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ABSTRACT OF THE DISSERTATION

Second-Derivative SQP Methods for

Large-Scale Nonconvex Optimization

by

Jeb H. Runnoe

Doctor of Philosophy in Mathematics

University of California San Diego, 2024

Professor Philip E. Gill, Chair

The class of stabilized sequential quadratic programming (SQP) methods for nonlinearly
constrained optimization solve a sequence of related quadratic programming (QP) subproblems
formed from a two-norm penalized quadratic model of the Lagrangian function subject to shifted,
linearized constraints. While these methods have been shown to exhibit superlinear local con-
vergence even when the constraint Jacobian is rank deficient at the solution, they generally have
no global convergence theory. To address this issue, primal-dual SQP methods (pdSQP) employ a
certain primal-dual augmented Lagrangian merit function and solve a subproblem that involves

the minimization of a quadratic model of the merit function subject to simple bound constraints.

xii



The model of the merit function is constructed so that the resulting primal-dual subproblem is
equivalent to the stabilized SQP subproblem. When used in conjunction with a flexible line-search,
the merit function guarantees convergence from any starting point, while the connection with the
stabilized subproblem allows pdSQP to retain the superlinear local convergence that is characteristic
of stabilized SQP methods.

A new dynamic convexification framework is developed that is applicable for nonconvez
general standard form, stabilized, and primal-dual bound-constrained QP subproblems. Dynamic
convexification involves three distinct stages: pre-convexification, concurrent convexification and
post-convexification. New techniques are derived and analyzed for the implicit modification of
symmetric indefinite factorizations and for the imposition of temporary artificial constraints, both
of which are suitable for pre-convexification. Concurrent convexification works synchronously with
the active-set method used to solve the subproblem, and computes minimal modifications needed to
ensure that the QP iterates are uniformly bounded. Finally, post-convexification defines an implicit
modification that ensures the solution of the subproblem yields a descent direction for the merit
function.

A new exact second-derivative primal-dual SQP method (dcpdSQP) is formulated for large-
scale nonconvex optimization. Convergence analysis is presented that demonstrates guaranteed
global convergence. Extensive numerical testing indicates that the performance of the proposed
method is comparable or better than conventional full convexification while significantly reducing

the number of factorizations required.
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Chapter 1

Introduction

The spirit of optimization is something everyone is familiar with in one way or another. It is
a fundamentally human endeavor in that most people are constantly searching for and taking actions
to increase their health, income, and happiness, while simultaneously reducing time and energy
spent. When purchasing a house, for example, one attempts to maximize some, often vaguely-
defined, measure of utility that depends on variables such as cost, location, commute, and square
footage. Some requirements may be flexible while others are not. Whether or not the individual
realizes it, many of the fundamental components that constitute an optimization problem are present
in such a task. Moreover, there are numerous problems throughout science, engineering, finance,
economics, and medicine, that can be posed as some form of optimization problem. Many areas of
optimization research originated from the need to solve problems that arise naturally in disciplines
such as these. A prime example is the soldier diet planning problem that, along with other military
applications, spurred the development of the simplex method and the study of linear programming.

In order to solve such problems, a mathematical model is constructed that seeks to capture the



problem’s defining characteristics while removing needless complexity. When the problem-specific
details are abstracted away, what’s left is a general form optimization problem. Because many
important and interesting problems share characteristics such as smoothness, linearity, and problem
function definitions, the solution of the abstract optimization problem is widely applicable.

Mathematical optimization is concerned with the formulation and analysis of methods for
solving abstract optimization problems. This amounts to selecting an element z* from a set X of
possible alternatives such that the value taken by a function of interest f(z*) is extremal over X.
As the maximization of f(x) is mathematically equivalent to the minimization of —f(x), we will
focus our attention on minimization. With this in mind, an abstract optimization problem can be
written

minimize f(x). (1.1)

The power of mathematical optimization is that the methods and solutions derived by studying
(1.1) apply to a diverse set of applications, including the purchase of a house or the formulation of

diet plans for the military.

1.1 Notation

The process of modifying a matrix so that the result is positive definite will be referred
to as convetzification or convexifying the matrix. Similarly, a function is convexified by modifying
its Hessian matrix to be positive definite, and convexification of an optimization problem refers to
modification of the Hessian of the objective function.

In general, the notation will be defined as it is introduced. That said, the main notation

is summarized here for reference.



Table 1.1: Common notation.

Notation | Meaning

x The n-vector of primal variables.

f(z) The scalar-valued objective function.

g(x) The gradient Vf(z) of the objective function.

c(x) The m-vector of general constraint functions ¢;(x).

J(x) The m x n Jacobian of ¢(z).

Y The m-vector of Lagrange multipliers for the general constraints ¢(z) = 0.
z The n-vector of Lagrange multipliers for the bound constraints z > 0.
L(x,y,z) | Lagrangian function L(z,y, 2) = f(z) — yTec(x) — 2Tz.

H(x,y) Hessian of the Lagrangian V2L(z,y, z) taken with respect to z.
[u]; The i-th component of a vector w.

[u]s The components of u with indices in S.

uU-v Element-wise vector product [u - v]; = u;v;.

ag Step length.

Il 1] Euclidean vector or induced matrix norm.

i (A) The number of positive eigenvalues of a symmetric matrix A.
i_(A) The number of negative eigenvalues of a symmetric matrix A.
i0(A) The number of zero eigenvalues of a symmetric matrix A.
In(A) The inertia of symmetric A: (i, (A4), i_(4), i,(A)).

e A column vector of ones.

e; The i-th column of the identity matrix.

ut The positive part of u: u* = max(u, 0) > 0.

u” The negative part of u: u~ = —min(u, 0) > 0.




1.2 Background

In practice, the set of allowed values is defined in terms of constraint functions rather than

an abstract set, yielding the form
mini%lize f(z) subject to < < , (1.2)
cERM

where ¢ : R" — R™, f:R" — R, and (%, ¢%) and (u*,u*) are constant vectors of lower and upper
bounds. Throughout, we assume that the number of variables is large, and that the derivatives of f
and c are sparse. The constraints involving the functions ¢;(z) will be called the general constraints;
the remaining constraints will be called bounds. We assume that the functions f and ¢ are smooth
and that their first and second derivatives are available. An equality constraint corresponds to the
values ¢; = u;. Similarly, a special “infinite” value for ¢; or u; is used to indicate the absence of one

of the bounds. To relate (1.1) with (1.2), note that X is simply
X={zeR" : ¥ <z <u* and ¢ <c¢(z) <u’}.

The problem format of (1.2) may be simplified by introducing slack variables and replacing
each general constraint of the form ¢; < ¢;(z) < u; by the equality constraint ¢;(z) — s; = 0 and
range constraint ¢; < s; < u;. This gives

X T u®

o e . ‘b' t t _ :O < < 13
sl J@) swbjectto elw) =s =0 =) )= ) "

where z and the “slack variables” s are treated as independent variables. Without loss of generality,

we assume only nonnegativity constraints and include any slack variables in the definition of x and



c. The problem to be solved is then

mineig}}ze f(x) subject to c¢(x)=0, x>0, (NP)

where f and the m components of the constraint vector ¢ are assumed to be twice continuously
differentiable for all x € R™. The methods designed to solve (NP) are easily applied to solve the
more general problem (1.3). Let g(z) denote Vf(x), the gradient of f evaluated at x. Similarly, let
J(z) denote the m x n constraint Jacobian with rows formed from the constraint gradients Ve; ().
Throughout the discussion, the component y; of the m-vector y will denote the dual variable
associated with the constraint ¢;(z) = 0 or its linearization. Similarly, z; denotes the dual variable
associated with the bound z; > 0. The dual variables y and z are also referred to as Lagrange
multipliers.

A constraint is active at x if it is satisfied with equality. For any feasible x, i.e., for any
x such that ¢(z) = 0 and « > 0, all m equality constraints ¢;(z) = 0 are necessarily active. The
indices associated with the active nonnegativity constraints comprise the active set, denoted by
A(z), ie., A(x) = {i:2; = 0}. A nonnegativity constraint that is not in the active set is said
to be inactive. The inactive set contains the indices of the inactive constraints, i.e., the so-called
“free” variables F(z) = {i:x; >0}.

Under certain constraint regularity assumptions, an optimal solution of (NP) must satisfy
conditions that may be written in terms of the derivatives of the Lagrangian function L(z,y,z) =

f(x) —yTe(x) — 2Tz, The triple (z*, y*, 2*) is said to be a first-order KKT point for problem (NP)



if it satisfies the KKT conditions

The property of strict complementarity holds if the vectors x* and z* satisfy «* - 2* = 0 with
x* 4+ 2z* > 0. The vector-triple (z,y, z) is said to constitute a primal-dual estimate of the quantities
(x*,y*, z*) satisfying (1.4).

The purpose of the constraint regularity assumption is to guarantee that a linearization of
the constraints describes the nonlinear constraints with sufficient accuracy that the KKT conditions
of (1.4) are necessary for local optimality. One such regularity assumption is the Mangasarian-
Fromowitz constraint qualification [54, 57], which requires that J(z*) has rank m, and that there
exists a vector p such that J(z*)p = 0 with p; > 0 for all i € A(2*). Another common, but slightly
more restrictive, assumption is the linear independence constraint qualification, which requires that
the matrix of free columns of J(z*) has full row rank.

Let H(z,y) denote the Hessian of L(z,y, z) with respect to z, i.e.,

H(z,y) = V2. L(z,y,z) = sz(:zr) — Zy,-v%,-(x).
i=1

Under the linear independence constraint qualification, the second-order necessary optimality con-

ditions require that the first-order conditions (1.4) hold with the additional condition that

pTH(z*,y*)p > 0 for all p such that J(z*)p =0, and p; = 0 for every i € A(z*).



See, e.g., Nocedal and Wright [57, Chapter 12| for more discussion of constraint assumptions and
optimality conditions.

For a feasible point z, we will denote by J,(z) the matrix comprising columns of J(x)
corresponding to indices in F(z). A point z at which [g(z)], € range(J.(x)T) and the linear
independence constraint qualification does not hold is said to be degenerate. For example, if x is
a degenerate vertex, then more than n — m bounds must be active and J,(z) has more rows than
columns. The Mangasarian-Fromovitz constraint qualification may or may not hold at a degenerate
point. Practical NLP problems with degenerate points are very common and it is crucial that an
algorithm is able to handle J,(x) with dependent rows. Throughout our discussion of the effects
of degeneracy in SQP methods, it will be assumed that the Mangasarian-Fromovitz regularity

assumption holds.

1.3 Overview

There are two primary classes of methods available for solving (NP): interior-point meth-
ods and sequential quadratic programming (SQP) methods, defined by two alternative approaches
to handling the inequality constraints in (NP). SQP methods find an approximate solution of a
sequence of quadratic programming (QP) subproblems in which a quadratic model of the objective
function is minimized subject to the linearized constraints. Interior methods approximate a contin-
uous path that passes through a solution of (NP). In the simplest case, the path is parameterized
by a positive scalar parameter y that may be interpreted as a perturbation for the optimality con-
ditions (1.4). Both interior methods and SQP methods have an inner/outer iteration structure,
with the work for an inner iteration being dominated by the cost of solving a large sparse system of

symmetric indefinite linear equations. In the case of SQP methods, these equations involve a subset



of the variables and constraints; for interior methods, the equations involve all the constraints and
variables.

SQP methods provide a relatively reliable “certificate of infeasibility” and they have the
potential of being able to capitalize on a good initial starting point. Sophisticated matrix factor-
ization updating techniques are used to exploit the fact that the linear equations change by only
a single row and column at each inner iteration. These updating techniques are often customized
for the particular QP method being used and have the benefit of providing a uniform treatment of
ill-conditioning and singularity.

On the negative side, it is difficult to implement SQP methods so that exact second deriva-
tives can be used efficiently and reliably. Some of these difficulties stem from the theoretical proper-
ties of the quadratic programming subproblem, which can be nonconvex when second derivatives are
used. Nonconvex quadratic programming is NP-hard—even for the calculation of a local minimizer
(see Contesse [14] and Forsgren, Gill and Murray [29]. The complexity of the QP subproblem has
been a major impediment to the formulation of second-derivative SQP methods (although meth-
ods based on indefinite QP have been proposed by Fletcher [23, 24]). Over the years, algorithm
developers have avoided this difficulty by eschewing second derivatives and by solving a convex QP
subproblem defined with a positive semidefinite quasi-Newton approximate Hessian (see, e.g., Gill,
Murray and Saunders [35]). There are other difficulties associated with conventional SQP methods
that are not specifically related to the use of second derivatives. An SQP algorithm is often tailored
to a particular updating technique, e.g., the matrix factors of the Jacobian in the outer iteration can
be chosen to match those of the method for the QP subproblem. Any reliance on customized linear
algebra software makes it hard to “modernize” a method to reflect new developments in software

technology (e.g., in languages that exploit new advances in computer hardware such as multicore



processors or GPU-based architectures). Another difficulty is that active-set methods may require
a substantial number of QP iterations when the outer iterates are far from the solution. The use
of a QP subproblem is motivated by the assumption that the QP objective and constraints provide
good “models” of the objective and constraints of the NLP (see Section 2.1). This should make it
unnecessary (and inefficient) to solve the QP to high accuracy during the preliminary iterations.
Unfortunately, the simple expedient of limiting the number of inner iterations may have a detri-
mental effect upon reliability. Moreover, some of the QP multipliers will have the wrong sign if
an active-set method is terminated before a solution is found. This may cause difficulties if the
QP multipliers are used to estimate the multipliers for the nonlinear problem. These issues would
largely disappear if a primal-dual interior method were to be used to solve the QP subproblem.
These methods have the benefit of providing a sequence of feasible (i.e., correctly signed) dual
iterates. Nevertheless, QP solvers based on conventional interior methods have had limited success
within SQP methods because they are difficult to “warm start” from a near-optimal point (see the
discussion below). This makes it difficult to capitalize on the property that, as the outer iterates
converge, the solution of one QP subproblem is a very good estimate of the solution of the next.
Broadly speaking, the advantages and disadvantages of SQP methods and interior methods
complement each other. Interior methods are most efficient when implemented with exact second
derivatives. Moreover, they can converge in few inner iterations—even for very large problems.
The inner iterates are the iterates of Newton’s method for finding an approximate solution of the
perturbed optimality conditions for a given p. As the dimension and zero/nonzero structure of
the Newton equations remains fized, these Newton equations may be solved efliciently using either
iterative or direct methods available in the form of advanced “off-the-shelf” linear algebra software.

In particular, any new software for multicore and parallel architectures is immediately applicable.



Moreover, the perturbation parameter y plays an auxiliary role as an implicit regularization pa-
rameter of the linear equations. This implicit regularization plays a crucial role in the robustness
of interior methods on ill-conditioned and ill-posed problems.

On the negative side, although interior methods are very effective for solving “one-off”
problems, they are difficult to adapt to solving a sequence of related nonlinear programming prob-
lems. This difficulty may be explained in terms of the “path-following” interpretation of interior
methods. In the neighborhood of an optimal solution, a step along the path xz(u) of perturbed
solutions is well-defined, whereas a step onto the path from a neighboring point will be extremely
sensitive to perturbations in the problem functions (and hence difficult to compute). Another diffi-
culty with conventional interior methods is that a substantial number of iterations may be needed
when the constraints are infeasible.

Interior and SQP methods also have several similarities. One of the approaches used
by SQP methods for handling degeneracy is constraint regularization, which is the foundation of
stabilized SQP methods, discussed in detail in Chapters 2 and 3. Similar to interior methods,
stabilization can also be viewed as a perturbation of the problem, parameterized by a positive
scalar parameter p. As a result, many the linear equations that arise in stabilized SQP and interior
methods have a common structure. Modern stabilized SQP and interior methods use a merit
function of some kind to ensure convergence from any starting point. A merit function measures
the quality of an iterate in terms of feasibility and optimality, and allows for precise quantification
of the “improvement” made from one iteration to the next. By using a line search or trust region
strategy, these methods are able to ensure a reduction in the merit function that is sufficient to
guarantee global convergence is achieved at each step. The direction toward the next iterate is

computed from a system of linear equations involving an approximation to the Hessian of the merit

10



function, which can be expressed in the form

H+2J'D-tg J*t
J D

HY = , (1.5)

where D is a positive-definite diagonal matrix that depends on the method being used. Unfor-
tunately, even when H, J and D are sparse and well-conditioned, H" may be dense and ill-
conditioned, so it is not generally advisable to use H* directly. Any system of equations involving

H?™ can be solved using the symmetric KKT matriz

H J*
K= (1.6)
J =D

instead, because the two matrices are related by the nonsingular transformation

I, —2JTD-! I, 0
UHMV =K, where U= and V =
0 I 0o -1,

Interestingly, matrices of the form (1.6) arise independently in both interior and stabilized SQP
methods. In interior methods, K appears in the symmetrized Newton equations for computing a
root of a vector-valued nonlinear function whose zero is the solution of the perturbation to the
optimality conditions (1.4). In stabilized SQP, K appears in the linear equations for the optimality
conditions of the stabilized QP subproblem. In both cases, it is advantageous to use K rather than
H*™ because it inherits the sparsity and conditioning of the original problem.

In order to ensure existence of a step that will yield a sufficient decrease in the merit
function, it is required that H™ be positive definite. However, H* may be indefinite at some

iterates when exact second derivatives are used. For this reason, some form of modification to H"

11



may be needed to ensure that the computed direction possesses the required descent properties.
Of the techniques available for computing the needed modification, the method of Wéachter and
Biegler [68], is often the only suitable option for large sparse problems. The method exploits the
fact that the inertias of H* and K are related by the equation In(H") = In(K) 4+ (m, —m, 0),
and proceeds to modify H* implicitly by modifying K so that its inertia is (n, m, 0), which
implies that the resulting H™ is positive definite. A matrix K with inertia (n, m, 0) is said to be
second-order consistent. For an increasing sequence {o;}, a symmetric indefinite factorization of

the matrix
H -|— O'jI JT
J —-D

is computed, and the inertia of K (o) is checked by looking at the block diagonal B; of the fac-
torization PjTK (0,)P; = LijLjT. If successful, the end result is a diagonal perturbation E and a
sparse symmetric indefinite factorization PT(K + E)P = LBLT such that K + E is second-order
consistent. The fact that the perturbation and the factors are all sparse is a major contributing
factor to the efficacy of this method for large sparse problems. Limitations of this approach include
that it is difficult to define the sequence {o;} in a way that is favorable in general. The most
obvious drawback, however, is the need to compute potentially many factorizations.

The preceding discussion illustrates that the efficient and reliable use of exact second
derivatives is a principal difficulty in SQP methods. Keeping in mind that SQP methods constitute
one of the primary classes of methods available for solving (NP), it is clear why there is considerable
interest in developing techniques for effectively using second derivatives, particularly in the large-

scale and nonconvex settings.
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1.4 Contributions of This Dissertation

Both interior and SQP methods require the solution of large, sparse, symmetric indefinite
systems of linear equations at each inner iteration. Moreover, dealing with nonconvexity demands
modifications be made in order to guarantee well-defined equations and sufficient decrease in the
outer iteration. In the case of interior methods, a factorization of an indefinite block 2 x 2 ap-
proximate penalty-barrier merit Hessian must be modified to carry out an approximate modified
Newton method. In the case of SQP methods, a symmetric factorization of the block 2 x 2 in-
definite QP Hessian must be modified to guarantee a well-defined, bounded, local solution of the
subproblem can be found. In both cases, a factorization of a symmetric indefinite KKT system that
inherits sparsity and conditioning of the original problem is used to compute the implicit needed
modification to the generally dense and ill-conditioned approximate Hessian. In Chapter 4, new
techniques are derived and analyzed for the implicit modification of symmetric factorizations of
block 2 x 2 indefinite matrices. A two-stage split factorization is described that requires only two
factorizations to guarantee the modified Hessian is positive definite. Both of the factorizations
used can be computed using highly optimized “off-the-shelf” software, with no need to constrain
the pivot order. The two-stage factorization yields a modification that affects only the first n rows
and columns of the KKT system, which is critical to preserve the implicit relationship with the
approximate Hessian. The first stage identifies and factors a positive semidefinite submatrix that
is then paired, by symmetric permutation, with the (2, 2)-block of the original matrix to form a
leading KKT submatrix. The Schur complement of this submatrix is formed and factored allowing
for either a norm-optimal or a diagonal perturbation to be computed that achieves convexity im-
plicitly. Several methods for the first stage are offered, including partial Cholesky factorization as

well as novel submatrix search and approximate perturbation algorithms.
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The primary focus will be on three variations of SQP methods: conventional, stabilized,
and primal-dual. These variations are the result of different approaches to handling degeneracy,
described in Section 1.2, and global convergence. Conventional SQP refers to methods that solve a
standard quadratic subproblem with a rank-enforcing active-set algorithm, and use a merit function
to guarantee convergence. Stabilized SQP avoids degeneracy by solving a perturbed subproblem
that results from constraint regularization, but has no global convergence theory. Primal-dual SQP
uses a primal-dual merit function to guarantee convergence and a specially formulated subproblem
that is equivalent to stabilized SQP, thereby addressing degeneracy.

In Chapter 5, a new dynamic convezification technique is formulated for use in the solu-
tion of nonconvex conventional, stabilized, and primal-dual quadratic programming subproblems.
Dynamic convexification involves three distinct stages: pre-convexification, concurrent convexifica-
tion, and post-convexification. Among the possible approaches to pre-convexification are two novel
techniques: (1) a method based on imposing temporary artificial bound constraints and recursive
inertia calculation, and (2) the two-stage factorization method proposed in Chapter 4. In the cases
of standard form and stabilized SQP it is shown how post-convexification can be computed so as
to preserve optimality of the primal-dual subproblem solution. This is crucial because it means
that post-convexification can be applied implicitly by shifting the multipliers, without the need to
re-solve the QP subproblem or make any matrix modifications. In the primal-dual SQP case, the
advantages and limitations of several approaches to post-convexification are considered, including
implicit convexification by shifting the multipliers in the merit function.

With respect to practical application, our attention will be restricted to the primal-dual
context. In Chapter 6, a new exact second-derivative primal-dual SQP method (dcpdSQP) is formu-

lated for large-scale nonconvex optimization. dcpdSQP is an extension of a stabilized, primal-dual
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method (pdSQP) described in Chapter 3 that utilizes dynamic convexification. An extension of the
convergence analysis of Gill, Kungurtsev and Robinson [32, 33] is used to show that dcpdSQP ex-
hibits superlinear local convergence with guaranteed global convergence. Numerical results from a
state-of-the-art implementation indicate that the performance of dcpdSQP is comparable or better

than pdSQP while significantly reducing the number of factorizations required.
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Chapter 2

Sequential Quadratic Programming

2.1 Local Properties of SQP Methods

In many introductory texts, “the” SQP method is defined as one in which the quadratic
programming subproblem involves the minimization of a quadratic model of the objective function
subject to a linearization of the constraints. This description, which broadly defines the original
SQP method of Wilson [69] for convex programming, is somewhat over-simplistic for modern SQP
methods. Nevertheless, we start by defining a “vanilla” or “plain” SQP method in these terms.

The basic structure of an SQP method involves inner and outer iterations. Associated
with the kth outer iteration is an approximate solution xj, together with dual variables y; and

z, for the nonlinear constraints and bounds. Given (xg,yk, 2k), new primal-dual estimates are
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computed by solving the quadratic programming subproblem

mini%iize flay) + g(ze) T (2 — 2p) + %(m —a) Y H (2, yi) (7 — )
e (2.1)

subject to c(xg) + J(xg)(x — k) =0, = >0.

In our plain SQP method, this subproblem is solved by iteration using a quadratic programming
method. New estimates yr+1 and zxy1 of the Lagrange multipliers are the optimal multipliers for
the subproblem (2.1). The iterations of the QP method constitute the SQP inner iterations.

The form of the plain QP subproblem (2.1) is motivated by a certain fized-point property
that requires the SQP method to terminate in only one (outer) iteration when started at an optimal
solution. In particular, the plain QP subproblem is defined in such a way that if (g, yk,2x) =
(x*,y*, z*), then the NLP primal-dual solution (z*,y*, z*) satisfies the QP optimality conditions for
(2.1) and thereby constitutes a solution of the subproblem (see Section 2.1.2 below for a statement
of the QP optimality conditions). Under certain assumptions on the problem derivatives, this fixed-
point property implies that (xg, yk, zx) — («*,y*, 2*) when the initial point (zq, yo, z0) is sufficiently
close to (z*,y*, z*). These assumptions are discussed further below.

Given our earlier statement that SQP methods “minimize a quadratic model of the objective
function”, readers unfamiliar with SQP methods might wonder why the quadratic term of the
quadratic objective of (2.1) involves the Hessian of the Lagrangian function and not the Hessian
of the objective function. However, at (xg,yx, 2x) = (z*,y*, 2*), the objective of the subproblem
defines the second-order local variation of f on the constraint surface ¢(x) = 0. Suppose that x(«)
is a twice-differentiable feasible path starting at x;, parameterized by a nonnegative scalar «; i.e.,

x(0) = zx and ¢(x(«)) = 0. An inspection of the derivatives f’(z(a)) and f”(z(a)) at & = 0

17



indicates that the function

on(@) = flap) + 9(ze) " (z — k) + 3 (2 — o) "H(zp, y) (z — 1) (2.2)

defines a second-order approximation of f for all z lying on z(«), i.e., ¢ (x) may be regarded as a
local quadratic model of f that incorporates the curvature of the constraints c(x) = 0.
This constrained variation of the objective is equivalent to the unconstrained variation of

a function known as the modified Lagrangian, which is given by

Ly xx, i) = f(x) = yi (c(x) = E(x)), (2.3)

where ¢, (z) denotes the vector of linearized constraint functions ¢ (z) = c(z)+J (k) (z — 24), and
c(x) — ¢k () is known as the departure from linearity (see Robinson [63] and Van der Hoek [67]).

The first and second derivatives of the modified Lagrangian are given by

VL(z; 2k, 1) = 9(2) = (J(@) = I (@1)) "y,

V2L(x; e, yi) = Z i V2ei(z

=1

~.

The Hessian of the modified Lagrangian is independent of x; and coincides with the Hessian (with re-
spect to ) of the conventional Lagrangian. Also, L(x; %k, yi)|,—,, = f(zk), and VL(z; 2k, yr)|,—p, =
g(zk), which implies that fk(x) defines a local quadratic model of L(x;xzk,yx) at © = x.
Throughout the remaining discussion, gx, ¢k, Jr and Hy denote g(z), ¢(z), J(x) and
H(z,y) evaluated at zj, and y. With this notation, the quadratic objective is i () = f;, + g (z —

z,)+ 2 (z—z,)TH, (z — z,), with gradient gy, (z) = gr + Hg(z — z)). A “hat” will be used to denote
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quantities associated with the QP subproblem.

