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Planning Online Advertising Using Gini Indices

December 14, 2018

Miguel A. Lejeune

Department of Decision Sciences, George Washington University, Washington, DC 20052, mlejeune @ gwu.edu

John Turner
The Paul Merage School of Business, University of California at Irvine, Irvine, CA 92697, john.turner @uci.edu

We study an online display advertising planning problem in which advertisers’ demands for ad exposures (impressions) of
various types compete for slices of shared resources, and advertisers prefer to receive impressions that are evenly-spread
across the audience segments they target. We use the Gini coefficient measure and formulate an optimization problem
that maximizes spreading of impressions across targeted audience segments while limiting demand shortfalls. First, we
show how Gini-based metrics can be used to measure spreading that publishers of online advertising care about, and
how Lorenz curves can be used to visualize Gini-based spread so that managers can effectively monitor the performance
of a publisher’s ad delivery system. Second, we adapt an existing ad planning model to measure Gini-based spread
across audience segments, and compare and contrast our model to this baseline with respect to key properties and the
structure of the solutions they produce. Third, we introduce a novel optimization-based decomposition scheme which
efficiently solves our instances of the Gini-based problem up to 60 times faster than the commercial solver CPLEX solves
a basic formulation directly. Finally, we present a number of model and algorithmic extensions, including (1) an online
algorithm which mirrors the structure of our decomposition method to serve well-spread ads in real-time, (2) a model
extension which allows an aggregator buying impressions in an external market to allocate them to advertisers in a well-
spread manner, and (3) a multi-period model and decomposition method which spreads impressions across both audience

segments and time.

Key words: Online Advertising, Gini Index, Lorenz Curve, Decomposition Method, Spreading Impressions

1. Introduction

Online advertising continues to be a fast-growing market in the United States, having grown 21.64% in 2016
to reach $72.5 billion annually (c.f., Internet Advertising Bureau 2017). Forty-four percent ($31.7B) of this
market is classified as display advertising, a category that includes banner ads, digital video ads, rich media, and
sponsorships; moreover, one-third of all online advertising ($25B) is impression-based, the majority of which
is display advertising. Publishers (e.g., Google, Yahoo, Facebook) must choose, at each point in time, which ad
to show to which arriving viewer — a challenging problem in which advertisers’ demands for impressions (ad
exposures) of specific types compete for slices of shared resources (the supply of impression opportunities from
viewers of specific types). In many cases, advertisers prefer to receive impressions that are evenly-spread across

the audience segments they target, as well as evenly-spread across time. Gini coefficients and their distributional
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analogs, Lorenz curves, are well-studied in the field of economics for the purpose of measuring how well-
spread resources, such as wealth and income, are across individuals in a population; however, to the best of
our knowledge, there is no study that uses Gini-based metrics to measure the performance of online advertising
campaigns. Our goal is to (1) propose that Gini-based metrics can be used to measure spreading that publishers
of online advertising care about; (2) show how a popular model for spreading impressions across audience
segments from the ad planning literature can be adapted to measure Gini-based performance; (3) compare and
contrast our model to this baseline with respect to key properties and the structure of the solutions they produce,
including how well revenue can be traded off to receive better spreading; and (4) introduce a novel optimization-
based decomposition scheme based on Dantzig-Wolfe decomposition and subgradient optimization to efficiently
exploit the nonlinear structure of our Gini objective to solve our proposed formulation on average 60 times faster
than solving a simpler linear programming reformulation directly. By using Gini-based performance metrics and
Lorenz curves, we argue that managers can better visualize and understand the performance of a publisher’s ad
delivery system.

Our paper is organized as follows. We begin by providing the requisite background in online advertising
and economics, and review the relevant literature. Then, we discuss how Gini coefficients and Lorenz curves
can be used by both publishers and advertisers. Next, we develop Gini-based metrics for measuring impression
spread across audience segments, and formulate a single-period ad planning problem which maximally spreads
impressions across targeted audience segments while minimizing demand shortfalls. We then define five key
properties and show that our Gini-based model satisfies each. Using numerical experiments, we compare and
contrast the solutions from our Gini-based model with a baseline model developed at Yahoo, and show that our
Gini-based model is generally better at trading off revenue (i.e., incurring some demand shortfalls) to achieve
better spread. Then, we introduce our novel decomposition method, evaluate its computational performance, and
describe the structure of the solutions that it produces. Finally, we extend our model and solution method so it can
be used (1) to solve the multi-period case which spreads impressions across both audience segments and time,
(2) to help an aggregator decide which impressions to buy from the market to allocate to advertisers, and (3) to
serve well-spread ads in real-time, using an online algorithm that works in conjunction with our decomposition

method.
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2. Background
2.1. Advertising Background

There are many forms of targeted display advertising, from banner ads on websites, to digital video ads, dynamic
in-game ads placed in video games, ads in social networks, and promotional ads in mobile apps. Despite this, it
is usually possible to classify an ad campaign as either impression-based, click-based, or conversion-based; and,
orthogonally, guaranteed or non-guaranteed. Our focus in this paper is on guaranteed impression-based ads.

Impression-based ads, such as banner, dynamic in-game, and digital video ads, incur a cost to the advertiser
whenever the publisher places the ad on some viewer’s screen. In contrast, click-based and conversion-based
ads only charge the advertiser for clicks and conversions (installing an app, or buying a product), respectively.
Although our focus is impression-based ads, in many cases the models we describe can be adapted for click and
conversion-based advertising (e.g., by introducing scaling factors to convert from impressions to clicks).

Guaranteed ads are purchased by advertisers from publishers in advance, and involve a promise to deliver a
given number of impressions over a particular time window; see Bharadwaj et al. (2010, 2012), Chen et al.
(2012), Turner et al. (2011), Turner (2012), Hojjat et al. (2017). In contrast, non-guaranteed ads are more
opportunistic, and can use complex strategies to decide if, when, where, and to whom they are shown; see
Muthukrishnan (2009), Chakraborty (2010), Diitting et al. (2011), Yuan et al. (2013), Balseiro et al. (2015a),
Golrezaei et al. (2017). Many publishers manage both guaranteed and non-guaranteed ads, and researchers have
studied how to optimally apportion exposures across these two main channels; see Araman and Popescu (2010),
Chen (2013), Balseiro et al. (2014). We focus on guaranteed ads because they are commonly used for branding
initiatives where spreading impressions across audience segments and time are important, and because in this
context it is natural for publishers to use math programs to explicitly allocate a number of impressions of each
audience segment to each advertiser. Nevertheless, it is worth pointing out that although non-guaranteed ads lack
explicit impression goals and are typically allocated via real-time auctions, advertisers increasingly enlist the
help of intermediaries to manage their bidding strategies (Balseiro et al. 2015b, Allouah et al. 2017), and some
of these intermediaries use mathematical programming techniques to manage their clients’ (the advertisers’)
budgets over time. Thus, Gini-based metrics could be used to serve non-guaranteed ads as well.

Multiple papers have studied the operational question of how to generate well-spread ad allocation plans for
multiple advertisers. In one research stream, the focus is on producing so-called representative allocations, i.e.,
the goal is to spread each advertiser’s impressions across targeted audience segments such that all opportunities
for the advertiser’s ad to be displayed have the same probability of showing the ad. This is the strategy used

by major websites historically (c.f., McAfee et al. 2013), and provides quality impressions to advertisers who
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implicitly want a broad swath of their targeted audience, otherwise they would have chosen narrower targeting
criteria. That is, if an advertiser asks for his ad to be shown nationwide across the U.S.A., he would not be happy
to get all his impressions from women in Florida. Receiving a narrower level of targeting than requested could be
undesirable by the advertiser, for at least three reasons. First, the advertiser may have stocked product in stores
across the country; in this case, limiting ads to one state has high mismatch costs and is operationally ineffective.
Second, the advertiser may worry that the publisher could choose to satisfy its campaign in the cheapest way
possible, i.e., by showing its ad to the least-sought-after (thus cheapest) subset of American women; in this
case, the advertiser’s request to evenly-spread impressions over its full target audience keeps any potentially
misaligned publisher incentives in check. Finally, when traffic is stochastic and the allocation plan is used to serve
impressions over a single period without re-solving the plan, Turner (2012) showed that representative solutions
can minimize the variance of the number of impressions delivered while maximizing the number of unique
individuals that see the advertiser’s ad.! Note that while representative allocations spread impressions within a
target market chosen by the advertiser, this is very different from mass marketing, which does not restrict ads
to targeted audience segments. As well, representative allocations do not give each audience segment the same
number of impressions; rather, larger segments are awarded proportionally more impressions than smaller ones.

In general, the conflicting impression demands of advertisers make achieving perfectly-representative solu-
tions nearly impossible. In practice, maximally representative solutions are typically produced by minimizing a
quadratic function that penalizes the L.2-distance from the perfectly-representative solution, while satisfying sup-
ply constraints. In this line of research, Yang et al. (2010) propose a multi-objective goal programming model to
incorporate guaranteed and non-guaranteed campaign contracts into the same planning problem. Bharadwaj et al.
(2012) consider only guaranteed campaigns, but develop a fast scalable algorithm called SHALE which produces
well-spread impression allocations. Ghosh et al. (2009) show how representative impression allocations can
be purchased for guaranteed campaigns by randomly bidding for supply in the spot market of non-guaranteed
impressions. Finally, McAfee et al. (2013) provide results which cross-cut these papers, and additionally con-
sider minimizing an objective based on Kullback-Leibler divergence rather than L2-distance. Like these papers,
we focus on spreading impressions across audience segments. However, our Gini-based approach is fundamen-
tally different and provides an intuitive and appealing graphical representation of spread (i.e., Lorenz curves), as

well as a model which satisfies important properties, and a tailored efficient algorithm that exploits Gini structure.
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2.2. Economics Background

The Gini coefficient (Gini 1912) and Lorenz curve (Lorenz 1905) are commonly-used in economics to measure
the dispersion of an endowment of resources; for example, to measure income inequality (see, e.g., Atkinson
1975, Campano and Salvatore 2006). While the Lorenz curve provides in some sense a distribution of the
endowment of resources, the Gini coefficient is a summary statistic that summarizes the shape of the Lorenz
curve and ranges from O (complete equality) to 1 (complete inequality).

Given an n-dimensional endowment vector x that describes an assignment of resources to individuals ¢ =
1,...,n, the Gini coefficient is computed by taking the average absolute difference of the endowments across all

pairs of individuals, and normalizing by twice the mean endowment. That is, the Gini coefficient is defined as:

n n
2w —
i=1j=1

G—
2n2p

) (1
where p =+ >"" | x; is the mean endowment.

The Gini Mean Difference (GMD) is a closely-related measure of dispersion defined as the average absolute
difference in endowments across all pairs of individuals, and is written (Yitzhaki 1982) as:

n n n—1 n
GMD:%ZZMi—xj]:%ZZ |z, —x;] = 2uG. (2)

i=1 j=1 i=1 j=i+1

The above definition (2) highlights that Gini’s Mean Difference is dependent on the spread of the values of the
variable of interest, but not on deviations from some central value (e.g., the mean). Note that there are other
variants of GMD; for these, we refer the reader to an extended review (Yitzhaki and Schechtman 2013) that
discusses how to compute GMD under different assumptions (e.g., non-negativity of the variables of interest).
The Gini coefficient has been used in various fields and for multiple purposes, including to measure income
distribution (Campano and Salvatore 2006), asset allocation and investment (Ogryczak and Ruszczynski 2002a,
Shalit and Yitzhaki 1984, 2005), service equity (Drezner et al. 2009), and health inequality measurement (Lai
et al. 2008), to name a few. The Gini measure and its derivatives, such as the Gini Mean Difference (GMD) risk
measure (Shalit and Yitzhaki 2005, Yitzhaki 1982), have appealing features. The GMD metric is a coherent risk
measure and is consistent with utility maximization theory and provides necessary conditions for second degree
stochastic dominance (Ogryczak and Ruszczyriski 2002a). Gini measures do not require the utility function to
be quadratic or the distribution of the uncertain variables to be normally distributed. The GMD measure has also
been extended to include decision-makers’ preferences toward risk (Ogryczak and Ruszczyniski 1999, 2002a)—
see, for example, the use of the extended Gini (Yitzhaki 1983) as a measure of risk in the Mean-Extended

Gini model (Shalit and Yitzhaki 1984, Yitzhaki and Schechtman 2013). As indicated in the above literature
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review, Gini-based metrics are usually used in finance to model risk and analyzed with respect to risk axioms
and properties. The motivation for using Gini metrics in this paper is quite different, as the primary objective
is to provide spreading and diversification in the display of online advertising and the properties that it should
exhibit and that are used to analyze its suitability are thus different (see Table 1 in Section 4 for a summary).

We now illustrate the connection between Lorenz curve and Gini coefficient, and their practical interpreta-
tions. A Lorenz curve of a country’s income distribution can be produced by sorting the citizens from poorest
to richest, computing the cumulative income of the n-poorest citizens, and finally normalizing both the popula-
tion on the x-axis and the total accumulated income from all citizens on the y-axis to 1. Such a Lorenz curve
plots the cumulative percentage share of income recipients, ranked from poorest to richest, against the cumula-
tive percentage share of total income. In an online advertising context, we are interested in the distribution of
the number of impressions that an ad campaign gets from each audience segment that it targets (i.e., desires).
Consequently, a Lorenz curve can be used to plot the cumulative percentage share of the desired impressions,
ranked from least-allocated to most-allocated, against the cumulative percentage share of allocated impressions.
More specifically, this Lorenz curve is produced by sorting the targeted audience segments from least-allocated
to most-allocated, computing the cumulative allocation of the n-least-allocated targeted impressions, and finally
normalizing both the targeted impression supply on the x-axis and total impression allocation on the y-axis to 1.

Figure 1 depicts two Lorenz curves for two distinct impression allocations. The blue curve represents a well-
spread (i.e., low inequality) allocation where 36% of the impressions allocated to this ad campaign are assigned
to the least-allocated 50% of the targeted impression supply. Meanwhile, the red curve represents a poorly-spread
(i.e., high inequality) allocation where only 17% of the impressions allocated to this ad campaign are assigned
to the least-allocated 50% of the targeted impression supply. The straight dotted diagonal line represents perfect
equality (i.e., a perfectly-spread allocation), and the farther a Lorenz curve is below the line of perfect equal-
ity, the more unequal is the corresponding impression distribution. Formally, the Gini coefficient of a Lorenz
curve measures the extent of this inequality, and is computed by taking the area between the line of equal dis-
tribution and the Lorenz curve, and dividing it by the entire area below the line of equal distribution. In our
example, the blue curve has a Gini coefficient of 0.20=A/(A+B+C), and the red curve has a Gini coefficient of
0.50=(A+B)/(A+B+C).

For more context, assume a campaign targets only 3 audience segments, e.g., Washington, Nevada, and Ore-
gon, and receives 19%, 30%, and 40% of the corresponding impression traffic of SM, 3M, and 2M, yielding
0.95M, 0.9M, and 0.8M allocated impressions, respectively. Although normalized, the x-axis represents the 10M

impressions this campaign targets (i.e., desires). With audience segments sorted from least-to-most allocated,



Lejeune and Turner: Planning Online Advertising Using Gini Indices 7

the cumulative share of desired impressions on the z-axis corresponds to Washington between 0% and 50%,
to Nevada between 50% and 80%, and to Oregon between 80% and 100%. Moreover, of the 2.65M impres-
sions allocated, 36% come from Washington, and 70% come from Washington and Nevada. Hence, the resulting
Lorenz curve is similar to the blue one in Figure 1 in that it also passes through (0.5,0.36) and (0.8,0.7). How-

ever, since in this case there are only three audience segments, it would be piecewise-linear with three segments.

100%

Well-spread allocation N
90% - o

Poorly-spread allocation o

80%
see e Line of equal allocation
70%
60%
50%
40%
30%

20%

10%

Cumulative Share of Allocated Impressions

0% T T T T
0% 10% 20% 30% 40%

60% 70% 80% 90% 100%

1
1
1
1
1
(]
50%

Cumulative Share of Desired Impressions

Figure 1 Lorenz curve.

A Lorenz curve provides both an order-independent and a scaling-independent graphical representation of
an advertising plan’s spread, and is superior to a bar graph for these two reasons. Indeed, bar graphs can look
different depending on how audience segments, which typically have no natural ordering (e.g., demographic
groups or geographic regions), are arbitrarily ordered. Moreover, audience segments can represent different-sized
groups in a population, and a bar graph which plots total impressions allocated does not properly normalize for
heterogeneity in audience segment sizes. For details, see Figure EC.1 and associated description in Appendix B.1.

A Lorenz curve also provides a systematic way to graphically compare impression spread across different
dimensions and campaigns. We envision that a publisher managing multiple advertisers’ campaigns would pro-
duce a report like Figure 2, where each row depicts how well impressions have been spread for each advertiser,
and each column depicts how well impressions have been spread across various orthogonal dimensions such

as demographic, geography, and time. Each advertiser would be able to view only the rows corresponding to
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their own campaigns, while the publisher would be able to view all rows to troubleshoot and view allocations
across campaigns. Since Lorenz curves are by definition suitably normalized with both axes ranging from 0 to
1, an advertiser can quickly and easily see which dimension (e.g., demographic, geographic, time) is the best or
worst-spread, and compare the relative amount of spreading across these dimensions. As well, the publisher can

also compare the quality of the spread across advertisers for the same or across different spread dimensions.

Campaign 1
Demographic Spreading Geographic Spreading Time Spreading
1.0 1.0 4 1.0
2 Gini: 19.85% 3 Gini: 8.20% 5 Gini: 20.98%
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2 8 2
g : z
E o4 = 0.4 E o4
2 2 ]
g 02 £ 0.2 E 02
3 ] 3
5 oo - S oo : . . . ;i 0.0 . -
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0
% of Cumulative Available Impressions % of Cumulative Available Impressions % of Cumulative Available Impressions
Campaign 2
Demographic Spreading Geographic Spreading Time Spreading
1.0 1.0 1.0
:% Gini: 49.81% 2 Gini: 40.33% e Gini: 42.02%
g ] ]
2 os8 £ os S os
= = P
S 2 2
g o6 g o6 2 o6
14 ]
2 o4 e o4 2 o
H 5 5
E 02 g o2 E 02
2 3 3
o b ‘s
=® 0.0 ; : . = 00 T T T ! = 00 | - v \
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
% of Cumulative Available Impressions % of Cumulative Available Impressions % of Cumulative Available Impressions
Figure 2 Impression spread by demographic, time, and geography, visually represented using Lorenz curves.

Our Gini-based model provides solutions with optimized Lorenz curves, in the sense that the Gini coefficients,

i.e., the areas above the Lorenz curves, are minimized.

3. Model

We begin by stating the most popular model in the literature for spreading impressions across targeted audience
segments in a single-period context. This model, which we use as our baseline for comparison, was developed
at Yahoo and is described in the stream of literature by Ghosh et al. (2009), Yang et al. (2010), Bharadwaj
etal. (2012), and McAfee et al. (2013). The primary objective in this model is to spread impressions as evenly
as possible across targeted audience segments, to the extent that supply allows. After introducing this baseline

model, we derive an appropriate Gini metric and a related Gini-based model.
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3.1. Baseline Model

The baseline model (c.f., Bharadwaj et al. 2012) can be represented by a bipartite graph with supply nodes on
one side representing audience segments, and demand nodes on the other representing ad campaigns (see Fig-
ure 3). Note that an audience segment can be defined in a way that it subsumes the demographic and geography
dimensions (e.g., 35-45 years old in Florida) mentioned earlier and depicted in Figure 2. For clarity of presenta-
tion, we do not explicitly model the time dimension in the body of this paper; however, we provide an extensive

formal treatment of the multi-period extension of our Gini model in Appendix E.

Audience Segments Ad Campaigns

(7]
N
Q.
®

Figure 3 Bipartite graph.

Supply node 7 is connected to demand node j with an edge (i,7) whenever audience segment i is targeted
(desired, or eligible for display) by campaign 5. We denote the full set of edges as I', the set of audience segments
targeted by campaign j as I'(j), and the set of campaigns that target audience segment ¢ as I'(¢). The impression
goal (demand) of campaign j is denoted d;, and the number of impressions generated (supply) from audience
segment ¢ is denoted s;. Both demand and supply are assumed to be deterministic. The principal decision vari-
ables are denoted x,;, and measure the proportion of audience segment ¢ that is assigned to campaign j. Demand
shortfalls are possible if there is insufficient supply to meet all campaigns’ impression demands. We use y; to
measure the planned demand shortfall for campaign j, and penalize shortfalls in the objective function. The con-
stant p; is the penalty incurred per unit of shortfall, and in practice is either equal to the price per impression paid
by the advertiser (i.e., a full refund is given for any impressions not delivered as planned), or slightly larger (i.e.,

to additionally compensate the advertiser for the loss of goodwill). This single-period baseline model, which we
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will refer to as (SB), is formulated? as follows (Table EC.1 in the Appendix provides a reference to the notation):

(SB) min Z %sz(xu — 9]')2 + ijyj (38.)
(i,5)er =7 jed
sty sty =d; VjeJ (demand) (3b)
i€r(j)
> ;<1 Viel (supply) (3¢c)
JET(7)
25,95 >0 V(i,j) el (non-negativity) (3d)

The objective function has two terms. The first term is the so-called non-representativeness term, which min-
imizes the L2 distance from the perfectly representative solution in which each campaign receives an equal
proportion of each targeted audience segment. The second term minimizes the cost of demand shortfalls. The
parameter V; > 0 allows the modeler to apply more or less weight to the quadratic terms, to control how much
effort is placed on spreading relative to attaining low demand shortfalls.

In the special case where supply exceeds demand causing the supply constraints to be nonbinding, the perfectly

representative solution can be obtained by solving (SB). Given §; = > as the number of impressions

ier(j) 5
eligible for campaign j, and the demand intensity 6; = d;/$;, it is easy to show that the perfectly representa-
tive solution assigns campaign j a 6;-proportion of the impressions from each audience segment i € I'(j) that
campaign j targets. In general, of course, supply constraints may bind, and the objective of (SB) finds a maxi-
mally representative allocation which is as close as possible to the perfectly representative allocation (for further
details, see either Ghosh et al. (2009) or McAfee et al. (2013)).

Note that the decision variables z;; are expressed as proportions, rather than absolute impressions. This is
convenient, as it provides a natural way to operationalize the solution to this allocation plan within a real-time
ad-serving system. When a user from audience segment ¢ arrives (i.e., views a webpage that requires an ad to

be chosen), we can assign this user ad j with probability x;;. This equivalence between a proportional allocation

and a probabilistic assignment is common in the advertising allocation literature?.

3.2. Gini-Based Model

3.2.1. Gini-Based Metric. We now derive a Gini-based metric to measure, for each campaign j, how well-
spread impressions are allocated across the audience segments 7 € I'(j) that campaign j targets. For notational
convenience, we order the audience segments and define T'y(j) = {(h,7) € T'(§)? : h < ¢}, which indexes all
distinct audience segment pairs targeted by campaign j. Recall from (2) that to compute the GMD of endowments

across individuals, we take the average absolute difference in endowments across all pairs of individuals. In
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our context, audience segments take the place of individuals, and for each campaign j we have an endowment
vector made up of the proportions x;; of each audience segment i € I'(j) targeted by campaign j. Consequently,
we define the GMD for campaign j as the average absolute difference in proportional impression endowments
across all pairs of audience segments, with the added twist that since audience segments differ in their size s;,
some additional audience-size factors enter into the expression. Formally, the GMD of a campaign is generalized
from (2) as:

2
GMDJ:? Z ShSi‘xhj—l'ij|. (4)
7 (hi)€To(5)

The sy,s; factor enters into this expression since the number of ways we can pick a pair of impressions such that
one is from audience segment h and the other is from audience segment ¢ is precisely s, times s;. Note that one
can also derive the above expression by directly computing the average absolute difference in endowments across
the individual impressions which comprise the mutually exclusive audience segments, and then aggregating the
impression-level quantities into audience segment sizes s; and 5; (see Appendix A.3 for details).

Next, we define w; = Ziel“( j) Si%ij as the total number of impressions planned for campaign j, and p; =
w;/§; as the ratio of the number of impressions allocated for campaign j to the number of impressions targeted
by campaign j. Note that ; corresponds to the mean endowment for campaign j, and generalizes the unweighted
average of (1) to a weighted average of endowments x;;, where again the weights are the sizes s, of the targeted
audience segments.

