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Abstract
An ellipse rotating in the image plane can produce several diﬀerent percepts. The two-dimensional (2D) percepts are either a rotating
rigid ellipse or a constantly deforming non-rigid ellipse. The 3D percept is a rotating rigid circular disk that is tilted relative to the image
plane. Stimuli that generate 3D percepts based on purely 2D rotational motion are known as stereokinetic stimuli. We examined the 3D
percepts generated by the rotating ellipse stimulus. In theory, the motion of the 3D percept cannot be reliably inferred based on the 2D
stimulus. When we quantitatively estimated observers’ perceived motion, however, we found that the perceived motion was nearly identical across observers. These results suggest that all observers had similar 3D percepts. We assumed that given the 2D rotating ellipse
stimulus the visual system generates a rigid 3D percept that is as slow and smooth as possible. The percepts predicted by these assumptions closely matched the experimental data. These ﬁndings suggest that perceptual ambiguity in stereokinetic stimuli is resolved using
slow and smooth motion assumptions.
Ó 2006 Elsevier Ltd. All rights reserved.
Keywords: Stereokinetic; Structure from motion; Slow and smooth; Bayesian inference; Rigidity

1. Introduction
The visual system infers the properties of an object, such
as its shape, distance, and motion, based on the object’s
projection onto the retina. The object itself is called the distal stimulus, while the projection on the retina is called the
proximal stimulus. Since the proximal stimulus is a projection of the distal stimulus, some information about the distal stimulus is inevitably lost. The visual system attempts to
recover this information through a process called perceptual inference (Rock, 1983; von Helmholtz, 1924). When
properties of the distal stimulus cannot be determined
based on the proximal stimulus, the visual system relies
on prior assumptions that reﬂect the properties objects
tend to have. Together, the proximal stimulus and prior
assumptions produce a percept that is an estimate of the
properties of the distal stimulus.
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The use of prior assumptions in perceptual inference can
explain many visual phenomena. For example, assumptions of viewpoint have been used to account for the perceived surface shape of objects (Freeman, 1994;
Nakayama & Shimojo, 1992). Assumptions of object distance have been used to account for the fact that near
objects are perceived to be slightly farther away, while far
away objects are perceived to be slightly nearer (Yang &
Purves, 2003). Assumptions of object shape and orientation have been used to account for the perceived 3D shape
of 2D line drawings (Mamassian & Landy, 1998). We used
shape and motion assumptions to account for the perceived
3D objects generated by 2D stimuli. If all observers used
the same assumptions, we should ﬁnd that observers
achieved the same 3D percepts given these 2D stimuli.
The assumption of minimal shape change initially proposed by Jansson and Johansson (1973) has been reﬁned
by Ullman (1979) into the rigidity assumption. The rigidity
assumption posits that a set of 2D elements undergoing
2D transformations that has a rigid 3D object interpretation tends to be perceived as such. Given an ambiguous
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stimulus human observers tend to prefer a single rigid percept or a percept where several rigid components are moving independently over a non-rigid percept (Kersten,
Bülthoﬀ, Schwartz, & Kurtz, 1991; Shiﬀrar & Pavel,
1991; Ullman, 1984).
Theories that focus on minimal motion and minimal
motion change (Hildreth, 1984; Yuille & Grzywacz, 1988)
have suggested that the visual system favors percepts that
have small and smoothly varying velocities across space.
In accordance with the rigidity assumption, a ‘skinny’
ellipse (i.e., an ellipse with a small aspect ratio) rotating
in the fronto-parallel plane appears to rotate rigidly. However, observers report that a ‘fat’ ellipse (i.e., an ellipse with
a large aspect ratio) appears to deform non-rigidly (Wallach, Weisz, & Adams, 1956). Hildreth (1984) showed that
the use of a prior assumption of motion smoothness predicts percepts that qualitatively match those reported by
observers. More recently, Weiss and Adelson (1998) presented a model that incorporated both slow and smooth
motion assumptions that accounted for a range of 2D percepts, including percepts generated by a rotating ellipse.
Structure from motion stimuli are 2D stimuli that generate the illusion of a 3D percept based on motion alone. A
stereokinetic stimulus is a structure from motion stimulus
that generates a 3D percept based on rotation in the image
plane.1 Such stimuli initially generate 2D percepts, but
after longer observation produce vivid 3D percepts (Musatti, 1924). Since both the 2D and 3D percepts are compatible with the stimulus, prior assumptions must play a key
role in the generation of these percepts. After some observation, a rotating ellipse stimulus generates the percept of a
3D rigid circular disk slanted relative to the image plane.
Once an observer experiences the rigid 3D percept it
becomes diﬃcult to switch back to the initial 2D percept,
suggesting that the 3D percept is preferred over the 2D percept. Despite nearly a century of research, the mechanisms
underlying the stereokinetic eﬀect are not well understood.
Shape-based assumptions, such as a rigidity assumption
are not suﬃcient to account for the percepts generated by
stereokinetic stimuli. Stereokinetic stimuli rely on the
ambiguity in the perceived trajectory of points on curved
contours. We will show that for stereokinetic stimuli determining the shape of the percept is not suﬃcient to determine the motion of the percept.
An ellipse rotating in the image plane can be the projection of an inﬁnite number of shapes, including non-rigid
shapes, non-planar shapes, and tilted elliptical disks. From
a generic viewpoint consideration (Freeman, 1994; Nakayama & Shimojo, 1992), planar shapes are most likely. Following the rigidity assumption, we assumed that the
rotating ellipse is perceived as the projection of a rigid
circular disk. However, this assumption is not suﬃcient
to determine the perceived motion of the circular disk.

1
For an example of the stereokinetic stimuli we used and the percepts
they generate, see http://zililab.psych.ucla.edu/demo/vr05.

