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COULOMSB FIELD EFFECT ON PLASMA FOCUSING
AND WAKE FIELD ACCELERATION*+

A.Ts.Amatuni, S.S.Elbakian, E.V.Sekhpossian

Yerevan Physics Institute

Alikhanian Brothers St. 2, Yerevan 375036, Armenia

Abstract

It is shown that the fields generated by relativistic elect-
tron (positron) bunches moving in overdense cold plasma have two
components - wake and Coulomb. The existence of the Coulomb compo-
nent is caused by the absence of the Debay screening of the charge
moving in plasma with the velocity greater than the thermal velo-
city of the plasma electrons [1]. It is shown that at some condit-
ions the gontribution of the Coulomb component to focusing and
self-focusing of the electron (positron) bunches, and wake field
generation could be essential. This conclusion is valid for diffe-
rent descriptions of cold plasma - relativistic electron bunch

system.

“Work performed for the Lawrence Berkeley Laboratory
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1. Intrdectioh

It is well known (see e.g. [1]) that the scréening of the
Coulomb field of the point charge moving in plasma with the velo-
city greater than the thermal velocity of plasma electrons Vo >
(K‘T’e/m)i[zis absent. Therefore the Coulomb field of the relativ-
istic electron (positron) bunches moving in cold neutral plasma
must be taken into account in calculation of wake field Qeneration
and the focusing properties of the plasma lens.When the transverse
dimensions of the bunch are infinite, the total charge (charge of
bunch plus net charge of the plasma inside and behind the bunch)
is zero, hence the effect of bunch Coulomb field is absent [2-4].
But for finite transverse dimensions of the bunch this compensa-
tion does not take place and Coulomb field of the bunch must be
' considered. Coulomb field component will emerge automatically from
‘any properly written basic equation, describing the plasma-bunch
system. The main goal of the present work is to consider such egs.
and to estimate the role 6f the Coulomb field component for plasma
focusing and wake field generation. The focusing of charged parti-
cle beams moving in piasma is under discussion since the thifties
[5,6]. The modern approaches are stimulated by the problems of the
luminosity enhancement and beamstrahlung suppression in future
linear colliders (7-17]. The idea to use longitudinal wake fields,
exciged by eléctrons ér electron bunches moving in plasma to acce-
leraée charged particles was set.up in the early fifties [18,19].
Recently this idea has been fgrther developed in numerous theoret-
ical works [2-4,20-24] and experimentally tested at ANL [11,25,26]
‘and KEK [15,27]. |



2. The basic equation and its solution

Let us consider for simplicity a flat electron bunch with ho-
rizontal dimensions 6’1 which are \much larger than the vertical
dimensions ny) G"y & K, and an arbitrary longitudinal dimension

5'2—. . The electron bunch has a density n—A <« 1, ( N, 1is the
equilibrium density of the plasma electrons) and is moving with a
constant velocity V(O, 0,Vz= Vo), ﬁ = Vo/c through the cold
neutrai plasma which will be described in the hydrodynamic approx-
imation. InA the considered case the components of the electric
field E;*O} /EX/AZE,,/ , the magnetic field Bz O /By/4‘/3x/
and it is possible also to neglect the X _dependence of all the-
components of the fields. All quantities will 'be considered as
functions of VY end g‘-‘ Z';' Yo only, which corresp‘onds to
the stationary (steady state) case. We will also neglect plasma
ion motion.

In order to make the mathematical formulation of the problem
more transparent we assume. that plasmav electrons have a velocity
\/e (0 0 Vz-‘ Ve) . It is p0551b1e to realize by applying a strong
constant magnetic field 5(0 0 50) along the direction of the
bunch velocity. The strength of the constant magnetic field should
suffice the condition that Larmour radius of the plasma electromns
must be smaller than plasma wave length and/or bunch transverse
dimensions. In this case the flow of plasma electrons out of the
beam region is impeded and charge neutralization will diminish.
Nevertheless, adopted model, as we shall show below, preserves
qualitative mathematical features of more realistic three-dimensi-

onal equations [24,28] describing cold plasma - relativistic elec-



f_}:fron (positron) bunch system. Note also, that in experimental

/ installations for wake field generation at ANL [11,25,26] and KEK .

