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Correct model specification for confounding control is likely the most common 

assumption made in causal inference. Yet the validity of this assumption cannot be verified 

using data or statistical tests. Typically, investigators collect as much data on confounders as 

possible and then consider multiple models singly. This is a tedious process, thus making 

multiply robust estimation, an extension of doubly robust estimation, particularly appealing as it 

affords investigators with more than two chances to specify a correct model within a union 

model, obviating multiple results presentation. This dissertation introduces a multiply robust 

approach that combines three or more estimators in one union model, yielding unbiased effect 

estimates provided at least one of the estimators is correctly specified, no new bias is 

introduced, and there is no uncontrolled confounding. This dissertation focuses on the 

development and evaluation of multiply robust estimation in single and multilevel models and in 

the presence of effect modification and interaction.  Monte Carlo simulations are used to assess 
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performance and present a proof of concept, and illustrative examples based on global health 

data will be used to demonstrate applications of the MR estimation method.  A framework for 

doubly and multiply robust estimators is also presented using directed acyclic graphs to show 

how multiple adjustment schemes can be combined to yield a consistent effect estimate.  

Interpretation of doubly robust and multiply robust estimates is also discussed, and it is 

proposed that a partial-marginal and partial-conditional framework for interpretation is 

necessary.  Results showed that effect estimates for the exposure(s) of interest obtained using 

MR estimation had higher chances of being valid, or robust to misspecification, whenever at 

least one of the underlying estimators was not misspecified.  This approach allows investigators 

who disagree about appropriate covariate adjustment schemes to merge their views and obtain 

a single set of results without forcing them to agree on one model.  Although the assumption of 

correct model specification cannot be verified, multiply robust estimation nevertheless pools 

opportunities by specifying more than two estimators in one union model in an attempt to hedge 

a bet on consistently getting a valid effect estimate. 
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Chapter 1. Introduction 

Causal inference using observational data relies on the assumption that exposure or 

treatment was randomly assigned conditional on measured covariates.  In order to view an 

observational study as a conditionally randomized experiment, investigators are required to 

make the three important assumptions of positivity, consistency, and exchangeability.  Briefly, 

positivity assumes that the conditional probability of exposure is greater than zero for all non-

zero realizations of the confounding variables. Consistency refers to the assumption that the 

potential outcome under intervention X=x for a subject whose exposure status X=x is equal to 

their observed outcome.  The exchangeability assumption is met when the exposed group 

would have had the same average outcome as the unexposed group had it, in fact, been 

unexposed (1).  This final assumption, or conditional exchangeability in most epidemiologic 

studies, is often violated due to differences in the distribution of confounders between exposed 

and unexposed groups in a study.  Furthermore, this assumption, which is never guaranteed in 

observational studies as it requires assuming no uncontrolled confounding, is the focus of this 

dissertation. 

The assumption of no uncontrolled confounding is central to causal inference in 

epidemiology.  Conditional exchangeability is formally defined as Yx  X | Z, where X is the 

exposure or treatment under study; Yx is the potential outcome Y had exposure X, perhaps, 

contrary to fact been set to x; and Z is a vector of covariates sufficient to control for 

confounding.  Thus, when X is a binary variable, strong assumptions are needed to estimate the 

causal effect Y1-Y0 in observational studies where both Y1 and Y0 cannot be observed for the 

same individual (2,3).  Using regression models or parametric methods to estimate causal 

effects further requires correct model specification, which refers to using the proper functional 

form of the outcome, exposure, or covariates in a model and not excluding important 
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confounders in the vector Z.  Correct model specification is likely the most common assumption 

of the generalized linear model when used for causal inference.  Yet, the validity of this 

assumption cannot be verified using data or statistical tests as there is no way to determine 

whether a model captures the true relationships between exposures, confounders, and 

outcomes except in the case of simulation studies.  Estimates of effect will be inconsistent 

unless the model is an accurate depiction of the true relationship between exposure and 

outcome variables and there is no omitted variable bias or uncontrolled confounding (4).   

Finding a single model that suits the purpose of a causal analysis is a difficult task, and this task 

is only exacerbated by poorly performing yet routinely used algorithms such as best subset and 

stepwise regression (5).  Such algorithms are well-suited for statistical prediction, but less 

appropriate as a means for identifying appropriate confounders that must be controlled for in 

causal analysis.  This becomes an increasingly important problem, since a large number of 

models can be built given only a few predictors.  As such, collaborators with differing ideas 

about important variables for confounding control may find themselves in a bind as far as how to 

approach the development of a final model.  Typically, investigators resort to collecting as much 

data on confounders as possible and then consider multiple models singly. This is a tedious 

process, thus making multiply robust (MR) estimation, a novel method that is an extension of 

doubly robust (DR) estimation, particularly appealing as it affords investigators with more than 

two chances to specify a correct model within a single union model, obviating multiple results 

presentation. 

This dissertation will focus on the development and evaluation of MR estimation in single 

and multilevel models and in the presence of effect modification and interaction. 

Background 

Confounding in causal analysis 
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Confounding has been defined as a problem concerning non-identifiability of parameters 

due to the absence of exchangeability of groups under study (2,3).  Systematic differences in 

confounding variables lead to non-comparability of the exposed and unexposed groups.  Thus 

the risk of the outcome in the unexposed group is not the same as the counterfactual risk under 

non-exposure in the exposed group (i.e. the risk in the exposed had they been unexposed).  

The crucial assumption of exchangeability is violated, and estimated measures of association 

between the exposure and outcome are biased for the causal effect of exposure (2,3,6–8).  

Confounding can also be represented in graphical terms in a directed acyclic graph, or DAG 

(see Figures 1-1 – 1.3).  

 

 
 

 

As shown in Figures 1-1 – 1-3, Z confounds the X-Y relationship since there is an open 

back door path, or an undirected path, that starts with an arrow pointing into X, from X to Y 

through Z.  To ensure identifiability of exposure effects, investigators must adjust for a sufficient 

set of confounders of the relationship under study in order to close all open backdoor paths from 

the exposure to the outcome, including paths that may have been opened by adjusting for 

colliders, or variables on the path from X to Y with two arrow heads pointing into them.  

Investigators can further delineate a minimally sufficient set of confounders from a sufficient set 

when additional removal of any variables from the minimally sufficient subset leaves some 

backdoor paths open.  Furthermore, they must assume that there is no uncontrolled 

confounding in their study (9–11). 

The assumption of conditional exchangeability is not expected to hold in most 

observational studies as unmeasured confounders or uncontrolled confounding will most likely 

X X X 

Z Z Z 

Y Y Y 

 

Figure 1-3.  There is an 
unmeasured confounder between 
Z and Y. 

Figure 1-2.  There is an 
unmeasured confounder between 
X and Z. 

Figure 1-1.  Z confounds the X-Y 
relationship. 
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remain.  Furthermore, there is no way to verify whether or not exchangeability holds as it is 

impossible to observe more than one counterfactual outcome for study participants (1).  Indeed, 

the validity of causal inference from observational data is contingent on this key untestable 

assumption, and hence, the investigator’s background knowledge of their discipline.  

Investigators must collect enough data on confounders such that the assumption of 

exchangeability can be considered reasonably plausible given measured covariates. 

Challenges to standard regression methods for confounding control 

 There are numerous ways to control confounding during the design and analysis phase 

of an epidemiologic study.  During the design phase, investigators may use restriction, 

matching, or randomization techniques to eliminate the impact of confounding variables.  After 

data are collected, investigators can use stratification or multiple regression techniques to 

estimate the effect of an exposure on an outcome while adjusting for confounders (12).  In using 

regression to control for confounding effects of covariates, investigators may be faced with a 

number of challenges, including model specification and sample size issues.  Here, we will only 

discuss the first of these issues as it is most pertinent to this dissertation. 

The success of regression methods to control for confounding and identify (conditional) 

causal effects depends directly on how accurately a model reflects true relationships between 

variables.  Model specification is the process of building a regression model, and thus requires 

making assumptions about the presence and form of relationships between covariates and the 

outcome variable (8).  The inclusion of inappropriate variables, such as colliders, instrumental 

variables (in the presence of uncontrolled confounding), and intermediates, can induce or 

amplify bias (12,13).  Epidemiologists emphasize the importance of using prior knowledge and 

subject matter expertise to identify confounders in a study (14,15).  Even with a priori 

information, however, deciding on a minimally sufficient set of confounders to include in a final 

model can be a difficult task since studies with a large number of covariates may be considered 



 

5 
 

during the model specification process.  More importantly, the assumption of no uncontrolled 

confounding is untestable which implies that investigators never know whether they have data 

on all confounding variables in their study. Even when the total set of covariates in a study is 

deemed sufficient for control, it may be beneficial to investigators to define a subset of these 

variables since controlling for a large number of variables can be impractical and come at the 

cost of decreased efficiency, estimate inflation, or failure of models to converge (5,6,14,15).  

Automated selection algorithms including stepwise selection, backward elimination, forward 

selection, and best subset selection, are often used to reduce the number of covariates in a 

model.  However, such methods are rooted in significance testing of the confounder-outcome 

relationship.  While these methods can be suitable when the goal of a study or analysis is 

prediction, they have been shown to perform poorly as a means of identifying appropriate model 

forms to achieve confounding control (5,16–18) in causal analysis.  Using automated selection 

methods to identify confounders in causal analysis result in upwardly biased R2 values, standard 

errors that are downwardly biased, and thus narrow confidence intervals, P-values that are 

biased downwards, parameter estimates biased away from the null, and the worsening of any 

existing collinearity problems (19).  Thus, these methods are not the best tools for deciding 

which variables to adjust for in causal analysis for etiologic epidemiology. 

Current methods for confounding control in causal analysis 

A number of methods have been developed to address issues of confounding in 

observational studies with the goal of causal inference, and to decrease the dimensionality of 

models.  These methods include use of exposure propensity scores (PS), inverse probability of 

treatment weighting (IPTW), and doubly robust (DR) estimation.  The PS, and IPTW methods 

essentially use a single summary measure constructed using available covariates to reduce the 

dimensionality of models and adjust for differences between treated and untreated groups.  DR 

estimation combines outcome regression with a model for the exposure to estimate the causal 
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effect of exposure, thus allowing for two opportunities for correct model specification.  All of 

these methods require the assumption of no uncontrolled confounding, which, as previously 

described, is not verifiable.  We discuss these methods below.  

Propensity Score.  As defined by Rosenbaum and Rubin (20) a PS, or exposure 

propensity score, is the conditional probability that a study participant with a given vector of 

covariates, Z=z, is exposed: P(X=1|Z=z).  They showed that the PS is the coarsest possible 

exposure balancing score, such that conditional on the propensity score the distribution of 

baseline covariates is independent of exposure.  As such, in a group of subjects with the same 

PS, the distribution of baseline covariates will be the same between the treated and untreated 

(20,21).  Recent studies have shown that including variables that affect the exposure but not 

outcome under study will increase variance of the exposure effect without decreasing bias, 

while including variables only associated with the outcome results in greater precision and does 

not affect bias (22,23).  Known confounders and variables only associated with the outcome 

should always be included in the fitted PS model.  The PS does not, however, balance 

unobserved covariates (24). 

The estimated PS can be used for stratification, matching, or covariate adjustment in a 

regression model.  Stratifying on the PS involves the creation of quintiles defined by the PS, 

estimating exposure effect within each stratum, and then pooling these estimates.  Stratifying on 

quintiles of the PS has been shown to reduce bias due to measured confounders by 90% (20).  

Matched sets can be formed by grouping pairs of exposed and unexposed subjects with similar 

PS.  However, stratification and matching both require categorization of the PS, which may 

result in residual confounding (24).  The PS can also be used as a continuous covariate in a 

regression model with an indicator for exposure.  This approach assumes that the relationship 

between the PS and outcome has been correctly specified (21).   
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Inverse Probability of Treatment Weighting.  Often, the PS is used to create inverse 

probability of treatment weights (IPTW) that are used to weight individual observations (21).  

IPTW are calculated as the inverse of the conditional probability of exposure for each individual, 

defined as 1/PS=1/P(X=1|Z=z) for the exposed and 1/(1-PS)= 1/P(X=0|Z=z) for the unexposed, 

and are used to create a pseudopopulation in which the distribution of confounders for the 

exposed and unexposed is the same (25–28).  Thus weighting by IPTW balances covariates 

used to create the weight among the exposed and unexposed.  If there is no uncontrolled 

confounding, a crude analysis of the exposure-outcome relationship weighted by the IPTW will 

produce an unbiased estimate of the causal effect of exposure.  Association will equal causation 

under such circumstances.  This is referred to as a IPTW estimation of a marginal structural 

model (MSM) (28).  In some cases, the weights for study participants with a very low (close to 0) 

probability of exposure may result in unstable estimates.  One solution to this is to use stabilized 

weights, where the numerator of an individual’s IPTW is replaced with the marginal probability of 

exposure. Stabilized weights maximize efficiency and bring the size of the reweighted 

pseudopopulation to equal the size of the original study population (25). 

IPTW requires neither model specification nor categorization of the PS, and thus has 

these advantages over PS stratification or matching (29).  Weights can be altered to estimate a 

number of different treatment effects (e.g. average treatment effect in the exposed and average 

treatment effect in the total population).  In addition, IPTW can be used as a tool for 

standardization (30).  It is an especially useful tool for adjusting for time-varying confounders, 

which will not be considered in this dissertation. 

Doubly Robust Estimation.  DR estimation is a recently developed technique that 

combines outcome and exposure modeling to provide valid estimates when either one or both 

models are correctly specified (4,31–33).  A model for the exposure, usually the PS or IPTW, is 

combined with an outcome model for the conditional mean of the dependent variable given 
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covariates and the exposure.  Both the outcome model and the exposure model require 

assuming correct specification and no uncontrolled confounding.  Provided at least one of the 

models is correctly specified, estimates derived from DR estimation will be consistent, or 

asymptotically unbiased.  That is, the resulting estimates will be robust to misspecification of 

one of the sub-models (4,34,35).  For instance, simulation studies have shown that the doubly 

robust estimator is consistent when one of the sub-models excludes an important confounder 

(29,31) or when a sub-model is misspecified by the inclusion of a categorized continuous 

confounder rather than the continuous version of the variable (36).   

DR estimation offers an alternative to multiple regression and the other modern 

adjustment techniques discussed above, and provides investigators two chances to meet the 

exchangeability assumption necessary for consistent estimation of the exposure effect.  The 

ability to obtain relative and absolute measures of causal effect from DR estimators is a strength 

of this approach.  Also, Funk et al. state that effect estimates from DR estimators have a 

marginal interpretation when IPTW is used in combination with an outcome regression 

correction factor (not involving conditioning in the union) since each individual is considered 

under exposed and unexposed states (4).  The DR method does not obviate the need to collect 

data on and control for all confounders in the study in order to fulfill the conditional 

exchangeability assumption.  A limitation of this approach is the trade-off between bias 

reduction and loss of precision: DR estimators are less efficient compared to using a maximum 

likelihood estimation of effects with a correctly specified model (29).  In addition, the DR 

estimator may produce biased estimates if neither sub-model is correctly specified (31,32).  

Similar to the PS, questions remain regarding covariate selection for DR estimation.  Estimation 

of effect modification and interaction using doubly robust estimators is also an area that requires 

further exploration and will be addressed through this dissertation. 
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Researchers have reported that the use of different techniques for achieving 

confounding control can produce different estimates with different interpretations even when the 

same set of covariates is adjusted for (37).  This becomes especially relevant with respect to 

DR, and as will be discussed in Chapter 6 of this dissertation, MR estimation as certain 

covariates are conditioned on while others are marginalized over by inclusion of covariates in 

IPTW.  As such, DR (and MR) estimators yield effect estimates that have partially conditional 

and partially marginal interpretations with respect to certain variables.  Interpretation of results 

from DR models is an area of research that has yet to be explored, but has important 

implications for policy making and generalization of results. 

Multiply Robust Estimation 

Multiply robust (MR) estimation is an extension of doubly robust estimation that 

combines more than two estimation techniques, such as outcome regression, PS adjustment 

and IPTW to obtain a final estimate.  The same assumptions for valid inference from DR, and 

causal analysis in general, apply to MR estimation.  This dissertation will introduce a MR 

approach that combines three or more estimators in one union model, yielding consistent effect 

estimates provided at least one of the estimators is correctly specified, no new bias is 

introduced, and there is no uncontrolled confounding.  Robins et al. briefly discussed multiple 

robustness (38), and propose that the MR estimator will be preferable to the DR estimator since 

an investigator is afforded with more than two chances to specify a sub-model correctly and 

wider confidence intervals from MR estimation will better reflect uncertainty about the effect 

estimate.  Han and Wang also recently introduced the idea of an MR estimator in the 

biostatistics literature (39). 

MR estimation is a promising tool for combining competing covariate adjustment 

schemes and allows investigators to hedge their bets on obtaining consistent effect estimates 

and fulfilling the no uncontrolled confounding assumption by specifying three or more estimators 
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in one final model.  Given the frequency and near inevitability of model misspecification and the 

ubiquity of collaborative research, MR estimation may serve as an important tool for 

epidemiologists in the future.  However, MR estimation should not be considered a substitute for 

other estimation techniques like ordinary multiple regression or DR estimation.  Rather, the MR 

approach should be viewed as a complement for these approaches.  Indeed, MR estimation 

may be viewed as a novel method that allows researchers to show that an effect of exposure 

(and confidence interval) is robust to different scenarios of model misspecification such that the 

effect persists regardless of how/which confounders are adjusted for. 

Illustrative examples from a global health perspective 

In order to demonstrate MR estimation, we will apply this method to global health data to 

explore the relationship between self-reported lifetime diagnosis of depression and current self-

rated general health accounting for confounding by individual level and contextual 

socioeconomic covariates.  Mental health disorders, such as depression are highly prevalent in 

the developed and developing world.  In fact, the WHO reports that depression alone accounts 

for about 12% of total years lived with disability globally (47).  For this reason, we chose 

depression as the main exposure in our demonstrative examples. 