ω

Fig. 1. Schematic illustration of the percept generated by an ellipse
rotating in the image plane (Oxy). The stimulus is rotated around its
center with an angular velocity x. The percept generated by this stimulus
is a rotating 3D circular disk that is also spinning around its surface
normal with angular velocity w. In our experiments, participants adjusted
the direction and magnitude of the rotation around the surface normal on
a computer display so that the initially perceived rotation w was nulled.
This nulling provided a measure of perceived rotation around the surface
normal w. The stimulus contained a dot that helped participants achieve a
3D percept and also served as a tracking point.

When we decompose the circular disk’s motion it can be
characterized by two rotations: x around the z-axis orthogonal to the image plane and w around the disk’s surface normal (see Fig. 1). Although the rotation x around the z-axis
can be determined based on the projection of the stimulus,
the rotation w around the disk’s surface normal cannot.
Any rotation w will be compatible with both the projected
stimulus and the rigid 3D percept of a circular disk.
Minimum motion assumptions have been used to
account for the 2D percepts generated by visual stimuli
(Weiss, Simoncelli, & Adelson, 2002; Yuille & Grzywacz,
1988). However, to our knowledge, minimum motion
assumptions have not been used to account for 3D percepts. We hypothesized that given the rotating ellipse stimulus the visual system generates a rigid 3D percept of a
circular disk that moves as slowly and smoothly as possible. In the following we will derive the predicted rotation
w around the surface normal of a rigid circular disk that
minimizes motion. Subsequently, we will compare the predictions to empirical results.
2. Theoretical predictions
In cases where motion assumptions have been used to
predict the perceived 2D motion generated by ambiguous
stimuli the percept has minimized the perceived motion in
the image plane. However, there are multiple ways minimal
motion assumptions may be applied when a stimulus generates a 3D percept. The visual system may minimize the
perceived 2D motion in the image plane or alternatively
the perceived motion in 3D space.
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vx ¼
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dx
¼ ðwa þ xbÞ sinð/ þ wtÞ cos xt  ðxa þ wbÞ
dt
 cosð/ þ wtÞ sin xt;

dy
¼ ðwa þ xbÞ sinð/ þ wtÞ sin xt þ ðxa þ wbÞ
dt
 cosð/ þ wtÞ cos xt;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dz
vz ¼
¼ w a2  b2 cosð/ þ wtÞ.
dt

ð3Þ

vy ¼

Fig. 2. Projection of a tilted 3D circle onto the image plane (Oxy). An
inﬁnitesimal contour segment adu in 3D is projected to
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
du a2 sin2 u þ b2 cos2 u in the image plane. As a result, the minimum
motion solution depended on whether velocity was integrated in the image
plane or across 3D space.

Additionally, it is unknown whether the visual system
combines motion estimates based on the 3D shape or based
on the 2D projection. Points that are close in the image
plane may be far away in 3D space. Since motion smoothness stipulates that nearby points have similar velocities,
considering smoothness in the image plane may lead to different results than considering smoothness in 3D space (see
Fig. 2 for a visual illustration).
We considered four possible scenarios: 3D motion may
be computed across 3D space, 3D motion may be computed in the 2D image plane, 2D image plane motion may be
computed across 3D space, or 2D image plane motion may
be computed in the 2D image plane.
First, we will set up a general framework to describe
the motion of a rotating ellipse, after which we will
derive the predictions resulting from the diﬀerent scenarios. We assumed that an ellipse rotating in the image
plane is the orthogonal projection of a circular disk tilted in depth. The time dependent x and y coordinates of
this disk project onto the rotating ellipse in the image
plane

 


xð/; w; tÞ
cosðxtÞ  sinðxtÞ a cosð/ þ wtÞ
¼
;
yð/; w; tÞ
sinðxtÞ cosðxtÞ
b sinð/ þ wtÞ
ð1Þ
where / is the parameterized angle of the ellipse, w is an
unknown rotation around the surface normal of the disk,
x is the rotation of the disk in the image plane (i.e., rotation around the image plane normal), and a and b are
the major and minor radii of the ellipse, respectively. The
depth component z of the disk is then given by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
zð/; w; tÞ ¼ a2  b2 sinðu þ wtÞ; with a P b
ð2Þ
so that the x, y, and z coordinates deﬁne a circle with radius a.
The velocity of points on the contour of the disk can be
obtained by diﬀerentiation with respect to time t.

ð4Þ
ð5Þ

If the circular disk remains rigid while moving, w is constant with respect to u so that we can substitute h for /
+ wt.
Models that use a motion minimization approach generally constrain both motion slowness and smoothness.
However, for the rotating ellipse stimulus motion slowness
and motion smoothness constraints predict similar solutions. For simplicity we provide the derivation based on
motion slowness alone in the main body of the paper.
For derivations incorporating both motion slowness and
smoothness, please see Appendix A. To obtain the slowest
motion solution we minimize
Z
2
F ðw; tÞ ¼ j~
vðw; tÞj ds;
ð6Þ
where s is the arc length of the stimulus.
2.1. Predictions for experiment 1
2.1.1. Case i: Minimizing 3D motion along the 3D contour
We ﬁrst assume that the visual system integrates 3D
motion along the 3D contour. We called this the 3Dv–
3Dh solution. The 3Dv component reﬂects that velocity is
considered in 3D space and the 3Dh component reﬂects
that we integrate motion along the disk’s contour in 3D
space. Then
2

j~
vj ¼ v2x þ v2y þ v2z

ð7Þ

and
ds ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
2
ðdxÞ þ ðdyÞ þ ðdzÞ ¼ adh

ð8Þ

so that
Z

 2 2
a w þ 2abwx þ x2
0

ða2 cos2 h þ b2 sin2 hÞ adh.