2.1.1 Equality constraints

We motivate some of the later discussion by first focusing on equality-constrained nonlinear

programming and reviewing the SQP methods available for solving the problem

minimize f(z) subject to c(x) =0, (2.4)

zER™

which is simply (NP) with the nonnegativity constraints omitted.

Newton’s method and SQP

We begin by investigating the connection between SQP methods and Newton’s method for
solving a system of nonlinear equations, which is the basis of the method of Newton-Lagrange. In
the case of unconstrained optimization, a standard approach to the formulation of algorithms is to
use the first-order optimality conditions to define a system of nonlinear equations Vf(x) = 0 whose
solution is a first-order optimal point x*. In the constrained case, the relevant nonlinear equations
involve the gradient of the Lagrangian function L(z,y), which incorporates the first-order feasibility
and optimality conditions satisfied by * and y*. If the rows of the constraint Jacobian J at z* are
linearly independent, a primal-dual solution represented by the n + m vector (z*,y*) must satisfy

the n + m nonlinear equations F(z,y) = 0, where

F(z,y) = VL(z,y) = . (2.5)

These equations may be solved efficiently using Newton’s method.

19



Consider one iteration of Newton’s method, starting at estimates x; and y; of the primal
and dual variables. If v, denotes the iterate defined by (n+m)-vector (zy, yx), then the next iterate
Vg1 1S given by

Vg1 = vk + dg, where F'(vg)dp = —F(vy).

Differentiating (2.5) with respect to x and y gives F'(v) = F'(z,y) as

H(z,y) —J(x)"

Flay) = —J(z) 0

which implies that the Newton equations may be written as

H, —J5\ (px 9 — iy,

—J, 0 dk —Ck

where py and ¢i denote the Newton steps for the primal and dual variables. If the second block of

equations is scaled by —1 we obtain the system

H, —J! —J!
k k Pe )} (9T Yk Yk , (2.6)

Ji 0 qx Ck

which is an example of a saddle-point system. Finally, if the second block of variables is scaled by

—1 we obtain an equivalent symmetric system

H, JTY —JF
ko Jk Pey _ 9%~ 7k Yk ’ (2.7)

Jk 0 —dk Ck

which is often referred to as the KKT system.

It may not be clear immediately how this method is related to an SQP method. The crucial
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link follows from the observation that the KKT equations (2.7) represent the first-order optimality
conditions for the primal and dual solution (pg, gx) of the quadratic program

minimize (g, = Ji'y,) TP+ 30" Hyp

subject to ¢ + Jixp =0,

which, under certain conditions on the curvature of the Lagrangian discussed below, defines the
step from zj, to the point that minimizes the local quadratic model of the objective function subject
to the linearized constraints. It is now a simple matter to include the constant objective term fj
(which does not affect the optimal solution) and write the dual variables in terms of yx11 = yr + g

instead of ¢qx. The equations analogous to (2.7) are then

H, JT Pk K
kE Yk __ |9 7 (2.8)
Jp 0 —Yk+1 Ck
which are the first-order optimality conditions for the quadratic program
miniﬁaizc fr + g,;Fp + %pTHkp subject to ¢ + Jpp = 0.
pe n
When written in terms of the = variables, this quadratic program is
minimize  fi + g (z — z;,) + 3(z — z,)) TH (x — z)
reR™ (29)

subject to ¢ + Ji(z — x) = 0.

21



Local convergence

A standard analysis of Newton’s method (see, e.g., Moré and Sorensen [56, Theorem 2.8])
shows that if the KKT matrix is nonsingular at a solution (z*,y*), and (zo, yo) lies in a sufficiently
small neighborhood of (z*,y*) in which f and ¢ are twice-continuously differentiable, then the SQP
iterates (z,yr) will converge to (z*,y*) at a Q-superlinear rate. If, in addition, H(z,y) is locally
Lipschitz continuous, then the SQP iterates (zx, yx) are Q-quadratically convergent. As x is only a
subvector of v, with v = (z,y), the convergence rate of x; does not follow immediately. However,
as ||z —z*| < |lvg —v*||, a Q-quadratic rate of convergence of (z, yx) implies an R-quadratic rate
of convergence of x. For more on the rate of convergence of {z;} relative to {zx, yx}, see Ortega
and Rheinboldt [58, Chapter 9.

Conditions for the nonsingularity of the KKT matrix may be determined by transforming
the KKT system into an equivalent system that reveals the rank. If @y is an n X n nonsingular

matrix, then (2.8) is equivalent to the system

TH JeQp)" 3
Qr H,.Q,  (J,Qy) Pe _ Qi 91 , with pp = Qwrpo- (2.10)
J Qs 0 ~Yk+1 Cr

Let Qg be defined so that J,Qr = (0 Uk)7 where Uy is m x m. The assumption that J; has rank
m implies that Uy is nonsingular. If the n columns of @) are partitioned into blocks Z; and Y} of

dimension n X (n —m) and n X m, then
JeQr=Jk(Ze Vi) =(0 Up), (2.11)

which shows that JpZ; = 0 and Ji Yy = Ux. As Zj and Y} are sections of the nonsingular matrix

Qy, they must have independent columns, and, in particular, the columns of Z; must form a basis
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for the null-space of Ji. If Q' H,Q, and J;Qj are partitioned to conform to the Z-Y partition of

@, we obtain the block lower-triangular system

Uk 0 0 Py Cy,
Zy 1Y, ZpHZ, 0 p: | =—|Zig |- (2.12)
ViHY, YHZ, U “Yk+1 Vil

where the (n — m)-vector p, and m-vector p, are the parts of p, that conform to the columns of
7y, and Yy. It follows immediately from (2.12) that the Jacobian F'(zy, yx) is nonsingular if Jj has
independent rows and Z;' H, Z, is nonsingular. In what follows, we use standard terminology and
refer to the vector Z,;F g, as the reduced gradient and the matrix Z,;F H, Z, as the reduced Hessian.
If J(«*) has rank m and the columns of the matrix Z* form a basis for the null-space of J(z*),
then the conditions: (i) VL(z*,y*) = 0; and (ii) Z*TH(2*,y*)Z* positive definite, are sufficient for

x* to be an isolated minimizer of the equality constraint problem (2.4).
Properties of the Newton step
The equations (2.12) have a geometrical interpretation that provides some insight into the

properties of the Newton direction. From (2.10), the vectors p, and p, must satisfy

p
e =Qrpo = (Zr Yi) | = Zips + Yapy
Dy

Using block substitution on the system (2.12) we obtain the following equations for py and yxy1:

Uk,pY = —Cg, PN = YkPYv
Zk‘THk‘kaZ = _ZI;F(gk +HkpN)7 Pr = kaZa (2'13)
— T _ T
Pk = Pn + Pr, Ui Yps1 = Yy (9 + Hypp)-
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These equations involve the auxiliary vectors py and pr such that px = py + pr and Jrpr = 0.
We call py and p; the normal and tangential steps associated with pi. Equations (2.13) may be
simplified further by introducing the intermediate vector x, such that z, = x; +py. The definition
of the gradient of ¢y, implies that gx + Hypy = Vipr(2r + py) = gk (25 ), which allows us to rewrite

(2.13) in the form

Ukpy = —Cp, Py = YDy,
Tp = Ty + Pn, ZEHkapZ = - Eﬁk(zF)’ Pr = ZkPz,
(2.14)
Pk = Pn + Do, Tyl = Tp+ Pr,
Udtprr = V' Gu(ap i)
The definition of x implies that
Ch(rr) = ek + Jp(xp — 21) = ek + Jppy =k + JeYapy = e + Urpy =0,
which implies that the normal component p, satisfies Jypy = —ci and constitutes the Newton step

from ) to the point x, satisfying the linearized constraints ¢ + Ji(x — 2x) = 0. On the other
hand, the tangential step p, satisfies p, = Zip,, where Z,;FHkapZ = —Z,;F/g\k(xp). If the reduced
Hessian Z;' H, Z, is positive definite, which will be the case if x}, is sufficiently close to a locally
unique (i.e., isolated) minimizer of (2.4), then p, defines the Newton step from z, to the minimizer
of the quadratic model @ (z) in the subspace orthogonal to the constraint normals (i.e., on the
surface of the linearized constraint ¢i(z) = 0). It follows that the Newton direction is the sum
of two steps: a normal step to the linearized constraint and the tangential step on the constraint

surface that minimizes the quadratic model. This property reflects the two (usually conflicting)
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underlying processes present in all algorithms for optimization—the minimization of the objective
and the satisfaction of the constraints.

In the discussion above, the normal step py is interpreted as a Newton direction for the
equations ¢;(z) = 0 at @ = ;. However, in some situations, py may also be interpreted as the
solution of a minimization problem. The Newton direction py is unique, but the decomposition
pr = pr + py depends on the choice of the matrix @y associated with the Jacobian factorization
(2.11). If Qy is orthogonal, i.e., if QFQ, = I, then Z'Y, = 0 and the columns of Y) form a basis
for the range space of JE . In this case, py and p, define the unique range-space and null-space

decomposition of pg, and py is the unique solution with least two-norm of the least-squares problem
min |[¢x(xk) + Jrpll2, or, equivalently, min ||cx + Jiplo.
P 2

This interpretation is useful in the formulation of variants of Newton’s method that do not require
(g, yx) to lie in a small neighborhood of (z*,y*). In particular, it suggests a way of computing the

normal step when the equations Jyp = —cy, are not compatible.

For consistency with the inequality constrained case below, the primal-dual solution of the
kth QP subproblem is denoted by (T, yr). With this notation, the first-order optimality conditions

for the QP subproblem (2.9) are given by

J (Z, — )+ =0,
BRSO (2.15)

9 + H (T, — x) — Ty, = 0.

Similarly, the Newton iterates are given by x, ,, =7, =z, +p, and y, ., =Y. = ¥, + .-
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Calculation of the Newton step

There are two broad approaches for solving the Newton equations (either in saddle-point
form (2.6) or symmetric form (2.7). The first involves solving the full n + m set of KKT equations,
the second decomposes the KKT equations into the three systems associated with the block lower-
triangular equations (2.12).

In the full-matrix approach, the matrix K may be represented by its symmetric indefinite

factorization (see, e.g., Bunch and Parlett [7], and Bunch and Kaufman [6]):

PKPT =LDL", (2.16)

where P is a permutation matrix, L is lower triangular and D is block diagonal, with 1 x 1 or 2 x 2
blocks. (The latter are required to retain numerical stability.) Some prominent software packages
include MA27 (Duff and Reid [19]), MA57 (Duff [18]), MUMPS (Amestoy et al. [1]), PARDISO
(Schenk and Gértner [65]), and SPOOLES (Ashcraft and Grimes [3]).

The decomposition approach is based on using an explicit or implicit representation of
the null-space basis matrix Zp. When Jj is dense, Zj is usually computed directly from a QR
factorization of Ji (see, e.g., Coleman and Sorensen [10], and Gill et al. [36]). When .J; is sparse,
however, known techniques for obtaining an orthogonal sparse Z may be expensive in time and
storage, although some effective algorithms have been proposed (see, e.g., Coleman and Pothen [9];
Gilbert and Heath [31]).

The representation of Z; most commonly used in sparse problems is called the variable-
reduction form of Zj, and is obtained as follows. The columns of J; are partitioned so as to identify

explicitly an m X m nonsingular matrix B (the basis matriz). Assuming that the columns are
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permuted so that B is at the “left” of Ji, we have
Ji = ( B S).

(In practice, the columns of B may occur anywhere.) When J; has this form, a basis for the null

space of Ji is given by the columns of the (non-orthogonal) matrix @ defined as

-B7'S I,
Qk = 7, Y, s with Z, = and Y, =
Iy_m 0

This definition of )3 means that matrix-vector products Z,;F v or Z,v can be computed using a
factorization of B (typically, a sparse LU factorization; see Gill, Murray, Saunders and Wright
[37]). The matrix Z is not stored explicitly.

For large sparse problems, the reduced Hessian Z,I H, Z, associated with the solution of
(2.14) will generally be much more dense than Hj and B. However, in many cases, n — m is small

enough to allow the storage of a dense Cholesky factor of Z,' H, Z, .

Merit function line-search methods

The convergence result discussed in Section 2.1.1 requires that (g, yo) lies in a sufficiently
small neighborhood of (x*, y*) because the method of Newton-Lagrange alone is not able to guaran-
tee convergence to a local minimizer from any starting point. As was alluded to in Section 1.3, one
notable strategy for forcing convergence is to designate a merit function M whose value measures

the distance to a local minimizer. This function may be used in conjunction with a line search model
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function to force convergence. Popular choices for M include the ¢; and /., penalty functions
1 1
Py(x;p) =f(ﬂf)+;HC($)l|1 and  Po(z:p) =f($)+;HC(33)I|oo- (2.17)

Although these penalty functions are nonsmooth, they have the benefit of being exact in the sense
that for p sufficiently small, 2* is an unconstrained local minimizer of P;(z ;) and Ps(z; p).
The search direction py = T — xj, is computed from the solution Z of the subproblem

minimize  fi + g (z — z;) + 3(2 — 2)TH, (x —x,)
zeR™ (218)

subject to ¢ + Jp(z — xp) =0,

where H. & 1s a positive-definite approximation of the Hessian of the Lagrangian Hy, and the variables
are then updated as xy4+1 = = + axpr where ay is a positive scalar. A line search is performed to
choose a step oy such that the reduction in the merit function is at least a factor 75 of the reduction
predicted by a model function my, of the merit function. In the case of the ¢; penalty function, the

line search computes a step ayj such that
P(aiip) — P(oe + ape; ) 2 ns(me(@r s 1) — me(@e + opr ;s 1) (2.19)
with @ = a. An appropriate model of the P; merit function at xj is
malarsi) = fo+ 8 o = 20+ ~lew+ Jule = )l

which is simply P;(z ;) composed with affine models of f(z) and c(z). A critical property of this

choice of merit and model function is summarized in the following result.
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Result 2.1.1. Let p, denote the solution and Yy the Lagrange multipliers of the conver QP sub-
problem (2.18), where Jy has rank m and ﬁk 1s positive definite. Let ns be a scalar such that
0 <ns < 5. If pi is nonzero and p < 1/||Gx||o, there exists & > 0 such that (2.19) holds for all

a e (0,a).

For details and a similar result for the £, merit function Py (z; p), see Gill and Wright [44].

Methods for determining the positive-definite approximate Lagrangian Hessian I;Tk typi-
cally fall into one of two categories, depending on the order of derivatives available. If second deriva-
tives can be computed, there are several ways to compute a positive-definite matrix H r ~ Hy, such
as the modified Cholesky method or the method of Wachter and Biegler [68]. If second derivatives
are not available then a quasi-Newton approximation can be used. This approach maintains an
approximation to the Hessian of the Lagrangian function via the update formula

s = By — ——— HydydT A+ ——w,u,
dy; H,d,, wi

where d, = x41 — x and wy, = VL(2k11,9) — VL(2k,y). Besides the disadvantage of not using
second derivatives, the update formula does not preserve sparsity and so has limited utility for large
sparse problems.

The merit functions Py (z; u) and Py (z ; ) proposed so far in this section suffer from the
Maratos effect, which refers to situation in which the unit step is not accepted by the line search.
This has an adverse effect on the rate of convergence because Newton’s method requires oy = 1
for a superlinear rate of convergence. However, this issue does not apply to most smooth merit

functions. Some smooth merit functions that have been proposed include the Fletcher augmented
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Lagrangian

e(@) |2, where y(z) = (J()J(2)") " () (),

M(z;p) = f(z) - y(a) e(z) + o

i.e., y(z) = argmin ||g(z) — J(z)Ty|. Other choices include the quadratic penalty function
1 2
Pa(x;p) = f(z) + o lle(@)II%,
W
and the primal-dual augmented Lagrangian
T 1 2
M(z,y;p) = f(z) =y c(x) + EHC(@H :

In the case of the primal-dual merit function, a line search determines the step for both primal and

dual variables xp11 = xx + arpr and yr+1 = yx + arqr, where g = Y — Y.

Sequential unconstrained methods

The methods described next are different in the sense that the search direction is not
computed from the QP subproblem (2.18). Nonetheless, these methods still involve a sequence of
subproblems that can be expressed as a quadratic program. Sequential unconstrained methods
minimize a penalty function for a sequence of decreasing parameters p > 0. The penalty functions
Py(x;u), Po(x;u), and Ps(x;u) can all be minimized by solving a sequence of unconstrained

subproblems. We will focus on the ¢; penalty function, which can be approximated by the local
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quadratic model my(z; p) = Py (2 ; u) with
T 1 T 1
m(z; 1) = g (& = @x) + 5 (@ —2x) " Hi(e —ap) + ;HCk + Je(@ — k)|

The corresponding unconstrained subproblem is therefore

1

o e e T
minimize g p +
pER™ k 2

1
p" Hyp + o llew + Jeplh- (2:20)
A crucial property of (2.20) is that it is equivalent to the smooth constrained subproblem

minimize glp+ ipTH,p+ %eT(u +v)
Py (2.21)

subject to ¢y +Jxp—u+v=0, u>0, v>0,

which is derived by writing ¢ + Jxp as the difference of two positive functions ¢, + Jyp = v — v
where u = (cx + Jgp)* and v = (¢ + Jip)~, so that eT(u +v) = ||cx + Jxpll;. To ensure global
convergence, P;(z ;) can be minimized using a line-search or trust-region strategy. Using a line
search requires obtaining a positive-definite approximation H x =~ Hj, with which to form (2.21). If
a trust-region is used then the exact Lagrangian Hessian requires no modification. Instead, a limit
on the norm of p is imposed on the subproblems (2.21), giving the additional constraint ||p||., < ok,
where Jy, is the trust-region radius. The resulting QP subproblem is then

migiurgize gip+3p Hyp + ieT(u +v)

subject to ¢ + Jyp —u+v =0, (2.22)

u>0, v>0, —dre<p<die.
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Similar to the line-search method, the reduction achieved in Pj(z;p) is compared with that pre-

dicted by the model my(x; 1), and the comparison is used to update the trust-region radius dy.

Constraint regularization

If the rows of Jj, are linearly dependent then the first-order optimality condition equations
(2.8) for the equality constrained QP (2.9) are singular. One way to address this is to perturb
the problem functions f(z) and ¢(x) so that the nonsingularity of the resulting equations does not
depend on the rank of Ji. In order to do this, it is necessary to allow the functions to depend on
both primal and dual variables so that the rows of the perturbed constraint Jacobian are guaranteed
to be independent.

Explicitly, consider the shifted constraints ¢(z,y) = c¢(z) + u(y — yx), where p is a small
positive parameter. The resulting Jacobian is J (z,y) = ( J(x) pl ), which has linearly independent
rows regardless of the rank of J(z). To limit the magnitude of the perturbation it is necessary to
limit the norm of y. This may be done by augmenting the objective function by a two-norm penalty
term, giving f(x, y) = f(x) + pully||>. Observe that the quadratic objective based on f and ¢ has
the form

Br(v) = Flo) + VF(vr) T (0 = ve) + Fp(v — ve) TH (v — wy),

which, after some simplification, can be written @p(z,y) = ¢r(z) + ullyl|>. Moreover, the lin-

earization of the shifted constraints is ¢(vg) + J(vg)(v — vg) or simply ¢ + Ji(x — zx) + p(y — yr)-

Thus, if an equality constrained quadratic program analogous to (2.9) is formed with the regularized
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functions it can be expressed as

o T 1 T : ?
— ez - Hy(x — 3
Jninimize fot g (@ =) + 52 —2x) " Hi(z — ar) + guly| (2.23)

subject to ¢ + Ji(x — zx) + p(y —yx) = 0.

The first-order KKT conditions for a solution (Z, y, 7) of the regularized equality-constrained

problem (2.23) are given by

ek + I (T —an) + p@ —yr) = 0,
(2.24)
gk + Hi (T —x) — JI7 = 0, LY = uT.

Using the identity § = 7 to eliminate 7 allows the conditions (2.24) to be expressed as a linear
system of equations
H, Ty -, Ik

N . (2.25)
Jp  —pl -y Ck

This system is analogous to (2.8) except the nonsingular perturbation appearing in the (2, 2)-block
of the KKT matrix.

Let ( uv ) be an orthonormal matrix such that the columns of U form a basis for null(.J,")
and the columns of V form a basis for range(Jy). The unique expansion g = Uyy + Vyy allows

us to rewrite (2.25) as

Hk JI;TV Pk 9k
VTJk —/,L] —Yyv = - VTCk 5 (226)
—ul ) \—yu 0

where J'U = 0 from the definition of U, and UTc, = 0 because ¢;, € range(J;). The following

simple argument shows that the equations (2.26) are nonsingular, regardless of the rank of Jj.
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First, observe that V' T.J;, has full row rank. Otherwise, if vTVT.J, = 0, it must be the case that
Vv € null(JF). But as Vv € range(V) and range(V) is orthogonal to null(.J;l), we conclude that
Vv =0, and the linearly independence of the columns of V' gives v = 0.

Moreover, equations (2.26) imply that yy = 0 and g, € range(Jy). If g1 = gr + Hpg,
then

JkTgk =gr+1 and yp € range(Jg).

These are the necessary and sufficient conditions for g, to be the unique least-length solution of
the compatible equations JkT Yy = gg+1. This implies that the regularization gives a unique vector

of multipliers.

2.1.2 Inequality constraints

Given an approximate primal-dual solution (zy,yr) with xx > 0, an outer iteration of a
typical SQP method involves solving the QP subproblem (2.1), repeated here for convenience:

minimize  f, + g (z — 1) + 3(2 — 2) THe(z — z)
zER™ (227)

subject to  Jx(x —xk) = —cg, x>0.

Assume for the moment that this QP subproblem is feasible, with primal-dual solution (Z, J, 2k )-
The next plain SQP iterate is k11 = Tk, Yrr1 = Yr and zx11 = Zx. The QP first-order optimality

conditions are

Ji(Te — k) +cx = 0, T > 0;
9 + Hy (T — ) — JLG, — 2, = 0, (2.28)
Ty -2 =0, zr >0
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Let pr, = Tr, — 2, and let p, = [pg | denote the vector of free components of py, i.e., the components
with indices in F(Zy). Similarly, let z» denote the free components of Z;. The complementarity

conditions imply that z, = 0 and we may combine the first two sets of equalities in (2.28) to give

H, J! pe\ _ [lok+ Hinelr (2.20)

Jo 0 —Uk ¢k + Tk

where J; is the matrix of free columns of Jg, and 7 is the vector

[T —ap ] if i€ A(Zy);
[k ]i =

0 ifi € F(zy).
If the active sets at Ty and xzj are the same, i.e., A(Zy) = A(zy), then n = 0. If Ty lies in a
sufficiently small neighborhood of a nondegenerate solution x*, then A(Z}) = A(x*) and hence J,
has full row rank (see Robinson [64]). In this case we say that the QP identifies the correct active
set at «*. If, in addition, (z*,y*) satisfies the second-order sufficient conditions for optimality, then
KKT system (2.29) is nonsingular and the plain SQP method is equivalent to Newton’s method
applied to the equality-constraint subproblem defined by fixing the variables in the active set at

their bounds.

However, at a degenerate QP solution, the rows of .J, are linearly dependent and the
KKT equations (2.29) are compatible but singular. Broadly speaking, there are two approaches
to dealing with the degenerate case, where each approach is linked to the method used to solve
the QP subproblem. The first approach employs a QP method that not only finds the QP solution
Tk, but also identifies a “working set” of variables that defines a Jacobian matrix with linearly

independent rows. The second approach solves a regularized or perturbed QP subproblem that
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provides a perturbed version of the KKT system (2.29) that is nonsingular for any J,.

Identifying independent constraints

The first approach is based on using a QP algorithm that provides a primal-dual QP solu-
tion that satisfies a nonsingular KKT system analogous to (2.29). A class of quadratic programming
methods with this property are primal-feasible active-set methods, which form the basis of the soft-
ware packages NPSOL and SNOPT. Primal-feasible QP methods have two phases: in phase 1, a
feasible point is found by minimizing the sum of infeasibilities; in phase 2, the quadratic objective
function is minimized while feasibility is maintained. In each iteration, the variables are labeled
as being “basic” or “nonbasic”, where the nonbasic variables are temporarily fixed at their current
value. The indices of the basic and nonbasic variables are denoted by B and N respectively. A
defining property of the B—A partition is that the rows of the Jacobian appearing in the KKT
matrix are always linearly independent. Once an initial basic set is identified, all subsequent KKT
equations have a constraint block with independent rows. (See Section 2.2.1 for more details on
primal-feasible active-set methods.)

Let py = Ty — xk, where (T, yx) is the QP solution found by a primal-feasible active-
set method. Let pp denote the vector of components of py in the final basic set B, with Jg the

corresponding columns of Jy. The vector (pg, yi) satisfies the nonsingular KKT equations

H, J; Py _ Lok + Hini | (2.30)

J, 0 —Yk ¢k + Jknk

B
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where 7, is now defined in terms of the final QP nonbasic set, i.e.,

[i'\k_xk]i ifi€N§
[k )i = (2.31)

0 ifi g N.
As in (2.29), if the basic-nonbasic partition is not changed during the solution of the subproblem,
then n = 0. If this final QP nonbasic set is used to define the initial nonbasic set for the next
QP subproblem, it is typical for the later QP subproblems to reach optimality in a single iteration
because the solution of the first QP KKT system satisfies the QP optimality conditions immediately.

In this case, the phase-1 procedure simply performs a feasibility check that would be required in

any case.

Constraint regularization

Analogous to the equality-constrained case, constraint regularization can be used to define
KKT equations that are nonsingular regardless of the rank of J,. Consider the perturbed version

of equations (2.29) such that

H, J! pe) _ [lok+ Hinelr (2.32)

J, —ul —Uk ek + Junk

where p is a small positive constant. In addition, assume that ZT H,Z, is positive definite, where the
columns of Z, form a basis for the null space of J,. With this assumption, the regularized system
(2.32) is nonsingular regardless of the rank of J,. In contrast, the unperturbed KKT equations
(2.29) are singular if and only if J, has linearly dependent rows.

Note also that the QP subproblem analogous to (2.27) but formed with perturbed problem
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functions f(z,y) and ¢(x,y) has the form

Ty Lz — )" Hy(z — sullyl?
Jinimize - fi + gi (¢ = 2x) + 5(@ = 2) " Hy(w = 2x) + gpy] (2.33)

subject to ¢, + Ji(x —xk) + puly —yr) =0, 2 >0.

When formulated in terms of the free variables, the optimality conditions analogous to (2.28) for
the regularized QP yield a system identical to (2.32).

Wright 70, 71, 72| and Hager [49] show that an SQP method using the regularized equa-
tions (2.32) will converge at a superlinear rate, even in the degenerate case. In Chapter 3, QP
methods are discussed that give equations of the form (2.32) at every outer iteration, not just in
the neighborhood of the solution. These methods implicitly shift the constraints by an amount of
order p and give QP multipliers that converge to an O(u) estimate of the least-length multipliers.