 The illustrative examples presented in this dissertation will use data from the World 

Health Survey (WHS).  The WHS is a cross-sectional survey conducted from 2002-2005 by the 

World Health Organization (WHO), and includes individual level data from 258,647 respondents 

in 70 countries worldwide (40).  Countries were sampled to represent all regions of the world.  

The objective of the survey was to collect reliable and comparable information to allow global 

comparisons of health systems and outcomes in a low cost, reliable, and valid manner. To this 

end, data were also collected to monitor health systems and inform policy analysis.  Adults age 

18 or older in private households participated in the survey, and probability sampling designs 

were used to obtain representative samples from each of the countries (41).  The WHS dataset 
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contains information on demographic characteristics, wealth, behavioral risk factors, physical 

and mental health conditions, and health care utilization of respondents. 

 The main analyses in the chapter are conducted without survey weights, since our goal 

was not to compute prevalence measures or conditional means and generalization of analysis 

results was not a priority.  In addition, in our examples it is plausible that unobserved 

determinants of self-rated health are uncorrelated with determinants of sampling conditional on 

measured covariates in the models, and thus consistent and efficient estimates can be obtained 

(42).  However, we repeated the analyses using survey weights and, similar to other authors 

who used the WHS dataset, found that unweighted and weighted results were similar (43).  The 

illustrative examples in Chapters 3 and 4 are repeated using a “hybrid simulation procedure” 

that simulates the outcome variable (based on its observed distribution but without uncontrolled 

confounding) using the observed covariates for each study participant in the WHS.  The 

analyses are then repeated using the simulated outcome and existing real-world covariates in 

the data.  This approach allows us to examine the performance of MR estimation using real 

world data where there are no unmeasured confounders of the exposure-outcome relationship.   

 We emphasize that the illustrations presented in Chapters 3 to 5 of this dissertation are 

hypothetical, in that their purpose is to demonstrate MR estimation in a real world dataset and 

not to provide a definitive answer regarding the effect of depression on self-rated health.  These 

illustrations use a limited set of variables which may not be the only set of covariates other 

researchers would use to investigate the relationship of depression and self-rated health.  

Furthermore, MR estimation is not necessarily as concerned with the initial choice of covariates 

for confounding control as it is with resolving an impasse reached by multiple collaborators who 

fail to agree on a single final adjustment scheme for a research question. 

The dissertation will begin with formalizations of DR and MR estimation to provide a 

theoretical basis (Chapter 2) for the rest of this work.  Chapters 3, 4, and 5 will explore the first 
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three specific aims and will involve a simulation component as well as a demonstration of MR 

estimation using real world data.  Chapter 6 will present a framework for DR and MR estimation 

using causal diagrams.  We conclude with Chapter 7, a general discussion commenting on the 

findings and implications of this dissertation. 

Specific Aims 

The purpose of this dissertation is to study the conditions under which MR estimators 

perform best and to determine when this approach affords the greatest benefit to investigators.  

Accordingly, the specific aims of this dissertation and a brief statement of the objective of each 

chapter are provided below: 

1) Performance of MR estimation of total effects in single level models (Chapter 3): 

The purpose of this chapter is to introduce MR estimators and assess performance of 

these estimators in a simple case. 

2) MR estimation of effect measure modification and causal interaction (Chapter 4): 

While effect modification and interaction are often used interchangeably, in reality, these 

terms refer to different concepts.  When assessing effect modification of an exposure 

effect, X, by a modifier, M, we are interested in the effect of X across levels of M.  Thus 

identifiability assumptions must hold for X, but not necessarily for the effect of M.  On the 

other hand, if we were interested in the interactive effects of both X and M, identifiability 

conditions must hold for both variables.  This chapter will explore effect modification and 

interaction in the MR setting.  This is especially important since the topic has not been 

explored for DR estimators.  

3) MR estimation of total effects in multilevel models (Chapter 5): Standard multiple 

regression and analytical techniques are inadequate for modeling hierarchical or 

clustered data.  Ignoring the higher level grouping of a dataset can result in biased 

estimates of effect and standard errors.  Thus, multilevel models, which have a different 
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mathematical basis and underlying assumptions than single level models, are needed.  

The purpose of this chapter is to assess the performance of MR estimators for multilevel 

data in order to assess variation in the outcome at two (or more) levels simultaneously.  

4) A framework for moving from DR to MR estimation of causal effects (Chapter 6):  

Visual diagrams are important to help solidify the understanding of certain epidemiologic 

methods and concepts.  This chapter will use causal diagrams to demonstrate DR and 

MR properties visually, provide a general framework for DR and MR estimation using 

DAGs, and discuss interpretation of MR estimators. 
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Chapter 2. Formalization 

Background and Assumptions 

The MR estimator of the mean can be generalized to provide an estimator for the 

average causal effect of a binary exposure from observational data under no uncontrolled 

confounding. Consider an observational point exposure study with independent identically 

distributed (i.i.d.) data on a vector of confounding variables Z, a binary exposure X, and a 

continuous outcome Y. For simplified presentation, assume also that there is no modification of 

the effect of X on Y by any baseline covariates in Z and that all confounders are measured (i.e. 

there is no uncontrolled confounding of the X-Y relationship).  Together, these assumptions 

imply that the marginal effect of X is equal to the conditional effect of X. Assuming conditional 

ignorable exposure assignment (that is, conditional exchangeability or no uncontrolled 

confounding),       , where    is the counterfactual outcome under exposure status X=x. The 

target parameter of interest is the average treatment effect: 

  [     ]    (  )    (  ) [1]  

By the consistency and conditional exchangeability assumptions, we can express equation [1] 

as  

  (       )   (       ) [2]  

Consider a simple case in which we only have one confounder Z (see DAG in Figure 2-1 

below).  In order to eliminate confounding, all open backdoor paths from X to Y must be closed.  

This means inducing at least one of the following conditions: (1)    , (2)      , or (3)       .  

 

 

 

 

 

 
 

Z 

X Y 

Figure 2-1. DAG depicting simple case in which a single 
confounder Z biases the X-Y relationship. 
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The effect of X on Y can be estimated by outcome regression, propensity score (PS) 

covariate adjustment, or inverse probability of treatment weighted (IPTW) fitting of a defined 

marginal structural model.  We consider correctly specified and misspecified cases of these 

estimation techniques below. 

1.1 Outcome regression 

Correctly specified 

Assuming a linear additive model for the effect of X on Y: 

  (     )             [3]  

   consistently estimates  (     ) if all backdoor paths from X to Y are blocked by 

conditioning on Z in the model. 

Misspecified 

Let 

  (   )         [4]  

  (   )           (      )          (       )  [5]  

In equation [5], the estimate of the coefficient of X is given by   ̂ =        , where 

     is the bias in the coefficient of X due to confounding by Z. 

1.2 Propensity score (PS) covariate adjustment  

Correctly specified 

The PS is defined as a subject’s conditional probability of exposure.  Let e(Z) represent 

a parametric model (for example, the expit) for the PS of a binary exposure.  The PS is a 

balancing score, such that  (   ( )  )   (   ( ))  which implies that      ( ). PS 

theory shows that  (   |   ( ))   [ (   )  ( )]   ( ( )  ( ))   ( ) and 

∑  (     ) ( )  ∑  (     ( )) ( ( ))  for appropriately discretized e(Z) (1).  

Therefore, we can use the PS to adjust for confounding by Z.  The PS can be used as a 

variable for stratification, matching, or covariate adjustment in outcome regression.  For 
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demonstrative purposes, we proceed by including the PS as a covariate in an outcome 

regression model with the exposure: 

  (     ( ))            ( ) [6]  

The coefficient of X       because the PS d-separates X from Z:      ( ) by 

definition. 

Misspecified 

If  ( ) is misspecified such that Z (or some proper subset of Z for a set of confounders 

needed for confounding control) is not included in the model for the PS, X will not be 

independent of Z when  ( ) is included in the outcome regression model.  Under such 

circumstances, in equation [6],       due to residual confounding. 

1.3 Inverse probability of treatment weighted fitting of a marginal structural model 

(MSM) 

Correctly specified 

The standardized conditional mean of the potential outcome   for is given by: 

  (  )  ∑  ( 
 

    ) ( ) [7]  

The inverse probability of treatment weighted (IPTW) mean of Y is defined as: 

  [
    
 (   )

]  ∑
 

 (   )
 ( 

 
    ) (   ) ( )  ∑  ( 

 
    ) ( ) 

[8]  

Each individual is weighted by the inverse of the conditional probability of receiving the 

exposure that she actually received, the IPTW, to create a pseudopopulation in 

which    , and thus confounding by Z is eliminated.  Therefore, we can fit a marginal 

model to this pseudopopulation: 

  (   )         [9]  

Since the marginal effect of X on Y is equal to the conditional effect of X on Y in the 

absence of effect modification and uncontrolled confounding, we have that      . 
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Misspecified 

When the model used to construct the IPTW is misspecified by failure to adjust for Z, X 

is not independent of Z in the pseudopopulation created by applying the weights.  In 

such cases,       in equation [9] due to confounding. 

Doubly Robust Estimation 

 Doubly robust (DR) estimation combines a model for the exposure, such as the PS or 

IPTW, with a model for the outcome.  As such, the DR estimator affords investigators with two 

chances to fulfill the correct model specification assumption with respect to confounding control.  

Provided at least one of the models in the DR estimator is correctly specified, DR estimation will 

yield a consistent effect estimate.  If the model for the exposure is correctly specified, the DR 

estimator is robust to misspecification of the outcome regression.  On the other hand, if the 

outcome regression is correctly specified, the DR estimator is protected against misspecification 

of the exposure model.  We present a non-technical logical proof to show this below.  We 

explore four DR scenarios.  In order to demonstrate the DR property, we use the PS as the 

exposure model in this example, as Robins and Rotnitzky have previously shown that adding 

the PS as a covariate to a regression model produces a DR estimator (2).  However, the same 

conclusions would apply if IPTW were used instead of the PS.  All misspecified models fail to 

adjust for (some subset of) Z. 

2.1 Outcome regression correctly specified and PS correctly specified 

  (       ( ) )                 ( )
    (      ) [10]  

where  ( )          When the outcome regression is correctly specified, Z is 

conditioned on and cannot impact the coefficient of X.  In addition, if  ( )  is the 

correctly specified PS model then by definition      ( ) , which implies that Z cannot 

confound the X-Y relationship. Therefore, the outcome regression model that includes 
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both Z and  ( )  as a covariate (albeit redundant), as in equation [10] ensures 

consistent estimation of   . 

2.2 Outcome regression misspecified and PS correctly specified 

As previously shown in equation [5] of section 1.1, failure to include Z (or some subset of 

Z) in the outcome regression model results in the addition of a bias factor      to   .  

Adding the correctly specified PS,  ( ) , as a covariate to this model protects against 

misspecification of the outcome regression, since      ( ) .  We can also show this 

algebraically: 

  (     ( ) )          (       )     ( )
    (      ) [11]  

               (            )     ( )
  [12]  

                                                                              [13]  

Here, the PS,  ( ) , is expressed only in terms of X as it is the only other variable in the 

outcome model.  Thus                .  In order for   to equal   ,      must 

equal     .  We also know that         
    

  
, where     captures the relationship 

between the PS and Z. This implies that including the correctly specified PS in the model 

holds the bias factor      constant and eliminates confounding by Z.  Thus, when the 

PS is correctly specified, in equation [13],                         

    

  
     . 

2.3 Outcome regression correctly specified and PS misspecified 

Let  ( )     represent the misspecified PS.  X is not independent of Z given  ( ) , 

and thus Z still confounds the X-Y relationship.  However, when  ( )  is included as a 

covariate in the correctly specified outcome regression: 

  (       ( ) )                 ( )
    (  ) [14]  
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   is a consistent estimator of the effect of X on Y in equation [14] as inclusion of Z in 

the model blocks any residual confounding that remains after adjusting for  ( ) . 

2.4 Outcome regression misspecified and PS misspecified 

  (     ( ) )          (       )      ( )
    (  ) [15]  

When both the outcome regression model and PS are misspecified, the DR estimator 

does not protect against model misspecification.  As occurs with a misspecified outcome 

regression model, the coefficient of X is biased by a factor equal to the confounding 

effect of Z,     .  Since the PS is misspecified, X is not independent of Z given  ( )  

and the PS does not provide additional protection against misspecification of the 

outcome regression model.  Thus the estimated coefficient of X in equation [15] is 

inconsistent for the effect of X on Y. 

Multiply Robust Estimation 

 Multiply robust (MR) estimation is an extension of DR estimation that combines three or 

more models in a single union model.  Provided at least one of the sub-models in the union is 

correctly specified, the MR estimator will be robust to misspecification of the other models.  

Similar to the DR estimator, the MR estimator gives investigators more than one chance to fulfill 

the correct model specification assumption.  A number of different adjustment schemes can be 

combined to construct an MR union model.  For instance, PS covariate adjustment can be 

combined with IPTW and outcome regression.  A different MR model might combine multiple 

IPTW with multiple PS, and outcome regression.  Sequential g-estimation of structural nested 

mean models and outcome scoring are other estimation techniques we may combine in a union 

model.  To demonstrate how an MR union model offers protection against model 

misspecification, we consider combining PS covariate adjustment with IPTW and outcome 

regression.  As with the demonstration of the DR property above, all misspecified models fail to 

adjust for Z (or some subset of Z for a set of confounders). 
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3.1 Outcome regression correctly specified, IPTW correctly specified, and PS 

correctly specified 

As occurs with doubly robust estimation, when all three sub-models in the MR estimator 

are correctly specified   ̂    .  Conditioning on Z in the outcome regression, and 

including Z in the IPTW and PS models all suffice to control confounding by Z and allow 

for consistent estimation of   . 

3.2 Outcome regression correctly specified, IPTW correctly specified, and PS 

misspecified 

This scenario is similar to that described in section 2.2 above.  However, the correctly 

specified IPTW further function to render X independent of Z, thus eliminating Z as a 

confounder.  Thus, both the correctly specified IPTW and outcome regression 

simultaneously adjust for confounding by Z and protect against misspecification of the 

PS. 

3.3 Outcome regression correctly specified, IPTW misspecified, and PS correctly 

specified 

X is not independent of Z when the IPTW model does not include Z, meaning Z still 

confounds the X-Y relationship.  However, controlling for Z in the outcome regression 

and via the PS provide two methods of adjustment that allow for consistent estimation of 

  , as described in sections 2.1-2.3. 

3.4 Outcome regression misspecified, IPTW correctly specified, and PS correctly 

specified 

By definition, a correctly specified PS implies      ( ) , as shown in section 1.2.  In 

addition, weighting observations by correctly specified IPTW renders     in the 

pseudopopulation created by weighting, as demonstrated in section 1.3.  Combined, 
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these models protect against misspecification of the outcome regression, and adjust for 

confounding by Z even when it is not conditioned on in the outcome regression. 

3.5 Outcome regression misspecified, IPTW misspecified, and PS correctly specified 

Misspecified outcome regression results in inconsistent estimation of the effect of X on Y 

since   ̂         , where      is the bias that results from confounding by Z (see 

section 1.1 and equation [5]).  Since the IPTW is misspecified, weighting does not render 

   , and thus confounding by Z continues to result in inconsistent estimation of   .  

However, by definition, the correctly specified PS d-separates X from Z.  Inclusion of the 

correctly specified PS in the MR estimator protects against misspecification of the 

outcome regression and IPTW and allows consistent estimation of   ̂    . 

3.6 Outcome regression correctly specified, IPTW misspecified, and PS misspecified 

As mentioned, misspecified IPTW and PS do not d-separate X from Z and   ̂     with 

increasing sample size.  Correctly specified outcome regression, on the other hand, 

successfully controls for confounding by Z.  When the outcome regression is correctly 

specified, the bias factor      is held constant and the effect of X on Y is consistently 

estimated. 

3.7 Outcome regression misspecified, IPTW correctly specified, PS misspecified 

The DR estimator with misspecified outcome regression and PS is described in section 

2.4 above.  In equation [15]   ̂ is not a consistent estimator for    due to confounding by 

Z.  However, adding correctly specified IPTW to this DR estimator to construct an MR 

estimator allows for consistent estimation of    since the pseudopopulation created by 

weighting achieves    .  The MR estimator is robust to misspecification of the outcome 

regression and PS.  

3.8 Outcome regression misspecified, IPTW misspecified, and PS misspecified 
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Conversely, adding misspecified weights to the DR estimator with misspecified outcome 

regression and PS does not provide protection against misspecification of the other two 

models.  Weighting the data by misspecified IPTW does not make X independent of Z.  

Therefore, when all three models in the MR estimator are misspecified, it is not possible 

to consistently estimate   .  Similar reasoning can be extended to scenarios where the 

marginal effect of X on Y is not equal to the conditional effect of X on Y.  

Effect Measure Modification and Interaction 

 Consider a scenario in which a binary covariate A modifies the effect of X on Y.  

Carrying forward the same assumptions we made about the data and data generating 

mechanism, we can express the linear outcome regression model for Y as we did before with an 

added product term AX: 

  (       )                       [16]  

     (       )          [17]  

In this scenario, the effect of X on Y differs by levels of A.  By the hierarchical principle, we must 

include the main effect for A when we include the AX product term in our outcome regression 

model, regardless of whether A is a confounder.  Investigating effect measure modification 

requires no uncontrolled confounding of the X-Y relationship (3,4).  If this assumption is fulfilled,  

    (       )   (      ) and          (      )   (      ).  Omitting the 

product term from this model results in an inconsistent estimate of   , which is a summary 

measure of the stratum-specific measures of the effect of X on Y within levels of A. 