Finally, following (2) the Gini coefficient for campaign j, which measures how well-spread impressions of
campaign j are across the audience segments campaign j targets, is:

Yo suSilTny — xil

GMDJ §JGMD] 1 (h,i)€To(3)
211 2w; 8 > Siij
i€l'(4)
3.2.2. Gini-Based Model. Given the scalar o > 0, we propose the objective function
min CYZU)]'GJ' —l—ijyj, (6)

jeJ JjeJ

8;GMD;

which has the nice property to be linear in GMD, since w;G; = ~—3

. Moreover, GM D; as defined by (4)
can be linearized in terms of the x;; variables by introducing auxiliary variables x;/;; for all (h,7) € Ty(j), and
simplifying GM D); to:

GMD, =2 S susiafy, )

(h,1)€To(5)

where we introduce the constraints:

Ty > Thj — Tij Vje J, Y(h,i)eTo(j) (82)
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'rZij Z .fL'Z‘j — xhj VJ (S J, V(h,l) c Fo(]) (8b)

to model the absolute value terms that were present in the original definition of GMD.

Making the substitution w;G; = gjcgwj in (6) yields the following Gini-based formulation:
. 1
(SG) min « Z % Z shsix;j + ijyj ()
J€J "I (h,i)eTo(h) =

s.t. (30), (3¢), (3d), (8a), (8D).

This is a linear program, which can be solved directly by a linear programming solver. However, the linearization
step introduces many auxiliary variables and constraints. Later, in §6, we develop a decomposition method that
sidesteps this large set of auxiliary variables and constraints while simultaneously illuminating problem structure.

There are two typical use cases for such a deterministic optimization model, which assumes point forecasts of
impression supply are readily available. The first helps managers decide which contracts to accept and which to
reject, and to perform what-if analysis while measuring the displacement effects of accepting particular contracts.
The second deploys the model within a rolling-horizon decision-support system which re-optimizes periodically
and provides guidance to a real-time ad-serving system that selects which ad to show to each viewer. A number of
papers have discussed how deterministic planning models such as ours can be operationalized when ad requests
arrive stochastically over a fixed time horizon (Chen et al. 2012, Yang et al. 2010, Turner et al. 2011, Hojjat
et al. 2017). Our primary focus in this paper is to define the key properties that we believe a Gini-based model
for online advertising should satisfy, understand the structure of the solutions that the Gini model produces, and
introduce a novel decomposition method for solving our Gini-based optimization problem.

It is worth pointing out that our Gini model is quite different than Gini portfolio optimization models used
in finance, despite the fact that both encourage allocations to be spread across numerous buckets. First, because
Gini portfolio optimization models are typically used by one investor at a time, the corresponding bipartite
graph (c.f., Figure 3) has only one demand node, in contrast to the multiple demand nodes (one per advertiser)
that we have. Second, all Gini-based financial models we are aware of implicitly assume assets are liquid and
consequently supply constraints may be ignored; however, in our context audience segments are commonly
modeled as scarce resources, and indeed supplies of popular audience segments can be binding in practice, which
presents additional challenges. Third, the form of the Gini metrics differ. Whereas Gini-based financial models
promote stability and smoothness of portfolio returns under any foreseeable scenario, our advertising-related
Gini metrics are not scenario-based and instead focus on diversification of allocation across audience segments.

Finally, our Gini metrics incorporate particular weights which explicitly account for heterogeneity in the sizes of
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audience segments and the volume of ad campaigns, both of which are specific to online advertising. For these

reasons, ours is also a substantially more challenging problem to solve computationally.

3.3. Model Comparison

Both the baseline and Gini models have objectives that induce good spreading, yet are different. To understand
the structural similarities between these objectives, we can focus on a single campaign’s spread term and compare
the interpretations of their functional forms. To derive our first comparison, we begin by defining a random
variable to capture the variation in campaign j’s allocation; specifically, let X; = x;; with probability s,/3; for
all i € I'(j). Here, X; selects a targeted audience segment at random, proportional to the size of each audience
segment, and returns the allocation z;; of the chosen audience segment. We can compute the variance of X
as Var(X;) = (1/8;) >2icr;) 8i(@i; — p17)*, which is very similar to the spread terms in the baseline objective.
Indeed, ignoring campaign-specific weighting factors, the baseline objective’s spread terms can be written as
(1/37) > ierj) Si(xij — 0;)°. The interpretation is when there is no shortfall (w; = d;), the baseline objective’s
spread terms are essentially variance terms; this follows since no shortfall implies 0; = d;/3; = w;/5; = ;.

To compare this to the spread term in our Gini objective, we need to also consider a second random vari-
able X, defined exactly the same way as X, so that X; and X, represent two independent draws from the
same distribution. Yitzhaki (2003) defines the GMD of a random variable as the expectation of the absolute
difference of two i.i.d. such random variables, i.e., GMD(X;) = E[|X; — X,]]. It is straightforward to show
that GMD(X;) = GM D;, where GM D, is the GMD measure we defined in (4). Ignoring campaign-specific
weighting factors, this is exactly the spread term in our Gini objective. Finally, it is interesting to note (c.f.,
Yitzhaki 2003) that the variance of a random variable can also be written as the expectation of the squared
difference of two i.i.d. random draws from that random variable’s distribution; therefore, the baseline objective’s
spread terms (when there is no shortfall) can be expressed as Var(X;) = (1/2) E[(X; — X,)?], which is similar
in spirit to our Gini objective’s spread terms, GM D; = E[|X; — X;|].

In some contexts, it is helpful to express the deviations from the mean allocation as residuals, defined for each
(4,7) pair as r;; = z;; — ju;. Moreover, if we define a randomly-chosen residual for campaign j as R; = X; — u;,
then it is straightforward to show that Var(R;) = Var(X;) and GMD(R;) = GMD(X}). Consequently, we may
also think of the baseline objective (in the case of no shortfall) as a sum of squared residuals, (1/3;) 3=, ;) $iT%»
and the Gini objective as a GMD of residuals, GM D; = % Y. spSi|rn; — rijl. Stated another way, the
baseline objective’s spread terms (when there is no shortfall)(izsgot(ljl)e form Var(R;) = (1/2) E[(R; — R;)?],

which is similar in spirit to our Gini objective’s spread terms, GM D; = E[|R; — RJH This connection to
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residuals is important for two reasons. First, in Section 5 we will empirically compare solutions from the baseline
and Gini models by plotting their corresponding residual distributions. Second, this observation connects our
Gini model to the existing literature on R-regression. Developed by Hettmansperger (1984) and mentioned
in Yitzhaki and Schechtman (2013), R-regression is used to solve robust parameter estimation problems by
minimizing the GMD of residuals in a similar spirit to how an ordinary linear regression model is estimated by
minimizing squared residuals. Although there are some structural differences between an R-regression model
and our Gini model, one could view our model as a special case of an R-regression model which additionally has
supply and demand constraints, and treats x;;’s as variables rather than input data. Finally, it may also be worth
pointing out that there is a link between the Gini measure and L-moments (see, e.g., Hosking 1990), which are
specific linear combinations of order statistics. In particular, the second-order L-moment, also called the sample
L-scale, is defined as half of Gini’s mean difference. Further examination of these connections is beyond the

scope of this paper, and are left to future research.

4. Model Properties

In this section, we introduce five key properties which we believe an online advertising optimization model that
balances shortfalls with spreading should possess, and show when and how the baseline (SB) and Gini (SG)
models satisfy these properties. Table 1 summarizes our results, which we demonstrate in the remainder of this
section. Three of these properties are shared among both the baseline and Gini model; this is to be expected,
since the baseline model was developed with some of these properties in mind (c.f., Bharadwaj et al. 2012,
McAfee et al. 2013 in particular). This section verifies that our Gini model also satisfies these properties, and

shows that our model additionally satisfies two more.

Property Baseline Model Gini Model
1 - Efficient Solvability Yes Yes (via algorithm of §6)
2 - Ideal Allocation when Possible No Yes, whenp, =pVjeJ
3 - Sufficient Orthogonality No Yes

Yes, as long as V;’s are cho-

4 - Split-and-Merge Invariance sen independently of d,’s

Yes, always

Yes, size is impressions  Yes, size is impressions
demanded (d;) allocated (w;)

Table 1 Summary of Key Properties

5 - Weight by Campaign Size

Property 1 The optimization model should be efficiently solvable.



Lejeune and Turner: Planning Online Advertising Using Gini Indices 15

The baseline model (SB) is a (convex) quadratic program, and our Gini model (SG) can be formulated as a
linear program, albeit with a large number of variables and constraints. Consequently, both the baseline and Gini
models are efficiently solvable, and in particular for the Gini model we develop a specialized solution method in

§6 to intelligently sidestep the large number of variables and constraints.

Property 2 When possible, the optimal solution should be an ideal allocation, which we define as an allocation

that (i) provides perfect spreading, and (ii) all impression shortfall is unavoidable.

We formally define perfect spreading and unavoidable impression shortfall below. Intuitively, if an ideal
allocation is feasible, it is clear that we cannot improve either spread or impression shortfall, which are the two

objectives of (SB) and (SG).

DEFINITION 1. Perfect Spreading. A solution x = {x;; V(i,) € '} is perfectly spread if for each campaign

J € J, the proportional allocations of each targeted audience segment are equal, i.e., z;; = z; for all i € I'(j).

DEFINITION 2. Unavoidable Impression Shortfall. Without loss of generality, let I = |J I'(j) be the set of
jeJ
audience segments targeted by at least one campaign (audience segments not targeted by any campaign can be

safely deleted). The unavoidable impression shortfall is the constant

A
Zdj—zsi] : (10)

jeJ iel

Y:

which is the positive part of the difference between the total demand and total supply of impressions.
The following proposition provides us with a sufficient condition for the existence of an ideal allocation.

PROPOSITION 1. If the system of linear inequalities

Z s;x; +y; =d; Vied (link shortfall to allocation) (11a)
i€T'(j)

Z y; =Y (all shortfalls are unavoidable) (11b)
jeJ

Z x; <1 Vjed (supply constraints) (11¢)
JET()
Y;,x; >0 Vied (non-negativity) (11d)

admits a feasible solution, then X is an ideal allocation.

Proposition 1 ensures perfect spreading by using only one allocation variable x; per campaign j, which we
can expand to a full solution to (SB) or (SG) by taking x;; = z; for all (¢, j) € I'. Constraint (11a) defines the
impression shortfalls y;, 7 € J, while Constraint (11b), along with the non-negativity of y; in Constraint (11d),

ensures shortfall is at its minimum, i.e., equal to the level of unavoidable shortfall Y.
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PROPOSITION 2. Let p; =p, j € J. If the system (11a)-(11d) is feasible,
1. The optimal solution of the Gini model (SG) is always an ideal allocation. This statement is valid regardless
of the emphasis placed on spreading determined by the parameter o > 0.

2. There is no guarantee that the optimal solution of the baseline model (SB) is an ideal allocation.

See Appendix A.4 for the proof. We illustrate the above property using the following toy problem with three
audience segments / = {1,2,3} and four ad campaigns J = {A, B,C, D}, in which d4 = 20,dp = 400,d¢ =
200,dp =350, s; = s =200,83 =300, pa =pp=pc=pp =001, V=V =Vo=Vp=1,T(4)=T(B) =
{1,2,3}, T'(C) = {1,2}, and T'(D) = {3}. Unavoidable shortfall Y is equal to 270. The optimal solution of
the Gini model provides perfect spreading (r14 = x24 = T34 = 0.0079, 15 = T2 = x35 = 0.5554, x1c =
Toc = 0.4367, and x3p = 0.4367) with minimal shortfall of 270 units (y, = 14.45,yg = 11.25, yo = 25.31, and
yp = 218.98). While the baseline model’s optimal solution also provides minimal shortfall (y4 = 4.76,yg =
95.17,yc = 18.18, and yp = 151.89), it does not provide perfect spreading (x14 = x24 = 0.0260,234 =
0.0162,21p = x2p = 0.5195, 235 = 0.3235, x1c = x2¢c = 0.4545, and z5p = 0.6604).

Property 3 The measures of spread and shortfall should be sufficiently orthogonal (defined formally below).

Intuitively, this property says that the two objectives that we minimize, the cost of (poor) spreading and the
cost of impression shortfall, should be independent; or, if a dependency exists, this dependency should not run in
the “wrong” direction. More specifically, if we start from a feasible solution and seek one with better spread, it
is natural to expect that we may need to give up some revenue (i.e., incur additional shortfall). Conversely, if we
start from a feasible solution and move to a lower-revenue (i.e., higher shortfall) solution, we would not expect
spread to worsen. Although the interplay between spread and shortfall can be quite complex in a constrained
optimization problem such as this, we can nevertheless prefer what we call sufficiently orthogonal measures, i.e.,
for each campaign, the spread cost should not increase when we increase shortfall cost.

Formally, let x; = {z;; };er(;) denote campaign j’s allocation vector. Then the baseline (3a) and Gini (6) objec-
tives, which minimize the cost of (poor) spreading plus the cost of shortfalls can be written in the general form
ZjeJ (fJSPREAD (Xj) + fJSHORTFALL (Xj))- In particular, fJSPREAD (Xj) — Z

line objective, f£7FFAP (x;) = aw;G; for the Gini objective, and f7ORTFALL (x;) = p;y; for both. Recall that

Vv
ier() ﬁjj_si(mij —6;)? for the base-
w;, G, and y; are all functions of x;, since w; = Zief‘(j) s;x;;5 Yy; = d; —w,; and G is defined by (5). Finally,
define fPPREAD*(¢) = {miny, fFPREAP (x;) : fEHORTEALL (x;) = ¢} as the minimum spread cost achievable

when the shortfall cost is exactly c.
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DEFINITION 3. Sufficiently Orthogonal. We say that spread measure f777FAP(x;) is sufficiently orthogonal

to shortfall measure f7#ORTFALL (x;) if fEPREAD*(c)

is nonincreasing in c for all ¢ > 0.

PROPOSITION 3. The Gini objective (6) has sufficiently orthogonal spread and shortfall measures, while the

baseline objective (3a) does not.

See Appendix A.5 for the proof, which shows that the Gini objective has f77##4P*(¢) = 0 for all ¢ > 0, while
the baseline objective has f77#F4P*(c) strictly increasing in ¢ for all ¢ > 0.

We illustrate the importance of the sufficient orthogonality property with the following example, which has
three audience segments I = {1,2,3} and two ad campaigns J = {4, B}, such that d4, = 13000, dg = 6000,
s1 = 1000, sy = 60000, s3 = 15000, px =pp =0.1, V=V =1,T(A) ={1,2,3}, and I'( B) = {1, 2}. There
is no unavoidable shortfall (Y = 0). We observe the following with the:

o Gini model. If we prioritize minimizing shortfall by setting the parameter « to a low value (i.e., < 0.1), the
optimal solution has no shortfall, provides perfect spreading for campaign 2 (rp; = xp2 = 0.857), and imperfect
spreading for campaign 3 (z4; = T 42 = 0.143, 243 = 0.8). On the other hand, if we give higher priority to
spreading by setting o > 0.1, the optimal solution has 3136 units of shortfall exclusively supported by campaign
2 and provides perfect spreading for both campaigns (zp; = x> = 0.409 and £ 41 = 42 = 43 = 0.591).

o Baseline model. If we prioritize minimizing shortfall by setting all V; parameters to a low value (in this
case, any value between 0 and 0.0895) the optimal solution of the baseline model has no shortfall, provides
perfect spreading for campaign 2 (zp; = x g, = 0.857), and imperfect spreading for campaign 3 (z 41 = T 40 =
0.143, z 43 = 0.8). However, if we increase the importance of spreading by setting V; > 0.09, j € J, the optimal
solution of the baseline model involves some shortfall whose magnitude increases as the value of V; increases.
Increasing the V; parameters beyond 50 has minimal effect; i.e., spreading no longer improves and shortfall does
not increase much either (shortfall stays between 2131 and 2132 for values of V; between 50 and 100000). The
baseline model does not produce a perfectly-spread solution.

The inability of the baseline model to produce a perfectly-spread solution despite a high importance placed
on spreading is due to the fact that the baseline objective is not sufficiently orthogonal. Because the baseline
objective’s spread term minimizes a distance from the nominal solution 6, j € J, it not only strives to achieve
good spread but also serves to minimize shortfall. Consequently, the baseline objective is limited in its ability
to trade revenue (i.e., incur shortfall) to get better spread. On the other hand, our Gini objective is sufficiently
orthogonal. Each demanded impression is either allocated, or not. If allocated, an impression incurs the servicing

cost G, and if not it incurs the shortfall cost p;. Such a cost breakdown is not possible for the baseline objective.
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Property 4 The objective function value should be invariant to campaigns being arbitrarily split or merged.

This property says that if we take two campaigns with the same targeting and merge them together (adding
together their demands), that the objective value does not change. Similarly, if we take a campaign and split it
into two campaigns so that each have the same targeting and the total demand remains the same as before the
split, then the objective value does not change. This property is important for several reasons. First, it ensures
that campaigns do not get better or worse service (i.e., quality of spread) simply because they have large or small
demands. Second, it eliminates the perverse incentive that advertisers may have to book many small campaigns
instead of one large one. Indeed, if advertisers could increase their contribution to the objective function and
therefore get better spread by splitting a large campaign into many small ones, they would be tempted to do
that. Clearly, this behavior is not only unfair to advertisers who do not game the system, it also places a burden
on the publisher who would end up managing many small campaigns instead of a few large ones. Third, for
computational tractability, a publisher may wish to merge all campaigns that share the same targeting together as
a pre-processing step before optimizing its ad allocation (undoing this aggregation after solving the optimization
problem). But, if the objective is not invariant to arbitrary merges, some campaigns will inadvertently contribute
more or less to the objective as a result. For these reasons, it is important for the objective function to be invari-
ant to arbitrary splits and merges. Formally, we define an arbitrary split as follows (an arbitrary merge of two

campaigns sharing the same targeting is the reverse operation):

DEFINITION 4. Arbitrary Split. Given a campaign C, we say that C' is arbitrarily split into the two smaller
campaigns A and B if (i) campaign C' is replaced by campaigns A and B; (ii) campaigns A and B inherit
campaign C’s targeting, i.e., ['(4) =I'(B) =I'(C); and (iii) the sum of the demands from campaigns A and B

equal the demand of campaign C, i.e., dc =da +dp.

PROPOSITION 4. (1) If the parameters V; in the baseline objective are chosen independently of campaign
demands d;, then the baseline model’s optimal solution is not affected by arbitrary campaign splits or merges.

(2) Our Gini model’s optimal solution is not affected by arbitrary campaign splits or merges.

The proof of Proposition 4, provided in Appendix A.6, is constructive. For the Gini model, it shows that when
campaign C' is arbitrarily split into campaigns A and B, we always have GM Ds = GM D 4 + GM Dp, and
consequently weGe = waG 4 + wpGp. The situation is not as straightforward for the baseline model. Indeed,
McAfee et al. (2013), who identified the importance of making the objective invariant to arbitrary splits and
merges, showed that the coefficients in the baseline objective must be carefully chosen for this invariance to

occur. Indeed, the campaign-specific scaling factor of 1/6; in the baseline objective (3a) is motivated by the
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desire to satisfy this invariance property. More specifically, in the spread term each campaign is scaled by the
constant W; = V;/(26,), which can be written as W; = Q;/d; with Q; = V;3;/2. Our proof of Proposition 4
shows that so long as the (); values are chosen independently of the demands d;, split-and-merge invariance

holds. The insight here is that, for the baseline model, the scaling factors 1¥/; should be linear in 1/d;.

Property 5 Larger campaigns should be given proportionally larger weight than smaller campaigns.

Because our models minimize the sum total of spread and shortfall costs for multiple ad campaigns, and
because different campaigns have different sizes, it is desirable to weight each campaign by its size in the
objective, so that the needs of small campaigns do not disproportionately affect the quality of the solution for
large campaigns. Both the Gini and baseline objectives weight campaigns by their size, but use different metrics
for size. The Gini model considers impressions planned as the campaign size, whereas the baseline model counts

both planned and unplanned impressions (i.e., the total demand) in its measure of campaign size.

PROPOSITION 5. (1) Assuming V; = 1 for all campaigns j € J, the baseline objective weights campaigns by
their size (i.e., impressions demanded d;), and penalizes the average squared percentage deviation from the
target allocation (x;; = 6,; Vi € I'(j)). (2) Our Gini objective weights campaigns by their size (i.e., impressions

allocated w;), and minimizes w;G}, i.e., a weight times the Gini coefficient for campaign j.

The proof of part 1 of the above proposition is in Appendix A.7 (this interpretation is not at all obvious from
looking at the baseline objective). Part 2 follows by definition of our Gini objective (6).

Alternative Models. When constructing a model, there are often many decisions to be made, and having
such a list of important properties directs this process and makes it less arbitrary. Indeed, ours is not the only
possible Gini model that one could propose; but, it is one that satisfies our five properties. While (SB) is the most
popular single-period spreading model in the literature, alternative baseline models could also be considered.
In Appendix B.2, we discuss several alternative spreading objectives, and show how seemingly small structural

modifications affect the ability of the corresponding model to satisfy the five key properties listed in Table 1.

5. Numerical Comparison

We now run some numerical experiments to compare the solutions of the baseline (SB) and Gini (SG) mod-
els. We focus on illustrating the impacts of Properties 2 and 3 (Ideal Allocation when Possible and Sufficient
Orthogonality), which are satisfied by the Gini model but not the baseline. Our principal goal is to understand
how the baseline and Gini model differ in the way that they trade off revenue (i.e., incur shortfall) to achieve

good spreading. We begin by illustrating the impact of Property 2, and show that instances which admit ideal
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solutions can produce poor solutions when using the baseline model. Next, we illustrate the impact of Property
3, which is applicable to all instances although its effect may not always be obvious due to the fact that we solve
constrained optimization problems which involve tradeoffs in multidimensional space (i.e., tradeoffs that involve
multiple campaigns, and for each a tradeoff between spread and shortfall). We have defined Property 3 in such
a way that the effect of a single campaign’s tradeoff between spread and shortfall can be isolated within this
multidimensional space. Finally, we plot residual distributions as a function of revenue to understand the full
impact of how each model trades off revenue (i.e., incurs shortfall) to achieve good spreading.

For all experiments in this section, we vary the magnitude of effort applied to spreading (the o parameter in
the Gini model, and v in the expression V; = v for the baseline model), and compute optimal solutions for each
model at different levels of effort applied to spreading. When « and v are both set to zero, the objective functions
of both models coincide, no effort is applied to spreading, and both models simply minimize impression shortfall.
At the other extreme, when « and v are large, spread is maximized while little effort is applied to minimizing
shortfall. Since the two models define spread differently, their solutions differ most when « and v are large.
However, even when « and v are very small (e.g., set to e = 10~%) the solutions to the two models, which are both
shortfall-minimizing, can be quite different. This is because there are typically many solutions with the same

shortfall, and each model optimizes its own spread function within the set of shortfall-minimizing solutions.

5.1. Data Instances

We generate three families of instances which correspond to the presence of different structures in the underlying
bipartite graph (c.f., Figure 3):

1. Loose instances have low sell-through (the ratio of aggregate demand to aggregate supply) and high rar-
geting percentage (the average proportion of viewer types targeted by a campaign, which corresponds to the link
density of the bipartite graph). Because loose instances have both a high volume of aggregate slack as well as
high link density, they commonly admit solutions that are both well-spread and low-shortfall.

2. Globally tight instances have high sell-through and high targeting percentage. Despite having little aggre-
gate slack, the high link density in this family of instances provides some flexibility with regard to how impres-
sions are distributed across audience segments.

3. Locally tight instances have high sell-through and low targeting percentage. The combination of a low
volume of aggregate slack with low link density makes this family of instances the most constrained.

We used the following scheme to generate 10 instances from each of the 3 families above, each having 20

campaigns and 100 viewer types. First, we randomly assign each campaign and each viewer type a link intensity,
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and with probability (campaign link intensity) x (viewer type link intensity), create a link between campaign
and viewer type in the underlying bipartite graph. Next, we randomly generate the supply for each viewer type
by multiplying 4 impressions per arrival by a random Normal(1000,1000%) number of arrivals?, and merge
viewer types that target the same set of campaigns (summing together supplies). Finally, we generate demands by
constructing an allocation that is only used for this purpose. We begin with no impressions allocated, and produce
an allocation by sequentially allocating campaigns to the available supply. When the process is complete, we
consider the total number of impressions allocated to a campaign as its demand. More specifically, to construct
this allocation, we iterate through the list of campaigns, and for each campaign we attempt to book the same
proportion 7 of supply s; from each viewer type ¢ that it targets (we call r its “reservation proportion”). For some
viewer types, remaining supply may be less than rs;, and in those cases the campaign settles for less by booking
the remaining supply. Figure 4 lists the three families of test cases along with the uniform distributions used to
generate their link intensities and the reservation proportions used to generate their demands. These datasets may

be downloaded from the author’s website®.

