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Abstract

On the Data Complexity of Problem-Adaptive Offline Reinforcement Learning
by

Ming Yin

Offline reinforcement learning, a field dedicated to optimizing sequential decision-making
strategies using historical data, has found widespread application in real-world scenarios. Re-
cent years have witnessed a surge in research focusing on establishing the statistical founda-
tions for offline reinforcement learning, with many studies achieving near-optimal worst-case
performance bounds. However, empirical results often outperform these non-adaptive bounds
significantly. A comprehensive understanding of which decision processes and behavior poli-
cies are inherently more amenable or challenging for offline RL remains elusive. To address
this critical challenge, the first part of this thesis delves into instance-dependent offline learn-
ing within tabular Markov Decision Processes. We introduce the Adaptive Pessimistic Value
Iteration algorithm, which achieves an instance-dependent guarantee and is also near optimal.
This result subsumes a wide spectrum of previous worst-case optimal results, leading to the first
instance-dependent guarantee that characterizes the hardness for offline RL.

In the Second chapter of the thesis, we extend our study for tabular reinforcement learn-
ing to the function approximation regime. Specifically, within the context of linear function
approximation, we present the variance-aware pessimistic value iteration (VAPVI) algorithm,
which quantifies the uncertainty of training examples through conditional variance reweighing.
VAPVI enhances offline learning bounds compared to the best-known existing results. Cru-
cially, our learning bounds are expressed in terms of system-related quantities, offering natural
instance-dependent characterizations that previous studies lacked.

Furthermore, State-Of-The-Art algorithms usually leverage powerful function approxima-
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tors (e.g. neural networks) to alleviate the sample complexity hurdle for better empirical per-
formances. In the third chapter, we broaden our focus to function approximation without im-
posing specific structural constraints on the function class, except for differentiability. This
class naturally encompasses a wide range of models with nonlinear and nonconvex structures.
Importantly, we demonstrate the provable efficiency of offline RL with differentiable function
approximation through an analysis of the pessimistic fitted Q-learning (PFQL) algorithm. Our
findings provide the theoretical underpinnings for understanding various practical heuristics
relying on Fitted Q-Iteration-style design.

We conclude the thesis by summarizing our work and mentioning other exciting research
projects.

On the distinctions between [1] and this thesis. [[1] is the thesis submitted in partial satis-
faction of the requirements for the Ph.D. degree in Statistics and Applied Probability, and this
thesis is submitted in partial satisfaction of the requirements for the Ph.D. degree in Computer
Science. Thesis [1] studies tabular offline policy evaluation (OPE) problem, where the target
policy is fixed and the environment has finite states and actions. [1] mostly contains the ma-
terials from [2} |3, 4] This thesis studies the offline policy learning problem, where the goal is
to find a reward-maximizing policy. The environments considered in this thesis include tabular
MDPs, linear function approximation, and the general parametric models. This thesis mostly

contains the materials from [5 |6, [7]]
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Chapter 1

Introduction

Science and technology should bring better lives for the human race and provide new solutions
to some of the biggest challenges we face today — clean energy, climate change, social injustice,
changing workforce and more. In particular, sequential decision making could play an impor-
tant role in these problems as it models the long term impacts of policies. Reinforcement learn-
ing, a data-driven framework for the long horizon planing, has been one of the fastest-growing
research areas. In the past decade, RL-based applications have led to a few breakthroughs in
artificial intelligence, such as defeating human world champions in the game of Go [8]] and Star-
Craft II [9]. The applicability of RL to real-life problems, however, remains limited. The crux
of the problem is that most existing RL methods require an environment for the agent to inter-
act with, but in real-life applications, it is rarely feasible to have access to such an environment
— deploying an algorithm that learns by trial-and-errors may be costly or have serious legal,
ethical and safety issues. In this thesis, we consider offline reinforcement learning, where the
goal is to develop general and efficient reinforcement learning algorithms that can learn from
offline/historical data with low (optimal) sample and computation complexity.

In offline Reinforcement Learning (offline RL [10L[11]), the objective is to identify a reward-

maximizing policy in an unknown environment Markov Decision Process (MDP) using the

1



Introduction Chapter 1

historical data. Unlike an online RL, where the agent can keep interacting with the environment
and gain new feedback by exploring unvisited state-action space, offline RL is needed when such
online interplays are expensive or even unethical. Since it has no access to interact with the MDP
model (which causes distributional mismatches), most of the literature that studies the sample
complexity / provable efficiency of offline RL (e.g. [12, 13} 14} 15, 3} [16L [17, [18} [19]) relies
on making different data-coverage assumptions for making the problem learnable, and provide
near-optimal worst-case performance bounds that depend on their data-coverage coefficients.
Those results are valuable as they do not depend on the structure of the particular problem,
therefore, remain valid even for pathological MDPs. But is this good enough?

In practice, the empirical performances of offline reinforcement learning (e.g. [20} 21} 22,
23]) are often far better than what those non-adaptive / problem-independent bounds would
indicate. Although empirical evidence can help explain why we may observe better or worse
performances on different MDPs, a systematic understanding of what types of decision pro-
cesses and what kinds of behavior policies are inherently easier or more challenging for offline
RL is lacking. Besides, despite the fact that a non-adaptive bound can learn even the patho-
logical examples within the assumption family, there is no guarantee for the instances outside
the family. However, practical offline reinforcement learning problems are usually beyond the
scope of certain data-coverage assumptions, which limits the applicability of those results.

In this thesis, we derive the first line of instance-dependent bounds for offline reinforce-
ment learning that adapt to the individual instances with weak assumptions. The settings we
considered include (bt not limited to) tabular representation, linear function approximation, and

parametric differentiable models. Our contribution can be summarized as follows:

e In Chapter[2] we consider the policy learning problem for finite horizon, non-stationary,
episodic MDPs with finite states and actions. We propose and analyze the Adaptive Pes-

simistic Value Iteration algorithm, and derive the suboptimality upper bound that nearly

2



Introduction Chapter 1

matches
H Var, (Vh’:L1 +r,) 1
%) A" (s, a,) el \ﬁ . (1.1)
; S% h d,(sp.ap) n

Here z* is a optimal policy, 4 is the behavior policy and d, is the marginal state-action
probability. We name (1.1) the intrinsic offline reinforcement learning bound since it indi-
cates all the existing optimal results: minimax rate under uniform data-coverage assump-
tion, horizon-free setting, single policy concentrability, and the tight problem-dependent
results. We also study how learning would degrade in the assumption-free regime (where

we make no assumption on y) and obtain the assumption-free intrinsic bound.

e In Chapter [3] we present the first near-optimal result for offline reinforcement learning
with linear function approximation. We devise the variance-aware pessimistic value it-
eration (VAPVI), which adopts the conditional variance information of the value func-
tion for time-inhomogeneous episodic linear Markov decision processes (MDPs). VAPVI
provides improved guarantees over the best-known existing results. Furthermore, our re-
sults are expressed in terms of system quantities, which provide natural instance-dependent

characterizations.

e In Chapter ] we consider offline reinforcement learning with differentiable function ap-
proximation. This function class naturally incorporates a wide range of models with non-
linear/nonconvex structures. We propose and analyze the pessimistic fitted Q-learning
(PFQL) algorithm, which provides the theoretical basis for understanding a variety of
practical heuristics that rely on Fitted Q-Iteration style design. In addition, we further

improve our guarantee with a tighter instance-dependent characterization.

e In the final Chapter [5] of the thesis, we provide a summary of my other exciting contri-

butions during my Ph.D. career, encompassing topics such as offline posterior sampling
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mechanisms, low-adaptive RL, adversarial RL, zero-sum games, Neural Tangent Kernels,

and Math Question Answering.

Potential Contributions to the Broader Scientific Regiems. This thesis primarily ex-
plores the statistical underpinnings of offline reinforcement learning. However, its findings,
including statistical guarantees, algorithms, and designs, have broad implications across nu-
merous scientific fields, underlining offline RL’s interdisciplinary impact and its significance in

broader scientific discourse.

e Automated driving: offline RL offers a promising avenue to enhance the intelligence and
safety of autonomous vehicles. By leveraging vast amounts of driving data, including
diverse situations and rare events, offline RL enables the development of more robust and
generalizable driving policies. Concretely, our uncertainty reweighting design principle
(Chapter 3]) has been shown to be effective for improving the empirical performance [24,

23]

e Supply Chain and Logistics: In this domain, offline RL facilitates the formulation of
effective decision-making strategies without the expenses and risks associated with real-
time trials. For example, it aids in refining inventory management through accurate de-
mand forecasts and optimal stocking methods. In logistics, offline RL enhances route
planning and fleet management by analyzing historical delivery data to reduce costs and
improve delivery efficiency. Our research conceptualizes logistic challenges within the
framework of goal-conditioned offline RL [26], addressing policy evaluation and learn-
ing tasks. Adapting these findings to functional approximation settings could significantly

benefit real-world applications.

e Healthcare: Offline RL offers a distinct advantage in healthcare by utilizing pre-existing

data sets, circumventing the ethical and logistical issues inherent in live experiments in

4
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sensitive medical environments. This method allows for counterfactual analysis and ad-
dressing "what if" scenarios. Our marginalized importance sampling method [2] achieves
the statistical optimality and has potential applications in personalized medicine [27]], pa-

tient trajectory prediction, and treatment optimization [28].

Each of these applications demonstrates the far-reaching influence of offline RL, not just
within artificial intelligence, but across diverse scientific disciplines, showcasing its capacity to

address complex, real-world challenges.



Chapter 2

On the Instance-dependent Tabular

Offline Reinforcement Learning

In this chapter, we derive the instance-dependent guarantees for tabular offline reinforcement
learning. Concretely, we design the conditional variance based uncertainty, combined with del-
icate analysis to achieve the near-optimal instance-dependent characterization which we named
intrinsic offline reinforcement learning bound. Due to its generic form, we believe the intrinsic
bound could help illuminate what makes a specific problem hard and reveal the fundamental

challenges in offline RL.

2.1 Preliminaries for Offline Reinforcement Learning

Episodic time-inhomogeneous reinforcement learning. A finite-horizon Markov Deci-
sion Process (MDP) is denoted by a tuple M = (S, A, P,r, H,d,) [29], where S is the fi-
nite state space and A is the finite action space with § = |S| < 0,4 = |A| < oo.
A non-stationary transition kernel P, : S X A X S ~ [0, 1] maps each state action(s,, a,)

to a probability distribution P,(-|s,,a,) and P, can be different across the time. Besides,

6



On the Instance-dependent Tabular Offline Reinforcement Learning Chapter 2

r . S$x A~ Ris the expected instantaneous reward function satisfying 0 < r < 1. d, is
the initial state distribution. H is the horizon. A policy = = (x,, ..., x,) assigns each state
s, € S a probability distribution over actions according to the map s, = x,(:|s,) Vh € [H].
An MDP together with a policy # induce a random trajectory s, a;, 7y, ..., Sg, Qg gy S
with s, ~ dy,a, ~ n(-|sy), s, ~ P,(:|sy.a,Vh € [H] and r), is a random realization given
the observed s, a,,.

O-values, Bellman (optimality) equations. The value function V,"(-) € RS and Q-value
function Q7 (-, ) € RS*4 for any policy  is defined as: Vi(s) = [E”[Zfih rls, =sl, Op(s,a)=

[E”[Zih rls,.a, = s,al, Vs,a € S, A,h € [H]. The performance is defined as v" :=

E,, V] = E, g [ZZI rt], where we denote V7, Q7 as column vectors and P, € R4S

the transition matrix, then the vector form Bellman (optimality) equations follow VA € [H ]:
Or=r,+ PV, V' =E,_, [0}, O =r,+ PV}, V' =max,Q}(,a)In addition,
we denote the per-step marginal state-action occupancy d; (s, a) as: d;(s,a) 1= P[s, = s|s; ~
d,,r] - m,(als), which is the marginal state-action probability at time A.

Offline setting and the goal. The offline RL requires the agent to find a policy 7 such that
the performance v” is maximized, given only the episodic data D = { <s; a1y, sy +1> }:[[}Z]
rolled out from some behavior policy y. The offline nature requires we cannot change y and in
particular we do not assume the functional knowledge of 4. That is to say, given the batch data

D and a targeted accuracy € > 0, the offline RL seeks to find a policy =z, such that v* —v™ < e.

alg

2.1.1 Assumptions in offline RL

We revise several types of assumptions proposed by existing studies that can yield provably

efficient results. Recall d, (s, a,) is the marginal state-action probability with respect to .

Assumption 2.1.1 (Uniform data coverage [3]). it holds that d,, := min,, . dy(sp.a,) > 0.

Here the infimum is over all the states satisfying there exists certain policy so that this state can

7



On the Instance-dependent Tabular Offline Reinforcement Learning Chapter 2

be reached by the current MDP with this policy.

This is the strongest assumption in offline RL as it requires u to explore each state-action
pairs with positive probability. Under it mostly holds 1/d,, > S A. This reveals offline
learning is generically harder than the generative model setting [30] in the statistical sense. On
the other hand, this is required for the uniform OPE task in [3] as it seeks to simultaneously
evaluate all the policies within the policy class and it is in general a harder task than offline

learning itself.
Assumption 2.1.2 (Uniform concentrability [31,[13]). C, :=sup,, [|d}(, -)/d;:(-, Ny < 00.

This is a classical offline RL condition that is commonly assumed in the function approxima-
tion scheme (e.g. Fitted Q-Iteration). Qualitatively, this is a uniform data-coverage assumption
that is similar to Assumption [2.1.1] but quantitatively, the coefficient C, can be smaller than

1/d,, due the d} term in the numerator.

Assumption 2.1.3 ([32])). There exists one optimal policy ©*, s.t. Vs, a, € S, A, d, (s, a;) >

0 ifd;l’*(sh, a,) > 0. We further denote the trackable set as C, := {(s,,a,) : dZ(Sh’ a,) > 0}.

Assumption [3.3.3]is (arguably) the weakest assumption needed for accurately learning the
optimal value v* and we will use for most parts of this thesis. It only requires u to trace
the state-action space of one optimal policy and can be agnostic at other locations. [18|[19]
considers this assumption and provide analysis is based on the single concentrability coefficient
C* :=max,,d (s, a) /d*(s,a). The dependence on C* makes their result less adaptive since
there can be lots of locations that have the ratio d" (s, a) /d*(s, a) much smaller than C*.

In the later sections, we will also consider the situation when might not be true, and

this corresponds to the assumption-free regime.
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2.1.2 Related prior work

Finite sample analysis for offline reinforcement learning can be traced back to [31,,133}134] for
the infinite horizon discounted setting via Fitted Q-Iteration (FQI) type function approximation
algorithms. [[13} 12} [15] 14] follow this line of research and derive the information-theoretical
bounds. Recently, [15] considers the offline RL with only the realizability assumption, [35,/36]]
considers the offline RL without sufficient coverage and [37,138]] uses the model-based approach
for addressing offline RL. Under those weak coverage assumption, their finite sample analysis
are suboptimal (e.g. in terms of the effective horizon (1 — y)~!). Recently, [3 16, 17] study
the finite horizon case. In the linear MDP case, [39] studies the pessimistic algorithm for of-
fline policy learning under only the compliance assumption, and, concurrently, [40] proposes
the general pessimistic function approximation framework with instantiation in linear MDP and
[41] shows actor-critic style algorithm is near-optimal for linear Bellman complete model. In
addition, [42, 43]] prove some exponential lower bounds under their linear function approxima-
tion assumptions.

Among them, there are a few works that achieve the sample optimality under their respective
assumptions. Under the uniform data coverage (minimal state-action probability d,, > 0), [3]
first proves the optimal O(H?/d, e*) complexity in the time-inhomogeneous MDP. Recently,
[16] designs the offline variance reduction algorithm to achieve the optimal O(H?/d,, €?) rate for
the time-homogeneous case. Under the setting where the total cumulative reward is bounded
by 1, [17] obtains the horizon-free result with O(1/ d,). More recently, [18] considers the
single concentrability coefficient C* := max,, d™" (s, a)/d"(s, a) and derives the upper bound
O[(1—y)™>SC* /€*] in the infinite horizon setting which is recently improved by the concurrent
work [19]. While those worst-case guarantees are desirable, none of them can explain the

hardness of the individual problems[]

'We do mention [41]] is near-optimal in their setting, but it is unclear whether it remains optimal in the standard
setting where Q" € [0, H], since there is an additional H factor by rescaling.

9
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2.2 Instrinsic Offline Reinforcement Learning Bound and Adap-
tive Pessimistic Value Iteration

As a step towards the optimal and strong adaptive offline RL bound, we analyze the vanilla
pessimistic value iteration (VPVI), a tabular counterpart of pessimistic value iteration (PEVI
initiated in [39]), to understand what is missing for achieving the fully adaptivity. In particular,

VPVI relies on the model-based construction.

he[H]

Model-based Components. Given data D = { (sf at.rt, st ) }

R Qps T Shy , we denote LS

T€[n] %h

Y _ 1ls;.a; = s,.a,] be the total counts that visit (s,,a,) pair at time A, then we use the

offline plug-in estimator to construct the estimators for P, and r, as:
Yo UGt ah.sp) = (5 s ap] Yoo (ag, sp) = (sp,ap)l -1},
N rh Sh, ah) = N

nsh,ah nshvah

ﬁh(s’lsh,ah) =
2.1

if n, , > 0and Py(s'|s;, ay) = 1/8.,7,(s.a,) = 0if n,

. a = 0. In particular, we use the word
o

ap

“vanilla” as it directly mirrors [39] with a pessimistic penalty of order O(H / , /nsh,ah)ﬁ With

}/’\h,?h in Algorithm @ (which we defer to Appendix), VPVI guarantees the following:

Theorem 2.2.1. Under the Assumption denote d,, : = min, g {d} (s, a,) @ d)(s,, ay) >
0}. Forany0 < 6 < 1, there exists absolute constants c,, C' > 0, such that when n > c,- l/d_m -1

(1 =log(H S A/$)), with probability 1 — 6, the output policy 7 of VPVI satisfies

H
0<v* -0 <C'H = (s,,a,) | ——t—. 2.2)
- — h h>“h
; (s,,,gech n-d, (s, a)

The full proof can be found in Appendix Theorem makes some improvements

over the existing works. First, it is more adaptive than the results with uniform data-coverage

2This is due to \/d) (sh,ah)TA;1¢ (sp»ap) reduces to /1/ny, ,, when setting ¢(s,,a,) = 1(s,,ap,) and
A=0.

10
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Assumption 2.T.T|([3L[L7]). In addition, by straightforward calculation (2.2]) can be bounded by
O(y/H*SC* /n) which improves VI-LCB [I8] by a factor of H. Besides, the analysis of VPVI
also improves the direct reduction of PEVI [39] in the tabular case by a factor .S A since their
p=SAH whend = SA.

However, VPVIis not optimal as the dependence on horizon is H* which does not match the
optimal worst case guarantee H* [3] in the nonstationary setting. Also, the explicit dependence
on H in (2.2) possibly hides some key features of the specific offline RL instances. For example,

no improvement can be made if the system has the deterministic transition.

Algorithm 1 Adaptive (assumption-free) Pessimistic Value Iteration or LCBVI-Bernstein

1: Input: Offline dataset D = {(s;, a;, rz, S2+1)}Zf=1‘ Set C; =2, C, = 14, failure probability o.

2: Initialization: Set §H+1(~) « 0. Set: = log(HSA/§). (if assumption-free, set M7, M7 as in
Section [2.3])
3: fortimeh=H,H-1,...,1do

4: Set Qh(-, ) = Fp( )+ (I/)\h . I7h+1)(~, -) (use 7'\2 + (1’5};( . ﬁhﬂ) if assumption-free)

Var 5 (GRS
Py 0T he1 GH- . H
= —ifng, , > 1,0.w. setto %

nsh,ah nShﬂh

5: Vsh, ah, set Fh(Sh, ah) == Cl\/
C,H -1

6:  (If assumption-free, use C; \/ Var B (?Z + f}h s 1/ g, a, T

ifng, , >1,0w. use0.)

Sp.ap

7. SetQV(,) « 0p() =Ty, -). Set @y (-, ) « min{QV(-,-), H — h+ 1}*.{Pessmistic update}
8: Vs, Select 7,(:|s),) < argmax”h(ah(sh, D, 7uClsp)). Set Vu(sp) — (Qu(sy ), 7,(-1sp)).
9: end for

10: Output: {7,}.

Now we go deeper to understand what is the more intrinsic characterization for offline re-
inforcement learning. From the study of VPVI, penalizing the Q-function by O(H / \/m ) is
crude as it estimates the confidence width of Qh in Algorithm @ too conservatively therefore
loses the accuracy (the bound is suboptimal). This motivates us to use empirical standard devi-

ation instead to create a more adaptive (and also less conservative) Bernstein-type confidence

11
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width as the pessimistic penalty:

- VarﬁShiah (;.\h + ﬁh+l) -
T, (sp ay) = o[ ' + ] (if n, . >0 = OH) (ifn, , =0). (23

nsh,ah nsh,ah

and update éh « Qh —I',. On one hand, \/ Vary; (7, + I7h +1)/ny, ., 18 a “less pessimistic”
Shsap

a

penalty than VPVI due to \/ Var 5(7, + I/}h +1) < H and critically this design is more data-
adaptive since it holds negative view towards the locations with high uncertainties and recom-
mends the locations that we are confident about, as opposed to the online RL (which encourages
exploration in the uncertain locations). Such principles are not reflected by the isotropic design
in VPVL. On the other hand, it carries the extremely negative view towards fully agnostic loca-
tions 5(H ) which in turn causes the agent unlikely to choose them. We summarized the this
adaptive pessimistic value iteration (APVI) into the Algorithm (1} with ﬁh,?h defined in (2.1).
APVTI has the following guarantee. A sketch of the analysis is presented in Section [2.4] and

Appendix [A.3]includes the full proof.

Theorem 2.2.2 (Intrinsic offline RL bound). Under the Assumption we first denote d,, =
min, ¢ {d} (s, a,) © d)(sp,a,) > 0}, Forany 0 < 6 < 1, there exists absolute constants
¢o»C' > 0, such that whenn > c,-1/d,, -1 (1 = log(H S A/8)), with probability 1 — 8, the output

policy & of APVI (Algorithm 1)) satisfies ( O hides log factor and higher order terms)

R H Varp (rp,+V2i)-1 3
O<v*—v < Z Z dy (sp.ap) - = 40 ( H_ ) (2.4)
h=1 (sj.a,)EC, n-d,(syap) n-d,

Remark 1. APVI (Algorithm|l) can also be called LCBVI-Bernstein as it creates the offline
counterpart of UCBVI in [44l]. However, to highlight that the resulting bound fully adapts to

the specific system structure, we use the word “adaptive” instead.

APVI makes significant improvements in a lot of aspects. First and foremost, the dominate
12
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term is fully expressed by the system quantities that admits no explicit dependence on H, .S, A.
To the best of our knowledge, this is the first offline RL bound that concretely depicts the in-
terrelations within the problem when the problem instance is a tuple (M, z*, u): an MDP M
(coupled with the optimal policy z*) with the data rolling from an offline logging policy u.
As we will discuss later, this result indicates (nearly) all the optimal worst-case non-adaptive
bounds (and clearly also the VPVI) under their respective regimes / assumptions. Thus, (2.4)
is generic. More interestingly, Theorem [2.2.2] caters to the specific MDP structures and adap-
tively yields improved sample complexities (e.g. faster convergence in deterministic systems)
that existing works cannot imply. Such features are crucial as it helps us to understand what type
of problems are harder / easier than others, and even more, in a quantitative way. Hence, we

Var p (rh+Vh:_1)

. H * Spea,
call the quantity 3, ¥ e dy (sp.ay) - b

! intrinsic offline reinforcement
n~dh (sp.ap)

learning bound. In the sequel, we provide thorough discussions to explain the intrinsic bound

embraces the fundamental challenges in offline RL and the strong adaptivity.

Intrinsic Offline Learning Bound

H

. Varp,_ Vi +m) 1
z Z d,’f (Sp,ap) — A

dy, (sn, an) n

h=1sy,ap

Uniform Visitation

Single Concentrability

Figure 2.1: A visualization on how intrinsic learning bound subsumes existing best-known
results: uniform visitation, single concentrability (partial coverage) and adaptive domain.

13
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2.2.1 Optimality under Uniform data-coverage assumption

Under the uniform exploration Assumption with parameterd,, 1= min,, , d, (s, a,) >
0, [3]] analyzes the model-based plug-in approach and obtains the optimal sample complexity
O(H3/ d, €*) and shows Q(H?/d, €?) is also the lower bound. Indeed, this rate can be directly

implied by the intrinsic RL bound via Cauchy inequality and the Sum of Total Varianceﬂ

H " VarP(‘)(rh + Vh’:l) H " d;f*(-) o} VarP(‘)(rh + Vh’il)
Z<dh C), 7 )= Z< Vi 0 d )
h=1 n-d,() h=1 n-ap
. i “\/dT()“ dy" () © Varp (ry + V%)) . H - Var (X rp) o [
] 2 n-d, - n-d, “\n-d

m

(2.5)

2

which translates to 5(H 3/d, €?) complexity. Our result maintains the optimal worst-case guar-

antee when y has the uniform data-coverage:

Proposition 2.2.1. Under Assumption[2.1.1|and apply Theorem[2.2.2) APVI achieves the sam-

ple complexity of minimax-rate 5(H 3/d, €?) (Theorem 4.1 and Theorem G.2 in [3]]).

Remark 2. We believe if the MDP is time-invariant, then by a modified construction of P Fin

(2.1)) our result will imply the minimax-rate of 5(H 2/d €*) as achieved in [16]].

2.2.2 Bounded sum of total rewards and the Horizon-Free case

There is another thread of studies that follow the bounded sum of total rewards assumption:
ie. r, >0, Zthl r, € [0,1] [45, 146, 47]. Such a setting is much weaker than the uniform
bounded instantaneous reward condition, as explained in [48]]. In offline RL, [[17] derives the
nearly horizon-free worst case bound 5( \/W) for the time-invariant MDPs, under the As-
sumption 2.1.1] As a comparison, our Theorem [2.2.2] achieves the following guarantee for the

time-varying (non-stationary) MDPs.

3Here © denotes element-wise multiplication. Also note under , ourd,, =d,,.
14
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Proposition 2.2.2. Assume r;, > 0, Z;;l r, < 1. Then in the time-varying case AVPI (Theo-

rem outputs a policy 7 such that the suboptimality gap v* —v” is bounded by 5(\/ H/nd,)

with high probability under the Assumption[2.1.1]

The derivation is straightforward by using Var”*(zthl r,) < lin 2.5). This proposition
is interesting since it indicates when the MDP is non-stationary, OH /d,€?) is required in the
worst case even under Zth I < IH The extra H factor resembles the challenge that we have
H transitions (P, ..., Py) to learn, as opposed to the bandit-type 1/d, e result due to there is
only one P throughout (time-invariant). This reveals that one hardness in solving the MDP is in
proportion to the number of different transition kernels within the MDP. Such a finding could
help researchers understand the special settings like low switching cost in transitions [49] or

non-stationarity [S0].

2.2.3 Optimality with Single Concentrability

In the finite horizon discounted setting, [18] proposes the single policy concentrability as-

*
. . . dr (s,a) . . . .
sumption which is defined as C* := max, ,, % < oo in the current episodic non-stationary
s L (8.a

MDP setting. Their lower bound translates to €( @) and their VI-LCB algorithm yields

~ 5

. ) suboptimality gap in H-horizon case. Since single policy concentrability is strictly

weaker than its uniform version (Assumption [2.1.2)), we only discuss this set up. In particular,
we have the following implication from our Theorem [2.2.2] (whose derivation can be found in
Appendix [A.4):

o o : a7 .
Proposition 2.2.3. Let #* be a deterministic policy such that C* := max )
hos.a gk (s,a)

by Theorem [2.2.2} with high probability the output policy of APVI satisfies the suboptimality

< 00. Then

H3SC*

n

gap 5( ) in the time-varying (non-stationary) MDPs.

4Suppose in this case we can achieve 5(1/dm€2) just like [17]], then by a rescaling we obtain the 5(H2/dm€2)
under the usual O < rj, < 1 assumption which violates the Q(H?/d,,e?) lower bound.

15
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7" (s,a) TP
1 2% < C*. Our implication improves

This can computed similar to (2.5]) except we use o S
L (s:a

the VI-LCB by the factor H? (in terms of sample complexity) and is optimal (recover the con-
current [[19]). Qualitatively, single concentrability is the same as Assumption[3.3.3] but the use
of C* makes the bound highly problem independent and limits the adaptivity. Problem depen-
dent bound is a more interesting domain as it tailors to each MDP separately. We discuss it

now.

2.2.4 Problem dependent domain

We define the pre-step environmental norm (the finite horizon counterpart of [S1]) as: @Z =
max, , Varp (r,+ V") forall h € [H], and relax the total sum of rewards to be bounded
\ap

ShQn Sh

by any arbitrary value B (i.e. 2;7:1 r, < B), then Theorem implies:

Proposition 2.2.4. Under Assumption with high probability, subopmality of AVPI is
bounded by

H *

|~ Q\ ~, [H-B ~ H?
0 —),0 — O(—).

i (; nd) ( nd )+ (nd)

m m

Such a result mirrors the online version of the tight problem-dependent bound [52]] but with
a more general pre-step environmental norm for the non-stationary MDPSE] For the problem
instances with either small /3 or small Q;', our result yields much better performances, as dis-
cussed in the following.

Deterministic systems. For many practical applications of interest, the systems are equipped
with low stochasticity, e.g. robotics, or even deterministic dynamics, e.g. the game of GO. In
those scenarios, the agent needs less experience for each state-action therefore the learning
procedure could be much faster. In particular, when the system is fully deterministic (in both

transitions and rewards) then @ = O for all 4. This enables a faster convergence rate of order

3[52]] uses the maximal version by maximizing over .

16
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I and significantly improves over the existing non-adaptive results that have order —=. The

nd,, \/n
convergence rate i matches [53]] by translating their constant (in T) regret into the PAC bound.

Partially deterministic systems. Practical worlds are complicated and we could sometimes
have a mixture model which contains both deterministic and stochastic steps. In those scenarios,
the main complexity is decided by the number of stochastic stages: suppose there are ¢ stochastic
P,,r,’s and H — t deterministic P,,,r,’s, then completing the offline learning guarantees ¢ -
\/max Q¥ /nd,, suboptimality gap, which could be much smaller than H - y/max Q} /nd,, when
<K H.

Fast mixing domains. Consider a class of highly mixing non-stationary MDPs (a variant
of [54]) that satisfies the transition P,(-|s,, a,) := v,(-) depends on neither the state s, nor the
action a,,. Define 5, := argmax V,*(s) and s, := arg max V,*(s). Also, denote rngV,* to be the
range of V.*. In such cases, Bellman optimality equations have the form

V) (5,) = max (rw (Swma) + v Vi) > Vi (s,) = max (ru (s,0@) + v Vi) -

which yields rngV,* = V* (Eh) -V

i i (gh) = max,r, (§h,a) — min, 7, (s a) < 1, and

Spo
this in turn gives QF < 1 4 (rngV*)* = 2. As a result, the suboptimality is bounded by
O( \/W) in the worst case. This result reveals, although this is a family of stochastic non-
stationary MDPs, but it is only as hard as the family of stationary MDPs in the minimax sense
(Q(H?*/d, €?)).

Tabular contextual bandits. Our result also implies 5(2)%1 df*(xl, a,) %) gap
for the offline tabular contextual bandit problem and improves to 5(1 /nd,,) when the reward is

deterministic. In either cases, the result is optimal and this is due to: when r, is deterministic,

the agent only needs one sample at every location (see [S3]] for a survey).

17
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2.3 Towards Assumption-Free Offline RL

While assumption [3.3.3]is (arguably) the weakest assumption for correctly learning the op-
timal value, for the real-world applications even this might not be guaranteed. Can we still
learn something meaningful? In this section, we consider this most general setting where the
behavior policy u can be arbitrary. In this case, 4 might not cover any optimal policy z* (i.e.
there might be high reward location (s, a) that x4 can never visit, e.g. in the extreme case where
a clumsy doctor only uses one treatment all the time), and, irrelevant to the number of episode
n, a constant suboptimality gap needs to be suffered. To tackle this problem, we create a ficti-
tious augmented MDP M that can help characterize the discrepancy of the values between the
original MDP M and the estimated MDP Mi. In particular, M is negative towards agnostic
state-actions s, a, by setting r; = ( and transitions to an absorbing state s; e

Pessimistic augmented MDP. M is defined with one extra state s; forallh € {2,..., H+
1} with the augmented state space ST = SuU {s; }. The transition and the reward are defined as

follows:

Ph(' I Sh,ah), n > 0,

Sh>@n

r(sy, ap), n > 0,

Sp.ap

P;lf( | sp5a,) = + rT(sh,ah)=

. = = = ¢f -
65/'n+1’ Sh=Sp O 0, = 0. 0, 5, = Sp Ol sya, = 0.

here §, is the Dirac measure and we denote ¥, and v to be the values under M. M is the
empirical counterpart of M " with P (the same as (2.1))) replacing P, r. By Algorithm we

have

Theorem 2.3.1 (Assumption-free offline reinforcement learning). Let us make no assumption
for u and still denote d,, 1= min,g; {dh(s,,a,) @ dli(s,,a,) > 0}. Forany0 < < 1, there

exists absolute constants ¢y, C' > 0, such that when n > ¢ - 1/aTm -1 (1=10g(HSA/$6)), with

18
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probability 1 -8, the output policy 7 of APVI satisfies (recall C, := {(s),,a;) : d;l’(sh, a, >0})

H+1 H Var,:  (rl+ V")
~ * * P,V h h+1 ~ 3
v —0F < Y AITHHC Y Y A (spa) s <H—> (2.6)
h=2 h=1 (s;.a;,)€C}, \ n'dh(sh’ah) na,,

where d;”*(sh, ay) < dr (sp. ap), Vh”*(sh) < V(sy) foralls,,a, € SXA, andforallh € [H],

a* X h— T* o . .
djl (sll) = thll Z(s,,a,)ESXA\Cz dj (s,, a,). The proof'is in Appendix|A.2

Take-aways of Theorem In M7, there is no agnostic location any more since the
original unknown spaces now all have known deterministic transitions to s in M'. At a price,

the algorithm has to suffer the constant suboptimality Z;:;l d;”* (s:l) due to no data in the re-

gion. The quantity ZhH:“;l d;l”* (s:l) helps characterize the hardness when nothing is assumed
about u: it is always less than H (cannot suffer more than H suboptimality); under Assump-

tion [2.1.1} it is O since MT = M with high probability (by Chernoff bound) and this causes

S x A\C,, = @; under Assumption [3.3.3| it is also 0 and reduces to Theorem (see
Appendix [A.3).

2.3.1 Assumption Free vs Without Great Coverage (Partial Coverage)

Recently there is a surge of studies that aim at weakening the assumptions of provable offline
/ batch RL. Those learning bounds are derived (mostly) under the insufficient data coverage
assumptions. One type of works consider the assumption without great coverage (or partial
coverage): [36,138] assume max, , d™(s,a)/u(s,a) < co where 7, is either an expert policy or a
policy of great quality and they further compete against with this policy z,. Those assumptions
are similar to [3.3.3] and therefore are stronger than the assumption-free RL we considered in
231

In addition, there are other studies that apply to the case where u can be arbitrary: [33]
considers the behavior policy with insufficient coverage probability €, (see their Definition 1),
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and they end up with the constant suboptimality gap V;“%*f (their Theorem 1), when the insuf-
ficient coverage probability e, > 0, this gap has order (1 — ¥)~2, which is larger in order than
the biggest possible suboptimality gap (1 — y)~! therefore unable to characterize the essential
statistical gap over the region that can never be visited by the behavior policy (and this hap-
pens similarly in [37], see their Theorem 1); [39] derive the nice assumption-free result via
regularization and their bound can incur O(H?) constant gap when there is at least one (s, a;)
cannot be obtained by u for all h € [H] (i.e. replacing nd, (s,,a,) by 1 in 2.2)). The con-
current work [40] provides a better characterization (and they call it off-support error) with
roughly ﬁ Y saesea (dz\V) (s,0) [Af.(s,a) = (T™Af,) (s,a)], however, in the worst case
Af.(s,a)— (T TA f”) (s, a) might be large (which depends on the quality (assumption) of the
function approximation class).

In contrast, our Zth’;l d;”* (SI,) quantity (with d;”* (s;) = Zthz_ll Z(s,,a,)e SXA\C, d: 2 (s, a,) <
1) describes the “must-suffer” gap in a more precise way by absorbing all the agnostic proba-

bilities into s' and it is always bounded between 0 and H . It reduces to 0 when z* is covered.

The gap is always of order H (as opposed to O(H?)).

2.4 Sketch of the Analysis for APVI

We sketch the key proving ideas in Section[2.2] Our analysis of the intrinsic learning bound
in Section [2.2(leverage the key design feature of APVI that I/}h +1 only depends on the transition
data from time ~+ 1 to H while I/’\h only uses transition pairs at time A. This enables concentra-

tion inequalities due the conditional independence. To cater for the data-adaptive bonus (2.3)),

we use Empirical Bernstein inequality to get (P, — P,)V, a S \/ Var ,3(I7h +1)/n;, o, Especially,

to recover the 4/Varp(V}” ) structure to we use a self-bounding reduction as follows. First,

\/Varf,a?h“) - \/VarP(I?hH) S H/+/nd,, and \/Varp(V, ) = /Var gV ) < Vg1 = V5 o

Next, we use (2.2) as the intermediate step to crude bounding |[Vy,; — V|l S H?/4/nd,
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(where “the use of (2.2)” is the more intricate self-bounding Lemma[A.2.6|in the actual proof)
and this yields the desired structure of |/Varp(V,% ) + H 2/4/nd,,. Lastly, we can combine this
with the extended value difference lemma in [56] to bound V* — I//\1 and leverage the pessimistic

design for bounding I?l - Vl’? .

2.5 Conclusion

This work studies the offline reinforcement learning problem and contributes the intrinsic
offline learning bound which is a near-optimal and strong adaptive bound that subsumes existing
worst-case bounds under various assumptions. The adaptive characterization of the intrinsic
bound abandons the explicit dependence on H, S, A, C*, d,, and helps reveal the fundamental
hardness of each individual instances. In this sense, it draws a clearer picture of what offline
reinforcement learning looks like and serves as a step towards instance optimality in offline RL.

Nevertheless, it is still unclear whether (2.4)) is optimal over all the instances. For example,
for fully deterministic systems, our bound provides a faster convergence H?>/nd, , however, H?
might be very suboptimal comparing to algorithms that are designed specifically for determin-
istic MDPs, since the agent only need to experience each location (s, @) once to fully acquire
the dynamic P(-|s,a) and r(s, a). Recently, [57] goes beyond the minimax (worst case) opti-
mality and studies the instance optimality behavior for the simplified batch bandit setting. One
of their findings is: for “easy enough” tasks, different type of algorithms can be equally good,
provably. This seems to suggest instance optimality only matters for problems that are hard to
learn. How to formally define the instance optimality metric for different problems remains an
open problem and how to design a single algorithm that can achieve optimality for all instances

could be challenging (or even infeasible). We leave those as the future works.
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Chapter 3

Near-optimal Offline Reinforcement

Learning with Linear Representation

In this Chapter of the thesis, we consider offline reinforcement learning with function approx-
imation. Due to the advantage that appropriate function approximators can help mitigate the
sample complexity burden in modern reinforcement learning problems, existing endeavors usu-
ally enforce powerful function representation models (e.g. neural networks) to learn the optimal
policies. However, a precise understanding of the statistical limits with function representa-
tions, remains elusive, even when such a representation is linear.