F 3D3D ðw; tÞ ¼

2p

ð9Þ

Solving the integral
F 3D3D ðwÞ ¼ 2pa3 w2 þ 4pa2 bwx þ pax2 ða2 þ b2 Þ.
When we solve for wmin using
b
wmin ¼  x.
a

dF 3D3D ðwÞ
dw

ð10Þ

¼ 0 we ﬁnd
ð11Þ

For a physical intuition of this result, imagine looking
down at a coin with radius a lying on a table. Now imagine
that we tilt the coin up so that its rim touches the table at a
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single point and its projection on the table’s surface is an
ellipse of aspect ratio b/a (Fig. 1). Let the coin roll around
while making sure that: (1) the center of the coin maintains
its position in space and (2) the point on the coin that
touches the table moves without slipping. The coin’s
motion can be formally decomposed into two simultaneous
rotations: a rotation x around the viewing direction and a
rotation w around the coin’s surface normal. Consider the
velocity of the point on the coin’s rim that touches the
table. Its speed due to the rotation x is xb since this point’s
distance to the center of the ellipse projected onto the table
is b. The speed due to the rotation w is wa. When the
instantaneous speed of this point is zero so that the coin
is rolling on the table without slipping, we have

The motion ﬂow in the 3Dv–2Dh scenario becomes
Z 2p
 2 2

F 3D2D ðwÞ ¼
a w þ 2abxw þ x2 ða2 cos2 h þ b2 sin2 hÞ
0
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð18Þ
 a2 sin2 h þ b2 cos2 h dh:

wa þ xb ¼ 0;

Observe that S and T are constant with respect to w. Then

ð12Þ

2.1.2. Case ii: Minimizing 2D motion along the 3D contour
Rather than minimizing the perceived 3D velocity, the
visual system may only minimize the motion components
in the image plane. We called this the 2Dv–3Dh scenario.
The 2Dv component reﬂects that velocity is only considered
along the disk’s contour in the image plane, whereas the
3Dh component reﬂects that we integrated motion along
the disk’s contour as it is deﬁned in 3D space. To ﬁnd
the predicted contour rotation wmin that minimizes motion
in the image plane we use
ð13Þ

while other equations are identical to those used in Case i
above. It follows:
Z 2p
 2 2 2
F 2D3D ðw; tÞ ¼
w ða sin h þ b2 cos2 hÞ þ 2abxw
0

ð14Þ
þ x2 ða2 cos2 h þ b2 sin2 hÞ adh.
Solving the integral
F 2D3D ðwÞ ¼ aw2 ða2 p þ b2 pÞ þ 4pa2 bxw þ ax2 ða2 p þ b2 pÞ.
ð15Þ
When we solve for wmin using
wmin

dF 2D3D ðwÞ
dw

¼ 0 we ﬁnd

2ab
¼ 2
x.
a þ b2

S¼

Z

2p

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 sin2 h þ b2 cos2 h dh

ð16Þ

ð19Þ

0

and
T ¼

Z

2p

x2 ða2 cos2 h þ b2 sin2 hÞ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 sin2 h þ b2 cos2 h dh.

0

ð20Þ
F 3D2D ðwÞ ¼ a2 w2 S þ 2abxwS þ T .

which provides the same solution as Eq. (11).

j~
vj2 ¼ v2x þ v2y

Let

ð21Þ

dF 3D2D ðwÞ
dw

When we solve for wmin using
¼ 0 we ﬁnd
b
ð22Þ
wmin ¼  x;
a
which is identical to Eq. (11). The 3Dv–2Dh scenario and
the 3Dv–3Dh scenario of Case i thus predict the same wmin.
2.1.4. Case iv: Minimizing 2D velocity along the 2D contour
In the 2Dv–2Dh scenario, 2D velocity is integrated along
the contour of the ellipse in the 2D image plane. The derivation is similar to the 2Dv–3Dh scenario derivation in
Case ii with the exception that we used Eq. (17) to integrate
across the stimulus contour in the image plane, so that
 2
 2 !
Z 2p
2 ds
2 ds
F 2D2D ðwÞ ¼
w
þ 2abxw þ x
dh
dh
0
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2
ds
dh;
ð23Þ

dh
 ds 2
where dh
¼ a2 sin2 h þ b2 cos2 h.
Let
Z 2p
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U¼
sin2 h a2 sin2 h þ b2 cos2 h dh
ð24Þ
0

and
V ¼

Z

2p

cos2 h

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 sin2 h þ b2 cos2 h dh.

ð25Þ

0

Then using Eq. (20) it follows:
2.1.3. Case iii: Minimizing 3D velocity along the 2D contour
Thus far we have presented solutions of the two scenarios that integrate motion across the stimulus contour in 3D
space. The visual system may integrate motion along the
projection of the disk’s contour onto the image plane
instead. Since we originally parameterized the stimulus in
3D space, an inﬁnitesimal segment of the stimulus contour
in the image plane becomes
ds ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
ðdxÞ þ ðdyÞ ¼ a2 sin2 h þ b2 cos2 h dh.