 When the modifier A and product term AX are both omitted from the model the 

coefficient of X is biased as shown in equations [18] and [19]: 

  (     )           (          )     (          )      [18]  

                (              )  (              )  [19]  
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When X is binary, the coefficient of X reduces to              .  Thus, if effect 

modification is present and ignored, the model above that ignores A and the product term AX is 

misspecified and thus does not consistently estimate the effect of X on Y. 

 If the PS is used as a covariate to control for confounding in the outcome regression, the 

main effect for A and product term AX must be included in the outcome regression in addition to 

the exposure variable and PS to assess effect modification: 

  (       ( ))                      ( ) [20]  

Assuming the PS is correctly specified for confounding control,    consistently estimates    and 

    consistently estimates    .   

 The same is also true when IPTW are used as weights in a MSM (5).  Given the IPTW 

are correctly specified for confounding control such that weighting induces the independence 

condition    , effect modification can be estimated using the MSM: 

  (     )                   [21]  

Similar to using a correctly specified PS,    from the MSM with correctly specified IPTW 

consistently estimates    and     consistently estimates    .   

 As is required for estimating the effect of X on Y, estimating effect modification also 

requires assuming no uncontrolled confounding of the exposure-outcome relationship (3,4).  

This can be achieved via correctly specified covariate adjustment in outcome regression, PS 

covariate adjustment, or IPTW.  DR and MR estimators can also be used to estimate effect 

modification given at least one of the models in either estimator is correctly specified for 

confounding control.  Both DR and MR estimators require that the outcome regression model 

include the AX product term and main effect for A, whether it is the correctly specified sub-

model or not.  Thus, scenarios analogous to sections 2.1-2.4 and 3.1-3.8 that additionally 

include AX and A as covariates in the outcome regression apply for the estimation of effect 

modification. 
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 Estimating interaction, on the other hand, requires no uncontrolled confounding of the 

main exposure-outcome relationship and the secondary exposure-outcome relationship since 

we are interested in the joint effect of both exposures, X and A, if we assume A is the secondary 

exposure of interest, on the outcome Y.  The potential outcome under both exposures can 

expressed as    , and the target effect of interest can be expressed as  

  (       ). [22]  

This target effect, also referred to as the average joint treatment effect, can be estimated from 

the models discussed in the context of effect modification above.  Whereas we required 

consistent estimation of    and     to assess effect modification in equations [16] and [17], 

assessing interaction requires consistent estimation of   ,     and    from these models.  

Consistent estimation of   ,     and    require that all confounders of the X-Y relationship and 

all confounders of the A-Y relationship must be adjusted for in order to fulfill the no uncontrolled 

confounding and correct model specification (with regard to confounding control) assumptions.  

By consistency and conditional exchangeability: 

  (       )   (             ) [23]  

and 

  (       )   (             ) [24]  

Assuming the parametric model shown in equation [16] accurately represents the underlying 

data generating mechanism: 

 

 (           )   (             )   (             )

           

[25]  

 DR and MR estimators can also be used to estimate causal interaction.  Provided at 

least one of the sub-models in either estimator is correctly specified for confounding control of 

the main and secondary exposure-outcome relationships, the joint effect of X and A can be 

estimated consistently.  The DR and MR estimators for the joint effect are the same as those for 
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estimating effect modification, but require an additional assumption: that there is no confounding 

of the A-Y relationship. 

Multilevel Models 

 Consider hierarchical data with a two-level clustered structure such that there are    

observations (indexed by         ) in   (       ) clusters, where   ∑    .  Let     be a 

binary exposure variable,     be a vector of unit-level covariates,    be a vector of cluster level 

covariates, and     be the observed outcome variable.   

Li, Zaslavsky, and Landrum (6,7) discuss different models for the PS that are based on 

different assumptions about the underlying exposure assignment mechanism.  For instance, 

they propose a marginal PS model that assumes the same exposure assignment mechanism 

across clusters, a fixed effects model for the PS that includes a cluster-level main effect and unit 

level covariates, and a random effects PS model that specifies a distribution for the cluster-

specific main effects.  Each of these PS models has different implications and all three can be 

used to estimate the average treatment effect. 

The authors also discuss DR estimators for hierarchical data, which remain consistent if 

either the PS model or outcome regression model is correctly specified.  Specifically, the DR 

estimator will remain consistent if either the PS model or the outcome regression model 

correctly accounts for the multilevel structure of the data.  Thus, all DR results for non-clustered 

data are also true for clustered data with the additional condition that clustering is accounted for 

in at least one component model of the DR estimator.   

For example, we can construct a DR estimator from a random intercept PS model that 

accounts for clustering,  

      ( (         ))                with     (     
 ) [26]  
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where    and   
  represent the mean and variance of the random intercept and the PS achieves 

covariate balance, combined with a linear random intercept outcome regression model 

                         with     (     
 ). [27]  

Since both sub-models in the DR estimator are correctly specified and account for clustering of 

the data, we can use the DR estimator to consistently estimate the average treatment effect.  

The DR estimator will also remain consistent if only one of these models is correctly specified. 

However, if correct model specification (which includes accounting for the clustered nature of 

the data either by inclusion of a random intercept or cluster level main effect(s)) is not achieved 

in either of these models, a consistent effect estimate for Xij will not be obtained. 

Based on this finding we can extrapolate this result from DR to MR settings, such that 

the MR estimator will remain consistent if at least one of the sub-models in the union (i.e. the 

PS, IPTW, or outcome regression) is correctly specified and accounts for the clustered nature of 

the data.  Expanding on the DR estimator above, we can further weight the linear random 

intercept model by IPTW to construct an MR estimator.  Provided one of these sub-models is 

correctly specified and accounts for clustering, either through the inclusion of random effects or 

cluster level main effect(s), the MR estimator will remain consistent. 

Augmentation 

 Robins, Rotnitzky, and Zhao (8) introduced the augmented inverse probability of 

treatment weighted (AIPTW) doubly robust (DR) estimator in 1994.  The first term in the 

estimator is the inverse probability weighted estimator.  The second term is an augmentation 

term that supports the doubly protected property and aids in efficiency gains.  In line with Funk 

et al. (9), we can present the DR estimator as:  

  (     )       
  ∑[

 

   

    

 (    ̂)
 
{    (    ̂)}

 (    ̂)
  (     ̂)]   

  ∑[

 

   

(    )  

   (    ̂)
 
{    (    ̂)}

   (    ̂)
  (     ̂)] 

[28]  

   (     )   (     ) [29]  
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where  (     )   (  ) and  (     )   (  ),  (    ) is the propensity score (PS) model, 

  (     ) and   (     ) are the outcome regression models for the relationship between the 

outcome Y and covariates Z among the exposed (X=1) and unexposed (X=0), respectively.  The 

parameters  ̂ for   are obtained from a logistic regression of X on Z, while parameter estimates  

  ̂ and   ̂ of    and    are obtained from outcome regressions. 

 Using  (     ) to demonstrate the DR property of the estimator, we can re-express 

 (     ) as 

  (     )   
  ∑[

 

   

    
{    (    ̂)}

 (    ̂)
(      (     ̂))] 

[30]  

which, in large samples, converges to 

  (     )   (  )   [
{   (   ̂)}

 (   ̂)
(     (    ̂))] 

[31]  

If the PS model is correctly specified, the term 
{   (   ̂)}

 (   ̂)
 will reduce to 0 as a result of algebraic 

manipulation and the exchangeability assumption, and  

  (     )   (  )   [   (     (    ̂)]   (  ) [32]  

On the other hand, if the outcome regression model is well specified,      (    ̂) will reduce 

to 0 and 

  (     )   (  )   [
{   (   ̂)}

 (   ̂)
  ]   (  ) 

[33]  

The same can be shown for  (     ).  Thus, if either the PS or outcome regression model is 

well specified,     is a consistent estimate of the effect of X on Y.  

 Doubly robust estimators can also be constructed by adding the propensity score as a 

covariate to a regression model (2,10–12).  This was first proposed by Robins and Rotnitzky (2), 

who showed that the ordinary least squares estimator that includes the PS as a covariate in the 
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regression of Y on the exposure X and confounders Z, as demonstrated in equation [6], is 

doubly robust.  We can express equation [6] as a function  (       )   (     )      . 

 Extending Robins and Rotnitzky’s finding, we can modify the AIPTW estimator to 

become multiply robust rather than doubly robust if we replace   (     ̂) with  (       ̂  ̂) 

and   (     ̂) with  (       ̂  ̂).  The resulting multiply robust AIPTW estimator can be 

expressed as 

  (     )       
  ∑[

 

   

    

 (    ̂)
 
{    (    ̂)}

 (    ̂)
 (       ̂  ̂)]     ∑[

 

   

(    )  

   (    ̂)
 
{    (    ̂)}

   (    ̂)
 (       ̂  ̂)] [34]  

   (     )   (     ) [35]  

Once again, we can re-express 

  (     )   (  )   [
{   (   ̂)}

 (   ̂)
(    (       ̂  ̂))] 

[36]  

where  (       ̂  ̂) is DR.  While 
{   (   ̂)}

 (   ̂)
 reduces to 0 under the same circumstances 

discussed above, the expression     (       ̂  ̂) will reduce to 0 if the outcome regression 

model or PS model in   are correctly specified.  It is important to note that the PS model in   

need not be the same as  (   ̂).  Rather, if the true data generating mechanism is unknown, 

the PS model in   affords investigators a third chance to correctly specify the model whereas 

the traditional DR AIPTW estimator only makes use of two models and thus affords 

investigators with only two chances to correctly specify the models that comprise the DR AIPTW 

estimator. 

Conclusion 

 When working with a simple three variable additive linear causal system in which X 

causes Y, Z confounds the relationship between X and Y, and there is no modification of the 

effect of X on Y the average causal effect of X on Y can be estimated consistently using a 

correctly specified outcome regression, correctly specified PS, correctly specified IPTW, or 
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combinations thereof.  DR estimation and MR estimation combine two and three of outcome 

regression, PS, or IPTW respectively.  Provided one of the sub-models in the union is correctly 

specified, the effect of X on Y can be consistently estimated.   

 In this chapter, we focus only on showing how consistent estimation of the effect of X on 

Y can be achieved through DR and MR estimation.  While variance estimation is not discussed 

in this chapter, it has been explored by Scharfstein et al. (13), Robins et al. (8,14), Tsiatis et al. 

(15,16), Lunceford and Davidian (17), Chan (18) , and Han and Wang (19) among others.  

Bootstrapping is also frequently used for robust variance estimation in such settings(9). 

 While we have shown the logic underlying a simple case in this chapter, the results 

shown here generalize to more complex causal systems involving multiple confounders.  In 

such cases, at least one model in the DR or MR estimator must adjust for all confounders of the 

X-Y relationship.  DR and MR estimation are more useful under these circumstances compared 

to the simple case discussed in this chapter.  In most cases, however, there is more debate 

regarding the proper functional form of variables to be used in a model rather than the variables 

to be included in the model themselves.  MR estimation may prove to be a valuable tool in this 

regard.  Further research is needed to explore the utility of MR estimation in such situations. 
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Chapter 3. Multiply Robust Models for Confounding Control 

by Disagreeing Collaborators 

Abstract 

This study extends doubly robust estimation to multiply robust estimation settings in 

which three or more estimators or models can be combined, allowing collaborators with 

competing confounding adjustments to build a union model. We combined propensity score 

adjustment, outcome regression, and inverse probability of treatment weighted fitting of a 

marginal structural model to estimate causal effects. We used Monte Carlo methods to examine 

the performance of multiply robust estimation in different model specification scenarios where at 

least one model is correctly specified. We found that exposure effect estimates were consistent 

in all scenarios, regardless of which model was misspecified. These simulations demonstrate 

how investigators may use multiply robust estimation to obtain one set of results without being 

forced to agree on one model. We then applied multiply robust estimation to investigate the 

impact of a positive lifetime history of being diagnosed with depression on current self-rated 

general health in India using data from the World Health Survey. This illustrative example 

demonstrates how investigators may use multiply robust estimation to obtain one set of results 

without being forced to agree on a single model. Provided there is no uncontrolled confounding, 

no other bias is introduced, and no more than one of the sub-models is correctly specified with 

regards to confounding control, multiply robust estimation will yield consistent effect estimates. 
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Introduction 

Correct model specification for control of confounding is likely the most common 

assumption of causal effect estimation.  Yet, the validity of this assumption cannot be verified 

using data or statistical tests as there is no way to determine whether a model captures the true 

relationships between exposures, confounders, and outcomes.  Causal effect estimates will be 

inconsistent unless the model is an accurate depiction of the true relationship between exposure 

and outcome variables and there is no uncontrolled confounding (1). 

Finding a single model that suits the purpose of a causal analysis is a difficult task.  This 

task is only exacerbated by poorly performing yet routinely used algorithms such as best subset 

and stepwise regression (2,3).  Such algorithms are well-suited for statistical prediction, but are 

less appropriate as a means for identifying appropriate confounders that must be controlled for 

in causal analysis.  This becomes an increasingly important problem, since a large number of 

models can be built given only a few predictors.  As such, collaborators may have differing ideas 

about important variables for confounding control making it difficult to agree on a final model 

specification.  Typically, investigators resort to collecting as much data on confounders as 

possible and then consider separate model specifications and presentations.  This is a tedious 

process, thus making multiply robust (MR) estimation, a novel method that is an extension of 

doubly robust (DR) estimation, further explained below, particularly appealing as it affords 

investigators with more than two chances to specify a correct model within a single union model, 

obviating multiple results presentation.   

In this chapter, we introduce MR estimation, which builds on DR estimation by 

combining three or more models in one union model to yield consistent effect estimates when at 

least one of the models is correctly specified, no new bias is introduced, and there is no 

uncontrolled confounding.  We show that three models can be combined in a multiply robust 

union to obtain a conditional effect estimate comparable to that from a correctly specified 
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outcome regression.  To demonstrate multiply robust estimation, we examine the performance 

of MR estimators using Monte Carlo simulations.  We examine bias, standard deviation of the 

estimate, simulation intervals, and coverage of model-based confidence intervals.  Next we 

present an illustrative case using World Health Survey (WHS) data.  The MR method allows 

collaborators who disagree about sufficient sets for control of confounding to examine the effect 

of depression on self-rated health to build a final model and get a single estimate using three 

sub-models capturing each collaborator’s ideas about the appropriate adjustment scheme. 

Doubly Robust Estimation 

DR estimation is a modern technique that combines outcome and exposure modeling to 

provide consistent estimates when either one or both models are correctly specified (1,4–7).  

Bang and Robins define an estimator as doubly robust “if it remains consistent when either the 

model for the treatment assignment mechanism or the model for the counterfactual data is 

correctly specified” (4).  Thus, a model for the exposure, usually specified using the propensity 

score (PS), can be combined with an outcome model for the conditional mean of the outcome 

variable.  Provided at least one of the models is correctly specified, estimates derived from DR 

estimation will be consistent or asymptotically unbiased.  That is, the resulting estimates will be 

robust to misspecification of one of the models (1,8,9). 

The DR estimator was first introduced by Robins et al. in 1994 (8).  The authors 

proposed the augmented inverse probability-weighted (AIPTW) estimators, which used an 

outcome regression model as an augmentation term to inverse probability of treatment weighted 

fitting of marginal structural models.  DR estimators constructed using the propensity score as a 

covariate in the outcome regression model have been proposed by Scharfstein et al.(9), Robins 

and Rotnitzky (10), and others (4,11) while Bang and Robins presented DR estimators as 

sequential regression estimators (4). 
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In certain settings, double robustness may not provide sufficient protection for model 

misspecification as it provides only two chances for correct model specification.  Assuming that 

at least one of the two models in the DR estimator is correctly specified may be doubtful in 

practice.  Since the underlying data generating mechanism often remains unknown, combining 

multiple models in a single union model increases the likelihood that correct model specification 

will be achieved.   

Multiply Robust Estimation 

DR estimation can be extended to MR settings, where more than two estimation 

techniques, such as outcome regression, PS adjustment, disease risk score (DRS) adjustment, 

or inverse probability of treatment weights (IPTW) are combined to obtain a final estimate.  MR 

estimation affords investigators with more than two chances to specify a correct model within a 

union, obviating the need for multiple results presentation.   

Two MR estimators were recently proposed by Han and Wang (12) and Chan (13).  Han 

and Wang’s estimator is based on empirical likelihood while Chan’s estimator is based on least 

squares and is more easily implemented. The estimator we propose in this chapter combines 

PS covariate adjustment with IPTW, and outcome regression. 

Assumptions 

In order to draw causal inference from effect estimates, we must make certain 

fundamental assumptions regardless of the mode of estimation chosen.  That is, we must 

assume that consistency, no interference, conditional exchangeability, and positivity (1,14) hold.  

Causally interpreting estimates from DR and MR estimators also require these assumptions.  

The conditional exchangeability assumption, which is also often referred to as the no 

uncontrolled confounding assumption, is especially important as bias due to uncontrolled 

confounding cannot be adjusted for or eliminated.   
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Monte Carlo Simulations 

Methods 

We used Monte Carlo methods to simulate data that had a structure reflecting the 

relationships between variables shown in the causal diagram in Figure 3-1.  We simulated 1000 

cohorts of size N=10,000 to examine the effect of a binary exposure, X, on a continuous 

outcome, Y, in the presence of three dichotomous confounding variables, Z1, Z2, and Z3. Z1 was 

simulated to be a weak confounder with a prevalence of 0.70, Z2 was a moderately strong 

confounder with a prevalence of 0.60, and Z3 was a strong confounder with a prevalence of 

0.40.  The effect of X on Y was simulated to be null.  The probability of X=1 was defined as 

1/(1+exp(-(ln(.15/.85) + ln(1.2)*z1 + ln(1.5)*z2 + ln(2)*z3))), and the equation used to simulate Y 

was: y = βY + βYX*x + βYZ1*z1 + βYZ2*z2 + βYZ3*z3 + ε, where {βY, βYX, βYZ1, βYZ2, βYZ3} = {0, 0, 3, 4, 

6} and ε ~N(0, 0.5). X had an overall prevalence of 0.26, and Y had a mean of 6.90 with a 

standard deviation of 3.82. 

