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ON THE DESCRIPTION OF FERMION SYSTEMS IN BOSON REPRESENTATIONs~ 
(IV). .·NUMERICAL CALCULATION OF QUADRUPOLE EXCITATIONS IN 

Cd~ Sn~ Te, Sm AND Pb t) 

.J. tt) .. Bent S\Urensen 

Lawrence Radiation Laboratori 
University of California 

Berkeley~ California 94720 

April 1969 

Abstract 

Quadrupole vibrational excitations are described in a modified 

~uadrupole plus pairing model, 11sing the boson expansion meth~d. The radial 

dependence of the ~uadrupole force is chosen so as to yield as average field 

a Wood-Saxon type potential. A ~ualitatively correct description is provided 

for the phase transition in the Sm-isotopes, but the energy spectra, transition 

probabilities and static ~uadrupole moments of nuclei near closed shells are 

barely consistent with experiment, the most puzzling disagreement being the 

sign of the static ~uadrupole moment of the first 2+ state in 
122

Te. 

t) WorK performed under the auspices·of the U.S. Atomic Energy Commission. 

tt 
) On leave from the Niels Bohr Institute, University of Copenhagen, 

Denmark. 
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1. Introduction 

The use of simplified model interactions for the calculation of nuclear 

properties does call for the awareness of certain facts. First of all such 

simplified models are usually tailored to a certain set of nuclear properties 

• 
and will give nonsense answers to q_uestions which fall outside their domfj.in. 

Secondly these model interactions may assume a structure of the nucleus 

which in certain respects is unrealistic. It should therefore be allowed to 

renormalize the model interaction in order to partly compensate for th~ 

difference between the actual system and thai( implied by the model. An example 

of this situation is the strength of the quadrupole interaction, which. is 
( 

uniquely fixed.by requiring proportionality between the shape of the system 

and that of the average quadrupole field. Nevertheless the fact that the true 

interaction does create an average field which is different from that of the 

'quadrupole force will in general imply that a choice of quadrupole strength 

different from the self-consistent one may give a better description of the 

actual system. This type of renormalization is of course not related to that 

required because of truncation of the configuration space. 

The problems mentioned above are usually interwoven with the effects 

of approximations in the solution of the many-body problem to such an extent 

that it is impossible to obtain an independent judgement of the validity of those 

simplifications made in the interaction and those made in the diagonalization. 

We claim by the boson expansion method to have improved the treatment of the 

many-body problem to such an extent that we are able to make rather reliable 

statements concerning the model interaction itself. It is interesting to note 

that the application of the best available realistic two-body interactions 
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to the description of complex nuclear excitation has often employed inferior 

many-body technig_ues. Calculating for instance collective vibrations in 

RPA using effective interactions based on a Ramada-Johnson interaction1 ) one 

finds in several cases an imaginary energy for the lowest root, indicating 

merely the inappropriateness of RPA. If, on the other hand, one had used a 

phenomenological interaction for the RPA diagonalization; one would have chosen 

a renormalized interaction strength for which RPA reproduces the experimental 

energy, thus formally blaming. the deficiency of RPA on the interaction
2

). The 

gain of insight achieved in this way is clearly not very big, yet such ways of 

proceeding did in fact for some time leave the impression that the nature 

of collective multipole vibrations near closed shells were fai_rly well under-

stood. Only when improved experimental technig_ues revealed inconsistency with 

the theoretical predictions for higher lying parts of the collective spectrum 

it became obvious that something had to be modified. However, it remained 

nuclear, whether the problems had to be sought in the interaction or in the 

method of calculation, and the situation became even more uncertain, when 

experiments suggested large static moments in nuclei, which the theoretical 

models predicted should be nearly spherical in shape3 ). 

Although the fourth order boson calculation presented here is far 

from an exact solution of the many-body problem, we think it provides a 

fairly clear indication of the type of results one can obtain by improving 

the diagonalization technig_ues, and it leaves a number of definite discrepancies 

which must be associated with details of the nuclear interaction not contained 

in the pairing plus g_uadrupole model, or at least not in the parts of these 

interactions which are effective in the present treatment. 



-4- UCRL.,-18903 

In sect. 2 we discuss the model interaction employed in the· 

calculations, and in sect. 3 the numerical results are presented after some 

general comments on the choice of parameters. 
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2. The Modified Quadrupole Plus Pairing Interaction 

The gener~l form of the interaction we are going to use is well known. 

It contains a single I?article hamiltonian H 
s 

containing the sum of the 

kinetic energies· of the particles present in the system and their potential 

energies associated with the average field. Further a pairing interaction; 

Hp acting on T=l, J=O pairs of.particles with a fixed strength for each 

T , usually zero for T =0. The constantness of strength hold_s ~~_i;hin a 
z z 

certain subspace in the single particle space, often assumed to be symmetric 

in dimension around the Fermi level. Outside this subspace no pairing force 

is present. Finally there is a ~uadrupole force HQ acting among particle

hole pairs, so that the total hamiltonian may be written 

L. 
A ' +- +1-_ L "'"' 

H + H + HQ = j s.(a. a.)
0 

jj' G 
s p J .J J 4 \) 

j jj' 
(\!=n,p) (\!=n,p) 

x(j 2IIP\! 1 (r')Y2 (w')llj 4 ) ( (a:J.
1 

a. ) (a~ a. ) ) 
J32 J2 J42 0 

J·. = (2J'+l) 1 / 2 and a. = (-)j+m,a. . .. th t d lS e opera or connecte to a. 
Jm J-m Jm 

where 

by the time-reversal operation. We have assumed that X ,is independent of 

(\!,\!'),since no definite knowledge of the opposite is available.t) The 

. ' 

nuclear states are for brevity denoted j, but the summations shall extend 

(2.1) 

t 
) The summation over the isospin quantum number \! is put in parentheses below 

the sum signs for j-values having the same \!, 
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over n and Q as well. The pairing force H has proven successful p 

in describing J='O pairing type nuclear levels, but it does also imply a 

quadrupole particle-hole interaction because of_the relation 

(a; a;) 0 (~j' aj,)O = [<(jj)O(j'j')o;o!(jj')2(jj')2;0 > 

J 
(2.2) 

X (CS:~ ~., )2Ca~ a. I )2) + contraction term. 
J J J J . 0 

This addition to the quadrupole interaction will be neglected, since we try to 

chose P(r) so as to make alone as physical as possible. 

A convenient way of arriving at a representation in which we can 

focus on J=2 particle-hole operators, is to perform the BCS transfor:ination 

where 

+ 
a. . Jill 

+ = u. a . + vJ. a . J Jill Jill 
(2.3) 

2 2 
u. + v. = l. 

J J 
We thereby arrive at the hamiltonian we are going to 

use for the expansion in terms of quadrup-ole bosons 

H = L j Ej 

j 

(-·J=p ,n) 

+
(a. a. )

0 J J 

_x 
10 L < Jl!lpvy2llj3) < j2llp v' y2llj4 ) 

Mj l j 2 ( v=p ,n) 

j3j4(v'=p,n) 

+ + -- + {~ (u. ) (u. X u. - v. v. u. - v. v. ) (a. a.. ) (a. aj4)2M J3 2M J2 Jl J3 Jl J . 
.3 J2 J4 J2 J4 Jl 

(u. v. ) (u. ) ( + + + - + v. + u. u. v. v. (a.. a. )2M(a. a.' ) 2M J, J3 J3 Jl J2 J4 J2 J4 J4 J3 J2 J4 .L 

+ 0 l + + 
0 .. - 0 .. 0 .. ) ) -- (a. a.. ) Co •• vv' " 

2j3 J3 J3 00 Jl J2 J3J4 JlJ4 J2J3 . 