Towards this goal, we study the statistical limits of offline reinforcement learning with linear
model representations. To derive the tight offline learning bound, we design the variance-aware
pessimistic value iteration (VAPVI), which adopts the conditional variance information of the
value function for time-inhomogeneous episodic linear Markov decision processes (MDPs).
VAPVI leverages estimated variances of the value functions to reweight the Bellman residuals
in the least-square pessimistic value iteration and provides improved offline learning bounds
over the best-known existing results (whereas the Bellman residuals are equally weighted by
design). More importantly, our learning bounds are expressed in terms of system quantities,
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which provide natural instance-dependent characterizations that previous results are short of.
We hope our results draw a clearer picture of what offline learning should look like when linear

representations are provided.

3.1 Motivation and Related Prior Works

Offline reinforcement learning (offline RL or batch RL [[11,[10]) is the framework for learn-
ing a reward-maximizing policy in an unknown environment (Markov Decision Process or
MDP)| using the logged data coming from some behavior policy x. Function approximations,
on the other hand, are well-known for generalization in the standard supervised learning. Of-
fline RL with function representation/approximation, as a result, provides generalization across
large state-action spaces for the challenging sequential decision-making problems when no it-
eration is allowed (as opposed to online learning). This paradigm is crucial to the success of
modern RL problems as many deep RL algorithms find their prototypes in the literature of of-
fline RL. For example, [[14] provides a view that Fitted Q-Iteration 58} 59] can be considered
as the theoretical prototype of the deep Q-networks algorithm (DQN) [60] with neural networks
being the function representors. On the empirical side, there are a huge body of deep RL-based
algorithms [60, 8, 61, 162, 163, 137, 164, 65, 23, 166, 67] that utilize function approximations to
achieve respective successes in the offline regime. However, it is also realized that practical
function approximation schemes can be quite sample inefficient (e.g. millions of samples are
needed for deep Q-network to solve certain Atari games [60]).

To understand this phenomenon, there are numerous studies consider how to achieve sample
efficiency with function approximation from the theoretical side, as researchers find sample

efficient algorithms are possible with particular model representations, in either online RL (e.g.

I The environment could have other forms as well, e.g. partially-observed MDP (POMDP) or non-markovian
decision process (NMDP).
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[68. 169, 70, 71, (72, 146, 73 74, 75, (76, 77, 78]) or offline RL (e.g. [79} 13} 14} 80} 140} 81 182,
83, 1411).

Among them, the linear MDP model 69, [/1], where the transition is represented as a lin-
ear combinations of the given d-dimensional feature, is (arguably) the most studied setting in
function approximation and there are plenty of extensions based upon it (e.g. generalized linear
model [84]], reward-free RL [85], gap-dependent analysis [86] or generative adversarial learn-
ing [87]). Given its prosperity, however, there are still unknowns for understanding function

representations in RL, especially in the offline case.

e While there are surging researches in showing provable sample efficiency (polynomial
sample complexity is possible) under a variety of function approximation schemes, how
to improve the sample efficiency for a given class of function representations remains
understudied. For instance, given a neural network approximation class, an algorithm
that learns the optimal policy with complexity O(H '°) is far worse than the one that can
learn in O(H?) sample complexity, despite that both algorithms are considered sample
efficient. Therefore, how to achieve the optimal/tight sample complexity when function
approximation is provided is a valuable question to consider. On the other hand, it is
known that tight sample complexity, due to the limit of the existing statistical analysis
tools, can be very tough to establish when function representation has a very complicated
form. However, does this mean tight analysis is not hopeful even when the representation

is linear?

e Second, in the existing analysis of offline RL (with function approximation or simply the
tabular MDPs), the learning bounds depend either explicitly on the data-coverage quanti-
ties (e.g. uniform concentrability coefficients [[13}[14], uniform visitation measure [3, 4]
and single concentrability [18,[19]) or the horizon length H [80, 38]]. While those results

are valuable as they do not depend on the structure of the particular problem (therefore,
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remain valid even for pathological MDPs), in practice, the empirical performances of of-
fline reinforcement learning are often far better than those non-adaptive bounds would
indicate. Can the learning bounds reflect the nature of individual MDP instances when

the MDP model has a certain function representation?

Those observation motivates us to consider the following question in offline RL: Can we

achieve the statistical limits for offline RL when models have linear representations?

3.1.1 Related works

Offline RL with general function representations. The finite sample analysis of offline
RL with function approximation is initially conducted by Fitted Q-Iteration (FQI) type algo-
rithms and can be dated back to [79, 31, 133 34]. Later, [13} 12, [14] follow this line of re-
search and derive the improved learning results. However, owing to the aim for tackling general
function approximation, those learning bounds are expressed in terms of the stringent concen-
trability coefficients (therefore, are less adaptive to individual instances) and are usually only
information-theoretical, due to the computational intractability of the optimization procedure
over the general function classes. Other works impose weaker assumptions (e.g. partial cover-
age [35,137,138]]), and their finite sample analysis are generally suboptimal in terms of H or the
effective horizon (1 —y)~!.

Offline RL with tabular models. For tabular MDPs, tight learning bounds can be achieved
under several data-coverage assumptions. For the class of problems with uniform data-visitation
measure d,, the near-optimal sample complexity bound has the rate O(H?/d, €e*) for time-
inhomogeneous MDPs [3]] and O(H?/ d,e) for time-homogeneous MDPs [4, [17]. Under the
single concentrability assumption, the tight rate O(H?>SC* /€?) is obtained by [[19]. In particu-
lar, the recent study [5] introduces the intrinsic offline learning bound that is not only instance-

dependent but also subsumes previous optimal results. More recently, [88] uses the model-free
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approaches to achieve the minimax rate with a [0, H '] e-range.

Offline RL with linear model representations. Recently, there is more focus on studying
the provable efficient offline RL under the linear model representations. [80] first shows offline
RL with linear MDP is provably efficient by the pessimistic value iteration. Their analysis
deviates from their lower bound by a factor of d - H (check their Theorem 4.4 and 4.6). Later,
[40] considers function approximation under the Bellman-consistent assumptions, and, when
realized to linear MDP setting, improves the sample complexity guarantee of [[80] by an order
O(d) (Theorem 3.2)E] However, their improvement only holds for finite action space (due to
the dependence log |.A|) and by the direct reduction (from Theorem 3.1) their result does not
imply a computationally tractable algorithm with the same guarantee.

Concurrently, [41] considers the Linear Bellman Complete model and designs the actor-
critic style algorithm that achieves tight result under the assumption that the value function
is bounded by 1. While their algorithm is efficient (which is based on solving a sequence of
second-order cone programs), the resulting learning bound requires the action space to be fi-
nite due to the mirror descent updates in the Actor procedure [89]]. Besides, assuming the value
function to be less than 1 simplifies the challenges in dealing with horizon H since when rescal-
ing their result to [0, H], there is a H factor blow-up, which makes no horizon improvement
comparing to [80]. As a result, none of the existing algorithms can achieve the statistical limit
for the well-structured linear MDP model with the general (infinite or continuous) state-action
spaces. On the other hand, [90, 91] study the statistical hardness of offline RL with linear rep-
resentations by proving the exponential lower bounds. Recently, [92] shows realizability and
concentrability are not sufficient for offline learning when state space is arbitrary large.

Variance-aware studies. [93] first incorporates the variance structure in online tabular
MDPs and [52] tightens the result. For linear MDPs, [[76] first uses variance structure to achieve

near-optimal result and the Weighted OF UL incorporates the variance structure explicitly in the

2This comparison is based on translating their infinite horizon discounted setting to the finite-horizon case.
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regret bound. Recently, Variance-awareness is also considered in [94]] for horizon-free setting
and for OPE problem [82]. In particular, We point out that [82] is the first work that uses
variance reweighting for policy evaluation in offline RL, which inspires our study for policy
optimization problem. The guarantee of [82] strictly improves over [93] for OPE problem.
Our contribution. We design the variance-aware pessimistic value iteration (VAPVI, Al-
gorithm [2) which incorporates the conditional variance information of the value function and,
by the variance structure, Theorem [3.3.]is able to improve over the aforementioned state-of-
the-art guarantees. In addition, we further improve the state-action guarantee by designing an
even tighter bonus (3.4). VAPVI-Improved (Theorem [3.3.2) is near-minimax optimal as indi-
cated by our lower bound (Theorem [3.3.4). Importantly, the resulting learning bounds from
VAPVI/VAPVI-Improved are able to characterize the adaptive nature of individual instances
and yield different convergence rates for different problems. Algorithmically, our design builds
upon the nice [82]] with pessimism as we use the estimated variances to reweight the Bellman
residual learning objective so that the (training) samples with high uncertainty get less attention.

This is the key to obtaining instance-adaptive guarantees.

3.2 Preliminaries for Linear Markov Decision Processes

Episodic time-homogeneous linear Markov decision process. A finite-horizon Markov
Decision Process (MDP) is denoted as M = (S, A, P,r, H,d,) [29], where S is the arbitrary
state space and A is the arbitrary action space which can be infinite or even continuous. A
time-inhomogeneous transition kernel P, : SX.A — AS (A’ represents a probability simplex)
maps each state action(s,, a,,) to a probability distribution P,(:|s,,a,) and P, can be different
across time. In addition, r : S X A — R is the mean reward function satisfying 0 <r < 1. d,
is the initial state distribution. H is the horizon. A policy = = (7, ..., ) assigns each state
s, € S aprobability distribution over actions according to the map s, — x,(:|s,) Vh € [H] and
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induces a random trajectory S, a,,r;, ..., Sy, Ay, 'y, Sy With s, ~ dy,a, ~ w(-|s,), Sy ~
P,(-|s,,a,),Vh € [H]. In particular, we adopts the linear MDP protocol from [[71,/80], meaning

that the transition kernel and the mean reward function admit linear structures in the feature

mapl]

Definition 3.2.1 (Linear MDPs). E’]An episodic MDP (S, A, H, P,r) is called a linear MDP

with a known (unsigned) feature map ¢ : S X A — RY if there exist d unknown (unsigned)

()]

PR v(d)) over S and an unknown vector 0, € R? such that

measures v, = (v
P, (s’ | s, a) = ((l)(s, a), v, (s’)) . ry(s,a)={(p(x,a),0,), Vs',s€S, a€ A, hel[H].

where ||v,(S)||, < \/E and max(||¢(s, )l , ||04]|,) < 1forall h € [H] and Vs,a € S X A.
xS = [ [|a(s)]| ds.

V-values and Q-values. For any policy 7, the V-value functions V,*(-) € RS and Q-
value functions Q5(-,-) € R*>** are defined as: V/(s) = [E”[Ztih rlsp = sl Qf(s,a) =
[E”[Zfih rlsy.a, = s,al, Vs,a,h € S, A,[H]. The performance measure is defined as v :=
Eq [V7] = Epg, [Zfi . ”z]- The Bellman (optimality) equations follow Vi € [H]: Qf = rj +
PV, Vi = E,,.[0}] Oy =rp,+ Pth’;l, Vh* = max, Q;(-,a) (where Q,,V,, P, are
vectors). By Definition the Q-values also admit linear structures, i.e. Q7 = (¢, wy)
for some wy € R? (Lemma . Lastly, for a policy z, we denote the induced occu-
pancy measure over the state-action space at any time h € [H] to be: forany E C S X A,
d;j(E) = El(sy,a,) € El|s; ~ dy,a; ~ n(-|s),s; ~ P_(:|s;_,a,.1),1 < i < h] and

E . .lf(s,a)] = /5><A f(s,a)d;(s,a) - dsda. Here for notation simplicity we abuse d;(-) to

denote either probability measure or density function.

3For completeness, we also provide a brief discussion for the related Linear mixture model [56]] setting (Ap-
pendix

4This definition is a standard extension over the tabular MDPs by referencing the similar notions from the
bandit literature, i.e. from Multi-armed Bandit to Linear Bandit [96].
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Offline learning setting. Offline RL requires the agent to learn the policy z that maximizes
. . . . he[H ] )
v”, provided with the historical data D = { <s; a;.ry,s; ) } rolled out from some behavior
+1) ) zelk
policy u. The offline nature requires we cannot change y and in particular we do not know the

data generating distribution of y. To sum up, the agent seeks to find a policy 7, such that

v* — vk < ¢ for the given batch data D and a given targeted accuracy € > 0.

3.2.1 Assumptions

It is known that learning a near-optimal policy from the offline data D cannot be sample
efficient without certain data-coverage assumptions [90, 5)]. To begin with, we define the pop-

ulation covariance matrix under the behavior policy u for all h € [H]:

= i=E,, (¢ a)d(s,a)7], 3.1)

since X7 measure the coverage of state-action space for data D, we make the following assump-

tion.

Assumption 3.2.1 (Feature Coverage). The data distributions u satisfy the minimum eigenvalue

condition: Yh € [H], x, = 4 (Zfl) > 0 and denote x = min,, k,. Note k is a system-

min

dependent (non-universal) quantity as it is upper bounded by 1/d (Assumption 2 in [90]).

We make this assumption for the following reasons. First of all, our offline learning guaran-
tee (Theorem [3.3.1)) provides simultaneously comparison to all the policies, which is stronger
than only competing with the optimal policy (whereas relaxed assumption suffices, for exam-
ple sup, cga % < oo [38]). As a consequence, the behavior distribution y must be able to
explore each feature dimension for the result to be valid.

Even if Assumption.2.3|does not hold, we can always restrict our algorithmic design to the
effective subspan of X, which causes the alternative notion of k¥ := min,;,{x, : s.t. K, =
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smallest positive eigenvalue at time i} (see Appendix for detailed discussions). In this
scenario, learning the optimal policy cannot be guaranteed as a constant suboptimality gap
needs to be suffered due to the lack of coverage and this is formed as assumption-free RL in [3]].
Lastly, previous works analyzing the linear MDPs impose very similar assumptions, e.g. [40]
Theorem 3.2 where Zz‘)l exists and [82]] for the OPE problem.

Next, for any function V,,,(-) € [0, H — h], we define the conditional variance oy,,, -
SXA - R, as GVhH(S, a)’ := max{l, VarPh(VhH)(s, a)} Based on this definition, we can

define the variance-involved population covariance matrices as:

AP i=E,, [aVM(s, )2 (s, a)(s, a)T] .

In particular, when V, = V,*, we use the notation AZ” instead. Since Sup ;e g4 Oy, (. ay <

H?, then by Assumption we directly have the following corollary.

Corollary 3.2.1. Define 1, := Ay, (A}), 1 :=miny, 1,. Then 1, > % >0Vhe[H] and1> 0.

3.3 Algorithm and Main Results

Least square regression is usually considered as one of the “default” tools for handling prob-
lems with linear structures (e.g. LinUCB algorithm for linear Bandits) and finds its popularity
in RL as well since Least-Square Value Iteration (LSVI, [71]]) is shown to be provably efficient
for linear MDPs, due to that V,,,(s’) is an unbiased estimator of [P,V ,1(s, a). Concretely, it
solves the ridge regression problems at each time steps (with 4 > 0 being the regularization

parameter):

K
~ ) 2
W, :=argmin lllwll% + Z [<¢(s';l, a';l), w) — r';l - Vh+1(s;lil)] (3.2)

weRd k=1

5The max(1, -) applied here is for technical reason only. In general, it suffices to think 612/}1 R Var, V.
+
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and has the closed-form solution @, = Z,' ¥ ¢(sk, ab)[r , + V., (s/)] with the cumulative
sample covariance X! = Zszl B(sy, ay)p(sy,ay)T + AI. In offline RL, this has also been
leveraged in pessimistic value iteration [80] and fitted Q-evaluation [93]]. Nevertheless, LSVI
could only yield suboptimal guarantees, as illustrated by the following example.

Example. Instantiate PEVI (Theorem 4.4 in [80]) with ¢(s,a) = 1, , (i.e. tabular MDPsﬂ

by direct calculation the learning bound has the form O(dH - ) hsad (s a) e dﬂ ) and the

optimal result ([S] Theorem 4.1) gives O(Zh,s,a dZ*(S’a)W / %) The former has the

horizon dependence H? and the latter is H3/? by law of total variance.

Motivation. By comparing the above two expressions, it can be seen that PEVI cannot
get rid of the explicit H factor due to missing the variance information (w.r.t V). If we go
deeper, one could find that it might not be all that ideal to put equal weights on all the training
samples in the least square objective (3.2), since, unlike linear regression where the randomness
coming from one source distribution, we are regressing over a sequence of distributions in RL
(i.e. each s,, a;, corresponds to a different distribution P(-|s,, a,) and there are possibly infinite
many of them). Therefore, conceptually, the sample piece (s,,, a,, s,,,,) that has higher variance

distribution P(-|s,, a,,) tends to be less “reliable” than the one (s;l, a ) with lower variance

h+1
(hence should not have equal weight in (3.2)). This suggests reweighting scheme might help

improve the learning guarantee and reweighting over the variance of the value function stands

as a natural choice.

3.3.1 Variance-Aware Pessimistic Value Iteration

Now we explain our framework that incorporates the variance information. Our design is

motivated by the previous [[76] (for online learning) and [82] (for policy evaluation). By the

he[H]

offline nature, we can use the independent episodic data D’ = {G,.a,,F, , 5 Wt IK]

(from p)

OThis provides a valid illustration since tabular MDP is a special case of linear MDPs.
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to estimate the conditional variance of any V -values V), via the definition [Var,V,_,1(s,a) =

[P,(V,,.1)*1(s, a) = ([P,V),,11(s, @))*. For the second order moment, by Definition|3.2.1} it holds

B2l G = [ Vi () a5 sa) = da [ V2, () ().

Denote g, : /s o1 (8") dv,, (s"), then P, th+1 (¢, p,) and we can estimator it via:

ﬂh - argmlnz [<¢(Sh, h) ﬂ) h+1 ( h+1>] + l”ﬁ”2 E_ Zd)(sh’ h h+1 (51;1+1>

and, similarly, the first order moment P,V,_, := (¢, 6,) can be estimated via:
K ) K
0, = argmin ) [(¢(5,2).0) = Viers (51)]” + 4015 =21 D 653 @)V, (33,1)
0eRd  j2| k=1

The final estimator is defined as Ef,h(-, ) 1= max{l, @th +1(, )} with the estimated condi-
tional variance Var,V,,,(-,-) = (¢(-, ')aﬁ_h>[0,(H—h+1)2] - [KoC, ), éh>[o,H_h+1]]2 In particular,
whensetting V,,, = V. . itrecovers &, in Algorithmline 8. HereS, = Y5 (5%, ah)p(5%,al) +
Ay

Variance-weighted LSVI. The idea of LSVI is based on approximate the Bellman
updates: T,(V)(s,a) = r,(s,a) + (P,V)(s,a). With variance estimator &, at hand, we can

modify (3.2) to solve the variance-weighted LSVI instead (Line 10 of Algorithm [2)

K (k k)_ k_H? k
> - G[z< )

N 2
R K [(¢(S];l,al,§), w) —ry - Vh+1(s;11:_1)]
W, := argmin /1||w||§+

weR4 k=1 ai(sfl,afl) h’ /’l)

where A, = Zszl sy, al)p(sy,ay)T /67(sy, ak) + Al,. The estimated Bellman update ?’h (acts

A

on V,, ) is defined as: (?hf/\hﬂ)(-, ) = ¢(-,-)"w, and the pessimism I, is assigned to update

A~

0,=~ ?hf/\h +1 — ', i.e. Bellman update + Pessimism (Line 10-12 in Algorithm .

"The truncation used here is a standard treatment for making the estimator to be within the valid range.
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Algorithm 2 Variance-Aware Pessimistic Value Iteration (VAPVI)
1: Input: Dataset D = {(s a,r )}
2: Initialization: Set VH +1() < 0.
3. forh=H,H-1,...,1do
4:  Set i « ZK cb(Sh, h)¢(_2, 67;,)T + ﬁI
6: Set 0/1 <« Z Z ¢(_T _h) Vh+]( h+1)
_ 2
7 Set [Varth+1](', ) - <¢(7 ')’ ﬂh>[0,(H—h+l)2] - [<¢(’ ')’ 0h>[0’H_h+1]]
8  Setd,(,)? < maX{l,\//a\rp Vhﬂ( )}
9. SetA, = XX #(st.a) ¢ (st.a) /62sta) + A,
0 Set @, « 8! (Z5, 6 (55.03) - (154 Do (55,,) ) /85507

11:  SetT,(-,-) < C\/E- (qb(-, -)T//iglqb(-, -))1/2 + # (Use I' for the improved
version)

12:  Set Qh(-, )« ¢, -)TL/Dh -1,

13 SetQy(,) < min{0,(, ), H—h+1}"

14: Set2,(-| ) « argmax, {(0,(.).7,( | )) . Vy() «max, {(0,(.).my(- ),

15: end for

16: Output: {ﬁh}thl.

o D= (55,7 )}Th .- Universal constant C.

Tighter Pessimistic Design. To improve the learning guarantee, we create a tighter penalty

design that includes /A\;l1 rather than 2! and an extra higher order O(%) term:

2H3\d

Dy = 0 (VA - 9 TR 0, )72 + =

Note such a design admits no explicit factor in H in the main term (as opposed to [80]]) therefore
is the key for achieving adaptive/problem-dependent results (as we shall discuss later). The full
algorithm VAPVI is stated in Algorithm 2] In particular, we halve the offline data into two
independent parts with D = {(s}, a},r7, s7 )}h:[g]] and D' = {(5},a;, 7,57 )}h:[[fj] for different

purposes (estimating variance and updating Q-values).
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3.3.2 Main result

We denote quantities M, M,, M5, M, as in the Notation List. Then VAPVI provides the

following result. The complete proof is provided in Appendix

Theorem 3.3.1. Let K be the number of episodes. If K > max{M,, M,, M5, M,} and \/E >
AV ()= (7,V ) (s.0)

oy (s,a)

¢, where & 1= SUPycio gy, yop,(5.0), helH] Then for any 0 < A < k, with

probability 1 — 6, for all policy  simultaneously, the output 7 of Algorithmsatisﬁes

v —vf <O(Vd - Z[E [\/4)( A (- >]) H4\/_

K ok gstal)T

where A, = ), _, > + Al,. In particular, we have with probability 1 — o,
s
) 2H*\/d
~F <O(Vd- Z E,. [\/qb(-, AT -)] )+ (3.3)
S, ,a S, .a T ~
where A = kK | w + Al,; and O hides universal constants and the Polylog terms.
Vh*+1(sh @)

Theorem [3.3.1] provides improvements over the existing best-known results and we now
explain it. However, before that, we first discuss about our theorem condition.

Comparing to [76]]. In the online regime, [[76] is the first result that achieves optimal regret
rate with O(d H ﬁ ) in the linear (mixture) MDPs. However, this result requires the condition
d > H (their Theorem 6 and Remark 7). In offline RL, VAPVI only requires a milder condition

\/d_ > & comparing to d > H (since for any fixed V' € [0, H], the standardized quantity

r+V (s")—(T,V)(s,a)

oy (s,a)

is bounded by constant with high probability, e.g. by chebyshev inequality),
which makes our result apply to a wider range of linear MDPs.
Comparing to [80]. [80] first shows pessimistic value iteration (PEVI) is provably efficient

for Linear MDPs in offline RL. VAPVI improves PEVI over O(\/E ) on the feature dimension,
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and improves the horizon dependence as A, > #Zh implies A,' < H*Z,'. In addition, when

Var p, a(r+V* )

h+1 )
K-d;:(s,a) i

which enjoys O(y/ H) improvement over PEVI and the order O(H?3/?) is tight (check Sec-

instantiate to the tabular case, i.e. ¢(s,a) = 1,,, VAPVI gives 0(Vd ¥, . d7" (s, )

tion for the detailed derivation).

Comparing to [40]. Their linear MDP guarantee in Theorem 3.2. enjoys the same rate
as VAPVI in feature dimension but the horizon dependence is essentially the same as [80] (by
translating H ~ O(ﬁ)) therefore is not optimal. The general function approximation scheme
in [40] provides elegant characterizations for on-support error and off-support error, but the
algorithmic framework is information-theoretical only (and the practical version PSPI will not
yield the same learning guarantee). Also, due to the use finite function class and policy class,
the reduction to linear MDP only works with finite action space. As a comparison, VAPVI has
no constraints on any of these.

Comparing to [41]. Concurrently, [41] considers offline RL with the linear Bellman com-
plete model, which is more general than linear MDPs and, with the assumption Q" < 1,
their PACLE algorithm provides near-minimax optimal guarantee in this setting. However,
when recovering to the standard setting Q" € [0, H], their bound will rescale by an H fac-
torﬂ which could be suboptimal due to the variance-unawareness. The reason behind this
is: when Q" < 1, lack of variance information encoding will not matter, since in this case
Var ,(VV") < 1 has constant order (therefore will not affect the optimal rate); when Q" € [0, H],
Var ,(V'™) can be as large as H?, effectively leveraging the variance information can help im-
prove the sample efficiency, e.g. via law of total variances, just like VAPVI does. On the other
hand, their guarantee also requires finite action space, due to the mirror descent style analy-
sis. Nevertheless, we do point out [41] has improved state-action measure than VAPVI, as
| E.[oC, || 1= < ELLll@C, )l 511 by Jensen’s inequality and that norm ||-|| ;-1 is convex for

some positive-definite matrix M.

8Check their Footnote 2 in Page 9.
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Adaptive characterization and faster convergence. Comparing to existing works, one

major improvement is that the main term for VAPVI \/E Zthl E, .« [\/ o(, -)TAZ‘ld)(-, -)] ad-
mits no explicit dependence on H, which provides a more adaptive/instance-dependent char-
acterization. For instance, if we ignore the technical treatment by taking 4 = 0 and o =~

Var P(Vh:l), then for the partially deterministic systems (where there are ¢ stochastic P,’s and

H —t deterministic P,’s), the main term diminishes to \/E 2;1 E, « [\/ &(-, -)TA,*li_lq’)(-, -)] with
h; € {h : s.t. P, is stochastic} and can be a much smaller quantity whent < H. Furthermore,
for the fully deterministic system, VAPVI automatically provides faster convergence rate O(%)
from the higher order term, given that the main term degenerates to 0. Those adaptive/instance-
dependent features are not enjoyed by [40, 41]], as they always provide the standard statistical

rate O(ﬁ) (also check Remark for a related discussion).

3.3.3 VAPVI-Improved: Further improvement in state-action dimension

Can we further improve the VAPVI? Indeed, by deploying a carefully tuned tighter penalty,
we are able to further improve the state-action dependence if the feature is non-negative (¢ > 0).
Concretely, we replace the following Ffl in Algorithminstead, and call the algorithm VAPVI-
Improved (or VAPVI-I for short). The proof can be found in Appendix

F;l(s,a) — ¢(s,a)T X

(3.4)

&b (5a) (P (550) = (TPn) (348 ) o
A2 '+0< )
=1

N2 T AT
0,(s;,a;)
Theorem 3.3.2. Suppose the feature is non-negative (¢ > 0). Let K be the number of episodes.

If K > max{M,, M,, M5, M,} and \/E > &, Deploying '} (H) in Algorithm Then for any

0 < A < k, with probability 1 — 6, for all policy r simultaneously, the output 7 of Algorithm Q
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(VAPVI-I) satisfies

4 /K

v - F <O(Vd- 2\/[E (B ITAG E, 19, )]) + O(
In particular, when choosing © = ©*, the above guarantee holds true with A;ll replaced by
Az_l. Here A;l, AZ‘l, & are defined the same as Theoremm

Theorem [3.3.2) maintains nearly all the features of Theorem [3.3.1] (except higher order term
is slightly worse) and the dominate term evolves from E, [|¢|[5-1 to |E.[o]]| AT Clearly, the
two bounds differ by the magnitude of Jensen’s inequality. To provide a concrete view of how
much improvement is made, we check the parameter dependence in the context of tabular MDPs
(where we ignore the higher order term for conciseness). In particular, we compare the results

under the single-policy concentrability.

Assumption 3.3.3 ([18.[19])). There exists a optimal policy z*, s.t. sup,, , , a’,’f* (s, a)/d;:(s, a) .=

C* < o0, where d” is the marginal state-action probability under .

In tabular RL, ¢(s, a) = lw andd = §- A (S, A be the finite state, action cardinality), then

- Varp, r+ Vi) [H3C*s2A
Theorem[3.3.1 -V SA d”" (s,a o<y /==

z,:f Z p (5:9) K -d}(s,a) K

: Varp (r+V, 1) [H3C*S A
Theorem[3.3.2 -1/ SA d™ (s, a)? > o< =22

; Z A K -dj(s,a) K

Theorem 3.3.2]enjoys a .S’ state improvement over Theorem [3.3.T| and nearly recovers the min-

(3.5)

imax rate 4/ ? [19]. The detailed derivation can be found in Appendix [B.4, Also, to show

our result is near-optimal, we provide the corresponding lower bound. The proof is in Ap-

pendix
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Theorem 3.3.4 (Minimax lower bound). There exist a pair of universal constants c,c¢’ > 0 such

that given dimension d, horizon H and sample size K > c'd?, one can always find a family of

K (k) diskal)T

k=1 Var (V7 sk

linear MDP instances M such that (where AZ = satisfies (AZ)‘1 exists and

Var,(V.* )(syay) > 0VM € M)

H
inf sup By [v* ~ v”]/(x/E- Z}, \/[E,,* (1T (A'E, [¢]> > c. (3.6)

Theorem [3.3.4| nearly matches the main term in VAPVI-I (Theorem[3.3.2) and certifies it is
near-optimal. On the other hand, it is worth understanding how the above lower bound compares
to the lower bound in [80]. In general, they are not directly comparable since both results are
global minimax (not instance-dependent/local-minimax) lower bounds as the hardness only
hold for a family of hard instances (which makes comparison outside of the family instances
vacuum). However, for all the instances within the family, we can verify our lower bound [3.3.4]

is tighter (see Appendix [B.3.6|for detailed discussion).

3.4 Proof Overview

In this section, we provide a brief overview of the key proving ideas of the theorems. We
begin with Theorem [3.3.1] First, by the extended value difference lemma (Lemma[D.0.7), we
can convert bounding the suboptimality gap of v* — v* to bounding Zf:l 2-E, [Fh(sh, ah)],
given that |(7',1I7h+1 — ﬁI?thl)(s, a)| £ T',(s,a) for all s,a, h. To bound Thf}hH - 7A'hl7h+l, by
decomposing it reduces to bounding the key quantity

K

$(s.a) A [Z b (5303) - (7 + Vavs (550) = (TP ) (53003) ) /83655, a;)] (3.7)

=1
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The term is treated in two steps. First, we bound the gap of

PaS
o> -0,
Vit

50 we can convert 6; to
612%1. Next, since Var [r; + V. (s7.,) - (T,ﬁhﬂ) (st,a) | s, a;] ~ 612%1’ therefore by the
variance-weighted scheme in ((3.7)), we can leverage the recent technical development Bern-
stein inequality for self-normalized martingale (Lemma for acquiring the tight result,
in contrast to the previous treatment of Hoeffding inequality for self-normalized martingale +
Coveringﬂ For the second part, one needs to further convert a%m to 5;2 (A;ll to AZ—I) with
appropriate concentrations. The proof of Theorem [3.3.2]is similar but with more complicated
computations and relies on using the linear representation of ¢ in F}’l , so that the expec-
tation over x is inside the square root by taking expectation over the linear representation at
the beginning. The lower bound proof uses a simple modification of [41] which consists of the

reduction from learning to testing with Assouad’s method, and the use of standard information

inequalities (e.g. from total variation to KL divergence). For completeness, we provide the full

proof in Appendix [B.3]

3.5 Conclusion

This chapter studies offline RL with linear MDP representation and contributes Variance
Aware Pessimistic Value Iteration (VAPVI) which adopts the conditional variance information
of the value function. VAPVI uses the estimated variances to reweight the Bellman residuals in
the least-square pessimistic value iteration and provides improved offline learning bounds over
the existing best-known results. VAPVI-I further improves over VAPVI in the state-action
dimension and is near-minimax optimal. One highlight of the theorems is that our learn-
ing bounds are expressed in terms of system quantities, which automatically provide natural

instance-dependent characterizations that previous results are short of.

9Variance-reweighting in li is important, since applying Bernstein inequality for self-normalized martingale
(Lemma [C.TT.4) without variance-reweighting cannot provide any improvement.
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On the other hand, while VAPVI/VAPVI-I close the existing gap from previous literature
[80L 401], the optimal guarantee is in the minimax sense. Although our upper bounds possess
instance-dependent characterizations, the lower bound only holds true for a class of hard in-
stances. In this sense, whether “instance-dependent optimality” can be achieved remains elusive
in the current linear MDP setting (such a discussion is recently initiated in MAB problems [S7]).
Furthermore, removing the dependence on « in the higher order terms (e.g. Theorem [3.3.2)) is
challenging and the recent development [97] using robust estimation has the potential to address

this issue. We leave these as future works.
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Chapter 4

Provably Efficient Offline Reinforcement
Learning with Differentiable Function

Approximation

State-Of-The-Art offline reinforcement learning algorithms usually leverage powerful function
approximators (e.g. neural networks) to alleviate the sample complexity hurdle for better em-
pirical performances. Despite the successes, a more systematic understanding of the statisti-
cal complexity for function approximation remains lacking. Towards bridging the gap, in this
Chapter we study offline reinforcement learning with differentiable function class approxima-
tion (DFA). This function class naturally incorporates a wide range of models with nonlin-
ear/nonconvex structures. Most importantly, we show offline RL with differentiable function
approximation is provably efficient by analyzing the pessimistic fitted Q-learning (PFQL) al-
gorithm, and our results provide the theoretical basis for understanding a variety of practical
heuristics that rely on Fitted Q-Iteration style design. In addition, we further improve our guar-

antee with a tighter instance-dependent characterization.
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4.1 Introduction, Related Work, and Our Contribution

Offline reinforcement learning [11,10] refers to the paradigm of learning a policy in the se-
quential decision making problems, where only the logged data are available and were collected
from an unknown environment (Markov Decision Process /| MDP). Inspired by the success of
scalable supervised learning methods, modern reinforcement learning algorithms (e.g. [8])
incorporate high-capacity function approximators to acquire generalization across large state-
action spaces and have achieved excellent performances along a wide range of domains. For
instance, there are a huge body of deep RL-based algorithms that tackle challenging problems
such as the game of Go and chess [8, 98], Robotics [99,100], energy control [101] and Biology
[102, 103]. Nevertheless, practitioners also noticed that algorithms with general function ap-
proximators can be quite data/sample inefficient, especially for deep neural networks where the
models may require million of steps for tuning the large number of parameters they containE]

On the other hand, statistical analysis has been actively conducted to understand the sam-
ple/statistical efficiency for reinforcement learning with function approximation, and fruitful
results have been achieved under the respective model representations [[79, 13, 168, [73| [74, [70,
718172, (75, 1777, [78), 180, [76, 40, 82, 183} 1105 141, 1106, 107, [108]]. However, most works consider
linear model approximators (e.g. linear (mixture) MDPs) or its variants. While the explicit
linear structures make the analysis trackable (linear problems are easier to analyze), they are
unable to reveal the sample/statistical complexity behaviors of practical algorithms that apply
powerful function approximations (which might have complex structures).

In addition, there is an excellent line of works tackling provably efficient offline RL with
general function approximation (e.g. [[13}40,109]). Due to the generic function approximation
class considered, those complexity bounds are usually expressed in the standard worst-case

fashion O(Vnzlax \/g ) which lack the characterizations of individual instance behaviors. However,

ICheck [104]) and the references therein for an overview.
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as mentioned in [52], practical reinforcement learning algorithms often perform far better than
what these problem-independent bounds would suggest.

These observations motivate us to consider function approximation schemes that can help
address the existing limitations. In particular, in this work we consider offline reinforcement

learning with differentiable function class approximations. Its definition is given in below.

Definition 4.1.1 (Parametric Differentiable Function Class). Let S, A be arbitrary state, action
spaces and a feature map ¢(-,-) : S X A - ¥ C R™. The parameter space ® € R?. Both ®
and ¥ are compact spaces. Then the parametric function class (for a model f : R XR™ — R)
is defined as

F :={f0,¢(,")) : SxA->R,0ec0}

that satisfies differentiability/smoothness condition: 1. for any ¢ € R"™, f(0, @) is third-time

differentiable with respect to 0; 2. f,0,f, agef, ()3 oo are jointly continuous for (0, ¢).

Remark 3. Differentiable Function Class was recently proposed for studying Off-Policy Eval-
uation (OPE) Problem [110] and we adopt it here for the policy learning task. Note by the
compactness of ©, ¥ and continuity, there exists constants Cg, By, K, k,, k3 > 0 that bounds:
1011, < Co, |0, ¢(s, )| < By, ||Vof 0. ¢(s,0), < K1, ||V5, (0, ¢(s,a), < Ky, and
V3607 (0: (s, )|, < K3 forall 6 € ©, s,a € Sx Af]

Why consider differentiable function class (Definition 4.1.1)? There are two main rea-

sons why differentiable function class is worth studying for reinforcement learning.

e Due to the limitation of statistical tools, existing analysis in reinforcement learning usu-
ally favor basic settings such as tabular MDPs (where the state space and action space

are finite [111} 144} 112} 113} 114,130, 3} 16, (115, 17,119, 116, 117, [118} [119]) or linear

2Here ” Vfwe £, d(s, a))”2 is defined as the 2-norm for 3-d tensor and in the finite horizon setting we simply
instantiate Br = H.
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MDPs [69, [71, 185} 180, (120, 190, 182] / linear Mixture MDPs [70, 56, 121, (122, [76]] (where

the transition dynamic admits linear structures) so that well-established techniques (e.g.

from linear regression) can be applied. In addition, subsequent extensions are often based

on linear models (e.g. Linear Bellman Complete models [75] and Eluder dimension

[123, [77]). Differentiable function class strictly generalizes over the previous popular

choices, i.e. by choosing f (8, ¢) = (0, ¢) or specifying ¢ to be one-hot representations,

and is far more expressive as it encompasses nonlinear approximators.

e Practically speaking, the flexibility of selecting model f provides the possibility for han-

dling a variety of tasks. For instance, when f is specified to be neural networks, 6 cor-

responds to the weights of each network layers and ¢(-, -) corresponds to the state-action

representations (which is induced by the network architecture). When facing with easier

tasks, we can deploy simpler model f such as polynomials. Yet, our statistical guaran-

tee is not affected by the specific choices as we can plug the concrete form of model f

into Theorem [4.3.2]to obtain the respective bounds (we do not need separate analysis for

different tasks).

