
UC Berkeley
UC Berkeley Electronic Theses and Dissertations

Title
Guts, Dehn Fillings and Volumes of Hyperbolic Manifolds

Permalink
https://escholarship.org/uc/item/6hs2x341

Author
Zhang, Yue

Publication Date
2020
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/6hs2x341
https://escholarship.org
http://www.cdlib.org/


Guts, Dehn Fillings and Volumes of Hyperbolic Manifolds

by

Yue Zhang

A dissertation submitted in partial satisfaction of the

requirements for the degree of

Doctor of Philosophy

in

Mathematics

in the

Graduate Division

of the

University of California, Berkeley

Committee in charge:

Professor Ian Agol, Chair
Associate Professor Song Sun

Professor Yi Ma

Spring 2020



Guts, Dehn Fillings and Volumes of Hyperbolic Manifolds

Copyright 2020
by

Yue Zhang



1

Abstract

Guts, Dehn Fillings and Volumes of Hyperbolic Manifolds

by

Yue Zhang

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Ian Agol, Chair

We construct an invariant called guts for second homology classes in irreducible 3-
manifolds with toral boundary and non-degenerate Thurston norm. We prove that
guts of second homology classes in each Thurston cone are invariant under a natural
condition. We show that the guts of different homology classes are related by sutured
decompositions. As an application, an invariant of knot complements is given and is
computed in a few interesting cases.

The minimal volume of orientable hyperbolic manifold with a given number of cusps
has been found for 0, 1, 2, 4 cusps, while the minimal volume of 3-cusped orientable
hyperbolic manifolds remains unknown. By using guts in sutured manifolds and
pared manifolds, we are able to show that for an orientable hyperbolic 3-manifold
with 3 cusps such that every second homology class is libroid, its volume is at least
5.49 . . . = 6×Catalan’s constant.

In the final chapter, we develop a method for controlling the upper bound of the Eu-
ler characteristic of surfaces in sufficiently long Dehn fillings. By using this method,
we show that for a compact orientable irreducible acoannular 3-manifold with toral
boundary, properly norm-minimizing surfaces capped off with disks in sufficiently
long fillings are still properly norm-minimizing. We also show that if a sufficiently
long Dehn surgery on a link in a product sutured manifold yields the same prod-
uct sutured manifold, then this link is horizontal in the product sutured manifold.
Combining these results, we prove that for a compact orientable irreducible acoan-
nular 3-manifold with toral boundary, the cores of its sufficiently long fibered Dehn
fillings are either horizontal or vertical. Moreover, we provide a new way to prove
that there are finitely many links with a given complement such that no compo-
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nent is unknotted and no 2-component sublink is coaxial. Another result coming
from this method is that all sufficiently long fillings of an orientable, irreducible,
boundary-irreducible-irreducible, acoannular 3-manifold with toral boundary are still
irreducible, boundary-irreducible-irreducible, acoannular.



i

To my parents, Weize and Qiaozhen,
and

Peggy



ii

Contents

Contents ii

1 Guts in Sutured Decompositions and the Thurston Norm 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 The Thurston norm and Sutured Decompositions . . . . . . . . . . . 3
1.3 Guts Components as Sutured Manifolds . . . . . . . . . . . . . . . . 8
1.4 Guts and Thurston Cones . . . . . . . . . . . . . . . . . . . . . . . . 14
1.5 Restriction Map to the Guts in Homology . . . . . . . . . . . . . . . 17
1.6 Guts and Sutured Decomposition . . . . . . . . . . . . . . . . . . . . 24
1.7 Examples of Guts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2 The Minimal Volume Orientable Hyperbolic 3-Manifold with 3
Cusps 33
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.2 Pared Manifolds, Pared Guts and Volume Estimation . . . . . . . . . 36
2.3 Sutured Manifolds and Sutured Guts . . . . . . . . . . . . . . . . . . 39
2.4 Sutured Bundles and Library Bundles . . . . . . . . . . . . . . . . . 41
2.5 3-Cusped Hyperbolic Manifolds . . . . . . . . . . . . . . . . . . . . . 49
2.6 Volume of Library Bundles . . . . . . . . . . . . . . . . . . . . . . . . 51
2.7 Volume of Orientable Hyperbolic 3-Manifolds with 3 Cusps as Library

Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3 Sufficiently Long Dehn Fillings 69
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.3 Normal Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
3.4 Cable Spaces and P × S1 . . . . . . . . . . . . . . . . . . . . . . . . 84
3.5 A Key Lemma About Euler Characteristic and Dehn Fillings . . . . . 87
3.6 Solid Torus Fillings and Link Complements . . . . . . . . . . . . . . 90



iii

3.7 Dehn Fillings and the Thurston Norm . . . . . . . . . . . . . . . . . 98
3.8 Horizontal Fillings . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
3.9 Sufficiently Long Fibered Fillings . . . . . . . . . . . . . . . . . . . . 106

Bibliography 109



iv

Acknowledgments

I am deeply indebted to my amazing advisor Ian Agol, for introducing fascinating
topics, elaborating various examples, sharing his invaluable insights, and contributing
to the project. Talking math with him, I felt like taking fantastic adventures in the
topological jungles. His encouragement, guidance, and advice were so precious that
I won’t forget. I could not have imagined having a better advisor and mentor for my
PhD study.

I am grateful to Yi Liu for introducing 3-manifolds to me and having many helpful
discussions with me. I would like to thank Yi Ma and Song Sun for agreeing to be
on my dissertation committee and helping me through my years at Berkeley.

I would like to thank Nathan Dunfield for allowing me to use his drawings. I
am thankful to Yi Ni, Wenyuan Yang, Maggie Miller, Jiajun Wang, Yair Minsky,
Andras Juhasz, David Gabai, Jason DeBlois, Ken’ichi Yoshida, Cameron Gordon,
Stefan Friedl and Xinyi Yuan for conversations and suggestions. I enjoyed fruitful
mathematical discussions with Chi Cheuk Tsang, Kyle Miller, Ishan Levy and Joshua
Wang.

I express my gratitude to professors at UC Berkeley for all I have learned from
them, as well as the faculty administration and staff of the department for the past
years of service.

I am grateful to Yuguang Shi, Gang Tian, Houhong Fan, Zijing Dong, Yulong
Liu, Chenyang Xu, Ruochuan Liu, Hao Ge, Peng Lu, Shing-Tung Yau and Shulin
Zhou who helped me a lot when I was in Peking University.

I’m also glad to enjoy my life at Berkeley with Jiahao, Tahsin, Janton, Tom,
Leon, Sihan, Yonah, Ethan, Eduardo, Luya, Yiling, Emily, Alois, Max, Ian, Ziwen,
Dun, Mitchell, Jeffrey, See-Woo, Zitong and Chong. I am thankful to my roommates
Jiaming, Haixiang and Hongyi for the comfortable and quiet environment to study
and finish my thesis.

I also want to thank my friends Wenyan, Haoran, Yunzi, Yutong, Wenhao,
Chizhou, Hanxiu and A Hua who had fun with me during my undergraduate years.

I wish to express my deepest gratitude to my parents, Weize and Qiaozhen, for
encouraging me not to give up and supporting me throughout my whole life. Finally,
I am endlessly grateful to Peggy, who shared happiness and sadness with me. It was
so fortunate to have many unforgettable memories with you. You kept me going on
and this thesis would not have been possible without you.

What happened this year was unexpected. I hope everyone stay safe and healthy.



1

Chapter 1

Guts in Sutured Decompositions
and the Thurston Norm

1.1 Introduction
Thurston [48] defined a norm called Thurston norm on H2(M,∂M) for a compact
3-manifold M which is an important invariant of 3-manifolds. Gabai [12] generalized
the definition and defined a notion of sutured manifolds which was related to foli-
ations in manifolds. Furthermore, one can decompose a sutured manifold into two
parts, windows and guts. Guts can be used to understand how close a manifold is to
a fibration. Agol [1] and later Friedl and Kitayama [11] used guts to show that an ir-
reducible 3-manifold with fundamental group that satisfies a certain group-theoretic
property called RFRS is virtually fibered.

Guts is also defined in pared manifolds. It reveals information about the volumes
of a hyperbolic manifold. Agol, Storm and Thurston [5] gave an estimate of the
volume of a manifold from the volume of guts related to incompressible surfaces. Agol
[2] and Yoshida [51] found the minimal volumes of 2-cusped and 4-cusped orientable
hyperbolic 3-manifolds respectively with the help of estimating the volume of guts.

In this chapter, we give a definition for a facet surface of a homology class in an
irreducible 3-manifold as a maximal collection of Thurston norm minimizing surfaces
and define the guts of this homology class as the nontrivial parts in the sutured
decomposition of the 3-manifold along a facet surface.

In the following, we consider irreducible, orientable manifolds with torus bound-
ary components and non-degenerate Thurston norm.

We first show that the guts for homology classes are well defined.
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Theorem 1.1.1. Let M be an irreducible, orientable 3-manifold with boundary a
disjoint union of tori ⊔n

i=1Pi and non-degenerate Thurston norm. The guts Γ(M,F )
for facet surfaces representing a primitive element z in H2(M,∂M ;Z) do not de-
pend on the selection of facet surfaces and product decomposition surfaces up to the
equivalence of guts.

By constructing branched surfaces, We prove that guts are invariant for second
homology classes in each Thurston cone under a natural condition (see Definition
1.4.1). This is proved by using a nice property of double curve sum operations [34,
Proposition 2.8].

Theorem 1.1.2. Let M be an irreducible, orientable 3-manifold with boundary a
disjoint union of tori ⊔n

i=1Pi and non-degenerate Thurston norm. Let y, z be two ele-
ments in an open face of the Thurston sphere. If there is an open segment containing
y, z in ∆ which does not contain two elements whose restrictions on a boundary
component are in opposite orientations, the guts Γ(y) is equivalent to Γ(z).

Agol’s criteria for virtual fibering is based on a key finding [1, Lemma 4.1] and
we state a generalization of it.

Theorem 1.1.3. Let z lie on a k-codimensional open Thurston cone ∆. We de-
note the subspace spanned by ∆ as V . Then the kernel of the restriction map
ϕ : H2(M,∂M ;Z) → H2(Γ(z), ∂Γ(z);Z) is a subspace of V .

If there is a neighborhood of z in ∆ which does not contain two elements whose
restrictions on a boundary component are in opposite orientations, the kernel of ϕ is
exactly V and the rank of the image of ϕ is k, i.e. the rank of the image of

H1(M) → H1(Γ(z))

is k.

The first part of this theorem is proved by using the canonical foliation on the
complement of the guts. We prove the opposite direction via double curve sum
operations.

With the help of the preceding theorem, we show that guts of homology classes
are related by sutured decompositions.

Theorem 1.1.4. Let M be an irreducible connected 3-manifold with toral boundary
and non-degenerate Thurston norm. Let z be an element on a k-codimensional
(k > 0) open Thurston face of the Thurston norm. For any choice of u in any
k′-codimensional (k′ < k) open Thurston face whose closure contains z, there exists
a w on the open segment (z, u) such that Γ(z) can be nontrivially decomposed along
a properly norm-minimizing surface representing w.
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As an application, an invariant of knot complements is given as the guts of a
maximal collection of disjoint Seifert surfaces (see Definition 1.7.4). We find an ex-
ample of two 2-bridge knots having different guts but same Floer knot homology in
Example 1.7.18.

The chapter is organized as follows.
In Section 1.2 we recall some standard facts about the Thurston norm and sutured

manifolds.
In Section 1.3, we define a facet surface of a second homology class in a 3-manifold

as a maximal collection of properly norm-minimizing surfaces and the guts of this
homology class as the nontrivial parts in the sutured decomposition of the 3-manifold
along a facet surface. We show that the guts are invariant among facet surfaces
representing the same homology class.

In Section 1.4, we show that if two elements in an open face of the Thurston
sphere don’t meet any boundary component in opposite orientation, their guts are
equivalent.

After that, we find a relation between the open Thurston cone ∆ and the restric-
tion map ϕ from H2(M,∂M) to H2(Γ(z), ∂Γ(z)) for an element z in ∆ in Section
1.5.

With the previous results, we are able to show that guts of second homology
classes can be decomposed by surfaces in the manifold in Section 1.6.

In Section 1.7, we give some examples of guts and define an invariant for knot
complements.

1.2 The Thurston norm and Sutured
Decompositions

We denote η(X) as a regular neighborhood of X. For a proper embedded surface
S ⊂M , we use M\\S to indicate M\η(S).

In this chapter, we sometimes omit the Z coefficient in homology and cohomology
groups.

Definition 1.2.1. Let S be a compact connected orientable surface. Define χ−(S) =
max{−χ(S), 0}. For a disconnected compact orientable surface S, let χ−(S) be the
sum of χ− evaluated on the connected subsurfaces of S.

In [48], Thurston defined a pseudonorm on H2(M,∂M ;R) and H2(M ;R), and
this was generalized by Gabai [12].
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Definition 1.2.2. Let M be a compact oriented 3-manifold. Let K be a subsurface
of ∂M . Let z ∈ H2(M,K). Define the Thurston norm of z to be

x(z) = min{χ−(S) | (S, ∂S) ⊂ (M,K), and [S] = z ∈ H2(M,K)}.

Thurston proved that x(nz) = nx(z), and therefore x may be extended to a norm
x : H2(M,K;Q) → Q. Then x is extended to x : H2(M,K;R) → R by continuity.

Denote by Bx(M) the unit ball of the Thurston norm on H2(M,∂M). By [48,
Theorem 2], Bx(M) is a polyhedron and hence we can decompose Bx(M) into faces
of various dimensions. We call Bx(M) the Thurston ball, ∂Bx(M) the Thurston
sphere, each face of ∂Bx(M) a Thurston face and a cone formed by the origin and a
Thurston face a Thurston cone. When we say z is on a Thurston face, we actually
mean a multiple of z is on a Thurston face.

Remark 1.2.3. When the interior of M is a hyperbolic manifold of finite volume,
the Thurston norm will not degenerate.

Definition 1.2.4. Let M be a compact 3-manifold. Let S be an oriented surface
representing α ∈ H2(M,∂M ;R), with α ̸= 0. We say that S is norm-minimizing if
the following conditions hold:

• S has no nullhomologous subset of components in H2(M,∂M),

• χ−(S) = xM(α),

When the boundary of a manifold are not just tori, we define a notion of taut
surfaces.

Definition 1.2.5. Let M be a compact 3-manifold. An oriented surface (S, ∂S) is
taut if

• S is incompressible and no collection of components is trivially homologous in
H2(M,∂M) and,

• S has minimal χ− of all surfaces representing [S, ∂S] in H2(M, η(∂S)), we have
x([S]) = χ−(S). Here η(∂S) means the tubular neighborhood of ∂S.

Lemma 1.2.6. If P is a norm-minimizing (or taut) surface, and Q is a union of
components of P , then Q is also a norm-minimizing (or taut) surface.

In this chapter, we use an important tool called double curve sum to analyze the
guts of different homology classes.
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Definition 1.2.7. Let S and T be two properly embedded surfaces which are in
general position. By the standard ”cut and paste” technique applied to the inter-
section curves of S and T , we can turn the immersed surface S ∪ T into a properly
embedded surface S ⊕ T . The surface S ⊕ T is called double curve sum of S and T .

The following lemma and corollary shows a simple but important fact about
double curve sum.

Lemma 1.2.8. If every component of S ∩ T is essential in S and T , then χ−(S) +
χ−(T ) = χ−(S ⊕ T ).

Proof. This is because χ(S)+χ(T ) = χ(S⊕T ) and S⊕T does not have components
of positive Euler characteristic.

Lemma 1.2.9. Let S1 and S2 be two properly embedded surfaces and every component
of S1 ∩S2 is essential in S1 and S2. If S1⊕S2 is a norm-minimizing surfaces, S1, S2

has the minimal χ− among all surfaces represent the same element in the second
relative homology group respectively.

Proof. This is because of the equality χ−(S1) + χ−(S2) = χ−(S1 ∩ S2) and the
triangular inequality of Thurston norm.

Gabai in [12] introduced the notion of a sutured manifold and a decomposition
surface.

Definition 1.2.10. A sutured manifold (M,γ) is a compact oriented 3-manifold M
with boundary together with a set γ ⊂ ∂M of pairwise disjoint annuli A(γ) and tori
T (γ). Furthermore, the interior of each component of A(γ) contains a suture, i.e., a
homologically nontrivial oriented simple closed curve. We denote the union of the
sutures by s(γ) or s(M). We say that an annulus component of A(γ) is a sutured
annulus and a torus component of T (γ) is a sutured torus.

Finally every component of R(γ) = ∂M\int(γ) is oriented. Define R+(γ) (or
R−(γ)) to be those components of ∂M \ int(γ) whose normal vectors point out of
(into) M . The orientation on R(γ) must be coherent with respect to s(γ), i.e., if δ is
a component of ∂R(γ) and is given the boundary orientation, then δ must represent
the same homology class in H1(γ) as some suture.

Definition 1.2.11. Let (M,γ) be a sutured manifold, and S a properly embedded
surface in M such that for every component λ of S ∩ γ one of (1)-(3) holds:

1. λ is a properly embedded nonseparating arc in γ.
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2. λ is a simple closed curve in an annular component A of γ in the same homology
class as A ∩ s(γ).

3. λ is a homotopically nontrivial curve in a toral component T of γ, and if δ is
another component of T ∩ S, then λ and δ represent the same homology class
in H1(T ).

And furthermore, no component of ∂S bounds a disc in R(γ) and no component of
S is a disc with ∂D ⊂ R+ ∪R−. Then we call S a decomposition surface for (M,γ).
Then the orientation of S induces orientations on S± ⊂ ∂η(S). We can construct a
suture structure on M ′ =M\η(S):

γ′ = (γ ∩M ′) ∪ η(S ′
+ ∪R−) ∪ η(S ′

− ∪R+)

R′
+ = ((R+ ∩M ′) ∪ S ′

+)\intγ′

R′
+ = ((R− ∩M ′) ∪ S ′

−)\intγ′

Here S ′
+ (resp. S ′

−) is the union of the components of ∂η(S) whose normal vector
points out of (resp. into) M ′.

We say that (M,R+, R−, γ)
S
; (M ′, R′

+, R
′
−, γ

′) is a sutured manifold decomposi-
tion, and (M,γ)

S
; (M ′, γ′) for short.

We define a taut sutured manifold closely related to taut surfaces.

Definition 1.2.12. A sutured manifold (M,γ) is taut if M is irreducible and R+

and R− are both taut surfaces in M .

Theorem 1.2.13 ([13, Lemma 0.4]). Suppose (M,γ) is a sutured manifold and
(M,γ)

S
; (M ′, γ′) is a sutured manifold decomposition. If (M ′, γ′) is taut, then so is

(M,γ).

Definition 1.2.14. Let (M,γ) be a sutured manifold. A product annulus is an
annulus A in M which does not cobound a solid cylinder in M and such that one
boundary component of A lies on R− and the other one lies on R+. Furthermore, a
product disk is a disk D in M such that |D ∩ s(γ)| = 2.

Definition 1.2.15. Let S ⊂ (M,γ) be a decomposition surface such that either each
component J of S is a product disk or a product annulus. Then we call S a product
decomposition surface.

Product disks and product annuli have a nice property of preserving the tautness.
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Lemma 1.2.16 ([12, Lemma 3.12]). Let (M,γ)
J
; (M ′, γ′) be a decomposition such

that either J is a product disc or a product annulus. Then (M,γ) is taut if and only
if (M ′, γ′) is taut.

Gabai [12, Definition 4.11] associates to each connected sutured manifold (M,γ)
a complexity c(M,γ) which is given by the 4-tuple (c1, c2, c3, c4)(ci may be denoted
ci(M,γ)) where ci is a nonnegative integer, c2 is a 6-tuple of nonnegative integers
with the dictionary ordering, and c3 and c4 are finite, possibly empty, sets of positive
integers. The set of complexities is given by the dictionary ordering.

Definition 1.2.17. Let (M,γ) be a taut sutured manifold, and let S be a maximal
set of pairwise disjoint non-parallel product annuli and product disks in M .

Let (M,γ) be the sutured manifold obtained from (M,γ) by decomposing along
S and throwing away product sutured manifold components. Then (M,γ) is called
the reduced sutured manifold of (M,γ) (which we call the guts of (M,γ)).

Define the reduced complexity C(M,γ) of the taut manifold (M,γ) by C(M,γ) =
C(M,γ).

In this chapter, we use reduced complexity rather than complexity of a sutured
manifold and we briefly call reduced complexity as complexity.

Friedl and Kitayama [11] cited the following theorem in [12, Section 4] which
says the complexity of a taut sutured manifold will decrease or remain the same
after decomposition.

Theorem 1.2.18. Let (M,γ) be a connected sutured manifold and let (M,γ)
S⇝

(M ′, γ′) be a sutured manifold decomposition along a connected decomposition surface
S. Suppose that (M,γ) and (M ′, γ′) are taut. Let (M ′

0, γ
′
0) be a component of (M ′, γ′).

Then
C(M ′

0, γ
′
0) ≤ C(M,γ).

Furthermore, if S is not boundary parallel, e.g. if [S] is non-trivial in H2(M,∂M ;Z),
then

C(M ′
0, γ

′
0) < C(M,γ).

Among norm-minimizing and taut surfaces, we are more interested in classes with
nice properties called properly norm-minimizing and properly taut.

Definition 1.2.19. (Cf. [34]) Let M be a compact 3-manifold whose boundary is
a collection of tori. Let S be an oriented surface in M . We say that S is properly
norm-minimizing if S is norm-minimizing and on each boundary component P of
M , all components of ∂S ∩ P have the same orientation (parallel on P ).
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Definition 1.2.20. Let (M,R+, R−, γ) be a sutured manifold. We say that (S, ∂S) ⊂
(M,γ) is properly taut if S is taut and on each component P of γ, all components of
∂S ∩ P have the same orientation, and moreover, the orientation is the orientation
of the core of P if P is an annulus.

Remark 1.2.21. When M is a manifold with toral boundary, we think of γ as ∂M
and R± is empty.

1.3 Guts Components as Sutured Manifolds
In the following, we denote M as a compact, orientable, connected, irreducible 3-
manifold with toral boundary. Furthermore, we require xM to be non-degenerate.
Consider (M,∂M) as a sutured manifold with γ = ∂M .

Definition 1.3.1. Suppose z is a primitive element in H2(M,∂M ;Z). Take a max-
imal collection of disjoint, non-parallel, properly norm-minimizing decomposition
surfaces Σ1, . . . ,Σk in M such that

[Σi] = z in H2(M,∂M ;Z), ∀i = 1, . . . , k.

We call the union of Σ1, . . . ,Σk a facet surface for z and denote F as Σ1 ∪ . . . ∪ Σk.

Definition 1.3.2. Let (N, γ) be a sutured manifold. We decompose N along a max-
imal product decomposition surface (product annuli and product disks) and throw
away product sutured manifold components called windows, with the remaining su-
tured manifolds which we call the guts of N .

Let S be a properly norm-minimizing surface in M and consider M\\S as a
sutured manifold. We define the guts of S as the guts of M\\S and denote the union
of the guts as Γ(M,S).

Remark 1.3.3. By JSJ decomposition ([26],[27, Chapter III]), we will know that
the guts do not depend on the selection of product decomposition surfaces.

Definition 1.3.4. Equivalence of guts. Two guts G1 and G2 are equivalent if there
exists an isotopy of M which restricts to a homeomorphism G1 → G2 as sutured
manifolds.

We are going to show some properties of guts.

Definition 1.3.5. A properly embedded surface S in a sutured manifold (M,γ) is
called a horizontal surface if i) ∂S ⊂ γ and ∂S is isotopic to ∂R+(γ), ii) S is taut,
iii) [S] = [R+(γ)] in H2(M,γ).
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Definition 1.3.6 ([28, Definition 9.3]). A sutured manifold is called reduced if it
doesn’t contain any essential product annulus or product disk, and horizontally prime
if it doesn’t contain any horizontal surface which is not parallel to boundary.

Lemma 1.3.7. For a facet surface F , each component of Γ(M,F ) is reduced and
horizontally prime.

Proof. First, the reason that each component (G, γ) of Γ(M,F ) is reduced is because
we cut along a maximal collection of product decomposition surfaces. Next, suppose
there exists a taut surface Σ in G which is not parallel to the boundary of G but
homologous to R+ and R−. Take a union F ′ of some components of F such that F ′

contains the R+ part of (G, γ) and represents a multiple of [F ] in H2(M,∂M). We cut
R+ out of F ′ and glue with Σ to have a new surface F ′′. Then F ′′ is homologous to a
multiple of F , disjoint with F and is non-parallel to F which violates the maximality
of F .

Lemma 1.3.8. Let F be a facet surface in M . Then every connected component of
M\\F contains at most one guts component.

Proof. Suppose a component of M\\F contains at least 2 guts component. Denote
the component as N and consider it as a sutured manifold (N,R+(N), R−(N), γ(N)).
Let (G,R+(G), R−(G), γ(G)) be a gut in (N,R+(N), R−(N), γ(N)). Then R±(G) is
a subset of R±(N).

Take a union F ′ of some components of F such that F ′ contains the R+(N) part
of N and represents a multiple of [F ] in H2(M,∂M). We cut R+(G) out of F ′ and
glue with R−(G) to have a new surface F ′′. Then F ′′ is homologous to a multiple of
F , disjoint with F and is non-parallel to F which violates the maximality of F .

Remark 1.3.9. For any ray in H2(M,∂M ;Q), we can find a unique primitive w ∈
H2(M,∂M ;Z) such that w = kz where k ∈ Q+. In the following we consider z as
the same as w.

Lemma 1.3.10. No gut G has a disk as R+ or R−. Otherwise by tautness and
irreducibility of M , G is (D2 × [0, 1], ∂D2 × [0, 1]) which is a window.

For the guts associated to facet surfaces representing an element inH2(M,∂M ;Q),
we have the following theorem.

Theorem 1.1.1. Let M be an irreducible, orientable 3-manifold with boundary a
disjoint union of tori ⊔n

i=1Pi and non-degenerate Thurston norm. The guts Γ(M,F )
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for facet surfaces representing a primitive element z in H2(M,∂M ;Z) do not de-
pend on the selection of facet surfaces and product decomposition surfaces up to the
equivalence of guts.

Before proving the theorem, we need some prerequisites.

Definition 1.3.11. Let S and T be two oriented surfaces in M . Furthermore, we
suppose S ∪ T doesn’t bound a ball, i.e. no ball component in the complement of
S ∪ T . We call a subsurface P ⊂ S ∪ T from decomposing S ∪ T along S ∩ T a
patch. For each component J of M\\(S ∪ T ), if ∂J is a torus or an annulus and the
co-orientation of ∂J ∩ S is the same as the co-orientation of ∂J ∩ T , we reverse the
orientation of the patches ∂J ∩ T . Then we let the boundary of M\\(S ∪ T ) inherit
orientation from the patches of S ∪ T and consider it as a sutured manifold. We call
the union of the non-product components after cutting along a maximal collection
of product annuli and product disks the belly of S and T and denote it as B(S, T ).

Lemma 1.3.12. Let S be a facet surface representing az and T is another facet
surface representing bz where z is a primitive element in H2(M,∂M) and a, b ∈ Z+.
B(S, T ) is equivalent to B(T, S) as sutured manifolds up to isotopy.

Figure 1.1: Figure for belly.
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Proof. Let J be a component of M\(S ∪ T ) such that ∂J is a torus or an annulus
and the co-orientation of ∂J ∩ S is the same as the co-orientation of ∂J ∩ T . Let
T1 and S1 be the union of components of T and S such that overlap a subset of ∂J
respectively. Then T ∪ (∂J ∩ S)−\(∂J ∩ T ) is still homologous to a multiple of T .
Here (∂J∩S)− means reversing the orientation of (∂J∩S). By the definition of facet
surfaces, each component of T ∪ (∂J ∩ S)−\(∂J ∩ T ) is a subsurface of T . Similarly,
each component of S ∪ (∂J ∩ T )−\(∂J ∩ S) is a subsurface of S. Hence S and T
locally looks like Figure 1.1 and reversing the orientation of ∂J ∩ S or ∂J ∩ T will
have the same result of guts.

Theorem 1.3.13. Let S be a facet surface representing az and T be another facet
surface representing bz where z is a primitive element in H2(M,∂M) and a, b ∈ Z+.
If S and T don’t bound a ball, the guts with respect to S is equivalent to the belly
with respect to S ∪ T .

Remark 1.3.14. S and T don’t bound a ball ⇐⇒ S ∩ T doesn’t bound a disk in
S ⇐⇒ S ∩ T doesn’t bound a disk in T .

Proof. We define a potential function for S and T . We fix a basepoint x0 and for
any x ∈ M\(S ∪ T ), we take a curve λ from x0 to x. Then we define the potential
function Φ in the complement of S ∪ T as

Φ(x) = b⟨λ, S⟩ − a⟨λ, T ⟩

This definition does not depend on the selection of λ because b[S] − a[T ] = 0.
Without loss of generality, we assume the minimum of Φ is 0. We choose a region
J of M\(S ∪ T ) such that Φ reach the maximum on J . The boundary of J can be
decomposed into two parts ∂J ∩ S and ∂J ∩ T . It is not hard to see the orientation
of ∂J ∩S points inward and the orientation of ∂J ∩T points outward. Furthermore,
because S and T are taut, χ−(∂J ∩ S) = χ−(∂J ∩ T ).

S decomposes M into several components of sutured manifolds. Denote the
component that contains J as (N,R+, R−, γ). Then we know that ∂J only intersects
with R−. Let R′ = (R− − (∂J ∩ S)) ∪ (∂J ∩ T ) and perturb it inside N . Then R′

is homologous to R− and R+ with the same Thurston norm. We can take a union
S0 of components of S such that S0 contains R+ and [S0] is a multiple of z. Then
we replace R+ with R′ to have a new surface S1 which is also a multiple of z and
disjoint with S. Because S is a maximal collection of properly norm-minimizing
surfaces, components of S1 can be divided into two sets such that each component
in the first set is parallel to some component of S and the union of the second set
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is homologically trivial. Therefore components of R′ can be decomposed into a part
R′

− parallel to R−, a part R′
+ parallel to R+ and a homologically trivial part R′

0.
Furthermore, because the Thurston norm of M is non-degenerate, the homologically
trivial part R′

0 is a union of tori and annuli whose boundary lies on γ. We also
decompose ∂J ∩ T into T− ⊂ R′

−, T+ ⊂ R′
+ and T0 ⊂ R′

0.
We let T ′ = (T − (∂J ∩ T )) ∪ (∂J ∩ S), drop all homologically trivial tori and

annuli and perturb (∂J ∩ S) in T ′ a little bit outside of N . We still call the new
surface T ′. We are going to show the belly with respect to S ∪ T in N is equivalent
to the belly with respect to S ∪ T ′ in N .

Note that if we cut along ∂J ∩ T in N\T ′, we have N\T .
First, T− lies on a component of R′ which is parallel to R−. Cutting N\T ′ along

T− is the same as having extra product manifold T−× I. Hence, it doesn’t affect the
belly of N\T ′.

Second, T+ lies on a component of R′ which is parallel to R+. Cutting N\T ′

along T+ is the same as cutting along some product annuli and product disks, and
furthermore their intersection with R− is T+∩R−. Because the boundary of T+ does
not bound a disk on R− ⊂ S, each of the annuli is essential.

Figure 1.2: Figure for N\T .

Third, suppose a torus component R∗ of R′
0 meets T0 in T∗ (See Figure 1.2).

Because S ∩ T doesn’t bound a disk on S or T , the boundary of T∗ on R∗ is the
union of parallel non-seperating circles on R∗ and T∗ is a collection of annuli whose
ends are both on R−. Because R∗ is homologically trivial, R∗\T∗ is homologous to
(T∗)

− where (T∗)
− comes from reversing the orientation of T∗. Hence we can remove

R∗\T∗ from R− and add (T∗)
− to have a new properly norm-minimizing surface R̂

homologous to R−. Because S is a maximal collection of properly norm-minimizing
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surfaces, R̂ is parallel to R+ ∪ R−. Remember that we reverse the orientation of T∗
in the complements of S ∩ T , so removing T∗ which is the blue part in Figure 1.2
does not affect the belly.