,, .•. 
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+ h.c. (2.4) 

where E. is the BCS QUasi-particle energy. The hamiltonian (2.4) differs from 
J 

4 that employed in I (ref. ) ,eQ. (4.1)) in a number of details, for which we 
! . 

have come to the conclusion that (2.4) offers the most consistent physical 

picture. For the reasons given abov~ the residual part of the pairing inter-

action is not allowed to add to the QUadrupole interaction. This implies not 

only the neglect of the J=2 term in (2.2), but also of the non-BCS type 

J=O pairing terms, which does contain boson terms with four J=2 boson 

operators. In Writing HQ _in the QUasi-particle representation we have 

kept the QUadrupole character of each term and thus not normal ordered every 

term. Otherwise certain effects of the quadrupole force would by recoupling 

have been described by branches of Jt2, which we would neglect in our boson 

expansion, which for practical purposes is restricted to QUadrupole b.osons. 

However, two contraction terms appear in (2.4) which had been neglected 

in I. One describes the change in QUasi-particle energies due to the 

QUadrupole force, the other changes the QUasi-particle number by two and hence 

describes the disturbance of the BCS solution induced by the presence of 

the QUadrupole field. As the QUadrupole force is of long range, the claim 

made in I that these effects could be assumed included in the average 

potential seems dubious, unless the single-particle energies were adjusted 
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phenomenologically. However, the calculations will show, that the influence 

of these contraction terms is smalL 

The fluctuation in particle number implied by the BCS approximation 

is,fully inherent in our interaction (2.4), since no residual pairing inter-

action is present. An improved treatment in this respect will reilui:re boson 

expansions with both J=O and J=2 bosons present. Without this the correct 

average particle number ensured for the BCS vacuum is changed by the presence 

of>the quadrupole interaction. Our method of restoring average particle 

number is described in II (ref. 5)). It is there shown, that the fermion space 

may be mapped into the boson space in an infinite number of ways. The 

0 
{y j} various expansions which are characterized by a set of parameters 

. . f 6) are g1ven 1n re . ·~ . They define boson bases which are connected by unitary 

transformation., so the choice of para!lleters does not affect any physical 

results as long as no truncation is made. It is shown in II tha~ by choosing 

constant 0 and using a suitable y one can usually.make the number 

of particles correct in one eigenstate of a given hamiltonian of the particle 

number violating kind, no matter whether the particle number non-conservation 

is due to truncations in the original fermion space or in its boson expansion. 

The calculations to be reported in sect. 3 show that it is not possible to make 

the particle number completely correct in this way, but that a certain choice 

of 0 
y , usually zero, produces a minimum in the deviation from the correct 

particle number, and this 0 y usually is the same for all lowlying states. 

In addition to determining the boson expansions of the hamiltonian 

(2.4) and the number operator, we find those of the electric quadrupole 

operator, which as disc1.1.ssed in III {ref. 7)) is required for calculation of 

,. 
' ; ... 

... 
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potential energy surfaces. The anharmonic terms are kept only for the collective 

branch of excitation, whicli according to. the di.scussion in III is chosen 

as that defined by a Tarmn-Dankoff (TDl diagonalization. The non-collective 

branches are thus described by their TD wave functions and energies. Although 

one could improve them by adding anharmonic ~erms like one does for the collective 

branch (using the same computer code), this would not be a systematic improve-

ment, since the higher order couplings between collective and non-collective. 

branches is neglected. Our assumption is thus that the collective anharmonicities 

are more important than anharmonic couplings betwe~n collective and non-

collective branches, which again are more important than non-collective anharmon-

icities. We feel that it is important to understand the anharmonicities of 

the collective branch before going into the complexities of deciding which 

other branches may be significantly coupled to this. It has already been 

mentioned in I, that we think that coupling-to-pairing excitations will influ-

ence. the 0+ states in many nuclei. It is further suggested in I, that some 

non-collective quadrupole branches may be strongly coupled to ntwo--phonon" 

states. This seems to be true for states with TD energies close to that of 

collective states, according to the magnitude of coupling terms evaluated by 

8 
Sana ) using the boson expansion method . 

The use of a TD collective boson implies several simplifications in 

the expansions of the various operators mentioned above. The explicit 

formulae are given in appendix 1. 



~10- UCRL-18903 

2.1. AVERAGE POTENTIAL AND RADIAL SHAPE OF THE QUADRUPOLE FORCE 

The single particle potential H may be thought of as the result 
s 

of a Hartree-Fock (HF) calculation based on pure kinetic energies and the 

best available two-nucleon interacti.on. In that case the pairing plus 

quadrupole interactions may be visualized as approximations to the residual 

interaction. Such an average potential s.hould allow a simple calculation of 

the properties of lowlying levels in odd nuclei adjacent to closed shell 

nuclei. Further the average potential should be related to the optical 

potentials used in the description of scattering and reaction processes 

involving a single nucleon. Such a relation requires knowledge of the. energy 

dependence of the optical potential, extrapolated to the negative energy of 

the Fermi level. As the energy variation of the optical potential is rathe;r 

slow (for positive energies) and the Fermi energy often close to zero (unbound), 

one may guess from the extr.eme lack of simB.arity between optical potentials 

calculated by the HF method (see e.g. ref. 9)), that the latter ones are 

not reliable enough for nuclear structure calculations at present. This 

conclusion is also drawn from attempts to calculate collective excitations by 

adding pairing plus quadrupole interaction to the HF .average potential (using 

the boson method). We therefore use as single-particle hamiltonian the 

. 10 . 
Woods-Saxon potential ) constructed in analogy to optical potentials. Another 

possibility would be to extract the single particle energies directly from 

one-particle stripping and pick-up experiments, using the sum-rule method 

of MacFarlane and French
11 ), but this would not provide the .single particle 

wavefunctions, which are essential for our application. 
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We then assume the spherical average potential 

1 
(1-T )V ul(r)+W(l 

2 3V co V 

r-R -1 
x (1 + exp {--0}) 

a 

UCRL-18903 

(2.5) 

from which we calculate single-particle energies sn£jv and wavefunctions 

~ of the bound states. In the present application the configuration n£jv 

space is always truncated to an energy region around the Fermi energy, which 
,. 

is so small that continuum states do not have to be considered explicitly. 

If an enlarged configuration space were to be used, one would have to decide· 

on a separate method for treating bound and unbound states. 

Assuming now the quadrupole field to be related to the average potential 

by a self-consistency argument we can completely determine the quadrupole 

force. The procedure is described by Kumar and S~rensen12 ) and it consists 

in imposing a small quadrupole deformation on the system and requiring it to 

be maintained by the deformed average field produced by the quadrupole inter-

action. The approximations involved are i) proportionality between density 

and field is only secured to first order in the deformation parameter, 

ii) the range of the quadrupole force has to be assumed small in comparison to 

nuclear dimensions in order that the proportionality holds and iii) the 

contribution from the spin-orbit part of (2.5) is calculated only for axially 

symmetric deformation, considering for the deformed density distribution p that the 

third component of the projection of (~ x ~) · y p on the unit vectors 

and will be negligible. Under these assumptions the radial 
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part P(r) of the quadrupole interaction (2.1) takes the form-

( 
a 1 a ) } r-R0 -1 

x .- - -- ~- ( l + exp {-. - } ) 
Clr2 r Clr a 

(2.6) 

This radial functio~ is strongly peaked at the nuclear surface R
0

, in contrast 

to the r
2
-dependence often employed for quadrupole interactions 2 ). Examples 

of the differences in magnitudes of radial matrix elements of (2.6) and 

1 

2 
r 

using either the· -corresponding Woods-Saxon wavefunctions or harmonic 

• 12) 
0 

I osclllator wavefunctions are given in ref. 

