], it was also

pointed that, within the bubble region, the focusing force varies linearly with the radius,

while the accelerating field does not vary transversely. These features, which are not present

in the linear regime, are ideal for preserving emittance and maintaining low energy spreads

during acceleration. In 2002, Pukhov and Meyer-ter-vehn demonstrated through full-3D

PIC simulations of LWFA that a similar bubble-like cavity could be produced using a highly

intense, short-pulse laser [34]. In the laser case, the phase velocity of the wake is typically

smaller than for the particle beam cases. Thus, in their simulation results, they found that

some of the plasma electrons that were blown out were eventually trapped at the rear of the

bubble and accelerated by the wakefield. They found that this process occured continuously

throughout the laser propagation, generating quasi-monoenergetic beams as the electrons

rotated in phase space.

The work for Rosenzweig et al. [33] and Pukhov and Meyer-ter-vehn [34] relied on simu-

lations. At the time, theoretical analysis of nonlinear wakes was limited to 1D nonlinear fluid

theory [1, 2]. In 2006, Lu et al. [35, 36] introduced a nonlinear theory for 3D plasma wave

wakefields in the blowout regime. Lu et al. showed that the shape of the bubble and longi-

tudinal electric field could be completely described by the driver and plasma wake potential.

The theory showed that the 3D wakefields were electromagnetic in nature and was applica-

ble for moderate to large amplitude wakes. Using a single-sheath model for the plasma, the

authors were also able to predict the bubble radius and electric field along most of the wake.

They found that their results were largely insensitive to the phenomenological profiles of
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their single-sheath model. However, they could not reproduce the electric field divergence at

the rear of the bubble as their model did not account for negative wake potentials. In 2007,

Lu et al. [37] provided a phenomenological theory and scaling laws for LWFA in a nonlinear

self-guided regime. The scaling laws were compared against 3D particle-in-cell simulations.

Using 3D nonlinear theory in the blowout regime, Tzoufras et al. [38, 39] then showed that

beam loading could be viewed as a modification to the shape of the bubble. Assuming a large

blowout radius and ignoring the plasma electron source terms, they developed analytical

expressions for the shape and fields of the bubble. They found that a beam load with a

trapezoidal current profile could flatten the wakefield. In addition, they also examined beam

loading from gaussian bunches. However, while their analytical results could reasonably

flatten the wake, they often underestimated the amount of charge that could be loaded

[38, 39]. Accurate modeling of beam loading by injected electrons was also not possible

using their approach. Nevertheless, their work was an important milestone as it identified

the theoretical approach to analyzing and offered the first predictive tool for beam loading

in the nonlinear blowout regime.

In addition to the linear collider applications, PBA can also be used to generate beams

for x-ray free-electron-lasers (XFELs). While the generation of ultra-relativistic electron

beams through self-injection has been demonstrated in LWFA experiments [18, 19, 20, 21],

the beams produced to date do not exhibit the sufficiently low energy spreads σγ and high

normalized brightnesses Bn = 2I/ε2n required to drive XFEL devices [40]. Therefore, nu-

merous controllable injection schemes have been proposed and investigated to generate high

quality relativistic beams. We note that very recently LWFA was used to generate beams to

drive an FEL at 27 nm [41].

The most promising injection schemes for generating high quality beams largely fall into

two categories. In the first method, an intense laser pulse or particle beam ionizes electrons

inside the plasma bubble close to where the wake potential is maximum to reduce the trap-

ping threshold [42, 43, 44] . By tuning the ionizing pulse and selecting an appropriate high-Z
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gas, injection can be confined near the radial axis where the ionizing field is largest, which

can produce trapped electrons with low transverse momenta and low normalized emittances

[45]. Numerous variations of this concept using multiple pulses to separate wake excitation

and injection have been proposed [45, 46, 47, 48]. In the second method, sheath electrons

from the background plasma are injected at the rear of the wake by reducing the wake phase

velocity γφ using a plasma density down ramp (DDR) [49, 50, 51, 52, 53, 54, 55, 56] or an

evolving driver [57, 58, 59].

1.2 Particle-in-Cell Simulation

PIC simulations [60, 61] can provide tremendous insight into the physics of plasma wave

wakefields. Indeed, many important experiments and theoretical models are often supported

by PIC simulations. For problems such as LWFA and PWFA, which are fully electromag-

netic in nature, the physics is described by Maxwell’s equations. In a PIC simulation, the

electromagnetic fields are defined on a grid and macroparticles (which can represent many

individual charged particles) can move within the grid. The basic iteration loop for each

time step of the simulation is as follows. First, the macroparticles are pushed by the force

equation, where the forces are evaluated by interpolating the electromagnetic fields from

the grid to the locations of the particles. The updated charge and current densities of each

macroparticle species are then interpolated onto the grid. Finally, the electromagnetic fields

are updated on the grid using a discretized version of Maxwell’s equations and the new

current density (and in some cases charge density) sources. The grid resolution must be

high enough to resolve the minimum length scales of interest or important physics will be

lost. In PWFA, the plasma skin depth usually needs to be resolved in both directions while,

in LWFA, the laser wavelength needs to be resolved longitudinally. However, for processes

such as injection, even higher fidelity simulations may need to be performed to accurately

model electron trapping and resolve the injected bunch, which can be quite small compared
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to the wake length. Therefore, while technological advances in computing over the past few

decades have made high-fidelity full-3D simulations feasible, the latter are still computation-

ally expensive.

Several reduced models have been developed to efficiently simulate PBA. In situations

where the plasma wake does not evolve over the time it takes for the driver to pass by

a plasma particle, the quasi-static method [62, 63, 64] can be used to reduce the three-

dimensional electromagnetic field equations to two-dimensional Poisson equations. Due to

the assumptions of the quasi-static approximation, the full electromagnetic fields of the wake

can be solved for using very large time steps. As a result, this method can greatly reduce

the computational time needed to simulate PBA by several orders of magnitude without loss

of accuracy for highly nonlinear problems [63, 64]. However, the quasi-static method cannot

model self-trapping.

A quasi-3D algorithm [65, 66, 67] can be used to model three-dimensional LWFA problems

with computational costs similar to a 2D cylindrical (r−z) code. In this approach, the fields

and currents are expanded into azimuthal Fourier harmonics (modes) in φ with respect to

the laser propagation axis. Substituting this expansion into Maxwell’s equations, a set of

equations governing the complex coefficients of the fields for each m mode can be obtained.

The fields are therefore represented using an array of 2D r − z grids (one for each real and

imaginary component of a given m mode), while the plasma particles are allowed to move

freely in three-dimensions. The quasi-3D algorithm can therefore be viewed as a hybrid

approach which uses PIC grids in r− z and a gridless appproach in φ [68]. One of the main

advantages of the quasi-3D algorithm is that the plasma wakefield can be fully described

by the m = 0 mode while a circularly or linearly polarized laser with a round spot size

can be completely described by the m = 1 mode. Thus, many LWFA problems can be

accurately simulated using the quasi-3D algorithm with only the first two modes m ≤ 1,

which can dramatically reduce the computational time when compared to full 3D cartesian

simulations. In addition, the natural separation of the wakefield (m = 0) and laser field
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(m = 1) in the quasi-3D algorithm can be useful in studying effects such as direct laser

acceleration (DLA) [69, 70]. While the quasi-3D algorithm was originally envisioned for

laser drivers (LWFA), it can also be used to simulate plasma wakefields produced by particle

beams (PWFA) with small transverse asymmetries. The quasi-3D approach has recently

been applied to the quasi-static approximation approach [71].

Another method that can speed up LWFA simulations is the Lorentz boosted frame

technique [72, 73]. This approach relies on performing an LWFA simulation in a Lorentz

boosted frame so that the plasma length is Lorentz contracted while the laser wavelength

is Lorentz expanded. If the boosted frame velocity vb is chosen appropriately, the length

of the laser pulse and plasma column in the boosted frame can be comparable. Boosted

frame simulations can therefore use much larger spatial and temporal resolutions than the

equivalent lab frame simulations, providing computational savings on the order γ2
b . It works

well if there is no reflected laser light, i.e., if the phase velocity of all waves are sufficiently close

to vb. However, one of the main challenges to performing Lorentz boosted frame simulations is

the Numerical Cerenkov Instability (NCI) [74, 75, 76, 77] that occurs due to the unphysical

coupling between the Langmuir modes and electromagnetic modes of the relativistically

drifting plasma from the numerical dispersion relation of the simulation. In recent years,

numerous techniques have been developed to mitigate this instability using a pseudo-spectral

analytical time-domain (PSATD) PIC algorithm [78], a modified electromagnetic dispersion

relation with an artificial bump [79, 80, 81], a customized finite difference solver [82], or

Galilean coordinates [83].

An important framework widely used in the PBA community is the massively parallel, full

relativistic PIC code OSIRIS [84, 85]. The code supports 1D, 2D, and 3D cartesian (x, y, z)

gemeotries, as well as 2D cylindrical geometry for symmetrical PWFA problems. The quasi-

3D (r, φ, z) algorithm using an azimuthal mode expansion of Maxwell’s equations is also

implemented into OSIRIS with a charge conserving current deposition [67]. In addition,

OSIRIS features a customized finite-difference solver that can reduce numerical effects from

8



relativistic particles [82, 86]. Without these solvers, many PWFA and LWFA simulations

would not have been possible. Also implemented into OSIRIS is the boosted frame algorithm

with a bump solver to mitigate NCI instabilities for both 3D and quasi-3D geometries [79,

80, 81]. The code also features a recently developed dynamic load balancing algorithm [87]

that can be used to significantly speed up PIC simulations of LWFA and PWFA problems

by repartitioning the simulation box to evenly distribute particles.

1.3 Dissertation Overview

As outlined in this chapter, the important goals of PBA are high-gradient, high efficiency, and

high quality beam generation. In many problems within these research areas, the interesting

physics usually occurs in regions near the rear of the wake that are not well-described by the

simple sheath model of Lu et al. [35, 36] and the analytical beam loading theory of Tzoufras

et al. [38, 39] which uses the simple sheath model. To shed light on the important physics

in these regions, we present in this dissertation an improved description of highly nonlinear

plasma wakefields in the blowout regime. We also explore new ideas for generating and

optimizing high quality beams using self-injection.

The remainder of the dissertation is organized as follows. In chapter 2, we start by

reviewing the basic equations governing highly nonlinear plasma wave wakefields in the

blowout regime. In chapter 3, we present an improved multi-sheath model for the plasma

wake potential in highly nonlinear plasma wakefields excited by intense particle beams or

lasers. The model accounts for the negative wake potentials at the rear of the wake through

the plasma source term and is compared with fully kinetic PIC simulations. Beam loading

scenarios are also considered. In chapter 4, a new method of controllable injection is proposed

based on an evolving wake caused by a decreasing spot size of a relativistic electron beam

driver. This new method is illustrated and demonstrated using PIC simulations. Two

regimes are examined, in one the evolution of the spot size is dominated by its vacuum
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Courant-Snyder [88] parameters and in the second it is controlled through self-focusing from

the plasma wave wakefield itself. We refer to the second as the plasma self-focusing regime.

The multi-sheath model from chapter 3 is also used to characterize beam loading effects

due to injection. In chapter 5, a predictive framework is developed for injection using the

evolving driver method in the plasma focusing regime. We investigate how the final injected

beam parameters vary with the driver parameters and compare the results against parameter

scans from PIC simulations. High quality beam generation and optimal beam loading are

also demonstrated using PIC simulations and the multi-sheath model. Finally, in chapter 6

we provide a summary as well as directions for future work.
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CHAPTER 2

A Review of Nonlinear Theory for Plasma Wakefields

in the Blowout Regime

This dissertation is focused on developing a new method for producing very high normalized

brightness electron beams through synchronized self-injection in nonlinear plasma wakefields.

In order to understand and analyze self-injection and acceleration it is important to have an

accurate theory for the field structure in nonlinear wakefields including the ability to under-

stand how these fields are loaded by high current electron beams. To set the stage for the

rest of the disseration, in this chapter, we will review the nonlinear theory for plasma wake-

fields in the blowout regime developed by Lu et al. [35, 36]. These plasma wave wakefields

can be excited by short pulse lasers or relativistic particle beams with phase velocities near

the speed of light. The purpose of this chapter is to introduce the basic equations needed

to describe the nonlinearities and complexities of plasma wakefields in the blowout regime.

The derivations presented in this chapter also provide important context and motivation for

the work presented in the following chapters.

2.1 Basic Equations

To describe wakefield problems in multi-dimensions, we start with Maxwell’s equations in

the Lorentz gauge and the equations of motion for an arbitrary number of laminar fluids

using cgs units,
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(
1

c2

∂2

∂t2
−∇2

)
A
φ


 = 4π


J/c

ρ


 , (2.1)

1

c

∂φ

∂t
+∇·A = 0, (2.2)

(
∂

∂t
+ Vi ·∇

)
Pi = qi

[
E +

Vi

c
×B

]
, (2.3)

where ρ =
∑

i qini and J =
∑

i qiniVi. The current and charge densities for each fluid satisfy

the charge conservation equation given by

∂ρ

∂t
+∇·J = 0. (2.4)

Beyond this point, approximations are needed. Since the plasma wakefield moves with

a phase velocity near the speed of light, it is assumed that the fields of the wake can be

formulated in the moving frame described by the coordinate ξ ≡ ct − z. This can be

represented mathematically by a coordinate transformation from (x, y, z, t) to (x, y, ξ ≡

ct − z, s ≡ z). Under this transformation, we note that ∂
∂z

= ∂
∂s
− ∂

∂ξ
and ∂

∂t
= c ∂

∂ξ
. In the

first approximation, it is assumed that the driver does not evolve over the length scale of the

plasma wake, i.e., the plasma skin depth c/ωp. Thus, the wake response in the moving frame,

which is described by the coordinate ξ, can be considered static within the time it takes for

the driver to pass by a plasma electron. This is referred to as the quasi-static approximation

[89] or frozen field approximation [90] and is represented mathematically by ∂
∂s
� ∂

∂ξ
. This

implicitly precludes situations where there are trapped electrons.

This approximation naturally requires different conditions for laser and particle beams.

For a relativistic electron beam, the driver evolves on the length scale of the betatron wave-

length 2π
√

2γbc/ωp. Therefore, the quasi-static approximation is valid if γb � 1. For a

laser pulse, the envelope evolves on the length scale of the Rayleigh length ZR ≡ πW 2
0 /λ0,

where W0 is the laser spot size and λ0 is the laser wavelength. For a W0 on the order of
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the plasma skin depth, the quasi-static approximation is valid if ω0/ωp � 1. Recall that

the group velocity of light in a plasma is vg = c
√

1− ω2
p/ω

2
0 so γg = ω0/ωp. Thus, γb � 1

or γg � 1 is required for the quasistatic approximation. When the laser frequency is much

higher than the plasma frequency, we can make what is called the ponderomotive guiding

center (PGC) approximation. In the PGC approximation, the smooth motion of a cold

plasma fluid element can be described by time averaging over a laser oscillation

dPi,s

dt
=

(
∂

∂t
+ Vi,s ·∇

)
Pi,s = qi

[
Es +

Vi,s

c
×Bs

]
+ Fp, (2.5)

where the subscript “s” denotes the smooth quantities and Fp is the ponderomotive force of

the laser,

Fp = − qi
γ̄imcc2

∇

∣∣∣∣∣
ÂL
2

∣∣∣∣∣

2

, (2.6)

where the laser field is given by Alaser = ÂL/2e
−iω0ξ/c+ c.c, a ≡ eÂL/mc

2, and γ̄i =
√

1 + P 2
i /(mc)

2 + |a|2/2 [62]. The evolution of ÂL can be obtained in terms of the wakefield

[62]. We note here that for a relativistic particle beam the smooth fields Es and Bs describe

both the driver and the wake response.

Henceforth, for convenience we will employ normalized units, where charge is normalized

to electron charge e, mass to electron mass m, velocity to c, charge density to enp, current

density to enpc, length to c/ωp, time to ω−1
p , electric fields to mcωp/e, and potentials to

mc2/e. We will also drop the subscripts “i” and “s”.

Using the new coordinates (x, y, ξ = ct − z, s = z) and the quasi-static approximation

∂
∂s
� ∂

∂ξ
, Maxwell’s equations can be written as
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−∇2
⊥


A
φ


 =


J/c

ρ


 , (2.7)

∇⊥ ·A⊥ = −∂ψ
∂ξ
, (2.8)

where ψ ≡ φ−Az,∇⊥ ≡ x̂ ∂
∂x

+ ŷ ∂
∂y

, and A⊥ ≡ x̂Ax+ ŷAy. Thus, in the quasi-static approx-

imation, the fields are described by a set of 2D-like Poisson equations. We can therefore use

2D electrostatics to solve them. It is worth noting that ψ is often referred to as the “wake

potential” or ”pseudo potential”. Noting dξ = dt− dz = (1− vz)dt, the equation of motion

of a plasma electron can also be expressed as

d

dξ
P⊥ =

1

1− vz

[
− [E⊥ + (V ×B)⊥]− 1

γ̄
∇⊥
|a|2

4

]
, (2.9)

where γ̄ =
√

1 + P 2 + |a|2/2 and we are assuming that s can be viewed as constant. The

perpendicular and longitudinal fields are described by

Ez = −∂φ
∂z
− ∂Az

∂t
=
∂ψ

∂ξ
, (2.10)

Bz = (∇⊥ ×A⊥) · ẑ, (2.11)

E⊥ = −∇⊥φ−
∂A⊥

∂ξ
, (2.12)

B⊥ = (∇⊥ ×Az) + (∇z ×A⊥). (2.13)

It is worth noting that the electric field Ez can be written purely in terms of wake poten-

tial Ez = ∂ψ
∂ξ

. However, the other fields depend explicitly on the scalar potential φ and

vector potential Az which are described by source terms ρ and Jz in Maxwell’s equations

[Eq. (2.7)]. In the following section, we will show how the problem can be further simplified

by considering the profiles of these source terms in the blowout regime.
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2.2 The Blowout Regime

In the nonlinear blowout regime, the plasma electrons are completely expelled within some

region by the ponderomotive force of the laser or space-charge force of the electron beam

leaving behind a column of ions. Due to the space-charge separation, the electrons, which

are initially blown out, are then attracted back to the axis forming a thin plasma electron

sheath covering a nearly spherical ion bubble. In Fig. 2.1, we plot the electron charge density

and on-axis electric field from a PWFA simulation in the blowout regime using the PIC

code osiris [84]. The channel radius rb(ξ) is delineated by the trajectory of the innermost

sheath electron. In Refs. 35 and 36, it was shown that for short bi-Gaussian electron drivers

(kpσz ∼ 1), complete cavitation can occur as long as the spot size σr much less than the

maximum radius of the channel rm ≡ max(rb). This condition can also be represented by the

requirement that the peak beam density is much greater than the plasma density nb � np.

In such cases, there are no electrons remaining inside the bubble r < rb(ξ) and the much

more massive ions can be considered stationary. Therefore, in the ion channel, the charge

and current densities from the plasma electrons are described by ρe = Jze = 0 while the

plasma ions are given by ρion = 1 and Jz,ion = 0. For a laser driver, we note that the

conditions for complete blowout and the features of the wake are more complicated and will

be addressed later in chapter 3. Therefore, we will assume here that a plasma wakefield is

excited in the blowout regime using a bi-Gaussian electron driver with a density profile of

nb(r, ξ) =
N

(2π)3/2σ2
rσz

e−r
2/(2σ2

r)e−ξ
2/(2σ2

z). (2.14)

In the channel, i.e., r ≤ rb, the functional form of the potentials can be determined by inte-

grating the quasistatic form of Maxwell’s equations [Eq. 2.7]. Assuming azimuthal symmetry,

this leads to
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Figure 2.1: (a) Electron density distribution ρe and (b) on-axis electric field Ez(ξ) of a plasma

wake excited in the nonlinear blowout regime. The electron drive beam parameters are Λd = 6,

γb = 20000, kpσz = 1, kpσr = 0.245, and kpξc = 0.
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φ(r, ξ) = φ0(ξ)− r2

4
+ λ(ξ) ln r, (2.15)

Az(r, ξ) = Az0(ξ) + λ(ξ) ln r, (2.16)

where the λ(ξ) =
∫ r�σr

0
nbrdr denotes the charge per unit length of the driver. The factors

φ0(ξ) ≡ φ(r = 0, ξ) and Az0(ξ) ≡ Az(r = 0, ξ) are the on-axis potentials and depend on the

structure of the source terms ρ and Jz. The wake potential ψ and longitudinal electric field

Ez can therefore be written as [35, 36]

ψ(r, ξ) = ψ0(ξ)− r2

4
, (2.17)

Ez(ξ) =
∂ψ

∂ξ
=
dψ0

dξ
, (2.18)

where ψ0(ξ) = φ0(ξ)− Az0(ξ). From the Lorentz gauge Eq. (2.8), it can also be shown that

Ar(r, ξ) = −1

2

dψ0(ξ)

dξ
r. (2.19)

Using Eqs. (2.17) and (2.19), the transverse force equation of a plasma or beam electron can

now be expressed as

F⊥ = −(Er − vzBφ)

=
∂φ

∂r
− vz

∂Az
∂r

+ (1− vz)
∂Ar
∂ξ

=
∂ψ

∂r
+ (1− vz)

∂Az
∂r

+ (1− vz)
∂Ar
∂ξ

(2.20)

= −1

2
r + (1− vz)

λ(ξ)

r
+ (1− vz)

[
−1

2

d2ψ0

dξ2
r

]
. (2.21)

The first term is the focusing force of the ions, the second term is the space-charge force of

the particle beam driver, and the last term is the force from the radial plasma currents. For
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a beam electron vz → 1, it is straightforward to show that the transverse force is perfectly

linear F⊥ = −1
2
r. Upon inspection of Eq. (2.20), the transverse force on a beam electron

can also be written purely in terms of the wake potential F⊥ = ∂ψ
∂r

. In addition, recall the

longitudinal force is given by Fz = −Ez = −∂ψ
∂ξ

. Therefore, all of the forces on a beam

electron are completely described by gradients of the wake potential ψ. Using Eq. (2.20), it

can be shown that for a beam particle, Fz = −∂ξψ and F⊥ = ∇⊥ψ from which it follows

that

∇⊥Fz = − ∂

∂ξ
F⊥, (2.22)

which is called the Panofsky Wenzel Theorem for the plasma wake potential [91]. For a

beam electron vz → 1, this theorem essentially dictates that the the linear focusing force F⊥

is constant along ξ while the longitudinal accelerating force Fz is constant along r. These

properties are ideal for preserving the emittance and energy spread of an electron beam

accelerated by the wakefield.

We are interested in solving the transverse equation of motion [Eq. (2.21)] for the inner-

most electron trajectory rb(ξ). To do this, we will use the constant of motion for a plasma

electron γ − Pz = 1 + ψ [62] where γ =
√

1 + P 2
⊥ + P 2

z . Recall from Eq. (2.9) that the force

equation can be formulated as

dP⊥
dξ

=
1

1− vz
F⊥. (2.23)

Using γ − Pz = 1 + ψ, the left-hand side can also be written as

dP⊥
dξ

=
dγv⊥
dξ

=
d

dξ
γ(1− vz)

dr

dξ
=

d

dξ
(1 + ψ)

dr

dξ
. (2.24)

By direct observation of Eq. (2.24), we note that the transverse momentum can be written

as P⊥ = (1 + ψ)dr
dξ

. Using Eqs. (2.21), (2.23), and (2.24), it can be shown that
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d

dξ

[
(1 + ψ)

dr

dξ

]
=

1

1− vz

(
−1

2
r

)
+
λ(ξ)

r
+

(
−1

2

d2ψ0

dξ2
r

)
. (2.25)

The constant of motion γ−Pz = 1 +ψ can be used to solve algebraically for 1− vz in terms

of the wake potential ψ and transverse momentum P⊥. It is straightforward to show that

γ2 = (1 + ψ + Pz)
2,

1 + P 2
⊥ + P 2

z = (1 + ψ)2 + 2Pz(1 + ψ) + P 2
z ,

Pz =
1 + P 2

⊥ − (1 + ψ)2

2(1 + ψ)
, (2.26)

from which it follows that

γ = 1 + ψ + Pz =
1 + P 2

⊥ + (1 + ψ)2

2(1 + ψ)
, (2.27)

1− vz =
1 + ψ

γ
=

2(1 + ψ)2

1 + P 2
⊥ + (1 + ψ)2

. (2.28)

Using Eqs. (2.25) and (2.28), the equation of motion of the innermost sheath electron that

traces the bubble trajectory rb(ξ) can finally be written as

d

dξ

[
(1 + ψ)

d

dξ
rb

]
= rb

{
− 1

4

[
1 +

1

(1 + ψ)2
+

(
drb
dξ

)2
]

− 1

2

d2ψ0

dξ2
+
λ(ξ)

r2
b

}
(2.29)

Eq. (2.29) is important because it shows that the shape of the bubble rb(ξ) can be completely

described by the wake potential ψ and the driver profile λ(ξ). This result first appeared in

the nonlinear theory presented by Lu et al. [35, 36]. At the time, the authors also pointed

out that the wakefield Ez (which is a function of the wake potential) can be viewed in the

context of the shape of the bubble rb(ξ). Their work eventually led to the development of a

nonlinear beam loading theory in the blowout regime by Tzoufras et al. [38, 39].
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2.3 The Sheath Model

To use their theory as a predictive tool, Lu et al. [35, 36] developed a “sheath” model for

the source term of the plasma wakefield in the nonlinear blowout regime. From Maxwell’s

equations [Eq. (2.15)], it follows that the wake potential obeys a Poisson-like equation

∇2
⊥ψ = S ≡ −(ρ− Jz) (2.30)

where the source term is S ≡ −(ρ−Jz). The advantage of formulating the problem in terms

of ψ is now apparent since only a single effective source term S is needed to describe the

plasma wake. This source term S is constrained by charge conservation [Eq. (2.4)], which

dictates that the integral of the source term from r =∞ to r = 0 vanishes

∂ρ

∂t
+∇·J =0

∂ρ

∂ξ
− ∂Jz

∂ξ
= −∇⊥ ·J⊥

d

dξ

∫
(ρ− Jz)rdr = 0

∫
(ρ− Jz)rdr = 0. (2.31)

To solve for ψ, Lu et al. modeled the source term as two regions: S = −1 inside the ion

bubble (r < rb) and S = n∆ > 0 inside a finite width plasma sheath outside the bubble

(rb < r < rb + ∆). We stress that the formalism of Lu et al. permits the use of more

complicated source term profiles. These regions were represented mathematically by step

functions in each region such that

S =





−1, if r < rb

n∆, if rb < r < rb + ∆

0, otherwise

(2.32)
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and n∆ =
r2b

(rb+∆)2−r2b
is constrained by Eq. (2.31). Using this model, they obtained an

expression for the wake potential

ψ(r, ξ) = ψ0(ξ)− r2

4
,

=
r2
b (ξ)

4
(1 + β)− r2

4
(2.33)

for r ≤ rb, where

β =
(1 + α)2 ln(1 + α2)

(1 + α)2 − 1
− 1, α =

∆

rb
.

Assuming a phenomenological sheath profile which only depends on the bubble radius, i.e.,

dβ/dξ = (drb/dξ)∂β/∂rb, it was shown in Refs. 35 and 36 that Eq. (2.29) can be expressed

as

A(rb)
d2rb
dξ2

+B(rb)rb

(
drb
dξ

)2

+ C(rb)rb =
λ(ξ)

rb
(2.34)

where the coefficients A(rb), B(rb), and C(rb) are

A(rb) = 1 +

[
1

4
+
β

2
+

1

8
rb
dβ

drb

]
r2
b ,

B(rb) =
1

2
+

3

4
β +

3

4
rb
dβ

drb
+

1

8
r2
b

d2β

dr2
b

,

C(rb) =
1

4




1 +
1


1 +

βr2
b

4




2



.
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Once rb(ξ) is determined from Eq. (2.34), the wake potential ψ(r, ξ) and electric field

Ez(ξ) =
dψ0

dξ
=

d

dξ

[
1

4
r2
b (1 + β)

]
(2.35)

are known.

Using a simple phenomenological model for the thickness of the plasma sheath ∆ = 1+εrb,

Lu et al. [35, 36] found that their model for ψ [Eq. (2.33)] could reproduce many of the

features of the plasma wake. For example, it could predict the channel radius rb(ξ) and slope

drb/dξ along most of the bubble. It could also capture the electric field slope Ez ' −1/2

within the middle of the bubble. However, it could not account for the negative spike in the

electric field at the rear of the bubble as seen in Fig. 2.1(b). Fundamentally, their use of

the simple source term profile given by Eq. (2.32) led to a form for ψ that missed important

physics at the rear of the wake. For example, the model breakdown at the rear of the wake

meant that they could not describe important processes such as trapping of test charges.

This can be seen by the fact that the on-axis wake potential of the simple sheath model

ψ0 = (1 + β)r2
b/4 [Eq. (2.33)] is positive definite while trapping requires ψ0 approach −1 at

the rear of the wake [44]. In the following chapter, we will propose an improved sheath model

for the plasma wakefield source term that accurately describes the wakefield at the rear of

the bubble. It will be shown that the proposed model leads to important improvements

to the beam loading theory developed by Tzoufras et al. [38, 39]. The new beam loading

results will also be validated against PIC simulations. Laser-driven wakefields will also be

considered.

22



CHAPTER 3

A Multi-Sheath Model for Highly Nonlinear Plasma

Wakefields

3.1 Introduction

In PBA, a critical process is beam loading where a witness or trailing beam of particles is

located at an appropriate phase of the wake where it is accelerated and focused. As it is

accelerated it absorbs energy from the wake and can distort, i.e., load, it. Developing an

accurate beam loading theory is important in order to accurately understand and control the

energy spread and emittance of the witness beam. In some cases, this needs to be understood

even as the beam phase slips inside the wakefield. The witness beam can be externally or

self-injected. Self-injection has advantages as it leads to synchronized injection which can

be difficult to achieve for external injection due to the short periods and wavelengths of the

plasma wakefields; however, self-injection may not produce the beam charge required for a

linear collider.

Another application driving research in PBA is a compact XFEL. For this application,

high currents and normalized brightnesses are required. Self-injection may provide the pa-

rameters needed to drive an XFEL. Recently, there have been many self-injection schemes

proposed to generate high quality electron beams with low energy spread σγ and normalized

emittance εn. The most promising ideas typically involve decreasing the phase velocity γφ

of the plasma wake using either a plasma density down ramp [49, 50, 51, 52, 53, 54, 55, 56]

through the accordion effect [92] or an evolving driver [57, 58, 59]. In each of these instances,
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plasma electrons are injected at the very rear of the first bucket of the wake where they can

then be accelerated over long periods of time.

In order to characterize how the injected beams alter the wakefield and effect the energy

spread, a theoretical model for the wakefield that is accurate in the rear of the region is

required. If the model is accurate enough it can also be used to design experiments and

simulations capable of generating injected beams that can flatten a wakefield or provide the

necessary slope in the acceleration gradient to compensate for an initial energy chirp inherent

in self-injection after some acceleration distance [52].

In the linear regime, the necessary beam loading theory has existed for over thirty years

[31]. The theory works for both electron and positron bunches. However, in the nonlinear

regime the theory is significantly more complicated. In Rosenzweig et al. [33], it was shown

that the focusing fields for nonlinear wakefields are ideal for accelerating electrons. Con-

versely, these fields are defocusing for positrons. In reality, there is a very small phase of the

wake that provides focusing and acceleration for positrons. Furthermore, developing a beam

loading theory for electron bunches requires a new theoretical formalism.

In nonlinear wakefields the plasma electrons are expelled by the space-charge force of a

particle beam (PWFA) or radiation pressure of a laser pulse (LWFA) leaving behind a column

of ions. These electrons, which are initially blown-out, are attracted back to the axis due

to the space-charge force from the ions, forming a plasma sheath covering a nearly spherical

ion channel radius rb(ξ). For convenience, this structure is shown again in Fig. 3.1(a),

where the electron density from a PWFA simulation using the particle-in-cell (PIC) code

osiris [84] is plotted. A non-evolving driver with a peak normalized charge per unit length

Λd ≡ 4πre
∫ r�σr

0
nbrdr = 6, energy γb = 20000, spot size kpσr = 0.245, duration kpσz = 1,

and centroid kpξc = 0 was used, where kp = ωp/c is the plasma wavenumber, ω2
p = 4πe2np

m
is

the plasma frequency, and nb is the drive beam density.

All of the forces on a particle moving close to the speed of light can be obtained from the

normalized wake potential ψ = e
mc2

(φ− Az), where φ is the electric potential and Az is the
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Figure 3.1: (a) Electron density distribution of a plasma wake excited by an electron drive beam

with parameters Λd = 6, γb = 20000, kpσz = 1, kpσr = 0.245, and kpξc = 0. The maximum bubble

radius is kprm ' 4.53. (b) The on-axis electric field Ez and wake potential ψ0. (c) Contour plot of

the source term −(ρ− Jz/c).
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vector potential in the ẑ direction. In Refs. 35 and 36, it was shown that the wake potential

can be obtained from a two dimensional Poisson equation

∇2
⊥ψ = S ≡ − 1

enp
(ρ− Jz/c) (3.1)

where the integral of the source term over the transverse coordinates in each ξ slice vanishes.

For azimuthally symmetric beams or laser drivers, the solutions to this equation for radii

inside the ion column have the form ψ = 1
4
(1 + β)r2

b − r2 where β depends on integrals over

transverse gradients of ψ written in terms of S from r = ∞ to 0. It was shown in Refs. 35

and 36 that for a source term comprised of two regions where S = −1 inside the ion bubble

(r < rb) and S ≥ 0 in a finite width plasma sheath outside the bubble (rb < r < rb + ∆),

β = (1+α)2 ln(1+α)2

(1+α)2−1
−1, where α = ∆

rb
. Using this expression for β a differential equation for rb

was then obtained [see Eq. (2.34)]. It was shown in [35] that these equations could explain

many of the features observed in particle-in-cell simulations.

However, this simple model for the plasma sheath and hence the wake potential has its

limitations. For example, a direct consequence of using such a model is that β is positive

definite for each ξ slice and hence ψ is positive definite at all locations within the ion column.

To develop some intuition about the behavior of ψ consider the one dimensional limit.

In one dimension, wavelike analysis to the cold fluid equations show that solutions exist

until wavebreaking occurs. This can be physically interpreted as the limit where the plasma

density compression approaches infinity, the electric field fully steepens (its slope approaches

infinity), two plasma sheets cross, particle trapping of a background electron occurs, i.e, a

particle moves with the phase velocity of the wave [93]. In this case, the minimum wake

potential becomes −1 which is the threshold for particle trapping. Even in multi-dimensions,

the trapping condition for background electrons, ψ ≤ −1+

√
1+(P⊥/mc)2

γφ
[44], also requires that

the wake potential approach -1. PIC simulations show empirically that the wake potential

is negative in the rear of the first bucket as shown in Fig. 3.1(b). In this region of the wake,
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plasma sheath electrons can be accelerated to large forward velocities γz ≡ (1− β2
z )
−1/2 � 1

as they return back to the ξ-axis due to the large accelerating fields Ez(ξ) at the rear of

the wake. Near the axis, the wake potential ψ must approach −1 if vz is to approach c as

can be seen from the constant of motion equation γ − Pz/mc = 1 + ψ [62]. In fact, many

self-injection schemes [49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 92] rely on ψ approaching −1

at the rear of the wake in order to satisfy the electron trapping condition γz > γφ � 1. To

accurately derive the trapping threshold, we do not let the vφ = c. The constant of motion

is γ − vφPz/mc2 = 1 + ψ and ψ = φ− vφAz/c.

Although the constant of motion is strictly valid for uniform plasmas and nonevolving

drivers, it is still a useful approximation for slowly evolving wakes. Therefore, while the

model used by Lu et al. [35, 36] can predict the bubble trajectory rb(ξ) and longitudinal

electric field Ez(ξ) in regions where the wake potential ψ(ξ) is sufficiently positive, it will

not be accurate near the rear of the bubble where the wake potential becomes negative.

As noted in Ref. 52, if the source term S is negative in some region outside the bubble

r > rb then wake potential ψ can be negative inside the ion column. This is illustrated in

Fig. 3.1(c) where three distinct regions are evident from the contour plot of S. In addition

to the ion channel and plasma sheath regions included in the simple single-sheath model

employed in Refs. 35 and 36, it is clear that there is a third region of finite width where

S < 0 at the rear of the wake outside the bubble r > rb. This negative region is highly

localized to the rear of the bubble and drops off rapidly in terms of amplitude at ξ where

the bubble radii is larger.