Fourth, suppose an annulus component R∗ of R′
0 meets T0 in T∗. Whether

∂T∗\∂M is the union of parallel essential arcs or is the union of parallel essential
closed curves, we can do the same as the third.

Figure 1.3: Figure for N ′\T .

For each component (N ′, R′
+, R

′
−, γ

′) of M\S next to N , we want to show that
the belly with respect to T in N ′ is equivalent to the belly with respect to T ′ in N ′.
Because ∂J ∩ S points inside N , ∂J ∩ S point outside N ′ and hence a component of
∂J ∩ S in N ′ can only be in R′

+.
First, denote T ′

0 as the homologically trivial part of (T − (∂J ∩ T )) ∪ (∂J ∩ S).
Similar to the third and four step in the above discussion, remove R′

+ ∩ T ′
0 from

R′
+ and glue it to T ∩ T ′

0 = (T ′
0\(S ∩ T ′

0))
−. We call the new surface R̂′ and it is

homologous to R′
+. Because S is a maximal collection of properly norm-minimizing

surfaces, R̂′ is parallel to R′
+ ∪ R′

−. So removing T ′
0 does not affect the belly. See

Figure 1.3.
Next, the operation that we perturb (∂J ∩ S) in T ′ a little bit outside of N does

not affect the belly. This is because we can cut along the product annuli coming
from ∂(∂J ∩ S).

In short, the belly of S and T ′ is equivalent to the belly of S and T .
Because T ′ is homologous to T ′, we can let Φ1 be the potential function in the

complement of S ∪ T ′ as
Φ(x) = b⟨λ, S⟩ − a⟨λ, T ′⟩



CHAPTER 1. GUTS IN SUTURED DECOMPOSITIONS AND THE
THURSTON NORM 14

Then either maxΦ1 < maxΦ, or maxΦ1 = maxΦ and the number of regions
where Φ1 is maximal is less than the number of regions where Φ is maximal.

Now we are going to show T ′ ∩ S doesn’t bound a disk in S or T ′. If T ′ ∩ S
bounds a disk in S, since T ′ ∩ S is subset of T ∩ S, T ∩ S also bounds a disk in S
which is a contradiction.

By induction we can assume T is disjoint with S. In this case, because S is a
facet surface, each component of T is parallel to some component of S. Hence the
belly of S and T is equivalent to the guts of S.

Proof of Theorem 1.1.1. Let S, T be 2 facet surfaces representing z and isotope S, T
to be in minimal position. By Theorem 1.3.13, Γ(M,S) is equivalent to B(S, T ) and
Γ(M,T ) is equivalent to B(T, S). Hence by Lemma 1.3.12, Γ(M,S) is equivalent to
Γ(M,T ).

Definition 1.3.15. For an element z in H2(M,∂M ;Z), we define (Γ(z), γ(z)) to be
the guts with respect to facet surfaces representing z in Theorem 1.1.1 and usually
omit the suture γ(z).

Definition 1.3.16. Given a taut sutured manifold (M,R+, R−, γ), we do a sutured
decomposition along a maximal collection of horizontal surfaces and then cut along a
maximal product decomposition surfaces. By throwing away the components which
are product sutured manifolds, we call the remaining sutured manifolds horizontally
prime guts of (M,γ).

Using the same method in the proof of Theorem 1.1.1, we are able to show

Corollary 1.3.17. Let (M,γ) be a taut sutured manifold such that there is no non-
separating annulus or torus rel γ. The horizontally prime guts of (M,γ) is well
defined up to equivalence.

1.4 Guts and Thurston Cones
In this section, we are going to prove Theorem 1.1.2.

Definition 1.4.1. Let M be a 3-manifold with boundary a disjoint union of tori
⊔n

i=1Pi and α be an element in H2(M,∂M ;R). Let ∂ : H2(M,∂M ;R) → H1(∂M ;R)
be the map from the long exact sequence of (M,∂M). We denote the restriction of
α on a boundary component Pi as the coordinate of ∂α in H1(Pi;R). We say two
elements u1, u2 ∈ H1(Pi;R) are not in opposite orientation if u1 is not a negative
multiple of u2.
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Theorem 1.1.2. Let M be an irreducible, orientable 3-manifold with boundary
a disjoint union of tori ⊔n

i=1Pi and non-degenerate Thurston norm. Let y, z be two
elements in an open face of the Thurston sphere. If there is an open segment contain-
ing y, z in ∆ which does not contain two elements whose restrictions on a boundary
component are in opposite orientations, the guts Γ(y) is equivalent to Γ(z).

Before proving the theorem, we need a slight modification of [34, Proposition 2.8]
and a lemma.

Proposition 1.4.2. Let α1 and α2 be in the same closed Thurston face of a non-
degenerate Thurston norm xM , where M is a 3-manifold with boundary a disjoint
union of tori ⊔n

i=1Pi. If the restriction of α1 and α2 on each boundary component Pj

are not in opposite orientation, then there exist properly norm-minimizing surfaces
S1 and S2 with [Si] = αi so that for any positive integers a and b, aS1 ⊕ bS2 is
properly norm-minimizing.

Proof. (Cf. the proof of [34, Proposition 2.8]) Since xM is nondegenerate, χ−(R) =
−χ(R) for any norm-minimizing surface R in M .

Let S1 and S2 be properly norm-minimizing surfaces with [Si] = αi. Isotope
the Si near their boundaries so that ∂S1 and ∂S2 intersect minimally. Because the
restriction of α1 on each boundary component Pi is not a negative multiple of the
restriction of α2, we know that for each j, every component of ∂(aS1 ⊕ bS2) ∩ Pj

is nontrivial and have the same orientation which means it represents the same
homology class. We have xM(a[S1] + b[S2]) = axM([S1]) + bxM([S2]) = aχ−(S1) +
bχ−(S2) = −aχ(S1) − bχ(S2) = −χ(aS1 ⊕ bS2). Then we are done if aS1 ⊕ bS2 has
no disk, 2-sphere, torus or annulus components.

Suppose S1 \ S2 includes a component C which does not meet ∂S1 and with
χ(C) ≥ 0. Then surger S2 along C to obtain S ′

2 (i.e. S ′
2 := [S2\((∂C)×I)]∪(C×S0)).

The surface S ′
2 is homologous to S2. Since χ(C) ≥ 0, S ′

2 is norm-minimizing. Set
S2 := S ′

2 and repeat until S1 \ S2 includes no such component C. Now any closed
components of aS1 ⊕ bS2 must include a region homeomorphic to some component
of S1 \ S2, which must have negative Euler characteristic. Therefore, aS1 ⊕ bS2 has
no closed sphere or torus components.

Since every component of ∂(aS1 ⊕ bS2) ∩ Pj is nontrivial, aS1 ⊕ bS2 has no disk
components. Suppose aS1⊕bS2 has an annulus component A, by the non-degeneracy
of xM , A is homologically trivial in H2(M,∂M) which means ∂A is on a boundary
component Pj and is homologically trivial in H1(Pj) which violates the fact that the
two components of ∂A have the same orientation.
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Lemma 1.4.3. Let (N,R+, R−, γ) be a product sutured manifold with χ(N) < 0. If S
is a properly embedded surface without annulus components such that S is homologous
to R+ in H2(N, γ) and χ−(S) = χ−(R+), then S is parallel to R+.

Proof of Theorem 1.1.2. Let y and z be in the same open Thurston cone and (v, w) be
an open segment containing the closed segment [y, z] in the same cone such that v+w
is not a multiple of y or z. Furthermore, (v, w) does not contain two elements whose
restrictions on a boundary component are in opposite orientations By Proposition
1.4.2, we can take properly norm-minimizing representatives Sv and Sw for v and
w respectively such that Sv\Sw and Sw\Sv has no component of nonnegative Euler
characteristic. Moreover, for any positive integers a and b, aSv ⊕ bSw is properly
norm-minimizing.

Similar to [40, Proposition 8], we can create a properly taut oriented branched
surface B carrying Sv and Sw by changing each curve of Sv ∩ Sw to an “annulus or
disk of contact”. B also carries aSv ⊕ bSw for any positive integers a and b. Let NB

be the fibered neighborhood of B and we decompose ∂NB into two parts: horizontal
boundary ∂hNB which is transversal to the fibers and vertical boundary ∂vNB which
consists of some fibers.

Let S be the surface aSv ⊕ bSw for some a and b. As in [50, Section 8], we
isotope 2S so that it contains int2S(∂hNB) and let LS denote the I-bundle obtained
by splitting NB along 2S− int2S(∂hNB) where int2S(∂hNB) is the interior of ∂hNB in
2S. We want to show no component of LS is K × I, where K is a punctured disk in
the interior of 2S, and there is a boundary curve α of K such that α× {0}, α× {1}
bound disks E0, E1 in 2S containing K × {0}, K × {1}, respectively. Otherwise, let
J be such a component K × I. Since D does not meet ∂M and ∂vNB comes from
Su ∩ Sw, ∂K × 0 is a component of Sv ∩ Sw. Since Sv is incompressible, ∂K × {0}
bounds a disk in Sv. This means there is a disk component in Sv\Sw, which is a
contradiction to the construction of Sv in Proposition 1.4.2.

We do an operation for each S = aSv⊕ bSw as follows. First, we cut M along 2S.
Then for each component J = E × I of LS, we decompose ∂E into two parts: ∂0E
which meets ∂M and ∂1E which is contained in Sv ∩ Sw. Then ∂1E × I are annuli
and product disks for the sutured manifold M\\2S. Let A be an annulus component
of ∂1E × I. Then ∂A is nontrivial in 2S by the preceding paragraph which means
A is a product annulus. Hence ∂1E × I is the union of some product annuli and
product disks. After cutting M\\2S along ∂1E× I for each component E× I of LS,
we have the union of M\NB and LS because S is fully carried by NB.

In the following, we assume a ̸= b. We want to show that each component J
of LS which is disjoint from ∂M has negative Euler characteristic. J can not just
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be the “annulus of contact” because a ̸= b and since each component of Sv\Sw and
Sw\Sv has negative Euler characteristic, χ(J) is also negative.

Let F = F (av + bw) be a facet surface that represents av + bw and contains S.
Isotope 2F such that it intersects minimally the product annuli and product disks
that separate LS and M\NB. For each component J of LS, We think of it as a
sutured manifold (J,R+, R−, γ). We want to show that, 2F intersects γ in the same
orientation. If γ meets ∂M , since 2F is properly norm-minimizing, 2F , especially
2S, meets ∂M ∩ γ in the same direction and therefore 2F intersects γ in the same
orientation. If γ is disjoint with ∂M , since 2F is properly norm-minimizing, 2F ∩J is
a taut surface homologous to a multiple of [R+]. By Lemma 1.4.3, 2F ∩ J is parallel
to R+ and hence 2F intersects γ in the same orientation. Therefore, we show that
2F ∩ (M\NB) is a maximal collection of horizontal surfaces (with multiplicities) for
M\NB. Hence the guts of av + bw is equivalent to the horizontally prime guts of
M\NB which is well-defined because of Corollary 1.3.17. It means the guts of av+bw
remain the same for different choice of a and b where a ̸= b. Since we can choose
a and b such that av + bw is a positive multiple of y and z respectively, Γ(y) is
equivalent to Γ(z).

Corollary 1.4.4. When M is closed, let y, z be two elements in an open face of the
Thurston sphere. Then the guts Γ(y) are equivalent to Γ(z).

1.5 Restriction Map to the Guts in Homology
The following theorem is a generalization of what was used in Agol’s paper about
virtual fibering conjecture [1, Lemma 4.1].

Theorem 1.1.3. Let z lie on a k-codimensional open Thurston cone ∆. We de-
note the subspace spanned by ∆ as V . Then the kernel of the restriction map
ϕ : H2(M,∂M ;Z) → H2(Γ(z), ∂Γ(z);Z) is a subspace of V .

If there is a neighborhood of z in ∆ which does not contain two elements whose
restrictions on a boundary component are in opposite orientations, the kernel of ϕ
is exactly V and the rank of the image of ϕ is k, i.e. the rank of the image of

H1(M) → H1(Γ(z))

is k.

Before proving the theorem, we need several useful lemmas:
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Lemma 1.5.1. Let z be an element in H2(M,∂M ;Z) and ϕ be the restriction map
ϕ : H2(M,∂M ;Z) → H2(Γ(z), ∂Γ(z);Z). The image of u under the map ϕ is 0 if
and only if we can find a surface Σ representing a multiple of u in H2(M,∂M ;Z)
avoids the guts of z.

Proof. First, we assume ∂M = ∅. Looking at the long exact sequence for (M,M ′)

where M ′ ∆
=M\intΓ(z):

· · · → H2(M
′)

i∗→ H2(M)→H2(M,M ′) → H1(M
′) → · · ·

we have a short exact sequence

H2(M
′)

i∗→ H2(M)
φ→ H2(Γ(z), ∂Γ(z))

because of the excision lemma H2(M,M ′) ∼= H2(Γ(z), ∂Γ(z)).
Hence ϕ(u) = 0 if and only if there exists a surface Σ in M ′ such that i∗[Σ] = u,

which means Σ avoids the guts of z.
When ∂M ̸= ∅, we have a long exact sequence

· · · → H1(M,Γ(z))→H1(M)
φ→ H1(Γ(z)) → · · ·

and the excision lemma

H1(M,Γ(z)) ∼= H1(M\intΓ(z), ∂Γ(z)\∂M).

Hence we have the following short exact sequence:

H1(M\intΓ(z), ∂Γ(z)\∂M)→H1(M)
φ→ H1(Γ(z))

Noting that ∂(M\intΓ(z)) = (∂Γ(z)\∂M)∪ (∂M\∂Γ(z)), by Poincare duality for
manifolds with boundary, we haveH1(M\intΓ(z), ∂Γ(z)\∂M) ∼= H2(M\intΓ(z), ∂M\∂Γ(z)).
Also by Poincare duality, we haveH1(M) ∼= H2(M,∂M) andH1(Γ(z)) ∼= H2(Γ(z), ∂Γ(z)).

Hence, we have the following exact sequence

H2(M\intΓ(z), ∂M\∂Γ(z)) i∗→ H2(M,∂M)
φ→ H2(Γ(z), ∂Γ(z))

which plays the same role in the case when ∂M is empty.

Lemma 1.5.2 ([44, Lemma 3.2]). Suppose (T, ∂T ) and (S, ∂S) are properly embedded
surfaces in general position in the 3-manifold (M,∂M), and T is homologous rel ∂
to a surface in M , which is disjoint from the interior of S. Then:

(a) Λ = T ∩ S has trivial fundamental class in H1(S, ∂S),
(b) T ⊕ kS is properly isotopic to a surface disjoint from S for some sufficiently

large positive integer.
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Lemma 1.5.3. Let z be an element in H2(M,∂M ;Z) and ϕ be the restriction map
ϕ : H2(M,∂M ;Z) → H2(Γ(z), ∂Γ(z);Z). Suppose the image of u under the map
ϕ is 0. We can find a properly norm-minimizing surface Σ representing nz + u in
H2(M,∂M ;Z) which avoids the guts of z, where n is a sufficiently large positive
integer.

Proof. First, we find an integer m such that mz+u and z lies in the same closed face
of Thurston’s norm unit ball. Denote F (z) as a facet surface of z and Σ′ is a properly
norm-minimizing surface of mz + u in M . By Lemma 1.5.1, Σ′ is homologous to a
surface in M ′, and hence by Lemma 1.5.2, the double curve sum Σ′′ of finitely many
copies of F (z) and Σ′ in the neighborhood of F (z) will be disjoint with F (z). Let
γ(z) be the sutures of Γ(z). Because Σ′′ is disjoint with F (z), Σ′′ intersects γ(z) in
a union of essential closed curves. Note that Σ′′ ∩ γ(z) might have components of
opposite orientation to the orientation of γ(z). However, we can add more copies
of F (z) to Σ′′ and for closed curves of different orientation in γ(z), we can do a
cut-and-paste surgery along the annuli formed by those curves to have a new surface
Σ such that all closed curves of Σ ∩ γ(z) are in the same orientation of γ(z).

Then ϕ([Σ]) is exactly represented by the intersection Σ ∩ Γ(z). We are going
to show that Σ ∩ Γ(z) is parallel to some components of R+(z) and R−(z). Let
(Γi(z), Ri

+(z), R
i
−(z), γ

i(z)) be the connected components of Γ(z) and Σi = Σ∩Γi(z).
Apply the long exact sequence of (Γi(z), ∂Γi(z), γi(z)):

H2(∂Γ
i(z), γi(z)) → H2(Γ

i(z), γi(z)) → H2(Γ
i(z), ∂Γi(z))

By thinking that Σi lies in H2(Γ
i(z), γi(z)), [Σi] is zero in H2(Γ(z), ∂Γ(z)) and

Σi is disjoint with Ri
±(z), we deduce that we could find some components Ri (with

multiplicities) of Ri
+(z) and Ri

−(z) which is homologous to Σi. Because Σ is a norm-
minimizing surface in M , Σi is taut in H2(Γ

i(z), γi(z)). Since Ri
+(z) and Ri

−(z) are
also taut surfaces in H2(Γ

i(z), γi(z)), we have χ−(Σ
i) = χ−(R

i). If we take large
enough pieces of R+(z) and R−(z) and replace Ri with Σi, we obtain a taut surface
Ωi representing a multiple of [Ri

−] in H2(Γ
i(z), γi(z)). By Lemma 1.3.7, Γi(z) is

horizontally prime. Since Ωi consists of horizontal surfaces and Σi is a union of some
components of Ωi, we know that Σi is parallel to some components of Ri

+(z) and
Ri

−(z) of Γi(z).
Therefore, we can isotope Σi off the guts Γi(z) for each i, i.e., isotope Σ off the

guts Γ(z).

Lemma 1.5.4. Let z be an element in H2(M,∂M ;Z) and S is a properly norm-
minimizing surface representing a multiple of z. Let A be an essential annulus or an
essential disk whose boundary lies on S and the co-orientation of S at one boundary
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curve of A points toward A while at the other boundary curve of A points outward.
If F (z) is a facet surface representing z and containing S, we can isotope A such
that A is outside of the guts of F (z).

Proof. We isotope A so that A intersects F (z) in minimal number of components.
When A is a disk, since F (z) is properly norm-minimizing, F (z) intersects A∩∂M

in the same orientation, and hence F (z) intersects A in the same orientation. So that
A\\F (z) are a union of product disks which is outside of the interior of the guts of
F (z). Therefore, we can isotope A a little bit to avoid the guts.

When A is an annulus, A\\F (z) are a union of annuli. Let A0 be a component
of A\\F (z). Suppose A0 is not a product annulus for M\\F (z) and without loss of
generality, both boundary curves of A0 lie on a component R+,0 of the R+ part of
M\\F (z). Then we can do a cut-and-past along A0 for R+,0 so that we have a new
properly norm-minimizing surface R′

0. Since F (z) is a facet surface, R′
0 is parallel

to some component of R−. This will give us a gut which is a solid torus with 4
longitudinal sutures and A0 can be isotoped to avoid the guts.

We also need the following lemma: (Cf. [13, Lemma 0.6] and [39, Proposition
2.12] )

Lemma 1.5.5. Let F be a compact surface. For any two collections of disjoint
loops C0 and C1 in F , if [C0] = [C1] in H1(F, ∂F ), then there exists a sequence of
collections of loops:

C0 = γ0, γ1, · · · , γm = C1

and a sequence of embedded surface with no components of disks and compatible with
the orientation of F

W1,W1, · · · ,Wm

such that
∂Wi\(∂F ) = γi ∪ (−γi−1).

Proof. It comes directly from [12, Lemma 3.9, 3.10].

Now we can start proving Theorem 1.1.3.

Proof of Theorem 1.1.3. We are going to prove the theorem by showing two
inclusions in opposite directions.

First, we show ker ϕ ⊂ V , which will be proved by showing that the Thurston
norm for a small neighborhood of z in ker ϕ can be represented by a Euler class. Let
F (z) be a facet surface of z, M ′ be M\intΓ(M,F (z)) and S× I be the window with
respect to F (z).
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We can think of M ′ as the result of gluing two ends of F (z)× [−1, 1] by two ends
of X × [0, 1], i.e.,

M ′ ∼= F (z)× [−1, 1] ⊔X × [0, 1]/[(f(x), 1) ∼ (x, 0), (g(x),−1) ∼ (x, 1)]

where f, g are two maps from X to F (z).

windows

Figure 1.4: M ′ =M\intΓ(M,F (z)).

Since u is in the kernel of ϕ, by lemma 1.5.3, we can find a properly norm-
minimizing surface Σ in H2(M,∂M) which represents a multiple of Nz+u such that
Σ does not intersects Γ(M,F (z)), i.e., inside M ′. Besides, Nz + u and z lie in a
closed Thurston cone.

Thinking of removing the interior of the guts Γ(M,F (z)) of F (z), there will
be left by a union of product sutured manifolds, i.e., F (z) × [−2, 2] and windows,
which has a natural 1-codimensional fibration F . We fix a Riemannian metric on
M ′ ∆

= M\intΓ(M,F (z)) such that the normal vector field n(F ) of F follows the
direction of the intervals. This normal vector field will be used in the following
proof.

Here we consider ∂M = ∅ first. We isotope Σ such that Σ∩X× [0, 1] = C× [0, 1],
where C is a collection of closed curves because Σ avoids the guts Γ(M,F (z)). In
the following we will write F (z) as F .

Then Σ0
∆
= Σ ∩ (F × [−1, 1]) has boundary (C− × {−1}) ∪ (C+ × {1}). If a

component Ci of C− or C+ is trivial in F , i.e. there is a disk D in F whose boundary
is Ci. Then by the incompressibility of Σ, Ci bounds a disk D′ in Σ. We can isotope
D′ so that we remove Ci from the intersection of Σ and F × {−1, 1}. Hence in
the following, we assume no component of C− and C+ is trivial. We are going to
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construct a new surface Ω0 in F × [−1, 1] such that ∂Ω0 = ∂Σ0 and [Ω0 −Σ0] = 0 in
H2(F × [−1, 1]).

Since C− ×−1∪C+ × 1 bounds Σ0, [C− ×−1]− [C+ × 1] = 0 in H1(F × [−1, 1]),
and hence by projection, [C−] = [C+] in H1(F ).

We first isotope Σ0 in F × I such that the intersection of Σ0 and F × [0, 1/2]
is C− × [0, 1/2]. Then we will do the surgery used in Gabai’s paper [12, Lemma
3.11]. Let W be a subsurface of F (z) such that ∂W = γ′ ∪ (−γ) where γ is C−
and γ′ is disjoint with C−. Then the double curve sum Σ1 = Σ0 ⊕ F × (1/4) can be
isotoped slightly so that Σ1 intersect F ×(1/4) at γ′. This can be seen by performing
the surgery in two steps. First do the surgery along the curves γ, and isotope the
resulting surface P slightly so that P ∩F × (1/4) = γ′. Finally do the surgery along
the remaining curves to get Σ1. If the surgery obtains some spheres or disks, then by
the incompressibility of F and Σ0, there exist 2 disks D1 ∈ F and D2 ∈ Σ0 such that
D1 ∪D2 is a sphere. Because F is the unique norm-minimizing surface in F ×S1 up
to isotopy, we know that they bound a 3-cell. Hence we can isotope Σ0 vertically to
avoid popping out disks or spheres.

It now follows from Lemma 1.5.5 that by surgering Σ0 and m copies of F we can
obtain a new surface (which we denote as Σ0) satisfies the following properties:

1. Σ0∩F × [0, 1/2] always has an angle less than or equal to π/2 with the normal
vector n(F ) deduced from [0, 1];

2. Σ0∩F × [1/2, 1] will have the same boundary on each sides, i.e. Σ0∩F ×1/2 =
Σ0 ∩ F × 1 = C+.

Now we try to replace Σ∗ = Σ0 ∩ F × [1/2, 1] out of Σ with some good-behaving
surface. Denote F × {1/2} and F × {1} as F− and F+ respectively. Glue two
boundaries of F × [1/2, 1] together and then we get a properly embedded surface
Σ′ in F × S1. We can stabilize Σ′ by several pieces of F− and F+ such that the
homology class of Σ′ in H2(F × S1) is represented by some oriented components of
F and vertical tori. Hence we can construct a properly norm-minimizing surface Ω′

by taking the double curve sum of some oriented components of F and vertical tori.
Now we cut Ω′ along the F− = F+ to obtain a surface Ω∗ having the same boundary
as Σ∗. Hence, Ω∗ ∪−Σ∗ is a closed surface and [Ω∗ ∪−Σ∗] = 0 in H2(F ×S1), which
is therefore 0 in H2(F × [1/2, 1], F− ∪ F+). From the exact sequence

H2(F− ∪ F+) → H2(F × [1/2, 1]) → H2(F × [1/2, 1], F− ∪ F+)

we know that we can stabilize Σ∗ and Ω∗ with F− and F+ such that [Ω∗ ∪−Σ∗] is 0
in H2(F × [1/2, 1]).

We replace Σ∗ out of Σ with Ω∗ to get a new surface Ω. We want to show
χ−(Σ

∗) = χ−(Ω
∗). If this is true, Σ and Ω have the same homology class and the
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same Thurston norm. For one direction, since Σ is a properly norm-minimizing
surface in M , χ−(Σ

∗) is smaller than or equal to χ−(Ω
∗), otherwise χ−(Ω) > χ−(Σ).

For the other direction, this comes from Ω′ is a properly norm-minimizing surface in
H2(F × S1).

In short, Ω is a properly norm-minimizing surface for some n′z + u, where n′ is
a positive integer. Now we are going to show the Thurston norm of z and n′z + u is
represented by a fixed Euler class.

By the construction of Ω, we know that the angle between Ω and F is always
less than or equal to π/2.

Hence by [8, Lemma 10.5.7], we know that the 2-plane bundle TΩ is isomorphic
to F |Ω, which means

χ−(Ω) = −e(F )(Ω)

as well as
χ−(F (z)) = −e(F )(F (z))

Thus we know that

x(z) = −e(F )(z)

x(n′z + u) = −e(F )(n′z + u)

Since u is in arbitrary direction, the Thurston norm of a small neighborhood of
z in kerϕ can be represented by −e(F ), which means they lie in the same open face
of the Thurston’s norm unit ball. Hence kerϕ ⊂ V .

When ∂M ̸= ∅, we consider H2(F × [−1, 1], ∂F × [−1, 1]) and can show the same
result.

Next, suppose there is a neighborhood of z in ∆ which does not contain two
elements whose restrictions on a boundary component are in opposite orientations.
We want to show V ⊂ kerϕ. In order to prove this, for any direction in V , we take
u small enough such that z, z − u and z + u lie in the same Thurston cone and the
restrictions of z−u and z+u on each boundary component are in the orientation. We
can multiply z and u by an integer such that z, z−u and z+u are in H2(M,∂M ;Z)
and we still use z, z − u and z + u to represent these integral elements.

We take properly norm-minimizing surfaces Sz+u and Sz−u for z + u and z − u,
respectively from Proposition 1.4.2, and construct the double curve sum Sz+u⊕Sz−u

of Sz+u and Sz−u which represents 2z in H2(M,∂M ;Z) and the union A of the
essential annuli and the essential disks which come from the double curve sum. By
Proposition 1.4.2, Sz+u ⊕ Sz−u is a properly norm-minimizing surface, and hence we
can take a facet surface F (z) of z which contains Sz+u ⊕ Sz−u. By Lemma 1.5.4, we
know that A avoids the guts of F (z). Because Sz+u and Sz−u lie in the neighborhood
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of Sz+u ⊕ Sz−u ∪ A, Sz+u and Sz−u can be isotoped to avoid the guts of F (z). Thus
by lemma 1.5.1, the image of z+u and z−u under ϕ is zero, which means ϕ(u) = 0
and ϕ(z) = 0.

Example 1.5.6. Denote Σ2 as a genus 2 closed surface and consider the trivial circle
bundle Σ2×S1. ThenH2(Σ2×S1;R) is of rank 5 and the Thurston sphere degenerates
to 2 parallel hyperplanes. Then for a non-separating closed curve c0 in Σ2, its fiber
bundle c0 × S1 is a T 2 which has 0 Thurston norm. Denote z as the homology class
of this T 2 in H2(Σ2 × S1;R). There are 2 non-separating closed curves c1, c2 such
that [c1∪ c2] = [c0] in H1(Σ2) which means (c1∪ c2)×S1 is homologous to c0×S1. If
we cut along c0 × S1 and (c1 ∪ c2)× S1, we have 2 pairs of pants times S1. Then by
cutting some product annuli, we will have two solid tori with 4 longitudinal sutures
where the longitudes are the S1 fibers. Hence the rank of H1(Γ(z)) → H1(Σ2 × S1)
is 1.

Corollary 1.5.7 (Cf. [1, Lemma 4.1]). Let M be a compact irreducible orientable
3-manifold with toral boundary and non-degenerate Thurston norm. Let

z ∈ H1(M) ∼= H2(M,∂M)

be in a top dimensional open Thurston cone and there is a neighborhood of z which
does not contain two elements whose restrictions on a boundary component are in
opposite orientations. Then we have

H1(M ;Z) → H1(Γ(z);Z)

is 0, i.e.
H1(Γ(z);Z) → H1(M ;Z)/torsion

is 0.

1.6 Guts and Sutured Decomposition
Theorem 1.1.4. Let M be an irreducible connected 3-manifold with toral boundary
and non-degenerate Thurston norm. Let z be an element on a k-codimensional
(k > 0) open Thurston face of the Thurston norm. For any choice of u in any
k′-codimensional (k′ < k) Thurston face whose closure contains z, there exists a w
on the open segment (z, u) such that Γ(z) can be nontrivially decomposed along a
properly norm-minimizing surface representing w.
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Before proving this theorem, we state a slight generalization of [11, Theorem 4.1].

Definition 1.6.1. Given two non-zero cohomology classes φ, ψ ∈ H2(M,∂M ;R), we
say φ is subordinate to ψ if φ ∈ C where C is the smallest closed Thurston cone
which contains ψ.

Theorem 1.6.2. Let M be an irreducible connected 3-manifold with toral boundary
and let R be a properly norm-minimizing surface. Then for any choice of product
decomposition surface (maximal collection of product annuli and product disks) for
M\R × (−4, 4) and any choice of ψ ∈ H2(M,∂M ;Z) there exists an m ∈ N and a
surface F with the following properties:

1. [R] is subordinate to m[R] + ψ and F represents m[R] + ψ;

2. F ⊕ (R× {−3} ∪R× {3}) is a properly norm-minimizing surface;

3. the intersections F ∩R× [−4,−2] and F ∩R× [2, 4] are product surfaces;

4. if X is a gut or a window of M\R × (−4, 4) then F ∩ X is a decomposition
surface.

Proof of Theorem 1.1.4. By theorem 1.1.3, u isn’t in the kernel of the map
ϕ : H1(M) → H1(Γ(z)). Let F (z) be a facet surface for z and fix a product
decomposition surface for M\F (z)× (−4, 4).

From Theorem 1.6.2, we construct a surface Σ which represents mz+u such that
Σ satisfies the 4 properties. So if we cut M\\(F (z)×{−3}∪F (z)×{3}) along Σ, we
actually do a sutured decomposition of M along a properly norm-minimizing surface
Ω

∆
= Σ⊕ (F (z)×{−3}∪F (z)×{3}) representing some nz+u. Since u is not in the

kernel of ϕ, we have

[Σ ∩ Γ(z)] ̸= 0 ∈ H2(Γ(z), ∂Γ(z);Z).

By Theorem 1.2.18, the complexity of Γ(z)\Σ is smaller than Γ(z).
Then mz + u is the w we want in the statement.

1.7 Examples of Guts
In this section, we give some example of guts in some typical manifolds and define
the guts of knots.

We show an example of guts as solid tori with 2 sutures and T × I.
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Example 1.7.1. Book of I-bundles. Denote Σ as a compact oriented surface and
consider Σ × S1. Let γ1, · · · , γk be essential closed curves in Σ and x1, · · · , xk be
points in S1. Let η(γi) be the tubular neighborhood of γi, mi be the meridian on
∂η(γi) which bounds a disk in η(γi) and li be the longitude which is a component
of (Σ × {xi}) ∩ ∂η(γi) such that ⟨mi, li⟩ = 1. The slope on ∂η(γi) is of the form
±(qimi + pili) and is hence determined by the rational number qi

pi
∈ Q ∪ {∞}.