ð17Þ

F 2D2D ðwÞ ¼ w2 ða2 U þ b2 V Þ þ 2abxwS þ T .
dF 2D2D ðwÞ
dw

ð26Þ

When we solve for wmin using
¼ 0 we ﬁnd
abS
x.
ð27Þ
wmin ¼  2
a U þ b2 V
We can then numerically approximate S, U, and V. The
solution we obtained for wmin lies in between the 2Dv–
3Dh and 3Dv predictions, thus
2ab
b
ð28Þ
x < wmin <  x.
 2
2
a
a þb
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Instead of minimizing motion ﬂow along the contour of
the stimulus, observers may minimize motion across the
entire surface of the stimulus. Although we do not provide
a proof, it can be shown that the same results would have
been obtained, since all four scenarios provided wmin predictions that are a function of the aspect ratio of the rotating ellipse b/a, rather than the major radius a or minor
radius b themselves. The surface of the stimulus can be considered as an inﬁnite set of stimulus contours with diﬀerent
lengths of the major radius a, but with constant aspect
ratio b/a.
The scenarios above provide predictions for the magnitude of the perceived rotation w around the surface normal.
The scenarios predict that the perceived rotation w around
the surface normal is a function of aspect ratio b/a of the
stimulus and rotation x in the image plane based on the
assumption that the percept is a rigid 3D disk that moves
as slowly as possible. In all scenarios a linear relationship
between rotation x in the image plane and perceived rotation w around the surface normal is predicted. In addition
in all scenarios the predicted w monotonically increases
with the aspect ratio b/a of the ellipse. These predictions
are parameter free, and thus provide strong constraints
on the percepts we expected observers to report.
2.2. Predictions for experiment 2
We conducted an second experiment in which the viewing direction was changed to be along the x-axis. The Oyz
plane thus became the image plane. We again derived the
predicted motion of the 3D percept. Naturally, the wmin
prediction based on the 3Dv–3Dh scenario is independent
of the viewing direction. However, in the 3Dv–2Dh scenario
velocity is integrated along the stimulus contour in the Oyz
plane so that
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ds ¼ ðdyÞ2 þ ðdzÞ2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
¼ dh ða sin h sin xt þ b cos h cos xtÞ þ ða2  b2 Þ cos2 h.
ð29Þ
In this case, and the cases that follow, we derived the predictions numerically. When the stimulus is viewed from the
side the motion ﬂow became a function of time. To derive
the solutions we integrated both over time t and along the
stimulus contour s. Motion ﬂow F was deﬁned as
Z Z
2
F ðw; tÞ ¼
j~
vj ds dt.
ð30Þ
Like in the derivations for experiment 1, numerical analysis
suggested that the w that minimized motion ﬂow in the
3Dv–2Dh scenario was the same as in the 3Dv–3Dh
scenario.
In the 2Dv–3Dh and 2Dv–2Dh scenarios the motion ﬂow
in the image plane is deﬁned as
j~
vj2 ¼ v2y þ v2z .

ð31Þ

2379

In the 2Dv–3Dh scenario we used ds = adh as obtained in
Eq. (8) to integrate along the stimulus contour in 3D space.
Numerical analysis suggested that the w that minimized
motion ﬂow was a linear function of x and a monotonically increasing function of aspect ratio b/a.
Finally in the 2Dv–2Dh scenario we used Eq. (29) to integrate along the stimulus contour in the image plane.
Numerical analysis suggested again that w was linear function of x and a monotonically increasing function of aspect
ratio b/a. In the next section, we present experiments to
estimate the perceived motion generated by the stereokinetic stimuli.
3. Experimental methods
3.1. Apparatus
We performed two experiments. In both experiments
stimuli were displayed on a 17 in. Dell Trinitron CRT display at a resolution of 1600 by 1200 pixels with a 75 Hz
refresh rate. The stimuli were rendered on a 1.8 GHz Pentium 4 computer using a NVIDIA GeForce2 GTS video
card. The OpenGL graphics library was used for stimulus
visualization. Viewing distance was 70 cm. Observers used
a headrest to stabilize head position. A viewing tube was
placed between the headrest and the monitor. During the
experiment the only light source in the room was the monitor which had a background luminance of 0.01 cd/m2.
3.2. Stimuli
Stimuli were speciﬁed in 3D space and rendered under
orthographic projection. The absence of perspective cues
might have aﬀected participant performance, but was
required to eliminate any depth cues in the stimuli. Before
projection onto the image plane, the circular stimulus was
composed of 20 segments of 15° arc length and 20 gaps of
3° arc length. The number and size of the gaps were chosen
such that participants readily perceived an additional rotation around the surface normal of the circular disk. In pilot
experiments we did not ﬁnd evidence to suggest that the
results varied with diﬀerent numbers and sizes of these
gaps. Due to the projection of the 3D stimuli on the computer display, segments were not physically identical in
length in the image plane.
The projected ellipses had one of three aspect ratios (0.5,
0.7, and 0.9). All stimuli subtended a visual angle of
approximately 8°. Stimuli were displayed using low luminance (3 cd/m2) to counteract the eﬀects of motion blur
on the CRT screen.
In both the familiarization and experimental phase of
the experiments a dot was displayed to make the 3D percept more vivid. This dot was positioned on the surface
normal that passed through the origin of the circular disk.
To observers the dot appeared as the tip of a rod that was
oriented perpendicular to the surface of the circular disk or
the apex of a 3D cone with the disk forming the base. Due
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to the placement of the dot on the perceived axis of rotation we did not expect the dot to aﬀect the perceived rotation of the disk.
The speed of rotation of the stimulus in the image plane
x was one of 112.5, 75, or 37.5 deg/s in either a clockwise
or counter-clockwise direction. At the start of each trial,
the rotation around the ellipse contour was randomly set
to be faster or slower (0 or 2x) than any of the theoretically predicted rotations.
For each observer two sessions of 36 stimuli were shown
using a full factorial design of ellipse aspect ratios, initial
starting velocities, rotation speeds, and rotation directions.
The stimulus sequence was displayed in random order
without replacement in each session.
We covered the observers’ non-dominant eye with an
eye-patch so that stimuli were viewed monocularly.
Observers were familiarized with the stereokinetic phenomenon by viewing a number of rotating ellipse stimuli
at varying speeds and with varying aspect ratios. To prevent observers from tracking contour motion explicitly
we asked observers to ﬁxate on the dot during presentation of the stimuli. No time limit was imposed. On average observers took about 45 min to complete the
experiment.
3.3. Procedure of Experiment 1
The stereokinetic stimuli generated the percept of a 3D
disk slanted in depth that rotated both around an axis perpendicular to the image plane and around the surface normal of the disk. We dashed the line of the ellipse so that
the rotation around the surface normal of the ellipse
became visible to the observer (see Fig. 3). In Experiment
1 observers were asked to adjust the perceived rotation
around the surface normal of the disk until it disappeared.
We believe this adjustment was equal in size, but opposite
in sign, to the perceived rotation around the surface normal of the disk. This method is similar to motion nulling
procedures used in a number of psychophysical experiments (Cavanagh & Anstis, 1991; Chichilnisky, Heeger,
& Wandell, 1993; Gregory, 1985). However, unlike in these
experiments, the ﬁnal percept in our procedure is not
stationary.
Observers were asked to adjust the rotation around the
surface normal of the 3D disk to make it appear as if there
was ‘‘no twirling motion of the circle around its own center’’. The step-size of the adjustment was 0.1 times the
speed of rotation x in the image plane. In order to achieve
a percept with no rotation around the surface normal,
observers were actually adding a rotational motion to the
stimulus.
3.4. Observers of Experiment 1
Eleven observers participated in this experiment. One
observer was familiar and the remaining 10 participants
were naı̈ve with regard to the purpose of the study.