Campaign Viewer Type

amty oug % Intensity Intensity Oportio

Loose 71.4% 19.3%  U[0.1, 0.4] U[0.5, 1] 20%
Globally Tight 94.6% 19.6%  U[0.1, 0.4] U[0.5, 1] 48%
Locally Tight 90.7%  7.8%  U[0.05,0.2] UJ[0.25,0.5] *

Figure 4  The three families of test cases, with average sell-through and targeting percentages. In cases marked *, reservation propor-
tions for each campaign were drawn from {80%, 90%, and 100%} with probabilities 0.6, 0.3, and 0.1, respectively.

In what follows, we illustrate concepts which broadly apply to all three families of test cases using instances
from a single representative family (usually, the family in which the concept is most clearly demonstrated). When

there are differences in the structure of the solutions across families, we also comment on these differences.

5.2. Perfect Spreading at the Cost of Avoidable Shortfall in the Baseline Model

Recall from Property 2 that while the Gini model produces an ideal allocation when one is feasible, the baseline
model may not. We now experimentally measure the extent to which the baseline model’s solution deviates from
the ideal allocation when one exists. For this purpose, we minimally modify the 10 globally tight instances so that
an ideal allocation is always feasible. We then solve each instance with the Gini model and record the amount
of unavoidable shortfall Y (recall from Proposition 2 that for any value of the spread importance parameter c,

the Gini model provides perfect spreading with minimal, i.e., unavoidable, shortfall). Next, we use the baseline
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model to solve each instance ten times with spread importance parameters V; = v ranging from 0.2 to 2 in
increments of 0.2 (larger » means a higher importance is placed on spreading relative to shortfall minimization).
Over the 100 solutions we obtain from the baseline model, on average 21.2% of campaigns do not receive
perfect spreading across their targeted segments. Moreover, the baseline model provides perfect spreading with
all shortfall unavoidable in only 8 cases (4%) with low V; values. For 96% of the cases, we may modify the
solution to obtain perfect spreading at the cost of incurring higher shortfall than necessary (i.e., higher than
Y, which the Gini model provides). Specifically, we additionally constrain the baseline model to produce only
perfectly-spread solutions and re-optimize each of the 100 cases, recording for each case the shortfall amount sp
and the relative magnitude of avoidable shortfall %S = (sp —Y") /Y (if all shortfall is unavoidable, then sp =Y
implies %5 = 0).

Figure 5 displays the average, minimum, and maximum value of %S over the 10 instances for each of
the 10 values taken by the parameters V. The average magnitude of avoidable shortfall %S ranges from
10.01% (V; = 0.2) to 48.07% (V; = 2), and is equal to 35.59% over all 100 cases. The maximum magnitude
of avoidable shortfall over all 100 cases is 172.01%. Figure 5 shows that requiring perfect spreading with the

baseline model produces solutions with significantly larger shortfall than those obtained with the Gini model.
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180%

160%
140%
120%
100%
80%
60%
40%

20% ./‘/

0% L—o — —o— — o0 — & — 0 — —e— — - — -
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Figure 5 Avoidable Shortfall with Perfectly-Spread Solution using Baseline Model. Note: Gini Model has %S = 0.

5.3. Characterizing the Tradeoff Between Revenue and Spread

The tradeoff between shortfall and spread can also be measured in a way that does not require an ideal allocation
to be feasible. The question we seek to answer is, ‘Using each model, how much revenue would the publisher

need to sacrifice (by incurring shortfall) to produce solutions with a given level of spread?” To answer this
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question, we define the revenue of a solution as IR = Zj p;(d; —y;); i.e., we treat p; as both the price per
impression and the shortfall penalty, so that given demand d; and shortfall y;, the publisher collects ;pid;
from the advertiser, minus ) - . p;y; refunded for shortfalls.® We can illustrate this tradeoff for a single instance by
computing the optimal solutions for each model at different levels of effort applied to spreading (the o parameter
in the Gini model, and v in the expression V; = vp; for the baseline model). For example, Figure 6 plots the
scaled spread cost as a function of revenue for one loose instance (for reporting, spread costs are normalized by

dividing the spread term from the baseline objective by v, and the spread term from the Gini objective by «).
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Figure 6 The tradeoff between revenue and spread cost for a single instance.

The impact of Property 3 (Sufficient Orthogonality) is evident in Figure 6. For the Gini model (blue line),
as we increase the effort applied to spreading «, revenue decreases (moving from right to left), and spread cost
monotonically decreases until we get to a point (at revenue = 4650) where the spread cost is zero. Initially, the
baseline model (solid red line) behaves similarly, and as we increase the effort applied to spreading v, the spread
cost monotonically decreases as revenue decreases (again, moving from right to left). However, once we get to
a revenue of 5275, further increases in v will not budge the solution. Constraining the revenue with an equality
constraint to values below 5275 produces lower-revenue solutions (dashed red line), but these solutions are not
helpful since they do not lower the spread cost below 1500. Because the baseline objective is not sufficiently
orthogonal, there is a limit to the amount that revenue can be sacrificed to produce well-spread solutions. This
observation is robust, as we observe qualitatively similar behavior in globally tight and locally tight instances.

Although Figure 6 is helpful to visualize the comparative statics when we change the effort applied to spread-
ing, one must be careful not to compare the absolute magnitudes between the baseline and Gini spread costs.

These are on different scales, and are represented on different vertical axes. Indeed, there is no meaning to the
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crossing point between the baseline and Gini curves. To compare the structure of the Gini and baseline solutions,

we instead plot how the residual distributions change as we vary the effort applied to spreading.

5.4. Comparing Residual Distributions

Recall from §3.3 that we may define residuals r;; = x;; — u1; for each audience segment and campaign pair (3, j),
where 1; = i Ziel“( ;) Si; 1s the mean allocation across audience segments campaign j targets. Notice that
if all residuals are zero, i.e., r;; = 0 Vi € I'(j), we have a perfectly-spread solution, i.e., x;; = u; Vi € I'(j).
Moreover, since z;; € [0, 1], it follows that 11, € [0, 1], and therefore all residuals 7;; are in the range [—1, 1].

For each of the three instance families (loose, globally tight, and locally tight), we proceed as follows. We
repeatedly solve all ten instances to produce optimal solutions for the baseline and Gini models at different levels
of effort applied to spreading o and v. Defining the maximum revenue attainable R,,,. as the total revenue
attained over all 10 instances when a = v = 0, we normalize the total revenue R achieved at a particular value of
aorvto %R = R/R,.., which we call the proportion of maximum revenue attained. We compute residuals for
each instance from their respective optimal solutions’, and combine residuals from all ten instances to produce
a residual distribution for each model (baseline and Gini) at each level of revenue (% R).

Figure 7 provides a residual distribution comparison for the family of locally tight instances. The main plot,
top left, shows how the residual distributions from the baseline (red) and Gini (blue) models change as a function
of revenue (% R). Each line (different dashed pattern) corresponds to a different percentile of the distribution, as
defined by the legend at the bottom right. The legend also applies to the plot at the bottom left, which provides
a zoomed-in section of the main plot for %R between 0.95 and 1 and residual values between —0.1 and 0.1.
Finally, at the top right we use three histograms to plot the residual distributions at %R = 1, 0.95, and 0.9; each
histogram corresponds to one of the cross-sections in the main plot highlighted by grey vertical bars.

From Figure 7 we observe that for any given revenue level % R, the residual distribution under the Gini model
is narrower in the middle and slightly wider in the tails, relative to the baseline. Indeed, Gini solutions have
significantly more near-zero residuals, especially when revenue is low (i.e., when the emphasis on spreading is
high). Although the residual distributions differ the most for the locally tight instances, structurally this observ-
tion is robust, with the globally tight and loose instances also producing Gini solutions with more near-zero
residuals than the baseline; this result is summarized by Figure 8. Note that property 3 (Sufficient Orthogonality)

is also evident in Figure 7, as we observe the baseline model cannot produce better-spread solutions by lowering
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Figure 7  Residual Distribution Comparison (Locally Tight Instances). Top left: Percentiles of the residual distributions from the
baseline (red) and Gini (blue) models, as a function of revenue (% R). Bottom right: The legend represents each percentile
by a different dashed pattern, and applies to both plots at left. Bottom Left: Zoomed-in section of the main (top left) plot
for % R between 0.95 and 1, and residual values between —0.1 and 0.1. Top right: Histograms depict residual distributions
at %R =1, 0.95, and 0.9; each histogram corresponds to one of the cross-sections in the main (top left) plot highlighted by
grey vertical bars. Histograms for the Gini (blue) and baseline (red) distributions are overlayed, with purple bars indicating

where the blue and red bars overlap.

revenue beyond %R = 0.87, while the Gini model can. For a more detailed description of Figure 7 along with

plots for the globally tight and loose instances, see Appendix B.4.

5.5. Practical Implications

There are several practical reasons why a publisher may prefer solutions from our Gini model to the base-
line. First, a publisher may win contracts with advertisers or other ad partners based on its ability to deliver
impressions in a precise manner. In a related example, the supply-side network Chitika was asked by a large ad
aggregator to show that it could deliver ads with a click-through rate (CTR) of exactly 1.5%; it achieved 1.51%

and won a large contract as a result (c.f., Mookerjee et al. 2016). Relative to the baseline, our Gini model pro-
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Instance Revenue Baseli Gini Improvement
Family (%R) aseline i (Gini - Baseline)
Locally 1 16.4% 24.1% 7.7%

Tight 0.95 21.6% 38.2% 16.6%
0.90 23.9% 51.9% 28.0%

Globally 1 30.5% 35.6% 5.1%
Tight 0.95 37.9% 42.7% 4.8%
0.90 45.3% 54.7% 9.4%

Loose 1 29.8% 53.8% 24%
0.95 52.3% 71.9% 19.6%

0.90 N/A 87.5% N/A

Figure 8  Proportion of Near-Zero Residuals. For the locally tight and globally tight cases, near-zero residuals are those in the range
[—0.035,0.035] (i.e., corresponding to the middle bar in Figure 7’s histograms). For the loose case, nearly all residuals are
in the range [—0.035,0.035], so we report the number of near-zero residuals in the range [—0.010,0.010] instead. Moreover,

because the baseline model violates Property 3 (Sufficient Orthogonality), no solutions at % R = 0.9 exist in the loose case.

duces solutions with more audience segments that get exactly the mean allocation (i.e., residuals are zero), which
some advertisers and ad partners may view as an important precision metric. Second, the Gini model is more
efficient in the way it allocates impressions from audience segments to campaigns, in the sense that it is much
more likely than the baseline model to cede priority to a high-revenue campaign (i.e., one with a high shortfall
penalty p;) when an audience segment is in high demand. Indeed, the baseline model’s quadratic objective all
but assures most campaigns get some amount of each audience segment, even when the opportunity costs of
allocating impressions from some audience segments are very high.

To compare the efficiency of the Gini and baseline models, we modify our test cases (c.f., Figure 4) by
introducing an outside option (i.e., secondary channel) where the publisher may sell impressions of each audience
segment % at the price B3:, which we generate uniformly at random from the interval [0, 0.03]. By construction,
because the prices p; for satisfying existing contracts are uniformly distributed in [0.01,0.02], in expectation half
the impressions are more profitable to assign to the outside option than to a randomly-chosen campaign, at least
one-quarter of the impressions are more profitable to assign to the outside option than to any campaign, and at
least one-quarter of the impressions are more profitable to assign to any campaign than to the outside option.

We repeat our residual analysis, but with revenue now coming from both guaranteed campaigns as well as
from slack impressions sold to the outside option®, i.e., R =", p;(d; —y;) +>_, Bis; (1 =D jer xij> . For the
locally tight family of instances, whose solutions differ the most across the two models, Figure 9 shows that the
Gini distribution is significantly narrower and more concentrated than the baseline at nearly all revenue levels.
Indeed, the mass of residuals in the near-zero [—0.035, 0.035]-range is much higher for the Gini model than for

the baseline (72.0% versus 16.4% at %R = 0.95, and 94.7% versus 21.6% at %R = 0.9). This demonstrates
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that when slack impressions have value, the Gini model is more efficient at producing well-spread solutions. For

completeness, we provide plots for the globally tight and loose cases in Appendix B.4.
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Figure 9  Residual Distribution Comparison with Outside Option (Locally Tight Instances). Left: Values of residuals at set percentiles
as a function of revenue %R (see legend in Figure 7). Right: Histograms of the residual distributions at %R = 1, 0.95, and
0.9; each histogram corresponds to a cross-section in the main (left) plot highlighted by vertical grey bars. Values from the
Gini-based model are blue, values from the baseline model red, and the purple bars in the histogram plots indicate areas

where the blue (Gini) and red (baseline) histograms overlap.

6. Decomposition Method

In this section, we introduce a novel decomposition method that leverages the structure of our Gini model to
solve large instances quickly and efficiently. This is particularly important for practice, where publishers and ad
aggregators manage thousands of ad campaigns simultaneously. In our numerical experiments, our decomposi-
tion method is able to solve instances on average 60 times faster than CPLEX. Moreover, it uses significantly less
memory and subproblems are paralellizable; these are highly-desirable properties for handling large instances.
We begin this section by describing the key algorithmic ideas behind our decomposition method. We then

sketch our algorithm, and describe the structure of the solutions that it produces.

6.1. Key Algorithmic Ideas

A key Gini structure our algorithm exploits is the fact that we may compute a Gini coefficient in two separate
ways. Recall from §2.2 that we may either (1) suitably normalize the average absolute difference of endowments
across all pairs of “individuals” (in our case, audience segments), or (2) calculate the area under the Lorenz
curve. Only the first approach yields a formula for the Gini coefficient that can be directly embedded into a math

program, and thus far, we followed the first approach by defining the Gini coefficient GG; as in Equation 5.
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Producing a campaign’s Lorenz curve to employ the second approach would require us to first sort the audience
segments from least allocated to most allocated. But herein lies the difficulty, since prior to solving the allocation
problem we do not know the allocations, and so cannot sort audience segments by their allocations! Although this
argument would seem to rule out using the second approach, it turns out that if we relax the supply constraints so
each campaign can buy any amount of impressions from each audience segment ¢ at the fixed price Bi, then for
this relaxed problem we can infer how the audience segments should be ordered. With this ordering in hand, we
may express each Gini coefficient as the area under a Lorenz curve, or equivalently we may dramatically simplify
our original definition of G; from Equation 5 (the ordering of the allocation vector’s components tells us the sign
of each term inside the absolute value, which allows us to drop absolute values and collect like terms). Moreover,
this alternative view of how to mathematically express the Gini coefficient GG; also permits a useful change of
variables into what we call the “increment space”, allowing us to define our supply-relaxed problem in terms
of the rate that the Lorenz curve increases from one ordered audience segment to the next. This is particularly
useful, since in the increment space the supply-relaxed problem may be reformulated into a set of continuous
knapsack problems (one per campaign). We then leverage the fact that the continuous knapsack problem has a
closed-form solution, derive this solution in the increment space, and transform it back into the original space.
This process is described formally immediately following Theorem 1, which characterizes the optimal solution
to the supply-relaxed problem.

Except for the special case where supply constraints truly are non-binding and impressions of all types can
be acquired on the open market at the fixed prices Bi, 1 € I, solving the original supply-constrained Gini ad
allocation problem (SG) requires a more sophisticated approach. However, we can embed the supply-relaxed
problem as a subproblem within a decomposition scheme that proposes at each iteration a new vector of prices
B= {Bl}ze 1> and combines the supply-relaxed solutions {x7,;}; j)er from past iterations n = 1..N to produce
a near-optimal (and feasible) solution for the full Gini ad allocation problem (SG). We do this by treating the
supply constraints as so-called coupling constraints, and employ Dantzig-Wolfe decomposition (Dantzig and
Wolfe 1960). Moreover, since our subproblem is extremely fast to solve (computationally, its bottleneck is
sorting the price vector B), we also use subgradient optimization (Fisher 2004, Held et al. 1974, Anstreicher and
Wolsey 2009, Gustavsson et al. 2015) to produce several cheaply-computed proposed solutions each time we
solve the Dantzig-Wolfe master problem. Due to space considerations, we present only our main results without

proof in the body of this manuscript; see Appendix C for full derivations and proofs.
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6.2. The Supply-Relaxed Subproblem

We now formally derive our supply-relaxed subproblem, and introduce Theorem 1 which characterizes its solu-

tion. Defining v; = a/§;, our single-period Gini ad allocation problem (SG) is equivalently formulated as:

(P-ORIG) 2* = minzwj Z SnSi|Tn; — x| + ijyj

JEJ  (hi)ETo(j) jed
s.t. Z 8T +y; =d;j ViedJ (demand)
i€l'(5)
Z 8;%;; < 8; Viel (supply)
Jel(@)

xi; > 0V(i,5) €T y; >0Vjed

Notice that in (P-ORIG) we have scaled both sides of the supply constraint by s; so that the marginal value of
increasing the right-hand side of the i** supply constraint is naturally expressed as a per-impression price.
For every given vector of per-impression prices B = Bi}ie 1, we can solve the following supply-relaxed sub-

problem to produce a lower bound for (P-ORIG):

(PS) ZLB(B) = minz% Z Spsilxn; — | + ijyj + Zﬁz Z 8iTi; — S;

JjeJ (h,i)elo(4) jeJ i€l J€E(4)
i€l (j)

ri; >0V, 5) el y;>0Vj€e]

The supply-relaxed subproblem (PS) decomposes by campaign, allowing us to solve a sequence of smaller
subproblems, one for each campaign j € J, rather than solving (PS) directly. Using szB ( B) to represent the opti-
mal value of the % supply-relaxed subproblem, we have the following relationship: z258(j3) = — Yier s:B; +

S . 2EB(3), where each subproblem looks like:

JjEJ TF

(PS-j) ZJ-LB(B) =min 1; Z SnSilThj — il +piy; + Z Bisiwi;

(h,i)€T0(5) i€T(j)
s.t. Z 5i%;j +y; =d,; (demand)
i€T(j)

zi; > 0Vie(j); y; =0

Each campaign-j supply-relaxed subproblem can be solved analytically after sorting the viewer types in increas-
ing order of Bi value, computing some important quantities, and then reading off the optimal solution. The

following theorem characterizes the structure of the campaign-;j subproblem’s optimal solution.

THEOREM 1. Assume that viewer types i € I'(j) are ordered according to the prices Bl < Bg < <L ij, where

m; = |['(j)|. Define the following important quantities:
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o Lets = Doy iy S and s = Zi’:i+1..mj sy be the number of impressions that are rank ordered before
and after viewer type i’s impressions, respectively.
o Letcij=1; Si(S?j - si-’j )+ i Bl represent the “cost” of assigning viewer type i to campaign j in its entirety.
o LetC;j=y ,_, ;Cojand3;; =Y .,_, .Sy represent cost and supply usage “increments” that apply to the

it" increment of campaign j in a transformed space where the subproblem is easier to solve.

e Let 71;j = C;;/5,; represent the cost of assigning one unit of the i*"

increment to campaign j, in the trans-
formed space.

e Leti* =argmin,. (1..my} Tij be a lowest-cost increment in the transformed space.
Then, the optimal solution to (PS-j), represented as (z7}, yj*) with x; = {xfj}¢:1,mj, takes the following form. If

Tixj > pj, then y; = d;, x7; = 0Vi=1..m;, and the corresponding optimal value is p;d;. Otherwise, the optimal

value is 7;«jd; with corresponding optimal solution y; =0, and

% dj/gz*] fOr’I/S'L*
Y 0 fori>i*

The proof of Theorem 1 proceeds in several steps, which are described in full in Appendix C. At a high level,
we (1) define an impression-based version of (P-ORIG) which allows us to omit the sizes of the viewer types
(s;) from several stages of our proof; (2) prove that, in the impression space, if the targeted impressions 7 € A(j)
are ordered without loss of generality according to the prices 3, for each impression (i.e., 81 < 2 <--- < f35)),
then optimal solutions of the campaign-j subproblem in the impression space, represented as (z},y;) where
T = {x;‘jj},«:l“éj, must satisfy the constraints x7; > x5, > -+ > T35 (3) prove that, in the impression space, if
B4 = By for two impressions (g, q’), then the optimal solutions for those impressions must also coincide (xy; =
x;‘, j); (4) impose x1; > xg; > -+ > Tg,; as an optimality cut, allowing us to remove the absolute values in the
Gini-based objective, which then allows us to linearize and simplify our subproblem’s objective so that it contains
O(3;) terms rather than O(83) terms; (5) use the fact that 8, = 8, = w}; = x},, to aggregate this simplified
impression-based formulation with O($;) objective terms into a simplified viewer-type-based formulation with
O(|T'(4)|) objective terms; (6) transform the resulting viewer-type-based formulation into one that has variables
in so-called “increment space” by instead considering decision variables that model the increments 0;; = x;; —
Zi41,j for i =1..|T'(j)| — 1 rather than the x;; variables directly; (7) read off the solution in the increment space,
and translate it back into the viewer-type space.

Theorem 1 characterizes the solution to the supply-relaxed campaign-j subproblem (PS-j). If shortfall costs
are relatively low (p; < m;+;), then it is optimal to allocate no impressions to campaign j, and incur full shortfall

Yyt = d;). On the other hand, if shortfall costs are relatively high (p; > 7;+;), then it is optimal to have no
J J J J
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shortfall (y; = 0) and to spread impressions proportionally across the viewer types {1,...,7*}. Since viewer

types i € I'(j) are ordered according to the per-impression prices 3; < 5 < --- < ij, where m; = |I'(j)|, we
can interpret the solution as one that proportionally spreads impressions across the cheapest set of viewer types
{1,...,4*}, where the costs of the viewer types are nontrivial and computed using Theorem 1. The viewer type

i* is at the threshold of affordability, given the values for { Bi}izl‘_mj.

6.3. Algorithm

Our decomposition method leverages the analytical result of Theorem 1 to solve our original Gini ad allocation
problem (P-ORIG). It additionally provides (1) a method to choose “good” price vectors B ; and (2) a method to
convert one or more solutions from supply-relaxed campaign-j subproblems into a solution {x;; }; j)er that is
near-optimal for (P-ORIG) and satisfies all supply constraints i € I of the form jerey Tij < 1.

To get an initial feasible solution, we first run a two-stage heuristic. In stage one, our heuristic iterates through
the list of campaigns j = 1..|.J|, and attempts to assign s,6; impressions of each viewer type i € I'(j) to campaign
7. Such allocations are processed in sequence, and at some point the remaining supply of viewer type ¢ may be
less than the s;0; impressions campaign j is requesting. At such a point, campaign j gets the remaining supply
of viewer type 7, and subsequent campaigns do not get any impressions from this viewer type. When stage one
is completed, some viewer types may be completely allocated, and yet some campaigns may still have demand
that has not been allocated. This can happen whenever a campaign cannot grab all s;6; impressions from each
viewer type i € I'(j) that it wants. Stage two then iterates through the list of campaigns once again, but this
time each campaign j checks to see how many impressions in each matching viewer type i € I'(j) are still
available, and grabs the same proportion of slack from each matching viewer type. Ideally, after booking this
proportion of slack, the demand for campaign j is fully allocated. However, it could be that the proportion of
slack needed to satisfy demand would exceed one; in that case, the campaign grabs all remaining slack from
each matching viewer type, and remains partially unallocated. We denote the solution computed by this heuristic
as {{x?j}(i,j)er, {y? } jeJ}, and compute the values corresponding to each j-component {v? },jecs using the terms

corresponding to campaign j in the Gini objective (6); i.e., for n = 0 we compute:
vy =) Z snsilxy; — x|+ piy; - (12)
(h,i)€To(4)

We then use this heuristic solution to initialize the first set of columns, corresponding to n = 0, in the following

Dantzig-Wolfe master problem, which has parameters T, v, n = 0..N,j€ J,i€T(j), and decision variables
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)\jn,nZO..N,jGJ:

(PM) 2YB = min Z v Ajn

jeJn=0..N
st Y alA, <1 Viel (supply)
n=0..N,j€'(3)
Z Ajn =1 Vield (convexity)
n=0..N

Ajn > 0Vj€J,Vn=0..N

A naive version of our decomposition method can be described as follows. Starting with N = 0, we solve the
master problem (PM). Then, we set the price vector B = {Bz}ie ; to be equal to the dual values of the supply
constraints for each viewer type ¢ € I, and solve the supply-relaxed subproblems (PS-j) for all campaigns j € J
analytically, using B and Theorem 1. We increment the iteration counter N := N + 1, and record the solutions
to the supply-relaxed subproblems as {{z} } jjer, {y} };es }. We then compute the values {v)};c; of these
solutions using Equation (12), and add the columns (variables and associated terms) corresponding to iteration
N for all campaigns j € J to the master problem, and iterate. At each iteration, we solve the master problem
(PM) and subproblems (PS-j) for all campaigns j = 1..|.J] in this fashion until we satisfy a termination criterion.