Thus, we propose to use a multi-sheath model for the source term S comprised of three

regions to obtain a new expression for the wake potential ψ(ξ). Using the proposed model

for ψ(ξ) in conjunction with the nonlinear blowout theory presented by Lu et al. [35, 36], we

will calculate the trajectory of the bubble radius rb(ξ) and electric field Ez(ξ) while using the

constants of motion to constrain the variables. We find that numerical results obtained using

the proposed model agree well with PIC simulation results throughout the entire ion column.
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We also compare the results for the multi-sheath model to the those from the single sheath

model employed in Refs. 35 and 36. We also show the importance of using the multi-sheath

model when studying beam loading of nonlinear wakes from witness electron beams. To

accurately analyze beam loading in the nonlinear regime it is essential to have an accurate

equation for rb(ξ) and for ψ(r < rb). In the original work of Tzoufras et al. [38, 39], beam

loading was analyzed by determining how rb(ξ) is modified by the electromagnetic forces of

the witness beam. To obtain analytical results, Tzoufras et al. applied the large rb limit

to the differential equation for rb. We show that the multi-sheath model provides better

agreement and apply it to linear collider and self-injection parameters. Current profiles of

witness beams that flatten the wakes are provided. We will show numerical results obtained

for the multi-sheath model for wakes excited by intense lasers. For laser wakefield parameters

considered here, where matched spot sizes are used, we find that the theory does not work

as well as electrons are not completely blown out by the driver and the sheath structures are

more complicated. Last, a detailed discussion on the differences between the results for the

multi-sheath and single sheath models will be given.

3.2 The Plasma Wake Potential

Our goal is to obtain a more accurate expression for the differential equation for rb(ξ) and the

fields inside the ion column. We begin by concentrating on the wake potential from which

the accelerating and focusing fields for a witness beam are derived. The differential equation

for rb(ξ) can therefore be completely described if the wake potential is known. As mentioned

above, the simple sheath model used in Refs. 35 and 36 cannot accurately describe rb(ξ)

or the wake potential unless rb(ξ) is sufficiently large. For such a simple sheath model, the

wake potential is positive definite; however, it is known empirically from PIC simulations

that the wake potential approaches −1 at the rear of nonlinear multi-dimensional wakes.

In subsequent sections, we show that in order to get accurate predictions for rb and beam
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loading it is essential that the potential approach −1.

As noted above, it is straightforward to show that in order for ψ to be negative the

source term must be negative for some r > rb beyond the sheath. We thus propose a

phenomenological source term S that extends the single-sheath model from Refs. 35 and

36 by introducing a second plasma sheath ∆2 in which the source term is negative, i.e.,

S ≡ n2 < 0, outside the ion bubble r > rb. This is shown schematically in Fig. 3.2(a). For

comparison, we also show the simple model utilized by Lu et al. [35, 36]. While two sheaths

are usually enough to model the source term for wakes created by electron beams (PWFA

problems), the formalism can be extended to include an arbitrary number of sheaths. This

may be needed for accurate descriptions of nonlinear wakes created by laser drivers which will

be discussed later. Therefore, we refer to the proposed model as the “multi-sheath model”

since it can employ two or more sheaths while we refer to model used by Lu et al. [35, 36]

as the “single-sheath model” since it employs only one sheath.

As we will show in this section, this second sheath region ∆2 is needed to describe both

the physics and mathematics of the plasma wake features at the rear of the bubble. Once an

expression for ψ is obtained using the proposed model for S, we can solve for the trajectory

of the bubble radius rb, wake potential ψ, and accelerating field Ez. We note that others

[94, 95] have proposed different phenomenological sheath models than the one presented

here. These authors were motivated to obtain accurate descriptions for the fields inside the

sheath in order to study self-injection and hosing. In Ref. 94, an exponentially decaying

source term was used for S with a separate decay coefficient for Jz. For the fields inside the

ion cavity, such a model does not offer improvement and it still provides a positive definite

form for ψ. Thus, they cannot be used to study the trapping of test charges in static wakes.

Furthermore, the relative importance of ρ and Jz varies with ξ so that the viewing of ρ and

Jz as having two distinct decay coefficients is not consistent.

In addition, others [96] have proposed using a specific functional form for Ez(ξ) to ad-

dress the field divergence and describe the plasma forces in unloaded plasma wakes. While
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transverse slice at kpξ = 9 (dashed black) from Fig. 3.1(c). (c) Transverse slices of the source term

profiles from Fig. 3.1(c) at different kpξ.
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this can provide improvements, it does not provide an explanation for why this scaling is

necessary. Therefore, it is not predictive and cannot be used to study beam loading. On the

other hand, in the multi-sheath model, the plasma forces determine the bubble trajectory

rb(ξ) from which the electric field Ez[rb(ξ)] is calculated. The multi-sheath model thus struc-

turally addresses the field divergence through the plasma source term without constraining

the functional form of the electric field. Therefore, beam loading with arbitrary current

profiles can be self-consistently described by the force equation as a modification to rb(ξ)

and Ez[rb(ξ)]. And this cannot be done with the model from Ref. 96.

Henceforth, we will employ normalized units, where charge is normalized to electron

charge e, mass to electron mass m, velocity to c, charge density to enp, current density to

enpc, length to c/ωp, time to ω−1
p , electric fields to mcωp/e, and potentials to mc2/e. We

will also assume that the wake is excited by a bi-Gaussian electron bunch with a density

profile nb ∼ e−r
2/(2σ2

r)e−ξ
2/(2σ2

z) and a spot size σr much smaller than the blowout radius rm.

Following the convention used in Refs. 35 and 36, we will use step functions to model the

source term S as illustrated in Fig. 3.2(a) with

S =





−1, if r < rb

n1, if rb < r < rb + ∆1

n2, if rb + ∆1 < r < rb + ∆1 + ∆2

0, otherwise.

(3.2)

In Fig. 3.2(b), we show how the multi-sheath model compares to the actual source term

profile at kpξ = 9 obtained from the PIC simulation in Fig. 3.1. In order to understand

the physics represented in each region we write out the electron and ion source terms, S =

−(ρ − Jz) = −ρion − ρe(1 − vz). Inside the bubble, r < rb (region I), ρe = 0 and ρion = 1

so S(r < rb) = −1 as shown in Fig. 3.1(a). Due to space-charge separation from blowout,

plasma electrons are attracted back to the ξ-axis by the ion channel, thereby forming a plasma

sheath (region II) with a large negative density spike ρe � −1 at the bubble interface rb(ξ).
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From the constant of motion for a plasma particle γ −Pz = 1 +ψ [62], it can be shown that

vz =
1+P 2

⊥−(1+ψ)2

1+P 2
⊥+(1+ψ)2

[35, 36]. Therefore, the innermost sheath electrons at the top of bubble,

where P⊥ ' 0, propagate backwards vz < 0. Since (1− vz) > 1 and ρe � −1 in this region,

the innermost sheath is characterized by a positive source term S ≡ n1 > 0 within a finite

width region denoted by ∆1. As these innermost sheath electrons return back to the axis

where the wake potential ψ can approach −1, they can propagate in the forward direction

at nearly the speed of light, i.e., vz ∼ 1. In this region, the source term of the electrons is

reduced by the factor (1− vz)� 1. Despite this, the sheath width ∆1 remains finite at the

rear of the wake because the electron density spike along the bubble interface rb(ξ) is large

enough to offset the ion term, i.e., −ρe > 1
(1−vz)

� 1.

Near the back of the bubble, there exists a second plasma sheath (region III) of width ∆2

bordering the first in which the source term S ≡ n2 < 0. In this region, the electron density

is of the order of unity, i.e., ρe . −1, and plasma electrons are still propagating forward,

i.e., vz > 0. Therefore, −ρe(1− vz) < 1, resulting in a negative source term S < 0.

As can be seen in Fig. 3.2(c), the simulation profile of the second sheath varies with the

bubble radius rb(ξ) and ξ. For rb(ξ) close to the maximum radius rm ' 4.53, the second

sheath can generally be neglected since n2 ≈ 0. However, the amplitude of n2 rapidly

increases as rb(ξ) decreases, which is observed for transverse slices located at kpξ = 9, 9.25 in

Fig. 3.1(c). In most simulations, peak n2 values of ∼ O(− 1
10

) can be observed in the second

sheath region at the very rear of the wake where rb(ξ) goes to zero. Despite the fact that n2

is small, the width ∆2 usually extends over several plasma skin depths. Therefore, the source

term of the second sheath actually contributes the most to the negative pseudopotentials

observed at the rear of the wake when integrating Eq. (3.1). In regions r � rb far from the

blowout, both ∆1 and ∆2 connect to the linear regime where electron perturbation |δρe| � 1

is small and the electron velocities |vz| � 1 are non-relativistic. In this limit (region),

electrons oscillate at the plasma frequency ωp.

The parameters defined in Eq. (3.2), n1, n2,∆1, and ∆2, are related by the requirement
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that charge is conserved in each slice as derived in Refs. 35 and 36,

∫ ∞

0

(ρ− Jz)rdr = 0. (3.3)

Integrating Eq. (3.3), we obtain

− 1 + n1

[(
1 +

∆1

rb

)2

− 1

]
+

n2

[(
1 +

∆1 + ∆2

rb

)2

−
(

1 +
∆1

rb

)2
]

= 0.

(3.4)

We can rewrite Eq. (3.4) to solve for n1 in terms of n2, α1, and α2,

n1 =
1− n2 (α2

2 + 2α2α1 + 2α2)

(1 + α1)2 − 1
(3.5)

where α1 ≡ ∆1

rb
and α2 ≡ ∆2

rb
. If n2 = 0, we can recover the expression n1 = n∆ ≡ 1

(1+α1)2−1

from the single-sheath model.

We next calculate the wake potential ψ(r, ξ). To do this, we first need to determine the on-

axis potential ψ0(ξ) ≡ ψ(0, ξ). Once ψ0(ξ) is known, the wake potential ψ(r, ξ) = ψ0(ξ)− r2

4

is defined everywhere inside the bubble . To obtain ψ0(ξ), we integrate Eq. (3.1) across all

three regions defined in Eq. (3.2)

ψ0 =

∫ ∞

0

dr

r

∫ r

0

(ρ− Jz)r′dr′

=

[∫ rb

0

+

∫ rb+∆1

rb

+

∫ rb+∆1+∆2

rb+∆1

]
dr

r

∫ r

0

(−S)r′dr′

= ΨI + ΨII + ΨIII (3.6)

where ΨI =
r2b
4

is the contribution from the ion bubble, ΨII =
r2b
4

{
2(1 + n1) ln(1 + α1) −

n1

[
(1 + α1)2 − 1

]}
is the contribution innermost plasma sheath of width ∆1, and ΨIII =
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r2b
4

{
2n2(1 + α1 + α2)2 ln

(
1 + α2

1+α1

)
− n2

[
(1 + α1 + α2)2 − (1 + α1)2

]}
is the contribution

from second plasma sheath of width ∆2.

Summing the expressions of all the three regions and simplifying with Eq. (3.5), we obtain

a final expression for the wake potential inside the bubble (r ≤ rb(ξ)), similar to the one

derived in Refs. 35 and 36,

ψ(r, ξ) = ψ0(ξ)− r2

4

=
r2
b (ξ)

4
(1 + β′)− r2

4
(3.7)

where

β′ = 2(1 + n1) ln(1 + α1)− 1

+ 2n2(1 + α1 + α2)2 ln

(
1 +

α2

1 + α1

)
. (3.8)

Eqs. (3.7) and (3.8) contain the key differences between the present work and that in

Refs. 35 and 36. Naturally, these differences also affect the bubble trajectory rb since the

plasma forces depend on ψ. Thus, it is worth comparing and discussing the differences

between β and β′. First, if n2 is set to zero then it is trivial to see that β′ reduces to

β ≡ (1+α1)2 ln(1+α1)2

(1+α1)2−1
− 1 (using the conservation of charge to express n1 in terms of α1)

which is only a function of α1, and we recover the on-axis wake potential ψ0 = (1 + β)r2
b/4.

Furthermore, it is important to note that r2
bβ → 0 as rb → 0 and therefore the minimum ψ

at rear of the bubble is 0 for the single-sheath model.

On the other hand β′ is a function of four parameters β′(n1, n2, α1, α2) where each of

these parameters are unknown functions of rb. The goal is to use a combinations of physics

constraints and phenomenological arguments to reduce β′ to be a known function of rb.

First, we use the conservation of charge constraint, Eq. (3.5), which gives n1(n2, α1, α2) to

eliminate n1 from β′. Next, we will use empirical observations regarding ψ0(rb = 0) and
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phenomenological arguments for the dependence of n2, ∆1, and ∆2 to obtain an expression

for β′ in terms of rb.

We assume that the sheath widths are finite as rb approaches 0 and can thus we written as

∆1(rb) = ∆10c1(rb), ∆2(rb) = ∆20c2(rb), and n2 = n20h(rb) where c1, c2, and h are functions

of rb that approach 1 as rb → 0. We next take the limit of ψ(rb) as rb → 0 to obtain a

relationship between the empirical value of ψmin ≡ limrb→0 ψ(rb(ξ)), and ∆10, ∆20, and n20,

ψmin ≡ lim
rb(ξ)→0

β′
r2
b

4

= lim
rb(ξ)→0

[
(1 + n1)

r2
b

2
ln

(
1 +

∆1

rb

)
− r2

b

4

+ n2(rb + ∆1 + ∆2)2 ln

(
1 +

∆2

rb + ∆1

)]

=
n20

2
(∆10 + ∆20)2 ln

(
1 +

∆20

∆10

)
. (3.9)

where we have used the fact that it is straightforward to show that the first term in the limit

vanishes since limrb→0 r
2
b ln(1 + ∆1/rb) = 0 and that the amplitude of the innermost plasma

sheath remains finite n10 ≡ n1(rb = 0) =
−n20(∆2

20+2∆20∆10+2∆20)

∆2
10

due to charge conservation

with the second sheath from Eq. (3.5). Rearranging the terms in Eq. (3.9) to solve for n20,

we obtain

n20 =
2ψmin

(∆10 + ∆20)2 ln
(

1 + ∆20

∆10

) (3.10)

where ψmin is the minimum value of the on-axis potential ψ0. Empirically, it is known

that ψmin is negative, from which it follows from Eq. (3.10) that n20 must also be negative,

which had been argued above when we motivated the need for the multi-sheath model.

Additionally, from Eq. (3.5), it also follows that n10 must be positive if n20 is negative.

Eq. (3.10) is important because it constrains the parameter n20 for given value of ∆10,∆20,

and ψmin. While PIC simulations can be used to determine the exact value of ψmin in the
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nonlinear blowout regime, ψmin can be well approximated by −1 when the maximum bubble

radius is sufficiently large, i.e., rm & 3. Under these conditions, sheath electrons that trace

the bubble rb(ξ) travel near the speed of light, vz ∼ 1, with finite transverse momentum

P⊥ at the rear of the wake [52, 59]. From the constant of motion for a plasma particle

γ − Pz = 1 + ψ [62], it can be shown that 1− vz = 2(1+ψ)2

1+P 2
⊥+(1+ψ)2

[35, 36] so that vz → 1 when

ψmin → −1.

Until this point, we have not specified n1(rb), n2(rb), ∆1(rb) and ∆2(rb). In general, since

the phenomenological model for S employs simple step functions in each region, we will

not be able to fit these parameters exactly to empirical wake structures across all regions.

Instead, the goal is to use profiles for n1, n2, ∆1 and ∆2 that can reproduce the on-axis

pseudopotential ψ0(ξ) and innermost electron trajectory rb(ξ) for nonlinear plasma wakes.

Once these quantities are determined, the wake potential ψ(r, ξ) = ψ0(ξ) − r2

4
would be

correct everywhere inside the bubble r ≤ rb(ξ), which is the region of interest in the nonlinear

blowout regime.

Following the single-sheath model [35, 36], we use a profile for the first plasma sheath

width of ∆1 = ∆10 +∆s, where ∆10 ∼ O(1) and ∆s = εrb such that c1 = 1+ εrb. This profile

is consistent with the physical picture described earlier in which ∆1 remains finite near the

axis due to the large electron density spike |ρe| � 1 along rb(ξ). It is worth pointing out

that the values of ∆10 and ε can be varied slightly to adjust the length of the plasma wake.

We use ∆10 = 1 and ε = .05 in most cases and explicitly assume they do not depend on ξ.

To model the S < 0 region outside the bubble, we use a Gaussian profile n2 = n20e
−sr2b/r

2
m

such that h = e−sr
2
b/r

2
m and a constant width ∆2 = ∆20 for simplicity, where rm is the

maximum value of rb. While other profiles can be used to model this region, the Gaussian

profile is largely motivated by the observed behavior of n2 in PIC simulations [see Fig. 3.2(c)]

where it reaches a negative minimum when rb = 0 and approaches 0 as rb approaches the

blowout radius rm. We note that super Gaussians can be used, h = e−sr
t
b/r

t
m where tuning t

can improve the accuracy. The value of n20 is obtained using Eq. (3.10), where the minimum
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wake potential ψmin also needs to be provided as input. For nonlinear wakes in the blowout

regime, i.e., rm & 3, ψmin ≈ −1 can be used. For all cases presented in this paper, we use

s = 3 for the Gaussian coefficient (t = 2) and ∆20 = 3 for the second sheath so that the n20

values calculated from Eq. (3.10) are in agreement with values observed in simulations that

are typically ∼ O(− 1
10

). However, the results are largely insensitive to values of s and ∆20

ranging from 2 to 4.

We can now use β′(n20,∆10,∆20, h(s, rb), c1(ε, rb)/rb) (note that c2 = 1) to obtain the

trajectory of the bubble rb for a given rm. In a plasma wake, the bubble radius rb starts at

0 reaches a maximum value of rm and then returns to 0 at the rear. In the single-sheath

model, β(rb) is single valued (symmetric) inside the bubble and the sheath structure looks

the same in the front and back half of the bubble. On the other hand, in the multi-sheath

model (and in real wakes), the sheath structure looks different between the front and back

half (there is a single sheath in the front half). While it may be possible to merge the two

models, in what follows we concentrate on examining the back half of the bubble for both

loaded and unloaded wakes starting from the maximum blowout radius rb = rm.

As noted above much of the formalism in [35, 36] is independent of the choice for the

sheath model. Following the same procedure, the differential equation describing the trajec-

tory of the innermost plasma electron tracing the ion channel rb(ξ) can be shown to be,

d

dξ

[
(1 + ψ)

d

dξ
rb

]
= rb

{
− 1

4

[
1 +

1

(1 + ψ)2
+

(
drb
dξ

)2
]

− 1

2

d2ψ0

dξ2
+
λ(ξ)

r2
b

}
(3.11)

where the current profile of the drive and/or trailing bunch is given by λ(ξ) =
∫ r�σr

0
nbrdr.

By expressing ψ(r, ξ) in the form shown in Eq. (3.7), we can obtain a differential equation

for the innermost particle trajectory rb(ξ)
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A′(rb)
d2rb
dξ2

+B′(rb)rb

(
drb
dξ

)2

+ C ′(rb)rb =
λ(ξ)

rb
(3.12)

where the coefficients A′(rb), B
′(rb), and C ′(rb) are

A′(rb) = 1 +

[
1

4
+
β′

2
+

1

8
rb
dβ′

drb

]
r2
b ,

B′(rb) =
1

2
+

3

4
β′ +

3

4
rb
dβ′

drb
+

1

8
r2
b

d2β′

dr2
b

,

C ′(rb) =
1

4




1 +
1


1 +

β′r2
b

4




2



.

This is identical to Eq. (2.34) from chapter 2 except β is replaced by β′. It is worth

recalling that an underlying assumption of Eq. (3.12) is that the rb dependence in β′ arises

from h, c1 and c2.

Once rb(ξ) is calculated by integrating Eq. (3.12) starting from rm, the wake potential

described by Eq. (3.7) can be used to obtain the longitudinal electric field in the back half

of the bubble (r ≤ rb(ξ))

Ez(ξ) =
d

dξ
ψ0(ξ) = D′(rb)rb

drb
dξ

(3.13)

where D′(rb) ≡ 1
2

+ β′

2
+ 1

4
rb
dβ′

drb
. The slope of the electric field follows directly from Eq. (3.13)
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dEz
dξ

= D′(rb)rb
d2rb
dξ2

+ F ′(rb)

(
drb
dξ

)2

(3.14)

where F ′(rb) ≡ D′(rb) + 3
4
rb
dβ′

drb
+ 1

4
r2
b
d2β′

dr2b
.

In Fig. 3.3(a), we plot the bubble radius rb(ξ) numerically obtained by integrating

Eq. (3.12) and the sheath widths ∆1(rb) and ∆2(rb) on top of the actual source term S

from the simulation shown in Fig. 3.1 using ∆10 = 1, ∆s = εrb = 0.05rb, and ∆20 = 3.

We note that Eq. (3.12) is numerically integrated using the 4th order Runge-Kutta method

(RK4). The maximum bubble radius is rm ' 4.53. We also plot n1(rb) and n2(rb) where

the n20 parameter is calculated from Eq. (3.10) using ψmin = −1 and n1 is calculated from

Eq. (3.5). Excellent agreement is observed in the bubble trajectory rb(ξ) calculated using

the multi-sheath model and simulation results as seen in Fig. 3.3(a).

It can be seen in Fig. 3.3(a) that the model for ∆1 captures the most important regions of

the innermost plasma sheath (S > 0) along the bubble interface. While the constant width

profile for ∆2 sufficiently characterizes the S < 0 region at the rear of the wake, it does

not precisely track the empirical second sheath width at the top of the bubble. However,

as shown in Fig. 3.3(b), the profile of n2 (red) decays exponentially to zero near rm and,

therefore, the exact profile of ∆2 is irrelevant in this region. Near the top of the bubble,

n1 (black) can also be well-approximated by 1
(1+α1)2−1

because n2 approaches zero. When

rb goes to 0, n1 remains finite because of the negative n2 term in the continuity equation

[Eq. (3.5)], which is consistent with the physical picture described earlier and shown in

Fig. 3.3(a). However, in the single-sheath model, n1 = n∆ → 0 for rb → 0.

The limiting contributions from each of the three regions can also be characterized by

the respective wake potential terms defined in Eq. (3.6) and plotted in Fig. 3.3(c). When

rb approaches rm, the ion term ΨI (black) clearly dominates, the sheath term ΨII (red) is

on the order of unity, and ΨIII (blue) can be neglected because n2 goes to zero. However,

when rb/rm � 1, the order of importance is reversed, where ΨIII is now the most negative
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Figure 3.3: (a) Contour plot of source term S for a driver with Λd = 6, γb = 20000, kpσz = 1,

and kpξc = 0. The maximum bubble radius is kprm ' 4.53. The bubble radius rb [Eq. (3.12)] is

calculated using the multi-sheath model β′ with sheath widths ∆1 = ∆10 + ∆s = 1 + 0.05rb and

∆2 = ∆20 = 3 annotated in black. We use n2 = n20e
−sr2b/r

2
m where s = 3 and n20 is calculated

from Eq. (3.10) using ψmin = −1. (b) n1 [Eq. (3.5)] (black) and n2 (red) , (c) ΨI (black), ΨII

(red), ΨIII (blue) from Eq. (3.6), and (d) ψ0 [Eq. (3.7)] (red) and simulation data (black) plotted

as a function of rb/rm. The wake potential from the single-sheath model [35, 36] (blue) is obtained

using Eq. (3.7) with n20 = 0 [Eq. (3.10)] and ψmin = 0.
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component, ΨII is less negative, and ΨI approaches zero since rb → 0.

Whereas in Refs. 35 and 36 the sheath potential term ΨII was modeled as positive definite,

it can now flip sign because n1 remains finite at the rear of the wake instead of going to

zero. Combining all three terms, we observe strong agreement between ψ0 calculated from

Eq. (3.6) (red) and the on-axis wake potential obtained from the simulation data (black)

in Fig. 3.3(d). It is also worth noting that we can recover the single-sheath model, which

assumed that S ≥ 0 outside of the ion bubble r > rb(ξ), by setting n2 = 0 everywhere. Under

this assumption, n1 becomes n∆ = 1
(1+α1)2−1

and β′ becomes β = (1+α1)2 ln(1+α1)2

(1+α1)2−1
− 1 [35, 36].

It is clear from Eq. (3.10) that ψmin = 0 for such a model. We plot ψ0 (blue) in Fig. 3.3(d)

obtained by reintegrating Eq. (3.12) to obtain rb with n20 = 0 and all other parameters kept

the same. It is clear that the result from the single-sheath model begins to deviate from

the simulation results for rb/rm . 0.7. This shows that although the single-sheath model is

reasonable for such values, ψ0 still deviates because it is connecting to an incorrect value for

rb → 0.

In Fig. 3.4(a), we plot numerical calculations of the bubble trajectory rb(ξ) using the

multi-sheath model β′ with ψmin = −1 (red) and single-sheath model β with ψmin = 0

(blue) along with rb(ξ) obtained from PIC simulation results (black). It can be readily seen

that the addition of a second plasma sheath acts to bend the electron trajectories toward the

axis sooner, thus shortening the predicted wavelength. As a result, the multi-sheath model

demonstrates improved agreement with the simulation results over the single-sheath model.

The progressively more negative slope drb
dξ

observed in the simulation results is due to the

fact that sheath electrons copropagate with the wake, i.e., vz ∼ 1, as they approach the axis

where ψmin ≈ −1. Thus, they exhibit virtually no phase slippage dξ = (1− vz)dt ≈ 0 for a

given change in bubble radius drb in this region. In fact, we can show mathematically why

this also occurs in the multi-sheath model by rewriting drb
dξ

. Using the constant of motion

γ − Pz = 1 + ψ [62], we find that
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Figure 3.4: Comparisons of (a) rb, (b) drb
dξ , (c) dψ0

drb
and (d) Ez obtained from PIC simulation results

(black) and numerical calculations (red, blue) for the wakefield shown in Fig. (3.3). Integration

parameters are ∆1 = 1 + 0.05rb, ∆2 = 3, and n2 = n20e
−sr2b/r

2
m , where s = 3 and n20 is calculated

from Eq. (3.10) using multi-sheath model β′ with ψmin = −1 (red) and single-sheath model β with

ψmin = 0 (blue).

drb
dξ

=
drb/dt

dξ/dt
=

v⊥
1− vz

=
P⊥

1 + ψ
. (3.15)

For the innermost sheath electrons returning back the axis, the numerator P⊥ is known to

be negative and finite. However, the denominator will depend on what kind of model is used

for ψ. For the single-sheath model wherein ψmin = 0, the slope of the trajectory is limited

by drb
dξ
≈ P⊥ near the axis. However, for the multi-sheath model which employs ψmin = −1,

the slope drb
dξ

approaches −∞ near the axis where the denominator (1 +ψ) approaches zero.

As shown in Fig. 3.4(b), the asymptotic behavior of drb
dξ

predicted by the multi-sheath
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model (red) at the rear of the wake is also borne out in the PIC simulation results (black)

where the observed minimum wake potential is close to −1. This is an important point

because the derived expression for the electric field Ez(ξ) [Eq. (3.13)] not only depends on

rb but also on the slope of the trajectory drb
dξ

. Since both the multi-sheath and single-sheath

models for ψ(rb) are functions of only rb, we can express the electric field as Ez = dψ0

drb

drb
dξ

. As

can be seen in Fig. 3.4(c), the slope of the wake potential dψ0

drb
is larger for the multi-sheath

model across all rb than it is for the single-sheath model due to the larger peak to trough

amplitude of ψ0 when using ψmin = −1 rather than ψmin = 0. It is this term dψ0

drb
which

is initially responsible for the more negative electric fields obtained using the multi-sheath

model in the range 8 . kpξ . 9 seen in Fig. 3.3(d) where the slope of the trajectories drb
dξ

are largely similar for both models and simulation results. At the rear of the wake where

rb/rm � 1, the slope of the potential dψ0

drb
is small and approaches zero near the axis for both

single and multi-sheath models. Since drb
dξ

is finite for the single-sheath model, the calculated

electric field increases to zero at the rear of the wake kpξ & 9 as dψ0

drb
decreases. In contrast,

drb
dξ

approaches −∞ for the multi-sheath model near the axis resulting in the characteristic

negative spike in the electric field at the rear of the wake observed in PIC simulations results.

Therefore, for highly nonlinear plasma wakes, the multi-sheath model employing negative

ψmin is needed to predict the electric fields at the back of the bubble, which is a region of

interest for accelerating self-injected and trailing bunches.

3.3 Comparisons of Plasma Wakefield Theory and Simulations

In the work of Tzoufras et al. [38, 39], it was shown that beam loading in nonlinear plasma

wakes can be viewed as a modification to the trajectory of rb(ξ) due to the presence of a

witness beam with a normalized charge per unit length λ(ξ). Implicit in such an analysis is

the assumption that the theory of Lu et al. [35, 36] provides a reasonable prediction for rb(ξ)

(and hence the fields) due to the drive beam. However, the single-sheath model used by Lu
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et al. does not do as well in the second half of the bubble particularly where a witness beam

would be loaded into it.

In this section, we examine the predictions of Eqs. (3.12)-(3.14) for witness beams with

specified λ(ξ) and compare the numerical results with simulation results obtained using the

PIC code osiris [84] for various examples of nonlinear plasma wakefields in the blowout

regime. We also show how the multi-sheath model improves upon previous results by com-

paring it to the single-sheath model from Refs. 35 and 36. The purpose of these comparisons

is to show that the new multi-sheath model can be used to accurately predict the wake

potential ψ and electric field Ez at the rear of an unloaded plasma wake and in a loaded

wake with a known trailing bunch profile λ(ξ). In a subsequent section, we discuss how to

use the multi-sheath model to determine a profile λ(ξ) of a witness beam that leads to a

desired loaded wakefield Ez(ξ) and compare the results to those in Tzoufras et al. [38, 39].

3.3.1 Unloaded Plasma Wakes

We first examine several cases where an electron drive bunch is used to excite an unloaded

plasma wake. As mentioned previously, we are interested in plasma wakes where rm & 3.

For a bi-Gaussian driver with kpσz ∼ 1, this corresponds to Λd & 2 since rm ≈ 2
√

Λd [35, 36].

For these parameters, sheath electrons that trace rb(ξ) can be accelerated to high velocities

vz ∼ 1 as they approach the ξ-axis where ψmin can be well-approximated by −1 [52, 59]. This

regime is important because most injection schemes rely on accelerating sheath electrons into

the plasma wake at the back of the bubble by temporarily decreasing the phase velocity of

the wake. Once injected, these electrons can be accelerated to GeV energies with ultra-high

gradients. This region is also interesting because the accelerating fields Ez and transformer

ratios are largest for electron bunches at the rear of the wake. However, in order to model

the effects of beam loading in this region, we must first be able to capture the behavior of

the plasma wake in the absence of any externally injected or trailing bunch.

In Fig. 3.5, we plot the numerical calculations of the bubble trajectory rb(ξ), potential
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Figure 3.5: Comparisons of simulations (black) and numerical calculations (red, blue) of rb,

ψ0, Ez, and dξEz using Eqs. (3.7)-(3.10) for plasma wakes excited by bi-Gaussian electron drivers.

The peak charge per unit length Λd is 1, 2, 4 and 6 and the blowout radius kprm is 2.10, 2.85,

3.83 and 4.53 in figures (a)-(d), respectively. Nonevolving electron drivers with energy γb = 20000,

centroid kpξc = 0, kpσz = 1, and kpσr = 1
10

√
Λd were used. The integration parameters ∆10 = 1,

∆s = 0.05rb, ∆20 = 3 and s = 3 are used for all numerical calculations. The multi-sheath model

β′ (red) calculates n20 [Eq. (3.10)] using ψmin = −1 and single-sheath model β [35, 36] (blue) uses

ψmin = 0 and n2 = 0 everywhere. n1 is determined from Eq. (3.5).
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ψ0(ξ), electric field Ez(ξ), and electric field slope dξEz(ξ) from Eqs. (3.7)-(3.10) using the

multi-sheath model β′ (red) and single-sheath model β (blue) together with the cylindrical

PIC simulations results (black curve) for electron drivers with different Λd ranging from 1 to

6. The PIC simulations used high resolution grids with ∆z = ∆r = 1
128

c
ωp

, ∆t = 1
512

1
ωp

and

4 macro-particles per cell. Nonevolving drivers were used with γb = 20000, kpσz = 1, and

kpσr =
√

Λd
10
≈ rm

20
. For each case, the “simulation” results plotted in Fig. 3.5 are generated

from PIC grid diagnostics after the driver has propagated 500 c/ωp into the plasma at which

point the wake response has reached steady-state. The simulated bubble radius rb(ξ) is

determined by the contour of the source term S = −1 using PIC diagnostics for ρ and

Jz. The simulated electric field Ez(ξ) and wake potential ψ0(ξ) are also obtained directly

from PIC diagnostics. The multi-sheath model results are obtained using the same profiles

∆1 = 1 + 0.05rb, ∆2 = 3, n2 = n20e
−sr2b/r

2
m and s = 3 for all calculations. The multi-sheath

model calculates n20 [Eq. (3.10)] using ψmin = −1 while single-sheath model uses n2 = 0

everywhere and, therefore, ψmin = 0. The multi-sheath model is integrated starting at the

PIC simulation grid point where the axial electric field Ez is closest to zero in the bubble

and bubble radius is closest to its maximum. Therefore, the values for kprm and kpξ used

by the multi-sheath model are accurate to within a grid cell spacing, i.e., 7.8× 10−3.

In each case, strong agreement is observed between the calculated bubble radius rb(ξ)

and the simulation results along regions where rb is close to the maximum blowout radius

rm and where n2 can be neglected due to its exponential profile. It is only at the rear of

the wake that the trajectories rb(ξ) of the single-sheath and multi-sheath models begin to

deviate due to inclusion of the negative source term n2 which allows for ψmin = −1.

As noted previously, the negative wake potential near the axis employed by the multi-

sheath model and observed in PIC simulations is responsible for the bubble trajectories

bending back to the axis with large negative slopes drb
dξ

from Eq. (3.15) and hence large

negative values of Ez(ξ) = dψ
dξ

. This leads to the multi-sheath model providing better agree-

ment with the simulation results at the rear of the wake when compared to the single-sheath
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model. Although not shown for Λd = 1, the multi-sheath still works well if a less negative

value for ψmin is used. From simulation results, it can seen that ψmin ≈ −0.85 for Λd = 1.

Therefore, for these smaller amplitude wakes, the slope of the trajectory drb
dξ

from the PIC

simulation does not bend as much as predicted by Eq. (3.15) using the multi-sheath model

near the axis (with ψmin = −1). Thus, it is possible to improve the results by tailoring ψmin

from PIC simulation data for drivers with Λd . 1.

By construction, the on-axis wake potentials ψ0(ξ) differ at the very rear of the wake.

Both sheath models predict nearly identical peak potentials ψ0(rm), i.e., β(rm) ≈ β′(rm).

However, the values of ψ0(rb) differ between the two sheath models for rb . 0.7rm. Since

the multi-sheath model covers a larger range of potentials from peak, ψ0(rm), to trough,

ψmin ≈ −1, it also exhibits larger dψ0

drb
at all rb when compared to the single-sheath model.

The difference between the two models is more pronounced at lower Λd since the peak

potential scales roughly with the blowout radius squared ψ0(rm) ∼ r2
m from Eq. (3.7) while

the minimum wake potentials connect to ψmin = 0 for the single-sheath model and ψmin = −1

for the multi-sheath model.

In each case, the multi-sheath model produces a monotonically decreasing electric field

with a characteristic negative spike near the axis, which is also borne out in PIC simulation

results. However, this characteristic spike is absent in the single-sheath model, wherein the

electric field actually increases at the rear of the wake in every case. This is also noted

in the positive electric field slope dξEz predicted by the single-sheath model at the rear of

the wake. By comparison, the multi-sheath model and simulation results indicate that dξEz

should remain negative and monotonically decreasing until the innermost electrons reach the

ξ-axis.

3.3.2 Gaussian Trailing Bunches

We now present several cases in which short bi-Gaussian trailing bunches are placed at the

rear of the plasma wakefields shown in Fig. 3.5. The goal is to show that the multi-sheath
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Figure 3.6: Comparisons of simulations (black) and numerical calculations (red, blue) of rb, ψ0,

Ez, and dξEz using Eqs. (3.7)-(3.10) with bi-Gaussian drive and trailing bunches. The drivers

used are identical to those described in Fig. 3.5 for each Λd. The trailing bunch parameters are

kpξc2 = 6.5, 8, 9, kpσr2 = 0.08, 0.14, 0.14 and kpσz2 = 0.15, 0.25, 0.25 in figures (a)-(c), respectively.