Fig. 3. High contrast versions of the experimental stimuli. The stimuli
were presented in low contrast on a dark background. (A) The stimulus in
Experiment 1 was rotated around its center in the image plane. This
stimulus generated the percept of a 3D disk tilted in depth that rotated
around an axis perpendicular to the image plane and around the surface
normal of the disk. Observers were asked to adjust motion around the
contour of the disk so that the rotation around the surface normal of the
disk perceptually disappeared. (B) The stimulus in Experiment 2 was the
same as the stimulus in Experiment 1, except that it was viewed ‘from the
side’. In this experiment observers were asked to adjust the dashed line
stimulus so that the percept that it generated resembled the percept
generated by the corresponding solid line stimulus. In both experiments
the adjustments provided quantitative estimates of the perceived contour
rotation w around the surface normal of the 3D percept. The dot in the
display helped observers achieve a 3D percept. The stimuli shown here
have an aspect ratio of 0.7.

3.5. Results of Experiment 1
Figs. 4A–C show the rotation around the surface normal w added by participants as a function of ellipse rotation x for three diﬀerent aspect ratios (b/a) of the ellipse.
Figs. 4A–C show that the estimated perceived rotation w
around the surface normal varied little across observers.
Averaged across conditions the standard error of the perceived rotation w around the surface normal was
2.43 deg/s or 3.39% of the rotation x in the image plane.
This suggests that for each stimulus all observers had similar percepts.
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Fig. 4. Empirical results and theoretical predictions for Experiment 1. An ellipse was rotated with speed x in the image plane. Observers perceived a
circular disk tilted in depth. Observers were asked to adjust motion around the contour of the disk so that the rotation around the surface normal of the
disk perceptually disappeared. The actual rotation w around the surface normal (black dots) was revealed when observers nulled the perceived rotation
around the surface normal. The theoretical data (dashed and solid lines) show the predicted rotation w around the surface normal if the visual system
minimized the motion of a 3D rigid percept. Theoretical predictions closely matched the data. Experimental data and predictions were a function of
rotation speed in the image plane (x) and aspect ratio (b/a) of the ellipse. Aspect ratio of the ellipse in the image plane equaled (A) 0.5, (B) 0.7, and (C) 0.9.
Error bars depict standard error of the mean (n = 11).

The perceived rotation w around the surface normal
appeared to be a linear function of the rotational velocities
x of the stimulus in the image plane. The apparent relationship was tested using a linear regression analysis. We
found a high correlation coeﬃcient r2 across aspect ratios
(for b/a = 0.5, r2 = .94, for b/a = 0.7, r2 = .99, and for b/
a = 0.9, r2 = 1.00).
In Section 2, we predicted the perceived rotation w
around the surface normal of a 3D circular disk slanted
in depth. The predictions were based on the assumption
that observers generate percepts that minimize the velocity
of the percept. We presented four diﬀerent scenarios (3Dv–
3Dh, 3Dv–2Dh, 2Dv–2Dh, and 2Dv–3Dh). The 3Dv–3Dh and
3Dv–2Dh scenarios gave identical predictions, so we pre-

sented these predictions as a single prediction (3Dv) in
Fig. 4. In all four scenarios it was predicted that rotation
w around the surface normal would be a linear function
of stimulus rotation x in the image plane. The experimental data showed the predicted linear relationship between
the estimated rotation w around the surface normal and
the rotation x of the stimulus in the image plane for each
aspect ratio (b/a). In addition, the experimental data were
bounded by the predictions derived under the 3Dv scenario
and the predictions derived under the 2Dv–2Dh, and 2Dv–
3Dh scenarios.
We believe that the consistency of the data is a result
of the observers having similar percepts. However, since
we did not objectively verify the observer’s percepts, the
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consistency of the results could have been the result of a
diﬀerent common strategy used by observers. We can think
of two strategies that would have resulted in consistent
results. Observers could have selected a perceived rotation
around the surface normal of a circular disk that was opposite in sign but equal in size to the rotation of the ellipse in
the image plane. In such a case the line segments that make
up the stimulus maintain their radial location over time.
Alternatively, participants could have adjusted the rotation
around the surface normal of the circular disk to zero. In
that case, the stimulus is compatible with the 2D percept
of a rigid ellipse rotating in the image plane. Neither strategy accounted for the experimental data. Estimates of perceived contour motion fall in between these two settings.
Given our data we do not believe that the rotation around
the surface normal could have been adjusted consistently
unless observers adjusted the stimulus based on a common
percept.
3.6. Procedure of Experiment 2
In the second experiment we changed the viewing direction so that observers perceived the rotating ellipse ‘from
the side’, rather than from the front. In other words the
viewing direction was along the x axis rather than the z
axis. In this case the stimulus is not compatible with a rigid
2D interpretation, but the perceived rotation around the
surface normal remains ambiguous. If observers minimized
perceived 3D motion across the 3D shape, the results of
this experiment should be identical to the results reported
in Experiment 1. In Experiment 2 the projected stimulus
changes shape over time. If observers minimized perceived
2D motion in the image plane the perceived rotation
becomes a function of time. In the predictions below we
assumed that observers integrated motion across time as
well as across space.
When viewed ‘from the side’ the stimuli generated the
percept of a 3D disk slanted in depth that rotated
around an axis perpendicular to the Oxy plane and
around the surface normal of the disk. We again dashed
the line of the ellipse so that the rotation around the
surface normal of the ellipse became visible to the
observer.
In the results reported here the method of adjustment
used by the observers was also modiﬁed. Similar results
were obtained based on the method used in Experiment
1. Recall that in Experiment 1 observers adjusted the rotation around the surface normal so that it perceptually disappeared. It could be argued that in Experiment 1
observers may not have adjusted the stimulus to resemble
the 3D percept generated by the solid line stereokinetic
stimulus. Therefore observers in Experiment 2 were
instructed to adjust the dashed line ellipse to best resemble
the percept generated by the corresponding solid line stimulus. Observers used two buttons to switch between the display of a dashed line stimulus and the solid line stimulus
while making the stimulus adjustment.