In the calculations to be presented we have used the modified quadrupole 

'interaction implied by (2.6) and the single particle energies of the potential 

( 2. 5), but it should be mentioned that' although we feel that the modification 

of the radial shape of the quadrupole force is essential, it is not absolutely 

required to use the W-S single-particle levels in our type of calculation~-

This is because of our neglect of any other multipole force H2, which could 

be obtained in analogy to the derivation of ( 2. 6). One may hope to be able to 

grossly incorporate the effects of these branches, which are not contained in 

the spherical W-S potential, by performing the quadrupole calculation-with a 

renormalized set of single particle energies. Further it is probably correct-

to suspect that the W-S potential may not contain enough details to provide 

accurate predictions for quanti t'ies as sensitive as the single particle energies·, 

whereas it is much more likely to be accurate enough for evaluating quadrupole 

matrix elements. One might further mention that the surface delta 

l-
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interaction, which is a first order approximation to the multipole forces 

·derived from a w~s potential, has been applied with considerable 

13 success ). 

" 
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3. Numerical Results 

3.1. CHOICE OF PARAMETERS 

The parameters of the Woo~s-Saxon :potential are given in table 1. 

All tables are collected in appendix 2. The single particle levels included 

in the calculations are given in table 2, together with effectiv~ force 

parameters and effective charges and masses. The pairing strengths are given 

the form 

Gp = 2~ (l + 0.75 N~Z) MeV 

(3.1) 
23 · N-z 

G n = -A ( 1 - 0. 7 5 A) MeV 

14 in accordence with the symmetry energy in'the empirical mass formula ). The 

constancy of the numerical factors appearing in (3.1) corresponds to the 

approximate constancy of the size of the configuration space considered 

explicitly. For the same reasons the q_uadrupole strengths 

Xnn = ~P = Xnp = X have been chosen as a fixed scale factor (=3.1) times the self

consistent value
12

) implied by the proportionality between average density and 

field. The c<;>efficients of the boson expanded hamiltonian are given in table 

3, those of the quadrupole operator T
2
M in table 6, bcith calculated on 

the basis of the formulae of appendix l. A number of calculated and experimental 

quadrupole moments and deformation parameter$ are given in table 4 ;f appendix 

'"· 

.. , 

2. As in figures etc. we c'onsistently give energies in units of MeV, lengths · ,. 

in linits of the oscillator parameter 

(3.2) 
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using the same r
0 

as in evaluating matrix elements (table 1). Masses are 

in units of M and charges in units of lei. Table 4 gives the electric 
p 

quadrupole moment QeQ(2+) of the first 2+ state and the BE2 value for its 

decay to the ground state, BE2t. We define the intrinsic electric quadrupole 

. eQ 
moment by the rotatlonal model, Q

0 
= -7 QeQ(2+)/2, and the RMS value of the· 

deformation parameters by the BE2 value 

(3.3) 

Another value for B is extracted from the static moment eQ 

(3.4) 

The experimental values are based analogously on,the measured BE2t and 

QeQ(2+). From the calculated ~(2+) we define Q~ = -7 ~(2+)/2 and 

(3.5) 

The abscissa on the potential energy plots calculated by the method described 

in III (ref .. 1)) are intrinsic mass quadrupole mom~nts, in some cases also 

a Bm scale is provided. Table 4 gives the positions of the lowest potential 

energy minima. 

Experimental access to the value of Bm is provided by the analysis 

of scattering experiments in terms of a quadrupole expansion_ of' the nuclear -

surface which is introduced as a deformation dependent form factor in a DWBA 

analysis or in the coupling potential in a coupled channel formalism. 



-16- UCRL-18903 

The experimental mass quadrupole moments quoted are riot obtained in 

this way, but are related to the electric moments by assuming Bm = Se£ 

(3. 6). 

In table 5 we give expectation values of the number operator for a few lowlying 

calculated states. 

We now present and discuss the resll,lts of the diagonalization· 

of the boson hamiltonian and the evaluation of E2 transition probabilities, 

static quadrupole moments and potent:i:al energy surfaces according to the 

description givefr in III. 
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3. 2. THE PHASE TRANSITION IN THE Sm ISOTOPES · 

Several pieces of evidence suggest that a major change in the 

magnitude of quadrupole deformation takes place in the Sm isotopes. Judging 

from ground state energies and lowlying quadrupole vibrational states, the 

transition is fairly .smooth with 150sm being most far from both the rotational 

model and the spectra of nuclei around closed shells. 
148 

Already Sm has a 

fairly large 2+ quadrupole moment and the increase in both B(E2, 2+ + gr) 

d Q (2 ) h · f 148s t 152s . . th th Th an e£ + w en golng rom m o m lS agaln ra er smoo . ese 

remarks have been substantiated by a calculation of potential energy surfaces 

. 23) by Kumar and Baranger which, however, adjusted the force strengths so as 

to give the phase transition at the correct place rather than to reproduce 

the energy spectra, which would require a subsequent numerical integration
24

). 

We show in fig. 1 the energy spectra for 148- 152sm together with the results 

of our boson calculation, using the parameters listed in table 2 (case a and 

bin the fig.). The correction from contraction terms which is added in 

column b makes very little difference. In both calculations the trends of 

developing a ground state rotational band from the ground state, 2+ state 

and 4+ member of the "two-phonon" triplet, adding of course substantial 

components of higher phonon states, is in qualitative agreement with the 

observed one. In contrast to the harmonic approximation the fourth order boson 

results are not very sensitive to changes in the ratio of pairing to quadrupole 

strengths. In column c, we have increased X by 30%, thereby imprbving 

the energies of the ground band. At the same time the higher states (B- and 

y-vibrations in 
152

sm) gets pushed upwards, evidently (from the boson wave

function) due to the smallness of the diagonalization basis (7 bosons). 
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The apparent need for couplings to configurations with more than 7 bosons 

also suggests, that the collective boson chose.n becomes less and less 

realistic, the more deformed the system becomes. Since the non-collective 

states remain at approximately the same energy in all of the nuclei, we do 

not expect couplings to these to be important. This conclusion may not 

be safe, since the rotational model suggests that although the pairing gap 

in neighbouring spherical and deformed nuclei are of the same size, still the 

orbits involved may be completely different, which would also imply a change in 

the structure of the collective boson. 

In fig. 2 we ·compare calculated and experimental B(E2} values and 

electric quadrupole moments. The agreement obtained is fair, keeping the 

effective charges constant (cfr. table 2). The lack of correlations in 

the higqer calculated states expected from the discussion above imply a 

corresponding underest;i.mation of the transition strengths. Interesti_pg 

details can be learned from the comparison of electric and mass multipole 

moments and deformations given in table 4 of appendix 2. The deformation 

. RMS 
parameters SeQ extracted from B(E2, 2+ ~gr.) (S ) and from QeQ(2+) 

are expected to be the same for well deformed nuclei, whereas SRMS 

should be larger than S when approaching spherical nuclei. The isotope 

1508 h. 0 > 0 RMS m as ·., ., in contradiction to any macroscopic model. The trends 

are reproduced by the anharmonic boson calculation. On the other hand the 

calculated mass quadrupole moments of 2+ states are about a factor of two 

smaller than the experimental values obtained from the assumption 

S = B . m ee Direct values of · S extracted from fits by coupled channel 
m 

calctLlations to scattering experiments using a surface expansion in the 
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optical potential cannot be considered very accurate, since they depend on 

. the other optical model parameters, which have to be taken from often rather 

distant regions believed to be spherical. A likely reason for the short-

coming of the theoretical estimate is the explicit inclusion of only ll j-shells, 

leading to large effective charges e , e 'and masses, which we have taken 
p n 

as m = m = e = 3/~ 
P n P 

With e = y'21 , we actually get approximately 
n 

65% of the contributions to the electric E2 matrix elements from neutron 

configurations. Thus, counting neutrons and protons on the same footing for 

mass E2 matrix elements does not make the difference of A 
z implied by 

' 
extracting Q (2+) 

m from Qe£(2+) using B = B n. m ex. 
A calculation using 

much larger configuration space will be necessary if one wants to test the 

validity of assuming 6 = B n • m ex. 