4.1.1 Related works

Reinforcement learning with function approximation. RL with function approximation

has a long history that can date back to [124, [125]. Later, it draws significant interest for the

finite sample analysis [[71,168]]. Since then, people put tremendous efforts towards generalizing

over linear function approximations and examples include Linear Bellman complete models

[73], Eluder dimension [123] [77], linear deterministic Q* [53]] or Bilinear class [78]. While

those extensions are valuable, the structure conditions assumed usually make the classes hard

to track beyond the linear case. For example, the practical instances of Eluder Dimension are

based on the linear-in-feature (or its transformation) representations (Section 4.1 of [53]]). Asa
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‘ Algorithm ‘ Assumption ‘ Suboptimality Gap v* — v” ‘
VFQL, Theorem[4.3.1| | Concentrability [4.2.2 CoiH - \/ MG )l 1 \[Coi ey + Hey

PFQL, Theorem4.3.2| | Uniform Coverage4.2.3 Z:’zl 16dH - E,. \/VGTf(Q*, o(sy, ah))ZZ‘IVBf(G*, &(sy, ap))

VAFQL, Theorem4.4.1|| Uniform Coverage({4.2.3|| 16d - 2,7:1 E, - \/VeTf(H*, d(sps a,,))AZ‘1 Vo, £, d(sy, a,)

Table 4.1: Suboptimality gaps for different algorithms with differentiable function class[4.1.1]
Here we omit the higher order term for clear comparison. With Concentrability, we can only
achieve the worst case bound that does not explicit depend on the function model f. With the
stronger uniform coverage {.2.3] better instance-dependent characterizations become avail-
able. Here Cg is in4.2.2) =* in{4.3.2) A* in{4.4.1|and e in

comparison, differentiable function class contains a range of functions that are widely used in
practical algorithms [126].

Offline RL with general function approximation (GFA). Another interesting thread of
work considered offline RL with general function approximation [59, [13} 135, 40] which only
imposes realizability and completeness/concentrability assumptions. The major benefit is that
the function hypothesis can be arbitrary with no structural assumptions and it has been shown
that offline RL with GFA is provably efficient. However, the generic form of functions in GFA
makes it hard to go beyond worst-case analysis and obtain fine-grained instance-dependent
learning bounds similar to those under linear cases. On the contrary, our results with DFA
can be more problem adaptive by leveraging gradients and higher order information.

In addition to the above, there are more connected works. [110] first considers the differ-
entiable function approximation (DFA) for the off-policy evaluation (OPE) task and builds the
asymptotic theory, [127] analyzes the deep Q-learning with the specific ReLu activations, and
[128] considers semi-parametric / nonparametric methods for offline RL (as opposed to our

parametric DFA in{.1.1)). These are nice complementary studies to our work.
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4.1.2 Our contribution

We provide the first Instance-dependent offline learning bound under non-linear function

approximation. Informally, we show that (up to a lower order term) the natural complexity

measure is proportional to Zthl [E,,*,h[\/gg(s, a)TZZIgG(s, a)] where g,(s,a) := Vf(0, ¢(s, a))
is the gradient w.r.t. the parameter 0* at feature ¢ and =, = Y, g(s;,, a;,)8(5; > a;,,)" is the
Fisher information matrix of the observed data at 8. This is achieved by analyzing the pes-
simistic fitted Q-learning (PFQL) algorithm (Theorem [4.3.2)). In addition, we further analyze
its variance-reweighting variant, which recovers the variance-dependent structure and can yield
faster sample convergence rate. Last but not least, existing offline RL studies with tabular mod-
els, linear models and GLM models can be directly indicated by the appropriate choice of our

model F.

4.2 Preliminaries

Episodic Markov decision process. Let M = (S, A, P,r, H,d,) to denote a finite-horizon
Markov Decision Process (MDP), where S is the arbitrary state space and A is the arbitrary
action space which can be infinite or continuous. The transition kernel P, : S X A — AS (AS
represents a distribution over states) maps each state action(s,, a,,) to a probability distribution
P,(-|s,,,a,) and P, can be different for different s (time-inhomogeneous). H is the planning
horizon and d, is the initial state distribution. Besides, r : S X A — R is the mean reward
function satisfying 0 < r < 1. Apolicy = = (x, ..., w);) assigns each state s, € S a probability
distribution over actions by mapping s, — #,(+|s,) VA € [H] and induces a random trajectory
S1,Q1, ooy Sp> Qs Py Sy With s, ~ dy,ay, ~ w(+|sy), s, ~ Py(-ls,, a,),Vh € [H].

Given a policy x, the V' -value functions and state-action value function (Q-functions) Q7 (-, -) €

R5*4 are defined as: V" (s) = [E”[Zgh sy = sl, Qf(s,a) = [E”[Zgh r sy, an = s,al, Vs,a,h €
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S, A, [H]. The Bellman (optimality) equations follow Vh € [H],s,a € S X A:

07 (s,a) = ry(s,a) + / Vi (OdPCls.a), VE(S) = Eyp [ QF(s, )],
S

Q;(s,a) = ry(s,a) + / V5 (OdPy(-[s, @), V. (s) = max Q} (s, a).
S a

We define Bellman operator P, for any function V' € R as P,(V) = r, + [, VdP,, then
P,V ) = QFand Py(V}, ) = Q. The performance measureis v* :=E, [V[| =E, [Zfil r,].
Lastly, the induced state-action marginal occupancy measure for any 4 € [ H] is defined to be:
forany E C S X A, d;(E) := El(sy,a;) € Elsy ~dy,a; ~ z(:|s;),s; ~ P_y(-|s;_,a,_), 1 <
i <hland E, ,[f(s,a)] := stA f(s,a)d; (s, a)dsda.

Offline Reinforcement Learning. The goal of Offline RL is to learn the policy z* :=
argmax, 0" using only the historical data D = { (s; a. sy +1> }f:[[z] The data generating
behavior policy is denoted as u. In the offline regime, we have neither the knowledge about y

nor the access to further exploration for a different policy. The agent is asked to find a policy 7

such that v* — v* < e for the given batch data D and a specified accuracy € > 0.

4.2.1 Assumptions

Function approximation in offline RL requires sufficient expressiveness of F. In fact, even
under the realizability and concentrability conditions, sample efficient offline RL might not be
achievable [92]]. Therefore, under the differentiable function setting (Definition4.1.1)), we make

the following assumptions.

Assumption 4.2.1 (Realizability+Bellman Completeness). The differentiable function class F
in Definition satisfies:

® Realizability: for optimal Q}, there exists 6 € © such that Q;(-,-) = f(0,’, p(-)) Vh;

e Bellman Completeness: Let G := {V(-) € R® : such that ||V ||, < H}. Then in this
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case supy o inf ;ep || f = Po(V)|| < €7 for some e, > 0.

Realizability and Bellman Completeness are widely adopted in the offline RL analysis with
general function approximations [13}40] and Assumption[4.2.1]states its differentiable function
approximation version. There are other forms of completeness, e.g. optimistic closure defined
in [129].

Data coverage assumption. Furthermore, in the offline regime, it is known that function
approximation cannot be sample efficient for learning a e-optimal policy without data-coverage
assumptions when € is small (i.e. high accuracy) [90]. In particular, we consider two types of

coverage assumptions and provide guarantees for them separately.

Assumption 4.2.2 (Concentrability Coverage). For any fixed policy =, define the marginal
state-action occupancy ratio as d;(s,a)/ a’Z (s,a) Vs,a. Then the concentrability coefficient

. 2
is defined as Ceﬁ- 1= Sup, SUP,cim ”d/’;/d;;”;d;:’ where || g(-, ')”2,11!‘ = VE,.lg(-,)?] and

Cﬁ<oo.

€

This is the standard coverage assumption that has has been widely assumed in [59, 31} 13}
15]. In the above, it requires the occupancy ratio to be finitely bounded for all the policies. In
the recent work [40], they prove offline learning with GFA is efficient with only single policy
concentrability, we believe similar results can be derived for DFA by modifying their main
algorithm (3.2). However, chances are it will end up with a computational intractable algorithm.
We leave this as the future work.

Assumption {.2.7is fully characterized by the MDPs. In addition, we can make an alterna-
tive assumption that depends on both the MDPs and the function approximation class T’E]

It assumes a curvature condition for F.

Assumption 4.2.3 (Uniform Coverage). We have Vh € [H ], there exists k > 0,

3Generally speaking, and are not directly comparable. However, for the specific function class
f = (0, ¢) with ¢ = 1(s, a) and tabular MDPs, it is easy to check is strong than

48



Provably Efficient Offline Reinforcement Learning with Differentiable Function Approximation
Chapter 4

d [Eﬂ,h [(f(el’ d)(’ )) - f(92’ (:b(’ )))2] > K ”91 - 62”2 ) vel’ 92 € ®, (*)
o E,,[VS(0.9(5,0) - Vf(O,¢(s,a)T| > kI,V0 € O. (x%)

In the linear function approximation regime, Assumption reduces to 4.2.4| since ()
and (%) are identical assumptions. If £ (0, ¢) = (0, ¢), then (%) [Eﬂ’h[(f(el,qS(-, ) = f(0,, (-, .)))2] =
(0,=0,)TE, 4[d"1(0,—6,) > « ||0; — 92||§ vo,, 0, ©© (X H)E,, 4 [VS(O, (s, a) - VO, ¢(s,a)T]
> kI. Therefore,4.2.3|can be considered as a natural extension of for differentiable class.
We do point that[4.2.3|can be violated for function class F that is “not identifiable” by the data
distribution y (i.e., there exists f(0,), f(0,) € F,0, # 0, s.t. [E%h[(f(el, oG, ) — f(0,, P(, -)))2] =
0). Nevertheless, there are representative non-linear differentiable classes (e.g. generalized lin-

ear model (GLM)) satisfying[4.2.3]

Example 4.2.4 (Linear function coverage assumption [90}[82,106,130]). It satisfies that Zﬁfamre 1=

E,.x [¢(s, a)g(s, a)T] > kI, Vh € [H] with some k > 0.

Example 4.2.5 (offline generalized linear model [131} [129]). For a known feature map ¢ :
S X A — B, and link function f . [—1,1] = [—1, 1] the class of GLM is Fg1 = {(s,a) =
f(P(s,a),0)) : 0 € O} satisfying E, [(,b(s, a)¢p(s, a)T] > k1. Furthermore, f(-) is either
monotonically increasing or decreasing and 0 < k < | f'(z)] < K < 00, | f"(2)| £ M < oo for

all |z| £ 1 and some k, K, M. Then Fq \ satisfies see Appendix|C.1]

4.3 Differentiable Function Approximation is Provably Effi-
cient

In this section, we present our solution for offline reinforcement learning with differentiable

function approximation. As a warm-up, we first analyze the vanilla fitted Q-learning (VFQL,
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Algorithm|[5]), which only requires the concentrability Assumption[d.2.2] The algorithm is pre-
sented in Appendix [C.§]

Theorem 4.3.1. Choose 0 < A < 1/ ZCC%) in Algorithm |5\ Suppose Assumption

K'4 K'3K 3
Then if K > max { 5122 (log(224) + d log(1 + 2552 ) % 4, with probability 1 = 5, the

) K

output 7 of VFQL guarantees

. R - H2d+/1Cé 1 [H3dey ;
V¥ — 0" <A/CyH - O T-i_ e + O(\/CyH3er + Hey)

If the model approximation capacity is insufficient, 4.3.1) will induce extra error due to the

large €. If e, — 0, the standard statistical rate ﬁ can be recovered and similar results are
derived with general function approximation (GFA) [13, [15]. However, using concentrabil-
ity coefficient conceals the problem-dependent structure and omits the specific information of
differentiable functions in the complexity measure. Owing to this, we switch to the stronger
“uniform” coverage d.2.3|and analyze the pessimistic fitted Q-learning (PFQL, Algorithm[3)) to
arrive at the conclusion that offline RL with differentiable function approximation is provably
efficient.

Motivation of PFQL. The PFQL algorithm mingles the two celebrated algorithmic choices:
Fitted Q-Iteration (FQI) and Pessimism. However, before going into the technical details, we
provide some interesting insights that motivate our analysis.

First of all, the square error loss used in FQI [58,159] naturally couples with the differentiable
function class as the resulting optimization objective is more computationally tractable (since
stochastic gradient descent (SGD) can be readily applied) comparing to other information-

theoretical algorithms derived with general function approximation (e.g. the maxmin objective

in [40], eqn (3.2))E] In particular, FQI with differentiable function approximation resembles

1
4We mention [40] has a nice practical version PSPI, but the convergence is slower (the rate O(n™3)).
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the theoretical prototype of neural FQI algorithm [126] and DQN algorithm [60} [127] when
instantiating the model f to be deep neural networks. Furthermore, plenty of practical algo-
rithms leverage fitted-Q subroutines for updating the critic step (e.g. [132,[133]]) with different
differentiable function choices.

In addition, we also incorporate pessimism for the design. Indeed, one of the fundamental
challenges in offline RL comes from the distributional shift. When such a mismatch occurs,
the estimated/optimized Q-function (using batch data D) may witness severe overestimation
error due to the extrapolation of model f [10]. Pessimism is the scheme to mitigate the error
/ overestimation bias via penalizing the Q-functions at state-action locations that have high
uncertainties (as opposed to the optimism used in the online case), and has been widely adopted
(e.g. [134,137,180]).

Algorithm 3] description. Inside the backward iteration of PFQL, Fitted Q-update is per-
formed to optimize the parameter (Line 4). §h is the root of the first-order stationarity equation
pI (f(H, Gni) = k= Vs (sy., ) -V, (0, $,,)+A0 = 0and T, is the Gram matrix with re-
spectto V, f|,_p, . Noteforany s,a € SxA, m(s, a) := (Y, f (B, (s, @) Z;'V, f (B, (s, )™
measures the effective sample size that explored s, a along the gradient direction V, f| 00> and
g/ \/m is the estimated uncertainty at (s, a). However, the quantity m(s, a) depends on 4/9\,1,
and §h needs to be close to the true 9; (i.e. Q W f (é\h, ¢) needs to be close to QZ) for the un-
certainty estimation I';, to be valid, since putting a random 6 into m(s, a) can cause an arbitrary
'), that is useless (or might even deteriorate the algorithm). Such an “implicit” constraint over
§h imposes the extra difficulty for the theoretical analysis due to that general differentiable func-

tions encode nonlinear structures. As a direct comparison, in the simpler linear MDP case, the

uncertainty measure I', := \/ o(, -)T(Zgnem)—l(f)(-, -) is always valid since it does not depend

on the least-square regression weight 0, [80] Besides, the choice of f is set to be O(dH) in

Theorem |4.3.2|and the extra higher order term 5(%) in I, 1s for theoretical reason only.

SHere 22“‘““" = Z/I::l d’h,kd’Zk + A1y
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Algorithm 3 Pessimistic Fitted Q-Learning (PFQL)

. K,H .
1: Input: Offline Dataset D = { (%, a¥, rk, S;Cl+l)}k,h=l' Require . Denote ¢, := ¢(s}, af).

2: Initialization: Set ¥, () < O and A > 0.

3:forh=H,H-1,...,1do

4 Setd, — argmingc {zle |7 (0:61i) = P = sl ]2 +A ||9||§}

50 SetT, « Y8 Vo f @ bp )V @ bps) + AL

6 SetTy(,) « Ay Va B b, DTV S By 9,0 (+0(D)

7 Set Q,() < f(B) B, ) =Ty

8 Set 0,(,) « min {Q,(, ), H —h+1}"

9:  Set Zy(- | ) < argmax, (0,(-),my(- 1)) Va() « max, (0, m,(- 1)),

10: end for

11: Output: {z’r\h}thl.

Model-Based vs. Model-Free. PFQL can be viewed as the strict generalization over the
previous value iteration based algorithms, e.g. PEVI algorithm ([80], linear MDPs) and the
VPVI algorithm ([S)], tabular MDPs). On one hand, approximate value iteration (AVI) algo-
rithms [135]] are usually model-based algorithms (for instance the tabular algorithm VPVI uses
empirical model P for planning). On the other hand, FQI has the form of batch Q-learning
update (i.e. Q-learning is a special case with batch size equals to one), therefore is more of
model-free flavor. Since FQI is a concrete instantiation of the abstract AVI procedure [136],
PFQL draws a unified view of model-based and model-free learning.

Now we are ready to state our main result for PFQL and the full proof can be found in
Appendix [C3CHC.5,

Theorem 4.3.2. Let f = 8d Hi and choose 0 < A <1/ 2Cé in Algorithm 3|, Suppose Assump-
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K.4 K3K' 3
tionl4.2.1)4.2.3\with e, = O.H Then if K > max {512K—; <1og(%) +dlog(1 + M)) 4 }

A2 K

with probability 1 — o, for all policy x simultaneously, the output of PFQL guarantees

C

-1+5( hot
K

H
v"—vF < ) 8dH -E, l\/ V] £ @y D(51s )V Vg f By (51 1) ),

h=1

where 1 is a Polylog term and the expectation of « is taken over s,, a,. In particular, if further

)

~ (K12+/1)2K§K12H4d2

128x*log(2d /6
K > max{O( Xy 10824/9)

K2

pr } we have

~ A ~ C/
0<v™ —vf < ) 16dH - E,. l\/ VIO (s a )iV o £ 07 B, ah)>] O,
h=1

Here X = Zszl Vo f (05, (,b(s’;l, a’;l))Vng(H*, gb(sl;l, a’;l)) + Al and the definition of higher order

, . . .
parameter Cy, C| = can be found in the Notation List.

Corollary 4.3.1 (Offline Generalized Linear Models (GLM)). Consider the GLM function class
defined in Suppose p, A, K are defined the same as Theorem er = 0. Then with

probability 1 — 6, for all policy r simultaneously, PFQL guarantees

C’hot
K

H
v —vF < Y 8dH -E, [\/f'«@m(sh,ah»)z-¢T<sh,ah>2;l¢<sh,ah> 1+ O(—2),
h=1

PFQL is provably efficient. Theorem 4.3.2| verifies PFQL is statistically efficient. In par-

ticular, by Lemma (C.11.5| we have ||V, f (07, d’)”z—l < 2 resulting the main term to be
h

~ /KK b
32d H?k .. . 1
bounded b L that recovers the standard statistical learning convergence rate —.
Y % g g VK

Comparing to [80]. Theorem strictly subsumes the linear MDP learning bound in

[80]. Indeed,}4.3.9reduces to O(dH Y1 E,. [\/ b(s 5 a,)T(EMr)-1¢5(s, a,)]) since V,, £ (6, §) =
V9<9’ d)) = d)

Instance-dependent learning. Previous studies for offline RL with general function ap-

®Here we assume model capacity is sufficient to make the presentation concise. If ez > 0, the complexity
bound will include the term e7. We include more discussion in Appendix
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proximation (GFA) [13}/14] are more of worst-case flavors as they usually rely on the concen-
trability coefficient C. The resulting learning bounds are expressed in the for O(VHZMIX \/g)
that is unable to depict the behavior of individual instances. In contrast, the guarantee with

differentiable function approximation is more adaptive due to the instance-dependent structure

Zthl E, l\/ VoT f(or, ¢)22‘1V0 for, qb)l. This Fisher-Information style quantity character-
izes the learning hardness of separate problems explicitly as for different MDP instances M|,

M,, via Zthl E, - [\/ng(‘g;,M,»’ ([))22—1 Vﬁf(e;:,M,-’ d))j (i = 1,2), the coupled H;:,M] , 9;:M2 will

generate different performances. Standard worst-case bounds (e.g. from GFA approximation)

cannot explicitly differentiate between problem instances.

Feature representation vs. Parameters. One interesting observation from Theorem 4.3.2]
is that the learning complexity does not depend on the feature representation dimension m but
only on parameter dimension d as long as function class F satisfies differentiability defini-
tion[d.1.T|(not even in the higher order term). This seems to suggest, when changing the model
f with more complex representations, the learning hardness will not grow as long as the num-
ber of parameters need to be learned does not increase. Note in the linear MDP analysis this
phenomenon is not captured since the two dimensions are coupled (d = m). Therefore, this
heuristic might help people rethink about what is the more essential element (feature represen-
tation vs. parameter space) in the representation learning RL regime (e.g. low rank MDPs
[1O7]). We leave the concrete understanding the connection between features and parameters

as the future work.

Technical challenges with differentiable function approximation (DFA). Informally, one
key step for the analysis is to bound | f (é\h, @) — f(0r,d)|. This can be estimated by the first
order approximation V f (/Q\h, P - (é\h - 9;). However, different from the least-square value
iteration (LSVI) objective [71}[80], the fitted Q-update (Line 4, Algorithm [3) no longer admits

a closed-form solution for é\h. Instead, we can only leverage é\h is a stationary point of Z,(0) :=

"Here n is the number of samples used in the infinite horizon discounted setting and is similar to K in the
episodic setting.
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po [f (6, nk) = s — Vit (Sl;m)] Vf(O,d,,)+ A-0 (since Z,(0,) = 0). To measure the
difference @\h — 0, for any 6 € O, we do the Vector Taylor expansion Z,(0) — Zh(é\h) =
X (0 - éh) + Ry (0) (where Ry (0) is the higher-order residuals) at the point é\h with

0
%) 1= =5 2,(0)

K
a s
gzé\ = E <I; [f (0, d)h,k) - rh7k - Vh+1(S];l+l):| Vf(e’ d)h,k) + /1 . 9) )
h - -

_0}1

K K
= Z <f(§h’ ) = g — 17h+1(51;1+1)) : Vﬁgf@’ bni) + Z Vof @, ¢h,k)V;—f(§h,k’ bnp) + Ay
=1 k=1

=

e

S\ /
v '

=A =X
Z;’ h

4.1)
The perturbation term AZZ encodes one key challenge for solving 5,1 — 6 since it breaks the
positive definiteness of X3, and, as a result, we cannot invert the z in the Taylor expansion
of Z,. This is due to DFA (Definition is a rich class that incorporates nonlinear curva-
tures. In the linear function approximation regime, this hurdle will not show up since V%oe f=0
and AZZ is always invertible as long as 4 > 0. Moreover, for the off-policy evaluation (OPE)
task, one can overcome this issue by expanding over the population counterpart of Z, at un-
derlying true parameter of the given behavior target policy [IIO]E] However, for the policy
learning task, we cannot use either population quantity or the true parameter 6, since we need
a computable/data-based pessimism I', to make the algorithm practical. Check the following

section for more discussions of the analysis.

4.3.1 Sketch of the PFQL Analysis

Due to the space constraint, here we only overview the key components of the analysis.

To begin with, by following the result of general MDP in [80]], the suboptimality gap can be

bounded by (Appendix (C.3) X1 2E, [[(s )] if (P Vys1 = £ @y 9))(s, @) < T(s,a). To

8i.e. expanding over Z;;(H) =Ry 9 [(f (O, 0(s,a))—r— V:Jrl(s'))Vf(H, ¢(s, a))], and the corresponding Az;

in a—‘)HZ h(0)|9:02 is zero by Bellman equation.
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deal with th}h +1» by Assumption we can leverage the parameter Bellman operator T (Def-

inition |C.3.1)) so that P, ﬁh a=rf (0T17h+1’ ¢). Next, we apply the second-order approximation to
obtain P,V = f 0, $) % V@ )T 01 —0,)+ 20 —0,)7V2 @, $)Orp, =)
Later, we use (4.1) to represent

2,055, )= Z,0,) = Z(0r5, = 0,)+ Re(Orp ) =,0pp  —0,)+ Re(Orp, )

by denoting R K (HW;M) = Az; (é\h — erﬁ,m )+R K(t9m;h+1 ). Now that Z;l is invertible thus provides

the estimation (note Z h(@,l) =0)
Orp — 0= I Z, 0y )~ E,‘,lRK(%v,m)-

However, to handle the higher order terms, we need the explicit finite sample bound for || Orp

@,lll2 (or [|67 - §h||2). In the OPE literature, [[110] uses asymptotic theory (Prohorov’s Theorem)

to show the existence of B(6) such that ||l/9\h -0 < 2®  However, this is insufficient for

VK
finite sample/non-asymptotic guarantees since the abstraction of B(§) might prevent the result

e log(3)

VK

is an

from being sample efficient. For example, if B(6) has the form ef! log(é), then
inefficient bound since K needs to be e /¢? large to guarantee e accuracy.

To address this technicality, we use a novel reduction to general function approximation
(GFA) learning proposed in [13]]. Concretely, we first bound the loss objective E ,[¢ h(é\h)] -
E,[Z h(emﬂ)] via a “orthogonal” decomposition and by solving a quadratic equation. The
resulting bound can be directly used to further bound ”91”%1 - é\h ||, for obtaining efficient guar-
antee 5(%). During the course, the covering technique is applied to extend the finite function
hypothesis in [13] to all the differentiable functions in Definition #.1.1} See Appendix [C.6]for
the complete proofs. The full proof can be found in Appendix [C.3|[C.4IC.5
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4.4 Improved Learning via Variance Awareness

In addition to knowing the provable efficiency for differentiable function approximation
(DFA), it is of great interest to understand what is the statistical limit with DFA, or equiva-
lently, what is the “optimal” sample/statistical complexity can be achieved in DFA (measured
by minimaxity criteria)? Towards this goal, we further incorporate variance awareness to im-
prove our learning guarantee. Variance awareness is first designed for linear Mixture MDPs
[93L76] to achieve the near-minimax sample complexity and it uses estimated conditional vari-
ances Varp (V) to reweight each training sample in the LSVI objectiveﬂ Later, such a
technique is leveraged by [82,106]] to obtained the instance-dependent results. Intuitively, con-

.« . . 2 . *
ditional variances 6<(s, a) := Varp, ,(V,

* ) serves as the uncertainty measure of the sample

(s, a,r,s") that comes from the distribution P(-|s, a). If 62(s, a) is large, then the distribution
P(-]s, a) has high variance and we should put less weights in a single sample (s, a, r, s") rather
than weighting all the samples equally. In the differentiable function approximation regime, the

update is modified to

N 2
~ (& [f (0. bnic) = s = Vh+1(51;§+1)] )
0, < argmin 2 > — +2- 16112

SNy O4(Sh )
with 0}21(-, -) estimated by the offline data. Notably, empirical algorithms have also shown un-
certainty reweighting can improve the performances for both online RL [138] and offline RL

[139]]. These motivates our variance-aware fitted Q-learning (VAFQL) algorithm [6]

Theorem 4.4.1. Suppose Assumption with ez = 0. Let f = 8d1 and choose 0 < A <
1/2Cé in Algorithm@ Thenif K > K, and \/d > 5({), with probability 1 — o, for all policy

9We mention [[137] uses variance-aware confidence sets in a slightly different way.
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z simultaneously, the output of VAFQL guarantees

; _
) _ _ e
vt =" < Z 8d - E, l\/vgf(eh’ G5 )N, VoS Ops s ah))] ol Ih<0t)’

h=1
where 1 is a Polylog term and the expectation of n is taken over s, a,. In particular, we have

~/

. C
1+ O(—2,
1+ 0(==)

H
0<v” —v" < 16d - Z E,. [\/ VIFOF, d(sp a )NV, £(OF, (sp, ay))
h=1

Here A} = Zszl Vof 0.,V f(Or.d.0)/07 (s, a)* + Al and the conditional variance

quantity o (-, )? = max{]1, Varp, V> ¢, )}, The definition of K, { can be found in

ht’

the Notation List.

In particular, to bound the error for u,, v, and 82, we need to define an operator J that
is similar to the parameter Bellman operator |[C.3.1] The Full proof of Theorem [4.4.1] can be
found in Appendix [C.9] Comparing to Theorem #.3.2, VAFQL enjoys a net improvement of
the horizon dependence since Var,(V,*) < H 2. Moreover, VAFQL provides better instance-
dependent characterizations as the main term is fully depicted by the system quantities except
the feature dimension d. For instance, when the system is fully deterministic (transition P,’s are

deterministic), 0';1‘ ~ Var P, h+l( -) = 0 (if ignore the truncation) and A*~! — 0. This yields

a faster convergence with rate O(%). Lastly, when reduced to linear MDPs, |4.4.1|recovers the

results of [106]] except an extra factor of \/E .
On the statistical limits. To complement the study, we incorporate a minimax lower bound
via a reduction to [41} [106]]. The following theorem reveals we cannot improve over Theo-

remey more than a factor of \/E in the most general cases. The full discussion is deterred

to Appendix [C.10]

Theorem 4.4.2 (Minimax lower bound). Specifying the model to have linear representation

f = (0,¢). There exist a pair of universal constants c,c’ > 0 such that given dimension d,
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horizon H and sample size K > ¢'d>, one can always find a family of MDP instances such that

for any algorithm ©

H
inf sup Ey [o* = vF] > cVd - Y E,. [\/ng(e,f,dx-,-))(A;”’)-lvefw,*,,a-,-)) . 42
T Me h=1

where A*,p_[E[ K Vefw,:,¢<s’,§,af,>>~vgf<9;,¢<s’;,az))T]
P = )

k=l T (o)

4.5 Conclusion

In this chapter [[7], we study offline reinforcement learning with differentiable function ap-
proximation and show the sample efficiency for differentiable function learning. We further
improve the sample complexity with respect to the horizon dependence via a variance aware
variant. However, the dependence of the parameter space still scales with d (whereas for linear
function approximation this dependence is \/E ), and this is due to applying covering argument
for the rich class of differentiable functions. For large deep models, the dimension of the pa-
rameter can be huge, therefore it would be interesting to know if certain algorithms can further
improve the parameter dependence, or whether this d is essential.

Also, how to relax uniform coverage assumption is unknown under the current anal-
ysis. In addition, due to the technical reason, we require the third-order smoothness in Defini-
tiond.1.1] If only the second-order or the first-order derivative information is provided, whether
learning efficiency can be achieved remains an interesting question. In addition, understand-
ing the connections between the differentiable function approximation and overparameterized
neural networks approximation [140,(141] is important.

Lastly, the differentiable function approximation setting provides a general framework that
is not confined to offline RL. Understanding the sample complexity behaviors of online rein-

forcement learning [71,1129], reward-free learning [[142, |85 and representation learning [107]]
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might provide new and unified views over the existing studies.
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Conclusions and Summary

In this thesis, we analyzed the sample complexity for offline RL with problem-adaptive guaran-
tees. In particular, we propose the Adaptive Pessimistic Value Iteration for tabular RL in Chap-
ter[I} Variane-Aware Pessimistic Value Iteration (VAPVI) for linear function approximation in
Chapter[2] and Pessimistic Fitted Q-Learning (PFQL) for differentiable function approximation
in Chapter 3] Beyond that, our study also covers a wide range of topics that are not included in

the previous chapters.

e Offline Policy Evaluation. We proposed Tabular Marginalized Importance Sampling
(TMIS) estimator [2], whose MSE nearly-matches the cramer-rao lower bound in [143]],
and this reveals TMIS estimator is asymptotically, locally, uniformly minimax optimal,
namely, optimal for every problem instance separately. Later, we propose the uniform
convergence problem in OPE, and obtained the near-optimal sample complexity in the

time-homogeneous and time-inhomogeneous settings respectively [3, 14, [144].

e Offline Policy Learning. For the policy learning task, we propose the Double Vari-
ance Reduction algorithm (DVR)[3] for the tabular reinforcement learning, which at-

tains the near-optimal minimax sample complexity guarantees for finite-horizon time-
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homogenuous, time-inhomogenuous, and infinite horizon discounted settings respectively.
Besides, we also show linear function approximation [145] with partial coverage condi-

tion is also provably efficient.

e Stochastic Shortest Path and Posterior Sampling RL. We initiated the stochastic short-
est path setting in the offline regime under the tabular setting (there are finite number of
states and actions) [26]. We consider both the offline policy learning and the offline policy
evaluation tasks for this goal-orientated setting. Very recently, we propose the posterior

sampling algorithm for RL with delayed feedback and obtain the ﬁ -regret [[146]].

e Low-switching RL and p-gap-adjusted misspecification. In many real-world reinforce-
ment learning (RL) tasks, it is costly to run fully adaptive algorithms that update the ex-
ploration policy frequently. Instead, collecting data in large batches using the current pol-
icy deployment is usually cheaper. Those problems can be cast as the low-switching RL
problem, and [[147] first achieves the loglog T' switching cost with ﬁ regret. Later, we
further derive the logarithmic switching cost for the Linear Bellman Complete model and
generalized linear model in [[148]]. For bandit problem, we define the new p-gap-adjusted
misspecification, which does not require the function class to be uniformly misspecified.
Under the mild assumptions, we apply the same LinUCB algorithm to achieve the ﬁ

regret for this new notion [149].

e Non-stationary RL and Zero-Sum Markov Games. We made the first attempt for
Non-stationary RL with general function approximation, and proposed a new complex-
ity metric called dynamic Bellman Eluder (DBE) dimension for non-stationary MDPs,
which subsumes majority of existing tractable RL problems in static MDPs as well as
non-stationary MDPs [[150]. Recently, for the model-free zero-sum Markov Games, the
sample complexity of our algorithm for identifying e-optimal Nash Equilibrium (NE) is

upper bounded by O(H?>SAB/¢e?), which is optimal in the dependence of the horizon
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H and the number of states .S (where A and B denote the number of actions of the two

players, respectively) [151].

e Deep Reinforcement Learning. We design the Closed-Form Policy Improvement (CFPI)
[152] operator for tackling the locomotion tasks. We initiate offline RL algorithms with
our novel policy improvement operators and empirically demonstrate their effectiveness

over state-of-the-art algorithms on the standard D4RL benchmark [21]].

e MathAl and Quantization for Generalization. In [153]], we introduce TheoremQA,
the first theorem-driven question-answering dataset designed to evaluate Al models’ ca-
pabilities to apply theorems to solve challenging science problems. We evaluate a wide
spectrum of 16 large language and code models with different prompting strategies like
Chain-of-Thoughts and Program-of-Thoughts. Given the diversity and broad coverage of
TheoremQA, we believe it can be used as a better benchmark to evaluate LLMs’ capabili-
ties to solve challenging science problems. Lastly, in [154]], we explain why quantization
improves generalization by proposing a quasi-neural network to approximate the distri-

bution propagation.
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Supplementary Material in Chapter 2

Algorithm 4 Vanilla Pessimistic Value Iteration

1: Input: Offline dataset D = {(s;, a,rt S; N 1)}:2{; L Absolute Constant C, failure probability 6.

o h

2: Initialization: Set Vy;,,(-) < 0.
3: fortimeh=H,H—-1,...,1do

4 Set Oy(.) « FuCu ) + (B - Vi DC )
CH log(HSA/6) -
—nsh,uh if N, a,
6:  Set QZ(-, D)« Qh(-, -) = T,(+, -).{ Pessmistic update }

CH log(HSA/$)

> 1, 0.w. setto .

5: Vsh, ap, set Fh(sh,ah) =
7. SetQu(-,) < min{QV (), H — h + 1}*.
8:  Select 7,(+|s,) < argmaxﬂh(ah(sh, ), 7wy (-1sp))s Vs,
9: Set Vy(sp) < (Qnlspy ) ZClsp)), Vi

10: end for

11: Output: {7,}.

A.1 Proof of VPVI (Theorem 2.2.1)

We begin with the following helpful lemma.
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Lemma A.1.1. Forany 0 < 6 < 1, there exists an absolute constant c, such that when total
episode n > ¢, - 1/d, -log(HS A/8), then with probability 1 — 6, Vh € [H]

ng o 2n-d(s,,a,)/2, V(sya,) €C,.

Sp.ap —
Furthermore, we denote

E:={n >n- dZ(sh,ah)/Z, V(s,a,) €C, hel[H]} (A1)

Sp.ap

then equivalently P(€) > 1 — 6.
In addition, we denote

E ={n < §n -d)(sy.a,), Y (s,,a,) €C,, h€[H].} (A.2)

)

then similarly P(E') > 1 — 6.

Proof: [Proof of LemmalA.1.1[| Define E := {3h, (s}, a,) € Cy s.t. ng, , < nd, (s, a,)/2}.

a

Then combining the first part of multiplicative Chernoff bound (Lemma|D.0.1]in the Appendix)

and a union bound, we obtain

P[E] < Z Z Pln, , < ndl(sy.a;)/2]
h (sp.ap)EC),
<HSA-¢ % =6

solving this for n then provides the stated result.

For £ we can similarly use the second part of Lemma to prove.
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Now in Lemma|D.0.8| take 7 = 7*, 0, = Q, and 7 = 7 in Algorithrn@ we have

H H
VE () = V) € Y Epe [E(siay) |5y = 5] = D Bz [E(sna,) | 5, = 5] (A3)
h=1

h=1

here &,(s,a) = (Thf}h LS, a) —ah(s, a). This is true since by the definition of 7 in Algorithm@
(Eh (sh, ) , T, (-|sh) -7, (-|sh)) < 0 almost surely. Next we prove the asymmetric bound for

&,, which is the key lemma for the proof.

Lemma A.1.2. Denote &,(s,a) = (ThI?hH)(S, a)—ah(s, a), where f}h+l and ah are the quantities
in Algorithm@and T,(V) :=r, + P, - V for any V. Then with probability 1 — 6, then for any

h, s, a;, such that d, (s, a;) > 0, we have (C' is an absolute constant)

H2log(HSA/5)

n-d)(s,,a,)

0< fh(sh’ ah) = (7;1[/}}[+1)(Sh’ ah) - Eh(sh, ah) <C'- \/

> 1 for all

a, —

Proof: [Proof of Lemma | Let us first consider the case where ng

(s, a,) € C,. In this case, by Hoeffding’s inequality and a union bound, w.p. 1 — &, since

“ [log(HS A/6)
Sp.ap

Next, recall 7,,, in Algorithm 4| is computed backwardly therefore only depends on sample

Osrhsl9

tuple from time 4 + 1 to H. Aa aresult I/}h = (ah +1> Tpe1 ) also only depends on the sample
tuple from time 4 + 1 to H. On the other side, by our construction ﬁh only depends on the
transition pairs from A to A + 1. Therefore 17,1 +1 and 1/5,, are Conditionally independent (This

trick is also use in [3]]) so by Hoeffding’s inequality agai (note ||V,ll. < 110,41l < H by

't is worth mentioning if sub-policy 7}, +1:; depends on the data from all time steps 1,2, ..., H, then ﬁh +1 and
l/’\h are no longer conditionally independent and Hoeffding’s inequality cannot be applied.
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VPVI)

‘ <(ﬁh - Ph)f}h+1 ) (Spsap)

< 2\/ H”-1os(HSA/S) g Whec, (A.5)

Sp.ap
Now apply LemmalA.1.T] we have with high probability the event £ (A.T]) is true, combining this
with (A.4), (A.5) and rescaling the constants we obtain with probability 1 — 8, for all 2 € [H],

o~ log(HSA/$)
|rh(sh’ ah) - rh(sha ah)l S C ”—
6n-d,(sy,a,)

(A.6)

2,
<c H? -log(HSA/é)
6n - d, (s, a;)

‘((ﬁh - Ph)f}h+1> (s> @) » V(sp, ap) € Cp.

Now we are ready to prove the Lemma.

Stepl: we prove &,(s,, a,) > 0 for all (s,, a,) € C,, h € [H] with probability 1 — 6.

We can condition on £ and is true since our lemma is high probability version. Indeed,
if 0% (sp,a,) < 0, then O (sy,a,) = 0. In this case, &,(s,ay) = Vo) ay) = 0. If
O (54, ay) 2 0, then by definition Q,(s,, a,) = min{ Q¥ (s, a,), H — b+ 1}* < 0% (s, a,) and

this implies

&(5> @) 2TV, (510 @) — O (s, )
=(ry, — ?h)(sh’ ay) + (P, — P\h)f}hﬂ(sh’ ap) + Uy(sp. ap)

H? -log(HSA
Z_2C\/ og(HSA/5)

6n-d; (s, a)

+1,(sp,ap)

. [2H2Jog(HSA/S) | [H?-log(HSA/8) _
3n-dl(sy, ay) 3/2-n-d(spa,)

where the second inequality uses and the third inequality uses &’.