3.7. Observers of Experiment 2
Twenty-eight observers participated in this experiment.
Two observers were familiar with the purpose of the study
and also participated in Experiment 1. The remaining 26
participants did not take part in Experiment 1 and were
naı̈ve with regard to the purpose of the study.
3.8. Results of Experiment 2
Figs. 5A–C show the rotation around the surface normal w added by participants as a function of ellipse rotation x for three diﬀerent aspect ratios (b/a) of the ellipse.
Averaged across conditions the standard error of the perceived rotation w around the surface normal was
3.24 deg/s or 4.28% of the rotation x in the image plane.
We used 28 participants in Experiment 2 compared to 11
participants in Experiment 1 because the method of adjustment used in Experiment 2 produced somewhat more variable data. When using the same method of adjustment as
in Experiment 1, the variance was closer to that found in
Experiment 1.
The perceived rotation w around the surface normal
appeared to be a linear function of the rotational velocities
x of the stimulus in the image plane. The apparent
relationship was tested using a linear regression analysis.
We found high correlation coeﬃcients r2 across aspect
ratios (for b/a = 0.5, r2 = .72, for b/a = 0.7, r2 = .91, and
for b/a = 0.9, r2 = .97).
We presented the theoretical predictions alongside the
experimental data in Fig. 5. We predicted that rotation w
around the surface normal would be a linear function of
stimulus rotation x in the image plane. The experimental
data showed the predicted linear relationship between the
estimated rotation w around the surface normal and the
rotation x of the stimulus in the image plane for each
aspect ratio (b/a). In addition, the experimental data were
bound by the predictions derived under the 3Dv scenarios
and the predictions derived under the 2Dv2Dh and
2Dv3Dh scenarios.
4. Discussion
We investigated the 3D percepts generated by 2D stereokinetic stimuli. While there was no a priori reason to
assume so, all observers reported similar results. Since the
2D stimuli did not determine the motion of the 3D percepts, these results suggest that when given an ambiguous
stimulus all observers used similar assumptions to generate
a 3D percept.
We showed that if motion is minimized in 3D space a
percept is predicted that is equivalent to a circular disk that
rotates on a surface without slipping. Based on that result
it may be argued that rather than minimizing perceived
motion, observers adjusted the stimulus so that the percept
does not slip. However, the experimental data show that
observers do not select a percept that is compatible with
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Fig. 5. Empirical results and theoretical predictions for Experiment 2. A dashed line circle that was rotated with angular velocity x around the z axis was
viewed from the side, i.e., in the Oyz plane. Observers perceived a circular disk tilted in depth. Observers were asked to match the perceived motion around
the surface normal of the disk to a stimulus that had a solid line contour, but was otherwise identical. The actual rotation w around the surface normal
(black dots) was revealed when observers matched the motion of the dashed line stimulus to the motion of the corresponding solid line stimulus. The
theoretical data (dashed and solid lines) show the predicted rotation w around the surface normal if the visual system minimized the motion of a 3D rigid
percept. Theoretical predictions closely matched the data. Experimental data and predictions were a function of rotation speed in the image plane x and
aspect ratio (b/a) of the ellipse. Aspect ratio of the ellipse in the image plane equaled (A) 0.5, (B) 0.7, and (C) 0.9. Error bars depict standard error of the
mean (n = 28).

the 3Dv scenario. The percept compatible with the experimental data appears to show some slipping.
We hypothesized that the visual system uses prior
assumptions of rigidity and motion slowness to generate
the 3D percepts. Based on these assumptions we predicted
that the perceived rotation w around the surface normal of
a 3D disk should be a function of the speed of rotation x
and the aspect ratio b/a of the stimulus in the image plane.
However, the experimental data were bound between the
2Dv and 3Dv predictions rather than matched by any of
the theoretical predictions.
The fact that the experimental data were bound by the
predictions may have been due to a number of factors.

Neurophysiological (Maunsell & Van Essen, 1983) and
behavioral studies (Harris, McKee, & Watamaniuk, 1998)
have shown that the visual system is less sensitive to motion
in depth compared to motion in the image plane. This may
be due to the diﬀerent reliability of these cues. The combination of both visual cues and prior assumptions based on
their reliability has accounted for some percepts reported
by observers (Landy, Maloney, Johnston, & Young,
1995; Mamassian & Landy, 2001). If motion priors in the
image plane and in depth were similarly combined for stereokinetic stimuli, such a combination would predict a perceived rotation w that falls in between the 2Dv and 3Dv
predictions.
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It could have been that observers underestimated the
slant of the percept. Previous research has found that
observers underestimate the perceived slant of stationary
stimuli (Epstein, 1977; Gibson, 1950). However when
observers were asked to report the perceived slant of stationary stimuli considerable between observer variability
has been reported (Mamassian & Kersten, 1996; Todd,
Koenderink, van Doorn, & Kappers, 1996). Our results
show little variability between observers, although we cannot exclude the possibility that slant may have been underestimated equally by all observers in our study. Previous
results have been based on stationary stimuli that contained varying curvature across their surface and may
therefore have produced larger between subject variability,
but it seems hard to reconcile these results with our data.
The stereokinetic stimuli were compatible with the percept of any number of rigid 3D elliptical disks tilted in
depth. Although observers were instructed that their percept should be a tilted rigid circular disk, we did not verify
what percept observers actually achieved. However, when
all points on the disk are perceived to be equidistant from
its center, motion along the contour can be characterized
by the rotation w around the surface normal of the disk.
If the stimulus was perceived as the projection of an elliptical disk the rotation w around the surface normal would
not be uniform along the stimulus contour. The high within
and between subject agreement on the perceived contour
rotation w in our experiments suggests that the observers
did perceive the stimulus as the projection of a circular disk
rather than an elliptical disk.
Previous work has suggested that 2D percepts minimize
both motion slowness and smoothness. For simplicity we
provided derivations based on motion slowness alone in
the main body of the paper. Although the predictions
based on the combination of prior assumptions of motion
slowness and smoothness were mostly identical, the 2Dv–
2Dh scenario predictions were somewhat diﬀerent. We provided these predictions in Appendix A. When taking both
slowness and smoothness into account the 2Dv–2Dh scenario predictions are closest to the data in Experiment 1
and Experiment 2. Although more experimentation is
required, this would suggest that the 3D percept is generated based on motion assumptions that are applied purely in
the image plane.
Slowness and smoothness assumptions have been used
to account for the 2D percepts generated by rotating ellipse
stimuli (Hildreth, 1984; Weiss & Adelson, 1998). The most
recent accounts rely on the varying intensity of an image
over time, without reference to shapes (Weiss et al.,
2002). This approach may be applied to account for the
3D precepts generated by rotating ellipse stimuli as well
and may address the question of whether the slowness
and smoothness assumptions alone, without a rigidity
assumption, can account for the 3D percepts generated
by the stereokinetic stimuli. However shape-based assumptions, such as the rigidity assumption, are not suﬃcient to
account for these 3D percepts. The rigidity assumption