Figs. 3 to 5 show the potential energy functions calculated from the 

boson hamiltonian and fig. 6 the y = 0° contours for the three Sm-isotopes . 

The sharp raise in Q at large IQI is presumably tied together with the 

too high excitation energies of B-andy-vibrational states (fig. 1), and 

is therefore expected t9 be modified by the higher order expansion terms. 

Quite generally a truncated power series expansion of this kind is expected 

to produce too sharp minima and too step raise towards infinity when the 

highest order term is dominant. In order to allow a numerical integration 

also kinetic energy functions are needed. These are very anharmonic, as one 

can guess from the difference between the positions of potential energy 

minima and the calculated expectation values of the mass quadrupole moment 

( f t bl 4) F . t h t t. l f 152s . . . c r. a e . or lns ance t e po en la energy or m ls mlnlmum 

for B = 0.21, whereas the value calculated with the boson wavefunctions is 
m 

0.12. 
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The BCS approximation used for the pairing force and the neglect 

of the residual pairing force causes the expectation value of the number 

operator, which is correct in the pure q_uasi-particle vacuum, to be wrong 

when evaluated in the q_uadrupole correlated boson eigenstates. , The deviations 

of the particle numbers for a few of the lowlying eigensta"t!es given in table 5 

of appendix 2, tells whether the correlations beyond those of the underlying 

BCS vacuum are synunetric around, the Fermi energy o,r not. Since each q_uasi-

particle operator carries an incorrect particle,number we expect the number-

deviations to increase with excitation energy. The table shows that the particle. 

numbers are worst for 148sm and improves towards 152sm, obviously because 

of the moving upwards of the Fermi energy in the direction of the center of 

gravity of the configuration space used. To the extent that the isotopes 

considered are superfluid, one will not expect even deviations .ih particle 

nurilber of a couple of units to influence the physical predictions significantly. 

·~ 
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3.3. THE Pb REGION 

The doubly closed shell nucleus 
208

Pb and the two adjacent even 

isotopes are considered in fig. 7. The energy spectra are in agreement with 

' . 206 
the experimental ones, except for the first excited 0+ state of Pb. Since 

-1' the dominant component of the first 2+ state is (f
512 

p
112

), the 0+ state 

2 208 becomes mainly (f;;2 ) with respect to the Pb core. This is exactly the 

lowest non-collective pairing state, and.the observed depression of its energy 

can be perfectly described by applying the residual pairing force, as shown in 

44 ' 
ref. ). The j=l/2 spin of the lowest available orbit is the special reason 

why in this case the pairing and quadrupole states are not two distinct 

levels. 

The spectra are almost harmonic, in particular for 210Pb, due to the 

fact that the 2 (h
912

) configuration has an amplitude of 0.992 in the basic 

boson. Transition matrix elements are given in fig. 8. The effective 

charges (see table 2) ·are rather large despite the fact that no major part 

of the wave function lies outside the configuration space considered. The 

reason is the smallness of the proton configuration space, but the relative 

uncorreiated wavefunctions obtained ensure that the effective charge method' 

will work extremely well in this region. For some time 1t was considered 

puzzling that the E2 transitions in 208Pb were stronger than in the neighbour-

ing nuclei, which have much smaller 2+ energies. The reason is of course 

the large degeneracies of the configurat:Lons entering in the 208Pb-2+ 

state, and as expected the static quadrupole moment is smaller here and 

positive in all three cases. 
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Equipotential surfaces for the potential energy are shown in figs. 

9-11, and the y = 0° contours in fig. 12. One should notice that the 
210

Pb 

spectrum is extremely harmonic despite the asymmetry in the potential energy. 

"\ 
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3.4. THE Z = 50 REGION 

We first consider two N=66 nuclei, the proton closed shell nucleus 

ll6 114 . 
Sn and the two-proton-hole nucleus Cd. Later we look at two · N=70 

. 120 
nuclei, the proton closed shell nucleus Sn and the two-proton-particle 

nucleus 122Te. The calculated and experimental energy levels are shown in 

fig~ l~. The neutron single particle levels of the Woods-Saxon potential 

do with the chosen force parameters fit the excited Sn-states reasonably 

11 bl . h d. t f . 1 l f '114cd . . l we , so presuma y t e lsagreemen o energy eve s or lS maln y 

due to proton configurations. Since the proton pairing gap is extremely 

sensitive to both pairing strength and position· of single particle levels, a 

slight adjustment could make the energy of the first excited 2+ state agree 

with experiment. However, the magnitudes of anharmonic terms would remain 

approximately the same and the next excited states therefore still be above 

twice the 2+ energy. This criticism seems to apply to all the calculated 

spectra and is thus directed either against the model interaction or the 

approximations of the boson method. We take up the subject again below 

after having presented the results for transition probabilities and moments. 

One can remark that the residual parts of the pairing interaction can explain 

. . . 0 . h t . 44 ) the experlmen~al flndlng of several + states ln t e wo-phonon reglon . 

On the other hand the. position of the .third 2+ state in 
114

cd can not easily 

be understood, since both the Woods-Saxon single particle levels and another 

·set proposed. by Bes and Dusse157 ) (after making a least square fit to the 

energies of the odd mass Cd-isotopes) will not allow any non-collective 

state to come at this low energy. The BE2 systematics, shown in fig. 14, 
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seems even to suggest that this 2+ state is a three-phon~nt) vibration, in 

which case the spectrum is not as harmonic as otherwise believed. If true 

this increasing depression of two- and three-phonon states with respect to 

both. the harmonic position and our calculated values is most likely to point 

to a deficiency of the pairing plus quadrupole interaction since the 

character of the third and fourth order anharmonic terms in our hamiltonian 

definitely is to lower the energy of t}fe ground state and one-phonon state 

and at the same time raise the energies of the two- and three-phonon states-. 

This pattern is independent of the truncation problem arising in the dia-

gonalization of the boson_ hamiltonian, being dictated by the ratios of 

magnitudes of third and fourth order· terms (see table 3) and the overall 

positive signs of the fourth order terms. The observed structure would 

require either a third order term 31 w much larger than the fourth order 

terms or alternatively negative fourth order terms (which would make it 

necessary to include still. higher order terms). 

The E2 data of the two N=66 systems shown in fig. 14 shows that the 

calculated 
116~n 2+ quadrupole moment has the correct sign, which implies tnat 

the neutron configurations in 
114

cd, which presumably are not very much 

changed by the p-n quadrupole interaction, do also ·contribute by a positive 

amount to the 2+ quadrupole moment. The proton contribution coming from the 

t)We use for simplicity the expression n-phonon state to denote the collective 

state whose largest component is that with n bosons. 



.. 

-25- UCRL-18903~ 

( -2 
g
912

) configuration is negative but because of the large degeneracy of this 

level (and the absence of close levels other than j=l/2) the 2+ wave-

function does not contain very much proton correlation, which again implies 

that the proton and.neutron contributions to Qe£(2+) almost cancel, in 

contradiction to most of the experimental indications. t) A .plausible way to 

obtain a large negative Qe£(2+) is to lower the proton pairing gap as 

mentioned· above, in order to make the 2+ state mainly a proton state and mainly 

-2 
a (g

912
) configuration (this may also involve weakening the parts of the 

interaction acting on neutrons). Thereby we can explain both the quadrupole 

moment (especially if the configuration space is enlarged so as to lower 

the neutron effective mass; the net contribution to Q(2+) from higher 

proton configurations is hopefully small (hopefully because the lowest con-

figurations not included in the present calculation contribute by a positive 

amount) and formally also the almost harmonic two-phonon states. For the 

higher part of the excitation spectrum large anharmonicities appear as mentioned 

still to be necessary. The calculated B(E2) values are in reasonable agreement 

with experiments, leaving open the question of which excited 0+ state 

belongs to the collective branch. The boson wavefunctions are fairly 

rapidly converging (for instance the amplitudes in the second 2+ state 

.J. 
I ) .t One of the experimental determinations of the static quadrupole moment 

(ref. 31 )) disagrees beyond experimental errors with the remaining ones. 