We do a (qi/pi)-Dehn surgery for each γi × {xi} where |qi| ≥ 2. If we cut this
manifold along a maximal collection of horizontal surfaces and then cut along some
product annuli that separate γi from product sutured manifolds, we have k sutured
solid tori as guts components.

Let m′
i be the meridian of the i-th sutured solid torus which is represented by

qimi+pili and l′i = rimi+sili be a longitude satisfying ⟨m′
i, l

′
i⟩ = 1 which is equivalent

to qs− pr = 1. Since ⟨m′
i, li⟩ = qi and ⟨l′i, li⟩ = ri, we have li = −rim′

i + qil
′
i. Hence

the i-th solid torus has two sutures with slope of −ri/qi.
If we do drillings along γi instead of Dehn surgery, we will have k guts which is

a T × I.

We also show some examples of guts in links complements.

Example 1.7.2. Whitehead links. We consider the complement N of the White-
head links. In Figure 1.5, there are 2 Seifert surfaces which are properly norm-
minimizing surfaces representing the homology class related to one link component.
The blue and red Seifert surfaces are parallel and the blue surface is a facet surface
of this link component. Then cutting along the annuli in orange in the left of Figure
1.6, we know that the guts of this facet surface is a T×I with a boundary component
and two annuli as sutures.

Example 1.7.3. Borromean Rings. We consider the complement N of the Bor-
romean Rings. In Figure 1.7, there are 4 Seifert surfaces which are properly norm-
minimizing surfaces representing the homology class related to one link component.
The blue and green Seifert surfaces are parallel as well as the yellow and red ones.
The blue and red surfaces are a facet surface of this link component. Then the guts
of this facet surface is two pieces of T×I with a boundary component and two annuli
as sutures. See Figure 1.6.

In the remaining of this section, we analyze the guts of 2-bridge knot comple-
ments.

Definition 1.7.4. Let K be a knot in S3. The guts of K (or the complement of
K) is the guts of z ∈ H2(S

3\K, ∂(S3\K)) where z is the homology class of a Seifert
surface.
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Figure 1.5: The Whitehead links.

Definition 1.7.5. A 2-bridge knot is a knot which can be regular isotoped so that
the natural height function given by the z-coordinate has only two maxima and two
minima as critical points. For a 2-bridge knot, we can assign a rational number p/q,
with q odd such that it is isotoped to a square ”pillowcase” with slope ±p/q. We
denote this 2-bridge knot as Kp/q. See Figure 1.8.

Theorem 1.7.6 ([20, Page 225]). Kp/q is isotopic to Kp′/q′ if and only if q′ = q and
p′ ≡ p±1(modq).

Definition 1.7.7. We define a continued fraction as

r +
1

b1 −
1

b2 −
1

· · · −
1

bk

where r, bi ∈ Z, and denote it as r+[b1, . . . , bk]. We call r+[b1, . . . , bk] is a continued
fraction expansion of p/q if p/q = r + [b1, . . . , bk].

Example 1.7.8.
3/5 = 1 + [−2, 2]
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Figure 1.6: A guts component in the complement of the Whitehead links as well as
of the Borromean Rings.

Figure 1.7: The Borromean rings.

Theorem 1.7.9 (Cf. [10, Section 1], [20, Page 226]). If p/q = r + [b1, · · · , bk], then
Kp/q is the boundary of the surface obtained by plumbing together k bands in a row,
the i-th band having bi half-twists (right-handed if bi > 0 and left-handed if bi < 0).

Hatcher and Thurston [20] classify all incompressible surfaces, and especially
oriented Seifert surfaces, in 2-bridge knot complements.

There are two essentially different ways of performing each plumbing of two ad-
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Figure 1.8: Cf. [20, Fig. 1]. 2-Bridge Knot K3/5.

jacent bands. One way of describing this choice is to say that instead of using one
of the horizontal plumbing squares, we could use the complement of this square in
the horizontal plane containing it, compactified by a point at ∞. (Thus we are now
regarding S3 as the 2-point compactification of S2 × R, with the spheres S2 × {∗}
being horizontal.) See Figure 1.9.

Figure 1.9: [4, Figure 6.5] Plumbing.

If we include for each plumbing both of these complementary horizontal plumb-
ing squares, we obtain a certain branched surface Σ[b1, . . . , bk]. Σ[b1, . . . , bk] carries
a large number of (not necessarily connected) surfaces, labelled Sn(n1, . . . , nk−1),
where n ≥ 1 and 0 ≤ ni ≤ n. By definition, Sn(n1, . . . , nk−1) consists of n parallel
sheets running close to the vertical portions of each band of Σ[b1, . . . , bk], which bi-
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furcate into ni parallel copies of the i-th inner plumbing square and n − ni parallel
copies of the i-th outer plumbing square. For example, when n = 1, the surfaces
S1(n1, . . . , nk−1) (ni = 0 or 1) are just the 2k−1 plumbings of the original k bands.

Proposition 1.7.10 ([20, Proposition 1]). Orientable incompressible Seifert surfaces
for Kp/q can be represented by single-sheeted surfaces S1(n1, · · · , nk−1) carried by
Σ[b1, · · · , bk] with each bi even.

Proposition 1.7.11. There is only one continued fraction expansions p/q = r +
[b1, · · · , bk] for p/q with each bi even and |bi| ≥ 2.

Proof. Choose an r such that p/q − r has an even numerator. Then we will always
have different parities on two sides. For the uniqueness, note that [b1, · · · , bk] has
different parities on the numerator and the denominator, and its absolute value is
smaller than 1.

Lemma 1.7.12. Let p/q = r+[b1, · · · , bk] be the unique continued fraction expansions
with each bi even and |bi| ≥ 2. Then the guts of S3 −Kp/q consist of the guts of the
complements of bi-half-twisted bands in S3.

Proof. We prove this lemma by induction on k. When k = 1, the statement holds
naturally.

Suppose the lemma is true for k − 1. We take a maximal collection of Seifert
surfaces for S3 −Kp/q

S1(0, 0, · · · , 0), S1(1, 0, · · · , 0), S1(1, 1, · · · , 0), . . . , S1(1, 1, · · · , 1).

At the (k − 1)-th level, S1(0, 0, · · · , 0, 0), S1(1, 0, · · · , 0, 0), . . . , S1(1, 1, · · · , 1, 0)
have the i-th inner plumbing square while S1(1, 1, · · · , 1, 1) has the i-th outer plumb-
ing square. So locally, it will look like (k−1) pieces of blue surfaces and 1 red surface
in Figure 1.10. We cut along the 4(k − 1) product disks coming from the plumb-
ing. Below the (k − 1)-th level, there are (k − 1) product sutured manifolds and a
complement of a bk−1-half-twisted band in S3. Above the (k − 1)-th level, we have
a product sutured manifolds coming from S1(1, 1, · · · , 1, 0) and S1(1, 1, · · · , 1, 1). If
we dropping this product sutured manifold, the remaining sutured manifolds are
equivalent to cut S3 −Kp′/q′ along S1(0, 0, · · · , 0), S1(1, 0, · · · , 0), . . . , S1(1, 1, · · · , 1)
and then 2(k−2) product disks where p′/q′ = r+[b1, · · · , bk−1]. Hence by induction,
we know that the lemma holds for any k.

Lemma 1.7.13. The complements of a 2-half-twisted band is a sutured manifold.
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Figure 1.10: [4, Figure 6.7] Surfaces bifurcating into inner and outer plumbing
squares.

Proof. The boundary of a 2-half-twisted band is the Hopf link. The Hopf fibration
is a presentation of S3 as an (oriented) circle bundle over S2 where the fibers of the
north and south pole in S2 is the Hopf link. When one deletes the Hopf link, one
has a circle bundle over R×S1. Projecting once more to the circle factor, one has an
open annulus bundle over S1 and a fiber is the interior of a 2-half-twisted band.

Lemma 1.7.14. The complements of a 2k-half-twisted band is equivalent to a solid
torus with two sutures of slope 1/k.

Proof. This is because the boundary of a 2k-half-twisted band is a torus link on a
torus T 2. We can decompose S3 along this torus into two solid torus. And for the
inside solid torus, it is a product sutured manifold.

Theorem 1.7.15. Let p/q = r+ [b1, · · · , bk] be the unique continued fraction expan-
sions with each bi even and |bi| ≥ 2. Then the guts of S3 −Kp/q consist of sutured
solid tori with two sutures of slope 2/bi for each |bi| > 2.

We want to show that the guts contain more information than the Knot Floer
Homology, i.e. the Alexander polynomial and the signature of two bridge knot.

A knot K is called alternating if it admits a planar diagram in which the over- and
under-passes alternate, as we follow the knot. In the case of alternating knots, knot
Floer homology is determined by two classical invariants, the Alexander polynomial
∆K and the knot signature σ(K).
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Theorem 1.7.16 (Ozsváth-Szabó [43]). Let K ⊂ S3 be an alternating knot with
Alexander polynomial ∆K(t) =

∑
s∈Z ast

s and signature σ = σ(K). Then:

ĤFK i(K, s) =

{
Z|as| if i = s+ σ

2
,

0 otherwise.

Theorem 1.7.17 ([35], [38, Theorem 9.3.6]). Suppose Kp/q is a 2-bridge knot or link
with 0 < p < q, p odd, and gcd(p, q) = 1. Then

∆Kp/q
(t)

.
=

q−1∑
k=0

(−1)kt
∑k

i=0 ϵi (1.1)

where εi = (−1)⌊ip/q⌋ and ⌊x⌋ is the largest integer less than or equal to x.
And the signature, σ(K), of K is equal to the number of positive entries minus

the number of negative entries in the sequence of {εi}, which is
∑k

i=0 εi.

We find out a pair of two knots with same Alexander polynomial, signature and
knot Floer homology but having different guts.

Example 1.7.18. The Alexander polynomial for K11/15 is ∆K11/15
(t)

.
= 4− 7t+ 4t2

which is the same to the one for K7/15. Furthermore, they have the same signature
3. However, 11/15 = 1 + [−4,−4] and hence by Theorem 1.7.15, the guts for the
K11/15 complement are two pieces of sutured solid tori with two sutures of slope
−1/2. While since 7/15 = 1 + [−2,−8], the guts for the K7/15 complement are a
sutured solid torus with two sutures of slope −1/4.

This example shows that the guts contain some new information of knots.
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Chapter 2

The Minimal Volume Orientable
Hyperbolic 3-Manifold with 3
Cusps

2.1 Introduction
Jorgensen and Thurston [49, Theorem 5.12.1] proved that the volumes of hyperbolic
3-manifolds are well-ordered. Moreover, if a volume is an n-fold limit point of smaller
volumes (of order type ωn), then there is a corresponding hyperbolic manifold of
finite volume with precisely n orientable cusps. This gives rise to the problem of
determining the minimal volume orientable hyperbolic 3-manifolds with n cusps.

When n = 0 (closed manifolds), Gabai, Meyerhoff and Milley [15] identified the
smallest volume orientable hyperbolic 3-manifold to be the Fomenko-Matveev-Weeks
manifold with volume 0.94 . . ..

When n = 1, Cao and Meyerhoff [9] showed that the figure-eight knot comple-
ment and the manifold obtained by the (5, 1)-Dehn surgery from the Whitehead link
complement have the minimal volume. Their volume is 2.02... = 2V3, where V3 is
the volume of the ideal regular tetrahedron.

When n = 2, Agol [2] found that the Whitehead link complement and the (2, 3, 8)
pretzel link complement are the minimal volume orientable hyperbolic 3-manifolds
with two cusps, with volume V8 = 3.66 . . . = 4×K, where K is Catalan’s constant

K = 1− 1/9 + 1/25− 1/49 + · · ·+ (−1)n/(2n+ 1)2 + · · · .
V8 is also the volume of a regular ideal octahedron in H3.

When n = 4, Yoshida [51] showed that the 842 link complement is a minimal
volume orientable hyperbolic manifold with 4 cusps.
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In the case of 2 and 4 cusps, Agol and Yoshida used guts of pared manifolds to
estimate the volume.

However the minimal volume orientable hyperbolic 3-manifolds with 3 cusps re-
main unknown. Here is the conjecture about the minimal volume.

Conjecture 2.1.1. The minimal volume of 3-cusped orientable hyperbolic manifold
is the volume of the 3-chain link complement, which is 5.33 . . ..

In this chapter, we make some progress on this conjecture.
Let M be an orientable hyperbolic 3-manifold with cusps and z be an element in

H2(M,∂M).
Theorem 2.3.2 classifies sutured guts component of Γ(z) defined in Definition

1.3.15. Each guts component is a T ×I with a boundary component as a toral suture
and two annuli on the other boundary component as annular sutures, a solid torus
with 2 non-longitudinal sutures in the boundary, a solid torus with 4 longitudinal
sutures in the boundary, or an acylindrical taut sutured manifold.

We say z is libroid if the sutured guts Γ(z) consists of solid tori and T × I’s.
See Definition 2.4.10. If z is libroid, there is a library bundle structure of M such
that the spine is Γ(z). By exchanging guts components of Γ(z), we are able to have
two guts in the adjacent layers intersect each other. This provides some complicated
pared guts in the manifold. See Section 2.4 for definitions and Lemma 2.4.6 for a
more precise statement.

We also find the pared guts of library sutured manifolds with 2, 3 or 4 layers in
Lemma 2.4.15.

Applying Lemma 2.4.6 and Lemma 2.4.15 as well as techniques in [2] and [51],
we prove the following theorem in Section 2.6.

Theorem 2.1.2. Let M be an orientable hyperbolic 3-manifold of finite volume with
3 cusps such that each class in H2(M,∂M) is libroid. Let z be a vertex of the
Thurston sphere. If Γ(z) contains two T × I’s or 4-ST’s G and G′ such that each
suture of G and G′ is homologically nontrivial and each suture of G is not isotopic
to any suture of G′, then Vol(M) ≥ 1.5V8.

We define doubled guts for z to be the horizontally prime guts of the double of
Γ(z) in Definition 2.7.2. Let ∆ be an open Thurston cone. We prove in Theorem 2.7.4
that if any element z in H2(M,∂M) is a libroid class and no element in ∆ vanishes
(see Definition 2.5.3) on two boundary component, the doubled guts of elements in
∆ remain invariant. This is a stronger result than Theorem 1.1.2 for sutured guts.

By using doubled guts, we reduce the following theorem to Theorem 2.1.2.
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Theorem 2.1.3. Let M be an orientable hyperbolic 3-manifold of finite volume
with 3 cusps such that for any element z in H2(M,∂M) is a libroid class. Then
Vol(M) ≥ 1.5V8.

Note that the volume of the 3-chain link C3 complement = 5.33 . . . < 5.49 . . . =
1.5V8 [49, Example 6.8.1]. So if an orientable hyperbolic 3-manifold M with 3 cusps
has volume smaller than 5.33 . . ., there is an element z in H2(M,∂M) such that Γ(z)
consists of an acylindrical sutured manifold.

If we cut a 3-punctured sphere in the chain link complement, we will get the
acylindrical sutured manifold (N3, γ) in figure 2.1. We can think of it as a pared
manifold with the pared locus as the sutures.

Figure 2.1: Acylindrical sutured manifold (N3, γ).

This acylindrical sutured manifold has volume 5.33 . . . (see the figure in [49,
Example 6.8.1]). We state a conjecture for it.

Conjecture 2.1.4. (N3, γ) is the unique minimal volume acylindrical taut sutured
manifold up to orientation.

By Theorem 2.2.3, we actually show that

Theorem 2.1.5. Suppose Conjecture 2.1.4 is true. Then the smallest volume of
3-cusped orientable hyperbolic manifolds is the volume of the 3-chain link.

What follows is an outline of this chapter.
Section 2.2 consist of a review of pared manifolds and pared guts.
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In Section 2.3, we classify sutured guts in manifolds whose interior is a hyperbolic
manifold of finite volume. Moreover, we show some properties of the sutured guts
related to a vertex element of the Thurston norm.

In Section 2.4, we introduce the definition of Sutured Bundles and Library Bun-
dles which is used to prove that we cannot exchange sutured guts components in-
finitely many times in a hyperbolic manifold (Lemma 2.4.6). We also define pared
sutured manifolds which have compatible sutured manifold structure and pared man-
ifold structure which helps find the guts of library sutured manifolds.

In Section 2.5, we show that for a 3-cusped hyperbolic manifold of finite volume,
there is a sequence of 2 sutured decomposition for the sutured guts related to different
2-homology classes.

In Section 2.6, we analyze different cases for a 3-cusped hyperbolic manifold under
a non-isotopic condition and estimate the volume of it as in Theorem 2.1.2.

In Section 2.7, we define doubled guts for 2-homology classes. In Theorem 2.7.4,
we show that the doubled guts remain invariant in any open Thurston cone ∆ for a
certain class of orientable hyperbolic 3-manifolds. By using doubled guts, we reduce
Theorem 2.1.3 to the case in Section 2.6.

2.2 Pared Manifolds, Pared Guts and Volume
Estimation

We call the guts in [2] pared guts since the notion comes from the characteristic
manifold of a pared manifold.

Definition 2.2.1. A pared manifold is a pair (M,P ) where

• M is a compact, orientable irreducible 3-manifold and

• P ⊂ ∂M is a union of essential annuli and tori in M ,

such that

• every abelian, noncyclic subgroup of π1(M) is peripheral with respect to P
(i.e., conjugate to a subgroup of the fundamental group of a component of P )
and

• every map ϕ : (S1× I, S1× ∂I) → (M,P ) that is injective on the fundamental
groups deforms, as maps of pairs, into P .

P is called the parabolic locus of the pared manifold (M,P ). We denote by ∂0M the
surface ∂M − int(P ).



CHAPTER 2. THE MINIMAL VOLUME ORIENTABLE HYPERBOLIC
3-MANIFOLD WITH 3 CUSPS 37

Lemma 2.2.2 ([2, Lemma 3.2]). Let M be an orientable compact manifold such that
int(M) is hyperbolic of finite volume and so that P = ∂M is the pared locus of M .
Let X ⊂M be an essential surface. Then (M\\X,P\\∂X) is a pared manifold.

Let (M,P ) be a pared manifold such that ∂0M is incompressible. There is a
canonical set of essential annuli (A, ∂A) ⊂ (M,∂0M), called the characteristic annuli,
such that (P, ∂P ) ⊂ (A, ∂A), and characterized (up to isotopy) by the property that
they are the maximal collection of non-parallel essential annuli such that every other
essential annulus (B, ∂B) ⊂ (M,∂0M) may be relatively isotoped to an annulus
(B′, ∂B′) ⊂ (M,∂0M) so that B′ ∩ A = ∅. Each complementary component L ⊂
M\\A is one of the following types:

1. T 2 × I, a neighborhood of a torus component of P ,

2. (S1 ×D2, S1 ×D2 ∩ ∂0M), a solid torus with annuli in the boundary,

3. (I − bundles, ∂I − subbundles), where the I-bundles over the boundary are
subsets of A, or

4. all essential annuli in (L, ∂0M ∩ L) are parallel in L into (L ∩ A, ∂(L ∩ A)).

The union of components of type (3), denoted (W,∂0W ) ⊂ (M,∂0M), is called
the window of (M,∂0M). It is unique up to isotopy of pairs.

The union of the components of type 4 is called the pared guts of M and denoted
by Guts(M,P ) (a bit different from [2]). Note that the parabolic locus of Guts(M,P )
will consist of characteristic annuli. If M is compact orientable and int(M) admits a
metric of finite volume, and (X, ∂X) ⊂ (M,∂M) is an essential surface, then define
Guts(X) = Guts(M\\X, ∂M\\∂X). The components of type (4) are acylindrical
pared manifolds, which have a complete hyperbolic structure of finite volume with
geodesic boundary [37]. We will let Vol(Guts(M,P )) denote the volume of this
hyperbolic metric. If D(M,P ) is obtained by taking two copies of M and gluing them
along the corresponding surfaces ∂0M , then Vol(Guts(M,P )) = 1

2
Vol(D(M,P )),

where Vol(D(M,P )) is the simplicial volume of D(M,P ), i.e. the sum of the volumes
of the hyperbolic pieces of the geometric decomposition.

In this chapter, we heavily use the following theorem to estimate the volume of
a hyperbolic manifold of finite volume.

Theorem 2.2.3 ([5, Theorem 9.1]). Let M be a finite volume orientable hyperbolic
manifold, and S ⊂M be an essential surface. Then

Vol(M) ≥ Vol(Guts(M,S)) ≥ V8
2
|χ(∂Guts(M,S))|.
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The estimation of Vol(Γ(M,S)) in Theorem 2.2.3 follows from the following the-
orem.

Theorem 2.2.4 ([36, Theorem 5.2]). Let M be a hyperbolic manifold with totally
geodesic boundary. Then Vol(M) ≥ V8

2
|χ(∂M)|. Moreover, M is obtained from ideal

regular octahedra by gluing along their faces when the equality holds.

The following two results come from [51] which is about the minimal volume
orientable hyperbolic 3-manifold with 4 cusps. We will also use them to estimate the
volume of some pared guts.

Lemma 2.2.5 ([51, Lemma 3.2]). Let L be an orientable hyperbolic 3-manifold with
geodesic boundary S, with k annular cusps A1, . . . , Ak and with n − k torus cusps
Tk+1, . . . , Tn, where 1 ≤ k ≤ 3 and n ≥ 4. Assume that χ(S) = −2. Then there is
an essential surface Y ⊂ L such that Y ∩ S = ∅ and [∂Y ] ̸= 0 ∈ H1(∂L;Z).

Theorem 2.2.6 ([51, Theorem 4.1]). Let L be an orientable hyperbolic 3-manifold
with geodesic boundary S. Suppose that there is an essential surface Y ⊂ L such that
Y ∩ S = ∅ and [∂Y ] ̸= 0 ∈ H1(∂L;Z). Then there is an essential surface Y ′ such
that χ(∂Guts(L\\Y ′)) ≤ −4 and vol(L) ≥ 2V8.

Theorem 2.2.7. Let L be an orientable hyperbolic 3-manifold with geodesic boundary
S, with k annular cusps A1, . . . , Ak and with n − k torus cusps Tk+1, . . . , Tn, where
1 ≤ k ≤ 3 and n ≥ 4. Then vol(L) ≥ 2V8.

Proof. Since the double of L along S has Euler characteristic 0, χ(S) = 2χ(L). If
χ(S) ≤ −4, by Theorem 2.2.3, Vol(L) ≥ 2V8. If χ(S) = −2, by Lemma 2.2.5, there
is an essential surface Y ⊂ L such that Y ∩ S = ∅ and [∂Y ] ̸= 0 ∈ H1(∂L;Z). Then
by Theorem 2.2.6, vol(L) ≥ 2V8.

We also state the definition of an annular compression from [2] which will help
the estimation of volume.

Let (X, ∂X) ⊂ (M,∂M) be a properly embedded essential surface. A compressing
annulus for X is an embedding

i : (S1 × I, S1 × {0}, S1 × {1}) ↪→ (M,X, ∂M)

such that

• i∗ is an injection on π1,

• i(S1 × I) ∩X = i(S1 × {0}), and
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• i(S1 × {0}) is not isotopic in X to ∂X.

An annular compression of (X, ∂X) ⊂ (M,∂M) is a surgery along a compressing
annulus i : (S1 × I, S1 × {0}, S1 × {1}) ↪→ (M,X, ∂M).

Let U be a regular neighborhood of i(S1 × I) in M\\X, let ∂1U be the frontier
of U in M\\X, and let ∂0U = ∂U ∩ (X ∪ ∂M). Then let X ′ = (X − ∂0U) ∪ ∂1U .
The surface X ′ is the annular compression of X. We remark that if X is essential,
then X ′ is as well.

2.3 Sutured Manifolds and Sutured Guts
We call the guts in Chapter 1 sutured guts since they are related to sutured manifolds.
In this section, we set up some notation and terminology for the theory of sutured
decompositions and sutured guts.

We classify the sutured guts components of a hyperbolic manifold of finite volume.

Definition 2.3.1. We call a sutured manifold (N,R+, R−, γ) acylindrical if N is
atoroidal and every essential annulus in (N,R+ ∪ R−) is parallel in N into (γ, ∂γ)
rel R+ ∪R−).

Proposition 2.3.2 (Cf. [2]). Let M be a compact 3-manifold with toral boundary
such that its interior is a hyperbolic manifold of finite volume. Each guts component
with respect to a facet surface is one of the following types:

1. (T 2 × I, T 2 × {0} ∪ γ), a T × I with a boundary component as a toral suture
and two annuli on the other boundary component as annular sutures,

2. (S1 ×D2, γ), a solid torus with 2 non-longitudinal sutures in the boundary,

3. (S1 ×D2, γ), a solid torus with 4 longitudinal sutures in the boundary, or

4. an acylindrical taut sutured manifold.

Proof. Let (G,R+, R−, γ) be a guts component with respect to a facet surface F .
Because of Lemma 1.3.7, G does not have essential product annulus. Suppose

there is an annulus A whose boundary lies on R+ of G. Then we do a cut-and-paste
surgery for R+ along A to have R′. Because R′ is homologous to R+ in H2(G, γ;Z)
and χ−(R

′) = χ−(R+), R′ is a horizontal surface in G. Because G is horizontally
prime, R′ is parallel to R−. Since the boundary of the neighborhood of A in R+ will
induce product annuli, R+ consists of 2 copies of annuli and G is a solid torus with
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4 longitudinal sutures. The same holds when there is an annulus A whose boundary
lies on R− of G.

In the following, we consider the case when G is acylindrical. Hence by the
statement about characteristic annuli in [2], G is a T 2 × I which is a neighborhood
of a component of ∂M , a solid torus with annuli in the boundary or an acylindrical
pared manifold.

If G is a T 2 × I, G cannot have more than 2 annular sutures on a boundary
component. Otherwise, there is a non-trivial horizontal surface which is an annulus.
See Figure 2.2. Hence G has a boundary component as a toral suture and two annuli
on the other boundary component as annular sutures.

Figure 2.2: A cross section of T × I.

Let G be a solid torus. Since G is not a product sutured manifold, the sutures
on ∂G are not the longitudes of G. If G have more than 2 sutures, there is a
non-trivial horizontal surface which is an annulus. Hence G is a solid torus with 2
non-longitudinal sutures in the boundary.

In the following we sometimes use a closed curve to represent an annulus.

Definition 2.3.3. We call a 2-ST as a solid torus with 2 non-longitudinal sutures in
the boundary and a 4-ST as a solid torus with 4 longitudinal sutures in the boundary.

Definition 2.3.4. We call an element inH2(M,∂M) a vertex element of the Thurston
norm if it is a multiple of a vertex of the Thurston sphere.

We are interested in the sutured guts related to a vertex element because they
have the most complexity.
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Lemma 2.3.5. A norm-minimizing surface S presenting a primitive vertex element
of the Thurston norm is connected.

Proof. If S is not connected, S consists of two surfaces S1 and S2. Then xM(Si) ≤
χ+(Si) and hence

xM(S) ≤ xM(S1) + xM(S2) ≤ χ+(S1) + χ+(S2) = χ+(S) = xM(S)

which means S1 and S2 are norm-minimizing surfaces. For any a ≥ b ≥ 0, axM(S1)+
bxM(S2) ≥ xM(aS1 + bS2) ≥ xM(aS1 + aS2)− xM((a− b)S2) = axM(S1) + bxM(S2)
which means xM(aS1 + bS2) = axM(S1) + bxM(S2). Similarly the equation works
for a < b. However, this violates the condition that [S] is a vertex element of the
Thurston face.

From Lemma 2.3.5 and Lemma 1.3.8, we have the following lemma.

Lemma 2.3.6. If S is a facet surface for a vertex element of the Thurston norm,
each component of M\\S contains exactly one guts component.

Definition 2.3.7. We use the notation M
S
; N to denote that we do a sutured

decomposition for M along S and throw away product sutured manifold components
to have N .

We say a taut sutured manifold M0 is depth k if there is a sequence of k nontrivial
taut sutured decompositions

M0

S1

;M1 ; · · ·
Sk

;Mk.

2.4 Sutured Bundles and Library Bundles
In this section, we introduce some general settings that will help with analyzing the
volume of hyperbolic manifolds.

Definition 2.4.1. Let M be an orientable, irreducible, ∂-irreducible manifold with
toral boundary and F be a properly norm-minimizing surface representing multiple of
a primitive element z of the Thurston norm. Then [F ] = kz for some k ∈ N . Choose
a base point p and for a point q in M\F we define Φ(q) to be the intersection number
of a curve connecting p, q and F mod k. The potential function Φ :M\F → Z/kZ is
well-defined and we can assign each component of M\\F to a number in Z/kZ (cf.
[14, Lemma 3]). Then for a number i in Z/kZ, we say the i-th layer is the union
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of points in M\\F having the value of Φ as i. We think of the layer as a sutured
manifold with R± as a union of components of F and denote it as Li(F ).

We say the structure defined here is a sutured bundle structure for M with respect
to F . We let Si be the R− part of Li(F ) and call it a horizontal surface of the sutured
bundle. Then F = ∪k−1

i=0 Si.

Definition 2.4.2 (Cf. [4, Section 6.3]). Given a structure of a sutured bundle for
M with respect to F , we denote Gi be the sutured guts component of Li(F ). We
call the union of Gi as the spine of the sutured bundle. We say Si is the horizontal
surface from Gi−1 to Gi. If each Gi is a union of solid tori and T × I’s, we say F
give M a structure of a library bundle.

For a layer Li(F ) related to a gut Gi as a 4-ST, Li(F ) is a union of Gi and a
product sutured manifold. We take a union R′ of two annulus in Gi such that R′, γ
and R− bound a product sutured manifold R− × I and R′, R+ bound a thickened
annulus. See Figure 2.3.

Figure 2.3: A cross section of a 4-ST.

Hence the layer comes from gluing a thickened annulus to Si × I (or Si+1 × I)
via Si × {1} (or Si+1 × {0}). Furthermore, the two boundary curves of the annulus
are nonparallel closed curves on Si (or Si+1). In fact the two boundary curves of the
annulus are the cores of R+ part of Gi (or the R− part of Gi).

For a layer related to a gut Gi as a 2-ST or a T × I, we pick a nontrivial closed
curve ci on Si and do a βi Dehn surgery on ξi = ci×{1/2} in Si× I where βi = qi/pi
with |qi| ≥ 2 when Gi is a 2-ST or βi = ∞ when Gi is a T × I. See Example 1.7.1.

We think of R+(Gi) and R−(Gi+1) are both subsurfaces of Si+1. If R+(Gi) is
disjoint with R−(Gi+1), we can do a cut-and-paste operation for F to have a new F ′
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by replacing Si+1 with Si+1\(R−(Gi+1)∪R+(Gi)) glued by (R+(Gi+1)∪R−(Gi)) and
the annular components of (γ(Gi+1)∪γ(Gi)). We can relabel the guts with respect to
F ′ so that we have G0, . . . , Gi+1, Gi, . . . , Gk−1 in sequence. In the following, we mean
exchanging Gi and Gi+1 by this specific operation. Say Gi and Gi+1 is exchangeable
if we can exchange Gi and Gi+1.

For a sutured bundle structure with respect to F , we say a sutured guts compo-
nent G′ is next to another G′ if Φ(G′) = Φ(G) + 1, i.e. Gi+1 is next to Gi where we
think of Gk as G0. We say that Gi intersects Gi+1 if R+(Gi) intersects R−(Gi+1) in
Si+1 when they are isotoped to intersect minimally.

We define a map which relates R+ and R− of a taut sutured manifold.

Definition 2.4.3. Let (M,R±, γ) be a taut sutured manifold and {Gi} are the
sutured guts components of M . Let X be a subsurface in R−. We say X is a step
surface if it either contains R−(Gi) or is disjoint with R−(Gi) for each i. Since M\G
is a product sutured manifold, there is a natural projection from its R− to its R+.
So we have X ′

1 as the image of X\R−(G) under this projection. Then we glue X ′
1

with R+(Gi) if X contains R−(Gi) so that we have X ′. We define ψ(X)
∆
= X ′ and

call it a ascending map ψ. Note that ψ preserves the Euler characteristic and the
genus.