A related regularization scheme has been proposed and analyzed by Fischer [21], who
solves a second QP to obtain the multiplier estimates. Anitescu [2] regularizes the problem by
imposing a trust-region constraint on the plain SQP subproblem (2.1) and solving the resulting

subproblem by a semidefinite programming method.

Merit function methods

Much of the theory for equality-constrained SQP can be extended to the inequality con-
strained case. In order to be consistent with the notation of Section 2.1.1 the constraints will
be written in the form c¢(z) > 0, while keeping in mind what follows also applies to (NP). As
in the equality-constrained case, convergence can be forced by using a merit function and a lo-
cal line-search model function. The primary difference is that the constraint violation is now

given by ¢~ () = —min(c(z), 0) rather than ¢(x). The ¢; norm, infinity norm, and quadratic
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penalty functions, as well as the primal-dual augmented Lagrangian can each be adapted to serve
as a merit function in this setting. For example, the ¢; penalty function, which now is given by
Pi(x;p) = f(z) + iHcf (2)]l;, can be used in conjunction with an appropriate line-search model
given by

me(zes 1) = fr + g5 (@ — 2) + i”(ck + Ji(z — ) |y

to ensure global convergence. The following result is analogous to Result 2.1.1 and is the foundation

of guaranteed convergence.

Result 2.1.2. Let p; denote the solution and y the optimal Lagrange multipliers of the QP sub-
problem
minimize  fi + g p+ %prIkp
pER™ (2.34)
subject to ¢ + Jrp > 0,

where flk is positive definite. Let ng be a scalar such that 0 < ng < % If py, is nonzero, then for

all p < 1/||9llo there exists & > 0 such that

Pi(zy 5 p) — Pr(ay + apr s p) > ns(me(xr s p) — me(2zp + ap; i)

for all a € (0,@).

See Gill and Wright [44] for details. As in the equality-constraint case, Hessian convexification or
a quasi-Newton approximation can be used to define H k-
As before, sequential unconstrained methods can also be used for minimizing the ¢, penalty

function Py (z;p) = f(z) + iHc’ (2)|l1, which is approximated by the quadratic model

malsn) = fi g8 o = )+ 5 (@ o) "Hilo — ) + 2l + e = a0)
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The nonsmooth unconstrained problem of minimizing my(z ;1) can be replaced by the equivalent
smooth constrained problem

o T, 1,TH LT
Jonimize 9epap Hip et (2.35)

subject to ¢+ Jxkp+v >0, v>0.

This method can be globalized by using a line-search or trust-region strategy. In the line-search
case a positive-definite matrix H . is required to approximate Hj, and a line-search computes o
such that the actual reduction in Pj(x;p) is at least fixed fraction of the reduction predicted by
the line-search model. In the trust-region case, the exact Hessian Hj can be used, but a trust-
region constraint ||pll,, < dr must be imposed, with the trust-region radius d; chosen so that
Py(zr + pr;p) < Pr(zk ;). The resulting QP subproblem is then given by

L T 1, T 1,T
SRS, np ap Hp ety (236)

subject to ¢+ Jgp+v >0, v>0, —dre<p<dge.

There are alternatives to using a merit functions, though their presentation is outside the
scope of this discussion. The class of filter methods employ a fundamentally different approach to

guarantee global convergence. For more information see, e.g., [44], [25], and [26].
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2.2 Methods for Quadratic Programming

We consider methods for the quadratic program

minimize ¢%(z —z,) + 3(z — x,)TH(z — z,)
e (2.37)

subject to Ax = Az, —b, x>0,

where g, H, b, A and xz; are given constant quantities, with H symmetric. The QP objective is
denoted by ¢(x), with gradient g(z) = g+ H (z—x,). In some situations, the general constraints will
be written as ¢(z) = 0, with ¢(z) = A(x —x,) +b. The QP active set is denoted by A(z). A primal-
dual QP solution is denoted by (2*,y*,2*). In terms of the QP defined at the kth outer iteration
of an SQP method, we have x; = x, b = ¢(x), g = g(ag), A = J(z) and H = H(xg,yx). It is
assumed that A has rank m. No assumptions are made about H other than symmetry. Conditions
that must hold at an optimal solution of (2.37) are provided by the following result (see, e.g.,

Borwein [4], Contesse [14] and Majthay [53]).

Result 2.2.1 (QP optimality conditions).

The point x* is a local minimizer of the quadratic program (2.37) if and only if

(a) ¢(z*) =0, x* > 0, and there exists at least one pair of vectors y* and z* such that g(a*) —

ATy* — 2 =0, with z* > 0, and z* - z* = 0;

(b) pTHp >0 for all nonzero p satisfying g(z*)Tp =0, Ap =0, and p; > 0 for every i € A(x*).

Part (a) gives the first-order KKT conditions (2.28) for the QP (2.37). If H is positive semidefinite,
the first-order KKT conditions are both necessary and sufficient for (z*, y*, z*) to be a local primal-

dual solution of (2.37).
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Suppose that (z*,y*, 2*) satisfies condition (a) with zf = 0 and =} = 0 for some i. If H is
positive semidefinite, then x* is a weak minimizer of (2.37). In this case, x* is a global minimizer
with a unique global minimum ¢(z*). If H has at least one negative eigenvalue, then z* is known
as a dead point. Verifying condition (b) at a dead point requires finding the global minimizer of
an indefinite quadratic form over a cone, which is an NP-hard problem (see, e.g., Cottle, Habetler
and Lemke [15], Pardalos and Schnitger [59], and Pardalos and Vavasis [60]). This implies that
the optimality of a candidate solution of a general quadratic program can be verified only if more
restrictive (but computationally tractable) sufficient conditions are satisfied. A dead point is a
point at which the sufficient conditions are not satisfied, but certain necessary conditions hold.

Computationally tractable necessary conditions are based on the following result.

Result 2.2.2 (Necessary conditions for optimality).

The point x* is a local minimizer of the QP (2.37) only if

(a) ¢(x*) =0, 2* > 0, and there exists at least one pair of vectors y* and z* such that g(a*) —

ATy — 2% =0, with z* > 0, and z* - z* = 0;

(b) pTHp >0 for all nonzero p satisfying Ap =0, and p; = 0 for every i € A(z*).

Suitable sufficient conditions for optimality are given by (a)—(b) with (b) replaced by the condition
that p"Hp > w||p||? for some w > 0 and all p such that Ap = 0, and p; = 0 for every i € A, (z),
where A, (z) is the index set A, (z) = {i € A(z) : z; > 0}.

Typically, software for general quadratic programming is designed to terminate at a dead
point. Nevertheless, it is possible to define procedures that check for optimality at a dead point,
but the chance of success in a reasonable amount of computation time depends on the dimension

of the problem (see Forsgren, Gill and Murray [29]).
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2.2.1 Primal active-set methods

We start by reviewing the properties of primal-feasible active-set methods for quadratic
programming. An important feature of these methods is that once a feasible iterate is found, all
subsequent iterates are feasible. The methods have two phases. In the first phase (called the
feasibility phase or phase one), a feasible point is found by minimizing the sum of infeasibilities. In
the second phase (the optimality phase or phase two), the quadratic objective function is minimized
while feasibility is maintained. Each phase generates a sequence of inner iterates {x;} such that z; >
0. The new iterate x;; is defined as ;11 = x; + o;p;, where the step length a; is a nonnegative
scalar, and p; is the QP search direction. For efliciency, it is beneficial if the computations in both
phases are performed by the same underlying method. The two-phase nature of the algorithm
is reflected by changing the function being minimized from a function that reflects the degree of
infeasibility to the quadratic objective function. For this reason, it is helpful to consider methods
for the optimality phase first.

At the jth step of the optimality phase, ¢(z;) = A(z; —2,) +b = 0 and z; > 0. The
vector p; is chosen to satisfy certain properties with respect to the objective and constraints. First,

p; must be a direction of decrease for ¢ at x;, i.e., there must exist a positive & such that

o(xj 4+ ap;) < ¢(z;) for all a € (0,al.

In addition, ;+p; must be feasible with respect to the general constraints, and feasible with respect
to the bounds associated with a certain “working set” of variables that serves as an estimate of the
optimal active set of the QP. Using the terminology of linear programming, we call this working

set of variables the nonbasic set, denoted by N' = {v1, v, ..., Vs, }. Similarly, we define the set
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B of indices that are not in A as the basic set, with B = {31, B2, ..., Bny}, where ny = n — ny.
Although B and A are strictly index sets, we will follow common practice and refer to variables
zg, and x,_ as being “in B” and “in N respectively.

With these definitions, we define the columns of A indexed by N and B, the nonbasic and
basic columns of A, as Ay and Apg, respectively. We refrain from referring to the nonbasic and
basic sets as the “fixed” and “free” variables because some active-set methods allow some nonbasic
variables to move (the simplex method for linear programming being one prominent example). An
important attribute of the nonbasic set is that Ay has rank m, i.e., the rows of A, are linearly
independent. This implies that the cardinality of the nonbasic set must satisfy 0 < ny <n—m. It
must be emphasized that our definition of A/ does not require a nonbasic variable to be active (i.e.,
at its lower bound). Also, whereas the active set is defined uniquely at each point, there are many
choices for A (including the empty set). Given any n-vector y, the vector of basic components of
y, denoted by y;, is the np-vector whose jth component is component 3; of y. Similarly, yy, the
vector nonbasic components of y, is the ny-vector whose jth component is component v; of y.

Given a basic-nonbasic partition of the variables, we introduce the definitions of station-

arity and optimality with respect to a basic set.

Definition 2.2.1 (Subspace stationary point). Let B be a basic set defined at an T such that
¢(z) = 0. Then T is a subspace stationary point with respect to B (or, equivalently, with respect
to Ag) if there exists a vector y such that §5(Z) = AYy. Equivalently, T is a subspace stationary
point with respect to B if the reduced gradient ZXG (%) is zero, where the columns of Zy form a

basis for the null-space of Ag.

If Z is a subspace stationary point, ¢ is stationary on the subspace {z : A(x—2) =0, xy =

Ty}. At a subspace stationary point, it holds that g(z) = ATy + 2z, where z; = 0 for i € B—i.e.,
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zp = 0. Subspace stationary points may be classified based on the curvature of ¢ on the nonbasic

set.

Definition 2.2.2 (Subspace minimizer). Let T be a subspace stationary point with respect to B.
Let the columns of Zy form a basis for the null-space of Ag. Then T is a subspace minimizer with

respect to B if the reduced Hessian ZY HZ,, is positive definite.

It should be noted here that sometimes subspace stationary points and minimizers are
defined with respect to the working set rather than the basic set. In this case, Z, is defined to be

a matrix whose columns form a basis for the null space of GG, where

A A, A A, A
G = . G=|"" "], and Gy=["" "],

where we assumed the basic columns precede the nonbasic ones, and Py and P, consist of columns

of identity indexed by the corresponding set. It follows Z, must have the form

where Z is defined as in Definitions 2.2.1 and 2.2.2. In this alternative definition, a subspace
stationary point satisfies Z1g(Z) = 0 and a subspace minimizer gives Z! HZ, positive definite.
Since Z1g(7) = ZYg,(%) and ZYHZ, = ZYHZ,, it follows these definitions are equivalent.

If the nonbasic variables are active at Z, then T is called a standard subspace minimizer.
At a standard subspace minimizer, if 2z, > 0 then Z satisfies the necessary conditions for optimality.
Otherwise, there exists an index v; € N such that 2z, < 0. If some nonbasic variables are not active
at 7, then z is called a nonstandard subspace minimizer.

It is convenient sometimes to be able to characterize the curvature of ¢ in a form that
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does not require the matrix Z, explicitly. The inertia of a symmetric matrix X, denoted by In(X),
is the integer triple (iy,i_,40), where iy, i_ and ig denote the number of positive, negative and
zero eigenvalues of X. Gould [45] shows that if A, has rank m and Az Z, = 0, then ZXH_Z,, is

positive definite if and only if

H, Af
In(Kz) = (ng,m,0), where Kz = (2.38)
A 0

B

(see Forsgren [27] for a more general discussion, including the case where Ay does not have rank m).
Many algorithms for solving symmetric equations that compute an explicit matrix factorization of
K also provide the inertia as a by-product of the calculation, see, e.g., Bunch [5], and Bunch and
Kaufman [6].

Below, we discuss two alternative formulations of an active-set method. Each generates
a feasible sequence {x;} such that z;41 = z; + a;p; with ¢(z;11) < ¢(z;). Neither method
requires the QP to be convex, i.e., H need not be positive semidefinite. The direction p; is defined
as the solution of an QP subproblem with equality constraints. Broadly speaking, the nonbasic
components of p; are specified and the basic components of p; are adjusted to satisfy the general
constraints A(x; + p;) = Az, —b. If p; and py denote the basic and nonbasic components of p;,
then the nonbasic components are fixed by enforcing constraints of the form py = dy, where dy
is a constant vector that characterizes the active-set method being used. The restrictions on p;
define constraints Ap = 0 and py = dy. Any remaining degrees of freedom are used to define p;
as the direction that produces the largest reduction in . This gives the equality constrained QP
subproblem

minimize §(z;)"p+ ipTHp subject to Ap=0, py=dy.
2
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In the following sections we define two methods based on alternative definitions of d,,. Both methods
exploit the properties of a subspace minimizer (see Definition 2.2.2) in order to simplify the linear

systems that must be solved.

Nonbinding-direction methods

We start with a method that defines a change in the basic-nonbasic partition at every
iteration. In particular, one of three changes occurs: (i) a variable is moved from the basic set to
the nonbasic set; (ii) a variable is moved from the nonbasic set to the basic set; or (ii) a variable
in the basic set is swapped with a variable in the nonbasic set. These changes result in a column
being added, deleted or swapped in the matrix Ag.

In order to simplify the notation, we drop the subscript j and consider the definition of a
single iteration that starts at the primal-dual point (x,y) and defines a new iterate (&, y) such that
T=x+apand §=y+ ag,. A crucial assumption about (x,y) is that it is a subspace minimizer
with respect to the basis B. It will be shown that this assumption guarantees that the next iterate
(Z,7) (and hence each subsequent iterate) is also a subspace minimizer.

Suppose that the reduced cost associated with the sth nonbasic variable is negative, i.e.,
2y, < 0. The direction p is defined so that all the nonbasic components are fixed except for the
sth, which undergoes a unit change. This definition implies that a positive step along p increases
x,, but leaves all the other nonbasics unchanged. The required direction is defined by the equality
constrained QP subproblem:

minimize §(z)Tp + %pTHp subject to Ap =10, py = e, (2.39)
P

and is said to be monbinding with respect to the nonbasic variables. If the multipliers for the
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constraints Ap = 0 are defined in terms of an increment g, to y, then p and g, satisfy the

optimality conditions

Hy _AE H, Ps ./Q\B(x)_Agy

Ap 0 Ay @ | =~ 0 s
\ 0 0 ‘ IN) P~ — €5

where, as above, §;(x) are the basic components of g(z), and H,; and H, are the basic rows of the

basic and nonbasic columns of H. If = is a subspace minimizer, then g (z) — A%y = 0, so that this

system simplifies to

H, —-AT| H, Dx 0
Ay 0 Ayl la =01 (2.40)

\O 0 IN) Dn €s

yielding py and ¢, as the solution of the smaller system

Hy _AE Ps _ [hus}B (241)
AB 0 Qy ay

The increment gy for multipliers zy are computed from pg, py and g, as qv = (Hp — ATq,)r-
Once py and g, are known, a nonnegative step « is computed so that z + ap is feasible and
o(x + ap) < ¢(x). The step that minimizes ¢ as a function of « is given by

—g(x)p/pTHp if pTHp >0,
o = (2.42)

400 otherwise.

48



The best feasible step is then o = min{a,, a,, }, where a,, is the maximum feasible step:

[I'B]i . )
P if [ps]i <O,

ay = ISI?%I;B{%}, where ; = (2.43)

400 otherwise.

(As py = es and the problem contains only lower bounds, x + tp remains feasible with respect to
the nonbasic variables for all ¢ > 0.) If & = +oo then ¢ decreases without limit along p and the
problem is unbounded. Otherwise, the new iterate is (Z,9) = (« + ap, y + agy).

It is instructive to define the step . of (2.42) in terms of the identities

g@)"p=2, and p"Hp=qyls, (2.44)

which follow from the equations (2.40) that define p and py. Then, if «, is bounded, we have
ax = —2,, /| qn s, Or, equivalently,

Zug +OZ*[QN]5 =0.

Let z(t) denote the vector of reduced costs at any point on the ray (z + tp,y + tq,), i.e., 2(t) =
g(x +tp) — AT(y + tg,). It follows from the definition of p and ¢, of (2.40) that z5(¢t) = 0 for all
t, which implies that = + tp is a subspace stationary point for any step t. (Moreover, x + tp is a
subspace minimizer because the KKT matrix K is independent of ¢.) This property, known as
the parallel subspace property of quadratic programming, implies that x + ¢p is the solution of an
equality-constraint QP in which the bound on the sth nonbasic is shifted to pass through = + tp.
The component z,,_(¢) is the reduced cost associated with the shifted version of the bound z,_ > 0.
By definition, the sth nonbasic reduced cost is negative at z, i.e., z,,(0) < 0. Moreover, a simple

calculation shows that z,,_(t) is an increasing linear function of ¢ with z,_(a.) = 0 if @, is bounded.
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A zero reduced cost at t = «, means that the shifted bound can be removed from the equality-
constraint problem (2.39) (defined at x = &) without changing its minimizer. Hence, if T = z+ a.p,
the index v, is moved to the basic set, which adds column a,, to Ay for the next iteration. The
shifted variable has been removed from the nonbasic set, which implies that (Z,7) is a standard
subspace minimizer.

If we take a shorter step to the boundary of the feasible region, i.e., a;, < ., then at
least one basic variable lies on its bound at £ = =+ ap, and one of these, zg, say, is made nonbasic.
If A, denotes the matrix A, with column r deleted, then A, is not guaranteed to have full row
rank (for example, if x is a vertex, Ay is square and A, has more rows than columns). The linear
independence of the rows of A, is characterized by the so-called “singularity vector” u, given by
the solution of the equations

Hy —AT\ [us er

= . (2.45)
Ap 0 Uy 0

The matrix A, has full rank if and only if uy, # 0. If A, is rank deficient, Z is a subspace
minimizer with respect to the basis defined by removing x,_, i.e., z,, is effectively replaced by x4,
in the nonbasic set. In this case, it is necessary to update the dual variables again to reflect the
change of basis (see Gill and Wong [43] for more details). The new multipliers are § + ov,,, where
o=g()"p/[ps]r

As defined above, this method requires the solution of two KKT systems at each step (i.e.,
equations (2.41) and (2.45)). However, if the solution of (2.45) is such that uz # 0, then the vectors
pp and g, needed at & can be updated in O(n) operations using the vectors uz and v,. Hence, it
is unnecessary to solve (2.41) when a basic variable is removed from B following a restricted step.

Given an initial standard subspace minimizer x and basic set By, this procedure generates

a sequence of primal-dual iterates {(x;,y,)} and an associated sequence of basic sets {B,}. The
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iterates occur in groups of consecutive iterates that start and end at a standard subspace minimizer.
Each of the intermediate iterates is a nonstandard subspace minimizer at which the same nonbasic
variable may not be on its bound. At each intermediate iterate, a variable moves from B to N. At
the first (standard) subspace minimizer of the group, a nonbasic variable with a negative reduced
cost is targeted for inclusion in the basic set. In the subsequent set of iterations, this reduced cost
is nondecreasing and the number of basic variables decreases. The group of consecutive iterates
ends when the targeted reduced cost reaches zero, at which point the associated variable is made
basic.

The method outlined above is based on a method first defined for constraints in all-
inequality form by Fletcher [22], and extended to sparse QP by Gould [46]. Recent refinements,
including the technique for reducing the number of KKT solves, are given by Gill and Wong [43].
Each of these methods is an example of an inertia-controlling method. The idea of an inertia-
controlling method is to use the active-set strategy to limit the number of zero and negative eigen-
values in the KKT matrix K so that it has inertia (ns,m,0) (for a survey, see Gill et al. [38]).
At an arbitrary feasible point, a subspace minimizer can be defined by making sufficiently many
variables temporarily nonbasic at their current value (see, e.g., Gill, Murray and Saunders [35] for

more details).

Binding-direction methods

The next method employs a more conventional active-set strategy in which the nonbasic
variables are always active. We start by assuming that the QP is strictly convez, i.e., that H is
positive definite. Suppose that (z,y) is a feasible primal-dual pair such that x; = 0 for i € N,

where A is chosen so that Ay has rank m. As in a nonbinding direction method, the primal-dual
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direction (p, g,) is computed from an equality constrained QP subproblem. However, in this case the
constraints of the subproblem not only force Ap = 0 but also require that every nonbasic variable
remains unchanged for steps of the form x + ap. This is done by fixing the nonbasic components
of p at zero, giving the equality constraints Ap = Agpy + Aypy = 0 and py = 0. The resulting
subproblem defines a direction that is binding, in the sense that it is “bound” or “attached” to the
constraints in the nonbasic set. The QP subproblem that gives the best improvement in ¢ is then

minimize §(z)Tp + %pTHp subject to Appp =0, py =0. (2.46)
3

The optimality conditions imply that p and ¢, satisfy the KKT system

H, —AT 5 gs(x) — AT
ps| _ [9s(2) v\ (2.47)
Ag 0 qy 0

These equations are nonsingular under our assumptions that H is positive definite and Az has rank
m. If (z,y) is a subspace stationary point, then z5 = gs(z) — ATy = 0 and the solution (pg, g,)
is zero. In this case, no improvement can be made in ¢ along directions in the null-space of Ap.
If the components of z = g(z) — ATy are nonnegative then x is optimal for (2.37). Otherwise,
a nonbasic variable with a negative reduced cost is selected and moved to the basic set (with no
change to z), thereby defining (2.47) with new A,, Hy and (necessarily nonzero) right-hand side.
Given a nonzero solution of (2.47), x + p is either feasible or infeasible with respect to the bounds.
If x + p is infeasible, N/ cannot be the correct nonbasic set and feasibility is maintained by limiting
the step by the maximum feasible step «,, as in (2.43). At the point £ = = + ap, at least one of
the basic variables must reach its bound and it is moved to the nonbasic set for the next iteration.

Alternatively, if = + p is feasible, T = x + p is a subspace minimizer and a nonoptimal nonbasic
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variable is made basic as above.

The method described above defines groups of consecutive iterates that start with a vari-
able being made basic. No more variables are made basic until either an unconstrained step is taken
(i.e., @« = 1), or a sequence of constrained steps results in the definition of a subspace minimizer
(e.g., at a vertex). At each constrained step, the number of basic variables decreases.

As H is positive definite in the strictly convex case, the KKT equations (2.47) remain
nonsingular as long as Ay has rank m. One of the most important properties of a binding-direction
method is that once an initial nonbasic set is chosen (with the implicit requirement that the associ-
ated Ap has rank m), then all subsequent A, will have rank m (and hence the solution of the KKT
system is always well defined). This result is of sufficient importance that we provide a brief proof.

If a variable becomes basic, a column is added to Ay and the rank does not change. It
follows that the only possibility for Az to lose rank is when a basic variable is made nonbasic.
Assume that Ay has rank m and that the first basic variable is selected to become nonbasic, i.e.,
r = 1. If A, denotes the matrix A, without its first column, then A, = <a67‘ AB). If A, does
not have rank m then there must exist a nonzero m-vector @ such that Ao = 0. If o denotes the

quantity o = fagrﬁ, then the (m + 1)-vector v = (0, 0) satisfies

T
ag 1 v

- =0, or equivalently, (Ag e,,) v=0.
AT 0 o

The scalar ¢ must be nonzero or else AT = 0, which would contradict the assumption that Ag

has rank m. Then

A 0
vt f pB:UT :J[pB]’r‘:Oa
6,,, [pB]T

which implies that [pg |, = 0. This is a contradiction because the ratio test (2.43) will choose 3, as

53



the outgoing basic variable only if [ps ], < 0. It follows that o = 0, and hence A, must have rank

m.

If H is not positive definite, the KKT matrix K associated with the equations (2.47)
may have fewer than n, positive eigenvalues (cf. (2.38)), i.e., the reduced Hessian Z} H_Z,_ may
be singular or indefinite. In this situation, the subproblem (2.46) is unbounded and the equations
(2.47) cannot be used directly to define p. In this case we seek a direction p such that py = 0 and
Agpp =0, where

gep, <0, and prH,p, <O0. (2.48)

The QP objective decreases without bound along such a direction, so either the largest feasible
step «,, (2.43) is infinite, or a basic variable must become nonbasic at some finite «,, such that

oz + ayp) < p(x). If ay, = +00, the QP problem is unbounded and the algorithm is terminated.

54



Chapter 3

Stabilized and Primal-Dual SQP

Methods

If J- does not have full rank, the equations (2.30) are singular with no unique solution. In
this case, one remedy is to use the constraint regularization techniques described in Section 2.1.2
to define a stabilized SQP method in which the QP subproblem (2.27) is replaced by

miniryize g,;f(x —xz,)+ %(l‘ — xk)Tﬁk(x —xp) + %ukHyIF (3.1)
T, 1

subject to ¢ + Ji(x — wx) + px(y —yx) =0, >0,
where {u;} is a positive sequence such that p, — 0 as z — x* (see, e.g., Wright [70], Hager [49],
Li and Qi [52], and Fernandez and Solodov [20]). The QP (3.1) is often referred to as a stabilized
subproblem because of its calming effect on multiplier estimates for degenerate problems (see,

e.g., [49, 70]). Under certain assumptions, stabilized SQP methods exhibit fast local convergence.
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However, there is no guarantee of convergence to a local solution for an arbitrary starting point.
Under suitable assumptions, the method proposed in this chapter is guaranteed to be globally

convergent and is equivalent to stabilized SQP in the limit.

3.1 A Regularized Primal-Dual Line-Search SQP Algorithm

This section defines a regularized SQP line-search method based on the primal-dual aug-
mented Lagrangian function

Le@) + uly — v®) 2, (3.2)

M9, ) = £(@) = e@)y" + 5-llela)| + 5

2p

where g is the penalty parameter and y* is an estimate of an optimal Lagrange multiplier vector
y*. (A trust-region-based method could also be given, but in this thesis we focus on line-search
methods.) The function (3.2), proposed by Robinson [62], and Gill and Robinson [39], may be
derived by applying the primal-dual penalty function of Forsgren and Gill [28] to a problem in

which the constraints are shifted by a constant vector (see Powell [61]). With the notation ¢ = ¢(x),

g = Vf(x), and J = J(x), the gradient of M (x,y;y", 1) may be written as

9= J"(20y" - 4o) —y)

VM (z,y3y°, 1) = (3.3a)
ctply —y”®
—JY(r+ (7 -
_ (o7 T (3.3b)
ply — )
where m = w(z;y*, 1) denotes the vector-valued function
E E 1
m@iyton) =yt - @), (3.4)
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Similarly, the Hessian of M (z,y;y”, u) may be written as

H(z,m+ (r—vy)) + %JTJ JT
J wl

VM (2,y;y", 1) = (3.5)

Our approach is motivated by the following theorem, which shows that under certain
assumptions, minimizers of problem (NP) are also minimizers of the bound constrained problem

minimize M(z,y;y”, ) subject to x> 0. (3.6)
@,y

Theorem 3.1.1 (Robinson [62, Theorem 4.6.1]). If (x*,y*) satisfies second-order sufficient condi-
tions for a solution of problem (NP), then there exists a positive i such that, for all 0 < p < i and

E

y® = y*, the point (x*,y*) is a minimizer of problem (3.6).