does not distinguish between diﬀerent rigid interpretations.
A shape assumption like the compactness assumption
would predict that an ellipse in the image plane is perceived
as a circle tilted in depth. Similarly, other shape-based
assumptions, like compactness, the assumption that stimuli
that are ‘compact’ in the image plane are perceived as
‘compact’ in space, are not suﬃcient to determine the perceived motion of stereokinetic stimuli. Assuming a circular
disk tilted in depth constrains but does not determine the
motion of the 3D percept.
Until now the mechanism underlying the stereokinetic
eﬀect has been unknown. Based on the evidence presented
here, we believe that the prior assumptions of motion slowness and motion smoothness account for both the 2D and
3D percepts generated by a rotating ellipse stimulus. We
predicted the motion of the 3D percept in analytical terms
and compared the predictions to the 3D percept reported
by observers. If observers were not using prior assumptions
of shape and motion there is no reason to expect that they
would have similar percepts. Prior assumptions of motion
may help account for the percepts generated by other stereokinetic stimuli and structure from motion stimuli in
general.
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Appendix A
Models of perceptual organization using prior assumptions of motion have generally posited constraints on both
motion slowness and smoothness (Grzywacz & Yuille,
1991). In this Appendix, we derive the predicted 3D percept
generated by the 2D stereokinetic stimulus when we incorporate both constraints. To derive the predicted rotation w
around the surface normal of a 3D circular disk we
minimize
F ðw; tÞ ¼

2
X
n¼0

Z
cn

2

on~
v
ds;
osn

ð32Þ

where
cn ¼

k2n
.
n!2n

ð33Þ

F (w) is a weighted linear sum of the 0th to 2nd order derivatives of velocity integrated along the stimulus contour.
The 0th order derivative corresponds to motion slowness.
The 1st and 2nd order derivatives correspond to ﬁrst and
second order smoothness, respectively. The only free
parameter in the derivation of wmin is k, which determines
the relative weight of the slowness and smoothness components in F (w, t).
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The derivations below are based on Eqs. (3)–(5) that
specify the velocity of a 3D circular disk. Since the rigidity
of the circular disk stipulates that w is constant with respect
to h, we substitute h for / + wt for notational convenience.
A.1. Experiment 1
A.1.1. Case i: Minimizing 3D motion along the 3D contour
When we assume that the visual system integrates 3D
motion along the 3D contour, then
 n 2  n 2  n 2
2
on~
o vx
o vy
o vz
v
¼
þ
þ
ð34Þ
n
n
n
os
os
os
osn
and
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
2
ðdxÞ þ ðdyÞ þ ðdzÞ ¼ adh.

ds ¼

ð35Þ

Using
dn sin h
np
¼ sin h þ
dhn
2

ð36Þ
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A.1.2. Case ii: Minimizing 2D motion along the 3D contour
Rather than minimizing the perceived 3D velocity, the
visual system may only minimize motion components in
the image plane. We called this the 2Dv–3Dh scenario. To
ﬁnd the predicted contour rotation wmin that minimizes
motion in the image plane we use
 n 2  n 2
2
on~
o vx
o vy
v
¼
þ
ð42Þ
n
n
os
os
osn
while all other equations are identical to those used in
Case i above. It follows:
Z 2p
2
X

cn
F 2D3D ðwÞ ¼
adh w2 ða2 sin2 # þ b2 cos2 #Þ
2n
a
0
n¼0

ð43Þ
þ 2abxw þ x2 ða2 cos2 # þ b2 sin2 #Þ ;
where # ¼ h þ np
. When solving the integral
2
F 2D3D ðwÞ ¼

2
X

pcn  2 2
w ða þ b2 Þ þ 4abxw þ x2 ða2 þ b2 Þ .
2n1
a
n¼0

ð44Þ

and, similarly,
dn cos h
np
¼ cos h þ
dhn
2

ð37Þ

wmin ¼ 
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þ b2 cos2 h þ
2
2

2ab
x
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¼ 0 it follows
ð45Þ

for all nth order derivatives. Like in the 3Dv–3Dh scenario,
the result in the 2Dv–3Dh scenario is independent of the
parameter k.