[15,27] plasma chambers have had a constant axial solenoidal magn-
etic fields to confine the plasma column. Denoting the density of
the plasma electrons by /L e one can obtain fromrthe continuity

eq. that for Fe“—‘O(fZe'—': o) . at Zo> + oo

Mle = ﬂoﬁ/(P-Pé> - (1)

In order to obtain the fields géne{ited by the electron bunch, let

us introduce the vector potenfial A(O)O,Ag) and scalar potential
, obeing the Lorentz condition, and adopt the boundary condi-

tion E)xzoj-EyzO) ‘)030, AZ-:'O at z:z-?-f'od

Then from the Maxwell egs. it follows that
Bx="/5E)’ - - (2)

The solution of the relativistic eq. of motion for the plasma ele-
ctrons, neglecting transverse motion, for }Oez O) =0 at 2—7+ o
is: '

. ) _ | fg. '_ - ?e
- (’_L-\-S):) -FPQ“‘ i+:\('a2'h’2'= %) fe‘Ci—'%i)d/Z . (3)

Using the Mazwell eqs., relations (2), (3) and introducing the
. , A i ¥ /e
dimensionless coordinates /(= y/‘[z Sy and Z'= Z /j% Gz ,

we will have the following nonlinear eq. for the potential Xr
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ZIC K2 oyt | 2KEE '2‘“(2(1" z )= =2, ()
poOy Y Kpoz o2 Jx=4/52) N

2% Zﬂr Noet
where Kf’ ( ) 2 —_—

n\ is the plasma frequency,
6 ..(1:.$3- = is the Lorentz factor of the bunch electrons.
Eq.(4) corresponds to the analogous one obtained earlier [29] for

the cylindrical bunch. Note the difference between the first and

1
the second terms in eq. (4): The Lorentz factor X ( 4~ ‘b) /2
at the second derivative over EE

is canceled out as a consequence
of the stationarity condition

¥
For ely/mc?'&z?—_ (.)?/62— V44 i » CP:: e%\é

ible to linearize eq. (4)

EJ

< Z'ii: is poss-
and obtain the following resulting eq.
+ )
for C? : :

(SSK)&_ (bzzé Pz ,a')_*

>z T Y 2 z""‘)é:(?xz)[\— (5)
_Z(K?gs)’* ?y! '2(\<V5'23 -1 o’

which is the basic eq. in considered case.

Now consider the case when g (y) 2)= Ny=const # ©
for - 1 < 5/4 { 5 -1£ 2« 1 and /24 = 0C outside these in-
tervals (the rigid fixed bunch approximation)

Performing the Fourier transformation over

| y/ and denoting
by : e
N . 4 ( LAyy*
grs,2) = z’fxe ¢y, 2)oly’ (6)
(v 2= Z [ cos(ry¥)9(Ay, 2 ol
g(y',20= 7 y 571G (A, ¥ (8"
and taking into account that



’()%;(3‘-7190 ,2') - o
’ ozl (7

»
Cf(yL;j;oo\, 2')2 o]

we arrive at the following eq. for g( Ay, EY (in what follows

we drop out the superscripts on vy and Z )
20

™ |
S.nOCoS/\;f oy, ()

o

2 . 2 2z 2\ 2 | 2
G , 2RpSayy, Ay >%=z(kPk2\
oyt &* R (kp&,)

The fundamental solution __gf the homogeneous part of eq. (8)
are periodic for O£ Avd{ A~ \_/_Zig_g_y_ and nonperiodic for Ay> ..
Note that nonperiodic solutions b:lisappear for very wide bunches,
when \/_2-‘53‘7 < and the periodic solutions disappear for very
narrow bunches, when ﬁgy —= O . Using the fundamental solut-
ions of the homogen‘eous part of eq. (8) and co'nventional technique
it is possible to construct the solution of eq. (8) which will be
the sum of both Fourier components - periodic and nonperiodic. It
is impossible to drop out, for example, the nonperiodic solution,
agrit was done e.g. in [30], for the completeness property of the
Sééic functions ‘in (6), (6') eq. (8) will -not be fulfilled, if in
(6') the limits of integration are taken ( O, )\c) which corres-
ponds only to the periodic solutions. As it will be shown in the
sequal, the nonperiodic components contribute to the Coulomb field
of the bunch. It is known [1] ~ that the screening of Coulomb field
for the poiht charge 1is absent, when it movés in plasma with the
velocity larger than the plasma electron thermal .velocity Vo >

(K‘Te/m3 ; hence the screening of the Coulomb field in the consi-

~

T

e



dered case is absent too.