The master problem (PM) encodes a solution to our original problem (P-ORIG) that is a convex combination

of all subproblem-j solutions produced in past iterations n =0..N, i.e., z;; = > Ajny, for all (4,7) € T

n=0..N
(the A;,, variables determine the weight to apply to the solution produced by subproblem j in iteration n). This
solution is feasible in (P-ORIG), since the demand and non-negativity constraints are satisfied by all subproblem
solutions and by construction the master problem ensures that the convex combination additionally satisfies the
supply constraints that were relaxed in the subproblems. Moreover, the initial solution {{x?j}@ pers 1Y) }e J}
is feasible in (P-ORIG), which guarantees (PM) always has a feasible solution.

The master problem (PM) yields an upper bound and the subproblems collectively yield the lower bound
zLB([3). Therefore, at each iteration, we compute the optimality gap (25 — z5B)/2LB_ and terminate when
it is below a desired threshold. In general, Dantzig-Wolfe decomposition is known to converge to optimality;
however, its rate of convergence depends on the problem being solved. In our case, because the subproblems
are analytically solvable, the master problem is the computational bottleneck. Therefore, it makes sense to either
avoid solving the master problem at each iteration, or to reduce the size of the master problem by limiting the
number of solutions N that we take a convex combination of. It turns out that a good way to speed up our

Dantzig-Wolfe-based decomposition method is to solve the master problem (PM) only every fifth iteration, and

to employ subgradient optimization to update the prices Bi, 1 € I, for four out of every five iterations.



Lejeune and Turner: Planning Online Advertising Using Gini Indices 33

To use subgradient optimization, we note that the i component of the subgradient is simply the negative
slack of the " supply constraint; i.e., it is g; := Zj ergy) Tij — L. Using the step size o, at iteration n, we update
B as follows: 3; := B3; + 0.,g;. We use step sizes o,, = 2(2V8 — zLB(ﬁ))/(Ziel s,92), which have been shown
(c.f., Fisher 2004) to make steady progress toward the optimal B . After updating B , we solve subproblems (PS-j)
for all campaigns 7 € J just as before, and add columns (solutions proposed by the subproblems) to the master
problem. Note that, for an iteration that we use subgradient optimization, even though we do not solve the master
problem it still grows in size. We now have all the ingredients to state our algorithm for solving (P-ORIG).

Gini-Based Decomposition Method. Starting at iteration N = 0, we (1) initialize the master problem (PM)
with a feasible heuristic solution, and then (2) increment the iteration counter (N := N +1). Every fifth iteration,
we (3a) solve the master problem (PM) to get a new price vector B, a near-optimal feasible solution, and the
value of this solution which serves as an upper bound zY2 for (P-ORIG). For four out of every five iterations, we
instead (3b) employ subgradient optimization to update the values of Bi, 1 € I, computed in the past iteration. We
then (4) use Theorem 1, which leverages the Gini structure of our problem, to solve all campaign-; subproblems
analytically. We record the proposed solutions (z,y]) for each campaign j as well as the lower bound 2EB,
and then (5) update either the lower bound or the upper bound, or both, if they are tighter than in the previous
iteration. We (6) compute the optimality gap (2YZ — 258) /218 and stop if we have attained the termination
criterion (e.g., optimality gap < 1%), or continue to iterate (go to step 2) otherwise. Our decomposition method

terminates with the feasible solution z;; =) | Ajnl:, (4,7) € I', which is near-optimal.

n=0..N ij°

6.4. Solution Structure

Not only is our decomposition method an efficient algorithm for finding near-optimal solutions to the Gini ad
allocation problem (SG), but it also characterizes the structure of the optimal solution, as we will now show.
Let (z*,y*) with 2* = {2}, }i.j)er and y* = {y; },c. be an optimal solution of (SG), and denote the campaign-j

component of the optimal solution as (z7,y;), where 25 = {7}, }icr(;). We begin with the following definition.

DEFINITION 5. Basic Solution. An allocation (z;,y;) to campaign j is considered basic if either

(i) No demand is met, i.e., y; = d; and x;; =0Vi € '(j), or

(i1) All demand is met, and the demand is spread evenly over a subset of the audience segments that campaign
Jj targets. Formally, this means y; = 0 and there exists a subset B; C I'(j) of the audience segments such that
x;; =d;/5; for all i € B; and x;; = 0 for all ¢ ¢ B;. Moreover, we have used §; = Ziij s; to denote the total

supply coming from all audience segments in the set B;.
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Our decomposition method may be used to express the optimal allocation for each campaign j, i.e., (z,;),
as a convex combination of one or more basic solutions. This follows directly from the structure of our decom-
position method because (1) Theorem 1 tells us that each supply-relaxed campaign-j subproblem produces a
basic solution, (2) at each iteration, the Dantzig-Wolfe master problem (PM) produces a feasible solution which
is a convex combination of (possibly) a heuristic solution (which may be chosen basic) and some subproblem
solutions (which are themselves basic), and (3) given sufficiently many iterations, the Dantzig-Wolfe method
converges to optimality. Note that using the heuristic solution described in §6.3 yields good convergence but is
not basic. Although the heuristic solution is often no longer part of the convex combination when our algorithm
terminates, strictly speaking if one wants to ensure convergence to a solution that is a convex combination of
basic solutions, one can instead initialize the Dantzig-Wolfe master problem with the trivially basic solution
x;;=0forall (i,5) €, y; =d; forall j € J.

Assuming we initialize our algorithm with a basic solution and converge to optimality after [V iterations, our
algorithm produces (i) prices B;’ for all viewer types 4 and all iterations n, (ii) weights A, for all campaigns j
and iterations n, and (iii) basic solutions (7,7 ) for all campaigns j and iterations n. Denoting the set N; as the
subset of iterations n = 0..N for which the weight };,, is strictly positive, we can express the optimal allocation

for campaign j as:

= Z Ajnall; forall i € I, and (13)
nENj
vi= > Ayl (14)
’I’LENJ'

The above characterization allows us to view the optimal solution as being generated by randomizing over a
set of prices. Specifically, with probability A;,, campaign j is subject to internal prices Bf for audience segments
1 € I, and must “pay” these prices for the impressions it gets from each audience segment. These internal prices
correspond to the dual variables for the supply constraints, and one vector of internal prices is computed in each
iteration of the Dantzig-Wolfe procedure. Given a vector of internal prices 3 = { 37}16 1, we can identify, using
Theorem 1, the audience segments that are relatively cheap for campaign j (this becomes the set B;), and the
audience segments that are relatively expensive for campaign j (these remain in the set I'(j) \ B;). In Appendix
D we provide an online algorithm that exploits this interpretation to serve well-spread ads in real-time.

The following simple example provides an illustration. We are given 2 campaigns (A, B) and 2 audience seg-
ments (1, 2), demands are d , = 60 and d g = 800, supplies are s; = 80 and s, = 800, campaign A targets segment
1 only, and campaign B targets segments 1 and 2. Per-impression shortfall penalties p,4 and pg are both 0.01, and

we fix a = 0.009. For campaign A, our algorithm produces one basic solution, {z}, = (3/4,0),y} = 0}, with
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corresponding weight A 4; = 1. The optimal solution (x%,y% ) is precisely this basic solution (i.e., it is a degen-
erate convex combination of one basic solution). For campaign B, our algorithm produces two basic solutions,
xrp = (10/11,10/11), 2% = (0,1), yp = y3 = 0, with weights Ap; = 11/40 and Ap, = 29/40. The optimal
solution is a convex combination of these basic solutions, i.e., z’y = (11/40)(10/11,10/11) + (29/40)(0,1) =
(1/4,39/40), and y3, = (11/40)(0) + (29/40)(0) = 0. That is, with probability Ap; = 11/40, campaign B is
subject to low internal prices in both audience segments (311 = B; = 0), making both audience segments afford-
able. And with probability Ap, = 29/40, campaign B is subject to a high internal price in segment 1 (Bl2 =0.1)

as well as a low internal price in segment 2 (BS = 0), making only segment 2 affordable.

6.5. Computational Results

We now evaluate the computational performance of our decomposition method. For this, we generate a number
of test problems using the method described in detail in §5.1. Our test cases here have three sizes: small (100
campaigns x 100 viewer types), medium (100 campaigns x 200 viewer types), and large (100 campaigns X
500 viewer types). As before, we have three categories of test case: loose, globally tight, and locally tight. We
represent these three categories notationally as Lx, GTx, and LTx, where the x represents the extent to which
demand is inflated, and is either z = 0 or = 20 percent. When x = 20, we inflate demands so that they are
20% higher than what they would ordinarily be for such an instance, leading to demand shortfalls of up to 20%.

Figure 10 lists the properties of this set of instances.

Campaign  Viewer Type

Sell-  Targeting : ; Reservation
Test Case Link Link .
through % Intensity Intensity Proportion
Loose (LO) 67.1% 19.6%  U[0.1, 0.4] U[0.5, 1] 3.75%
Globally Tight (GT0) 95.4% 19.0%  U[0.1,0.4] U[0.5, 1] 6.6%
Locally Tight (LTO0) 924%  3.4% U[0.05,0.2] UJ[0.1,0.4] *
Loose (L20) 732% 19.5%  U[0.1, 0.4] U[0.5, 1] 3.75%
Globally Tight (GT20) 106.7% 18.4%  UJ[0.1, 0.4] U[0.5, 1] 6.6%
Locally Tight (LT20) 108.0% 3.5%  U[0.05,0.2] U[0.1, 0.4] *

Figure 10 Six batches of test cases used to evaluate our decomposition method. In cases marked *, reservation proportions for each
campaign were drawn from {40%, 70%, and 100% } with probabilities 0.6, 0.3, and 0.1, respectively. Globally tight cases
have high sell-through, while locally tight cases have both high sell-through and low targeting percentage.

As seen in Table 2, our decomposition method is very effective. Solution times are on average 60 times faster
than when CPLEX is used to solve (SG) directly. Furthermore, we note that our decomposition algorithm can
solve all instances in at most 11 minutes, while 22% of the instances cannot be solved by CPLEX in under 2

hours. All tests were run on a 64-bit desktop with Intel(R) Core(TM) 17-2600 processor, running at 3.4GHz CPU
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and with 16GB RAM, using CPLEX 12.6 and AMPL 2016.03.10. For all tests, we used a single processor core

and terminated the decomposition method when the optimality gap was less than 1%.

Instance Small (100x100) Medium (100x200) Large (100x500)
Instance || Regular \ Decomposition || Regular \ Decomposition || Regular \ Decomposition
LO 8 1 78 3 7200+ 20
GTO 26 1 922 10 7200+ 152
LTO 1 1 1 1 28 4
L20 4 1 82 3 7200+ 36
GT20 73 1 2132 11 7200+ 396
LT20 1 1 1 1 52 5

Table 2 Comparison of solution times (in CPU seconds) with and without the decomposition method. Solution times marked 7200+

indicate cases where CPLEX did not find a solution within 2 hours and was aborted.

7. Extensions

We have also derived several model and algorithmic extensions. In Appendix §B.5, we show how the supply-
relaxed subproblem defined in §6.2 can be used directly to solve a market-based variant of our problem, where
an ad aggregator does not own any impression traffic itself and must purchase the entire supply of each audience
segment from the market, at fixed (estimated) prices. In Appendix §D, we introduce an online algorithm that
can be used in conjunction with our decomposition method to serve well-spread ads in real-time. It operates by
reconstructing, as-needed on-the-fly, all iterations’ solutions x?j, n = 0..N, according to the probabilities )\,
and randomizing over these solutions as the Dantzig-Wolfe master problem dictates. Finally, in Appendix §E,

we develop a multi-dimensional (i.e., multi-period) Gini model as well as a nested decomposition method that

repeatedly invokes Theorem 1 to spread impressions across both audience segments and time.

8. Conclusions

Online advertising is a $72.5 billion market, forty-four percent of which is display advertising, which can be
further subdivided into impression-based, click-based, or conversion-based advertising, and orthogonally into
guaranteed or non-guaranteed advertising. This paper’s focus is on planning guaranteed impression-based ads, in
which advertisers’ demands for impressions of various types compete for shared resources and advertisers prefer
to receive impressions that are evenly-spread across targeted audience segments and across time. We employ the
Gini coefficient measure to quantify what is meant by “good spreading”, and derive specific Gini-based metrics
to measure several dimensions of spreading that advertisers and publishers care about.

We propose a new single-period optimization planning problem that maximizes the spreading of impressions

across targeted audience segments while limiting demand shortfalls. We identify five key properties which are



Lejeune and Turner: Planning Online Advertising Using Gini Indices 37

essential in the online display advertising context and have shown that our Gini-based model satisfies all of
them. We design a decomposition method that allows for the exact and efficient solution of the Gini formulations
that are, to the best of our knowledge, of a size not precedently handled in the literature. Our decomposition
scheme incorporates ingredients from the Dantzig-Wolfe decomposition and subgradient optimization methods,
and exploits the special structure of the Gini-based ad planning problems. Crucially, we are able to show that
after a suitable problem transformation, the subproblems can be solved analytically, which leads to a substantial
speedup. Numerical tests on our single-period model show that our decomposition method is on average 60
times faster than solving the Gini-based formulation directly with CPLEX. Finally, we extend our main result,
which allows us to solve single-period subproblems analytically, to a multi-period model using a Lagrangian
Decomposition scheme. We also discuss how our decomposition framework can be used by an aggregator that
buys impressions in the market and allocates them to advertisers, sketch an online algorithm which can be
used with our decomposition method to serve well-spread ads in real-time, and suggest that our decomposition
method, which is versatile enough to be used for the solution of other Gini-related optimization problems, may
be employed as the foundation for large-scale parallelized implementations.

The analysis of the results provided by our model and their comparison with results derived from a popular
ad planning model developed at Yahoo allow us to draw insights about the usefulness of the Gini coefficient and
to quantify the potential benefits of using Gini-based metrics for planning online advertising. Using numerical
experiments, we compare and contrast the solutions from our Gini-based model with this baseline model, and
show that our Gini model is generally better at trading off revenue to achieve better spreading. As we have
shown, the extent to which a campaign’s impressions are well-spread can be easily visualized using a Lorenz
curve. By minimizing Gini coefficients, we effectively minimize the area above the Lorenz curves. We interpret
these Lorenz curves, and discuss how they can be used in practice, both by the publisher, to monitor ad delivery

performance, and by the advertiser, to review past ad delivery performance.
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Endnotes

1. Advertisers often prefer if 2 individuals each receive 1 impression rather than for 1 individual to receive
2 impressions. Although display advertising is commonly planned using impressions, the number of unique
individuals that see an ad, called reach, is another metric that is also important to advertisers.

2. Although Bharadwaj et al. (2012) define the demand constraint as ZieF(j) s;x;; +y; > d; for convenience
when deriving the dual, it is easily proven that it is never optimal to over-deliver; hence, we can equivalently
represent the demand constraint with an equality, which is a clearer representation for our purposes.

3. Strictly speaking, this assumes each arriving user sees exactly one impression. Generalizing the model to
multiple impressions per arrival is possible (e.g., see Turner 2012), but we ignore that possibility to keep the
model accessible.

4. If we draw a negative realization we discard it, and continue drawing until we get a positive one.

5. For datasets, please visit https://faculty.sites.uci.edu/turnerjg/datasets/gini/.

6. To model loss of goodwill inherent in issuing partial refunds for less-than-contracted service, we may gen-
eralize the revenue metric to R =73, p;d; —n ), p;y; by using > 1.

7. Since both audience segments and campaigns have different sizes, we count each residual r;; exactly s; X w;
times. This normalization is equivalent to splitting each supply node of size s; into s; supply nodes of size 1, and
each demand node with size w; into w; demand nodes of size 1.

8. Note that the minimization objectives of both models (Equations 3a, 6) now include an additional term that

subtracts off the revenue from the outside option, Ei Bz-si (1 — Zj er i) 33”>
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Appendices

Appendix A: Notation, Derivations, and Proofs
A.1. Notation for Audience-Level Models & Expressions

Table EC.1 is a reference for the main notation used in the paper, which concerns models that plan blocks of

impressions known as ‘audience segments’ or ‘viewer types.’

Index Description
h,i Audience segment
J Ad campaign
t, T Time period
Parameter
(Single-Period Models) | Description
1 Set of audience segments
J Set of ad campaigns
I'(7) Set of campaigns that target audience segment ¢
'(y) Set of audience segments targeted by campaign j
r Set of (audience segment, campaign) (7, j) pairs
that define all campaigns’ targeting requirements
d; Demand (in impressions) of ad campaign j
D; Penalty assessed for each impression of demand shortfall
for campaign j
S; Supply (in impressions) of audience segment ¢
55 Supply (in impressions) eligible for campaign j
0; Demand intensity of campaign j
Decision Variable
(Single-Period Models) | Description
Tij Proportion of the impressions of audience segment ¢
to assign to campaign j
Y Demand shortfall (in impressions) for campaign j

Table EC.1 Notation

A.2. Notation for Impression-Level Models & Expressions

Table EC.2 is a reference to additional notation used in parts of this Appendix, where audience segments are

treated as collections of individual impressions to express impression-level quantities for the proofs.

A.3. Full Derivation of Gini-Based Metric

We now derive our Gini-based metric (5), which measures the degree to which impressions are spread across
audience segments, from first principles. We begin in the disaggregated impression-level space, where z,; is
the proportion of impression (arrival) r to assign to campaign j, and can be alternatively interpreted as the

probability of assigning impression r to campaign j. With A(j) defined as the set of impressions that match the
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Index Description
q, 7 Impression (arrival)
Parameter

(Single-Period Models) | Description
Set of impressions (arrivals)
Set of impressions that comprise audience segment ¢
Set of campaigns that target impression r
A(y) Set of impressions targeted by campaign j
Set of (impression, campaign) (r, j) pairs
that define all campaigns’ targeting requirements

=
.35&:0

Decision Variable
(Single-Period Models) | Description
Tyj Proportion of impression 7 to assign to campaign j
(can be interpreted as the probability of assigning
impression r to campaign j)
Y Demand shortfall (in impressions) for campaign j
Table EC.2  Notation for Impression-Level Expressions

targeting of campaign j, the following GMD metric, which measures how evenly-spread a campaign’s ads are

across impressions in a campaign’s target audience, follows directly from the definition of GMD (2):

YDl -l (EC.1)

qeA(F) reA(F)

GMD] —

| 2

By aggregating impressions into mutually exclusive audience segments, and using z;; as the proportion of
audience segment ¢ to assign to campaign j, we simplify equation (EC.1) as follows. For notational convenience,
we order the audience segments and define I'y(j) = {(h,i) € I'(j)? : h < i}, which indexes all distinct audience

segment pairs.

PROPOSITION EC.1. In the aggregated audience-level space, the GMD metric corresponding to (EC.1) is:
2
GMDJ = 72 Z 5h5i|xhj —IE”| (EC2)
7 (h,9)€To(5)
Proof. Let R; be the set of impressions represented by the audience segment i. Then we have (i) s; = | R;|,
(i) A(J) = Uier R, (i) §; = |A(j)| = Ziem) |R;| = Ziem) s;, and (iv) x,; = x;; Vr € R;, allowing us to
simplify equation (EC.1) as follows:

Z Z g — Trj| = |A( E

gEA(F) reA())

o 2 3 (3 Tl ) =i

hGF ) i€l (j) \gER reER;

> Do lrg =l

9€{Upery R} re{UieryRit

(Z 2 ’%—xm)

qERy rER;

| 2

hGF(]) i€l(j)

2
Z > snsilan — 3| = 2 D susilwn — ). O

J her(5) i€l (j) J (h,i)€lo(5)

The sy, s; factor enters into this expression since the number of ways we can pick a pair of impressions such that

one is from audience segment h and the other is from audience segment i is precisely s, times s;.
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Moreover, in a similar manner we can also derive the average proportion p; of an impression assigned to

campaign j from impression-level quantities as follows:

Z Tpj = ‘ Z me |A ‘ Z qu Z 8;%;j. (EC.3)

TGA(j i€T'(j) rER; i€eT(j) rER; I ier()

Finally, from (2), our Gini-based metric is G; = GM D, /(2u;).
A.4. Proof of Proposition 2: Existence of Ideal Impression Allocations

Proposition 2: Let p; = p, j € J. If the system (11a)-(11d) is feasible,

1. The optimal solution of the Gini model (SG) is always an ideal allocation. This statement is valid regardless
of the emphasis placed on spreading determined by the parameter a > 0.

2. There is no guarantee that the optimal solution of the baseline model (SB) is an ideal allocation.

Proof. Part 1) Regardless of whether perfect spreading is possible or not, the quantity pY is a valid lower
bound on the optimal value of the objective function (9) of the Gini model. Any solution x feasible for (11a)-
(11d) gives a value of (9) equal to pY and is therefore optimal. Additionally, any solution x’ not feasible for
(11a)-(11d) will either: 1) violate the minimum shortfall constraint (11b), thereby increasing the shortfall cost
component in (9) without reducing the spreading cost component (i.e., since any feasible x has perfect spreading
and minimal spreading cost equal to 0); or 2) violate the perfect spreading condition, thereby increasing the
spreading cost component in (9) without reducing the shortfall cost component (i.e., since any feasible x has
minimal spreading cost).

Part 2) Any solution x feasible for (11a)-(11d) minimizes the shortfall cost component in the objective function
(3) of the baseline model. However, there is no guarantee that the spreading term in (3) is minimized by x. A

numerical counterexample is provided after Proposition 2. O

A.5. Proof of Proposition 3: Existence of Sufficient Orthogonality
Proposition 3:
1. The Gini objective (6) has sufficiently orthogonal spread and shortfall measures.
2. The baseline objective (3a) doesn’t have sufficiently orthogonal spread and shortfall measures.
Proof.  Part 1) To solve for a minimizer x of f77##4P*(¢), we begin by noting that the feasibility condition

SHORTFALL _ A~ . .
I (x;) = c can be phrased as a restriction on the mean allocation f1; =, ;) $i%;;/8;, since:

f_SHORTFALL(xj) =c = py; =c = pj(dj —wj;) =c

= (d; —w;)/38; =c/(p;3;) = (d;/3;) — (w;/3;) = c/(p;3;)
= 0; — 1y =c/(p;8;) = p;=0; —c/(p;3;)-

Next, we claim that the solution x7; = 6; — ¢/(p;3;) for all i € '(j) is a minimizer of f7"#¥4P*(c). By defini-

tion, the mean allocation .} under the solution z7; is:

Zsmm/sj Z si (05 —c/(p;3;)) /35 ="0; —c/(p;8;),

iel(5) i€l (j)
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which clearly satisfies fF#OFTFALL (x) = ¢. As well, fPPREAD*(¢) = qw?Gs = a8;GM D7 /2 =0, where the
last equality follows because GM D; = 0 whenever z;; takes the same value for all i € T'(j) (see Eq. 4). Because
GMD; > 0, we must always have f77##4P*(¢) > 0. Consequently, the solution {z; = 6; — ¢/ (p;3;) forall i €
['(j)} minimizes f77*FAP*(c) with the value of f77RFAP*(¢) = 0.

Part 2) To solve for the minimizer x; in the definition of

. V.

2 ier(j) Siij to define the Lagrangian L(x;,(;) = 3 Zicr) zo; 81 (%15 — 0;)" 4 G(p(dj = Xjerj) siis) — ©)-
From the stationarity condition dL(xj,(;)/0x;; = 0, we have ﬁsi(az —0;) — (Gpjsi = 0; thus, 7, = 6; +

9.7
(;% for all 4 € I'(j). Substituting this x;; into the feasibility condition f>"HTFALL(x;) = ¢, which in this
J

fPPREAD(c), we use the fact that y; = d; —

*
ij

case is p;(d; — X ier(y) Si%i;) = ¢, yields (f = —cV;/(d;p3). Since x}; = 6; + Cje%j for all i € I'(j), we have

y L 0D . . v, y Vi . .
—0=¢ ]?1;] = —c/(p;3;), and therefore fP7HFAP*(c) =37, | ﬁ]jsi(%j —0;)° = ﬁjjsj(—c/(pjsj))z =

?V;/(2d;p?). Finally, 0 fPPREAP*(¢) [0c = ¢V} /(d;p?) > 0 for all ¢ > 0. Since f77#F4P*(c) is an increasing

x

function of ¢ for all ¢ > 0, we have a contradiction which proves the proposition. U

A.6. Proof of Proposition 4: Existence of Split-and-Merge Invariance
Proposition 4:

1. If the parameters V; in the baseline objective function (3a) are chosen independently of campaign demands
d;, then the optimal solution to the baseline model (SB) is not affected by arbitrary campaign splits or merges.