All bunches are nonevolving with γb = 20000 and the peak charge per unit length of the driver

Λd and trailing bunch Λtr are the same in each case. The integration parameters {∆10,∆s,∆20, s}

are the same as those used in Fig. 3.5. The multi-sheath model β′ (red) calculates n20 [Eq. (3.10)]

using ψmin = −1 and the single-sheath model β (blue) uses ψmin = 0 and n2 = 0 everywhere. For

all calculations, n1 is determined from Eq. (3.5).
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Figure 3.7: Zoomed in version of Fig. 3.6(b).
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model provides accurate predictions for beam loading including regions where the wake

potential ψ is negative. In Fig. 3.6, we examine several examples in which trailing bunches

were added at the back of the same ion channels with centroids located at kpξc2 = 6.5, 8, 9

and bunch lengths kpσz2 = 0.15, 0.15, 0.2. The density profile contours of the narrow bunches

are also shown in plots of rb(ξ) (top row of Fig. 3.6). In each case, non-evolving drive and

trailing bunches with the same energy γb = 20000 and peak charge per unit length Λtr = Λd

are used. We note that the two-bunch configurations required longer propagation distances

of 1000 c/ωp in the PIC simulations to obtain steady-state wakefields. The multi-sheath

model using ψmin = −1 is shown in red while the single-sheath model using ψmin = 0 is

shown in blue. It is clear that the wake potentials ψ0(ξ) and electric fields Ez(ξ) of the two

models diverge at the back of the wake. In every case, the single-sheath model overestimates

the electric field in regions where the beam load is present. In contrast, the multi-sheath

model accurately captures the behavior of the nearly constant electric field in the center

of each beam and exhibits strong agreement with the simulation results. The difference

between the two models is also illustrated in plots of the electric field slope dξEz. To further

highlight the differences between the multi-sheath model and single-sheath model, we plot

in Fig. 3.7 the results from Fig. 3.6(b) zoomed in at the rear of the wakefield.

3.3.3 Phenomenological Parameter Optimization for Beam Loading

In the results presented so far, we have shown that the multi-sheath model reproduces the

qualitative plasma wake features in a various cases using a fixed set of phenomenological

parameters {∆10 = 1,∆s = 0.05rb,∆20 = 3, s = 3, ψmin = −1}. In some instances, however,

there can be a slight mismatch between the length of the wake predicted by the multi-sheath

model and observed in PIC simulations. The underlying reason is that the expression for ψ

employed by the multi-sheath model does not perfectly match the empirical wake potential.

Therefore, the trajectory [Eq. (3.12)] can slightly undershoot or overshoot the PIC simulation

results.
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Figure 3.8: Comparisons of simulations (black) and numerical calculations (red, blue) of rb (top)

and Ez (bottom) using Eqs. (3.7)-(3.10) for an (a) unloaded and (b) loaded plasma wake. The

driver and witness beam parameters are the same as those used for Figs. 3.5(d) and 3.6(c). Results

are shown using the multi-sheath model β′ with ∆10 = 0.875 (red) and ∆10 = 1 (dashed blue). The

parameters {∆s = 0.05rb, ∆20 = 3, s = 3, and ψmin = −1} are the same as those used in Figs. 3.5

and 3.6.

In Fig. 3.8(a), we show how the trajectory obtained using the multi-sheath model can

be adjusted by tuning the parameter ∆10 for the plasma wake shown in Fig. 3.5(d). Using

∆10 = 1 (blue), the multi-sheath model overestimates the the plasma wake length and,

therefore, the negative spike in the electric field occurs at a larger ξ when compared to

the simulations results. This disagreement can be addressed by reducing the first sheath

width ∆10 to decrease the length of the wake for improved numerical results. By using

∆10 = 0.875 (solid red), it can be seen that the calculated trajectory now crosses the ξ-axis

sooner resulting in improved agreement with the simulated bubble length. As a result, the
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calculated electric field exhibits nearly perfect agreement with the PIC simulation results at

the rear of the wake. While ∆10 was lowered to reduce the wake length in this example, it

is worth noting that higher values of ∆10 can be used to increase the wake length in other

cases. Once the parameter ∆10 is optimized for a particular driver, it can be used for any

beam loading calculations involving trailing bunches. In Fig. 3.8(b), we show how beam

loading results are improved by using the optimized ∆10 with a Gaussian trailing bunch. It

can be readily seen that numerical results using ∆10 = 0.875 provide better agreement with

the simulation results for the loaded wakefield and trajectory crossing with the ξ-axis.

3.4 Designing Beam Loads for Nonlinear Plasma Wakes

In the previous section, we showed that the multi-sheath model accurately predicts the

bubble trajectories and fields in the second half of unloaded and loaded plasma wakes in the

nonlinear blowout regime. We considered situations where the current profile of the trailing

bunch λ(ξ) was specified beforehand. In this section, we show how to design a beam load

λ(ξ) using Eqs. (3.10)-(3.12) to produce a specified plasma wakefield Ez(ξ) = f(ξ) for the

axial wake potential ψ0 = (1 + β′)r2
b/4. The beam profiles designed using the multi-sheath

model will be validated against PIC simulations using osiris [84]. Simulation results using

the multi-sheath model are compared to results obtained from Tzoufras et al. [38, 39]. In

the subsequent section, we discuss the differences between this model and Refs. 38 and 39.

3.4.1 Exact Solutions for Loading Arbitrary Wakefields

We consider here a general methodology for loading wakefields of arbitrary profiles Ez(ξt ≤

ξ ≤ ξf ) = f(ξ) when the current profile of the bunch has a well-defined beginning at ξ = ξt

and end at ξ = ξf . The current λ(ξ) profile required to produce the specified wakefield

f(ξ) can be obtained using a simple two-step process. In the first step, the unloaded bubble

trajectory rb(ξ) is calculated by integrating Eq. (3.12) starting from rb = rm. Once rb(ξ) is
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obtained, the unloaded wakefield Ez(ξ) is determined from Eq. (3.13). In the second step,

the order of operations is reversed. Since the desired loaded wakefield Ez(ξt ≤ ξ ≤ ξf ) = f(ξ)

is known, the loaded bubble trajectory r̃b(ξ) can be reversed engineered from Eq. (3.13) by

numerically integrating the following

dr̃b
dξ

=
f(ξ)

D′(r̃b)r̃b
(3.16)

from r̃b(ξt) = rb(ξt) ≡ rt to either r̃b(ξf ) or r̃b = 0, whichever comes first. The function

f(ξ) is constrained by boundary conditions at ξ = ξt, which require wakefield continuity

f(ξt) = limε→0− Ez(ξt+ε) ≡ −Et. Once r̃b(ξ) is calculated, the corresponding wake potential

ψ0(r̃b) = (1 + β′(r̃b))r̃
2
b/4 can be determined. Although Eqs. (3.12)-(3.14) were derived to

solve for rb(ξ) given λ(ξ), conversely they can instead be used to solve for λ(ξ) for a given

trajectory r̃b(ξ). Expressing the derivatives of r̃b(ξ) in terms of f(ξ) and df
dξ

using Eqs. (3.13)-

(3.14), we can rewrite Eq. (3.12) as

λ(ξ) = C ′r̃2
b+

(
B′

D′2
− A′F ′

D′3r̃2
b

)
f(ξ)2 +

(
A′

D′

)
df(ξ)

dξ
. (3.17)

f(ξ) is the desired loaded electric field and A′(r̃b), B
′(r̃b), C

′(r̃b), D
′(r̃b), and F ′(r̃b) are

specified in Sec. 3.2. Since the left-hand side must be positive definite (λ(ξ) ≥ 0) for an

electron bunch, the wakefield slope dξf is naturally constrained by Eq. (3.17). Physically,

this means that the slope of the loaded wakefield f(ξ) cannot be more negative than the

corresponding slope in the absence of any load. In cases where the slope dξf is sufficiently

negative, the current profile calculated from Eq. (3.17) would flip sign (λ(ξ) < 0) which

would require positive charge densities, e.g., positrons, along portions of the beam load

which cannot be focused. Although we have not discussed the transverse force, we note that

for azimuthally symmetric wakes the focusing force remains perfectly linear even for loaded

wakefields.
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3.4.2 Ultrarelativistic Blowout Regime

In the ultrarelativistic limit, where the bubble radius is large rb � 1, the sheath terms

are small, i.e., β′ � 1 and β′r2
b/4 & 1, relative to the ion term r2

b/4 � 1. There-

fore, Eqs. (3.16) and (3.17) can be approximated by the leading terms of the coefficients

[A′(rb), B
′(rb), C

′(rb), D
′(rb), F

′(rb), β
′(rb)] → (r2

b/4, 1/2, 1/4, 1/2, 1/2, 0). In this limit, the

loaded bubble trajectory can be expressed as

dr̃b
dξ

=
f(ξ)

r̃b/2

r̃b(ξ)
2 = r2

t + 4

∫ ξ

ξt

f(ξ)dξ. (3.18)

In the ultrarelativistic limit, the corresponding current profile of the beam load from

Eq. (3.17) becomes

λ(ξ) =
r̃2
b

4
+ f(ξ)2 +

(
r̃2
b

2

)
df(ξ)

dξ
. (3.19)

In the absence of a beam load (λ(ξ) = 0), it can seen from Eq. (3.19) that the slope of the

electric field inside the bubble df/dξ = dEz/dξ ' −1/2 when the bubble radius is maximum

rb = rm and f = Ez ' 1
2
rb
drb
dξ
' 0. As noted in the previous section, the slope of the

loaded wakefield is naturally constrained by Eq. (3.19). For an electron (or anti-proton)

beam λ ≥ 0,

r̃2
b

4
+ f(ξ)2 +

(
r̃2
b

2

)
df(ξ)

dξ
≥ 0 (3.20)

from which it follows,

df(ξ)

dξ
≥ −1

2

(
1 +

4f(ξ)2

r̃2
b

)
. (3.21)
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Eqs. (3.18) and (3.19) can be solved analytically for many functions f(ξ). However, any

such functions f(ξ) must satisfy Eq. (3.21) for all ξ ∈ [ξt, ξf ] along the beam load and the

continuity constraint at the head of the bunch f(ξt) = −Et. In Refs. 38 and 39, analytic

solutions to Eqs. (3.18) and (3.19) were derived for a beam load designed to produced a

constant wakefield f(ξ ≥ ξt) = −Et and df/dξ = 0 extending from the head of the bunch ξt

all the way to the rear of the wake r̃b(ξf ) = 0. Such a wakefield can be used to accelerate

a trailing bunch to multi-GeV energies while maintaining the kinds of low energy spreads

needed for next-generation linear collider and XFEL applicaitons.

For a constant wakefield df/dξ = 0, it is trivial to show that Eq. (3.21) is always satisfied

and the solution to Eq. (3.18) is a parabola r̃2
b = r2

t −4Et(ξ−ξt). It follows directly from the

loaded bubble trajectory that the maximum length of the beam load ∆ξtr ≡ ξf − ξt =
r2t

4Et

is limited by length of the bubble r̃b(ξf ) = 0. Substituting the loaded trajectory r̃b into

Eq. (3.19), the underlying current profile is given by

λ(ξ) = E2
t +

r̃b(ξ)
2

4
= E2

t +
r2
t

4
− Et(ξ − ξt). (3.22)

In Refs. 38 and 39, it was shown that this trapezoidal current profile could be written as

λ(ξ) =

√
E4
t +

r4
m

24
− Et(ξ − ξt) (3.23)

by solving for r2
t /4 =

√
E4
t + r4

m/2
4 − E2

t in terms of Et and rm in the ultrarelativistic

limit. In the following sections, we will compare the analytic result [Eq. (3.23)] derived by

Tzoufras et al. [38, 39] in the ultrarelavistic limit (β, β′ → 0, 0) with the exact beam profiles

obtained by numerically integrating Eq. (3.16) for both the multi-sheath β′ and single-sheath

β models.
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3.4.3 Comparisons of Theory and Simulation Results for Loading Constant

Wakefields

We next use the methodology outlined above to design beam loads that produce constant

electric fields extending to the very rear of the bubble. Exact profiles will be calculated

numerically from Eqs. (3.16) and (3.17) for the multi-sheath β′ and single-sheath models β.

We also present results for beam loads calculating using the analytic theory [Eq. (3.23)] in

the relativistic limit (β, β′ → 0, 0). Beam profiles obtained for each model will be simulated

using the PIC code osiris [84]. Finally, we will present examples of loading longitudinally

varying electric fields using the multi-sheath model and compare the numerical results to

PIC simulations.

We use ∆20 = 3, n2 = n20e
−sr2b/r

2
m , and s = 3 when numerically integrating Eqs. (3.16) and

(3.17). For each case, ∆10 is first optimized for the multi-sheath model using the unloaded

plasma wake. For the multi-sheath model, n20 is determined from Eq. (3.10), which depends

on the ψmin used. For the single-sheath model, n20 = 0 and, therefore, n2 = 0 everywhere.

Reasonable estimates can be obtained for a large parameter space if ∆10 = 1.

In Fig. 3.9, we compare results for an electron drive bunch with parameters Λd = 6,

γb = 20000, kpσr = 0.245, kpσz = 1 and kpξc = 0. The maximum blowout radius is rm ' 4.53.

For this driver, we found that a value of ∆10 = 0.875 gave the best results (see Fig. 3.8). We

use ψmin = −1 to determine n20. The unloaded bubble trajectory rb(ξ) (dashed red) obtained

from integrating Eq. (3.12) is also shown in Fig. 3.9(a). We are interested in calculating the

current profile of the beam load that can produce a constant wakefield starting at ξt = 8.5

using the multi-sheath model. To self-consistently solve for the loaded bubble trajectory

r̃b using the multi-sheath model, we numerically integrate Eq. (3.16) using rt ' 2.73 and

Et ' 2.26 from the unloaded calculations. The loaded trajectory r̃b obtained using the multi-

sheath model is plotted (solid red) in Fig. 3.9(a) and exhibits strong agreement with the

simulated wake trajectory produced by the underlying trailing bunch. The loaded trajectory
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Figure 3.9: (a) Plasma wake excited by a driver {Λd = 6, kpσr = 0.245, kpσz = 1, kpξc = 0} with

a load [Eq. (3.17)] placed at ξt = 8.5 designed to produce a constant wakefield Et = 2.26 using

the multi-sheath model β′ with ψmin = −1. The unloaded (loaded) trajectory is shown in dashed

(solid) red. (b) Predicted current profiles λ(ξ) for the multi-sheath model β′ (red), single-sheath

model β (green) with ψmin = 0, and analytic theory β′ = β = 0 (blue). (c) Simulated Ez(ξ) using

the profiles shown in (b). Ez(ξ) calculated from Eq. (3.13) using the β′ current profile is in black.

(d) Simulated Ez(ξ) using multi-sheath model β′ [Eq. (3.17)] to load the wake at ξt = 8, Et = 1.81

with ψmin = -0.9 (purple) and -1 (black).
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in the ultrarelativistic limit r̃b(ξ)
2 = r2

t − 4Et(ξ − ξt) is also plotted (dashed blue) using

rt ' 2.81 and Et ' 2.26 from the PIC simulation data. It can be seen that the loaded

parabolic trajectory (analytic result for ultra-relativistic regions of rb) underestimates the

length of the plasma wake as it crosses the axis much sooner than expected when compared

to the loaded multi-sheath trajectory.

The current profile λ(ξ) predicted by the multi-sheath model [Eq. (3.17)] is plotted (solid

red) in Fig. 3.9(b). For comparison, we also plot the current profile λ(ξ) ' 7.22 − 2.26 ×

(ξ − 8.5) [Eq. (3.23)] obtained in the ultrarelativistic limit (dashed blue line). While the

profiles are both trapezoidal, the multi-sheath model predicts a bunch length ∆ξtr ' 1.44

which is ∼ 63% longer that that of the analytic beam loading theory ∆ξtr =
r2t

4Et
' 0.88.

On the other hand, the analytic theory predicts larger currents along the load compared to

the multi-sheath model. Integrating the current profiles, the total loaded charge predicted

by the multi-sheath model Qtr/enpk
−3
p ' 41.8 (solid red) is ∼ 21% higher than the loaded

charge predicted by the analytic beam loading theory Qtr/enpk
−3
p ' 34.5 (dashed blue).

We also plot the beam profile calculated using the single-sheath model (dashed green) by

integrating Eqs. (3.16)-(3.17) with n2 = 0. For the single-sheath results, we self-consistently

sample the bubble radius rt ' 2.7 and electric field Et ' 2.05 at ξt = 8.5 from the unloaded

wake trajectory integrated from Eq. (3.12) using β instead of β′. The single-sheath model

significantly underestimates the slice currents of the beam load at all longitudinal positions.

The disagreement is largely attributed to the fact that the unloaded electric field predicted

by the single-sheath model does not capture the characteristic negative spike observed in

the multi-sheath model and simulation results in Figs. 3.4 and 3.5. Instead, the slope of the

unloaded electric field dξEz predicted by the single-sheath model flips signs from negative to

positive at the rear of the wake. As a result, the current profile predicted by the single-sheath

model also flips sign (λ < 0) at the rear of the wake which corresponds to positive charge

densities, i.e. positrons, along portions of the beam load.

In Fig. 3.9(c), we show the electric fields from PIC simulations using the currents profiles
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predicted by the multi-sheath model and analytic theory shown in Fig. 3.9(b). For reference,

we also plot the expected electric field from the multi-sheath model using Eq. (3.13). The

simulation results clearly show that the profile delineated by Eq. (3.23) (dashed blue) does

not extend to the very rear of the wake. The simulation results using the multi-sheath model

(black) produces a nearly constant electric field Ez over almost the entire length of the load

extending all the way to the back of the bubble. The electric field in the simulation is in

agreement with the expected field calculated using the multi-sheath model shown in red.

The deviation between these two curves is small (the red curve has a slight negative slope)

and can be attributed to the minimum wake potential ψmin not being exactly equal to −1.

In cases with longer loads ∆ξtr & rm/2, higher values of ψmin may be needed to correctly

load the wake, since the loads themselves can modify the electron momenta at the back

of the bubble and, therefore, alter the wake potential described by the constant of motion

1 + ψ = γ − Pz [62]. In Fig. 3.9(d), we show electric field simulation results using beam

loads [Eq. (3.17)] designed to produce a constant wakefield Et ' 1.81 starting at ξt = 8.

The bubble radius is rt ' 3.31 at ξt from the unloaded PIC simulation. Two different cases

are presented for trailing beams where n20 is determined from Eq. (3.10) using ψmin = −0.9

(solid purple) and ψmin = −1 (dashed black). While the black curve increases at the back

of the bubble (9.5 < ξ < 10.5), the purple curve remains flat over virtually the entire beam

load. The difference can be attributed to the fact that the underlying beam profile used

to load the wakefield in black is calculated using ψmin = −1 which is more negative than

the empirical value of ψmin ' −0.65 observed in the PIC simulation with the beam load as

predicted from the model. As a result, the current profile overestimates the length ∆ξtr over

which the wake can be loaded as well as the ion channel radius rb, thus leading to larger

currents from Eq. (3.17).

This issue can be addressed by incrementally increasing the value of ψmin used by the

multi-sheath model until it matches the empirical ψmin from the PIC simulation results

with the beam load. For ψmin = −0.9, we see that the plasma wakefield is nearly perfect
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loaded over a reduced bunch length in purple. The value ψmin = −0.9 is now in good

agreement with the minimum wake potential ψmin ' −0.87 found in the PIC simulation

results in purple. Integrating the current profiles of the underlying beam loads, the total

loaded charge Qtr/enpk
−3
p ' 55.4 obtained using the multi-sheath model with ψmin = −0.9 is

only marginally lower (∼ 7.5%) than the loaded charge Qtr/enpk
−3
p ' 59.9 calculated when

using ψmin = −1.

As in the previous example, the bunch length ∆ξtr ' 2.31 predicted by the multi-

sheath model using ψmin = −0.9 is ∼ 53% longer than the optimal bunch length pre-

dicted by analytic beam loading theory ∆ξtr =
r2t

4Et
' 1.51. As a result, the loaded charge

Qtr/enpk
−3
p ' 55.4 predicted by the multi-sheath model is ∼ 23% higher than the loaded

charge Qtr/enpk
−3
p ' 45 predicted by integrating Eq. (3.23) of the analytic theory. As in the

previous example shown in Fig. 3.9(b), the gain in the loaded charge Qtr is primarily driven

by the longer bunch length ∆ξtr. The increase in Qtr is lower than that of ∆ξtr because the

slice currents are also lower.

In the next example, we revisit a beam loading result published by Tzoufras et al. [39]

in which a bi-Gaussian driver {nb(r, ξ) = [Nb/(2π)3/2σ2
rσz]e

−r2/(2σ2
r)e−ξ

2/(2σ2
z), kpσr = 0.5,

kpσz = 1.41, Nb = 139(c/ωp)
3} is used to excite a plasma wakefield with a blowout radius

rm ' 5 in Fig. 3.10(a). For these parameters, the peak charge per unit length of the driver

is Λd ' 6.24.

Using an optimized sheath width ∆10 = 0.825 and ψmin = −1, the unloaded bubble

trajectory (dashed red) is calculated using the multi-sheath model [Eq. (3.12)] and plotted

in Fig. 3.10(a). We are interested in generating a beam profile that can load a constant

wakefield Et ' 1.75, as previously done in Ref. 39. From the unloaded PIC simulation

results, this electric field occurs at ξt ' 8.27 where the simulated bubble radius is rt ' 3.91.

Using the multi-sheath model, we self-consistently solve for the loaded bubble trajectory

r̃b (solid red) by integrating Eq. (3.16) starting at ξt ' 8.27. We use ψmin = −0.9 in this

example since the bunch length is long, i.e., ∆ξtr & rm/2. Strong agreement is observed
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Figure 3.10: (a) Electron density distribution of a plasma wake excited by an electron driver

{Λ = 6.24, kpσr = 0.5, kpσz = 1.41, kpξc = 0} with a load [Eq. (3.17)] placed at ξt = 8.27 designed

to produce a constant wakefield Et = 1.75 using the multi-sheath model β′. Integration parameters

are ∆10 = 0.825, ∆s = 0.05rb, ∆20 = 3, and s = 3. The unloaded (dashed red) and loaded

(solid red) trajectories are calculated using ψmin = −1 and ψmin = −0.9, respectively. (b) Current

profiles λ(ξ) for the multi-sheath model β′ (red) with ψmin = −0.9, single-sheath model β (green)

with ψmin = 0, and analytic theory β′ = β = 0 (blue). (c) Simulated Ez(ξ) using the profiles shown

in (b).
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between the loaded trajectory calculated from the multi-sheath model and the trajectory

from the PIC simulation with the underlying bunch. For reference, we also plot the loaded

trajectory in the ultrarelativistic limit r̃2
b = r2

t − 4Et(ξ − ξt) using rt and Et from PIC

simulation data. Like in the previous example, the parabolic trajectory underestimates the

length of the wake when compared to the loaded trajectory of the multi-sheath model.

The current profile obtained using the multi-sheath model [Eq. (3.17)] is shown in Fig. 3.10(b)

in solid red. For reference, we also plot the beam profile λ(ξ) ' 6.96 − 1.75 × (ξ − 8.27)

[Eq. (3.23)] in the ultrarelativistic limit in dashed blue. While both models predict trape-

zoidal profiles with similar slice currents, the bunch length predicted by the multi-sheath

model ∆ξtr ' 3.09 is nearly ∼ 42% longer than that of the analytic theory ∆ξtr =
r2t

4Et
' 2.18.

Despite the fact that most of the charge is front-loaded in both profiles, the total charge pre-

dicted by the multi-sheath model Qtr/enpk
−3
p ' 87.1 is still ∼ 25% more than the total

charge predicted by the analytic theory Qtr/enpk
−3
p ' 69.4.

The beam profile obtained using the single-sheath model (dashed green) with n2 = 0 is

also shown for qualitative comparisons. Since the head of the bunch is situated at rt/rm '

0.78 where the second sheath can be largely neglected, the single-sheath model will initially

predict slice currents similar to those obtained using the multi-sheath model. However, at

lower r̃b, the multi-sheath model and single-sheath begin to diverge as the second sheath

comes into play. Eventually, the current profile predicted by the single-sheath model turns

negative (λ < 0), similar to what can be seen in Fig. 3.9(b), due to the absence of the

characteristic spike in the electric field when using the single-sheath model.

In Fig. 3.10(c), we plot the PIC simulation results using the profiles given by the multi-

sheath model and analytic theory shown in Fig. 3.10(b). It can be readily seen that the multi-

sheath model provides improved accuracy over the analytic theory in terms of flattening the

wakefield. Furthermore, the beam load predicted by the multi-sheath extends all the way to

the very rear of the wake while the beam load predicted by the analytic theory does not.
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3.4.4 Total Accelerating Force

When loading a constant wakefield f(ξ ≥ ξt) = −Et, the interplay between the maximum

loaded charge Qtr and the accelerating field Et can be characterized by examining the total

accelerating force QtrEt. In Ref. 39, the total accelerating force was found to be

Qtr

e

eEt
mc2/re

=
1

43
(kprm)4, (3.24)

in the ultrarelativistic limit by integrating the analytic theory described by Eq. (3.23). An

exact calculation for QtrEt can be obtained by numerically integrating loaded trajectory

r̃b(ξ) from Eq. (3.16) and, then, integrating the current profile λ(ξ) described by Eq. (3.17)

using

Qtr

e

eEt
mc2/re

=
1

2

∫ ξf

ξt

λ(ξ)Etdξ (3.25)

for a specified constant wakefield Et until the very rear of the wake defined by r̃b(ξf ) = 0.

In Fig. 3.11, we plot the accelerating force QtrEt as a function of the accelerating field Et

for the plasma wakefield shown in Fig. 3.9(a) with a blowout radius rm ' 4.53. The blue line

corresponds to the analytic theory described by Eq. (3.24) while the red line is obtained by

numerically integrating Eq. (3.25) using the multi-sheath model starting at different positions

in the wake. For simplicity, we use ψmin = −1 to calculate QtrEt using the multi-sheath

model rather than tailoring ψmin for cases with long beam loads, i.e., ∆ξtr & rm/2. As shown

in the previous section, adjusting ψmin to account for self-consistent beam loading effects can

decrease the predicted charge by . O(10%).

As can be seen in Fig. 3.11, Eq. (3.24) predicts a constant accelerating force regardless

of where the load is placed while the multi-sheath model predicts an accelerating force that

decreases as the amplitude of the accelerating field Et increases. For values of Et < 2.73,

the multi-sheath model predicts more loaded charge Qtr than the analytic theory due to its
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Figure 3.11: The accelerating force QtEt as a function of the accelerating field Et for the plasma

wakefield from Fig. 3.9 with maximum bubble radius rm ' 4.53. The blue curve corresponds to

Eq. (3.24). The red curve is numerically integrated from Eq. (3.25) using the multi-sheath model β′

[Eq. (3.17)] to load constant wakefields, i.e., Ez(ξ ≥ ξt) = −Et, at different positions in the wake.

The same integration parameters {∆10 = 0.875,∆20 = 3, s = 3, ψmin = −1} from Fig. 3.9 are used

for each calculation.

longer beam loads with comparable slice currents. It is worth pointing out that all examples

of beam loading presented in Figs. 3.9 and 3.10 were operating in this range. On the other

hand, the multi-sheath model predicts less charge can be loaded for larger accelerating fields

Et > 2.73 because the lower slice currents now outweigh the differences between the predicted

bunch lengths. While the value of Et at the crossing point will vary on a case by case basis,

the qualitative features of the accelerating force QtEt predicted by multi-sheath model will

be largely similar for nonlinear wakes with different rm. Since the analytic theory is also a

limit of the multi-sheath model, the accelerating force QtrEt obtained using the multi-sheath

model also scales with r4
m when rm � 1.
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Figure 3.12: Simulation results (black) using the multi-sheath model [Eqs. (3.16)-(3.17)] with

ψmin = −1 for two different electric field profiles: (a) f(ξt ≤ ξ ≤ ξf ) = −Et + (ξ− ξt) from ξt = 8.5

to ξf = 9.5 and (c) f(ξt ≤ ξ ≤ ξf ) = −Et + E1 sin(k(ξ − ξt)) from ξt = 7.75 to ξf = 9.75 where

E1 = 1
4 and k = π. The solid red lines correspond to the electric field calculated from Eq. (3.13).

The corresponding current profiles λ(ξ) [Eq. (3.17)] from (a) and (c) are plotted in (b) and (d),

respectively. Analytic current profiles λ(ξ) calculated from Eq. (3.19) are plotted in dashed blue.
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3.4.5 Beam Loading Longitudinally Varying Wakefields

While much of the discussion has focused on loading constant wakefields, we will now present

several examples in which the loaded wakefield varies along ξ using the formalism described

by Eqs. (3.16)-(3.17) of the multi-sheath model. Designing beam loads for tailored dEz
dξ

is

of interest to self-injection or collider designs where initial energy chirps are present in the

witness beam. Beam profiles will also be presented in the ultrarelativistic limit (β′, β →

0, 0) using Eqs. (3.18) and (3.19). In each case, an electron drive bunch {Λd = 6, γb =

20000, kpσr = 0.245, kpσz = 1, kpξc = 0} is used to excite a plasma wake with a blowout

radius rm ' 4.53. Since the driver is identical to the one used in Fig. 3.9, we will also use

the same parameters {∆10 = 0.875,∆s = 0.05rb,∆20 = 3, s = 3} to obtain results using the

multi-sheath model β′. n20 is calculated from Eq. (3.10) using ψmin = −1 since the trailing

bunches are short. For this driver, we refer to Fig. 3.9(a) for the unloaded wake trajectory

(dashed red) calculated using the multi-sheath model.

In Figs. 3.12(a)-(b), we design a beam profile that provides a plasma wakefield with a

positive slope df/dξ > 0 that is constant. Such a wakefield can be used to dechirp a beam

with a positive energy chirp dξγ > 0 while still maintaining an accelerating field Ez < 0 over

the electron load. In this example, we choose to load the function f(ξ) = −Et + (ξ − ξt)

from ξt = 8.5 to ξf = 9.5 such that df/dξ = 1. From the unloaded trajectory calculated

from Eq. (3.12), the bubble radius rt ' 2.73 and electric field Et ' 2.26 at the head of the

bunch are known.

To calculate the beam load profile, we must first numerically integrate Eq. (3.16) to

obtain the loaded bubble trajectory r̃b(ξ) from ξt to ξf . After the beam load ξ > ξf , the

remaining unloaded trajectory is calculated by integrating Eq. (3.12) starting at r̃b(ξf ). The

electric field is then calculated from Eq. (3.13) across all regions (unloaded and loaded) and

plotted (solid red) in Fig. 3.12(a). From the results, it is clearly evident that the loaded

region does not extend to the very rear of the wake since the characteristic negative spike in
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the electric field is still present. In Fig. 3.12(b), the underlying current profile λ(ξ) calculated

from Eq. (3.17) is shown (solid red). Using this current profile, PIC simulation results (solid

black) shown in Fig. 3.12(a) indeed confirm that the desired wakefield f(ξ) is produced along

the bunch. Strong agreement is also observed between the simulated and calculated electric

fields in regions before and after the beam load.

In the ultrarelativistic limit β′ → 0, it is straightforward to show that the analytic

solution to Eq. (3.18) along the beam load is a hyperbola r̃b(ξ)
2 = r2

t −4Et(ξ−ξt)+2(ξ−ξt)2.

Substituting r̃b into Eq. (3.19), the analytic current profile is a parabola λ(ξ) = 3
4
r2
t + E2

t −

5Et(ξ − ξt) + 5
2
(ξ − ξt)2. This profile is evaluated using rt ' 2.81 and Et ' 2.26 from the

PIC simulation data and plotted (dashed blue) in Fig. 3.12(b). While this analytic profile

captures the general trend of the multi-sheath results, we note that disagreement is still

observed between the two profiles along portions of the load.

In Figs. 3.12(c)-(d), we design a beam profile that loads a sinusoidal plasma wakefield

to highlight the limitations of the magnitude of the loaded plasma wakefield slope df/dξ.

For this case, we choose to load the function f(ξ) = −Et + E1 sin(k(ξ − ξt)) from ξt = 7.75

to ξf = 9.75 where E1 = 1
4

and k = π . From the unloaded bubble trajectory calculated

from Eq. (3.12), we use rt ' 3.45 and Et ' 1.66 to numerically integrate the loaded bubble

trajectory r̃b(ξ) [Eq. (3.16)] from ξt to ξf . After the beam load ξ > ξf , the remaining

unloaded trajectory is calculated from Eq. (3.12) starting at r̃b(ξf ). In Fig. 3.12(c), we plot

the electric field calculated from Eq. (3.13) using the multi-sheath model in solid red. The

current profile of the load λ(ξ) calculated from Eq. (3.17) is plotted (solid red) in Fig. 3.12(d).

Using this current profile, the electric field from PIC simulation results (solid black) exhibits

strong agreement with the multi-sheath results in all regions.

As pointed out previously, λ(ξ) is defined to be positive definite for an electron load,

which limits how negative df/dξ can be in Eq. (3.17). As shown in Figs. 3.12(c)-(d), the

current profile approaches zero around ξ ≈ 8.7 where df/dξ is near its minimum. In this

case, increasing the amplitude or the frequency of the sinusoidal oscillation would result in
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a more negative slope df/dξ, which would require a positive (positron) charge density along

regions of the load to attract the sheath electrons that trace the bubble trajectory back to

the axis more quickly.

A similar analysis can be done in the ultrarelavistic limit where the analytic solution

to Eq. (3.18) is r̃b(ξ)
2 = r2

t − 4Et(ξ − ξt) + 4E1

k

[
1 − cos(k(ξ − ξt))

]
. Using this analytic

trajectory, the current profile of the underlying bunch λ(ξ) =
r̃2b
4

+ f(ξ)2 +
r̃2b
2
df
dξ

[Eq. (3.19)]

can now be completely expressed in terms of ξ where df
dξ

= kE1 cos(k(ξ − ξt)). The slope

df/dξ is naturally constrained since it is the only term which can be negative and λ ≥ 0

for an electron driver by definition. In Fig. 3.12(c), this profile is evaluated using rt ' 3.49

and Et ' 1.63 from unloaded PIC simulation results and plotted (dashed blue). While the

analytic current profile qualitatively reproduces the oscillations observed in the multi-sheath

profile, it is still an approximation of the multi-sheath model and, therefore, deviates from it

along portions of the beam load. For example, near ξ ≈ 8.7, the analytic current profile dips

to λ ≈ 1.56 whereas the multi-sheath profile approaches λ ≈ 0. In Sec. 3.6, we provide more

detailed comparisons between the single and multi-sheath models and the analytic results.

Explanations for these differences are also given.

3.5 Beam Loading in Laser Wakefields

Up to this point, we assumed that the wakefields are excited by electron drivers. However,

the formalism described in Sec. 3.2 can be easily extended to a laser driver specified by the

vector potential Alaser = <{A⊥eiω0/cξ} where ω0 is the laser frequency and a ≡ eA⊥/mc
2 is

the normalized vector potential envelope. To do this, we use the same source term profile

for S described by Eq. (3.2). Therefore, the expressions for the wake potential ψ = (1 +

β′)r2
b/4−r2/4 obtained by integrating Eq. (3.1) and the electric field Ez = dψ0

dξ
= D′(rb)rb

drb
dξ

are identical to the those derived in Sec. 3.2. The trajectory of the sheath electron for a

laser driver, as derived by Lu et al. [36], can be written as
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A′(rb)
d2rb
dξ2

+B′(rb)rb

(
drb
dξ

)2

+ C ′L(rb)rb

=
λ(ξ)

rb
−G′L(rb)∇⊥|a|2 (3.26)

where the new coefficients for the laser case denoted with the subscript “L” are defined as

C ′L(rb) =
1

4




1 +
1 + |a|2/2

1 +

β′r2
b

4




2



,

G′L(rb) =
1

4




1

1 +

β′r2
b

4






.