The petiodic components of the field contribute to the wake,
built up inside and behind the bunch. The wake field does not
exist in front of the driving bunch: this is due to the fact that
in considered case the plasma wave has zero group velocity and
does not propagate in space, therefore >can not overtake fhe driv-
ing bunch [2]. )

Our  next step is the choice of the boundary conditions for
g(xy vZ) in eq. (8). We take §= 0'98/32 Q for Z— ¥+ <= and
arbitrary Ay = O for both of the solutlons. For the periodic
solution of eq. (8) which we shall denot by %w(}\y)?_) ‘and will
call the wake field component, it means that gw(Ay,Z) = C for
ALZ{L+ o , i.e. in front of the bunch. The nonperiodic solu-
tion (strictly speaking, the part of the solution of eq. (8) which

. is constructed from thevnonperiodic solution of the homogeneous -
eq'. (8)) which we will denote by g_C()y) z) and call the Coulomb
component, is symmetric in Z and ' and disappears for
J2 6y—= o (he— =) .

It is worth to note that only the continuous and finite solu-
tions of eq. (8) are under consideration. It is also possible to
construct a noncontinuous solution of eq. (8) which will be, for
example, zero in front of the bunch for the nonperiodic case too,
but in this case a surface charge of an unknown and not understan-
dable origin should exist on the front of the bunch.

The existence of two types of solutions outlined above is the
main difference between our approach and approaches presented pre-
viously. As we shall see in the following sections, under certain

conditions this difference may be essential.



3. The potentials and fields

The components of the electric fields may be calculated from

the scalar potential using the following relations:

- *
Ez.z—(i-?l) tcﬂ- oF -4 N (3"’5
, | J2§2€ 92 7 E.¥: € o2 ’ )
= _ 4 | W\C?' ,S'-)&- |
Eys —— 0= 2w |
7 J2’6y €& 3y ' (10)

% _
The scalar potential ‘U?d. in front (subscript 1) of the bunch
4 £ Zé-roo ) (n%: o) ’ i‘s completely Coulombic (superscript c¢)

S e
(-?-_(, (3)2): Lei (y) 2\.:

. o0 . (11)
=% 2 Sindy coshyWY [ =220 -2EwD]
=5 Gem 2 | ‘x:X* y'le —-¢€ },Cb‘y,

Ae .
where
2 2/,2 2
aS ?(“pk.ﬂ );\5‘ -1> ==Xz
Cc
2 = 2 a 2 2 2 (12)
Ao—?lv(“"g’) ) M= (eba)
)\2- ‘I\L
AL (13)
Ne o Ao

The potential inside (-1¢Z44 -1¢y< 1) and at the side (-142< 1,
|Vl> 4 of the bunch is (subscript 0) the sum of the wake (super-

scrip w) and Coulomb components:



'.e yZ)-L? (y 2+ ‘{o (Y,23~

Xe
(ksz) ne S _wxywsxyyu-cosazu-zﬂel/\,

,i f \ ‘ o Y >\; (14)

- _ _?,-_, 1“ v p - + - -
/ (KPGZ) e Kzg Siudy coshyY [2_ x4 z)e A0 a]cl}\y‘

1 —
| | Ay X
; ? e
/ The p'otential behind (subscript 2) the bunch (—' 0 £ é"i) is
given/ by .

‘-@1()‘ 2)= ‘-?3, oy, 2) + ‘fz (7 Z) =
:——"-—a(KPE \ ne,ng Lindy CoSAyY Scurz?Z SenAz el ry

' (15)
// P o )\y Aa_ )
2' (R S\ né S Seudy cosAyY >.L2+D rMz-<
s ¥ e Ay N € ]be.

[
/It is ‘interesting to note that for the periodic solutions )\\j lies
/ inside the ellipse (13) and for the nonperiodic solutions outside
/

/  it. 1f we first perform the Fourier transformation in Z , then

4

the periodic solutions in )1 will have )\;_z 'inside the ellipse
(13) and the nonperiodic ones - outside it.

in general, it is impossible to calculate analytically the
integrals in (11), (14), (15). But if we shall not persue on quan-
titative precision of the calculations, it is possible to perform
an approximate evaluation of these integrals. One of the possible
approaches is the following. Let us introduce a new variable X =
Xy/)sc, ; the limits of integration in the periodic component will
be from 0 to 1; let us divide this interval in two (o0, x)and
foﬁ.;i) , Xil’ 4./3 . In the first interval we approximate 41— w*

by 1, in the second interval we shall introduce the new variable

Q_‘ 2 <4 . - T
T =4-x , 04T 4 "C1=(4.—>L°‘-) 2 and also approx:.matg 4- T by 1.



The resulting integrals can be expressed through known functions. \

The integrals cofresponding to the nonperiodic components, EAN
after introducing the variable ’C’z:'.: Xf—i, (')(t )\y/x‘) , are div-
ided into an integral from 0 to 1 and from 1 to ©0O . In the
first interval we approximate <t2+ 4 bt 1, in the second interval
by {t?' . Then the results can also be ex?ressed through known
functions.