The reader is referred to Robinson [62] and Gill and Robinson [39] for additional details.

In this context, Theorem 3.1.1 is used as motivation for the algorithm described below.

3.2 Definition of the Primal-Dual Search Direction

Given the kth iterate vy = (&, yr), a Lagrange multiplier estimate y;/, and a positive
regularization parameter uj, a symmetric matrix H (vk,yr) =~ H(zp,yr) is defined such that
H(zp,yp) + (1/p)J(zk) T (21) is positive definite. One may choose H(zk, yx) itself to be positive
definite, but we explore a more sophisticated strategy in Section 3.3.1 that allows for an indefinite
matrix H (zk,yr) that more faithfully approximates H (zk,yr). With this assumption on the ma-

trix ﬁ', part (i) of Lemma 3.2.1 given below may be applied with the quantities H = ﬁ(xk,yk),
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J = J(xx), and p = pf, to infer that the matrix

~

2
H (g, yp) + —J (wp) T (2g) T ()T
HY (2, yp s i) = H (3.7)
J () pil

is a positive-definite approximation to the Hessian of M. Given an appropriate matrix H" (v, ; pif})

HY(x;,,y, ; 1ur), the primal-dual search direction is given by
dy = 0 — v, (3.8)
where Uy = (Zk, k) is a solution of the strictly convex bound-constrained QP subproblem:
minimize o(v) = VM (v, ;98 1) T (v —vp,) + 2 (v — v) THY (v, 5 1) (v — vy,)

subject to v; >0, 1=1,2,...,n.

The following lemma provides the connections between the inertias of various matrices (part (i)

may be used to conclude that the subproblem (3.9) is strictly convex).

Lemma 3.2.1. Let u be a positive scalar. Let H and J be matrices such that H is symmetric n X n
and J is m x n. If we define
H+ 2% J*t H JT

and K = ,
J wl J  —ul,

HIVI —

then the following properties hold.
(i) The matriz H + iJTJ is positive definite if and only if In(H*) = (n +m,0,0).

(ii) The matriz H + iJTJ is positive definite if and only if In(K) = (n, m,0).
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Proof. It may be verified by direct multiplication that

. H++1J%J 0 I, 0
L "HYL = K , where L=
0 Mlm _it] Im

The matrix L is nonsingular, and Sylvester’s law of inertia gives

1
In(H™) = In(LTHYL) = In (H n —JTJ) + (m, 0,0),
I

which implies the result of part (i).

To prove part (ii), consider the identity

H+L1jT) 0 I, 0
STKS = B , Wwhere S=
0 —ul,, 1] I,

It now follows from the nonsingularity of S' and Sylvester’s law of inertia that
1
In(K) = In(STKS) = In (H + ;JTJ) +(0,m,0),

from which part (ii) follows directly. O

The first-order optimality conditions for any primal-dual QP solution vy = (T, yx) of the

bound-constrained QP (3.9) may be written in matrix form

H, JF [Tk — 2k ]r _ (g, + Hymy — Ty s (310)

e —ppd —(Uk — vr) e+ I + g (W — i)

where ¢, gr and Jy, denote the quantities ¢(x), Vf(x) and J(z) evaluated at zy, and the quantities

with suffix “F” are defined in terms of the index set F(Zy), i.e., H, is the matrix of free rows and
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columns of ﬁk = ﬁ(xk,yk), and J, is the matrix of free columns of J; at Zr. The vector ny is

nonpositive with components

—[zr )i if i € A(T);
[Uk]i =
0 if i € F(Ty).

As Hy + (1/pf)JE T, is positive definite by construction, it follows immediately that the principal
submatrix H, + (1/pf)JXJ, is also positive definite. We may then apply part (ii) of Lemma 3.2.1
with values H = H r J = Jp, and p = pf, to infer that the matrix associated with the equations
(3.10) is nonsingular. It follows that if A(Zy) = A(xg), then g is zero and (T, yk) satisfies the

perturbed Newton equations

HF J;I‘ [fk—xk]ﬁ‘ __ [gk_Jl?yk]b‘ (3 11)

oo —upd [\ =k —yr) C + 1 (Y — Ui

A key property is that if yjf = 0 and J, has full rank, then this equation is identical to the equation
for the conventional SQP step given by (2.29). This provides the motivation to use a small penalty
parameter pf for the step computation and a different larger penalty parameter p for the merit
function. In this context, uf plays the role of a regularization parameter rather than a penalty
parameter, thereby providing an O(u}) estimate of the conventional SQP direction. This approach
is nonstandard because a small “penalty parameter” pj is used by design, whereas conventional
augmented Lagrangian-based methods attempt to keep p as large as possible [11, 35].

The discussion above has established the relationship between the computation of the
primal-dual bound-constrained step and the solution of a regularized QP. The next result formalizes

the connection between the primal-dual step and the step associated with a stabilized SQP method.
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Result 3.2.1. Let pj denote a fized scalar such that pj > 0. Let vy, = (Tr,Yk), g = 9(xk),

— — ; I — I 7 R\ 7T ;
e = c(xg), and Jy = J(z). Given a matric Hy, = H(xk,yx) such that Hy + (1/pf)Jd, Ji is
positive definite, consider the subproblem

minimize gg(m —x) + %(w — ) Y Hy (2 — ) + %,uﬁ”y“z
Ty (3.12)

subject to ¢y + Jr(z — xk) + pi(y —yg) =0, * >0,
which is the stabilized SQP subproblem (3.1) defined with p, = uy and y, = y;. The following
results hold.

(i) The stabilized QP (3.12) has a unique bounded primal-dual solution vy, = (T, Yk)-

(ii) The unique solution Uy = (Tk,Yr) of the stabilized QP (3.12) is also the unique solution

of (3.9).

Proof. To simplify notation, the regularization parameter pj will be denoted by p. For part (i),
given the particular feasible point v = (2, ) with 7, = yi — ¢x/p, any feasible point v = (z,y)

may be written as

ul
—J

v =1vg + Nw for some vector w € R", where N =

The matrix N is (n +m) x n with rank n, and its columns form a basis for the null-space of
the constraint matrix (J;C ul ) Applying this equivalent form of v to (3.12) gives the equivalent

problem

~ 1
minimize ng (Hk + fJEJk)w + wT(gk — J,;ka) subject to pw > —xy.
u

weR™
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The matrix Hy, + (1/p)JE T, is positive definite by assumption, and it follows that the stabilized
QP (3.12) is equivalent to a convex program with a strictly convex objective. The existence of a
unique bounded solution follows directly.

For part (ii), it is sufficient to show that the optimality conditions for the problems (3.12)
and (3.9) are equivalent. The first-order conditions for (z,y) to be a solution of the stabilized QP

(3.12) are:

ek + Je(x —ap) +puly —yg) =0,  py = pm,
gk+ITIk(:cka)fJE7rfz:O, z >0,

z-x=0, z >0,

where m and z denote the dual variables for the equality and inequality constraints of problem

(3.12), respectively. Eliminating 7 using the equation m = y gives

e+ Jp(x —xp) +puly—yp) =0, (3.13a)
g+ Holx —ap) — JTy—2=0, 2>0, (3.13b)
z-x =0, x> 0. (3.13¢)

The optimality conditions for the bound-constrained QP (3.9) are

VM (ogs gl ) + HY (s ) —vi) = [ ], 2>0, (3.14n)

z-x=0, x> 0. (3.14b)
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Premultiplying the equality of (3.14a) by the nonsingular matrix T defined by

2 7T
N 7
0 I,

and using the definitions (3.3) and (3.4) yields the equivalent conditions

g+ Hi(x—a) = JTy—2=0 and ¢+ Jy(x — ap) + ply — yf) = 0,

which are identical to the relevant equalities in (3.13). Thus, the solutions of (3.12) and (3.9) are

identical.

The uniqueness of the solution v = (x,y) follows from part (i) of Lemma 3.2.1, which
implies that the objective Hessian of the bound constrained QP (3.9) is positive definite, thereby

ensuring a strictly convex QP. O

3.2.1 Definition of the new iterate

Once the search direction dy = Uy — v has been determined, a “flexible” backtracking line
search is performed on the primal-dual augmented Lagrangian. A conventional backtracking line
search defines vy; = vy + axdy, where o = 277 and j is the smallest nonnegative integer such

that

M (vy, + agdyy 598, i) < M (v 598, i) + ansdit VM (g, 5y, 11,)

for a given ns € (0, %) However, this approach would suffer from the Maratos effect [55] simply
because the penalty parameter p;, and the regularization parameter pf used to compute the trial

step have different values in general. This difficulty is avoided by using an augmented Lagrangian
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version of the “flexible penalty function” proposed by Curtis and Nocedal [16]. This method defines

a step length of the form oy = 277, where j is the smallest nonnegative integer satisfying

M (v + apdy s yi, pr) < M (v 5 g, i) + agngoy, (3.15)

for some value pj, € [uf, 1], and 6y such that

&, = max (dj; VM (v 3y, i), —1olldi %) <0, (3.16)

with 7, a small positive constant. The use of the second term in the definition of J; increases the
chance that a step is accepted during the early iterations when |df VM (v, ;yZ, uf)| is large. Once

an appropriate value for ay is found, the new primal-dual solution estimate is given by

Tpt1 =2 + ap(Te — k) and  yry1 = Y + (Yr — Yi)-

In a practical algorithm, the step is reduced until the Armijo condition (3.15) is satisfied for one
of the values puj, = py or py, = pj (where the condition for pj, = py, is tried first). The following
simple argument shows that the acceptance criterion (3.15) is well-defined, i.e., the sequence {277}
must terminate with an acceptable ay. As v = vy is feasible for the strictly convex problem (3.9),
the search direction dy = (Tp — 2k, Yx — Yr) is a feasible descent direction for M(v;yg, u)) at
vg = (g, yx). If follows from standard theory that the weakened Armijo condition (3.15) will be

satisfied for u;, = pj and all a; > 0 sufficiently small.
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3.2.2 Updating the multiplier estimate

The QP equivalence established in Result 3.2.1, together with the definition of the stabi-
lized SQP subproblem (3.1) imply that setting y;, = y, in the definition of the subproblem (3.12)
(or, equivalently, in the bound-constrained QP (3.9)) makes the proposed trial step identical to that
of the stabilized SQP method. This motivates an update strategy that allows the definition y; = yx
as often as possible. The idea is to define y;,; =y, for the next subproblem if the line search
gives an (Tg41,Yk+1) that improves at least one of two merit functions that measure the accuracy
of (xg+1,Yk+1) as an estimate of (z*,y*). Let 8 denote a small positive parameter and consider the

merit functions

¢V(I7y) = 77(1’) + ﬂw(xv y)7 and ¢O(x’y) = 677(‘77) + W(I7y)’ (317)

where n(x) and w(z,y) are the feasibility violation and optimality measures

n(x) = |le(x)]] and w(x,y) = Hmin (x,g(x) — J(x)Ty)H . (3.18)

These functions provide two alternative weighted measures of the accuracy of (x,y) as an approxi-
mate solution of problem (NP) rather than as an approximate minimizer of M. Both measures are
bounded below by zero, and are equal to zero if v is a first-order solution to problem (NP).

Given these definitions, the estimate y;] is updated when any iterate vy = (xy, yx) satisfies
either ¢y (vy) < $PW™ or ¢o(v) < OB, where ¢** and ¢2** are bounds that are updated
throughout the solution process. To ensure global convergence, an update to y; forces a decrease
in either ¢™2* or ¢2@*. The idea is to choose the parameter S of (3.18) to be relatively small, say

B =107°. This allows frequent updates to y?.
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Finally, y; is also updated if an approximate first-order solution to problem (3.6) has been

found for the values y” =y and p = puf. The test for optimality is

19, M (g1 if) | < 7 and - [Jmin (20, VoM (o suf )| <7 (3.29)

for some small tolerance 75, > 0. This condition is rarely triggered in practice, but the test is needed
to ensure global convergence. Nonetheless, if condition (3.19) is satisfied, y; is updated with the

safeguarded estimate

yl?Jrl = max ( — Ymax€, min(yk—i-h ymaxe))7 (320)

for some large positive scalar constant ymax.

3.2.3 Updating the penalty parameters

The following definition is designed to decrease p;f only in the neighborhood of an optimal

point (assuming that the problem is not locally infeasible):

) min (348, |ropt (ve41)[|?/2), i (3.19) is satisfied;
M1 = (321)

min (g8, |rops (ve41)]|?/2),  otherwise,

where 745 is the vector-valued function

Topt (V) = o) . (3.22)

min (x, g(z) — J(m)Ty)

The update to py is motivated by a different goal. Namely, p should be decreased only when

the trial step indicates that the merit function defined with penalty parameter uj increases. This
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motivates the definition

Ik if M (v, 1590, i) < M (v ks 1y,) + QrnsOrs
Hi+1 = (3.23)

max (%uk, #241)7 otherwise,

where @ = min(amin, @) for some positive auyin, and 0y is defined by (3.16). The use of the scalar

Qmin increases the likelihood that py will not be decreased.

3.3 Solution of the Bound-Constrained Subproblem

In this section we consider methods for the solution of a bound-constrained QP (3.9).
The remainder of this section focuses on the solution of a single QP subproblem, and the notation
is simplified so that vy = (v, yx) = (z,y), J = Jx, H = H(zp,yi), H = ﬁ(mk,yk), HY =
HY(z),y, ; 1p), and g = pf. Similarly, J. and J, denote the columns of J associated with the
index sets F(z) and A(x) of free and fixed variables at x. Throughout this section, if S is a
symmetric matrix, then S, and S, denote the symmetric matrices with elements s;; for ¢, j in F

and A respectively. Given these definitions, the problem to be solved is
min VM " (v —0) + 4(v —0)THY (v —0) subject to v; >0, i=1,2,...,n, (3.24)

where v is the vector of n + m primal-dual variables v = (z,y), v is the constant vector v = (&, ),
and
- 2
o g—JT(r+ (- 7)) HM— H+2jvy J* |
¢+ p(y—y*). J nl

where H is a symmetric approximation of the Hessian of the Lagrangian.
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First, we assume that the matrix H is such that H + %J TJ is positive definite. It follows
from Lemma 3.2.1 that the matrix H* is positive definite and the bound constrained problem
(3.24) is a strictly convex QP that may be solved using a conventional active-set method.

At the jth iterate v; = (x;,y;), the index sets of active and free variables are given by

A(v;) and F(v;), where
A(w) = A(z) = {i:z;=0} and F)={1,2,....n+m}\ A(v).

(As the dual variables are not subject to bounds, the vector of free components of any v = (x,y)
has the form vy = (2r,y) with z, defined in terms of F.) Given v; = (x;,y;), the next QP iterate
is defined as v;y1 = v; + a;d;, where the free components of the vector d; = (pj, q;) satisfy the
equations

H%dﬁi*[VM+HM(Uj7’U)]ﬁ, (325)

with ds = (pr, ¢;). The equations (3.25) appear to be ill-conditioned for small y because of the
O(1/p) term in the (1,1) block of the matrix H*. However, this ill-conditioning is superficial.
The next result shows that d, may be determined by solving an equivalent nonsingular primal-dual

system with conditioning dependent on that of the original problem.

Theorem 3.3.1. Consider the application of the active-set method to the bound constrained QP
(3.24). The free components of the QP search direction (p;,q;) satisfy the nonsingular primal-dual
system

H, —J"\ (p [9+ H(z; —2) = T Ty;]s

_— : (3.26)
Jooowl qj c+ply; —y*) + J(x; — )

Proof. Tt suffices to show that the linear systems (3.25) and (3.26) are equivalent. Consider the
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matrix

where the identity matrix I has dimension n,, the column dimension of J,. The matrix U is

nonsingular with n, +m rows and columns. It follows that the equations

UH}dy = -U[VM + H" (vj — 0) ]s

have the same solution as those of (3.25). The primal-dual equations (3.26) follow by direct mul-
tiplication. The nonsingularity of the equations (3.26) follows from the nonsingularity of U, and
the fact that H* is positive definite (as are all symmetric submatrices formed from its rows and

columns). 0

3.3.1 Convexification of the bound-constrained subproblem

An important aspect of the proposed method is the definition of H (zk,yr), which is
used to ensure that the bound constrained QP subproblem (3.9) is convex. A conventional QP
subproblem defined with the Hessian of the Lagrangian is not convex, in general. To avoid solving
an indefinite subproblem, most existing methods are based on solving a convex QP based on a
positive-semidefinite approximation H (g, yx) of the Hessian H(xy,yr). This convex subproblem
is used to either define the search direction directly, or identify the constraints for an equality-
constrained QP subproblem that uses the exact Hessian (see, e.g., [35, 8, 47]).

In Chapter 5 we describe a different approach and define a converified QP subproblem
in terms of the exact Hessian of the Lagrangian. The convex problem is defined in such a way

that if the inner iterations do not alter the active set, then the computed direction is equivalent
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to a second-derivative stabilized SQP direction, provided that y; = y,. The method is based on
the implicit computation of a symmetric matrix H(zy,ys) (not necessarily positive definite) as a
modification of H(xy,yy) that gives a bounded convex primal-dual subproblem (3.9).

Convexification is a process for defining a local convex approximation of a nonconvex
problem. This approximation may be defined on the full space of variables or just on some subset.
Many model-based optimization methods use some form of convexification. For example, line-search
methods for unconstrained and linearly-constrained optimization define a convex local quadratic
model in which the Hessian H(xg,yx) is replaced by a positive-definite matrix H(xg,yr) + Ex
(see, e.g., Greenstadt [48], Gill and Murray [34], Schnabel and Eskow [66], and Forsgren and Mur-
ray [30]). All of these methods are based on convexifying an unconstrained or equality-constrained
local model. Here we consider a method that convexifies the inequality-constrained subproblem
directly. The method extends some approaches proposed by Gill and Robinson [40, Section 4] and
Kungurtsev [51].

In the context of SQP methods, the purpose of the convexification is to find a matrix AH

such that

pl? (H(xkv yk) + AHk)pk Z )\minpgpkv

for a given primal-dual pair (zk,yx), where A, is a fixed positive scalar that defines a minimum
acceptable value of the curvature of the Lagrangian.
The proposed convexification scheme can take three forms: pre-convezification, concurrent

convetification, and post-convezification. This process gives a matrix H of the form

H=H+A+X+T, (3.27)
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where A is a symmetric positive semidefinite matrix, and X is a positive-semidefinite diagonal. It

must be emphasized that H itself is not necessarily positive definite. We emphasize that not all of

these modifications are necessarily needed at a given iteration. These convexification schemes will

be discussed in detail in Chapter 5.

Algorithm 1 Bound-constrained minimization.

1: Input v = (x, y) such that > 0;
2: ComputeA:{z':xi:O} and]—':{i:xi>0}; Set]?:}'u{l,Q,...,m};

3: repeat
4: repeat
5: Solve H¥dz = —[Vip(v) |75 da = 0;
6: if [v+d]r <0 then
7: k « argmin wv;/(—d;);
i€F, d;<0
8: Omax < Ui/ (—dk); [Compute the maximum feasible step|
9: Qopt = —Vip(v)Td/dT H d;
10: o = min { dopt; Cmax }3
11: A AU{k}, F«F\{k} [fix vg on its bound]
12: v+ v+ ad,;
13: else
14: v 4 v+d;
15: end if
16: Set F=FU{1,2,....m};
17: until ||[Vip(v)]s]] =0
18: w <+ Vip(v);  Wmin Ilrélil wi; L arigeriin w;;
19: if Wy < 0 then
20: A<—A\{E}; ]-'(—]-'U{é}; [free vy from its bound]
21: end if
22: Set]?:fu{l,2,...,m};

23: until wyi, > 0

24: return (z, y) = v;
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Chapter 4

Modifying Matrix Factorizations

As mentioned in Section 1.4, both interior and SQP methods require modification of a

(n + m)-dimensional KKT matrix of the general form

H JT
J =D

K =

where H is n x n and symmetric, J is m X n, and D is positive semidefinite and diagonal. Here
we regard these values as arbitrary constants of the correct dimension, while keeping in mind they
typically represent quantities associated with the current state of an optimization algorithm, e.g.,
H = H(xp,yx), J = J(x) and, in the SQP context, D = pul,, (see Table 1.1 for the relevant
definitions). In the situation where D is positive definite, we are interested in K because of its

relationship with an approximate merit function Hessian, which can be written

g [HH2ITDTT T
J D
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The link between K and H* comes from the inertial relationships

In(H") =In(H +JTD71J) + (m, 0, 0), (4.1)

In(K)=In(H + JTD~'J) + (0, m, 0). (4.2)

In what follows, the goal is make H™ positive definite implicitly by modifying K. In particular,
only the (1,1) or (2,2) blocks of K can be modified. This is because the effect of perturbing J on

the inertias of K and H™ is not clear in general.

4.1 Tiling

Define a 2m x 2m matrix of tiles T by

T T3
T= |15 T ... s

where each tile T;; is a 2 X 2 matrix of the form

and the elements h € H, a,b € J, and d € D. Define Hy; and J; to be the submatrices of H and

J from which all the h, a,b elements appearing in tiles originate. This induces a partition of K
Hyy, HY Jf

K =|Hy Hyn J&
J1 Jo =D
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Let P, be a permutation matrix that brings a checkered pattern of tiles into the leading prin-
cipal submatrix of the KKT matrix K and let C = PlT KP;. Let P, be the permutation that

symmetrically separates the submatrices Hyq, J1, —D within 7"

Hi JlT H;; -
T pT T T T ST T ST ~
P2 Pl KPP, = P2 cP, = P2 Py, = J1 —D Ja = =C,
S Hoo S  Hy
H21 JQT H22

with § = (H21 J2T>.
Proposition 4.1.1. Let T be a nonsingular tile and

- o [T ST T ST\
PLCP, = Py Py = =C
S H22 S H22

If the permutation Py only permutes the first 2m columns, C/T = é/f

Proof. Assuming P, only acts on the first 2m columns it must have the form

Qo 0
O ITL—WL

Py =

where ()5 is also a permutation matrix. By equating blocks of C' and C it is evident that QITQ, = T
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and SQ2 = S. It now follows that

C/T = Hyy — ST'ST
= Hap — SQ2(Q3TQ2) Q3 ST
= Hoy — ST ST

- CJT.

The D =0 case

The previous result is useful in the case when D = 0 for showing that the Schur complement

of T is in fact the reduced Hessian.

Proposition 4.1.2. If D =0 and T is a nonsingular tiling then the Schur complement C/T is the

reduced Hessian ZTHZ, where Z is the particular basis for null(.J) given by

4 —J N,

In—m

Proof. Define W = T-15T and write out the system

~ Hy JT\ (W HE) -
Tw= """ =) =9
a0 ) \m Jo

Carrying out the multiplication shows W; = JflJQ and Wy = JfT(HQT1 — Hy; Jfng) and conse-
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quently

C/T = Hyy — ST'S7T
= Hyy — (Hy Wy + JF W)

= Hoy — Hoy J; Iy — JF Iy Y HY + JF 7Y Hy I T,

T —1
= (~arn 1) e
H21 H22 I
=Z"HZ.
As C/T = C/T, it follows C/T = ZTHZ. O

To relate the inertia of K with the reduced Hessian requires that J has full rank, and the
T T
QR factorization JT = Q (RT 0) = (Y Z) (RT 0) . Substituting this in for J and letting

U = diag(Q, I,,) yields
YTHY YTHZ R
UTKU = | zTuy 2ZTHZ 0

RT 0 0
Define the nonsingular matrix
Iy 0 — %YTH YR™T
V=10 I,._. ~ZTHR™T )
0 0 RT
then direct multiplication shows
0 0 I,
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which has m positive and m negative unit eigenvalues along with the eigenvalues of ZTHZ. This
implies In(K) = (m, m, 0)+In(ZTHZ). In particular, this means there is a one-to-one correspon-
dence between negative eigenvalues of the reduced Hessian and negative eigenvalues of K exceeding

m. It follows

In(T) =In(K) —In(ZTHZ) = (n—p, m+p, 0)— (n—m —p, p, 0) = (m, m, 0).

4.1.1 Two-stage factorization

An overall LBL™ factorization of K can be computed by piecing together two related
factorizations; one of the permuted tiling T and the other of a Schur complement term that remains.
Both factorizations can use state-of-the-art symmetric indefinite factorization software as is (e.g.

MA5T7). Suppose such a factorization of T is computed:

ngQ?, = LB LY.

When these factors are inserted in place of T the result is

Qs 0 LiuBiLY, QTSTY (@ o

PYPIKP P, = ~
0 Infm SQS H22 0 Infm

Next, define £ = gQgLﬁT and P; = diag(Qs, I,—m ) so that the triangular L1; term can be factored
out

Ly 0 B 0 LY, By'ET

PrPIPYKP PPy = X )
EB;' Iim 0 Hy— EB;'ET 0 Inm
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The (2, 2) block of the block diagonal matrix is the Schur complement term to be factored next,
giving

Hy — EB;'E™ = QuLay B LEQT.

The definitions Ly, = QFEB;', Py = diag(Iom,Q4), and P = Py P,P3P, gives the complete

factorization
Li; O By 0 LY L
Lo1 Lo 0 B, 0 L

PTKP = = LBL".

Factor modification

Any modification to K made indirectly by modification of B needs to only affect the H
part of K. This two-stage factorization produces By that can be modified safely, meaning the

resulting change to K only changes H.

Proposition 4.1.3. The two-stage factorization (2, 2) block can be modified, if needed, without

any change to the J or D blocks of K. Specifically,

x 0
AK =

0 Op

Proof. Suppose a perturbation AB = diag(0, ABs) is made to B, and keep in mind that P, and
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Pj3 only permute the first 2m rows and columns. It then follows

0 0 .
AK =P P
0 LoyAB,LJ,
0 0
=P Pr
0 Q4L ABLLQYT
0 0
=P P
0 AHo
* 0
0 0

The final equality holds P; was chosen to symmetrically move all elements of Hys to the trailing
(n —m) x (n — m) submatrix. Therefore, applying them in the reverse order moves the trailing
submatrix AHss to the positions originally occupied by elements of Hsy, which could be anywhere

in the first n rows and columns. O

Recall when D = 0 that In(T) = (m,m,0), and as In(T") = In(B;) it must hold that

In(K) = In(B) = In(T) + In(Bz2).