It is worth mentioning that A′(rb) and B′(rb) are the same coefficients specified for the

beam-driven wake in Sec. 3.2. While the equation of motion describing the trajectory of the

sheath electron is slightly different in the case of a laser driver, the general procedure for

modeling the wakefield remains the same. For the laser wakefields in this section, we use the

same profiles for ∆1(rb), ∆2(rb) and n2(rb) as described in Sec. 3.2. As in the beam-driven

case, n1(rb) is calculated from Eq. (3.5) and n20 is constrained by Eq. (3.10). Using these

quantities, we can calculate β′(rb) from Eq. (3.8) and, then, numerically integrate Eq. (3.26)

to obtain the trajectory of the sheath electron that traces rb(ξ) starting at the maximum

bubble radius rm. Once rb(ξ) is known, the wake potential ψ(r, ξ) and electric field Ez(ξ)

can be obtained everywhere inside the bubble r < rb(ξ).

For a laser that is well-guided in the plasma with a matched spot size W0 ∼ rm ∼ 2
√
a0

[36], determining the exact value of the blowout radius rm is generally more difficult because

the electrons are not completely blown out by the ponderomotive force of the laser, which
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is largely localized to W0. Complete blowout occurs for spot sizes W0 much less than the

matched spot size 2
√
a0 or for a0 � 1. In the absence of complete blowout, the particle

tracing “rb” is no longer the innermost electron but the characteristic sheath electron with

the largest forward velocity vz = 1 − 2(1+ψ)2

1+P 2
⊥+|a|2/2+(1+ψ)2

near the axis where ψ is minimum.

Like in the beam-driven cases, the minimum wake potential ψmin can be well-approximated

by values close to −1 when rm & 3 for the trajectory traced out by this electron. This regime

typically corresponds to lasers with normalized vector potentials a0 & 2 since rm ≈ 2
√
a0.

The methodology for loading a wakefield Ez(ξt ≤ ξ ≤ ξf ) = f(ξ) also remains largely

unchanged from the procedure described in Sec. 3.4. By integrating Eq. (3.16), we can then

obtain the modified sheath electron trajectory r̃b(ξ) corresponding to a loaded wakefield f(ξ)

starting at the beam head located at ξt. The only difference is that the corresponding current

profile for the beam load is now given by

λ(ξ) =C ′Lr̃
2
b +

(
B′

D′2
− A′F ′

D′3r̃2
b

)
f(ξ)2

+

(
A′

D′

)
df(ξ)

dξ
+G′Lr̃b∇⊥|a|2 (3.27)

where the last term corresponds to the ponderomotive force from Eq. (3.26). Typically, the

laser pulse lenght is sufficiently short enough so that the ponderomotive term in Eq. (3.26)

can be dropped in the back half of the wake.

In Figs. 3.13(a)-(c), we show the results for the bubble trajectory rb(ξ), potential ψ0(ξ),

and electric field Ez(ξ) obtained from calculations using the multi-sheath model (red) and

osiris (quasi-3D) PIC simulation results (black) for an unloaded wake excited by a 40

fs (FWHM) 0.8 µm laser driver after propagating into a constant plasma density np =

1.5 × 1018 cm−3. The PIC simulation used a customized finite-difference solver to reduce

numerical effects from relativistic particles [86, 82], a high resolution grid with kp∆r =

0.0073, kp∆z = 0.0059 and ωp∆t = 0.0029, and 32 particles per cell (2x2x8). The laser

is initially focused at the plasma entrance with a normalized vector potential a0 = 4 and
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Figure 3.13: Comparisons of simulations (black) and numerical calculations (red) of rb, ψ0 and

Ez using Eqs. (3.7), (3.13), and (3.26) for wakefields excited by intense lasers {a0 = 4, kpW0 =

4, λ = 0.8µm, τ = 40fs (FWHM)} propagating in a constant plasma density np = 1.5× 1018 cm−3.

At z = 0.32 mm, the electron density distribution is shown for two cases with (a) no load and (d)

a beam load designed to produce a constant wakefield starting at kpξ = 6 using Eqs. (3.16) and

(3.27). The insets show the lineout of the source term S at kpr = 2 (dashed black) for the unloaded

case and the trailing bunch profile λ(ξ) (red) obtained using the multi-sheath model for the loaded

case. The corresponding ψ0(ξ) and Ez(ξ) are shown in (b)-(c) and (e)-(f) for the unloaded and

loaded cases, respectively. The integration parameters are ∆10 = 0.3, ∆20 = 3 , and s = 3. n20 is

calculated from Eq. (3.10) using ψmin = −0.85 and n1 is calculated from Eq. (3.5).
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a transverse gaussian envelope having a matched spot size kpW0 = 2
√
a0 = 4 [36]. The

electron density distribution in the r − ξ plane is shown in Fig. 3.13(a) after a propagation

distance z = 0.32 mm into the plasma at which point the blowout radius is rm ' 4.26. It

can readily be seen that while the multi-sheath model generates a sheath electron trajectory

rb(ξ) in Fig. 3.13(a) that is in good agreement with the bubble trajectory from the simulation

results, it overestimates (underestimates) the potential (electric field) over most of the wake

in Figs. 3.13(b)-(c). The disagreement is primarily due to the fact that the plasma electrons

are not completely blown out by the ponderomotive force of the laser. Therefore, plasma

electrons can now propagate inside the bubble, i.e., r < rb, resulting in spatially varying

charge densities and currents in the bubble.

As a result, the expressions for ψ(r, ξ) [Eq. (3.7)] and Ez(ξ) [Eq. (3.13)] obtained using

the multi-sheath model [Eq. (3.2)] break down because the source term inside the channel

S(r < rb) is no longer exactly −1 as shown in the inset plot of S along r = 2 in Fig. 3.13(a).

The presence of plasma electrons inside the bubble is also important because the focusing

force is no longer perfectly linear. In addition, these electrons can move from the inside

(r < rb) to the outside of the bubble (r > rb) effectively splitting the plasma sheath into

two. This effect can be seen from the simulation results in the Fig. 3.13(a) inset near the

bubble radius rb(ξ) at ξ ≈ 6. This sheath splitting phenomenon can typically produce more

than 3 distinct regions in which S has alternating signs, which differs from the model assumed

in Eq. (3.2).

In Figs. 3.13(d)-(f), we show the electron density distribution of the laser-driven wakefield

at z = 0.32 mm with a beam load designed to produce a constant wakefield starting at ξt = 6.

To self-consistently load the wake using Eqs. (3.16) and (3.27), the electric field at the head

of the bunch is sampled from the multi-sheath model f(ξ > ξt) = −Et = −1.74 rather than

the simulation results. The current profile λ(ξ) of the beam load calculated from Eq. (3.27)

is shown in the inset of Fig. 3.13(d).

It is clear from the simulation results that the multi-sheath model fails to capture the
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behavior of the modified sheath electron trajectory r̃b [Eq. (3.16)], wake potential ψ0, and

electric field Ez in Figs. 3.13(d)-(f). The underlying reason is that the multi-sheath model

predicts an electric field at the head of the bunch that is more negative than the simulated

electric field. Therefore, the currents calculated from Eq. (3.27) are larger than needed due

to the f(ξ)2 term on the right-hand side. The simulation results show that the current profile

produces an electric field that actually increases along the beam load rather than remaining

constant.

It is also worth noting that the beam load blows out the remaining electrons inside the

channel r < rb and forms another thin plasma sheath as can be seen in the electron density

phase space and inset plots in Fig. 3.13(d). As these electrons are being blown out, the source

term inside the bubble becomes more negative until only ions remain and S(r < rb) = −1.

This effect also contributes to the positive slope of the loaded wakefield Ez near the head of

the bunch ξt.

From the results presented in this section, it is evident that the model for S described by

Eq. (3.2) is not sufficient for modeling unloaded and loaded laser wakefields. Plasma electrons

propagating inside the “bubble,” sheath splitting, and blowout of remaining electrons by the

beam load are some of the features making it difficult to apply the multi-sheath model, as

is, to cases with a laser driver. As a result, the structure of the plasma source term S for

an unloaded laser wakefield can be more complex as shown in Fig. 3.14(a). For these very

same reasons, electron beams are ideal for driving high-quality plasma wakefields in which

electrons are completely blown out and the focusing force is perfectly linear. While the

multi-sheath model can be adapted to laser drivers by using a source term model in which

S(r < rb) ≡ n0 is no longer constant [see Fig. 3.14(b)], the force equation will also need to

be modified due to the fields from the plasma currents inside the bubble. Such an analysis

will also require assumptions about the electron currents inside the channel. This is an area

for future work.
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Figure 3.14: (a) Contour plot of the source term −(ρ − Jz/c) for the unloaded laser wakefield

produced in Fig. 3.13. (b) Transverse slice of the source term profiles at different kpξ = 6.5.

3.6 Differences Between the Sheath Models and Analytic Theory

for Beam Loading

In this section, we provide details regarding the differences in the predictions between the

sheath and analytical models. These details also show why the anlaytic model provides

reasonable agreement for the witness beam current but poor predictions for rb.

From the results presented in Sec. 3.4, it is clear that the analytic theory can be a useful

tool for predicting the general form of the current profiles for beam loading. However, as

it is an approximation of the multi-sheath (and single-sheath) model, it is generally not as
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accurate even for rb ∼ rm. For beam loads designed to produce constant wakefields, the

resulting parabolic trajectory r̃b(ξ)
2 = r2

t − 4Et(ξ − ξt) predicted by Eq. (3.18) can also

deviate significantly from that of the multi-sheath model as seen in Figs. (3.9)-(3.10). As a

result, the analytic theory can underestimate the maximum length of the beam load ∆ξtr

and, thus, the total charge Qtr when compared to the multi-sheath results for these cases.

Despite this, the slice currents predicted by the analytic theory are still comparable to those

obtained using the multi-sheath model.

To understand why this occurs, we revisit the differential equation for the bubble trajec-

tory from Eq. (3.12). In the ultrarelativistic limit (β′, β → 0, 0), Eq. (3.12) describing the

innermost particle trajectory rb(ξ) was found to be [38, 39]

rb
d2rb
dξ2

+ 2

(
drb
dξ

)2

+ 1 =
4λ(ξ)

r2
b

(3.28)

where the wake potential is now

ψ0(ξ) ≈ ΨI =
r2
b

4
(3.29)

and the electric field is Ez(ξ) = dψ0

dξ
= 1

2
rb
drb
dξ

. As shown in Refs. 38 and 39, Eq. (3.28) can

be integrated starting at the blowout radius rm to obtain the following expression for the

bubble trajectory for an unloaded plasma wake (λ = 0)

ξ

rm
= 2E

[
arccos

(
rb
rm

) ∣∣∣∣
1

2

]
− F

[
arccos

(
rb
rm

) ∣∣∣∣
1

2

]

(3.30)

where F and E are incomplete elliptical integrals of the first and second kind. The corre-

sponding electric field can also be calculated analytically to be [38, 39]

Ez(ξ) =
1

2
rb
drb
dξ

= − rb

2
√

2

√
r4
m

r4
b

− 1. (3.31)
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Figure 3.15: (a) Electron density distribution and electric field Ez as a function of (b) ξ and

(c) rb(ξ) for a plasma wake excited by a nonevolving driver with parameters Λd = 6, γb = 20000,

kpξc = 0, kpσr = 0.245, and kpσz = 1. The maximum bubble radius is kprm ' 4.53. Simulation

data is shown in black. Numerically integrated results are shown for the multi-sheath model β′

(dashed red) with ψmin = −1 and the single-sheath model β (dashed green) with ψmin = 0 using

Eqs. (3.7)-(3.10) with ∆10 = 0.875, ∆s = 0.05rb, ∆20 = 3, and s = 3. Analytic results using

Eqs. (3.30) and (3.31) are shown in dashed blue.
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In Fig. 3.15, we compare the analytic theory [Eqs. (3.30)-(3.31)] with the multi-sheath

model (β′), single-sheath model (β), and simulation results for an unloaded plasma wake

excited by an electron driver with Λd = 6, kpσz = 1, γb = 20000, and kpσr = 0.245. For

the multi-sheath and single-sheath calculations, the integration parameters are specified in

the figure caption. From Fig. 3.15(a), it is clear that the bubble trajectory rb(ξ) (blue

dashed) described by Eq. (3.30) deviates significantly from the simulation results (black),

multi-sheath model (dashed red), and single-sheath model (dashed green). In fact, Eq. (3.30)

will always predict an ion channel with a half-length Lh ≡ ξ(rb = 0)− ξ(rb = rm) ≈ 0.85rm

whereas the bubble actually traces a nearly spherical shape Lh ≈ rm in this case.

In Ref. 36, it was pointed out that the deviation between the analytic expression for rb(ξ)

in Eq. (3.30) and the actual wake trajectory from PIC simulations could be largely attributed

to the additional (drb/dξ)
2 term in Eq. (3.28) which caused the particle trajectories to bend

toward the ξ-axis sooner than expected. Since the analytic theory underestimates the length

of the ion channel, it naturally follows that as shown in Fig 3.15(b) the electric field predicted

by Eq. (3.31) deviates from the empirical wakefield in a similar fashion. However, Eq. (3.31)

still captures the negative spike in the electric field near the axis since the slope of the

trajectory drb
dξ

= −
√

r4m
2r4b
− 1

2
approaches −∞ as rb → 0.

Upon inspection of Eq. (3.15), this behavior arises because P⊥ [Eq. (3.15)] asymptotes

to −∞ since ψmin = 0 for the wake potential ψ0 ≈ r2
b/4. Thus, althougth its underlying

approximations break down as rb → 0, the analytic model still predicts a spike because

P⊥ → −∞ while the multi-sheath model predicts a spike because (1 + ψ) → 0. On the

other hand the single-sheath model cannot predict a spike because P⊥ remains finite and

ψmin = 0. This is perhaps the most important distinction between the analytic theory and

single-sheath model in which the electric field is not a monotonically decreasing function of ξ

despite the fact that it also employs ψmin = 0. As we have shown in Sec. 3.4, this limitation

of the single-sheath model at the rear of the wake is the primary reason why it cannot be

used to design beam loads that produce constant wakefields, i.e., dEz
dξ
' 0.
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Despite the fact that Eqs. (3.30) and (3.31) cannot accurately model the bubble radius

and electric field as a function of ξ, the (Ez, rb) phase space predicted by Eq. (3.31) agrees

well with the simulation results and multi-sheath model for values of rb & 2 as depicted in

Fig. 3.15(c). This is important because the analytic current profile described by Eq. (3.22)

for loading a constant wakefield Ez(ξ ≥ ξt) = −Et samples the phase space of Et and rt at

the head of the load ξt. While Eqs. (3.30)-(3.31) do not accurately predict rt and Et as a

function of ξt, Eq. (3.23) can be evaluated using the simulation data instead. Sampling the

parameters this way will still produce self-consistent results in regions where the analytic

theory is assumed to be valid (rb & 3) since we are only shifting our initial position up the

phase space curve (Ez, rb).

For the profile described by Eq. (3.23), the loaded bubble trajectory obtained from

Eq. (3.28) is parabolic r2
b = r2

t − 4Et(ξ − ξt). As we will show below, this expression

underestimates the loaded wake length in the same manner as with Eq. (3.30). Therefore,

in many cases, the current profile predicted by analytic theory [Eq. (3.23)] does not produce

a perfectly constant wakefield over the entire bunch length. This can be seen in several ex-

amples provided in Ref. 39 where wakefields loaded using Eq. (3.23) still exhibit marginally

nonzero slopes.

The disagreement between the analytic theory (β, β′ → 0, 0) and multi-sheath model for

rb(ξ) stems directly from the underlying assumption that the wake potential contributions

from regions outside the bubble can be neglected, i.e., ψ0(ξ) ≈ ΨI =
r2b
4

. In Fig. 3.16(a), we

compare the ion term
r2b
4

(dashed blue) to ψ0 obtained from the simulation results (black),

the single-sheath model
r2b
4

(1 + β) (dashed green), and the multi-sheath model
r2b
4

(1 + β′)

(dashed red) for the driver specified in Fig. 3.15.

From the results, it is clear that the analytic curve (β′ → 0) is only close to the simulation

and multi-sheath model in a small region around rb ∼ 0.45rm. This is because the sheath

components ΨII + ΨIII = β′r2
b/4 cancel each other nearly exactly in this region as seen in

Fig. 3.3(c). In contrast, the term βr2
b/4 from the single-sheath model is positive-definite and
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Figure 3.16: (a) The on-axis wake potential ψ0 and (b) maximum bunch length ∆ξtr [Eq. (3.33)]

for loading a constant accelerating field Ez(rb ≤ rt) ' const ≡ −Et as a function of rt/rm for the

plasma wake shown in Fig. 3.15. The black curves use simulation data for ψ(rt) and Ez(rt) to

evaluate Eq. (3.33). Numerical calculations are shown for the multi-sheath model β′ (dashed red)

with ψmin = −1 and the single-sheath model β (dashed green) with ψmin = 0 using Eqs. (3.7)-

(3.10) with ∆10 = 0.875, ∆s = 0.05rb, ∆20 = 3, and s = 3. The analytic theory (dashed blue) for

ψ0 ≈
r2b
4 and ∆ξtr =

r2t
4Et

is evaluated using simulation data for rt and Et.
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only goes to zero when rb is zero. While the ion contribution ΨI = r2
b/4 is the leading term

when rb ≈ rm, it underestimates the wake potential since the sheath term ΨII(rm) is on the

order of unity while ΨIII(rm) is approximately zero, and can be neglected (since n2 ≈ 0)

as shown in Figs. 3.3(b)-(c). In this region, the wake potentials of the single-sheath and

multi-sheath models are in agreement with the simulation results since β′ ≈ β.

Even though the blowout radius rm ' 4.53 is large, the ion term r2
b/4 still underestimates

the simulated wake potential ψ0(rm)−r2m/4
ψ0(rm)

by approximately (∼ 20%) at the top fo the bubble.

Therefore, from Eq. (3.15), the bubble trajectory predicted by the analytic theory should

initially bend toward the axis with a more negative slope resulting in a shorter wake length.

On the other hand, when rb � rm, the ion term ΨI can be neglected while ΨII and ΨIII

from the multi-sheath model are both negative at the rear of the wake and, when combined,

capture the limiting behavior of the wake potential ψmin ≡ limrb→0 β
′r2
b/4 ≈ −1 in Fig. 3.3(c).

However, the analytic theory using ψ0 ≈ r2
b/4 and single-sheath model using ψ0 = (1+β)r2

b/4

result in ψmin = 0 at the axis. In addition, it is evident that the sheath term β′ → −∞

near the axis which violates the underlying assumption of the analytic theory that β′ can be

neglected. When including the source terms outside the ion channel described by Eq. (3.2) of

the multi-sheath model, the wake potential ψ0 = (1 + β′)r2
b/4 obtained in Eq. (3.7) exhibits

significantly improved agreement with the empirical simulation results across all values of rb.

As seen in Fig. 3.16(a), the curves for ψ0 from the single and multi-sheath models deviate

from each other at rt/rm as large as 0.7. This occurs because the curves must diverge such

that ψmin = 0 (single-sheath) rather than ψmin = −1 (multi-sheath) for rt → 0.

The maximum theoretical length ∆ξtr over which the plasma wake can be loaded also

depends on the profiles used for the on-axis wake potentials ψ0(rb(ξ)). In general, an ex-

pression for ∆ξtr can be obtained by integrating the electric field starting from the head of

the bunch rb(ξt) = rt to the rear of the bubble where the innermost particles cross the axis
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rb(ξf ) = 0 as follows

ψ0(rt)− ψ0(0) = −
∫ ξf

ξt

Ezdξ (3.32)

where ξf = ξt + ∆ξtr. For a constant loaded wakefield Ez(ξt ≤ ξ ≤ ξf ) ≡ −Et, we obtain

∆ξtr =
ψ0(rt)− ψmin

Et
(3.33)

where the minimum wake potential is defined by ψmin ≡ ψ0(0). While the presence of the

load will not modify the potential at the head ψ0(rt) due to continuity with the unloaded

region, it can alter the exact value of potential ψmin at the back of the bubble in some cases.

For the purpose of this analysis, we will use ψmin ' −1 to obtain an upper bound on ∆ξtr

for the multi-sheath model.

We can now calculate the maximum bunch length ∆ξtr over which a constant wakefield

can be loaded for the potential profiles specified in the analytic theory, single-sheath and

multi-sheath models. For the wake potential ψ0(rb) ≈ ΨI =
r2b
4

from Eq. (3.29), we recover

the expression ∆ξtr =
r2t

4Et
. This expression was also derived in Sec. 3.4 by solving the loaded

parabolic trajectory r̃b(ξ)
2 = r2

t − 4Et(ξ − ξt) for r̃b = 0 of the analytic theory. For the

potential used in the single-sheath model ψ0(rb) =
r2b
4

(1 + β) where ψmin = 0, the maximum

bunch length is ∆ξtr =
r2t

4Et
+

β(rt)r2t /4

Et
. For the multi-sheath potential ψ0(rb) =

r2b
4

(1 + β′),

where β′ satisfies the condition ψmin = −1, the maximum bunch length is ∆ξtr =
r2t

4Et
+

β′(rt)r2t /4+1

Et
.

In Fig. 3.16(b), we plot
r2t

4Et
(dashed blue) calculated by extracting (Et, rt) from simulation

data along with ∆ξtr calculated from Eqs. (3.7)-(3.10) for the single-sheath β (dashed green)

and multi-sheath model β′ (dashed red). For reference, we also plot Eq. (3.33) using values

of ψ0 and Et from simulation data (black). Since the potentials ψ0(rt) in Fig. 3.16(a) are

monotonically increasing, the maximum bunch length ∆ξtr that can be loaded increases with

rt in each case. The limiting behavior ∆ξtr →∞ is also observed in each case at the top of

the bubble (rt = rm) where drb
dξ

= 0 and Ez(rm) = −Et = 0.
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From the results displayed in Figs. 3.16(a)-(b), it can be readily seen that the multi-sheath

model generates values of ∆ξtr that agree well with those calculated from simulation data

while the model for ψ0 used by Tzoufras et al. [38, 39] underestimates the maximum bunch

length for all values of rt. The underlying reason is that the wake potential contributions

ΨII and ΨIII from source terms outside the ion channel are monotonically increasing with

rb as shown in Fig. 3.3(c) and, therefore, add to the potential difference between any two

points in the back half of the bubble. This potential difference manifests itself in the term

β′(rt)r2t /4−ψmin
Et

, which is positive definite since β′(rt)r
2
t /4 = ΨII + ΨIII ≥ ψmin for all rt as

depicted in Fig. 3.3(c). Since the ion channel ends at the back of the bunch, i.e., ξf = ξt+∆ξtr,

it also follows that the analytic expression for the bubble trajectory r2
b = r2

t − 4Et(ξ − ξt)

also underestimates the length of the ion channel Lh regardless of where the load is placed.

While the single-sheath model predicts longer bunch lengths than the analytic theory due

to the additional sheath term
β(rt)r2t /4

Et
which is positive definite, it still falls short of the

multi-sheath model since it does not account for the negative wake potential ψmin ≈ −1

near the axis.

3.7 Summary

We have proposed a multi-sheath phenomenological model for describing the source term

profile S ≡ − 1
enp

(ρ−Jz/c) of plasma wakefields excited by relativistic electron drivers in the

nonlinear blowout regime. Using the multi-sheath model and following the formalism of Lu

et al. [36], a new expression for the wake potential ψ(r, ξ) is obtained and then used to solve

for the trajectory of the innermost sheath electron rb by integrating the equation of motion

from the nonlinear blowout theory [36]. In cases with and without trailing bunches, we have

shown that the bubble radius rb, wake potential ψ0, and electric field Ez predicted by the

multi-sheath model are in much closer agreement with simulations results at the rear of the

wake when compared to the results from the simple sheath model used by Lu et al. [36].

82



In addition, the model demonstrates the capability to predict plasma wakefields in cases

where electrons are injected at the rear of the bubble. We have shown how the multi-sheath

model can be used to design beams that can load a constant wakefield and have discussed

differences between the predictions for beam loading based on the multi-sheath model and

single-sheath model in the ultrarelativistic limit used by Tzoufras et al. [39]. Two examples

are also provided in which the multi-sheath model is used to load longitudinally varying

wakefields. Finally, we examined the shortcomings of the multi-sheath model in cases with

laser drivers and briefly outlined how the model can be better adapted for laser drivers in

future work.
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CHAPTER 4

Generating High Quality Ultra-Relativistic Electron

Beams using an Evolving Electron Beam Driver

4.1 Overview and Proof-of-Concept Simulations

While the generation of ultra-relativistic electron beams through self-injection in an evolving

plasma wake has been observed in LWFA experiments [18, 19, 20, 21] and demonstrated in

simulations [58, 97, 98, 37], the beams produced to date do not exhibit the sufficiently low

energy spreads σγ and high normalized brightnesses Bn = 2I/ε2n required to drive XFEL

devices [40] where I and εn represent the current and normalized emittance, respectively. In

recent years, electron injection schemes involving field ionization [43, 44, 45, 46, 47, 48] or

the use of a plasma density down ramp (DDR) [49, 50, 52, 53, 92] have shown tremendous

potential for high quality beam generation for XFEL applications.

In this chapter, we propose and demonstrate a new method of controllable injection

using an electron beam driver whose spot size is decreasing in the nonlinear blowout regime

to control the wake phase velocity and hence induce electron trapping. As when using a

DDR, this proposed method relies on gradually elongating the ion column or cavity length

as the drive beam propagates. In this scheme, injection can be achieved by focusing the

electron beam driver over spot sizes, σr, ranging from the scale length of the blowout radius

∼ rm to spot sizes much less than rm. A schematic of this process is shown in Fig. 4.1(a). For

spot sizes in this range, we will show below that the ion column length and blowout radius

slightly increase as σr decreases and become insensitive to variations in σr when σr � rm.
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Therefore, self-injection can be induced by controlling the focusing of the drive beam. This

new approach is also a physically simpler alternative to injection methods such as DDR and

Ionization, which require sharp density gradients or multiple drivers to produce high quality

electron beams. Using OSIRIS simulations, we find for parameters expected to be achievable

at FACET II [99] that beams with Bn ∼ 1020 A/m2/rad2 could be produced.

The parameters that control this self-injection process are the peak normalized charge

per unit length Λ(ξ) ≡ 4πre
∫ r�σr

0
nb(ξ)rdr where ξ ≡ (ct − z) for a driver moving in the ẑ

direction, and the Courant-Snyder (CS) parameters, β, α, and γ [88], where β = 〈x2〉/ε,

α = −〈xx′〉/ε, γ = −〈x′2〉/ε, and ε =
√
〈x2〉〈x′2〉 − 〈xx′〉2 is the transverse geometric

emittance. The diffraction length for a particle beam in vacuum is β∗ ≡ σ2
0

ε
where σ0 is

the focal spot size.

The proposed injection process relies on tuning how the spot size evolves. The initial

evolution of the spot size,
√
εβ, can be estimated from Taylor expanding about its initial

value as it enters the plasma,

σr =
√
εβ = σi + σ′i∆z +

σ′′i
2

∆z2... (4.1)

where ∆z is the distance of the beam from the entrance of the plasma, σ′i =
√
εiγi

−αi√
1+α2

i

and σ′′i for the part of the beam that resides in the fully formed wake can be obtained from

σ′′r = ε2n
γ2bσ

3
r

(
1− γ2b k

2
βσ

4
r

ε2n

)
where kβ ≡ kp√

2γb
, kp ≡ ωp

c
, ω2

p ≡ 4πe2n0

m
, εn ≡ γbε is the normalized

emittance and γb is used for the relativistic factor of the beam to differentiate it from the

CS parameter, γ. Two distinct regimes exist depending on whether σ′i or σ′′i terms dominate

respectively. These regimes can also be defined as when kββ
∗ either � or � than unity.

These two regimes are illustrated in Fig. 4.1 where results from OSIRIS simulations

are shown. Simulations results presented here use the quasi-3D algorithm implemented

in OSIRIS which expands the fields and currents into an arbitrary number of azimuthal

modes m on an r-z grid [65, 67]. We also use a new customized finite-difference solver to

reduce numerical effects induced by the rapid rise in current during injection [82, 86]. The
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Figure 4.1: (a) Schematic of self-injection in PWFA. Simulation results are shown in two regimes

for for electron drivers with Λ = 6 focused into a plasma. (b) The projected spot size σr of the

driver is calculated from the simulation data (solid) and for vacuum propagation (dashed) for case

A (black) and case B (red). The plasma density profile is shown in blue. The plasma wake is shown

at propagation distances into the plasma of (c) z = 45 c/ωp, (d) z = 100 c/ωp, (e) z = 155 c/ωp

for case A and (f) z = 1630 c/ωp for case B.
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simulations used relatively high resolution with ∆z = ∆r = 1
128

c
ωp

, ∆t = 1
512

1
ωp

and 4 to 128

macro-particles per cell depending on the species and the number of azimuthal modes used.

In case A, a 10 GeV (γb = 20000) driver with a peak current of 51 kA (Λ = 6) is initialized

with a centroid at ξc = 0, σz = 0.7 c/ωp, a normalized emittance εn ≡ γbε = 41.9 c/ωp. For

this case, it is assumed that the driver is focused by a conventional optic, such as a permanent

magnet quadrupole (PMQ), so that the CS parameters at the plasma entrance are given by

βi ≈ 2115 c/ωp and αi ≈ 10.5. For these parameters kββ
∗ ≈ .1 and the evolution of the

spot size is dominated by vacuum diffraction as seen by the agreement between the spot size

evolution in the plasma from the simulation and the predicted vacuum evolution (dashed

black) in Fig. 4.1(b). As shown in Fig. 4.1(c), the wake is being excited in the nonlinear

blowout regime when the beam enters the plasma. As the driver spot size decreases, in Fig.

4.1(c)-(e) the bubble length also increases, thereby reducing the wake velocity γφ allowing

the highest energy sheath electrons with γz ≡ (1 − β2
z )
−1/2 > γφ to be trapped at the rear

of the wake. At spot sizes much less than the maximum blowout radius rm ≈ 2
√

Λc/ωp [36],

the wake wavelength and blowout radius approach their maximum values in Figs. 4.1(e) and

further focusing does not produce any injection.

In case B, an electron drive bunch with the same length, centroid, and energy is focused

to the entrance of the plasma with εn ≡ γbε = 24.5 c/ωp, and CS parameters βi = β∗ ≈

1225 c/ωp and αi ≈ 0. For these parameters kββ
∗ = 6.125 and as seen in Fig 4.1(b) the spot

size evolution (solid red) is now dominated by the focusing force of the plasma ion column.

Since the driver is not matched, it is self-focused by the plasma and oscillates at the scale

length of the betatron wavelength 2π
√

2γbc/ωp. During the first betatron period, plasma

electrons are injected at the rear of the bubble as the spot size of the driver decreases and

the wake expands as seen in Fig. 4.1(f). The spot size evolution σr(z) therefore deviates

significantly from the vacuum curve (dashed red). This regime is more complicated because

the ion channel is not fully formed along the entire driver and therefore only the rear of the

beam is fully focused. Each slice of the front of the beam oscillates at different betatron
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frequencies leading to the scalloping [28] seen in Fig. 4.1(f). Each scallop corresponds to a

full betatron oscillation within the ion channel.

While the spot size continues to oscillate after the initial injection in case B, the bubble

remains fully expanded due to beam loading effects and spot size damping (which will be

discussed in chapter 5). This can be seen in Fig. 4.2(a) where we plot the electron density

distribution of the plasma wake, driver, and injected beam after the driver has propagated

a distance kpz = 1630 into the constant density plasma. The blowout radius at this point

is rm ' 3.9 and each driver scallop corresponds to a full betatron oscillation [28]. As seen

in the inset plot of Fig. 4.2(a), the current profile of the injected bunch λ(ξ) varies from

2 (∼ 17 kA) to 4 (∼ 34 kA) over the core of the bunch.

Since the driver evolves over a length scale much greater than the wavelength of the wake

in case B, we can use the multi-sheath model [100] to characterize the effects of beam loading.

In Fig. 4.2, we compare numerical calculations (dashed red, solid red, and solid blue) of the

bubble trajectory rb(ξ), potential ψ0(ξ), and electric field Ez(ξ) from Eqs. (3.7)-(3.10) to

simulation results (black). The numerical calculations use λ(ξ) of the injected bunch taken

from the simulation. The integration parameters {∆10,∆20, s} are identical to those used in

Figs. 3.5 and 3.6. The solid red lines correspond to the loaded wake calculated using the

multi-sheath model with ψmin = −1 in Eq. (3.10), while the solid blue lines correspond to the

loaded wake calculated using the single-sheath model with ψmin = 0. For reference, we also

plot the unloaded wake (dashed red) obtained from the multi-sheath model to illustrate the

effects of beam loading from the self-injected bunch. Based on the results, it is clear that the

presence of the injected beam modifies the bubble trajectory and extends the wavelength of

the wake [Fig. 4.2(a)]. The injected beam, therefore, loads the wakefield Ez(ξ) as illustrated

by the numerical results from the multi-sheath model in Fig. 4.2(c). At the rear of the

wake, the multi-sheath model also agrees very well with the PIC simulation results while the

single-sheath model does not. This agreement is significant because it shows that it is now

possible to model precisely how self-injected beams load the plasma wake.
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Figure 4.2: (a) Electron density distribution of the plasma wake from case B at z = 1630 c/ωp.

The blowout radius is rm ' 3.9 at this point. The current profile λ(ξ) of the injected electrons

is shown in purple in the inset plot. Comparisons of simulation results (black) and numerical

calculations (dashed red, solid red, solid blue) of (a) rb, (b) ψ0, and (c) Ez using Eqs. (3.7)-(3.10).

For all calculations, the integration parameters {∆10 = 1,∆s = 0.05rb,∆20 = 3, s = 3} are the same

as those used in Figs. 3.5 and 3.6. The dashed and solid red lines correspond to the unloaded and

loaded wake calculated using the multi-sheath model β′ with ψmin = −1. The blue lines correspond

to the loaded wake calculated using the single-sheath model β with ψmin = 0.
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4.2 Electron Dynamics in Quasistatic Wakes with Different Driver

Spot Sizes

To understand the injection dynamics, we start by examining the electron trajectories within

quasistatic wakes excited by drivers with different spot sizes σr. For beam-driven wakefields

(PWFA), electrons are initially expelled by the space-charge force of the driver leaving behind

ions which attract the electrons back the axis. For a bi-Gaussian driver with a density

profile nb(ξ, r) = nb0e
−r2/(2σ2

r)e−ξ
2/(2σz)2 , the transverse force it exerts on a plasma electron

is Fd = mcωp(1 − βz)
Λ(ξ,r)
kpr

, where Λ(ξ, r) ≡ Λ(ξ)[1 − e−r
2/(2σ2

r)] denotes the charge per

unit length seen by an electron. In Refs. 35 and 36, it was shown that in the nonlinear

blowout regime the plasma wake forms a nearly spherical shape with a maximum blowout

radius rm ≈ 2
√

Λc/ωp based on the peak charge per unit length Λ = nb0σ
2
r . Therefore, the

electrons of interest reside within characteristic scale length of the wake ri . O(
√

Λc/ωp).

In the large spot size limit σr &
√

Λc/ωp, the transverse force of the driver on these

plasma electrons is small since only a fraction of the total charge per unit length of the

driver is seen Λ(ξ, r)� Λ(ξ). Therefore, a linear wake is produced by the driver where the

plasma electron perturbation is small. This can be seen in Fig. 4.3(a), where the electron

trajectories from a quasistatic PWFA simulation using the PIC code osiris are plotted.

A nonevolving driver with peak normalized charge per unit length Λ = 6 (51 kA), energy

γb = 20000 (10 GeV), spot size kpσr =
√

Λ, duration kpσz = 0.7, and centroid kpξc = 0 was

used.

As the driver spot size σr decreases, the wake response transitions from the linear regime

to the nonlinear blowout regime as the effective charge per unit length Λ(ξ, r) and the

transverse force increase within r .
√

Λc/ωp. This transition is typically signaled by the

formation of a thin, high density plasma sheath and electron trajectory crossing. This is

illustrated in Fig. 4.3(b) for a driver spot size of kpσr = 0.75
√

Λ corresponding to the particle

crossing threshold nb ≥ 1.792np [36]. As in the linear regime, the transverse force exerted on
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Figure 4.3: Electron trajectories obtained from simulations of quasistatic plasma wakes triggered

by nonevolving electron drivers with Λ = 6, γb = 20000, kpσz = 0.7, and kpξc = 0. The spot sizes

kpσr of the drivers are (a)
√

Λ, (b) 3
4

√
Λ, (c) 3

8

√
Λ, and (d) 1

8

√
Λ.

the plasma electrons within r .
√

Λc/ωp continues to increase as σr decreases in the blowout

regime. This leads to the larger blowout radii and bubble lengths seen in Figs. 4.3(c)-(d)

until complete electron cavitation occurs when σr �
√

Λc/ωp.