 

 

 

 

 

 

 

 

 

We estimated the conditional effect of exposure on the outcome in each cohort under a 

number of different scenarios, as shown in Table 3-1.  Details about these scenarios are 

X Y 

Z3 

Z2 Z1 

Figure 3-1. Directed acyclic graph (DAG) representing relationships between 
variables in simulated study population. 
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presented in Table 3-1. Briefly, we looked at the crude effect of X on Y, a correctly specified 

outcome regression, and various DR and MR models, involving misspecification of none, one, 

two, or three (in the case of MR estimation) models by excluding confounders of varying 

strengths.  We used the conditional estimate of the X coefficient from a correctly specified 

outcome regression (Scenario 1) as our reference point.  In the doubly robust scenarios, we 

combined IPTW and outcome regression models.  In the multiply robust scenarios, we 

combined three models for PS covariate adjustment, IPTW, and outcome regression.  We used 

the study covariates Z1, Z2, and Z3 to model the PS as the probability that each subject was 

exposed (X=1) (15).  The PS was used as a continuous covariate in the models.  We calculated 

the weights for the IPTW fitting as the inverse of the conditional probability of exposure for each 

individual. We used stabilized IPTW in order to reduce excessively high weights assigned to 

those with low probability of exposure.  These weights were used to create a pseudopopulation 

in which the distribution of confounders for the exposed and unexposed were the same (16–19). 

We assessed bias of the effect estimates from the 1000 simulated cohorts, standard 

deviation of the effect estimate, 95% simulation interval, and model-based coverage of 95% 

confidence intervals.  We obtained the 95% simulation interval by taking the 2.5th and 97.5th 

percentiles of the distribution of estimates from the 1000 cohorts and assessed model based 

95% confidence interval coverage by determining the proportion of model based confidence 

intervals that included the true value of zero.  All simulations were repeated with a non-null 

coefficient of βYX=2 for the coefficient of X in the model for Y.  All analyses were carried out in 

SAS (version 9.3, SAS Institute, Inc, NC, 2010). 

Results 

Simulation results are presented in Table 3-1, alongside scenario descriptions.  Effect 

estimates obtained in doubly robust scenarios 2 to 3.6 and multiply robust scenarios 5 to 7.9 

were unbiased, as expected.  However, doubly robust and multiply scenarios where all models 
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were misspecified (scenarios 4.1 to 4.3 and 8.1 to 8.3, respectively) did not yield consistent 

estimates of effect, also as expected.  Model-based confidence intervals had at least 95% 

coverage levels in all cases except in the biased scenarios of 4.1 to 4.3 and 8.1 to 8.3.  We 

present model-based 95% confidence intervals and 95% simulation intervals in Table 3-1.  

(However, per Funk et al.’s (1) findings with regard to DR estimation, bootstrapped confidence 

intervals should be used in actual applications.)  Results from simulations using βYX=2 for the 

coefficient of X produced similar results, in that effect estimates for X were consistent in the 

same scenarios described above and inconsistent in scenarios where all estimators in the 

doubly robust and multiply robust union models were misspecified.  As expected, coverage was 

close to 95% in the DR/MR settings except for a few scenarios involving misspecification of the 

outcome regression model that produced intervals with an acceptable 94% coverage.  These 

results are shown in Table 3-2.
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Table 3-1.  Bias, standard deviation of estimate, 95% simulation interval and model-based coverage from different scenarios in which βYX=0. Model specification scenario 
descriptions: Scenario 0 – unadjusted model.  Scenario 1 – correctly specified OR.  Scenario 2 – DR estimation with IPTW and OR correctly specified.  Scenario 3 –DR 
model with one model misspecified.  Scenario 4 – DR estimation with both models misspecified.  Scenario 5 – MR estimation with all models correctly specified.  Scenario 6 – 
MR estimation with one model misspecified.  Scenario 7 – MR estimation with two models misspecified.  Scenario 8 – MR estimate with all three models misspecified. 

Scenario 

Propensity score 

adjustment 

Inverse probability of 

treatment weighting 

Outcome regression 

model Bias 

Standard 

deviation 

95% Simulation 

interval 

Model based 

coverage 

0   Regress Y on X only 1.4839 0.09 1.33, 1.65 0.00 

1 -- -- Correctly specified -0.0002 0.01 -0.02, 0.02 0.96 

2 -- Correctly specified Correctly specified -0.0004 0.01 -0.02, 0.02 0.95 

3.1 -- Misspecified1 Correctly specified -0.0003 0.01 -0.02, 0.02 0.96 

3.2 -- Correctly specified Misspecified1 -0.0007 0.01 -0.02, 0.03 1.00 

3.3 -- Misspecified2 Correctly specified -0.0003 0.01 -0.02, 0.02 0.96 

3.4 -- Correctly specified Misspecified2 -0.0005 0.01 -0.03, 0.03 1.00 

3.5 -- Misspecified3 Correctly specified -0.0005 0.01 -0.02, 0.02 0.95 

3.6 -- Correctly specified Misspecified3 -0.0003 0.01 -0.02, 0.02 1.00 

4.1 -- Misspecified1 Misspecified1 1.0129 0.07 0.88, 1.15 0.00 

4.2 -- Misspecified2 Misspecified2 0.3796 0.05 0.29, 0.47 0.00 

4.3 -- Misspecified3 Misspecified3 0.1122 0.03 0.05, 0.18 0.08 

5 Correctly specified Correctly specified Correctly specified -0.0004 0.01 -0.02, 0.02 0.95 

6.1 Misspecified1 Correctly specified Correctly specified -0.0004 0.01 -0.02, 0.02 0.95 

6.2 Correctly specified Misspecified1 Correctly specified -0.0003 0.01 -0.02, 0.02 0.96 

6.3 Correctly specified Correctly specified Misspecified1 -0.0005 0.01 -0.02, 0.03 0.96 

6.4 Misspecified2 Correctly specified Correctly specified -0.0004 0.01 -0.02, 0.02 0.95 

6.5 Correctly specified Misspecified2 Correctly specified -0.0003 0.01 -0.02, 0.02 0.96 

6.6 Correctly specified Correctly specified Misspecified2 -0.0005 0.01 -0.03, 0.03 0.96 

6.7 Misspecified3 Correctly specified Correctly specified -0.0004 0.01 -0.02, 0.02 0.95 

6.8 Correctly specified Misspecified3 Correctly specified -0.0005 0.01 -0.02, 0.02 0.95 

6.9 Correctly specified Correctly specified Misspecified3 -0.0006 0.02 -0.03, 0.03 0.97 

7.1 Correctly specified Misspecified1 Misspecified2 -0.0008 0.01 -0.03, 0.03 0.97 

7.2 Misspecified1 Correctly specified Misspecified2 -0.0004 0.01 -0.02, 0.02 0.95 

7.3 Misspecified1 Misspecified2 Correctly specified -0.0003 0.01 -0.02, 0.02 0.96 

7.4 Correctly specified Misspecified1 Misspecified3 -0.0008 0.02 -0.03, 0.03 0.97 

7.5 Misspecified1 Correctly specified Misspecified3 -0.0005 0.01 -0.02, 0.02 0.95 

7.6 Misspecified1 Misspecified3 Correctly specified -0.0005 0.01 -0.02, 0.02 0.95 

7.7 Correctly specified Misspecified3 Misspecified2 -0.0006 0.01 -0.02, 0.03 0.97 

7.8 Misspecified3 Correctly specified Misspecified2 -0.0007 0.01 -0.02, 0.03 0.96 

7.9 Misspecified3 Misspecified2 Correctly specified -0.0003 0.01 -0.02, 0.02 0.96 

8.1 Misspecified1 Misspecified1 Misspecified1 1.0131 0.07 0.88, 1.15 0.00 

8.2 Misspecified2 Misspecified2 Misspecified2 0.3795 0.05 0.29, 0.47 0.00 

8.3 Misspecified3 Misspecified3 Misspecified3 0.1122 0.03 0.05, 0.18 0.08 
1 Misspecified model fails to adjust for Z3, a known strong confounder 
2 Misspecified model fails to adjust for Z2, a known moderately strong confounder 
3 Misspecified model fails to adjust for Z1, a known weak confounder 
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Table 3-2.  Bias, standard deviation of estimate, 95% simulation interval and model-based coverage from different scenarios in which βYX=2. Model specification 
scenario descriptions: Scenario 0 – unadjusted model.  Scenario 1 – correctly specified OR.  Scenario 2 – DR estimation with IPTW and OR correctly specified.  
Scenario 3 –DR estimation with one model misspecified.  Scenario 4 – DR estimation with both models misspecified.  Scenario 5 – MR estimation with all models 
correctly specified.  Scenario 6 – MR estimation with one model misspecified.  Scenario 7 – MR estimation with two models misspecified.  Scenario 8 – MR 
estimation with all three models misspecified. 

Scenario 

Propensity score 

adjustment 

Inverse probability of 

treatment weighting 

Outcome regression 

model Bias 

Standard 

deviation 

95% Simulation 

interval 

Model based 

coverage 

0   Regress Y on X only 1.4813 0.08 3.32, 3.65 0.00 

1 -- -- Correctly specified -0.0002 0.01 1.98, 2.02 0.96 

2 -- Correctly specified Correctly specified -0.0001 0.01 1.98, 2.02 0.95 

3.1 -- Misspecified
1
 Correctly specified -0.0001 0.01 1.98, 2.02 0.96 

3.2 -- Correctly specified Misspecified
1
 -0.0008 0.01 1.97, 2.03 1.00 

3.3 -- Misspecified
2
 Correctly specified -0.0002 0.01 1.98, 2.02 0.95 

3.4 -- Correctly specified Misspecified
2
 -0.0006 0.01 1.97, 2.03 1.00 

3.5 -- Misspecified
3
 Correctly specified -0.0001 0.01 1.98, 2.02 0.95 

3.6 -- Correctly specified Misspecified
3
 0.0002 0.01 1.97, 2.02 1.00 

4.1 -- Misspecified
1
 Misspecified

1
 1.0130 0.07 2.88, 3.14 0.00 

4.2 -- Misspecified
2
 Misspecified

2
 0.3794 0.05 2.30, 2.47 0.00 

4.3 -- Misspecified
3
 Misspecified

3
 0.1104 0.03 2.05, 2.18 0.09 

5 Correctly specified Correctly specified Correctly specified <0.0001 0.01 1.98, 2.02 0.95 

6.1 Misspecified
1
 Correctly specified Correctly specified -0.0001 0.01 1.98, 2.02 0.95 

6.2 Correctly specified Misspecified
1
 Correctly specified -0.0001 0.01 1.98, 2.02 0.95 

6.3 Correctly specified Correctly specified Misspecified
1
 -0.0012 0.01 1.97, 2.03 0.94 

6.4 Misspecified
2
 Correctly specified Correctly specified <0.0001 0.01 1.98, 2.02 0.95 

6.5 Correctly specified Misspecified
2
 Correctly specified -0.0002 0.01 1.98, 2.02 0.95 

6.6 Correctly specified Correctly specified Misspecified
2
 -0.0009 0.01 1.97, 2.03 0.94 

6.7 Misspecified
3
 Correctly specified Correctly specified -0.0001 0.01 1.98, 2.02 0.95 

6.8 Correctly specified Misspecified
3
 Correctly specified -0.0001 0.01 1.98, 2.02 0.95 

6.9 Correctly specified Correctly specified Misspecified
3
 -0.0005 0.02 1.97, 2.03 0.95 

7.1 Correctly specified Misspecified
1
 Misspecified

2
 -0.0008 0.01 1.97, 2.03 0.95 

7.2 Misspecified
1
 Correctly specified Misspecified

2
 -0.0002 0.01 1.98, 2.02 0.94 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified -0.0002 0.01 1.98, 2.02 0.95 

7.4 Correctly specified Misspecified
1
 Misspecified

3
 -0.0007 0.02 1.97, 2.03 0.96 

7.5 Misspecified
1
 Correctly specified Misspecified

3
 0.0001 0.01 1.98, 2.02 0.95 

7.6 Misspecified
1
 Misspecified

3
 Correctly specified -0.0002 0.01 1.98, 2.02 0.95 

7.7 Correctly specified Misspecified
3
 Misspecified

2
 -0.0009 0.01 1.97, 2.03 0.94 

7.8 Misspecified
3
 Correctly specified Misspecified

2
 -0.0004 0.01 1.97, 2.03 0.94 

7.9 Misspecified
3
 Misspecified

2
 Correctly specified -0.0002 0.01 1.98, 2.02 0.95 

8.1 Misspecified
1
 Misspecified

1
 Misspecified

1
 1.0130 0.07 2.88, 3.14 0.00 

8.2 Misspecified
2
 Misspecified

2
 Misspecified

2
 0.3793 0.05 2.30, 2.47 0.00 

8.3 Misspecified
3
 Misspecified

3
 Misspecified

3
 0.1104 0.03 2.05, 2.18 0.08 

1
 Misspecified model fails to adjust for Z3, a known strong confounder 

2
 Misspecified model fails to adjust for Z2, a known moderately strong confounder 

3
 Misspecified model fails to adjust for Z1, a known weak confounder
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Illustrative Example 

Depression alone accounts for 12% of total years lived with disability globally (20). By 

2020, depression is expected to be the second greatest source of the global burden of disease 

(21).  Since the relationship between depression and health is of great interest, several risk 

factors are debated for adjustment in models. For example, the roles of other non-

communicable diseases, location of residence, social capital, and insomnia as confounders 

remain contested (22–24).  In general, social capital refers to the idea that participation in 

groups positively influences the lives of individuals (25).  This illustrative example uses multiply 

robust estimation to combine competing adjustment schemes from three hypothetical 

investigators studying the relationship between self-reported lifetime diagnosis of depression 

and current self-rated health in a single union model that yields only one result. 

Methods 

Study Population and Data.  Data from the WHS (26,27) were used to explore the 

association between depression and self-rated health in India.  The WHS was implemented in 

2002-2005 by the World Health Organization, and includes individual level data from 70 

countries worldwide.  Adults age 18 or older in private households participated in the survey, 

and probability sampling designs were used to obtain representative samples from each of the 

countries (28).  To explore the research question of interest, we restricted our dataset to India 

and excluded individuals younger than 25 years of age and those missing data on the exposure, 

outcome, or other covariates of interest. This yielded a final sample size of 6178. 

Outcome.  The dependent variable in this study was a self-rated health score.  

Individuals responded to a question which asked: “In general, how would you rate your health 

today?" on a 5-point scale where 1=very good and 5=very bad.  We reverse-coded responses 
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on a scale of 0-4 and multiplied by 2.5 to get a self-rated health score that ranged from 0-10, 

from worst to best health. 

Predictors.  The exposure of interest was whether a patient has ever been diagnosed 

with depression.  Individuals responded to the question: “Have you ever been diagnosed with 

depression?”  Potential confounders of the relationship between depression and self-rated 

health were a set of demographic variables (marital status, age, gender, and religion), 

employment status, education, type of comorbidities (arthritis, angina, asthma, and diabetes), 

difficulty sleeping, health risk behaviors (sufficient nutrition and current smoking status), and 

social capital variables (neighborhood safety, sense of control, ability to cope, and community 

participation).  Individuals were assigned to one of three categories of religion, Hindu, Muslim, 

or other.  Individuals were classified as unemployed if they responded to: “What is your current 

job” with “Not working for pay”.  Sufficient nutrition was a binary variable, where consuming five 

or more fruits and vegetables on a typical day indicated receiving sufficient nutrition.  The 

comorbidity variables were assessed with the question “Have you ever been diagnosed with…”  

Although respondents rated each of the health risk behavior and social capital questions on a 5-

point scale, we dichotomized the variables to create binaries that indicated high vs. low ratings 

on the questions, similar to other authors (29).  Each of the three investigators in this study 

chose a subset of these variables to build a single model. 

Each hypothetical collaborator’s beliefs about confounders are described below, and 

superscripts are used to represent each collaborator’s adjustment scheme in Table 3-3. 

 Collaborator 1.  In addition to the demographic variables that are controlled for by all three 

investigators (age, marital status, gender, education, and employment status), Collaborator 

1 believed the residence in a rural area was a confounder that must be controlled for. 

 Collaborator 2.  The second collaborator believed health behaviors are also important 

variables to consider.  She chose to adjust for the confounders agreed upon by all 
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collaborators and to further include residence in a rural area, types of chronic disease, 

difficulty sleeping, smoking status, and nutrition. 

 Collaborator 3.  Collaborator 3 considered social capital an important confounder of the 

relationship under study.  Therefore, she believed neighborhood safety, sense of control, 

ability to cope, and community participation must be adjusted for in addition to the set of 

variables adjusted for by Collaborator 2.  For illustrative purposes, we assume that 

Collaborator 3’s set of confounders is sufficient for confounding control. 

Analytic Strategies and Adjustment Schemes.  While all three collaborators in our 

illustration agreed about the confounding effects of the demographic variables, marital status, 

age, gender, education level, and employment status, they disagree about the influence of other 

covariates.  Thus, we explored the differing adjustment schemes of the collaborators.  We 

assumed that there were no unmeasured confounders in the study.  Linear regression models 

were used to estimate the effect of depression on self-rated health.  In order to show that 

different sets of estimators can be combined to obtain multiply robust associations, we 

presented multiple scenarios where the collaborators use different estimators to achieve 

confounding control.  We present results from a crude model, models using correctly specified 

outcome regression, propensity score, and inverse probability of treatment weights, DR models 

and MR models.  In DR scenarios, we used IPTW and OR, as specified in Table 3-3.  The MR 

model combined all three adjustment schemes and thus merged the views of all three 

investigators in a single union model.  This was accomplished by using stabilized IPTWs from 

one collaborator as weights in the outcome regression specified by a second collaborator and 

including a third collaborator’s PS as a continuous covariate in this model. 