Step2: we prove &,(s;,a,) < C'- \/W for all h € [H],(s),a,) € C, with
n-d, (sp.ap,

probability 1 — 6.
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First, since the construction I7h < H — h+ 1forall h € [H], this implies
0" =0,-T,<0,=r+PV,,)<1+(H-h=H-h+1

which uses 7, < 1 almost surely and ﬁh is row-stochastic. Due to this, we have the equivalent

definition

Eh ::min{ép,H—h+ 1} :max{ép,O} > Q\Z

Therefore

En(span) =Ty V) ) = Qs ) < (T Ve (s an) — OV (s ap)
=(Thf}h+1)(sh’ ap) — Q\h(sh’ ap) + Lp(sy, ap)

=(r, = Pp) (s ap) + (P = PV (5 ap) + Ty(sp ap)

H? -log(HSA/S)
<2C +1(sp, ap)
6n - d;l‘(sh,ah)

<C

\/2H2 og(HSA/6) . \/2H2 log(HSA/5)

3n-d,’:(sh,ah) n-dZ(sh,ah)

2., 2.
:(\/g +V2)C \/H log(HSA/8) ._ \/H log(HSA/8)

n-d;l‘(sh,ah) n~dZ(sh,ah)

where the first inequality uses and the second one uses P(€) > 1 — 6 (A.1).
Combining Step 1 and Step 2 we finish the proof.
Now we can finish proving the Theorem [2.2.1]
Proof: [Proof of Theorem 2.2.1]]

Indeed, applying Lemma[A.1.2]to (A.3)) and average over initial distribution s,, we obtain
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with probability 1 — 6

H H
v = 0" <Y g [E4(spr )] = D Eg [E4(shap)]
h=1 h=1

H H
<Y Epe [EnGspap)] = ) E[0]
h=1
il log(HSA/6)
<C'H ) E,. 2272 —o
h=1 n-d,(sp.ap)
H
. log(HSA/S) [1
=C'HY, ) 4 “h"’h)‘vgu—/'\/j
h=1 (s;.a,)EC), d, (sp,ap) h

Note the second inequality is valid since by Line 5 of Algorithm[]the Q-value at locations with
n = 0 are heavily penalized with O(H), hence the greedy 7 will search at locations where

Sp>@p

ng , > 0 (which implies d) (s, a,) > 0). The third inequality is valid since d;l‘*(sh,ah) >0

only if d)/(s,,, a,) > 0. Therefore the expectation over z*, instead of summing over all (s;,, a,) €

S X A, is a sum over (s, a,) s.t. d (s, a;) > 0. This completes the proof.

A.2 Proof of Assumption-Free Offline Reinforcement Learn-

ing (Theorem 2.3.1)

Due to the assumption-free setting, the behavior policy u is on longer guaranteed to trace
any optimal policy z*. Therefore, in order to characterize the gap for the state-action agnostic
space, we design the pessimistic augmented MDP M to reformulate the system so that the stat-
actions that are agnostic to the behavior policy are subsumed into new state s'. Indeed, it comes
from its optimistic counterpart which has a long history (e.g. RMAX exploration [[155} [156]).
Recently, [32, 137, 134] leverage this idea for continuous offline policy optimization, but their
use either does not follow the assumption-free regime (see Assumption 1 of [32]) or is more

empirically orientated [134,3"7]. We find this helps to characterize the statistical gap when no
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assumption is made in offline RL, which provides a formal understanding of the hardness in

distributional mismatches.

A.2.1 Pessimistic augmented MDP

Let us define M T use one extra state s; forall h € {2, ..., H} with augmented state space
ST=Su {sIl} and the transition and reward is defined as follows: (recall C, := {(s,,qa,) :

d, (sp.ay) > 0})

P/’l( | Sh, ah) Sh, ah c Ch’ r(Sh, ah) Sh, ah e C/’l

PZ( | sp>ap) = ; ’”T(Sh,ah) = +
55:,“ Sh=sh Orsh,ahéch, 0 Sh=sh0rsh,ah¢ch
and we further define for any =
H H
Vins)=EL [ D rflsy=s| .o =E | Y rf| vhe[H]. (A7)
t=h =1
Furthermore, denote X, := {(sy,4a,) : n, , > 0}, we also create a fictitious version M with:

P/’l( | Sh, ah) Sh, ah c K/’l’ r(Sh, ah) Sh, ah S K:h

PZ( | Sh,ah) = ﬁ'(sh,ah) =

0 Sp = s; or s, a, & Ky, 0 Sp = st

st h or s, a, ¢ Ch

(A.8)
and the value functions under M " is similarly defined. Note in Section we call (A.8) M".
However, it does not really matter since M’ = M with high probability, as stated in the

following.

Lemma A.2.1. For any 0 < 6 < 1, there exists absolute constant ¢ s.t. whenn > c-1/d, -
log(HSA/6),
P(M'=M)>1-56.
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Proof- Note {M'# M'} c {3 dy(sy,a,) > 0and ng , = 0}. Similar to Lemma|A.1.1}

ap

this happens with probability less than 6 under the condition of ».
We have the following theorem to characterize the difference between the augmented MDP

M and the original MDP M.

Theorem A.2.1. Denote M" = {S, A, H,r', P',d,} and for any = denote VhT” be the value

under M". Then

H+1 h-1 H+1
"~ Y dfspa) <= Y (s S ot <ot (A.9)
h=2 1=1 (s;,a)ESXA\C,, h=2

Before proving Theorem [A.2.1] we first prove the following helper Lemmas[A.2.2]
Lemma A.2.2. Vh € [H], (s, a,) € S X A, dX(s;, a,) > d\" (s, ap).

Proof: [Proof of Lemma|A.2.2]] There are two cases for (s, a,) € S X A: either (s, a,) €
C, or (s, a,) & C,.
Stepl: by the definition of P/, it directly holds: for all s, +1 € Sand (s,,a,) € SXA,

:
P, (Spr1lSps @) < Py(Spay |y, ap)-

Step2: we prove the argument by induction. It is clear when h = 1 d{(sy,a)) = a’f”(s 1-a)
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(since there is no si). Then for any (s,,a,) € S X A,

Ay Spyrs Gpyy) = Z P (spyr> apgr|Sps ap)dy (s, ap)
Sp,apESXA

= Z (@184 )Py (Spga [Sps an)dyy (s> ay)
Sp,apESXA

.
D @) P (|5 @) (s @)
Sp,aESXA

il T
Z 7(ay,, |Sh+1)Phn(Sh+1 s, ah)dh”(sh’ a)
Sp.ap€ESXA

T T _ gz
Z ”(ah+1|5h+1)Ph (Sh+1lsh’ah)dh (8y,ay) = dh+1(sh+1’ah+1)'

h

(A%

v

Spap€ESXA,s =5

where the first inequality uses Stepl, the second inequality uses induction assumption and the
second to last equal sign uses PZ "(Spat |s2, a,) = 0 for s,,, € S. By induction we conclude the
proof for this lemma.

Next we prove the second lemma that measures d;”(s;).

Lemma A.2.3. Forallh € (2, H + 11, d/"(s)) = X0 ¥, o s, di7(s,.a,).
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Proof: [Proof of Lemmal[A.2.3]] Indeed,

ik — i
dh+1(sh+1) Z dh+1(sh+1’ Qi)

Apil

I ¥
=2 Z PT(Sh+1’ah+1 | Sps ah)dh”(sh, ah)

A+l (sp.a,)ECh, s,,—s

+
( P (sh+1,ah+1 | sh,ah)d "(speay) + ZP (sth],athl | Sh,ah)dT”(sh,ah))
apy1 \Gp.ap)ECy a
— t i
= < PU(s), @y | 50 @)d) (5,0 0,) + ) 7@y | 5}, )d ”(sh,ah)>
apy1 \Gp.ap)ECy ay
= Pi(s) | s ap)d" (spray) | + )" (s))
Spi1> Qnat | Sps @y Spoay) |+ N
ah+1 (spap)€Cy
dTﬂ d'ﬂ' T dTﬂ dTﬂ T
m(apy | s, A" (speay) | +d7(s]) = (Spsap) +d, " (s)).
(S ah)éch (sp.ap)€Cy

Apply the above recursively we obtain the result.
Now we are ready to prove Theorem [A.2.1]

Proof: [Proof of Theorem |A.2.1]] Step1: we first show v’ < v”.
Consider the stopping time T' = inf {f : s.t. (s,,a,) € C,} AH. Then1 <T < H.

[ H ] [T-1 H
vt =E, 2 r(spap)| = E, r(spap) + Z r (Sh’ah)]

| h=1 i | h=1 h=T
[T-1 T [ H ] T-1 T H

=E Zr(sh,ah) +E, Zr(sh,ah) > E; [ r(sh,ah) +E, [Z 0]
| h=1 i | h=T i h=1 i h=T
[T-1 T [ H [T-1 [ H

:E; r (sh,ah) + Ejr Z 0] =FE' r (sh,ah)] + E;fr Z r(sh,ah)] = o7,
| h=1 i | h=T | h=1 | h=T

where the third and the fourth equal signs use the distribution of 7 is identical under either M
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or M by construction. The fifth equal sign uses the definition of pessimistic reward.

Step2: Next we show

H+1 H+1 h—-1

ot <ol 4 Z sy <o+ Y Y Y di(s,.a). (A.10)
h=2 t=1 (s,,a,)€ESXA\C,

Indeed,
H
Z Z d”(sh, a,)r(sy, a,)

h=1 (sp,a,)ESXA

H
Z (d;;(sh,ah)—d;”(sh,a,,)>r(sh,ah)+Z Y A (spaprisyap)

(sp.a,)ES h=1 (sp,a,)ESXA

I
Mm

>
Il
—_

H
(dreman = di*span) - 1+ Y, Y di¥spaprtspa)

1 (s4,a)ESXA h=1 (sp,a,)ESXA

H
<1 - Z d;”(sh,ah)> + 2 2 d;”(sh,ah)r(sh,ah)

(Sp» ah)eSXA h=1 (sp,a,)ESXA

IA
Mm

>
Il

M=

>
I

||Mm ||[\”4m IIMDJ

I”(sh) + Z Z d_l_”(sh,ah)r(sh,ah)

=1 (sp.a,)ESXA

H
T”(Sh) + Z Z dT”(sh, ay) (r(sh, a,) — rT(sh, ah)) + Z Z d;”(sh, ah)r*(sh,ah)

=1 (sp,a,)ESXA h=1 (sj,a,)ESXA

H
T”(s )+Z Y A pan) (rpa) = (spma) + ), D di(spap)ri (s, ap)

=1 (sp.a,)EC, h=1 (sp,a,)ESXA

= Z d'”(sh) + 2 2 d;:”(sh, ap) (r(sp.ap) = r'(sp.ap)) + 0™
l(sh a,)€Cy,
H+1

< Z di™(sh) + Z Y A (spay) - L+ 0T = Y dI(sh) + 0T
h=2

=1 (sp,ap)€Cy
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The first inequality is due to Lemma The fourth equal sign uses a’lT (SD = (. The sixth
equal sign is due to r(s,, a,) = ri(s,,a,) when (s,,a,) € C,. The seventh equal sign is due
to rT(le, a,) = 0. The last equal sign uses Lemma The right inequality in (A.T0) uses
Lemma Step 1 and Step 2 conclude the proof of Theorem

Strong adaptive assumption-free bound

Now we are ready to launch the assumption-free AVPI (Algorithm [I)) with the following

model-based construction M (recall K, 1= {(s,,a,) : ny o > 0}):
A 1/)\11( | Sh,ah) Sh,ah S Kh’ ;'\(Sh,ah) Sh,ah e SXA
PZ( | sp>ap) = ; "T(Sh,ah) =
CSST Sh=sh Orsh,ahénh, 0 Sh=s;(lorsh,ah¢Ch
h+1

where P, 7 is defined as

Yo sy, an.sp) = (5 s a)] Yo 1@, sp) = (sp.ap)] - 1}
, (s, a,) = s

Sh>@n Sh>@p

Py(s'Isynay) =
(A.11)

The benefit of using M (A.8) is that in M there is no agnostic location even no assumption

is made. The M creates a empirical estimate for M. In this case, the pessimistic bonus is

designed as

Varp: (7 + V) 1

I,(sy,a,) =2 e + 14H -1

n n
Sphap 3 Spaap,

if n, , € K, and 0 otherwise (here I7h +1 1s computed backwardly from the next time step in
Algorithm . Now let us start the proof. First of all, let us assume MT = M for the moment
so we can get rid of the tilde expression for notation convenience. We will formally recover the
result for M at the end by Lemma

In particular, while we always use z* to denote the optimal policy in the Original MDP, we
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augment it in the M *(1\7 T) arbitrarily and abuse the notation as:

m*(:sp) s, €S
7*(lsy) = ! " (A.12)
arbitrary distribution s, = s;

and always use 7 to denote the output of Algorithm We rely on the following lemma that

characterize the suboptimality gap.

Lemma A.2.4. Recall n* in (A.12)) and define (ThTV)(-, D= r;(-, D+ (P;V)(-, JforanyV €
R5*L. Note 7, Eh, 17,1 are defined in Algorithmand denote é;(s, a) = (ﬂlTI?thl)(s, a)—ah(s, a).

H H
VIT ()= V() < Y EL [Eispma) | sy = 5] = D EL[Espma) sy =5].  (A13)
h=1 h=1

where VlT” is defined in (A.7). Furthermore, (A.13)) holds for all VhT”*(s) — V;’? (5).

Proof: [Proof of Lemmal|A.2.4] Apply Lemma D.0.8 with 7, = 7., z = z*, 0, = O,

and 7 = 7 in Algorithm 1} we can obtain the result since by the definition of 7 in Algorithm
(0, (sps) 7y (+15,) =7 (+1s,)) < 0 almost surely for any x. The proof for VhT”*(s) - I/J;E(S)
is identical.

Next we prove the adaptive asymmetric bound for 52, which is the key for recover the struc-

ture of intrinsic bound.
Lemma A.2.5. Denote SZ(S, a) = (ThTI?hH)(S, a)— ah(s, a), where f/\h+1 and ah are the quanti-
ties in Algorithmand T;(V) = ’”L + P; -V forany V € RS, Then with probability 1 — 6,

then for any h, s, a, such that n;, ,

> 0, we have

0 Sg;:(sh’ a,) = (T;f}hﬂ)(sha a,) = ah(sh’ a,)

nsh,ah 3nsh’ah

AF >
<4¢ Varg (7 + V1) - log(HSA/6) | 28H - log(HSA/5)
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Proof: [Proof of Lemma|A.2.5] Recall we are under M™ (M"). For all (s, a,) € K. by
Empirical Bernstein inequality (Lemma i and a union boun w.p. 1-6, since 0 < r; <1,

2Var ;. (7)) log(H S A/§) +7 log(HSA/S)

nsh,ah 3nsh,ah

|7 (540 @)1 (540 ap)| < Y(s,.a,) € K,,h € [H].
(A.14)
Next, recall 7,,, in Algorithm [1|is computed backwardly therefore only depends on sample
tuple from time A + 1 to H. Aa a result f}h b= <§h +1> Tp,1) also only depends on the sample
tuple from time A + 1 to H. On the other side, by our construction f’; only depends on the
transition pairs from A to A + 1. Therefore f}h +1 and 13\; are Conditionally independent (This

trick is also use in [3]) so by Empirical Bernstein inequality agailﬂ and a union bound (note

7.1l < 110,I] < H by APVI) for all (s, a,) € K, w.p. 1 — &,

Varg: (Vi) - log(HSA/S) 75 1og(HSA/S)
Sl +
3n .

n
Sh>@p Shy@p

<

‘((ﬁ; - P;)f}hH) (Sp»ap)

(A.15)
Now we are ready to prove the Lemma.
Stepl: we prove &,(s,,, a;,) > 0 for all (s,,a,) € K, h € [H] with probability 1 — 6.
Indeed, if 07 (sy, a,) < 0, then Q,(s;, a,) = 0. In this case, &,(sy, a,) = (T, Vi1 )(sps ) =

0 (note ¥, > 0by the definition). If O (s,, a,,) > 0, then by definition O,,(s,, a,) = min{Q"(s,, a,), H—

T
h

union bound only provides H.S A in th log term instead of H (S + 1)A.
31t is worth mentioning if sub-policy 7}, ; ., depends on the data from all time steps 1,2, ..., H, then f}h +1 and

ZHere note even though |ST| = .S + 1, for state s| we always have Nt 0y = 0 for any a;,. Therefore apply the

ﬁh are no longer conditionally independent and Hoeffding’s inequality cannot be applied.
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h+1}* < 0'(s;, a,) and this implies

é:;:(sh’ ah) 2> (7;,”/};,4.1)(5ha ah) - Q\Z(sha ah)

:(rjl - ?I,)(sha a,) + (P; - ﬁ;)f/\h+1(shv a,) +,(sy. ap)

Varﬁsfh’ah(?z + Vh+1) . log(HSA/é) 14H - log(HSA/(S)

n 3n
Sp.ap Sp.ap

>—2

+I',(sp,a,) =0

where the inequality uses (A.14), (A.13) and +/a + Vb < v/2(a+b) and r, and s,,, are

conditionally independent given s,,, a,. The last equal sign uses Line 6 of Algorithm I}

Vargi (7 4+V) log(HSA/8)

Step2: we prove SZ(sh,ah) < 4 e + 28H'130g(HSA/ D for all h €

nshfah nsh*”h

[H], (s,,a,) € K, with probability 1 — .

First, since by construction 17,1 < H — h+ 1forall h € [H], this implies
00=0,-T,<0,=7 +(PV,,)<1+(H-h=H-h+1

which uses ?z < 1 almost surely and ﬁf: is row-stochastic. Due to this, we have the equivalent
definition

0, :=min{Q’, H — h+1}* = max{0",0} > 0",
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Therefore

fz(sh’ an) = Uﬂfif}h”)(sh’ @) = ah(sh’ ap) < (ThTf}hH)(Sha ay) — Q\Z(Sh’ ap)
:(7;1*I7h+1)(sh, a,) — éh(sh, ay) + T, (sp, ay)

=(rl = 7)) (spap) + (P} — POV, 15y ap) + (s, @)

A~F g
Val’ﬁ:h.ah(rh + Vh+1) . log(HSA/é) 14H - log(HSA/é)
32\ + 3 +1,(s,.a;)
n

Sp.ay Sp.ap

/\T -
» Varge (7 + Vi) - log(HSA/6) , 28H -log(HSA/5)
\ nsh’ah 3nsh’ah .

Combining Step 1 and Step 2 we finish the proof.

Proof of Theorem 2.3.1]

Now we are ready to prove the Theorem [2.3.1]

First of all, by Lemma and Lemma|A.2.5] for all r € [H], s € S (excluding s*) w.p.
1-6

H H
VIE () = Vi) < Y EL e a) s, =] = X EL €l a0 | s, = 5]
h=t h=t
H
<Y EL (gl |5, =] 0
h=t
H SR TR 7 .
< Z |ET 4 Varpshv“h(rh + Vh+l) ! + 28H ©1 | § =5 (A16)
< " t
h=t \ nsh’ah 3nsh,ah
/\T -
< i oo a2 B O Vi) sem
— * S, =
— 7 \ nd,! (s, a,) 3nd; (s, ay) !

here recall the expectation is only taken over s, a,. Note by the Pessimistic MDP M (M),
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for all (s,,a,) € K, and s , the pessimistic reward leads to QT”(sh, a,), yie (sT) = 0 for any x,

therefore Lemma[A.2.5|can be applied. Moreover, the last inequality is by Lemma[A.T.1]

Lemma A.2.6 (self-bounding). We prove, forallt € [H], w.p. 1 — 6, forall s € S (excluding

s),
8v/2:H? L L2H?
3n-d, .

V" (5) = Vo) <

n-d,

where d, is defined in Theoremm

Remark 4. The self-bounding lemma essentially provides a crude high probability bound for

thM* B f/\tl (or |Vthr* _ Vth?l) with suboptimal order 5( HZ_

) and we can use it to further bound

m

the higher order term in the main result.

Proof: [Proof of Lemma [A.2.6] Indeed, by (A.16), since Var B (?Z +V, L) < H?, we

have w.p. 1 — 4,
42 H? L S6H? -

/. d 3n -d,,
for all t+ € [H]. Next, when apply Lemma to Lemma [A.2.4] by (D.2) and (D.3) we

essentially obtain

AR ALO!E- (A17)

H
T” (s) — V(s) Z E' fh(sh,ah) | s, = s] + Z [Ej;* [(éh (sps) s (clsp) = 7, (Clsp)) |'s, = s]
h=t

4\/_H2 S6H? -

/n-dm 3n-d,

+0

and

H
V()= V(s) == Y EL[&(spap) | s, = 5] 2 0.

Combing those two with (A.17) we obtain the result.
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Lemma A.2.7. For all (a,,a,) € K, and any ||V ||, < H, w.p. 1 =6,

1

Vary: (V)<6H,/|———  + ,/Var,: (V).
JVare ) e JVare (v)
Proof:

This is a direct application of Lemma with a union bound. Specifically, we apply
n—1
— <L

n

Now by Lemmal[A.2.6|and Lemma[A.2.7] for all (s,,a,) € K, w.p. 1 =6,

R A~ A N l
\/Varﬁ;;,uh (I‘Il + Vi) < \/Varpjh’uh (":1 + Vi) + 6HW
h 2
) T T ~F 2 T Ta* —l
S\/VarP;-h,uh(l‘h + I/h+1 ) + ||(rh + Vh+1) - (r/’l + V )OO,SGS + 6H\/Tshah)
h b
" 10vV21H 2.
B V2H? | 112H -
Sp.ap

h+1)
: ]
+ b 6H [ —
il /n-aTm 3n-d, n-d)(s,,a,)

Therefore plug this into (A.T6)), and average over s,, we finally get, w.p. 1 — 4,

S6H -1
3nd) (s, ay)

. _H 2Var 51 (7‘\; + V) 1
UI” _ U'{'ﬂ' S Z [Ej'r* 4 h%h
h=1

| s, =s
nd,'(s;, ay)

LI Var i (rl'l + VJ”: )1 B 3
<’ Y E, e R
h=1 nd, (s, ap) n-d,
H Vary: (r+V,TD0 s
— ta* Sh-ap
=C'Y Y d"(s,.a,) T F—— +0(——)
h=1 (sp.ap)€X, R\ Ay
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here O absorbs log factor and even higher orders.
Note throughout the section we assume M’ = M. Now be Lemma|A.2.1| we can replace
the K, in above by C,, so the result holds in high probability.

Lastly, we end up with w.p. 1 =6

H+1 H+1
0<v” -0 < Z d;”*(s;) +0" 0 < Z d;”*(sl) + 0t =7
h=2 h=2

H+1 H V: ( T + VTfr*) (A'18)
N 4ok atpt Ay T V)t o g3
<Y d"H+c d™ (s,,a,) et + O(—)
— h h h h>*%h
; ; (sh,gech nd, (s, a,) n-d,

where the first inequality uses Lemma with 7 = 7* and the second one uses Lemma

with £ = 7. This concludes the proof of Theorem The rest of the results are coming from
Lemma

Remark 5. We mention the summation of the main term in (A.18)) does not include S; since
VJ”(SL) = 0 for any x due to the pessimistic MDP design. In particular, this state contributes

nothing to neither v'™" nor v'?.

A.2.2 Interpretation of Theorem 2.3.1]

The constant (in n) gap, which is incurred by the behavior agnostic space Ule {(sp.ap) -

d) (s, a,) = 0}, is bounded by

H+1 H+1 h—1 H+1 h—-1

T”* T _ gk *
Y (s = Y d"sea) < Y dT(s.a),
h=2 h=2 t=1 (s,,a)ESXA\C, h=2 t=1 (s,,a)ESXA\C,

Note for quantity a’f ”*(s,, a,) (where (s,,a,) € S X A\C,), it is equivalently defined as

d™ (s, a) =Py [S,, A, = 5,,0,|(S1, A,_) €Cyy .., (S, A)) € G
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is probability for the first time the trajectory exits the reachable regions and enters (s,, a,) & C,.
Therefore, /™ (s,, a,) is much smaller than d*"(s,, a,) for s,,a, & C, (since d*(s,, a,) includes
the probability that trajectory s,, a,). Such a feature is reflected by the quantity that express the
gap using the mass of the absorbing state: hH=+21 d;;”* (sjl)(= 221:21 Zf:ll Z(s,,a,)eSxA\C, df”* (s,»qa,)).
Especially, this gap can vary between 0 and H, depending on the exploratory ability of u. Also,
different from AVPI, the assumption-free AVPI set 0 penalty at locations where n; , = 0. The
interpretation is: the locations with n; , = 0in M T are the fully aware locations (with deter-

ministic transition to s™ and reward 0 by design) therefore we are certain about the behaviors in

those places.

A.3 Proof of Theorem 2.2.2)

Indeed, Theorem [2.2.2] can be implied by Theorem [2.3.1] as a special case. Proof:
[Proof of Theorem | Under Assumption , d;l’*(sh,ah) = 0if d} (s, a,) = 0. In this

case,

H+1 H+1 h-1 H+1 h-1
IEA fa* *
0 =Y ¥ aTewsYy ¥ e
h=2 h=2 t=1 (s,a)ESXA\C, h=2 =1 (s,,a)ESXA\C,
H+1 h—1

= Y d(s.a)=0

h=2 t=1 (Sraar):dt”(st’al):o

due to Lemma , Therefore, the gap Zth | d;”* (s;) vanishes when Assumption m

is true. Also, in this case M ' can be replaced by a M’, where M’ is the sub-MDP induced by
u. e, M' = Uthl S, XA, withS, X A, = Ch The transitions and the rewards remain the
same in M.

Since there is certain z* that is fully covered by u, for such z* we have Vh”* |y = Vh”* | 7

“In this sub-MDP, each state might have different number of actions!
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forall h € [H]. Also, in M’, u can explore all the locations, therefore the probability transition

to SI, is 0. Hence, all the d, PT, ", V' in Theorem are replaced by its original version.

Remark 6. Note even though the proof can essentially leverage the reduction of the proving
procedure of Theorem [2.3.1) for clear presentation of the algorithm design we still include
the locations with no observation and set the severe penalty O(H). This is different from its

assumption-free version with O penalty (also see Section for related discussions).

A.4 Discussions and missing derivations in Section 2.2]

We omit the O notation in the derivations for the simplicity.

A.4.1 Derivation in Section 2.2.1

When the uniform data-coverage is satisfied,

H Var, (r,+V>*)
~ * Sp.a h+1
v —0v" 5 z 2, dy (sp>ap) - : hM
h=1 (sp.ap)EC, n-d,(sy,ap)

H
1 .
< nd Z Z dh (Sh, ah) . \/VaI'PXh’ah(rh + I/hil)

m h=1 (sp,a,)€Cy,

H
1 .
S J Z Z dh (Sh’ ah) . \/VarPsh.ah (rh + Vh:—l)

m ph=1 (sp,a,)ESXA

H
1 75* 7[*
51/_;1 y > > d(spay) Y drGpmaVar, (4 V)

m p=1 (sp,ap)ESXA (spap)ESXA

* *
dy (sp, ah)VarPShﬁah(rh + Vi)
h=1 (sy,a,)ESXA

H3
S E,
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where we use the Cauchy inequality and Sum of total variance.

A.4.2 Uniform data-coverage in the time-invariant setting (Remark [2)

. . . .. . . helH]

In the time-invariant setting, P is identical, therefore given data D = { (sf, ap rps Sy ) } ,
TE€[n]

we should modify n,, 1= Y7" ¥"_ 1[s",a” = s,,a,] and
Sl S M ) = Con) S B NG = Gl
, F($,a) = >

ns,a R q

1/)\(5’|s, a) =

. fay A, . - H
ifn, , > 0and P(s'|s,a) = 1/S,7(s,a) = 0if n,, = 0. Define d*(s,a) = %zhd d)(s,a),

Sp.a

then since in this case
H n
E[n,,] = Z Z d)'(sy,a,) = nHd" (s, a),

h=1 =1

A similar algorithm should yield

H
1 l | 12
VH 7|V < 2
nHd, A [g; r’] =\,

Formalizing this result depends on decoupling the dependence between P and 17,,, which could

be more tricky (see [4, [17] for two treatments under the uniform data coverage assumption).

We leave this as the future work.

A.4.3 Derivation in Section 2.2.2]

This follows from the derivation of Section [2.2.1| by bounding
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A.4.4 Derivation in Section

Using the single concentrability coefficient C*, when z* is deterministic,

VarP (rh + thl)

H
v* — U’? < d”*(sh,ah) :
2 Z n- d;:(sh,ah)

C* * *
Z d (Sp.ap) - VarPSh’ah (rp+ V. )

l(sh ah)ECh

c* x
Z Z \/dZ (sh,ah)-VarP (rh+ h+1

h=1 (sp,a,)ESXA

fzz

\/d;f*(sh,ﬂ;(sh))~VarPSh’”; rp+ V.5 )

lshES
Cc* *
</ = Z 2L 2 A ) Varp L (Vi
SRES SRES n
[sC* <
< " Z\/Z dﬂ (sps 7 () - Varp ko (rh+ thl)
h=1 Y\ s,€S$

SC*
n \/E .

where we use the Cauchy inequality and Sum of total variance. This is minimax rate optimal.

A.4.5 Derivation in Section 2.2.4]

The derivation of Proposition[2.2.4]is similar to the previous cases except we use the bounds
Var, (V) < @) and Z,Ij:l r, < B. The derivations for the deterministic system or the par-
tially deterministic system are straightforward. For the fast mixing example, we leverage the
fact that for any random variable X, | X — E[X]| < rng(X), hence Q* < 1 + (rngV *)* < 2.

Last but not least, we mention the per-step environmental norm Qj; := max, , Var P, ( )
is more general than its maximal version in [52]] with Q* := max

Var P ). Improve-

Spaap.h (h+1

ment can be made for the Q; version, e.g. for the partially deterministic systems, t4/Q*/ nd,
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vs H4/Q*/ nJm. Even though [52] considers the time-invariant setting, i.e. P is identical, the
quantity Qj := max,, Var, (V%) can still be much smaller than @*, e.g. when the range of
| 2 VI}( is relatively small and the range of Vl*, e thl is relatively large.

In this sense, beyond the current adaptive regret /Q*S AT [52]], the more adaptive regret

should have a form like either

> QFSAT £/ @ SAT
—_—— Or Z _— .
H H

h=1

This remains an open question in online RL.
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Appendix B

Supplementary Material in Chapter 3

B.1 Proofs in Section 3.3.2

Instead of proofing the result for v* — v”, in most parts of the proof we deal with V- Vl’? ,

which is more general.

B.1.1 Some preparations

Define the Bellman update error §,(s,a) := (Thf}hﬂ)(s, a) — Qh(s, a) and recall 7,(s) =

argmaxzh(éh(s, -), (- | 5)) 4, then by the direct application of Lemma|D.0.8

H H
VE(s) = Vi) < D E, [Gulspa) | sy =] = Y Bz [G(spna) |5, =] (B.1)
h=1

h=1

The next lemma shows it is sufficient to bound the pessimistic penalty, which is the key in the

proof.

Lemma B.1.1. Suppose with probability 1 — 6, it holds for all h,s,a € [H] X S X A that

(T, Vst = TiVhu)(s. )| < Ty(s.a), then it implies Vs,a,h € S X AX[H], 0 < ¢,(s,a) <
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2I',(s, a). Furthermore, it holds for any policy r simultaneously, with probability 1 — 6,

H
VE(s) = Vi) < )2, [Cy(spnay) | sy =]
h=1

Proof: [Proof of Lemma|C.3.2]
We first show given |(Thf/\h+1 - ?hf}hﬂ)(s, a)l < T',(s,a), then 0 < ¢,(s,a) < 2I',(s,a),
Vs,a,he S X AX[H].
Stepl: we first show 0 < §,(s,a), Vs,a,h € SX AX[H].
Indeed, if Q_h(s, a) < 0, then by definition éh(s, a) = 0 and in this case {,(s,a) =

T V) a) — Oy(s.a) = (T, V,,)(s,a) > 0; if Q,(s,a) > 0, then Q,(s,a) < O,(s,a)

and

(s, a) =TV (s, @) = Ou(s, @) = (T, Vi )(5,@) — O, (s, )

:(nﬁh+1)(s7 a) - (ﬁ,f/\hﬂ)(s, a) + Fh(s’ a) > 0.

Step2: next we show ¢, (s,a) < 2I',(s,a), Vs,a,h € SX A X [H].
Indeed, we have Qh(s, a) = max(Q,(s, a), 0) and this is because: Q,(x, a) = (f'hf}hH)(x, a)—

I (x,a) < (Thﬁhﬂ)(x, a) < H — h + 1. Therefore, in this case we have:

Eu(s,a) =TV (s, a) — 0,(s.a) < (T V0 )(s.a) — O, (s, a)

=T, V,.)(s.a) = (T,V,.)(s,a) + T, (s,a) < 2 -T,(s, a).

For the last statement, denote & := {0 < {,(s,a) < 2I',(s,a), Vs,a,h € S X AX[H]}.

Note conditional on &, then by (BI), V;(s) — V(s) < Zle 2-E_[T,(sy, a,) | s; = s] holds
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for any policy 7 almost surely. Therefore,

H
P |Vz, V()= V()< ) 2 ,,[rh(sh,ahnsl:s].]

h=1

=P |Vx, V”(s)—V”(S)

Mm

2-E,[T)(spap) | sy = 5] %] - P[]

h=1

+P | Vx, V”(s)—V”(S)

M:

2-E,[Ty(spoap) | 5 = 5] %c] -PIF]
h=1

>P |Vx, V(s)—Vi(s) <

Mm

>
I

E [Cy(spap) | sy = 5] %] P[EI>1-P[F]>1-5,

which finishes the proof.

B.1.2 Bounding |(Thl7h+1)(s, a) —

By Lemma , it remains to bound |(Thl7h+1)(s, a) — (?hf}hﬂ)(s, a)|. Suppose w,, is the
coefficient corresponding to the Thf}h +1 (such w,, exists by Lemma i ,l.e. Thl//\h =0 w,,

and recall (?’,,IZHI)(S, a) = ¢(s,a)"iv,, then:

(Thl?hH) (s, a) — (T )(s, a) = ¢(s.a)" (w, — )
K
=¢(s.a)"w, — ¢(s.a)TA;! <Z¢ (r:, + Vi (sfm)) /,(s}. ap, >
=1
R K
= ¢(s.0) w, — $(s. @) A;! (Z b (532a) - (TP ) (55, 03) /335, a;)>
=1

®

K
+ (.0 R (Zcb(s,,,a,,) (754 P (552) = (TP ) (s.3)) /65<s;,az>>-

7=1
“

(B.2)

The term (i) is dealt by the following lemma.
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Lemma B.1.2. Recall k in Assumption4.2.3| Suppose K > max {512H4/K log ( ) 4/1H2/K}

then with probability 1 — 6, for all s,a,h € S X A X [H|

K

~ 2AH3*\/d
o (B 50 () ) ) 5 20T

Proof: Recall Thf}h .1 = ¢"w, and apply Lemma|C.11.5 we obtain with probability 1 -5,
forall s,a,he Sx AX[H],

K
¢(S7 a)Twh - d)(S’ a)TK;l (Z d) (T Vh+1> ( ‘}L:l) /82(52’ a;))

T=

—_—

K
=¢(s,a) w, — P(s, a)T//i;ll <Z d) qﬁ(sh, ah)Twh/az(sh, ah)>

=1

<

=p(s,a) w, — Pp(s,a)" A} (Kh Al ) wy, = A ¢(s,a) A w,

A
<Al Dz - Iz < £ M. DMy - 1l s -

3%1 A A - 2H YV - 4/||(A2)!

where /\’;l =E,, [Eh(s, a)>P(s, a)P(s, a)T] and the second inequality is by Lemma |C.11.5
(with ¢' = ¢/6, and ||¢/5,|| < ll¢ll < 1 := C) and the third inequality uses Va™ - A-a <
Vllall, 1Al llall, = llall, 4/IIAll, with a to be either ¢ or w,,. Moreover, A,,,(A?) > k/max,  ,5,(s, a)* >

> ““min

x/H? implies ||(A")~!|| < H?/k, therefore for all 5,a, h € SX.AX[H], with probability 1 — &

~ R 2AH3\/d /x
(5. 0) w, — d(s, ) A, <Z b (5303) - (TP ) (5503 /%G5 a:,>> < T/
.. @(s;.a}) T & T & T T (T T
For term (ii), denote: x, = ﬁ, n, = (rh + Vi (s5,,) — (Tth+1) (Sh,ah)> [0 (s}, ap),
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then by Cauchy inequality it follows

K
(s, a)T/A\Zl (Z ) (s;,a;) . (r; + I7h+1 (s;H) - (Thf/\h+1> (sZ,aZ)) /Gi(s;,a;))‘
=1

— K
<065, " R; is.0) - 1Y o,
- (B.3)

Analyzing the term \/ (s, a)//iglcj)(s, a)

Recall (in Theorem3.3.1)) the estimated //ih = Zle [0} (s; a;) ¢ (SZ aZ)T [ (s, al)+A-T

and A, = Zle (s}, a;)Tg‘b(s;, a;)/af7 (sy,a;) + AI. Then we have the following lemma to
h+1

control the term \/ d(s, a)//igld)(s, a).

Lemma B.1.3. Denote the quantities C;, = max{24, 1281log(2d /8), 128 H* log(2d /5)/ x>} and

2 .
C, = max{ ’(log((/lj—w, 96>H "%d log((A+ K)H / 18)/x>}. Suppose the number of episode K

satisfies K > max{C,, C,}, then with probability 1 — 6,

VB0 0R; D5, @) <20/ pls. A Bls. ). Vs.a € S X A.

Proof: [Proof of Lemma
By definition \/qb(s, a)//iglqb(s, a) = ||¢(s, a)||3-1. Then denote
h

~

1~ 1

where A, = Zf=1 (s}, a;)Tqﬁ(sZ, a;)/af7 (s}, a;)+4l. Under the condition of K, by Lemma|B.1.6
h+1
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with probability 1 — 6

P(s, (s, @) P(s,a)p(s,a)"

6;(s,a) 6% (s,a)
Vh+1

|3, - A,

< sup
s,a

6.(s,a)— 02 (s,0)
h+1

CHE a)cylz7 (s, a)

h+1

H?y\/d
<12 Hdlg “4+K)H +12,1_\/—.
kK Ad

kK

~2 _ 2
6,(s,a) 0-17,1“ (s,a)
1 (B.4)

|lgp(s, a)||* < sup

s,a

< sup

s,a

1

Next by Lemma (with ¢ to be ¢/o, and C = 1), it holds with probability 1 — 4,
A 42 (1 24\
8, = (Ealdts.0000.07/03 i+ 21, )| < 2= (10g2)

| A

0
Therefore by Weyl’s spectrum theorem and the condition K > max {24, 128 log(2d /6), 128 H*log(2d /§)/ x>},

the above implies

4v/2
1AL = A (A7) < A (E,alib(s. (s, 00" /2 (s.01) + i + \—\/C (1o 2")

= |Euldts. (s, 07/, (s,

4\/5 24\ A A2 241~
< (s, )| + \/_< ) s1+f+_K(1og7) <2,
4\/2 1/
Ain(AL) >0 ( (s, 9. @) /02 (s, a)]> i(log%")
K

2 hin (B, al(s. (5,007 /2 (s.)]) =

1/2
>K 4\/_< 2a’> 5 _K

e \eey) =5

TH /K

Hence with probability 1 — 6, ||A] || < 2 and ||A)"|| = 1/4,,(A)) < 2H?/k. Similarly, one

'min
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can show ”K;l‘l ” < 2H?/k with high probability.
Now apply Lemma [C.11.7| to K;, and A} and a union bound, we obtain with probability
1-6,forall s,a

ol < |1+l Tl R R - A;H] 1965 Dl

[ 2H2 . 2H? |~
< 1+\/ x -1-7-)A;—A;]-nd)(s,a)nA;;l
48H*| [H*d (A+K)H H2\d
<|1 1 A ' AT
ey \/KK og< ! >+ [ g5, @l
96H* [ H*d (A+K)H
=" KZAJKbeg< 76 >'”¢“ﬂmMﬂ§2”¢“”mﬁf

where the third inequality uses and the last and the second last inequality use K >

2 27712 5 : : -1
ax{m, 96 H '“d log((A+K)H /A6)/x"}. Note the above is equivalent to \/d)(s, a)\, " P(s,a) <

24/ ¢(s, a)A7 ' ¢(s, a) by multiplying 1/4/K on both sides.
h y plying

Analyzing the term | |Zf=1 X MR

&(s;.a;)

G(s}.ap) andn, = (r; + Vi (SZH) - <T;1Vh+1> (S;,a;)> /8(s;,a;).