2

ð38Þ

F 3D3D ðwÞ ¼

So that after we set

dF 2D3D ðwÞ
dw

adh.
ð39Þ

Solving the integral gives
2
X
pcn
F 3D3D ðwÞ ¼
ð2a2 w2 þ 4abxw þ x2 ða2 þ bÞ2 Þ.
2n1
a
n¼0

ð40Þ
ðwÞ
¼ 0 and given that w is indeSo that after we set dF 3D3D
dw
pendent of h, we ﬁnd

A.1.3. Case iii: Minimizing 3D velocity along the 2D contour
Thus far we have presented analytical solutions of the
two scenarios that integrate motion across the stimulus
contour in 3D space. The visual system may integrate
motion across the stimulus contour in the image plane
instead. Under the 3Dv–2Dh scenario we minimized the
3D velocity along the 2D contour. The derivation is similar
to the 3Dv–3Dh scenario in Case i above. However, when
integrating along the stimulus contour in the image plane,
we use
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ds ¼ ðdxÞ2 þ ðdyÞ2 ¼ dh a2 sin2 h þ b2 cos2 h.
ð46Þ
We derived predictions assuming that motion is integrated
in the image plane numerically since we were unable to obtain analytical solutions. The rotation around the surface
normal that minimized motion ﬂow appeared identical to
b
wmin ¼  x
a

ð47Þ

ð41Þ

for all nth order derivatives. This solution appears to be
identical to the wmin predicted in the 3Dv–3Dh scenario.

for all nth order derivatives. Since all nth order derivatives
provided the same solution, the prediction is independent
of the parameter k. Recall that this parameter determines
the relative weight of the slow and smooth motion
components.

A.1.4. Case iv: Minimizing 2D velocity along the 2D contour
In the 2Dv–2Dh scenario 2D velocity was integrated
along the 2D elliptical contour. The numerical analysis
proceeded based on the 2Dv–3Dh scenario derivation in
Case ii with the exception that Eq. (23) was used to

wmin

b
¼ x
a
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integrate across the image plane. We obtained a numerical
solution for wmin that lies in between the 2Dv–3Dh and 3Dv
predictions, thus
2ab
b
x < wmin <  x.
a
a2 þ b2

Experimental Data
3Dv Prediction
2Dv-2Dθ Prediction
2Dv-3Dθ Prediction

-0.2

ð48Þ

Numerical analysis revealed that the 2Dv–2Dh scenario predicted a wmin that appeared linear in x. Thus, in all four
scenarios discussed, a linear relationship between image
plane rotation x and rotation around the surface normal
wmin appeared to be predicted.
Under the 2Dv–2Dh scenario, predictions were not identical for all nth order derivatives. As a result, the 2Dv–2Dh
predictions were a function of k. When k approached 1
the highest order smoothness term dominated the prediction and when k approached 0 the slowness term dominated
so that the prediction quickly approached the slowness only
prediction. For all results presented k was set to 1. Similar
results were obtained for a large range of k. The predicted
rotation w appeared to remain a function of aspect ratio
b/a and a linear function of rotation x in the image plane.
Fig. 6A shows the theoretical predictions and the rotation reported by observers in Experiment 1. We estimated
the perceived rotation w as a function of the rotation x
using linear regression for each aspect ratio b/a. Error bars
show the standard error of the estimates.
Inclusion of a motion smoothness constraint slightly
altered the predicted rotation w around the surface normal.
In the 3Dv scenarios the predictions appeared to be identical to the prediction incorporating a motion slowness constraint only. In the 2Dv–3Dh scenario the predicted
rotation w appeared to be numerically equal to the prediction obtained in the slowness only derivation. However, in
the 2Dv–2Dh scenario the predicted w varied slightly from
the prediction derived in the slowness only derivation,
although the relationship between the variables of rotation
around the surface normal w, rotation in the image plane x
and aspect ratio of the ellipse b/a remained the same.
A.2. Experiment 2
In Experiment 2 the viewing direction was along the xaxis, so that the Oyz plane became the image plane. Naturally, the prediction based on the 3Dv–3Dh scenario was
independent of the viewing direction. However, in the
3Dv–2Dh scenario we integrate along the stimulus contour
in the Oyz plane, so that
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
ds ¼ ðdyÞ þ ðdzÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
¼ dh ðasinhsinxt þ bcoshcosxtÞ þ ða2  b2 Þcos2 h.
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Fig. 6. Estimated and predicted rotation w around the surface normal of
the 3D percept when minimizing both motion slowness and smoothness.
(A) Results based on Experiment 1. (B) Results based on Experiment 2. In
(B) the 3Dv and 2Dv–2Dh predictions overlap. Error bars show standard
error of the mean. When taking motion smoothness into account the
2Dv–2Dh prediction is closest to the experimental data.

F ðw; tÞ ¼

2
X
n¼0

Z Z
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v
ds dt.
osn
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Numerical analysis suggested that the w that minimized
motion ﬂow in the 3Dv–2Dh scenario was the same as that
in the 3Dv–3Dh scenario regardless of k.
In the 2Dv–3Dh and 2Dv–3Dh scenarios the motion ﬂow
in the image plane is deﬁned as
 n 2  n 2
2
on~
o vy
o vz
v
¼
þ
.
ð51Þ
n
n
os
os
osn

In this case, and the cases that follow, we derived the solutions numerically. In these cases motion ﬂow was a function of time, so that we integrated over both time t and
the stimulus contour s. Motion ﬂow F was deﬁned as

In the 2Dv–3Dh scenario we used ds = adh to integrate
along the stimulus contour in 3D space. Numerical analysis
suggested that the w that minimized motion ﬂow was a linear function of x and was independent of k.
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Finally in the 2Dv–2Dh scenario we used Eq. (49) to integrate along the stimulus contour in the image plane.
Numerical analysis suggested that w was a linear function
of x, but the predicted w was a function of k.
Fig. 6B shows the theoretical predictions and experimental results for Experiment 2 when taking motion
smoothness into account. We estimated the perceived rotation w as a function of the rotation x using linear regression for each aspect ratio b/a. Error bars show the
standard error of the estimates. Like in Experiment 1, the
2Dv–2Dh prediction is in close accordance with the experimental data. These results suggest that the visual system
minimizes the perceived motion slowness and smoothness
of the 3D percept in the image plane.
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