.For example, let us write down the expression for the potent-
ial inside the bunch, evaluated in the outlined\ way. For the wake

field component we have .
*x 4 ) o\ . "
Qo= % Tt [a- Cosﬁ('; 59(1-2)] [Si(el-) x) =5 (rc i =

‘ : : (16)
i \ (% [N (N3 [
+ ET%%,(FX\ Gin (JZ(R;Z\ (H)’fi> [SL” hl8Y) +stde(en) ]

For the Coulomb component

X c . o 2 (RpS2) .
P s - zi-% %\ﬁ; (py) [Sm AelI=y) +Sin AO(UY)][E;A( b (R; 2 (4+E) +

+gi(ﬁ(u;w(i_@)+gh_%(\<,,‘s;>"(4-f)+2x]— Can

= Lo B () Jeime(4y) #hc -9 @A) +XEUY) Side (4
- 2T No

+ 3N @AYY+ e (L4 Y) ot (L) + ;t(ﬁy)‘&,\c(lw)]x
x [5_~ Q‘J?(Kp:-ﬂ/sa‘c/sk ﬁ(?g@g\z] ’
where 40&\2:-6{2 ""ehz’*‘k X S’L-Z % T bi(éz) are the

integral cosine, sine and the exponent functions respectively (see

for e.g. [31]; the X is Euler constant)'. The potential behind
the bunch (15) is also expressed through the same functions. Note, \
\

H
that the condition for linearization of eq. (5) C?/EZ £« ’S, leads

10



to the fulfillment of the condition fig /f\o & 4, i.e. the plasma
should be overdense.

In order to obtain the électric fields we use relations (9-
10) and differentiate the potentials (11, 14, 15) under the integ-
rals, then evaluate the obtained expressions in the same way out-
lined above we shall give the expression for the longitudinal

field behind the bunch, — @ < Z £ — 4 yhich will be useful for

the estimation of the accelerating wake fields generated by the '

charged particle bunches. ‘
Denoting the longitudinal component of the electric field be-

hind the bunch by E 2E and introducing X~= >‘)/>\c we have
Eaa” Eoa* E2a ,

\118 E 2= (g?sz\lhc me S Sm)\ycps).,ycoskﬁs;‘.yhzeuy -

)\)’ )‘Z ’ I‘Bp 7'\/2
i‘fl_%.( g\ Ne mc Scm)«c)(coﬁ)scxycogﬁu"g?(‘l‘ z\ iz cog (\- ) .(sz
No ?S v (4:' 3\/7— . '

ﬁ&iza" ""‘(2 ‘EQ “‘ wme 85_._&_.4” cosh [ (?*’0 TACz- D]&Xy

ko

f\!gga_ +) (= |
.__f.(k B\“e M Ssou)\cxu&xcxv [ ‘“‘F"@ Mx S B ldx \

Cw (w2

For Ae™ C , (& y> 0D EZZN Ae® O , for AT @,(ty”“ﬂ EZ?O

using the relation

'&LW\ SLV\z\ox - TS(%)

>‘b-; =>Q

aﬁd performing the integration in (18) over ¥ we shall have

11

(a8
— '

U 9)

%
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P

which coincides in the linear approximation with the result obt-
ained previously [21] for the wake field from the bunch with inf-
inite transverse dimensions. The estimation of the integrals in

(18)-(19) by the above described method gives:

Ji‘ EZ_ Ezz: %_J_E—‘f(\{ % 3“& \MCCOS____QQB\?E Seh \[:__ig__%ist )\C(i‘y)xi

+ S 20 me* | sint 2 T
Ehetisy)x )+ 4 e md [m e tpgjwzni

L Sn J—:(k B'Q(hzwi
a XES@V\)\C(‘L‘y)"'SLV\)\c :L+y)]
44+ Z

(18")

?E 22._. - _E Ne mc [&V\)\L(i‘-y)*’&ukc(if y‘)]
2

251 + €%9p {~€(¥P§zyclz\ﬂ)§ _ exp {.. _lg(u‘,s;)(lz\-i) ] _
(19")

12\ + 4 | 1z21-4

~gn .
3% —f(&i‘ﬁg[&u)\c(i-y)+ S A=A (&N (O e(4-9) ~
lkgﬁa (i2l+4) eg‘[—i-ﬁ%s-%(\ihﬂj