Definition 2.4.4. Given a sutured bundle structure for M with respect to F , let
{Lj(F )|j ∈ J} be a set of layers. We denote ⊎j∈JLj(F (z)) as the sutured manifold
obtained from gluing these Lj(F ) along R± if they coming from the same components
of F .

Lemma 2.4.5. Given a sutured bundle structure for M with respect to F , if Gi does
not intersect Gi+1, we can extend a boundary component of each sutured annulus of Gi

to R+(Gi+1) and denote the union of the new annuli as A. Then by cutting Li(F (z))⊎
Li+1(F (z)) along A, we will have Gi and its complement up to homeomorphism.

We have the following lemma to help producing some complicated pared guts.

Lemma 2.4.6. Let M be a hyperbolic manifold of finite volume. Given a sutured
bundle structure for M with respect to F , i with 0 ≤ i ≤ k − 1, we can exchange Gi

with Gi+1, . . . , Gk−1, G0, G1, . . . in sequence finitely many times so that in the new
library bundle structure, Gi intersects the guts component next to Gi.

Proof. Without loss of generality, we consider Gi as G0. Suppose the lemma is not
true for G0. Since we can exchange G0 with G1, this means R+(G0) is disjoint with
R−(G1). Hence we can extend the sutured annuli of G0 and G1 to have A so that its
boundary lies on S0 and S2. If we cut L0(F )⊎L1(F ) along A, we will have G0, G1 and
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some product sutured manifolds. Then we can replace S1 by S2\(R+(G0)) glued by
R−(G0) to exchange G0 and G1. Since we can still exchange G0 with G2, . . . , Gk−1,
we can extend the annuli sutures of G0 so that its boundary lies on S0, which means
we have a union A0 of product annuli in M\\S0 such that it separates G0 and its
complement.

Let L−1(F ) be the sutured manifold by gluing L1(F ), . . . ,Lk−1(F ), i.e. M\\L0(F )
and G−1 be the guts of L−1(F ). If we exchange G0 with G1, . . . , Gk−1 in sequence,
we exchanging G0 with G−1 with respect to S0 ∪ S1.

Let L ∆
= M\\S0. Then the guts of L are G0 and G−1. Let R±,i and Ai be the

R± and the sutured annuli of Gi respectively for i = 0,−1. Then S1 is (S0\R−,0) ∪
(ψ(R−,0) ∪ A0) = (S0\R−,0) ∪ (R+,0 ∪ A0) up to isotopy.

We consider the cyclic covering M̃ of M with respect to S0. Let L̃0 be a lifting
of L =M\\S0 in M̃ . We let G̃0

i , R̃0
±,i and Ã0

i be the liftings of Gi, R±,i and Ai in L̃0

respectively for i = 0,−1. Choose the deck transformation π that π maps the R− of
L̃0 to the R+ of L̃0. Here we think of all R− and R+ are subsurfaces of liftings of
S0. Then we define L̃j, G̃j

i , R̃
j
±,i and Ãj

i to be πj(L̃0), πj(G̃0
i ), πj(R̃0

±,i) and πj(Ã0
i )

respectively. Let K̃j be the R− of L̃j and W̃ j be L̃j\(G̃j
0 ∪ G̃

j
−1). So {K̃j} are the

liftings of S0 and W̃ j is a sutured product manifold.
Definition 2.4.7. Let X be a surface in K̃j. We say X is a step surface if either
contains R̃j

−,i or is disjoint with R̃j
−,i for i = 0,−1.

Definition 2.4.8. Let X be a surface in M̃ . We say X is a stair surface if it can
be decomposed into the following parts: product annuli in L̃j for j ∈ Z and step
surfaces in K̃j for j ∈ Z. We call the height of X as the maximal j such that X ∩ K̃j

is non-empty.
We let ψj be the ascending map for L̃j as in Definition 2.4.3.
If we exchange G0 with G−1, we actually replace S1 with another surface S ′

1
∆
=

R−,0 ∪A0 ∪ ψ(S0\R−,0). Let S̃0 be K̃0 and S̃1 be R̃0
−,0 ∪ Ã0 ∪ ψ0(S̃0\R̃0

−,0). Then S̃0

and S̃1 are liftings of S0 and S ′
1. Furthermore, S̃0 and π(S̃0) bounds a lifting of L

which contains S̃1. Between S̃0 and S̃1 there is a guts component G̃0
0 and between

S̃1 and π(S̃0) there is a guts component G̃0
−1.

Since we can perform exchanging G0 with G−1 infinitely many times, we have
a sequence of decomposition surfaces S0, S

′
1, S

′
2, . . ., where S ′

i, S
′
i+1 cut M into two

sutured manifolds each of which contains the sutured guts G0 and G−1 respectively.
Now, we perform a sequence of cut-and-paste operations to obtain a sequence of

stair surfaces S̃0, S̃1, . . ., where S̃i+1 is obtained from S̃i by a cut-and-paste operation.
These sequence has the property that S̃i is a lifting of S ′

i (here S ′
0 = S0), the height
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of S ′
i is i, between S̃i+1 and π(S̃i) there is a guts component G̃0

0 and between π(S̃i)
and π(S̃i+1) there is a guts component G̃i+1

−1 . See Figure 2.4.

Figure 2.4: Stair surfaces.

Let S̃i, S̃i+1 be in the sequence. We are going to construct S̃i+2 from S̃i+1. Since
G0 and G−1 can be exchanged with respect to Si ∪ Si+1, G̃0

0 and G̃i+1
−1 can be ex-

changed. Hence the sutured annuli of G̃0
0 can be extended to meet π(S̃i+1) and

the union Ai+1 of these extended annuli decompose the sutured manifold between
S̃i+1 and π(S̃i+1) into two subset G and G′, where G is a sutured manifold equiv-
alent to G̃0

0. Furthermore, R+(G) is disjoint with R+(G̃
i+1
−1 ) in π(S̃i+1). We let

S̃i+2 be (S̃i+1\R−(G
′)) ∪ Ai+1 ∪ R+(G

′) and isotope it to be a stair surface. Since
R+(G

′) is in π(S̃i+1) and R+(G̃
i+1
−1 ) ⊂ R+(G

′), R+(G
′) has height i + 2. Since

S̃i+2 ∩ K̃i+2 = R+(G
′) ∩ K̃i+2, S̃i+2 has height i+ 2. R−(G) contains R−(G̃

0
0),

S̃i+2 ∩ K̃0 is not empty.
So we have an infinite sequence S̃0, S̃1, . . .. Since χ(S̃i) = χ(S̃0)

∆
= C is a constant,

there is at most |C| choices of j such that S̃i ∩ K̃j is not a union of annuli. Because
S̃i has height i and S̃i ∩ K̃0 ̸= ∅, we know that for any i, S̃i contains at least a
product annulus in L̃j for 0 ≤ j ≤ i − 1. By taking i > n|C|, there is an integer m
such that product annuli Ãm, Ãm+1, . . . , Ãm+n can be connected to be an annulus,
where Ãj is a product annulus in L̃j. Because S̃i is a lifting of Si, the images of
Ãm, Ãm+1, . . . , Ãm+n under the projection to M are disjoint product annuli in L.
Because there are finitely many disjoint non-isotopic closed curves in a compact
surface, when n is big enough, there are Am+d1 and Am+d2 which are parallel. Then
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gluing Am+d1 , . . . , Am+d2−1 will give an essential torus in M which is a contradiction
to the atoroidality of M .

So we prove Lemma 2.4.6.

Definition 2.4.9 ([4, Section 6.3]). We call a taut sutured manifold (M,R±, γ) a
library sutured manifold if there is a taut surface (Σ, ∂Σ) ⊂ (M, η(γ)) such that
[Σ] = n[R+] ∈ H2(M, η(γ);Z) for some n ≥ 0, and the sutured manifold M\Σ is a
book of I-bundles. We say that Σ is a shelf surface of M and (n + 1) is the height
of M .

As in Definition 2.4.1, choose a base point p close to R− and for a point q in
M\Σ we define Φ(q) to be the intersection number of a curve connecting p, q and Σ
mod k. The potential function Φ :M\Σ → Z is well-defined and we can assign each
component of M\\Σ to a number in Z. Then for a number i in Z, we say the i-th
layer is the union of points in M\\Σ having the value of Φ as i. We think of the
layer as a sutured manifold with R± as a union of components of Σ and denote it
as Li(Σ). We let Si be the R− part of Li(F ) and call it a horizontal surface of the
library sutured manifold.

Given a library M with a shelf surface Σ, We denote Gi be the sutured guts
component of Li(Σ). We call the union of Gi as the spine of the sutured bundle.

Definition 2.4.10. In a 3-manifold M , we say that a taut surface S ⊂M is a libroid
surface if M\S is a library sutured manifold. An element z in H2(M,∂M) is libroid
if there is a libroid surface representing z. This is equivalent as saying Γ(z) consists
of solid tori and T × I’s.

Definition 2.4.11. We use a diagram called library diagram to represent the relation
of the sutured guts in a library sutured manifold M with a shelf surface Σ. Let Li(Σ)
be the layers and Gi,j are the guts components of Li(Σ). For each i, we place all Gi,j

in the same level and if Gi,j intersects Gi+1,j′ , we draw an arrow from Gi,j to Gi+1,j′ .
Besides, no arrow from Gi,j to Gi+1,j′ does not indicate whether Gi,j intersects Gi+1,j′ .

For example, in the following diagram, G0,0 and G0,1 are in the same layer and
G0,0 intersects G1,0.

G0,0
// G1,0

G0,1

<<yyyyyyyy

In the same way, we can also use the library diagram to represent the relation of
the sutured guts in a library bundle M with respect to F .
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Definition 2.4.12 ([4, Section 4.3]). We call a taut sutured manifold (M,R±, γ) a
book of I-bundle if the sutured guts of M consists of solid tori and T × I’s.

We will frequently use the following definitions in finding the pared guts of a
library sutured manifold.

Definition 2.4.13. Let S be a compact surface and X be a subsurface of S. We
say X is essential if no component of ∂X bounds a disk in S. For a subset Y of
S, we say X is the minimal essential subsurface containing Y if X is essential and
contains Y with the maximal Euler characteristic, the minimal genus and then the
maximal number of boundary components among all such surfaces. The reason why
we require the maximal number of boundary components is because we want to
separate parallel closed curves.

Definition 2.4.14. A pared sutured manifold (M,P,R±, γ) is a compact oriented
manifold with two sets P and γ consisting of pairwise disjoint annuli and tori such
that γ ⊂ P ⊂ ∂M . Furthermore, (M,R±, γ) is a sutured manifold and (M,P ) is a
pared manifold.

The following lemma is about the pared guts of library sutured manifolds.

Lemma 2.4.15. Let (M,R±, γ) be a library sutured manifold of height n with spine
consists of 2-ST’s, 4-ST’s and T × I’s. Furthermore if we think of γ as the pared
locus, M is a pared manifold. Let Li be the i-th layers, Si be the horizontal surface
with respect to Li and Gi be the sutured guts of Li for 0 ≤ i < n. Let ψi be the
ascending map for Li as in Definition 2.4.3. Assume that the components of R−(Gi)
(the components of R+(Gi)) are not parallel in Si (Si+1) for 0 ≤ i < n.

1. n = 2. Let X be the union of negative Euler characteristic components of
minimal essential subsurface in S1 containing R+(G0) and R−(G1). Then the
pared guts of M is a pared sutured manifold (N,P,R±, γ) where N is X × I,
γ = ∂ × I, R− = X × {0} and P consists of γ, (R+(G0) ∩ X) in R−, and
(R−(G1) ∩X) in R+.

2. n = 3. Suppose that R− of each component of G1 intersects R+(G0) and R+

of each component of G1 intersects R−(G2).
Let Z be the minimal essential subsurface in S1 such that R+(G0)∪R−(G1) ⊂ Z
and R+(G1) ∪ R−(G2) ⊂ ψ1(Z). Take X as the union of negative Euler
characteristic components of Z. Then the pared guts of M is a pared sutured
manifold (N,P,R±, γ) where R− is X, R+ = ψ1(X), γ is a union of product
annuli connecting ∂R+ and ∂R− and tori from Gi which is a T × I, and P is
γ ∪ (R+(G0) ∩R−) ∪ (R−(G1) ∩R+).
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3. n = 4. Suppose that for each i, Gi is a 4-ST and Gi intersects Gi+1. Let Z
be the minimal essential subsurface in S2 such that R+(G1) ∪ R−(G2) ⊂ Z,
R+(G2) ∪ R−(G3) ⊂ ψ2(Z) and R+(G0) ∪ R−(G1) ⊂ ψ−1

1 (Z). Take X as the
union of negative Euler characteristic components of Z. The pared guts of M
is a pared sutured manifold (N,P,R±, γ) where N is a product manifolds X×I
glued by a thickened annulus on each side via R+(G1) and R−(G2) respectively
and with annular cusps on each side coming from R+(G0) and R−(G3).

Proof. Let X be as in Lemma 2.4.15.
Because G0 consists of solid tori and T × I’s, the union R+(G0) ∪ A(G0) of R+

and sutured annuli of G0 is a union of essential annuli and so is R−(Gn−1)∪A(Gn−1).
We first cut M along R+(G0)∪A(G0) and R−(Gn−1)∪A(Gn−1). We will have a new
pared sutured manifold (M ′, P ′, R′

±, γ
′) where M ′ = ⊎n−1

i=1 Li (if i = 2, M ′ is a product
manifold S1 × I), γ′ = γ, and P ′ = γ ∪ R+(G0) ∪ R−(Gn−1). Then we cut along
product annuli coming from ∂X to get the pared sutured manifold (N,P,R±, γ)
which is stated in Lemma 2.4.15 and some product sutured manifolds.

It suffices to show that (N,P ) is acylindrical. Let A be an essential annulus
with ∂A ⊂ P . If A is a product annulus and by the minimality of X, A intersects
R+(G0)∪R−(Gn−1) which is impossible. So we assume both of the boundary curves
of A lie on R−(N) or R+(N). Without loss of generality, we assume them lie on
R−(N).

When n = 2, (N,R±, γ) is a product sutured manifold. Because the components
of R+(G0) are not parallel in S1, any essential annulus is a product annulus.

When n = 3, do a cut-and-paste surgery for S1 along A to have S ′. Then S ′ is
a taut surface homologous to S1 and the guts G between S ′ and S1 is a 4-ST with
the double of A as R+. Since the horizontally prime guts of (N,R±, γ) is G1, by
Corollary 1.3.17, G is a component of G1 and hence ∂A is the union of the cores of
R−(G1) up to isotopy. Because R+(G0) intersects R−(G1), we can not have ∂A ⊂ P ,
a contradiction.

When n = 4, we isotope A so that it intersects X minimally. So X decomposes A
into pieces of annuli. Let A0 be a component of A\X such that A0 is not a product
annulus, by the same argument in the previous paragraph, ∂A0 is the union of the
cores of R−(Gi) up to isotopy for i = 1 or 2. Since R+(G1) intersects R−(G2), if ∂A0

is the union of the cores of R−(G2), A0 cannot be connected by annuli in L1. So we
know that A0 is in L1. Since R+(G0) intersects R−(G1), we can not have ∂A ⊂ P ,
a contradiction.
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2.5 3-Cusped Hyperbolic Manifolds
Let M be 3-cusped orientable hyperbolic manifold of finite volume. By applying the
following “half lives, half dies” lemma, we know that H2(M,∂M) is at least rank 3.

Lemma 2.5.1 ([19, Lemma 3.5]). If M is a compact orientable 3-manifold then the
image of the boundary map H2(M,∂M) → H1(∂M) has rank equal to one half the
rank of H1(∂M).

Lemma 2.5.2. Let M be a 3-cusped orientable hyperbolic manifold and z is a vertex
of the Thurston sphere of M . Suppose Γ(z) consists of solid tori and T × I’s. Then
Γ(z) are at least depth 2.

Furthermore, let e be an open Thurston face whose closure contains z and v be
an open Thurston face whose closure contains e. Then for any element y in e and
y′ in f , we can take u in the open segment (z, y) and v in the open segment (u, y′)
such that Γ(z) has a sequence of 2 sutured decomposition

Γ(z)
S1

; Γ(u)
S2

; Γ(v).

where S1 and S2 are properly norm-minimizing surfaces in M . Furthermore, [S1]
is in (z, y) and [S2] is in (u, y′).

Proof. By Theorem 1.1.4, we can take an element w in (z, y) such that Γ(z) can
be decomposed along a properly norm-minimizing surface S1. The resulting sutured
manifold is actually a union of the sutured guts of a surface X representing a mul-
tiple of u in (z, y) and some product sutured manifolds. Since each component of
Γ(z) either remains the same or is decomposed to product sutured manifolds, the
sutured guts Γ(M,X) should consist of some components of Γ(z). Furthermore, by
Proposition 2.3.2, there are no other taut surfaces in Γ(M,X) not parallel to the
boundary. Hence Γ(M,X) is actually Γ(u) and we have:

Γ(z)
S1

; Γ(u).

Similarly, we can take an element v in (u, y) such that Γ(z) has a sequence of 2
sutured decomposition

Γ(z)
S1

; Γ(u)
S2

; Γ(v).

Definition 2.5.3. Let M be an orientable hyperbolic 3-manifold with 3 cusps and
z be a class in H2(M,∂M). There is a natural boundary map ∂ : H2(M,∂M) →
H1(∂M) coming from the long exact sequence for (M,∂M). We say z vanishes on a
boundary component P of M if ∂z is 0 in the H1(P ) summand of H1(∂M).
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From Lemma 2.5.2, we can deduce the following lemma.

Lemma 2.5.4. Let M be an orientable hyperbolic 3-manifold of finite volume with
3 cusps and z be a vertex of the Thurston sphere and also a libroid class. If there is
no class in H2(M,∂M) that vanishes on two boundary components, then there exists
two sutured guts components G0 and G1 of Γ(z) such that any components of s(G0)
and s(G1) are homologically trivial and a component of s(G0) is not homologous to
any multiple of a component of s(G1).

Proof. Otherwise, we suppose there exists a nontrivial 1-homology class c in H1(M)
such that for each sutured guts component G of Γ(z), any component of s(G) is
either homologically nontrivial or homologous to a multiple of c. We denote Γ1 and
Γ2 as the union of guts components of the first type and the second type respectively.

By Poincare duality, there exists a class y in H2(M,∂M) such that the al-
gebraic intersection number ⟨y, c⟩ ̸= 0. Because of Theorem 1.1.3, z is trivial in
H2(Γ(z), ∂Γ(z). So z is not a multiple of y.

Let e and e′ be two 1-codimensional open Thurston face whose closure contains
z such that they are not in the opposite direction. Then since the subspace spanned
by e and e′ is H2(M,∂M), there is an element w in one of e and e′, say e, such that
⟨w, c⟩ ̸= 0.

By Lemma 2.5.2, we can take u in the open segment (z, w) and v in f such that
Γ(z) has a sequence of 2 sutured decomposition

Γ(z)
S1

; Γ(u)
S2

; Γ(v).

where S1 and S2 are properly norm-minimizing surfaces in M . Furthermore, [S1]
is in (z, w) and [S2] is in f . However, since ⟨[S1], c⟩ is a multiple of ⟨w, c⟩, [S1] is
nontrivial in H2(G, ∂G) for each guts component G of Γ2. So by Theorem 1.2.18,
S1 nontrivially decompose each guts component G of Γ2. Furthermore, since S1

intersects c nontrivially and each component of Γ(z) is a 2-ST, a 4-ST or a T × I,
S1 decomposes Γ2 to a union of product sutured manifolds. So Γ(u) is Γ1. Since for
each guts component G′ of Γ(u) = Γ1, each of its sutures is homologically trivial,
S2 should meet ∂G′ in curves parallel to the sutures. Hence if G′ is a 2-ST or 4-ST,
S2 ∩ G′ is a trivial decomposition surface. Hence there is a G′ = T × I in Γ1 such
that a component of its sutures is homologically trivial in H1(M). Let c′ be a class
in H1(∂M) representing a component of its sutures. From the long exact sequence:

· · · → H2(M,∂M)
∂→ H1(∂M) → H1(M) → · · ·

we know that there is a class z′ in H2(M,∂M) such that ∂z′ = c′ and z′ vanishes on
two boundary components of M , which is a contradiction to the assumption.
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2.6 Volume of Library Bundles
Now we start estimating the volume of M when M is a library bundle and proving
Theorem 2.1.2.

In this section, when we have a facet surface F (z), we get a sutured bundle
structure for M with Si as horizontal surfaces. We drop Si if Si is parallel to Si+1

and think of the union of the rest of Si as the facet surface F (z).
Let M and z be as in Theorem 2.1.2. We use the notation for library bundles in

Section 2.4. So that we have Si and layers Li(F (z)).

Only two sutured guts components in Γ(z)

In this section, we consider the case when Γ(z) consists of two T × I’s or 4-ST’s and
at least one of them is T × I.

Lemma 2.6.1. Let M be an orientable hyperbolic 3-manifold with 3 cusps and z be
a class in H2(M,∂M). If one of the following holds:

1. Γ(z) consists of two T × I’s, or

2. z is a vertex element of the Thurston sphere with Γ(z) consisting of a T × I
and a 4-ST, and there is no class in H2(M,∂M) that vanishes on two boundary
components of M ,

then Vol(M) ≥ 2V8.

Remark 2.6.2. The inequality is sharp for the Borromean rings complement in this
case. See Example 1.7.3.

Proof. We are going to find a nice essential surface that can give us a good estimation
(cf. [2, Theorem 3.4]).

We let G0 be a T × I and G1 be a 4-ST or a T × I. By Lemma 2.4.6, after
exchanging G0 with G1 finitely many times, we can assume that G0 intersects G1

and think of the new facet surface as F (z).
Note that ∂G0 ∩ ∂M is a torus. We do an annular compression for S0 along a

vertical annulus from S0 to ∂G0 ∩ ∂M . Denote Y1 as the new surface. Note that
Y1 is not a sutured decomposition surface. However Y1 is essential and, by Lemma
2.2.2, M\\Y1 is a pared manifold (N1, P1). Then M\\Y1 is obtained from L1(F (z))
by adding 2 pared annuli whose cores are c0 and e1 on R− and R+ of L1(F (z))
respectively. Here and in the following we use a closed curve to represent its regular
neighborhood in a surface.
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Note that c0 intersects c1 nontrivially. If e1 is disjoint from c0 and c1, we can do
another annular compression for Y1 along a vertical annulus A from Y1 to e1. Denote
S2 as the new surface and then M\\S2 comes from removing the pared annulus e1 of
M\\S1, cutting along A to have two pared annuli and adding a new pared annulus
e2 on the same side of e1. Then the underlying manifold is X2× I drilled out a curve
ζ1, where X2 is a subsurface of S by cutting S along e1.

Because G0 intersects G1, c0 intersects R−(G1). If e1 is disjoint with R+(G1),
there is an annulus A1 such that one of its boundary component is e1 and the other
boundary component lies on Y1. If ∂A1 ∩ Y1 is disjoint with c0, we can do another
annular compression for Y1 along A1 to have a new surface Y2. Then the new pared
manifold (N2, P2)

∆
=M\\Y2 comes from removing the annular cusp e1 of N1, cutting

along A1 and adding a new pared annulus e2 on the same side of e1. Here we think
of the annuli from A1 as pared annuli. N2 can be obtained from gluing G1 and a
product sutured manifold W2 along some components of the sutured annuli.

Suppose we have Yi, (Ni, Pi) and ei such that M\\Yi is a pared sutured manifold
(Ni, Pi, R±, γ). (Ni, R±, γ) is obtained from gluing G1 and a product sutured mani-
fold Wi along some components of the sutured annuli. The annuli components of Pi

are c0, ei and γ. Furthermore, they have Property (D): ei is disjoint with R+(G1)
and the vertical annulus Ai connecting ei and Yi is disjoint with c0. Then we do
an annular compression for Yi along Ai to have Yi+1. Then the new pared manifold
(Ni+1, Pi+1)

∆
= M\\Yi+1 comes from removing the annular cusp ei of Ni, cutting

along Ai and adding a new pared annulus ei+1 on the same side of ei. Here we think
of the annuli from Ai as pared annuli. Ni+1 can be obtained from gluing Gi and a
product sutured manifold Wi+1 along some components of the sutured annuli.

If (Ni+1, Pi+1) and ei+1 have Property (D), we can repeat this operation. So we
have a sequence of Yi, (Ni, Pi) and ei. Since χ(Yi+1) = χ(Yi) and Yi+1 has two more
boundary components than Yi, the number of annular compressions is finite, and
thus at some stage we arrive at Yn, (Nn, Pn) and en such that either en intersects
R+(G1) or the vertical annulus An connecting en and Yn intersects c0.

If G1 is a T×I, M\\Yn is obtained from a product manifold Xn× [0, 2] by drilling
out a curve c1 of Xn × {1} and adding pared annuli c0 and en on each of Xn × {0}
and Xn × {2} respectively. Furthermore, c0 intersects c1 and en intersects c0 or c1
under the projection to Xn. Let X be the minimal essential subsurface containing c0,
c1 and en. Then the pared guts (G,P ) of M\\Sn is an I-bundles X × [0, 2] with two
pared annuli c0 and en on each side and drilled out a curve c1 in X×{1}. ∂X× [0, 2]
are also pared annuli. Because M is 3-cusped and there are only two sutured guts
T × I in Γ(z), Xn has boundary and hence X also has boundary. Therefore there
are at least 3 annular cusps and 1 toral cusp in this gut. Hence by Theorem 2.2.7,
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the volume of the pared guts G is at least 2V8 and by Theorem 2.2.3 Vol(M) ≥ 2V8.
If G1 is a 4-ST, M\\Yn is obtained from Xn × I by gluing a thickened annulus

to Xn × {1} via two non-parallel closed curves l1, l2 and have 2 pared annuli whose
cores are c0 and en on each side respectively. Furthermore, either en intersects l1, l2,
or the annulus connecting en to Xn × {0} intersect c0. Because M is 3-cusped
and there are only a sutured guts component T × I in Γ(z), Yn has boundary and
hence Xn also has boundary. As in Lemma 2.4.15, by taking the pared guts of
this pared manifold, we have a pared gut (G,P ) which is a pared sutured manifold
coming from an I-bundles X × I glued by a thickened annulus via l1, l2. Note that
X contains c0, en, l1, l2. Since G is acylindrical, each component of X has negative
Euler characteristic. If χ(X) = −1, X is connected. Because there is a pair of
curves (c0, li) in X intersecting nontrivially, the genus of X is at least 1 and hence
X is a punctured torus. Because l1, l2 are two disjoint non-parallel curves in X,
we can assume l1 intersects c0 and l2 is parallel to the boundary of X. Hence l2 is
homologically trivial in H1(M). Because l2 is isotopic to each component of s(G1),
each component of s(G1) is homologically trivial in H1(M) which is a contradiction
to Lemma 2.5.4.

So we have χ(X) ≤ −2. Hence by Theorem 2.2.3, the volume of the guts is at
least 2V8.

More than two sutured guts components in Γ(z)

Lemma 2.6.3. Let M be an orientable hyperbolic 3-manifold with 3 cusps and z be
a vertex element of the Thurston sphere such that Γ(z) consists of more than 2 solid
tori and T × I’s. Suppose there exists two 4-ST’s or T × I’s G and G′ in Γ(z) and
furthermore, one of the following follows:

1. each suture of G and G′ is homologically nontrivial and each suture of G is not
isotopic to any suture of G′, or

2. G and G′ are two T × I’s, or

3. G is a T × I and Γ(z) cannot be divided into two sets such that the sutures of
all sutured guts components in each set are homologous up to multiplicity.

Then Vol(M) ≥ 2V8.

Proof. Let G0 be the G in Lemma 2.6.3. And if G and G′ are not both 4-ST’s we
assume G is a T × I. By Lemma 2.4.6, without loss of generality, we assume G0

intersects G1. Furthermore, we can take another Gi which will be chosen later such
that one of G1 and Gi is G′ in Lemma 2.6.3.
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We exchange Gi with Gi+1, Gi+2, · · · until it intersects a Gj for some j. We still
call the new facet surface F (z) and consider the new library bundle structure related
to F (z). We consider different cases as follows:

1. If j = 0, M is a library bundle with the library diagram as

· · · Gi
// G0

// G1 G2 · · ·

we cut M along a union of horizontal surfaces S ′ that separate Gi ∪ G0 ∪ G1

from other guts. By Lemma 2.4.15(2), a component (N,P ) of the pared guts
of the component of M\\S ′ containing G0 ∪ G1 ∪ Gi is obtained from gluing
G0 and a product sutured manifold W2 along some components of the sutured
annuli with pared annuli on R+ and R− coming from G1 and Gi.

• If G0 is a T×I, (N,P ) is X×I drilled out an essential curve c×{1/2} with
annular cusps on each of X ×{0} and X ×{1}. If X has boundary, then
G has at least three annular cusps and a toral cusp. Hence by Theorem
2.2.7, Vol(G) ≥ 2V8. If X is closed, by the atoroidality of M , the genus of
X is at least 2 and hence χ(X) ≤ −2. By Theorem 2.2.3 Vol(M) ≥ 2V8.

• If G0 is a 4-ST, N is obtained from an X×I glued by a thickened annulus
A. If χ(X) = −1, X is a punctured torus and one component of A is the
boundary of X which is homologically trivial in M . However this means
the sutures of G0 are homologically trivial, violating the condition. Hence
χ(X) ≤ −2 and Vol(M) ≥ 2V8 by Theorem 2.2.3.

2. If j ≥ 2, M is a library bundle with the library diagram as

· · · G0
// G1 · · · Gi

// Gj · · ·

we cut M along a union of horizontal surfaces S ′ that separates G0∪G1, Gi∪Gj

and other guts. Then by Lemma 2.4.15(1), the pared guts of the component
of M\\S ′ containing G0 ∪ G1 has negative Euler characteristic and hence by
Theorem 2.2.3, have volume ≥ V8. So do the pared guts related to Gi ∪ Gj.
Hence Vol(M) ≥ 2V8.

3. If j = 1, this means Gi is exchangeable with G0. M is a library bundle with
the library diagram as

· · · G0
// G1 · · ·

Gi

>>||||||||
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We cut M along a union of horizontal surfaces S ′ that separate G0 ∪ G1 ∪ Gi

from other guts. By Lemma 2.4.15(1), the pared guts (N,P ) of the component
of M\\S ′ containing G0∪G1∪Gi is a pared sutured manifold (N,P,R±, γ) such
that N = X×I with at least two pared annuli on R− coming from R+(Gi) and
R+(G0) which intersect some components of R−(G1) under projection to X. If
χ(X) ≤ −2, by Theorem 2.2.3 Vol(M) ≥ 2V8. Hence we assume Vol(M) < 2V8
and thus χ(X) = −1. Therefore a component of R+(G0) and a component of
R+(Gi) are parallel in X.
Consider different cases in the statement of Lemma 2.6.3:

• Each suture of G and G′ is homologically nontrivial and each suture of
G is not isotopic to any suture of G′. We can choose Gi such that one
of G1 and Gi is G′ in Lemma 2.6.3. Since a component of R+(G0) and
a component of R+(Gi) are parallel in X, by the assumption, Gi is not
G′ and hence G1 is G′. By Lemma 2.4.6 we may exchange Gi with other
sutured guts component in the opposite direction so that Gi intersects G′

j.
If j′ = 1, the estimation is as in case (1) and if j′ > 1, the estimation is
as in case (2). So we suppose j′ = 0. Similarly in the previous discussion
in case (3), we have pared guts as X × I. We assume χ(X) = −1 and
therefore a component of s(G1) and a component of s(Gi) are parallel in
X. Hence a component of s(G0) and a component of s(G1) are isotopic
which is a contradiction to the assumption. Therefore χ(X) ≤ −2 and
Vol(M) ≥ 2V8 by Theorem 2.2.3.