If By is sufficiently positive definite, then In(K) = (m, m, 0)+(n—m, 0, 0) = (n, m, 0) as desired.
Otherwise, a perturbation to By can be made to correct the inertia with the induced perturbation

to K changing only the Hyo block.
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The D # 0 case

The inertial relationships invloving the Schur complement of a nonsingular tiling with

D # 0 can be derived by

In(C/T) = In(K) — In(T)
={In(H +J"D""J) +In(-D)} — {In(Hy; + J{ D' 1) + In(-D)}

=In(H +J"D7'J) —In(Hyy + JED710).

This hints at the fact that C'/T might be the Schur complement of the augmented m x m matrix
Hi + JlTD’lJl within the augmented n x n matrix H + JTD~'J, and this is true if the former

is nonsingular, which is shown next.

Proposition 4.1.4. Let D is a positive-definite diagonal matriz and let H1, J, denote the subma-

trices of H,J from which a nonsingular tile T is formed, such that

Hy  Jf - o [T ST T ST\ .
T = and P2 CPQ = P2 P2 == =C
J. —-D S Hy S Ha

If Hyy + JF D1, is nonsingular, then the Schur complement of T in C is equal to the

Schur complement of Hyy + JED™YJy in H+ JTD~1J, that is,

C/T = {Hy +J'D '}/ {H+J D' J}.

Proof. Following the strategy used to show C/T = ZTHZ in the case where D = 0, define W =
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T-1ST and write out the system

Hyo JT\ (Wi (HR

Jl -D W2 J2
Carrying out the multiplication yields Wy = D~1(J;W; — J3) which can be used to eliminate W,
giving (Hy1 + JE D71 J)Wy = Hy + JFD~1Jy, and therefore
Wi = (Hy +JID Y)Y HY + JED71,).

Now the Schur complement can be computed.

C/T = Hyy — ST 'S™
= Hyy — Hoy Wy — Jo) Wy
= Hyy — HyW, — Jy DY Wy — J3)
= Hoyy — (Hoy + J3 D I)Wy + Jy DL,

= Hyo+ Jy D 'y — (Hyy + JF DY) (Hyy + JED7 ) "YW (Hyy + IS D7) T

Notice the elements appearing are from H + JTD~1J, partitioned conformably with C:

Hy, H} N JE Dot (J J ) Hy +JID-Yg, HY +JFD1,
1 2] =
H21 H22 Jg H21 + J2TD71J1 H22 =+ J2TD71J2

Forming the Schur complement of the (1, 1) block in H + JTD~1J gives

Hoo + Jy D™ o + (Hoy + JF D™L) (Hyy + JED ™ ) " (Hoy + J D7) T,
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which agrees with what was just computed for C / T=C /T. O

Even if D is a positive-definite diagonal matrix or multiple of identity the outlined tiling
procedure need not result in the inertia of T being (m, m, 0). In order for the two-stage strategy
to work, the first stage must achieve the inertia (m, m, 0). However, if D has the form pl then

the procedure does work, provided p > 0 is sufficiently small.

Refactoring (Wichter-Biegler)

The correct inertia for the first stage can be achieved by repeated application of diagonal

modifications to Hy; and refactoring. Once a tile is selected, form

T(O’) _ Hyy +ol JY
J1 -D
for increasing values of ¢ until In(T) = (m, m, 0).
Once the correct inertia is achieved, the two-stage factorization continues as described. If
needed, a second perturbation would be made to Hao and the resulting overall modification would
be contained to the first n rows and columns. As the tile is potentially significantly smaller than

K, refactoring the tile could be computationally more efficient than repeated refactoring all of K.

Approximate perturbation

Another method of achieving the correct inertia is to use an approximation that is not
norm-optimal, but guaranteed to produce the right inertia in a single modification to T. This

technique is based on the following result.

Proposition 4.1.5. For a general nonsingular n x n symmetric matrix M and n x k matriz W,
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and for s <k,

iy (M +WWT) +ig(M+WWT) =i (M) +s

if and only if —I;, — WTM™'W has exactly s nonnegative eigenvalues.

Proof. This result follows from the congruences

M 0 M w I, WT —1I 0
0 —-I,—-WTM-'w wT —I, w M 0 M+WWT

which yield In(M + WWT) = In(M) — In(—1I}) — In(—I; — WTM~1W).
If —I;, — WTM~'W has exactly s nonnegative eigenvalues then its inertia can be written

(s =1, k—s, 1) and therefore

In(M +WW7T) =In(M) - (0, k, 0)+ (s =1, k—s, 1) = (i (M) +s—1, i_(M)—s, ).

Adding the nonnegative eigenvalues gives

iy (M +WWT) fig(M+WWT) = (i (M) +s—1)+1=i,(M)+s.

O

This result can be applied to the 2m x 2m matrix T by constructing a modification only
affecting the m x m block Hyq, i.e.,

I,
w17

0

The resulting perturbation to Hi; is 42I. The problem is then to find « that minimizes || AHq ||

subject to —1I,,, — WTT-1w having s nonnegative eigenvalues. Define G to be the first m rows and
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columns of 71, then the constraint is equivalent to Ay(—I,, —y2G) >0 for i € {1,...,s}. Observe
that A\s(—I, — 7v2G) = =1 — ¥*\;n_s11(G) and that it is assumed \,,_11(G) < 0 (otherwise the

constraint is already met), therefore the requirement reduces to

9 1
7= *)‘m—s+1(G)
As T, G satisfy
I
* *

Cauchy’s eigenvalue interlacing theorem implies that

Mem(T) < M(G) < M(T™Y) for  ke{l,...,m}.

The factorization T = Q3L11B1 LY QF can be used to obtain an upper bound

Am—s1(G) < Am—si1(T7h)
= Am—s1 (L1 By 'Lyy')

= /\m—s+1(Bl_l)9

for some Ao, ((L11LT})™') <60 < Ay ((L11L{})™"). As Ly; L, is automatically positive definite, it
holds that
1

A2m ((L11L1T1)_1) = m and A1 ((L11L1T1)_1)

1
B >‘2m(L11L1T1) .

Suppose T doesn’t have the correct inertia, and that In(T) = (m — s, m + s, 0) with s > 0.
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This means that )\m,sﬂ(f) < 0 and therefore A,,,—s41(B1) < 0. The eigenvalues of Bfl are the
reciprocals of the eigenvalues of By, and it must hold that \,_..1(B;') < 0 as well. This is
because taking the reciprocals only reverses the order within negatives and positives but does not

alter their sign. The goal is then to select the smallest v for which

)‘m—s+1(B1_1) 1
Am—s G) < ~—=— < ——.
+1(C) AM(LiLT) 72

Assuming Li; is computed using MA57, its entries are bounded by some constant p, e.g., p = 2.781

for the bounded Bunch-Kauffman pivoting strategy, and that
P
M(LuLiy) = L Ll < [[Lu|F <m+ 5 mm —1).

This implies that v can be chosen such that

2 L1117 o m(p*(m—1)+2)

" or 7= -1\ -
_/\m—s+1(Bl 1) _2)‘m—s+1 (Bl 1)

The latter would only be chosen to avoid computing the norm of Li;. Then it must hold that
the perturbation increases the number of nonnegative eigenvalues by s and therefore In(f(vz)) =

(m, m, 0). The perturbed matrix would need to be refactored before continuing on and factoring

its Schur complement.

4.2 First-Stage Strategy

In the case when D # 0, tiling may not be helpful. Perhaps the two-stage factorization

can still be used, but with a different matrix than T for the first factorization. The goal here is

85



to find a way to construct a matrix K7 that can be brought to the leading principal submatrix
position within K by symmetric permutation such that In(Ky1) = (I, m, 0) for some [ > 0, and
that

H11 Jir

K= )
J, -D

with Hi €g [Z X l]
From the inertial relationship In(K11) = In(Hy1 + J{f D=1J;) + In(—D), it would be ideal

to find submatrices for which Hy; + J;F D~1J; is positive definite. To simplify the search, note that

T T -1
T -1 . X (Hll + Jl D Jl){E
N(Hy +Jp D Jl)—;gé%{ 2T
1
—inf I'THHZ' " HD_2J1$H2
240 xTax Ty
. zTHyx
> { ) = oo

so if Hy; can be chosen positive semidefinite then In(K71) = (I, m, 0).

4.2.1 Submatrix search

Consider the following recursive algorithm for constructing Hi;. For simplicity, drop the
subscripts on Hi; and J; so that Hy = (H11)(k) is the kth result of the following process, and
H, = (HH)(Z) = Hj1. The idea here is that, starting with a positive scalar Hy, a leading submatrix
will be built by appending a trailing border. The components of the border will be chosen so that
the submatrix can be gathered using symmetric permutations while retaining positive definiteness.

Let Hy = min{h; : hi; > 0}, i.e., the smallest positive diagonal element of H. Then Hy

is positive definite. Now suppose that at the kth stage of this process that Hj is positive definite
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and
Hy Jy!
Jr Sk

PIHP, =

Then a row b,:: of Ji and the corresponding diagonal element c;, of Sy are sought such that

Hp by
Hy1 =
bg Cr

is positive definite. As In(Hyy1) = In(Hy) + In(c,, — bF H, 'by), adding such a border retains
positive definiteness if and only if ¢ — bgH & b, > 0. This part of the algorithm terminates when
c< bTlelb for all b = e]TJk, c= e;FSkej, with j € {1,...,n — Il }.

The result of the process is a positive-definite matrix Hy, = (H 11)(l) and a permutation

matrix P, such that

H H}
prap = """ 7
Hy1  Haa,
and so the KKT matrix K can be permuted as
Hyy HY  Jf
F)lT 0 ]Dl 0 -PlTHPl F)ITJT
K = = | Hx Hxa Jy
0o I 0 I JP, -D
J Jo —D

By permuting this result, it is straightforward to obtain the permutation P such that

Hy  JE HY

K KX
PTKP: Jl _D J2 _ 11 21

T Ky Ky
Hy  Jy  Ho

with Hy; positive definite and therefore In(K5;) = (I, m, 0).
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Principal inverse maintenance

Because of the relationship between Hj and Hyy1, the inverse can be maintained rather

than recomputed.

Proposition 4.2.1. For a general nonsingular symmetric matriz A, nonzero vector b, and nonzero

scalar ¢, define w such that Aw =b. Then, if c —bTw # 0,

-1
A b 1 (c—bTw) A~ + ww™ —w

T . Ce—bTw —wT 1

This result can be checked by direct multiplication.
Therefore, starting with H; L= /Hy, all that is needed to compute H,_ +11 is to form

w=H 1y, and substitute into the given expression.

Refined submatrix search

It may be that requiring a positive-definite H;1 is too restrictive. For example, if only a few
variables appear nonlinearly in the objective function then the largest positive-definite submatrix
could be relatively small. What is actually required to produce K71 with the inertia (I,m,0) is that
Hi + JFD*1J1 is positive definite. We now focus on the case where D = ul,,, and extend the
submatrix search idea to construct Ki; recursively.

The process begins with a given matrix
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and proceeds by recursively constructing

H Jr
Ki = )
Ji —pln

where K; = (Ku)(i)7 H; = (Hu)(i), and J; = (Jl)(i). The submatrices H; and J; are expanded by

H; b
Hiq = T and Jiy1 = (JZ ai+1> )
bit1 Citr

where b;11 is ¢ X 1, ¢; is a scalar, and a; is m x 1. This can be thought of as inserting a “cross”

shape into the center of K, i.e.,

H; by J)f

K2

=
+
—
I
=
+
_
o

T
i+l Qitl

Ji a1 —ply

As the base of recursion, a diagonal element H; = (Cl> and a column a; of J are selected such

that ¢; + afa, /i > 0. With this choice, the inertia of K; can be deduced from

T
c a —pl
Kl — 1 1 ~ H thus IH(Kl) == (177’2’170)
a; —ul ¢+ iaifal

Now suppose for some ¢ > 1 we have that H; + %JZ»TJZ- is positive definite, and consequently that
In(K;) = (¢,m,0). Define intermediate quantities E, = H, + iJiTJm Ui = by + iJiTai_H, and
di 1 = ciyq + ia;fﬂai 4+1- Choosing these values is essentially selecting a pairing of a column of

H with a column of J because the scalar ¢; is determined by the column chosen to define b;. The
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critical step is choosing b;11, ¢;+1 and a;41 such that
T -1
diyy —ui B ug g > 0. (4.3)

The reason being, that

17T 17T
I% le g Hy+ 2 Jidy b+ 4 Jdiaiy
i1t —Jdipdip =
H bh,+Lal . ¢+ Ltala
i1 T %irdi Cipr 00

E;  uit E;

I
2

T T -1
Uiy di+1 di+1_ui+1Ei Uiy

Now, as F; is positive definite by hypothesis, it follows In(K;11) = (i + 1,m,0) if and ouly if E;

is positive definite, which is true if and only if d; — uiTEflui > 0. As F;;1 satisfies

E;  uit
B = - ,
Uiy di+1

the same inverse maintenance algorithm (4.2.1) can be used to compute each E; *.
When no pairing of the columns of H and J produces b;, ¢;, a; such that (4.3) holds, the

algorithm terminates and returns a permutation matrix P such that

PTKP = =\ —ul, Jo |,

S Hy -
Hyy  Jy Hao

where In(K71) = (I,m,0). Note that Hy; need not be positive definite.

If Hy1 is m x m then Kj; is 2m X 2m and this method is equivalent to a tiling, because
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then
- T, Tio
Ky = [T ) Y T ...| =T

Ji o —pl ) i
The algorithm also affords the opportunity to decrease p on the fly if doing so could result in
H, + JXJ, /1 becoming positive definite. Whether reducing p can achieve this depends on the null
spaces of H; and J; being “complementary”. This requirement is exactly stated by Debreu’s lemma,
i.e., the reduced Hessian Z;" H,Z; must be positive definite.

One practical limitation of this approach is the potential for nearly singular K7;, making
the formation of the Schur complement of K7; unstable. There are essentially two nested “layers” of
Sylvester’s Law of Inertia involved here at each stage of the described process. On one hand, K; 41
is second-order consistent if and only if E; 1 = H, | + J;%1J; 1/ is positive definite, which holds
by nonsingular symmetric transformation. On the other hand, E; ; is positive definite if and only
if d;y —uk B 'u;,; > 0, which holds by another distinct nonsingular symmetric transformation
(4.4). The question of how “near to singular” F,; 11 can be so that K, is “sufficiently” nonsingular is

difficult to answer, and even if one knew, choosing a minimum tolerance for d; ; —u;" E; Y >0

that would achieve the needed positive definiteness of E;;1 is equally difficult.

4.3 Two-Stage Symmetric Indefinite factorization with Par-

tial Cholesky Decomposition

A partial Cholesky decomposition can be used to determine a sequence of symmetric
permutations that will gather a positive-definite leading submatrix for the first stage. The partial

Cholesky algorithm also computes a decomposition of the leading submatrix, and it will be shown
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how to use this decomposition as part of the multistage factorization of the KKT matrix

H JT
J =D

with D positive definite and diagonal.
As H is not assumed positive definite, the classical Cholesky decomposition may not exist.
Instead, applying the partial Cholesky decomposition algorithm to H yields a permutation matrix

Py such that
Hy Hy

H21 H22

PyHP, =

with Hy; € R™! and positive definite. The dimension of H;; will depend on properties of H.
Extending Py by I, yields a permutation that will permute the first n rows and columns of K.
Define I1j to be its product with another permutation acting on the last n+m —1{ rows and columns

such that
Hy JE Hy
K11 KQTl

IfKi,=| 5, -D J | = I
H JT H 21 22
21 2 22

with <J1 J2) = JP,. Note that Hy; + JfD~1J; inherits positive definiteness from Hiy, so it
holds that

In(K11) = In(Hyy + J D7 1) +In(—=D) = (I, m, 0).

The standard LBL™ factorization of K is computed such that P,'K1; P, = Ly B L}, then with

IT, = diag(Py, I) and E = Ko Py L}, one has

Ly 0\ (B 0 LY Bi'ET

I I Ky I, = X )
EB;' 1)\ 0 Hy—-EB'ET 0 I
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The next stage is to factor the Schur complement giving

Hyy — EB{'ET = PyLyyBo LY, P,

Let IT, = diag(I, Py), IT = II,IT,IT, and Loy = P, EB; ! so that

Ly O B 0 LY LY
Loy Los 0 B, 0 L

O =

It is worth emphasizing that the factors computed during the Cholesky algorithm are not
used, only the permutation that defines the positive-definite Hy;. The next section indicates how

the computed factors are used.

Computation details

The main computational ingredients of the split LBLT factorization with partial Cholesky

decomposition are described here in more detail.
1. The partial Cholesky decomposition of H (size: n),
2. The LBL" factorization of K1 (size: [ +m),

3. Computing E = Ko1 PyL7;" (size: m x (I +m)). This can be done efficiently using

E = linsolve(L;, PP K, LT = true)T

as L1 is lower triangular.

4. Form the Schur complement Hoy — EB;*E7T (size: n —1). Note that this involves inverting
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By which can be done efficiently because Bj is block diagonal. Also, it involves the quantity

EB; 1 which is needed for forming Lo .
5. The LBLT factorization of Hoy — EB;*E™T (size: n — 1)

6. Solving the system IILBL™IITp = b for some right-hand-side vector b. Let 7 = IITp and

B =TITb, then one has

Ly B, LY, Ly T B1

Loy Lo By L3, L) B2

This is solved by first solving Lq = 3, followed by L™n = B~ 'q. Explicitly, this can be carried

out as four calls to linsolve(); two upper-triangular and two lower-triangular:

Ligi =B size: [ +m
La2ga = B2 — Larqa size: m — [
Lo = By gy size: n — |
Lirlﬁl = B1_1Q1 - LgTﬁTz size: | +m

4.3.1 Utilizing the partial Cholesky factors

The partial Cholesky algorithm applied to H produces a permutation Py, a unit lower-

triangular Ryy €5 [l X 1], Ra1 €5 [(n — 1) x 1], a positive-definite diagonal By such that

Ry 0\ (B 0 RT RJ Hy, HJ}
POTHPO _ 11 1 11 21| 11 21 7
Roy 1 0 Hoy 0 I Hy;  Ha
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R 0 B 0
H and By = 1
0 Hy

where Ly =

with Hy; = Ry1B11 R €x [l x ] positive definite. This can be written simply as

Py HP, = LyB,Ly

Define (Jl JQ) = JPy and Iy = diag(Py, I) to get

Hy H2Tl JlT
T POTHPO (JPO)T
Iy K11, = = | Hy Hxpn J&
JP, -D
J1 Jo —D

Next, the triangular factors from the Cholesky decomposition are symmetrically factored out,

Ly 0 B, Ly'PrJT\ (Lg O
-D 0 I

0 1) \JPLy"

In this case, £ = (E1 E2> is defined to be E = JPOLgT with By = JlRflT and Ey =

—JiRy{" R}, + J2, which gives
Ri B ET\ (RL R}
g KIly= | Ry 1 Hy  EF I

E, E, -D I
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To get a first stage with the correct inertia, By needs to be paired with —D. Let II; be the

permutation that exchanges the middle n — [ with the last m rows and columns, then

Ry B ET RY R}
OIEKmym = | Ry, 1 LIt Hyy,  EY | I I g
I E, E, -D I
R B, ET RY R}
= I Ei —-D E, I
Roy I El  Hy I

The Schur complement of —D must be formed and factored next. Note that D + E,B;'E is

positive definite and so the (2, 2) block retains the needed m negative eigenvalues. Suppose

D+ E,B{{'EY = Py,LyyBoy Ly P,

with B diagonal and positive definite, and define Il = diag(I;, Pa, I,,—;). Then III IIF T K TT, 11, IT,

has the form

Ry By RY BﬂlEFPZ R3
PLE\B;}' Ly —Bas Ly, P E, L3,
Ry I ES PyLy," Hao I

To reduce the notation a bit, let By = diag(B11, —Ba2), F = (0 E2TP2L;2T>, S = (R21 0), and

Ry
Ly = - . )
PFE By Lo
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so that
Ly B, FT LlT1 ST
S I F Hoy I

It Ky, =

Lastly, form and factor the complement of Hao

Hyy — FB{'FT = P,Ly, B, L5, P,

and define IT3 = diag(I, Ps), and IT = IIIT, IT;IT3. Also let Ly = P (S+ FB;'). Then it follows

that

Ly By FT LE st
S I F Hy I
L1; B LY, ST+ B'FT
S+FB' I Hyy — FB;'FT I
. Ly B LY (ST + B'FT)Ps _
—113 3
PY(S+FBY) La B, L3,
and therefore
L B LT LT
ITKIT = 11 1 11 21
Loy Lo By L,

4.4 Full Diagonal Modification of K

Suppose the approximate Hessian H" of the merit function needs to be modified to get

a positive-definite approximation. Rather than perturbing only the (1, 1) block of H*, consider a
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perturbation that also effects the (2, 2) block of the form

o " H+2JTD-1g JT M 0
H (U):H + ol = + o
J D 0 N

To derive the corresponding perturbation to the KKT matrix, the perturbed Newton equations are

premultiplied by the nonsingular matrix

which gives UHY (o) Av = —UVM. After some simplification, this reduces to

H+oM —JYI+20D7IN) Az Vf—JTy
J D+ oN Ay D(y — )

To symmetrize this system, let Ay = —(I +20D~1N)Ay, then an equivalent system is

H+oM JT Ax Vi —JTy

J —(D+oN)I+20D"IN)"1 ] \ Ay D(y — )

Thus, with D(¢) = (D + oN)(I + 20D~ 1N)~! the same Av that solves the positive definite

approximate Newton equations H (c)Av = —VM can be obtained by solving the system involving

H+oM JT
J —D(o)

K(o) =

This reduces exactly to the method of Wachter and Biegler [68] if N =0 and M = I.
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The inertia relationships

In(H"(0)) = In(H + oM + JTD(0)"1J) + (m, 0, 0)

In(K (o)) =In(H + oM + J*D(c)"1J) + (0, m, 0)

hold for all positive o, so H" (o) is positive definite if and only if In(K (o)) = (n, m, 0). The
question is whether or not perturbing D changes how sensitive In(K (o)) is to changes in 0. In
the situation where N is a positive diagonal it holds that increasing o actually decreases diagonal

elements of D(o). Focus on a particular diagonal element of d(c) = [ D(0) |4, then

4o) = (Dl ( [Dl]ii + o[ N1 ) |

[D]ii +20[ N i

The portion in parentheses approaches % from above and so d(o) is strictly decreasing in o. This

means that for any s > 0 that the diagonal entries of D(o + s)™! are strictly greater than those of
D(o)~t. To study the sensitivity of In(K (o)) to changes in o when D is perturbed, let’s compare
the case where N = D with the case where NV = 0 and consider the difference in the eigenvalues of

H+oM+JTYD7 J and H+ oM + JTD(c)~1J for increasing values of o. Note that when N = D

D(o) = (11:200) b

one has

and therefore

ir(H+oM+J"D(0) ') =iy (H+oM+J"D g+ (—2—) ™D
140

>i (H+oM+JTD1)
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Thus, when o is increased a difference of

o+ s

— " J™Dpg
1+0+s

results in the portion responsible for positive eigenvalues of K (o). This seems to indicate a smaller

value of ¢ could be used to achieve the correct inertia, but also that it may be easier to “overshoot”.
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Chapter 5

Dynamic Convexification

5.1 Dynamic Convexification of a QP in Standard Form

Suppose we have a quadratic program in standard form

minimize p(@) = gy (x — ) + 5(z —23) T Hy,(x — )
: (5.1)

subject to c¢x + Ji(x —x) =0, x>0,

where g, Hy, ck, Ji, and xp are constants of appropriate dimension. This could, for example,
represent a QP subproblem based at the k-th outer iteration of a SQP method, in which case zy is
the current iterate and the other constants are g, = g(zy), Hr = H(xg, yx), Jp = J(zk) ete., ie.,
the problem functions defined in Table 1.1 and their derivatives evaluated at (z,yr). Nothing is
assumed about Hj other than symmetry, hence (5.1) may be a nonconvex quadratic program.

In what follows, we will use the following notational conventions. The Lagrange multipliers
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for the equality and bound constraints of the QP (5.1) will be denoted by y € R™ and z € R"
respectively. When convenient, the combined QP multipliers will be written w = (y,z). The
change in multipliers will be denoted Aw; = (g;,7;) = (Yj+1 — Y;j» Zj+1 — %;j), or equivalently,
Aw; = wj41 — w;. Note that the active entries of w and Aw will always obey the slight abuse of
notation

w, = Y and Aw, = 1 )

Za Ta
because the equality constraints are always active. For primal-dual problems in which y is a variable,

the equality constraint multipliers will be denoted by 7.

5.1.1 Non-binding active-set methods in standard form

A non-binding active-set method for quadratic programming is closely related to the sim-
plex method for linear programming in the sense that the properties of Farkas’ lemma are used to
compute a sequence of special iterates. Farkas’ lemma states that if x; is not optimal then there
exists a direction p emanating from xj; that is a feasible descent direction. In the context of linear
programming, the special iterates are vertices, while in quadratic programming they are subspace
minimizers.

The active-set methods introduced in Chapter 2 consist of two phases. The first phase,
known as the feasibility phase, ignores the QP objective function while attempting to drive constraint
violations to zero. If successful, the feasibility phase produces a feasible starting point z( along
with a corresponding linearly independent subset of the active set known as the working set. The
second phase, known as the optimality phase, takes the feasible xy and the working set as inputs,
and retains feasibility while minimizing . During the optimality phase, the iterates have a special

structure that will be useful to understand. A subsequence of the QP iterates are standard subspace
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minimizers. Between any two of them there is a sequence of nonstandard subspace minimizers. If
a non-optimal multiplier is found at a subspace minimizer, the corresponding variable is freed from
it’s bound and that constraint becomes inactive. However, the constraint is shifted implicitly so
that it remains in the working set until its associated multiplier becomes zero. This sequence of
points where the working set contains an inactive constraint constitutes a sequence of nonstandard
iterates. Once the multiplier is driven to zero, the constraint is removed from the working set and
the new point is necessarily a new standard subspace minimizer. Once a subspace minimizer with
no non-optimal multipliers are found, the QP optimality conditions are satisfied.

To each active-free index partition there corresponds a permutation matrix P = (PF P, )
where the columns of P, are unit vectors e; for ¢ € F, and an analogous definition holds for P,. It
then holds that PY P, = I,,,, PIP, = I,,,, P'P, =0, and PP + P,PT = I,,, where n, +n, = n.
During the optimality phase, the active set of constraints will include all of the equality constraints
and some, possibly empty, subset of the simple bounds. This means the active constraint matrix
has the form

Jk

G, = pr ) (5.2)

The concurrent convexification scheme described in Section 5.1.3 is concerned with the part of
an active-set algorithm where a subspace stationary point has been found with a non-optimal
multiplier. Suppose x; is a subspace stationary point with respect to the current active-free partition
and w; = (y;, 2;) are the relevant Lagrange multipliers. Then, by definition (2.2.1) of a subspace

stationary point,

V@(xj) = G?“’A = ngj + PAZ/U (5'3)

where 2, £ Pz, = [zj], are the bound-constraint multipliers corresponding to the active variables.
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Let vs € {1,...,n} denote the index of an inequality constraint with a non-optimal multiplier, so
that [z;],, = [24]s < 0. The search direction p is obtained by “moving off” the constraint with the
non-optimal multiplier and keeping all other constraints in the working set fixed. The optimal such
direction p; is the solution of the equality constrained quadratic program
minimize T+
eRn ¢(x; + p)

subject to  G.p = emts-

Any direction feasible for (5.4) must satisfy Jip = 0 and p, = e, and thus for any a > 0

ek + Ji(zj +ap—x,) =0 and Pl(z; + ap) = ae;,

which shows that, along p;, the equality constraints are satisfied and the vs-th inequality constraint
becomes inactive. This confirms that a solution of (5.4) accomplishes the objective of moving off
the targeted constraint while keeping other constraints in the working set satisfied.