2. The optimal solution to the Gini model (SG) is not affected by arbitrarily splitting or merging campaigns.
Preliminaries: The following proofs use the following setup. Consider a publisher that minimizes the cost of
spreading impressions over audience segments, defined as the sum of campaign-specific terms F; := W, f;,
where W, is a campaign-specific scaling factor and f; is either Eiew) si(x;; — 0;)? for the baseline model or
GM D; for the Gini model. We have a large campaign C' which we are considering splitting into two smaller
campaigns A and B so that (i) campaigns A and B inherit the targeting of campaign C, i.e., '(4) =T'(B) =
I'(C), implying §4 = $p = S¢; and (ii) the demand of campaign C' is equal to the total demand of campaigns
A and B, i.e., dc = da + dp. Therefore, by definition 64 = (da/dc)0c and 05 = (dp/dc)0c. Furthermore,
assume the allocation z;- given to campaign C' is proportionally split across campaigns A and B; i.e., x;4 =
(da/dc)xic and x;5 = (dg/dc)x;c, for all audience segments 4. Since x;4 + x;5 = ;c, an advertiser should
be indifferent between purchasing both campaigns A and B, or just campaign C'. We will now show when the
objective function Zj F; exhibits this indifference.

Proof of Part 1 (Baseline Model): We begin with a technical lemma, then present the main proposition, and

finally communicate our result using a corollary.

LEMMA EC.1. ZiEF(C) Si(:riC — 00)2 = <Z€> Zi,el"(A) Si(ﬂfiA - 9A)2 + (%) ZiEF(B) Si(-riB - 93)2.

Proof.  'We simplify the left-hand-side expression as follows:

Z Si(l‘ic - ‘90)2

i€D(C)
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N <dA> z si(zic —0c)” + <ZZB> Z si(ric —0c)?, since da +dp = do

dc ier(c) ¢/ ier(c)

() 2 () (£)0) + () 3 (&) o= () )

_ <d0> 7 si(wia—04)"+ <ZC> > si(wis—05)°,

da ieT(A) B/ ier(m)

which concludes the proof of this lemma. U

PROPOSITION EC.2. IfW,4 > W¢ ( ) and Wg > We ( ) then Fo < F5+ Fg; thus, an advertiser prefers
to have both campaigns A and B over having only campaign C. Similarly, if W, < W¢ (—C) and Wg <
We ( ) then Fc > F4 + Fg; thus, an advertiser prefers to have only campaign C' over having both A and B.

Moreover, if Wy =We ( > and Wg =Wg ( ) then Fc = F'a+ Fg, in this case, an advertiser is indifferent
to having only C versus having both A and B.

Proof. 'We prove only the first case, as all three cases are similar. Assume W4 > We (d—c) and Wg >
We ( ) Then:

Fo=We Z si(zic —0c)?

i€r(C)
d d
=We < C) Z $i(wia—04)° +We ( C) Z s; (x;5 —0p)°, by Lemma EC.1
dA X dB .
i€l (A) i€r(B)
<Wy Z Si(xia — 9A)2 +Wpg Z si (xip — 93)2 =Fy+ Fp,
i€l (A) iel(B)
which concludes the proof of this proposition. O

COROLLARY EC.1. If W; = Q;/d; where the given Q; values do not change when campaigns are split (i.e.,

Qc = Q4= Qp), advertisers are indifferent toward buying small or large campaigns.

Proof. We have Wuds = Qa4 = Qc = Wedce, and similarly Wgdg = Wede. Therefore, W, = We (‘;—i)
and Wp =W¢ ( ) Invoking Proposition EC.2 concludes the proof of this corollary. U
Finally, we note that as long as the weights V; in the baseline objective (3a) are chosen independently of campaign
demands d;, then W; = V; /20 satisfies the assumption of Corollary EC.1 with Q); = V;3;/2. Therefore, so long
as V;’s are chosen independently of d;’s, the baseline objective is invariant to arbitrary splits and merges.

Proof of Part 2 (Gini Model): Recall from Section 3.2.2 that the spread term in our Gini objective is
a Y, w;G;, which is equivalent to Y, 2GMD;. With W; = %L, f; = GMD;, and F; = W, f;, we aim to
show that F(o = F4 + Fs.

~

Proof. Since §4 = §g = S¢, it is clear that W, = Wz = W. Therefore, it remains to show that fo =

fa+ B
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2
fC:GMDC:§7
da 2
-(2)z ¥
(h7z)eF0(C)
da 2
-()z >
(h,z)eFo(A)

2
:ﬁz

A (hi)eTo(A)

2
SnSi|Tha — Tial + 2

>

SpS; |$hc - 33ic|

© (h,i)ery(C)

dg\ 2
SnSi ‘l'hC - $z‘C| + df
c/) S

dc

(5) @ar -0

>

B (h,i)ero(B)

ShSi

:GMDA+GMDB:fA+fB;

which concludes the proof.

Moreover, if the spread term o)

jeJ

=Y
C (h,i)ery(C)
2

dp
(i);

DS

B (h,i)ery(B)

spSi |The — T8

w;G; in our Gini objective is generalized to )

SpSi

SnSi |5UhC - fUz‘C|

(4) @220

g

jed O[]’LUJGJ, then the

above proposition holds so long as a4 = ap = a¢, i.e., the campaign-specific priority weighting factors «; do
not change when campaigns are arbitrarily split or merged.
A.7. Proof of Proposition 5, Part 1: Interpretation of Weights in Baseline Objective

Proposition 5, Part 1: Assuming V; = 1 for all campaigns j € .J, the baseline objective (3a) weights campaigns

by their size (i.e., impressions demanded d;), and penalizes the average squared percentage deviation from the

target allocation (x;; =0; Vi € I'(5)).
2

(%) 0; = (%)2-%,Wehave:
2
% > silwy —0;)° <91> ;ij > silwy = 0;)’

T ier(y) J T ier(j)

1=

Proof. Since 0,

»

d; -

V%

2
-1
)

2
— 1) is the squared percentage deviation from the target allo-

> (%
ier() 4 NI

Notice that, for campaign j, the expression (%
cation of audience segment i. We average this over all audience segments i € I'(j) by appropriately weighting

1). O

2 —

larger segments more than smaller segments (note that ) . . G i =
J

Appendix B: Additional Material: Background, Plots, Descriptions, and Extended Analysis
B.1. Bar Graph Visualization of Impression Spread

Consider an advertiser who wants to visualize how well-spread the impressions she got are over some dimension
of interest, for example, geography. Her ad campaign targeted only the three western states and received a total of
10 million impressions, with the breakdown being 7, 1, and 2 million from California, Oregon, and Washington,
respectively. Although we can visualize this data using a bar graph, as it could be done by using the results
of the baseline model, this is problematic for at least two reasons. First, the geographic dimension does not
have a natural order, and thus, there are six different permutations of the bars (see Figure EC.1), all of which
are equally valid. Second, a typical bar graph is not normalized for differing population sizes across audience

segments. Indeed, in our example California, Oregon, and Washington have populations of 39, 4, and 7 million
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people, respectively; this corresponds to 78%, 8% and 14% of the western region’s population of 50 million.
An evenly-spread ad campaign of 10 million impressions would assign 7.8, 0.8, and 1.4 million impressions,
respectively, to California, Oregon, and Washington. Meanwhile, our original allocation of 7, 1, and 2 million
impressions is 10.3% below, 25% above, and 42.9% above the equal-proportion solution. In essence, the bar
graph is misleading since it incorrectly compares the 7 million impressions in California with the 2 million in
Washington, without accounting for the fact that California and Washington’s audience sizes are on different
scales (indeed — California’s allocation is in fact below average, not above average!). A Lorenz curve, on the
other hand, visually represents the spread of a categorical distribution in such a way that, unlike the more widely
used (and abused) bar graph, does not suffer from (a) multiple possible visual representations due to arbitrary

ordering of categories, and (b) poor scaling.

Allocated Impressions (Millions)
Allocated Impressions (Millions)
Allocated Impressions (Millions)

California Oregon  Washington California Washington Oregon Oregon California Washington

Allocated Impressions (Millions)
Allocated Impressions (Millions)
Allocated Impressions (Millions)

Oregon  Washington California Washington California Oregon Washington  Oregon California

Figure EC.1 Impression spread by geographic region, visually represented using bar graphs.

Note that the practical importance of visualizing spread using a Lorenz curve instead of a bar graph is com-
pounded when comparing spread across multiple ad campaigns. This is because while it may be possible for
users to agree on a particular ordering of categories (e.g., listing all geographic regions alphabetically by name
from left-to-right), different campaigns target different subsets of categories along a dimension. For example,
in a bar graph, the third bar from the left could represent California for one campaign, and Kansas for another.
Indeed, a bar graph would only properly represent spread of impressions when (a) all campaigns target all audi-

ence segments, (b) users can agree on a single arbitrary ordering of the segments within a bar graph, and (c)
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all audience segments represent audiences of the same size. Clearly, this special case is quite rare in practice,
which motivates the Lorenz curve as a means of visually representing the spread of impressions across audience

segments.

B.2. Alternative Models

In this section, we discuss several alternative spreading objectives, and show how seemingly small structural
modifications affect the ability of the corresponding model to satisfy the five key properties listed in Table 1.

Campaign-specific scaling factors, i.e., the w;’s in the Gini objective o Zj c;w;G; and W;’s in the baseline
objective Z(i)j) er Wisi(s; — 6,)?, must be chosen appropriately for several key properties to hold. Consider
the following model variants with modified scaling factors, and the resulting effects:

o Alternative Gini Objective, o Zje ;d;G;: If we weight the Gini coefficients by the demands d; instead of
by impressions allocated w; = d; —y;, the Gini term in the objective would be equivalentto >, ;(y; +w;)G;.
Consequently, demand shortfalls y; would be penalized by the spread metric oG, violating Property 3 (Suffi-
cient Orthogonality). Moreover, whereas Zj c; w;Gj is linearizeable via the formulation (7)-(9), the expression
>_jcs d;G; is non-convex in the primary decision variables z;;, causing this model variant to additionally violate
Property 1 (Efficient Solvability).

e Alternative Baseline Objective, V;0;si(x;; — 0;)*: In this model variant, the scaling factor is

i,j)€T
W; = V,0; rather than W; =V, /(26,), and as) before we assume V; is independent of demand d;. This objective
has a nice interpretation, since with V; =1 it simplifies to >_, . d;(si/3;)(xi; — 0;)%, which is a weighted
average of the squared deviations (z;; — 6,), computed using the audience segment sizes s; as weights, and then
scaling by the size of the campaign d; (recall that by definition, 3, ;1 (si/$;) = 1). Unfortunately, this objective
violates Property 4 (Split-and-Merge Invariance), which can be verified by tracing the proof of Proposition 4.
In this case, merged campaigns receive improved performance, and to avoid this distortion the publisher would
need to refrain from merging campaigns together to make the planning problem more efficient to solve.

o Alternative Baseline Objective, >, .. V;/(d;0;)si(z;; — 0;)* In this model variant, the scaling fac-
tor is W; = V;/(d;6,) rather than W; = V;/(26;), and as before we assume V; is independent of demand d;.
Again, Property 4 (Split-and-Merge Invariance) is violated. But this time, split campaigns receive improved
performance. In Appendix B.3 we show that the incentive that advertisers have to split a large campaign into
many smaller ones can be significant. Indeed, splitting one campaign into 10 smaller copies can yield 12% lower
spread cost and 69% lower shortfall, while splitting it into 100 smaller copies yields 87% lower spread cost and
96% lower shortfall, all at the expense of other campaigns.

Other spreading objectives could also be considered, but many have similar issues. For example:

o Alternative Baseline Objective, >, .- V;/(2/1;)s:(2i; — 1;)* This is the same as our original base-
line objective, except we have replaced the nominal target 6, (a constant) with the mean allocation j; =
(1/8;) > icr(;) ®ij (a dependent variable). Unlike the original, because this objective measures spread as a dis-
tance from the mean allocation rather than an a priori-defined target, it satisfies both Properties 2 and 3 (Ideal

Allocation when Possible and Sufficient Orthogonality). However, because the associated model is no longer a
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quadratic program, Property 1 (Efficient Solvability) is violated. Although the model is technically still convex,
the (1/p;) factors lead to some numerical difficulties, especially when one or more 1;’s are small. On the other
hand, the (1/4,) factors are required for Property 4 (Split-and-Merge Invariance). Consequently, there does
not exist a quadratic spreading objective that simultaneously (i) penalizes deviations from p;, (ii) is efficiently
solvable, and (iii) is split-and-merge invariant.

Finally, we mention two spread objectives that involve a sum of absolute values like our Gini objective but are
structurally more similar to our baseline, in that they minimize absolute rather than squared deviations:

e Alternative Absolute Deviation Objective, ), ;. V;si|zi; — 0;|: Because this objective, like our base-
line, measures spread as a distance from an a priori-defined target, it violates Properties 2 and 3 (Ideal Allocation
when Possible and Sufficient Orthogonality). However, the other three properties are satisfied. The correspond-
ing model is representable as a linear program, and therefore efficiently solvable. The scaling factor V; satisfies
split-and-merge invariance, and although not immediately obvious, a rearrangement like that in the proof of
Proposition 5 part 1 shows that this objective can be interpreted as weighting each campaign by its size, d.

e Alternative Absolute Deviation Objective, >, . Vjsi|zi; — p;[: Because this objective measures
spread as a distance from the mean allocation, it satisfies Properties 2 and 3 (Ideal Allocation when Possible and
Sufficient Orthogonality). Moreover, the other three properties are satisfied as well.

Note that, in the existing literature, there are no single-period ad allocation models that we are aware of which
spread impressions using either of the two objectives above. Some multi-period models minimize expressions
similar to |z;; — 6|, and for this reason we use such a baseline in our multi-period extension in Appendix E. We
are not aware of any ad planning models that have previously explored the use of the second objective, which
minimizes absolute distances to mean allocations, ;. We leave a full analysis of this new model to future work,
and focus here on comparing our Gini model to the most commonly-used single-period baseline, (SB), as well as
deriving computational results which are specific to deploying the Gini model (i.e., our decomposition method
and related structural results). One particular point of departure between the absolute deviation models above and
our Gini model that could be important in practice is that the absolute deviation models do not produce unique
solutions (it is easy to construct examples with multiple optimal solutions). On the other hand, we conjecture

that our Gini model produces unique solutions (as it has in all examples that we tested).

B.3. Quantifying the Importance of Split-and-Merge Invariance

We now introduce an alternative baseline model to estimate the inefficiency associated with a model that is

not merge-and-split invariant (recall that both the baseline and Gini models are merge-and-split invariant). The

objective function, which induces an incentive for advertisers to split their campaigns to get better performance,
is:

min Y V;/(d;0,)si(zi; — 0,)* + > _py;s (EC4)

(i,7)eT JjeJ
Note that in this model variant, the scaling factor W in the spread term } W;si(zi; — 6;)* of the
baseline objective has been set to W; =V, /(d;0;) rather than W; = V; /(26;). Furthermore, we fix V; to be equal

i,j)€T
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to 16887 (the average campaign demand (1/[J|) > .., d; for all campaigns, j € J, of the original non-split
instance), which produces solutions that balance both shortfall and spread.

Using this alternative baseline model, we first solve a simulated instance with 20 campaigns and 100 viewer
types (this is one of the locally tight instances described in Section 5.1). Then, we split campaign #1 into 10
campaigns that each have 1/10th the demand of the original, and re-solve. Finally, we split campaign #1 into
100 campaigns that each have 1/100th the demand of the original, and re-solve. We then look at the combined
contribution from all copies of campaign #1 to the alternative baseline’s optimal value, and compare this to the

contribution from all other campaigns. The results are in Table EC.3 below.

Optimal Value of the Alternative Baseline Objective

Original (No Splitting) | After 10 Splits | After 100 Splits
Contribution of All
Copies of Campaign #1 102.3 (21.5%) 44.7 (8.3%) 6.0 (1.1%)
Contribution of All
Other Campaigns 372.9 (78.5%) 493.2 (91.7%) | 554.4 (98.9%)
Total 475.3 (100%) 537.9 (100%) | 560.4 (100%)
Table EC.3 Contribution of campaign #1 to the alternative baseline’s optimal value. Numerical values are optimal values of (SB)

using the alternative objective function (EC.4).

Recall that the baseline objective minimizes spread cost and shortfall cost. Therefore, when campaign #1
contributes less to the optimal value, it means that it receives better spread and/or lower shortfall. We can also
repeat the above analysis, isolating the effect on the spread cost and shortfall cost components of the objective.
Doing so, we find that both spreading and shortfall are improved for campaign #1, at the expense of the other
campaigns, and the magnitude of this improvement increases as a function of the number of times that campaign

#1 is split. Details are in Tables EC.4 and EC.5 below.

Spread Cost Component of the Alternative Baseline Objective
Original (No Splitting) | After 10 Splits | After 100 Splits

Contribution of All

Copies of Campaign #1 23.2 (8.6%) 20.5 (5.8%) 3.0 (0.8%)

Contribution of All

Other Campaigns 247.3 (91.4%) 333.8 (94.2%) | 371.0 (99.2%)

Total 270.5 (100%) 354.3 (100%) | 374.0 (100%)

Table EC.4 Contribution of campaign #1 to the spread cost component of the alternative baseline’s optimal value. Numerical values

are spread costs as defined in the first term of the alternative objective function (EC.4).

If advertisers are fully rational, one can imagine that they could split each campaign into tens or hundreds of
thousands of tiny campaigns to get even better service from a publisher that uses an objective function that is not

invariant to arbitrary splits (i.e., if they wrote code on their end to perform this splitting, and then recombine the
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Shortfall Cost Component of the Alternative Baseline Objective

Original (No Splitting) | After 10 Splits | After 100 Splits
Contribution of All
Copies of Campaign #1 79.1 (38.6%) 24.2 (13.2%) 2.9 (1.6%)
Contribution of All
Other Campaigns 125.6 (61.4%) 159.4 (86.8%) | 183.4 (98.4%)
Total 204.8 (100%) 183.6 (100%) | 186.4 (100%)
Table EC.5 Contribution of campaign #1 to the shortfall cost component of the alternative baseline’s optimal value. Numerical

values are shortfall costs as defined in the second term of the alternative objective function (EC.4).

results for reporting). This is why we suggest that publishers should use objectives that are invariant to arbitrary

splits and merges.

B.4. Detailed Description of Residual Distribution Comparison

In this section, we describe the residuals of the baseline and Gini models in detail, and additionally include plots
for the Globally Tight and Loose instances, which were omitted from the main body of the paper to save space.
We begin with an in-depth description of Figure 7, which illustrates, for the family of Locally Tight instances,
how the residual distributions of the Gini and baseline models change as a function of revenue (%R). From
the top-left of Figure 7, we see that although the Gini model (blue) produces solutions that correspond to all
revenue levels %R € [0.8, 1], the baseline model (red) only produces solutions in the range %R € [0.868, 1]. The
baseline model’s revenue range is more limited than the Gini’s because the baseline objective is not sufficiently
orthogonal (c.f., Property 3). Indeed, starting from v = €, where € is a very small positive quantity, yields minimal
shortfall and consequently maximal revenue (%R = 1) for the baseline model. Increasing v exerts more effort
on spreading and so, up to a point, shortfall increases and consequently revenue decreases. However, after some
point it is not possible to get better spreading by reducing revenue further, and as v grows large we converge to
a solution with %R = 0.868. On the other hand, the Gini objective is separable in shortfall and spread; thus, it is
always possible to achieve better spreading by increasing shortfall. For the Gini model, as we increase o above €
we can always reach a point where all residuals shrink down to zero, yielding perfect spreading. This point may
be very low-revenue, but it is always attainable, and often such a point exists well before % R drops to zero (for
the loose family of instances, the Gini model attains perfect spreading at approximately % R = 0.85).
Continuing to describe the solution structure in the locally tight case, we observe that in the top-left of Figure
7 the top-most blue line (95th-percentile of Gini) is above the top-most red line (95th percentile of baseline).
As well, the bottom-most blue line (5th percentile of Gini) is below the bottom-most red line (5th percentile
of baseline). This relationship holds for all revenue levels over which both models provide solutions (%R €
[0.868, 1]). Thus, for all revenue levels, the residual distribution is wider under the Gini model than under the
baseline model. That said, although the Gini’s distribution has wider tails, it also has more mass in its midsection.
Compare the third pair of lines from the bottom (25th percentiles, dotted) and notice that the blue Gini line is
above the red baseline, with the Gini line approaching the zero-level faster than the baseline as revenue decreases.
The second pair of lines from the top (90th percentiles, dashed) exhibit the same pattern, with the blue Gini line

below (i.e., closer to the zero-level) than the baseline. The midsection of the distribution is quite concentrated, as
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can be seen more clearly by zooming in on the portion of the plot where %R € [0.95, 1] and residuals are in the
range [—0.1,0.1], presented in the bottom-left panel of Figure 7. Notice that the 40th percentile of Gini (blue,
dashed) starts (at %R = 1) just above the 40th percentile of baseline (red, dashed), at a value of —0.0669. As
revenue decreases, we see that the 40th percentile of Gini converges to the zero-level at %R = 0.95, whereas the
40th percentile of baseline actually drops a little from —0.0729 at %R =1 to —0.0749 at % R = 0.95. Notably,
the median (50th percentile) of Gini (thin solid blue line) is always at the zero-level for all revenue levels, whereas
the median of baseline (thin solid red line) is always slightly below the zero-level. The 60th percentile of Gini
(dashed blue line) is also horizontal, at the zero-level for all revenue levels, compared to the 60th percentile of
baseline (dashed red line) which runs from 0.0110 at %R =1 to 0.0090 at %R = 0.95.

Another way to compare the residual distributions is by overlaying histograms of their density functions. Con-
tinuing to describe the locally tight instance, we observe that the top-right of Figure 7 has three such overlayed
histograms, with blue (Gini) histograms overlayed onto red (baseline) histograms, and areas of agreement show-
ing in purple. The first overlayed histogram compares the residual distributions at %R = 1, and corresponds to
the cross-section in the top-left plot indicated by the right-most vertical grey bar. From the tallest bar at the center
of the histogram, we can see that 24.1% of Gini’s residuals are in the range [—0.035, 0.035], compared to 16.4%
from the baseline model. The second overlayed histogram compares the residual distributions at %R = 0.95,
and corresponds to the cross-section in the top-left plot indicated by the middle vertical grey bar. Here, we can
see that 38.2% of Gini’s residuals are in the range [—0.035, 0.035], compared to 21.6% from the baseline model.
Finally, the third overlayed histogram compares the residual distributions at % R = 0.9, and corresponds to the
cross-section in the top-left plot indicated by the left-most grey bar. Here, we can see that 51.9% of Gini’s
residuals are in the range [—0.035,0.035], compared to 23.9% from the baseline model.

In summary, the Gini’s residual distribution is significantly more concentrated in the middle near zero, and
slightly fatter in the tails than the baseline. This difference is the most striking for the locally tight family of
instances; however, this structural result is robust and holds for the globally tight and loose families of instances
as well (see Figure 8). For completeness, Figure EC.2 plots the residual distributions for the globally tight and
loose families of instances.

Finally, in Section 5.5 we investigated the residual distribution under the case of having an outside option that
we can also sell impressions to. Figure 9 plotted the residual distribution for the locally tight family of instances.
To save space in the main body of the manuscript, we omitted the globally tight and loose cases; these are plotted

in Figure EC.3.

B.5. The Supply-Relaxed Subproblem as a Market-Based Model

Small to medium ad aggregators, who do not operate their own websites but instead purchase all of their impres-
sion traffic from other publishers and sell it to advertisers, may also use our Gini-based model (SG) to plan
and allocate impressions to advertisers who have purchased guaranteed contracts and expect to receive well-

spread impressions. In this context, we assume the aggregator has estimates for the market prices ﬂAz and market
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Figure EC.2 Residual Distribution Comparison (Globally Tight and Loose Instances). Top Row: Results for the globally tight

instances. Bottom Row: Results for the loose instances. Left Column: Percentiles of the residual distributions from

the baseline (red) and Gini (blue) models, as a function of revenue (% R); refer to the legend in Figure 7 of §5.4, which

represents each percentile by a different dashed pattern. Right Column: Histograms depict residual distributions at

%R =1, 0.95, and 0.9; each histogram corresponds to a cross-section in the left column highlighted by a vertical grey

bar. Histograms for the Gini (blue) and baseline (red) distributions are overlayed, with purple bars indicating where the

blue and red bars overlap.

supplies s; of each audience segment. In addition, we assume the volume of impression traffic the aggregator

handles is small relative to the size of the market, so that all supply constraints (3c) are nonbinding. The resulting

Gini-based model is precisely (SG) with the objective min « ZjeJ % Z(h Dero(j) ShSi |xn; — x5 + Z]‘GJ Piy;+
i :

> (irj)er Bisixij and the supply constraints dropped.