• G and G′ are two T × I’s. Let A be the annulus connecting s(G0) and
s(Gi). We can do a cut-and-paste surgery for G0 ∪Gi along A to have a
torus T that separates G0 ∪Gi from other guts. Because M is atoroidal,
T bounds a region N which is a solid torus or a T × I. Since components
of F (z) is non-separating, N must contain G0 ∪ Gi which means N is
obtained from gluing G0 ∪ Gi via each a component of s(G0) and s(Gi).
If Gi is a T × I or 2-ST, T is not trivial. So Gi is a 4-ST. Since we can
choose any Gi with i > 1, each Gj is a 4-ST for j > 1. Hence G1 is a
T × I.
As in the previous case, we can exchange Gi with other sutured guts
component in the opposite direction so that Gi intersects G′

j. And we can
assume j′ = 0. However, this means Vol(M) ≥ 2V8 or a component of
s(G0) and a component of s(G1) are isotopic. If the latter holds, because
any component of s(Gi) is isotopic to a curve Ci in a distinct boundary
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component of M , respectively for i = 0, 1, we know that C0 is isotopic to
C1 violates the hyperbolicity of M .

• G is a T × I and one cannot divide Γ(z) into two sets such that the
sutures of all sutured guts components in each set are homologous up
to multiplicity. Since there is an annuli connecting R+(G0) and R+(Gi),
this means a component of s(G0) is homologous to a component of s(Gi).
Because we can choose arbitrary Gi with i > 1, so we can know that we
can divide Γ(z) into two sets: {G1} and {Gi|i ̸= 1} which violates the
condition.

From the previous discussion, we have a useful lemma:

Lemma 2.6.4. Let M be an orientable hyperbolic 3-manifold of finite volume with
3 cusps such that each class in H2(M,∂M) is libroid. Suppose z is a vertex of the
Thurston sphere. If Vol(M) < 2V8, then there exists two sutured guts components
G0 and G1 of Γ(z) such that any components of s(G0) and s(G1) are homologically
nontrivial and a component of s(G0) is not homologous to any multiple of a component
of s(G1).

Proof. If there is no class in H2(M,∂M) that vanishes on two boundary components,
from Lemma 2.5.4, we know that the statement holds. So we assume there is a class
y in H2(M,∂M) that vanishes on two boundary components. Then Γ(y) consists
of two T × I’s, and by Lemmas 2.6.1 and 2.6.3, we know that Vol(M) ≥ 2V8, a
contradiction.

Two solid tori with 4 longitudinal sutures in Γ(z)

Next, when Γ(z) consists of two 4-ST’s, we also have an estimation.

Lemma 2.6.5. Let M be an orientable hyperbolic 3-manifold of finite volume with
3 cusps such that each class in H2(M,∂M) is libroid. If z is a vertex element of the
Thurston sphere such that Γ(z) consists of two 4-ST’s, then Vol(M) ≥ 1.5V8.

Proof. We use the notation for library bundles as in Section 2.4.
By Lemma 2.4.6, without loss of generality, we can assume G0 intersects G1 on

S1. Then if we cut M along S0, M\\S0 will be an X×I glued by two annuli on both
sides. In order to determine the pared guts of M\\S0, we first cut along the cores
of the two annuli so that we have X × I with 2 pared annuli on each side which are
R+(G0) and R−(G1). As in Lemma 2.4.15, the pared guts will be Y × I with pared
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annuli on both sides Y × {0} and Y × {1} where Y is the union of negative Euler
characteristic components of the minimal essential subsurface containing R+(G0) and
R−(G1) in S1. If χ(Y ) ≤ −2, by Theorem 2.2.3 we have Vol(M) ≥ 2V8. Therefore
we have the following lemma:
Lemma 2.6.6. If the minimal essential subsurface containing R+(G0) and R−(G1)
in S1 has Euler characteristic ≤ −2, then Vol(M) ≥ 2V8.

Note that if two components of R+(G0) intersect R−(G1), χ(Y ) ≤ −2.
Let M̃ be the 2-fold covering of M with respect to S0. Let S̃0, S̃1, S̃2, S̃3 be the

liftings of S0, S1 in sequence and G̃0, · · · , G̃3 be the liftings of G0, G1. So S̃0, S̃2

projects to S0 and S̃1, S̃3 projects to S1. Let F̃ (z) be the union of liftings of F (z).
Then F̃ (z) = ∪S̃i which is a facet surface.

M̃\\F̃ (z) is a book of I-bundles, i.e. M̃ is a library bundle with S̃i as horizontal
surfaces and the union of G̃i as spine. Furthermore, G̃2i intersects G̃2i+1.

Before analyzing the volume, we want to show some facts.
Lemma 2.6.7. Let Ã be an embedded annulus which is a union Ã of product annuli
in M̃\\F̃ (z). If a component α of s(G̃i) is connected by Ã to a component β of
s(G̃i+2) for an i, then each of α and β can be isotoped in F̃ (z) to a boundary of F̃ (z).

Proof. Without loss of generality, suppose Ã connects s(G̃2) and s(G̃0). We think
of Ã as an annulus as well as a union of product annuli. Let p : M̃ → M be the
covering map. Then A

∆
= p(Ã) has both boundary components in s(G0). Since the

self-intersection points of A have degree 2, they are closed curves. We isotope A
so that the number of the components of the self-intersection is minimal and do a
double curve sum for A to have an embedded surface A′. Since the double curve
sum of two product annuli is still a union of product annuli, A′ is a union of product
annuli. Because the double curve sum does not change the Euler characteristic,
χ(A′) = 0 and A′ consist of annuli and tori. Since the boundary of A is a union
of two components of s(G0), there is an annulus component A0 of A′ such that
∂A0 = ∂A and A0 is a union of product annuli.

SinceG0 is a 4-ST, we can glue A0 with an annulus A′ in ∂G0 to have an embedded
torus T . Because the interior of M is hyperbolic and a product annulus can not cut
a D × I from a layer of the library bundle, T is parallel to a boundary components
and hence each product annulus is parallel to a sutured annulus of a layer.

Lemma 2.6.8. s(G̃i) can not be homologically trivial or homologous to a multiple
of s(G̃i±1) in H1(M̃) for any i.
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Proof. First suppose there is an immersed surface H̃ connecting G̃0 and G̃1 via s(G̃0)
and s(G̃1). By taking the projection of H̃ to M , we have an immersed surface H
connecting G0 and G1 which means s(G0) is homologous to a multiple of s(G1), a
contradiction to Lemma 2.6.4.

Next suppose there is an immersed surface H̃ whose boundary is a component of
s(G̃0). By taking the projection of H̃ to M , we have an immersed surface H whose
boundary is a component of s(G0), i.e. this component is homologically trivial, a
contradiction to Lemma 2.6.4.

Lemma 2.6.9. Let X be a 4-punctured sphere and α, β are two closed curves. If α
intersects β nontrivially, each of α and β separate stwo punctures from the others
two and α ∪ β divides X into 4 pieces with a puncture.

Proof. Closed curves in a punctured sphere are determined up to isotopy by how
they separate the punctures. If a closed curve separate a puncture from the other,
it is parallel to a boundary component of X.

Now we continue the proof of Lemma 2.6.5. Assume Vol(M) < 2V8. Suppose we
can do a procedure, called Procedure (E) as follows:

1. exchange G̃3 with G̃0,

2. exchange G̃2 with G̃0,

3. exchange G̃3 with G̃1,

4. exchange G̃2 with G̃1.

We claim that Procedure (E) can not repeat for infinitely many times. Otherwise
suppose this procedure can repeat for infinitely many times. We cut M̃ along S̃0∪ S̃2

so that M̃\\(S̃0 ∪ S̃2) has two components N0 containing G̃0, G̃1 and N1 containing
G̃2, G̃3. Let Γ0 be the sutured guts of N0 and Γ1 be the sutured guts of N1. Then
this procedure will obtain a new facet surface F̃ (z) and actually exchange Γ0 and
Γ1 by replacing S̃0 ∪ S̃2 with the new S̃0 ∪ S̃2 in the new F̃ (z). So it means that we
can exchange Γ0 and Γ1 for infinitely many times which is a contradiction to Lemma
2.4.6.

So we can repeat Procedure (E) finitely many times until one step can not be
done. Repeating this procedure is actually equivalent to exchanging Γ0 and Γ1 as
many times as possible and then do first several steps in Procedure (E).

We still call the new facet surface F̃ (z) and inherit the notations.
Because F̃ (z) are stair surfaces (see Definition 2.4.8) in the infinite cyclic covering

of M with respect to F (z), the product annuli in the new M̃\\F̃ (z) are a union of
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product annuli in the previous M̃\\F̃ (z) before exchanging guts. Hence Lemma
2.6.7 still holds for the new facet surface F̃ (z). Note that by Lemmas 2.6.7 and
2.6.8, s(G̃i) and s(G̃j) can not be connected by nonperipheral product annuli. Hence
the assumption of Lemma 2.4.15 holds for any case.

Since at some stage we can not further exchange guts components, we have 4
possible cases:

1. G̃3 intersects G̃0. M̃ is a library bundle with the library diagram as

G̃2
// G̃3

// G̃0
// G̃1

We state a lemma which can help us to exclude some cases and the proof of it
is at the end of this section.

Lemma 2.6.10. Let S0 be the horizontal surface from G̃3 to G̃0. If the minimal
essential subsurface containing R+(G̃3) and R−(G̃0) in S0 has Euler charac-
teristic ≤ −2, the volume of M̃ is at least 3V8.

We cut M̃ along a horizontal surface S ′ from G̃1 to G̃2 in this library bundle
structure. From the library diagram we know that for each neighboring layers,
their guts intersect non-trivially. By Lemma 2.4.15(3), a component (N,P ) of
the pared guts of M̃\\S ′ is a product manifolds X × I glued by a thickened
annulus on each side via R−(G̃0) and R+(G̃3) respectively and with annular
cusps on each side coming from G̃2 and G̃1.
Let α1, α2 be the components of R+(G̃3) and β1, β2 be the components of
R−(G̃0). Denote Y as the minimal essential subsurface containing R+(G̃3) and
R−(G̃0) in X.
Suppose Vol(M̃) < 3V8. By Lemma 2.6.10, χ(Y ) ≥ −1.
Because R+(G̃3) intersects R−(G̃0), χ(Y ) = −1 and Y is a punctured torus.
Suppose α1 intersects β1. Then α1 and β1 are in Y . Because when we
glue a thickened annuli to X via α1 and α2, on the new side, each bound-
ary component of α1 is now parallel to a boundary component of α2. Because
G̃2 intersects G̃3, at least a boundary component of α2 will meet R+(G̃2).
So α2 is not contained in some components that are thrown away in Lemma
2.4.15. Since α2 is homologically nontrivial, non-parallel to and disjoint with
α1, α2 is disjoint with Y and so is β2.
If χ(X) ≤ −3, the volume of M̃ is at least 3V8 by Theorem 2.2.3. So we assume
χ(X) ≥ −2. Because Γ(z) consists of 4-ST’s, Si, and hence X, has boundary.
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We consider first when X is connected. The genus of X is 0 or 1. but X
contains Y which has genus 1, so X can’t have genus 0.
If X has genus 1, suppose X has 2 boundary components, i.e. X is a 2-
punctured torus. Then X\Y is a pair of pants which contains α2 and β2.
However, by Lemma 2.6.8, α2 and β2 are not homologous to multiples of each
other and not homologically trivial which is impossible.
Next we suppose that X is disconnected. Then X is a union of 2 surfaces Y
and X2 each with Euler characteristic -1. Since β2 is disjoint with Y , β2 is in
X2.
In the construction of (N,P ), we glue a thickened annulus to X × {0} and
X × {1} respectively. We have a sutured manifold whose R+ part, denoted
as X ′, is obtained from X by cutting along β1, β2 and gluing back two annuli
A1, A2 where A1 ∪ A2 are actually R+(G0).
If X2 is a punctured torus, since β2 is not homologically trivial in M , β2 is a
non-separating curve in X2. Then X ′ is a 2-punctured torus and the cores of
A1, A2 are two non-separating curves having the same slope. Hence if we let A′

be a component of R−(G̃1) in X ′ intersecting one of A1, A2, A′ must intersect
both of them. Since A1, A2 and A′ lie in the guts Γ1, by projecting them to M ,
the projection of X ′ is the union of negative Euler characteristic components
of minimal essential subsurface containing R+(G0) and R−(G1). So by Lemma
2.6.6, the volume of M is at least 2V8.
If X2 is a 3-punctured sphere, β2 is parallel to a boundary of X2. Then X ′

is a 4-punctured sphere. Since A1 or A2 intersects a component of R−(G̃1),
by Lemma 2.6.9, the minimal essential subsurface which contains R+(G̃0) and
R−(G̃1) has a component which is a 4-punctured sphere. So by Lemma 2.6.6,
the volume of M is at least 2V8.

2. G̃2 intersects G̃0. M̃ is a library bundle with the library diagram as

G̃2
//

��@
@@

@@
@@

@ G̃0
// G̃1

G̃3

We cut M̃ along a horizontal surface S ′ from G̃1 to G̃2. If G̃3 is exchangeable
with G̃1, we move G̃3 to the third layer. Otherwise, we keep it in the same
place. Let X be as in Lemma 2.4.15(2). Then the pared guts of M̃\\S ′ is
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a pared sutured manifold (N,P,R±, γ) whose R− is X. Since G̃0 intersects
G̃1 and G̃2 intersects G̃0, X contains two curves α1, α2 which are the cores of
R−(G̃0). Since G̃2 intersects G̃3, X contains at least a component of R−(G̃3)
and R+(G̃2) respectively, denoted as β and δ, such that β intersects δ. By
Lemma 2.6.8, α1, α2, β are three disjoint curves on X and they are not parallel
to each other. Moreover, one of α1, α2, say α1, intersects a curve coming from
R+(G̃2).
We first consider when X is connected. As in case (1), we assume X has
genus 1 and X has euler characteristic -2. Because α1 and β are homologically
nontrivial and homologically nonparallel, the union of them is a pair of curves
that decomposes X into two pairs of pants. Then α2 is a boundary of X and
α1, α2, β bound a pair of pants. Because G̃0 is a 4-ST, α1 is homologous to α2

in M so that β is homologous to a multiple of α1 in M . which is a contradiction
to Lemma 2.6.8.
Suppose X is disconnected and χ(X) ≥ −2. As in case (1), X is a union
of 2 surfaces X1 and X2 with Euler characteristic -1. Because both α1 and
β intersect a component of R−(G̃2) respectively and they are homologically
nontrivial and disjoint, X1 and X2 are punctured tori and α1 and β are in
X1 and X2 respectively. Then α2 is the boundary of X1 or X2 which is a
contradiction to Lemma 2.6.8.
So we have χ(X) ≤ −3 and Vol(M) ≥ 1.5V8 by Theorem 2.2.3.

3. G̃3 intersects G̃1. M̃ is a library bundle with the library diagram as

G̃2

��@
@@

@@
@@

@ G̃0
// G̃1

G̃3

??~~~~~~~~

We can cut M along a horizontal surface S ′ from G̃1 from G̃2. Then we
have the same estimation as in case (2) if we think of G̃0, G̃1, G̃2, G̃3 here as
G̃3, G̃2, G̃1, G̃0 in case (2) respectively.

4. G̃2 intersects G̃1. M̃ is a library bundle with the library diagram as

G̃0
// G̃1

G̃2
//

??~~~~~~~~
G̃3
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This means we can pick a union F ′ of two Si so that M is a library bundle
with respect to F ′ and its spine is G̃0∪ G̃2, G̃1∪ G̃3. In this new library bundle
structure, we cut M along a horizontal surface S ′ from G̃1 ∪ G̃3 from G̃0 ∪ G̃2.
By Lemma 2.4.15(1), the pared guts of M̃\\S ′ contains a product manifolds
X× I with annular cusps on X×{0} from R+(G̃0), R+(G̃2) and annular cusps
on X × {1} from R−(G̃1), R−(G̃3).
Because G0 intersects G1, G̃3 intersects G̃2 and G̃0 intersects G̃1. Because we
already exchange G̃3 with G̃0, R+(G̃0) is disjoint with R−(G̃3). So there is a
curve c3 inX which intersects c2 and disjoint with c0 and c1 which intersect each
other. Here c0, c1, c2, c3 is the core of a component ofR+(G̃0), R−(G̃1), R+(G̃2), R−(G̃3)
respectively. Because of Lemma 2.6.7, c1, c3 are not parallel in X and neither
are c0, c2.
Assume Vol(M̃) < 3V8, i.e. Vol(M) < 1.5V8. By Theorem 2.2.3, χ(X) ≥ −2.
Because we exchange Γ0 and Γ1 as many times as possible and then do the first
3 steps in Procedure (E), we can actually reverse the last 3 operations and it
does not affect the intersection pattern for R+(G̃0) and R−(G̃1). Let Y be the
minimal essential subsurface containing c0 and c1. Since R+(G̃0) and R−(G̃1)
lie in the guts Γ0, by projecting them to M , the projection of Y is a subsurface
of the minimal essential subsurface containing R+(G0) and R−(G1).
By Lemma 2.6.6, the Euler characteristic of Y is −1 and hence a punctured
torus. This means the algebraic intersection number ⟨c0, c1⟩ ̸= 0 and similarly
⟨c2, c3⟩ ̸= 0. Hence c0, c1, c2, c3 are homologically nontrivial in H1(X, ∂X).
First we suppose X is connected. X is an at most 2-punctured torus. Because
c1 and c3 are disjoint and homologically nontrivial in H1(X, ∂X), they separate
two punctures from each other. Hence [c1] = ±[c3] in H1(X, ∂X) and therefore
⟨c0, c3⟩ = ⟨c0, c1⟩ ̸= 0 which is a contradiction to the fact that c0 is disjoint
with c3.
If X is disconnected, because c0 is disjoint with c3, X is a union of punctured
tori X1 and X2 with c0 and c1 in X1 and c2 and c3 in X2. However it is
impossible to have a component ofR+(G̃2) intersecting a component ofR−(G̃1).

Proof of Lemma 2.6.10. By Lemma 2.4.6 we exchange G̃2 with G̃1, G̃0, G̃3, . . . in the
opposite direction until it intersects some G̃i.

• If i = 1, the library diagram is G̃3
// G̃0

// G̃1
// G̃2



CHAPTER 2. THE MINIMAL VOLUME ORIENTABLE HYPERBOLIC
3-MANIFOLD WITH 3 CUSPS 63

We cut M̃ along a union of two horizontal surfaces S ′ which separate G̃1 ∪ G̃2

from G̃0 ∪ G̃3. Since the minimal essential subsurface containing R+(G̃3) and
R−(G̃0) in S0 has Euler characteristic ≤ −2, by Lemma 2.4.15(1), the pared
guts of related to G̃3 and G̃0 has at most Euler characteristic −2 and hence
the volume ≥ 2V8. Moreover, the pared guts of M̃\\S ′ containing G̃1 ∪ G̃2 has
volume ≥ V8. So Vol(M̃) ≥ 3V8.

• If i = 0, the library diagram is G̃3
// G̃0

//

��@
@@

@@
@@

@ G̃1

G̃2

We cut M̃ along a horizontal surface S ′ from G̃1 to G̃3, so that we have a
library sutured manifold M̃\\S ′ with 3 layers containing G̃3, G̃0 and G̃1 ∪ G̃2.
By Lemma 2.4.15(2), the pared sutured guts (N,P ) of M̃\\S ′ is obtained from
a product manifolds X× I by gluing a thickened annulus via two curves α1, α2

on X × {1} coming from G̃0 and with annular cusps on each side. We assume
χ(X) ≥ −2. Since the minimal essential subsurface containing R+(G̃3) and
R−(G̃0) in S0 has Euler characteristic ≤ −2, χ(X) ≤ −2. Let X ′ be the R+

side of N . Then χ(X ′) = χ(X) ≤ −2.
In the following, we suppose Vol(M) < 2V8.
We consider first when X ′ is connected. If X ′ has genus at least 2, since
Γ(z) does not contain the boundary of M , F (z) and hence X has at least one
boundary component. So χ(X ′) ≤ 2− 2× 2− 1 = −3. By Theorem 2.2.3, we
have Vol(M̃) ≥ 3V8 which means Vol(M) ≥ 1.5V8.
Therefore we assume X ′ is a surface of genus 0 or 1 and χ(X ′) ≥ −2. If X ′ is
genus 1, suppose X ′ has 2 boundary components, i.e. X ′ is a 2-punctured torus.
By Lemma 2.6.6, we can assume the minimal essential subsurface containing
R+(G̃0) and R−(G̃1) has Euler characteristic -1. Hence there is a component
β of R−(G̃1) intersecting exactly a component α1 of R+(G̃0) in X ′ and the
minimal essential subsurface containing β and α1 is a punctured torus. Let
α2 be the other component of R+(G̃0) and δ be a component of R−(G̃2) that
intersects R+(G̃0). Since α2 is disjoint with α1, β and not homologically trivial,
α2 is parallel to a boundary component of X ′. So δ intersects α1. Since δ is
disjoint with β, they separate the two punctures in X ′. Hence δ, β and α2

bound a pair of pants. As in the proof of Lemma 2.6.8, by projecting them
to M , we have 3 components (without orientation) of s(G0) and s(G1) whose
union bounds an immersed surface. Then either a component of s(G0) or s(G1)
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is homologically trivial or s(G0) is homologous to a multiple of s(G1), which is
a contradiction to Lemma 2.6.4.
If X ′ is genus 0, since a component α of R+(G̃0) intersecting a component β
of R−(G̃1), X ′ has 4 boundary components, i.e. X ′ is a 4-punctured sphere.
By Lemma 2.6.9, β is a closed curve that separates 2 punctures from the
other. Similarly, a component δ of R−(G̃2) intersects R+(G̃0) and hence δ also
separates 2 punctures from the other. But by Lemma 2.6.8, δ and β are not
homologous which is impossible.
If X ′ is disconnected and χ(X ′) ≥ −2, since (N,P ) a pared manifold, each
component of X ′ has negative Euler characteristic. Hence the only possibility
is X ′ is a union of 2 surfaces X ′

1 and X ′
2 with Euler characteristic -1. Because a

component α1 of R+(G̃0) intersecting a component β of R−(G̃1), we can say X ′
1

is a punctured torus containing α1 and β. Since α2 is not homologically trivial,
α2 is in X ′

2. Let δ be a component of R−(G̃2) that intersects R+(G̃0). By
Lemma 2.6.8, δ and β are not homologous. So δ intersects another component
α2 of R+(G̃0) in X ′

2.
In this case, We repeat exchanging G̃3 with G̃1∪ G̃2, G̃0 until G̃3 intersects G̃i.
So we will have one of the following library diagram:

G̃0
//

��@
@@

@@
@@

@ G̃1
// G̃3 G̃0

//

��@
@@

@@
@@

@ G̃2
// G̃3 G̃0

//

��@
@@

@@
@@

@

��/
//
//
//
//
//
//
//

G̃1

G̃2 G̃1 G̃2

G̃3

Since the components of R−(G̃1) and R−(G̃2) other than β and δ are homolog-
ically nontrivial, they can not be in X ′. So if we cut along a horizontal surface
from G̃3 to G̃0 we will have a pared guts whose Euler characteristic ≤ −3 and
by Theorem 2.2.3, Vol(M̃) ≥ 3V8.

Proof of Theorem 2.1.2. If there is no class in H2(M,∂M) that vanishes on two
boundary components of M , by Lemma 2.6.1, Lemma 2.6.5 and the case (1) of
Lemma 2.6.3, we know that the theorem holds. If there is a class y in H2(M,∂M)
that vanishes on two boundary components of M , the sutured guts Γ(y) contains
two T × I’s, hence by Lemma 2.6.1 and the case (2) of Lemma 2.6.3, the volume of
M is at least 2V8.
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2.7 Volume of Orientable Hyperbolic 3-Manifolds
with 3 Cusps as Library Bundles

In this section we are going to prove Theorem 2.1.3. Before proving the theorem, we
need some preparations.

Lemma 2.7.1. Let M be a manifold in Theorem 2.1.3. If there is a non-separating
closed surface in M , then Vol(M) ≥ 2V8.

Proof. From the condition, we know that there is an element z in H1(M) such that
it vanishes on each boundary component of M . So we can pick a facet surface F (z)
and have the sutured guts Γ(z). Since F (z) is disjoint with ∂M , Γ(z) contains three
sutured tori. Because Γ(z) consists of solid tori and T × I’s, Γ(z) contains at least
three T × I’s. Therefore, by Lemma 2.6.1, Vol(M) ≥ 2V8.

Definition 2.7.2. Let M be a compact orientable 3-manifold with toral boundary,
and z be an element in H2(M,∂M). Let Γ(z) be the sutured guts of z. Then we
double M along ∂M to be D(M) and hence we get D(Γ(z)) by doubling Γ(z). We
cut along a maximal collection of non-parallel horizontal surfaces in D(Γ(z)) and
then a maximal product sutured manifolds. We call the doubled guts of z as the non-
product components of the resulting sutured manifold, i.e. the horizontally prime
guts of D(Γ(z)).

Lemma 2.7.3. Let M be an orientable hyperbolic 3-manifold of finite volume such
that for any element z in H2(M,∂M) is a libroid class. Let y, z be in an open
Thurston cone ∆ of M such that y vanishes on exactly one boundary component of
M . Then there is a w on the open segment (y, z) such that the doubled guts of y is
equivalent to the doubled guts of w in D(M).

Proof. Let y vanish on a boundary component P . We denote DP (M) as the result of
doubling M along P and DP (X) as the result of doubling X along P for any subset
X of M . We take w small enough so that each element in [w, y) does not vanish on
any boundary component.

Denote DP (u) to be the homology class of DP (S) in H2(DP (M), ∂DP (M)) where
S represents u in H2(M,∂M). Note that P is the only essential annulus in DP (M)
and it is null-homologous. Hence the Thurston norm of DP (M) is non-degenerate.
Since y and w are in the same open Thurston cone, there is a class v such that we
have χ−(ky) = χ−(v) + χ−(w) and v = ky − w for some positive number k. Hence
DP (y) and DP (w) are in the same Thurston cone of DP (M). By Theorem 1.1.2, the
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guts of DP (w) is equivalent to the guts of DP (y) in DP (M). Hence the guts of D(w)
is equivalent to the guts of D(y) in D(M).

We are going to show that the doubled guts of a second homology class u is
equivalent to the guts of D(u) in D(M). Let F (u) be a facet surface representing u.
Then D(F (u)) will be a collection of norm-minimizing surfaces representing D(u) in
D(M). Hence we can take a facet surface F (D(u)) representing D(u) and containing
D(F (u)). Since each component ofM\\F (u) contains at most one component of Γ(u)
by Lemma 2.3.6, each component of D(M)\\D(F (u)) contains at most the double
of one component of Γ(u).

Let G be a component of Γ(u) and N be the component of M\\F (u) containing
G. We examine D(G) for each possibility.

If G is a T × I with 2 sutures on a boundary component and a sutured toral
boundary, D(G) is a T × I with 2 isotopic sutures on each boundary component.
D(G) ∩ F (D(u)) is a maximal collection of taut surfaces homologous to the R+ of
D(G) and there is a unique choice of it which is two pieces of annuli connecting the
sutures on distinct boundary components. Hence F (D(u)) intersect the sutures of
D(G) in the coherent orientation and the sutured guts of N\\F (D(u)) is equivalent
to the horizontally prime guts of D(G).

Suppose G is a 4-ST or a 2-ST. Since M is hyperbolic, at most one suture of G
is glued in D(G). We can have the same result that F (D(u)) intersect the sutures of
D(G) in the coherent orientation and the sutured guts of N\\F (D(u)) is equivalent
to the horizontally prime guts of D(G).

Hence we show that the doubled guts of y is equivalent to the doubled guts of w
in D(M).

By Lemma 2.7.3 and Theorem 1.1.2, the following theorem holds.

Theorem 2.7.4. Let M be an orientable hyperbolic 3-manifold of finite volume such
that for any element z in H2(M,∂M) is a libroid class and ∆ be an open Thurston
cone. If no element in ∆ vanishes on two boundary component, then for two classes
y, z in ∆, the doubled guts of y is equivalent to the doubled guts of z in D(M).

Proof. Let (v, w) be an open segment containing y, w in ∆. (v, w) is divided by
finitely many points such that each open component does not contain two elements
whose restrictions on a boundary component are in opposite orientations. By Theo-
rem 1.1.2, guts are invariant for second homology classes in each open segment. By
Lemma 2.7.3, we know that each point on (v, w) has a neighborhood in (v, w) such
that guts for second homology classes in this neighborhood are invariant. Combining
these, we know that Theorem 2.7.4 is true.
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Now we start proving Theorem 2.1.3.

Proof of Theorem 2.1.3. By the well-orderness the volumes of hyperbolic 3-manifolds
(see [49, Theorem 5.12.1]), there is an orientable hyperbolic 3-cusped manifold Mbook

satisfying the condition in Theorem 2.1.3 and having the minimal volume among all
such 3-manifolds. Suppose Vol(Mbook) < 2V8.

There is a long exact sequence for (Mbook, ∂Mbook):

· · · → H2(Mbook) → H2(Mbook, ∂Mbook)
∂→ H1(∂Mbook) → · · ·

By Lemma 2.7.1, we know that there is no non-separating closed surface in Mbook

and hence the map from H2(Mbook) to H2(Mbook, ∂Mbook) is 0. Because the image
of ∂ is of rank 3 by Lemma 2.5.1, H2(Mbook, ∂Mbook) is 3-dimensional. Since the
Betti number of Mbook is 3 and, for each boundary component P , H1(P ) = Z2, there
is an element z in H2(Mbook, ∂Mbook) such that ∂z = 0 in the H1(P ) summand of
H1(∂Mbook), i.e. z vanishes on P .

If there is a z in H2(Mbook, ∂Mbook) vanishing on two boundary components, the
sutured guts Γ(z) contains 2 T × I’s. By Lemmma 2.6.1, Vol(Mbook) ≥ 2V8. So we
assume there is no such class.

Let ∂1Mbook, ∂2Mbook, ∂3Mbook be the components of ∂Mbook and denote yi as a
class in H2(Mbook, ∂Mbook) vanishing on ∂iMbook for 1 ≤ i ≤ 3.

If yi is a vertex of the Thurston sphere, then Γ(z) contains a T × I. By Lemma
2.6.4, there exists two sutured guts component G0 and G1 of Γ(yi) such that any
components of s(G0) and s(G1) are homologically nontrivial and a component of
s(G0) is not homologous to any multiple of a component of s(G1). Since Vol(Mbook) <
2V8, by the case (3) of Lemma 2.6.3, we can divide Γ(yi) into two sets Γ0 and Γ1 such
that the sutures of all sutured guts components in each set are homologous up to
multiplicity. By the property of G0 and G1, we can assume that Γ0 contains G0 and
Γ1 contains G1. By the case (2) of Lemma 2.6.3, there is only one T × I component
in Γ(yi). Let the T × I be in Γ0. By Lemma 2.5.2, we can take u in an edge of the
Thurston sphere with yi as an endpoint and v in a face meeting the edge such that
Γ(yi) has a sequence of 2 sutured decomposition

Γ(yi)
S1

; Γ(u)
S2

; Γ(v).

where S1 and S2 are properly norm-minimizing surfaces in M .
As in the proof of Lemma 2.5.4, we can choose e such that S1 intersects a com-

ponent of s(Γ1). So S1 decomposes Γ1 to a union of product sutured manifolds.
Because Γ(u)

S2

; Γ(v) is a nontrivial sutured decomposition, S1 does not intersect a
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component of s(Γ0). Hence S1 either avoids the T ×I or meets the boundary parallel
to the sutures of T × I. If S1 meets the boundary parallel to the sutures of T × I,
S1 decompose T × I to a 4-ST with sutures isotopic to a curve Ci on ∂iM .

This means that we can assume that for each boundary component ∂iMbook, there
is an element zi in H2(Mbook, ∂Mbook) such that zi is in an open edge or face and Γ(zi)
contains a sutured guts component as a T × I or 4-ST with sutures isotopic to a
curve Ci on ∂iM .

Suppose zi is in an open edge e meeting a vertex v. Since the double of a T × I
with 2 sutures on a boundary component is a T × I with 2 parallel sutures on
each boundary component and by cutting along a maximal collection of horizontal
surfaces, we have two 4-ST’s.