The first-order necessary optimality conditions for a primal-dual solution (p;, y;+1, 2j+1)

of (5.4) are given by

Vip(z; + p;) = Vip(x;) + Hipj = JI;FZ/J'H + PAPz;I‘Zj+1’

GApJ = €m—+s-

By using the notation Aw; = (¢;, rj) = (Yj+1 — ¥j, Zj+1 — %;) previously described, and by

using the subspace stationary point property (5.3), the first set of equations in (5.5) reduces to
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Hyp; — GTAw, = 0. Combining this with the second set of equations produces the system
0
. (5.6)

Hy GY pi |
G, O —Aw, Emts

In order to reduce this to a system involving just the free variables, extend the permutation P by

Lm4n, and symmetrically permute the KKT system as follows

PTH.P (G,P)T

pT H, GT\ (P
G,.P 0

Im+n,4 GA O I7rz+'rzA

H. H, JY I, (5.7)
HY H, JI' o0
B O A R N
0 I,, 0 0

where H, and H, are the free and fixed rows and columns of Hy, respectively, and J, and J, denote

P, represents the free

the free and fixed columns of Jj, respectively. The quantity H, = Pl H,

rows of the fixed columns of Hy. It follows that a system equivalent to (5.6) is

H, H, J' 0 e 0
o I B
Joo Je 0 0 ||l-al ol
0o I,, O 0 —T es

with p, = PFij7 pa = PAij. Note that ¢; and r; are not permuted. The fourth equation block
gives p, = es, which then allows the first and third blocks of equations to be written as

= *Jkeys,

Hppr — JFqu = —Hpes = —PrYHpe, = —[He,. |» and Jyp, = —Jueq
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giving the reduced, free KKT system

Hy J,;F DPr [erus].v
Jp 0 —q; Jkeus

from which r, = [H,p; — Jkqu ], can be recovered.

5.1.2 Pre-convexification

In order to start the solution of the quadratic program, a subspace minimizer must first be
located. As described in Definition 2.2.1, both stationarity and minimality must hold with respect
to the active set at an initial point zy. Pre-convexification is concerned with ensuring the latter
requirement is satisfied, i.e., that the QP reduced Hessian ZIHZ, is positive definite, where the
columns of Z. form a basis for the null space of J,.

In what follows, it is required that the free rows of the Jacobian are linearly independent,
so that J, has full rank. Under this assumption, the convexification of the reduced Hessian can be

done indirectly by ensuring that the free KKT matrix

H, J
Jr 0

11>

K.

has inertia In(K») = (ng,m,0). If this holds it is said that K, is “second-order consistent” or
that F(xy) is a second-order consistent basis. The reason this can be done indirectly is that
In(K;) = In(ZTH,Z) + (m,m,0) from which it follows that K, being second-order consistent
implies ZTH,.Z is positive definite. It should be emphasized that this inertia equation only holds
when J,. is full rank.

If necessary, iterations are performed to find a subspace stationary point while retain-
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ing second-order consistency. This is done by minimizing ¢ while holding the active constraints

constant. At each of these iterations there are two possibilities:
(i) an unconstrained unit step is taken, or
(ii) a step is taken to a blocking constraint, which is added to the active set.

The unit step of case (i) must necessarily yield a constrained stationary point. The removal of a
free variable in case (ii) will reduce the dimension of Z. If this procedure is repeated, then enough
constraints become active to define a vertex, which is trivially a stationary point because then there
must be a subset of n independent active constraints. As there are finitely many inactive constraints
this procedure must terminate at a subspace stationary point in no more than m iterations. For

details, see Gill and Wong [41].

Pre-convexification by modifying the Hessian

Suppose that the given initial point zj, defines a free KK'T matrix that is not second-order
consistent. There are several procedures available for pre-convexification that are based on the
symmetric indefinite factorization of K. These procedures each produce a positive-semidefinite

perturbation A to H such that

H.+ A, JTS
n| " T = (e, m, 0).

Three methods considered here are:
1. the inertia-controlling symmetric indefinite factorization of Forsgren [27];

2. the method of Wichter and Biegler [68]; and
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3. a two-stage symmetric indefinite factorization, see Section (4.1.1).

Each of these methods is guaranteed to produce a second-order consistent modification, but each
method has its practical strengths and weaknesses. For example, the inertia-controlling factorization
produces a diagonal A, but can lead to significant fill-in of the factors due to the restricted pivot
order needed to control the inertia. The method of Wéchter and Biegler results in a diagonal A and
sparse factors but may require several factorizations. The two-stage approach uses only two sparse
“off-the-shelf” factorizations, but can result in a dense perturbation A. Of these methods, only the
method of Wéchter and Biegler is suitable for large sparse problems, but the computational cost of

numerous factorizations can be considerable.

Temporary artificial constraints

The technique that will now be described is fundamentally different in that it obviates the
need for pre-convexification. No modification A is computed and the QP Hessian is unchanged.
Instead, second-order consistency is achieved by temporarily fixing a collection of variables at their
current values.

Let X C F(xi) denote the index set of a collection of ny free variables that will be
temporarily fixed. Also, define A(x)) and F(zy) to be the indices of the free and active sets after

the reassignment of variables in X’ from free to active, i.e.,

o~ ~

Azy) = A(zg) UX and  F(xp) = Flag) \ X.

Similarly, the subscripts “ X7, “A ”and “F will refer to the entries of a variable or matrix with
indices in the corresponding set.

Temporary artificial constraints have the form [z — xy |x = 0 which are, of course, active
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at xp by design. Assuming K is not second-order consistent, we want to investigate the inertia of

the free KKT matrix of order n, — nyx + m that results from fixing [z ]y, i.e.,

This matrix may be related to K, by defining a suitable permutation. If P; is a permutation matrix

that moves indices in & to the trailing position then

H, H, J¥
P'K.P = |HY H,  JT
J. J. 0

P
Let P, be the permutation that exchanges the trailing m rows and columns with those in positions

{nrs —nx +1,...,n:}. This gives

Hﬁ HO J};F Hﬁ J;;r Ho
PYP'K.PP,=P' |HY H,Z J'|P=|J. 0o J,
J. Jy O HY JT H,

F

Combining these permutations as P = P; P, gives the expression

H. J' H
T _ o ’ _ (K B . [ Ho
P ' K.P=1| J. 0 J = , with B=
F F X
BT H, Ix
HY JI H,.

If K5 is nonsingular, the inertia of Kz can be deduced from that of K, using the relation

K: B I 0\ (Ks 0 I K:'B
BT H, BTk;' 1)\ 0 H.-B'K:'B)\0 I
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The application of Sylvester’s Law of Inertia gives In(K) = In(K;) + In(Hx — BTK-'B).
If the initial free KKT matrix is not second-order consistent, then its inertia can be written
as In(K;) = (nr — s, m+ s,0) for some positive integer s. The goal is to accumulate s negative

eigenvalues in the Schur complement, so that

In(K7) =In(K,) — In(Hy — B'K-'B)

(nF_S7m+370)_(nX_3a370)

= (nF‘ - nx,m,O),

which is the correct inertia.

For this general case it is necessary to assume that the normal e of the artificial constraint
is linearly independent of the rows of GG, for each ¢ € X'. This ensures that fixing x; increases the
rank of G, thereby decreasing dim(null(G A)) This ensures that if enough temporary constraints
are added then x; will become a non-degenerate vertex, which is trivially a subspace minimizer. As
the starting dimension of null(G,) is finite, this process is guaranteed to terminate at a subspace
minimizer, with the “worst case” scenario being that a temporary vertex must be defined. Once the
correct inertia is observed, the quadratic program can be solved. All the multipliers corresponding
to temporary constraints will be regarded as non-optimal, regardless of sign. Once an artificial
multiplier has been driven to optimality, the artificial constraint is permanently released.

Note that two linear independence assumptions were required in this section; first that
Jr has linearly independent rows, and second, that the rows of G, are independent from those
of the temporary artificial constraint Jacobian. It will be shown in Sections 5.2.2 and 5.3.1 that

the constraint regularization employed by primal-dual SQP methods guarantees that both these
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assumptions hold automatically.

Recursive inertia calculation

Rather than working with a Schur complement that increases in size each time a variable is
artificially fixed, we will now present a way to compute the needed inertia recursively that involves
only scalar complements. The real benefit of this approach is that it avoids having to compute the
inertia of the ny x ny Schur complement matrix H, — BTK ;IB , which may be dense and increases
in size with the temporarily fixed index set X.

To illustrate the recursive relationship we shall use a subscript N to indicate the N-th
state of this process. So, for example, Fy contains the indices of the free variables after N of them

have been temporarily fixed. If we begin by fixing a single variable, we have

H Jr
T " . KFl Bl
P KpyP=|J, 0 Jg |= ;

1

HY JT H,
where K is bordered by a single column. The Schur complement of K is the scalar S; =
Hy, — BI'K_'B,. As we have seen, we can write the inertia equation In(K ) = In(K, ) +In(S)).
Note that the inertia of K, is independent of the border enclosing it, and can be computed in the
same way. In so doing, we get In(K, ) = In(Ky,)+1In(S2), where Ss is the scalar Schur complement

So=Hy, — B;K;;Bg. At the N-th iteration of this process we have

The principal work required to calculate these inertia values is in computing each Schur
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complement, which requires the solution of a system of the form K. u = By. The solution

is then used to compute Sy = Hy, — Biu. At the start of the pre-convexification phase, an

XN
initial symmetric indefinite factorization of K, is computed such that IITK,II = LDLT. This
factorization can be used to solve these systems efficiently, with only slight modification needed.
Note that at each stage of pre-convexification, there exists a permutation matrix P such that Kr
constitutes the first n,, rows and columns of PTK,.P, or simply ETPTK,PE, where E is the first
np, columns of identity. Combining this fact with the symmetric indefinite factorization implies

that

Ky, =E"PTILDL"II"PE.

This expression involves matrices that are permutations of columns of the identity matrix, so to
simplify it, let L be the first ng, rows of the permuted rows of L, i.e., PTIIL, then we have the

simple form K, = LDLT. The solution of K, u = By is computed from

L¢ =By

LTu= D¢

5.1.3 Concurrent convexification

In this section we assume without loss of generality that no pre-convexification is needed
so that A = 0 and V% = Hj, since the following theory extends directly to the case VZp = H;, + A
with nonzero A. Suppose that the equations (5.8) are solved for the free components of the primal-

dual search direction, which facilitates the reconstruction of the full direction vector (p;, g;, ;).
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By design, p; is a descent direction for the QP because
V() p; = (GTw,) "p; = wl(Gp;) = (45 1) emss = [2]s < 0.
If it happens that p; is not a direction positive curvature for ¢ then
pi Vip; =p; Hip; = p; (G} Aw,) = ep jAw, = efr, = [r,]s <0
In this case, ¢ is unbounded below because
Vie(x; + apy)Tp; = Vp(a;) "p; + ap) Hypj = [24]s + a[ra]s <0

for all o > 0.
To correct the curvature, some value of o yet to be determined will be used to define the

modified Hessian Hy (o) = Hy + oe,_ el . The reasoning for this choice is that the working set has

s

the form (5.2), so the s-th inequality constraint normal is (m + s)-th row of the working set
T 0
GA Cmts = (JkT PA) = PAes = €y,

With this choice, the corresponding multipliers can be deduced such that Vio(z;) = J y;+ P,z,(0),
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so that z; remains a subspace stationary point with the same y-values and modified reduced costs.

g + (Hy +oe, el )(x; — x) = gp + He(z; — z1) + o[zj — 1|1, €0,

= v@(xj) - U[mk}vsevs

= J,;ij + Pz, —olxg ]y, Paes

s

= Jyyj + Pu(zs — o2k ]u.e5).

It follows that z,(0) = 2z, — o[xk]u.es is the needed adjustment to the reduced costs. Notice that
only the s-th element of z, (or vs-th element of z) requires correction.
The solution of (5.6) must also reflect the change. As Hj only appears in the first block

of equations, the necessary change can be computed using the fact that GTe = e, as follows,

m-+s

0= Hyp; + Jeyseipj —GTAw, (o) (5.9)
= Hyp; — G Aw,(0) + oG e, (eSp,) (5.10)
= Hyp; — G (Aw, (o) — ey y)- (5.11)

It follows that Aw, = Aw,(0) — gepmys and therefore Aw,(0) = Aw, + 0epmys. In terms of the
separate change in multipliers we have ¢;(0) = ¢; and r,(0) = r, + oes.
The optimal step-length of the modified QP is
[24(9) ] [24]s — olak]w,

a*(g):_mm(a”s:— Aelte (5.12)

T

The value of o can then be chosen so that the resulting curvature p; Hy (O’)pj is sufficiently positive.

It is shown by Gill and Wong in [42] that the curvature pJTH P; is non-decreasing during
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each sequence of nonstandard iterates. This implies that concurrent convexification need only
take place, if at all, at the beginning of each collection of iterates associated with a non-optimal
multiplier. For consistency, we define ¢ = 0 for each direction along which the curvature was
already sufficiently positive and no correction was made.

Let (s1,01), (s2,02), ... denote the indices of the selected non-optimal multipliers and the
resulting value of ¢ determined by concurrent convexification. The rank-one corrective curvature

can be accumulated to form a positive semidefinite diagonal matrix

matrices o€, e,}; v
T 7

L= oe, e (5.13)

Though the modification to Hy, is implicit, the resulting sequence of iterates and computed

quantities are identical to those produced by solving the “convexified” QP
mini%lize g (z—2p) + 3(x — 2) T (H + 2)(z — ). (5.14)
reR™

Note that this does not mean that Hy + X is necessarily positive definite or that the QP (5.14) is

bounded. It does mean that the method finds a bounded solution of the modified subproblem.

5.1.4 Post-convexification for constraints in standard form

A standard form active-set method can be regarded as an all-inequality form method in

which the general constraints are always active. This entails working with the constraints

¢(x) = () >0, with J(z) = (@) ,

x In
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and the corresponding Lagrangian function defined in terms of both the general and non-negativity

constraints

L(z,y,2) = f(z) =y c(z) — 272 = f(z) — w'e(x).

The goal of a post-convexification strategy is to ensure the overall direction p, = T — x obtained
by solving the QP subproblem satisfies descent direction requirements. Specifically, we must en-
force that the direction produced by the QP subproblem is a descent direction for the Lagrangian
evaluated with the optimal multipliers, i.e., that VL(z,7,2) pr < 0.

A QP subproblem that has been solved with either or both of the pre-convexification and
concurrent convexification schemes will be referred to as partially convezified. An active-set method
applied to a partially-convexified subproblem solves the closely related standard form quadratic

program

minimize g (z —z;,) + 1(z — ) T(H, + A+ X)(z — z)
zeR™ (515)

subject to ¢ + Jp(z —xp) =0, x>0,
where A and X' are symmetric positive semidefinite perturbations determined by partial convexifi-
cation. As H = H, r + A+ X may not be positive definite, there is no reason to expect the computed
direction to be a descent direction for the Lagrangian function.
If (z, w) are the primal-dual solution of the convexified problem (5.15), with the active-free
index partition A(Z) and F(Z), then they must satisfy the second-order-consistent system
H Gl P 9k

G, 0 —, Ca
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Recalling that the working set matrix has the form (5.2), this is equivalent to

f’\I J]’CT PA Pr 9k
Jk 0 0 —g = - Ck
P 0 o0 —Za Plz,

Therefore, the curvature resulting from partial convexification has the following form

pr Hpy, = —ppi (95 — T § — 2) = —pp VL(z4, 7, 2).

To guarantee py is a descent direction for the Lagrangian function, we need only ensure that this

curvature is positive.

In practice it is best to prevent the curvature from getting arbitrarily close to zero. Let
Amin be a positive preassigned scalar that controls the minimum allowable curvature. A symmetric

positive semidefinite perturbation I" is required that achieves

pr (H + I)pj, > Ain |03l (5.17)

Let A be the potentially non-positive scalar that satisfies pgﬁ i = AMpell? IEA > Ajin
then I' = 0 satisfies (5.17), otherwise the form of the working set matrix (5.2) and the fact that

Jepr = —ci and Plp, = —Plz, motivates the choice of perturbation I' = cG TG, for which

pi (H + D)py, = Mlpell* + o (llexl* + 1 [zx 1l1*)-
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The minimum value of ¢ that satisfies (5.17) is

o= Omin — A) e | . (5.18)
llerll? + [k ]all?
The suggested modification ﬁ(o) = H+ oGTG, = H + I' can be applied implicitly
because
Ho) 6T\ [ mlo) H G\ [ o
G, 0 —w,(0) G, 0 — W,

)

with pr(c) = pr, and @W,(0) = @ — 0¢,. In terms of the general and bound multipliers this gives

Ylo) =y —ocy and z,(0) =z, — o[ x4

Preserving optimality

A major potential pitfall of post-convexification is that the adjustment to the nonnegativity
constraint multipliers required to achieve convexification may corrupt their optimality. A primal-

dual solution of the partially convexified QP subproblem (5.15) must satisfy necessary optimality

conditions
g+ Hp = TG +7,
¢k + Jkpr =0, z>0, (5.19)
z-z2=0, z>0
Recall the post-convexification adjustments derived in Section 5.1.4 were y(o) = § — oc and

~

za(0) = Z, — o[xk |4. There is no requirement on the sign of the equality constraint multipliers,
so y(o) = Y — ocg, poses no problem. However, Z > 0 is required in (5.19) and it is possible

Zu(0) =2, — o[z |4 < 0. Assuming x was feasible, 2 > 0 so for ¢ > 0 it holds that z(o) < z. If

a large enough value of o is required to achieve the convexification, the resulting multipliers may
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no longer be optimal.
To remedy this, consider splitting the post-convexification into two parts corresponding

to the general and bound constraints. To be precise, consider a convexification of the form

H(Q)=H+GT0G,, (5.20)

where (2 is a positive semidefinite diagonal matrix of the form diag(co,I,,, 041, ,). The resulting

matrix has the specific form

0slm Ji

T
oaln, P,

—H+o0,J ), +0,PP.

AT AT A

H(2)=H+ (J,;F PA)

The goal is to determine the values of o, and o, such that (pg,y(o,),%(c,)) is a primal-dual
descent direction for the Lagrangian function, while enforcing that z(o,) retains nonnegativity.

Any potential values must satisfy the optimality of the post-convexified QP

gk + H(Q)py, = JEG(0,) + Z(04),
¢k + Jkpr =0, >0, (5.21)

Z-%Z(04) =0, Z(o4) > 0.

Consider modifications y(o,) = 4§ — 0,¢x and Z(0,) = Z + 04 P,4[pr |4, and observe that these forms
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satisfy

g + H(Q)py, = (9 + Hpy,) + o, Ji Jypy + 0, P, Plp,
= (J{g+2) —o,J e, + 0. P, Plp,
= JE@_ a,c) + 2+UAPAPEpk

= JI;F?/J\(UJ) + E(UA)7

which means that p; remains a subspace stationary point of the QP with the modified Hessian
fI(Q) and the corresponding multipliers y(o,) and z,(0,4).

In order to ensure nonnegativity of the simple bound multipliers, it is required that [Z +
o4pk i > 0 for each i € A(Z). If the active set at x, and at & = x + py are the same, then [pr|; =0
for i € A(Z) giving z(0,) = Z > 0 for any 0,. Otherwise, define

o™X — min {_z- L i€ A®) \A(xk)} . (5.22)

%

This limit on o, satisfies Z(0,) > 0 for all o < o"®*. The desired value of o, is then given by

o, = min {a;ﬂa", umin — A)W} . (5.23)
[px]alI?

If the threshold ¢'®* is not binding, then the prescribed value of o, will achieve the entire post-
convexification, leaving o, = 0.
With the value of o, now fixed, the next step is to determine o, that will give a descent

direction. Note that the Lagrangian with y = y(o,) and z = z(c,) is a function of = with gradient
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given by

VL(z,§(0,),2(04))]

T=x)

It follows directly from (5.21) and (5.24) that

~

i H(2)py, = —pi; VL(x, §(0,), Z(04)),

so to guarantee a sufficiently negative directional derivative along py it suffices to set

pg(()‘min - )‘)I - UAPAP,;F)pk
T .
Ck Ck,

g; =

Indeed, this choice produces

pit VL (24, §(0,), 2(04)) = ~Auin [P -

5.2 Dynamic Convexification of Stabilized SQP Methods

= Vf(zx) = J(2) " §lo,) = 2(04) = g — i G(0)) = Z(04).

(5.24)

The purpose of this chapter is to develop the theory of dynamic convexification for the

stabilized QP subproblem as it was introduced in Chapter 2. The methods developed here apply to

conventional stabilized SQP and do not require a merit function or any other reference to primal-dual

SQP.
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5.2.1 The stabilized subproblem — standard form

Recall the stabilized QP subproblem, repeated here, has the following form.

e . T 1 T 1 2
Jninimize gy (x — ) + 5(x — ) Hy(z — ) + syl (5.25)
subject to ¢ + Ji(x — k) + p(ly —yr) =0, = >0. (5.26)

Define the following quantities

v = (‘ra y), Pl = (In Onxm) )
- [H
=", 7 , (5.27)
HYk Pl
¢ = Ck, j: (Jk /-LI'm)ﬂ

and note that the stabilized QP (5.25) is equivalent to

minimize @(v) =g" (v —vg) + (v — vp) TH (v — vy,
’L)GR""+7"‘

(5.28)
subject to ¢+ J(v—wvp) =0, Plv >0,

which has the same form as the conventional standard-form QP subproblem (5.1), except that
the simple bounds apply only to the original primal variables. The working-set matrix will be of

dimension (m + n,) X (m -+ n) and have the form

G, = = : (5.29)
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5.2.2 Pre-convexification and regularization

As described in Section 5.1.2, a subspace minimizer must be located prior to solving the
QP subproblem, and the first step in doing so is to convexify the reduced Hessian associated with

the free variables. If the columns of a matrix Z are to be a basis for the null space of [G, ], then

the following must hold

~ Jr I, Ly
1G] Z = : — 0.

OnAXnF OnAXm Zy

The most natural such basis matrix is to take Z, = I, and Z, = —J/u, which gives the reduced

Hessian for the standard form stabilized QP (5.28)

20,7 = (L, —1J7) S I s

poF

1
=H,+-JJ,,
1
pulm _;JF K
where H, is the free rows and columns of H, which is defined in (5.27). The inertia relationship

(4.1) implies that the reduced Hessian ZT H,Z is positive definite if and only if

H, JT
In(K,) = (ny, m, 0), with K,2 [ " !
Jr —ulpy,

This suggests that the reduced Hessian be made positive definite implicitly by modifying K, to
be second-order consistent. Note that the key identity used here, In(K,) = In(H, + JXJ,/p) +
(0, m, 0), is true for any J, of appropriate dimension, regardless of rank. This is a crucial property
of regularization, which stands in contrast to the generic standard form case, in which it was required
to assume the rows of J, were linearly independent. This is because without regularization the

indirect link with the free KKT matrix relied on the equation In(K,) = In(ZTHpZ) + (m, m, 0)
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which is only true for J, with full row rank.

Pre-convexification methods

Each of the techniques described in Section 5.1.2 for determining a second-order consistent

basis by Hessian modification extend directly to the regularized case. That is, they each compute

a symmetric positive semidefinite perturbation A such that

H,+ A, JYX — (np. m, 0)
- Fy ) )

In
JF _NIm

and the relative strengths and weakness described there hold true here as well.

The alternative approach of imposing temporary constraints can also be extended for use
in stabilized SQP methods. Using the notation of Section 5.1.2; if a collection of free variables

indexed by a set X are temporarily fixed at their current values then K, can be permuted such

that

g JT H,
T Ks B
P K,P= Jr —plyn Jx | =
BT H,
HOT Jg H

Assuming K5 is nonsingular, the inertia of K5 can be deduced from In(K;) = In(Kz) + In(Hx —

BTK Fle). Note also that the same recursive inertia calculation

N H,. JT
In(Kp,) =In(K:) =Y In(S;), where Ky = | ™ )
i=1 ey —ttlm

)

and where S; = Hy, —BiTK;ilBi7 can be used to determine which indices to fix. In the unregularized

scenario, it was necessary to assume that the constraint normal el of each temporarily fixed variable
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x; was linearly independent from the rows of G,. Due to the regularization and the special properties
of bound constraints, for each i € X C F(zy) it necessarily holds that the constraint normal e}
is linearly independent the rows of G,. It is therefore guaranteed that temporarily fixing a free
variable will increase the rank of G 4 thereby decreasing the dimension of the null space. This

algorithm therefore must produce a final temporarily fixed index set X such that

H; JT
In " g = (np —nx,m,0),
Jﬁ _MIm

which shows that F (xr) = F(xg) \ X is a second-order consistent basis suitable for initializing the

stabilized QP subproblem.

Updating the temporary constraints

If the temporary constraint index set from the previous iteration is used to initialize X for
the current iteration, it can then be expanded or contracted as needed, and the effect on the inertia
of doing so can be computed using an extension of the Schur complement method of Section 5.1.2.
Let Fo = F \ & and suppose K, is second-order consistent. It may be the case that releasing
one or more of the indices in X will still yield a second-order consistent basis, while reducing the
number of artificial constraints. Suppose i € &} is the candidate index considered for being freed,

and define H, = PXHe, and J; = Je; so that

H; HY JT
A C bT Kﬁ
KF1: H, H; J;F = ~ 1
b Ks c—bTK b
JZ‘ JF /JI
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It follows that if ¢ — bTKFflb > 0 then In(Ky, ) = (ng, + 1,m,0) and that temporary constraint
can be released, giving X} = Xy \ {i} and F; = Fy U {i}. This process can be repeated either for
a pre-determined number of times, or until each temporarily fixed index has been considered for
removal.

If the fixed set from the previous iteration defines K, that is not second-order consistent,
it can be added to using the recursive inertia calculation technique described in Section 5.1.2 rather

than starting from X = 0.