The authors quote two values consistent with their experiment, and in 

preliminary communications they quoted the opposite sign (given in paren-

theses on fig. 14). 
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of the two possible 6-phonon components.are -0.0161 and -0.0106, those 

of the three possible 7-phonon components -0.0279, 0.0007 and 0.0003), the 

expansion of the hamiltonian (table 3) less so. However, since the 

small third order term and positive fourth order terms are true features of the 

model interaction, we will have to conclude that it. is to blame for the 

failure to describe this nucleus. The quadrupole operators converge somewhat 

better than the hamiltonian (table 6), but the ideal hamiltonian for describing 

114
cd would be one in which the hamiltonian has extremely small anharmonic 

21 terms but where M of the proton quadrupole operator is large. Alternatively 

the contributions to the two-phonon states from higher order terms in the 

hamiltonian have to cancel accidentially. This statement is in agreement 

with the results of the third order calculation performed earlier 45 ). 

Our claim made earlier about the mass deformation Sm being badly 

determined by the .coupled channels calculations of inelastic scattering angular 

distributions using an expansion of the nuclear surface in terms of deformation 

parameters can be substantiated by comparing wavefunctions obtained for 

114
cd by such fits (ref. 35 ) using the formalism of ref. 56 )) with ours. 

The amplitude ,of the pure two-boson component in the wavefunctions of the 

"two-phonon" J=O, 2 and 4 states implied by the SA.J parameters are 0.50, 

0.56 and 0.78 as compared to .0.60, 0.86 and 0.86 in the boson wavefunctions. 

In view of the earlier discussion the extremely large admixtures implied by 

the analysis of the (pp') scattering experiment appears to be unreasonable 

and ours even too large. 

Th 
114cd d 116s t t· 1 · h" h h · f. e an n po en 1a energ1es, w 1c are s own 1n 1gs . 

. 15- 17, at least qualitatively show how the excitation spectrum can be 
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nearly harmonic, although Q=O is a maximum. At least for Sn the structure 

in v 
pot 

is hidden by the zero point motion, and only the asymmetry of the 

otherwise regular well is responsible for the static quadrupole moments. 

We now turn to·the two N=70 nuclei, also shown in fig. 13. Here 

the agreement of excitation energies is much better, with the exception of 

the second 2+ in 
122

Te, and so are the B(E2) values (fig. 18). A reason 

. 122 114 . 
for the boson method to work better for Te than for Cd lS the much 

larger amount of admixtures in the proton part of the wave function. In 

contrast to all other cases included in this series of examples the deviation 

in ground state particle number is for 122Te smallest not for 0 
y = 0 

but for 0 
y = 0.05. However this one-parameter adjustment of particle 

number is as anticipated in III achieved by a decrease in correlation, which 

is insignificant for the energy spectrum but decreases the transition 

probabilities by as much as 25%. We think that the influence of 0 y 

the transition .operator is unphysical and therefore use the 0 
y = 0 

operators (table 6 and fig. 18). 

on 

The 120sn Q (2+) · t 1 t b · t 'th · t e£ lS oo arge o e ln agreemen Wl experlmen s 

which claim that the static 2+ quadrupole moment is nearly the same for .all 

the Sn-isotopes·and therefore close to the revised value of the Rutgers 

reorientation experiments 37 ). -A much more striking disagreement occurs in 

122
Te, where the magnitudes are in agreement but the signs different. Here 

ll4 
'· · no cancellations take place as in Cd, so the quoted experimental sign is 

really controversial. One ~ay argue by again assuming the neutron Q(2+) 

contribution to be nearly identical to the (experimental) 120sn value, i.e. 

between -1.8 and +5.4. The proton contributions from the main components 
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are all positive (both from shell-model estimates and the boson calculation) 

and fairly large. It is thus completely impossible from the theoretical pic-

ture employed to explain a large negative 2+ moment. 

Theoretical potential energy surfaces are shown in fig. 19 to 21. If 

the neutron contributions are reduced so as to yield the experimental 

Qe£(2+) in Sn, we expect the Te deformation to be only half of the calculated 

one. Other calculations with certain anharmonic effects have been made in 

this region, none of which included excitation of more than 2p~h 46-48 ). 

These methods neglect what corresponds to our third order terms and thus do 

not give correct static quadrupole moments. This can, however, be healed 

and the diagonalization methods are attractive in allowing second order 

admixtures between collective and non-collective states. The projection 

48 
used by ref. · ) further removes spurious states, which is found to be 

important. There are in. the 2 plus 4 quasi-particle diagonalization method 

two sources of redundancies, one connected with the over-completeness of 

the 4qp basis and another with the BCS type of spurious. The former is 

taken care of by the boson expansion method, whereas the particle number 

projection may improve the boson wave functions. This, -however, can not, 

be a systematic improvement, since the structure information of projected 

wavefunctions cannot be larger than that contained in the generator states. 

We therefore think that the only real improvement is explicitly to include the 

residual parts of the pairing interaction in the boson hamiltonian (or, 

of course, not to use a number non-conserving basis). We have tried in part to 

do this, includi-ng contributions from the resi.dual pairing interaction to the J=2 

.. 



-29- UCRL-18903 

bosons, but it became evident, that only by explicitly considering both 

J=O and J=2 boson quanta can a real improvement be obtained. 
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4. Conclusions 

By performing calculations ranging from a doubly closed shell nucleus 

which presumably has less correlations than any other (since p-n correlations 

208 . 
are weaker in Pb than in lighter closed-shell nuclei) to a quadrupole 

deformed nucleus (152sm) we believe to have learned a number of regularities 

of the boson method which enables us further to draw definite conclusions 

concerning the model interaction. 

In Pb it seems as if the truncation of the configuration space 

made is allowable, and both the 4th order truncation of the boson expansions 

and the 7th order truncation of the collective diagonalization basis are 

high enough or even higher than necessary. The couplings between collective 

and non-collective branches are small but so are the collective correlation 

effects. Otherwise any deviations between calculated and experimental 

quantities (e.g. the ,energy difference between the 
206

Pb and 
210

Pb 2+ 

states must be ascribed to deficiencies in the interaction. 

In the Sn region we expect the onset of inaccuracy of the 4th order 

truncation of the hamiltonian, whereas the 7th order boson basis still 

do guite well for lowlying states, judging from the magnitudes of 6- and 

7-boson components in the wave functions. The discrepancies for the second 

and higher excited states could have some origin in couplings to non-

collective states, but in conjunction with the spectacular disagreement with 

respect to static quadrupole moments (and some BE2 values) for the Cd and Te 

"4-cases, l. seems inevitable not be conclude that the interaction lacks fundamental 

parts (or that the experiments are incorrect, which might be a possibility 

· th f th 122T · t t· · t ( J bl" h a· ln e case o e e reorlen a lOn experDmen on y one, unpu lS e 

·• 
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result), but less likely in 
114

cd, where a large number of experiments 

disagree with our Q(2+) value and only one agrees within uncertainties). 

This inappropriateness of the pairing plus quadrupole interaction could never 

have been revealed in a harmonic-type approximation, since the experimental 

spectrum up to two-phonon levels appears harmonic.whereas in fact we have 

shown that this is not the prediction when using the P+Q interaction. In 

cases like this one could take advantage of working with a phenomenologically 

chosen collective boson and use the quadrupole particle-phonon coupling ·scheme 

to calculate the anharmonicities and transition matrix elements55 ). 