In order to understand and quantify how the wake expansion depends on the evolution of

the spot size, we performed numerous simulations using non-evolving drivers with varying σr

and Λ. In each quasi-static simulation, a 10 GeV (γb = 20000) driver with σz = 0.7 c/ωp was

used. We tracked the trajectories of the sheath electrons to determine the blowout radius

rm, the ion column length Lb, and the highest forward velocity γz,m of sheath electrons at the

rear of the wake. In Fig. 4.4(a), we plot the trajectories of r(ξ) for the highest energy sheath

electron for Λ = 6 and two different driver spot sizes kpσr=
1
32

√
Λ and 3

4

√
Λ respectively.

These tracks clearly show that the ion channel size varies for these two spot sizes. For each
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Figure 4.4: (a) Trajectories of the most energetic sheath electrons for σr = 1
32

√
Λc/ωp and

3
4

√
Λc/ωp when Λ = 6. The change in the bubble length ∆Lb is shown by the red dashed lines.

(b) The initial position of the plasma sheath electrons ri, (c) the change in bubble length ∆Lb,

and (d) the maximum sheath electron forward velocity γz,m as a function of the spot size σr for

quasi-static plasma wakes. Lengths are normalized by
√

Λc/ωp. Non-evolving electron drivers with

energy γb = 20000 and σz = 0.7 c/ωp were used. ∆Lb is also calculated from the evolving wake in

case A [see Fig. 4.1] and plotted in (c) with dashed black lines.

simulation in Figs. 4.4(b)-(d), we also plot the initial radius ri, deviation from the maximum

bubble length ∆Lb(σr) ≡ Lb(σr)−Lb(σr �
√

Λc/ωp), and maximum sheath electron forward

velocity γz,m ≡ (1− β2
z,m)−1/2 for the most energetic electron for a variety of spot sizes and

Λ. ∆Lb calculated from case A (dashed black) is also plotted in Fig. 4.4(c) which is in

reasonable agreement with the non-evolving results. The deviation can be explained from

beam loading effects from injected electrons.

As the spot size approaches the particle crossing condition, typically around ∼ 0.75 −
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0.85
√

Λc/ωp depending on Λ, the wake response transitions from the linear regime to the

blowout regime. This transition is signaled by a local maximum in ∆Lb and a rapid rise in

γz,m and ri due to formation of a thin plasma sheath. The most energetic sheath electrons

originate from initial positions ri ≈
√

Λc/ωp [Fig. 4.4(b)] which are insensitive to Λ. As in

the linear regime, the transverse repelling force exerted on these electrons increases with the

effective charge per unit length Λ(ξ, ri) as σr decreases, creating larger blowout radii and

bubble lengths as shown in Figs. 4.4(a) and 4.4(c). The sheath electrons also exhibit higher

γz,m [Fig. 4.4(d)] as more background electrons are blown out by the driver, increasing

the density spike and magnitude of Ez at the rear of the wake. Although γz,m increases

significantly it is still orders of magnitude below γb so trapping cannot occur. We also note

that both
∣∣∣d(∆Lb)

dσr

∣∣∣ and γz,m increase with Λ as seen in Fig. 4.4(c)-(d). When σr �
√

Λc/ωp,

the transverse driver force on the sheath electrons at ri peaks as Λ(ξ, ri)→ Λ(ξ), producing

complete electron cavitation within the wake. In this limit, the bubble length Lb, blowout

radius rm, and γz,m saturate at their maximum values and are insensitive to kpσr.

4.3 Electron Trapping and Acceleration in Evolving Wakes

For an evolving relativistic drive bunch (γb � 1), the wake phase velocity is defined by

βφ ≈ 1− dLb
dz

= 1− dLb
dσr

dσr
dz

. (4.2)

To calculate γφ, we need to determine dLb
dσr

and dσr
dz

. We assume that dLb
dσr

= d(∆Lb)
dσr

depends

only on the instantaneous spot size σr and, therefore, can be calculated directly from Fig.

4.4(c). The second term σ′r is straightforward to obtain for case A from Fig. 4.1. However,

for case B, σ′r is more complicated to determine because the spot size evolution varies along

ξ. The rear evolves as in a fully formed wake while the slices in the front have betatron

frequencies that depend on the amount of blowout which leads to a scalloping behavior

described above.
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For simplicity, we analyze case A in which σr evolves only as a function z and σr(z)

is well approximated by the vacuum CS parameters, σ′r = −α
√
ε√

β
. Using the beta function

and the CS relation βγ = 1 + α2, we obtain an expression for the spot size evolution

σ′r = −√εγ α√
1+α2 ≈ −

√
εγi, since γ is constant in vacuum and α � 1 during most of the

injection.

We next approximate γφ ≈
√

1
2(1−βφ)

and use Eq. (4.2) to obtain,

γφ ≈
√

1

2

1
dLb
dσr

1

σ′r
=

√
γb

−dLb
dσr

σ0

2εn
. (4.3)

From Fig. 4.4(c) we can see that dLb
dσr
≈ −1.76 for kpσr = 0.5

√
Λ and Λ = 6; therefore,

γφ (≈ 5.2) can be significantly reduced from γb making injection possible. In Fig. 4.5(a),

we plot γφ (dashed black) calculated from Eq. (4.3) for case A against γz,m (solid black)

when Λ = 6 from Fig 4.4(d). The vertical blue dashed lines enclose the region where the

injection condition is satisfied γz,m > γφ. As the driver focuses, self-injection begins near

σr ≈ 0.81
√

Λc/ωp as γz,m rapidly increases and crosses γφ. When σr ≈ 0.21
√

Λc/ωp, the

bubble length saturates dLb
dσr
→ 0 and injection terminates as γφ increases above γz,m.

Since Lb is a monotonically decreasing function of σr in the blowout regime, there is a

one-to-one mapping between the initial position zi and final position ξf of injected electrons

as seen in Fig. 4.5(b). This feature can lead to low absolute slice energy spreads as pointed

out in [52]. The dependance of ξf on zi is given by

dξf
dzi
≈ dLb

dzi
≈ κ

dσr
dzi

(4.4)

where κ is the average of d(∆Lb)
dσr

over the range 0.3− 0.7
√

Λc/ωp when Λ = 6 in Fig. 4.4(c).

Whereas σ′r ≈ −
√
εγi is determined from the vacuum beta function in case A, an lower

bound for σ′r in case B can be estimated by integrating σ′′r = ε2n
γ2bσ

3
r

(
1− γbσ

4
r

2ε2n

)
to obtain
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Figure 4.5: (a) γz,m (solid) and γφ (dashed) calculated from Eq. (4.2) as a function of σr for

case A. The blue dashed lines enclose regions of injection where γz,m > γφ. (b) The phase-space of

injected electron charge in the ξf − zi plane for case A (black) and case B (red). The dashed lines

are calculated from Eq. (4.4). (c) The phase space γ − ξ and (d) slice energy spread σγ of injected

electrons at position z = 260 (1630) c/ωp for case A (B). The injected beams are subdivided into

128 (64) slices for cases A (B), respectively, in (d).

∫
σ′rσ

′′
rdz =

∫
ε2n
γ2
bσ

3
r

(
1− γbσ

4
r

2ε2n

)
σ′rdz

σ′2r = − ε2n
γ2
bσ

2
r

− k2
βσ

2
r + Const. (4.5)

Since the driver in case B is initially focused at the plasma entrance with a focal spot size

σr(z = 0) = σ0 such that σ′r(z = 0) = 0, Eq. (4.5) can be expressed as

σ′2r = − ε
2
n

γ2
b

(
1

σ2
r

− 1

σ2
0

)
− k2

β

(
σ2
r − σ2

0

)
. (4.6)
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to obtain a lower bound for σ′r, we evaluate Eq. (4.6) at the matched condition σr = σm =(
2ε2n
γb

) 1
4

where σ′′r = 0

σ′r(σm) = −

√
− ε

2
n

γ2
b

(
1

σ2
m

− 1

σ2
0

)
− k2

β (σ2
m − σ2

0). (4.7)

To account for axial variations in the betatron frequency in case B, we also assume a simple

model in which the rear half of the drive bunch (which is fully contained within the ion

channel) undergoes betatron oscillations while the front half is approximately non-evolving

during injection. A more detailed analysis of the spot size evolution in the kββ
∗ � 1 regime

(i.e., case B) will be provided in chapter 5.

In Fig. 4.5(b), excellent agreement is observed between the injected electron phase space

(ξf , zi) and Eq. (4.4) in both cases. After some optimal acceleration distances, flat phase

space distributions in (γe, ξ) are achieved over some regions of the injected beams as shown

in Fig. 4.5(c). Within the regions enclosed by dashed lines in Fig. 4.5(c), average energies

of 169.7 MeV and 1.86 GeV and projected energy spreads of 1.1% and 0.7% for cases A and

B, respectively. In both cases, slice energy spreads as low as ∼ 0.5 MeV are also observed

along significant regions of the injected electron beams in Fig. 4.5(d).

The slice currents and normalized brightnesses of the final injected beams are calculated

and plotted in Fig. 4.6(a)-(b). While the injected beam duration in case A is nearly three

times that of case B, larger slice currents of I & 17 − 34 kA are observed across most

of the injected beam in case B. The large variations in the current profile at the front of

the injected beam in case B can be attributed to a more slowly evolving wake and beam

loading effects from the initial electron injection as noted in [52]. In Fig. 4.6(b), peak

normalized brightnesses of ∼ 16 and ∼ 27 [n0 cm−3] A/m2/rad2 are found for cases A and

B, respectively. In Figs. 4.6(c)-(d), peak slice brightnesses and corresponding slice currents

are plotted for various simulations ranging from Λ of 2 to 6. In the results shown, peak

brightnesses of at least & 1021 A/m2/rad2 are achieved across all values of Λ for plasma
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Figure 4.6: The beam slice parameters of the injected electrons for case A and case B: (a)

the current, in units of the Alfven current IA and (b) the normalized brightness Bn in units

of [(n0 cm−3) A/m2/rad2]. The injected beams are subdivided into 128 (64) slices for cases A

(B), respectively. (c) Slice current corresponding to the (d) peak normalized brightness of the

injected electron beam as a function of the driver parameter Λ. Each marker corresponds to a

unique simulation. Approximately 95 % of injected electrons are used when calculating the beam

parameters.
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densities of n0 ∼ 1020 cm−3 with slice currents ranging from 6− 26 kA.

At FACET II, it is anticipated that drive beams with currents in the range of 50-150

kA and durations of ∼ 3 fs (1 µm) will be available [99]. These parameters match the

simulations presented here for n0 ∼ 1019 cm−3, indicating that peak brightnesses higher than

1020 A/m2/rad2 and normalized emittances εn =
√

2I
Bn

as low as ∼ 10 nm can be produced

as shown in Figs. 4.6(c)-(d). In the next chapter, we presente a detailed parameter scan of

what is possible in the plasma focusing regime.

4.4 Summary

In this chapter, we proposed and demonstrated a new method of controllable injection to

generate high quality electron bunches. The concept relies on focusing an electron drive

bunch in the nonlinear blowout regime to expand the wavelength of the wake and induce

electron trapping. Injection was demonstrated in two different regimes using PIC simula-

tions. In the kββ
∗ � 1 regime (case A), the driver is focused according to the vacuum CS

beta function, while in the kββ
∗ � 1 regime (case B), it is self-focused by the plasma ion

channel. The multi-sheath model was used to illustrate the effects of beam loading due to

self-injection in case B. The wake evolution and injected beam parameters were also char-

acterized via theory and simulations. Injected beams with average energies of 169.7 MeV

and 1.86 GeV and projected energy spreads of 1.1% and 0.7% were demonstated in PIC

simulations of cases A and B, respectively. High quality beams were produced with peak

normalized brightnesses in excess of 1020 A/m2/rad2 and normalized emittances as low as

∼ 10 nm for plasma densities of n0 ∼ 1019 cm−3.
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CHAPTER 5

Characterizing the Injected Beam Parameters using

Plasma Focusing

5.1 Advantages of using the Plasma as the Focusing Optic

There are several advantages to operating in the plasma self-focusing regime (kββ
∗ � 1)

rather than the vacuum diffraction regime (kββ
∗ � 1). Perhaps, the most obvious advan-

tage is that much higher focusing gradients can be achieved using the plasma rather than a

conventional permanent quadrupole magnet (PMQ) as the focusing optic. In fact, the con-

cept of a passive plasma lens was originally proposed to improve beam luminosity for future

linear collider experiments [101]. For a typical plasma density of 1017 cm−3, the focusing

strength of the plasma can reach ∼ 3 MT/m [102], which is several orders of magnitude

higher than the focusing strength of state-of-the-art quadrupoles ∼ 560 T/m [103, 104].

Therefore, beams focused by PMQs are generally not capable of operating in the kββ
∗ � 1

regime (case A) for plasma densities which can provide high gradient acceleration. As a

result, for typical parameters injection must be triggered in the kββ
∗ � 1 regime (case B).

In this regime, the spot size is initially unmatched and will therefore oscillate. Injection

occurs during the first oscillation.

In reality, for short drivers kpσz ∼ 1, the plasma density and, thus, the focusing force will

vary along the driver in regions where plasma electrons are not completely blown out. As we

will show later, this can lead to different beam slices in ξ coming into focus at different times.

As a result, the driver can remain well-guided by the plasma with a reduced spot size long
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after the initial injection [see Fig. 4.1(b)]. This allows for much longer acceleration distances

and higher energies in the kββ
∗ � 1 regime (case B) compared to the regime kββ

∗ � 1 (case

A), where the driver defocuses as quickly as it focuses. This is ideal for beam loading scenarios

in which sufficient charge is injected, the plasma wakefield is flattened, i.e., dξEz ≈ 0, and

it is possible to take advantage of the longer propagation distances to produce multi-GeV

injected beam energies with low projected energy spreads. In addition, the injected beams

produced in the kββ
∗ � 1 regime also exhibit the kinds of trapezoidal current profiles [see

Fig. 4.6(a)] needed to load constant wakefields [38, 39].

While the underlying mechanics of injection are the same in each regime – the driver

focuses, the wake expands, and energetic sheath electrons are injected – it is clear that there

are numerous advantages to operating in the kββ
∗ � 1 regime as outlined above. Previously

in chapter 4, the evolution of the spot size of the drive beam, σ′r, was evaluated at the

matched spot size. In this chapter, we will develop a more robust model for characterizing

the injection process in the plasma self-focusing regime. The model will utilize the electron

sheath dynamics [Fig. 4.4] to predict how the final injected beam parameters vary with the

driver diffraction length β∗, initial energy γb, initial spot size σr and peak current Λ. Pa-

rameter scans of PIC simulations using the code osiris will also be presented and compared

with the theory. We will also show how to flatten the plasma wakefield by tuning injected

currents through the drive beam length σz.

5.2 A Theoretical Framework for Injection in the Plasma Focusing

Regime

We are interested in characterizing the wake evolution and, hence, injection due to spot size

focusing within the first betatron oscillation in the plasma focusing regime where kββ
∗ � 1.

As shown previously, the expansion rate of the wake can be written as

100



dLb
dz

=
dLb
dσr

dσr
dz

= κσ′r (5.1)

where κ can be calculated directly from Fig. 4.4(c). To evaluate Eq. (5.1), we need to de-

teremine σ′r. In the previous chapter, the spot size evolution σ′r was estimated by integrating

σ′′r = ε2n
γ2bσ

3
r

(
1− γbσ

4
r

2ε2n

)
and evaluating it at the matched condition σr = σm =

(
2ε2n
γbk2p

) 1
4
. Im-

plicit in our analysis was the assumption that a nonlinear plasma wakefield is excited in the

blowout regime using a driver that is focused at the plasma entrance with a focal spot size

kpσ0 . 0.8
√

Λc/ωp. For such a driver, the diffraction length is given by the initial CS pa-

rameter βi ≈ β∗ = σ2
0/ε and the matched spot size can be written as σm = σ0√

kββ∗
. As shown

in the previous chapter, injection can only be triggered by focusing the driver over a limited

range of spot sizes 0.3
√

Λc/ωp . σr . 0.8
√

Λc/ωp. Since we are interested in determining

σ′r during injection, it does not make much sense to evaluate σ′r at the matched spot size

in the asymptotic limit kββ
∗ → ∞ where σm → 0. Therefore, in the following section, we

will develop a more robust model for σ′r based on the periodicity of the betatron oscillations

rather than the matched spot size. Using this expression, we then obtain a formula for the

wake evolution dLb
dz

from which the wake phase velocity γφ can be calculated. Finally, we

develop expressions for the optimal acceleration distance and beam energy of the injected

beam. The theoretical predictions are then compared with cylindrical PIC simulations using

osiris for different driver parameters.

5.2.1 Drive Beam Evolution

We are interested in characterizing the evolution of the driver within the first betatron

oscillation where injection occurs. We consider here an axially symmetric and ultrarelativistic

(γb & 104) electron driver propagating along the ẑ direction in a plasma with a constant

background density n0. The driver is assumed to be operating in the nonlinear blowout

regime σr . 0.8
√

Λc/ωp producing an ion channel wherein ρ ≈ ρion = en0. In chapter 2, it
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was shown that the focusing force is linear F⊥ ≈ −1
2
r for a beam electron (vz → 1). For

the parameters considered here Λ . 10 and γb & 104, the energy loss of the beam electron

over a betatron oscillation can be neglected since |∆γb| ∼ eEz,mk
−1
β /mc2 ≈

√
2γbΛ � γb.

In addition, radiative damping can also be ignored as it typically occurs over length scales

much longer than the betatron wavelength [105]. Thus, the beam energy γb can be considered

constant over a betatron wavelength. As a result, the transverse equation of motion for a

beam electron can be written as

d2x

dz2
= −k2

βx (5.2)

where x is the transverse coordinate, z ' ct is the propagation distance, and kβ = kp/
√

2γb

is the betatron wavenumber corresponding to the background plasma density. The solution

to this simple harmonic oscillator is

x(z) = xi cos(kβz) +
x′i
kβ

sin(kβz) (5.3)

where xi is the initial transverse position and x′i = dxi/dzi = pxi/pzi is the initial divergence

of the particle. Assuming the driver is fully contained within the ion channel, we take the

ensemble average to solve for the spot size in terms of the initial CS parameters and obtain

σ2
x = 〈x2〉

= ε

[
βi cos2(kβz) +

γi
k2
β

sin2(kβz)− αi
kβ

sin(2kβz)

]
(5.4)

where βi =
〈x2i 〉
ε

, γi =
〈x′2i 〉
ε

, and αi = − 〈xix
′
i〉

ε
. It is evident from Eq. (5.4) that these

parameters, which are related by βγ = 1 + α2 [88], determine the evolution of the driver

spot size. For a driver that is initially focused such that βi ≈ β∗ =
σ2
0

ε
, γi = 1

β∗
and αi ≈ 0,
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we can simplify further to obtain an expression for the spot size in terms of the betatron

wavenumber kβ and diffraction length β∗

σ2
x = σ2

0

[
cos2(kβz) +

1

(kββ∗)2
sin2(kβz)

]
. (5.5)

For axially symmetric beams considered here, we note that the spot size evolution is the

same in both planes σr = σx = σy.

Eq. (5.5) is useful in that it describes the various operating modes of the driver. In the

absence of any plasma, i.e., kβ → 0, it is evident from Eq. (5.5) that the driver diffracts

exactly according to the vacuum CS evolution σ2
r = σ2

0

(
1 + z2

β∗2

)
. The driver evolution

can also be well-approximated by the vacuum solution when the diffraction length is much

smaller than the betatron wavelength, i.e., kβz ∼ kββ
∗ � 1. In such cases, the driver usually

diffracts sufficiently enough that the spot size becomes large σr >
√

Λc/ωp, casung the wake

response to transition from the blowout to the linear regime. In this regime, the electron

perturbation is small, and the driver diffracts as it would in vacuum.

For larger values of kββ
∗, the plasma focusing force plays an increasingly important role.

Upon inspection of Eq. (5.5), it can be seen that the driver spot size is perfectly matched,

i.e., σr(z) = σ0, when kββ
∗ = 1 as beam diffraction is balanced by the plasma focusing force.

However, a matched beam is not of interest since wake expansion and injection rely on

an evolving (non-matched) driver. When the betatron wavelength is much smaller than the

diffraction length, i.e., kββ
∗ � 1, the spot size evolution is dominated by the plasma focusing

force and from Eq. (5.5) can be approximated by σ2
r(z) ≈ σ2

0 cos2(kβz) =
σ2
0

2
[1 + cos(2kβz)].

In this limit, individual beam electrons that comprise the driver oscillate at the betatron

wavelength λβ = 2π/kβ = 2π
√

2γbc/ωp. However, since the driver spot size is positive-

definite by definition, it oscillates at 2kβ corresponding to half the betatron wavelength

λβ/2 = π
√

2γbc/ωp.

In reality, the spot size evolution of a short driver (kpσz ∼ 1) propagating in a plasma
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Figure 5.1: (a) The spot size evolution σr(z) of an electron drive bunch (solid black) with

Λ = 6, γb = 20000, and kpσr = kpσ0 = 1.225 focused at the plasma entrance with CS parameters

βi = β∗ ≈ 3200 c/ωp and αi ≈ 0. The longitudinal plasma density profile is shown in solid blue.

(b) The plasma wake produced near the plasma entrance at z = 60 c/ωp. The spot size evolution

is shown for slices in ξ corresponding to (c) [σz, 2σz], (d) [0, σz], (e) [−σz, 0], and (f) [−2σz,−σz].
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can be very complex as beam slices along ξ can evolve differently. It takes time for the ion

channel to form so the front of the beam feels a weaker focusing force. In Fig. 5.1(a), we show

how the projected spot size evolves from a PIC simulation of a 10 GeV driver (γb = 20000)

with a 51 kA peak current (Λ = 6), centroid kpξc = 0, and duration kpσz = 0.7 propagating

in a constant shelf density plasma. The driver is initially focused at the plasma entrance

with a spot size kpσ0 = 0.5
√

Λ ' 1.225 which is much larger than the matched spot size so it

operates in the plasma focusing regime kββ
∗ = 16 with a diffraction length β∗ = 3200 c/ωp.

From the simulation results in Fig. 5.1(a), it is clear that a portion of the driver oscillates

at nearly half the betatron wavelength λβ/2 = π
√

2γbc/ωp ' 628 c/ωp corresponding to the

background plasma shelf density np = n0. However, it is also evident that some portions

approach an equilibrium spot size near the matched spot size long after the first oscillation,

as the spot size does not return its original value. As shown in the electron density plot

taken near the plasma entrance in Fig. 5.1(b), this occurs because the plasma wake (blue)

is not fully formed along the entire driver (red). In regions where the plasma electrons are

not completely blown out, the effective charge density of the ion channel is reduced below

en0. Thus, the effective plasma focusing force and betatron wavelength will vary spatially

for beam electrons at different ξ and r and temporally in z/c as the wake evolves during

focusing.

For the reasons stated above, solving a Hill’s-like equation x′′ + k2
β(z)x = 0 is generally

not possible for the front of the beam since the plasma forces depend on the evolution of the

spot size. Instead, our goal is to develop a simple model for the driver spot size by examining

the empirical evolution of beam slices (each σz thick) along ξ from the PIC simulation in

Figs. 5.1(c)-(f). These slices are annotated in Fig. 5.1(b). We start with the slice at the

rear of the driver ξ ∈ [σz, 2σz] in Fig. 5.1(c) because its motion is easiest to understand.

It can be readily seen that the spot size of this slice oscillates at roughly half the betatron

wavelength λβ/2 since the ion channel is fully formed in this region. Examining the next

slice forward along the driver ξ ∈ [0, σz] (shown in Fig. 5.1(d)), we see that the focal distance
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increases as the ion channel is no longer fully formed. In this slice, the plasma electrons are

not completely blown out by the driver. It can be seen in Figs. 5.1(e)-(f) that this effect

becomes more pronounced for slices closer to the head of the beam as there is progressively

less expelled electrons. Even in these regions, the beam slices are still focused given that

the diffraction length is sufficiently long. However, at the very front of the driver where

the plasma is approximately neutral (not shown here), head erosion still occurs due to the

absence of a focusing force. Thus, the local wavenumber k(ξ) essentially ramps from 0 to

kβ0 from the front to the middle of the beam. Each slice therefore oscillates at different kβ

such that after each 2π/kβ0 the front of the beam develops an additional focus forming the

scalloping feature alluded to earlier.

The driver evolution described above bares some similarities to the concept of a flying

focus [106, 107] as different beam slices in ξ come into focus at different positions z in the

plasma. In PWFA, this occurs naturally because the plasma density and focusing force vary

across the driver. Since the focal length of a given beam slice depends on its longitudinal

position ξ, the overall projected spot size can remain below its initial value over scale lengths

much greater than the betatron wavelength. Consider two beam slices ξ ∈ [0, σz] [Fig. 5.1(d)]

and ξ ∈ [−σz, 0] [Fig. 5.1(e)] in regions where electrons are not fully blown out. As the front

slice begins to focus, it blows out more electrons in the regions behind it and the rear slice

sees the focusing force increase due to the higher effective ion channel density. As a result, the

spot size oscillation of the rear slice dampens after the first oscillation and σr remains below

its initial value. A similar process plays out for the slices in Figs. 5.1(e)-(f) and, in general,

for any two consecutive beam slices in regions where electrons are not fully blown out. This

cascading effect from one slice to the next leads to the total projected spot size remaining

focused below its initial value over distances much greater than the betatron wavelength as

seen in Fig. 5.1(a). Thus, the driver can remain well-guided in the plasma until head erosion

or pump depletion occurs.

In the previous chapter, it was shown that injection occurs as beam electrons are attracted
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to the axis within the first betatron oscillation. At the rear of the driver where plasma

electrons are mostly blown out, beam electrons are focused over the quarter period of the

betatron motion λβ/4 ' (π/2)
√

2γbc/ωp. However, as the effective betatron wavelength is

stretched for electrons in the front, spot size focusing and injection can be sustained over

longer distances. Even though a fraction of the driver continues to oscillate at nearly 2kβ

after the initial focusing [Fig. 5.1], the wake can remain fully expanded due to a combination

of beam loading effects [Fig. 4.2], scalloping, and damping of the spot size oscillation. As

a result, the injected electrons can remain accelerated at the rear of the wake over many

betatron wavelengths, enabling multi-GeV injected beam energies.

While it is difficult to capture all the physics of σr, we argue that σ′r can be approximated

by the fastest moving components over the injection length scale Linj ∼ λβ/4. Based on

the simulation results in Fig. 5.1, we propose a simple model in which the back half of

the driver oscillates at 2kβ while the front half is considered constant over length scales

z . Linj ' 314 c/ωp. Under this model, the total projected spot size can be written as

σr(z) =

√
σ2
osc + σ2

0

2
(5.6)

where σ2
osc ≡

σ2
0

2
[1 + cos(2kβz)]. Simplifying, the spot size can be expressed as

σr(z) =
σ0

2

√
3 + cos(2kβz). (5.7)

Taking the derivative of Eq. (5.7), we obtain

σ′r(z) = − kβσ0 sin(2kβz)

2
√

3 + cos(2kβz)
. (5.8)

In Figs. 5.2(a)-(b), we plot the analytic model for σr [Eqs. (5.7)-(5.8)] (red) along with

the PIC simulation results (black) for the driver shown in Fig. 5.1. From the results, it is
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Figure 5.2: (a) σr(z) and (b) σ′r(z) for the driver depicted in Fig. 5.1. Simulation results are

shown in black. Eqs. (5.5) and (5.8) are plotted in red and Eq. (5.9) is plotted in dashed blue.

evident that Eq. (5.7) does not account for the longer wavelength components of the driver

and spot size damping after the initial oscillation. Despite this, Eq. (5.8) provides a good

lower-bound estimate of σ′r calculated from the PIC simulation, as highlighted by the shaded

region in Fig. 5.2(b). This is important because the wake evolution from Eq. (5.1) depends

on σ′r. A lower-bound estimate for σ′r can therefore be approximated by evaluating Eq. (5.8)

at kβz = π/4 to obtain

σ′r ≈ −
kβσ0

2
√

3
. (5.9)

This expression is plotted (dashed blue) in Figs. 5.2(a)-(b) and exhibits strong agreement

with the driver evolution from the PIC simulation over a range of spot sizes. Eq. (5.9)

contains the betatron wavenumber kβ and the amplitude of the spot size focusing σ0, which

are the main features of σ′r within the first oscillation. Thus, even though it is a crude

approximation, it can give reasonable results for short drivers (kpσz ∼ 1) operating in the

blowout regime (kpσr .
√

Λ) as we will show in the following sections.
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5.2.2 Wake Evolution and Injection

Using our model for σ′r, we can now characterize the wake evolution for a driver in the plasma

focusing regime (kββ
∗ � 1). Substituting Eq. (5.9) into Eq. (5.1), we find

dLb
dz
≈ κσ′r ≈ −

κkβσ0

2
√

3
. (5.10)

Implicit in Eq. (5.10) is the assumption that the driver enters the plasma at a focus (βi ≈

β∗, αi ≈ 0) with a spot size kpσ0 . 0.8
√

Λ such that a nonlinear plasma wake is excited in

the blowout regime. It is also assumed that the spot size is sufficiently large kpσ0 & 0.3
√

Λ

so that the wake expands through spot size focusing. Recall that the relationship between

Lb and σr is approximately linear (κ is constant for this range of kpσr) in the blowout regime

as illustrated in Fig. 4.4(c). Therefore, κ = dLb
dσr

can be estimated numerically by calculating

the slope directly from Fig. 4.4(c) at kpσr = 0.5
√

Λ for a given Λ. It is worth noting that

the magnitude of the slope |κ| increases with Λ and is typically on the order of unity in the

ultrarelativistic limit Λ & 2. Thus, κ is an implicit function of Λ, where d|κ|
dΛ

> 0.

Eq. (5.10) is important because it can be used to determine a lower bound for the rela-

tivistic factor of the wake, γφ ≈
√

1
2(1−βφ)

. Recall from Eq. (4.2), βφ = 1 − dLb
dz

, which can

be used to approximate γφ by

γφ ≈
√

1

2

1
dLb
dz

≈

√ √
3

−κkβσ0

. (5.11)

Normalizing the focal spot size σ0 to the scale length of the wake
√

Λc/ωp and expressing

the betatron wavenumber in terms of the driver energy kβ = kp/
√

2γb, Eq. (5.11) can be

written in a more convenient form

γφ ≈ γ
1/4
b

(
1

Λ

)1/4
( √

Λ

kpσ0

)1/2(√
6

−κ

)1/2

. (5.12)

From Eq. (5.12), it can be seen that the phase velocity γφ depends on the driver energy

γb, focal spot size σ0, and peak charge per unit length Λ (κ is implicitly a function of Λ).
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A higher drive beam energy γb naturally leads to a higher γφ as the betatron wavelength

is stretched. Assuming kpσ0/
√

Λ is kept fixed, higher peak current Λ results in a lower γφ

as both the wake expansion rate |κ| = |dLb
dσr
| and scale length

√
Λc/ωp increase. A larger

normalized spot size kpσ0/
√

Λ can also be used to reduce γφ but kpσ0/
√

Λ must be in the

range between 0.3 and 0.8. Since the wake velocity scales as γφ ∼ γ
1/4
b , it can be dramatically

lower than γb. In fact, for |κ| ∼ O(1), σ0 ∼ O(
√

Λc/ωp), and Λ . 10, the wake velocity can

be well-approximated by γφ ≈ γ
1/4
b . Thus, for multi-GeV drivers γb ∼ O(104), we can expect

phase velocities γφ ∼ O(10), which is several orders of magnitude lower than γb.

In order for injection to occur, sheath electrons must travel faster than the phase velocity

of the wake as they approach the axis. Thus, the trapping condition is given by

γz,m > γφ (5.13)

where γz,m is the maximum forward velocity of the sheath electrons determined empirically

from Fig. 4.4(d) and γφ is wake velocity given by Eq. (5.12). For the driver {γb = 20000,Λ =

6, kpσ0 = 0.5
√

Λ, kpσz = 0.7} specified in Fig. 5.1, κ = dLb
dσr
≈ −1.76 from Fig. 4.4(c) and, in

turn, γφ ≈ 12.7 from Eq. (5.12). Upon inspection of Fig. 4.4(d), it is evident that Eq. (5.13)

is indeed satisfied as γz,m & 20 for spot sizes kpσr ≤ 0.5
√

Λ when Λ = 6.

In Fig. 5.3(a), we show the electron density distribution of the drive beam (red) and

plasma (blue) after the driver from Fig. 5.1(a) has propagated a distance of z = 1000 c/ωp

into the plasma. At this point, the injected beam is fully formed and located at the rear

of the wake. To illustrate the injection process, we plot the trajectories, r(ξ), of injected

electrons with colors indicating the original position, zi. It can be seen that plasma electrons

originating from initial positions zi . 100 c/ωp (light blue) trace out the initially unexpanded

bubble radius rb(ξ) as the spot size begins to focus. As they come back to the axis, they are

injected due to the reduced gamma factor, γφ, of the wake and begin to form the head of the

injected beam. Injection continues to occur for electrons deeper into the plasma with larger

initial positions zi & 100 c/ωp (dark blue/purple) as they trace out longer wake lengths due
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Figure 5.3: (a) The plasma wake produced by the drive bunch shown in Fig. 5.1 at z = 1000 c/ωp.

Injected electron trajectories are shown with colors indicating the original longitudinal position zi.

(b) The phase space (ξf , zi) of the injected electron charge. Eq. (5.10) is evaluated and plotted

(solid black). The injection region is enclosed by the dashed black lines. (c) The on-axis electric

field Ez produced by the plasma wake shown in (a). The purple line is a linear fit around the

injected beam centroid, which is marked by an opaque circle in the inset plot. (d) The electric

field, Ez, experienced by an electron that is mapped to the injected beam centroid ξ̄f ≈ 8.44

(solid blue). 〈Ez〉inj (solid black) is the average electric field experienced by the electron as the

wake continues to expand after the initial injection (shaded region). Ez(ξ̄f ) (dashed black) is the

asymptotic accelerating field felt by the electron when the wake is fully expanded.
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to spot size focusing, therby forming the rest of the injected beam. Eventually, this process

terminates when the spot size further decreases to the point that the wake is fully expanded.

The final position in the plasma wake, ξf , for an injected electron originating from a given

initial position, zi, can be approximated by the instantaneous wake length Lb at the “time”

of injection z/c = zi/c. Since Lb is a monotonically decreasing function of σr in the blowout

regime, there is a one-to-one mapping between the injection time zi/c and final position in

the wake ξf of injected electrons as shown in Fig. 5.3(b). The relationship between ξf and

zi is characterized by the wake evolution described by Eq. (5.10) which is plotted in solid

black on top of the phase space (ξf , zi) in Fig. 5.3(b). Good agreement is observed between

Eq. (5.10) and the simulation results over the middle of the injected beam. It can also be

seen that the longitudinal distance over which injection occurs, enclosed by dashed black

lines, can be well-approximated by the quarter betatron period Linj ∼ λβ/4 = π/2kβ.

Once injected, electrons remain near the axis due to the focusing force of the ion channel

Fi and are accelerated by the large negative electric field at the rear of the wake as seen in

Fig. 5.3(c). As the length of the injected bunch ∆ξtr (recall that ∆ξtr = dLb
dz

∆zi ∼ 1
2γ2φ

∆zi)

is much smaller than the wake scale length
√

Λc/ωp, the electric field near the injected beam

centroid ξ̄f ' 8.44 c/ωp can be approximated by a linear fit (purple) with eEz(ξ̄f )/mcωp '

−2.35 and d(eEz(ξ̄f )/mcωp)/d(kpξ) ' −0.63. While Fig. 5.3(c) provides a snapshot of the

final steady state accelerating field Ez(ξ) at z = 1000 c/ωp, it does not capture the electric

field evolution during injection.

To illustrate the difference between the injection and acceleration phases, we plot the

electric field Ez experienced by an electron mapped to the final beam centroid ξf ≈ 8.44 as

it is injected and accelerated along the longitudinal direction z in Fig. 5.3(d). The shaded

region indicates the range of z over which injection occurs in Fig. 5.3(b). When the electron

is injected around z = 200 c/ωp, it experiences a large accelerating field eEz/mcωp ' −4 as it

is initially situated near the electric field spike at the rear of the wake. As the wake continues

to expand, this characteristic spike moves backward to larger ξ and the magnitude of the
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electric field felt by the electron at ξf decreases. Eventually, it asymptotically approaches

the final accelerating field eEz(ξ̄f )/mcωp ' −2.35 (dashed black) when the wake is fully

expanded (but no injection occurs then). However, it can be seen in Fig. 5.3(d) that the

average electric field in the injection phase e〈Ez〉inj/mcωp ' −2.82 (solid black) is nearly

∼ 20% more negative than the asymptotic electric field. The initial enegy chirp is thus larger

than the simple estimate. This is an important distinction as the dynamics of injection and

acceleration are both critical to determining the optimal injected beam parameters as we

will show in the following section.