5.2.3 Concurrent convexification of a stabilized QP subproblem

Suppose (v;, w;) is a subspace stationary point with respect to a working set of active
constraints, where v; = (x;, y;) and w, = (7, z.) are the multipliers 7; for equality constraints
and z, = [z;]4 for the active bound constraints. The primal-dual direction will be obtained by

solving the QP

minimize @(v; + d)
defrt (5.30)
subject to éAd = €em+ts-

The optimality conditions for (5.30) are

Vi (v; +dj) = Vip(v;) + Hdj = G, = GF(w, + Aw,) (5.31)

Gadj = emys. (5.32)

The subspace stationarity property gives Vip(v;) = é?w , therefore

H GT dj 0
éA 0 _AUJA Cm+s
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If the permutation matrix P that defines the active-free partition of the original primal variables is

expanded to P = diag(P, I,,) then

H, H,
S J J I I
ap=| T o H and PTHP = | HT m,
OnAan InA OTLAXm

plm

where quantities with the subscripts Jg, J,, Hr, Hp, and H, are defined as in (5.7). Applying the

expanded permutation symmetrically to the KKT system yields

H, H, 0 JT 0 Dr 0
HY H, 0 JI I Pa 0
0 0 wl wl O g =10 (5.33)
Je Jy o pul 0 0 —Awp 0
0 I 0 0 O —Aw, e

The last block of equations gives p, = e; and so this reduces to the free variable stabilized system

Hy JpT DPr _ [HVE}F (534)
Je —ulm ] \ —Aw, g, |

from which one can recover Aw, = [H,p; — JF Aw,],.

Suppose at a subspace stationary point (v, w;) with a non-optimal multiplier [z,]s <
0, that the stabilized, reduced free-variable system (5.34) is solved and the full (d;, Aw;) are
reconstructed from the solution. The directional derivative and curvature of ¢ along d; are given
by

. ~ 0
ch(vj)de = (GATwA)de = w;reers = <7T.T ZT) =[z4]s <0,
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and by

djTI;de = djT(éATAwA) =ep Aw, =[r,]

respectively. If the curvature is sufficiently positive then no modification is required. Otherwise,

consider the perturbation

H(o)=H +oe, e} = Hi(o)

Vs Vs

ul

It should be emphasized here that e, is an (n 4+ m)-vector now, whereas before it was an n-vector.
If H is perturbed as suggested, the corresponding multipliers z, (o) must satisfy §+ ﬁ(o)(vj —vg) =

GTw,(0), ie.,

gr+ Hi(o)(@j —an) | _ [ Ji'm(o) + Pazalo) | (5.35)

1Y pm(o)

The second block of equations already holds with w(o) = 7; because (v;, w;) is a subspace stationary

point and therefore m; = y;. The first block of equations can be rearranged to give

P,z,(0) = (g, + Hk(xj —xy) — J,;Fﬁj) + Ueuse,}; (xj —xy,) = Piza+0[xj — x|y, Paes,

which implies that z,(0) = z, — [k ]u.€s precisely as in the generic case. Similarly, just as in (5.9),

the perturbed change in dual variables has the form

ij (U) = ij + oem4u,,

where e, is an (m + n)-vector. Equivalently, we could write Aw,(0) = Aw, + o€+ or simply
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q(o) =0and r,(0) =7, + oes.

5.2.4 Stabilized post-convexification

Consider the function f(z,y) = f(z) 4+ $uy”y subject to the shifted constraints ¢(x,y) =

c(x) + p(y —yx) = 0 and = > 0. Notice that these problem functions satisfy

Vif (@, yx) = =g (5.36)
HYk
c(zp,yx) = ck =7¢ (5.37)
ry < V2 - ni NQ i H ~
v2f(l'k, yk) o Zﬂ-ivzgi(xkayk) _ f(xk) 27,71 U C (xk) _ k _ H’
i=1 ul ul

(5.38)

which are the quantities appearing in (5.27). If we form the Lagrangian of this problem we get

L(l‘,y, T, Z) = f(a?,y) - WTE(xvy) - ZT‘T' (539)

Therefore, with # = 7 and z = 2 the gradient of the Lagrangian is

— T=_ 72
Vi p 79 = (I T

wly —7)

This shows that the stabilized QP subproblem is equivalent to minimizing a two-norm regularization
of the objective function subject to shifted constraints.

A solution di = (pk, qx) of the partially convexified stabilized QP subproblem will be the
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solution of a system analogous to (5.16), i.e.,

H 0 Ty P Dy 9k

0 pl pI 0O a | Yk
Jeoul 0 ol == | & |
PF 0 0 0 —Z4 [Tk ]a

where 0 = H, kr + A+ X is the result of partial convexification. Rearranging the first two blocks of

equations yields

g o Jpm+Z ~
Py _ [ 9k + |k = —VL(xk, Yk, T, Z)

0 pul) \ax 1Y, pr
To ensure that the primal-dual solution di = (pk qk) is a descent direction for the regularized
Lagrangian, we require 7(c), Z,(0), and I" such that

—VL(y, Yy, T(0),2,(0)) g, = dif (H + I')dy > Aunin [y |1,

with H = diag(ﬁ, wl). If a perturbation of the form I' = oG TG, is used then

Fare H . JTJ, +P,PT gt
ul 1T, P

Note that df I'd,, = oG ,di||* = ||ck||® + ||[ @k ]4]|%, so the value of o that solves

dg(H + UG:\FGA)dk = )‘min”dkHQﬂ
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with A defined by d,;FH d,, = Md} d,, can be written as follows

Al
llexll? + [z ]l

g = ()\min — )\)

The convexification can be applied implicitly as well by modifying the resulting multipliers according

to

7(o) T —ock

Z4(0) Za—olak]a
It should be emphasized that applying these modifications implicitly is of critical importance in the
large-scale case because each of the post-convexification modifications so far discussed involve the

matrix J,;F J., which does not retain the sparsity of Jj.

Preserving optimality in the stabilized setting

Suppose that pre-convexification and/or concurrent convexification have been performed

during solution of the stabilized QP subproblem (5.25) giving H= Hy+ A+ XY and

~

. H
H

ul
The post-convexification proposed in the previous section had the general form
Walo) =W, + oG dy,.

We propose the generalization of this to

W,(02) = B, + G, dy,
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where (2 is a positive semidefinite diagonal matrix. Observe that this form solves

Hd, — GTo, = (H+GI0G,)d, — GTw,(1).

For example, letting 2 = diag(o,I, o,I) allows for separate control of the general and bound

constraint multipliers. With this choice,

2
Q

i
)

0,;Ck

B,(02) = = - =@, + 2G ,dy.
O'A[l'k]A

PN
:>>
-
Q
»
<
w
b

It follows that if (dy, @) is a solution of the partially convexified analogue of the stabilized QP
subproblem (5.25), then the same dj, is a solution of the post-convexified problem with modified
Hessian H(£2) and multipliers 7(o,) and 2(c,). Moreover, 2(c,) > 0 and dy, is a descent direction

for the Lagrangian function formed with the modified optimal multipliers.

Theorem 5.2.1 (Stabilized Post-convexification). Let A and X be positive semidefinite pertur-
bations resulting from pre-convexification and concurrent convezification respectively, and let H=
Hi + A+ X, Suppose (v, 7, Z) is a primal-dual solution of the partially convezified stabilized QP
subproblem and G, the working set matrix of active constraints at the solution. Define the positive
semidefinite diagonal matriz 2 = diag(o,I, o,1I), where

_ d (Amin = NI — 0, P,P)dy,

cte ’

0, = min {a:“ax, (Amin — )\)”2%”22} and o,
I[P 14l

with Apin > 0 given and A defined by d,;rfldk = \||dk||?, and with

a;naxmin{ m? : ieA(:”c‘)\A(xk)}.

132



Then the post-convezification defined by H(2) = H + éEQ(N}’A has the following properties.

1. The post-convexification can be applied implicitly via the adjustments

m(o,) =7 — 0,0 and Z,(0,) = Z4 — o4[ Tk ) a-

2. The inequality constraint multipliers remain optimal: Z,(c,) > 0.

3. (0, 7(o,), 2(0,)) solves the stabilized QP with modified Hessian H(£2)

minimize P(v) =g" (v —v) + (v — o) TH(2) (v — vk)
veRm (5.40)

subject to ¢+ J(v—vp) =0, Plv>0.
4. The resulting curvature along dy, is positive. Specifically, dgH(Q)dk = Amindj d;, > 0.

5. dy is a descent direction for the Lagrangian function evaluated at (v, 7, z) = (vg, 7(0,), 2(04)).

Proof. For (1), note that the suggest modification can be written as @,(c) = @, 4 2G ,dy,, therefore

H(2)d, — GT%,(2) = (H+GI0G)d, — GT(®, + 2G dy) = Hdy, — GT,.

It follows that

H(Q) G} dy _ (9 (5.41)
G, 0 —,(12) 4

Therefore, computing 7(o;) and Z(o,) is equivalent to solving the KKT system with the post-

convexified Hessian.
For (2), let i € A(Z). If also i € A(zy,) then [pr ], =0 and Z(0,) = Z > 0. Otherwise, con-

sider indices ¢ € A(Z)\ A(xy). By definition, o7** < Z; /[ xy |; therefore Z; > o'** and consequently
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[Z— o™, ]; > 0. As o, < o it follows

Z4(04) = Z, _UA[$]€]A >z, _Ufmx[xk]f‘ > 0.

Assertion (3) will be shown by demonstrating the optimality conditions for the post-

convexified QP are satisfied. These optimality conditions are

G+ HQ)d, = T 7(0,) + 2(04),
¢+ Jdy, =0, >0, (5.42)

7-2(0,) =0, 2(04) > 0.

The stationarity and feasibility conditions are shown to hold by (5.41) and the assumption that o
is feasible. Part (2) shows z(0,) > 0, and as z-2(0,) = Z-Z = 0, the optimality conditions are met.

For assertion (4), direct computation shows

dYH(Q)d,, = N|di||* + dFGT0G d,,
= )‘HdkHQ + U,/grg+ UAkaPAPEmk
= Mg ll® + di (Amin — NI — 04P, P )di + 02} P, Pl x),

= >‘||dkH2 + dg(Amin - A)Idk = Amiank’HQ-

Lastly for (5), the Lagrangian function in question is

L(x,y,ﬂ',z) = f(xvy) - WTE(]},:I,/) - ZT‘r'

Therefore, again using (5.41), with 7 = 7(0,) and z = Z(0,) the gradient of the Lagrangian can be
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written

V(o 7o), 5(0) = | 7T THONN a Gy - i@y,

p(yr — (o))

This shows that the direction derivative along dj, is

VZ(Ukv%(UJ)>/Z\(JA))Tdk = _dEH(Q)dk = _)‘min||dk||2 <0,

with the last equality being from part (4). It follows dj, is a descent direction. O

Relating back to stabilized SQP

It is helpful to understand how the proposed modification affects the original stabilized

QP.

Theorem 5.2.2. Define the modified quadratic objective

Golz,y) = gn (z —x),) + 3(x — mk)Tﬁ(Q)(x — )+ p(y — yk)T<yk +0,Jy(x —xy))

+ 3l + o)y — vl
The post-convezified, stabilized QP

witmize Bola,
[foinimize G0 (z,y) 513

subject to ¢ + Jp(z —ag) + uly —yx) =0, = >0,

has the same solution as the generic standard form post-convezified QP (5.40) as described in

Theorem 5.2.1.

135



Proof. A primal dual solution (Z, 3, w({2)) must satisfy the stationarity requirement

Ty P\ (7))

ul 0] \z.(0,)

A~

Ve (Z,Y) = Gl5,(92).

Taking the gradient of the modified quadratic shows this is equivalent to the requirements

g + H(Q)(F — ) + o,u I (G — yy,) = JE7(0,) + 2,(0,), and

(L +o,m) (Y — yi) + plyk + 0,05 (Z — ax)) = pr(o,),

which can be expressed as a system of equations

H(n JT JI P 7o
(£2) 01y Py, _ 9k n k A A( 7) ' (5.44)
oudy  pw(l+o,u)l qk 1Yk uwl 0 Za(o4)

The feasibility requirement that (Z, §) satisfy ¢ + Ji(T—xx) + 1(J—yx) = 0 along with the identity

PI(z — z,) = —[x, |4 yields the complementary linear system
Jeoopl) (pe) [ o (5.45)
Pl 0 4k [k ]

Now collect the equations (5.44) and (5.45) to obtain

HQ)  oupJT JT P, P I
o,pudy p(l+o,pu)f pl 0 qk B Yk
T ul o ol Ay | & |
Pt 0 0 0/ \-2z(0,) [k ]

which is identical to the block system (5.41) representing optimality conditions for the post-
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convexified generic QP (5.40). O

5.3 Primal-Dual SQP methods with Dynamic Convexification

In Chapter 3, it was shown that the stabilized QP (5.25) and a certain bound-constrained
QP subproblem (3.9) have the same solution. This bound-constrained subproblem involves a
quadratic model of a primal-dual merit function and has the form
minimize VM (v;,)" (v —v) + 3 (v —v,) THY (v —vy,)

veRn+m

(5.46)
subject to P;(Fv >0,

where P;: = (In Onxm) so that P;(rv = z. Note that as P;(Fv = x > 0, the dual variables are

always free. Define
P,
1, — IO, = . and IT = (np HA)’ (5.47)
0

where the matrices P, and P, are defined as before, taking columns of identity corresponding to

indices in the free and active sets. It follows IT is a permutation matrix of dimension n + m, and

that
PT 0 Prx Tp
x Vp
Y v
P 0 Plx T !

The working set matrix is therefore given by G, = IIT = ( pr 0). We will now comment on

how the bound-constrained formulation affects pre-convexification and the observations made in

Section 5.2.2.
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5.3.1 Pre-convexification of the bound-constrained subproblem

The free columns of G, are G,II, = IITII, = Onax(np+m), therefore the columns of
Z = I,+m are a basis for the null space of [G,]. This means the matrix that must be made
convex is the reduced Hessian ZTHY Z = H which can be done implicitly by modifying the free

KKT matrix

This is based on the identity In(H}) = In(K,) + (m, —m,0) that follows from (4.1) and is true
regardless of rank(J,). The theory developed in Section 5.2.2 applies here with only slight mod-
ification. The needed observation is that the rows of G, = ( Pf O) are necessarily independent
from the constraint normal el of any free variable z;, which implies that both the method of pre-
convexification by temporary constraint imposition and the iterations to find a subspace stationary

point are guaranteed to terminate successfully regardless of the rank of the Jacobian.

5.3.2 Concurrent convexification of the bound-constrained QP

When y*# = yy, the bound-constrained QP (5.46) is equivalent to the stabilized QP, which
is in standard form, so it is reasonable to expect that the same perturbation derived in those cases
should work as a concurrent convexification method for the bound-constrained problem. Next, we
clarify this relationship and derive the same perturbation starting from (5.46).

Suppose an active-set method is being applied to solve this problem, and that a active-free

partition is defined at a subspace stationary point (vj, z;). The application of IT symmetrically to
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the KKT search direction system analogous to (5.6) yields

He+ 205, JY Hp+ 2750, 0 Pr 0
Jr ul Ju 0 G| 0
HY + 2770, JF H,+ 2070, 1 |l o
0 0 I 0 —T4 €s

This system reduces to the following doubly-augmented system involving only the free variables

.+ EJTJ JT [ H +2JrJ :|
F m F F F pF - _ ( k H k k)ys F s (548)
JF MI q; Jy

s

from which the full directions can be recovered using the identities

2
ps=¢es and v, = P} <<Hk+ MJEJk) P; +J,;qu> .

Suppose that the primal-dual direction is computed from the reduced, doubly-augmented

system (5.48), yielding (d;, r;) that satisfy

H)Y GT d; 0
G 0 -7, e

and that the curvature along d; is not positive

djTHéwdj = djT(GErA) =elr, =[r,], <O0.
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Consider the perturbation H" (0) = H™ + oe, e, and note that this is can be written as

Hy(o) + 2010, Ty
Ji wl

HY (o) = HY +o0e, e} =

Vs "Vs

Therefore, the same perturbation is being applied. The next steps are to verify that this perturba-

tion produces a subspace stationary point and then compute the adjusted dual quantities

zj(0) = zj — ol @k v, e, and ri(o) =r; + oey,.

As (vj,z;) is a subspace stationary point it holds that VM, + Hy'(v; —v;) = GTz,,

therefore

s

VM, + HY' (0)(v; — vy,) = VM, + (HY + oey e, )(v; — v)
= (VMk + Hy' (v; — vk)) +olv; — v lu.eo,
= GTz, +olv; — v, ].C e,

=G} (2, = olaglues) = Gz, (0),

thus v; remains a subspace stationary point for o > 0. As before,

H}Y (o) GT d; 0
G, 0 —ra(0) €
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It is worth noting how these modifications affect the reduced system in the free variables.

If the same symmetric permutation is applied to the system

HY(s) GT d; 0

G, 0 —ra(0) e

only the third block of equations defining p, is affected by the convexification. This is because

T _ T — 0= T
HF‘ eus _HF‘ HAes _O_eusnm

the perturbed, permuted system is

H,+ 2750, JF Hy+ 275, 0 Dr 0
I nl I, 0 qj |0
HY +2J77, JT H,+oeel +2J8J, I pe | o
0 0 I 0 —r4(0) es

The third block of equations can be rearranged to give

ri(0) —oes =1y,

which confirms that the value derived for r,(o) implicitly achieves the correct perturbation. This

also shows that, if necessary, one could recover

H.(0c)=H, Hy(0c)=Hp, and HA(U):HA—i—UeSe;f.
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Selecting the convexification scale

The choice of o during concurrent convexification must satisfy certain requirements. There
are also some preferences to consider when the requirements leave freedom in the choice of o.
First of all, the convexification modifies the quadratic program being solved and so represents a
departure from the truth. For this reason we want o as small as possible, provided our other criteria
are met. For the following discussion, let Anin, dmax, and 7, be positive preassigned tolerances
controlling minimum curvature, maximum step norm, and dual feasibility (minimum value of an
optimal multiplier), respectively.

The modified curvature must satisfy d;FH ,i”(a)dj > Amin- Recall that

eld;, =elPlp, =ellp;],=ele,=1

therefore d;r(Hé” + Uel,se:,rs)dj = djTch“dj + o0 =|[r4]s + o. This provides a lower bound o,y =
Amin — [ 74 ]s such that the resulting curvature is sufficiently positive for all o > 0. The remaining

discussion depends critically on the sign of [z ],, because it essentially determines whether the

convexification increases or decreases the nonoptimal multiplier.

e Case: [xp],, < 0. In this case the multiplier [2,(0)]s = [24]s — o[zk]s, IS increasing.

s

Consequently, the multiplier can be made optimal by taking ¢ > o, where

[ZA]S — Tp

[2k o, (>:49)

oo =

In this situation there is no need to step along p; because another multiplier can be selected

and a new direction computed.
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e Case: [z ],, > 0. In this case the multiplier [z,(0)]s < 0 is negative and decreasing, so
we cannot drive it to optimality by convexification alone and will have to step along p;. The

resulting change in primal variables must satisfy
||ajj+1 - m]” < dmaxa (550)

which is equivalent to an upper bound on the step a(0) < dmax/[|Pj|| = Omax. For all ¢ > oyin

we have

d o) = [ZA]S—’—[T'A]S[xk]VS

%a( )= (rile+ o2 < 0.

This shows the step size is decreasing so we can make o large enough to get the step size
within tolerance, provided limy_, oo @(0) = [2f ]y, < Qmax. The value of o that achieves this

bound is

[24]s + [r4]s@max

Qmax — [xk ]ys

op — —

In summary, the choice of o can be expressed as

max(Tmin, 00), [Tk ]v, <0

maX(O'min,O'D)7 [xk]ys 2 0.

5.3.3 Post-convexification of the bound-constrained QP

This section will explore post-convexification of the bound-constrained QP and the lim-
itations of doing so. The way that primal-dual SQP methods deal with equality constraints by
incorporating them in the merit function results in subproblems subject only to simple bounds.

Though advantageous in other respects, this makes the optimality-preserving post-convexification
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strategy described in (5.2.4) difficult to apply because there are no equality constraint multipliers.
The reason for the difference between this case and the stabilized derivation is that the equivalence
of the bound-constrained and stabilized QP subproblems relies on the primal “y-variables” being
identical to the equality constraint multipliers, or “m-values”. This equality comes straight out of the
stabilized QP optimality conditions. However, the optimality preserving post-convexification strat-
egy modifies T — 7(o,) but leaves § unmodified, invalidating the link between bound-constrained
and stabilized QP subproblems.

We will now investigate several approaches that have been considered for deriving an
optimality-preserving strategy that can be applied implicitly, and discuss their limitations. The

approaches we will consider for post-convexification are

1. The direct derivation - This results in a shift in the inequality multipliers, which may become

negative.

2. Starting with the post-convexified stabilized QP of Theorem 5.2.2 and deriving the equivalent

bound-constrained QP using a nonsingular transformation as in [40].

3. Allowing the modification to affect yr or y* (or both) with which the the merit function is

constructed.

The direct approach

Recall that the bound-constrained SQP method is based on the augmented Lagrangian

merit function (3.2)

1 1
M(z,y;y°,p) = f(2) = c()Ty® + ZIIC(I)II2 5, lel@) +nly = )%,
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and solves the QP subproblem (3.9). A primal-dual solution dy, = (pg, gx) of the partially convexified

analogue of (3.9) must satisfy

H™ QT d VM
: = - ", (5.51)
G, O -z, Plz,
where the working set matrix in this case has the form

G,=PTpT = (PAT o).

If the merit function is regarded as an objective function subject to the equality constraint [z ], = 0,

i.e., G,v =0, then the corresponding Lagrangian is
L(v,z,) = M(v) — 2L G v. (5.52)
The goal is to ensure the quantity d defines a descent direction for this Lagrangian, that is,
VL (vy, 2,) Tdy < 0.
From the equations (5.51) it follows I;TMdk =-—VM, +GTzZ, = —VL(vy;Z,), so

df H"d, = —VL(v;,2,) " d,,
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which means all that is needed to ensure a descent direction is to enforce the curvature to be

sufficiently positive, i.e.,

BY(o) = B 1 0GTC, = H+oPAPE+§J,3Jk Jr
- A A T )

Jk /J,I
where
[l di|?
0= (Amin — )75 -
Tk Jall?
Comparing the systems
HY + 0GTG, GT d, (o) HY GT di
G, 0/ \-2.(0) G, 0] \-z

shows that di (o) = dy and z,(0) = Z, — o[z |, implicitly applies the convexification.
This approach is relatively straightforward and can be applied implicitly. The major
drawback is that there is no guarantee that z,(o) will remain nonnegative if the active set changes

during solution of the QP subproblem.

Post-convexification via the equivalence of stabilized QP

Although post-convexifying makes it so that the primal y-variables and the dual 7-values
no longer agree, breaking the direct link between the stabilized problem and the bound-constrained
problem, the identity 7(o,) = ¥ + o,(Jkpr + pqr) may still be used to eliminate 7(c,) from the

post-convexified optimality conditions of the stabilized QP studied in Theorem 5.2.2.
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Recall the stationarity condition for the post-convexified stabilized QP

~

g+ H(Q)(@ = 2p) + 0,0 (7 = yy,) = T R(0,) +Z,(0,), and

11 +0,0)(Y = yi) + plyr + 0,05 (T = 21)) = p7(0,),

where H(2) = H + o, JFJ, +0,P,Pr is the (1, 1)-block of H(£). The second equality reduces

to 7(o,) = ¥+ o,(Jkpr + 1qx), which can be used to eliminate 7(o,) in the first equality, giving

g+ H(Qpr + o,ndf g = TE@ + 0, (Jepr + par)) + Za(04).

Notice that 0_,kaqu and J‘,J,;erp,c both appear on both sides of the equality, therefore

gk + (ﬁ+ UAPAP,;F)pk = JI;F@\""_ EA(UA)'

This has reduced back down to the modified HY(s) = H™ + cGTG, with o = o,, effectively

removing the ability to convexify implicitly.

Post-convexification by modifying the merit function

Rather than using the stabilized SQP method as a back-door to the bound-constrained
method, we will now explore applying convexification implicitly by modifying the merit function.
The idea is to realize the convexification by modifying the multipliers y; or y* appearing in the
merit function, instead of the change in multipliers g;. In what follows, we will assume none of
the post-convexification is done by shifting the bound constraint multipliers, and focus solely on

change yi and y”.
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Let (v, Z) be the primal-dual solution of the partially convexified QP subproblem

minimize VM (v,) T (v —vg) + 3 (v — o) THY (v — vy,)
/UGR’N m

(5.53)
subject to PEU >0,

where HY = H™ + P (A + X)PT is the partially convexified approximate merit Hessian. Then

(dr, Zz,) must satisfy the stationarity requirement

HYd, —GTZ, = —VM, (5.54)

The merit function M (z,y) = M(x,y;y”, ) has the property that for any u € R™

VM (z,y + u) = VM (z,y) + J Tu. (5.55)

In order to determine a value of u that will allow the convexification to be implicit, consider making

a positive semidefinite modification H™ + I’ where I' = o Jj TJ. The perturbed system is then

(H™ 4 I')dy, — GTZ, = —VM (2, y, + ). (5.56)

Using (5.54) and (5.55) shows this system is equivalent to I'dy = —J Tu, and when the desired form
of I' is substituted, it becomes

jT(O'dek —|—u) =0,

which is satisfied by the quantity v = —¢ S Jdg. Therefore, given the solution of the system (5.54),

the solution of the perturbed system (5.56) is obtained without needing to solve it again. All that
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is needed is to compute the shift y(o,) = y —o,Jdi and the modified merit function M (z, y(c,)) =
M(z,y — o,Jdy).
As before, we want a descent direction for the augmented Lagrangian function with the

modified multipliers, which now has the form

L(x,y(0,),2,) = M(2,y(0,)) = 2, G
y(o,)

The identity (5.56) implies that the directional derivative of along dj, is

dgVL(l‘kayk(oJ>72A) == _d%‘(ﬁM +F)dk

As I' is positive semidefinite, o, can be computed to achieve

AL (H™ + T)djy = Aminl|di ||

It turns out that the needed shift to g, is the same as the modification to 7 derived for the
stabilized QP in Theorems 5.2.1 and 5.2.2 given by 7(c,) =7 + o, (Jppr + paqr) =7 + O'indk. This
indicates that this approach is successful in reproducing the convexification that was developed for

stabilized SQP, but with the caveat that monotonicity of the merit function must be safeguarded.
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Shifting y; and y”

It may also be reasonable to shift the multiplier estimate y# by the same amount as yy.

The gradient of the merit function has the property that

JTu
VM (z,y +u;y” +u) = VM (2,y) — ,
0

which implies that if both y, and y* are shifted then the equivalent of (5.56) is

(HY + I)dy — G12, = = VM (zx, yi + u5y" + u) = — (VM (1, 41 ;59") — Py Ji u). (5.57)

This suggests a perturbation of the form I = ¢, P, JTJPY, along with the corresponding shift to

the multipliers given by u = o, Jipr. These forms satisfy

(H + D)dy, — G2, = —VM (zp, y, + u;y" + u).