Finally, in the Sm-region neither an enlarged configuration space 

nor couplings to non-collective degrees· of ,freedom can be considered 

unimportant as one goes towards more deformed isotopes, but one may hope 

that the large number of important couplings to rather uniformly spaced levels 

of different properties make the renormalization methods work decently. 

However, we here experience the natural limitation of renormalization based 

on simple scale factors, e.g. in the difference between calculated mass 

and electric quadrupole moments, which probably is unphysical. 

The convergence of the collective hamiltonians are actually better 

20; 21 in Sm than in the Sn region, but due to the large ratio w w tl;le 7th, 

order truncation of the boson basis becomes increasingly. insufficient from 

148Sm to 152Sm. Thus only the calculated ground state band is even qualitatively 

correct, and it is in this situation no longer possible to make any statements 

concerning the model interaction. 

The author wants to thank Dr. J. Gunn for patience and help in handling 

the lengthy computer codes made for these calculations, which were all 
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run at the NEUCC and NORDITA-Niels Bohr Institute facilities in Copenhagen. 

Stimulating discussions with Dr. F. Donau and Professor B. Mottelson 

are highly appreciated. 
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Appendix l 

TD Normal Mode Boson Expansion 

After the hamiltonian (2.4) has been subjected to the basic boson 

expansion defined in I, we define the TD representation by the unitary trans-

formation 

=L r .. (n) b+(ij JM) = 2 \ 
lJ L 

ij 

where 

+ 
r .. (n) b (ij JM) 

l 

l + o .. 
lJ 

r .. (n) = e .. r .. (n) 
Jl lJ lJ 

e .. = -(-)i+j and 
lJ 

For the TD diagonalization 

2 
r .. (n) 
lJ 
l + 0 .. 

lJ 

"ro = 2 L z2l(iJ 

lJ (V=p,n) 

i I j I ) L b + ( ij' 2M) b ( ij 2M) 

M 
i 1 j 1 (v=p,n) 

= LEn L c:(2M) en (2M) 

n M 

we need the coefficients 

(A.l) 

(A.2) 

(A. 3) · 
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=o .. 1 o .. 1 o ~( ll. J J \)\) 
E. + _x_2 \' o·a (u.v,, + u, 11v.)

2 P~.,,) 
l 10~ ~ \) \) J J J J JJ 

J j'' 

- _x
20 

( l-2y O) ( U
1
. VJ, + U , V, ) ( U. IV , I + U , IV, I ) p.. p. I , I 

J l . l J J l lJ l J 

2.X 0 8 
- 2 jj 1 VV 1 o " ( u. u. 11 - v. v." )( u. 1 u. 11 - v. 1 vj") P .. " P

1
. , J." \) \) l J l J l J . l lJ 

j" 

x (u.u: 1 - v.v. 1 ) P .. 1 P. 1 • W(ij 22;2j')W(i 1 j 22;2j') 
J l J l lJ . l J 

14 where the Bohr-Mottelsen reduced matrix.elements ) are 

A (im'JPV Y2MJjm) 
p- = (iiiP Y IIJ· >= e -<J·IIp Y h-> - i ij v 2 ij v 2 -- - ( jm2M Jim 1 ) 

(A. 4) 

It is seen that the non-diagonal part of 21 
z does not consist of a single 

separable term, for which reason the TD equation can not be reduced to a 

dispersion relation. 

The lowest root of the TD diagonalization defines the collect.ive 

boson c;M , in terms of which the anharmonic part of the collective 

hamiltonian (eq_. (2.14) of III) is expressed with coefficients 

20 0 2 1 
w - - X (1~2y ) X //) + 4 X x4 /5' (A. 6) 

31 -Eo w = - X X3 + 2X 
2-4y 

(A. 7} 
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41 
w = J 

42 A 2 
wJ = -25 x J W(2222;2J) x

1 
+ 5 x J x 

wher~ 

X = 

X = 2 

J I 

L r .. 
lJ (u.v. + u.v.) P .. 1+6 .. l J J l lJ ' 

i~j( \!=n ,p) lJ 

22, '2j I ) {r . I • ( U. U. I - V • V • 1 ) p • • 1 
J J l J l J lJ 

\ (u.u. L l J 
ij(v=n,p) 

- v.v.) P .. ~ o\! 1 \! r .. 1 r .. 1 W(ij' 22;2j) 
l J lJ ~ . lJ JJ 

j (vI ) 

(A. 8) 

(A. 9) 

(A.10) 

(A.11) 

(A.12 ) 
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\ rij 
L Ho .. 

i~(v=n,p)· lJ 

W{ij • 22;2j)) { ~2 [ ov"v 

j"(v") 

x (u. 11v .. + u.v. 11 )(u.nv. - V.uv;) Pj
2"l· + 

1
2 ~ o. 11 (u.,;vj + u.v. 11 ) 

J l l J J l J l -:- L v v J.. J J 
J 

j"(v"). 

(A.l3) 

~ rij ~ o 
L l+o.. L V 1 V 

i~(v=n,p) lJi'~'(v') 

T. I •I 
l J 

1+0, I • I 
l J 

.{ (u. 1v. + u.v. ,)(u.v. 1 + u. 1 v.) 
l J J l l J J l 

X Pi'j Pij' [J2 
( W(i'jJ2;2i)W(i'j'J2;2i) + W(j'iJ2;2j) . 

J 

X W(j' i'J2;2j) ) + 8. 1 • 1 (u.,v. + u.v. 1 )(u.v. 1 + u. 1v.)·P.,. P .. , 
l J J J, J J l l l l J J ll 

X ~:;2 
( W(j'jJ2;2i)W(j'i'J2;2i) + W(i'iJ2;2j)W(i'j'J2;2j))} 

X W(ij'J2;2i 1
) J = 0, 2, 4 (A.l4) 
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It should be mentioned that there is a great simplicity in the eq_uations 

above, which is not present if the RPA representation is used (as it was 

for some of the examples shown in III). In connection with eq_. (2.4) 

the effects of two contraction terms were pointed out. These effe~ts, which 

are referred to as self-energy corrections in sect. 3, are connected with 

the second term in line one of eq_. (A.4) and with the first term in eq_. (A.7). 

Our computer code for ca!lculating the matrix elements (A. 4) and the anharmonic 

coefficients (A.6) to (A.9) has the option of leaving out the self-energy 

terms. The first term in w20 (eq_. (A. 6)) describe the "backw~d-going 

graphs" of RPA, whereas the second term contains fourth order contribution 

to the stability criterion. No similar fourth order contributions are present 

in the leading order term, which is simply 

21 
w (A.l6) 

Together with the boson expansion of the hamiltonian we get that of the number 

operator 

0 21 + - 31· + + - ( c+ - -N = n + N + N (c c)
0 

+ N {(c c c)
0 

+ c c)
0

} (A.l7) 

~2 2 
J ( u. 

J 
2) v. 
J 

(A.l8) 
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L 2 
r. ·I 

JJ 
(A.l9) 

j(v=n,p) 
' 

L 
j(V=n,p) 

uJ.vJ. ~ ov 1v w(j 1i I 22;2j) L ri 1{jj' ri 1j 1 

i 1j 1(V 1) 
(A.20) 

and the quadrupole moment operator 

T = TlO ( + -) 21 ( + -) ~ TJ31 [ ( ( + +) -) 
2M . c + c 2M + T c c 2M + L . c c J c 

J 

+(c+(~-;;")J)], (A.21) 
· 2M 

t .. (u.u.- v.v.) ~ o 1 r.j 1 r .. 1 W(ij 1 22;2j) , 
lJ l J l J L v v l JJ 

j1(v1) 

(A.23) 

L t . . ( u. v . + ujv ~ ) 
lJ l J l 

i 12 W(2222;J 1J) ~ 
ij:(v=n,p) Jl 

X L riljW(ijJ 12;2i 1)L 0\)1\) rijl riljl W(ij
1
J

1
2;2i

1
) (A. 24} 

i I (\)I ) j I (\!I ) 



where 

t .. = t ( illr
2 

Y
2

(w) llj ) 
lJ 

-39-

is defined in terms of effective charges 

t = (e 8 + 'e ~ )/b2 
p p n n 

UCRL-18903 

(A. 25) 

(A.26) 

if T2M is the electric quadrupole operator ~(E2M) and in terms of an 

effective mass 

2 
t.= m/b 

if T
2
M is the mass quadrupole operator Q2M. 