LetCy g i= 36\/# log <(’1+K)Aﬂ> + 12/1%\/3 and denote

Lemma B.1.4. Recall x, =

1)

r V()= (T,V) (s,a)

oy (s, a)

¢ = sup
Ve[0,H], s'~Py(s,a), he[H]
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IfK >4C% ,  and K > O(H®d[x), then with probability 1 — 5,

K
IR
=1

2 2 ~
< 16\/d10g <1 + %) - log <4%> + 4¢£ log (%) < Omax{\/g,ﬁ},
A-l

where O absorbs the constants and Polylog terms.

Proof: [Proof of Lemma [B.1.4] By construction, we have ||x.|| < ||¢/5| < 1 and by

Lemma[B.1.6] with probability 1 — /3,

612,} (s,a) — /G\i(S, a)

A h+1 1 2 A2 1
oy —6” = sup <—-|lox —o© <C —
” Vit Mo s 2 77, Q. HdxK\| I

op,., (s,a) + o,(s, a)|
1 T T
Therefore, when K > 4C§I’d’K’K, CH,d,K,K\/; <1/2< GI;M(sh, ah)/2 and hence

i+ Vo (5ha) = () ()| 7+ Vot (510) = (7P (52

7| < PR < oo (s%.a0)
O-ﬁh-#l (Sh’ ah) - K,l,/2, Vi1 \h h
r+ V()= (T,V) (s, a)
<2 sup =
VE[0,H], s'~Py(s,a) oy (s,a)

Next, for a fixed function V', we define the Bellman error as B,(V)(s,a) = r, + V(s') —
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(T,V)(s, a), then
Var g + Do (550) = (TP ) (55005) ||
Var F =
[n‘rl 7:—1] /G\z(sz’az)
Var | By (s5,af) = B,k (55 65) + BV (5 ap)| o
B 0%(s},a))
Var BV, iG55 ap)|Foci] +8H | BV = BV
- 0%(s},a))
Var BV, (s @) | Pt +16H ||V =V |
- 0%(s}, a;
Var B,V (s, a)|F._] +0(”¢i_)
<
- 0%(s},a;)
Var [B,V,% (s} ap)|s;. a7 +O(l_\l/%_)
B 0%(s},a))
3
Vath:l(s;,a2)+O(iI/i_ ) 2Vath:1(s;,a;)+O(iI/i— ) (*QI )
B 0%(s},a)) - o*2(s;, a}) - O'*Z(Sh, a;)
<O(1)

where the first inequality is by Lemma[B.5.11] the second inequality is by 7}, is non-expansive,
the third inequality is by Lemma the next equality is by Markovian property, and the
fourth inequality is by Lemma [B.1.6| and Lemma [B.I1.8] The fifth inequality uses definition
o,y (s,a)? 1= max{l, Var, (V)(s,a)} and the last one is by condition K > O(H®d /) and

opy+(S, a)? :=max{1, Var Ph(V*)(s, a)} > 1. Thus, by Bernstein inequality for self-normalized

96



Supplementary Material in Chapter|§| Chapter B

martingale (Lemma|C.11.4) ,E] with probability 1 — o,

X ~ 2 2 -
Zx,ﬂ, <O \/dlog<l+%)-log <4%> +4.§log<4%> SOmaX{\/E,é}
=1 A-

1

where O absorbs the constants and Polylog terms.
Recall M, M,, M5, M, in List . Based on the above results, we have the following key

lemma:

Lemma B.1.5. Assume K > max{M,, M,, M5, M,}, for any 0 < A < k, suppose \/E > £,

rptV (s")=(T,V )(s.0)

oy (s,a)

where & 1= SUDy ¢ ), y~p,(s.0), helH] . Then with probability 1 — 6, for all

h,s,ac€[H]XS XA,

3
+2H\/E

(Vi1 = TV (s @)| < O (x/d_\/¢<s,a)A;1¢(s, a)) =

where A\, = Zle o(sy, a;)Tq’)(s;, a,)/ 0'127 (s;.a,)+ Al and O absorbs the universal constants
h+1

and Polylog terms.

Proof: [Proof of Lemma [B.1.5] Combing (B.2), Lemma [B.1.2] (B.3)), Lemma [B.1.3]and
and a union bound to finish the proof.

B.1.3 Proof of the first part of Theorem [3.3.1]

Theorem B.1.1 (First part of Theorem D . Let K be the number of episodes. Suppose \/E >

rptV (s")=(T,V )(s.0)

oy (s,a)

¢, where & 1= SUPy (o iy, P, (5.0), helH]

and K > max{M,, M,, M5, M, }

Then for any 0 < A < k, with probability 1 — 6, for all policy = simultaneously, the output 7 of

ITo be rigorous, Lemmaneeds to be modified since the absolute value bound and the variance bound
here are in the high probability sense. However, this will not affect the validity of the result as the weaker version
can also be obtained (see [157] and a related discussion in [3] Remark E.7.) To make the proof more readable, we
do not include them here to avoid over-technicality.

2The definition of M, is in List .
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Algorithm[2] satisfies

K

H 4
v = oF < 5<\/E- DL [0 0TAL g -))”2]) Q2N
h=1

K bGsa) (st an)T
=1 o2 .
Vh+1 (Sh*“h)

where A, = ). + Al, and O absorbs the universal constants and the Polylog

terms.

Proof: [Proof of Theorem [B.1.1]] Combing Lemma [C.3.2] and Lemma [B.1.5] we directly

have with probability 1 — o, for all policy # simultaneously,

7 O S 2H*y\/d
V(9= V(<0 (x/Z- D E. (96 TA ) s = s]> + K\/_, (B.5)
h=1

now take the initial distribution d, on both sides to get the stated result.

B.1.4 Two Intermediate results

The next two lemmas provide intermediate results in finishing the whole proofs.

Bounding the variance

Lemma B.1.6. Recall the definition 6,(-,-)* = max{l,\//a\rph I7h+1(-, )} +land oy (., )=
maX{ 1, Varphf}hﬂ(-, )}+1 Moreovel’, [@hf}h+l] (" ) = <¢(9 ')’ ‘B_h>[0,(H—h+1)2]_ [<¢(’ '), éh>[0,H—h+l]]2
(where f, and 0, are defined in Algorithm . Let K > max {512(1/1()2 log (%) , 4/1/1(},

then with probability 1 — 6,

~ e A+ K)2KdH? H?+\/d
sup||6? — 6% ||, <36 Hid log (4 +K) + 124 \/_
W h v o0 K K

h+1 K A6 K
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Proof: Stepl: we first show for all A, s,a € [H] X S X A, with probability 1 — 6

z - H4d? (A+ K)2KdH? H>\/d
(p(s, a)’ﬂh>[0,(H—h+1)2] — [FDh(VhH)z(s, a)‘ < 12\/ K log< Y +44 ik

Proof of Stepl. Note

(b5, @), Bndoctr—ne1] = PaPi) (s, < (905, @), By) = Py(Pra (5. 0)

K
=|p(s. )5 Y ¢G5 - Vi GL, ) — PV )25, 0)
=1

K
=|¢(s.a) Z," Y $G5.a) - Vit (5, ) — dls.@)' / Ve )2V (s)
=1 S

IA

K
o(s.a) Z, Y B(5.a) - (f}h+1(§;+1)2 - PV 15}, 5?))
7=1

+ A ‘qb(s,a)Ti,;1 / V)P (s))d v, (s
S

K K
=|¢(s. @) Z," Y G5 @) - Vit 5, ) — b5, ) ' D b5} @) @) + AT) / (Ve )2V (5"
=1 =1 S

)

J/

. J/ v
' 2

1

For 2, since K > max {512(1/K)210g <“{Td> ,4/1/1(}, by Lemma [C.11.5[ and a union

bound over h € [ H], with probability 1 — 6 forall h,s,a € [H] X S X A,

2 <AllGs. s,

’ / Ve (8)d v, (s
S

i;'

2 2 ~ o H\4 H>\/d
<A—— ll¢(5, @)lls2y1 —= / V6| <aa|@p| == < 4=
VK VK s )" K

(B.6)
For 1, we have
K
R Y DGR (AN ACANE R B.7)
=1 $—1
Eh

Bounding using covering. Note for any fix V) ,,, we can define x, = ¢(5;,a;) (||¢]l, < 1) and

99




Supplementary Material in Chapter|§| Chapter B

N, = V55, )* = P, (V,.1)*(5;, @;) is H?-subgaussian, by Lemma|C.11.3|(where r = K and
L = 1) with probability 1 — 6,

d_ i+ K
< /8H4.- 21 ( )
—\/ 2 B\

=1
let V), (¢) be the minimal e-cover (with respect the supremum norm) of V, 1= {V, : V,(-) =

max,e 4 {min{q’)(s, a)'o—-C, \/d - (-, ')T/A\;ll¢(-, )—Cy, H—h+1}*} } . That is, for any

Zd’( ca5) - (Vi1 Gy )” = Pa(Vis (5. 33))

V € V,, there exists a value function V' € N, (¢) such that sup ¢ |V (s) — V'(s)| < €. Now

by a union bound, we obtain with probability 1 — 6

sup
Vi1 €N ()

qu(s,,, @) - (Vi1 8y = PuVs)* (55, 7))

T=

d A+ K
‘_ S\/8H4'§ < ks |Nh+l(€)|>
2;1

which implies

@) (P53 = PuD 657

$—1
z,

s\/8H4 . %log (’1 + K |J\fh+1(€)|> +4H\ @K

choosing € = d \/E /K, applying Lemma B.3 of [80] to the covering number N, ,(e) w.r.t.

V)1, we can further bound above by

3
s\/8H4 - % log (’1 j{fdeK) 4V < 6\/H4 - d31log (’1 j{észHK>

3Note the same result in [80] applies even though we have an extra constant C,.
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Apply a union bound for 4 € [H ], we have with probability 1 — 4, for all h € [H],

K
3 06650 (Pun 51 = P67 ) i
=1

2
<6\/H4d310g<(/1+K)2KdH >
51

(B.8)

and similar to 2, with probability 1 — 6 for all h,s,a € [H] X S X A,

ol (AR
VK VkK

Combing (B.6), (B.7), (B.8)) and (B.9) we obtain with probability 1 — & for all A, s,a € [H] X

(s, Dls-1 < (B.9)

S XA,

. - H4d? (A+ K)2KdH? H>\/d
(@5, @), B o tr-nsre] = PPy (s, a)‘ < 12\/ —log < I > A

Step2: we show for all 4, s,a € [H] X S X A, with probability 1 — 6

(A + K)2Kd H? HAd
+44 .

Ad kK
(B.10)

— ~ H2d3
<¢(S, a), 9h>[0,H—h+1] - Ph(Vh+1)(S, a)| < 12\/ K 10g<

The proof of Step2 follows nearly the identical way as Step1 except I7h2 is replaced by I7h.

Step3: We prove sup, |57 — 62 ||, < 36\/% log (%) + 12/1%;(/;.

Vi
Proof of Step3. By (B.10),

(€280 ) = [PaPr)s. 0] ]
= ‘(‘1’(3» a), éh)[O,H—h+l] + Iph(f/\hﬂ)(s’ a)| ) ‘(c;b(s, a), éh)[O,H—h+l] - Iph(ﬁh+l)(s’ a)‘

(A+ K)2Kd H? +8/1H2\/E
A6 kK

~ ~ H*d3
<2H - ‘(¢(S, a), 0h>[O,H—h+l] = PV, a)| <24 kK log
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Combining this with Stepl we receive Vh,s,a € [H] X S X A, with probability 1 — &

@hf}hﬂ(s, a) — Varphf}hH(S, a)

443 2 H?v/d
<36, | T g (P K2KAHTY s vd
kK A6 kK

Finally, by the non-expansiveness of operator max{1, -}, we have the stated result.

A crude bound on sup, |[V,* — I/}h| oo

Lemma B.1.7. Define 5,(s, a) = \/ max { 1, Varp, V., (s, a)} +1,if K > max{M,, M,, M5, M,}

and K > C - H*k?, then with probability at least 1 — §,

e -7 =0(1).
o

VK

Proof: Stepl: We show with probability at least 1 — 6, sup, ”Vh* - Vh’? <0 (%)

Indeed, combing Lemma [C.3.2)and Lemma [B.1.5] similar to the proof of Theorem

we directly have with probability 1 — 4, for all policy 7 simultaneously, and for all s € S,

hel[H]

2H*\/d

K B

H
Vi) - Vi) <0 (\/d_- B[ (66, 0TA 196, 9) 51 = s]> + (B.11)
=h

t

Next, since K > max {512(1/1()2 log (%) ,4&/1(}, by Lemma |C.11.5[and a union bound

over h € [H], with probability 1 — 6

2 2H
sup ||¢>(s,a)||7\;1 < ? sup || (s, a)”,\z—l <——, VhEe[H]
s,a K s,a KK
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Lastly, taking 7 = z* in (B.IT)) to obtain

2H*\d

H
0 <V )= Vi) <0 Va - Y [(60.07A66.) PJs = 5] ) + =
t=h

2 4
o2 Vd L2 \/E.
VKK K

This implies by using the condition K > C - H*k?, we finish the proof of Stepl.
~ 2
<0 (ZL).
o VK
Indeed, applying Extended Value Difference Lemma for # = n’ = 7, then with

(B.12)

Step2: We show with probability 1 — &, sup,, ”ﬁh - Vh’?

probability 1 — 4, for all s, h

|f}h(S) - Vhf?(s)‘ = i E, [@h(sh,ah) - (Thf/\hH> (s a,)
1=h

sh=s]

i [CAZTEE AR | e

t=h
4
<6 (Hx/Z Vo007 905, ) - % <

IA

H>\/d
VxK

0

where the second inequality uses Lemma [B.1.5}| and the last inequality follows the same pro-
cedure as Stepl.
Step3: Combine Stepl and Step2, by triangular inequality and a union bound we finish the

proof of the lemma.

Remark 7. Note as an intermediate calculation, (B.12)) ensures a learning bound with order

4To be absolutely rigorous, we cannot directly apply Lemma here since the crude bound has already
been used in Lemma [B.T.4] However, this can be resolved completely by first deriving an even cruder bound for
supy, | |Vh* - ﬁh || that has 1/ \/E rate without using Lemma C.5 (which we call it Lemma C.8*), and we can use
Lemma C.8" to show a similar result Lemma C.5*. Finally, we can use Lemma C.5* here to finish the proof of
this Lemma However, we avoid explicitly doing this to prevent over-technicality.
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~ 172
oZ ‘/g). Here, the convergence rate is the standard statistical rate —L and the H* dependence

kK \/E
is loose. However, the feature dependence \/d [k is roughly tight, since, in the well-explored

case (Assumption 2 of [90]), k = 1/d and the \/m = \/E recovers the optimal feature
dependence d H ﬁ in the online setting [[76l]. If k << 1/d, then doing offline learning requires
sample size proportional to d [k, which reveals offline RL is harder when the exploration of
behavior policy is insufficient. When k = 0, learning the optimal policy accurately cannot be

guaranteed even if the sample/episode size K — 0.

B.1.5 Proof of the second part of Theorem [3.3.1]

Lemma B.1.8. Recall 5, = \/max { 1,@Ph17,,+1} +1and o = \/max {1.Var, V" }+1.
Let K > max{512(1/1<)2 log (“HTd) ,4/1/K} and K > max{M,, My, My, M.}, then with

probability 1 — ¢,

H3\/E>.

~2 *2 A
supl[62 = 672[], < O
n h h 8] /—KK

Proof: By definition and the non-expansiveness of max{1, -} + 1, we have

2 *2
O ~ O'h

< HVathJrl — VarV*
0 [Se]

2 2
<|[Px <Vh+1 - th—l)

IR GO )

2 *2
< Vh+1 Vh+1

I (GRS AAD GRS AN
3
<0 (H ﬁ) :
e VK

with probability 1 — 6 for all A~ € [H], where the last inequality comes from Lemma [B.1.7

<2H | = Vi,

Combining this with Lemma [B.1.6 we have the stated result.

Lemma B.1.9. Denote the quantities C, = max{24, 128 log(2d /8), 128 H* log(2d /5)/ x>} and

2 .
C, = max{ m, 96>H '2d log((A+ K)H / 18)/ k> }. Suppose the number of episode K
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satisfies K > max{C,, C,}, then with probability 1 — 6,

\/qb(s, )\, P(s,a) < 2\/¢(s, a)AZ‘%l)(s, a), Vs,aeSXA,

Proof: [Proof of Lemma
By definition \/gb(s, a)A;ld)(s, a) = ||¢(s, a)||A;1. Then denote

1 1
A;l = EAh, AZ = EAZ,

where A, = Zf=1 d(s;, a;)Tqﬁ(s;, a;)/alz/* (s7,a;)+AI. Under the condition of K, by Lemma|B.1.8
h+1

with probability 1 — 6

P(s, )P(s, )" P(s,a)p(s, )T
O';Z(S, a) 612,} (s,a)

< sup
s,a

i -

or*(s,a)— o5 (s,a)
1

h+

o7’ (s,a) — o5 (s,a)
Vit

s,a

o25)

Next by Lemma|C.11.6|(with ¢ to be ¢/ Oy and C = 1), it holds with probability 1 — &,
44/2 1/2
< —\/_ <log %> .

' \/E 0

Therefore by Weyl’s spectrum theorem and the condition K > max {24, 128 log(2d /5), 128 H* log(2d /6)/ x>},

lgp(s, a)l|* < su
0';:2(s, a)()'f7 (s, a) I I s,f 1

h+1

AY - ([Ey’h[gb(s, ap(s.a) /2, (s.)] + %Id>

the above implies
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J 4\/5 24\
e (log _>

|~ ;

s A}) < o (5, (5. @)7 /07 (5,00]) +

< |Eunldls, (s, @) /oy, (s,a)]

5
44/2 1/2 44/2 1/2
<llp(s, a)ll* + % + % <log %d) <1+ % +— <1og %d) <2,
K K
A 4V2 2d\'/?
Auin ) 2 (Eplib(s, (s @) /62, (s.a)]) + = 42 (102 =)
K Jx 5
4v/2 2d\'/?
2 mm( Mh[(b(s a)d)(s a)T/U * (S a)]) _\/_ <10g—>
x 5
K 4 2 2d 1/2 K
_———(log—> > —
H K 5 2H?
Hence with probability 1 =6, ||A;'[| < 2 and [|A2"~"|| = 1/4un(A}) < 2H?/x. Similarly,

||A’h-1 || < 2H?/x with high probability.

Now apply Lemma |C.11.7|to AZ’ and A} and a union bound, we obtain with probability
1-6,forall s,a

(s, @)ll 1 < [ 1+ \/ A=A 1A Ay = A;II] Nbis, )l -
2H? 2H ,
< [1 + \/T -1 ”A* AV ||] . ”(b(S, a)||A;/_1

maen

<1442 s, @)y < 211d(s, )l -

where the third inequality uses and the last inequality uses K > max{ Klog(uj—;)H/m’ 96% H '%d log((A+

K)H /26)/x°}. The claimed result follows straightforwardly by multiplying 1/ \/E on both
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sides of the above.

Proof: [Proof of Theorem [3.3.1]] The first part of the theorem has been shown in The-
orem For the second part, apply Theorem with 7 = z*, then with probability
1-09,

K

H 4
v - <0 (\/E- D Ene | (60, 7A; ->)”2]> ReLT)
h=1

Now apply Lemma and a union bound, with probability 1 — 6,

K

H 4
0<v*—vF <0 <\/E- > Ee [ (66,07 g -))‘/Z]> L 2HVd
h=1

B.2 Proof of Theorem

First of all, we show the following lemma.

Lemma B.2.1. Suppose K > max{M,, M,, M, M,}. Plug

R Kq’)(sf,af)- rT+I7Jr (ST+)— ?f/\+ (sf,af) 3
M(s.a) < ¢is,0)" (R Y —— i o ) = (7 h)+0<Hd/">

8i(s;, a;) K

=1

in Algorithmand let T, be the Bellman operator and ?h be the approximated Bellman operator.

Then we have with probability 1 — 6:
(TVss = TaP)(5,@)| <Tl(s @), Vs,a € S X A.

Proof: [Proof of Lemma | Suppose w), is the coefficient corresponding to the Thf}h +1
(such w),, exists by Lemma , ie. T,V,,, = ¢ w,, and recall (?hf/\hﬂ)(s, a) = ¢(s,a)"w,,
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then:

(7901) 60 = (Tl ) (5,00 = 95, @) (1, = @)
2¢ AN R hH))/&i(s;,a;))

T

=d(s.0) 1w, ~ d(s.0)A; (Zqﬁ )+ (7P ) (55, 2)/32<sz,a2>>

=¢(s, a)T wy, — P(s, a)T/A\'l

—

=1

'

@

K
+ (5. a)"R;! (Z & (53:03) - (77 + Vusr (551) = (TP ) (55003) ) /3355, ap)

+(s A (2 ACEAR (A ICTARI (A (G /82<s;,a;>)

D'

(iif)

(B.14)

For term (i), by Lemma B.1.2|it is bounded by % with probability 1 — 6/ 2

For term (i1), it is bounded by

¢ (si,a7) - <r; + Vi (S41) = (i\'h,\hH) (Sh’a;)>

N2 T AT
ah(sh,ah)

K
o(s.)" (A1)

=1

>Note Here Lemma still applies even if the I';, changes since it works for all ¥, € [0, H] so that lwill, <
2H+/d and the truncation (Line 13 in Algorithm i guarantees this.
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For term (ii1), by Cauchy inequality

<umx<z¢ (@ﬁ@@mﬁ—@ﬁﬁ@WQW%%%O

<llg(s. @)l . i¢(s,:,a,:)-((ﬁ%])(s;,ah) (7P (55.03) ) /53055,
=1 A
<L 5 0 ) (i) )= (3500 i) ) )

~ H?4\/d ~ H3

20 G HNATRE e s
VK VK K

where the first inequality is by Lemma(with ¢ =¢/6,and |p/6,|| <l <1 :=C)

and the third inequality uses Va' - A-a < \/||a||2 IAll, llall, = llall, V/I|All, with a to be
(A?) > k/max,, ,G,(s,a)* > k/H?*implies || (A")~!|| < H?/«.

either ¢ or w,. Moreover, 1

> “'min

The second inequality is true by denoting x, = ¢(s},a})/o(s;, a}) and

1= (7)) (550 a1) = (TP ) (552 47) ) /85 a)

and use Lemma [B.5.10] as the condition for applying Lemma[C.I1.3] By collecting those three

terms together we have the result.
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B.2.1 Proof of Theorem 3.3.2

Proof: Use Lemma as the condition for Lemma [C.3.2] and average over initial

distribution d,, we obtain with probability 1 — 6,

A~
v/a /s

v —0v" <L

i [Eﬂh [, a)]T Kzl i é (S;,,a;) . (rfl + I/}h+1 (S;H) — (?hf},m) (sZ,aZ)) N 5(H4d/1<

~
h=1 =1 0, (s, ay)

k ACpa) (it (i)~ (TP ) (55.5))

=1 ~20 T T
Gh(sh,ah)

Denote 4, := ), , then

& (55 a5) - (4 Puwr (570) = (TP ) (550 3) )

N2 T AT
ah(sh,ah

b (53:03) - (TaPar (575 5) = Tl (5503) )

2
8h(s;, a;)

K
E,, (G, )" (A1)

=1

K
<E,, 91 |4, +E,, 101 |R}1 X

=1

For the second term, it can be bounded similar to term (iii) in Lemma and for the first

term we have the following:

e[ A= R A i <

e o1, i,

<|

B 1815 Il < O0Va) |

£, 191, < 0Vd|

., 161,

where the first inequality uses Cauchy’s inequality, the second inequality uses //ih is coordinate-

wise positive (since we assume here ¢ > 0), the third inequality is identical to the analysis

in Section [B.1.2] and the fourth inequality is identical to the analysis in Section [B.1.2| with ¢

replaced by E[¢]. Plug this back to we finish the proof for the first part. For the second
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part, converting A;ll to AZ‘I is identical to Section This finishes the proof.

B.3 Proof of Minimax Lower bound Theorem 3.3.4

The proof follows the lower bound proof of zanette2021provable. For completeness, we

provide all the details in below.

B.3.1 Construction

Similar to the proof of [zanette2021provable, Theorem 2], we construct a family of MDPs,
each parameterized by a Boolean vector u = (u,,...,uy) with each u, € {-1, +1}9-2 for
h € [H]. The MDPs share the same transition kernel and are only different in the reward

observations.

State space: At each time step A, there are two states S = {+1,—1}.
Action space: The action space A = {—1,0,+1}472.
Feature map: The feature map ¢ : S X A — R is given by

a a

V2d
d(+l,a)=| L [e R o(-L,a)=| o | e R

1

V2

B

S

The construction ensures the condition ||¢(s, a)||, < 1 for any (s,a) € S X A.

Transition kernel: The transition probability P,(s’ | s, a) is independent of action a. In other

words, the Markov decision process reduces to a homogeneous Markov chain with tran-
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sition matrix

€ R2.

D= =

By letting

v, (+D) =v,(=1) = e R?,
we have P,(s" | s,a) = (¢(s,a), v,(s")) to be a valid probability transition.

Reward observations: For any MDP M, at each times step A, the reward follows a Gaussian

distribution with

Ru,h(s, a) ~ ./\/'<i + 0

(a,u ),1),
V6 Vad

where 6 € [O, ﬁ] determines to what extent the MDP models are different from each

other. The mean reward function satisfies r, ,(s, a) = (¢(s, a), 6, ,) with

he[H]

relK] consist of K 1i.i.d.

Offline data collection Scheme: The dataset D = {(s},a;,r}, SZ+1)}
trajectories. All the trajectories initiate from uniform distribution. We take a behavior

policy u(- | s) that is independent of state s. Let {e,,e,, ..., e,_,} be the canonical bases
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of R“%2 and 0,_, € R~ be the zero vector. The behavior policy u is set as

ule; | s) = é for any j € [d — 2] and u0,_,|s)= %_

B.3.2 Overview of proof

The proof of the theorem is based on Assouad’s method, where we first reduce the problem
to binary hypothesis tests and then connect the testing error to the uncertainty quantity in the

upper bound.

Lemma B.3.1 (Reduction to testing). There exists a universal constant ¢; > 0 such that

inf maxE,[V* = VF]| 2¢,6Vd H _ min  inf [P,(y #u) + P,y # )],
T uev 1 v

u ' €V : Dy (u'su)=

where 7 denotes the output of any algorithm that maps from observations to an estimated policy.
Y is any test function for parameter u and D, is the hamming distance.

e d

Lemma B.3.2. There exists a universal constant ¢, > 0 such that when taking 6 := N2 we
have
. ) 1
f|P +P, N == B.16
u,u’e‘[/%lHn(u’;u)=l Hl}, [ u(l// ;é u) u (l// ?é u )] = 2 ( )

When K > d3, 6 := % ensures that 6 < 1/4/3d. Combining the above two lemmas

yields a lower bound

inf max E,[V* - V7] > ¢ d\/EH, (B.17)

A~

7 ueV \/E

where ¢ > 0is a universal constant. We then use the following to connect the above lower

bound to the uncertainty term v/d - Zf:l \/ E «[¢]T(A;)'E,.[¢] for the chosen linear MDP
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instances class M.

Lemma B.3.3. There exists a universal constant c; > 0 such that for all M € M,

dH
E e [dIT(AN)E L[] < c (B.18)
>y o

Plugging inequality (B.3.3) into the bound (B.17)), we obtain the minimax lower bound (3.6))

in the statement of theorem.

B.3.3 Reduction to testing via Assouad’s method

Proof: [Proof of Lemma|B.3.1]| For any index vectoru = (uy, ..., uy) € U = {—1,+1}@=2xH,

the optimal policy for MDP instance M, is simply

() =u, for h € [H].

Similar to the proof of Lemma 9 in [41], we can show that the value suboptimality of policy =

on MDP M, is given by

vov=L 3 > o -t
Define u* = (u’lr e u”H) with up 1= sign([Eﬂ[ah]), then the #,-norm is lower bounded as
Huh - [E,[[a,,]“l > Dy (upsuy),
where D (-; -) denotes the Hamming distance. It follows that

ve-vi> -2 p ). (B.19)
2d
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We then apply Assouad’s method (Lemma 2.12 in [[158]]) and obtain that

inf max E, [D,(@;u)] > @-DH i o [Py #uw) + P,y #u)], (B20)

eV uel 2 u €V : Dy (' su)=1 w

where y is any test functions mapping from observations to {u,u’}. Combining inequali-

ties (B.19) and (B.20]), we finish the proof.

B.3.4 Lower bound on the testing error

Proof: [Proof of Lemma[B.3.2]] The proof of Lemma[B.3.2]is similar to that of Lemma 10
in [41]. We first apply Theorem 2.12 in [158] to lower bound the testing error using Kull-

back-Leibler divergence and obtain

1/2
min inf [I]j’u(q/ Fu)+P,(y # u’)] >1- (1 max DKL(QullQu,)> .

w €V Dy (' u)=1 y 2 uu' €V Dy (' su)=1

(B.21)

It only remains to estimate Dy (Q,[1Q,).

The probability density Q, takes the form
K H
0, = [T&6H ] rlaf | sp) [Runlsh a)]h) Puish,, | sk af)
k=1 h=1

where &, = [%, %] is the initial distribution. It follows that
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DKL(Qu”Qu/) = [Eu[log(Qu/Qu,)]

H
= K- X, [1og (R} apl )/ [Roatsyp a] )
h=1
d-2
K /
= Z DKL<N(%<ej,uh>, 1) H N(%(ej,uh), 1))

If we take § = %, then inequality (B.I6) is ensured, as claimed in the statement of the

\/_

lemma.

B.3.5 Connection to the uncertainty term

Proof: [Proof of Lemma [B.3.3]] We first calculate the explicit form of the inverse of
variance-rescaled covariance matrix AZ”’ . For each time step 2 € [H], the value function

*
Vu7 ] takes the form

g Elz:*ru,h+1 + (Pﬂ* V* )

whtl — A1 uh2

Since (P, V5 )+ = (P Vi, ) (D and ryy (F1,0) =1,y (= 1,0) = 2/4/6, we have
1
Var g, (V5 S, @) = Vat (B )1, 0) = 2.
Similarly,

u, u,

1
Varp (V) )(=1,a) = Varp (V), )(+1,a) = o
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By routine calculation, we find that the population-level rescaled covariance matrix takes the
form

21 -1
AZ’P _ 3;{ g2 d-2 avd (d-2)x2 c Rxd
1
ia \/EIZX(d—Z) L,

for any h € [H]. Applying Gaussian elimination on A, we have

d? 1
j{ld—z + El(d—z)x(d—Z)}

dvd
- 2(d—2) 1(d—2))<2
A = d-1 1
h 3K _AVd g ) N
— X(d— —
2(d-2) d-2 1 d—1

For each time step h € [ H], we have (by Jensen’s inequality)

VE BT A E,. 191 < | ¢c+1.uy)|

(AF)-1 * %Hd)(_l’u”)H

At
Recall that by our construction,

dp(+1u,)=| L |e R, d(-Lu)=| 0 |eR’
V2
1
0 v
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It follows that

o1, uh>H = [[¢-1 uh>H

(A (AP

d d-—1
=800, + 1 1 —1 +
K{4uh{d2 (d-2)x(d~ 2)}”h 2(d —2) a-2"h 2(d -2)
2 (42 d 2 1
=215 4 1-1; 1
3 {4 Tz ) +4}
2

K
d> dd-1?% 1 2 (d* d-1 5
_3K{4+4(d—2)+4 3K 2+2(d—2) sd/

Therefore,

VE [T E,..[9] S d/VEK.

Taking the summation over 4 € [H], we obtain the bound (B.I8)) as claimed in the lemma

statement.

B.3.6 Comparison to Lower bound in [80]

Generally speaking, Theorem [3.3.4] and lower bound in [80] are not directly comparable
since both results are global minimax (not instance-dependent/local-minimax) lower bounds
and their hardness only hold for a family of hard instances (which makes comparison out-
side of the family instances vacuum). However, for all the instances within the family, we
can compare them. Since both papers use tabular hard instance constructions, we only compare
Vay?h \/ E,[pIT(A)E,.[¢]and 3} [E”*[\/ B(s4s ay) AT P(s,,, a;)] under the tabular

setting.
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Indeed, under the tabular setting ¢(s,a) =1, ,, d = S A, we have

s,a’

H H
Z E,. l\/(p(.’ DTAR .)l = Z Z dr’ (s, a)\ /1T A7,
h=1

h=1 s,a

Var, (V)
ZZd” (s, a)\/lT dlag{ AL }lw

h=1 s,a

sz” 5.0 /Varp v, h+1 Moy i= Zl[sh’a ——
h=1 s,a h,s,a

— Var, (V)
\/_Z \/[Ezr*[d)]T(A* 1|E d)] SAZ [Ezz'*[lsa-rdlag{ arP h+l }IE;zr*[ls,a]

and

Varp (V)
=/SA 2 Vec(d' (., ))leag{ LA }Vec(d;;*(-, )
h’.’.

Var, (V, A Var, (V"))

—‘/SAZJZd” (S a)2 ar:l h+1 Z szﬁ (S a)2 ar; h+1
s,a h,s,a h=1 s.a h,s,a

r.V

>22d” (s,a) h+1,

h=1 s,a h,s,a

where the last step uses C-S inequality. This finishes verification.

B.4 Some missing derivations and discussions

B.4.1 Regarding coverage assumption

Now we discuss the feature coverage assumption. Indeed, even if Assumption §.2.3]is not
satisfied, we can still learn in the effective subspan of Z‘Z =E,, [qb(s, a)gp(s, a)T]. Concretely,
since X7 is symmetric, by orthogonal decomposition we have X7 = Z,AZ T, where Z, (can be

estimated using the samples for practical purpose) consists of orthogonal basis and A consists
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of eigenvalues of ZZ in the diagonal. Suppose we do not have a full coverage, i.e.
A = diag[A, 4y, ..., 441,0,...,0] with d’' <d,
then we can create transformed features qb;l(s, a)=Z, - ¢,(s,a), and then
E, . [#,(s, @) (s,a)'| = A = diag[A,, 4,, ..., 44,0, ..., O].

Then we can do learning w.r.t. the truncated features ¢/ |,.,’s instead of the original ¢. It re-

duces to the weaker notion of k := min,c;1{k, : s.7. K, = smallest positive eigenvalue at time A}.

B.4.2 On Variance-Awareness for Linear Mixture MDP

In this section we provide a short discussion of applying VAPVI for the setting where the
model is described by a mixture of linear kernels. We first recall the definition of linear mixture

MDP models.

Definition B.4.1 (Linear Mixture Models). We assume the MDP is linear w.r.t. feature map
w i SXAXS — RY e, forany h € [H], there exists 6, € R? with ||6,|, < B for B
bounded such that

P.(s'|s,a) = w(s,a,s)'0,

forall (s,a,s") € S X AXS. Also, for any bounded function V" : S — [0, 1],

<vd

2

/q/(s, a,s)-V(sHds'
s

forany (s,a) € S X A.
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In this setting, similar to [56], one can create a value-dependent state-action feature as
d)Z(a ) = /II/(’ ) S,)Vh+](sl)ds,
s
Then replacing the all the feature mapping ¢ in Algorithm 2| by ¢Z, VAPVI can be similarly

conducted for Linear mixture MDPs. However, there are three differences:

° (bilz/ depends on V', which could incur extra randomness when instantiated with VAPVI

(since V is plugged by ﬁh 1)

e Unlike ¢ in linear MDP, ¢, is different for all the time step A (since it is coupled with

Vh+1)'

e The reward might not admit linear in feature structure, which requires modifications of
the algorithm (e.g. regressing over P,V,. (-, ) instead of PV, (-,*) +r,(-,") = Q,(-,*)
in [56]).

We leave how to analyze VAPVI-style algorithm for linear mixture MDPs as the future works.

B.4.3 Derivation of (3.9)

When reducing Theorem [3.3.113.3.2{to the tabular case, set ¢(s,a) =1, ,,d = SA, 41 =0,

and recall by Assumption (let’s assume z* is a deterministic policy as it always exists in
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tabular MDP) C* := sup,, , d;f* (s, a)/d;:(s, a), then for Theorem m

H
Vd- Y E,. [\/¢<-,-)TA;—1¢<-,-)] Vd - Z 3 dr (s /1T,A5 1,
h=1

=1 s,a

\
—\/sA- Z > dr (s, a)\ lladiag{ Yare O }1

=1 s.a Mp,...
Var, (V,
=VSA- ZZd” (s,a)\ﬁ Mpsa "= leh,ah—s al
=1 s,a nh,s,a
VarP v, h ,
<VSA- A" (s, a)q | ——aT—
212 YO\ K- disa)

<+/SAC*/K - Z Z \/d” (s,a)Varp (V, ol

=1 s,a

= V/SAC*/K - 2 2 \JaE s mr()Varp (V)

< \/SAC*/K - 2 \/ Zd” (s, 7*()Varp_, (V)

</ S2AC*/K - \ H 2 D dr (s, a*()Varp (VX

h=1 s

H

=1/S2AC* /K - \ H - hz; Ep[Varp (V)] < \/H3S2AC* /K

where the first inequality is by Chernoff bound and the last one is by Lemma 3.4. of [2] (Law

of total variances). The rest of them are from Cauchy’s inequality. Similarly, for Theorem[3.3.2]
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we also have

H H
Vd - > \/[E,,* [PITAT ' E . [$] = \Vd - > \/Vec{dﬂ*}A;—Wec{dn*}
h=1 h=1

Varp

H W,
= \/d_ Z JVec{d”*}diag{ —hH }Vec{d”*}
=l np..