5.2.3 Optimal Driver Propagation Distance and Injected Beam Energy

Due to the electron mapping shown in Figs. 5.3(a)-(b), electrons at the head of the injected

beam initially have higher energies than those at the tail since they are injected first. As a

result, the trailing bunch usually acquires an energy chirp from injection. This is also true

for downramp injection [52]. This can be seen in Fig. 5.4(a), where we show the plasma

wakefield (top) and injected electron energy distribution (bottom) at z = 500 c/ωp for the

driver used in Figs. 5.1-5.3. In the bottom frame of Fig. 5.4(a), it is clear that dγe
dξ

> 0

just after injection. As the injected beam is accelerated in the plasma, electrons at the rear

experience a stronger accelerating field than electrons at the front (as seen in the top frame of

Fig. 5.4(a)) due to the negative chirp in the electric field, dξEz < 0. As a result, the energy-

position phase space is rotated and eventually flattened after some acceleration distance as

shown in Fig. 5.4(b). Thus, injection and acceleration in the plasma can naturally produce

GeV-class beams with low energy spreads [52].

Using the theoretical framework described in the previous section, we are interested in

determining the optimal acceleration distance at which point the energy spread is minimized

within the center of the injected beam. To do this, we consider the energy difference between

two points ξ1 ≡ ξ̄f − ∆ξ
2

and ξ2 ≡ ξ̄f + ∆ξ
2

equidistant from the injected beam centroid ξ̄f ,

where ∆ξ ≡ ξ2 − ξ1 is used to differentiate from the total beam length ∆ξtr. To visualize
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Figure 5.4: The electron density (top) and injected electron phase space γe−ξ (bottom) generated

by the driver in Fig. (4.1) at (a) z = 500 c/ωp, and (b) z = 2100 c/ωp. The on-axis electric field

Ez is plotted in black. A window of length ∆ξ ' 0.36 c/ωp is annotated around the injected beam

centroid ξ̄f ' 8.44 c/ωp containing 50% of the total injected charge.

this problem, we annotate ξ1 and ξ2 in Fig. 5.4 for a width ∆ξ ' 0.36 c/ωp around the beam

centroid ξf ' 8.44 c/ωp enclosing 50% of the total charge injected beam charge.

Henceforth, we will employ normalized units, where charge is normalized to electron

charge e, mass to electron mass m, velocity to c, charge density to enp, current density to

enpc, length to c/ωp, time to ω−1
p , electric fields to mcωp/e, and potentials to mc2/e. Using

Eq. (5.10), the longitudinal distance Linj over which electrons are mapped to final positions

in ∆ξ is given by
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Linj =
∆ξ
dLb
dz

∼= 2γ2
φ∆ξ =

(
2
√

3

−κ

)(
∆ξ

kβσ0

)
. (5.14)

Since the electrons at ξ1 have been accelerated over a distance Linj while the electrons at ξ2

have just been injected, the initial energy difference between these two points is given by

∆γ ≈ −〈Ez(ξ̄f )〉injLinj (5.15)

where 〈〉inj denotes an average over injection and we make the approximation 〈Ez(ξ1)〉inj ≈

〈Ez(ξ̄f )〉inj. Substituting Eq. (5.14) into Eq. (5.15), we find

∆γ ≈ −〈Ez(ξ̄f )〉inj

(
2
√

3

−κ

)(
∆ξ

kβσ0

)
. (5.16)

From Eq. (5.16), it can be seen that the initial energy difference between two points ξ1

and ξ2 depends linearly on the distance between them ∆ξ. This is indeed borne out in the

simulation results shown in Fig. 5.4(a). After injection, the beam is accelerated over some

distance Lacc until its initial energy chirp is flattened by the wake. We can solve for this

optimal acceleration distance Lacc by equating the initial energy chirp ∆γ to the difference

in energy gain between ξ1 and ξ2 during acceleration

−〈Ez(ξ2)− Ez(ξ1)〉accLacc = ∆γ (5.17)

where 〈〉acc denotes an average over acceleration. Using Eq. (5.15), the acceleration length

can also be written in terms of the injection length

Lacc =
〈Ez(ξ̄f )〉inj

〈Ez(ξ2)− Ez(ξ1)〉acc
Linj. (5.18)
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Assuming ∆ξ is much smaller than the scale length of the wake
√

Λc/ωp, the difference

between Ez(ξ2) and Ez(ξ1) can be estimated by Taylor expanding Ez to first order around

the beam centroid ξ̄f to obtain

Ez(ξ2)− Ez(ξ1) ≈ dEz
dξ

∣∣∣∣
ξ=ξ̄f

(∆ξ). (5.19)

Using Eqs. (5.16)-(5.19), we solve for the optimal acceleration distance

Lacc =
〈Ez(ξ̄f )〉inj
〈dξEz(ξ̄f )〉acc

(
2
√

3

−κ

)(
1

kβσ0

)
(5.20)

It is worth noting that ∆ξ does not appear in Eq. (5.20). Indeed, if the energy distribution

is flat for a width of ∆ξ, it should also be flat for any two points within ∆ξ. Therefore, the

optimal acceleration distance should not depend on the exact value of ∆ξ. For a width ∆ξ

comparable to the total beam length ∆ξtr, we can approximate the injection length scale by

Linj ∼ λβ/4. Combining the injection and acceleration distances, we obtain an expression

for the total driver propagation distance zd in the plasma where the energy spread of the

injected bunch is minimized,

zd = Linj + Lacc

=
1

kβ

[
π

2
+

(
〈Ez〉inj
〈dξEz〉acc

)(
1√
Λ

)(
2
√

3

−κ

)(√
Λ

σ0

)]
(5.21)

where averages over injection 〈〉inj and acceleration 〈〉acc are evaluated for an electron mapped

to the injected beam centroid ξ̄f . As electrons are mapped to the beam centroid around the

midpoint of injection z ∼ Linj/2, the average energy of the trailing bunch at zd can be

approximated by
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γ̄tr ≈−
[
〈Ez〉inj

(
Linj

2

)
+ 〈Ez〉accLacc

]

=
−〈Ez〉inj

kβ

[
π

4
+

(
〈Ez〉acc
〈dξEz〉acc

)(
1√
Λ

)(
2
√

3

−κ

)(√
Λ

σ0

)]
. (5.22)

By direct observation, it can be seen that zd and γ̄tr both scale with the betatron wavelength

λβ = 2π/kβ, which is the underlying length scale of the problem. If the plasma wakefield

is loaded with enough charge such that 〈dξEz〉acc ≈ 0, then zd → ∞ and γ̄tr → ∞ and the

injected beam can be accelerated until driver head erosion or pump depletion occurs. While

it is straightforward to show that larger normalized spot sizes kpσ0/
√

Λ can lead to lower zd

and γ̄tr, it is more difficult to predict exactly how zd and γ̄tr scale for drivers with higher

peak currents Λ as Ez, dξEz, and κ can all vary. In subsequent sections, we will evaluate

Eqs. (5.21) and (5.22) for driver parameters and compare the predictions to PIC simulation

results. As will be shown in the following sections, Eqs. (5.21) and (5.22) can give reasonable

estimates within 10−20% of the optimal beam parameters from PIC simulations for various

different driver parameters.

5.2.4 Final Beam Parameters

Using Eqs. (5.21) and (5.22), we can now predict the optimal propagation distance and

energy of the injected bunch for the driver {γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ, kpσz = 0.7}

used in Figs. 5.1-5.4. From results shown in Fig. 5.3(d), we approximate 〈Ez〉inj ' −2.82,

〈Ez〉acc ' −2.35, and 〈dξEz〉acc ' −0.63. It is worth recalling that κ ≈ −1.76 was calculated

directly from Fig. 4.4(c) and k−1
β =

√
2γb = 200 for γb = 20000. For these values, we find

that zd ' 1752 c/ωp and γ̄trmc
2 ' 1.96 GeV.

Eqs. (5.21) and (5.22) provide reasonable estimates when compared to the PIC simulation

results which indicate an optimal driver propagation distance of zd = 2100 c/ωp. The energy

distribution of the injected electrons from the PIC simulation is shown in Fig. 5.5(a) and the
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Figure 5.5: (a) The injected electron energy distribution at z = 2100 c/ωp for the driver used in

Figs. 5.1-5.4. The dashed black lines enclose 50% of total injected charge surrounding the centroid.

The beam slice parameters of the injected electrons: (b) the energy spread σγ in units of MeV, (c)

current I in units of kA, and (d) normalized emittance εn in units of c/ωp.

total length of the injected beam is ∆ξtr ' 0.81 c/ωp. Within a width ∆ξ ' 0.36 c/ωp that

encloses 50% of the total injected charge around the beam centroid (dashed black), we find

that the energy distribution is flattened with an average energy of 2.36 GeV and a projected

energy spread of 17 MeV (0.72%). Since injected electrons are generally trapped at the rear

of the wake where the accelerating field is large, the energy gain of the injected beam is

usually larger than the energy loss of the drive beam. Defining the transformer ratio as the

ratio of the average energy gain of the injected bunch to the maximum energy loss of the

driver, we find R ≡ γ̄tr/max(|∆γb|) ' 1.27 in this case.

Due to the one-to-one mapping between ξf and zi, slice energy spreads as low as ∼

0.6 MeV are observed in Fig. 5.5(b). As pointed out in Ref. 52, this mapping also character-
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izes the injected beam current. From Fig. 5.3(a), it can be seen that electrons mapped to a

given slice dξf originate from cylindrical rings of radius ri with finite width ∆ri from initial

positions dzi in the plasma. Therefore, the injected slice currents can be approximated by

I ≈ (ec)2πri∆rinp
dzi
dξf

. (5.23)

We note that
dξf
dzi
≈ dLb

dzi
can be determined from Eq. (5.10). Alternatively,

dξf
dzi
≈ (1− βφ) ≈

1
2γ2φ

, where γφ is given by Eq. (5.11). Normalizing the slice currents to the Alfven current

IA ≈ mc3/e ≈ 17 kA, Eq. (5.23) can be rewritten as

I

IA
≈ γ2

φ(kpri)(kp∆ri). (5.24)

For a driver with {γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ, kpσz = 0.7}, the wake velocity γφ ≈ 12.7

was previously determined from Eq. (5.11). We can approximate kpri ≈
√

Λ ≈ 2.44 from

Fig. 4.4(b) and kp∆ri ∼ O(0.01) based on empirical observations from PIC simulations.

For such values, the slice currents of the beam can easily exceed the Alfven current from

Eq. (5.24). This is indeed the case as slice currents ranging from 20 to 40 kA are observed

across most of the injected beam from the PIC Simulation results shown in Fig. 5.5(c). Upon

integrating the current profiles, we obtain the total injected charge Qtr/enpk
−3
p ' 14.7, which

is approximately 22% of the total driver charge Qd/enpk
−3
p ' (2π)3/2Λσz ' 66.1. As the

transformer ratio exceeds unity and the decelerating field varies along the driver, the transfer

efficiency from the drive to trailing bunch is ηeff ≡ (
∑
qtrγtr) / (

∑
qd|∆γb|) ' 42.4% in this

case.

Inherent in Eq. (5.24) is a tradeoff between γφ and ∆ri, since ∆ri depends on the trapping

condition γz,m > γφ and, therefore, is an implicit function of γφ. For lower wake velocities,

vφ, and relativistic factors, γφ, the trapping condition is eased and more plasma electrons

from a given slice dzi can be injected, leading to larger ∆ri. A similar effect can be achieved
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Figure 5.6: (a) The proportion of charge Q/Qtr, and (b) the projected energy spread σγ inside

a window of length ∆ξ centered on the injected beam centroid ξ̄f from Fig. 5.5. The dashed lines

indicate the window size kp∆ξ ' 0.36 corresponding to Q/Qtr ' 0.5.

by increasing γz,m with higher driver peak currents Λ [Fig. 4.4(d)]. While it is difficult to

quantify the exact dependence of ∆ri on γφ, we will use PIC simulations to provide additional

insight into the scaling of the slice currents in subsequent sections.

As the injected electrons remain near the axis kpr � 1 with a small transverse momentum

P⊥/mc ∼ O(1), ultra-low normalized emittances εn = γε = 1
mc

√
〈x2〉〈p2

x〉 − 〈xpx〉 can be

achieved as seen in Fig. 5.5(d). The reason for this low, transverse momentum is similar to

downramp injection [52]. Within the middle section of the beam, we find normalized slice

emittances as low as εn ∼ 8×10−3 c/ωp, which corresponds to ∼ 13 nm for a plasma density

of n0 = 1019 cm−3. For such parameters, the simulation results indicate that normalized

slice brightnesses Bn ≡ 2I/ε2n greater than 1020A/m2/rad2 can be achieved over most of the

injected beam.

Up to this point, much of the discussion has focused on the core of the injected beam

corresponding to a width ∆ξ around the beam centroid ξ̄f where the energy distribution

is flat. However, as seen in Fig. 5.5(a), the energy distribution at the tail of the beam is

still chirped due to the electric field slope steepening at the very rear of the wake. For

this reason, it is generally difficult to perfectly flatten the energy distribution of the entire
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injected beam. Thus, the normalized projected energy spread σ̂γ = σγ/γ̄ increases with the

width ∆ξ as shown in Figs. 5.6(a)-(b). When considering the whole beam ∆ξ ' ∆ξtr ' 0.81,

the normalized projected energy spread is ∼ 3.5%, which is nearly 5 times higher than the

projected energy spread σ̂γ ' 0.72% within a width ∆ξ ' 0.36 containing 50% of the injected

charge as indicated in Fig. 5.5. In addition, slice energy spreads and normalized emittances

also increase at positions further away from the center of the beam as seen in Figs. 5.5(b)

and 5.5(d). As a result, slices at the head and tail may not satisfy the requirements for

an XFEL. Therefore, in the following sections, our analysis will focus on the beam quality

within the core (∆ξ . 0.5∆ξtr) of the bunch.

5.3 Parameter Scans of PIC Simulations with Different Drivers

In the previous section, we developed a theoretical framework to model the process of in-

jection in the plasma focusing regime, kββ
∗ � 1. We found that our expressions for the

relativistic factor of the wake, γφ, optimal acceleration distance zd, final trailing beam en-

ergy γ̄tr, and slice currents I provided reasonable estimates when compared to PIC simulation

results. While the model was applied to a specific case, it is clear that injected beam param-

eters depend explicitly on the driver energy γb, peak current Λ, and focal spot size σ0. While

not mentioned previously, the diffraction length β∗ and duration σz of the driver can also

influence the propagation distance and final energy of the injected beam. In this section,

we will use our theoretical framework in conjunction with PIC simulations to characterize

how injection and acceleration are affected by the various driver parameters. We will also

compare the predictions of Eqs. (5.21) and (5.22) against PIC simulation results. Simulation

results presented in this section use the 2D cylindrical (r − z) algorithm implemented into

osiris [84] with the customized finite-difference solver to reduce numerical effects induced

by injection [82, 86]. The simulations also used ∆z = ∆r = 1
128

c
ωp

, ∆t = 1
128

1
ωp

with 4 to 16

macroparticles per cell depending on the species.
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5.3.1 The Diffraction Length

As pointed out in Sec. 5.2, the propagation of the driver in the plasma focusing regime

(kββ
∗ � 1) is complicated due to the ξ-dependent focusing force at the front of the drive

beam. As different slices at the front come into focus at different times, the total projected

spot size can remain reduced over length scales much longer than the betatron wavelength.

However, since the ion channel is not fully formed at the very front of the wake, the driver

head still expands over the diffraction length β∗ as if it were propagating in vacuum. This

process, commonly referred to as head erosion, can cause the wake front to move backwards

and the bubble length to contract as wake excitation is driven by a smaller portion of the

driver. Depending on whether the diffraction length is comparable to the driver propagation

distance, these two competing effects – wake front recession and bubble length contraction

– will determine whether the injected beam remains accelerated by the electric field at the

rear of the first plasma bucket or slips into the second bucket.

To illustrate the effects of head erosion, we compare the spot size evolution from PIC

simulations of electron drivers {γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ, kpσz = 0.7}, with different

diffraction lengths β∗ = 800 c/ωp (red) and β∗ = 1600 c/ωp (black), propagating in a constant

density plasma (blue) in Fig. 5.7(a). In normalized units, these parameters correspond to

kββ
∗ = 4 (red) and kββ

∗ = 8 (black). From the results, it is evident that the spot size

evolution for kββ
∗ = 4 (red) expands more quickly than for kββ

∗ = 8 (black) as the head of

the driver diffracts over a smaller distance β∗ for fixed σ0. Since the plasma focusing force

plays an increasingly important role for higher kββ
∗, the spot size in black is initially focused

to a smaller value than the spot size in red during the first betatron oscillation. This effect

is captured in Eq. (5.5) as the minimum slice spot size scales with 1/(kββ
∗) and can result in

more pronounced spot size focusing, wake expansion, and longer injected beams. However,

this effect largely saturates for values kββ
∗ & 10 as slices at the rear of driver are focused

to spot sizes much smaller than the length scale of the wake, σr �
√

Λc/ωp, while slices in

front evolve over longer time scales and do not contribute significantly to the injection.
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Figure 5.7: The projected spot size evolution σr(z) of electron drivers {γb = 20000,Λ = 6, kpσ0 =

0.5
√

Λ, kpσz = 0.7} with different diffraction lengths kββ
∗ = 4 (red) and kββ

∗ = 8 (black) prop-

agating inside a constant plasma density profile (blue). (Top) The electron density distribution

of the driver and plasma and (bottom) energy distributions of the injected beams are plotted at

z = 1600 c/ωp for (b) kββ
∗ = 4 and (c) kββ

∗ = 8. In the top panels, we plot the injected beam

current profiles (purple) in the insets and the slice spot sizes σr(ξ) (dashed black).
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In Fig. 5.7(b), we show the electron density distribution of the driver (red) and plasma

(blue) at kpz = 1600 for the kββ
∗ = 4 case in the top panel. The slice spot size σr(ξ)

of the driver is also plotted (dashed black). Since the beam head propagates according to

vacuum diffraction, the maximum slice spot size can be approximated by σr ' σ0

√
1 + z2

β∗2
'

2.73 c/ωp for β∗ = 800 c/ωp and z = 1600 c/ωp, which is indeed observed at the head of

the driver in Fig. 5.7(b). As the drive beam head expands, the wake front recedes and wake

excitation is effectively driven by a smaller portion of the drive beam. Thus, the rear of the

bubble moves forward and a portion of the injected beam slips into the second bucket as

shown in the inset plot. As the electric field is positive at the front of the second bucket,

these electrons transfer energy back to the wake as seen in the lower panel and, therefore,

cannot reach the optimal acceleration distance in the plasma zd = 2100 c/ωp determined

from the PIC simulation results in Fig. 5.5.

By comparison, for the driver with kββ
∗ = 8 the wake remains fully expanded at kpz =

1600 as shown in Fig. 5.7(c). This can be attributed to the fact that head erosion is not as

pronounced in this case considering that the diffraction length is twice as long for kββ
∗ = 8

when compared to kββ
∗ = 4. The maximum slice spot size at the head of the beam is

approximately σr ' σ0

√
1 + z2

β∗2
' 1.73 c/ωp at z = β∗ = 1600 c/ωp, which is significantly

lower than the maximum slice spot size σr ' 2.73 c/ωp found in the case of kββ
∗ = 4. As the

total projected spot size of the driver now remains below its initial value during acceleration,

the injected beam remains in the first bucket as shown in the inset plot. In addition, the

injected beam in this case is noticeably longer because the driver is focused to smaller spot

sizes during the initial betatron period. As it remains at the rear of the first bucket, the

injected beam continues to be accelerated by the plasma wake until the energy spread is

minimized at zd = 2100 c/ωp.

Based on simulations, we find that the injected beam can remain in the first bucket as

long as the drive beam head does not erode significantly over the some propagation distance.

For short drivers kpσz < 1, this condition is generally satisfied if the diffraction length is
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comparable to or larger than the optimal driver propagation distance

β∗ & zd. (5.25)

From Eq. (5.21), zd scales with the betatron wavelength λβ ∼ k−1
β , so it makes more sense to

use the normalized parameter kββ
∗ in this context. Therefore, Eq. (5.25) can be expressed

as

kββ
∗ &

(
〈Ez〉inj
〈dξEz〉acc

)(
1√
Λ

)(
2
√

3

−κ

)(√
Λ

σ0

)
+
π

2
. (5.26)

For driver parameters {γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ}, we determined κ ≈ −1.76 from

Fig. 4.4(c) as well as 〈Ez〉inj ' −2.82, and 〈dξEz〉acc ' −0.63 from Fig. 5.3(d). For these

values, Eq. (5.26) predicts kββ
∗ & 8.76 is needed to reach the optimal acceleration distance.

In Figs. 5.8(a)-(d), we plot the optimal driver propagation distance zd, as well as the

charge Qtr, core energy γ̄tr, and core normalized energy spread σ̂γ of the injected beam from

PIC simulations of drivers {γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ, kpσz = 0.7} with different

diffraction lengths β∗ propagating in a constant density plasma. Each data point corresponds

to a unique PIC simulation for a total of 64 simulations with kββ
∗ ranging from 0.25 to 16.

From the simulation results, it can be seen that there is no injection for kββ
∗ ≤ 2 as either

the entire driver diffracts (kββ
∗ � 1) or head erosion is significant over the betatron length

scale (1 . kββ
∗ . 2). At kββ

∗ ' 2.25, we begin to see injection as the wake velocity can now

be sufficiently reduced by spot size focusing. However, the driver propagation distance zd

and core energy γ̄tr of the injected beam are limited by head erosion since the injected bunch

needs to be extracted before it slips into the second bucket. In addition, the injected beam

charge Qtr is also limited as the spot size focusing is less pronounced at lower kββ
∗, leading to

shorter injected beams [see Figs. 5.7(b)-(c)]. Because the injected beam is extracted before its

energy distribution is flattened by the plasma wakefield, the normalized core energy spread

σ̂γ at zd is large for kββ
∗ ' 2.25.
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Figure 5.8: (a) The optimal driver propagation distance zd in the plasma for different kββ
∗.

Each data point corresponds to a unique PIC simulation. The transition from diffraction limited

to optimal acceleration occurs at kββ
∗ ' 7.25 and is annotated in dashed black. (b) Total charge

Qtr, (c) core energy γ̄tr, and (d) core energy spread σ̂γ of the injected beam at zd as a function of

kββ
∗. We have kept Λ = 6 in all cases.

For drivers with longer diffraction lengths β∗ and, hence, larger kββ
∗, head erosion takes

place over longer distances. Thus, higher injected beam energies γ̄tr and lower core energy

spreads σ̂γ can be achieved before it slips into the second bucket. The injected charge Qtr

also increases with kββ
∗, primarily driven by longer injected beam lengths ∆ξtr as the driver

focuses to smaller spot sizes. Eventually around kββ
∗ ' 7.25, the driver is no longer diffrac-

tion limited and can now propagate until the optimal acceleration distance zd = 2100 c/ωp

determined in Fig. 5.5. Therefore, zd, Qtr, γ̄tr, and σ̂γ all saturate at their optimal values and

are insensitive to further increases in kββ
∗. We also find that the minimum diffraction length

kββ
∗ & 8.76 predicted from Eq. (5.26) is in reasonable agreement with the simulation results.
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By evaluating Eq. (5.26) for the driver {γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ, kpσz = 0.7}, we

find that kββ
∗ & 10 is generally sufficient for optimal acceleration of the injected beam in

most cases.

5.3.2 The Driver Energy

In the plasma focusing regime (kββ
∗ � 1), injection takes place on the length scale of

the betatron wavelength λβ = 2π
√

2γbc/ωp. As λβ is a function of γb, the length scale

of the problem can be varied by adjusting the drive beam energy. In Figs. 5.9(a)-(b), we

examine the spot size evolution from PIC simulations of electron drivers with {Λ = 6, kpσ0 =

0.5
√

Λ, kpσz = 0.7} but with different energies γb = 5000 (red) and γb = 10000 (black)

propagating in a constant density plasma. In each case, the diffraction length is scaled

appropriately with the betatron wavelength where kββ
∗ = 16. From the simulation results,

it can be seen that the main difference between the evolution of the two drivers is the length

scale of the betatron oscillations. As the minimum slice spot size scales with 1/(kββ
∗) from

Eq. (5.5), the spot size evolution of the two drivers (as seen in Figs. 5.9(a)-(b)) is similar

within the first few betatron oscillations. If the axis were plotted in kβz the curves would

nearly line up. Recall that the injected bunch length can be related to the duration of

injection and the bubble expansion rate, ∆ξtr = dLb
dz

∆z. The duration of injection scales as

k−1
β so ∆ξtr = dLb

dkβz
kβ∆z does not depend on kβ (or γb in this case). Therefore, ∆ξtr is similar

for these two cases. However, it is worth noting that the energy loss of the driver over a

betatron oscillation scales as ∆γb
γb
∼ −Ezλβ

γb
∼ −

√
Λ√
γb

. Thus, pump depletion over betatron

length scales is more pronounced for drivers with lower γb. From this, it also follows that the

relative contraction of the betatron wavelength over a betatron oscillation
∆λβ
λβ
∼ ∆γb

γb
∼ −

√
Λ√
γb

is also more pronounced for lower γb. While such effects can be largely neglected for the

driver parameters used here, they can come into play when γb is sufficiently small or Λ is

sufficiently large.

In the top panels of Figs. 5.9(c)-(d), we show the electron density distribution of the
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Figure 5.9: The spot size evolution σr(z) of drivers {Λ = 6, kpσ0 = 0.5
√

Λ, kpσz = 0.7, kββ
∗}

with (a) γb = 5000 (red) and (b) γb = 10000 (black) propagating in a constant plasma density

(blue). (Top) The electron charge density, (middle) the phase space (ξf , zi) of the injected charge,

and (bottom) Ez(ξ) at z = 1000 c/ωp for (c) γb = 5000 and (d) γb = 10000. The injected beam

current profiles (purple) are shown in the insets. Eq. (5.10) (dashed blue) and linear fits of the

electric fields within the beam cores (purple) are plotted.
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driver (red) and plasma (blue) at z = 1000 c/ωp for γb = 5000 and γb = 10000, respectively.

As the betatron wavelength scales as λβ ∼
√
γb, the frequency of the betatron oscillation

for the lower energy driver (γb = 5000) is nearly 1.41 times that of the higher energy driver

(γb = 10000). Evidently, the lower energy driver has 3 scallops – one for each oscillation–

while the higher energy driver has only 2 scallops at z = 1000 c/ωp. Despite the fact that

the length scale of injection varies with the betatron wavelength Linj ∼ λβ/4, the current

profiles, I = Qinj
∆ξtr

, of the injected beams (purple) in the insets are very similar with slice

currents ranging from 20 to 40 kA over the middle sections of the beams. Indeed, these

profiles are also similar to the one shown in Fig. 5.5(c) for γb = 20000.

To understand why the current profiles are insensitive to the drive beam energy, we

examine Eq. (5.24) where it was shown that the slice currents could be written in the form

I/IA = γ2
φ(kpri)(kp∆ri). As the wake velocity γφ scales with γ

1/4
b , the trapping threshold

γz,m > γφ is easier to satisfy for lower γb. Indeed, from Eq. (5.12), we find that γφ ≈ 9

for γb = 5000 and γφ ≈ 10.7 for γb = 10000. Therefore, ∆ri increases for lower γb as more

electrons are injected from a given longitudinal slice dzi in the plasma. As the current profiles

from the PIC simulations are insensitive to the drive beam energy, it can be inferred that

∆ri ∼ γ
−1/2
b for the drive beam parameters used here. However, it is worth noting that this

scaling breaks down at sufficiently large γb where the trapping condition γz,m > γφ is no

longer satisfied, ∆ri → 0, and I → 0. Conversely, if injection is not triggered for a given

γb, the wake velocity can be further reduced by lowering the drive beam energy until the

trapping threshold is satisfied.

As noted above, the injected beam length ∆ξtr does not depend on γb so long as the

trapping threshold is satisfied and the diffraction length is scaled appropriately, i.e. kββ
∗ &

10 [see Fig. 5.8]. Indeed, this is borne out in the injected electron phase space ξf − zi

shown in the middle panels of Figs. 5.9(c)-(d). We find that the injected beam lengths are

∆ξtr ' 0.86 c/ωp and ∆ξtr ' 0.84 c/ωp for γb = 5000 and γb = 10000, respectively. From

these results, it can also be seen that the longitudinal length scale of injection is also well
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approximated by Linj ∼ λβ/4 ∼ π/2kβ. The dependence of Linj on the betatron wavelength

λβ is indeed accounted for in the wake evolution dLb
dz

described by Eq. (5.10), which is

evaluated for each driver and plotted in dashed blue. In both cases, strong agreement is

observed between Eq. (5.10) and the PIC simulation results.

Since the current profiles of the injected bunches are insensitive to the γb, the accelerating

fields are loaded in a similar manner as seen in the lower panels of Figs. 5.9(c)-(d). From

the PIC simulation results, we find 〈Ez〉acc ' −2.31 and 〈dξEz〉acc ' −0.58 for γb = 5000

and 〈Ez〉acc ' −2.33 and 〈dξEz〉acc ' −0.61 at z = 1000 c/ωp. From Eq. (5.18), it also

follows that the optimal acceleration distance to minimize the energy spread within the

injected beam scales strongly with the injection length Lacc ∼ Linj. As a result, both the

total propagation distance zd of the driver in the plasma and injected beam energy γ̄tr scale

strongly with the betatron wavelength zd ∼ γ̄tr ∼ λβ from Eqs. (5.21)-(5.22). Based on the

results from Fig. 5.3(d), we approximate 〈Ez〉inj ≈ 1.2×〈Ez〉acc to obtain zd ' 925 c/ωp and

γ̄trmc
2 ' 1.02 GeV for γb = 5000 and zd ' 1264 c/ωp and γ̄trmc

2 ' 1.4 GeV for γb = 10000.

By comparison, the PIC simulation results indicate an optimal driver propagation dis-

tance of 1120 c/ωp for γb = 5000 and 1520 c/ωp for γb = 10000. The energy distributions

of the injected beams at these positions are shown in the top panels of Figs. 5.10(a)-(b)

for γb = 5000 (red) and γb = 10000 (black). The vertical dashed black lines delineate the

injected beam cores containing 50% of the total injected charge. Within these regions, we

find average energies of 1.22 GeV and 1.68 GeV and projected energy spreads of 9.9 MeV

(0.81%) and 13.4 MeV (0.80%) for γb = 5000 and γb = 10000, respectively. In both cases,

sub-MeV slice energy spreads and ultra-low normalized slice emittances of εn ∼ O(0.01 c/ωp)

are observed within the beam cores as shown in the lower panels. The total injected charge

Qtr/enpk
−3
p ' 17.3 for γb = 5000 is approximately 5.5% higher than the injected charge

Qtr/enpk
−3
p ' 16.4 for γb = 10000. The small increase in Qtr can be attributed to the

larger slice currents observed at the very rear of the injected beam. As the wakefields are

loaded in a similar fashion, the transformer ratios are nearly identical, with R = 1.26 and
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Figure 5.10: (Top) The energy distribution of the injected beams after optimal acceleration for

drivers {Λ = 6, kpσ0 = 0.5
√

Λ, kpσz = 0.7, kββ
∗ = 16} with different energies (a) γb = 5000 (red)

and (b) γb = 10000 (black). The dashed black lines enclose 50% of total injected charge surrounding

the centroid. (Bottom) The slice energy spread σγ in units of MeV (dashed) and normalized slice

emittance εn in units of c/ωp (solid).

R = 1.27 for γb = 5000 and γb = 10000, respectively. Therefore, the transfer efficiency

ηeff ' 50.7% (46.7%) for γb = 5000 (10000) largely scales with the injected charge Qtr.

In Figs. 5.11(a)-(b), we plot the optimal propagation distance zd of the driver in the

plasma and core energy, γ̄tr, of the injected beam determined from PIC Simulations (red) and

calculations using Eqs. (5.21)-(5.22) (blue) for different driver energies γb = 5000, 10000, 20000.

While the theoretical estimates do not perfectly match the simulation results, Eqs. (5.21) and

(5.22) capture the general dependence of zd and γ̄tr on γb through the betatron wavelength,

which scales as
√
γb. This scaling is also illustrated by linear fits of zd and γ̄tr from the
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Figure 5.11: (a) The optimal driver propagation distance zd and (b) core energy of the injected

beam γ̄tr as a function of
√
γb for drivers {Λ = 6, kpσ0 = 0.5

√
Λ, kpσz = 0.7, kββ

∗ = 16}. PIC

simulation results are shown in red. A linear fit of the simulation results is plotted in dashed black.

Eqs. (5.21) and (5.22) are shown in blue. (c) zd and (d) γ̄tr for drivers with different kββ
∗ and

energy γb. Each data point corresponds to a unique PIC simulation.

simulation results (dashed black). These results are important because they indicate that

the optimal output beam energy can be tuned through the drive beam energy γ̄tr ∼
√
γb. To

avoid the effects of head erosion for short drivers, the diffraction length β∗ must also scale

with the driver propagation distance zd from Eq. (5.25) and, hence, betatron wavelength λβ.

In Figs. 5.11(c)-(d), we show how zd and γ̄tr vary for drivers with the different kββ
∗ and γb,

where each data point correponds to a unique PIC simulation. From the results, we find

that the injected beam can be optimally accelerated as long as kββ
∗ & 10, even for drivers

with different γb.
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5.3.3 The Driver Intensity

The driver intensity Λ determines the scale length of the wake, rm ∼
√

Λc/ωp. Naturally,

drivers with higher Λ are capable of driving more pronounced wake expansion ∆Lb [see

Fig. 4.4(c)], leading to longer injected beams. As the magnitude of the wake expansion

rate |κ| increases for higher Λ, lower wake velocities γφ ∼ Λ−1/4κ−1/2 can be expected from

Eq. (5.12). Moreover, the maximum forward velocity of the sheath electrons γz,m increases

with Λ [see Fig. 4.4(d)], resulting in higher injected charge and slice currents as the trap-

ping threshold γz,m > γφ is eased. Thus, for drivers with higher Λ, it is possible to inject

significantly more charge Qtr and achieve higher transfer efficiencies ηeff .

For a bi-Gaussian driver with a peak current I ∝ nb0σ
2
0 ∝ nb0

n0
k2
p0σ

2
0 ≡ Λ, there is a

relationship between the beam density nb0 and focal spot size σ0. Injection relies on focusing

a driver that starts from a spot size on the order of the wake scale length, kpσ0 ∼
√

Λ.

Therefore, for any Λ, nb/n0 ∼ 1 and kpσ0 ∼
√

Λ when injection occurs. However, the rate

of focusing depends on Λ, and as discussed above this leads to a more pronounced wake

expansion. For kββ
∗ � 1, the spot size evolves as σ′′r ∼

kp
√

Λ

γb
. Furthermore, as noted

previously, pump depletion ∆γb
γb
∼ −

√
Λ√
γb

and betatron wavelength contraction
∆λβ
λβ
∼ −

√
Λ√
γb

over betatron length scales are both more pronounced for higher Λ. However, we can neglect

these effects for the parameters considered here.

In Figs. 5.12(a), we plot the spot size evolution from PIC simulations of electron drivers

{γb = 20000, kpσ0 = 0.5
√

Λ, kpσz = 0.7} with different peak currents Λ = 4 (red) and

Λ = 8 (black) propagating in a constant density plasma. For these parameters, the initial

focal spot sizes are kpσ0 = 1 and kpσ0 = 1.41 for Λ = 4 and Λ = 8, respectively. In both

cases, the diffraction length is kept constant at kββ
∗ = 16. From these results, it can be

seen that the drivers are focused in a similar fashion, with the Λ = 8 case focusing slightly

more rapidly. Over longer distances, each driver continues to oscillate at half the betatron

wavelength λβ/2 = π/kβ ' 628 c/ωp as the rearmost slices are fully contained within the
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Figure 5.12: (a) σr(z) of drivers {γb = 20000, kpσ0 = 0.5
√

Λ, kpσz = 0.7, kββ
∗ = 16} with

different peak currents Λ = 4 (red) and Λ = 8 (black) propagating in a constant plasma density

(blue). (Top) The electron charge density, (middle) the phase space (ξf , zi) of the injected charge

and (bottom) Ez(ξ) at z = 1000 c/ωp for (b) Λ = 4 and (c) Λ = 8. The injected beam current

profiles (purple) are shown in the insets. Eq. (5.10) (dashed blue) and linear fits of the electric

fields within the beam cores (purple) are plotted.