We also repeated the analysis using Monte Carlo simulation by generating 1000 cohorts 

of the study sample. We simulated self-rated health for each observation using the covariate 

data and coefficients obtained from the conditional outcome regression of self-rated health on 
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all hypothesized covariates as we believed this was the correctly specified model (see 

Collaborator 3 below).  Results from this hybrid analysis are presented in Appendix Table 3-2.  

Results from models in which survey weights were applied to the application are presented in 

Appendix Table 3-3.  All statistical analyses were carried out in SAS (version 9.3, SAS Institute, 

Inc, NC, 2010).   

Results 

Descriptive statistics for the exposure, outcome, and covariates used in this illustrative 

example are presented in Appendix Table 3-1.  Table 3-3 describes each of the explored 

scenarios and reports coefficient estimates for the effect of depression on self-rated health.  

Unadjusted results are presented in scenario 0.  In scenario 1.1-1.3, we present results from 

estimators that adjust for all hypothesized confounders representing Collaborator 3’s views.  

Results from doubly robust models are presented in scenarios 2-4 and multiply robust results 

are presented in scenarios 5-8.  In each scenario, we varied the type or number (or both) of 

estimators that were misspecified.  Associations obtained from each scenario vary.  Similar to 

our simulations, we used the conditional estimate of b=-0.31 for depression from the correctly 

specified outcome regression in scenario 1.1 as a reference to which we compared other 

estimates.  We found that results from doubly or multiply robust scenarios 3.1 (b=-0.46), 6.2 

(b=-0.46), 7.1 (b=-0.37), and 7.3 (b=-0.46) were comparable to this conditional estimate.  In 

scenario 1.2, an outcome regression that used a correctly specified PS as a continuous 

covariate for adjustment also produced a similar estimate of (b=-0.36). 

The MR estimates from scenarios 6.1-7.3 were very similar.  In particular, MR estimates 

were more similar to each other in scenarios 6.1-6.3 where only one sub-model was 

misspecified compared to estimates from scenarios 7.1-7.3 in which two sub-models were 

misspecified.  The large overlap in 95% confidence intervals for the MR estimates further 

support our finding that these estimates are quite similar.  However, the estimates from scenario 
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4 and 8, where all sub-models in the doubly robust and multiply robust union models, 

respectively, were misspecified were also similar to estimates from doubly robust and multiply 

robust scenarios.  This is likely due to the fact that the additional confounders adjusted for in the 

full set (Collaborator 3’s adjustment scheme) were weak confounders. We found model-based 

and bootstrapped confidence intervals were very similar in all cases.   

Results from our hybrid analysis (See Appendix Table 3-2) in which we used observed 

covariates to simulate the outcome variable also show that we get consistent estimates of effect 

such that the observed bias is negligible in all scenarios except 4 and 8. This is expected as 

scenario 4 presents a DR model in which both the exposure and outcome models are 

misspecified and scenario 8 presents an MR model in which all 3 sub-models in the union 

model are misspecified. Thus, neither of the models in scenario 4 or 8 is protected from 

misspecification of the sub-models. 
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Table 3-3.  Comparison of coefficient estimates for depression from crude, linear regression, doubly robust, and multiply robust scenarios as 
described, using distinct estimators to account for differing adjustment schemes for confounding control (N=6178). 

Scenario Propensity Score 

Inverse 
Probability 

Weights 
Outcome 

regression 
Estimate 

(SE) 
Model based 

95% CI 
Bootstrapped 

95% CI P-value 

0   
Regress Y on X 

only -1.32 (0.09) (-1.5, -1.14) (-1.49, -1.14) <.0001 

1.1 -- -- Correctly specified
3
 -0.31 (0.08) (-0.48, -0.15) (-0.48, -0.14) 0.0002 

1.2 Correctly specified
3
 -- -- -0.36 (0.09) (-0.55, -0.17) (-0.55, -0.17) 0.0001 

1.3 -- Correctly specified
3
 -- -0.61 (0.09) (-0.79, -0.43) (-0.82, -0.40) <.0001 

2 -- Correctly specified
3
 Correctly specified

3
 -0.51 (0.08) (-0.66, -0.36) (-0.69, -0.33) <.0001 

3.1 -- Misspecified
2
 Correctly specified

3
 -0.46 (0.08) (-0.61, -0.30) (-0.64, -0.28) <.0001 

3.2 -- Correctly specified
3
 Misspecified

2
 -0.50 (0.08) (-0.66, -0.35) (-0.69, -0.33) <.0001 

4 -- Misspecified
2
 Misspecified

2
 -0.60 (0.08) (-0.76, -0.44) (-0.79, -0.41) <.0001 

5 Correctly specified
3
 Correctly specified

3
 Correctly specified

3
 -0.51 (0.08) (-0.66, -0.35) (-0.69, -0.32) <.0001 

6.1 Misspecified
2
 Correctly specified

3
 Correctly specified

3
 -0.50 (0.08) (-0.65, -0.35) (-0.69, -0.32) <.0001 

6.2 Correctly specified
3
 Misspecified

2
 Correctly specified

3
 -0.46 (0.08) (-0.61, -0.30) (-0.64, -0.27) <.0001 

6.3 Correctly specified
3
 Correctly specified

3
 Misspecified

2
 -0.51 (0.08) (-0.67, -0.35) (-0.69, -0.34) <.0001 

7.1 Correctly specified
3
 Misspecified

1
 Misspecified

2
 -0.37 (0.09) (-0.54, -0.20) (-0.55, -0.20) <.0001 

7.2 Misspecified
2
 Correctly specified

3
 Misspecified

1
 -0.55 (0.08) (-0.71, -0.38) (-0.75, -0.36) <.0001 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified

3
 -0.46 (0.08) (-0.62, -0.31) (-0.64, -0.28) <.0001 

8 Misspecified
2
 Misspecified

2
 Misspecified

2
 -0.60 (0.08) (-0.75, -0.44) (-0.79, -0.41) <.0001 

1
Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, and religion. 

2
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, religion, types of comorbidities (arthritis, 

angina, asthma, and diabetes), difficulty sleeping, smoking status, and nutrition. 
3
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, religion, types of comorbidities (arthritis, 

angina, asthma, and diabetes), difficulty sleeping, smoking status, nutrition, neighborhood safety, sense of control, coping ability, and 
community participation. 
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Discussion 

This study has demonstrated how three models can be combined to obtain a consistent 

effect estimate that was comparable to that from a correctly specified outcome regression.  Our 

simulation results from both the null and non-null cases showed that the final effect estimate 

obtained using MR estimation was robust to misspecification when at least one of the underlying 

estimators was correctly specified. We used both simulation and real world data to present a 

case for the usefulness and value of MR estimation.  Indeed, the use of real-world data to 

illustrate a method that allows collaborators to “agree to disagree” is a strength of this chapter.  

Data from the WHS are used often by global health researchers to explore important health-

related questions.  Demonstrating the MR method with a dataset like the WHS using a large 

sample of respondents from India and studying a relationship for which researchers disagree on 

confounders allows for careful assessment of the MR technique in practice. 

Since the DR and MR techniques combine two or more models, they may be considered 

a solution to the oft faced problem of choosing a single model when investigators collaborating 

on a project have differing ideas about variables sets that are sufficient for confounding control.  

The MR estimation method can allow collaborators who disagree about sufficient sets for control 

of confounding to build a final model and get a single final estimate capturing each 

collaborator’s ideas about the appropriate adjustment scheme.  However, neither DR nor MR 

estimation has been considered a tool for conflict resolution between collaborators.  With this 

chapter, we suggest a novel application of MR estimation that has parallel implications for DR 

estimation, where investigators are given the opportunity to merge competing models.  Both DR 

and MR estimation allow collaborators to hedge their bets against model misspecification.  

However, investigators should remain cognizant of the tradeoff between bias and precision, 

which has been noted for doubly robust estimation as well, though new methods for variance 

estimation in doubly robust estimation have been developed (1,30,31).  Indeed, investigators 
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should be aware that they are restricted in the number of models they can combine using MR 

estimation.  The number of models combined cannot exceed the number of observations in the 

dataset used or the number of covariates used to build sub-models.  Han and Wang report that 

including too many models in their MR estimator will jeopardize the numerical performance of 

the estimator (12). 

As the assumptions and techniques needed for causal analysis or etiologic epidemiology 

become more common in the research community, MR estimation can serve as an important 

tool for investigators. However, MR estimation should not be considered a substitute for existing 

effect estimators. Rather, the MR approach should be viewed as a complement to these 

approaches. While MR estimation can be used to merge views of three collaborators as 

described above, the MR approach may also be used when a sole investigator is unsure about 

which covariates to include in a final model.  The method may also be useful to investigators 

working in new areas of research where there is less certainty about confounders. Thus, MR 

estimation is well suited to areas of research involving high dimensional covariates. However, 

the method will perform poorly if the number of model parameters exceeds data points.   

It is important to note that the fundamental causal assumptions apply to MR estimation. 

Provided at least one of the models is correctly specified, there is no uncontrolled confounding, 

and no new bias is (analytically) introduced—via colliders, for instance—investigators can obtain 

a single consistent conditional effect estimate using this technique.   

Our study used simulations to present a case for the value of MR estimation. Our 

simulation study was limited in aims and did not examine all theoretically possible union models 

or even all the properties of the three models presented herein. We used the conditional effect 

estimates from the correctly specified outcome model in order to have a reference one could 

relate to. However, DR and MR estimation can be used to obtain marginal estimates, although 

in many possible combinations of models, it will be unclear what the estimated effect measure 
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really is in terms of the types of effect measures that epidemiologists routinely use. 

Furthermore, the coverage of intervals presented was at least 95% in the null simulation, but the 

method we used to evaluate coverage is valid for one model but has not been tested for 

coverage of confidence intervals derived from a union of models (in which case bootstrapped 

intervals are to be preferred anyway).  Our main focus is on the point estimates obtained, which 

are shown to be consistent. 

In addition, our illustration of MR estimation using WHS data from India was simply 

meant to be a case study that demonstrates a real-world use of MR estimation.  In all scenarios, 

except 0 (unadjusted), 4 (DR, both sub-models misspecified), and 8 (MR, all sub-models 

misspecified), the estimate from the conditional outcome regression is contained within the 

confidence limits.  This indicates that there is no real difference between the estimates from 

these scenarios.  In addition, we expected to find differences in estimates from models that 

used different covariate adjustment techniques.  Other studies have also noted the expected 

differences between estimates from conditional outcome regression and those from marginal 

structural models, for instance (32–34).  MSMs marginalize over the distribution of all covariates 

in the study, including modifiers and mediators (19).  In our study, MR estimation can be used to 

by collaborators to verify that the direction and approximate magnitude of the effect of 

depression on self-rated health is robust to misspecification of the various sub-models.  Our 

illustrative example has limitations, however.  Collaborator 3 uses individual level social capital 

variables, which can be affected by depression, in her model.  Some authors have suggested 

using a community-level indicator of such variables in order to address this concern (35).   

A number of authors have explored properties of DR estimators involving different 

models (6,31,36).  We did not include any models involving DRS adjustment, which is a 

proposed alternative to the propensity score and is defined as the probability of outcome (or 

disease) given the covariates among the unexposed (37,38) due to its limitations (39,40) and 
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poor performance relative to PS and IPTW (41,42). However, the DRS is useful in settings 

where the exposure is rare or has a large number of categories (41), as occurs often in health 

research.  

It is also important to note that MR estimation addresses model misspecification with 

regard to confounding control only.  In real-world settings, investigators can never be certain 

that they have included all important confounders in the model or that the unverifiable no 

uncontrolled confounding assumption has been fulfilled.  In addition, though MR estimation is a 

tool for causal analysis, it does not address issues of model misspecification with regard to 

functional form of covariates, misclassification bias, or selection bias.  These are pervasive 

biases in epidemiology that investigators are often faced with and must address through study 

design or analytical techniques.  Furthermore, since MR estimation is a new method for 

estimating the causal effects of exposures and interventions, many of its features will need to be 

explored. Similar to DR estimation, some of these features pertain to interpretation, interaction 

effects, covariate selection, and model diagnostics (1).  Further research is needed to address 

these issues.    
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Appendix Table 3-1.  Descriptive statistics for exposure, outcome, and hypothesized 
confounders from World Health Survey conducted in India (N=6178). 

 N (%) 

History of depression diagnosis 900 (14.6) 

Mean self-rated health score , Mean (SD) 6.49 (2.6) 

Age in years, Mean (SD) 42.89 (13.8) 

Female 3178 (51.4) 

Married 5195 (84.1) 

Education Level   

No formal schooling 2536 (41.0) 

Less than primary school 607 (9.8) 

Primary school 1060 (17.2) 

Secondary School  767 (12.4) 

High School  545 (8.8) 

College and beyond 663 (10.7) 

Religion   

Hindu 5072 (82.1) 

Muslim 670 (10.8) 

Other 436 (7.06) 

Employed 3491 (56.5) 

Lives in rural area 4330 (70.1) 

Arthritis diagnosis  1536 (24.9) 

Angina diagnosis  674 (10.9) 

Asthma diagnosis 451 (7.3) 

Diabetes diagnosis 230 (3.7) 

Problems sleeping 2285 (37.0) 

Current smoker 2284 (37.0) 

Sufficient nutrition 1457 (23.6) 

Feels unsafe in neighborhood 2066 (33.4) 

Unable to control important things 824 (13.3) 

Unable to cope with responsibilities 1153 (18.7) 

Difficulty with personal relationships/ community 

participation 810 (13.1) 
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Appendix Table 3-2.  Results from Monte Carlo simulation of the general health outcome variable using 1000 copies of the WHS 
India dataset. Comparison of coefficient estimates for depression from crude, linear regression, doubly robust, and multiply robust 
scenarios as described, using distinct estimators to account for differing adjustment schemes for confounding control. The true point 
estimate is -0.31. 

Scenario Propensity Score 

Inverse 
Probability 

Weights 
Outcome 

regression Bias 

Median 
Estimate 

(SD) 
95% Simulation 

interval 
0    Regress Y on X 

only 0.98 -1.29 (0.04) (-1.36, -1.22) 
1.1  -- -- Correctly specified

3
 -0.01 -0.31 (0.04) (-0.38, -0.23) 

1.2 Correctly specified
3
 -- -- 0.00 -0.31 (0.04) (-0.38, -0.23) 

1.3 -- Correctly specified
3
 -- 0.09 -0.40 (0.05) (-0.50, -0.31) 

2 -- Correctly specified
3
 Correctly specified

3
 -0.01 -0.30 (0.05) (-0.40, -0.21) 

3.1 -- Misspecified
2
 Correctly specified

3
 -0.01 -0.30 (0.05) (-0.39, -0.21) 

3.2 -- Correctly specified
3
 Misspecified

2
 -0.02 -0.30 (0.05) (-0.39, -0.21) 

4 -- Misspecified
2
 Misspecified

2
 0.12 -0.43 (0.05) (-0.52, -0.34) 

5 Correctly specified
3
 Correctly specified

3
 Correctly specified

3
 -0.01 -0.30 (0.05) (-0.40, -0.21) 

6.1 Misspecified
2
 Correctly specified

3
 Correctly specified

3
 -0.01 -0.30 (0.05) (-0.40, -0.21) 

6.2 Correctly specified
3
 Misspecified

2
 Correctly specified

3
 -0.01 -0.30 (0.05) (-0.39, -0.21) 

6.3 Correctly specified
3
 Correctly specified

3
 Misspecified

2
 -0.01 -0.30 (0.05) (-0.40, -0.21) 

7.1 Correctly specified
3
 Misspecified

1
 Misspecified

2
 0.01 -0.32 (0.04) (-0.40, -0.24) 

7.2 Misspecified
2
 Correctly specified

3
 Misspecified

1
 0.03 -0.34 (0.05) (-0.44, -0.25) 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified

3
 -0.01 -0.30 (0.05) (-0.39, -0.21) 

8 Misspecified
2
 Misspecified

2
 Misspecified

2
 0.12 -0.43 (0.05) (-0.52, -0.34) 

1
Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, and religion. 

2
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, religion, types of 

comorbidities (arthritis, angina, asthma, and diabetes), difficulty sleeping, smoking status, and nutrition. 
3
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, religion, types of 

comorbidities (arthritis, angina, asthma, and diabetes), difficulty sleeping, smoking status, nutrition, neighborhood safety, sense of 
control, coping ability, and community participation. 
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Scenario Propensity Score 

Inverse 
Probability 

Weights 
Outcome 

regression 
Estimate 

(SE) 
Model based 

95% CI 
Bootstrapped 

95% CI P-value 
0    Regress Y on X 

only -1.22 (0.09) (-1.4, -1.03) (-1.5, -0.94) 
<.0001 

1.1  -- -- Correctly specified
3
 -0.26 (0.08) (-0.42, -0.09) (-0.51, -0.03) 0.0026 

1.2 Correctly specified
3
 -- -- -0.31 (0.10) (-0.50, -0.12) (-0.57, -0.09) 0.0013 

1.3 -- Correctly specified
3
 -- -0.57 (0.10) (-0.76, -0.38) (-0.91, -0.30) <.0001 

2 -- Correctly specified
3
 Correctly specified

3
 -0.47 (0.08) (-0.62, -0.31) (-0.79, -0.19) <.0001 

3.1 -- Misspecified
2
 Correctly specified

3
 -0.44 (0.08) (-0.60, -0.28) (-0.75, -0.16) <.0001 

3.2 -- Correctly specified
3
 Misspecified

2
 -0.46 (0.08) (-0.62, -0.30) (-0.78, -0.19) <.0001 

4 -- Misspecified
2
 Misspecified

2
 -0.49 (0.08) (-0.65, -0.33) (-0.82, -0.22) <.0001 

5 Correctly specified
3
 Correctly specified

3
 Correctly specified

3
 -0.46 (0.08) (-0.62, -0.30) (-0.78, -0.17) <.0001 

6.1 Misspecified
2
 Correctly specified

3
 Correctly specified

3
 -0.46 (0.08) (-0.62, -0.30) (-0.78, -0.17) <.0001 

6.2 Correctly specified
3
 Misspecified

2
 Correctly specified

3
 -0.43 (0.08) (-0.59, -0.27) (-0.75, -0.15) <.0001 

6.3 Correctly specified
3
 Correctly specified

3
 Misspecified

2
 -0.46 (0.08) (-0.62, -0.30) (-0.78, -0.19) <.0001 

7.1 Correctly specified
3
 Misspecified

1
 Misspecified

2
 -0.28 (0.09) (-0.45, -0.12) (-0.56, -0.04) 0.0009 

7.2 Misspecified
2
 Correctly specified

3
 Misspecified

1
 -0.51 (0.09) (-0.68, -0.35) (-0.84, -0.26) <.0001 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified

3
 -0.43 (0.08) (-0.59, -0.28) (-0.75, -0.16) <.0001 

8 Misspecified
2
 Misspecified

2
 Misspecified

2
 -0.49 (0.08) (-0.65, -0.33) (-0.82, -0.21) <.0001 

1
Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, and religion. 