H Varp ( VD)

= \/ﬁ Zd”*(s ap}——
h:l\

nhsa

T

VarP VD

K - d”(s a)

I

<\/§ Zd” (s,a
=Akr

< \/SAC*/K~Z Y dr(s,a)Varp (V)
h=1 s,a

H
— 4 /SAC*/K . Z \/Z dZ*(S,ﬂ*(S))VaI'RM*( )(th-l)
h=1 s

H
<\/SAC*/K - \JH - Y Bl Varp (V2] </ H3SAC*/K.

h=1

B.5 Related Concentration Results and Decompositions

Lemma B.5.1 (Matrix McDiarmid inequality / Matrix Chernoff bound [159]). Let z,, k =
1,..., K be independent random vectors in R?, and let H be a mapping that maps K vectors to
a d xXd symmetric matrix. Assume there exists a sequence of fixed symmetric matrices { Ay } ik
such that for z,, z_ranges over all possible values for each k € [K], it holds

(H(zyy. s Zps -5 2g) — H(z{, ..., 2

2 2
o Zx))T S AL
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Define o* := || X, Az||. Then for anyt > 0,

_p
P{||[H(zy,....2g) =EH(zy, ..., z)|| 2 t} < d - exp (FL)

Lemma B.5.2 (Hoeffding inequality for self-normalized martingales [160]). Let {n,}> be a
real-valued stochastic process. Let {F,} 2 be a filtration, such that n, is F,-measurable. Assume

n, also satisfies n, given F,_, is zero-mean and R-subgaussian, i.e.
VAER, El[eM|F,_ | < T

Let {x,}, be an R?-valued stochastic process where x, is F,_, measurable and ||x,|| < L. Let

A =il + Zzzl xsx;r. Then for any 6 > 0, with probability 1 — 6, for all t > 0,

d A+tL
<8R %4 ( )
= 2 B\ 75

t
PIEX
s=1

2
-1
At

Lemma B.5.3 (Bernstein inequality for self-normalized martingales [[76]]). Let {n,} be a real-
valued stochastic process. Let {F,}72 be a filtration, such that n, is F,-measurable. Assume n,
also satisfies

|n| < RE[n | Foy] =0,E [ | Fpuy| <0”.

Let {x,}, be an R?-valued stochastic process where x, is F,_, measurable and ||x,| < L.

Let A, = Al + Zts=1 xsx:. Then for any 6 > 0, with probability 1 — o, for all t > 0,

112 472 4¢°
< 8c4/d1 I+— -1 — ) +4RI —
sieonn () s () oen ()

Lemma B.5.4 (Converting the variance under the matrix norm). Letr A, and A, € R are

t

Z Xs;/]S

s=1
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two positive semi-definite matrices. Then:
-1 -1 -1 -1
[l st st - s = e

and

Ipllpr < [1 + \/HA;” A, - HA1—1|| A=Al | - Nl
for all p € RY.

Proof: For the first part, note
A st flas =t < st s = sl ]

For the second one,

lbll = \/TAT' = /6T (AT = A7) b+ TA b
:\/¢TA“/2 (AATA =1+ 1) 051 < \/||¢||A_ : (1 + HAI/ZA‘lAl/Z ~1]]) el

(1 + HAl/zA 1A1/2 1”1/ > ”¢||A _ <1 + ”Al/zA 1A1/2” ) ||¢||A;1

(RN SIS R

Lemma B.5.5 (Lemma H.4 of [82]). let ¢ : S x A — R satisfies ||p(s,a)|| < C for all

s,a € SX.A. Forany K > 0,4 > 0, define G, = Zszl D5 a)P(s.a,)" + AL, where

125



Supplementary Material in Chapter|§| Chapter B

(sg.a,)’s are i.i.d samples from some distribution v. Then with probability 1 — 6,

<

Gk _¢ [0k
K |k

44/2¢C? <10 2_d>1/2
VK '

)
Proof: [Proof of Lemma|C.11.6]] For completeness, we provide the proof of Lemmal|C.11.6]

Let x, = ¢(s,, a,). Denote ih as the matrix obtained by replacing the k-th vector x, in /Z\lh by

X, and leaving the rest K — 1 vectors unchanged. Then

a = 1\2
Ty Xy XXy = X%y 1 T T oaoe Te 2Ty < 4CH o
(? - ?> = <T < %2 (2xkxkxkxk +2xkxkxkxk) < Fld =AL

Notice that ”Z: Ai H = %, by Lemma [B.5.1| we have the result.

Lemma B.5.6 (Lemma H.5. of [82]). Let ¢ : S X A — R? be a bounded function s.t. |||, <
C. Define Gy = Zszl d(s., a)P(s,a,)" + AL, where (s,,a,)’s are i.i.d samples from some

distribution v. Let G = E [¢p(s, a)p(s,a)"]. Then for any § € (0, 1), if K satisfies
2
k> max { 5120 671 1og (34) 42 |61 }.
Then with probability at least 1 — 8, it holds simultaneously for all u € RY that

2
lullgr < —= lullg -
K

Lemma B.5.7 (Extended Value Difference (Section B.1 in [56])). Let # = {7[,1},15’= , and x =
{ﬂ;l}ff: , be two arbitrary policies and let {éh}hH: , be any given Q-functions. Then define

ﬁh(s) = (Qh(s, ), w,(- | 8)) forall s € S. Then forall s € S,
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H
Vi) =V ()= E, [@h (spoe) o (- 15) =70 (- 1 34)) 15y = s]
h=1

. (B.22)
+ Z E, [éh (Sh’ah) - <T;zf}h+l> (Sh’ah> | sy = S]
h=1

where (T,V)(-,-) :=r,(-,-) + (P,V)(-, ) forany V € R5.

Proof:

Denote &, = éh — 7'hl7h+1. For any h € [H], we have

V=V =(0p 1) = (0F . 7))
=(0Qy, 7w, — 7)) +(0), — ZI’E;J
=0y, 7y, — ) + (P, (Vyyy — Vh’il) + & 7))

=(Qy, 7, — 71';2) + <Ph(Vh+1 - Vh’il)’ ”;) + (&> 71';Z>

recursively apply the above for I/}h e Vh’il and use the E_, notation (instead of the inner product

of Py, ;) we can finish the prove of this lemma.

Lemma B.5.8. Let 7 = {J/Z'\h}hH=1 and Q » (-, +) be the arbitrary policy and Q-function and also
I7h(s) = (Qh(s, ), 7,(-|)) Vs € S. and {,(s,a) = (Thf}hﬂ)(s, a) — éh(s, a) (element-wisely)

to be the Bellman update error. Then for any arbitrary x, we have

H H
VEs) = Vi) = Y E, (G a) | sy =] = D Ex[6(spna) | 5, = 5]
h=1 h=1

+ g E, [(Q\h (Sh,~) 7T, (‘|Sh) -7, (.|Sh)> s, = x]

where the expectation are taken over s, a,,.
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Proof: Note the gap can be rewritten as
VE(s) = V() = V7 (s) = Vi(s) + Vi(s) = V(s).
By Lemma with 7 = 7, n’ = &, we directly have

H H
VEO-Pi6) = X Ex [Gulsna) sy = s+ X B, [(Dy (7)o (c1si) = 2 (c1si)) 11 = 5|
h=1 h=1

(B.23)
Next apply Lemma again with 7 = ' = 7, we directly have
H
Vi(s) = Vi(s) = = D B [Guspmap) | 5y = 5] . (B.24)
h=1

Combine the above two results we prove the stated result.

Lemma B.5.9. For a linear MDP, for any 0 < V(-) < H, then there exists a w, € RY
st. T,V = {(p,w,) and |w,], < 2H\/Zf0r all h € [H]. Here T,(V)(s,a) = r,(x,a) +
(P,V)(s,a). Similarly, for any =, there exists w; € R?, such that Qf = (¢, w}) with ||wZ||2 <

2H - h+ 1)V/d.

Proof: By definition,

TV =r,+(PV)=(,0,) + (o, / V(s)dv,(s))
s
>w,=0,+ / V(s)dv,(s),
s
therefore ||w, ||, < ||0]l, + H - |va(S)|| < 1+ HVd <2H V/d. The proof of the second part
is similar by backward induction and the fact V," < H — h + 1 for any x.

Lemma B.5.10. For any pessimistic bonus design I';, suppose K > max{M, M,, M5, M,},
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then with probability 1 — 6, Algorithm|2|yields

2 [T
< 5(H—d/K)
© \/}

Proof: [Proof of Lemma|B.5.10|] Suppose w), is the coefficient corresponding to the Thf/\h +1

||Thf}h+l - ﬁf}hﬂ

(such w, exists by Lemma|[B.5.9), i.e. 7,V,,, = ¢ w,, and recall (?,,I//\hﬂ)(s, a) = ¢(s,a)"w,,

then:

(Thf/\hH) (s,a) — ( h+1> (s,a) = ¢(s,a)" ( - @h>

K

=p(s, ) w, — p(s.@) A 1<Z¢ spoar) - (77 Do (531 ) /63657, h>

T=

—_

=1

= (s.) w, — p(s, )" A;! <2¢ )+ (TPt ) (55 ;)/82<s;,a;)>

.

(1)

K
+ (s, @) A (Z & (53:03) - (72 + Var (5500) = (TP ) (s55003) ) /63053, a;)> .

7=1
(B.25)
For term (i), it is bounded by @ with probability 1 — 6 by Lemma|(B.1.2
For term (i1), by Cauchy inequality it is bounded by
K
b, izt - | X b (550a5) - (7 P (550) = (TPon ) (55 7)) /83530 03)
=1 KZI
K
2H

> o (s5.a) - (7 + Pas (570) = (TP ) (55003 ) /2657 )

=1

A
2

20 5/ay = o VALx

VKK \/E

where the first inequality is by Lemma|C.11.5/(with ¢’ = ¢ /5, and ||¢/5,|| < llpll < 1 :=C)

)s
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and the third inequality uses Va' - A-a < \/||a||2 IAll, llall, = llall, V/I|All, with a to be

either ¢ or wj,. Moreover, A,;,(A?) > k/max,, ,6,(s, a)* > k/H?*implies ||(A")~"|| < H?/«.

> “*min

The second inequality comes from Lemma|C.11.3|with R = H since |1, | = |(r}, +I7h +1 (SZH) —

TaVe)(5T,a0))/6,(s%, al)| < H and |x,| = |¢(s, a)/G,(sT,ab)| < 1.

The final result is obtained by absorbing the term (i) via the condition K > max{M, M,, M5, M,}.

Lemma B.5.11. Suppose random variables || X ||, < 2H, ||Y ||, < 2H, then
|Var(X) — Var(Y)| <8H - [|[X = Y| -

Proof: [Proof of Lemma

|Var(X) — Var(Y)| =|E[X?] - E[Y?] - (E[X]* = E[Y )| = [E[(X + Y)(X — Y)] - (E[X + YD(E[X — Y])|
<E[|IX+Y|-|X-Y[]+4H - || X = Y|l

<4HE[|X Y| +4H - | X - Y|, =8H - |X - Y]

130



Appendix C

Supplementary Material in Chapter 4

C.1 Further Illustration that Generalized Linear Model Ex-

ample satisfies 4.2.3]

Recall the definition in[4.2.5] then:

For (%),

E,.s [VS 0. d(s.@) - V0, (5,0)T] = E, ., [£' (0. (s, )PC,) - (-, )T]

> K°E,, [¢C¢.) - @) > T, VOe®
For (), by Taylor’s Theorem,

B | (£01 80, ) = 02, 8C, D)’ | = B 4710, 0 B 170, = 03, 20T 0, = 0]

> K2E,, [0, — 0) (. )b (. )T (0) — 0y)] = K3(8, — 0)"E,, ,[$(-. V(- )10, — 6) > k* |6, — 6,

and choose x3 as k in[4.2.3
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C.2 On the computational complexity

For storage of Pessimistic Fitted Q-learning, at each time step 4 € [H] in Algorithm [3]
we need to store ‘/9\;1’ Y, and Vf (@h, ¢5,.)- Therefore, the total space complexity is O(d H +
d’H + dK H). For computation, assuming §h is solved via SGD and let M denote the number
of gradient steps, then the complexity is dominated by computing §h, %, and Z;l , which results
in OOM H + KdH + d*H) complexity (where H comes fromh = H,...,1).

The space complexity and computational complexity for VAFQL has the same order as

PFQL except that the constant factors are larger.

C.3 Some basic constructions

First of all, Recall in the first-order condition, we have

=0, Vhe[H].

k=1

~

0=0,

K N 2
Vo {Z [f (0. bni) = Fnsc = Viw (SIZ+1)] +4- ||9||§}

Therefore, if we define the quantity Z,(-,-) € R? as

K
Z,0WV) =D (£ (0.¢ns) = rai =V (s},1)] V(0. b, )+ 4-0, VO€O,|V], < H,

k=1

then we have (recall é\h € Int(0))

Z,0,|V,,,) =0.

In addition, according to Bellman completeness Assumption 4.2.1} for any bounded V' (-) €
RS with ||V ||, < H,inf ;e || f = Po(V)||, < €5, VA (recall P,(V) = r), + [ VdP,). There-

fore, we can define the parameter Bellman operator T as follows.

Definition C.3.1 (parameter Bellman operator). By the Bellman completeness Assumption[d.2.1]
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forany ||V ||, < H, we can define the parameter Bellman operator T : V' — 60, € © such

that

0y, = aregn(;in |6, ) =P, (V)|

Denote 6, := f(Or,,d) — P,(V), then we have || f(by,,¢d) — P,(V)||, = ||6v]|, < €r- In
particular, by realizabilityAssumptionmit holds vah* = 6, and this is due to f (01”,: 1, o) =

Py Vi) =VE =6, )]

C.3.1 Suboptimality decomposition
Denote 1,(s,a) := th}h +(s,a) — Qh(s, a), by [80] we have the following decomposition.

Lemma C.3.1 (Lemma 3.1 of [80]). Let 7 = {z,}[_, a policy and éh be any estimates with

I7h = (éh(s, ), 7,(- | 8)) 4. Then for any policy n, we have
H H H
vt —v" =— Z E.[1,(sy,a,)] + Z E [1,(s),a,)] + Z E_[(OQ, (sh, ) , 7T, ( | sh) -7, ( | sh)>A].
h=1 h=1 h=1
In particular, if we choose 7,(+|s) := argmaxﬂ(éh(s, ), w(- | 8)) 4, then
H H
e Z E.[1,(sp,a,)] + Z E_[1,(sy,ap)].
h=1 h=1

Lemma C.3.2. Let ﬁh be the general estimated Bellman operator. Suppose with probability
1 — o, it holds for all h,s,a € [H] X S X A that |(73hf/\h+1 - ﬁhﬁhﬂ)(s, a)| < I')(s,a), then it

impliesVs,a,h € SX AX[H], 0 < {,(s,a) <2I';,(s,a). Furthermore, it holds for any policy

'Here without loss of generality we assume QZ can be uniquely identified, i.e. there is a unique 8* such that

£6}.4)= 0.
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n simultaneously, with probability 1 — o,

H
VEs) = Vi) < ) 2, [Dy(synay) |5, =]
h=1

Proof: [Proof of Lemma This is a generic result that holds true for the general
MDPs and was first raised by Theorem 4.2 of [80]. Later, it is summarized in Lemma C.1 of
[106].

With Lemma we need to bound the term |Phﬁh+1(s, a) — ﬁhI?thl(s, a)|.

C.4 Analyzing |P,V,, (s,a) — P,V,, (s, a)| for PEQL.

Throughout this section, we suppose € = 0, i.e. f(Op,,¢) = P,(V). According to the
regression oracle (Line 4 of Algorithm , the estimated Bellman operator f)h maps I/}h 41 to é\h,

ie. P,V,., = f(,, ). Therefore (recall Definition (C.3.1)

PV, (s.a) =PV, (s.a) =PV, (s.a) — f(B,. (s, a))
=fOrp_ . d(s.0)) = [ (B, d(s.a)) (C.1)

=V @, (5.0 (017, - ;) + Hot,,.

where we apply the first-order Taylor expansion for the differentiable function f at point t/9\h and
Hot,,; is a higher-order term. Indeed, the following Lemma|C.4.T|bounds the Hot,, ; term with

).

~

O(

1
K
Lemma C.4.1. Recall the definition (from the above decomposition) Hot, | := f (9m7h+1 , (s, a))—
7@, ¢G5, ) = V1B, d(s,a)) (emﬂ - @,,), then with probability 1 — 5,
18 H%k,(log(H /) + Curoek) + KzﬂCé
kK
134
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Proof: [Proof of Lemma [C.4.1]] By second-order Taylor’s Theorem, there exists a point &

(lies in the line segment of é\h and Orp,..) such that

~ ~ ~ ANT ~
F @5, b5, )= @ #05.0) = V1 @y 5,007 (015, =8, )+5 (615, = 81) Vs €. (05, — )

Therefore, by directly applying Theorem |C.6.1| with probability 1 — §, for all h € [H],

1 ~NT A~
[Hot,, | =1 ‘(f’mﬂ ~8,) V3, & 90600 (65, - ,)

~ 2 18H?k,(log(H /8) + C, 00 k) + Ky ACA
S1K2- H9 R _ehH < »(log(H / dlog K 244 g
2 TV 2 K

4.1 Analyzing V /@, ¢(s. ) (057, — B, ) via Z,,

From (C.1) and Lemma|C.4.1| the problem further reduces to bounding V f (@h, @(s, a)) (0Wh+1 - @h >

To begin with, we first provide a characterization of Orp,  — é\h. Indeed, by first-order Vector

Taylor expansion (Lemma|C.11.1)), we have (note Z h(é\hlf}h +1) =0)forany 6 € O,

Zy(0V) = Zp@ Vi) = 2560 — 8,) + Ry (6), (C.2)
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where Ry (0) is the higher-order residuals and %7 := %Z h(9|(/9\h +1) o

. with
0,

K

s . 0 A~
% = == <k21 [/ 0:00) = i = a5l )| V10,10 + 4 9)

h h(9|Vh+1)

0=0
h 0=0,

0
00
i { ( (eh’ D) = Pk~ I/}h+1(sl;z+l)> : VZQf(é\h’ ¢h,k)}

k=1
:=XE;1
K
+ D Vol @bV f O bpi) + AL,
L_ <~ 7
=%,

(C.3)
here V2 = V Q) V denotes outer product of gradients.
Note A22 is not desirable since it could prevent X, from being positive-definite (and it could

cause X} to be singular). Therefore, we first deal with Az; in below.

Lemma C.4.2. With probability 1 — 6, for all h € [H],

K
1 N A A
=l X (@ 1) = s = Vaes (5500 ) - Vi B t)

k=1

%HAEZ )

2

K, dH?*(log(2H /6) + d log(1 + 2Co Hi; K) + Cy 00 x) 1
<9k, max( 1) + —.
2 K K
K

Proof: [Proof of Lemma|C.4.2]
Step1: We prove for fixed § € ©, with probability 1 — 8, for all h € [H],

HZ2(log2H/8) + C )
<9, max(i, )\/ dlog K .
K K

K
%/; <f(§h’¢h’k) =k T I/}h+1(5’;z+1)) Voo 0. )

2
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Indeed, we have

<f(§h’ i) = i — f}h+1(sl;l+1)> V2, 0. ¢,)

~[=

IA
x| =
M~ T T

2

(f(gh, Gpi) = fOrp, th’k)) V2, [0, 8, (C.4)

2

(f(QTI?hH"ph,k) —Fhk— f}h+1(51;,+1)> Vo, f(0.8))

N|=
~
Ii
-

2

On one hand, by Theorem with probability 1 — 6/2 for all h € [H]

K
1 A - s
2 2 (@)= 105, #10)) - VoS @] <y max V1. (s a)lls |8 = 03,
k=1 ) ”
R 36 H2(log(H /6) + Cirogx) T Z/ICS) by k. 2He
< KK th - 01U7h+1 2 < Kok, J kK : " K o K |
(C.5)

On other hand, recall the definition of T, we have

E[(/©rp,., 800 = s = Vaea(sby ) - V3 @, 0] %
Sk a

h’ IZ] ) Vzef(é’ D)

= <(th/\h+l)(sl;l, al;l) -k [rh,k + I//\h+1(sl;l+l)

=k [f(QWh+1’ bni) = Ty — Vh+1(S1;l+1)

0] ) - Voo @410

= (PuP)(65 @) = PPy b, )5k ) - V3o B,y ) = 0.

Also, since

(£Or,, 800 = Fusc= P (54,0 ) - Vi . )
H 21(%, then by Vector Hoeftding’s inequality (Lemma|C.11.2),

d

< Hk,, denote 6% := K -
2

K
1 ~ ~
N GG N ETAE A CIN) BT NACA'N

k=1

>1/K

k kK —1?/8d K H*«?
{Sh’ah}k=1> <d-e ?

2
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which is equivalent to

>1-6

2
g \/8de;<2 log(d /) (5 K

K

1 _

f 2 (f(e‘[r[?hﬂ’d)h,k) ~Fpr — Vh+1(5h+1 ) ) Vﬁgf(&d)h) K Sps A Sy
k=

2

~ - [ 8d H2k2 log(d /§)
DeﬁneA = {“é ZII:=1 <f(9Tf}h+l, ¢h,k) - I’h’k - V],H_I(S;CH_])) . Vzgf(ga ¢h) S —2K g —}7
then by law of total expectation P(A) = E[1,] = [E[1A|{sh, a } = [E[P[Al{sh, a } 12

E[1 — 6] =1 — 6, i.e. with probability at least 1 — 6/2 (and a union bound),

K

e D (Ot 0 = Tk = Va5 ) - V2o S @)

k=1

h e [H].

\/ 8d H2x2 log(2Hd /)
K 9

2

Using above and (C.4), (C.5) and a union bound, w.p. 1 — 8, for all h € [H],

K R . ~ H2(og(2H /8) + Cy 100 k)
Z (f(eh,d)h,k) —Fnk — Vh+1(sl;l+1)> ’ Vzef(e’ ¢n)|| = 6K2K1\/ kK s

1
K k=1

2

8d H?k3 log(2Hd /5) Ky dH?(log(2H /8) + Cy 0g k)
+ < 9%, max(—, 1) ’
K P K

Step2: we finish the proof of the lemma.

Consider { GRS ED ( F @) —r Vh+1(sh+1)> V2 £(B. )

by triangular inequality

0 e @},then
2

K

e D (@1 = 7= Prss(S,0) - [V F @) = V2,1 0, 8]

k=1

1£8) = fB)] <

2

<H - sup || Vi Broby) = Viad @], < Hics [ = B

By Lemma [C.11.8] the covering number C of the e-net of the above function class satisfies

2C,

logC < dlog(1+ HK*) By choosing ¢ = 1/K, by a union bound over C cases we obtain for
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all h e [H]

K
1 N A~ A~
= 2 (@ ) = s = Pas 53 ) - Vi S @)

k=1

2

< K| dH?*(1og(2H /6) + d log(1 + 2Cg Hk;K) + Ciroex) 1
<9k, max(——=, 1) X + X

K

Combing Lemma[C.4.2]and Theorem [C.6.1| (and a union bound), we directly have

Corollary C.4.1. With probability 1 — 6,

K max(~L, ﬁ)dsz

<0 = )

1 A~ 1 ~
”fAz;(gh - ev?hﬂ) ) < ”fAzz ) ||0h - QW,,H

Here O absorbs all the constants and Polylog terms.

Now we select 0 = HWM in (C.2), and denote EK(GWM) = Az; (5,1 — HW;,H) + RK(GWM),

then (C.2)) is equivalent to
Zh(e-l]—f}h-ﬂ |Vh+1) - Zh(ehth_'_l) = Z;(g-ﬂ—f}}wl - eh) + RK(Q-I]—I’}’H_I) = Zh(e-ﬂ—f}}wl - eh) + RK(Q-H—I’}h_H)
Note A > 0 implies X, is invertible, then we have (recall Z h(§h|§h =0

019, — On =ZZI[Zh(9m7h+1 Vie1) = Zy(041V,)] — ZZIRK(QT%HI)

=2 (Z,0rp,, V)] = Z, Rg (0, )
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Plug it back to (C.1)) to get
VS @ tis,a) (6r7,, ~ 8
=V f (B, (s, )Z, [ Z,Op, Vo)1 = VB (s, a)Z;' RO, )
K
=V (). d(s.a)Z,' 1) (f(em, D) = P = Vst (55, ) ) Vo[ O bu) + 4055 ]
k=1

=V f (B, d(s, a)E; R0 )

K
= V£ (8. d(s.a)Z;’ » (f(aTrI?thl’d)h,k) - Vh+l(Sh+1)> Vo O, Bn)
k=1
21
- Vf(/e\h, (j)(S, a))zgl [ﬁK(GTﬁhH) + /10-"—@&1]
=Hot,

(C.6)

We will bound second term Hot, to have higher order O(%) in Section [C.4.5|and focus on the

first term. By direct decomposition,

M =

1=V @ b5 5 Y, (£ Orp, i) = Pt = Vi) - Vo £ Orpy b))

k

Il
—_

M =

=V 1 @ b5 )% 1Y, (FOri b = Phic = Vit 55 - Vo £ B )
k

. J/
'

=1

Il
—_

K
V1@ b5, 0T 1Y, (FOrp, I = S Ore i) = P 55, ) + Vi 55 ) - Vo £ B )]
k=1

.

/

'

=1,

K
+V /@y (. )Z;! [Z (£Orp,. ) = i = Var s - (V3 £ @, bnid = V3 £ @y ¢h,k>)]

k=1
“

J

~
=1
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C.4.2 Bounding the term I,

We first bound the term 1. We have the following Lemma.

Lemma C.4.3. ForanyfixedV (-) € R with ||V ||, < H and any fixed 0 such that ||6,, — 6||, <
\/ 36 H2(log(H /8)+Cy o0 )+24C

— . Let

N R K
I, := V[, ¢(, a))TZZI [Z (f(QTV’ d)h,k) N V(SEH)) : (vef(evv’ d’h,k) -V, f(8, (,bh,k))

k=1

Kt K K 3 . e
and if K > max { 512 log(ﬁ) + dlog(1 + 41D2¢) , 24 then with probability 1 — 6,
K2 5 K

A2

(144d H2: (H? 1og(H [8)+Cy 104 x )+8d H2K3 4C) log(d /5)

K

(where D = max{k,, \/ 1)

+O(

~ (144d H2 (H?log(H /8) + Cy 0 ) + 8d H2k3AC}) log(d /) 1
|I;] <4k, ).

K3 K K3/2

Proof: [Proof of Lemma [C.4.3]| Indeed, with probability 1 — 6/2,

K
T3] = ||V B d(s, ) Zy! [Z FOrys bni) =g = V(i) - (Vof vy @) = Vof (e’d)"’k))] H
k=1
R K
< V5@ d | | 3 (7O @) = ik = V) - (VoS Oy dad = Vo @ 10)
k=1 2;1
<< 2 +o<l>> i (f Oy bni) =i =V () - (VoS Oryo i) = Vof 0. bnp)
B VKK K k=1 s ’ ’ Dl

h

where, under the condition K > max {512% (log( ) +dlog(l + M)) , 4?’1 }, we ap-

plied Lemma|C.T1.5].

36 H2(log(H /5)+Cy 100 k)+24C

Vof Ory. bpi) — Vo (0, ¢h,k)||z < K2'||0TV - 9”2 < Kz\/ K
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On the other hand,

E [(f(gm/’ (I"h,k) —Fpr— V(S];,H)) : (V;f(em/, d)h,k) - V;—f(g, d)h,k)) |527 aZ]
:|E [(f(g'ﬂ'V’ (l)h,k) - V(Sh+1))| h° h] (va(e'l]'V’ ¢h k) V—grf(e’ d)h,k))

= (P,V)(sy, ay) = (PhV)(S',‘,, ap)) - (Vo fOry, bpi) = Vo £(0.¢,,)) =0

Therefore by Vector Hoeffding’s inequality (Lemma[C.T1.2) (also note the condition for bound-
edness “ (fOrybn) —rai = Vst D) - (Vof Oryrbpg) = Vof 6.,0)) H2 < Hiy||6ry — 0|, <

2l 2 . o
H K2\/ o (Og(H/éi;Cd’l"gk)mce) with probability 1 — §/2,

K
1
EZ(f(Hw,d)h,k)— —V(s§,)) - (Vof Orys i) = VoS 0, n0))

k=1 2

2
2 2
36H (1og(H/a:Ir<chogK)+2,1c®> log( d )
<
K

~ \/(144de (H2log(H /8) + Cyiog k) + 8d H23AC3)log(d /8) |
- K 'K

and this implies with probability 1 — /2,

K
Z (f(eTV’ bni) = oy — V(s';m ) : (Vof(evv’ bni) — Vof (0, d)h,k))
k=1

2

K

. \/ (144d H?k2 (H? log(H /8) + Cyop ¢ ) + 8d H2k2ACZ) log(d /)

chooseu = ¥, (f(Ory dpi) = s = V(55 )) (Vo f Opy. dpi) — Vo £ (0. $,,)) inLemma(C.11.5]
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by a union bound we obtain with probability 1 — 6

K

13| = ||V @) d(5.a) TS [ (fOrysbpi) = rap = Vs, ) - (vgf(ew,cﬁh,k)—vgf(e,qb,,,k))] u
=1

<< 2K +0(l)>
B VKK K

k

K
Z (f(QTV’ d’h,k) —Fpkx — V(SEH)) : (Vef(evv, ‘l”h,k) - Vef(e, (bh,k))

k=1

!
2k, 1 (144d H?k; (H?10g(H /8) + Cy 10 ) + 8d H?k3AC3) log(d /) 1
< +0(=) )|2 : +0(—)
A /K.K K K2K K
» (144d H?5 (H? log(H /8) + Cyog k) +Bd H?k34C) log(d/6) | ro)
— K3 K K3/2”

Lemma C.4.4. Under the same condition as Lemma With probability 1 — 6,

(144d H?k; (H?10g(H /8) + Dy jog k + Cajog ) + 84 H?k;AC3)(10g(d /8) + Dy jog k) 1 1
|15] < 4k ’ r<’3 ’ & T0%an

Here D, := d-log(14+6Co(2x2 + Hicy))K)+d log(14+6Co Hicy K)+d log (1 +288CoK2 (i, 1/Co + 2\/B:<1K2)2K2)+d2 log (1 + 288\/23,(;‘1@) =

(@ with O absorbs Polylog terms.

Proof: [Proof of Lemma|[C.4.4]] Define

K
WV 0.00= Y (1@ 040 =i = Vi) - (VoS ) = VoS 0. 610)
k=1
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then

|h(V;,8,,0,) — h(V,, 0,,0,)|

K
<X (@1 bn0) = Vil ) = 1S @y = Vs 1) - (Vo B bisd) = Vol 01810 )
k=1
K ~ ~ ~
| X (@) = i = Vs )) - (VS @) = VoS 618,01 = V6 @ by = Vo /0 th,k)])'
k=1
<K sup |Lf (8. (s, @) = £ @ bls. a)] = [Vi(s) = Va(s)) - 26,
+KH - s5up [V @, ¢, @) = Vo 01, (s, a)] = [V f @ b, @) = VoS (62, s, )|
<K2x ‘ 0, - 52H2 + 2Kk, |V = V3|, + HKx, HE = 52H2 + HKx, |6, - 6,

=kl + Hi)K |8, =8| +2c, K [V, = Vol + HKx, 0, = 03],

€/3 _ . . € .
Let C, be the GarHK covering net of {6 : [|0], < Cg}, C,, be the orx “covering net of

V defined in Lemma |C.11.9|and C, be the 3H€ K—covering net of {6 : [|0], < Cg}, then by
K
LemmalC.11.8]and Lemmal[C.11.9}

6Co(2x7 + Hi))K 6CoHic, K
log|C,| <d -log(l+ ), log|C,| < dlog(1 + ————)

€ €
(1 288C®K12(K1\/C@+2\/BK1K2)2K2> 288\/EBK;*K2>
+ — ).
€2

logC,, < dlog >
€

+d’log (1 +

Further notice with probability 1 —6/2 (by LemmalC.11.5)), for all fixed sets of parameters 6, V'

36 H2(log(2H /6)+C, 1o x)+24C2 .
— dlogK © simultaneously,
K

satisfies |6, — 0|, <

I, - I] < va@, b(s, a))”z;l - Hh(‘%p 016,01 00) = BV Oy 9)“2;‘

(220 o 30000,

VK
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kK

and HGT‘?HI B ah”z < \/36H2(log(2H/5)+Cd 1os /12C with probability 1 — 6/2 by Theorem |C.6.1}

Now, choosing € = O(1/K?) and by Lemma and union bound over covering instances,

we obtain with probability 1 — &

= 0(—)

(144d H?k (H2 10g(H /8) + D g 100 k + Ci1og x) +8dHx 2,102)(1og(d /8) + Dyjog k) 1
|13] < 4k 3 K32

C.4.3 Bounding the second term I,

In this section, we bound the term
K
I := V@ d(s.a)Z,' 1) (f(eml,th,k) =[Oy b = Vi Sy ) + V,,*H(s;‘m)) Vo f Oy )]
k=1

The following Lemma shows that I, is a higher-order error term with rate 5(%).

K4
Lemma C.4.5 (Bounding 1,). If K satisfies K > 5121(—12 <log( )+ dlog(1 + ﬂ)) . and
K > 44/k, then with probability 1 — 6

2H2d2

<o o0
|1,]| < (KK ) + O( ).

K3/2
Here O absorbs constants and Polylog terms.

Proof: [Proof of Lemma Stepl. Define 7, (V) := f(Ory. bps) — f(HWh*l, Dpi) —
V(s h+l)+ h+l(sh+1) and let ||V (1)||, < H be any fixed function such that SUPGk gt ok 7, (V)| <
O(KIH 2\/ ) i.e. arbitrary fixed V' function in the neighborhood (measured by #,) of V,

h+l

Then by definition of T it holds E[#,(V, 0)|s* e ah] = 0. Let the fixed § € O be arbitrary and

define x,(0) = V, £ (6. ¢,,,). Next, define G,(0) = Xr_, V(0. d(sk.a))- V(0. p(sk, al)T +
AL, since ||x,|l, < &, and |n,| < O(x,H?y/ %), by self-normalized Hoeffding’s inequality
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(Lemma C.11.3)), with probability 1 — 6 (recall # := K in Lemma |C.11.3)),

K
~ , [ d? A+ Kk,
kz_‘ka(e)nk(V) <O(x,H \/ﬁ) dlog (———).
- G0
Step2. Define A(V,0) := Y& x,(0)n,(V) and H(V,0) := Hzle x@OnV||,
h

then note by definition |n,(V')| < 2H, which implies ||A(V, 0)||, < 2K Hk, and

I (V) = n (W) < 1PV =PVl + ||V - Vil <2V - Vol

and

|h(V.6)) = AV, 0:)||, <K max (2H ||x,(6)) = x,(6,)]|, + K1 mc(V) = (Vo))

<KQH, 6, 6., + 2, Vi ~ V]|
Furthermore,

6007t - G0, < 00|, 1600 - Gl e,
<K s V101 b1 - V101, 01,07 = VF 0oy V02,07

<K sup (V01 80 = V£ 0o 4,0)- VSO by, + |VF O2 1) - (V101 0,07 = V£ 02910

2K, K
<
=

2Kk, K
% 161 = 6,]|, -

Ky [|6) = 6], =
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All the above imply

|H(V,,0,) — H(V,,0,)| < \/Ih(Vp91)TGh(91)‘1h(Vl,91) — h(V3,0,)TG1(0,)7" h(V5, 6,)|

1
s\/”h(Vl, 0,) — h(V,,0,)|, - T 2K Hxk, + \/2I<H:<1 N Gh (0" = G,(0,)7|, - 2K Hk,

1
+\/2KHK1 L nv0) - %, 0),

2k,k,K
12

< <4 K Hx, 7 + \/ 8K3H2K13K2%> Ve - 6], + 4\/1<3K12H% v, - Wil

&2

Then a e-covering net of { H(V, #)} can be constructed by the union of 5~
4<4\/K3H2K1K2%+\/8K3H2K13K2A%)

-covering net of ¥V in Lemma|C.11.9] The covering

32\/K(2HK2 10, = 6all, + 2% Vi = Vall,) - 3 - 2K Hx, + \/2KHK1 : 16, - 6], - 2K H,

covering net of {6 € ©®} and

e
447/ K32 H 3)?

number N, satisfies

2
8Co (4\/K3H2K1K2% + \/8K3H2K13K2%>

log N, <dlog|1+ >
€

8Cy(k,\/Cg + 21/ Bk k,)? 8\/EBK2
Ly —— — |+ dlog[1+ ————|.
16(44/ K3x2H 3y 16(44/ K3x2H 3y

Step3. First note by definition in Step2

+d log

K
D (f(emﬂ, bni) = FOrvs O = Vigr (s),,) + Vh*+1<sii+1>) Vo fOndp|| = HWVp.6p)
k=1

-1
Z,
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and with probability 1 — &

Vel =1 Orp,. bni) = f Orve o bn) = Vi () + Vi (53

*
<K, - ||9w,,+1 — 0 N

36 H2(log(H /6) + C 1, k) + 2AC2 2 - 2
<x, [0+ Cams) ¥ 20C0 2 [ L) 5 (e 2y L
kK kK kK

(C.7)

> *
2 + ||Vh+1 - Vh+1

where the second inequality uses HTV;] = 0 and the third inequality uses Theorem and

Theorem [C.6.2 The last equal sign is due to C; o, x < O(d?) (recall Lemma|C.6.1).

Now choosing ¢ = O(1/K) in Step2 and union bound over both (C.7) and covering number

in Step2, we obtain with probability 1 — 6,

K
H(f/\h+1’ é\h) = Z xk(é\h)nk(f/\hﬂ)
k=1

292
< 5(K]H2\/%)\/d b d? = 5('(1\/H_d ) (C.8)

Gh(ah)_l kK

where we absorb all the Polylog terms. Meanwhile, by Lemma (C.11.5|with probability 1 — &,

2k,

VK

Finally, by (C.8) and (C.9) and a union bound, we have with probability 1 — 6,

|v/ @ . +0(2). (€9)

=
Zh

K
1ol = |VS @ d(5. ;1Y (£ O, bnid) = SOy B = Daa Sy )+ Vil b)) - Vo S @ b))
k=1

IA

K
V1@ b, || 2 (FOrp,, o0 = SOy i) = P 5 ) + Vi (50 ) - Vi f B )

Z’_‘l k=1 >-1
h
|Vf(§ b ) H, §)<< 2K, + oLy 5(’(1112612) 5('(12 2dz)+5( L
= h Ps,al|l«-1 ” h+1>Yn) = ’ =
Zh ‘/KK K 1/K.K K'K K3/2

where the first inequality is Cauchy—Schwarz inequality.
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C.4.4 Bounding the main term /,

In this section, we bound the dominate term

K
1 2= VI @ (5. NZ LY, (F@rr b1 = s = Vi (55) ) - Vo £ By 91,01

k=1

First of all, by Cauchy—Schwarz inequality, we have

11 < |[V/ @,

K
N HZ <f(9TVh’:_l9 gbh,k) - rh,k h+l(sh+l)> : V-.grf(é\}p d)h,k)
h k=1

Z’

(C 10)

Then we have the following Lemma to bound 1.

Lemma C.4.6. With probability 1 — 6,

L1 < 4HA V1@, ¢ @), + Cogic + O,

\/EK

where C

510g k ONly contains Polylog terms.

Proof: [Proof of Lemma [C.4.6] Stepl. Let the fixed & € O be arbitrary and define

X, (0) = Vo f (0, ¢,,). Next, define G,(0) = Y& Vf(0,(sk, a")) - VO, p(sk,aNT + AL,

then ||x,||, < x,. Alsodenoter, := fOrye D) =Thi— ), then E[#, | sy, ak] = 0 and

h+1(sh+l

|n,| < H. Now by self-normalized Hoeffding’s inequality (Lemma [C.11.3), with probability
1 -6 (recallt := K in Lemma|C.11.3)),

A+ K
S2H\/a’log< I K1>.