It is important to note that this market-based model’s optimal solution can be obtained by solving (PS) with

¥; = a/5;. Indeed, (PS) is exactly this market-based model with additional constant terms — ., Bisi in the

objective, and the presence of these constant terms does not affect the optimal solution. Moreover, since (PS)

decomposes by campaign, Theorem 1 tells us the optimal allocation for each campaign j in this market-based

model. Indeed, since in this case prices f; are exogenously given and supply constraints are nonbinding, there

is no need to iterate through Dantzig-Wolfe decomposition, and the solution is immediate. Using the optimal
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Figure EC.3 Residual Distribution Comparison with Outside Option (Globally Tight and Loose Instances). Top Row: Results for
the globally tight instances. Bottom Row: Results for the loose instances. Left Column: Percentiles of the residual
distributions from the baseline (red) and Gini (blue) models, as a function of revenue (% R); refer to the legend in Figure
7 of §5.4, which represents each percentile by a different dashed pattern. Right Column: Histograms depict residual
distributions at %R = 1, 0.95, and 0.9; each histogram corresponds to a cross-section in the left column highlighted
by a vertical grey bar. Histograms for the Gini (blue) and baseline (red) distributions are overlayed, with purple bars

indicating where the blue and red bars overlap.

solution z7;, the aggregator can then establish impression targets w;; = s;z}; for each audience segment and
campaign pair, which it would attempt to achieve by acquiring impressions at or near predicted market prices.

We believe this model provides a salient first-order characterization of an aggregator’s optimal policy, and
that suitable data exists to estimate the model’s parameters. Although market prices may fluctuate over time,
we expect that historical data could be used to estimate the prices that other market participants will charge
in expectation for impressions from popular audience segments. As well, estimates of audience sizes can be
obtained from third-party audience measurement firms such as ComScore or Nielsen. Note that since there are
no supply constraints in this variant of our model, audience size estimates are used exclusively in the objective
function to measure the quality of spread.

There are of course many nuanced complications concerning intermediation in online advertising. For more

details, see Balseiro et al. (2015b) and Allouah et al. (2017).
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Appendix C: Decomposition Method

We now derive in detail our decomposition scheme for our Gini ad allocation problem (SG). We begin by re-

stating the general formulation of this single-period problem, which we presented in §6:

(P-ORIG) z* =min Z Y;iSpsi|xn; — x| + ijyj

j€J,(h,i)€lo(j) J
s.t. Z 8ixi; +y; =d; vVieJ (demand)
i€l'(5)
Z $iTi; < 85 Viel (supply)
Jer(@)

z;; >0V(i,j) el  y;>0Vjed

First, in Section C.1, we describe how to disaggregate the audience segments of (P-ORIG) into agglomerations
of individual impressions. Then, in the subsequent subsection, we use this impression-based formulation to

formally derive our decomposition method.

C.1. Translation to Disaggregate Impression-Level Space

Because some of our proofs are clearer when the quantities of interest are impressions rather than buckets of
impressions aggregated into audience segments, we first translate (P-ORIG) into an equivalent impression-level
optimization problem. Let R be the set of all impressions, R; be the set of impressions that comprise audience
segment i, A be the set of (impression, campaign) pairs that define the targeted instance, A(r) be the set of
campaigns that are targeted by impression 7, A(j) be the set of impressions targeted by campaign j, and Ay (j) =
{(gq,7) € A(j)*: ¢ < r} index all pairs of impressions targeted by campaign j. Note that by definition, (i) |R;| =
si, (i) |[A(4)] = 8;, and (iii) A(r) = I'(¢) when impression r is in audience segment 7. Our impression-level

formulation is as follows (Table EC.2 provides a quick reference to all impression-level notation):

(P2)  min > Gl -+ Py
i

jed(gr)€No(d)

s.t. Z ZTpj+y; =d; Vield (demand)
reA(J)
Z ;<1 VreR (supply)
JeA(r)

The following proposition formalizes the connection between the audience-level formulation (P-ORIG) and

the impression-level formulation (P2).

PROPOSITION EC.3. Problem (P2) with (i) additional variables x;;,(i,j) € I, and (ii) additional constraints
;= T;; Vr € R;, Vg € J, which force all impression allocations within the same audience segment to have the

same value, is equivalent to (P-ORIG).
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Proof. 'We have previously shown (c.f., Appendix A.3) that the objective functions of (P2) and (P-ORIG) are
equivalent when z,; = z,;; Vr € R;,7 € J. In a similar manner, the left-hand-side of (P2)’s demand constraint

aggregates into an audience-level expression as follows:

Z Tpj = Z Zﬂcrjz Z Z-’Eij: Z |R;i|x:; = Z SiTij,

reA(j) i€l (j) reER; i€l (j) reR; i€T'(j) i€l (5)

and the left-hand-side of (P2)’s supply constraint aggregates into an audience-level expression as follows:

D= ) wy= ) wy

FEA(T) JEA(T) JE(4)

Since the objective function and all constraints are logically equivalent, the result follows. ([l

Technically, (P2) is a relaxation of (P-ORIG), and is equivalent to (P-ORIG) only when we additionally impose
the constraints ,; = x;; Vr € R;,j € J. However, it turns out that we can impose these constraints in (P2)
without loss of optimality. That is, there always exists an optimal solution to (P2) where, for each campaign
J € J, the allocation z,.; is equal across all impressions r € R; within each audience segment ¢ € I. Consequently,
(P2) and (P-ORIG) can be treated as essentially equivalent. To prove this result, we first prove the following
technical lemma, which shows that if an unequal solution is made more equal, then the value of the Gini term in
the objective function of (P2) improves (reduces). The proof requires several steps to be rigorously shown, and

formalizes how we may incrementally improve a solution by making it more equal.

LEMMA EC.2. Assume we are given an impression-level allocation vector x; = {x,; } ren(;) for some campaign
Jj € J whose components are not all equal, i.e., there exists a pair of impressions (q,q') such that x,; < x, ;. Let
A € (0,1 (zy; — x4;)| and construct an alternative impression-level allocation vector X; = {T,; } ren(j) such that
T =Ty — A Ty =Tg; + A, and Tpj = 5 Vr € {q, '} Then 32 yeno ) 1Tri = Torsl < ineng iy 17ri —
; is strictly lower (better) than the GMD value of x,;.

Proof. Without loss of generality, assume the impressions are ordered by increasing value of z,;; that is,

71 < Tg; <+ <y ;. Partition the impressions r € A(j) \ {g,¢'} into five sets:

A:{TGA] :xrjgxqj)rr#q}7

B:{TGA] :‘qu<l’rj§qu},

D={reA(y

(
(

C={reA(y
(4):ZTyj <xpj<xgjr#q}, and
(

)
)
)i Tqj <rj STqrj}
):
)

E={reA(j) zy; <z,}.

By construction, these sets are mutually exclusive, none of them contain the impressions ¢ or ¢’, and AU B U

CUDUEU{q,q¢}={1,...,5;} = A(j). Moreover, impressions are ordered accordingto A < ¢ < B < C <
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D < ¢ < E, where A < B means that all impressions in A precede all impressions in B with respect to the

established ordering. Using these definitions, we can simplify the GMD value of X; as follows:

> my =T = > Trj = Tojl + D [Ty — T

(r,r")E€N () (r,r") €N (G)ir#qr'#q’ reA,r'=q
+ Z ‘frj - j7“’]" + Z ‘frj — Tr/j’ + Z ‘Irj — jr’j
r=q,r’'€B r=q,r’€CUDUE re AUBUC,r'=q’
+ > BTl D Ey Tl Y [Ey T
reD,r'=q' r=q¢',r’'eE r=q,r’'=q’
= > | T0j = T+ D 0y — Tyl
(r,r) €N (§):r#q.r'#4’ reA
> Byt Y Byt Y re Ty,
r'eB r'€e CUDUE re AUBUC
+ Z |05 — Tqrs] + Z [Zgrj — T j| + |Tgj — Ty
reD r'eF
= Z |25 — @i | + Z(@j — Zrj)
(ryr')ENo(4):r#a,m #4' reA
Y @y —a)+ Y (@i =T+ D (T — )
r’'eB r'eCUDUE re AUBUC
+ Z(xrj —Tyj) + Z (T —Tyrj) + Ty — Tyy)
reD r'eF
= > [@0j = Tarj| + D (g5 + A — 1))
(ryr) €N () r#a,m #4' reA
Y @yt A—za)+ Y (@ = A+ Y (2~ A—zy)
r'€B r’'eCUDUE re AUBUC
+Y (@ =g D)+ D (@ — g+ A) + (mg — A) = (245 + A))
reD r'eE
= Z |y — Trj] + Z(xqj — ;)
(ryr') €N (5)r#a,m" #4' reA
+ Z (Tgj — @pj) + Z (Trrj — 2q5) + Z (Tgrj — @)
r'€B r’'eCUDUE re AUBUC
D (@ —mgy) + Y (@ = gr) + (T — 45) = 2A(C| +1)
reD r'eE
= Z |0 —xr'jHZ\%j — Ty
(r,r"YENQ(G):r#£q,r' #q reA
- Z |Zq; — @prs] + Z |5 — @qs] + Z |Zgrj — v
r'eB r’"€eCUDUE re AUBUC
= weg—wgil D |wy — wl + |y — 20| — 2A(C| + 1)
reD r'eE
< Z | —xr'j|+2|$qj — Ty
(ryr"YEANQ(G):r#£q,r' #q’ reA
+ Z |Tq; — 25| + Z |5 — @g5] + Z |Zgrj — Trj
r'€B r’eCUDUE re AUBUC

+ Z |Trj — Tgs] + Z | T j — Ty + |Tgj — Ty

reD r'eE
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= Z |15 — @5,

(r:r')€Ao ()

which is the GMD value of x;. The first equality expands >, ./)c () [Trj — Trv;] into eight terms, allowing us
to treat pairs of impressions (7, 7’") differently based on their membership in the sets { A, B, C, D, E'}. The second
equality follows since @,; = ,; forall r € AU BUC U DU E. The third equality follows from the definitions
of the sets {A, B,C, D, E'}, and the fourth is by substitution. The fifth equality follows by collecting all A
terms and simplifying. The sixth equality re-establishes absolute values, and follows by the defined ordering
A<qg=<B=<C=<D<¢q < E. The inequality in the second-last line must be strict since by definition A > 0.
Finally, the last equality undoes the earlier expansion and collects all eight terms which are, by definition, equal
0 X (yeng () 1Tri — Tavjl- O

With this technical lemma in hand, we are now ready to show that the restriction that all impression allocations
within the same audience segment are the same, i.e., x,; = x;; Vr € RR;,j € J, can be applied to (P2) without

loss of optimality.

PROPOSITION EC.4. All optimal solutions (x*,y*) to (P2) satisfy the condition xy; = w7,

V(r,r') €

R?.¥(i,7) €T, i.e., all impressions within the same audience segment have the same allocation.

Proof.  Assume there exists an optimal solution (x,y) to (P2) that does not satisfy the stated condition. We
will construct an alternative solution (X,¥) which (i) satisfies the stated condition, (ii) is feasible in (P2), and
(iii) has a strictly lower (better) objective value, thereby contradicting our original assumption that (x,y) was
optimal. We construct the alternative solution (X, ¥) as follows, which involves one or more invocations of the
following improvement step.

(Improvement Step) Select an audience segment ¢ and a campaign j for which there exists a pair of impressions

(r',r?) within audience segment ¢ that have unequal allocations, i.e., z,1; < ,2;. Let p1;; = (1/|Ri|) Y, 5. @rj

reR;
be the average allocation to campaign j from impressions of audience segment i. Since not all impressions € R;
have the same campaign-j allocation z,;, there must exist at least one impression g with a below-average allo-
cation, and another impression ¢’ with an above-average allocation; i.e., x,; < jt;; < y;. Let A = min{z,; —
[ijs fhij — Zg; }, and modify the values of the allocation x such that x,/; < z; — A, and x,; < x,; + A.
(Termination Criterion) Repeatedly invoke the Improvement Step until z,; = z,.; V(r,r") € R?V(i,j) € T,
i.e., all impressions within the same audience segment have the same allocation. Upon termination, denote the
resulting allocation as X. By construction, this allocation satisfies Z,; = u;; Vr € R;, Vj € J.

(Finite Convergence) Termination in a finite number of steps is assured, since (i) at each Improvement Step, at
least one impression has its allocation z,; updated to a corresponding mean fi;;, (ii) there are a finite number of
impressions and campaigns, and (iii) the means y,; do not change throughout this procedure.

(Feasibility) We now show that the solution (X,y) is feasible in (P2). First, &,; > 0V(r, j) € A is assured, since

the original solution (x,y) satisfied z,; > 0 V(r,j) € A, and whenever x,; was decreased, its new level was
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never set to below 1,;, a non-negative quantity. Next, the left-hand side of the demand constraint has the same
value under both solutions (x,y) and (X,y), since, for each campaign j € .J,
Z Ty = Z (Z j;,.j> = Z (Z w,,.j> = Z Lpj.
reA(j) i€l(j) \reR; i€l(j) \reR; reA(j)
The middle equality holds because R, Trj Temains unchanged after each Improvement Step (although two
x,; values are updated, the net change to the sum is A — A = 0). Since the demand constraint was satisfied by
(x,y), it is also satisfied by (X,y). Finally, since the supply constraint is satisfied by the solution (x,y), the

following simplifications show it must also be satisfied by (X,y):

Y 2, <1VreR= > a,<IVreR,Viel = > > a,;<|R|Viel

JEA(r) JEA(T) reR; jEA(r)
= > (IR wy<1Viel = Y p;<1Viel = > @y <1viel.
JET(4) reR; JET () JET(4)

(Improved Solution) Lemma EC.2 shows that each Improvement Step strictly lowers (improves) the value of
the Gini term in the objective of (P2). Since we perform at least one Improvement Step, the solution (X,y)
has a strictly lower (better) value for its Gini term than (x,y). Moreover, both these solutions share the same
y, and thus have the same shortfall cost. Therefore, (x,y) is clearly suboptimal, which contradicts our initial

assumption. This completes our proof. U

C.2. Derivation of Decomposition Method

Having just established that (P2) is the impression-level analog to the audience-segment-based (P-ORIG), we
now derive our decomposition method by relaxing (P2) and making a number of observations about the resulting
relaxation.

Using (3, as the dual value for impression 7’s supply constraint, after dualizing the supply constraints, (P2)

becomes:
(P3) 2" =min Z ¢j‘$qj_$rj|+zpjyj+25r( Z zp;—1)
Jj€J,(a,m)EN0(F) JjEJ reER JEA(T)
s.t. Z Tp; +y; =d, Vjeld (demand)
reA())

x> 0VY(r,j) € A; y; >0vjeJ

Since (P3) is a relaxation of (P2), its optimal value is a lower bound for the optimal value of (P-ORIG), i.e., 2LZ <

z*. Moreover, (P3) decomposes by campaign and its optimal value can be written as 2% = -3~ _, £, 4+ 2/,

where each campaign-j subproblem has optimal value szB and takes the following form:

(P3-) P =minv; D vy —zgl+pyi+ Y B
(CRISINIE)) reA(F)
s.t. Z Trj+y; =d; (demand)
reA(F)
xr; > 0Vr € A(5); y; >0
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Although it is somewhat difficult to characterize the optimal solution to (P3-j) in general, the following propo-

sition characterizes the optimal solution to (P3-j) for the special case where all dual values 3, are zero.

PROPOSITION EC.5. If B, =0 for all r € A(j), then the optimal solution to (P3-j) is x,; = 0; for all r € A(j),
and y; = 0. That is, when all supply constraints of (P2) are non-binding (i.e., 3, = 0), the optimal solution to
(P3-j) is to spread the campaign’s impression allocation proportionally across its targeted supply of impressions,

and to have no shortfall.

Proof.  The proposed solution is feasible, since the demand constraint holds, i.e., 3, ;) 05 +0=|A(j)]6; =
§;(d;/3;) = d;. Moreover, this solution has objective value 0, which must be optimal since solutions of negative
value are not possible. O
The remainder of this section derives a number of transformations of (P3-j), the last of which allows us to
fully characterize the optimal solution of (P3-j). The following theorem and corollary establish a partial charac-
terization for the optimal solution of (P3-j), and are an important step towards fully characterizing the optimal

solution of (P3-j).

THEOREM EC.1. Without loss of generality, order the impressions of A(j) by 3, such that B; < By <--- < Bs,s
where 3; = |A(j)|. If the solution (z},y;) where ¥ = {x};},=1 s, is optimal for (P3-j), then we must have

* *
Ty 2 Xy 2 2T

Proof.  Assume for a contradiction that (z},y;) with 25 = {z};},—1 s, is optimal for (P3-j) yet for some
pair of impressions (g,q') we have 8, < B, and z}; < 7. Let A = (x? w5 — ;) and construct the solution
(T;,y;), where T; = {T,; },=1 5, by taking Tp; = x},, — A, Ty =z, + A, and T,y = x7; Vr & {q,q'}. Note
that by construction, A > 0 and Z,/; = 7,;. We will now show that (Z;, y;) has a lower value than (z7,y;) when

evaluated in the objective of (P3-j), contradicting our assumption that (z7,y;) was optimal. First, it is clear that

ZreA(j) By < ZV‘EA(]’) Brx;y;, since:

Z /Brirj = Z /Brirj + quqj =+ /Bq/fq’j

rEA()) reA()ré¢{a,q’}

= Y BByl +A) + By, — A)

reA()ré{a,q’}

= D Bealy+ A8~ By)

reA(j)

<Y Bl

reA(j)

Moreover, 3,1 cnoi) 1Tri = il < Dimnenn iy 1T — ryl, by Lemma EC.2. Thus, 1 32, iy cny ) 1T —
T 4 220595 + 2 reni) Breg < Wi 2 mnene 120 — il 4+ 22,0595 + 22, enqy) Bry;, contradicting our
assumption that (:E;", y;‘) was optimal. It follows that if the impressions are ordered as 1 < 5, <--- < 5§j, then

any optimal solution (7,y5) to (P3-j) must satisfy }; > x5, > - > T35 O
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COROLLARY EC.2. Without loss of generality, order the impressions of A(j) by 5, such that 51 < 33 < -+ <
Bs;» where 3; = |A(j)|- Given any two impressions (q, q') with equal dual values (3, = B, the optimal allocations

. Lo . . o
for these impressions in (P3-j) are also equal, i.e., x;; =z, ;.

Proof.  Without loss of generality, assume ¢’ < ¢ in the impression ordering. By Theorem EC.1, Ty; 2 Ty

Assume for a contradiction that z;,, > let A = — x};), and construct the solution (T;,y;), where

( qj
i =2y + A, and T,; = x7; Vr ¢ {q,q'}. First, it is clear that

(Z]’

TJ = {57-]4}7‘:1..771’ by taking Tl}’j = xq’j —_ A, xq
ZTGA(]') BT,y = Z,.eA(j) Brx;;, since:

Z 57“57‘]’ = Z ﬁrfrj + ﬁqqu + /Bq/fq/j

reA()) reA(G)ré{e,q’}

= Y Bl Bl A+ Byl - A)

reA():rg{a.q’}

=Y Bl +AB, - By)

reA(j)

= Zﬁr rjv

reA(j)

where the last line follows since 3, = (. Moreover, Lemma EC.2 provides ., .o, |Tri — Zoj| <
2o (ranyenoy 180 = %0l THUS, W53 0 ey [Trs =Tl 205 P35+ 2ovenis) Brnd <¥i Lrnene 1975 =
x5 j| + Ej DY+ e AG) By, implying (7, ) is not optimal. This is a contradiction; hence, we conclude
thatz},, = 7. 4

Corollary EC.2 is important for two reasons. First, if we restrict ourselves to considering 3, values that
are homogenous across all impressions in each viewer type, i.e., 8, = Bz Vr € R;, then any optimal solution
{2} }reag) to (P3-j) satisfies x7; = x7,, V(r,7") € R and can be represented in the viewer type space using
variables {x}; }icr(;) such that z;; = xj; Vr € R;. Second, we can further exploit this property by aggregating
viewer types by dual value BZ-, since any viewer types that have the same dual values (Bi = Bi/) must also have
equal solutions zj; = z7;. Finally, we note that we can assume without loss of optimality that 3, values are
homogenous across all impressions in each viewer type, since (i) Proposition EC.4 shows that without loss of
optimality we can restrict consideration to solutions that satisfy x,; = x,; V(r,r’) € R?, (ii) under this restriction
the objective term ) _ . f3, (ZjeA(T) Tyj— 1) of (P3-j) simplifies to ) . _; (ZTGRZ_ ﬁr> (Zjem) Ty — 1), and
(iii) in this form, it is clear that the individual values of 3, do not matter, just the sum )  _ R B, and thus without
loss of generality we can assume 3, = Bl Vr € R;.

Theorem EC.1 is important, as it allows us to simplify (P3-j) in the manner defined by the following proposi-

tion.

PROPOSITION EC.6. Defining c,; = 1;(8; — 2r + 1) + f, for all impressions r € A(j) ordered according to
Bi < B2 < < B, where 3; =|A(j)],

(P4-j) 27" = min Z CrjTrj + PjY;

r=1..8;
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s.t. Z Tpj+y;=d; (demand)
7‘:1§J
Tij > Xgj =+ 25,5 >0 y; =20

Proof.  Theorem EC.1 allows us to impose the optimality cut x1; > 9; > -+ > x5;; > 0. These constraints

on the variables then allow us to simplify the objective of (P3-j) by removing the absolute values as follows:

Ui > wg— gl i+ Y B =t Y (@ —my) Pyt Y By
(g;r)€M0(5) reA()) q=1.5—-1 r=1.3;
r=q+1..5;

=V Yooomy— Y wy | pyt Y B

g=1.5-1 r=2.3, r=1.-3;
r=q+1..5; g=1.r—1

=; Yoo Gi—Qrg— Y, (r=Day | +pyi+ Y By

g=1.5—1 r=2.3; r=1..3,
=i |5 D wmy— D amg— Y rmgt Y w4yt Y By
= (& Y wy— Y rmy— Y eyt Y wg [ tpyt Y By
Tzlgj—l 7’:1§j—1 T:2§j T:2§j T:l“gj

:¢j Si | Ty -+ g Lrj — | Ty + E Ty

- Z T+ 8;%s;5 | + Z Tyj+ X554 +py; + Z Br,;

r= 2§7 —1 r= 23’7 -1 r=1.5;

= [ G —Da+ Y G2+ Do+ (=84 + Dag; | +py+ D By

r:l..sJ-

TZQ"‘éj —1

:sz)j Z (§j_2r+1)xrj +pjyj+ Z /Brxrj = Z CrjLyj +pjyja

s r=1..3; r=1..3;

r= 13_]

as required. g
Next, the following proposition describes how to aggregate (P4-j) to the viewer type space. Further simplifi-
cations of (P4-j) will be presented in the viewer type space, allowing us to read off our final result in the viewer

type space.
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PROPOSITION EC.7. Without loss of generality, order all viewer types i € I'(j) according to 31 < ,32 <. <
ij, where m; = |T'(j)|. Define c;; = 1b;5; (s — s%7) + 5,3, where ¥ = Sy iy Sy and i = Zi’:i+1..mj Sir
are the number of impressions that are rank ordered before and after viewer type i’s impressions, respectively
(thus, 5; = s T s+ sa] ). Taking B, = Bl Vr € R;, we represent subproblem (P4-j) in the viewer type space by

aggregating all impressions of each viewer type together. The resulting formulation is:

(P5-j) z]’?B:min Z CijTi; + Py

t=1..m;

Z 8iTi; +y; =d; (demand)

1:1..mj

$1j2$2j2"'2$mj‘>0'

j=Y

y; =0

Proof. By Corollary EC.2, since (3, = Bz Vr € R;, we must have z,; = z;; Vr € R;. The left-hand-side of the

demand constraint aggregates as follows:

Z Ty = Z Zx,}j: Z Zwm Z |R;|x;; = Z 8iT;j.

reA(j i€l (j) reR; i€l(j) reR; i€T'(j) i=1..m;

Moreover, for each viewer type ¢ we have one term in the objective which was aggregated from the impression
space as follows. Let us assume that viewer type ¢ corresponds to the impressions {gq, ..., ¢ }. Therefore, by
construction, s; = ¢’ — ¢+ 1 is the size of viewer type i created by aggregating impressions {q, ..., ¢’} together.