2
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, religion, types of comorbidities (arthritis, 

angina, asthma, and diabetes), difficulty sleeping, smoking status, and nutrition. 
3
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, religion, types of comorbidities (arthritis, 

angina, asthma, and diabetes), difficulty sleeping, smoking status, nutrition, neighborhood safety, sense of control, coping ability, and 
community participation. 

 

 

Appendix Table 3-3.  Comparison of coefficient estimates for depression from crude, linear regression, doubly robust, and multiply robust 
scenarios as described, using distinct estimators to account for differing adjustment schemes for confounding control with sampling weights 
applied (N=6036). (The heterogeneity of depression coefficient was unexplored here as it was beyond the scope of this chapter.) 
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Chapter 4. Multiply robust estimation of effect measure 

modification and causal interaction: Simulation and 

Application 

Abstract 

Multiply robust estimation combines three or more estimators or sub-models in a union 

model, allowing collaborators with competing confounding adjustments to build a single final 

model. For this study, we used multiply robust estimation to investigate effect measure 

modification and causal interaction. We combined propensity score adjustment, outcome 

regression, and inverse probability of treatment weighted fitting of a marginal structural model to 

estimate the coefficient of one or more main effects and a product term. Monte Carlo simulation 

methods were applied to examine the performance of a multiply robust estimator in estimating 

effect measure modification and causal interaction in different model specification scenarios 

where at least one model was correctly specified. We found that the main effect(s) and product 

term were consistently estimated when at least one sub-model in the multiply robust union 

model was correctly specified for confounding control. When causal interaction was of interest, 

confounding of all exposure-outcome effects of interest were controlled for. We then applied 

multiply robust estimation to investigate modification of the relationship between self-reported 

lifetime diagnosis of depression and current self-rated general health relationship by gender in 

the Philippines using World Health Survey data. This application demonstrates how 

investigators interested in assessing effect modification may use multiply robust estimation to 

obtain one set of results without being forced to agree on a single model. Provided there is no 

uncontrolled confounding, no other bias is introduced, and no more than one of the sub-models 
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is correctly specified with regards to confounding control, multiply robust estimation will yield 

consistent effect estimates for the main effect(s) and product terms of interest. 
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Introduction 

It is becoming increasingly important to investigate effect measure modification and 

causal interaction in observational research. A recent review of the epidemiologic literature 

reported that 61% of cohort and case control studies published between 2001 and 2007 

explored interaction and effect modification (1). Such studies explore whether the effect of one 

exposure varies across strata of a second exposure (effect modification), or whether two 

exposures interact to produce an effect (causal interaction) (2,3). In the fields of genetic 

epidemiology and environmental/ occupational epidemiology, for instance, exploring the 

modification of exposure effects by genetic or environmental factors has become integral to 

unraveling the role of genetic susceptibility or lifestyle factors in disease processes (4). 

Exploring gene-environment interactions has also become commonplace in chronic disease 

epidemiology, as most chronic diseases are believed to be caused by a number of genetic and 

environmental factors that may interact synergistically or in other complex manners (5). 

Statistical interaction is often assessed by fitting a regression model for the outcome that 

includes a product term between the two exposures of interest. For instance, in a study with a 

continuous and normally distributed outcome Y, a binary exposure X, a binary modifier A, and a 

vector of confounders Z, we can fit the following model  (       )                   

     to assess statistical interaction on an additive scale. Provided Z is sufficient to control for 

confounding when estimating the effect of X on Y and no other biases are present,     is 

interpretable as the modifying effect of A on X, or the amount by which A modifies the effect of X 

on Y on the relevant (additive) scale. Under such circumstances, statistical interaction can be 

interpreted as effect measure modification or effect heterogeneity. Since effect modification is 

symmetric, X also modifies the effect of A on Y. In order to interpret     as a causal interactive 

effect, Z must be sufficient to control confounding of both the X-Y relationship and the A-Y 

relationship. The joint effect of X and A on Y is then estimated by              . Thus, to 
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investigate effect modification, we require no uncontrolled confounding of the main exposure-

outcome relationship only, whereas investigation of causal interaction, which may also be 

referred to as coaction, requires no uncontrolled confounding between all exposures of interest 

and the outcome (6,7). Model misspecification may preclude the investigation of effect 

modification and interaction as a result of bias due to uncontrolled confounding arising from 

model misspecification.  

Over the past two to three decades, many novel techniques for confounding control have 

emerged and been embraced by the epidemiology community. These include propensity score 

(PS) analysis (8), inverse probability of treatment weighted (IPTW) fitting of marginal structural 

models (MSM) (9,10), and outcome scoring (11,12). Effect modification and causal interaction 

can be explored using any of these analytical techniques. In all cases a product term between 

the main exposure variable and modifier or secondary exposure variable is additionally entered 

as a predictor in the final regression model (13,14). Studying interaction of the exposure with the 

propensity score or disease risk score has also been suggested (15,16), but this approach does 

not provide insights as to which of the variables used to construct these scores interacts with or 

modifies the exposure effect. 

As described above, while effect modification and interaction are often used 

interchangeably, in reality these terms refer to different concepts. When assessing effect 

modification of an exposure effect, X, by a modifier, A, we are interested in the effect of X 

across levels of A. Thus, identifiability assumptions must hold for the X-Y relation, but not 

necessarily for the effect of A on Y. On the other hand, if we were interested in the interactive 

effects of both X and A, identifiability conditions must hold for both variables which must then be 

considered as representing variables for joint (simultaneous) interventions. Doubly robust (DR) 

estimation, introduced by Robins et al. (17–19), provides researchers with two chances to fulfill 

the identifiability assumption of no uncontrolled confounding. The DR estimator combines a 
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model for the exposure, such as a PS or IPTW, with a model for the outcome and yields an 

effect estimate that is robust to misspecification of one of these models. Note that although 

model misspecification may refer to a number of issues, in this chapter we refer only to 

covariate selection to fulfill the conditional exchangeability or no uncontrolled confounding 

assumption needed for consistent estimation. Bang and Robins explored heterogeneity in DR 

settings by including an interaction term between the exposure of interest and modifying 

covariate in their outcome model (19). While other authors also advocate the inclusion of these 

product terms in the outcome regression model of DR estimators (20–22), questions about 

detection and estimation of heterogeneity in DR estimators remain (23).  

Multiply robust (MR) estimation extends DR estimation by combining three or more 

models in a single union model. Similar to DR estimation, provided at least one of the models in 

the MR estimator is correctly specified the effect estimate yielded will be robust to 

misspecification of the other model(s). Investigators may use the MR approach to hedge a bet 

against misspecification and present a single result by incorporating different covariate 

adjustment schemes to examine effect modification or interaction. The aim of this study is to 

explore effect modification and interaction using MR estimation. We will assess the performance 

of this technique in estimating effect modification and interaction effects through simulations and 

present an illustrative example using data from the World Health Survey. 

Monte Carlo Simulation 

Methods 

We used Monte Carlo methods to simulate data that had a structure reflecting the 

relationships between variables shown in the directed acyclic graph (DAG) in Figure 4-1. We 

simulated 1000 cohorts of size N=10,000 to examine causal interaction and modification of the 

effect of a binary exposure, X, on a continuous outcome, Y, by a binary modifier or second 
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exposure, B. We simulated four dichotomous confounders W1, W2, C, and Z. W1, and W2 

confounded the X-Y and B-Y relationships while Z was a confounder of the X-Y relationship only 

and C confounded the effect of B on Y only. Prevalence of confounders was specified as 

follows: P(W1=1) = P(W2=1) = 0.60, P(Z=1) = P(C=1) = 0.70. The effect of X on Y and B on Y 

were simulated to be null. The probability of X=1 was defined as 1/(1+exp(-(ln(.15/.85) + 

ln(1.25)*w1 + ln(1.75)*w2 + ln(2.2)*z))). The probability of B=1 was defined as 1/(1+exp(-

(ln(.25/.75) + ln(1.40)*w1 + ln(1.60)*w2 + ln(2.5)*c))). Y was defined by the equation y = βY + 

βYX*x + βYB*b + βYXB*xb + βYZ*z + βYC*c + βYW1*w1 + βYW2*w2 + ε, where xb represents the 

product term X*B, {βY, βYX, βYB, βYZ, βYC, βYW1, βYW2, βYXB} = {0, 0, 0, 4, 4, 3, 2, 1}, and ε ~N(0, 

0.5). X had an overall prevalence of 0.34, B had an overall prevalence of 0.51, and Y had a 

mean of 8.77 with a standard deviation of 3.27. 

 

Figure 4-1. Directed acyclic graph (DAG) for the data generating mechanism used in the Monte Carlo 
simulations. X is a binary exposure, A is a modifier or secondary binary exposure, W1, W2, C, and Z are 
binary confounders, and Y is a continuous normally distributed outcome. 

 

We examined the conditional effect of exposure X and modification by or interaction with 

B under a number of different scenarios presented in Table 4-1 and Table 4-2, respectively. 
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Since causal interaction subsumes effect modification, we explored both causal interaction and 

effect modification in the scenarios described in Table 4-2. However, the scenarios presented in 

Table 4-1 explored effect modification only. The different scenarios included an unadjusted 

model, a correctly specified outcome regression, and various DR and MR models where no, 

one, two, or three (in the case of MR estimation) models were misspecified due to exclusion of 

confounders. All outcome regression models included main effects for X and B and the product 

term XB. 
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Table 4-1. Descriptions of model misspecification scenarios for examining effect modification: Scenario 0 – unadjusted model. 
Scenario 1 – correctly specified models. Scenario 2 – DR estimator with both models correctly specified. Scenario 3 –DR 
estimator with one model misspecified. Scenario 4 – DR estimator with both models misspecified. Scenario 5 – MR estimator with 
three models correctly specified. Scenario 6 – MR estimation with one model misspecified. Scenarios 7 and 8 – MR estimation 
with two models misspecified.  Scenario 9 – MR estimate with three models misspecified. 

Scenario 
Description

0
 Scenario Propensity Score 

Inverse Probability 
Weights Outcome regression 

-OR 0   Regress y on X, B, and 
interaction term 

+OR 1.1 -- -- Correctly specified for X 

+PS 1.2 Correctly specified for X -- -- 

+IPTW 1.3 -- Correctly specified for X -- 

+IPTW +OR 2  Correctly specified for X Correctly specified for X 

-IPTW +OR 3.1 -- Misspecified for X
1
 Correctly specified for X 

+IPTW -OR 3.2 -- Correctly specified for X Misspecified for X
1
 

-IPTW -OR 4 -- Misspecified for X
1
 Misspecified for X

1
 

+PS +IPTW +OR 5 Correctly specified for X Correctly specified for X Correctly specified for X 

-PS +IPTW +OR 6.1 Misspecified for X
1
 Correctly specified for X Correctly specified for X 

+PS -IPTW +OR 6.2 Correctly specified for X Misspecified for X
1
 Correctly specified for X 

+PS +IPTW -OR 6.3 Correctly specified for X Correctly specified for X Misspecified for X
1
 

+PS -IPTW -OR 7.1 Correctly specified for X Misspecified for X
2
 Misspecified for X

3
 

-PS +IPTW -OR 7.2 Misspecified for X
3
 Correctly specified for X Misspecified for X

2
 

-PS -IPTW +OR 7.3 Misspecified for X
2
 Misspecified for X

3
 Correctly specified for X 

+PS +IPTW -OR 8.1 Correctly specified for X Misspecified for X
3
 Misspecified for X

1
 

-PS +IPTW -OR 8.2 Misspecified for X
1
 Correctly specified for X Misspecified for X

3
 

-PS -IPTW +OR 8.3 Misspecified for X
3
 Misspecified for X

1
 Correctly specified for X 

-PS -IPTW -OR  9 Misspecified for X
1
 Misspecified for X

1
 Misspecified for X

1
 

0 
Symbol placed before the abbreviated estimator indicates its specification status: + indicates correctly specified estimator and - 

indicates misspecified indicator.  
1
 Model misspecified for X fails to adjust for Z and C. 

2
 Model misspecified for X fails to adjust for C, W2. 

3
 Model misspecified for X fails to adjust for Z, W2. 
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Table 4-2. Descriptions of model misspecification scenarios for examining causal interaction: Scenario 0 – unadjusted model. Scenario 1 – 
correctly specified models. Scenario 2 – DR estimator with both models correctly specified. Scenario 3 –DR estimator with one model 
misspecified. Scenario 4 – DR estimator with both models misspecified. Scenario 5 – MR estimator with three models correctly specified. 
Scenario 6 – MR estimation with one model misspecified. Scenarios 7 and 8 – MR estimation with two models misspecified.  Scenario 9 – MR 
estimate with three models misspecified. 

Scenario 
Description

0
 Scenario Propensity Score Inverse Probability Weights Outcome regression 

-OR 0   Regress y on X, B, and interaction 
term 

+OR 1.1 -- -- Correctly specified for X and B 

+PS 1.2 Correctly specified for X and B -- -- 

+IPTW 1.3 -- Correctly specified for X and B -- 

+IPTW +OR 2 -- Correctly specified for X and B Correctly specified for X and B 

-IPTW +OR 3.1 -- Misspecified for X and B
1
 Correctly specified for X and B 

+IPTW -OR 3.2 -- Correctly specified for X and B Misspecified for X and B
1
 

-IPTW -OR 4 -- Misspecified for X and B
1
 Misspecified for X and B

1
 

+PS +IPTW +OR 5 Correctly specified for X and B Correctly specified for X and B Correctly specified for X and B 

-PS +IPTW +OR 6.1 Misspecified for X and B
1
 Correctly specified for X and B Correctly specified for X and B 

+PS -IPTW +OR 6.2 Correctly specified for X and B Misspecified for X and B
1
 Correctly specified for X and B 

+PS + IPTW -OR 6.3 Correctly specified for X and B Correctly specified for X and B Misspecified for X and B
1
 

+PS -IPTW -OR 7.1 Correctly specified for X and B Misspecified for X and B
2
 Misspecified for X and B

3
 

-PS +IPTW -OR 7.2 Misspecified for X and B
3
 Correctly specified for X and B Misspecified for X and B

2
 

-PS -IPTW +OR 7.3 Misspecified for X and B
2
 Misspecified for X and B

3
 Correctly specified for X and B 

-PS -IPTW -OR  8 Misspecified for X and B
1
 Misspecified for X and B

1
 Misspecified for X and B

1
 

0 
Symbol placed before the abbreviated estimator indicates its specification status: + indicates correctly specified estimator and - indicates 

misspecified indicator.  
1
 Model misspecified for X and B fails to adjust for Z and C. 

2
 Model misspecified for X and B fails to adjust for C, W2. 

3
 Model misspecified for X and B fails to adjust for Z, W2. 
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We used the conditional estimate of the X coefficient from a correctly specified outcome 

regression (Scenario 1 in Tables 4-1 and 4-2) as our reference point. IPTW and outcome 

regression models were combined to build DR models in the DR scenarios. We built an MR 

union model by combining three models for PS covariate adjustment, IPTW, and outcome 

regression in the MR scenarios. We used the study covariates W1, W2, C, and Z to model the 

PS as the probability that each subject was exposed (X=1) (8). We calculated stabilized weights 

for the IPTW fitting as the marginal probability of exposure divided by the conditional probability 

of exposure for each individual. These weights were used to create a pseudopopulation in which 

the distribution of confounders for the exposed and unexposed were the same (9,10,24,25). The 

MR union model combined these models in a final model weighted by IPTW that included the 

PS as a linear term in the outcome regression model along with other variables included in the 

outcome regression. 

To assess performance of the MR approach in estimating effect modification we 

examined bias in the main effect of X and the product term XB by taking the difference between 

the median of estimated coefficients from 1000 simulations and the true coefficient, standard 

deviation, 95% simulation interval, and model-based coverage of 95% confidence intervals of 

these estimates. 95% simulation intervals were defined as the 2.5th and 97.5th percentiles of the 

distribution of estimates from the 1000 cohorts while model based 95% confidence interval 

coverage was assessed by calculating the proportion of model based confidence intervals that 

included the true values of the estimates. All simulations were repeated under the same 

scenarios with a non-null coefficient of βYX = 2.5, βYB = 1.5, and βYXB = 1 for the coefficients of X, 

B and XB in the model for Y. All simulations were carried out in SAS (version 9.3, SAS Institute 

Inc, Cary, NC, 2011). 