Step2. Define h(0) := Zle x,(0)n, and H(0) := ”Zszl xk(0)nk”0 o’ then note by defini-
h

K
PEACIA
k=1

G0
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tion |n,| < H, which implies ||h(0)||, £ KHk, and by x,(6,) — x,(0,) = Vgaf(é, b)-(6,—-0,),
11(6)) = h(0,)]|, <K max (H [|x,(6,) = x,(6,)]|,) < HKK, [|6, = 65,
Furthermore,

oo - e, = I - 6ot o],

S%K Sl]’:p ||vf(01’ d)h,k) : Vf(917 d)h,k)—r - Vf(92, ¢h,k) . Vf(@z, d)h,k)T”z

2k, K 2k, K
< /112 Ky [|6) = 65, = % |6, =6, ]|, -

All the above imply

|H(8,) — H(0,)| < \/|h(01)TGh(91)_lh(91) - h(gz)TGh(Oz)_lh(92)|

1
5\/||h(91) —h@)], - KHx, + \/KHKI Gh6) ! = G(8,)|, - KH,

+\/KH1<1 : % : ||h(91) - h(92)||2

2k, K
22

< (\/4K2H2K1K2//1 + \/2K3H2K13K2//12> \/”91 - 6,]|,

SZ\/KHK2 0= 0all, >+ KHx, + \/KHKl : 16, - 6., - KHx,

€2

Then a e-covering net of { H(0) } can be constructed by the union of -

2
<\/4K2H2K1 K/ A+ /2K3H2K13x2/,12>

covering net of {# € ©}. By Lemma|C.11.8] the covering number N, satisfies

2
2C, <\/4K2H2K11<2//1 + \/2K3H2K13K2//12>

€2

= O(d)

log N, <dlog|1+
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Step3. First note by definition in Step2

K

> (FOrv 00 = i = Vst ) - Vo £ B )

k=1

= H(0,)

-1
2h

Now choosing ¢ = O(1/K) in Step2 and union bound over the covering number in Step2, we

obtain with probability 1 — o,

5 = 1
H@®,) = +0(x).  (C11)

A+ Kk, ~
<2H4/d |log 5 + 0(d)

where we absorb all the Polylog terms. Combing above with (C.10)), we obtain with probability

K
Z X (0,)m;
k=1

G0,

I -9,
A X ~
11 ||V @, N (£ b = s = Vi 55 ) - V3 £ @)
k=1 Z;_,l
A~ A+ K ~ 1
< ”Vf(ﬁh, 2H\/ [log > + O(d)] +0()
<4HA V1@, ¢, - Coaogr + OC \/EK)

where Cj,, x only contains Polylog terms.

C.4.5 Analyzing Hot, in (C.6)

Lemma C.4.7. Recall Hot, := V f(B),. ¢(s, )% [EK(GW )+ 2055 ] If the number of
episode K satisfies K > max {512:2 (log( )+ d log(1 + M)) 4: } then with proba-
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bility 1 — 6,

d2H? + d> H3 x5+, Cg

\/—)

V@) b(s.a)Z," | Re(Orp )+ ,wmﬂ] ‘ <0 —

where O absorbs all the constants and Polylog terms.

Proof: [Proof of Lemma
Step1: we first show with probability 1 — 6

V7@, 45 )%, ReO7,, )| < O,

Recall by plug in 6y in (C.2), we have

AN\ a P
Zy(Oyp, Vi) — h(9 |Vh+1) = Z (9 |Vh+1)(91IV = 0,) + Rg(Orp ), (C.12)

and by second-order Taylor’s Theorem we have

A\ a P
HRK(QWMI)HZ:‘Zh(ewMJVhﬂ) Zh(ehthH) Zh(9h|Vh+1)(9w —6,) )
_1 579 b (C.13)
=5 15, =00 5555 Z,E V) Oy, —8)) . :
1 12
<3, 05, = 0,
Note
* 2,017 Oy g0 Z Vo
25 2O =555 = B g { (1€ 00 = rie=Pun6h.) - Vias 600
= =1

K
d
+ 2, 56 (Yol € 80V5 /(& ) + 41)
(C.14)

Therefore, we can bound «_ with k, < (Hk; + 3k,k,)K and this implies with probability
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1-6/2,

~n2 1 ~ 112
- 9,1”2 < S(Hry + 3k HHWMI - 9,1”2
36 H2(10g(H /8) + Cy 05 5) + 2AC2
kK

1
[#u0s,), b

TVt

<O((Hk; + 3x,k,) H?d? /).
And by Corollary with probability 1 — 6/2,
|85, @, - 015,.)||, < O,
Therefore, by Lemma and a union bound with probability 1 — 6,

VS @y pls.a)TE; RO )] = ‘Vf(ah, b(s,a)'%," (A, B, - 05, ) + Rme))'

< va(é\h’ @(s, a))”z;‘ HAz;(é\h - ‘9?17“) + RK(HTI?,ZH)”Z#

2k 1 )
< ( =+ O(})> ||AZZ(9h - HTVhH) + RK(HT‘Z;H)

VK

K, max(, —=)d?H? +
( 2K, + O(i)> <L + 0(l)) -0 ? 7 Vi
VrK K VK K K

-
z,

d2H3K3

IA

where O absorbs all the constants and Polylog terms. Here the last inequality uses bound for
e, 0 6,0, 1,
Step2: By Lemma|C.11.5] with probability 1 — o,

V5@, (5. a0z, 2055, | < 4|V 1@, s, a))Hz,;l |01s,..

-1
z,

< /1< il 0(l)> : < Co 0(l)> = M0 o
*N\Vex %)\ Tk Tk K P
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C.5 Proof of Theorem 4.3.2

Now we are ready to prove Theorem[.3.2] In particular, we prove the first part. Also, recall

that we consider the exact Bellman completeness (e = 0).

C.5.1 The first part

Proof: [Proof of Theorem.3.2)(first part)] First of all, from the previous calculation (C.I)),
(C.6), we have

‘th}hH(S, a) — ﬁhf}hﬂ(sa a)) < ’Vf(é\h’ 9(s.a)) <9m7h+1 - §h>

+ |Hot,, ,|

<|I,| + |I,| + |I5] + [Hot, ,| + [Hot,, |

Now by Lemma|[C.4.4] Lemma[C.4.5] Lemma|C.4.6] Lemma and Lemma|[C.4.1| (and

a union bound), with probability 1 — o,

J 5 d3H2K22K12 1
< - 'y
| 3| — ( ]('3 )K’

xK?H?d?

~ ki ~ 1
|l <O(———) + Olz75).
~ ~ K
1| <4Hd ||V £ @) b5, )|, - Coiog i + O(—2—),
Z kK

1 d>H3k3+Ak, C
Kk, max(=, —=)d*H? + —==1=0
~ K \/;

|Hot, ,| <O

K 2
H21<2d2 1

Hot, ,| <O —.
|01,h|—( )K

Finally, Plug the above into Lemma |C.3.2] by a union bound over all 4~ € [H], we have with

154



Supplementary Material in ChapterlZl Chapter C

probability 1 — o, for any policy =,

H
0" = 0F < Y2, (1] + L] + 1] + [Hot,,| + [Hot, ]
h=1
H
T - -1 -~ ~ ChO[
SZSdH[E,r VIO, d(sy, a2,V (0, d(sp,ap))| -1+ O( X )-
h=1

where 1 = G,  only contains Polylog terms and

o H K2H3d? d3H*k2k? K d*H*k, + Ax,C, H3k,d?
=1 + ! + 2 1+K2max(—1,L)dzH3+ 3 ! G)+ 2

hot 3
\/E K K K \/; K K

C.5.2 The second part

Next we prove the second part of Theorem [4.3.2] Proof: [Proof of Theorem {.3.2]

(second part)] Stepl. Choose # = z* in the first part, we have

Chot
K

H
0<v™ —vF < ) 8dH -E,. l\/ VT £ @y D5 a ) Vo f By s ap))| - 1+ O(—),
h=1

Next, by the triangular inequality of the norm to obtain

[V07 @t = IVar @ 951 @il

<||Vos @ bCsian)) = Vor 07, dispa)|

V2, /by a)- (8, - 07 )

b

-1
2h
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since with probability 1 — 6,

‘ Sg(w L),
2 K K

where the last inequality uses part three of Theorem|[C.6.2] Then by a union bound and Lemma|C.11.5]

~ (K H*d
SO\ ————-= |-
2;1 - < K3/2 K

V2,1 b)) (8, - 07 )

2

V2, /@ lspa) - (8, - 0;)

Step2. Next, we show with probability 1 — 6,

||V9f(9*, d(sy, ah))||2;1 <2 ”ng(@*, d(sy, ah))”Z;—l .

First of all,
Lot (S vra 5 : . . :
Hfzh_fzh =l <Z VO, (s, a)V f(0,, d(s,a)) — VO, d(s,a)Vf(O,,P(s,a) )
2 k=1 )

<sup <“ (VI @y ti5. 00 = V107, b5, @) ) VS B s, )

)

2

+ ‘

(V£ @y b5 @) = V1 0. (5.0 ) VS @, (5, )
<6 <K2K12H2d l)
2 K K

Second, by Lemma with probability 1 — 6

1/2

z N N 1 44/2k? 2d
?h - [EM[VOf(gh ’ (pb)vof(gh » ¢)T] - EH < ! (log —)

VK
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This implies

z

—S‘
K

. I R Vo A PN
E LV, O Vo O )| + % + N (10g =)

6
1/2
§K12 + A+ 4\/51(12 (log 2;)

, i 128k} log(2d/8) . -
and also by Weyl’s spectrum theorem and under the condition K > — with probability
1-6

*

44/2k2 12
Ao ) 2y (E, V0 16} VoS 0. )T1) + ' (1og %)

K s
4\/51(%

K VK
A 2d\'"* _«
2K+ — (1 —) 2 =
K og >

\/f o

then H(%)—l H < 2. Similarly, with probability 1 - &, H(%)—l H < 2. Then by Lemma|C.11.7

4

e W T P TSy = Y| E LR e

o+ ot 10 () e sl

<2||Vof©0;. 45 0))|

-1
K=}

~ 2+ﬂ. 2.2 2H4d2 . .
as long as K > O %). The above is equivalently to

”Vef(e;’ d(sy, ah))”Z;l <2 ”ng(e;:’ d(sy, ah))”z:;:—l .
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Combining Step1, Step2 and a union bound, we have with probability 1 — 6,

~ Chot
14 O(—~
t+ O

H
0<v” — v < Z 8dH -E,. [\/ng(éh, D ap)Z; Vo f @, b5y ay))

H*d?
1+ O ‘“"‘)+0(—K1K2 l)

H
<) 8dH -E,. [\/VTf(G*,qb(sh,ah))Z Vo fOF, dp(sp ap) X

h=1

. C!
1+ 0 hot
! (K)

H
Z 6dH - . [\/ng(e*,¢(sh,ah))ZZ_IVGf(HZ,q’)(sh,ah))

Kk H*d?
K3/2

where C] = Gy, +

C.6 Provable Efficiency by reduction to General Function Ap-
proximation

In this section, we bound the accuracy of the parameter difference ”é\h — GWM ”2 via a
reduction to General Function Approximation scheme in [[13]].

Recall the objective

1

K . 2
40 1= 2|1 (0,903 ) = (5 a) = Do (sh) | +

X ol (C.15)
k=1

A
K

Then by definition, é\h '= argmin,g £,(0) and 91“7,,“ satisfies f (HWM, P) = th}h at 517“1

Therefore, in this case, we have the following lemma:

Lemma C.6.1. Fix h € [H]. With probability 1 — 6,

E, [£,0)1—E,[£,0r; )] <

36 H*(log(1/8) + Cyj00x) + ACo  [16H3er(l0g(1/6) + Cp 105 &)
+ +4Hey.

K K

where the expectation over u is taken w.r.t. )k = 1,...,K only (i.e., first com-

(> @ S
pute £ [£,(0)] for a fixed 0, then plug-in either 9h+1 or Oyp ). Here Cyyooxy 1= d log(1 +
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24Cy(H + D, K)+d log (1 + 288 H?Cy (i, /Cq + 21/x1K, //1)21<2>+ar2 log (1 + 288 H2/dx2 K> /,1).

Proof: [Proof of Lemma |C.6.1]] Step1: we first prove the case where 4 = 0.
Indeed, fix A € [H] and any function V' (-) € R®. Similarly, define f, (s, a) := f (O, d) =
P,V + 6,,. For any fixed 6 € O, denote g(s,a) = f(0, ¢(s,a)). Then deﬁn

X(gV,fy) = (g0 —r=V (N = (fy(s,a) —r = V("))

Since all episodes are independent of each other, X, (g, V', f},) := X (g(s}, a)), V (s}, ). fy (s}, a}))

are independent r.v.s and it holds

K
\ ; X, (8. V. f,) = () £(f)). (C.16)

Next, the variance of X is bounded by:

Var[X (g, V., f)] <E[X(g. £, f)"]
=E, [((gm,, an) =1y =V (s) = (Fo(sna) = 1, = V(shH))z)Z]
=E,, [(g(sp>ap) = [y (s a2 (&(spr ap) + fry(spay) — 2r, =2V (s,
<4H’ - E,[(g(sp a) — fy (s ay)’]
<4H?-E, [(g(sh, @) =y = V() = (fy(spay) =1y — V(sh+1))2] +8H, (%)

=4H’ - E, [X(g.f. )] +8H e,

2We abuse the notation here to use either X (g, V, fy)or X(6,V, f,). They mean the same quantity.
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where the step () comes from

E, |(&(spap) —r,— V(Sh+1)>2 - (fV(Sm ap) —ry— V(Sh+1))2]

U

[E,, g(sy.ap) — fy(sy, ah)) : (g(sh’ ay) + fy(sy.ay) — 2rh - 2V(Sh+1))]

[
E, [ . (g(sh, ap) = fy(pap) + 21y (s ay) = 21, = 2V(Sh+1))]
£

)
g(sy, ap) = fy(sy, ah))z] + [E,, [Z(g(sh, ap) = fy(sp, ah))[Eph[fv(Sh’ ap) =1, = V(spi) | Sps ah]]
)

"

(
(
(8Cspap) = Sy (4 ap)
(
(

2 2
Z[E,, g(sh, ah) - fv(sh, ah) ] -2H ”51/”00 > [E# [(g(sh, ah) - fV(sh, ah)) ] - 2H€F
(C.17)
where the last step uses law of total expectation and the definition of f), .
Therefore, by Bernstein inequality, with probability 1 — &,
| &
EX(& f. )] =2 X Xl £ fy)
k=1
- \/ 2VarlX(g. /. fy)llog(1/8) | 4H?log(1/6)
- K 3K
. 8HE,[X (g, f, f,)]log(1/8) s \/ 16 H3e,. log(1/6) s 4Hlog(1/8)
- K K 3K '
Now, if we choose g(s,a) := f (§h, @(s, a)), then 5h minimizes £,(0), therefore, it also mini-
mizes % Zszl X,0,V,.,, [7,,) and this implies
1 1 %
f Z X (Qh’ Vh"‘l’ th 1 = f Z TVh+1’ Vh"'l’ fﬁhﬂ) =0
k=1 k=1
Therefore, we obtain
~ A 8H? - E,[X(0,, Viy f7, )log(1/6)  [16H3e, log(1/6) 4H?log(1/5)
[EM[X(G}';’ I/h+1’ f?h-f-l)] S K + K + 3K .

However, the above does not hold with probability 1—6 since é\h and I7h +1 -=min{max, f (é\h +1> P, a)—
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\/ Vf (@\h +1PCa)TA-Vf(0,¢(-,a)), H} (Where A is certain symmetric matrix with bounded
norm) depend on @h and @\h +1 Which are data-dependent. Therefore, we need to further apply
covering Lemma|C.11.10/and choose ¢ = O(1/K) and a union bound to obtain with probability
1-9,

R 8H?-E, [X(0,, Vi fﬁhﬂ)](log(l/é) + Cyiopx)  TH?(log(1/6) + Caog )
[EM[X(Hh’ I/h+1’ fﬁl’wl)] S K + 3K

\/16H3er(log(1/5) + Cylogk)
+
K

+4He,

where C o) += 10g(1+24Co(H + )i, K)+d log (1 + 288 H2Cy(x,\/Cq + 2/5 5, //1)2K2>+
d?log <1 +288H2\/d K’ K?/ /1> Solving this quadratic equation to obtain with probability
1-29,

E[X s Vi 7,01 < +4He,

36H2(10g(1/5) + Cd,logK) " \/16H3€7-’(10g(1/5) + Cd,logK)
K K

Now according to (C.16)), by definition we finally have with probability 1 — & (recall the expec-

: : k k ok —
tation over y is taken w.r.t. (s,, a,, sh+1) k=1,..,K only)

E,[£,@) )] — E,[£,0r5 ) =E, (X, V1. f7 )]

C.18
36 H*(log(1/8) + C, log K) 16 H3er(log(1/6) + C, log K) ( )
< : + : +4Hey.
K K
. y) ~ 1A AC2
Step2. If 4 > 0, there is only extra term < <H0h”2 — ||9Wh+1 2) < = ||9hH2 < 79 in

addition to above. This finishes the proof.

Theorem C.6.1 (Provable efficiency (Part ). Let C, ., x be the same as Lemma Then

3Here in our realization of Lemma|C.11.9| we set B = 1/ (since ”Z;ll ”2 <1/A).
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. 16H3€r(log(1/§)+Cd’10gK)
K

2
) \/ 36 H2(10g(H /8) + Cypoq ) + 24C2 . [baxe, . /2H€p’ h
2 kK K K

Proof: [Proof of Theorem [C.6.1]] Apply a union bound in Lemma [C.6.1] we have with

denote b, .. + 4H ey, with probability 1 — 6

)y
||0h - 9TI7h+l

probability 1 — o,

36 H*(log(H /8) + Cy 00 k) + ACo

E[£4O0)] = E, 12,055 )] < + by ke, VhE[H]

K
2 36H%(log(H/8) + Cyjog k) + 2AC3
SE, 12,00 — 2|81 - Elurg, )~ & |ons, 1 < e +bike,
(C.19)
Now we prove for all h € [H],
~ 2
A : 5 Ao Aors [
E, (£ @t )= 1Oy, 40 | SE,| 4@ - —2 |-E, | £40p, ) = +2Hep.
(C20)
Indeed, similar to (C.18), by definition we have
~ 112
ol dewk]
p ”(eh)_T —Eu| 0 Opp,, )_T = Eu[X O, Vs, fp )]
N
=E, | (£ @ b )~ f(Orp,  GCD)
A, (/@ b1 ) = Oy dCian)) - ( (015, o)) = 1= Vi G )|

S @i an) = 1 Oy, DCs1oan)) - E (f (655, Ssna)) = 1 = Vi ()

(

( _

2

=E, (f(eh,¢< N = [0, 4. )
(
(

y
S @) = fOrp, b)) |~ 2Her
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where the third identity uses y is taken w.r.t. sy, ay, s, (recall Lemma|[C.6.T)) and law of total expecta-
tion. The first inequality uses the definition of 91”7}[ -
+

Now apply Assumption4.2.3] we have

2

b

S

TVh+]

A 2
E, [(f(e,,, BN = [ Orp,, 9D

Combine the above with (C.19) and (C.20), we obtain the stated result.

Theorem C.6.2 (Provable efficiency (PartIl)). Let C,,,, x be the same as Lemma and sup-
4 K'3K' 3
pose ez = 0. Furthermore, suppose A < 1/2Cé and K > max {5121(—12 (log(%d) + d log(1 + 41#)) ,

Then, with probability 1 — 6, Vh € [H],

~ . 36 H2(log(H?/6) + Cyi0gx) + 24C  2H2dx, 1 1
sup | (0, (s, a)) — f(O;, (s, a))‘ <|xiH + —+0().
K VE K K

Furthermore, we have with probability 1 — 6,
~ 36H2(log(H?/8) + C Y+2AC%2  2H24
sup |V, = VXl <|xH dlog K ® 4 K1 1 + 0(l)
Pl RELRRRN P 1 K K

: v
=0 <K1H2\/§\/%>

where O absorbs Polylog terms and higher order terms. Lastly, it also holds for all h € [H],
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wp. 1 -6

o

2 K K

~<K1H2d 1)
=0 -
K K

Proof: [Proof of Theorem [C.6.2]] Step1: we show the first result.

\/72H2(10g(H2/5) + Crogk) + 4’1(’% 4H%dk, 1 1
<|x,H + K + O(E)

We prove this by backward induction. When 7 = H + 1, by convention f (5,,, @(s,a)) =
f(0F, ¢(s,a)) = 0 so the base case holds. Suppose for 4 + 1, with probability 1 — (H — h)é,
f(§h+1,¢(s, a)) — f(0;+1,¢(s, a))| < Ch+1\/g + a(h + 1), we next

consider the case for t = h.

it holds true that sup,,

On one hand, by Theorem C.6.1] we have with probability 1 — 6/2,

sup | /@ ¢(s. @) = /0 (5. )

s,a

<sup| £ (@, ¢(s.0) = f Oy, . d(s, @) + sup

s,a

O, B(s,@) = FOF. (s, )

=sup|V /(& ¢(5.0) (@, - 0y, )| +sup

s,a

O, B(s,@) = FOrys (s, )|

~

<k - Heh —brp Hz + sup | P,
s,a

h,s,a

f}h+1 _p V*

h,s,a” h+1

\/ 36H2(10g(H /8) + Cyjoq ) + 24C2
SKl ’

K + HVhH -V

h+1

Recall ﬁhH(') := min{max, f(§h+1, ¢(-,a)-T',(-,a), H} and Vh*H(-) = max, f(0;+1, ¢(-,a)) =

min{max, f(0;, , (-, a)), H}, we obtain

h+1

||f}h+1 -V

< sup ’f(é\hﬂ, @(s,a)) — f(¢9;:+1 , (s, a))| + iup I',(s,a) (C.21

o s
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Note the above holds true for any generic I', (s, a). In particular, according to Algorithm 3] we

specify

= = ~ 1
D2 = dHAJVof @ 60, DT Vo By b0 ) (+0(0))
and by Lemma [C.11.5] with probability 1 — &,

2dHx, ~

+ O(
VKK

and by a union bound this implies with probability 1 — (H — h + 1)0,

r, < )

N|=

f @y (s, @) = £07, (s, )|

sup
36 H2(log(H /8) + Cy 100 k) + 2AC2  2dHk, ~ -

<Cror| ~ + 5, tloe K ° 25 L 6 = /L 0y

K kK VK K K K

+C, )+24C2 2dH i
dlog K © 4 22X forall H. By a union

: Ve
bound (replacing 6 by 6/ H ), we obtain the stated result.

' . 36H2(log(H /6
Solving for C,, we obtain C;, < K1H\/ (log(H /3)

Step2: Utilizing the intermediate result (C.21])), we directly have with probability 1 — 6,

sup ||ﬁh VX <sup f(é\h,(;b(s, a)) — £(OF, P, a))‘ " 2d Hk, N O(l),
h hifleo = s.a \/R X

where sup, ,

. . 36 H2(log(H? /8)+Cy10s k)+24C5 | 2H2dx, \/T 1
Step3: Denote M := (KIH\/ . + 7 il O(E)’ then by

Stepl we have with probability 1 — 6 (here £ is some point between é\h and 0) for all h € [H]

f(é\h, ¢(s,a)) — f(OF, P(s, a))‘ can be bounded using Stepl.

M 2 sup | £ @, dls. a)) ~ 10} p(s. ap)|

2
2

>E, 4[(f By b(s. @) = £05. $(5. )] > x [0, - 07
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where the last inequality is by Assumption[d.2.3] Solve this to obtain the stated result.

C.7 With positive Bellman completeness coefficient ¢, > 0

In Theorem 4.3.2] we consider the case where €, = 0. If e > 0, similar guarantee can be

achieved with the measurement of model misspecification. For instance, the additional error

\/ 16H3 €7 (10g(1/6)+C 1o )
K

+ 4 H e, will show up in Lemma|C.6.1|(as stated in the current version),

\/ b""’;‘f + \/ ””( = will show up in Lemma [C.6.1} Then the decomposition in (C.T)) will incur

the extra 6p  term with op might not be 0. The analysis with positive €, > 0 will make
the proofs more intricate but incurs no additional technical challenge. Since the inclusion of
this quantity is not our major focus, as a result, we only provide the proof for the case where
€7 = 0 so the readers can focus on the more critical components that characterize the hardness

of differentiable function class.

C.8 VFQL and its analysis

We present the vanilla fitted Q-learning (VFQL) Algorithm [5] as follows. For VFQL, no

pessimism is used and we assume 6, € © without loss of generality.
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Algorithm 5 Vanilla Fitted Q-Learning (VFQL)

1: Input: Offline Dataset D = {(s¥, a* rh,sh+1)}:;:].Denote i 1= P(s),ay).

2: Initialization: Set VH+1(-) <~ 0and 4> 0.

3:forh=H,H—-1,...,1do

4:  Set é\h « argming g {Z,’;l [f (9, q’)h,k) — = Vh+1(Sh+1 ]2 +A- ||9||§}

Set 0, (-, -) < min {f((?h, &G, H—h+1 }

Set ,(- | -) < argmax, (0,(.).m,(- | )) - Vi) < max, (O, ). m,(- | )},

7: end for

W

a

Output: {ﬁh}:zl.

*®

C.8.1 Analysis for VFQL (Theorem 4.3.1)

Recall 1, (s, a) := P, 17,, a(s,a)— Q\ (s, a) and the definition of Bellman operatorm Note

min{-, H — h + 1}* is a non-expansive operator, therefore we have

1,5, a)| =P, Py, (5.a) — O, (5. a)| = |min {PhI?,,+1(s, a), H—h+1 } — min {f(é,,, BN H—h+1 }

<PuPrss. @) = £@ $C. 0| < |7 O, ) = £ B + €5

By Lemma [C.3.1] we have for any 7,

H

H H H
vt —0f = Z E-[1),(sp, ap)] + 2 E, [1)(sp,ap)] < Z Exll1p(spsap)l] + 2 E [t (sp> ap)l]

h=1

Mm

Exl1S (Opp,, - BC N = £ @y (., ))|]+Z[E[|f(9m, L) = B G, DI+ 2H ey

=
[
—_

M=

<

VERI @rp b0, ) = @y . DT+ 2 VEI Orp b0 ) = 1@ 0, D]+ 2H ey
h=1

>
Il
—

H
<2/Cott P AJEallfOrp b = f@ b, DI +2Hey
! (C.22)
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where the second inequality uses Cauchy inequality and the third one uses the definition of
concentrability coefficient[4.2.2]

Next, for VFQL, there is no pessimism therefore the quantity B in Lemma|C.11.10]is zero,

hence the covering number applied in Lemma|C.6.1|is bounded by C, oqk) < O(d ) and

36 H*(1og(1/8) + Cyop ) + ACS  [16H3e(10g(1/8) + C, 00 &)
+ +4Hey.

E,[£,00)1—E,[£,(0y7, )] < = =

Now leveraging (C.I9) and (C.20) in Theorem [C.6.1|to obtain

p ”@“2 2|6, i

~ 2 ~
E, [(f(eh,qb(-,-))—f(em+l,¢<-,->>) ] <E,| 6,0, - —2 |~ E, | £40r5,,) - =2 |+ 2He,

36 H>(1og(H /8) + Cyop ) + 24C2
< ,

X + bd,K’EP +2He,

Plug the above into (C.22)), we obtain with probability 1 — §, for all policy 7,

36 H2(1og(H /) + Cy 05 5) + 2AC2

V" — 0" < 2\/CeffH\/ e - °+ byke, +2Hep +2Hey

¢ 36H2(10g(H/6) + Cylogx) + 2/1C2 \/16H3€F(log(1/5) + Cylogk)
+

=2+/CcH e

H2d + /IC2 H3d€},

This finishes the proof of Theorem@.3.1]

+6Her +2Heyp
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C.9 Proofs for VAFQL

In this section, we present the analysis for variance-aware fitted Q learning (VAFQL).
Throughout the whole section, we assume €, = 0, i.e. the exact Bellman-Completeness holds.
The algorithm is presented in the following. Before giving the proofs of Theorem [6] we first

prove some useful lemmas.

Algorithm 6 Variance-Aware Fitted Q Learning (VAFQL)

1: Input: Split dataset D = {(s’;l,a’;l,r’;) kKhb:rl D = {(E’Z,&Z,fﬁ)}ifil. Require f.

2: Initialization: Set Vy;,,(-) < 0. Denote ¢y, , := ¢(sy.ay). p, := $(5}.ay)
3. forh=H,H-1,...,1do

—_ ey 2
4 Setw, < argminea@{sz=1 |7 (6:6ns) = VGl )|+ 4 ||9||§}

_ ~ 2

5. Setwv, « argming.g {Zszl [f (0, dpns) — thﬂ(iﬁﬂ)] +4- ||9||§}
6: Set [\//a\rhﬁhﬂ](" )= f @y @G, ‘))[0,(H-h+1)2] - [f(“h"»b(" ’))[O,H—h+1]]2
7. Set()* < max{l,Varp V()

A ~ 2
8:  Set), < argmincq {ZkK=1 [f (6. Bns) = s = Vh+1(3ﬁ+l)] /G5 (sy,ay) + A ||9||§}
9:  SetA, « XN VB bp VS Op by )T /62K )+ a1,
10 SetTy () < Ay VoS @ b DAV £ By b ) (+0(D))
1 Set0y(.) < f@ ¢C.) =Ty ), Oy ) < min {Q (). H —h+1}"
12: Set Zy(- | -) < argmax, (O, m,( | )) 4o V() < max, (Oy(, ), 74 1)) ,

13: end for "
14: Output: {7}, .

C.9.1 Provable Efficiency for Variance-Aware Fitted Q Learning

Recall the objective

K
1 N LI A
£40) = 2 X |7 (0.9} @) = r(shaa) = (st )| /53sha) + - 611

k=1
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Then by definition, é\h L= argmingeq £,(0) and Oy satisfies f(0yp, . ¢) = th}hﬂ(s’;m)

(recall e = 0). Therefore, in this case, we have the following lemma:
Lemma C.9.1. Fix h € [H]. With probability 1 — 6,

36 H*(log(1/8) + Cirogx) + /lCé

ﬂfﬂ[fh(é\h)] - [Eu[fh(eTVw)] < K

where the expectation over u is taken w.r.t. (s’;l,a’;l, )k = 1,...,K only (i.e., first com-

Shel
pute £ [£,(0)] for a fixed 0, then plug-in either §h+l or Oyp ). Here Cyo0k, += dlog(l +
24Co(H + 1)k, K)+d log <1 + 288 H2Cy(x,\/Cq + 2/515, /A)2K2>+d2 log (1 + 288 H2/dK2K? /,1)+

dlog(l + 16CoH?kK) + d log(1 + 32Co H?k K).

Proof: [Proof of Lemma|C.9.1]
Stepl: Consider the case where 4 = 0. Indeed, fix 2~ € [H] and any function V' (-) €
RS. Similarly, define fv(s,a) := f(Oy,,¢) = P,V. For any fixed 6 € 0, denote g(s,a) =

[0, ¢(s, a)). Moreover, for any u, v € O, define

63,11(.’ ) = max{ 1’ f(U’ d)(’ '))[0,(H—h+1)2] - [f(u’ d)(, '))[O,H—h-}-]]]z}

Then define (we omit the subscript u, v of 630 for the illustration purpose when there is no

ambiguity)

_ Gs,a)—r- V(")) = (fy(s,a) = r = V(s))

X(g’ VafVaaz) : 62 (S a)

Since all episodes are independent of each other, X, (g, V, f},) := X (g(s}, a)), V (s}, ), fy (s}, ay), 67 (s}, ap))

are independent r.v.s and it holds

K
> X, (8. V. fy.0%) = £(8) = £(fy). (C.23)

1
K k=1
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Next, the variance of X is bounded by

Var[X (g, V, fy, 0] S E,[X(g, f, fy» 2]

2
=E, [((g(sh’ a,) —r,— V(Sh+1)>2 - (fV(Sh’ ap) —ry— V(Sh+1))2> /O'Z(Sh’ ah)zl

—E l(g(sh’ a,) = fy(sp, ah))2 (g(sy, ap) + fy (s, a,) —2r), — 2V(5h+1))2l
=E, .

O'Z(Sh, ah) Gz(Sh, ah)
— 2
<4H?. [E,d[(g(sh"’h)2 fvwan)®
o*(sp. ap)
=4H*-E (8Cs @) =y - V(Sh+1))2 ~ (fy(spap) —ry = V(Sh+1)>2 (%)
) ' o2(sy, ap)

=4H? -E,[X(g. f. fy.0")]

() follows from that

F @ sy a)) = f(Orp, b5 a))

Uz(sh’ ah)

E (f (911//\h+1’¢(sh’ah)) —rh— f}h+1(sh+1) va"h) =0.

"

Therefore, by Bernstein inequality, with probability 1 — &,

K
EIX( 12 fyr0P] = 2 X,(@ f Sy )
k=1

\/ 2Var[X (8, /. Jy.oM)]log(1/8) | 4H*log(1/8)

< K 3K
oy [3PEAX s, /. fy. o] log(1/8) | 4H? log(1/5)
= K * 3K '

Now, if we choose g(s,a) := f(é\h, ¢(s,a)) and u = u,,v = v, from Algorithm@ then 5,1
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minimizes ¢, (0), therefore, it also minimizes % 211;1 X;(0, f}h o 62) and this implies

K K
1 /\ 1 /\

Thus, we obtain

8H2-E, [X0,.V,,,.fs .0D)]log(1/8) ap2]
~ ~ ~ " B +1°JV, " 'Y h Og(l/é)
IE#[X(HhaI/h+laff/\h+l’62)] S \/ K o + 3K .
However, the above does not hold with probability 1—6 since é\h, 82 and f}h +1 -= min{max, f (/H\h w1 PG a)—

\/ Vf (é\h +1-PC,a)TA -V (0, ¢(-,a)), H} (Where A is certain symmetric matrix with bounded
norm) depend on é\h, é\h +1 Which are data-dependent. Therefore, we need to further apply cov-
ering Lemma [C.11.11{and choose ¢ = O(1/K) and a union bound to obtain with probability
1-0,

— o)
E XG5 < SHZ'Eﬂ[x(eh’Vh+laff}h+l’°'h)](log(1/5)+Cd,logK)+4H2(10g(1/5)+Cd’10gK)
p n V> Jp, Ol S K 3K '

where C, oy, 1= d10g(1424Co(H + Dic, K)+d log (1 + 288 H2Cy(x,\/Cq + 2/515, /,1)21<2>+
d?log <1 + 288H2\/EK12K2//1> +d log(1+16Cg H?k; K)+d log(14+32Cg H?k, K) (Where we
let B = 1/4since ||A;'||, < 1/4). Solving this quadratic equation to obtain with probability

1-9,
36H2(10g(1/5) + Cd,log K)

K

[E#[X(Qh, Vh+1a f{?hH)J <

Now according to (C.23)), by definition we finally have with probability 1 — & (recall the expec-

tation over y is taken w.r.t. (s* )k=1,...,K only)

h’ h’ h+l

36H2(10g(1/5) + Cd logK)

E,[£,@4)] = E[£40p )] = [XB), Vyr, f7, )] < ——— (C24)

172



Supplementary Material in ChapterlZl Chapter C

where we used f<9TI7;.+1 @) = th/\h+1 = fﬁ,m'

A A 2
Step2. If A > 0, there is only extra term 2 <H9h” - ”0 > <2 ||0hH < Lo in
K 2 2 K 2 K

TV

addition to above. This finishes the proof.

Theorem C.9.1 (Provable efficiency for VAFQL). Let C,,,, x be the same as Lemma

Then, with probability 1 — 6

36 H*(log(H /8) + C; 1. ) + 24C2
ZS\/ g(H/ Kd,ng G,VhG[H].
K

0~ 05,
Proof: [Proof of Theorem [C.9.1]] Apply a union bound in Lemma [C.9.1] we have with
probability 1 — o,

36H?*(log(H/8) + C o )+ AC?
g /K d.Jlog K @, Vh e [H]

E,[£,8,)] — E,[£,(0p, )] <

2

~ A2 1 2 36H*(log(H /8) + Cy 00 k) + 24C;
=E, 246, - K ||9hH2] - [Eu[’/ﬂh(gm?m) K ||‘91n7,,+1 5 =< K
(C.25)
Now we prove forall h € [H],
~ 12 2
; z 5 Ao, Ao,
By |(/ @ b0 = 1Oy 0 D) | = E,| 6480 = =2 |-, | 446615, ) - ——
(C.26)
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Indeed, identical to (C.24),
~ 12 2
E, |2, /1”9}1”2 E,|£4(0,p AHQW’”' 2| = E [XBy Visrs £
| CnOn) = —— | =B OnOrp )= —— | = BulXOp. Vi1, f, )]

=E, ([f (é\h’ é(sp» ah)> I 17h+1(sh+1)]2 /3;21(%’ ap) = [f <9m7h+1’¢(shv ah)> I 17h+1(sh+1)]2 /3;21(%’ ah))

~ 2 ]
=E, |(f@h 0C. 0 = £, BN /530
A, (@ bs1oa) = O, bsioan)) - (1 (0rp,. G a)) = 7 = Vaanen) ) /63510 an)|

(
( _
N 2
=, | (£ @ dC. )~ S(Orp, D) /530
(
(

+E, | (£ @ d(spoan) = FOrp Pl ah))> E (f (‘9Wh+1’¢’(sh’ ah)) — = Pt a5 ah> /525, ah)]
~ 2
=ﬂ£/4 f(gh’ d)('a ')) - .](‘(01]'[//\'}1+1 ) d)(" '))) //G\h(" '):|

where the third identity uses law of total expectation and that y is taken w.r.t. s,,a,,s,,,; only
(recall Lemma|C.9.1)) so the 8; can be move outside of the conditional expectation The fourth
identity uses the definition of 9117,”1 since f (91”7“1 (s, a)) =P, I7h -

,8,a

Then we have

~ 2
E, [(f(eh, BN = [ O, 9D ) /53,0

2

2

2

>E, l(f@, ¢ N = f Oy, BC ->))2] JH 2 = |0, = b5,

where the third identity uses y is over s,, a, only and the last one uses Gfl(-, -) £ H?. Combine

the above with (C.23)) and (C.26)), we obtain the stated result.

Theorem C.9.2 (Provable efficiency of VAFQL (PartII)). Let C, ., x be the same as Lemma
K.4 K3K 3
Furthermore, suppose A < 1/2Cé and K > max {512K—‘2 <10g(%) + d log(1 + ﬂ)) 4 }

A2 K

4Recall 6'\;2! computed in Algorithm@uses an independent copy D’.