(A. 27) . 
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Appendix 2 

Tables 

Table 1. Parameters of average potential (2.5). In order to describe the 

t·T 
symmetry energy we choose a potential depth Wv = w

0 
+ w

1 
-A (v = 1 

for proton, -1 for neutron), where T is the isospin of the A-particle system· 

and t that of the particle. The radius characterizing the density is 

assumed to be of the form 

R 
c 

= r c 

·-51 MeV 132.4 MeV 32 

as also the Coulomb radius 

a 

l. 27 fm 0.67 fm 

r 
c 

1.27 fm 

:., 
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Table 2. , Single-particle levels explicitly included in the boson ·calculations_ •. Their energies \I ere ·determined by the 

Woods-Saxon potential specified in table 1. Further the effective quadrupole strength X• the effective charges 

ep; e
0 

and the effective mass !!!. defined through eqs. (A.26) and (A.27). .The p~iring strengths are given by eq. (3.1). 

proton levels .,,.utron levels X e e m -1 p n MeV 

114Cd 
Of7/2'0f5/2'1P3/2'1Pl/2'089/2 Og9/2'ld5/2'0g7/2'2s1/2'ld3/2'0hl1/2 0.00151 1.5 1.0 1.5 

116Sn 
Of5/2'1P3/2'1P1/2'089/2'1d5/2'087/2 ld5/2'0g7/2'2sl/2'1d3/2'0h11/2'1f7/2 0.00144 1.5 1.0 1.5 

120Sn 
Of5/2'1p3/2'1p1/2'0g9/2'1d5/2'0~/2 1d5/2'0g7/2'2s1/2'1d3/2'0h11/2'1f7/2 0.00142 1.5 1.0 1.5 

122Te 
Of5/2'1P3/2'1P1/2'0g9/2'1d5/2'087/2 Og9/2'1d5/2'0g7/2'2s1/2'1d3/2'0h11/2 . o. 00135 1.5 1.0 1.5 

I 
148Sm 3/12 12 3/12 

.f="' 
Og7/2'ld5/2'2sl/2'ld3/2'0hll/2 .lf7/2'0h9/2'2p3/2:0il3/2'1f5/2'2p1/2 0.00102 I-' 

I 

150Sm 
Og7/2'1d5/2'2sl/2'ld3/2'0hll/2 lf7/2'0h9/2' 2p3/2'0113/2'lf5/2'2P1/2 0.00103 3/12 12 3/ff 

152Siil 
Og7/2'1d5/2'2s1/2'1d3/2'0hll/2 1f7/2'0h9/2'2p3/2'0il3/2'1f5/2'2p1/2. 0.00104 3/12 12 3/ff 

206Pb 
Oh11/2'0h9/2'1f7/2 

{ Oh9/2'lf7/2'0il3/2'2p3/2'1f5/2' 
0.0005 1. 725 1.15 . 1. 725 

\. 2p1/2 ' 189/2 •0111/2 ' 2d5/2' 3"1/2 

208Pb ·Oh11/~,0h9/2'1f7/2 Oil3/2' 189/2' 0111/2 0.0005 1. 725 1.15 1. 725 

210Pb { "nt' '""' ·" "' ·'''!' ·'"!' · c 
Oh11/2'0h9/2'1f7/2 0.0005 1.725 1.15 l. 725 

(") 

OilJ/2'2d5/2'3s1/2 :::0 
t-" 
I 

I-' 
CX> 

.\() 
0 
w 
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Table 3. Boson expansion coefficients for the collective hamiltonian 

(III, eq. (2.14)), corresponding to the parameter choices of the preceeding 

two tables t) . 

20 . 
w 

21 
w 

31 
w 

114cd -1.643 0.685 0.098 0.250 0.137 0.167 0.211 0.146 0.205 

116sn -2.162 1.215 ~0.289 0.370 0.212 0.236 0.303 6.214 0.300 

120sn . -1.249 1.384 -0.870 0.290 0.179 0.125 0.197 0.147 0.230 

122Te -1.535 0.850 -0.774 0.259 0.110 0.158 0.176 0.162 0.183 

. 148 sm -0.930 0.755 -o.448 0.215 0.102 0.119 0.151 0.124 0.162 

150sm -1.267 0.742 -0.697 0.219 0.114 0.113 0.148 0.124 0.164 

152sm -1.582 0.728 -0.684 0.193 0.108 0.092 0.132 0.103 0.150 

206
Pb -0.145 1.086 -0.326 0.112 0.047 0.048 0.045 0.071 0.062 

208
Pb -o.62o 4.791 -o.171 o.o94 0.058 o.oo4 o.o44 0.032 o.o76 

210
Pb -0.118 0.844 -0.148 0.056 0.025 0.038 0.038 0.038 0.037 

t) The sign of w31 depends on a phase choice in the BCStransformation. It is 

31 c-~o) the relative sign of w and the E2 operator Ml which mainly determines 

the sign of the quadrupole mo~ent. ~-

r 



Table 4. Electric and mass quadrupole matrix elements and deformations. The quantities are defined in sect. 3-l. The experimental BE2's are 

from th•: compilation of ref. 17 ), the Qei (2+) 's from ref. 25 ), and the-incomplete- selection of S 
m quasi-experimental values (sign 

undct~rmined) from refs. 26,35,40,42,43,49-54,59). 
=== 

Qet(2+) BE2~- Qei ~(2+) Qm SRMS 
sei em S for 0 0 ei Ex Th v. 

Ex Th Ex Th Ex Th Ex Th Ex Th Ex Th Ex Th d - m1n n p Ct 
Th 

n4cd -10.9 -2.9 37.2 26.8 38.2 10.3 -8.1 -l.l 28.4 3.9 0.17 0.15 0.15 o.o4 0.17 0.02 0.10 

±3 ±3 0.22 

ll6Sn Lil 4.4 16.0 26.0 -6.3 -15.4 1.3 1.9 -4.6 -6.7 0.11 · 0.14 --0.02 -0.06 0.13 O.ll -0.03 -0.10 

±4 ±2 0.14 

120Sn 1.8 8.1 15.0 16.3 -6.3 -28.3 1.4 3.6 -3.5 -9.0 0.10 0.11- -0.02. -0.11 0.12 0.12 0.12 0.10 -0.06 -0.09 

±4 ±2 0.12 
I 

122Te '· +:- ' 
-9.0 13.7 41.7 46.2 31.5 -47.9 -6.9 5·6 24.1 -19.6 0.16 0.17 O.ll -0.17 -0.10 -0.13 w 
±4 ±4 

I 

148Sm -12.2 -12.1 49.7 47.2 42.4 42.3 -9.2 -4.9 32.2 17.2 0.14 0.14 0.12 0.12 0.06 0.10 

±7 ±5 

150Sm -20.3 -19.6 73.2 93.0 n.o 68.5 -15.5 -8.0 54.2 28.0 0.17 0.19 0.20 0.1Q o.1o 0.16 

±3 ±4 

l52Sm -29.9 -23.5 187.0 141.4 104.5 82.3 -23.2 -9.4 81.1 32.9 0.27 0.24 o. 29 0.23 0.21 0.12 0.21 

±10 ±6 

206Pb 4.9 6.0 5.9 -17.1 2.3 -8.1 0.03 0.03 -0.03 0.05 -0.02 0 

+l,-2 

208Pb 1.4 12.3 -4.9 0.6 -2.1 - 0.05 -0.01 0.04 -0.005 0 c:: 
(') 

2l0Pb 2.9 5.2 -10.2 1.4 -4.9 0.03 -0.03 -0.01 0 ~ 
t--< 
I 
f-' 
(X) 
\0 
0 
w 
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Table 5. Deviations from the corre~t ones of particle numbers for the boson 

wave. function, i.e. ( N-n ) where N is given by eq_. (A.l7) of appendix 1. 