Melat vy & (ae(4+yN] Le

————

When J_‘(Kggg‘z((;_\ »_g) >4 which means that the considered point

is far frgh the rear end of the bunch, the expressions (18' ) and

(19') are simplified

12



\1263 = "——E( ygw—-—-——-cos‘ﬁ“ 2 25 ‘1\_‘\!25; 5

X \—SL Xc(,i‘y))‘i+ SL)¢(1*93¥1‘X p)

(18'")

NIy

G& EZZN 2—_& l’\g me [‘5., \¢L1-9)+an)c(1+g)]‘ 2 (19'")

For Ac (TY/Z and Yy=qQ from (18''), (19"), we have for the

ratio

(t‘.zz\
| &2z

I‘CK ?%-2)\2\ ?: 4‘ (20)

and when)Z[’- >>‘:~\’E(R\’g?>]-i the influence of the Coulomb comp-

onent of the field 1is negligible In the KEK experiment [14, 15]
)\c_,, \0 10 )\u-ﬁ_Q 1(32 so, in order to escape the influence

of the Coulomb component, the witness bunch should be placed be-

hind the driving one on distances Zg > 1.5 - 15 cm. The bunch

separation in the KEK experiment [15, 27] was 10.5 cm, so the inf-
luence of the Coulomb component may be present in some cases. In

the ANL experiment [26] )\a = (3-7)-10"1 and )\K =4,2 soZd >>
'>> 0.2 cm; the delay time between the driving and witness bunches
was 0.2 - 0.5 nsec in this experiment and at corresponding dista-

nces (6-10 ecm) the influence of the Coulomb component is neglig-
ible. In both of the experiments-[14, 26] the bunches were cylind-
rical with a nonuniform charge distribution inside them, hence

the presented estimates may have only a qualitative meaning.

Let us note in conclusion of this section that the longitud-

inal component of the field in front of the bunch (denoted by sub-

13



script 1) is |
. _.t _  _c w_
EL"EL"-k: s (Ez=0)

4. Self-focusing and focusing in the presence of the Coulomb field

Using (1) it is possible to find the total charge and the
current densities of the plasma-electron bunch system in the model

considered:

(21)

p= € (ny—Ne- ﬂg)—*;? [(he- Dg)/gf""néf’]

J:*E(heVQ"L /’gVo) :—
| » (22)

i(n ng)fe*' ”éﬁ] Vo f .

Hence, in the considered case from local charge neutralization
(§>=0) follows local neutralization of the current and vice versa.

In the linear approximation from (21) and (3) it follows that
N e .

= (nofse+ ng/B) (21%) .

Pe= fe=T C’o//gd( : (3")

'So the condition for charge neutralization or positive charge ex-

cess is ﬁ;o, i.e.,

n x o
4-—-__€ >/?g 2.2 _ 3)-
Pe2 T By = FE gyt '—%—— i (23)

< /70 _ /Bd/

(Note that %ﬂ/52‘4< 1l in adopted linear approxlmatldn).

14



From (11), (14), (15) it is possible to find out the domain
of the values of parameters involved when the condition (23) will
be fulfilled. For the values of parameters similar to that of the
future linear colliders like NLC or CLIC >\¢,—~\/2 ‘ep y/F’K is very
small. For CLIC A, =1. o 100° , for NLC % 2 2107 , for PB-
TLC discussed in [13] MNe =3 10°° . (We also take the plasma den-
sities wused in [13] which are high enough). For the interesting
case of self-focusing of electron bunches the expressions (16),
(17) for the potentials inside the bunches should be used. They
can be expanded in series leaving the first terms in O (Awhen
{V] < 1. In the case of short bunches J_z-((\gp%'z) 4< 1)(%“-9, using
the series ekpansion for E.,,_( Z) and C/iv\(z) [31] it is possible
to show that condition (23) is not fulfilled. The same is true al-
so for long J—‘(k S;D» i bunches (we use in this case the asym-
ptotJ.c expansions of E (2> and Cm(z) [31] practically for all
points inside the bunches excluding only the rear end of the bunch
where J2 (KpR2)(4+2)4< 1 (2-5-1) and if %_Txc%zfz’ e8> > 1.
Generally speaking, the condition (23) may be fulfilled for the
interior points of the bunch, when >\c-\/_1\{ Q / > 0.5 and
JZ(R 82“)(;.‘.2} 2 5-10. From this analysis it follows that for the
values of the parameters which are similar to that of NLC or CLIC,
even for large values of the plasma density, - }\C, which is inver-
sely proportional to the Lorentz factor, is so smell that the
compensation condition (23) is never fulfilled. This is due to the
presence of the defocusing Coulomb field, which is not screened.