174



Supplementary Material in ChapterlZl Chapter C

Then, with probability 1 — 6, Vh € [H ]

36 H4(log(H /8) + Cy 00 k) +24C5  2d H3k, 1

sup | £ @ p(5. @) = £ (05, (s, a))| < KlH\/ + L

: V

Furthermore, we have with probability 1 — 6,

36 H*(Iog(H /8) + C, 0. k) + 2AC2 24 H
< KIH\/ [0+ Carer 0+ 20 2 o)

: v
=0 <K1H3\/%\/%>

where O absorbs Polylog terms and higher order terms. Lastly, it also holds for all h € [H],

sup ”ﬂ — Vh*
h

wp. 1 -6

\/72H4(10g(H2 /6)+ Caroe) +43C3 gpiae | 7 |
+ X + O(E)

0, —0*
H h h K K

<|«xH
2

Proof: [Proof of Theorem [C.9.2]] Step1: we show the first result.
We prove this by backward induction. When 4 = H + 1, by convention f (5}1, (s, a)) =
[0, d(s,a)) = 0 so the base case holds. Suppose for 4 + 1, with probability 1 — (H — h)4,

sup; , f(é\h, ¢(s,a)) — fOF, P(s, a))| <Ch \/g, we next consider the case for t = h.
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On one hand, by Theorem [C.9.1] we have with probability 1 — 6/2,

sup |/ @ $(s. ) = /(6. 9(s.0)

s,a

<sup| £ (@, ¢(s.0) — f Oy, . d(s, @) + sup

s,a

f O, B(s,@) = F(OF. (s, )

=sup | V£ (&, d(s, @)@, - Oy, )| +sup

s,a

f 5, B, @) = FOrys (s, )

P

h,s,a

f}h+1_7) V*

Pas
<Ky - Heh - evﬁhﬂ H2 + sup hsa’ nl
s,a

A

+ HVhH - Vhil

\/ 36H(10g(H /8) + Cypoq ) + 24C3
<k, -
kK

2
[oo]

Recall we have the form V,,,(-) := min{max, f(8,,. (@) — [};(a), H} and V,* (-) =

max, f(0},,, $(,a)) = min{max, (0, , (-, a)), H}, we obtain

[V = Vi S 500 [ @rors s, ) = 1 @5 95, @) + 50T (5,0) (€27)

Note the above holds true for any generic I';,(s, a). In particular, according to Algorithm[6] we

specify

Do) = A\ Vol @ 6 NTA Y0/ By ) (+0(0) )

and by Lemma|C.11.5, with probability 1 — & (note here X" is replaced by A, and ||A;'|, <

H?/x),
2d H*k
r, < !

" VK

n O(%)
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and by a union bound this implies with probability 1 — (H — h + 1)0,

S @y b(s.0) = 16}, $(s.)|

sup
s,a

36 H*(log(H /8) + C, 100 k) + 2ACE  2d H?k
5C,,+1\/%+K1\/ ok °+ 1+0(%):=ch 1

kK VeK K

36 H*(log(H /8)+Cy 0g k)+24C} + HZd f/li'“ for all H. By a
union bound (replacing 6 by 6/ H), we obtain the stated result.

Solving for C,, we obtain C, < KIH\/

Step2: Utilizing the intermediate result (C.27)), we directly have with probability 1 — 6,

2d H?k,

VK

sup Hf}h -V + 0(%),

< sup
0 s,a

F @y s, @) = £ 65, s, )| +

where sup_,

4(loe( H? 2 34k
Step3: Denote M := (KlH\/%H (log(H /51+Cd,logk)+2}»C® n 2H\;§ 1) \/g + O(%), then by

Stepl we have with probability 1 — 6 (here & is some point between §h and 67) forall h € [H]

f(t/9\h, ¢(s,a)) — fOF, P(s, a))‘ can be bounded using Stepl.

M > sup| £ @, 95, @) ~ 107 95, )|

2
2

A 2 A~
> E,1( /@) $(5.0) - 16} ds.a) ) 12 ¢ ||9, - 07

where the last step is by Assumption{.2.3] Solving this to obtain the stated result.
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C.9.2 Bounding [6; — ¢ 7|

Recall the definition 6*2(-, -) = max{l, [Var P, h G -)}. In this section, we bound the

term |67 — o] 1= ||6;(.) — 0,7, a

] - !
u, =ar§€ng)1n {? [f (9’ ¢h,k) h+1(sh+1 ] E ||9||2}

v, =argmin
0O

82(’ ) = maX{ 19 f(vh’ d)(’ '))[0,(H—h+1)2] - [f(u}p ¢(7 '))[O,H—h+1]]2}

(C.28)

DM~ TV~

x| =
~
Il
-

_ ~ 2
(0.6 - 2| + ¢ neni}

where

and true parameters uy;, vy, satisfy f(u;, ¢(-,-)) = Epy. [V, (5], f (v}, §) = [EP(S,|_,_)[Vh*2(s’)].
Furthermore, we define
02 () 1= max{1,[Var, V,,,1( )}
h+1
and the parameter Expectation operator J . V € RS — 0, € O such that:

SOy, d) = V(S ), VIV, < Byg.

Note 8;, € © by Bellman completeness, reward r is constant and differentiability (Defini-

tion4.1.1)) is an additive closed property. By definition,

e 012; | <If @p @) = fOyp2 D) + |f (s 0 = f(O5p B
SIf @ @) = fOsp2 D +2H - [ f(uy ) = f Oy, P
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and

6;2 - ail Slf(v]:’ d)) - f(vha d))l + |f(u27 ¢)2 - f(vh’ ¢)2|
<If@Wh. ) = f@,, d)| +2H - | f(u};, ) — [0, $)

We first give the following result.

) k4 2d 413K, Co K3 41
Lemma C.9.2. Suppose 4 < 1/2C2 and K > max {512K—; <10g(?) +dlog(l + 1_)> g }

A2 K

Then, with probability 1 — 6, Vh € [H],

36 H2(log(H /8) + O(d?)) + 2AC2
R
36 H*(log(H /8) + O(d?)) + 2AC2
v, — 0. || < gt/ ® Vhel[H].
h Wi ll2 kK

and

36 H2(log(H?/6) + O(d») + 24C2 2H%ax, | [1 1
[y, (s, @) = fuy, (s, a))| <|xH + \/; + O(f),

- v

36 H4(log(H?/6) + O(d») + 2ACY  2H3dk, | 1 |
f@n b(s.0) = @, ds, )| < | H + \/ = +0(=).
K Jx K K

The above directly implies for all h € [ H], with probability 1 — 6,

sup
s,a

sup
s,a

36 H*(log(H2/8) + O(d?)) + 2AC%  6H*d
072~ 52| < 3K1H2\/ e 0+ R 2 00

s v

36 H*(log(H /5) + O(d?)) + 2AC>
Cr s3H,<1\/ eH/ e ©
+1 K

Vi

Proof: [Proof of Lemma [C.9.2] In fact, the proof follows a reduction from the provable
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efficiency procedure conducted in Section|C.6] This is due to the regression procedure in (C.28))
is the same as the procedure (C.13) except the parameter Bellman operator T is replaced by
the parameter Expectation operator J (recall here th’ . uses the independent copy D’ and o(d 2)
comes from the covering argument.). Concretely, the X(g, V', f}/) used in Lemma will be
modified to X(g,V, f,)) = (g(s,a) = V(s")* = (f(0,y,, p(s,a)) — V(s"))* by removing reward

information and the decomposition

Ep [(g(sprap) =V (spe))” = (f Oppr d(spra)) = V(5’| = E, [(8(sprap) = f Oy, (50 a,))]

holds true. Then with probability 1 — 6,

op? =6, SIf Wy, @) = fW,,, O +2H - | (), §) = [ (), D)

) [36H*(log(H?/8) + O(d*) + 2AC%  6H*dx, | [1 1
<|3x,H + % T O

: v

and

3Z - 6127,,+1| <|f@,,$) - f(ejﬁ,fﬂa O +2H - [ f(uy,, ) - f(93§h+1,¢)|

<k HU —0
—="1 h JJVh+1

36H*(log(H /8) + O(d?)) + 24C2
<3Hk, X .
K

C.9.3 Proof of Theorem4.4.1

In this section, we sketch the proof of Theorem.4.1|since the most components are identical

to Theorem[.3.2] We will focus on highlighting the difference for obtaining the tighter bound.
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First of all, Recall in the first-order condition, we have

. 2
K [f (0 nx) = g = Vi (SZH)] 5
Vol D, S +4- 16112 =0, Yhe[H]

k=1

Therefore, if we define the quantity Z,(-,-) € R? as

K 9, —r, .=V (s5 )| V£,
Zh(HIV,O'z):Z[f< ¢h,k) Pk (Sh+1)] f( ¢Z,k)

= O'(SIZ, a’,i) G(S];l, a,

+41-0, VO€O,|V|, < H,

then we have

Zy(0 V11,62 = 0.

According to the regression oracle (Line 8 of Algorithm[6), the estimated Bellman operator

73/1 maps I/}hJrl to é\h, ie. f)hf}hﬂ = f(é\h, ¢). Therefore (recall Definition |C.3.1])

PV, (s.a) =PV, (s.a)=P,V,, (s.a) — £(B,. (s, )
=f(Orp, . $(5.0) — £ (D). P(s.a)) (C.29)

=V £ @, t(s5. ) (617, =0, ) +Hot,,.

where we apply the first-order Taylor expansion for the differentiable function f at point @\h and
Hot,, , is a higher-order term. Indeed, the following Lemma bounds the Hot,, ; term with

o).

1
K
Lemma C.9.3. Recall the definition (from the above decomposition) Hot,, ; := f (QWh+1 , (s, a))—

7@, (s, a) — VD, ¢(s,a)) (va - §h>, then with probability 1 — 6,

[Hot,, | < 8(=), Vh e [H]
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Proof: The proof is identical to that of Lemma [C.4.1| but with the help of Lemma|[C.9.1]

Next, according to the expansion of Z h(@ll?h +10 8%), we have

VI @ (5.0 (65, = 0,) = I + L + I, + Ho, (C.30)

where

Hot, :=V /@, &5, DA, [ RO, ) + 46035, |
K (f(é\h’ d)h,k) —TVpr— I/},I+I(S];+1 > : vé@f(é\h’ d’h,k)
= 62(s), @)

& Vo @ VY £ Bpser b1 N

k k
k=1 6-\2(Sh9 ah)

Ay

K
h

RyOpp, ) =Ap (0, = Opp )+ Ry(Opp, )
where R K(Hm;m) is the second order residual that is bounded by 5(1 /K) and

A 5 (f Oy i) = rhic = Vi 55,0 ) - VB £ @b

I, =Vf0,,d(s, a)A\, —

1 " " & Gy(sy- @)

R K (f(HWhH,(f)h,k) — fOryx s bnp) = I/}h+1(51;,+1) + Vhil(sl];_i_l)) : V;;rf(/e\h’ bn.i)

I, =V £ @, d(s, DAL Y
k=1

Gi(s';l, a';l)

K (fOrp, i) = rhic = Vs, - (V3£ O, i) = Vi £ @ b))

~2 k Kk
ah(sh,ah)

I3 =V (0, ¢(s, DA}

~
I

Similar to the PFQL case, I,, I5, Hot, can be bounded to have order O(1/K) via provably effi-
ciency theorems in Section and in particular, the inclusion of o2 will not cause additional

order in d E] Now we prove the result for the dominate term 1.

>Note in Lemma|C.11.11} we only have additive terms that has the same order has Lemma|C.11.10
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Lemma C.9.4. With probability 1 — 6,

11 S 4H [V £ @y bt |, - Couc + 5(%),

where Cy,,, x only contains Polylog terms.

Proof: [Proof of Lemma |C.9.4]] First of all, by Cauchy—Schwarz inequality, we have

K <f(0TVh*+]’ i) = Tk — h+1(sh+1 ) VS Onr by 1)

2

2
f=1 gh(sh’ ah)

11| < va(é\h’(b

-1
Ay

(C.31)

2
Recall that 02 (-, ) :=max{1, f(v, ¢(, ‘))[o (H-h+1)2] — [f(u, (., ‘))[0 H—h+1]] }-
Stepl. Let the fixed & € O be arbitrary and fixed u, v such that 0' ( ) > E o v*( ) =
h’

%0;2(-, -)and define x, (0, u, v) = V, £ (0, ¢, ) /0, (s}, ay). Next, define G, ,(6) = Zk:l V1O, sy, a)))-
V1O, d(sk, a"))T/afv(s’;l, ay) + Aly, then ||x||, < . Also denote 5, := Lf Orye  bni) —

h+1(sh+] /auu(sh,ah) then[Enklsh, h] 0 and
Vaf[f(evvhtrl’d’hk)_rhk h+1(sh+l)|sh’ h]
Var nklsha h
a2 (sy.a})
2Var[f (Oryx > by i) = Fag = Vi (SheDlshs agl
<
- *Z(Sh’ h
k
=2[Varp thl](sh,a ) <2

2
O';: (sh,ah)

then by Self-normalized Bernstein’s inequality (Lemma |C.11.4)), with probability 1 — 6,

K«? 2 2 -
<16q|dlog [ 1+ —1 ) tog [ X ) 4z 108 (K2 < 5Va)
Ad 5 5
G(O,u,v)"!

|f(‘91rV;+1 s¢(3a0))—"-Vh’:1 s
6; (s,a)
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0().
Step2. Define h(0,u,v) 1= ¥ x,(0,u, v), (u,v) and H(0,u,v) 1= |h(0,u, )l 1-

||/’l(91, U, Ul) - h(92, Uy, U2)||2 < Km}?X ”(xk : Wk)(el» Uy, Ul) - (xk : nk)(02, Uy, U2)||2

2 ko ok 2 k gk
Vf(gl’ ¢/’l,k) —_ Vf(92’ ¢h,k) Gul,Ul Sha ah) - O-uzvvz(sh’ ah)
< Kmlle H - —— Hx, 2 ko k<2 ko k
O'ul,Ul (Sh’ ah) O-“pUI (sh’ ah)O-MZ’UZ(sh’ ah)
2 2
S KHKl ||91 _92||2+KHK1 Gul,vl _61,42,1)2 2

Furthermore,

”Gh(el,ul, v = Gy (0, 1y, 0y)"! ||2 < ||Gh(91, u, ul)—l”2 G (61,11, 0) = Gy(Bs, ur, 05)| ||Gh(92,u2, vy~ ||2

<LK up VO, dpi) - Vf(01,¢h,k)T ) V10, dps) - VIO, d)h,k)T

B 631’01<sfl’al;l) ng,vz(sl;l’ al;l) 2
! 2 || 2 2

<5 (Kror 100 = 0all, + KiF |02, = 02|,

All the above imply

|H(01, ul, Ul) - H(OZ’ U2, U2)| S \/|h(91, ”1’ UI)TGMI,Ul(gl)_lh(ol’ Ml, Ul) - h(92, le, UZ)TGuz,UQ(GZ)_lh(OZ’ Uz, Uz)

1
s\/||h(01,u1, 0) = hOy 2,0y~ 7 - KHiky + \/KHKl : ||Gul,,,l((91)-1 - Guz,u2(02)-1“2 . KHx,

1
+\/(KHK1 . I) . ||h(91,u1, Ul) - h(92,1/l2, U2)||2

1 , Kk
S2’\/1<11K1(”91 - 92”2 + | 631,01 - 32,1)2 2) ’ z -KHxk + \/K2H2K1 ' 22 <K2 ”91 - 02”2 + K | 031,01 - 0-32,U2 2)
2 3 2 4
< <\/4K2H2K1//1 + \/K3H2K1 K2/22> \/”91 — 0,]|, + <\/4K2H2K1 /A+ \/K3H2K1 //12> \/| G’%lvvl - 052’02 )

184



Supplementary Material in ChapterlZl Chapter C

note

|631,U1(S’ a) - Giz,vz(s’ a)l S |f(U]’ (]’)(S, a)) - f(UZ’ ¢(S, a))| + 2H |f(u]’ d)(S’ a)) - f(uza (]’)(S, a))l

<k ||y = v |, + 2HKy ||uy — w5,

Then a e-covering net of { H (0, u, v)} can be constructed by the union of covering net for 6, u, v

and by Lemma|C.11.8] the covering number N satisfies (where O absorbs Polylog terms)
log N, <O(d)

Step3. First note by definition in Step2

K <f(9TVh*+]’ ¢h,k) —Fpr— th—l(sfzﬂ ) : V—grf(é\h, d)h,k)

—H@,,u,,v,)
~ k k h>“%h>%h
k=1 Gi(sh’ah)

-1
Ah

Now choosing ¢ = O(1/K) in Step2 and union bound over the covering number in Step2, we

obtain with probability 1 — & (recall \/E > 0(0)),

~ Kk} 4K2\  ~ 4K?\  ~ 1
H®,.u,,v,) st d log <1 + le>  [log <T> O(d)] + 4¢log (T) +0)] +0(=)

<0(d) + O(%)

where we absorb all the Polylog terms. Combing above with (C.31]), we obtain with probability
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1-o,

L1 <|[V/ @ g - H @ w0

<||vs @, o650, , - [6@ + 0]

-1
Ah
Ky

+ O(
AZ') VKK

)

<0 (d |7 @, 5. )

Combing dominate term I; (via Lemma [C.9.4) and all other higher order terms we can
obtain the first result together with Lemma|C.3.2]
The proof of the second result is also very similar to the proofs in Section|C.5.2] Concretely,

when picking 7 = z*, we can convert the quantity

V17 B b5 AV o f By bl 0,)

to

\/ng(e*, B(sp @A, Vo f O, (s, ap))

using Theorem[C.9.2] and convert

V17 OF b5 @AV o £ (0} (54 0,)

to

\/ng(9*, D(sp )N Vo [ (O, B(s), ap)

using Lemma|[C.9.2]
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C.10 The lower bound

Theorem C.10.1 (Restatement of Theorem 4.4.2). Specifying the model to have linear rep-
resentation f = (0,¢). There exist a pair of universal constants c,c¢’ > 0 such that given
dimension d, horizon H and sample size K > c'd>, one can always find a family of MDP

instances such that for any algorithm ©

H
inf sup Ep[0* = of] 2 V- Y E,e [\/vgfw*,dx-,-)><A,j"’>—1v9f<9*,¢(-,->> . (€32
h=1

T MeM

where A*,p_[E[ K Vefw;,¢<sﬁ,aﬁ>>~vgf<9;,¢(sﬁ,az))T]
= )

k=1 Vary (V5 )(s),.a)

Remark 8. Note Theorem is a valid lower bound for comparison. This is because the
upper bound result holds true for all model f such that the corresponding F satisfies Assump-

tiond.2.1] Therefore, for the lower bound construction it suffices to find one model f such

that the lower bound (C.32)) holds. Here we simply choose the linear function approximation.

C.10.1 Regarding the proof of lower bound

The proof of Theorem [4.4.2] can be done via a reduction to linear function approximation
lower bound. In fact, it can be directly obtained from Theorem 3.5 of [106]], and the original
proof comes from Theorem 2 of [41].

Concretely, all the proofs in Theorem 3.5 of [106] follows and the only modification is to

replace

VE 61T (A7) E,. 1] < % | (+1.1,) H(A;*”)_l + % |6 (~1.u,) H(AZ’”)_I
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in Section E.5 by

. [\/6C T 196,)] = S|ec ]|+ 5]|ecLu)

(AP (AP

and the final result holds with ¢(-,-) = V, £ (07, ¢(-, -)) by the reduction f = (0, ¢).

C.11 Helpful Results

Lemma C.11.1 (k-th Order Mean Value Form of Taylor’s Expansion). Let k > 1 be an integer
and let function f . R? — R be k times differentiable and continuous over the compact domain

© C RY. Then for any x, 0 € ©, there exists & in the line segment of x and 0, such that

k-1
1) = 1O =VFO) (= 0)+ 3,6 = 0 Vi f O =)+ .t sV 1(0) (R - 0)

* (k-1
k
+LV O (R -0)

Here V* f(0) denotes k-dimensional tensor and Q) denotes tensor product.

Lemma C.11.2 (Vector Hoeffding’s Inequality). Let X = (X, ..., X,;) be d-dimensional vector
Random Variable with E[X] = 0 and || X||, £ R. X", ..., X"’s are n samples. Then with

probability 1 — 6,

2
< /3R log<§>.

2

1 g
;;X()

Proof: [Proof of Lemma|C.11.2]] Since || X ||, < Rimplies | X;| < R, by the univariate Ho-

effding’s inequality, for a fixed j € {1,...,d}, denote Y, := % Z:’zl X](.i). Then with probability

[R2
P<|Yj| >2 R—log(l)> <o.
n )

188
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By a union bound,

. R 1 . R 1
PlIist|V|>2v/Xlog(=) | <dsoP (Vi |V ]|<2v/Xlog(=) ) > 1-ds
J n S / n b
2 2
op(vi <)) s1—as>p ||Y||25\/4dR log(X) ) > 1-ds
J n o) n o
2
&P <||Y||2 < \/”—Rlog(§)> >1-6.
n

Lemma C.11.3 (Hoeffding inequality for self-normalized martingales [160]). Ler {n,}* be a

real-valued stochastic process. Let {F,} 2 be a filtration, such that n, is F,-measurable. Assume

n, also satisfies n, given F,_, is zero-mean and R-subgaussian, 1.e.
2p2
VAER, E[eM|F_j| <R/

Let {x,}2, be an R?-valued stochastic process where x, is F,_; measurable and ||x,|| < L. Let

A =i, + Zi=1 xSxST. Then for any 6 > 0, with probability 1 — 6, for all t > 0,

§8R2-£log<

ﬂ+tL)
2

Ab

t
PIEND
s=1

2
A
Lemma C.11.4 (Bernstein inequality for self-normalized martingales [76]). Let {n,} be a
real-valued stochastic process. Let {F,}° be a filtration, such that n, is F,-measurable. Assume

n, also satisfies

] < RE[n | Foy] = 0.E [ | Fiuy] < 0™

Let {x,}2, be an R?-valued stochastic process where x, is F,_, measurable and ||xt|| < L.
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Let A, = Al + Zts=1 xsx:. Then for any 6 > 0, with probability 1 — o, for all t > 0,

tL? 42 4t2
<8 dl 1+—-1 +4Rlo

Lemma C.11.5. Ler V f(0, ¢(-,-)) : SXA — R? be a bounded function s.t. sup,eq ||V £ (0, d(-, ), <

t

Z Xs;/]S

s=1

k. If K satisfies

K4 4k, B*k,Co K3
K > max {512—12 <log(%) + dlog(1 + $)> , ﬁ
K

A? K
Then with probability at least 1 — 6, for all ||u||l, < B simultaneously, it holds that

2B

VK

where 2, = Y&V f (B, p(sk, %)) - V£ (B, sk, aNT + AL

-+ <

+ O%)

Proof: [Proof of Lemma|C.11.5] For a fixed 8, define G = Zle V1O, sy, ar)-V [, p(sy,ai) +
Al,,and G = E_ [V f(0, (sy, ap)) -V f(O, d(sp, a,))'], then by Lemma H.5. of [82], as long as

K > max{512«* HG‘ H log( 45 42 ”G‘ || (C.33)

then with probability 1 —§, for all u € R? simultaneously, ||u||s-1 < % |lu]lg-1- As a corollary,
if we constraint u to the subspace ||u|l, < B, then we have: with probability 1 — 6, for all

{u € R? : ||ul|, £ B} simultaneously,

2 ZB |G ||2
Nullg-1 < — |lullg- = —=VuT (C.34)
\/ \/ VK
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Next, for any 6, define

K -1
h(0) :=Nlullg-r = VuTGlu = | [uT <Z V0, d(s, a5)) - VIO, sk, d )T + ud) u
k=1
and G(0) = Zle VIO, sy, ar) - VIO, d(sy,ay)T + Al,, we have for any 6,, 6,

|G©6)) - G6,)||, < (VSO d(siy, @) = V£ (6, $(s3. @) - V [ (8, p(s),s a’,ﬁ))T‘

+

M~ M-

V£ (6, sy, @) (V Oy, Bsy, @) = V. f (02, dlsy, a',ﬁ))fl'

~
Il

1

<Ki,k, ||0; — 6,], + Kryk, ||6, — 65|, < 2Kk, ||0, — 6,]|, -

Use the basic inequality for a,b > 0 = |\/_ — \/Zl < 4/la-b|,

sup |h,(6,) = h,(0)] <sup \/ a7 (GO - GO u] < \/B2 - G0 - GO

<\/B2 |G|, G0, ~ GO, |G

1 1 2B*Kk Kk, ||0, — 6,||
S\/BZEZKIQKI |6, = all, 7 = \/ = 2

A2e?
2K BZk K,

Therefore, the e-covering net of {h(0) : 6 € O} is implies by the -covering net of

{6 : 0 € ®}, so by Lemma|C.11.8| the covering number N, satisfies

4B?Kk,k,C

log N, < dlog(l + et

Select 8 = @h. Choose ¢ = O(1/K) and by a union bound over (C.34)) to get with probability
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1 — 6, for all ||u||, < B (note By Assumption G|, < 1/x).

2B

VK

1
lullsy < ===+ ()

if (union bound over the condition (C.33))

K} 4k, B*Kk,Co K3
K > max {512—12 <1og(27d) +dlog(l + MO 44
K

12 K

K

where this condition is satisfied by the Lemma statement.

Lemma C.11.6. let ¢ : S X A — R satisfies ||p(s,a)|| < C forall s,a € S x A. For any
K > 0,4 > 0, define Gy = ZII::] d(sp> a)P(sa,)" + AL, where (s;,a,)’s are i.i.d samples

from some distribution v. Then with probability 1 — 6,

4\/§C2 24\ /2
<log —) .
VK

<
o
Proof: [Proof of Lemma|[C.11.6] See Lemma H.5 of [106] or Lemma H.4 of Lemma [82]]

G [%]
K K

for details.

Lemma C.11.7 (Lemma H.4 in [106]). Let A, and A, € R*? are two positive semi-definite
matrices. Then:

<z -l - =

and

Ipllar < [1 + \/HA;” A, - HA1—1|| A= Aol -l

forall p € RY.
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C.11.1 Covering Arguments

Lemma C.11.8. (Covering Number of Euclidean Ball) For any € > 0, the e-covering number

of the Euclidean ball in R with radius R > 0 is upper bounded by (1 + 2R /¢)“.

Lemma C.11.9. Define V to be the class mapping S to R with the parametric form

V() := min{max f(0, ¢(-, a)) — VVSO,(.a)TA-V [0, (. a), H}

where the parameter spaces are {0 : ||0||, < Cy} and {A : ||A|l, < B}. Let ./\/;v be the

covering number of e-net with respect to |  distance, then we have

1

8Co(k11/Cg + 24/ Bk k) 5
> +d“log
€

81/d Bx?
log N < dlog| 1+ +#
€

Proof: [Proof of Lemma|C.11.9]

sup [Vi(s) = V2(s)]

S (61, (s, a) - \/Vf(b’l, B(s,aNTA; - V(6. ¢(s.a)) — (0. (5. 0) + \/Vf(l%, B(s,a)T Ay - V(05 ¢(s,a))

<sup
s.a

V€ ¢(s,a))- (0 —0,) - \/Vf(917¢(s, a)TA; -V, ¢(s, @)+ \/Vf(ez, B(s, )T Ay - V(6. (s, )

=sup
s,a

<y - [}0y = ], + sup \/Vf(el, D5, a)TA, - VIO, (s, a)) — \/Vf(ez, B(s,a)T Ay - V (s, b(s, @)

<k - ||y = 62|, + sup \/I[Vf(91,¢(s, a) = Vf (6, (s, aN1T A - V (0}, p(s, @)

+sup VIV b(s.a)T(A) = A) - V10 b5, )] + sup VIV (.00 Ay - V£ (6. 5. 0) — V£ (6. 5. )|

<ry - [|61 = 6|, +2sup VIVI©O. 065 a) = V1O pis. )|, - B xy + \/Kf 141 = A3l

<1 03 = 0all, + 250p [V 01 4(5.0) =V Os. 5. )], - By 4/ [ 41 = ]

<k1 101 = Oally +25up /SO, b, a0, - 103 = Oally - B xy + /7 14, — Aol
s,a

<k 10, = 03, + 24/ ks 10y~ o]l - By + /i 14, — A,

< (x1v/Co +2v/BK%, ) /101 = 2], + k13 I141 = Aall, < (x1v/Co +2v/BR1y ) /1101 = 2], + 1/ I1As - Aa|

Here ||| is Frobenius norm. Let C, be the -net of space {6 : ||0]], < Cg}

2
€
4(x;1/Co+24/Bx k)2
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and C,, be the %—net of the space {A : ||A]|; < \/ZB}, then by Lemma|C.11.8}
1

1€l <

d2
8Cq(k14/Cq + 24/ Bk, K,)* ‘ 8\/EBK12
1+ > s G < T+ ———
€ €

Therefore, the covering number of space V satisfies

log NV < log(|C,,||C,]) < d log (1 +

8Cq(k\/Cq + 24/ Bk K,)? ) 8\/EBK12
> +d“log| 1+ —
€ €
Lemma C.11.10 (Covering of E (X (g, V', f))). Define

X(6,0") 1= (f(0,¢(s,a) —r = Vy(s") = (fy, (s,a) = r = Vo (s,

where f, := P,V +06,, and V (s) has form V,(s) that belongs to V (as defined in Lemma|C.11.9).
Here X(0,0) is a function of s,a,r, s’ as well, and we suppress the notation for conciseness
only. Then the function class H = {h(0,0") := E, [X(0,0)]]10]l, < Ce,V, € V} has the

covering number of (e + 4H e;)-net bounded by

24Cy(H + D)k,
dlog(1+ )+dlog| 1+
€

288 H*Co(xy/Co + 2¢/Biii)?\ 288 H24/d Bk
> +d“log| 1+ .
€

€2

Proof: [Proof of Lemma|[C.T1.10]] First of all,

X(0.0) =1 0. d(s.a)? = fy, (5,0 = 2£(0,$(5,0) - (r + Vip(s)) + 2y, (5,0) - (r + V().
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For any (6,,6"), (6,,6,),

1X(0,,0)) = X (05, 0| < 176, $(5, ) — [0, (s, a))’|
1y, (507 = fy,, (5,07 | +21fy,, (5.@) = f, (5. @] - (¢ + Vy (5)
21y, (5.0) - Vg () = Vg ()] + 2101 b5, @) = F 0y, bls. )] - (4 Vi ()
21 £ (O, (s, @] - [V (') = Vi (5]
<2H - |/ (0. (5. ) = [ 0. (s, a)| +2H -1 fy, (5.0) = fy, (5.
H4H - [Vy (5') = Vi ()] + 4CH + 1)+ 1£ (0, (s, @) = £ (0, (s, @)
<OH + 1)+ 1£(0,, $(5. @) — £ (02, (s, a)| + 2H max [V () = Vig ()] + 4H ey
H4H - Vg (s') = Vi (5))

<O6H + D) VS & ds.aDll - [0 = 0all, + 6H ||Viy = Vs

+4He,

(e ]

<(6H + )k, - |0, — 6,]|, + 6H ||V9; - V%”w +4He,

where the second inequality comes from f,, = P,V + 6,,. Note the above holds true for all

s,a,r, s, therefore it implies

|E[X(0,,0)] - E,[X(0,,0)]] <sup|X(6,,0)) — X(6,,0,)|

s,a,s’

<(6H + 1)x, - [0, = ]|, + 6H |[Vyy =V,

+4Hey

/
2

Now let C, be the ~—-net of {6 : [|0]], £ Cg} and C, be the ¢/6 H-net of V, applying

12(H +1)x,
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Lemma and Lemma to obtain

24Co(H + 1
log €] <d log(1 + o0+ Dk,

€
288 H2Cg(k;1/Cg + 21/ Bic 5,)> ) 288 H?+/d Bx?
> +d*log|l + ————
€

€2

log |G, | Sdlog(l +

which implies the covering number of H to be bounded by

288 H2Cg (k1 1/Cg + 2\/B,<1,<2)2>
2
€

24Co(H + D,
€

log |Cy] - |C,| <dlog(1 + )+d10g<1+

288 H?+/d B>

+d?log|1 +
2

Lemma C.11.11. Denote Gf,u(" ) :=max{l1, f(v, ¢(-, -))[0’(H_h+1)2] - [f(u, o(-, -))[O’H_hﬂ]]z}
and define

(fO,9(s,a) = r = Vy () = (fy, (s,@) = r = Vyp(s")?

O'Z’U(s, a)

X@,0",u,v) := ,
where f,, = P,V and V (s) has form V,(s) that belongs to V (as defined in Lemma |C.11.9).
Here X(6,60',u,v)isa function of s, a,r, s" as well, and we suppress the notation for conciseness
only. Then the function class H = {h(0,0',u,v) := [EM[X(H, 0", u, )] 10, £ Cq.V, € V}

has the covering number of e-net bounded by

24Cq(H + 1 288 H2Cy(k;1/Cq + 24/ Bk K7)> 288 H2+/d Bx>
dlog(1+®(—)’(1)+d10g<1+ o 2® 172 +d’log 1+—21
€ € €
16Co H?x 32Co Hk,

+dlog(1 + 1)+dlog(1+

Proof: [Proof of Lemma |C.11.11|] Recall 63’0(', 9 = max{l, f(v, ¢(, -))[O’(H_hﬂ)z] -

2 ) ) . .
[ f(u, d(-, -))[0, Heh +1]] }, and since max, truncation are non-expansive operations, then we can
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achieve for any s, a

|631,U1(S’ a) - Giz,vz(s’ a)l S |f(U]’ (]’)(S, a)) - f(UZ’ ¢(S, a))| + 2H |f(u]’ d)(S’ a)) - f(uza (]’)(S, a))l

<k ||y = v |, + 2Hky ||uy — w5,

Hence

X(6,,6)  X(6,,6))

|X(01791, ulavl) - X(927 03’ u29 UZ)l - |

2 02
up,vq Uy,U;
X(6,,0) — X(0,,0)) X(6,,0)) < ) 5 )
< o2 =
- 2 2 2 uy,0; up,0y
up,U; U,V Up,Uy
<|X@,,0)) - X(0,,0)| +2H* |o> o . jz’vz

<|X(6,,0) — X(0,,0)| +2H?«, ||Jv; — vy, + 4Hk; ||Ju; — uy|,

<6H + i, - |0, = ]|, + 6H |[Viy = V| +2H%k, [[o) = vall, + 4Hx, [Ju, =],
Note the above holds true for all s, a, r, 5", therefore it implies

|[E [X(@l, 1”41’ 1)] E [X(92, z»uz»vz)]l

<(6H + 1), - [0, = ]|, + 6H [[Viy = V|| + 2K, [Jo) = vall, + 4k, [lu, = ],

and similar to Lemma [C.11.10} the covering number of e-net will be bounded by

24Cgo(H + 1
dlog(1l + M)+dlog
€

+d*log| 1+
€2

<1 288 H2Cg(x;/Co + 2,/BK1K2)2> 288 H?\/d Bk
+ —_—
2
€

6Ceo H%x 32Co Hk, )

+dlog(l + LY+ dlog(1 +

Comparing to Lemma [C.T1.10] the last two terms are incurred by covering u, v arguments.
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Appendix D

Assisting lemmas

Lemma D.0.1 (Multiplicative Chernoff bound [161]]). Let X be a Binomial random variable

with parameter p,n. For any 1 > 0 > 0, we have that

2

zpn pn
PIX <(1—0pn]<e 3. and P[X>(1+0)pn]<e 3

Lemma D.0.2 (Hoeffding’s Inequality [162]). Let x,, ..., x, be independent bounded random

variables such that E[x;] = 0 and |x,| < &; with probability 1. Then for any € > 0 we have

2n2e?

n
P le,.ZG <e T,
=

Lemma D.0.3 (Bernstein’s Inequality). Let x,, ..., x,, be independent bounded random variables
such that E[x;] = 0 and |x;| < & with probability 1. Let 6> = %ZL Var[x,], then with

probability 1 — 6 we have

1 « 202 -log(1/8) 2&
;;xigy/—n + 3. log(1/9)

Lemma D.0.4 (Empirical Bernstein’s Inequality [163]]). Let x,, ..., x,, be i.i.d random variables
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such that |x;| < & with probability 1. Let X = iz:,:l x; and V, = %Z:;](xi — X)%, then with

< /2V,,-1(;g(2/6) 75 0a(2/8).

Lemma D.0.5 (Freedman’s inequality [[164]). Let X be the martingale associated with a fil-

probability 1 — 6 we have

%gxi — [E[x]

ter F (i.e. X, = E[X|F,]) satisfying | X, — X,_;| £ M fori = 1,...,n. Denote W :=

Y., Var(X,|F,_,) then we have
e
P(X —E[X]| > e, W < 6°) < 2e 27me/,
Or in other words, with probability 1 — 6,

X — E[X]| < /802 - Tog(1/3) + ZTM Jog(1/8), Or W > o

Lemma D.0.6 (Empirical Bernstein Inequality). Let n > 2 and V' € RS be any function with

[Vl < H, P be any S-dimensional distribution and P be its empirical version using n
samples. Then with probability 1 — 6,

',/VarP(V) Ve LVar (1) <2H\/1°§(_2/1 %)

Proof: This is a directly application of Theorem 10 in [163]]. Indeed, by direct translating

Theorem 10 of [163],

1

V,(V) = > (Vs -Vs)) Z(V( )= V)= Varp(V).

(n—1) 1<i<j<n
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where s; ~ P are 1.1.d random variables and

E[V,] =E [Var (V)| = E [[Eﬁ[W] - (Ep [V])z]
n n 2
|1 2y —El (L
—F !n ; 14 (sl.)] E <n ; V(s,.))

—E [v?] - %[E [Z Vis)+2 ) V(si)V(sj)]
i=1

1<i<j<n

—E 7] - LE [ - 22 D2 gy
n n?

n—1

- Var (V).

Therefore by Theorem 10 of [[163] we directly have the result.

D.0.1 Extend Value Difference

The extended value difference lemma helps characterize the difference between the esti-
mated value f}l and the true value V", which was first summarized in [56] and also used in

[39].

Lemma D.0.7 (Extended Value Difference (Section B.1 in [56])). Let = = {7rh}hH=1 and ' =
{n;l}th | be two arbitrary policies and let {Q\h}f: , be any given Q-functions. Then define

V.(s) :=(0,(s,), (- | $)) forall s € S. Then forall s € S,

H
Vi) =V ()= ) E, [@h (spoe) o (- 18) =70 (-1 84)) 15y = s]
h=1 (D.1)

H
+ Z E,. [éh (Sh’ah) - (Thf}hﬂ) (Sh’ah) |5, = S]
h=1
where (T, V)(:,) :=r,(-,) + (P,V)(:,-) forany V € R5.

Proof:
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Denote &, = Qh - ThII}hH. For any h € [H], we have

V= Vi = (0 my) = (0} 7)
= (O 7y — ”;,) +(0), - Z,,”;)
= (O 7ty — 7)) + (P, (Vyyy — V;,;il) + & 7y)

= <Qha ”h - ﬂ;) + <Ph(Vh+1 - Vhﬂ_,il)a ﬂ;,) + <§h’ ﬂ-l//l>

recursively apply the above for ﬁh e Vh’il and use the E_, notation (instead of the inner product
of P, zr;l) we can finish the prove of this lemma.

The following lemma helps to characterize the gap between any two policies.

Lemma D.0.8. Let 7 = {ffh}f:] and éh(-, -) be the arbitrary policy and Q-function and also
ﬁh(s) = (Qh(s, ), 7,(-|9)) Vs € S. and &,(s,a) = (Thl/}hﬂ)(s,a) - Qh(s, a) element-wisely.

Then for any arbitrary =, we have
H H
VE(s) = Vi) = Y E, [&(spna) | sy = 5] = D Bz [E,(s)na) | 5, = 5]
h=1 h=1

+ Z E, [(éh (Sha ) 2 Tp ('|5h> -7, <'|Sh)> |5, = x]

where the expectation are taken over s,, a,.

Proof: Note the gap can be rewritten as

VZ(s) = VE(s) = V7(s) = V,(5) + Vi(s) = ViE(s).
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By Lemma with 7 = 7, n’ = x, we directly have

H H
Vl”(s)—f}l(s) = Z E, [x(spap) | s, = S]+Z E, [(Qh (o) 57 (c1sp) =74 (“1sp)) | 8y = s]
h=1 h=1

D.2)
Next apply Lemma again with = = ' = 7, we directly have
H
Vi) = Vi) == ) Ex [Ex(spmap) | 5, = 5] (D.3)
h=1

Combine the above two results we prove the stated result.
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