Eigenstate J. 
1. 

01 0· 2 21 41 

114Cd -0.559 -1.561 -1.994 -3,788 

116
8 ' n 0.145 0.695 0.656 1. 325 ' 

120Sn -0.002 0.152 o.o46 0.129 

122 . 
Te -0.738 0.650 0.929 2.762 

148 . ' Sm · · 0.412 1.304 1.966 4.022 

150Sm 0.177 0.233 0.563 0.983 

1528m 0.148 0.143 0.392 0.633 
' 

206Fb ,---- ~---=(J-;-01:~-- ·------ - -1·214 :L-.--481 --- --· - ~ -·-3-.7-23- --~-~~~~-~~ --- -- ·- - ~- -- -

208Pb 0 0 0 0 

2l0Pb 0.025 2.351 2.827 7.424 



.( 

Table 6. Boson expansion coefficients for the collective part of the A = 2 transition operator, 

eq. (A. 21). The parameters are again given in table 1 and 2. The unit is b-2 but no effective 

mass or charge has been multiplied in. 

TlO 

.ll4Cd 0.759 

n6Sn 0.468 

1208n 0.341 

122Te 0.980 

1488m -1.033 

1508m -1.192 

. 152 
Sm -1.318 

206Pb 0.097 

208Pb 0.501 

210Pb 0.076 

T21 

-0.344 

0.050 

0.026 

0.327 

-0.095 

-0.129 

-0.159 

0.002 

0.028 

0.001 

protons 

T31 
0 

-0.060 

-0.004 

-0.001 

-0.055 

0.016 

0.028 

0.038 

-0.001 

-0.096 

.-o.ooo 

T31 
2 

-0.045 

-0.003 

-0.001 

-0.052 

0.011 

0.019 

0.026 

-0.001 

-0.062 

-0.000 

T31 
4 

-0.058 

-0.007 

-0.002 

-o.o6o 

0.018 

0.031 

0.042 

-0.002 

-0.161 

-0.000 

TlO 

2.440 

2.985 

2.468 

2.257 

-2.071 

-2.385 

-2.596 

l.Q06 

2.120 

l. 783 

T21 

0.234 

0.169 

0.923 

0.372 

-0.684 

-0.875 

-0.674 

1.650 

0.464 

0.903 

neutrons 

T31 
0 

-0.132 

-0.233 

-0.226 

-0.129 

0.246 

0.205 

0.141 

-0.368 

-0.093 

-0.295 

T31 
2• 

-0.089 

-0.159 

-0.146 

-0.089 

0.185 

0.147 

0.098 

-0.298 

. -0.061 

-0.221 

T31 
4 

-0.128 

-0.226 

-0.263 

-0.128 

o.26o 

0.222 

0.158 

-0~433 

-0.155 

-0.285 

I ..,.. 
Vl 
I 

~ 
~ 
t-< 
I 
I-' 
co 
\0 
0 
w 
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Figure Captions 

Fig. 1. Comparison between J = 0, 2, 4 energy levels in 148 •150 •152sm from 

experiments and from boson calculations without (columns a and c) and 

with (column b) the contraction terms discussed in sect. 2. Columns a 

and b correspond to the parameter choice given in appendix 2, whereas the 

quadrupole strength X has been increased by 30% for column c. Dashed 

lines represent states which do not belong to the collective quadrupole 

branch. In the theoretical spectra only J = 2 non-collective (TD) 

states are shown. 

Fig. 2. B(E2) values and static quadrupole moments in 148 ,l50,l52sm. The 

energies are not to scale. The experimental information is labelled , 

corresponding to refs. 15 ) (a), 16 ) (b), 17 ) (c), 
18

) (d), average of 

19- 21 ) (e) and finally the number in parentheses represent relative BE2 

. 22). values for each upper level taken from ref. The calc~lated values 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

correspond to the calculation labelled a in fig. 1, for which parameters 

are listed in appendix 2. 

3. Equipotential surfaces 
148 for· Sm. 

4. Equipotential surfaces for 150Sm. 

5. Equipotential surfaces for 152Sm. 

6. Potential energy at y = oo for Sm-isotopes. 

f• Comparison of J = 0, 2, 4 experimental levels in 206,208,210Pb 

with those of the boson calculation (including the contraction terms, using 

parameters listed in tables 1 and 2). Dashed lines in.the theoretical 

spectra indicate the lowest non-collective 2+ states. The experimental 

levels of 
210

Pb, all the highlying ones in 208Pb and a few levels in 
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206:Pb have .. only been observed in two-neutron transfer reactions 58
) and 

may hence represent states not belonging to the quadrupole branch, at the 

.same time as this explains the non-observation of the multiphonon levels 

in 210Pb, where the.pureness of the harmonic picture will imply very weak 

transfer cross sections. 

Fig. 8. B(E2) values and static quadrupole moments in Pb-isotopes. Energies 

are not to scale. The experimental B(E2) is· from refA 17 ). 

Fig. 9. 

Fig. 10. 

Fig. ll. 

206 
Equipotential surfaces for Pb. 

Equipotential surfaces for 208Pb. 

Equipotential surfaces for 210Pb. 

Fig. 12. Potential energy at y = 0° for 3 Pb-isotopes. 

Fig. 13. Comparison of J = 0, 2, 4 experimental levels in 
114

cd, 
116

,
120

sn 

and 122Te with those of the boson calculation (without contraction terms, 

parameters~of table 1 and 2). Dashed lines represent non-collective states. 

A number of such 0+ states in the experimental spectrum are known to be 

pairing states. 

Fig. 14. B(E2) values and static quadrupole moments in 
114

cd and 
116

sn. The 

energies are not to scale. Labels correspond to refs. 3 ) (a and d), 

25 ) (b, this represents an average of refs. 18 ' 27- 30 ), of which at least 

. 31 
one completely disagrees with the adopted BE2 values), ) (c and d), 

17) (e), 32) (f), 33,34) (g), 36) (h), 37)(i), 38) (j) and 39) (k). 

Numbers in parentheses are relative values. According to ref. 37 ), the 

Q(2+) value of ref. 36 ) seems to be in error. The ambiguity of the sign 

31 from ref. ) is discussed in the text. 
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Fig. 15. Equipotential surfaces for 114Cd. 

Fig. 16. Equipotential surfaces for ll6sn. 

Fig. 17. Potential energy at y = oo for two N=66 nuclei. 

Fig. '18. B(E2) values and static quadrupole moments . 1208 1.n n and 122T e. The 

energies are not to scale. 39 17 Labels correspond to refs. ) (a), ) (b), 

37 ) (c), 27 ) (d), 34 ) and 
41

) (e). The calculated transitions in 
122

Te 

are taken for 0 
y = 0 rather than 0.05, which would reduce the important 

ones by about 25%. 

Fig. 19. Equipotential surfaces for 1208 n. 

Fig .. 20. Equipotential surfaces for 122Te. 

Fig. 21. Potential energy at y = oo for two N=70 nuclei. 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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