When condition (23) is fulfilled, itz. is necessary to estimate

the quantity and the space behaviour of the focusing field Ec5:

1=

o E ¢ . The focusing force for the bunch electrons is
Y

©J

15



- = -{..-\/o —_ eEO
Re-e(Eor 2o, A2

. . C .
The Coulomb component of the field Eoy is always negative in-
side the bunch |Y| & 4

- (24)

wake field component inside the bunch has focusing properties. For

)xc_l 37/2 S Eoy is practically (within 10% accuracy) linear in ,

so linear focusing takes place, but the Z -dependence of the fo- -

w .
cusing field is complicated, Eoy =0 at the front of the bunches

( Z =1) and the defocusing field is around its maximum. For short
w .
bunches Eoy quadratically depends on Z , for long bunches the

Z -dependence is more ‘complicated and has periodic component.

In the intermediate case when, for example, X .=0.5 and }\1,_= |

30 the attainuable focusing field gradient, when-\[?_.‘ S,‘,—S &/2=

0.005 em, J2 8.= % =0.01 cm, =30, Dp =103 anda M, =
2=/ ne , |

2.7 1018 cecm , is

Fy 8 9_“ 2 6
G= <=2 =R M 54088 L oM
ey ~ T wegT Y LR

1S -3 14 -
When ﬂq =10 cm , ng =10 om %,'X =6, (A =1l cm, % =0.1 cm,

G =2 10%CS =20 KES
tw [N : ,
For the case of a positron driving bunch it is necessary to-

substitute lﬂ%-—s‘a - Ny in all the formulae, in particular in
(21') and (23). Then the condition of negative charge excess,i.e.,

the condition of self-focusing of the positron bunch, will be

* .
@/ Re (pyY 4 1. | (23")
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Taking into account that r\g enters in the expressions for the
potential (_-? as a simple factor and we need to change \'\Q)->- ng,)
it is easier to show that the conditions for the fulfillment of
the unequality (23') are the same as for (23).

" Behind the bunch Mg =0, so from (21') and (3') follows the
condition for the existence of the positive charge excess in the
plasma

YQQ<O ) ZE.)_>O, (25)

The eq. (25) is the condition for the focusing of electrons, foll-

owing the driving'electroh bunches with a velocity \/2;: \/'

The
condition for focusing of positrons, following the driving eiect-
ron bunches, will be the existence of an excess of negative charge
in the plasma which is‘ |
¥* (26)

Fe-><3 ) QQ2‘< O
so the conditions (25) and (26) are opposite to each other and in

this sense complimentary. The focusing force is

- \ \
Fy_: ~+ e(i‘ %%BE)’ ) 833): V/C o (27)

where the upper sign is for electrons and the lower one for posit-

ronsf,:_:_ 1If_ ‘5‘ Z< @ , the focusing force, being uncompensated by

the magnetic field, could be large. The force (27) is acting also
(with.the upper sign) for the plasma electrons. The potential Z%z.
is given by (15) and the field Eizz by (10). For the estimate of
these‘quantifies we shall use the same technique as described abo-

ve.
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Let us consider the case of a high energy driving bunch (g>> 4.3
and a not extremely dense plasma when \.= Engy/g’\”{‘z Then for
2
the case when the distances from the rear end of the driving bunch

are large

' |2l >> [,G“\’E.\:j‘i | - (28)

the effect of the Coulomb component of the potential is smaller

than the effect from the wake field component and for the long

bunches \E(k?gz_\ > 4
* ¥ *
Ry~ b()lw+ b?: ~
. _4 \3 . 28 2) :
o %p?-\(%i 4 (e Zxoyz)&m___g?g_—\Z\ Sin

+ (e Srey?) 1224
v \&1-%

" Hence, the condition (25) will be fulfilled in the regions where

\Eﬂiggg)“.

p (29)

Sin NE) (kPga‘)n.] oin J‘f(k‘fz\ e (30)
P - |

or, for the focusing of the positrons (condition (26)), when

Cin \_@_(%PE}P i-Zl ﬁn\@%&} 20 . .(30')

The focusing field gradient in both cases is

o=

By ’L(;vne, et vz 3 _ 2 Ny me?
CTIEIRSEY T I N e oW

o
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Let us take for estimates

N, =6.0 1035, Ny =6.0 10*>, b =0.28 em, ¥ =42, A= 0.5, and

(:’ 2 S6- io G& ~ OR6 MG%

L]