By Theorem 2.7.4, we know that the doubled guts of elements in an open Thurston
cone is invariant up to equivalence in D(M). Hence the sutured guts of every ele-
ment in e contains a T × I or a 4-ST. Moreover Ci is isotopic to each suture of the
T × I or 4-ST.

This means the sutured guts of v also contains a T × I or a 4-ST. Take a kv− zi
so that v is subordinate to kv − zi and Γ(v) can be decomposed to have Γ(kv − zi).
Because zi and v are trivial in a T × I or a 4-ST of Γ(v), Γ(kv− zi) has a component
as a T × I or a 4-ST. Keep doing this, we know that there exists a 2-dimensional
subspace Vi passing through zi such that for each nonzero element u in Vi, Γ(u)
contains a T × I or a 4-ST such that Ci is isotope each suture of it.

If zi is in an open face, we can apply the same argument for any 2-dimensional
subspace Vi passing through zi. We just pick a Vi for zi.

Since V1 and V2 are 2-dimensional subspace, and H1(Mbook) is a 3-dimensional
space, V1 ∩V2 is at least 1-dimensional. Let z be a nonzero element in V1 ∩V2. Then
Γ(z) contains Gi which is a T × I or a 4-ST such that Ci is isotopic to each suture of
Gi for i = 1, 2. Because Mbook is acylindrical, C1 is not isotopic to C2 and hence G1

is not the as G2. We can pick a vertex v such that v is subordinate to z. Then by
Lemma 2.5.2, Γ(v) contains G1, G2 and is at least depth 2. Note that the sutures of
G1 and G2 are not isotopic. Then by Theorem 2.1.2, the volume of Mbook is at least
1.5V8.
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Chapter 3

Sufficiently Long Dehn Fillings

3.1 Introduction
For a compact, orientable 3-manifold with nonempty boundary, each component of
which is a torus, we can produce various Dehn fillings on its boundary. In this
chapter, we are interested in how the cores of the filling solid tori are positioned with
respect to the fibration for sufficiently long fibered fillings and how the Thurston
norm of a sufficiently long filling behave.

The following is the definition of sufficiently long fillings. Let N be a compact
3-manifold whose boundary is a union of tori ∂N = ∂1N ⊔ · · · ⊔ ∂rN . A Dehn filling
coefficient βi on ∂iN is either the isotopy class of an essential simple closed curve in
∂iN , or “∞”. Each simple closed curve βi in ∂iN determines a Dehn filling attaching
a solid torus whose meridian is identified with βi, and ∞ corresponds to no filling at
all. Given a Dehn filling vector β = (β1, . . . βr), we denote the manifold obtained by
these specified fillings by Nβ.

Letting ∆i denote the set of Dehn filling coefficients for ∂iN , we say that a
property P holds for all sufficiently long fillings if there are finite sets Ki ⊂ ∆i that
that Nβ has P for all β ∈

∏r
i=1(∆i\Ki). For example, Thurston’s Dehn surgery

theorem [49, Theorem 5.8.2] shows that all sufficiently long fillings of a hyperbolic
manifold are hyperbolic.

Let M be a 3-manifold and ∂0M is a union of toral boundary components. We
say M is coannular with respect to ∂0M if there exists an essential annulus whose
boundary curves are essential in distinct components of ∂0M . M is acoannular with
respect to ∂0M if M is not coannular with respect to ∂0M .

In the case when the boundary of M is a union of tori, we say M is acoannular
if M is acoannular with respect to ∂M .
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It is natural to consider acoannular manifolds in analyzing sufficiently long Dehn
filings. This is because if there is an annulus whose boundary curves are essential in
distinct components of ∂M , there is Dehn twisting along this annulus so that it may
produce infinite many different slopes.

We develop a method for controlling the upper bound of the Euler characteristic
of surfaces in sufficiently long Dehn fillings of 3-manifolds by using 0-efficient tri-
angulations [23] in Sections 3.5 and 3.6. We now state (for reason of clarity) a less
general version of the key lemma (Lemma 3.5.1) of this method.

Lemma 3.1.1. Let Q̊ be a compact, orientable, irreducible, acoannular 3-manifold
with toral boundary. Let β be a Dehn filling vector for ∂Q̊, Qβ be the filling with
respect to β and Vβ be the union of solid tori associated to the filling. Let F be
a properly embedded connected surface in Qβ such that F intersects Vβ nontrivially
and F̊ = F ∩ Q̊ is incompressible and ∂-incompressible. Then for any number h,
χ(F ) < h for all sufficiently long fillings.

Li proved this lemma when Q̊ is a hyperbolic 3-manifold with boundary a single
torus in [31, Corollary 2.4]. More generally, when the interior of Q̊ is a hyperbolic
manifold of finite volume, Lemma 3.5.1 may be proved by using Gauss-Bonnet the-
orem and Thurston’s Dehn surgery theorem [49, Theorem 5.8.2] as in Leininger,
Minsky, Souto and Taylor’s paper [30, Lemma 4.2]. However, we adopt a different
method by using 0-efficient triangulation [23] so that we do not require the hyper-
bolicity. Generalizing an idea in [24], we decompose a normal surface into a sum of
fundamental surfaces in a 0-efficient triangulation of Q̊ and find an upper bound for
the length of a Dehn filling slope when the Euler characteristic of F is large.

By applying this method, we can answer questions about sufficiently long fillings.
Let M̊ be a compact orientable irreducible 3-manifold whose boundary compo-

nents are tori. When Dehn fillings are only on a fixed boundary component T ,
Gabai [12, Corollary 2.4] showed that for a properly norm-minimizing surface S̊ dis-
joint with T in M̊ , S̊ is still properly norm-minimizing in the filling along T for all
except at most one slope in T . Sela [46, Theorem 3] extended this result showing that
all properly norm-minimizing surfaces disjoint with T in M̊ are still properly norm-
minimizing in all Dehn fillings along T for all except a finite number of slopes in T .
Baker and Taylor [6] improved the result by considering properly norm-minimizing
surface intersecting T . Suppose M̊ is not a product of a torus and an interval or a
cable space. For a slope β on T , let S̊ is a properly norm-minimizing surface in M̊
such that S̊ meets T in the slope β. Cap off the components of ∂S̊ on T with disks
to obtain the surface S. Baker and Taylor [6, Theorem 4.6] showed that except a
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finite number of slopes on T , each such S is properly norm-minimizing in the Dehn
filling.

Since all these results are about Dehn fillings along a boundary component, it is
natural to think about Dehn fillings on all boundary components. We generalize the
previous results to Dehn fillings on all boundary components.

Theorem 3.1.2. Let M̊ be a compact orientable irreducible acoannular 3-manifold
whose boundary components are tori. Let β be a Dehn filling vector for M̊ and S̊ is
a properly norm-minimizing surface in M̊ such that each component of ∂S̊ ∩ ∂iM̊ is
of slope βi if βi ̸= ∞. Cap off the components of ∂S̊ related to {∂iM̊ |βi ̸= ∞} in
Mβ with disks to obtain the surface S. Then for sufficiently long β, S is a properly
norm-minimizing surface.

Besides, Ni [39] proved that for a product manifold M containing a knot K, if at
least two Dehn surgery produce the original M , K is unknotted. We will prove the
following generalization of Ni’s result in Section 3.8 in the setting of sufficiently long
fillings.

Theorem 3.1.3. Suppose F is a compact surface, M is a product sutured manifold
with R± = F and K ⊂M is a link such that there is no annuli whose boundaries are
on different component of ∂η(K) in M\η(K). Suppose βi are nontrivial slopes on each
component Ki of K, and M(β) is the manifold obtained from M via the βi–surgery
on each Ki. If there exists a sufficiently large β such that the pair (M(β), (∂F )× I)
is homeomorphic to the pair (M, (∂F )× I), then one can isotope K such that K is
a union of the form ci × {ti} where ci are loops in F and ti ∈ [0, 1].

Furthermore, the slope β can be determined as follows. Let λi be the frame of Ki

specified by the surface F . When the projection has no crossing, βi = 1
n

for some
integer n with respect to λi for each i.

Combining these results, we are able to prove a generalization of Leininger, Min-
sky, Souto and Taylor’s result [30, Theorem 1.5]. They showed that for a compact
3-manifold with toral boundary such that its interior is hyperbolic, the cores of its
sufficiently long fibered Dehn fillings are either horizontal or vertical. We generalize
the theorem to all compact orientable irreducible acoannular 3-manifolds with toral
boundary.

Theorem 3.1.4. Let M̊ be a compact orientable irreducible acoannular 3-manifold
whose boundary components are tori. Then all sufficiently long fibered fillings M of
M̊ have the following form: For any fiber S of M , there is a 1-manifold C = Cℓ ⊔ Ct
such that
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1. M̊ =M\C.

2. The curves Ct are transverse in M with respect to S. So M\Ct is fibered.

3. The curves Cℓ are level in M with respect to S.

Moreover, we provide a new way to prove a slightly weaker version of [17, Theorem
1.1].

Theorem 3.1.5. The number of links with a given complement such that no com-
ponent is unknotted and no 2-component sublink is coaxial is finite.

In the meanwhile, we will have a byproduct result which is a generalization of
[16] and [21].

Theorem 3.1.6. If M is an orientable, irreducible, ∂-irreducible, acoannular 3-
manifold with toral boundary, M(β) is irreducible, ∂-irreducible, acoannular for all
sufficiently long fillings.

Remark 3.1.7. One may generalize the notion of sufficiently long fillings by drop-
ping the condition of M̊ being acoannular. To do that, one point here is that the
manifold has infinite-order mapping classes (by Dehn twisting along annuli). So one
can consider equivalence classes of slopes under the mapping class group of the man-
ifold or define sufficiently long fillings as dropping a finite collection of parallel lines
in the parameter space {(p, q) ∈ Z2} of slopes qm+pl on each boundary component.

The structure of this chapter is organized as follows.
We provide some needed preliminaries for torus decomposition and taut sutured

manifolds in Section 3.2.
In Section 3.3, we introduce one-vertex triangulations of tori and 0-efficient tri-

angulations of 3-manifolds. Moreover, we review the theory of taut normal surfaces
and branched surfaces.

In Section 3.4, we show some properties for cables spaces and P × S1 which will
be used later.

In Section 3.5, we prove Lemma 3.5.1 by using 0-efficient triangulations and apply
it to have Theorem 3.1.6.

In Section 3.6, we provide some useful results about solid torus fillings and prove
Theorem 3.1.5.

In Section 3.7, we use taut branched surfaces and Lemma 3.5.1 to prove Theorem
3.1.2.

In Section 3.8, Lemma 3.6.1 and torus decomposition are used to prove Theorem
3.1.3.
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By combining results in Sections 3.7 and 3.8, Theorem 3.1.4 is proved in Section
3.9.

3.2 Preliminaries
In this section, we introduce some basic facts about torus decomposition and taut
sutured manifolds. Detailed explanation can be found in [12] and [33].

Definition 3.2.1 (Cf. [33, Section 11.5.1]). Let S = T1 ⊔ · · · ⊔ Tk be a set of
disjoint essential tori Ti ⊂ int(M). We say that S is a torus decomposition of M if it
decomposes M into blocks that are either: torus (semi-)bundles, Seifert manifolds,
or simple manifolds.

Theorem 3.2.2 (JSJ decomposition [26],[27, Chapter III]). Let M be an orientable
irreducible and ∂-irreducible compact 3-manifold with (possibly empty) boundary con-
sisting of tori. A minimal torus decomposition for M exists and is unique up to
isotopy.

Definition 3.2.3. For a 3-manifold M with toral boundary, we decompose M into
many pieces of atoroidal manifolds Ni by cutting along a maximal collection of non-
parallel, non-∂-parallel tori {Ti}. We call each Ni a basic part of M .

Remark 3.2.4. Since torus (semi-)bundles are closed, each basic part Ni is Seifert
fibered or hyperbolic. It is known, for example in [17],[33], that if N is an orientable,
atoroidal, Seifert manifold with at least two boundary components, then N is either
T 2 × I(this is possible only when N is M̊), a cable space, or P × S1, where P is a
pair-of-pants.

Definition 3.2.5. For each boundary component of N , we call it a true boundary
component if it is in ∂M otherwise a fake boundary component.

For P × S1, it has at most one true boundary component, otherwise there is an
annulus whose ends lie on two different boundary components. Moreover, there is
no basic part as a solid torus with fake boundary component.

Lemma 3.2.6. If M̊ is hyperbolic, no sufficiently long fibered filling M is a solid
torus or T 2 × I.

Proof. If M̊ is hyperbolic, by a theorem of Lackenby [29] (see also Agol [3]), every
sufficiently long fibered filling M is irreducible, atoroidal and not Seifert fibered, and
has infinite, word hyperbolic fundamental group. In particular, M is not homeomor-
phic to a S2 × S1, a solid torus or T 2 × I.
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The following lemmas about taut sutured manifolds are useful to determine
whether a surface is properly nomr-minizing.

Lemma 3.2.7 ([12, Lemma 3.12]). Let (M,γ)
J
; (M ′, γ′) be a decomposition such

that either J is a product disk or a product annulus. Then (M,γ) is taut if and only
if (M ′, γ′) is taut.

Lemma 3.2.8. Let M be a compact, orientable, irreducible manifold with toral
boundary and S be a decomposition surface. If M\\S is taut, S is a properly norm-
minimizing surface in M .

Proof. By [12, Theorem 5.1], there is a codimension-1 transversely oriented foliation
F without Reeb components of M\\S such that F is transverse to γ and tangent to
R± of M\\S. By gluing R±, we have a codimension-1 transversely oriented foliation
F′ without Reeb components of M such that F′ is transverse to ∂M and S is a
compact leaf. Hence by [48, Corollary 2], S is norm-minimizing. Because S is a
decomposition surface, S intersects ∂M in coherently orientation.

3.3 Normal Surfaces
The point of this section is to introduce the terminology and notations of normal
surfaces that appear in the later sections. Further information and more complete
details are found in [18],[24],[22] and [50].

We let (M,∂M) be a compact triangulated 3-manifold with boundary.
A normal surface of M , with respect to a given triangulation, is a surface S ⊆M

such that

(1) S is properly embedded in M .

(2) The intersection of S with any simplex in the triangulation is transverse. The
intersection of S with any tetrahedron is a finite disjoint union of disks, called
elementary disks. Each elementary disk is a curvilinear triangle or quadrilat-
eral, whose vertices are contained on different edges of the tetrahedron. A disk
type is an equivalence class of elementary disks, where two are equivalent if
they can be deformed to one another by an isotopy preserving each tetrahedron.

We are taking all disks and simplices in the above to be closed. We allow a nor-
mal surface to have more than one connected component, and to be non-orientable.
Connected components may be orientable or nonorientable surfaces.
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A normal surface has associated to it combinatorial data which specifies the
number of each disk type that appear in the intersection of S with each tetrahedron
in the triangulation of M . For a given tetrahedron, each elementary disk separates
the 4 vertices into two nonempty sets; there are seven possibilities, consisting of
4 types of triangles which separate one vertex from the other three, and 3 types
of quadrilaterals which separate two vertices from the other two. If there are t
tetrahedra in the triangulation of M then there are 7t pieces of combinatorial data,
which specify the number of each disk type in the t tetrahedra. We represent this
combinatorial data as a nonnegative vector

v = v(S) ∈ Z7t ,

by choosing a fixed ordering of tetrahedra and of the disk types. We call v(S) the
normal coordinates of S.

When does a vector v ∈ Z7t give the normal coordinates for some normal surface
S? We call such vectors admissible. There are some obvious constraints on such
integer admissible vectors v ∈ Z7t.

(i) Nonnegativity conditions. v = (v1, . . . ,v7t) has each vi ≥ 0.

(ii) Matching conditions. Suppose two tetrahedra T1, T2 in the triangulation have
a common face F . Each disk type in T1 and T2 produces either zero or one
edge in F which intersects a given two of the three sides of F . The number of
edges induced between each side-pair of F coming from disk types in T1 must
equal that coming from T2.

(iii) Quadrilateral conditions. In each tetrahedron in the triangulation at most one
type of quadrilateral can occur.

The quadrilateral conditions (iii) hold because any two quadrilaterals of different
types placed in a tetrahedron must intersect, which violates the embeddedness prop-
erty of normal surfaces.

We note at this point that each admissible vector v = v(S) determines a normal
surface S which is unique up to a normal isotopy, an isotopy leaving the triangulation
of M invariant. We denote this normal surface by S(v). Uniqueness holds, up to
normal isotopy, because there is only one combinatorial way to disjointly pack into a
tetrahedron a given number (n1, n2, . . . ,n7) of disk types that satisfy the quadrilateral
condition. The triangles of types 1, 2, 3 and 4 are stacked in parallel close to the
vertex that they separate from the other three vertices, all the quadrilaterals of the
one type that occur (5, 6 or 7) are arranged parallel to each other in the center of
the tetrahedron. The necessary conditions given above for a vector v ∈ Z7t to be
admissible are also sufficient.
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Theorem 3.3.1 (Haken’s Hauptsatz). Let M be a triangulated compact 3-manifold
with boundary, which consists of t tetrahedra. Any integer vector v ∈ Z7t that satisfies
the nonnegativity conditions, matching conditions and the quadrilateral conditions
gives the normal coordinates v(S) of some normal surface S in M , which is unique
up to ambient isotopy.

This result characterizes the set WT of all admissible vectors of normal surfaces
as a certain set of integer points in a rational polyhedral cone in R7t. We define the
Haken normal cone CT to be the polyhedral cone in R7t cut out by the nonnegativity
conditions and matching conditions. The points in WT are then just the integer
points in the Haken normal cone CT that satisfy the quadrilateral conditions.

Haken observed that the size of the integer vector v(S) measures the complexity of
the normal surface. Define the weight wt(S) of the normal surface S to be the number
of times it intersects the 1-skeleton of M and the length L(∂S) of the boundary of
the normal surface S to be the number of times ∂S intersects the 1-skeleton of M .

Lemma 3.3.2. Suppose that v1, v2, v3 ∈ Z7t lie in Haken’s normal cone CT and that

v1 + v2 = v3 .

If v3 = v(S3) is admissible, then so are v1 and v2, so that v1 = v(S1) and v2 = v(S2).
The Euler characteristics of these surfaces satisfy

χ(S) = χ(S1) + χ(S2) ,

their weights satisfy
wt(S) = wt(S1) + wt(S2) ,

and their lengths satisfy

L(∂S) = L(∂S1) + L(∂S2) .

The “simplest” normal surfaces are thus those surfaces S such that v(S) ̸=
v(S1) + v(S2) for any other (nonempty) normal surfaces S1 and S2. Haken calls
these fundamental surfaces, and the corresponding vectors v(S) fundamental solu-
tions.

Lemma 3.3.3. If S is a fundamental surface for (M,∂M), then S is connected.

We bound the number and size of fundamental solutions in the Haken normal
cone CT of an arbitrary triangulated compact 3-manifold M with boundary ∂M that
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contains t tetrahedra. The system of linear inequalities defining Haken’s normal cone
CT has the form:

vi ≥ 0 (1 ≤ i ≤ 7t) ,

vk1 + vk2 = vk3 + vk4 (at most 6t equations) . (3.1)
The matching conditions (3.1) all involve exactly four variables as indicated, because
only two of the seven disk types in a tetrahedron T have edges parallel to one specified
edge on one face of T . There are at most 6t such equations because the t tetrahedra
have between them 12t such edge pairs, and each equation matches two pairs that
occur in no other equation. (There will be strictly less than 6t equations if M has
nonempty boundary.) The cone CT is a pointed cone, (i.e. it contains no line) because
it is contained in the positive orthant R7t

+ . It is not full-dimensional because it has
equality constraints, but (3.1) implies

t ≤ dimR(CT ) ≤ 7t .

It is a rational cone because it is cut out by rational equality and inequality con-
straints; equivalently, each of its extreme rays contains an integral vector. The
concept of fundamental solutions of CT is closely related to that of a Hilbert basis
for the rational cone CT . Given a (homogeneous) rational cone C in Rm, its set of
integral points

C(Z) := C ∩ Zm

forms a semigroup under addition. An (integral) Hilbert generating set G for C is
any finite set of generators for C(Z). If C is a pointed rational cone, then C has a
unique minimal generating set H. It consists exactly of all elements v ∈ C(Z) which
are minimal in the sense that

v ̸= v1 + v2 for any nonzero v1,v2 ∈ C(Z) .

We call this set H = H(C) the minimal Hilbert basis of C. By definition, any
fundamental solution of CT is in the minimal Hilbert basis H(CT ). There may,
however, be elements in H(CT ) that are not fundamental solutions because they
violate the quadrilateral conditions.

A minimal vertex solution of a pointed homogeneous rational cone C in Rm is the
smallest nonzero integral point on any extreme ray (1-dimensional face) of the cone
C. A minimal vertex solution is always in the minimal Hilbert basis H(C), because
the only points in C that it can be a convex combination of are other points in the
ray R+v = {λv : λ ≥ 0}. By definition a fundamental vertex solution of the Haken
cone CT is a minimal vertex solution of CT .
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Lemma 3.3.4. Let M be a triangulated compact 3-manifold, possibly with boundary,
that contains t tetrahedra in the triangulation.

(1) Any vertex minimal solution v ∈ Z7t of the Haken normal cone CT in R7t has

max
1≤i≤7t

(vi) ≤ 27t−1 .

(2) Any minimal Hilbert basis element v ∈ Z7t of the Haken normal cone CT has

max
1≤i≤7t

(vi) ≤ t · 27t+2 .

Lemma 3.3.5. (1) The Haken normal cone CT has at most 27t vertex fundamental
solutions.

(2) The Haken normal cone CT has at most t7t 249t2+14t elements in its minimal
Hilbert basis.

Hence there are finitely many fundamental solutions.

Definition 3.3.6. A normal surface F is minimal if wt(F ) is a minimum for the
values wt(F ′) where F ′ ranges over normal surfaces in M that are isotopic to F .

Definition 3.3.7. If F, F1 and F2 are all normal surfaces in M and F = F1 + F2,
then the sum F1 + F2 is in reduced form if F cannot be written as F = F ′

1 + F ′
2

where F ′
i is a normal surface isotopic in M to Fi (i = 1, 2) and F ′

1 ∩ F ′
2 has fewer

components than F1 ∩ F2.

Definition 3.3.8. If F = F1+F2, and U(F1 ∩F2) is a small open tubular neighbor-
hood about F1 ∩F2, then the components of F1 ∪F2 −U(F1 ∩F2) are called patches
of F1 +F2. The patches themselves are contained in F . The boundary curves of the
patches are called trace curves. A component of F1∩F2 contributes two trace curves
if it is two-sided on both F1 and F2.

One-vertex triangulations and slopes in tori
Up to homeomorphism of the torus there is a unique one-vertex triangulation. It
has two triangles, three edges and (of course) one vertex. For any triangulation of
a surface an essential (not contractible) simple closed curve is isotopic to a normal
curve; however, for a one-vertex triangulation of a torus there is more.
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Lemma 3.3.9 ([25, Lemma 3.5]). In a one-vertex triangulation of the torus two
normal curves are normally isotopic if and only if they are isotopic.

Lemma 3.3.10 ([25, Lemma 3.4]). In the one-vertex triangulation of a torus every
trivial normal curve is vertex-linking.

Hence, in a one-vertex triangulation of a torus, slopes and normal isotopy classes
of essential simple closed curves are in one-one correspondence.

Theorem 3.3.11 ([25, Theorem 3.6]). Normal curves in a one-vertex triangulation
T of a torus are parameterized by ST , the set of integer points in

{(x1, x2, x3)|xi ≥ 0} ⊂ R3.

The vertices of this simplex represent the projective classes of the 3 edges of T .
The solutions (1, 0, 0), (0, 1, 0) and (0, 0, 1) are the normal coordinates of the isotopy
classes of the three edges, e1, e2, e3, respectively, of the triangulation.

In the remaining discussion we will refer to a normal curve by its representation
in ST .

Definition 3.3.12. A normal curve will be called Type I if its x1 coordinate is
less than or equal to each of its x2 and x3 coordinates. Type II, and Type III
are defined analogously. Note that a curve may be of more than one type. For
example, a collection of trivial curves is simultaneously all three types, and normal
representatives of the edges e1, e2, e3 are two types. If C is a family of normal curves
then we will let τ(C) denote the number of trivial curves in C. Two slopes, α and
β, will be said to be complementary if α + β is a collection of trivial curves.

We now state without proof some useful, elementary facts about normal curves
in a one-vertex triangulation of a torus.

1. If the normal curve C has representation the triple (x1, x2, x3) ∈ ST then
τ(C) = min{x1, x2, x3}.

2. The class of a collection of trivial curves is (k, k, k) ∈ ST for some positive
integer k.

3. If C1 and C2 are normal curves which are not the same type then τ(C1+C2) >
τ(C1) + τ(C2). If C1 and C2 are normal curves which are the same type then
τ(C1 + C2) = τ(C1) + τ(C2).
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Each slope has a unique complementary slope. The following is a fundamental
result about slopes of boundaries of normal surfaces in 3–manifolds having tori in
their boundary and triangulations that induce one-vertex triangulations on these
boundary tori.

Theorem 3.3.13 ([25, Proposition 3.7]). Let M be an orientable 3–manifold having
a component of its boundary a torus, T , and let T be a triangulation of M that
restricts to a one-vertex triangulation of T . Suppose S1 and S2 are embedded normal
or almost normal surfaces and ∂S1 ⊂ T . If S1 and S2 satisfy the same quadrilateral
conditions and both meet T in non-trivial slopes, then these slopes are either equal
or complementary.

Some components of the boundaries of S1 and S2 may be trivial curves in the
boundary of M ; however, it is implicit in the theorem that there is an essential curve
from each of S1 and S2 in T to determine slopes.

0–efficient triangulations
A triangulation of a closed 3–manifold is said to be 0–efficient if and only if the only
normal 2–spheres are vertex-linking; if the manifold has boundary, a triangulation is
said to be 0–efficient if and only if the only normal disks are vertex-linking. From
[23] we have the following about 0–efficient triangulations.

Suppose T is a 0–efficient triangulation of the 3–manifold M .

Theorem 3.3.14. If M is closed, then

1. M is irreducible and contains no embedded RP 2.

2. T has one vertex or M = S3; if M = S3, then T has at most two vertices.

If M has nonempty boundary, then

1. T has no normal 2–spheres,

2. M is irreducible and ∂–irreducible.

3. All the vertices of T are in ∂M and there is just one vertex in each boundary
component or M is a 3–cell.

Hence, a 0–efficient triangulation is a minimal-vertex-triangulation, except pos-
sibly for S3 and the 3–cell. For a 3–cell with a 0–efficient triangulation, then the
triangulation is expected to have precisely three vertices, all in the boundary; it is
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easy to see all vertices must be in the boundary but we have not been able to show
there are only three.

It is shown in [23] that any compact, irreducible, ∂–irreducible, orientable 3–
manifold, distinct from RP 3, admits a 0–efficient triangulation. In particular, mini-
mal triangulations of these manifolds are 0–efficient.

The following lemma play an important role in the late sections.

Lemma 3.3.15. Let M be a compact,irreducible, ∂–irreducible, orientable 3–manifold
with toral boundary having a 0-efficient triangulation T . Let F be an embedded nor-
mal surface with no trivial boundary curves. we can write F as

∑
njVj +

∑
n′
kV

′
k +∑

Ai where each summand is fundamental, χ(Vj) < 0, V ′
k is either a torus or Klein

bottle and Ai is an annulus or a Mobius strip.

Proof. By Theorem 3.3.14, there is no normal sphere or normal RP 2. If D is a
fundamental disk summand for F . Then F = D + F ′ for some normal surface F ′.
Because M is ∂-irreducible, D is trivial and ∂D is vertex-linking on a component of
∂M because T restricted on this component of ∂M is a 1-vertex triangulation. Since
F = D + F ′, F has trivial boundary curves, a contradiction.

Taut normal surfaces and branched surfaces
We will follow the notation of [1] and [50].

A taut surface F is said to be lw-taut if it has minimal weight among all taut
surfaces representing the homology class [F ]. If F is lw-taut then n pairwise disjoint
copies of F , denoted by nF , is a lw-taut surface representing the class n[F ]. Let
Bx(M) ⊂ H2(M,∂M ;R) be the unit ball of the Thurston norm on homology.

Associated to a normal surface F is a branched surface BF , obtained by identifying
normally parallel disks in each tetrahedron, and neighborhoods of arcs in each 2-
simplex, and neighborhoods of vertices in each edge, and then perturbing to make
them generic.

The normalizing equation �
∑7t

i=1 vi = 1 is added to the nonnegativity conditions
and matching conditions such that the solution spaces PT ⊂ CT becomes a compact,
convex, linear cell and is referred to as the projective solution space for T . The
projective class of a normal surface F is the image of the normal coordinates of F
under the projection CT → PT .

For each non-trivial homology class f ∈ H2(M,∂M ;Z), we are going to define a
face Cf of PT , which is called a complete lw-taut face (cf. [50, Theorem 3.7]). Let
[Cf ] denote the set of homology classes of all oriented normal surfaces carried by
Cf . Then Cf carries every lw-taut normal surface representing any homology class
in [Cf ].
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The construction of Cf is given in the following way. For a normal surface F , the
unique minimal face CF of PT carrying the projective class of F is said to be lw-taut
if every surface carried by CF is lw-taut.

Definition 3.3.16. For each non-trivial homology class f ∈ H2(M,∂M ;Z), we
define w(f) as the weight of a lw-taut surface representing f .

Lemma 3.3.17 ([50, Lemma 3.2]). Let F be an oriented, lw-taut, normal surface.
Suppose that G and H are orientable normal surfaces such that mF = G + H (as
unoriented surfaces) for some positive integer m and the sum G+H is disk-reduced.
Then G and H are lw-taut and the orientation of F induces unique orientations on G
and H such that mF = G⊕H = G+H (as oriented surfaces) and [G+H] = [G]+[H].

By using this lemma, we can prove the following theorem as in [50, Theorem 3.3].

Theorem 3.3.18. Let F be an oriented, lw-taut normal surface. Then CF is a
lw-taut face and there are unique orientations assigned to the surfaces carried by CF

such that if G and H are carried by CF then [G+H] = [G] + [H].

F is lw-taut, then CF is lw-taut. Then for f ∈ H2(M,∂M ;Z), one takes the
finite set {F1, . . . , Fn} up to normal isotopy of all oriented, lw-taut normal surfaces
representing f , and let F = F1 + · · · + Fn be the lw-taut surface representing the
homology class nf , which is canonically associated to f up to normal isotopy. The
addition here is both addition of normal surfaces and oriented cut-and-paste addition,
which preserves the homology class. Then define Cf

∆
= CF , which will have the

desired properties. One may also associate the branched surfaceBf
∆
= BF canonically

to the homology class f .
If F is a lw-taut surface, then there is canonically associated a normal branched

surface BF , which is obtained from BF by splitting along punctured disks of contact.
If F is the canonical lw-taut normal surface associated to f , then Bf ≡ BF has the
property that every surface carried by CF is isotopic to a surface carried by Bf , such
that the orientation on the surface is induced by the orientation of Bf . This follows
from

Lemma 3.3.19 ([50, Lemma 6.1]). Every surface carried by CF is homologous to a
surface carried by Bf , by cut-and-paste of normal disks.

However, in the case that M is irreducible, cut-and-paste of disks can be achieved
by an isotopy.

The branched surface BF associated to F has a fibered neighborhood NF = Nf .
Moreover, we may isotope BF to be normally carried by NF so that it is transverse
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to the fibers. In this case M\\Nf is a taut-sutured manifold, with γ(Bf ) = ∂v(NF ),
and R(γ) = ∂h(NF ), such that the orientation of each component of R(γ) is induced
by the orientation of Bf .

Using the orientation of F it is possible to orient BF . Recall that BF is an
oriented branched surface if there is an orientation on the fibers of NF . We call BF

a homology branched surface if it is an oriented branched surface with the property
that for each point c ∈ BF there exists an oriented simple closed curve, called a
closed transversal, which contains x and intersects NF in fibers of NF such that
the orientations of the fibers and the curve agree. For a branched surface B, we
use NB to represent the fibered neighborhood of B. We call BF a taut branched
surface (or properly taut branched surface) if BF carries only taut (or properly taut)
representatives of homology.