By definition, we have:

Y enmy= Y (W3 —2r+1)+B,)z,y

r=q..q’ r=q..q’
= D> Gi=2r+1)+ > B |y
r=q..q’ r=q..q’
= Sj + 1 2 Z T + Z Bl liij
r=q..q' r=q..q’ r=q..q’

V; (si(3;+1) —2(si(g+4')/2)) +Sz‘/§i) Tij

(
(1/}151 (3;+1—q—¢')+s; 61)%;
(
(

(T —(g—1))+ Siﬁi) T

,l/}]si a] ) +81/8L> ZJ = cijxi_'h

as required. U
Next, we reformulate (P5-j) using the following variable transformation, which will make it easier to read off

the optimal solution.



ec24 e-companion to Lejeune and Turner: Planning Online Advertising Using Gini Indices

PROPOSITION EC.8. Given viewer types i € I'(j) ordered according to 31 < /32 <. < ij’ where m; =
IT()

1. We can reformulate (P5-j) using the decision variables {5ij}i:1..mj as follows:

,define ¢;; =y .,_, .cpjand ;=Y .,_, ;Sy. Let Om;j = T, and 8i5 = x5 — iyy j forall i =1..m; —

1=1..m;

s.1. Z 5;0i; +y; =d,; (demand)

z:1..m]~

Proof. By definition, z;; = d,j. The left-hand side of the demand constraint from (P5-j) transforms

. .
K2 —1..m3

via substitution as follows:

Z SiLi; = Z S; Z 51”]’ = Z (52'/]‘(2 51'): Z §i/j(5i/]—.

i— ) i— . i —g . il — . i—1 4! i — .
1=1..m; i=1..m; i'=i.m; i'=1..m; i=1..4 i'=1..m;

Moreover, the constraints z;; > ;4 ; for i = 1.m; — 1 in (P5-j) imply z;; — x;41; > 0, i.e., §;; > 0 for
t=1..m; — 1. And the constraint Lo > 0 implies 5mj ; = 0. Finally, the objective of (P5-j) transforms via

substitution as follows:

Z CijTi; = Z Cij Z 5i’j = Z 5Z/J<Z Cij>: Z éi’jéi’j- O

i:14.m]’ i:1<.m]' i’:i‘.mj ’L’:l..Mj i=1..1 i’:l..m]'
We can now read off the optimal solution of (P6-j) in the “increment space” defined by the d,; variables.

PROPOSITION EC.9. Assume viewer types i € I'(j) are ordered according to the supply duals Bl < Bg <o <
ij, where m; = |U'(j)|. Let m;; = €;;/3i; Vi = 1..m; and define i* = argmin;c(, ., y mi;. Then, the optimal
solution and value to (P6-j) take the following form. If m;+; > pj, then y; = d;, 6;; = 0Vi = 1..m;, with corre-
sponding optimal value p;d;. Otherwise, the optimal value is 7 jd; with corresponding optimal solution y; =0,

and

. {dj/gij fori=i"
Y 0 fori#i*

Proof. The ¢,; variable with the lowest cost per unit of demand satisfied is indexed by ¢*. If this cheapest
variable is too expensive (m;«; > p;), we prefer not to satisfy this campaign at all, and set shortfall equal to
demand, i.e., y; = d;. On the other hand, if using this cheapest variable is no more expensive than incurring
shortfall (7;«; < p;), we satisfy demand fully with this variable by using the solution {5;‘j}i=1__mj as defined. In
the former case, the optimal value is p;y; = p;d;. In the latter case, the optimal value is ¢; ;07 ; = i (d; /3 ;) =
(Cixj/8ixj)d; = ;= jd;. O

Finally, we can translate the solution represented by the d-variables in the so-called “increment space” back

to the original space represented by x-variables. The following theorem summarizes our main structural result.
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THEOREM EC.2. Assume viewer types i € I'(j) are ordered according to the supply duals Bi<By<---< 3%’
where m; = |I'(j)|. Let m;; = ¢;;/8;; Vi =1..m; and define i* = arg mine (g, y Tij- Then, the optimal solution

1o (P5-j) takes the following form. If wi«; > pj, then y; = d; and x7; =0Vi=1..m;. Otherwise, y; =0 and

700 fori>i*

. {dj/gi*j fori<i*

Proof.  From Proposition EC.8, we know that xj; = 0;,; Combining this fact with the optimal

solution {5§j}i:1,,mj from Proposition EC.9 yields the desired resuit. O

Theorem EC.2 fully characterizes the solution to (P5-j), and equivalently to (P3-j). If shortfall costs are rel-
atively low (p; < m;+;), then it is optimal to allocate no impressions to campaign j, and incur full shortfall
(y; = d;). If shortfall costs are relatively high (p; > m;+;), then it is optimal to have no shortfall (y; = 0) and to
spread impressions proportionally across the viewer types {1, ...,7*}. Recall that since viewer types i € I'(j) are
ordered according to the supply duals 3; < B, < --- < Bm]., where m; = |['(j)], and so it is possible to interpret
the solution as one that proportionally spreads impressions across the cheapest set of viewer types {1,...,7*}.
The viewer type i* is at the threshold of affordability, given the values for { Bi}izlumj.

We can now solve (P3-j) efficiently by sorting the viewer types in order of f:, and then invoking Theorem
EC.2 to compute the optimal solution to (P3-j) analytically. Notice that Theorem 1 of §6 is essentially Theorem
EC.2 with a number of parameters which we formally defined in previous propositions now written out in the
statement of the theorem. The full decomposition method, which involves a way to choose Bi’s as well as a way

to produce a near-feasible solution to (P-ORIG) from one or more optimal solutions of (P3-j) computed from

different { Bi}ie ; values, is described in §6.

Appendix D: Online Algorithm

While the solution to our Gini-based model (SG) can be used directly to serve ads in real-time by periodically re-
solving (SG) over a rolling horizon as supply forecasts are updated, and for each arriving user of type 7 serving ad
j € I'(i) with probability z;;, we can also use information generated by our decomposition method to construct
an online algorithm that adapts the ad to show based on the types of impressions which actually materialize.
This approach is in line with that of Devanur and Hayes (2009), Feldman et al. (2010), Vee et al. (2010),
Mehta (2012), and Agrawal et al. (2014), who have developed online algorithms for a variety of different (non-
Gini-based) ad allocation problems. In what follows, we provide a sketch of an online algorithm whose structure
is in line with our Gini-based model and associated decomposition method. Since a full formal analysis of the
behavior of an online algorithm can be quite lengthy, we leave this to future work. Nevertheless, the following
description is useful to draw structural parallels between our decomposition method and the online algorithm it
suggests.

Recall that our decomposition method (Section 6) produces the following outputs:

e Avector \; = {0, A\j1,...,A;n} for each campaign j whose elements \;,,, n = 0..N, are all non-negative

and satisfy > _  A;, = 1. Thatis, \; is a probability vector.
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e A vector 3" = {ﬁ?,ﬁg, . ,Bfn} for each iteration n = 0..N whose elements Bi", i € I ={1..m}, are the
dual prices computed in iteration n for each audience segment ¢. That is, B" is a price vector.

We propose the following online algorithm that decides, on-the-fly, what ad to show to each arriving user.
(Initialization) Set 3:;9] :=0 for all (i,5) € I'. We will use xfj to keep track of any surplus allocation from one
arrival to the next (the ‘S’ superscript denotes “surplus”).

(Repeat) For each arriving user,

1. Identify the user as a member of a particular audience segment 4, and loop through all campaigns j € I'()
which target this audience segment, performing the following:

(a) Randomly draw n’ := n with probability A;,,, and let B = BA”, be the price vector that campaign j
faces. That is, campaign j faces the price vector B” with probability Aj,.
(b) Invoke Theorem 1 using price vector B to compute ;.

2. At this stage, we have a proposed allocation z;;, j € I'(7). Augment this allocation with the surplus alloca-
tion from previous arrivals of the same type, i.e., compute xfj =@+ xfj for all j € T'(4).

3. Compute £ := 1/max(1, Y, 1, 27;). Then for all j € T'(d), let o] := &z and a7 := (1 — &)} Notice
zh <1

that, by construction, § € [0,1] and >, p;)

4. Show ad j € I'(¢) with probability z{;, and show no ad with probability 1 — 37 ., zi;. Any surplus

ij
allocation xfj is carried forward to the next user arrival of type 7.

By design, this online algorithm over-serves excess impressions to a campaign if the supply matching a cam-
paign exceeds the forecasted traffic volume. On the other hand, if we wish to avoid over-serving, then we can
keep track of the total number of impressions delivered to each campaign and modify step 1b so that Theorem 1
is invoked to compute x;; when fewer than the demanded d; impressions have been served to campaign j, and
x;; = 0 once the campaign’s demand d; is satisfied.

The structure of our online algorithm follows directly from the Dantzig-Wolfe master problem (PM). Indeed,

we are reconstructing, on-the-fly, all solutions x*

15

n = 0..[N, according to the probabilities };,, and randomizing
over these solutions as the Dantzig-Wolfe master problem dictates. By construction, if our online algorithm is
given a sufficiently large number of user arrivals of type ¢, then by the law of large numbers the actual propor-
tion of arrivals of type ¢ which see the solution x7; converges to \;,, and thus with probability 1 the resulting
allocation is feasible (i.e., satisfies the supply constraint in (PM)). Moreover, if we get exactly s; arrivals of each
type ¢, then by a similar asymptotic argument the value achieved by our online algorithm as measured by our
Gini objective (6) converges to the master problem’s optimal value. It follows that if our decomposition method
is run to optimality, and its inputs are used by our online algorithm, then our online algorithm is asymptotically
optimal when the number of arrivals of each type are equal to their forecasted quantities. More generally, if our
decomposition method is terminated early with a measurable optimality gap, i.e., with /N smaller than it would
be if the decomposition was run to completion, and/or our forecasts for the supplies s; have some error, then our

online algorithm produces a robust yet near-optimal solution.



e-companion to Lejeune and Turner: Planning Online Advertising Using Gini Indices ec27

Appendix E: Multi-Period Model

In this section, we extend our single-period Gini-based ad planning model (SG) to a multi-period (and thus,
multi-dimensional) model. We begin in §E.1 with a short literature review of models that spread impressions
across time, as well as those that spread across both audience segments and time. We then introduce a multi-
period baseline model (§E.2), define relevant Gini-based metrics (§E.3), use these metrics to formulate a multi-
period Gini model (§E.4), and illustrate the Lorenz curves produced by our multi-period model (§E.5). We
then introduce a novel decomposition method for our multi-period Gini problem that nests the single-period
decomposition method of §6 into a Lagrangian Decomposition scheme (§E.6), and conclude by demonstrating

tail Gini metrics that may be used to soften the penalties for deviating from impression targets (§E.7).

E.1. Multi-Period Spreading Literature

As we have described in §2.1, advertisers prefer for the impressions that they get to be well-spread across
audience segments. But, this is not the only dimension on which advertisers care to have their impressions spread.
In practice, advertisers also often want their campaigns to be well-paced, i.e., with impressions delivered evenly
across time. Pacing ensures ads reach a wide audience, have a sustained impact, and support complementary ads
that are being run in other media (e.g., television). Bhalgat et al. (2012) use several nested packing constraints to
develop a tight (1 — 1/e)-competitive online algorithm for pacing impressions over time. Meanwhile, Lee et al.
(2013) and Xu et al. (2015) employ control-based heuristics to throttle the rate impressions are purchased from
a spot market to satisfy guaranteed campaigns, with Lee et al. (2013) adjusting the value of bids over time and
Xu et al. (2015) keeping bids constant but instead throttling the auction participation rate (both have been tested
with real data, and the latter describes a real implementation). Araman and Fridgeirsdottir (2015) use a queuing
model and fluid analysis to determine asymptotically optimal prices and display frequencies for well-paced ads.

Finally, Bollapragada et al. (2002) and Turner et al. (2011) have studied the problem of spreading impressions
across both audience segments and time, for television and dynamic in-game advertising, respectively. Method-
ologically, all of these papers are different than ours, since they do not consider Gini metrics. To the best of our

knowledge, ours is the first paper to propose using Gini metrics to spread online ad impressions.

E.2. Multi-Period Baseline Model

We use the model of Turner et al. (2011), developed for Microsoft (then Massive, Inc.) to plan and schedule
dynamic in-game advertising, as our baseline multi-period online ad planning model. In this model, each adver-
tiser defines, in its contract with the publisher, a set of goals that should be met, along with weights that capture
the relative importance of each goal. The primary goal is always the end-of-campaign impression goal, which,
as in (SB) and (SG), states that each campaign j should get a total of d; impressions by its end date, otherwise
the shortfall y; is penalized linearly in the objective. In addition, there are a number of secondary goals that
ensure impressions are also well-spread (i) over targeted audience segments, (ii) over time, and (iii) over targeted
audience segments at each point in time. Note that because (iii) is the most difficult to achieve, criteria (i) and

(i) are given more weight, and thus prioritized ahead of (iii). Consequently, (i) and (ii) are not subsumed by (iii).
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Formally, spreading goals (i), (ii), and (iii) are modeled in the following general way. First, each goal is
expressed as an impression target d. Then, lower and upper bounds (¢, ) are defined which bracket the impres-
sion target d; i.e., £ < d < u. Oftentimes, the bounds are defined in a symmetric manner, e.g., £ = ad and
u=(1/a)d, for a € [0, 1]; however, that need not be the case. As long as the number of allocated impressions
w falls within the bounds, this is perceived as “good enough spreading”, and the publisher is not penalized.
However, if w is above or below the bounds, then the extent to which the allocation falls outside of the bounds
is penalized linearly. Formally, the objective function minimizes a sum of terms of the form py, where y is the
extent to which the bounds are violated and is a decision variable. The impression allocation w = sz is equal
to the supply of impressions s multiplied by the proportion of impressions allocated x. Constraints of the form
{—y<w<u+y; w>0;y >0 link w with y. We use various forms of x and y as decision variables, and
only implicitly model w = sz. Indexing time periods with ¢ € T', we get a model with the essential structure of
Turner et al. (2011), that captures the primary impression goals (modeled by the demand constraints) as well as
the secondary spreading goals of types (i), (ii), and (iii). The full model, which uses variables = and ¥, as well as

parameters p, d, s, ¢, and u with different subscripts as appropriate from the context, is as follows:

(MB) manpjyj + Z pwyzj + Z pjtyjt + Z pijtyijt (Ecsa)
JjeJ (i,7)eT JEJET; (i,7)€T, teT;
s.t. Z SiTij+y; = d; VjeJ (demand) (EC.5b)
i€T(j) teT;
Z i <1 Viel,teT (supply) (EC.5¢)
JET(i)NJt
lij —yi; < Z SitTije < Uij + Yij V(i,j)el (spreading type (1)) (EC.5d)
teT;
iy —yj < Z SuXijy <uj+y;  VyeJteT] (spreading type (ii)) (EC.5¢)
i€l (j)
Cijit — Yijt < Suije < Uije + Yiji V(i,j) el teT; (spreading type (iii))  (EC.5f)
Tijt, Yjs Yij> Yjts Yijt > 0 V(i,j)el',teT;  (non-negativity) (EC.5g9)

The impression targets, i.e., sub-demands, for the three spread constraints are defined as (i) d;; = 5,0, = z—;dj,
(i) djy = (1/|T}|)d;, and (iii) d;;, = %dj, respectively, where 7T represents the set of time periods which cam-
paign j spans, J; represents the campaigns active in period ¢, and §;; =, er(j) Sit 18 the number of impressions
eligible for campaign j at time ¢. Thus, reasonable choices for bounds are ¢;; = 0.9d,;, u;; = 1.1d,;, £;; = 0.9d 4,
ujr = 1.1dj, ;50 = 0.9d, 4, and w;;» = 1.1d,;;, assuming we allow a deviation from all impression targets of ten

percent.

E.3. Multi-Period Gini-Based Metrics

We now define Gini-based metrics for the three spread dimensions. In practice, spreading over audience segments
is defined proportionally, whereas spreading over time is defined using absolute impressions; therefore, the Gini

metric for spread type (ii) takes a different form than (i) and (iii). In what follows, 7T’ is the set of time periods
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campaign j spans; J; is the set of campaigns active in period ¢; s;; is the impression supply of audience segment

i in time period ¢; and §;; = ), er() Sit is the number of impressions eligible for campaign j at time ¢. Our

primary decision variables are x;;;, the proportion of audience segment 7 to assign campaign j in time period ¢.
The Gini-based metric for dimension (i), which spreads impressions proportionally across audience segments,

is the same as in the single-period model (c.f., Eq. (5)). Analogously, the Gini-based metric for dimension (iii),

which spreads impressions proportionally across audience segments within a single time period, is:

3 > SmSat|Thje — Tije ST SneSit|Thie — Tije)
32 htodt|Lhjt ijt htodt|Lhjt ijt
o GMDj _ " aiierol) B ( 1 ) (h)€To () (EC.6)
it = = =13 :
24154 2 (é]% Ziel"(j) Sitxijt> Sjt ZiGF(i) SitLije

In contrast, the Gini metric for constraint (ii) that spreads impressions across time follows from (1) and, using
To(j) ={(t,7) €T} : t < 1}, is defined as:
: Z \w it — W; |
GMDT TP = J T 1
G;f: 2MTJ — 01 = (’T‘w) Z |wjt—wj7], (EC7)
! 2 (Wwﬂ‘) T (et ()

spxyrandw; =), e, Wyt are the number of impressions allocated to campaign j in period

where w;, =3 ,cr ;)
t and over the planning horizon, respectively. This Gini metric strives for solutions that have the same absolute
impression allocation each time period, e.g., 100,000 impressions each week, regardless of whether impression

supply {$,¢,t € T;} is uniform across time. In contrast, we could define the alternate Gini metric:

a2 S|z —ay
J

GM DAET (t,7)ETo (5) 1 .
GAIT = . = 0l 1 =5 Z 8180 |T50 — ], (EC.8)
Hi 2 (;jwj) 79 eto ()

where x;, = w;;/§;, is the proportion of eligible impressions in time period ¢ allocated to campaign j. If §,5 is
twice that of 3,1, this alternate Gini metric will strive to allocate twice as many impressions to the second period
as the first. This alternate metric is akin to the proportional spreading that we have defined for constraints (i) and

(iii); however, in practice advertisers care more about the absolute spread over time and so we use (EC.7).

E.4. Multi-Period Gini-Based Model

We now introduce our multi-period Gini-based model. Following the spirit of our single-period Gini model (SG),

we propose the following objective function:
min oy ijGj—FongijjT—i-ag Z wthjt+ijyj7 (EC.9)
jeJ jeJd JETLET; jeJ
which, defining the total Gini penalty GT.°"4" = a1 G; + 0o GT + 3G, may be expressed as:
min Z GLOT w;, + ijyj.
JETLET; jeJ
This objective again has the useful interpretation (c.f., Property 3) of assigning a cost to each impression

demanded by each campaign j, since ) _, er; Wit +y, = d;. Unallocated impressions (corresponding to a demand
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shortfall) incur the cost p;, while impressions allocated to time period ¢ incur the cost GTOTAL which can be
viewed as a charge for less-than-perfect service (spreading). Putting all the pieces together yields the following

. . . 9 . + +
Gini-based linear program” over the variables z;;, ;;;, Thiis Ty Wits W jtT,

(MG) min oy Z Z shs :c,w + oy Z Z w;T

jeJ 8j (h,i)€T (5 J€J| J| (t,7)€To(4)

and y;:

1
Tas _ Z 30 Z . Shtsitx?z_ijt +ijyj (EC.10a)
]G-J,tGTj (h,i)€To(5) jeJ
s.t. (8a), (8b) (linking)
> suwgity;=d; VjeJ (demand) (EC.10b)
i€l (j),teT;
> omu <t Viel,teT (supply) (EC.10c)
Jjer(i)NJy
SiTij =Y Sullije Y(i,j) €T (linking) (EC.10d)
tETj
W= Y ST VjeJVteT; (linking) (EC.10e)
i€l(4)
it = Tnge — Tije VjeJVteT;,V(h,i)ely(j) (linking) (EC.10f)
Thiie > Tije — Thjt Vje JVteT;,¥(h,i)eTy(j) (linking) (EC.10g)
W, > wj —wj, Vje JY(t,T) € To(j) (linking) (EC.10h)
wh, > wj —wy Vje JY(t,T) e Ty(5) (linking) (EC.10i)
Tijt,y; >0 Vje JVteT;V(h,i) €To(j) (non-negativity) (EC.10j)

Constraint (EC.10d) links the proportions of supply allocated in each period with the proportions of supply used
across all periods, and makes use of the fact that s, =), er; Sit- Constraint (EC.10e) links the auxiliary wj,
variables to x,;; variables; we note that it is possible to eliminate this constraint as well as the wj, variables by
substituting it into (EC.10h) and (EC.101).

We also point out that (MB) is somewhat less restrictive than (MG), since for each impression target in (MB)
there was always a range around the target over which no penalty was incurred. If one would prefer to mimic
a similar logic in a Gini-based model, one can generalize the Gini-based metrics defined here to their tail-Gini

equivalents, as we illustrate in Appendix E.7.

E.5. Lorenz Curves of Multi-Period Model

Figure EC.4 plots three campaigns (one per row) as well as six Lorenz curves per campaign (one per column),
to illustrate the output from our multi-period model (MG). Each Lorenz curve corresponds to a single Gini
metric. The first column corresponds to G ;, the Gini metric which measures spreading of impressions across
audience segments for the entire time horizon; columns 2-5 correspond to G, for the time periods ¢ = 1..4,

which measure the spreading of impressions across audience segments for each time period ¢ = 1..4; and the last
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Campaign 1 d 75344
Lorenz Curve - G; Lorenz Curve - G Lorenz Curve- G, Lorenz Curve - G5 Lorenz Curve - G, Lorenz Curve - G, W 74387
vi/d  127%
10 10 10 10 10 10 6, 48.00%
0.8 0.8 0.8 0.8 - 0.8 - 0.8 Gini Coefficients:
06 - 06 - 06 06 - 06 06 G 1256%
0 0 0 G, 13.55%
. X 04 04 04 G,  1186%
02 02 02 02 - 0.2 02 Gy 14.03%
0.0 00 L 00 [ A 00 G 1147%
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 | G  000%
Campaign 2 d; 33343
Lorenz Curve - G/ Lorenz Curve - G/I Lorenz Curve - sz Lorenz Curve - G,3 Lorenz Curve - G/, Lorenz Curve - GTI W 25124
yi/d,  24.65%
1.0 1.0 1.0 10 1.0 10 eA 37.87%
0.8 08 - 0.8 0.8 - 0.8 0.8 1 Gini Coefficients:
06 06 06 06 06 06 G 88l%
04 04 0. 04 G 768%
4 - 04 - 04 : 6,  801%
0.2 0.2 0.2 - 0.2 0.2 0.2 [ 7.82%
0.0 00 0.0 00 wtl 00 Gy  11.26%
00 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 1.0 00 02 04 06 08 10 G T, 0.00%
Campaign 3 d; 12858
Lorenz Curve - G/ Lorenz Curve - G/I Lorenz Curve - sz Lorenz Curve - 6,3 Lorenz Curve - Gl, Lorenz Curve - G’l W 12858
yi/d;  0.00%
1.0 1.0 1.0 10 1.0 10 eA 18.44%
0.8 0.8 0.8 0.8 0.8 0.8 Gini Coefficients:
06 06 06 06 06 - 06 G 1084%
04 04 0. 04 Gy 000%
1 04 04 - G, 113%
02 1 02 - 0.2 0.2 0.2 0.2 - Gy 20.04%
00 00 00 0.0 Y 0.0 Gy 4.40%
00 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 1.0 00 02 04 06 08 10 G T, 0.00%
Figure EC4 Lorenz curves for three campaigns and six Gini metrics.

column corresponds to GjT, which measures the spreading of impressions across time. Each advertiser would be
able to see only its own Lorenz curves, i.e., a single row of Figure EC.4.

Each panel of our figure illustrates a single Lorenz curve, corresponding to a single Gini metric for a single
campaign. The Lorenz curve itself is the dotted blue line, while the orange 45° line represents what the Lorenz
curve would look like if impressions were perfectly spread. As we can see, in this instance, we are able to achieve
perfect spreading across time (see column 6), as well as perfect spreading across audience segments for campaign
3 in week 1. The worst spreading occurs for campaign 3 in week 3, which is reflected by the highest G';; value.
The area between the Lorenz curve and its nominal 45° line is, by definition, the Gini metric corresponding with
that Lorenz curve. Therefore, by minimizing our Gini metrics, we are equivalently minimizing the areas between

each Lorenz curve and its nominal 45° line.