GW\ <wm

For short electron bunches when JE (K?S‘z)44 4 for far distanes

-1 C . N
1zl > [Ji‘(_upg}\] the result coincides with (29)-(31). For dis-
tang:es near the rear end of the driving bunch the difference bet-
ween short and long bunches is essential. For short bunches J"-zt (\!P‘SQW <<
4 1 ‘and \E(kp%’;) (12%1)441 the force (27) is small and defocus-

ing for electrons (and focusing for positrons) and for long bun-

ches, when JE(RPQQJ >> 4. and \l?z‘(kPG;Q (121> 4

Z(ée—; Z h"'(%m (k -1 oyl)%(r(“gg*)(\znn >>0

27 W o (32)
i.e., the focusing of electrons takes place. It is natural, if we
remember that for long bunches the field at the rear end of the
bunch has self-focusing property, as it was shown in the preceed-
ing section and potentials (and fields) ére continuous. The focus-

ing field gradient in the case is ( SZ‘: =1):

- 2
G = E_?. = —3—- r—-\r—%o >\3° 'Q/h (2\[3.‘(!&?%2))2—\{1 5 (33)

N I
R -3
When No =3 10'ew> N =3 10 , X =50, b =0.2 em, \.=0.2,
e =20.7 em, X\ =500, (’1‘104("___.5 = 40 x&3
Cw

Ewn

19



S. Coloumb component existence in other descriptions of the cold

plasma - relativistic electron bunch system

As it is seen from the preceeding sections the Coulomb compo-
nent of the field exists as a solution of the basic eqs.(5)( which
is eq. of Helmholtz type) and at certain conditions gives an esse-
ntial contribution to wake fields and focusing forces. The simpli-
fication inherent to adopted model of the plasma-bunch system,i.e. -
'Vy =0 1is not crucialy essential for the very existence of the
Coulomb componentof the field. As it was mentioned above the phys-
ical reason for its existence is the absenqe of the screening of
the charge moving in plasma with the velocity greater than the
 thermal velocity of plasma electrons [1].The description in linear
approximation of the problem in question by means of a Helmﬁoltz,
type equation for the relevant quantity (e.g. potential 2? in our
case, (5)) is the formal indication of Coulomb component existence
at certain, innate for considered problem boundary (initial) cond-
itions.. Performing Fourier transformation over one variable ( y
in our case( see section 2))we came to second order non homogene-
ous ordinary differential equation for Fourier transformants as
functions of other variable. This eq. automatically. has both non-
periodic (Couiomb) and periodic (wake wave) solutions. ‘

- Having this in mind, let us consider the alternative approa-
‘ches to the description of cold plasma-bunch system, presented in

[24, 28].

Following .the ideas of the work [24] we again, as in the
_previous section, consider the flat electron bunch moving in cold
plasma with the constant velocity “Vo(~(), O)Vb) with the horizon-

tal dimensions QY, much larger than vertical dimensions e;,

20



Plasma electrons will have the velocity Ve (0 Vey; Vez) electric
field is E(o) E-y, Ez) and magnetic field is B (/5 o, 0 )

All quantities are functions of y and g = Z- \/o't . (Note that
in contrast to [24] we take Vy#c¢ , Yo £ C ). Using relativistic
eqs.  of motion of plasma electrons, continuity eq. and Maxwell

eqgs., introducing dimensionless variables

e ——)

t = , Y= 5/ Z-= c* Z,
‘/7/)069' Z////)o'ez )/4” 7 Nee 7
—/ | —D —
P SRV =eV, (34)
/ —/ e . ':7, -~/
nrn,,n ) J =en.C) , E=SIrn.mc® k£ /4/-/7 me2 B

and introducing new variables by modified Breizman-Tajima-Fisher-
Chebotarev transformation
ve! N
\7“ V /7’/ —Vz) 2 35
2 / \/ /5 y /5 /B /B (35)
it is possible to obtain the focusing system of nonlinear equa-
tions, describing our problem:

- Na OV 2 '
5e Uy | e Ve)v& V3K (6748 VL5], e

-V,
SV K b e R BT B

9/1@__/4/7-) o

(37)

(38)
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2 (brpE)=-p ATy,

(39) |
2 (pprEy)= 2Lz,
02 2y (40)
/3 A/V‘ + 9E2—
2y P P P -

2
where W= ({1‘- 27/; +Vz/a’2—'ﬁ2' T/;z) and subscripts "prime'" are
omitted. When /5—71, 0’2'-‘- /1—/92)"1__, —o ©ds. (36)-(4l) coincide
with the subsequent eqs. in [24], with the obvious difference in
signs, which comes from the different definitions (34).