Results 
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 Results from our Monte Carlo simulation for assessing the estimation of effect 

modification are presented in Table 4-3 and those for assessing causal interaction are shown in 

Table 4-4. Both tables demonstrate that main effect coefficients were consistently estimated in 

all DR and MR scenarios but not for scenarios in which all sub-models were misspecified (see 

scenarios 4 and 9 in Table 4-3 and scenarios 4 and 8 in Table 4-4). However, product term 

coefficients were consistent in all scenarios, regardless of the underlying model 

misspecification. This phenomenon has been pointed out by other authors (7). Model-based 

95% confidence intervals did not achieve nominal coverage levels in all scenarios, though we 

expect bootstrapped confidence intervals to perform better. Indeed, other authors have also 

reported that bootstrapped confidence intervals should be used with DR estimators (23). 

Results for assessing effect modification and causal interaction from simulations repeated with 

non-null coefficients for the main effects of X and B are presented in Appendix Tables 4-1 and 

4-2, and support results found in simulations with null main effects coefficients.
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Table 4-3. Effect Modification. Degree of bias, standard deviation of main effect and product term estimate, 95% simulation interval and 
model-based coverage from different scenarios in which βYX=0 and βYXB=1.  

  Main Effects Coefficient for X Product Term for XB 

Scenario 
Description

0
 Scenario Bias 

Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage Bias 
Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 

-OR 0 1.0046 0.10 (0.82, 1.20) 0.00 -0.0250 0.13 (0.73, 1.22) 0.96 

+OR 1.1 0.0017 0.06 (-0.13, 0.12) 0.92 0.0024 0.08 (0.86, 1.17) 0.95 

+PS 1.2 0.0083 0.07 (-0.14, 0.13) 0.94 -0.0139 0.09 (0.82, 1.17) 0.96 

+IPTW 1.3 0.0005 0.09 (-0.18, 0.18) 0.96 0.0038 0.14 (0.72, 1.28) 0.92 

+IPTW +OR 2 0.0007 0.02 (-0.03, 0.03) 0.94 -0.0005 0.02 (0.96, 1.04) 0.93 

-IPTW +OR 3.1 0.0042 0.06 (-0.12, 0.12) 0.91 0.0029 0.08 (0.86, 1.17) 0.95 

+IPTW -OR 3.2 0.0043 0.08 (-0.16, 0.15) 0.95 -0.0014 0.12 (0.76, 1.23) 0.94 

-IPTW -OR 4 0.6194 0.08 (0.45, 0.78) 0.00 -0.0006 0.11 (0.80, 1.21) 0.96 

+PS +IPTW +OR 5 0.0007 0.02 (-0.03, 0.03) 0.94 -0.0008 0.02 (0.95, 1.04) 0.93 

-PS +IPTW +OR 6.1 0.0042 0.07 (-0.13, 0.12) 0.91 0.0016 0.08 (0.85, 1.17) 0.94 

+PS -IPTW +OR 6.2 0.0042 0.06 (-0.12, 0.12) 0.92 0.0033 0.08 (0.85, 1.17) 0.94 

+PS +IPTW -OR 6.3 0.0039 0.07 (-0.13, 0.12) 0.91 -0.0001 0.08 (0.85, 1.18) 0.94 

+PS -IPTW -OR 7.1 -0.0794 0.03 (-0.14, -0.02) 0.08 0.0085 0.03 (0.95, 1.06) 0.95 

-PS +IPTW -OR 7.2 -0.0020 0.03 (-0.05, 0.05) 0.98 0.0051 0.05 (0.91, 1.10) 0.94 

-PS -IPTW +OR 7.3 0.0012 0.04 (-0.08, 0.07) 1.00 -0.0006 0.08 (0.85, 1.17) 0.95 

+PS +IPTW -OR 8.1 0.0028 0.06 (-0.12, 0.11) 0.96 0.0011 0.08 (0.84, 1.17) 0.94 

-PS +IPTW -OR 8.2 0.0005 0.05 (-0.09, 0.09) 0.98 -0.0011 0.09 (0.83, 1.16) 0.93 

-PS -IPTW +OR 8.3 0.0004 0.02 (-0.03, 0.03) 0.96 0.0004 0.02 (0.96, 1.04) 0.95 

-PS -IPTW -OR 9 0.6191 0.08 (0.45, 0.78) 0.00 -0.0006 0.11 (0.80, 1.21) 0.96 
0 
Symbol placed before the abbreviated estimator indicates its specification status: + indicates correctly specified estimator and - indicates 

misspecified indicator.  
1
 Model misspecified for X and B fails to adjust for Z and C. 

2
 Model misspecified for X and B fails to adjust for C, W2. 

3
 Model misspecified for X and B fails to adjust for Z, W2.
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  Main Effects Coefficient for X Main Effects Coefficient for B Product Term for XB 

Scenario 
Description

0
 Scenario Bias 

Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage Bias 
Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage Bias 
Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 

-OR 0 1.0046 0.10 (0.82, 1.20) 0.00 1.1710 0.08 (1.01, 1.33) 0.00 -0.0250 0.13 (0.73, 1.22) 0.96 

+OR 1.1 0.0002 0.01 (-0.03, 0.03) 0.96 0.0000 0.01 (-0.02, 0.02) 0.97 -0.0002 0.02 (0.96, 1.04) 0.95 

+PS 1.2 0.0011 0.03 (-0.06, 0.05) 0.98 -0.0016 0.02 (-0.05, 0.05) 0.99 0.0011 0.05 (0.90, 1.10) 0.96 

+IPTW 1.3 -0.0033 0.09 (-0.16, 0.17) 0.97 -0.0037 0.06 (-0.12, 0.13) 0.98 0.0112 0.15 (0.69, 1.30) 0.91 

+IPTW +OR 2 0.0007 0.02 (-0.03, 0.03) 0.94 -0.0002 0.01 (-0.02, 0.02) 0.95 -0.0005 0.02 (0.96, 1.04) 0.93 

-IPTW +OR 3.1 0.0002 0.01 (-0.03, 0.03) 0.96 -0.0002 0.01 (-0.02, 0.02) 0.96 -0.0003 0.02 (0.96, 1.04) 0.95 

+IPTW –OR 3.2 0.0024 0.07 (-0.14, 0.14) 0.97 -0.0024 0.05 (-0.11, 0.11) 0.98 -0.0013 0.12 (0.76, 1.23) 0.93 

-IPTW –OR 4 0.6194 0.08 (0.45, 0.78) 0.00 0.7494 0.07 (0.62, 0.89) 0.00 -0.0006 0.11 (0.80, 1.21) 0.96 

+PS +IPTW +OR 5 0.0007 0.02 (-0.03, 0.03) 0.94 -0.0002 0.01 (-0.02, 0.02) 0.95 -0.0008 0.02 (0.95, 1.04) 0.93 

-PS +IPTW +OR 6.1 0.0007 0.02 (-0.03, 0.03) 0.94 -0.0001 0.01 (-0.02, 0.02) 0.95 -0.0004 0.02 (0.96, 1.04) 0.93 

+PS -IPTW +OR 6.2 0.0002 0.01 (-0.03, 0.03) 0.96 -0.0001 0.01 (-0.02, 0.02) 0.96 -0.0002 0.02 (0.96, 1.04) 0.95 

+PS + IPTW -OR 6.3 0.0002 0.02 (-0.03, 0.03) 0.94 -0.0003 0.01 (-0.03, 0.03) 0.95 0.0002 0.03 (0.95, 1.05) 0.93 

+PS -IPTW -OR 7.1 -0.0011 0.02 (-0.03, 0.03) 0.94 -0.0010 0.01 (-0.03, 0.03) 0.95 0.0021 0.02 (0.95, 1.05) 0.93 

-PS +IPTW -OR 7.2 -0.0017 0.03 (-0.05, 0.05) 0.98 -0.0012 0.02 (-0.03, 0.04) 0.99 0.0031 0.05 (0.91, 1.10) 0.94 

-PS -IPTW +OR 7.3 0.0008 0.02 (-0.03, 0.03) 0.96 0.0000 0.01 (-0.02, 0.02) 0.96 0.0001 0.02 (0.96, 1.04) 0.95 

-PS -IPTW -OR 8 0.6191 0.08 (0.45, 0.78) 0.00 0.7493 0.07 (0.62, 0.89) 0.00 -0.0006 0.11 (0.80, 1.21) 0.96 
0 

Symbol placed before the abbreviated estimator indicates its specification status: + indicates correctly specified estimator and - indicates misspecified indicator.  
1
 Model misspecified for X and B fails to adjust for Z and C. 

2
 Model misspecified for X and B fails to adjust for C, W2. 

3
 Model misspecified for X and B fails to adjust for Z, W2.

 

 

 

Table 4-4. Causal Interaction. Degree of bias, standard deviation of main effect and product estimates, 95% simulation interval and model-based coverage 
from different scenarios in which βYX=0, βYB=0, and βYXB=1. 
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Illustrative Example 

 Next, we illustrate estimation of effect modification using MR models using real world 

data. In this illustrative example, we present a situation in which three hypothetical collaborators 

do not agree on which confounders to include in a final model for assessing whether gender 

modifies the relationship between depression and self-rated health. While there is a consensus 

that the prevalence of depression is greater among women compared to men (26,27), the 

relationship between gender and self-rated health is less clear (28,29). However, it has been 

reported that in some developing countries, women are more likely to report poor self-rated 

health compared to men (30,31). 

Methods 

 Study question and population: We used data from the Philippines collected as part of 

the World Health Survey (WHS) conducted from 2002-2005 (32) to explore whether gender 

modifies the relationship between depression and self-rated health. Our final sample of 7746 

survey respondents included adults age 25 or older who were not missing data on the exposure, 

outcome, or covariates under examination. 

 Outcome: The outcome variable in this illustrative example is self-rated health, which 

was assessed by asking respondents to answer the question “In general, how would you rate 

your health today?" on a 5-point scale where 1=very good and 5=very bad. Responses were 

reverse-coded on a scale of 0-4 and multiplied by 2.5 to obtain a score that ranged from 0-10, 

where 0=very bad health and 10=very good health. 

 Predictors: The main exposure of interest was depression, which was measured via a 

question that asked whether respondents had ever been diagnosed with depression. We 

assessed whether gender modified the relationship between depression and self-rated health. 

Respondents were asked to self-identify their gender as male or female. We adjusted for 
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confounding by a set of demographic variables (marital status, age, employment status, 

education), comorbidities and health behaviors (angina, arthritis, asthma, diabetes, difficulty 

sleeping, nutrition, and smoking status), and a set of social capital variables (neighborhood 

safety, sense of control, coping ability, community participation/ personal relationships). All 

predictors were binary variables. Comorbidities were assessed by asking if respondents had 

ever been diagnosed with the disease of interest, while sufficient nutrition was coded as yes if a 

respondent indicated consuming at least 5 servings of fruits or vegetables per day. Social 

capital variables were originally rated on a five point scale, but were dichotomized to indicate 

high or low ratings, similar to other authors (33). 

 Each hypothetical collaborator’s ideas about the appropriate adjustment scheme are 

described below: 

 Collaborator 1 – Adjusts for marital status, age, employment status, education, gender, 

and residence in a rural area. 

 Collaborator 2 – Adjusts for marital status, age, employment status, education, gender, 

residence in a rural area, comorbidities, difficulty sleeping, current smoking, and 

nutrition. 

 Collaborator 3 – Adjusts for marital status, age, employment status, education, gender, 

residence in a rural area, comorbidities, difficulty sleeping, current smoking, sufficient 

nutrition, and the social capital variables. 

 Analytical strategies and adjustment schemes. In this illustrative example, all three 

collaborators agreed that marital status, age, education, employment status, and residence in 

rural areas were confounders of the relationship between depression-self-rated. However, they 

disagreed about whether the comorbidity, health behavior, and social capital variables are 

confounders that must be included in the model to fulfill the correct model specification 

assumption. The views of these collaborators are presented through three different adjustment 
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schemes, which were used to build PS, IPTW, and outcome regression models. We assumed 

that there were no unmeasured confounders in this study, and further assumed that the fully 

adjusted model that includes all hypothesized confounders is correctly specified. We used linear 

regression to estimate the effect of depression on self-rated health, and included a female by 

depression product term to explore effect modification in the final models presented in each of 

the scenarios in Table 4-5. We present results from a crude model, correctly specified fully 

adjusted outcome regression, IPTW fitted MSM, and PS covariate adjustment, along with DR 

and MR models that combined the collaborators’ adjustment schemes in a single final model. 

DR models combined IPTW with outcome regression while MR models combined PS, IPTW, 

and outcome regression. Bootstrapped 95% confidence intervals are also reported. We 

repeated the analysis using Monte Carlo simulations to generate self-rated health for each 

individual using covariate data and coefficients from the fully adjusted conditional outcome 

regression that included all hypothesized confounders as covariates in 1000 copies of the 

observed data. This hybrid analysis, so deemed because we use actual WHS data combined 

with a simulated outcome based on empirical results, allows us to investigate effect modification 

when the no uncontrolled confounding assumption is ensured (see Appendix Table 4-4). We 

also repeated the analysis using survey weights (see Appendix Table 4-5).  

 All of the above analyses were also performed using WHS data from Finland in order to 

provide a second illustrative example that demonstrates an application of MR estimation. These 

results are presented in Appendix Tables 4-6 to 4-9. All statistical analyses were carried out in 

SAS version 9.3 (SAS Institute Inc, NC, 2011).  

Results  

 Descriptive statistics for all variables used in this illustrative example are shown in 

Appendix Table 4-3, while descriptions of modeling scenarios and results from our illustrative 

example are presented in Table 4-5. The coefficient of depression is interpreted as the effect of 
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depression on self-rated health among males, while the sum of the coefficient of depression and 

the product term is interpreted as the effect of depression on self-rated health among females. 

Scenarios 1.1, 1.2, and 1.3 present regression coefficients, confidence intervals, and P-values 

for the main effect of depression and the depression by female product term from outcome 

regression, regression using PS covariate adjustment, and IPTW fitted MSM respectively, each 

of which adjusts for all hypothesized confounders. Scenarios 2-8 combine various sub-models 

in DR and MR union models, but all sub-models in scenarios 5 and 8 are misspecified. While 

estimates from each of the scenarios vary, the model-based and bootstrapped confidence 

intervals in all of these scenarios contain the point estimates from the other scenarios, 

suggesting that these results are very similar. Results from the DR scenario 3.1 (depression: 

b=-0.11, bootstrapped 95% CI: -0.51, 0.26; depression*female: b=-1.05, -0.03) and MR scenario 

7.3 (depression: b=-0.11, bootstrapped 95% CI: -0.51, 0.26; depression*female: b=-0.52, 

bootstrapped 95% CI: -1.04, -0.03), where the outcome regression is the only correctly specified 

model, are very similar to those from the correctly specified outcome regression (scenario 1.1, 

depression: b=-0.13, bootstrapped 95% CI: -0.46, 0.18; depression*female: b=-0.49, 

bootstrapped 95% CI: -0.89, -0.08). The same is also true for scenarios 3.2 and 7.2, as 

compared to scenario 1.2. This suggests that the DR and MR estimates are pulled toward 

results from the sub-model which is correctly specified. Regression coefficients and uncertainty 

intervals for depression and the depression*female product term from the hybrid analysis are 

presented in Appendix Table 4-4. These results support the same conclusions drawn from the 

main analysis of the illustrative example. 
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    Depression Main effect Depression*Female product term 

Scenario Propensity Score 

Inverse 
Probability 

Weights 
Outcome 

regression 
Estimate 

(SE) 

Model 
based 95% 

CI 
Bootstrapped 

95% CI P-value 
Estimate 

(SE) 

Model 
based 95% 

CI 
Bootstrapped 

95% CI P-value 

0   
Regress Y on X 

only -0.58 (0.16) (-0.9, -0.26) (-0.91, -0.24) 0.0004 -0.48 (0.21) (-0.89, -0.07) (-0.92, -0.07) 0.0227 

1.1 -- -- Correctly specified
3
 -0.13 (0.16) (-0.44, 0.19) (-0.46, 0.18) 0.4300 -0.49 (0.20) (-0.88, -0.09) (-0.89, -0.08) 0.0150 

1.2 Correctly specified
3
 -- -- -0.15 (0.16) (-0.48, 0.17) (-0.50, 0.17) 0.3544 -0.51 (0.21) (-0.92, -0.11) (-0.96, -0.06) 0.0131 

1.3 -- Correctly specified
3
 -- -0.28 (0.17) (-0.61, 0.06) (-0.70, 0.11) 0.1020 -0.36 (0.22) (-0.78, 0.06) (-0.94, 0.19) 0.0931 

2 -- Correctly specified
3
 Correctly specified

3
 -0.22 (0.16) (-0.54, 0.10) (-0.65, 0.20) 0.1718 -0.42 (0.21) (-0.83, -0.02) (-1.01, 0.11) 0.0395 

3.1 -- Misspecified
2
 Correctly specified

3
 -0.11 (0.16) (-0.42, 0.20) (-0.51, 0.26) 0.4896 -0.52 (0.20) (-0.92, -0.12) (-1.05, -0.03) 0.0116 

3.2 -- Correctly specified
3
 Misspecified

2
 -0.22 (0.16) (-0.54, 0.10) (-0.64, 0.20) 0.1756 -0.40 (0.21) (-0.81, 0.00) (-0.99, 0.14) 0.0529 

4 -- Misspecified
2
 Misspecified

2
 -0.17 (0.16) (-0.48, 0.15) (-0.56, 0.18) 0.2912 -0.50 (0.21) (-0.9, -0.09) (-1.02, -0.01) 0.0165 

5 Correctly specified
3
 Correctly specified

3
 Correctly specified

3
 -0.22 (0.16) (-0.53, 0.10) (-0.64, 0.21) 0.1821 -0.43 (0.21) (-0.83, -0.03) (-1.01, 0.11) 0.0374 

6.1 Misspecified
2
 Correctly specified

3
 Correctly specified

3
 -0.22 (0.16) (-0.54, 0.10) (-0.64, 0.21) 0.1785 -0.43 (0.21) (-0.83, -0.02) (-1.00, 0.11) 0.0386 

6.2 Correctly specified
3
 Misspecified

2
 Correctly specified

3
 -0.11 (0.16) (-0.42, 0.21) (-0.50, 0.27) 0.5101 -0.52 (0.20) (-0.92, -0.12) (-1.05, -0.03) 0.0108 

6.3 Correctly specified
3
 Correctly specified

3
 Misspecified

2
 -0.23 (0.16) (-0.55, 0.10) (-0.64, 0.19) 0.1680 -0.40 (0.21) (-0.81, 0.01) (-0.99, 0.14) 0.0536 

7.1 Correctly specified
3
 Misspecified

1
 Misspecified

2
 -0.18 (0.15) (-0.47, 0.12) (-0.52, 0.15) 0.2424 -0.41 (0.20) (-0.8, -0.02) (-0.86, .000) 0.0402 

7.2 Misspecified
2
 Correctly specified

3
 Misspecified

1
 -0.29 (0.17) (-0.61, 0.04) (-0.71, 0.12) 0.0830 -0.33 (0.21) (-0.74, 0.08) (-0.93, 0.21) 0.1128 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified

3
 -0.11 (0.16) (-0.42, 0.21) (-0.51, 0.26) 0.4998 -0.52 (0.20) (-0.92, -0.12) (-1.04, -0.03) 0.0114 

8 Misspecified
2
 Misspecified

2
 Misspecified

2
 -0.17 (0.16) (-0.48, 0.15) (-0.56, 0.18) 0.2992 -0.50 (0.21) (-0.9, -0.09) (-1.02, 0.00) 0.0162 

1
Adjusted for marital status, age, gender, education level, employment status, and residence in rural areas. 

2
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, asthma, and 

diabetes), difficulty sleeping, smoking status, and nutrition. 
3
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, asthma, and 

diabetes), difficulty sleeping, smoking status, nutrition, neighborhood safety, sense of control, coping ability, and community participation.
 