E.6. Multi-Period Decomposition Method

Our multi-period ad allocation problem (MG) can be decomposed and solved using repeated invocation of The-

orem 1. Here we provide one particular way to achieve a decomposition in this general vein. Computational per-

formance of this particular multi-period decomposition scheme compares favorably with using CPLEX directly.

For example, an instance with 4 time periods, 100 campaigns, and 100 viewer types is solved to within 1% of

optimality in 12093 seconds using our decomposition method, versus 22483 seconds using CPLEX directly.
Structurally, our proposed multi-period decomposition scheme uses Lagrangian Decomposition to split the

problem into a number of single-period-type problems with different definitions for B and 1;, for which we
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use Theorem 1 to analytically solve all resulting subproblems. To summarize, we break each campaign-; sub-
problem into two dimensions, a viewer-type dimension and a time dimension. Then, we further decompose the
time-dimension subproblem into a series of “viewer-type and time” subproblems. The viewer-type subproblem
handles spreading of type (i), the time subproblem handles spreading of type (ii), and the “viewer-type and
time” subproblem handles spreading of type (iii). To coordinate the solutions across these subproblems, we use
a Dantzig-Wolfe master problem, which now takes convex combinations over both the time-dimension solu-
tions produced at each iteration, and the viewer-type-dimension solutions produced at each iteration. There are
additional equality constraints in the Dantzig-Wolfe master problem that ensure that the solutions produced in
the time dimension are consistent with those produced in the viewer type dimension; these require additional
dual variables and form the basis of the so-called Lagrangian Decomposition. A key structural result is that the
“viewer-type and time” subproblem is nested within the time-dimension subproblem; consequently, the solution
method uses back-substitution, which turns out to be quite elegant and allows the optimal value of the lower-level
“viewer-type and time” subproblem to be analytically embedded into the objective function of the higher-level
time-dimension subproblem.

We now describe the details of our decomposition method for our multi-period ad allocation problem (MG).

We begin by casting our multi-period ad planning problem (MG) as the following equivalent formulation:

1 1
(P-MULT-ORIG)  min a; Z? > susilan -zl ton Y > fwje—wja

= - |T;| _
jeJ 7 (h,i)€lo(4) JeJ (t,7)ETH ()
1
+ a3 | Z 5 Z | SniSit|Tnje — Tije| + ijyj
jGJ,tETj (h,’L)GF()(j) jeJ
s.t. Z SiuTijr < Si Viel, VteT (supply)
Jjer(i)NJy
Z suZie+y;=d; VjieJ (demand)
i€D(j) teT;
W= Y ST VjeJ, VteT, (linking (i)
i€l'(j)
8Ty = Z SitTijt V(i,j) el (linking (ii))
teT;

w; >0V VteT;;  y;>0Vj€]

Noticing that there are two dimensions to the planning problem, the viewer-type dimension and the time
dimension, we exploit this structure by not only designing a decomposition scheme that decomposes the problem
by campaign, but also producing a scheme that further decomposes each campaign’s subproblem into a viewer-
type subproblem and a time subproblem. Additionally, since we want to leverage the results provided by Theorem
1, we need both the viewer-type subproblem for campaign j and the time subproblem for campaign j to each
have its own set of decision variables and its own demand constraint. Therefore, we introduce the decision

variables ij, j € J, which we initially fix to be equal to their respective y;, j € J, counterparts. The y; variables
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will measure demand shortfalls in the viewer-type subproblems, while yJT will measure demand shortfalls in
the time subproblems (the 7" superscript denotes the time dimension). While it is the case that y; = y]T for all
campaigns 7 € J must hold for any feasible plan, it could be the case that at any iteration, the subproblems
produce solutions that have y; # y]T This can and often does happen because the viewer-type subproblems are
solved independently from the time subproblems. We will describe later how we use Lagrangian Decomposition
to produce solutions that get close to satisfying y; = y]T Vj € J; for now, it is sufficient to understand that while
we would like y; and y]T to take on the same values, we model these variables separately so that we can decouple
the campaign-j subproblems into viewer-type and time dimensions. Thus, we produce two logically equivalent
sets of demand constraints, one using the y; variables which will end up in the viewer-type subproblems, and the
other using the y]T variables which will end up in the time subproblems. With these additions to our formulation,

(P-MULT-ORIG) can be equivalently represented as:

(P-MULT-ORIG?2) min o, Z Z SpSi|Tn; — x| + oo Z Z |w;jr — wjr|

€7 57 (hi)ero() JeJ| Tl <tr)eTo<J>

1
+ a3 _ Z E» Z | ShtSit|Thje — Tije| + 5 ij (y; + y]T)
JjeJiteTy (h,i)€To(5) jed
S.t. Z SitLijt < Sit Vi € I, vteT (Supply)
JET(i)NJy
Swp+ylf=d;  VjeJ (demand (i)
teT;
N7 sy ty=d; VjieJ (demand (ii))
i€T(j)
wie= Y sutye Vi, VEET, (linking (i))
ier(j)
8iX;5 = Z SitTijt V(i,j)el (linking (ii))
tGTj
Yi=y; VjedJ (linking (iii))

wj > 0Vj €, VteTy; y; >0Vj e J; y; >0vjeJ

We now produce a relaxation of (P-MULT-ORIG2) which dualizes the supply constraint, as well as linking
constraints (ii) and (iii). We use dual variables B” for the supply constraints, as well as dual variables 7,; and
«y; for linking constraints (ii) and (iii), respectively. Note that -, and 7,; can take negative or positive values,

whereas @t > 0. The relaxed problem is:

(PS-MULT) z'Z =min o Z Z SnSi|Tn; — x| + a2 Z Z lwj — wj,|

jeJ 5j (h,i)€To(4) J€J| ]’ (t,7)€To(4)

1
tas Y o— > shtsitlxhjrxijt\+§ij(yj+yf)+2'7j(yryf)

$
jedteT; I (hiyero () jeJ jeJ
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+ E 777] Si xz] E S'Itxljt + E 611‘, E sitwijt — Sit

(i,j)er teT; ielteT JET(I)NJy
SUY wityl =d;  Vjed (demand (i))
teTy
> sty =d; VieJ (demand (ii))
i€l(j)
wip= Y suzi;e  Vj, V€T, (linking (i)
i€T'(5)

wjy >0y € J, VteT); y; >0Vj € J; y;‘-FZOVjGJ

We can also simplify the objective function further, to get:

min O[lz z Shsz|xhj :Bz]| +a22 Z ’wjt _wj7'|

j€J " (h,i)eTq(5) J€J| 7’ (t,7)E€T0(4)

1
tas > » Z SneSitlThge — Tige| + Y ( P; +%) Y5
JEJtGT (h,i)€To(3) jeJ
+Z pj ’YJ yg Z nz_]s ng Z (6 77%] Sztfxmt Z /thszt
jeJ jeJ €l () JEJ e () teTy i€l teT

With supply, linking (ii), and linking (iii) constraints dualized, we can see that the relaxed problem (PS-MULT)
decomposes into one viewer-type subproblem and one time subproblem for each campaign. The viewer-type
subproblem for campaign j has decision variables {x;; }; j)er and y;, has optimal value zVLB(B ,1,7), and is

defined as:

. 5 . 1
(PS-V-)) ZJ"/LB(Bam'V) =1nin & — Z SnSilTn; — xij| + ( p; +’7J> Yj + Z MNijSiLij

%3 (hi)eTot) i€t ()
st. Y simij+y;=d;  (demand (ii))
i€T(j)
ri; >20Viel'(j);  y; >0
Similarly, the time subproblem for campaign j has decision variables {xijt}iep(j),ng, {wjt}teTj, and ij, has

optimal value z; ** (B,m,7), and is defined as:

‘le Z lw;; — JT’J’_a?’Z

(PS-T)  2I*F(B,1,7) =min a,

E Sht31t|xh_]t z]t

T (t,m)eTo () teTy St (h,i)ETo(4)
1
_I_( pJ /YJ) y] + Z /th 772] Sztxut
i€l(4),teT;
s.t. Z wj +y, =d; (demand (i))
tET]'
wi= > sury VteT; (linking ()
i€l (j)

zij1 > 0Vi e T(5), Vt € Tj; w;y >0Vt €Ty yl >0
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The relaxed problem (PS-MULT) is related to the set of |.J| subproblems (PS-V-j) and (PS-T-j) via the follow-
ing formula, which expresses the optimal value of (PS-MULT) in terms of the optimal values of (PS-V-j) and
(PS-T4)):
Z Biysis + ZZJ\_/LB + ZZ]TLB
il teT jeJ jed

Theorem 1 tells us how to solve (PS-V-j), the viewer-type subproblem for campaign j. We take 11)]‘/ = 1/5j,
treat p] (2 p;j + ;) as the p; defined in the theorem, and treat =1);; as the Bi defined in the theorem.
Invoking the theorem yields the following. Assuming without loss of generality that all 7+ € I'(j) viewer types
are sorted by 5.7, ie., B/ < By < .. BVJ where m; = [['(j)|, we define s, =3, .|
Dot m_si/;c}g:wys»(sz‘/“j w”)—i—sﬁ SO = Doy i Ciyy B = Doy Sy T = G /815 and iF =

argmin,e; ,, ) m I ml, > py thenyy = dj, o; = 0Vi = 1..m;, and the corresponding optimal value is p} d;.

g
sy 8 " =

Otherwise, the optlmal value is 7% jdj with correspondlng optimal solution y; =0, and

o d;/5); forzlgz.
0 for ¢ >~

Solving (PS-T-j), the time subproblem for campaign j, is more involved. For this, we make use of a very
nice further decomposition. Indeed, we break (PS-T-j) into a number of “viewer-type and time” subproblems,
each of which is responsible for spreading impressions across viewer types for a single time period. Each such
“viewer-type and time” subproblem has the required structure to invoke Theorem 1, and thus can be solved
analytically. Moreover, via backwards substitution, we can encode the optimal values from these “viewer-type
and time” subproblems into the objective function of the time subproblem, finally solve the time subproblem via
another invocation of Theorem 1, and then analytically compute the optimal solution to each “viewer-type and
time” subproblem given the optimal solution to the time subproblem. To derive this construction, we first define
(PS-VT4jt), the campaign-j subproblem which spreads impressions across viewer types within a single time
period ¢. The subproblem (PS-VT-jt) has decision variables {;; }icr(;)nr, has optimal value z};"** (B,m, Wjt),

and is defined as:

(PS-VT-jt) zVTLB (B,m, wj;) =min az Z

Z SniSit|Tnje — Tije| + Z (Bu — 0ij)SitTijt

teT) 8t (h,i)€To(j) i€ (5),tET;
s.t. Z sy = wj;,  (linking (1))
i€l(j)

Using the optimal value from (PS-VT-jt), we can write the campaign-j time subproblem (PS-T-j) equivalently

as:
. . 1
(PS-T2)  2/""(3,7,7) = min T > ijt—ijIH )yl + Y 2P (B, w;)
T mETH () teT;
s.t. Z wj,+y, =d; (demand (i)
tETj

w; >0vteT;  y >0
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With this representation, (PS-T2-j) encodes |T;| inner optimization problems of the form (PS-VT-jt) into its
objective function.

Theorem 1 tells us how to solve (PS-VT-jt), the campaign-;j subproblem for spreading impressions across
viewer types within time period . We take % = a3/35;,, treat ,8 b — (B,t 7:;) as the j3; defined by the theorem,
and treat w;; as d;. Moreover, since no shortfall is allowed for the “demand” constraint ) _, er(j) SitLijt = Wijt, We
treat p; as defined by the theorem as if it is +o00 so that no shortfall occurs in the solution. Invoking the theorem
yields the following. Assuming without loss of generality that all ¢ € I'(j) N7 viewer types are sorted by ﬁ

B < pl <. <ﬁt7 where m; = |T'(j) N Tj|, we define s =>".,_, ,_ su; 509 =3, Sirg; €L =

i/ =i+1. m; ij

t taj _ Stbj . — st — ot . ko
¢j5it(5i —s5.7)+ Sitﬁi ; Cij = Z =1, zcz’J’ Sij = Zi/:Li Sires Ti5 = Cij/sij’ and ¢* = argmlnieu..m‘j} 7Tij'
Then, the optimal value of (PS-VT-jt) corresponding to campaign-j and time period ¢ is 7. jwjt, with corre-

sponding optimal solution:

t L
wie /S, fori<ig
=9 /5 T (EC.11)
0 fori>1
VTLB _ : :
Moreover, denoting 7}, = ;. ;, we have z}; (6 ,1,Wwj;) = Tjw;,, where Theorem 1 gives us 7}, as a function

of 3 and 7. Thus, the campaign-j time subproblem (PS-T2-j) can be simplified to:

1 1 )
T > fwie—wje | + <2pa‘ - %‘) i+ mw

SIS NE)) tET)
s.t. Z wj+yl =d;  (demand (i)
tETj
w; >0vVteT;  yl >0

(PS-T3-j)  z7*5(B,n,7) =min a,

Now we notice that the time subproblem (PS-T3-j) is in the form required to also solve it using Theorem 1. We

take ij = = (% 5P; — ;) as the p; defined in the theorem, and treat BAtT I = 77, as the Bl defined

in the theorem. Moreover, wj, takes the place of x;; and correspondingly we assume s; = 1 for all viewer types
1 € I. Invoking the theorem yields the following. Assuming without loss of generality that all ¢ € 7); time periods
are sorted by 37, ie., B17 <37 <--- < BTj where m; = |Tj|, we define s, =", ,  1=t—1;5" =
Zt':t+1~-my‘ l=m;—t; ctJ wT( = Tbj) +/8;T], ~z; Zt’:l..t Ct’j; Stj = Zt’:l..t 1=t 77;5’ = 63;/55’ and

" =argming g, 7r;";-. If 7Tt* > pj , then y; T =dj, wj, =0Vt =1..m;, and the corresponding optimal value

is p; T'd;. Otherwise, the optimal value is 7rt* .d; with corresponding optimal solution y =0, and
d;/t* fort<t*
w', = i/t fort < (EC.12)
! 0 for t > t*

Finally, once we have solution (EC.12) for (PS-T-j), we can substitute it into (EC.11) to yield the solutions for
(PS-VT-jt) corresponding to all ¢ € 7).

We have now shown how to completely solve all subproblems analytically, which can be summed up as, for
each campaign j, (1) solving (PS-V-j) analytically using Theorem 1; (2) solving (PS-VT-jt) analytically using
Theorem 1 for all time periods ¢ € T}; (3) using the optimal values 77, computed for (PS-VT-jt), ¢ € T}, to solve
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(PS-T-j) analytically using Theorem 1; and then finally (4) numerically computing the solutions to (PS-VT-jt),
t € T}, using the optimal solution from (PS-T-j) by substituting (EC.12) into (EC.11). Equivalently, we are able
to solve (PS-MULT) analytically.

There are two major elements of our decomposition method that still need to be developed before we can solve
the original problem, (P-MULT-ORIG). As in the single-period decomposition scheme discussed in Section 6 and
Appendix C, we additionally need (1) a method for choosing a “good” price vector (B ,1,7); and (2) a method
to convert one or more solutions to (PS-MULT) into a near-optimal solution for (P-MULT-ORIG) that satisfies
all of the constraints that were dualized when relaxing (P-MULT-ORIG) to produce (PS-MULT) (i.e., the supply
constraints, as well as linking constraints (ii) and (iii)). We proceed as in the single-period case, and develop
a Dantzig-Wolfe decomposition scheme that we modify for performance reasons to solve the Dantzig-Wolfe
master problem only once every five iterations, instead updating the price vector (B ,1,7) using subgradient
optimization in the intervening four of five iterations.

Our solution method begins by first solving a heuristic to get an initial feasible solution. Our heuristic has

two stages. In stage one, the heuristic iterates through the list of campaigns j = 1..|J

, and attempts to assign
si0; impressions of each viewer type ¢ € I'(j) in each time period ¢ € T; to campaign j. Such allocations are
processed in sequence, and at some point the remaining supply of viewer type ¢ for time period ¢ may be less
than the s;,0; impressions campaign j is requesting. At such point, the campaign j gets the remaining supply
of s;;, and subsequent campaigns do not get any impressions from viewer type ¢ at time ¢. When stage one
is completed, some viewer types in some time periods may be completely allocated, and yet some campaigns
may still have demand that has not been allocated. This can happen whenever a campaign cannot grab all s;,0;
impressions from each viewer type ¢ € I'(j) and time period ¢ € T} that it wants. Stage two then iterates through
the list of campaigns once again, but this time each campaign j checks to see how many impressions in each
matching viewer type ¢ € I'(j) and time period ¢ € T are still available, and grabs the same proportion of slack
from each matching viewer type in each time period. Ideally, after booking this proportion of slack, the demand
for campaign j is fully allocated. However, it could be that the proportion of slack needed to satisfy demand
would exceed one; in that case, the campaign grabs all remaining slack from each matching viewer type in
each matching time period, and remains partially unallocated. We denote the solution computed by this heuristic
as {{ziji0},j)er, {¥jo}jes }» and compute the values corresponding to each j-component {vjo},c using the
terms corresponding to campaign j in the Gini-based objective (EC.9). In other words, for n = 0, we use linking
constraints (i), (ii), and (iii) to first compute x;;, = (1/s;) ZteTj 8itTijin; Witn = Ziel“(j) 8itT;jtn; and yj:';,, =Yjn;

and then we substitute those values into the following formulas:

1 1

,U;/;“L Z:Oélg Z Shsilxhjn — ngn| + §p]yjn7 and (EC13)
7 (h,i)€To ()
1 1 1

vfn ::ag? Z |Witn — Wirn| + a3 Z - Z SntSit|Thjin — Tijin| + §pjyfn. (EC.14)

; S
1731 (t,7)ETH(5) teT; “I* (h,i)eTo(5)
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We then use this heuristic solution to initialize the first set of columns, corresponding to n = 0, in the Dantzig-

T

Wolfe master problem. The Dantzig-Wolfe master problem, which has parameters i, Tijn, Yjn, ijn, Vjns and

n=0..N,j€ J,i€I(j),t €T}, and decision variables A", , A7

Jjn> “Yjns

vy n=0..N, j € J, is formulated as follows:

Jjn>

(PM-MULT) 2" =min Y (o, AV, +v], A7)

jn Jn n’Yn
j€J,n=0..N
st Y wywAf, <1 VielI,YteT (supply)

n=0..N.j€T (it)

> simin A, = DD suligmAl, V(i,j) €T (linking (ii))

n=0..N n=0..N teT}

STy = > yhAL VjeJ (linking (iii))
n=0..N n=0..N

Z AV, = ViedJ (convexity)
n=0..N

Z AL =1 Vied (convexity)
n=0..N
An >0, A7 >0 VjeJ, Vn=0..N

In a classical Dantzig-Wolfe decomposition, we would begin with N = 0; solve the master problem
(PM-MULT); take Bit to be the dual values of the supply constraints for each viewer type 7 € I at each time
period ¢ € T'; take 7);; to be the dual values of the “linking (ii)” constraints for each (i, j) € I'; take -, to be
the dual values of the “linking (iii)” constraints for each j € J; re-solve the subproblems (PS-V-j), (PS-VT-jt),
and (PS-T+j) for all campaigns j € J and time periods ¢ € T} (analytically, via repeated use of Theorem 1,
as we have described); increment the iteration counter /N := N + 1 and record the subproblem solutions as
{zijin}ierieryeer;» 1%inYiesieriys {¥in}iess {yjn}ies, with values {v]y};cs and {v]y};c,, computed
again using (EC.13) and (EC.14); add the subproblem solutions as a new set of columns to the master problem;
and then iterate, repeatedly solving the master problem (PM-MULT) and subproblems (PS-V-j), (PS-VT-jt), and
(PS-T+j) for all j =1..|J|, t € T}, in this fashion until a termination criterion is attained.

We use the master problem (PM-MULT) to produce a near-optimal (and feasible) solution to
(P-MULT-ORIG), where the variables )\;-/n and )\;‘-Fn determine the weights to apply to the solutions produced
by the viewer-type and time subproblems for campaign j in iteration n, respectively. The master problem
(PM-MULDT) yields an upper bound and the subproblems collectively yield the lower bound 225 ( B ,1,7)- There-

UB _ 2LB)/2LB and terminate when it is below a

fore, at each iteration, we can compute the optimality gap (z
desired threshold.

As in the single-period case, we solve the master problem (PM) only every fifth iteration, and employ sub-
gradient optimization to update the prices Bit, iel, teT;n,, (i,5) €I v, j € J for four out of every five
iterations. After we update the price vector using subgradient optimization, we solve the subproblems (PS-V-j),

(PS-VT4jt), and (PS-T-j) for all campaigns j € J and time periods ¢ € Tj, just as before, and update the master

problem’s columns using the subproblem solutions.
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To use subgradient optimization, we note that the (7,¢)"" component of the subgradient corresponding to the

(i,t)*" relaxed supply constraint is g;; :== > SiTije — Sit; the (4, 7)™ component of the subgradient cor-

JET(I)NJ¢
responding to the (i, j)*" relaxed “linking (ii)” constraint is g;; := s,x;; — EtGTJ_ $i+;5¢; and the j'" component
of the subgradient corresponding to the 5" relaxed “linking (iii)” constraint is g; := y; — y]T Using the step size

o, at iteration n, we update the price vector ( B, 7,7) using subgradient optimization as follows:
Bit :=max(0, Bis + 0ngit);
Mij 2= 1ij + OnGijs
Vi = + 0ngj-

We use step sizes

2(zV8 — 2FB(B,n,7))
Zie[,teT 9; + Z(i,j)er 91'2]‘ + Zje] gJQ"

which have been shown in the literature (e.g., Fisher 2004) to make steady progress toward the optimal dual

Op —

prices.

To summarize, we solve (P-MULT-ORIG) to near-optimality by (1) initializing the master problem
(PM-MULT) at iteration n = 0 using a heuristic solution; (2) incrementing the iteration counter (N := N +
1); (3a) solving the master problem (PM-MULT) every fifth iteration to get a new price vector (3,77,7),
a near-optimal feasible solution, and the value of this solution which serves as an upper bound zV? for
(P-MULT-ORIG); (3b) employing subgradient optimization for four out of every five iterations to update the
values of ( B, 7,7), from the past iteration; (4) solving all campaign-j subproblems for the viewer-type, time, and
“viewer-type and time” dimensions analytically using Theorem 1 to get new columns to be placed into the master
problem (PM-MULT) as well as a new lower bound 2%%; (5) updating either the lower bound or the upper bound,
or both, if they are tighter than they were last iteration; (6) computing the optimality gap (zYZ — 2£8) /28 and
terminating if the termination criterion has been attained (e.g., optimality gap < 1%); or continuing to iterate by

going to step 2, otherwise.

E.7. Tail Gini

In the baseline multi-period Gini model (MB) from §E.4, penalties are incurred if the impression allocation does
not fall within the impression target intervals [I;;, w;;], [l;1, w;¢], and [I;:, u;;¢] defined by the constraints (EC.5d),
(EC.5e), and (EC.5f). To formulate Gini-based models that incorporate the idea of impression target ranges,
where no penalty is incurred when the impression allocation is within the target range, we use the tail-Gini
concept (see the related studies of Mansini et al. 2007; Ogryczak and Ruszczynski 2002a,b). Consider an n-
dimensional vector z. The tail-Gini coefficient of x is the conditional average of the absolute differences between
the components z; and x; of each pair (x;,2;),7,j =1,...,n divided by twice the mean value =+ >"" | ;:
> 3 (i — 2yl — 1)

i=1j=1

TG =

2n2u
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where r is a user-defined threshold value. The above formula shows that the tail-Gini measure is based on the

idea of conditional deviation and is equal to the standard Gini (1) if 7 is equal to 0. A pair (z;, ;) has an impact

on the value of 7'G if and only if the absolute value of the difference between x; and x; is strictly larger than r.
Using the above definition, we may formulate tail-Gini metrics corresponding to (5), (EC.6), and (EC.7) as:

. SnSi (’xhj - xij\ - Thi)+

G — (L) ierow)
RN > STy ’

i€l'(j)

1 Z ShtSit (‘xhjt - xijt’ - Thit)+

TG — ( > (h.§)€To(3)
it — ~ )
’ Sjt Ziel"(]') SitLijt

1
TG = —— E —win | —r) T ,
J <|Tj|wj'>( (Jwje —wjr| —14)

t,7)ETo(4)

and

where 7,;, 71:¢, and r; are fixed parameters.

Using the tail-Gini metric, we obtain the following objective function:

min oy ijTGj +a22ijGf + a3 Z wi TGy +ijyj .

jed jeJ jEJLET; jeJ