In linear approximation, when f?é//;o << 4 (overdense plas-
ma), A s put equal to 1 in [24], which means that /e is det-
ermined by eq. (1) of thelpresent work. It also means (38) that
the change of the 'V"y with V is small

/ 9 \/;/ ¢ 4 or V, << {fgw/, = VY, [,g/,{)‘ (42)

The system (36)-(41l) in linear approximation defined in such a way

takes the form:

,9_‘_/-”.: 1 E | (37')
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P -y - | |
_ 2 E
Q_(PB-f-hy): _____Z) -
Ck: Y (40%)
= p Ve ﬁ =7 - (a1')
From (39')-(40') it follows
4 Dﬂ ___/5‘[/" /3952 o (43)
¥* 2 DY
Taking the partial'derivative on from (43) and using condition
(42) we have
4 97 2 | Lo
i B D fz . = (44)

5'1 3,722 ja?yl
Taking the partial derivative on Z from (41'), using (36') we get

2 E

dy> v a;if :-/5%/ £). @

Introducing the "potential"” 4)(]/ 2) ( qb is defined up to

(p¥

additional arbitrary function of 4 ) by

_ b
£.=- 2%
z D2

(46)
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we come to the eq. (5) for C{D(g) 2) |

Thus all consequencies of eq. (5) are valid for the model
considered in linear approximation in [24], in particular the main
result. of the previous section, concerning to the existence and
sometimes essential role of~the Coulomb component. The expreséions
for Ey and 5 components of the electromagnetic field will be in
general different from those obtained in our model, because they
must be found from egs. (37'),(39'),(40').

Let us consider now another formulation of the problem aris-
ing from the work [28]. | | |

Assuming the validity of relations

— e
*zai:[/o— ) o , 'zotzot[/o—S:/}):O (48)

adopted in [28] for laser wake field acceleration for the descrip—'
tion of cold plasma - relativistic electron bunch system, it is
possible to obtain the following eq. for momenta i? of the plasma

electrons (compare with [28]):

;,;"‘ Vz ___,_ -—94_ / 2 4 9 —>-
T @t”> e z+,,-:cz§;?/°"V7o“)

2 —> (49)
+)7)-———~V g
(1) E R L

2 _
where J’Z:~¢Ci+)f%gils Lorgntz factor for plasma electrons, J; -

bunch Lorentz factor, /2 - electron bunch momenta. Considering,
as in previous sections, the flat bunch, introducing dimensionless’
variables as in (4), assuming 1:hat_f1> f>/ﬁn‘: are the functions

of ,9/ and Z yo {J only (in what follows we omit the super-
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s '/"

,;f/'f i script "prime") we come in linear approximation to the following
Aoy
s i

set of differential egs. for quantities in question ij ) }92 :

?—-ﬁ za‘—@_z& /g,effa ofé)

@)’2- @ZZ 9)/ P Z (50)
4 Ef‘

~ BlK, ——/2—-:0
T2 >y B Ko Py~ Y

In (50) /75 is constant inside the bunch and equals to zero
outside it (rigid bunch approximation), ﬁa"-‘— Vo/'c) 0@: (1~/802)-f/2
where \/0 is the bunch velocity. Perfoming Fourier transforma-
tion on Yy and A in eqs. (50) we come to the set of the
linear algebraic eqgs. for transformants, which have the solution.
Performing inverse Fourier transformation we can use the Caushy
theorem and take the residues at the zeros of the determinant of
the algebraic system of eqs. for transformants. It is very easy to
show that the determinanbt has two real and two imaginary roots.One
of the imaginary roots will be inside the integratiqn contour and
the residue will give the nonperiodic solution for fz and /Dy
functions of 2 .

It is necessary to mention, however, that the validity of the
basic _assumptions (48) for the problem of the rigid electron bunch
moving in plasma needs some additional consideration (see, e.q.
[32]).

The results of this section show, as it was expected, that
the very existence of the nonperiodic (Coulomb) component of the
field, is independent from the way of plasma-electron bunch system

description. As it was shown in previous section at some condit-
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ions this component must be takep ihto account in the considerat-
ion of wake field generation and plasma focusing. At the nonlinear
treatment, when linear approacﬂ sometimes is taken as a zero appr-
oximation, the role of'the Coulomb field component may be even

more essential.

In conclusion we would like to thank Prof. A.M.Sessler, who
initiated the present Study, for attention, valuable comments and
suppoft. We are obliged to Prof. T.Katsouleas, who pointed our
5ttention to the work [28], for <constructive criticism. We also

appreciate the support of this work by the Lawrence Berkeley Labo-

ratory.
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