134



plasma channel.

In the top panels of Figs. 5.12(b)-(c), we show the electron density distribution of the

driver (red) and plasma (blue) at z = 1000 c/ωp for Λ = 4 and Λ = 8, respectively. Indeed,

the features of both drivers are nearly identical as each has a single scallop and the charge

density pinches in a similar fashion. The channel radius and wake length are noticeably

larger in the case of Λ = 8 due to an increase in the wake scale length
√

Λc/ωp. As shown in

the inset plots, the current profiles of the injected beams (purple) differ meaningfully from

each other in terms of shape, magnitude, and length.

The differences in the current profiles can be understood by examining the expressions for

the trapping threshold γz,m > γφ and slice currents I/IA = γ2
φ(kpri)(kp∆ri). To calculate γφ,

we first approximate κ = dLb
dσr
≈ −1.42 (−1.96) for Λ = 4 (8) from the results in Fig. 4.4(c).

It is worth noting here that κ largely scales as
√

Λ for values of Λ ranging from 3 to 8. From

Eq. (5.12), we find γφ ≈ 15.6 for Λ = 4 and γφ ≈ 11.2 for Λ = 8. In the case of Λ = 4,

the trapping condition is not satisfied initially as γz,m ≈ 14.5 < γφ for kpσr = 0.5
√

Λ [see

Fig. 4.4(d)], resulting in ∆ri → 0 and I → 0. However, as the spot sizes continues to focus,

injection is triggered when γz,m increases above γφ around σr ≈ 0.45
√

Λc/ωp. Tee value of

γz,m eventually asymptotes to ∼ 19 when σr �
√

Λc/ωp. This is likely the reason why the

current profile ramps smoothly from 0 to its maximum value I ∼ 25 kA. As Eq. (5.12) is

a lower bound estimate for the wake velocity, γφ increases as the magnitude of |κ| = |dLb
dσr
|

starts to decrease when kpσr . 0.3
√

Λc/ωp [Fig. 4.4(c)]. As a result, γφ increases above γz,m

well before the wake is fully expanded in the case of Λ = 4 and injection terminates early.

This is indeed reflected in the injected electron phase space ξf−zi shown in the middle panel

where it can be seen that Linj ≈ 0.36π/kβ.

It can be inferred from the general scaling in Fig. 4.4(d) that the trapping threshold

γz,m > γφ is satisfied over virtually the entire wake expansion process. From the injected

electron phase space ξf − zi shown in the middle panel of Fig. 5.12(c), it can be seen that

injection is in fact sustained over a longer distance Linj ≈ 0.71π/kβ for Λ = 8. As a result,
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the current profile of the injected beam extends to the very rear of the expanded wake such

that ∆ξtr is larger. Despite the fact that the wake evolves more quickly with γφ ≈ 11.2 for

Λ = 8, larger slice currents I & 30 − 50 kA are observed within the middle section of the

injected beam due to larger ri ∼
√

Λ and ∆ri (larger Qtr). From Eq. (5.24), it follows that

∆ri must increase in order to produce larger slice currents as γ2
φ(kpri) ∼ κ−1 decreases for

larger Λ.

Despite the fact that injection length Linj varies in these two cases, the mapping of the

injected electrons from zi to ξf in each case is well-approximated by the wake evolution dLb
dz

described by Eq. (5.10), which is evaluated and plotted in dashed blue for each driver. This

can be largely attributed to the fact that the drivers evolve in a similar manner as can be

seen in Fig. 5.12(a). In each case, the injected beam length ∆ξtr is determined by the amount

of spot size focusing ∆σr ∼ σr ∼
√

Λc/ωp and κ = dLb
dσr

. As noted previously, κ ∼
√

Λ for

Λ ranging from 3 to 8, the scaling of the injected beam length can be well-approximated by

∆ξtr ∼ ∆Lb(σr) ∼ κσr ∼ Λ for such parameters. While injection is limited in the case of

Λ = 4, this scaling still captures the trend of the injected beam lengths ∆ξtr ' 0.44 c/ωp

and ∆ξtr ' 1.18 c/ωp from the PIC simulation results using Λ = 4 and Λ = 8, respectively.

As the injected beam length is very short in the case of Λ = 4, its centroid is situated at the

very rear of the wake where 〈Ez〉acc ' −2.62 and 〈dξEz〉acc ' −1.36, which can be seen in

the lower panel of Fig. 5.12(b). However, for Λ = 8, ∆ξtr is larger relative to the wake scale

length and the beam centroid is further forward relative to the rear of the wake. Therefore,

the electric field 〈Ez〉acc ' −2.35 and electric field slope 〈dξEz〉acc ' −0.53 at the beam

centroid are less negative as seen in the lower panel of Fig. 5.12(c). Using Eqs. (5.21)-(5.22),

we approximate 〈Ez〉inj ≈ 1.2×〈Ez〉acc to obtain zd ' 1442 c/ωp and γ̄trmc
2 ' 1.76 GeV for

Λ = 4 and zd ' 1644 c/ωp and γ̄trmc
2 ' 1.82 GeV for Λ = 8.

The predictions of Eqs. (5.21) and (5.22) are in reasonable agreement with the PIC

simulation results which indicate optimal driver propagation distances of 1640 c/ωp for Λ = 4

and 1960 c/ωp for Λ = 8. The energy distributions of the injected beams at these positions
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Figure 5.13: (Top) The injected electron energy distribution after optimal acceleration for drivers

{γb = 20000, kpσ0 = 0.5
√

Λ, kpσz = 0.7, kββ
∗ = 16} with different peak currents (a) Λ = 4 (red)

and (b) Λ = 8 (black). The dashed black lines enclose 50% of total injected charge surrounding

the centroid. (Bottom) The corresponding slice energy spread σγ in units of MeV (dashed) and

normalized slice emittance εn in units of c/ωp (solid).

are shown in the top panels of Figs. 5.13(b)-(c) for Λ = 4 and Λ = 8, respectively. The beam

cores are delimited by vertical dashed black lines enclosing 50% of the total injected charge.

Within these regions, we find average energies of 1.97 GeV and 2.16 GeV with projected

energy spreads of 5.5 MeV (0.27%) and 22 MeV (1%) for Λ = 4 and Λ = 8. In addition,

the lower panels show that sub-MeV slice energy spreads (dashed) and ultra-low normalized

slice emittances (solid) εn ∼ O(0.01 c/ωp) are achieved within the beam cores. Due to higher

currents and a longer beam length, the total injected charge Qtr/enpk
−3
p ' 28.8 for Λ = 8

is nearly an order of magnitude higher than the total injected charge Qtr/enpk
−3
p ' 3.2 for
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Figure 5.14: (a) The optimal driver propagation distance zd, (b) injected beam core energy γ̄tr,

(c) injected beam length ∆ξtr, (d) injected charge Qtr, (e) transformer ratio R, and (f) transfer

efficiency ηeff as a function of Λ for drivers {γb = 20000, kpσr = 0.5
√

Λ, kpσz = 0.7, kββ
∗ = 16}.

PIC simulation results are shown in red. A linear fit of ∆ξtr determined from simulation results is

plotted in dashed black. Eqs. (5.21) and (5.22) are shown in blue.
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Λ = 4. However, the transformer ratio R = 1.08 for Λ = 8 is smaller than R = 1.74 for Λ = 4

due to both a lower accelerating field and higher decelerating field Ez,m ∼
√

Λ. Despite this,

the transfer efficiency ηeff ' 53.6% for Λ = 8 is still significantly higher than ηeff ' 18.2%

for Λ = 4 driven by the larger amount of injected charge Qtr.

In Figs. 5.14(a)-(b), we plot the optimal driver propagation distance zd and core en-

ergy of the injected beam γ̄tr determined from PIC simulation results (red) using drivers

{γb = 20000, kpσr = 0.5
√

Λ, kpσz = 0.7, kββ
∗ = 16} with different intensities Λ = 3, 4, 6, 8.

Numerical calculations plotted in blue using Eqs. (5.21)-(5.22) are in good agreement with

the simulation results. In the case of Λ = 3, we note that injection was not produced as the

trapping condition γz,m > γφ was never satisfied. However, as pointed out in the previous

section, the drive beam energy γb can be lowered in such cases to reduce the wake velocity

γφ ∼ γ
1/4
b until the trapping condition is met. In the cases where injection occurs, there is no

clear correlation between zd, γ̄tr and Λ since the magnitude and slope of the accelerating field

can depend on the length of the injected beam and beam loading effects from the injected

slice currents. We pointed out previously that the injected beam length ∆ξtr varies linearly

with Λ for the parameters considered in Fig. 5.14(c). Because the injected slice currents also

increase with Λ, the total injected charge Qtr is shown in Fig. 5.14(d) to increase at a faster

rate than the drive beam charge Qd ∼ Λ for higher values of Λ. Therefore, despite the lower

transformer ratios observed for higher Λ in Fig. 5.14(e), higher transfer efficiencies can be

achieved by increasing the driver intensity as shown in Fig. 5.14(f).

5.3.4 The Normalized Focal Spot Size

In the previous section, we examined how the injected beam parameters vary with the driver

intensity Λ by scaling the driver parameters such that the normalized focal spot size kpσ0/
√

Λ

and peak beam density nb0 are kept constant. However, wake expansion and injection can

vary depending on the amount of spot size focusing even for fixed Λ. Indeed, it was shown

in Fig. 4.4(c) that deviation from the maximum wake length ∆Lb(σr) depends directly on
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the normalized driver spot size kpσ0/
√

Λ for a given Λ. Thus, one can tailor the length of

the injected beam ∆ξtr ∼ |∆Lb| by varying the focal spot size of the driver. In addition,

the wake velocity γφ [Eq. (5.12)] and maximum sheath electron energy γz,m [Fig. 4.4(d)] also

depend on kpσ0/
√

Λ, which can lead to different current profiles for the injected beam from

Eq. (5.24). In this section, we examine how the injected beam parameters vary with the

normalized focal spot size kpσ0/
√

Λ for fixed Λ.

In Figs. 5.15(a), we plot the projected spot size evolution σr(z) from PIC simulations of

electron drivers {γb = 20000,Λ = 6, kpσz = 0.7, kββ
∗ = 16} with different focal spot sizes

kpσ0 = 0.4
√

Λ (red) and kpσ0 = 0.6
√

Λ (black) propagating in a constant density plasma

(blue). Since the driver intensity is fixed Λ = 6, the red and black curves correspond to

kpσ0 ' 0.98 and kpσ0 ' 1.47, respectively. In the top panels of Figs. 5.15(b)-(c), we show

the electron density distribution of the plasma (blue) and driver (red) at z = 1000 c/ωp for

kpσ0 = 0.4
√

Λ and kpσ0 = 0.6
√

Λ, respectively.

Despite the fact that both drivers focus by a similar amount kp∆σr ∼ 0.5 within the

first oscillation, the lengths of the injected beams are clearly different as shown in the inset

plots. This is because wake expansion depends not only on the amount of spot size focusing

∆σr but also on the initial spot size σr. As seen in Fig. 4.4(c), the wake length approaches

its maximum value when kpσr . 0.3
√

Λc/ωp ' 0.73 c/ωp. Therefore, in the case of kpσ0 =

0.4
√

Λc/ωp, injection terminates early as the driver spot size focuses below this value. From

the injected electron phase space ξf − zi depicted in the middle panel of Fig. 5.15(b), it can

be seen that injection takes place over a limited distance Linj ≈ 0.38π/kβ, resulting in an

injected beam length of ∆ξtr ' 0.38 c/ωp. On the other hand, the initial deviation from

the maximum wake length ∆Lb(σ0) is larger for kpσ0 = 0.6
√

Λ. Thus, the wake can expand

more in this case, resulting in a longer injected beam ∆ξ ' 1.22 c/ωp. In addition, injection

can now be sustained over longer distances Linj ≈ 0.9π/kβ as seen in the injected electron

phase space shown in the middle panel of Fig. 5.15(c). This is because electron blowout

is less pronounced at larger spot sizes [Fig. 4.3], resulting a longer the effective betatraon
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Figure 5.15: (a) σr(z) of drivers {γb = 20000,Λ = 6, kpσz = 0.7, kββ
∗ = 16} with kpσ0 = 0.4

√
Λ

(red) and kpσ0 = 0.6
√

Λ (black) propagating in a constant plasma density (blue). (Top) The

electron charge density, (middle) the phase space (ξf , zi) of the injected charge and (bottom) Ez(ξ)

at z = 1000 c/ωp for (b) kpσ0 = 0.4
√

Λ and (d) kpσ0 = 0.6
√

Λ. The injected beam current profiles

(purple) are shown in the insets. Eq. (5.10) (dashed blue) and linear fits of the electric fields within

the beam cores (purple) are plotted.

141



wavelength. As both drivers are sufficiently focused, the wake length kpξ ≈ 9 is the virutally

the same in both cases.

For drivers operating in the nonlinear blowout regime, the relationship between ∆Lb and

σr is approximately linear [Fig. 4.4(c)]. Previously, we determined κ = dLb
dσr
≈ −1.76 from

Fig. 4.4(c) when Λ = 6. From Eq. (5.12), we also find γφ ≈ 14.2 for kpσ0 = 0.4
√

Λ and

γφ ≈ 11.6 for kpσ0 = 0.6
√

Λ. For γz,m shown in Fig. 4.4(d), the injection condition γz,m > γφ

is therefore satisfied for both drivers. In each case, the injected electron mapping from zi

to ξf is reasonably approximated by the wake evolution dLb
dz

calculated from Eq. (5.10) and

plotted (dashed blue) in the middle panels of Fig. 5.15(b)-(c). For kpσ0 = 0.4
√

Λ, we note

that the disagreement between the simulation results and Eq. (5.10) can be attributed to

the dropoff in the magnitude of κ when kpσr . 0.4
√

Λ. As the wake expands more slowly

for higher γφ, more charge can be deposited into a given slice dξ. Indeed, this is the primary

reason why larger slice currents I/IA = γ2
φ(kpri)(kp∆ri) [Eq. (5.24)] are produced in the case

of kpσ0 = 0.4
√

Λ.

Based on simulations, the expansion of the wake due to spot size focusing can be well-

approximated by the initial deviation from the maximum wake length ∆Lb [Fig. 4.4(c)] for

focal spot sizes σ0 in the range 0.4 − 0.6
√

Λc/ωp. Thus, the injected beam length scales

linearly as ∆ξtr ∼ ∆Lb ∼ κσ0 over such spot sizes and it follows that a shorter beam

is produced from injection for kpσ0 = 0.4
√

Λ. As a result, the injected beam centroid is

located close to the rear of the bubble where 〈Ez〉acc ' −3 and 〈dξEz〉acc ' −0.93 as seen

in the lower panel of Fig. 5.15(b). Conversely, as a longer duration beam is injected in the

case of kpσ0 = 0.6
√

Λ, the beam centroid is situated further forward relative to the rear of

the bubble where 〈Ez〉acc ' −2.06 and 〈dξEz〉acc ' −0.63 as shown in the lower panel of

Fig. 5.15(c).

In general, the magnitude and slope of the accelerating field within the injected beam

varies depending on the length of the bunch ∆ξtr, which is implicitly a function of the focal

spot size σ0. Obviously, these quantities can effect the optimal driver propagation distance
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zd needed to dechirp the injected beam. In most cases where 〈dξEz〉acc < 0, we find that

zd and, hence, the injected beam energy γ̄tr can be largely characterized by the spot size

scaling σ−1
0 in Eqs. (5.21)-(5.22). This scaling arises from the fact that the driver focuses

more rapidly σ′r ∼ kβσ0 [Eq. (5.9)] for larger σ0. Thus, the wake expands more quickly as

dLb
dz
∼ κσ′r [Eq. (5.10)] increases with σ0, thereby reducing the energy chirp per unit length

of the injected beam dξγ [Eq. (5.16)]. Consequently, the energy distribution of the injected

beam can be flattened over a shorter acceleration distance for higher σ0. To estimate zd and

γ̄tr, we approximate 〈Ez〉inj ≈ 1.2×〈Ez〉acc based on the results shown in Fig. 5.3(d). Using

Eqs. (5.21)-(5.22), we calculate zd = 1869 c/ωp and γ̄trmc
2 ' 2.67 GeV for kpσ0 = 0.4

√
Λ

and zd = 1365 c/ωp and γ̄tr ' 1.3 GeV for kpσ0 = 0.6
√

Λ.

From the PIC simulation results, we find that the optimal driver propagation distance is

2880 c/ωp for kpσ0 = 0.4
√

Λ and 1780 c/ωp for kpσ0 = 0.6
√

Λ. The energy distributions of the

injected beams at these positions are shown in the top panels of Figs. 5.16(a) and 5.16(b) for

kpσ0 = 0.4
√

Λ and kpσ0 = 0.6
√

Λ, respectively. The beam cores are delimited by dashed black

lines enclosing 50% of the total injected charge. Within these regions, we find average energies

of 4.26 GeV and 1.69 GeV and projected energy spreads of 19.6 MeV (0.46%) and 11.7 MeV

(0.69%) for kpσ0 = 0.4
√

Λ and kpσ0 = 0.6
√

Λ, respectively. While Eqs. (5.21)-(5.22) provide

reasonable estimates for zd and γ̄tr in the case of kpσ0 = 0.6
√

Λ, the disagreement between

the theoretical predictions and PIC simulation results for kpσ0 = 0.4
√

Λ can be largely

attributed to the dropoff in |κ| = |dLb
dσr
| when kpσr . 0.4

√
Λ [Fig. 4.4(c)]. In both cases,

high quality beams are produced with slice energy spreads of σγ ∼ O(MeV) and normalized

slice emittances of εn ∼ O(0.01 c/ωp) within the beam cores as shown in the lower panels of

Figs. 5.16(a)-(b). The total injected charge Qtr/enpk
−3
p ' 15.3 for kpσ0 = 0.6

√
Λ is nearly

∼ 34% higher than the total injected charge Qtr/enpk
−3
p ' 11.4 for kpσ0 = 0.4

√
Λ. The gain

in Qtr is driven primarily by the significantly longer bunch length ∆ξtr while being partially

offset by the lower slice currents. However, the transformer ratio R = 1.11 for kpσ0 = 0.6
√

Λ

is smaller than R = 1.7 for kpσ0 = 0.4
√

Λ since the beam head is located further forward
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Figure 5.16: (Top) The injected electron energy distribution after optimal acceleration for drivers

{γb = 20000,Λ = 6, kpσz = 0.7, kββ
∗ = 16} with different focal spot sizes (a) kpσ0 = 0.4

√
Λ

(red) and (b) kpσ0 = 0.6
√

Λ (black). The dashed black lines enclose 50% of total injected charge

surrounding the centroid. (Bottom) The slice energy spread σγ in units of MeV (dashed) and

normalized slice emittance εn in units of c/ωp (solid).

relative to the rear of the wake. As the increase in Qtr is almost completely offset by the

decrease in R, similar transfer efficiencies ηeff ' 40.6% and ηeff ' 41.9% are achieved for

kpσ0 = 0.4
√

Λ and kpσ0 = 0.6
√

Λ, respectively.

In Figs. 5.17(a)-(b), we plot the optimal driver propagation distance zd and injected

beam energy γ̄tr determined from PIC simulations (red) using drivers {γb = 20000,Λ =

6, kpσz = 0.7, kββ
∗ = 16} with different focal spot sizes kpσ0 in the range of 0.4 − 1.0

√
Λ.

Numerical calculations using Eqs. (5.21)-(5.22) are also plotted (blue) for kpσ0 in the range

of 0.4− 0.8
√

Λ corresponding to the blowout regime. While the agreement is not perfect, we
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Figure 5.17: (a) The optimal driver propagation distance zd, (b) injected beam energy γ̄tr,

(c) injected beam length ∆ξtr, (d) injected charge Qtr, (e) transformer ratio R, and (f) transfer

efficiency ηeff as a function of σ0 for drivers {γb = 20000,Λ = 6, kpσz = 0.7, kββ
∗ = 16}. PIC

simulation results are shown in red. A linear fit of ∆ξtr determined from simulation results is

plotted in dashed black. Eqs. (5.21) and (5.22) are shown in blue.
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find that Eqs. (5.21)-(5.22) capture the general trend of zd and γ̄tr from the PIC simulation

results. These parameters scale strongly with σ−1
0 in the blowout regime. The linear scaling

of the injected beam length ∆ξtr ∼ κσ0 argued above is also borne out by the PIC simulation

results for spot sizes kpσ0 in the range of 0.4−0.6
√

Λ as shown in Fig. 5.17(c). For such values,

the dependence of ∆ξtr on σ0 is well-characterized by a linear fit with slope |dLb
dσr
| = |κ| ≈ 1.76

(dashed black). These results are important because they indicate that the length of the

injected beam can be tuned linearly through the focal spot size of the driver for kpσ0 in the

range of 0.4−0.6
√

Λ. For larger focal spot sizes kpσ0 & 0.7
√

Λc/ωp, there is a clear dropoff in

∆ξtr as the projected spot size of the driver no longer focuses sufficiently enough to produce

maximum wake expansion in the blowout regime.

As shown in Fig. 5.17(d), the increase in ∆ξtr for kpσ0 in the range of 0.4− 0.6
√

Λ more

than offsets the lower slice currents, resulting in higher injected charge Qtr. While ∆ξtr peaks

at kpσ0 = 0.7
√

Λ, we note that Qtr is maximum at kpσ0 = 0.6
√

Λ because the lower slice

currents at kpσ0 = 0.7
√

Λ outweigh the increase in ∆ξtr. For larger spot sizes kpσ0 & 0.7
√

Λ,

the injected charge Qtr continues to decrease due to lower slice currents I and shorter beam

lengths ∆ξtr. It can be seen in Fig. 5.17(e) that the transformer ratio R varies inversely

with the beam length ∆ξtr. Thus, for focal spot sizes kpσ0 in the range of 0.4− 0.6
√

Λ, the

increase in charge Qtr is mostly balanced by the decrease in the transformer ratio R, which

results in the transfer efficiency ηeff [Fig. 5.17(f)] being nearly constant over such values.

However, for kpσ0 & 0.7
√

Λ, there is a clear dropoff in ηeff due to lower Qtr.

5.3.5 The Driver Duration

The current profile of the injected beam can also depend on the driver duration kpσz. A

longer driver can be used to excite a wake with larger blowout radius rm at the same peak

current Λ and focal spot size σ0. For larger rm, the innermost sheath electrons typically

originate from larger initial positions ri and exhibit larger γz,m near the axis due to the more

pronounced blowout, leading to larger ∆ri. As a result, higher injected slice currents can be
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achieved by focusing longer drivers with kpσz ∼ 1. Since injection in the plasma focusing

regime kββ
∗ � 1 naturally produces beams with trapezoidal current profiles, optimal loading

of the plasma wakefield dξEz ≈ 0 can be achieved by tuning the driver duration kpσz. In

such cases, the injected beam can be accelerated to multi-GeV energies while maintaining

the kinds of low projected energy spreads for XFEL and linear collider applications.

In Fig. 5.18(a), we plot the spot size evolution σr(z) from PIC simulations of electron

drivers {γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ, kββ
∗ = 16} with different durations kpσz = 0.4

(red) and kpσz = 1 (black) propagating in a constant density plasma (blue). As the driver

is shorter in the case of kpσz = 0.4, a larger proportion of the beam resides in regions where

the wake is not fully formed. Therefore, the focusing force along the driver is reduced and it

takes longer for the projected spot size to be focused by the plasma. On the other hand, for

kpσz = 1, most of the plasma electrons are blown out further forward near the drive beam

head, resulting in a larger focusing force along most of the driver. As a result, the projected

spot size of the longer driver is focused over a shorter distance, which is well-approximated

by λβ/4 ∼ π/2kβ.

The top panels of Figs. 5.18(b)-(c) show the electron density distribution of the plasma

(blue) and driver (red) at z = 1000 c/ωp for kpσz = 0.4 and kpσz = 1, respectively. Despite

the fact that both drivers have the same peak current, it is clear that the longer driver

produces a longer wake with a larger blowout radius. Due to the more pronounced blowout

for kpσz = 1, the sheath electrons that trace out the bubble radius also originate from

larger initial radii ri and exhibit higher γz,m as they return back the axis. Thus, the current

profiles of the injected bunches (purple) shown in the inset plots differ meaningfully in terms

of amplitude and shape.

For the shorter driver kpσz = 0.4, the injected current profile shown in Fig. 5.18(b) ramps

up from 0 to ∼ 7 kA within the center of the beam and then down to 0. This kind of profile

is usually produced when the trapping threshold is not initially satisfied as the driver begins

to focus [Fig. 5.12(b)]. In such cases, γz,m starts below γφ and then ramps up above γφ
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Figure 5.18: (a) σr(z) of electron drivers {γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ, kββ
∗ = 16} with

different durations kpσz = 0.4 (red) and kpσz = 1 (black) propagating in a constant plasma density

(blue). (Top) The electron charge density, (middle) the phase space (ξf , zi) of the injected charge

and (bottom) Ez(ξ) at z = 1000 c/ωp for (b) kpσz = 0.4 and (c) kpσz = 1. The injected beam

current profiles (purple) are shown in the insets. Linear fits of the electric fields within the beam

cores are shown (purple).
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while the spot size decreases. This is borne out by the injected electron phase space ξf − zi

(red) plotted in the middle panel of Fig. 5.18(b), where it can be seen that trapping only

occurs for electrons at kpzi & 300. Despite this, injection still occurs over a distance of

Linj ≈ 0.49π/kβ since the spot size focusing is stretched. As a result, the length of the

injected beam is ∆ξtr ' 0.49 c/ωp.

In the case of kpσz = 1, significantly higher slice currents ranging from ∼ 30 kA to ∼ 60

kA are produced within the core of the beam in Fig. 5.18(c). The increase in the slice currents

I = γ2
φ(kpri)(kp∆ri) [Eq. (5.24)] is primarily driven by larger ri and larger ∆ri. In addition,

the trapping condition is satisfied as soon as the spot size begins to focus. This is indeed

what is observed in the injected electron phase space ξf − zi (black) plotted in the middle

panel of Fig. 5.18(c). Injection continues to occur over a distance of Linj ≈ 0.43π/kβ until

the wake length is fully expanded, resulting in an injected beam length of ∆ξtr ' 0.62 c/ωp.

The bottom panels of Figs. 5.18(b)-(c) show the electric field of the plasma wakefield

at z = 1000 c/ωp for kpσz = 0.4 and kpσz = 1, respectively. Since the shorter driver

kpσz = 0.4 produces lower injected slice currents, the wakefield is not meaningfully loaded

around the injected beam centroid where 〈Ez〉acc ≈ −2.51 and 〈dξEz〉acc ≈ −2.56. On the

other hand, for the longer driver kpσz = 1, the wakefield is significantly altered by the higher

slice currents. Near the beam centroid, the simulation results indicate 〈Ez〉acc ≈ −2.85 and

〈dξEz〉acc ≈ −0.51. As the accelerating fields 〈Ez〉acc are comparable in these two cases, the

acceleration distance needed to dechirp the beam Lacc [Eq. (5.20)] scales with the inverse

of the electric field slope 〈dξEz〉−1
acc. Thus, it follows that the injected beam produced by

the longer driver kpσz = 1 can be accelerated over a much longer distance before the energy

distribution is flattened. However, in the case of kpσz = 1, an interesting phenomenon occurs

where the wakefield eventually becomes optimally loaded due to head erosion of the driver.

As a result, the injected beam can be accelerated to multi-GeV energies while maintaining

low energy spreads until the driver loses all its energy, i.e., pump depletes.

To understand how this process takes place, we plot the spot size evolution of the longer
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driver (kpσz = 1) from the plasma entrance at z = 0 to z = 13500 c/ωp in Fig. 5.19(a).

Snapshots of the plasma wake (top panel), electric field Ez(ξ) (middle panel), and energy-

position phase space γe − ξ of the driver and injected bunch (bottom panel) are shown

at z = 4000, 10000, 12000, 13200 c/ωp in Figs. 5.19(b)-(e), respectively. To assist in the

analysis, we use the multi-sheath model [100] to numerically calculate the bubble trajectory

rb(ξ) and electric field Ez(ξ) for the unloaded (dashed red) and loaded wakes (solid red).

The integration parameters are provided in the caption of Fig. 5.19.

At z = 4000 c/ωp [Fig. 5.19(b)], head erosion begins to take effect since the driver

has propagated over a distance longer than its diffraction length β∗ = 3200 c/ωp. This is

illustrated by the increasing slice spot size σr(ξ) (dashed black) at the head of the driver.

As the driver head diffracts, the blowout radius shrinks and the wake front recedes. Due

to these effects, the rear of the bubble begins to move forward. However, as shown by the

numerical calculations of rb(ξ) using the multi-sheath model, the injected beam is still fully

contained within the first bucket as the rear of the wake is extended by ∆ξ ≈ 0.16c/ωp from

ξ(rb = 0) ≈ 9.5 c/ωp (dashed red) to ξ(rb = 0) ≈ 9.66 c/ωp (solid red) due to beam loading

effects. In addition, the multi-sheath model (solid red) now predicts dξEz ≈ −0.33 within the

center of the injected beam, which is in good agreement with the simulation results (black).

As a result, the acceleration distance Lacc [Eq. (5.20)] needed to dechirp the injected beam

is extended because the magnitude of dξEz is now reduced.

As the driver propagates over longer distances, wake front recession and bubble con-

traction continue to occur due to head erosion. Since beam loading plays a larger role in

modifying the bubble radius to keep the wake expanded, the electric field slope becomes less

negative within the core of the injected beam. Eventually at z = 10000 c/ωp [Fig. 5.19(c)],

both the multi-sheath model (solid red) and PIC simulation results (black) indicate that the

loaded wakefield Ez(ξ) is flattened with dξEz ≈ 0 near the injected beam centroid. From

the numerical calculations of rb(ξ) using the multi-sheath model, the optimal beam load-

ing observed at this juncture can be attributed to the injected beam extending the wake
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Figure 5.19: (a) σr(z) of a driver {γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ, kpσz = 1, kββ
∗ = 16}

propagating in a constant density plasma (blue). (Top) The electron density distribution of the

plasma and driver, (middle) longitudinal electric field, (bottom) energy-position phase space γe− ξ

of the driver and injected bunch at (b) z = 4000 c/ωp, (c) z = 10000 c/ωp, (d) z = 12000 c/ωp,

(e) z = 13200 c/ωp. The slice spot size σr(ξ) is plotted (dashed black). Numerical calculations of

rb(ξ) and Ez(ξ) using the multi-sheath model are shown with (solid red) and without (dashed red)

the injected bunch. The integration parameters are ∆1 = 1 + 0.05rb, ∆2 = 3, ψmin = −1, and

n2 = n20 exp−sr
t
b/r

t
m , where s = t = 3.
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length by a larger amount ∆ξ ≈ 0.19 c/ωp from ξ(rb = 0) ≈ 9.46 c/ωp (dashed red) to

ξ(rb = 0) ≈ 9.65 c/ωp (solid red).

Over longer distances, the electric field slope within the injected bunch turns positive.

This can be seen at z = 12000 c/ωp [Fig. 5.19(d)], where the multi-sheath model (solid red)

predicts dξEz ≈ 0.15 around the injected bunch centroid. However, as the electric field slope

dξEz is very small, the injected beam can still be accelerated without any meaningful growth

in the projected energy spread. From the numerical calculations of rb(ξ), the multi-sheath

model now predicts that the injected beam extends the wake length by nearly ∆ξ ≈ 0.2 c/ωp

from ξ(rb = 0) ≈ 9.4 c/ωp (dashed red) to ξ(rb = 0) ≈ 9.6 c/ωp (solid red). Even at this

position, the loaded trajectory and wakefield obtained using the multi-sheath model (solid

red) are still in good agreement with the PIC simulation results (black). Finally, around

z = 13200 c/ωp [Fig. 5.19(e)], the plasma wake begins to collapse due to pump depletion

of the driver. From the numerical calculations using the multi-sheath model (dashed/solid

red), it can be seen that the injected bunch barely remains within the first bucket due to

beam loading effects.

The results in Fig. 5.19 show that the electric field slope dξEz(ξ) changes from negative

to zero to positive over distances greater than the diffraction length for the driver with

kpσz = 1. As a result, the average slope of the electric field 〈dξEz(ξ)〉acc over the entire

acceleration process approaches 0 over sufficiently longer distances. Thus, the injected beam

can be accelerated to multi-GeV energies with low projected energy spreads until the drive

beam energy fully depletes, which occurs at z = 13240 c/ωp according to the PIC simulation

results. However, for the shorter driver with kpσz = 0.4, the slice currents of the injected

beam are too small to sufficiently load the wake. Therefore, due to the large negative electric

field slope 〈dξEz(ξ)〉acc ' −2.56 [Fig. 5.18(b)], the injected beam needs to be extracted early

on as the energy distribution is flattened around z = 1140 c/ωp based on the PIC simulation

results.

In the top panels of Figs. 5.20, we show the energy distributions of the injected beams at
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Figure 5.20: (Top) The injected electron energy distribution after optimal acceleration for drivers

{γb = 20000,Λ = 6, kpσ0 = 0.5
√

Λ, kββ
∗ = 16} with different durations (a) kpσz = 0.4 (red) and

(b) kpσz = 1 (black). The dashed black lines enclose 50% of total injected charge surrounding

the centroid. (Bottom) The slice energy spread σγ in units of MeV (dashed) and normalized slice

emittance εn in units of c/ωp (solid).

extraction for kpσz = 0.4 (red) and kpσz = 1 (black), respectively. The injected beam cores

are delimited by dashed black lines enclosing 50% of the total injected charge. Within these

regions, we find average energies of 1.03 GeV and 18.27 GeV and projected energy spreads of

3 MeV (0.29%) and 89.6 MeV (0.49%) for kpσz = 0.4 and kpσz = 1, respectively. The total

injected charge Qtr/enpk
−3
p ' 21.7 for kpσz = 1 is over an order of magnitude higher than

Qtr/enpk
−3
p ' 1 for kpσz = 0.4, driven primarily by much higher slice currents. In addition,

a higher transformer ratio R = 1.79 is achieved for kpσz = 1 compared to R = 1.11 for

kpσz = 0.4 due to the larger accelerating field within the injected bunch. Thus, the transfer
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efficiency ηeff ' 56.1% for kpσz = 1 is over an order of magnitude higher than ηeff ' 5.4%

for kpσz = 0.4. The increase in ηeff is lower than that of Qtr because a larger proportion of

the driver charge loses energy to the wakefield in the case of kpσz = 1.

In the bottom panels of Figs. 5.20, we plot the slice energy spreads σγ and normalized

slice emittances εn for kpσz = 0.4 (red) and kpσz = 1 (black), respectively. In both cases,

low slice energy spreads σγ . 10 MeV are observed within the middle of the beams. The

normalized slice emittances observed within the beam core are as low as εn ∼ 0.02 c/ωp

for kpσz = 1 and nearly a magnitude higher εn ∼ 0.1 − 0.2 c/ωp for kpσz = 0.4. As a

result, the peak normalized brightness of the injected beam Bn ∼ 9 [n0 cm−3] A/m2/rad2 for

kpσz = 1 is more than two orders of magnitude higher than Bn ∼ 0.03 [n0 cm−3] A/m2/rad2

for kpσz = 0.4.

These results are signficant because they show that it is possible to simutaneously gen-

erate high quality beams through injection and optimally load the plasma wakefield. For

kpσz = 1, the injected beam can be accelerated to 18.27 GeV with a low projected energy

spread of 0.49% and a high transfer efficiency of 56.1%. In addition, the results indicate

that high peak normalzied brightnesses of Bn ∼ 1020 A/m2/rad2 can be achieved for plasma

densities of 1019 cm−3.