Definition 3.3.20 ([41], [40]). We say a branched surface B embedded in M is a
RIB, a “Reebless” incompressible branched surface, if it fully carries some surface
and satisfies the following conditions:

1. B has no disc of contact (or half-disc of contact), i.e. there does not exist a
disc (half-disc) D embedded in N(B) transverse to fibers with ∂D ⊂ int(∂vNB)
(∪∂M),

2. ∂hNB is incompressible and ∂-incompressible in M\int(NB),

3. There is no monogon in M\int(NB), i.e. there does not exist a disk D properly
embedded in M\int(NB) with ∂D∩∂vNB a fiber of ∂vNB and with ∂D∩∂hNB

equal to the complementary arc of ∂D,

4. B has no Reeb components, i.e. B does not carry a torus T bounding a solid
torus T such that for some surface G fully carried by B, T ∩G is a collection
of compressing discs for T . (B does not carry an annulus A cutting a solid
torus T from M such that for some surface G fully carried by B, T ∩ G is a
collection of ∂-compressing discs for T .

The following theorem provides a finiteness property for taut surfaces.

Theorem 3.3.21 (Cf. [50, Theorem 6.2]). Let M be a compact, oriented irreducible
3-manifolds with toral boundary. Then there exists a finite collection of (properly)
taut homology RIBs such that for each class of H2(M,∂M ;Z) there exists a properly
taut representative of the class fully carried by one of the RIBs of the collection.
Moreover, M − B is connected for each branched surface B in the collection and a
closed transversal can be found through any point of B intersecting B only at that
point.
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Proof. The existence of a finite collection of taut homology RIBs in Theorem 3.3.21
is in [50, Theorem 6.2]. Note that in a 0-efficient triangulation for M , a lw-taut
surfaces is properly taut, because otherwise we can glue it by some annuli on the
boundary to decrease its weight. Hence the branched surfaces in this finite collection
are also properly taut.

Lemma 3.3.22. Let M be a compact oriented irreducible 3-manifolds with toral
boundary and B be a properly taut homology RIB in M . Define X as M̊\NB which
is considered as a sutured manifold. Then X is taut and no component of X is a
D × I.

Proof. Since B is a properly taut RIB, there exists a properly taut surface S fully
carried by B. As in [50, Section 6], we replace S by 2S and isotope S so that S
contains ∂hNB. Denote LS be the product sutured manifold obtained by splitting
NB along S − intS(∂hNB) where intS(∂hNB) is the interior of ∂hNB in S. Do a
sutured decomposition for M along S to obtain a taut sutured manifold F =M\\S.
Then F = X ∪ LS.

Because B is a RIB, it has no disc of contact or half-disc of contact. Hence ∂vNB

is a union of product annuli and essential product disks. Because ∂vNB decompose
F into X and LS, by Lemma 3.2.7, X is taut. Since ∂vNB is a union of product
annuli and essential product disks, X can not contain a D × I.

3.4 Cable Spaces and P × S1

In this section, we prove some properties for cable spaces and P × S1 that will be
used in Section 3.6.

Definition 3.4.1. Let V0 ⊂ V be concentric solid tori. Let K be a simple closed
curve on ∂V0 having slope p/q with respect to a meridian-longitude basis, where
|q| ≥ 2. Then C(p/q) = V − int(η(K)) is a p/q-cable space. We call ∂V the
outer boundary and ∂η(K) the inner boundary of C(p/q). We denote m and l as the
meridian and the longitude of the outer solid torus on the outer boundary component.
Then there is an essential annulus A in C(p/q) such that the boundary components
of A are pm+ ql on the outer boundary component of C(p/q). We denote m0 and l0
as the meridian and the longitude of the knot K on the inner boundary component
such that A intersects the inner boundary component of C(p/q) at l0.
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Lemma 3.4.2. Let C(p/q) be a cable space. There is an orientation-preserving
homeomorphism from C(p/q) to C(p/q) mapping the inner boundary to the outer
boundary.

Proof. Since there is a non-separating annulus A, the Thurston norm of C(p/q) is
degenerate. There is also a disk F with q + 1 punctures whose boundaries are m on
the the outer boundary and q pieces of m0 on the inner boundary. Because C(p/q)
is the complement of a 2-component link γ, H2(C(p/q), ∂C(p/q)) ∼= H2(S

3, γ) ∼=
H1(γ) = Z2 where F and A are the generators in R coefficient.

Since C(p/q) is fibered with respect to F , by Thurston’s theorem about fibration
[48, Theorem 5], the double curved sum k1F + k2A is a fiber of a fibration of C(p/q)
for any k1 ̸= 0.

Especially, if we let t, s be some integers such that pt+ 1 = qs, then F + tA is a
punctured disk. This is because the boundaries of H = F + tA are m+ t(pm+ ql) =
q(sm + tl), i.e. q curves outer and qm0 + tl0, i.e. one curve inner. And the Euler
characteristic is 2− (1 + q). From the formula of Euler characteristic

χ(H) = 2− g(H)− |∂H|

we know g(H) = 0 and hence H is a punctured disk. If we take a Dehn filling of
slope sm+ tl on the outer boundary, we obtain a disk bundle over S1 which is a solid
torus with a reverse orientation. Now we only need to consider how the core of the
filling looks like in this solid torus. Because sm + tl intersects the outer boundary
pm+ ql of the annulus A once, A can be extended to the core of the filling.

We let (qm0 + tl0) and (pm0 + sl0) be the new meridian m′ and longitude l′ of
the inner boundary of C(p/q). Then the inner boundary l0 of A can be represented
as l0 = am′ + bl′. And

q = ⟨qm0 + tl0, l0⟩ = ⟨m′, l⟩ = ⟨m′, am′ + bl′⟩ = b

p = ⟨pm0 + sl0, l0⟩ = ⟨l′, l⟩ = ⟨l′, am′ + bl′⟩ = −a

Therefore, l0 = −pm′+ql′. Therefore there is an orientation-reversing homeomor-
phism from C(p/q) to C(−p/q) mapping the inner boundary to the outer boundary.
By reversing the orientation of C(−p/q) we have C(p/q).

Lemma 3.4.3. If M is a surface S bundle over a circle, and S is not a disk, then
M is not a solid torus.
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Proof. We can assume S is not a sphere and we have the following exact sequence:

0 → π1(S) → π1(M) → Z → 0

Then π1(S) is a proper subgroup of π1(M) but however π1(D2 × S1) doesn’t have
nontrivial subgroup.

Definition 3.4.4. Let P be a pair of pants. We call two boundary components of
P × S1 inner boundary components and the other boundary component the outer
boundary of P ×S1. We let the boundary of P induce the meridians of the boundary
components and the S1 direction induce the longitudes of the boundary components.
We denote m, l as the meridian and longitude of the outer boundary and m1, l1 and
m2, l2 as the meridians and longitudes of the two inner boundary components.

Lemma 3.4.5. We use the notation in 3.4.4. Assume there is a non-vertical filling
on two inner boundary components of P × S1 that produces a solid torus. Then the
slopes of the fillings are k0m1 − k1l1 and k0m2 − k2l2 and the meridian of the solid
torus is a primitive element k0m+ (k1 + k2)l where gcd(k0, ki) = 1 and k0|kj, i ̸= j.

Proof. Because P × S1 is the complement of a 3-component link, H2(P × S1, ∂(P ×
S1)) ∼= Z3. Let P be a horizontal surface and A1 and A2 be vertical annuli connecting
l1 and l2 to l respectively. Then by choosing the orientation of m,m1 and m2, we
have ∂P = m + m1 + m2 and ∂Ai = l − li. Since the boundary of {P,A1, A2}
are linearly independent, {P,A1, A2} is a basis for H2(P × S1, ∂(P × S1)) in R
coefficient. Let k0, k1, k2 be integers such that gcd(k0, k1, k2) = 1 and k0 ̸= 0. Then
H = k0P + k1A1 + k2A2 is a connected surface. By Thurston’s theorem about
fibration, H is a fiber of a fibration of P × S1. If we fill the two inner boundaries
with respect to the boundary of H, we obtain Ĥ by filling disks to H and a fibration
with a fiber of Ĥ.

Because ∂H = [k0m+(k1+k2)l]+ (k0m1−k1l1)+ (k0m2−k2l2), if we denote the
multiplicities of (k0m1−k1l1) and (k0m2−k2l2) as h1 and h2, the Euler characteristic
of Ĥ is

χ(Ĥ) = χ(H) + h1 + h2 = −|k0|+ h1 + h2

If the filling is a solid torus, from Lemma 3.4.3, we have χ(Ĥ) = 1. From hi | k0,
we know that there exists i such that hi = |k0|. WLOG, we assume h1 = |k0| and
then h2 = 1. Then k0 | k1 and gcd(k0, k2) = 1.

Lemma 3.4.6. Assume there is a non-vertical filling on a boundary component of
P ×S1 that produces a T 2 × I. Then the slope of the filling is m+ nl where m and l
are the meridian and the longitude of that boundary component and n is an integer.
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Proof. This is because the filling with respect to pm+ ql is the Seifert fibered space
(A, (p, q)) with χ(A) = −1 + 1

p
and the commensurability class of Seifert manifolds

with boundary is classified by the sign of χ(A).

Definition 3.4.7. Let l and l′ be two isotopy classes of closed curves in a torus T .
We denote ∆(l, l′) as the minimal intersection number between l and l′.

Lemma 3.4.8. Let T be a torus, l and l′ be two isotopy classes of closed curves
in T and k be a positive integer. There are at most 2k different slopes a such that
1 < ∆(a, l) < k and ∆(a, l′) = 1.

Proof. Let a be as in Lemma 3.4.8.
Take a closed curve m such that ⟨m, l⟩ = 1. We represent a as xm+ yl such that

x ≥ 0. Then 1 < x < k. For each x, if ⟨a, l′⟩ = ±1, we have

x⟨m, l′⟩+ y⟨l, l′⟩ = ±1.

If there exist at least 3 different integers y such that the equality holds, we have
⟨l, l′⟩ = 0. But then l is parallel to l′ and ∆(a, l) = 1 which is a contradiction.

3.5 A Key Lemma About Euler Characteristic
and Dehn Fillings

In this section, we are going to prove a lemma which is frequently used in this chapter.

Lemma 3.5.1. Let Q̊ be a compact, orientable, irreducible, ∂-irreducible 3-manifold
with toral boundary. We divide components of ∂Q̊ into two unions: ∂0Q̊ and ∂1Q̊.
Suppose Q̊ is acoannular with respect to ∂1Q̊. Fix K as a union of some closed curves
on ∂0Q̊. Let β be a Dehn filling vector for ∂1Q̊, Qβ be the filling with respect to β and
Vβ be the union of solid tori associated to the filling. Let F be a properly embedded
connected surface in Qβ such that ∂F ∩ ∂Qβ ⊂ K, F intersects Vβ nontrivially and
F̊ = F ∩ Q̊ is incompressible and ∂-incompressible with respect to ∂1Q̊. Then for any
number h, χ(F ) < h for all sufficiently long fillings.

Proof. Because ∂Vβ are a subset of ∂Q̊, there are only finitely many possibilities of
∂Vβ. Hence we can fix ∂Vβ and vary F and β. Let F be a surface in the lemma with
χ(F ) ≥ h.

We choose a 0-efficient triangulation T for Q̊ from Section 3.3 and hence we have
a one-vertex triangulation on each component of ∂Q̊. We isotope K such that K
intersects the triangulation of the boundary of Q̊ transversely.
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Isotope F̊ to be normal with respect to the triangulation T . Among all orientable
normal surfaces isotopic to F̊ , we take the one that minimizes the weight and still
call it F . Because in a one-vertex triangulation of a torus, slopes and normal isotopy
classes of essential simple closed curves are in one-one correspondence (see Section
3.3), F still have the property that ∂F ∩ ∂Qβ ⊂ K, i.e. ∂F̊ ∩ ∂0Q̊ ⊂ K.

We express F̊ as a sum of normal fundamental surfaces of T . We partition
the set of these normal surface summands with respect to F̊ : surfaces that have
negative Euler characteristic {Vk, 1 ≤ k ≤ n} and surfaces that have nonnegative
Euler characteristic {V ′

k , 1 ≤ k ≤ m}.
By Lemma 3.3.15, no fundamental surface summand of F̊ is a disk, sphere or a

RP 2.
Let a fundamental normal surface summand V be an annulus. If the boundary

components of V are on different boundary components of Q̊, then because Q̊ is
acoannular with respect to ∂1Q̊, one boundary curve of V is on a component of ∂0Q̊.

Next we assume two components of the boundary of V are on the same torus
boundary of Q̊. Suppose the boundary of V is on a component ∂jVβ of ∂Vβ. Let
F̊ = V + F ′ in reduced form. Since F̊ has no trivial boundary curves, ∂V and ∂F ′

also has no trivial boundary curves on ∂jVβ because T restricted on ∂jVβ is a one-
vertex triangulation. From Theorem 3.3.13, the boundaries of V and F ′ have the
same slope in ∂jVβ and hence the boundary of F̊ has the same slope as V in ∂jVβ.
Because there are only finitely many fundamental surfaces, especially fundamental
annuli, we can exclude the slopes of the boundary of fundamental annuli on ∂Vβ
from the choices of β. Therefore, there is no fundamental annulus summand whose
boundary component on ∂jVβ is the same as F̊ , which means the boundary of V is
not on a component of ∂Vβ.

Let V be a Mobius strip. Because of the finiteness of fundamental Mobius strips,
we can exclude the slopes of the boundary of fundamental Mobius strips on ∂Vβ from
the choices of β. Then we can suppose the boundary component of V is not on ∂Vβ.

In conclusion, if V is a fundamental normal surface summand with nonnegative
Euler characteristic, V can only be an annulus, a torus or a Klein bottle. Unless
V is an annuli whose boundary meets ∂0Q̊, V contribute trivially for the length of
∂F̊ ∩ ∂Vβ.

Because of Lemma 3.3.5, the number of different fundamental surfaces is finite
depending on M and the triangulation, which we denote as N1. So we can write each
F̊ as

∑
njVj +

∑
n′
kV

′
k where Vj and V ′

k are fundamental surfaces with negative and
nonnegative Euler characteristic, respectively.

Hence
χ(F̊ ) =

∑
njχ(Vj) +

∑
n′
kχ(V

′
k).
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Denote the number of components of ∂R∩ ∂sVβ as es where ∂sVβ is a component
of ∂Vβ. Then χ(F ) = χ(F̊ ) +

∑
es =

∑
njχ(Vj) +

∑
n′
kχ(V

′
k) +

∑
es.

Because we assume χ(F ) ≥ h and χ(V ′
k) = 0, we have∑

es = χ(R̂)−
∑

njχ(Vj)−
∑

n′
kχ(V

′
k) ≥ h−

∑
njχ(Vj) ≥ h+

∑
nj

Because |∂Vβ| ≤ |∂1Q̊| ∆
= N3, there exists one s0 such that

es0 ≥
h+

∑
nj

N3

.

Hence if we denote the boundary of Vj and V ′
k in ∂s0Vβ as lj and l′k respectively,

∂R ∩ ∂s0Vβ is
∑
njlj +

∑
n′
kl

′
k. Therefore

L(∂R ∩ ∂s0Vβ) =
∑

njL(lj) +
∑

n′
kL(l

′
k)

Let ms0 be a component of ∂R ∩ ∂s0Vβ. Then

L(ms0) ≤
∑
njL(lj) +

∑
n′
kL(l

′
k)

es0

≤ N3

h+
∑
nj

[
∑

njL(lj) +
∑

n′
kL(l

′
k)]

Because at most L(K)
∆
= N2 annuli have nontrivial slopes on ∂s0Vβ,

∑
n′
kl

′
k

have finitely many possibilities. Since the choice of {nj} with
∑
nj < −2h can

only produce finitely many different slopes
∑
njL(lj) on ∂Vβ, we know that slopes

coming from
∑
njL(lj) +

∑
n′
kl

′
k under

∑
nj < −2h are a finite set. Hence for

sufficiently long fillings, we can assume
∑
nj ≥ −2h and

∑
nj ≥ 1. Then we have

h+
∑
nj ≥

∑
nj/2 and therefore

L(ms0) ≤ N3∑
nj/2

[
∑

njL(lj) +
∑

n′
kL(l

′
k)]

= 2N3[

∑
njL(lj)∑
nj

+

∑
n′
kL(l

′
k)∑

nj

]

≤ 2N3[max{L(lj)}+
∑

n′
kL(l

′
k)]

≤ 2N3[max{L(lj)}+N2max{L(l′k)}]

Because there are N1 different fundamental normal surfaces in M ′, we can have
an upper bounds N4 for L(lj) and L(l′k). Therefore,

L(ms0) ≤ 2N3(N2 + 1)N4.
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Because a closed curve on a triangulated boundary component with bounded
length only have finitely many different possibilities, this means the theorem holds
for all sufficiently long fillings.

By using Lemma 3.5.1, we are able to prove Theorem 3.1.6.

Theorem 3.1.6. If M is an orientable, irreducible, ∂-irreducible, acoannular 3-
manifold with toral boundary, M(β) is irreducible, ∂-irreducible, acoannular for all
sufficiently long fillings.

Proof. Suppose M(β) has an essential sphere, disk or annulus whose boundary curves
are on distinct boundary components of M . Denote it as S. Since M is irreducible,
∂-irreducible and acoannular, S intersects the filling solid tori Vβ. Isotope S so that
S has minimal intersection with Vβ and let S̊ be M ∩ S. It is well known that S̊ is
incompressible and ∂-incompressible in M whose boundary curves on ∂iM has slope
βi if βi ̸= ∞ (see [20, Lemma 3] or [30, Lemma 4.1]).

We are going to apply Lemma 3.5.1. We think of M as Q̊, M(β) as Qβ, S as
F , S̊ as F̊ and ∂M as ∂1Q̊. Then by letting h = 0, we know that χ(S) < 0 for all
sufficiently long fillings.

Hence for all sufficiently long fillings, M(β) cannot have any essential sphere,
disk or annulus whose boundary curves are on distinct boundary components of M .

3.6 Solid Torus Fillings and Link Complements
The point of this section is to prove Theorem 3.1.5 by Lemma 3.6.1 which will also
be used in Section 3.8.

Lemma 3.6.1. Let M be an irreducible, ∂-irreducible manifold with toral boundary
one of which is denoted as T . Furthermore, M is not T × I and acoannular with
respect to ∂M\T . Then the following holds:

1. There is another boundary component T ′ of M such that all annuli having
essential boundary curves in distinct components of ∂M have isotopic boundary
curves lT on T and l′T on T ′.

2. If M is acoannular, any sufficiently long fillings on all boundary components
except T is not a solid torus.
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3. For a sufficiently long filling that is a solid torus, the meridian of the solid
torus is also sufficiently long.

4. There exists a constant number K depending on M , such that for any suffi-
ciently long filling on all boundary components except T that is a solid torus,
the meridian of such solid torus is in the subset {m|1 < ∆(m, lT ) < K}.

Proof. 1. Suppose there are at least two non-isotopic annuli A1 and A2 having
essential boundary curves in distinct components of ∂M .

Because A1 ∩ A2 consists of arcs and closed curves, the algebraic intersection
number of ∂A1 and ∂A2 is 0. If one boundary curve of A1 intersects a boundary curve
of A2 nontrivially, then another boundary curve of A1 intersects another boundary
curve of A2 nontrivially. By the assumption, one boundary curve C1 of A1 (and C2

of A2, respectively) is in T .
If C1 and C2 intersect nontrivially, then the other boundary curves C ′

1 and C ′
2

of A1 and A2 also intersect nontrivially in a component T ′ of ∂M . Among all such
annuli, assume A1 and A2 have the minimal number of intersection components. If
one component of A1∩A2 bounds a disk in A1, then this component also bounds a disk
in A2 because otherwise we can have an essential disk. Then by the irreducibility
of M , we can isotope A1 and A2 to reduce |A1 ∩ A2| (because Ai has nontrivial
boundary). If one component of A1 ∩A2 is an arc bounding a boundary-disk in A1,
then because A2 has essential boundary curves in distinct components of ∂M , this
arc also bounds a disk in A2. Similarly, this is a contradiction. Also we can show
that there is no essential closed curve in A1∩A2 by using double curved sum. Hence
A1 ∩ A2 is a union of essential arcs in both A1 and A2.

We cut M along A1 to have a new irreducible manifold M ′ with toral boundary
and in the same time we cut along A2 into pieces of disks, A′

2. Then the (geometric)
intersection number of ∂A′

2 and C1 is the intersection number of C2 and C1. Hence
we have an essential disk and from the irreducibility of M ′, M ′ is a solid torus and
the union of the sutures A′

1 from A1 on ∂M ′ is a pair of parallel annuli. Denote the
core of A′

1 as pm+ ql with respect to the meridian and longitude of the solid torus.
If q = 1, M is T × I, a contradiction. Hence q > 1 and M is a cable space C(p/q).

Since C(p/q) is inside S3, C(p/q) is a 2-component link complement and hence
H2(C(p/q), ∂C(p/q)) ∼= Z2. Because we already find two annuli with non-homologous
boundary, the Thurston norm on H2(C(p/q), ∂C(p/q)) is 0. However C(p/q) fibers
over S1 with a fiber of a q-punctured disk, which means the Thurston norm is non-
trivial. This is a contradiction.

If C1 and C2 are parallel, then by gluing A1 and A2 we have a new annuli A′.
If the components of the boundary of A′ are in different components of ∂M\T , this
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violate the assumption. Hence the components of the boundary of A′ are in the same
component of ∂M and ∂A1 is isotopic to ∂A2.

In conclusion, all annuli having essential boundary curves in distinct components
of ∂M have isotopic boundary.

2. We fix a 0-efficient triangulation T of M . For any filling M(β) that is a solid
torus, we take an essential disk D.

There is an embedded, essential, normal, surface R with boundary slope β in
(M ,T ) such that:

• R(β) is defined and is equivalent to D in M(β),

• R(β) meets Vβ in the minimal number of components among all embedded,
essential surfaces in M(β) that are isotopic to D, and

• if R′ is an embedded, essential, normal surface that is either closed or has
boundary slope β in (M ,T ) and R′(β) satisfies i and ii, then wt(R) ≤ wt(R′);
i.e., R is least weight in (M, T ) with respect to conditions i and ii.

By Lemma 3.3.15, we can write R as
∑
njVj +

∑
n′
kV

′
k +

∑
Ai where each sum-

mand is fundamental, χ(Vj) < 0, V ′
k is either a torus or Klein bottle and Ai is an

annulus or a Mobius band.
By Lemma 3.3.13, we can assume there is no Ai which is a Mobius band or

an annulus with both its boundary curves in the same component of ∂M\T for
sufficiently long fillings. Hence we can assume that Ai is an annulus with its boundary
curves in distinct components of ∂M or both in T . Because M is acoannular with
respect to ∂M\T , a component of ∂Ai is in T . By the part (1) of Lemma 3.6.1,
there is another boundary component T ′ of M such that all annuli having essential
boundary curves in distinct components of ∂M have isotopic boundary curves lT on
T and l′T on T ′. We divide {Ai} into two sets {A′

i} and {A′′
k} where each A′

i has a
boundary curve in T ′ and each A′′

k has both boundary curves in T .
We have

χ(R) =
∑

njχ(Vj) +
∑

χ(A′
i) +

∑
χ(A′′

k).

Denote the number of components of ∂R∩ ∂sM as es where ∂sM is a component
of ∂M except T . Then χ(R(β)) = χ(R) +

∑
es =

∑
njχ(Vj) +

∑
es.

Because χ(R(β)) = 1, we have∑
es = χ(R(β))−

∑
njχ(Vj) = 1−

∑
njχ(Vj) ≥ 1 +

∑
nj

Because |∂M | ∆
= N2 is finite, there exists one s0 such that

es0 ≥
1 +

∑
nj

N2

.
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If we denote the boundary of Vj and A′
i in ∂s0M as lj and l′i respectively, lj and l′i

have the same type in ∂s0M (see Definition 3.3.12). Furthermore l′i = l if ∂s0M = T ′

otherwise l′i = 0.
If ∂s0M ̸= T ′, ∂R ∩ ∂s0M is

∑
njlj. Therefore

L(∂R ∩ ∂s0M) =
∑

njL(lj)

Let ms0 be a component of ∂R ∩ ∂s0M . Because T restricted on ∂s0M is a
one-vertex triangulation, we have

L(ms0) =

∑
njL(lj)

es0

≤ N2

1 +
∑
nj

[
∑

njL(lj)]

≤ N2[
∑

L(lj)]

which is bounded by the finiteness of fundamental surfaces. Therefore this cannot
happen for sufficiently long fillings.

3. Suppose there exists a sequence of sufficiently long fillings that are solid tori
whose meridian are bounded. If ∂s0M = T ′, let ms0 be a component of ∂R ∩ ∂s0M .
We have

L(ms0) ≤
∑
njL(lj) +

∑
A′

i
L(lT ′)

es0

≤ N2

1 +
∑
nj

[
∑

njL(lj) +
∑
A′

i

L(lT ′)]

≤ N2[
∑

L(lj) +
∑
A′

i

L(lT ′)]

Because the meridian of solid torus is bounded, the number of A′
i is bounded

(this is because the boundary are in the same type). Hence L(ms0) is still bounded,
which is a contradiction.

4. We still consider ∂s0M = T ′.
For each normal curve c in T ′, we denote L′(c) as the geometric intersection

number of c′ with lT ′ . Then L′(l1 + l2) ≤ L′(l1) + L′(l2). So we have

L′(∂R ∩ T ′) ≤ L′(
∑

njlj)

≤
∑

njL
′(lj)
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Let ms0 be a component of ∂R ∩ T ′. Then

L′(ms0) ≤
∑
njL

′(lj)

es0

≤ N2

1 +
∑
nj

[
∑

njL
′(lj)]

≤ N2[
∑

L′(lj)]

Hence the geometric intersection number of ∂R ∩ T ′ and lT ′ is bounded.
If a is an arc of intersection between the surfaces R and Ai, at each endpoint we

know that the regular switch along a follows the given orientation on the boundary
curves. We follow the regular switch along a through the interior of the orientable
manifold M and see that the two endpoints of a are intersections with opposite
algebraic sign. If we consider all of the arcs of intersection, we know that the algebraic
intersection number between lT ′ and ∂R∩T ′ is the opposite of the one between lT and
∂R∩ T . Therefore, we show that the algebraic intersection number between ∂R∩ T
and lT is bounded. Because on a torus, the absolute value of the algebraic intersection
number is the geometric intersection number, so the geometric intersection number
between ∂R ∩ T and lT is also bounded.

If the intersection number between ∂R ∩ T and lT is 1, then the geometric inter-
section number between ∂R ∩ T ′ and lT ′ is also 1. Hence the slope on T ′ intersects
lT ′ once. Let A be an annulus whose boundary curves are on T and T ′. Drop the
Dehn filling coefficient on T ′ from β to have a Dehn filling vector β′ on all boundary
components except T and T ′. Because M is ∂-irreducible, A is incompressible. We
cut M along A to have a new irreducible manifold M ′. If M ′ is a solid torus, the
meridian is the same as ∂R ∩ T and hence M is T × I, a contradiction. Hence M ′

is ∂-irreducible. If we cut M(β) along A, we will have a new solid torus which also
can be seen as coming from the filling M ′(β′). Because there is no embedded annuli
having essential boundary curves in distinct components of ∂M except T , M ′ is not
a T × I. If we denote the boundary component of M ′ coming from T and T ′ as T0,
there is no embedded annuli having essential boundary curves in distinct components
of ∂M ′ except T0. If M ′ is acoannular, by Lemma 3.6.1(2), M ′(β′) is not a solid torus
for sufficiently long fillings. So we suppose that there is an embedded annulus having
essential boundary curves in distinct components of ∂M ′. We denote its boundary
curve on T0 as lT0 and choose a mT0 such that it intersects lT0 once, then there exists
a constant K ′ such that the meridian of M ′(β′) is xmT0 + ylT0 where |x| ≤ K ′.

Here is an observation: if we glue a P ×S1 to M ′ by mapping the longitude l2 of
an inner boundary component to the result of lT in T ′, we recover M . In this new
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point of view, the meridian of M(β) is m0 + kl0 on the outer boundary of P × S1

by using the same notation in Defintion 3.4.4. Hence by Lemma 3.4.5, the slope on
T ′ is m2 − k2l2. Therefore, the algebraic intersection number ⟨xmT0 + ylT0 , l2⟩ = 1
which means

x⟨mT0 , l2⟩+ y⟨lT0 , l2⟩ = 1.

If this equality holds for infinite sufficiently long fillings, because xmT0 + ylT0 is
sufficiently long and x is bounded, y must vary over infinitely many different values.
Hence ⟨lT0 , l2⟩ = 0 which means lT0 is parallel to lT ′ and we have an embedded annuli
connecting T0 and T ′, a contradiction.

In conclusion, we show that Lemma 3.6.1 is true.

With the help of this lemma, we are able to prove the following proposition:

Proposition 3.6.2. Let M be a compact, irreducible, ∂-irreducible, acoannular man-
ifold with boundary a disjoint union ⊔k

i=1Ti of k tori. Then there exist sets of slopes
Ei on Ti with |Ei| < ∞, 1 ≤ i ≤ k, having the property that if M(β) is a S3, then
βi ∈ Ei for some i ∈ I, i.e. M(β) is not a S3 for all sufficiently long fillings.

Proof. We decompose M into many pieces of atoroidal manifolds Ni by cutting along
a maximal collection of non-parallel, non-∂-parallel tori {Ti}.

Fix a fake boundary component T ′ (if M has one). For each M(β) such that T ′

bounds a solid torus on each side of T ′, we cut M along T ′ to have two manifold M ′

and M ′′ such that M = M ′ ∪T M
′′. Since M is acoannular, M ′ and M ′′ satisfy the

condition of Lemma 3.6.1 with respect to T ′. If one of M ′ and M ′′ is acoannular,
there are no sufficiently long solid torus filling for that manifold. Otherwise, by
choosing Ei, there are constants K ′ and K ′′ such that for any sufficiently long solid
torus filling of M ′ and M ′′, the meridian m′ (and m′′) of such solid torus is in the
subset {m|1 < ∆(m, l′) < K ′} and {m|1 < ∆(m, l′′) < K ′′} respectively where l′
and l′′ are some slopes on T ′. Hence we can represent m′ and m′′ as x′a′ + y′l′ and
x′′a′′ + y′′l′′ where the algebraic intersection ⟨a′, l′⟩ = 1, ⟨a′′, l′′⟩ = 1, 1 < |x′| < K ′

and 1 < |x′′| < K ′′. Because M(β) is a sphere, we have ∆(m′,m′′) = 1. However we
have

⟨m′,m′′⟩ = ⟨x′a′ + y′l′, x′′a′′ + y′′l′′⟩
= x′x′′⟨a′, a′′⟩+ y′x′′⟨l′, a′′⟩+ x′y′′⟨a′, l′′⟩+ y′y′′⟨l′, l′′⟩

Therefore

y′x′′⟨l′, a′′⟩+ x′y′′⟨a′, l′′⟩+ y′y′′⟨l′, l′′⟩ = ±1− x′x′′⟨a′, a′′⟩
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For each x′ and x′′ the equation looks like

k1y
′y′′ + k2y

′ + k3y
′′ = k4

⇔ k21y
′y′′ + k1k2y

′ + k1k3y
′′ = k1k4

⇔ (k1y
′ + k3)(k1y

′′ + k2) = k1k4 − k2k3

If k1 ̸= 0 and k1k4 − k2k3 ̸= 0, this equation only has finite integer solutions
(y′, y′′). If k1 ̸= 0 and k1k4 − k2k3 = 0, we have y′ = −k3/k1 or y′′ = −k2/k1.
By Lemma 3.6.1(3), this can not happen for sufficiently long fillings. If k1 = 0,
this means ⟨l′, l′′⟩ = 0, i.e., l′ is parallel to l′′. However we note that l′ and l′′ are
boundary curves of some essential annuli A′ and A′′ whose boundary curves are in
distinct components of M ′ and M ′′ respectively. So if we glue A′ and A′′ via l′

and l′′, we obtain an essential annulus whose whose boundary curves are in distinct
components of M which is a contradiction.