This formulation has the added advantage that the norm of the perturbation will always be less
than if U_,j T J is used. Moreover, only the first n rows and columns of H™ are affected.
Modifying y* only

If the multiplier estimate y” is shifted by a vector u but y; is not changed, the resulting

merit function gradient satisfies

2J71
VM (v ;9% + u, ) = VM (v 3 y%, ) — u.
wl
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To enable a implicit post-convexification, a symmetric positive semidefinite modification I" to H™

is sought such that

. 2J,F
(H" + T)dy — GTZ2, = =VM (vp ;4" +u) = —VM(v) + |~ " | u. (5.58)

ul

It is readily verified that the quantities

F:O-JjTj with jé \/g(Jk 2[)7 and u:%(Jkp+%q>

satisfy (5.58). As in the preceding approaches, o, can be chosen so that d,?(ﬁ“ + I')d,, is positive

enough to produce a direction of sufficient decrease.

Safeguarding dynamic convexification

The primary concern when doing post-convexification by modifying the multipliers is that
it can create non-monotonicity in the merit function, interfering with the flexible line search used
to guarantee global convergence. Though preliminary numerical results suggest this is relatively
uncommon, the implicit post-convexification can only be computed if the shift to y; or y* decreases
the merit function. In the event that an increase results, we must compute a full convexification
and re-solve the QP instead.

Suppose post-convexification is required, and it produces non-monotonicity in the merit
function. If the method of pre-convexification used is one of the Hessian modification options, much

of the full convexification may already by done. This is a result of the fact that if K, is second-order
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consistent, then for sufficiently large o, > 0 it holds that

H, +A+o,PPr JY

In = (n,m,0), (5.59)
Ji —ul

(see Gill and Robinson [40] for more details). Essentially, the convexification can be completed
simply by modifying diagonal entries of Hy with indices in the active set. However, if the method
of temporary constraints is used then A = 0 and the active diagonal modification must be done
with respect to A(zy) = A(zy) U X, where X is the set of temporarily fixed indices defined in
Section 5.1.2. The reason is that F(z) is generally not a second-order consistent basis while F(zy)
is, which is required for (5.59) to be applicable.

Even if the concurrent convexification modifications are taken into consideration, it may
still be that (5.59) defined with Hy + X + o, P, P.T may never be second-order consistent for any o ,.
First, unless strict complementarity holds, concurrent convexification is not guaranteed to modify
all diagonal entries with indices in X. The active-set method will only drive z,, for v € X to
optimality if z,, is nonzero, where z = g, + H,(z — x;) — J;'y. Though z,, can be nonzero, it is
not required to be. Second, even if z,_ is non-optimal, concurrent convexification is designed to
only consider curvature of the QP objective along the specific directions computed by the active-set
method. There may be other directions of negative curvature such that H, + ;%J TJ, is indefinite,

or equivalently, K is not second-order consistent.
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Chapter 6

A Dynamically-Convexified

Primal-Dual SQP Algorithm

In this section we will focus on the bound constrained primal-dual formulation of the
second-derivative SQP method with special attention given to presentation of the algorithm and

analysis of convergence.

6.1 Formal Algorithm Statement

The main algorithm Algorithm 3 will make repeated use of the active-set algorithm Algo-
rithm 2 for solving the stabilized QP subproblem (3.1) repeated here

minimize g (@ — 2) + (e — ) "Hi(x — ) + S ]lyl?

(6.1)
subject to ¢ + Jx(x — k) + pr(y —yx) =0, x> 0.
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Algorithm 2 Stabilized QP subproblem with concurrent convexification.

1: Input (g, yr); Choose (z,y) such that z > 0;
2: Compute A = A(x) and F = F(x);
3: Set z:g—l—ﬁ(x—xk) — JTy;

4: repeat
5: Select index vs € A(x) of a nonoptimal multiplier;
6: repeat
7: Solve <ﬁp JE) (pF> =— (“AIF]”S); Pa = €s;

Jpo —pl q Ju,
8 ro=[Hp—JT%L; A=[rl.;
9: if A < Amin then [Concurrent convexification]
10: Compute o according to (5.3.2);
11: ﬁ(—f[—&—aeysel};; z4 z—0[xg vl TTFOC;
12: end if
s
14: t = argmin {—Ii}; O‘max:_ﬂ;

i€F(z),p;i <0 Pi bt

15: o = min(max, Qopt);
16: T rtap;, yYy<—ytoag, z< z+ar
17: if aopt > max then [t becomes active]
18: A AU{t}l; F«F\{t}h
19: end if
20: until [z],, >0

2. A+ A\{v}; F«Fu{v}s
22: until minz > 7,

23: return (7, 7, 2) = (z, y, 2);
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Algorithm 3 dcpdSQP: Primal-dual SQP method with dynamic convexification.

1: Input vy = (w0, yo); k < 0;

2: Evaluate f, g, ¢, J, and H at (zg, yx);

3: while k < kmax and ||ropt(v)|| < 7 do

4: Compute A such that [ H™ + A], is positive definite; [pre-convexification]
5: Solve the stabilized QP subproblem for (Z,y, z) and X using Algorithm (2);

6:  dr = (T—xk, Y—yk) = (Dk, qr);

T A=dpHXypdy/|d, %

8: if A < Apin then [post-convexification]
9: Compute I" such that df H¥yrd;, > Amin|dy |12

10: Compute yi (o) and y”(o) according to (5.3.3);

11: if M(zg,yr(o);y%(0),p) < M(zk, yx;y7, 1) then

12: Yk < yk(o); y® < y=(o);

13: else

14: Update A so that H + A is positive definite; X' =0; [ =0;

15: Solve the convex QP (3.9) for d;

16: end if

17: end if

18: Execute flexible line search for oy, satisfying (3.15) and (3.16);

19:  Update (11, Yr+1) = (Tr, Yr) + ar(Pr, q);
20: Evaluate f, g, ¢, J, and H at (Tg+1,Ygp+1);

21: (gbr\‘?axv d)glaxa y]?+1a TkJrl) = pseudo_filter(karh Yk+1, (bglaxv glaxa y]f; Tk);

22: Update pj and py according to (3.21) and (3.23)
23: k+—k+1;

24: end while

*

25: return (z*, y*, z*) = (Tx, yr, g(xr) — J(xr) Tye);
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Algorithm 4 pseudo-filter: Pseudo-filter parameter update.

1: IHPUt Th+15Yk+1, (bglax? ¢glaxﬂ yl?a Tk
2: if ¢v($k+17yk+l) < %qﬁ?)a" then [V—iterate]
5 gmax = Lgmax,

. B _ .
4: Yi+1 = Yk+1s
5: Tk+1 = Tk;
6: else if o (Tht1, Yrr1) < 200 then [O-iterate]
e = Lo

E — .
8: Y1 = Yk+1s
9: Tk+1 = Tk;
10: else if vy satisfies (3.19) then [M-iterate]
E — 3 .
11: yk+1 = ma'X(_ymaxev mln(yk+17 ymaxe))a
1

12: Tk+1 = §T]€;
13: else [F-iterate]
14 Y1 = Y
15: Tk+1 = Tk
16: end if

17: return (7™, 5™, Y 1, Tha1);

6.2 Convergence

The convergence of Algorithm 3 is discussed under the following assumptions.
Assumption 6.2.1. Fach f-\lk = Hp + A+ X+ I' is computed using dynamic convexification.
Assumption 6.2.2. The functions f and c are twice continuously differentiable.
Assumption 6.2.3. The sequence {zy}r>0 is contained in a compact set.

In the “worst” case, i.e., when all iterates are eventually M-iterates or F-iterates, Algo-

rithm 3 emulates a primal-dual augmented Lagrangian method [12, 13, 62]. Consequently, it is
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possible that y; and pf will remain fixed over a sequence of iterations, although this has been

uncommon in our preliminary numerical results. The following result concerns this situation.

Theorem 6.2.1. Let Assumptions 6.2.1-6.2.3 hold. If there exists an integer k such that py =
u® > 0 and k is an F-iterate for all k > E, then the following hold for the search directions

di = (T, — 2k, Yk — Yk ), where (Ty,Yx) is the solution of subproblem (3.9);
(i) {dx},~z are uniformly bounded;
(ii) {dr},>7 are bounded away from zero; and

(iil) there exists a constant € > 0 such that

VM (vi s yp, pf) Tdy < —€ for all k > k.

Proof. The assumptions of this theorem imply that

Te=7>0, pp=p" and yg =y” forall k> k. (6.2)

First we prove part (i). From Assumption 6.2.1 we know concurrent convexification is used during
solution of each QP subproblem, and consequently that the change in primal variables at each inner
iteration satisfies ||p;|| = ||zj41 — x;]| < 7p as shown in (5.50). The total number of QP steps per
iteration can be bounded by the same constant N, and therefore the sequence ||px|| < N7p so that
{pr} is a uniformly bounded sequence.

The change in multipliers ¢; is computed from the system (5.34), repeated here

T —pitm )\~ v,
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where X; is the partial sum of (5.13) for i < j, therefore

1
q; = ;Z(JF‘pF‘ - Jus)-

Uniform boundedness of {qx},7 now follows from (6.2), Assumptions 6.2.2 and 6.2.3, and the
boundedness of {p;}. This completes the proof of part (i).

Part (ii) is established by showing that {||dy(/}, 7 is bounded away from zero. If this were
not the case, there would exist a subsequence S; C {k : k > %} such that limges, dp = 0, where
di, = (T, — 2k, Yr — yx) and (Ty,Yx) is a solution of problem (3.9). From Assumptions 6.2.1-6.2.3
we have

Ny Hy+A+ X+ %J,}Jk Jr

AX = )
Ji uil

and that {(HXy)x}res, is uniformly bounded. It follows that dj satisfies

~

Zk
0

= H}yvdj + VM (vg 597, 1%) and 0 = min(Ty, 21),

for all k € S;. It may then be inferred from Assumptions 6.2.1-6.2.3, and the definitions (6.2)
of 7, pf and y; that for k € Sy sufficiently large, the iterate vy satisfies the definition (3.19) of
an M-iterate, and as a consequence, uj will be decreased. This contradicts the assumption that
pp = p" for all k > k. Tt follows that {lldkl} ;57 is bounded away from zero and part (i) holds.
The proof of part (iii) is immediate when post-convexification is used, in which case we

have

—VM (2, yi + w;y" +w, p™) Tdy = dif Hdi > Ain || dis ||

As {dy}, -7 is bounded away from zero by part (ii), part (iii) follows. Otherwise, assume that there
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exists a subsequence Sy of {k : k > k} such that

lim VM (v, 5", 1) " di = :
klengV (v 39", 1) “di, = 0, (6.3)

where we have used (6.2) and dj, is defined as above. As the vector vy = (21, yx) is feasible for the
convex problem (3.9), and (Z, yk) is the solution of problem (3.9) in Algorithm 3, it must hold

that

VM (vg 5 y®, p") Ty > Gy Blog; p")dy,

= %dgLETLgB(Uk ;#R)Lkleldk

Hy, + LT 0

= 3di LT Ly tdy,
0 vt
where Lj denotes the nonsingular matrix
I 0 . 1 Dk
Lk = 1 5 Wlth L]: dk = )
—rde 1 qk-i-N%Jkpk

with pr = Zr — o and qx = Yr — Y. Assumption 6.2.1 yields

1
—VM (vy, 3y, 1) dy > 3pp (Hk + EJI;PJk)pk + Svpfllak + (/") Tipe )

> Aminl|pl1? + Sv0™lgr + (1/17) Jepr|?,
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for some Apin > 0. Combining this inequality with (6.3) gives the limit

1
1= g, (o o) -
dm pr = lim Qk‘f'NRJkpk 0,

in which case limges, gr = 0 follows from Assumptions 6.2.2 and 6.2.3. This contradicts the result

of part (ii) and so part (iii) must hold. O
The following theorem states the main convergence result for Algorithm 3.

Theorem 6.2.2. Let Assumptions 6.2.1-6.2.3 hold. If vi denotes the kth iterate generated by

Algorithm 3, then either:

(i) Algorithm 3 terminates with an approzimate primal-dual first-order solution vy satisfying

ITopt (Vi) || < Topt, where Topy is defined by (3.22); or

(ii) there exists a subsequence S such that limges pp = 0, {yg }kes is bounded, limges T = 0,
and for each k € S the vector v, | is an approzimate first-order solution of (3.6) with the

choice y* =y and p = pi that satisfies (3.19).

Proof. If there exists a subsequence of {||ropt(vg)| x>0 that converges to zero, then clearly case (i)
holds. Therefore, for the remainder of the proof, it is assumed that the sequence {||rop(vr)||}&>0
is bounded away from zero.

From the definitions of a V-iterate and O-iterate, the functions ¢, and ¢,, and the update
strategies for ¢'®* and ¢P'**, we conclude that the number of V-iterates and O-iterates must be
finite. We claim that there must be an infinite number of M-iterates. To prove this, assume to the
contrary that the number of M-iterates is finite, so that all iterates are F-iterates for k sufficiently

large. It follows from the form of the update to pf (3.21) and the assumption made in this case,
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that eventually pj remains constant. In this case, the update to py given by (3.23) implies that
eventually, uj also remains constant. These arguments imply the existence of an integer % such
that

ur=p" <p=pg, yp =y®, =7 >0, and k is an F-iterate for all k > k.

It follows from (3.23) that

M (vy1;y%, 1) < M(vg 597, 1) + min(amin, ax)nsd, for all k > %, (6.4)

where §, is defined by (3.16). Moreover, parts (ii) and (iii) of Theorem 6.2.1 ensure that {d;}, -7
is a negative sequence bounded away from zero. In addition, it must hold that {as} k>h is bounded
away from zero. To see this, note that parts (i) and (iii) of Theorem 6.2.1 and Assumption 6.2.2
ensure that {ay} k>h 18 bounded away from zero if a conventional Armijo line search is used, i.e.,
if pp = p® and &, = df VM (vy, 597, u") in (3.15). However, the computed value of ay can be no
smaller because the definition of §j, is less restrictive, and the use of a flexible line search makes the

acceptance of a step more likely. Combining these results with (6.4), yields

M (Ugq1 5 y®, ) < M(vg 34", 1) — k for all k > k and some & > 0,

so that limg_ oo M (vk ;y", 1u) = —oo. However, Assumptions 6.2.2 and 6.2.3 ensure that this is not
possible. This contradiction implies that there must exist infinitely many M-iterations, and every
iterate is an M-iterate or F-iterate for k sufficiently large. Part (ii) now follows from (3.21) and the

properties of the updates to 7, and y;; used for M-iterates and F-iterates in Algorithm 3. O
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6.3 Numerical Results

Results were obtained in order to measure the relative performance of pdSQP and dcpdSQP
on a collection of optimization problems from the CUTEst benchmarking suite. The runs were
done using MATLAB version R2023b on an iMac Pro with a 3.0 GHz Intel Xeon W processor and
128 GB of 800 MHz DDR4 RAM running macOS, version 14.4.1 (64 bit). Results were obtained
for six subsets of problems from the CUTESst test collection. The subsets consisted of 139 bound
constrained (BC) problems with a general nonlinear objective and upper and lower bounds on
the variables; 262 feasible-point (FP) problems with no objective, general linear and nonlinear
constraints and bounds on the variables; 126 problems formulated by Hock and Schittkowski ([50])
(HS); 212 linearly constrained (LC) problems with a general nonlinear objective, general linear
constraints and bounds on the variables; 386 nonlinearly constrained (NC) problems with a general
nonlinear objective, general linear and nonlinear constraints and bounds on the variables; and 173
unconstrained (UC) problems with a general nonlinear objective and no constraints. In total, these
subsets contain 1172 test problems.

The BC, FP, HS, LC, NC and UC subsets were selected based on the number of variables
and general constraints. In particular, a problem was chosen if the associated KKT system was of
the order of 3000 or less. The same criterion was used to set the dimension of those problems for

which the problem size can be specified. Exact second derivatives were used for all the runs.

6.3.1 Implementation

Both pdSQP and dcpdSQP were implemented in MATLAB version R2023b. The difference
between the two is in the convexification strategy. The base algorithm pdSQP does a full convexi-

fication using the method of Wichter and Biegler [68], while the dynamically convexified dcpdSQP
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uses Algorithms 3 and 2. Both MATLAB implementations were initialized with identical parameter

values that were chosen based on the empirical performance on the entire collection of problems.

A summary of the values is given in Table 6.1. The initial primal-dual estimate (zg, yo) was based

on the default initial values supplied by CUTEst.

There are three scenarios that are considered to represent the successful solution of a prob-

lem. The first two of these scenarios correspond to the two outcomes presented in Theorem 6.2.2,

while the third is the recognition of an unbounded problem. The first scenario is convergence to a

first-order solution of (NP), characterized by

c(x)

Hropt (277 y) || S Topt where Topt (‘T7 y) =
min(z, g(z) — J(2)Ty)

The second is convergence to an infeasible stationary point (z,y), where

(x,y) satisfies (3.19), and

I7ing (2, 9)]| < Tint where Tinf(2,y) = min(z, max(0, J(;E)Tc(x)))

Lastly, the problem (NP) is declared unbounded if

f(x) < funp, and

[re(@)]lee < 7r where  7p(z) =

The iterates were terminated at the first point satisfying either (6.5), (6.6), or (6.7).
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Table 6.1: Control parameters for Algorithms pdSQP and dcpdSQP.

Parameter Description Value
Ymax Maximum allowed y# (3.20) 1.0e+6
s Initial regularization parameter for Algorithm (3) 1.0e-6
1 Initial flexible line-search penalty parameter for Algorithm (3) 1.0
75 Minimum allowed p* 1.0e-14
T Minimum allowed p* 1.0e-14
dmax Maximum allowed ||d|| (5.50) 1.0e+2
Topt Optimality tolerance (6.5) 1.0e-4
Ting Infeasible stationary point tolerance (6.6) 1.0e-5
Tp Primal feasibility tolerance (6.7) 1.0e-4
T Dual feasibility tolerance (5.49) 1.0e-6
Amin Minimum allowed positive eigenvalue 1.0e-8
Ns Line-search backtracking sufficient decrease (3.15) 1.0e-3
s Line-search factor in backtracking acceptance test (3.16) 1.0e-3
Yo Line-search backtracking contraction factor 0.5

funb Unbounded objective (6.7) -1.0e+9
kmax Iteration limit for Algorithm (3) 750

6.3.2 Performance profiles

The relative performance of the solvers is summarized using performance profiles (in log,
scale), which were proposed by Dolan and Moré [17]. Let P denote a set of problems used for a

given numerical experiment. For each method s we define the function py : [0,7,,] — R* such that

)

1
ps(T) = P Hp € P :logy(rps) < T}

where np is the number of problems in the test set and r, s denotes the ratio of the performance

metric (for example, the total number of function evaluations) needed to solve problem p with

164



method s and the least value of the performance metric needed to solve problem p. If method s
failed for problem p, then r, s is set to be twice of the maximal ratio. The parameter r,, is the
maximum value of logy (7 s).

Note that for Figures 6.1-6.7 and Tables 6.2—6.7 dcpdSQP uses the method of Wéchter and
Biegler [68] for pre-convexification. In Figures 6.8-6.14, the different pre-convexification schemes
are compared, in which case dcpdSQP is labeled dcpdSQP-WB to emphasize the pre-convexification
method used. The method labeled dcpdSQP-ic uses the inertia-controlling symmetric indefinite
factorization of Forsgren [27], and dcpdSQP-2stage does the two-stage factorization presented in
Section 4.1.1. As always, pdSQP performs a full convexification. It should also be noted that the
performance of pdSQP and dcpdSQP are identical on unconstrained problems because all variables
are free and therefore pre-convexification is equivalent to full convexification. This is the reason
that the UC set is not included in the combined ALL set, and that there are no figures or profiles
comparing pdSQP and dcpdSQP on the UC problem set. However, the different methods of pre-
convexification do differ on unconstrained problems, which can be seen in Figure 6.14, where it is
also confirmed that pdSQP and dcpdSQP perform identically.

It is important to keep in mind that the purpose of dynamic convexification is to improve
computation efficiency of convexification in a way that is scalable to large-scale, sparse problems.
As pdSQP and dcpdSQP are based on the same primal-dual merit function SQP algorithm, the
hope is that dynamic convexification will not adversely affect the performance while significantly
reducing the cost associated with computing convex approximations. It is for this reason the
chosen performance metrics are function evaluations, iterations, and factorizations. In particular,
function evaluations and iterations measure the performance of a given method while the number

of factorizations required is a measure of efficiency directly related to the convexification method
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used.
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Figure 6.1: Performance profiles comparing function evaluations, iterations, and factorizations used
by the algorithms dcpdSQP and pdSQP when applied to 999 problems from the combined (ALL)
CUTEst test set. The (ALL) set is the union of the (BC), (FP), (HS), (LC), and (NC) test sets.

It is apparent from Figure 6.1 that, overall, the performance of dcpdSQP is comparable to
pdSQP in terms of function evaluations and iterations. Profiles for these metrics on the FP, NC,
and HS sets are nearly indistinguishable (Figures 6.3, 6.7, and 6.5), while a modest advantage from
dynamic convexification is shown on the BC and LC sets (Figures 6.2 and 6.6). This advantage
may be due to the fact that dynamic convexification usually computes a smaller norm perturbation
compared to a full convexification, so that the Hessian used approximates the true Hessian of the
Lagrangian function more faithfully. The most striking feature of these numerical results, however,
is seen in the factorization profiles. The near-horizontal curve for dcpdSQP indicates that the
proportion of problems for which dcpdSQP used the fewest factorizations is nearly the same as the
total number of problems solved. In other words dcpdSQP used fewer factorizations on almost every

problem it solved successfully. Together, these profiles demonstrate that dynamic convexification
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Figure 6.2: Performance profiles comparing function evaluations, iterations, and factorizations used
by the algorithms dcpdSQP and pdSQP when applied to 139 bound constrained (BC) problems from
the CUTEst test set.

achieves its intended purpose of dramatically reducing the computational cost of convexification
while matching or improving overall performance.

For the feasible-point problems, which have no objective function, it is generally beneficial
to use an artificial objective function f(x) = i|/z||?. This objective regularizes the problem in the
sense that most feasible-point problems have infinitely many solutions, and the inclusion of f(z)
targets a specific one. The profiles in Figure 6.4 are made with no objective function, while the
profiles in Figure 6.3, as well as the data in Table 6.4, were generated using the suggested artificial
objective function.

Tables 6.2-6.7 give details of the outcomes for pdSQP and dcpdSQP on each problem set.
The UC set is not included because the methods perform identically on an unconstrained function.

Also note that although almost all the problems in the HS set are included in the NC set, these

problems are not duplicated in the combined ALL problem set. Each sub-table lists, for both solvers,
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Figure 6.3: Performance profiles comparing function evaluations, iterations, and factorizations used
by the algorithms dcpdSQP and pdSQP when applied to 262 feasible-point (FP) problems with an

artificial objective function from the CUTEst test set.

the number of problems in the given problem set for which each outcome was achieved. Of the runs
that fail, dcpdSQP is unable to convexify the QP problems more often, and pdSQP terminates more
often with the iteration limit exceeded and line-search failure. Of the runs that succeed, dcpdSQP
finds more local minimizers and pdSQP finds more infeasible stationary points. Overall, Table 6.2

supports the claim that the performance with dynamic convexification is comparable to or better

than that of the base algorithm.
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Figure 6.4: Performance profiles comparing function evaluations, iterations, and factorizations used
by the algorithms dcpdSQP and pdSQP when applied to 262 feasible-point (FP) problems with no
objective function from the CUTEst test set.
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Figure 6.5: Performance profiles comparing function evaluations, iterations, and factorizations used
by the algorithms dcpdSQP and pdSQP when applied to 126 Hock-Shittkowski (HS) problems from
the CUTEst test set.
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Figure 6.6: Performance profiles comparing function evaluations, iterations, and factorizations used
by the algorithms dcpdSQP and pdSQP when applied to 212 linearly constrained (LC) problems from
the CUTEst test set.
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Figure 6.7: Performance profiles comparing function evaluations, iterations, and factorizations used
by the algorithms dcpdSQP and pdSQP when applied to 386 nonlinearly constrained (NC) problems
from the CUTESst test set.
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Figure 6.8: Performance profiles comparing pre-convexification methods in dcpdSQP with pdSQP
when applied to 999 problems from the combined (ALL) CUTEst test set.
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Figure 6.9: Performance profiles comparing pre-convexification methods in dcpdSQP with pdSQP
when applied to 139 bound constrained (BC) problems from the CUTEst test set.
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Figure 6.10: Performance profiles comparing pre-convexification methods in dcpdSQP with pdSQP
when applied to 262 feasible-point (FP) problems from the CUTESst test set.
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Figure 6.11: Performance profiles comparing pre-convexification methods in dcpdSQP with pdSQP
when applied to 126 Hock-Shittkowski (HS) problems from the CUTEst test set.
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Figure 6.12: Performance profiles comparing pre-convexification methods in dcpdSQP with pdSQP
when applied to 212 linearly constrained (LC) problems from the CUTESst test set.
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Figure 6.13: Performance profiles comparing pre-convexification methods in dcpdSQP with pdSQP
when applied to 386 nonlinearly constrained (NC) problems from the CUTESst test set.
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Figure 6.14: Performance profiles comparing pre-convexification methods in dcpdSQP with pdSQP
when applied to 173 unconstrained (UC) problems from the CUTEst test set.
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Table 6.2: Problem set (ALL) outcome counts.

Table 6.3: Problem set (BC) outcome counts.

Outcome pdSQP | dcpdsQP Outcome pdsSQP | dcpdsSQP
Optimal 784 792 Optimal 136 135
Infeasible stationary point 126 115 Infeasible stationary point - -
Near optimal 10 13 Near optimal 1 1
Iteration limit 56 58 Iteration limit 2 2
Line-search failure 15 5 Line-search failure - -
QP convexification failure 3 10 QP convexification failure - 1
Unbounded problem 5 6 Unbounded problem - -

Table 6.4: Problem set (FP) outcome counts.

Table 6.5: Problem set (HS) outcome counts.

Unbounded problem

Unbounded problem

Outcome pdSQP | dcpdsSQP Outcome pdSQP | dcpdsSQP
Optimal 113 113 Optimal 122 122
Infeasible stationary point 104 102 Infeasible stationary point 1 1
Near optimal 4 3 Near optimal 1 1
Iteration limit 30 38 Iteration limit 1 1
Line-search failure 10 4 Line-search failure 1 1
QP convexification failure 1 QP convexification failure - -

Table 6.6: Problem set (LC) outcome counts.

Table 6.7: Problem set (NC) outcome counts.

Outcome pdSQP | dcpdSQP Outcome pdSQP | dcpdSQP
Optimal 207 207 Optimal 328 337
Infeasible stationary point 4 2 Infeasible stationary point 18 11
Near optimal - - Near optimal 5 9
Iteration limit - - Iteration limit 24 17
Line-search failure - - Line-search failure 5 1
QP convexification failure - 2 QP convexification failure 6
Unbounded problem 1 1 Unbounded problem 4 5
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