5.4 Summary

In this chapter, we discussed the advantages of self-injection triggered by operating the

plasma self-focusing regime (kββ
∗ � 1). We then developed a more robust model for the

wake evolution dLb
dz

and the wake velocity γφ in this regime based on the periodicity of the

spot size oscillation. The model was then used to develop expressions for the optimal driver

propagation distance zd and output beam energy γ̄tr. The model was shown to be in good

agreement with PIC simulations over a range of different drivers. Based on PIC simulations,

drivers with sufficiently long diffraction lengths, i.e., kββ
∗ � 1, can remain well-guided in the
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plasma over distances much greater than the betatron wavelength. For drivers with different

energies γb, the optimal output beam energy scales as γ̄tr ∼ γb. For higher intensity drivers,

more charge can be injected, resulting in higher energy transfer efficiencies. For focal spot

sizes kpσ0 in the range of 0.4−0.6
√

Λ, the injected beam length scales as ∆ξ ∼ σ0. Injection

and optimal beam loading were also demonstrated simultaneously using a longer duration

driver with kpσz = 1 instead of kpσz = 0.7. The multi-sheath model was used to characterize

the beam loading effects of the self-injected beam. We found that injected beams with

energies of up to 18.27 GeV could be produced with high normalized peak brightnesses of

Bn ∼ 1020 A/m2/rad2 for plasma densities of 1019 cm−3.
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CHAPTER 6

Summary and Final Thoughts

In this disseration, several important areas of plasma wakefield acceleration in the nonlinear

blowout regime are investigated. Here, the main results of each chapter are summarized and

possible next steps in future work are suggested.

In chapter 2, the basic equations governing nonlinear plasma wakefield theory in the

blowout regime and the single-sheath model for the wake potential proposed by Lu et

al. [35, 36] are reviewed. In chapter 3, an improved multi-sheath phenomenological model

for describing the source term profile S ≡ − 1
enp

(ρ − Jz/c) of plasma wakefields excited by

relativistic electron drivers in the nonlinear blowout regime is proposed. The multi-sheath

model is then incorporated into the formalism of Lu et al. [35, 36]. Previously, the wake po-

tential was modeled as positive-definite due to the underlying assumptions of the source term

in the single-sheath model [35, 36]. The multi-sheath model developed in this dissertation

structurally addresses the negative wake potentials by introducing a second plasma sheath in

which the source term is negative (S < 0) outside the bubble (r > rb). This new description

is also consistent with the empirical plasma source term obtained from PIC simulations of

nonlinear plasma wakefields. Using the multi-sheath model, a new expression for the wake

potential ψ(r, ξ) is obtained and then used to solve for the trajectory of the innermost sheath

electron rb by integrating the equation of motion from the nonlinear blowout theory [35, 36].

In cases with and without trailing bunches, it is shown that the bubble radius rb, wake

potential ψ0, and electric field Ez predicted by the multi-sheath model demonstrate signifi-

cantly improved agreement with simulations results at the rear of the wake when compared

156



with the results from the simple sheath model used by Lu et al. [35, 36]. In addition, the

model demonstrates the capability to predict plasma wakefields in cases where electrons are

injected at the rear of the bubble. It was shown how the multi-sheath model can be used

to design beams that can load a constant wakefield and have discussed differences between

the predictions for beam loading based on the multi-sheath model and single-sheath model

in the ultrarelativistic limit used by Tzoufras et al. [38, 39]. This limit permits examining

purely analytical solutions. In the cases examined, the multi-sheath model demonstrated

improved accuracy over the analytic solutions [38, 39] in terms of flattening the wake. It

also predicted significantly longer beam loads with 23 − 25% more charge. Two examples

are presented in which the multi-sheath model is used to load longitudinally varying wake-

fields. The multi-sheath model is also applied to wakes driven by lasers and approaches to

improving it were presented.

In chapter 4, a new method of controllable injection for high quality beam generation is

proposed. The scheme relies on expanding the ion column by focusing the electron driver

from spot sizes, σr, on the order of the blowout radius ∼ rm to spot sizes much less than

the blowout radius rm. As the spot size focuses, the phase velocity of the wake is reduced

and energetic sheath electrons can be trapped. Two regimes were identified and studied in

proof-of-concept PIC simulations. In case A (kββ
∗ � 1), the driver evolves according to

vacuum diffraction. In case B (kββ
∗ � 1), the driver is self-focused by the plasma. We used

the multi-sheath model to characterize the effects of beam loading in case B (where the qua-

sistatic approximation is valid). We then performed numerous quasistatic PIC simulations

to quantify the dependence of the wake length and sheath electron energies on the driver

spot size. The results were used to describe the trapping dynamics for each case. After

optimal acceleration, injected beams with average energies of 169.7 MeV and 1.86 GeV and

projected energy spreads of 1.1% and 0.7% are achieved in cases A and B, respectively. For

a plasma density of ∼ 1019 cm−3, peak normalized brightnesses of Bn ∼ 1020 A/m2/rad2 are

also observed within the injected beams.
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In chapter 5, the advantages of operating in the plasma focusing regime (kββ
∗ � 1) was

discussed. A robust model to characterize the wake evolution dLb
dz

and wake velocity γφ in

this regime was developed. Expressions were also derived for the optimal driver propagation

distance zd and the injected beam energy γ̄tr. The model predictions were shown to be in

reasonable agreement with PIC simulations of different drivers. Based on the PIC simulation

results, the driver can generally remain well-guided as long as the diffraction length is suffi-

ciently long, i.e., kββ
∗ & 10. When varying the drive beam energy γb, the optimal injected

beam energy was shown to scale as γ̄tr ∼
√
γb. For higher intensity drivers, significantly

more charge is injected, resulting in higher transfer efficiencies. For focal spot sizes kpσ0

in the range of 0.4 − 0.6
√

Λ, the length of the injected bunch was shown to scale linearly

as ∆ξtr ∼ σ0. Most importantly, injection and optimal beam loading was demonstrated

simultaneously using a longer duration driver (kpσz ∼ 1). The multi-sheath model was used

to explain the beam loading effects during acceleration. From the PIC simulation results,

the injected beam was accelerated with a high transfer efficiency (56.1%) to 18.27 GeV while

maintaing a low projected energy spread of 0.49% and a high peak normalized brightness of

Bn ∼ 1020 A/m2/rad2 for a plasma density of ∼ 1019 cm−3.

This work naturally leads to ideas for future work. Perhaps the most complicated and

interesting problem is how to adapt the multi-sheath model to laser wakefield problems in

which the electrons are not completely blown out of the bubble and the sheath is more

complicated. It is worth recalling that at the end of chapter 3, a discussion was given on

how the source term can be modified for the laser case. However, some assumptions will need

to be made about the finite charge and current densities of the electrons inside the bubble.

This means that the focusing force inside the channel also needs to necessarily be modified.

In addition, the electrons inside the bubble can also be blown out by the presense of a trailing

bunch. These issues may require a different approach in which the phenomenological profiles

of electrons inside the bubble are functions of ξ rather than rb.

Further optimization of injection using the evolving driver method is also an area for
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future work. The results shown in chapter 5 can be used as a blueprint for the scaling of

the injected beam parameters. Assuming the trapping condition is met, the driver should

evolve in a similar manner if the betatron wavelength λβ and diffraction length β∗ were

increased together so that kββ
∗ remains constant. Thus, the physics in the optimal 18.27

GeV beam loading case should be scalable to even higher energies. In addition, it should

also be possible to achieve optimal beam loading with even higher efficiencies using a higher

intensity, longer duration driver. The tolerances of the injected beam qualities to transverse

asymmetries in the driver spot size and plasma density should also be studied. Understanding

how the injection and acceleration depends on such parameters is critical to designing future

experiments. Developing a theory for asymmetric drivers is very challenging, but simulations

permit the ability to examine tolerances.

Last, another area for future work is to combine the self-focusing regime and a density

down ramp [108]. If the spot size oscillates then injection will be triggered during each

oscillation. If there is no density gradient, then electrons during each injection period will

reside at the same location within the wake. However, if a downramp is also used then the

electrons from each injection period will reside at progressively later locations in the bubble

as it elongates. This could lead to a train of bunches whose spacing can be controlled through

β∗ and the density scale length.
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Appendix A

Implementation of Tunneling Ionization into the

Quasi-3D OSIRIS algorithm

A.1 Implementation

While much of this disserataion has focused on self-injection in beam-driven plasma wake-

fields (PWFA), we have also implemented a tunneling ionization module into the quasi-

3D algorithm [67] in OSIRIS [84] to study ionization injection [42, 43, 44]. To model

this process, the Ammonsov-Delone-Krainov (ADK) tunneling ionization model [109] was

used. This model is valid for most wakefield problems as long as the Keldysh parameter

γK =
√
Ip/2Up � 1, where Ip is the ionization energy and Up is the ponderomotive energy

of the laser. In Ref. 110, it was shown that the ADK ionization probability rate W could be

written in a more convenient form which depends only on the local electric field magnitude

E (in units of GV/m) and the ionization energy Ip (in units of eV) of the neutral atom or

ion,

W (s−1) ≈ 1.52× 1015 4n
∗
Ip[eV ]

n∗Γ(2n∗)

(
20.5

I
3/2
p [eV ]

E[GV/m]

)2n∗−1

× exp

(
−6.83

Ip[eV ]

E[GV/m]

)
, (A.1)

where n∗ ≈ 3.69Z/I
1/2
p [eV ] is the effective principal quantum number and Γ is the standard

gamma function.
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To model the tunneling ionization process in the quasi-3D geometry, we used a simple

grid-based approach in which a neutral or pre-ionized gas is represented by an array of r− z

grids along φ. The number of grids is defined by the number of particles in the azimuthal

direction, nφ, so that the grids are equally space with ∆φ = 2π/nφ. Since the neutral or

pre-ionized particles are much more massive than the plasma electrons, they are considered

stationary and are not pushed. At each time step, the local electric field E is calculated by

summing all the modes at every grid cell (k∆r, l∆z, n∆φ), where k, l, and n are integers.

The ionization probablity rate W (Ip, E) is then calculated for each ionization level Ip of the

gas. Recall that the quasi-3D approach [65, 66, 67] expands the electromagnetic fields and

plasma charge and current densities into azimuthal fourier modes in φ,

E(r, z, φ) = <
{∑

m

Em(r, z)eimφ
}

(A.2)

E0(r, z) + <
{
E1
}

cos(φ)−=
{
E1
}

sinφ

+ <
{
E2
}

cos(2φ)−=
{
E2
}

sin(2φ)

+ · · · .

Once the local electric field is determined, the distribution of the ionization states for each

gas within the cell are updated by integrating Eq. (A.1) over the time step ∆t. Electrons

can then be ionized (with zero momentum) if the average ionization level exceeds chosen

thresholds, which are pre-defined based on the number of macroparticles used to model the

bound electrons.

A.2 Comparisons of Quasi-3D and Full-3D Simulations

To validate the quasi-3D ionization algorithm, we revisit a result published in Ref. 111 in

which a laser pulse with {a0 = 2,W0 = 14µm, λ = 0.8µm, τ = 26fs (FWHM)} propagates

into a constant plasma density np = 2×1018 cm−3. Pre-ionized nitrogen ions nN5+ = 10−3np
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are distributed over a distance of 90µm from z = 0.038 to 0.128 mm. The ionization

potentials of the sixth and seventh nitrogen electrons are Ip ≈ 552.1 and Ip ≈ 667.0 eV.

Since the correspoding Keldysh parameters are γK ≈ 0.023, 0.021� 1, the ADK model can

be used. To model this problem, we performed a quasi-3D simulation using only the first

two modes m ≤ 1 and grid dimensions of 26.75× 38.1 µm with 250× 1500 cells in the r and

z directions, respectively. The plasma electrons and nitrogen ions were both modeled using

1x1x8 ppc in (r, z, φ).

In Fig. A.1, snapshots of the laser field Ex(m = 1) (top), plasma electron density ρe

(middle), and ionized nitrogen electrons from the sixth and seventh levels ρN5+ (bottom)

are shown after the laser has propagated a distance of z = 0.127 mm into the plasma. Due

to the high ionizing potential of the sixth and seventh levels of nitrogen, electron ionization

only occurs where the laser field is most intense. Therefore, the ionized nitrogen electrons

are born in regions where the wake potential is positive (where the laser exists) due to the

formation of the ion channel, thereby easing the trapping threshold ∆ψ ≈ −1 [44]. As

a result, ionized electrons are injected and accelerated at the rear of the wake where ψ is

negative.

In Fig. A.2, we plot the current profile, I(z), and bunching factor, b(k) =
∫
dzn(z)exp(ikz)

of the injected electrons from the quasi-3D simulation (red) after the laser has propagated

a distance of z = 0.381 mm into the plasma. For comparison, we have also plotted full-3D

simulation results (black) using a window with dimensions of 63.5 × 63.5 × 38.1 µm with

500 × 500 × 1500 cells in the x, y, and z directions, respectively. From the results, it can

be seen that the amplitude and modulation of the full-3D current profile are qualitatively

reproduced by the quasi-3D results. Integrating the currents profiles, we find that the mod-

ulation of the output beams peak at four times the laser wavelength, i.e., k ≈ 4k0, in both

cases. It is worth noting that in this case the quasi-3D simulation is able to reproduce the

full-3D results while using about 100× fewer cpu-hours.

162



Figure A.1: A Quasi-3D PIC simulation of ionization injection using a laser pulse {a0 = 2,W0 =

14µm, λ = 0.8µm, τ = 26fs (FWHM)} propagating in a constant plasma density np = 2×1018 cm−3.

The laser pulse is focused at the plasma entrance (z = 0 mm). Pre-ionized N5+ ions are distributed

from z = 0.038 to 0.128 mm and nN5+ = 10−3np. Snapshots of the laser pulse (top), plasma

electrons (middle), and ionized nitrogen (bottom) at z = 0.127 mm into the plasma.
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Figure A.2: (a) The current profile I(z) and (b) bunching factor b(k) =
∫
dzn(z) exp(ikz) of the

injected nN5+ electrons at z = 0.381 mm from quasi-3D (red) and full-3D (black). The laser and

plasma parameters are provided in Fig. A.1.
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Appendix B

Azimuthal Fourier Mode Decomposition Diagnostic

We have also implemented a post-processing diagnostic for transforming full-3D cartesian

simulation results into azimuthal Fourier harmonics in the quasi-3D (r, z, φ) geometry. The

diagnostic first interpolates full-3D cartesian data for electromagnetic fields and plasma

charge and current densities onto r − z grids equally spaced in φ. It then computes an

FFT along the azimuthal direction φ to obtain the complex amplitudes of each fourier

harmonic m. In Fig. B.1, we show how this post-processing diagnostic can be used to

separate out azimuthal Fourier modes from the full-3D cartesian simulation performed in

Appendix. A. From the full-3D simulation results, it can be seen that the longitudinal electric

field E1 contains both the wakefield and laser field. Using the post-processing diagnostic, the

wakefield and laser field can be fully separated into m = 0 and m = 1 modes, respectively.

This diagnostic can be used to study the effects of direct laser acceleration (DLA) [69, 70] in

3D cartesian simulations and to compare accuracy of quasi-3D and full-3D simulations [81].
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Figure B.1: Diagnostic results for decomposing full-3D simulation results into azimuthal fourier

modes.
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and Z. Najmudin. Observation of laser wakefield acceleration of electrons. Phys. Rev.

Lett., 81:995–998, Aug 1998.

[15] S. P. D. Mangles, C. D. Murphy, Z. Najmudin, A. G. R. Thomas, J. L. Collier, A. E.

Dangor, E. J. Divall, P. S. Foster, J. G. Gallacher, C. J. Hooker, D. A. Jaroszynski,

A. J. Langley, W. B. Mori, P. A. Norreys, F. S. Tsung, R. Viskup, B. R. Walton,

and K. Krushelnick. Monoenergetic beams of relativistic electrons from intense laser–

plasma interactions. Nature, 431(7008):535–538, 2004.

[16] J. Faure, Y. Glinec, A. Pukhov, S. Kiselev, S. Gordienko, E. Lefebvre, J. P. Rousseau,

F. Burgy, and V. Malka. A laser–plasma accelerator producing monoenergetic electron

beams. Nature, 431:541 EP –, 09 2004.

168



[17] C. G. R. Geddes, Cs. Toth, J. van Tilborg, E. Esarey, C. B. Schroeder, D. Bruhwiler,

C. Nieter, J. Cary, and W. P. Leemans. High-quality electron beams from a laser

wakefield accelerator using plasma-channel guiding. Nature, 431(7008):538–541, 2004.

[18] W. P. Leemans, B. Nagler, A. J. Gonsalves, Cs. Tóth, K. Nakamura, C. G. R. Geddes,
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land, AS Fisher, J Frederico, et al. High-efficiency acceleration of an electron beam in

a plasma wakefield accelerator. Nature, 515(7525):92, 2014.

[30] S. Corde, E. Adli, J. M. Allen, W. An, C. I. Clarke, C. E. Clayton, J. P. Delahaye,

J. Frederico, S. Gessner, S. Z. Green, M. J. Hogan, C. Joshi, N. Lipkowitz, M. Litos,

W. Lu, K. A. Marsh, W. B. Mori, M. Schmeltz, N. Vafaei-Najafabadi, D. Walz, V. Yaki-

menko, and G. Yocky. Multi-gigaelectronvolt acceleration of positrons in a self-loaded

plasma wakefield. Nature, 524(7566):442–445, 2015.

[31] T. Katsouleas, S. Wilks, P. Chen, J. M. Dawson, and J. J. Su. Beam loading in plasma

accelerators. 22(1):81–99, 1987.

[32] Guo-Zheng Sun, Edward Ott, Y. C. Lee, and Parvez Guzdar. Self-focusing of short

intense pulses in plasmas. The Physics of Fluids, 30(2):526–532, 1987.

[33] J. B. Rosenzweig, B. Breizman, T. Katsouleas, and J. J. Su. Acceleration and focusing

of electrons in two-dimensional nonlinear plasma wake fields. Phys. Rev. A, 44:R6189–

R6192, Nov 1991.

[34] A. Pukhov and J. Meyer-ter Vehn. Laser wake field acceleration: the highly non-linear

broken-wave regime. Applied Physics B, 74(4):355–361, 2002.

[35] W. Lu, C. Huang, M. Zhou, W. B. Mori, and T. Katsouleas. Nonlinear theory for

relativistic plasma wakefields in the blowout regime. Phys. Rev. Lett., 96:165002, Apr

2006.

[36] W. Lu, C. Huang, M. Zhou, M. Tzoufras, F. S. Tsung, W. B. Mori, and T. Katsouleas.

A nonlinear theory for multidimensional relativistic plasma wave wakefields. Physics

of Plasmas, 13(5):056709, 2006.

171



[37] W. Lu, M. Tzoufras, C. Joshi, F. S. Tsung, W. B. Mori, J. Vieira, R. A. Fonseca, and

L. O. Silva. Generating multi-gev electron bunches using single stage laser wakefield

acceleration in a 3d nonlinear regime. Phys. Rev. ST Accel. Beams, 10:061301, Jun

2007.

[38] M. Tzoufras, W. Lu, F. S. Tsung, C. Huang, W. B. Mori, T. Katsouleas, J. Vieira,

R. A. Fonseca, and L. O. Silva. Beam loading in the nonlinear regime of plasma-based

acceleration. Phys. Rev. Lett., 101:145002, Sep 2008.

[39] M. Tzoufras, W. Lu, F. S. Tsung, C. Huang, W. B. Mori, T. Katsouleas, J. Vieira,

R. A. Fonseca, and L. O. Silva. Beam loading by electrons in nonlinear plasma wakes.

Physics of Plasmas, 16(5):056705, 2009.

[40] W.A. Barletta et al. Free electron lasers: Present status and future challenges. Nuclear

Instruments and Methods in Physics Research Section A: Accelerators, Spectrometers,

Detectors and Associated Equipment, 618(1):69 – 96, 2010.

[41] Wentao Wang, Ke Feng, Lintong Ke, Changhai Yu, Yi Xu, Rong Qi, Yu Chen, Zhiyong

Qin, Zhijun Zhang, Ming Fang, Jiaqi Liu, Kangnan Jiang, Hao Wang, Cheng Wang,

Xiaojun Yang, Fenxiang Wu, Yuxin Leng, Jiansheng Liu, Ruxin Li, and Zhizhan Xu.

Free-electron lasing at 27 nanometres based on a laser wakefield accelerator. Nature,

595(7868):516–520, 2021.

[42] Min Chen, Zheng-Ming Sheng, Yan-Yun Ma, and Jie Zhang. Electron injection and

trapping in a laser wakefield by field ionization to high-charge states of gases. Journal

of Applied Physics, 99(5):056109, 2006.

[43] E. Oz et al. Ionization-induced electron trapping in ultrarelativistic plasma wakes.

Phys. Rev. Lett., 98:084801, Feb 2007.

[44] A. Pak, K. A. Marsh, S. F. Martins, W. Lu, W. B. Mori, and C. Joshi. Injection

172



and trapping of tunnel-ionized electrons into laser-produced wakes. Phys. Rev. Lett.,

104:025003, Jan 2010.

[45] X. L. Xu et al. Phase-space dynamics of ionization injection in plasma-based acceler-

ators. Phys. Rev. Lett., 112:035003, Jan 2014.

[46] F. Li et al. Generating high-brightness electron beams via ionization injection by trans-

verse colliding lasers in a plasma-wakefield accelerator. Phys. Rev. Lett., 111:015003,

Jul 2013.

[47] L.-L. Yu, E. Esarey, C. B. Schroeder, J.-L. Vay, C. Benedetti, C. G. R. Geddes,

M. Chen, and W. P. Leemans. Two-color laser-ionization injection. Phys. Rev. Lett.,

112:125001, Mar 2014.

[48] B. Hidding, G. Pretzler, J. B. Rosenzweig, T. Königstein, D. Schiller, and D. L. Bruh-

wiler. Ultracold electron bunch generation via plasma photocathode emission and

acceleration in a beam-driven plasma blowout. Phys. Rev. Lett., 108:035001, Jan 2012.

[49] S. Bulanov, N. Naumova, F. Pegoraro, and J. Sakai. Particle injection into the wave

acceleration phase due to nonlinear wake wave breaking. Phys. Rev. E, 58:R5257–

R5260, Nov 1998.

[50] H. Suk, N. Barov, J. B. Rosenzweig, and E. Esarey. Plasma electron trapping and

acceleration in a plasma wake field using a density transition. Phys. Rev. Lett., 86:1011–

1014, Feb 2001.

[51] G. Fubiani, E. Esarey, C. B. Schroeder, and W. P. Leemans. Improvement of electron

beam quality in optical injection schemes using negative plasma density gradients.

Phys. Rev. E, 73:026402, Feb 2006.

[52] X. L. Xu, F. Li, W. An, T. N. Dalichaouch, P. Yu, W. Lu, C. Joshi, and W. B. Mori.

High quality electron bunch generation using a longitudinal density-tailored plasma-

173



based accelerator in the three-dimensional blowout regime. Phys. Rev. Accel. Beams,

20:111303, Nov 2017.

[53] A. Martinez de la Ossa, Z. Hu, M. J. V. Streeter, T. J. Mehrling, O. Kononenko,

B. Sheeran, and J. Osterhoff. Optimizing density down-ramp injection for beam-driven

plasma wakefield accelerators. Phys. Rev. Accel. Beams, 20:091301, Sep 2017.

[54] C. G. R. Geddes, K. Nakamura, G. R. Plateau, Cs. Toth, E. Cormier-Michel, E. Esarey,

C. B. Schroeder, J. R. Cary, and W. P. Leemans. Plasma-density-gradient injection of

low absolute-momentum-spread electron bunches. Phys. Rev. Lett., 100:215004, May

2008.

[55] A. J. Gonsalves, K. Nakamura, C. Lin, D. Panasenko, S. Shiraishi, T. Sokollik,

C. Benedetti, C. B. Schroeder, C. G. R. Geddes, J. van Tilborg, J. Osterhoff, E. Esarey,

C. Toth, and W. P. Leemans. Tunable laser plasma accelerator based on longitudinal

density tailoring. Nature Physics, 7:862 EP –, 08 2011.

[56] A. Buck, J. Wenz, J. Xu, K. Khrennikov, K. Schmid, M. Heigoldt, J. M. Mikhailova,

M. Geissler, B. Shen, F. Krausz, S. Karsch, and L. Veisz. Shock-front injector for

high-quality laser-plasma acceleration. Phys. Rev. Lett., 110:185006, May 2013.

[57] S. Kalmykov, S. A. Yi, V. Khudik, and G. Shvets. Electron self-injection and trapping

into an evolving plasma bubble. Phys. Rev. Lett., 103:135004, Sep 2009.

[58] Han Xu, Wei Yu, Peixiang Lu, V. K. Senecha, Feng He, Baifei Shen, Liejia Qian, Ruxin

Li, and Zhizhan Xu. Electron self-injection and acceleration driven by a tightly focused

intense laser beam in an underdense plasma. Physics of Plasmas, 12(1):013105, 2005.

[59] T. N. Dalichaouch, X. L. Xu, F. Li, A. Tableman, F. S. Tsung, W. An, and W. B. Mori.

Generating high quality ultrarelativistic electron beams using an evolving electron

beam driver. Phys. Rev. Accel. Beams, 23:021304, Feb 2020.

174



[60] John M. Dawson. Particle simulation of plasmas. Rev. Mod. Phys., 55:403–447, Apr

1983.

[61] Charles K. Birdsall and A. Bruce Langdon. Plasma Physics Via Computer Simulation.

McGraw Hill Higher Education, 1984.

[62] Patrick Mora and Thomas M. Antonsen, Jr. Kinetic modeling of intense, short laser

pulses propagating in tenuous plasmas. Physics of Plasmas, 4(1):217–229, 1997.

[63] C Huang, V K Decyk, M Zhou, W Lu, W B Mori, J H Cooley, T M Antonsen,

B Feng, T Katsouleas, J Vieira, and L O Silva. QuickPIC: a highly efficient fully

parallelized PIC code for plasma-based acceleration. Journal of Physics: Conference

Series, 46:190–199, sep 2006.

[64] Weiming An, Viktor K. Decyk, Warren B. Mori, and Thomas M. Antonsen. An

improved iteration loop for the three dimensional quasi-static particle-in-cell algorithm:

Quickpic. Journal of Computational Physics, 250:165–177, 2013.

[65] A.F. Lifschitz, X. Davoine, E. Lefebvre, J. Faure, C. Rechatin, and V. Malka. Particle-

in-cell modelling of laser–plasma interaction using fourier decomposition. Journal of

Computational Physics, 228(5):1803 – 1814, 2009.

[66] S. Corde, C. Thaury, A. Lifschitz, G. Lambert, K. Ta Phuoc, X. Davoine, R. Lehe,

D. Douillet, A. Rousse, and V. Malka. Observation of longitudinal and transverse

self-injections in laser-plasma accelerators. Nature Communications, 4(1):1501, 2013.

[67] A. Davidson, A. Tableman, W. An, F.S. Tsung, W. Lu, J. Vieira, R.A. Fonseca, L.O.

Silva, and W.B. Mori. Implementation of a hybrid particle code with a pic description

in r − z and a gridless description in φ into osiris. Journal of Computational Physics,

281:1063 – 1077, 2015.

175



[68] John M. Dawson. The electrostatic sheet model for a plasma and its modification to

finite-size particles. In B. Alder, S. Fernbach, and M. Rotenberg, editors, Methods in

Computational Physics, volume 9, pages 1–28. 1970.

[69] A. Pukhov, Z.-M. Sheng, and J. Meyer-ter Vehn. Particle acceleration in relativistic

laser channels. Physics of Plasmas, 6(7):2847–2854, 1999.

[70] Alexander Pukhov. Strong field interaction of laser radiation. Reports on Progress in

Physics, 66(1):47–101, dec 2002.

[71] Fei Li, Weiming An, Viktor K. Decyk, Xinlu Xu, Mark J. Hogan, and Warren B. Mori.

A quasi-static particle-in-cell algorithm based on an azimuthal fourier decomposition

for highly efficient simulations of plasma-based acceleration: Qpad. Computer Physics

Communications, 261:107784, 2021.

[72] W. B. Mori, V. K. Decyk, T. C. Katsouleas, D. W. Forslund, R. D. Ferraro, and

E. Horowitz. Full-scale numerical experiemnt to test a future plasma-based accelerator.

Submitted to NSF as part of the U.S. High Performance Computing and Communica-

tions Program, 1992.

[73] J.-L. Vay. Noninvariance of space- and time-scale ranges under a lorentz transforma-

tion and the implications for the study of relativistic interactions. Phys. Rev. Lett.,

98:130405, Mar 2007.

[74] Brendan B Godfrey. Numerical cherenkov instabilities in electromagnetic particle

codes. Journal of Computational Physics, 15(4):504–521, 1974.

[75] P. Yu, X. Xu, V. K. Decyk, S. F. Martins, F. S. Tsung, J. Vieira, R. A. Fonseca,

W. Lu, L. O. Silva, and W. B. Mori. Modeling of laser wakefield acceleration in the

lorentz boosted frame using osiris and upic framework. AIP Conference Proceedings,

1507(1):416–420, 2012.

176



[76] Brendan B. Godfrey and Jean-Luc Vay. Numerical stability of relativistic beam mul-

tidimensional pic simulations employing the esirkepov algorithm. Journal of Compu-

tational Physics, 248:33–46, 2013.

[77] Xinlu Xu, Peicheng Yu, Samual F. Martins, Frank S. Tsung, Viktor K. Decyk, Jorge

Vieira, Ricardo A. Fonseca, Wei Lu, Luis O. Silva, and Warren B. Mori. Numerical

instability due to relativistic plasma drift in em-pic simulations. Computer Physics

Communications, 184(11):2503–2514, 2013.

[78] Brendan B. Godfrey, Jean-Luc Vay, and Irving Haber. Numerical stability analysis of

the pseudo-spectral analytical time-domain pic algorithm. Journal of Computational

Physics, 258:689–704, 2014.

[79] Peicheng Yu, Xinlu Xu, Viktor K. Decyk, Frederico Fiuza, Jorge Vieira, Frank S.

Tsung, Ricardo A. Fonseca, Wei Lu, Luis O. Silva, and Warren B. Mori. Elimination

of the numerical cerenkov instability for spectral em-pic codes. Computer Physics

Communications, 192:32–47, 2015.

[80] Peicheng Yu, Xinlu Xu, Adam Tableman, Viktor K. Decyk, Frank S. Tsung, Frederico

Fiuza, Asher Davidson, Jorge Vieira, Ricardo A. Fonseca, Wei Lu, Luis O. Silva, and

Warren B. Mori. Mitigation of numerical cerenkov radiation and instability using a

hybrid finite difference-fft maxwell solver and a local charge conserving current deposit.

Computer Physics Communications, 197:144–152, 2015.

[81] Peicheng Yu, Xinlu Xu, Asher Davidson, Adam Tableman, Thamine Dalichaouch, Fei

Li, Michael D. Meyers, Weiming An, Frank S. Tsung, Viktor K. Decyk, Frederico Fi-

uza, Jorge Vieira, Ricardo A. Fonseca, Wei Lu, Luis O. Silva, and Warren B. Mori.

Enabling lorentz boosted frame particle-in-cell simulations of laser wakefield accelera-

tion in quasi-3d geometry. Journal of Computational Physics, 316:747–759, 2016.

[82] Fei Li, Peicheng Yu, Xinlu Xu, Frederico Fiuza, Viktor K. Decyk, Thamine

177



Dalichaouch, Asher Davidson, Adam Tableman, Weiming An, Frank S. Tsung, Ri-

cardo A. Fonseca, Wei Lu, and Warren B. Mori. Controlling the numerical cerenkov

instability in pic simulations using a customized finite difference maxwell solver and

a local fft based current correction. Computer Physics Communications, 214:6 – 17,

2017.

[83] Remi Lehe, Manuel Kirchen, Brendan B. Godfrey, Andreas R. Maier, and Jean-Luc

Vay. Elimination of numerical cherenkov instability in flowing-plasma particle-in-cell

simulations by using galilean coordinates. Phys. Rev. E, 94:053305, Nov 2016.

[84] Ricardo A. Fonseca, L. O. Silva, F. S. Tsung, Viktor K. Decyk, W. Lu, C. Ren, W. B.

Mori, S. Deng, S. Lee, T. Katsouleas, and J. C. Adam. Osiris: A three-dimensional,

fully relativistic particle in cell code for modeling plasma based accelerators. In Pro-

ceedings of the International Conference on Computational Science-Part III, ICCS ’02,

page 342–351, Berlin, Heidelberg, 2002. Springer-Verlag.

[85] R. G. Hemker. Particle-In-Cell Modeling of Plasma-Based Accelerators in Two and

Three Dimensions. PhD thesis, Univeristy of California, Los Angeles, 2000.

[86] Xinlu Xu, Fei Li, Frank S. Tsung, Thamine N. Dalichaouch, Weiming An, Han Wen,

Viktor K. Decyk, Ricardo A. Fonseca, Mark J. Hogan, and Warren B. Mori. On

numerical errors to the fields surrounding a relativistically moving particle in pic codes.

Journal of Computational Physics, 413:109451, Jul 2020.

[87] Kyle G. Miller, Roman P. Lee, Adam Tableman, Anton Helm, Ricardo A. Fonseca,

Viktor K. Decyk, and Warren B. Mori. Dynamic load balancing with enhanced shared-

memory parallelism for particle-in-cell codes. Computer Physics Communications,

259:107633, 2021.

[88] S. Y. Lee. Accelerator Physics. WORLD SCIENTIFIC, 1999.

178



[89] P. Sprangle, E. Esarey, and A. Ting. Nonlinear theory of intense laser-plasma interac-

tions. Phys. Rev. Lett., 64:2011–2014, Apr 1990.

[90] David H. Whittum. Transverse two-stream instability of a beam with a bennett profile.

Physics of Plasmas, 4(4):1154–1159, 1997.

[91] W. K. H. Panofsky and W. A. Wenzel. Some considerations concerning the transverse

deflection of charged particles in radio-frequency fields. Review of Scientific Instru-

ments, 27(11):967–967, 1956.

[92] T. Katsouleas. Physical mechanisms in the plasma wake-field accelerator. Phys. Rev.

A, 33:2056–2064, Mar 1986.

[93] W B Mori and T Katsouleas. Wavebreaking of longitudinal plasma oscillations. Physica

Scripta, T30:127–133, jan 1990.

[94] S. A. Yi, V. Khudik, C. Siemon, and G. Shvets. Analytic model of electromagnetic fields

around a plasma bubble in the blow-out regime. Physics of Plasmas, 20(1):013108,

2013.

[95] T. J. Mehrling, C. Benedetti, C. B. Schroeder, A. Martinez de la Ossa, J. Osterhoff,

E. Esarey, and W. P. Leemans. Accurate modeling of the hose instability in plasma

wakefield accelerators. Physics of Plasmas, 25(5):056703, 2018.

[96] L Reichwein, J Thomas, A Golovanov, I Kostyukov, and A Pukhov. Fixing e-field

divergence in strongly non-linear wakefields in homogeneous plasma. Plasma Physics

and Controlled Fusion, 62(11):115017, oct 2020.

[97] S. Y. Kalmykov, A. Beck, S. A. Yi, V. N. Khudik, M. C. Downer, E. Lefebvre, B. A.

Shadwick, and D. P. Umstadter. Electron self-injection into an evolving plasma bub-

ble: Quasi-monoenergetic laser-plasma acceleration in the blowout regime. Physics of

Plasmas, 18(5):056704, 2011.

179



[98] F. S. Tsung, Ritesh Narang, W. B. Mori, C. Joshi, R. A. Fonseca, and L. O. Silva.

Near-gev-energy laser-wakefield acceleration of self-injected electrons in a centimeter-

scale plasma channel. Phys. Rev. Lett., 93:185002, Oct 2004.

[99] FACET-II Technical Design Report No. SLAC-R-1072, 2016.

[100] T. N. Dalichaouch, X. L. Xu, A. Tableman, F. Li, F. S. Tsung, and W. B. Mori.

A multi-sheath model for highly nonlinear plasma wakefields. Physics of Plasmas,

28(6):063103, 2021.

[101] P. Chen. A possible final focusing mechanism for linear colliders. 20(3-4):171–182,

1987.

[102] J. J. Su, T. Katsouleas, J. M. Dawson, and R. Fedele. Plasma lenses for focusing

particle beams. Phys. Rev. A, 41:3321–3331, Mar 1990.

[103] J. K. Lim, P. Frigola, G. Travish, J. B. Rosenzweig, S. G. Anderson, W. J. Brown, J. S.

Jacob, C. L. Robbins, and A. M. Tremaine. Adjustable, short focal length permanent-

magnet quadrupole based electron beam final focus system. Phys. Rev. ST Accel.

Beams, 8:072401, Jul 2005.

[104] S. Becker, M. Bussmann, S. Raith, M. Fuchs, R. Weingartner, P. Kunz, W. Lauth,
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