If there is a true boundary component T ′ bounds a solid torus on each side of T ′,
T ′ is a true boundary component Ti of M . Hence if we let β−i = (β1, . . . , β̂i, . . . , βk),
M(β−i) is a solid torus. By Lemma 3.6.1(2), this can not happen for sufficiently long
fillings.

By varying all the fake and true boundary components, we can show that no fake
or true boundary component T ′ bounds a solid torus on each side of T ′ for sufficiently
long fillings M(β). Therefore there exists a fake or true boundary component T ′ such
that the solid torus bounded by T ′ can not be contained in the solid torus bounded
by any other fake or true boundary components. Let N be the basic part whose
boundary contains T ′ and lie on the different side from the solid torus. Therefore,
each component of its boundary bounds a solid torus outer N in M(β). We denote
the meridian of the solid torus bounded by a component ∂iN as αi and the vector
of αi as α. Then M(β) is homeomorphic to N(α). Since M(β)\N is a union of
solid tori, and each component of M\N is acoannular with respect to all but one
boundary components, by Lemma 3.6.1(3), when β is sufficiently long, α is also
sufficiently long.

If N is hyperbolic, by Thurston’s Dehn surgery theorem [49, Theorem 5.8.2],
N(α) is hyperbolic and hence not a solid torus for sufficiently long α.

Now we assume N is Seifert fibered. We need the following proposition and
corallary:
Proposition 3.6.3 ([33, Proposition 10.3.15]). Let M be the Seifert manifold
(S, (p1, q1), . . . , (ph, qh)) over an orbifold S. The homology group H1(M,Z) is finite
⇐⇒ one of the following holds:
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• S = S2 and e ̸= 0, and we get |H1(M,Z)| = |e|p1 . . . ph;

• S = RP 2, and we get |H1(M,Z)| = 4p1 . . . ph,

where e is the Euler number of the fibration

e =
h∑

i=1

qi
pi
.

Corollary 3.6.4 ([33, Corollary 10.3.16]). For every set p1, . . . , ph of pairwise co-
prime integers pi ≥ 2 there is a unique homology sphere Σ(p1, . . . , ph) Seifert-fibering
over (S2, (p1, q1), . . . , (ph, qh)). Every homology sphere Seifert manifold arises in this
way.

Hence if (S, (p1, q1), . . . , (ph, qh)) is S3, we have that S = S2, p1, . . . , ph are
pairwise coprime and S3 ∼= Σ(p1, . . . , ph). Because Σ(2, 3, 5) is the Brieskorn ho-
mology sphere and Σ(p1, . . . , ph) has infinite fundamental group for all choices of
(p1, . . . , ph) with h ≥ 3 except (2, 3, 5), We have h = 1, 2 and N(α) = (S2, (p1, q1))
or (S2, (p1, q1), (p2, q2)).

EitherN(α) = (S2, (p1, q1)) orN(α) = (S2, (p1, q1), (p2, q2)), we can pick a bound-
ary component T ′ of N such that T ′ bounds a solid torus on each side of T ′. By
the assumption we make, T ′ is a true boundary component Ti of M and hence if we
let β−i = (β1, . . . , β̂i, . . . , βk), M(β−i) is a solid torus. By Lemma 3.6.1, this can not
happen for sufficiently long fillings.

In conclusion, we prove the proposition.

By using this proposition, we can prove Theorem 3.1.5.

Definition 3.6.5. If K1 is a knot, with regular neighborhood η(K1), and K2 is an
essential simple closed curve on ∂η(K1) which is not a meridian of η(K1), then we
say that the 2-component link K1 ∪K2 is coaxial. Let L0 be the set of links L such
that no component of L is unknotted and no 2-component sublink of L is coaxial.

Theorem 3.1.5 (Cf. [17, Theorem 1.1]). The number of links in L0 with a given
complement is finite.

This is equivalent to

Theorem 3.6.6. Let M be a 3-manifold with boundary a disjoint union of k tori,
k ≥ 1. Then the number of slope vectors β such that M(β) is homeomorphic to S3

and Lβ ∈ L0 is finite.
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Before proving the theorem, we need the following lemma in [17].

Lemma 3.6.7. Let L be a 2-component link in S3 such that M\η(L) is coannular.
Then either some component of L is unknotted or L is coaxial.

Proof of Theorem 3.6.6. This proof is modified from the proof of Theorem 1.2 in
[17].

We prove the theorem by induction on the number of boundary components k.
k = 1. This is the Knot Complement Conjecture [32].
k > 1. Let S = {β|M(β) ∼= S3 and Lβ ∈ L0}.
First suppose that M is reducible. Then M is a non-trivial connected sum

M ′#M ′′. Let k′, k′′ be the number of boundary components of M ′,M ′′ respectively.
Since we may assume that M embeds in S3, we have k′ ≥ 1, k′′ ≥ 1. Also, with
the obvious notation, it is clear that β ∈ S if and only if β′ ∈ S ′ and β′′ ∈ S ′′.
Hence, assuming by induction on k that the theorem holds for M ′ and M ′′, we have
|S| ≤ |S ′||S ′′| which is finite.

So we may suppose that M is irreducible. First let M be coannular, if M(β) is
S3, there are 2-component sublink L′ of Lβ such that S3\η(L′) is coannular. Hence
by Lemma 3.6.6, Lβ ̸∈ L0. So S = ∅.

So we assume M is acoannular. Let Ei, 1 ≤ i ≤ k, be sets of slopes on the
boundary components of M as in Proposition 3.6.2. Then, by Proposition 3.6.2,
S = ∪k

j=1Sj, where Sj = {β ∈ S|βj ∈ Ej}, 1 ≤ j ≤ k.
Fix j, pick αj ∈ Ej, and let Sj(αj) = {β ∈ S|βj = αj}. Applying the inductive

hypothesis to M(αj) and noting that a sublink of a link in L0 is also in L0, we
have Sj(αj) < ∞. Because there are only finitely many elements in Ej for each j,
|S| ≤

∑
j |Sj| ≤

∑
j

∑
αj
|Sj(αj)| <∞.

3.7 Dehn Fillings and the Thurston Norm
We will use taut normal surfaces and branched surfaces in a 0-efficient triangulation
and taut sutured manifolds to prove the following generalization of [6, Theorem 4.6].

Let M̊ be a compact orientable irreducible acoannular 3-manifold whose boundary
components are tori. Given each β = (β1, . . . βr) where βi determines a Dehn filling
to ∂iM̊ , we denote the manifold obtained by these specified fillings by Mβ. We let
Cβ be the union of the cores of the filling where Cβ = ∪i:βi ̸=∞Ci.

We have a long exact sequence for (Mβ, M̊):

· · · → H1(Mβ, M̊) → H1(Mβ) → H1(M̊) → · · ·
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By the excision lemma, H1(Mβ, M̊) ∼= H1(η(Cβ), ∂η(Cβ)) = 0. Hence we have a
short exact sequence: 0 → H1(Mβ) → H1(M̊).

Therefore, by the Poincare duality, we know that the restriction

ρβ : H2(Mβ, ∂Mβ) → H2(M̊, ∂M̊)

is a monomorphism.
ρβ can also be defined by using properly embedded surfaces. If ẑ ∈ H2(Mβ, ∂Mβ)

is represented by a properly embedded surface S that is transverse to Cβ, then ρβ(ẑ) =
z is represented by S̊ = S ∩ M̊ .

Definition 3.7.1. The winding number of Cβ about a homology class H2(Mβ, ∂Mβ)
is defined to be

windCβ(ẑ) =
∑

i:βi ̸=∞

|⟨[Ci], ẑ⟩|.

The winding number enables the following inequality.

Lemma 3.7.2 (Cf. [6, Lemma 1.1]). Let M̊ be a compact, orientable, irreducible 3-
manifold whose boundary is a union of tori. Let β be a Dehn filling coefficient for M̊ .
If Mβ has no S1 ×D2 or S1 × S2 summands, then for all classes ẑ ∈ H2(Mβ, ∂Mβ),

x(z) ≥ x(ẑ) + windCβ(ẑ) (3.2)

where ρβ(ẑ) = z.

Proof. It suffices to prove the inequality for integral classes. In this case, there exists
a properly norm-minimizing surface S̊ ⊂ M̊ such that [S̊] = z, and all components
of ∂S̊ ∩ ∂iM̊ are coherently oriented curves, each of slope βi if βi ̸= ∞. If some
component of S̊ is a sphere or disk, then it persists into Mβ as a non-separating
sphere or disk, contrary to our hypotheses. Hence S̊ has no sphere or disk component
and χ−(S̊) = −χ(S̊).

Cap off the components of ∂S̊ related to βi ̸= ∞ in Mβ with disks to obtain the
surface S. For i such that βi ̸= ∞, we have

|∂S ∩ ∂iM | = |S ∩ Ci| = |⟨[Ci], ẑ⟩| (3.3)

since the components of ∂TS are coherently oriented. Because Mβ contains no non-
separating sphere or disk, −χ(S) = χ−(S) ≥ x(ẑ). Consequently,

x(z) = −χ(S̊) = −χ(S) + windCβ(ẑ) ≥ x(ẑ) + windCβ(ẑ).
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In the following, we are going to find out when the inequality is actually an
equality.

Definition 3.7.3. If there exists a class ẑ ∈ H2(Mβ, ∂Mβ) for which Equality (3.2)
fails, then we say the Dehn filling vector β is a norm-reducing Dehn filling vector,
the class z = ρβ(ẑ) ∈ H2(M̊, ∂M̊) is a norm-reducing class with respect to the norm-
reducing β, and the class ẑ ∈ H2(Mβ, ∂Mβ) is a norm-reducing class with respect to
Cβ.

We will prove the generalization of [6, Theorem 4.6].

Theorem 3.7.4 (Cf. [6, Theorem 4.6]). Let M̊ be a compact orientable irreducible
acoannular 3-manifold whose boundary components are tori. Then for sufficiently
long β, β is not norm-reducing.

From Equation (3.3), we know that a class z = ρβ(ẑ) ∈ H2(M̊, ∂M̊) is norm-
reducing with respect to β if the following holds: there is a properly norm-minimizing
surface S̊ in M̊ such that each components of ∂S̊∩∂iM̊ is of slope βi if βi ̸= ∞. Cap
off the components of ∂S̊ related to {∂iM̊ |βi ̸= ∞} in Mβ with disks to obtain the
surface S. Then S is a properly norm-minimizing surface.

Hence it is sufficient to prove the following theorem.

Theorem 3.1.2. Let M̊ be a compact orientable irreducible acoannular 3-manifold
whose boundary components are tori. Let β be a Dehn filling vector for M̊ and S̊
is a properly norm-minimizing surface in M̊ such that each component of ∂S̊ ∩ ∂iM̊
is of slope βi if βi ̸= ∞. Cap off the components of ∂S̊ related to {∂iM̊ |βi ̸= ∞} in
Mβ with disks to obtain the surface S. Then for sufficiently long β, S is a properly
norm-minimizing surface.

Proof of Theorem 3.1.2. If M̊ is not ∂-irreducible, M̊ is a solid torus. For all suf-
ficiently long Dehn fillings, Mβ are Lens spaces which do not have homologically
nontrivial surfaces. Hence in the following, we assume M̊ is ∂-irreducible.

We fix a 0-efficient triangulation T of M̊ from Section 3.3. By Theorem 3.3.21,
there is a finite collection B1 . . . ,Bn of taut homology RIBs in M̊ so that for each
class of H2(M̊, ∂M̊) there exists a properly norm-minimizing surface of the class fully
carried by one of the RIBS of the collection up to isotopy.

We let S̊ and β be as in the statement and for convenience denote S by Sβ. Let B
be the RIB that fully carry S̊. The notion of “sufficiently long filling” will depend on
the particular branched surface B, but finiteness of the number of branched surfaces
provides a uniform notion of sufficiently long filling, independent of B. We continue
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to write N = NB for the fibered neighborhood of B in M̊ . Divide ∂M̊ into the tori
that meet B – called ∂BM̊ – and the rest, ∂FM̊ (F for “floating”).

Let Vβ be the union of solid tori associated to the fillings, Mβ = M̊ ∪ Vβ. We
write V B

β and V F
β for the solid tori that meet and do not meet B, respectively. We

remark that ∂V F
β ⊂ ∂FM̊ and ∂V B

β ⊂ ∂BM̊ with this containing being proper if
there are unfilled boundary components of M̊ for β.

As in [50, Section 6], we replace S̊ by 2S̊ and isotope S̊ so that S̊ contains
∂hNB. Do a sutured decomposition for M̊ along S̊ to obtain a taut sutured manifold
F = M̊\\S̊ and a sutured decomposition for Mβ along Sβ to obtain a sutured
manifold Fβ = Mβ\\Sβ. Let X = M̊\NB which is a sutured manifold and set
Xβ = X ∪ V F

β . By Lemma 3.3.22 X is taut and no component of X is a D × I.
We shrink X a little bit inside such that X does not intersect ∂BM̊ . Let LS

denote the product sutured manifold F\X. Then the sutures of LS are in the union
of ∂BM̊ and the annuli sutures of ∂X. Denote the components of LS which do not
intersect ∂V B

β as LF
S and those which intersect the boundary as LB

S .
Before continuing the proof, we need the following results.
The following theorem is a generalization of the [13, Theorem 1.8] which is not

stated in its original form.
Theorem 3.7.5. Let (N̊ , R+, R−, γ) be a taut sutured manifold, T (γ) be toral com-
ponents of γ, and β be a Dehn filling vector for T (γ). If N̊ is compact, orientable,
irreducible and acoannular with respect to T (γ), then the filling Nβ with respect to β
is taut for all sufficiently long fillings.

Proof. Nβ is a sutured manifold (Nβ, R+, R−, γ
′) where γ′ ⊂ γ. Let Vβ be the union

of solid tori associated to the filling Nβ = N̊ ∪ Vβ. Then ∂Vβ ⊂ T (γ). We denote
T 1(γ) as ∂Vβ and T 0(γ) as T (γ)\∂Vβ. We know that γ′ = T 0(γ) ∪A(γ) where A(γ)
consists of annulus components of γ.

Suppose Xβ is a non-taut sutured manifold for a Dehn filling vector β. Then there
is a properly taut surface (F, ∂F ) in (Nβ, γ

′) such that [F ] = [R+] in H2(Nβ, γ
′) and

χ−(F ) < χ−(R+). Because F is homologous to R+, ∂F is homologous to ∂R+ in
H1(γ

′). Since R+ is disjoint with T 0(γ), F is also disjoint with T 0(γ).
We isotope F so that F intersect Vβ in meridian disks and the number of disks

is minimal. Because R+ is taut in N̊ , F can not be disjoint with Vβ. Hence if we
let F̊ = F ∩ N̊ , F̊ meets T 1(γ). Double N̊ have Ñ := D(N̊) and we distinguish two
pieces of N̊ as N̊ and N̊ ′ such that F̊ ⊂ N̊ . We fill T 1(γ) ⊂ N̊ with respect to β to
have Ñβ and hence Ñβ = Nβ ∪ N̊ ′.

We are going to apply Lemma 3.5.1. Let Fi be a component of F such that F
meets T 1(γ). We think of Ñ as Q̊, Ñβ as Qβ, Fi as F , T 1(γ) as ∂1Q̊, (T 1(γ))′ ∪



CHAPTER 3. SUFFICIENTLY LONG DEHN FILLINGS 102

D(A(γ)) as ∂0Q̊ and the union of the cores of A(γ) as K. Since Ñ is compact,
orientable, irreducible and acoannular with respect to T 1(γ), by letting h = χ(R+),
we know that χ(Fi) < χ(R+) for all sufficiently long fillings. In this case, we have
χ−(F ) ≥ χ(Fi) > χ−(R+) which contradicts the assumption χ−(F ) < χ−(R+).

Lemma 3.7.6. Denote a component of the horizontal surface of LB
S as R̊. Let R̂ be

the union of R̊ with any disk components of Sβ\R̊. For any number h, χ(R̂) < h for
all sufficiently long fillings.

Proof. If a component of ∂R̊ bounds disks in S̊, fill R̊ with those disks and we call
the new surface R. So now R̂ is the surface from capping off R with disks in ∂V B

β .
We are going to show that R is incompressible. Suppose there is a compressing

disk D for R. Because S̊ is norm-minimizing and, therefore, incompressible, we know
that ∂D bounds a disk E in S̊. Therefore E ∩ R̊ is a punctured disk. Because we
already fill R̊ with disks in S̊ which are bounded by ∂R, E is also in R.

Similarly, R is also ∂-incompressible with respect to ∂M̊ . Suppose there is a
∂-compressing disk D for R with D ∩ R = α and D ∩ ∂M̊ = α′. By the ∂-
incompressibility of S̊, there is a disk D′ ⊂ S̊ with α ⊂ ∂D′ and ∂D′\α ⊂ ∂S̊.
In particular ∂D bounds a disk E in S̊. Because we already fill R with disks which
are bounded by ∂R, E is also in R.

Denote the union of sutures of X as s(X) and let s′(X) be the subset of sutures
that does not bound a disk in S̊. We drill out a neighborhood of s′(X) from M̊ to
obtain a new manifold M ′ with toral boundary ∂M̊ ∪∂η(s′(X)). Since we fill R̊ with
disks in S̊, we can isotope R a little bit to avoid η(s′(X)) so that R is a properly
embedded surface in M ′. We denote the union of longitudes of η(s′(X)) with respect
to the sutures of X as K. Let M ′

β = M ′ ∪ Vβ which is contained in Mβ and R̂ is a
properly embedded surface in M ′

β.
The new manifold M ′ is still irreducible. Let S2 be an essential sphere in M ′.

Since M̊ is irreducible, S2 bounds a 3-ball B in M̊ . Hence B contains some compo-
nents of s′(X). Let s0 be such a component. Since S̊ is norm-minimizing, S̊ can not
be in B. Hence S̊ intersects S2 and S̊ ∩ S2 is a union of disks. Therefore, s0 bounds
a disk in S̊ ∩ S2 ⊂ S̊ which violates the choice of s′(X).

We are going to apply Lemma 3.5.1.
We think of M ′ as Q̊, M ′

β as Qβ, R̂ as F , R as F̊ , ∂M̊ as ∂1Q̊, ∂η(s(X)) as ∂0Q̊
and K as K. Then for any number h, χ(R̂) < h for all sufficiently long fillings.

We now continue our proof of Theorem 3.1.2.
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By Theorem 3.7.5, Xβ is taut for all sufficiently long fillings. By Section 3.3, we
know that each component of LF

S is not trivial, where J is a trivial component means
J = P × I with P as a punctured disk and there is a boundary curve α of P such
that α× 0, α× 1 bound disks E0, E1 in S̊ containing P × 0, P × 1, respectively.

Since Sβ intersects V B
β in meridian disks, V B

β \\Sβ are a union of disks times an
interval. Let L̂B

S be LB
S ∪ (V B

β \\Sβ) which is still a product sutured manifold. By
taking h = −1 in Lemma 3.7.6, we know that no component of L̂B

S is trivial for all
sufficiently long fillings.

In short, for a sufficiently long filling, F = Mβ\\Sβ = Xβ ∪ LF
S ∪ L̂B

S where Xβ

is taut and LF
S ∪ L̂B

S is a product sutured manifold. Denote L̂ as LF
S ∪ L̂B

S . Then
by the discussion above, no component of L̂ is a disk times an interval. Hence by
Lemma 3.2.7 and Lemma 3.2.8, Mβ\\Sβ is taut and Sβ is a properly norm-minimizing
surface. Therefore we prove Theorem 3.1.2.

3.8 Horizontal Fillings
In this section, we prove Theorem 3.1.3. Before proving the theorem, we need some
lemmas.

Lemma 3.8.1. Suppose F is a compact surface, then F × I is irreducible if F is not
a sphere.

Lemma 3.8.2 ([45, Theorem 2.11]). Suppose F is closed. An incompressible and
boundary incompressible connected surface in F ×I is isotopic to either (a) a vertical
annulus or (b) a horizontal surface. A vertical annulus is of the form C × I where
C is an essential simple closed curve. A horizontal surface is of the form F × {t}

Lemma 3.8.3 ([33, Proposition 10.4.9]). Let M → S be a Seifert fibration and M be
irreducible. Every essential surface Σ is isotopic to a vertical or horizontal surface.

Proof of Theorem 3.1.3. Let M̊ = M\η(K) and consider ∂η(K) as the sutured tori
of M̊ . Then M ′ is acoannular with respect to the sutured tori. Because M is a
product sutured manifold, M̊ is taut.

We first suppose F is not a sphere. Assume there is a sphere S in M that separate
a proper subset K ′ of K and another K ′′. Because M is irreducible, S bounds a 3-
ball B in M . So B contains a proper subset K ′ of K. We can isotope B inside M
such that F × {1/2} can separate K ′ with other components of K. By cutting M
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along F × {1/2}, we have two pieces of F × I containing K ′ and K\K ′ respectively
which satisfy the conditions of the theorem.

Furthermore, if there is an essential sphere S does not separate K, then S bounds
a ball B containing K. Then we can shrink B to be inside a disk times I and reduce
it to the case when F is a disk.

In conclusion, we can assume M̊ is irreducible when F is not a disk and assume
there is no sphere S in M that separate K when F is a disk.

We first tackle the case when F is a disk. We glue M with a 3-ball along the
boundary to have a 3-sphere S3. Now S3\η(K) is irreducible. Because M\η(K) is
acoannular with respect to the sutured tori, so S3\η(K) is acoannular. If S3\η(K)
is ∂-irreducible, we can not have any sufficiently long fillings which is a sphere by
Proposition 3.6.2. Hence S3\η(K) is a solid torus and K is an unknot in M . Fur-
thermore, β is 1/n with respect to the frame specified by the surface F .

Now we assume F is not a disk or a sphere.
We take the guts of M̊ (see Definition 1.3.2). Note that there is no R+ of a guts

component is a disk because by the irreducibility of M̊ , it is a D× I. Hence the guts
become product sutured manifold after sufficiently long fillings which make M̊(β) a
product manifold.

Therefore we only need to prove the theorem when M̊ does not contain essential
product disks and product annuli. Furthermore we cut along all essential horizontal
surfaces which are norm-minimizing in M̊ to assume there is no essential horizontal
surface in M̊ .

When F is a torus T 2, we cut M̊ along a maximal collection of tori so that we
have basic parts {Ni} as in Definition 3.2.3. Because there is no essential horizontal
surface, by Lemma 3.8.2 we know that each fake boundary component bounds a
solid torus in M . Denote the basic part that contains T 2 × {0, 1} as N0. Then each
boundary component of N0 except T 2 × {0, 1} bounds a solid torus in M and by
Lemma 3.6.1, the meridian of each solid tori is sufficiently long for every sufficiently
long fillings.

By Lemma 3.2.6, we know that N0 is not hyperbolic. Because N0 is atoroidal and
Seifert fibered, N0 is P ×S1. Suppose N0 has a fake boundary component T and let
N1 be the component of M\T which is on the different side of N0. Then by Lemma
3.4.6, in order to have T 2 × I after filling, the meridian of the solid torus on T is
m0+nl0 where m0 and l0 is the meridian and the longitude in a boundary component
of P × S1. However by Lemma 3.6.1, N1 has an annulus A whose boundary curves
are on distinct components of the boundary and the meridian of the filling is in the
set {m|1 < ∆(m, lT ) < K}. By Lemma 3.4.8, this can not happen for sufficiently
long fillings. Hence M̊ is P × S1 and β is 1/n with respect to the frame specified by
the surface F by Lemma 3.4.6.
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When F is an annulus, by using Lemma 3.6.1 we know that the meridian of a
sufficiently long solid torus filling is in {m|1 < ∆(m, lT ) < K}. Noting that the core
l′ of F always is a longitude of the solid torus, by Lemma 3.4.8, this can not happen
for sufficiently long fillings.

In the following we assume F is not a torus, an annulus, a disk or a sphere.
We cut along a maximal collection of torus for M̊ so that we have basic parts {Ni}.
Because there is no essential torus in M , we have a basic part N0 contains F ×{0, 1}.
Then each toral boundary component of Ni is either the true boundary component
or connected to some basic parts. No matter how, sufficiently long fillings for M̊
produce distinct sufficiently long fillings for N0 by Lemma 3.6.1.

We glue F ×{0} to F ×{1} in N0 by the identity map to have a new manifold N
and in the same time glue M via mapping F×{0} to F×{1} will give us N̂ = F×S1.
We denote the cores of the filling for N as K ′.

Since F is incompressible in N̂ , F is also incompressible in N = N̂\η(K ′). Since
N0 is irreducible and ∂-irreducible, N is irreducible and ∂-irreducible.

We are going to show that N is atoroidal. Suppose there is an essential torus
T . Pick a T such that T intersect F × {0} transversely and minimally among all
such tori. If T is disjoint with F × {0}, then T bounds a solid torus or parallel to a
component of ∂η(K) in N because of the atoroidality of N0.

If a component of the intersection of F × {0} and T is trivial in F × {0}, by
the irreducibility of N , T bounds a solid torus in N . Hence we suppose F × {0}
intersects T in a union of essential closed curves and the intersection of T and F × I
is a union of annuli.

If there is an annulus A both of whose boundary components are on F × {0},
denote them as C1 and C2. Then C1 is freely homotopic, and hence isotopic, to C2.
Therefore, C1 and C2 bounds an annuli A′ in F ×{0}. Because A is two-sided, A∪A′

is also two-sided. Hence we have two torus T1 = A ∪ A′ and T2 = (T − A) ∪ A′ in
N . If T1 bounds a solid torus in N , then we can isotope T to T2 such that we reduce
the intersection with F ×{0}, a contradiction. Similarly, T2 could not bound a solid
torus. Hence there is an essential horizontal surface (F ×{0}−A′)∪A which is also
a contradiction.

Therefore, the intersection of T and F × I is a union of annuli whose boundary
curves are on different component of F ×{0, 1}. However, N0 does not have essential
product annuli, hence each annulus A bounds a 3-ball or parallels to the sutured
annuli. If one annulus A in T ∩ F × I bounds a 3-ball, by the irreducibility of N , T
bounds a solid torus. Hence all annuli in T ∩F ×I are parallel to the sutured annuli.
Because F is not an annulus, all annuli in T ∩F × I are parallel to a specific sutured
annulus. In fact, because the order of the boundary curves of annuli in T ∩ F × I is
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the same on both F × {0} and F × {1}, T ∩ F × I is just one annulus and T is a
torus parallel to the boundary, which is a contradiction.

Because N is an irreducible, ∂-irreducible, atoroidal manifold with toral bound-
ary, N is hyperbolic or Seifert fibered.

If N is hyperbolic, by Thurston’s Dehn surgery theorem [49, Theorem 5.8.2],
all sufficiently long fillings are hyperbolic. Similar in [30, Section 4.7], consider the
infinite cyclic cover Ñ of N associated to S̊. By [42], [7, Theorem 2.2.1] or [47,
Theorem 1.1], there is an ` > 0 depending only on |χ(S̊)| so that if the cores of the
filling solid tori Vβ have hyperbolic length less than ` then their lifts to Ñ × R are
level. Henceforth, we consider only β sufficiently long so that the cores of V F

β have
length less than `, which is again possible by by Thurston’s Dehn surgery theorem
[49, Theorem 5.8.2]. So K ′ can be isotoped to be horizontal in N0. Then we can cut
along many horizontal surfaces to have many pieces of F × I each of which contains
a one-component of K ′ and then cut along some product annuli to reduce F to an
annulus.

If N is Seifert fibered, since N is atoroidal, N is a cable space or P × I. Because
every non-separate surface in a cable space or P × I intersects all components of
the boundary (we can see this by calculating the boundary class for each second
homology class), K ′ is empty which is a contradiction.

Finally let us consider the case when F is a sphere. We glue two 3-balls to the
boundary of F × I to obtain a S3. Then similar to the case when F is a disk, there
is no sufficiently long filling to obtain a S3.

3.9 Sufficiently Long Fibered Fillings
By Theorem 3.1.2 and Theorem 3.1.3, we are able to prove Theorem 3.1.4.

Theorem 3.1.4. Let M̊ be a compact orientable irreducible acoannular 3-manifold
whose boundary components are tori. Then all sufficiently long fibered fillings M of
M̊ have the following form: For any fiber S of M , there is a 1-manifold C = Cℓ ⊔ Ct
such that

1. M̊ =M\C.

2. The curves Ct are transverse in M with respect to S. So M\Ct is fibered.

3. The curves Cℓ are level in M with respect to S.
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Proof. We will follow the notation in Section 3.7.
Let M̊ be as in the statement of Theorem 3.1.4. Given each β = (β1, . . . βr)

where βi determines a Dehn filling to ∂iM̊ , we denote the manifold obtained by
these specified fillings by Mβ. If M̊ is a solid torus, it does not have infinite many
fibered fillings. Hence we assume M̊ is ∂-irreducible.

Let S be the collection of all fibers of all fibered fillings of M̊ . Formally S is a
set of pairs (S, β) where β determines a filled manifold Mβ in which S is a fiber of a
fibration. Note that we do not require each boundary component of M̊ to be filled,
so some surfaces in S may have boundary. We also fix a 0-efficient triangulation T
of M̊ from Section 3.3.

Given (S, β) ∈ S, we let ẑ be the homology class of S in H2(Mβ, ∂Mβ). Under the
restriction map ρβ : H2(Mβ, ∂Mβ) → H2(M̊, ∂M̊), we have an element z = ρβ(ẑ).
We let S̊ be a properly norm-minimizing surface in M̊ representing z. Then since
z = ρβ(ẑ), each component of S̊∩M̊ is of slope βi if βi ̸= ∞. Let Ŝ be the surface by
capping off the components of ∂S̊ related to {∂iM̊ |βi ̸= ∞} in Mβ with disks. Hence
by Theorem 3.1.2, for a sufficiently long filling, Ŝ is a properly norm-minimizing
surface in Mβ. Since ρβ is a monomorphism, [Ŝ] = z = [S]. Because Mβ is a
fibration with a fiber S, S is the unique norm-minimizing surface representing [S]
up to isotopy. Therefore, Ŝ is isotopic to S and we can think of S is the surface by
capping off the components of ∂S̊ with disks.

For convenience we denote S by Sβ. As in Section 3.7, we let B be the RIB that
fully carry S̊ and divide ∂M̊ into ∂BM̊ and ∂FM̊ . Let Vβ be the union of solid tori
associated to the fillings, Mβ = M̊ ∪ Vβ. We write V B

β and V F
β for the solid tori

that meet and do not meet B, respectively. We remark that ∂V F
β = ∂FM̊ in this

case. We also have sutured manifolds F = M̊\\S̊, Fβ = Mβ\\Sβ, X = M̊\NB and
Xβ = X ∪ V F

β .
We shrink X a little bit inside such that X does not intersect ∂BM̊ . Let LS

denote the product sutured manifold F\X. Denote the components of LS which do
not intersect ∂V B

β as LF
S and those which intersect the boundary as LB

S . Let L̂B
S be

LB
S ∪(V B

β \\Sβ). Then Fβ =Mβ\\Sβ = X̂N∪XD∪LF
S ∪L̂B

S and let L̂ = XD∪LF
S ∪L̂B

S .
By Section 3.7, we know that for all sufficiently long fillings, F ,Fβ, X,Xβ are

taut surfaces and each component of the product sutured manifold L̂ does not have
a disk as R+. Hence the product annuli and product disks that separate Xβ and L̂ are
essential. Since Sβ is a fiber of Mβ, Fβ are a product sutured manifold. Therefore,
Xβ and L̂ are all product sutured manifolds.

Because L̂ = XD ∪LF
S ∪ L̂B

S = XD ∪LF
S ∪LB

S ∪ (V B
β \\Sβ) where each manifold is

a product sutured manifold, (V B
β \\Sβ) is vertical and hence all the cores of V B

β are
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transverse with respect to S.
Note that there is no βi for the sutured tori in Xβ which is ∞. Hence by Theorem

3.1.3, we know that the cores of V F
β are horizontal in Xβ.
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