Table 4-5. Comparison of coefficient estimates for depression and depression*female product term from crude, linear regression, MSM, PS covariate 
adjustment, doubly robust, and multiply robust scenarios as described, using distinct estimators to account for differing adjustment schemes for confounding 
control (N=7746). 
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 Results did not appear to change dramatically after applying survey weights to the 

analysis, though the bootstrapped confidence intervals did become wider (see Appendix Table 

4-5).  

Discussion 

The simulation results and illustrative example presented in this study demonstrate the 

utility of MR estimation for combining three different adjustment schemes in a single union 

model and obtain a consistent estimate of the main exposure provided at least one of the sub-

models is correctly specified and no new bias is introduced. Furthermore, our simulation results 

showed that product term coefficients were consistent in all scenarios regardless of the 

underlying model misspecification. The product term is a deterministic variable that we create 

using two (or more) existing variables in our dataset. Provided the variables used to create the 

product term (referred to as its parents in DAG terminology (34)) are included in the model as 

indicated by the hierarchical principle, the coefficient of the product term may be consistently 

estimated and tested without ensuring the no uncontrolled confounding assumption is fulfilled 

for the main exposure(s). This implies that investigators can test for possible effect measure 

modification or interaction (albeit with reduced power) even when they are unable to estimate 

either. This has also been demonstrated by other authors (7).  

Our illustrative example uses real-world data to show how collaborators who disagree 

about covariate adjustment schemes may combine their views and present one set of results 

rather than choose a single model for their analysis. We also emphasize that the illustrative 

example, which uses a limited set of variables, used in this study is simply a demonstration of 

the MR estimator and its merits as applied to a real-world dataset and hypothesis. Therefore, 

this example does not aim to provide a definitive conclusion regarding whether gender modifies 

the relationship between depression and self-rated health. Rather it aims to provide insights on 

issues that may arise from real world applications of MR estimation. For instance, the correctly 



 

79 
 

specified outcome regression, IPTW fitted MSM, and outcome regression using PS covariate 

adjustment in scenarios 1.1-1.3 of Table 4-5 provide different regression coefficients for the 

main effect of depression and the female by depression product term. This is not surprising 

however, as using different methods to control for confounding may yield very different 

estimates as a result of strong effect modification across different variables that are averaged 

over. Indeed, in the presence of a high degree of heterogeneity, effect estimates become 

sensitive to the adjustment methods used (35). Estimates may be sensitive to the weighting 

scheme used in an MSM or extreme PS values of certain observations. PS (matching) and 

ITPW fitted MSMs, for example, marginalize over the distribution of all confounder used to build 

the denominator of the IPTW. Thus, the marginal estimate from scenario 1.3 differs numerically 

and in its interpretation from estimates from scenarios 1.1 or 1.2. Though we do not believe this 

to be an issue in our analysis, it is also important to note that using a misspecified PS can result 

in biased estimates of interaction effect (36,37). 

Studying effect measure modification and causal interaction are especially important for 

policy makers, as “one-size-fits-all” sweeping policies may not be appropriate for all members of 

a population. Yet, model misspecification may preclude the quantification of effect measure 

modification and interaction as a result of bias due to uncontrolled confounding. Investigators 

that are interested in examining effect modification must fulfill the correct model specification 

assumption for the main exposure – outcome relationship only. On the other hand, examining 

causal interaction requires fulfilling the correct model specification assumption for both 

exposures of interest. Thus, this method can be especially useful when there is disagreement 

between policy-makers regarding final models for analyses used to make policy 

recommendations, especially since multiple studies are often necessary for discerning policy 

implications from research. It is important to note, however, that MR estimation does not 
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absolve one from assuming conditional exchangeability, consistency, positivity, and no 

interference in order to interpret estimates causally. 

Similar to MR estimators used in models that do not examine effect modification and 

causal interaction, this analytical technique is a complement and not a substitute for other 

causal or conventional analytical techniques. Rather, MR estimation can be used as a sensitivity 

analysis to support results from analyses that use maximum likelihood estimation, marginal 

structural models, etc. Our study has several strengths and limitations. Presenting both a 

simulation study as proof of concept and an illustrative example that uses an MR estimator are 

strengths of this chapter. However, the study was limited in that we examined a single two-way 

interaction between depression and gender. Thus, we did not examine effect modification by 

multiple variables simultaneously, interactions between three or more variables, or interactions 

between depression and nonlinear terms. In addition, we did not look at MR estimation of effect 

modification for count or binary outcomes in this study.  Assessing the use of MR estimation in 

such settings would be useful.  
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Appendix Table 4-1. Effect Modification. Degree of bias, standard deviation of estimate, 95% simulation interval and model-based 
coverage from different scenarios in which βYX=2.5, βYB=1.5, and βYXB=1.  

  Main Effects Coefficient for X Product Term for XB 

Scenario 
Description

0
 Scenario Bias 

Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage Bias 
Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 
-OR 0 1.0029 0.09 (3.32 , 3.69) 0.00 -0.0270 0.13 (0.71 , 1.21) 0.94 
+OR 1.1 -0.0007 0.06 (2.38 , 2.62) 0.92 0.0002 0.08 (0.85 , 1.16) 0.95 
+PS 1.2 0.0042 0.07 (2.38 , 2.63) 0.95 -0.0101 0.09 (0.80 , 1.16) 0.94 

+IPTW 1.3 0.0014 0.09 (2.33 , 2.68) 0.96 0.0025 0.14 (0.71 , 1.27) 0.93 
+IPTW +OR 2 0.0006 0.02 (2.47 , 2.53) 0.94 -0.0005 0.02 (0.96 , 1.04) 0.94 
-IPTW +OR 3.1 0.0019 0.06 (2.38 , 2.63) 0.92 -0.0060 0.08 (0.84 , 1.16) 0.94 
+IPTW –OR 3.2 0.0012 0.08 (2.36 , 2.65) 0.96 -0.0038 0.12 (0.76 , 1.23) 0.93 
-IPTW –OR 4 0.6144 0.08 (2.96 , 3.28) 0.00 -0.0051 0.11 (0.78 , 1.21) 0.95 

+PS +IPTW +OR 5 0.0005 0.02 (2.47 , 2.53) 0.94 -0.0004 0.02 (0.96 , 1.04) 0.94 
-PS +IPTW +OR 6.1 0.0027 0.06 (2.37 , 2.63) 0.91 -0.0031 0.08 (0.82 , 1.16) 0.94 
+PS -IPTW +OR 6.2 0.0019 0.06 (2.38 , 2.63) 0.92 -0.0052 0.08 (0.84 , 1.16) 0.94 
+PS +IPTW -OR 6.3 0.0030 0.06 (2.37 , 2.63) 0.91 -0.0033 0.08 (0.82 , 1.16) 0.94 
+PS -IPTW -OR 7.1 -0.0764 0.03 (2.36 , 2.48) 0.08 0.0078 0.03 (0.95 , 1.06) 0.95 
-PS +IPTW -OR 7.2 0.0016 0.03 (2.45 , 2.56) 0.98 -0.0014 0.05 (0.90 , 1.09) 0.94 
-PS -IPTW +OR 7.3 0.0013 0.04 (2.42 , 2.58) 0.99 -0.0054 0.09 (0.83 , 1.16) 0.94 
+PS +IPTW -OR 8.1 0.0020 0.06 (2.39 , 2.61) 0.96 -0.0077 0.09 (0.83 , 1.16) 0.94 
-PS +IPTW -OR 8.2 0.0008 0.05 (2.41 , 2.59) 0.99 0.0022 0.09 (0.83 , 1.17) 0.93 
-PS -IPTW +OR 8.3 0.0006 0.02 (2.47 , 2.53) 0.95 -0.0005 0.02 (0.96 , 1.04) 0.94 
-PS -IPTW -OR  9 0.6141 0.08 (2.96 , 3.28) 0.00 -0.0049 0.11 (0.78 , 1.21) 0.95 

0 
Symbol placed before the abbreviated estimator indicates its specification status: + indicates correctly specified estimator and - indicates 

misspecified indicator. 
1
 Model misspecified for X and B fails to adjust for Z and C. 

2
 Model misspecified for X and B fails to adjust for C, W2. 

3
 Model misspecified for X and B fails to adjust for Z, W2.
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  Main Effects Coefficient for X Main Effects Coefficient for B Product Term for XB 

Scenario 
Description0 Scenario Bias 

Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage Bias 
Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage Bias 
Standard 
deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 

-OR 0 1.0029 0.09 (3.32 , 3.69) 0.00 1.1790 0.08 (2.53 , 2.83) 0.00 -0.0270 0.13 (0.71 , 1.21) 0.94 

+OR 1.1 0.0007 0.02 (2.47 , 2.53) 0.95 -0.0008 0.01 (1.47 , 1.52) 0.94 -0.0008 0.02 (0.96 , 1.04) 0.96 

+PS 1.2 -0.0019 0.03 (2.44 , 2.55) 0.99 -0.0016 0.02 (1.45 , 1.55) 0.99 0.0015 0.05 (0.90 , 1.11) 0.95 

+IPTW 1.3 0.0014 0.08 (2.35 , 2.67) 0.98 -0.0002 0.06 (1.38 , 1.63) 0.99 -0.0001 0.15 (0.70 , 1.30) 0.92 

+IPTW +OR 2 0.0006 0.02 (2.47 , 2.53) 0.94 -0.0007 0.01 (1.47 , 1.52) 0.93 -0.0005 0.02 (0.96 , 1.04) 0.94 

-IPTW +OR 3.1 0.0004 0.02 (2.47 , 2.53) 0.95 -0.0008 0.01 (1.47 , 1.52) 0.94 -0.0006 0.02 (0.96 , 1.04) 0.94 

+IPTW –OR 3.2 0.0039 0.07 (2.37 , 2.64) 0.98 0.0007 0.05 (1.4 , 1.61) 0.98 -0.0049 0.13 (0.75 , 1.26) 0.91 

-IPTW –OR 4 0.6144 0.08 (2.96 , 3.28) 0.00 0.7508 0.07 (2.12 , 2.39) 0.00 -0.0051 0.11 (0.78 , 1.21) 0.95 

+PS +IPTW +OR 5 0.0005 0.02 (2.47 , 2.53) 0.94 -0.0007 0.01 (1.47 , 1.52) 0.93 -0.0004 0.02 (0.96 , 1.04) 0.94 

-PS +IPTW +OR 6.1 0.0006 0.02 (2.47 , 2.53) 0.94 -0.0007 0.01 (1.47 , 1.52) 0.93 -0.0006 0.02 (0.96 , 1.04) 0.94 

+PS -IPTW +OR 6.2 0.0005 0.02 (2.47 , 2.53) 0.95 -0.0008 0.01 (1.47 , 1.52) 0.94 -0.0007 0.02 (0.96 , 1.04) 0.94 

+PS + IPTW –OR 6.3 0.0001 0.02 (2.47 , 2.54) 0.93 -0.0004 0.01 (1.47 , 1.53) 0.94 -0.0007 0.03 (0.95 , 1.05) 0.93 

+PS -IPTW -OR 7.1 -0.0009 0.02 (2.47 , 2.53) 0.95 -0.0012 0.01 (1.47 , 1.53) 0.95 0.0010 0.02 (0.95 , 1.05) 0.95 

-PS +IPTW -OR 7.2 0.0005 0.03 (2.45 , 2.56) 0.98 0.0001 0.02 (1.46 , 1.54) 1.00 -0.0008 0.05 (0.90 , 1.09) 0.94 

-PS -IPTW +OR 7.3 0.0004 0.02 (2.47 , 2.53) 0.95 -0.0006 0.01 (1.47 , 1.52) 0.94 -0.0011 0.02 (0.96 , 1.04) 0.95 

-PS -IPTW -OR 8 0.6141 0.08 (2.96 , 3.28) 0.00 0.7508 0.07 (2.12 , 2.39) 0.00 -0.0049 0.11 (0.78 , 1.21) 0.95 
0 

Symbol placed before the abbreviated estimator indicates its specification status: + indicates correctly specified estimator and - indicates misspecified indicator.  
1
 Model misspecified for X and B fails to adjust for Z and C. 

2
 Model misspecified for X and B fails to adjust for C, W2. 

3
 Model misspecified for X and B fails to adjust for Z, W2.

 

 

 

  

Appendix Table 4-2. Causal Interaction. Degree of bias, standard deviation of estimate, 95% simulation interval and model-based coverage from different scenarios in 
which βYX=2.5, βYB=1.5, and βYXB=1.  
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Appendix Table 4-3. Descriptive statistics for exposure, outcome, and hypothesized confounders from World Health 
Survey conducted in Philippines (N=7746). 

 N (%) 

History of depression diagnosis 288 (3.72) 

Mean Self-rated health score , Mean (SD) 6.52 1.71 

Age in years, Mean (SD) 42.38 13.18 

Female 4226 (54.6) 

Married 5832 (75.3) 

Education Level   

No formal schooling 198 (2.56) 

Less than primary school 1339 (17.3) 

Primary school 2513 (32.4) 

Secondary School  2351 (30.4) 

High School  441 (5.69) 

College and beyond 904 (11.70) 

Employed 4553 (58.80) 

Lives in rural area 3178 (41.00) 

Arthritis diagnosis  1254 (16.20) 

Angina diagnosis  518 (6.69) 

Asthma diagnosis 594 (7.67) 

Diabetes diagnosis 212 (2.74) 

Problems sleeping 4077 (52.60) 

Current smoker 2719 (35.10) 

Sufficient nutrition 1825 (23.60) 

Feels unsafe in neighborhood 3617 (46.70) 

Unable to control important things 476 (6.15) 

Unable to cope with responsibilities 721 (9.31) 

Difficulty with personal relationships/ community participation 1920 (24.80) 
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    Depression Main effect Depression*Female product term 

Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression 
Median 

Estimate (SD) 
95% Simulation 

interval 
Median 

Estimate (SD) 
95% Simulation 

interval 
0    Regress Y on X 

only -0.65 (0.10) (-0.85, -0.47) -0.42 (0.12) (-0.66, -0.17) 
1.1  -- -- Correctly specified

3
 -0.14 (0.10) (-0.35, 0.04) -0.50 (0.12) (-0.75, -0.26) 

1.2 Correctly specified
3
 -- -- -0.19 (0.10) (-0.39, 0.00) -0.46 (0.12) (-0.70, -0.21) 

1.3 -- Correctly specified
3
 -- -0.24 (0.13) (-0.51, 0.01) -0.37 (0.18) (-0.72, -0.03) 

2 -- Correctly specified
3
 Correctly specified

3
 -0.14 (0.13) (-0.41, 0.11) -0.51 (0.18) (-0.85, -0.16) 

3.1 -- Misspecified
2
 Correctly specified

3
 -0.14 (0.14) (-0.41, 0.12) -0.51 (0.17) (-0.85, -0.16) 

3.2 -- Correctly specified
3
 Misspecified

2
 -0.14 (0.13) (-0.41, 0.11) -0.48 (0.18) (-0.82, -0.14) 

4 -- Misspecified
2
 Misspecified

2
 -0.21 (0.14) (-0.47, 0.07) -0.49 (0.17) (-0.83, -0.14) 

5 Correctly specified
3
 Correctly specified

3
 Correctly specified

3
 -0.14 (0.13) (-0.41, 0.11) -0.50 (0.18) (-0.85, -0.16) 

6.1 Misspecified
2
 Correctly specified

3
 Correctly specified

3
 -0.14 (0.13) (-0.41, 0.11) -0.51 (0.18) (-0.85, -0.16) 

6.2 Correctly specified
3
 Misspecified

2
 Correctly specified

3
 -0.14 (0.14) (-0.40, 0.12) -0.51 (0.17) (-0.85, -0.16) 

6.3 Correctly specified
3
 Correctly specified

3
 Misspecified

2
 -0.15 (0.13) (-0.42, 0.10) -0.48 (0.18) (-0.82, -0.13) 

7.1 Correctly specified
3
 Misspecified

1
 Misspecified

2
 -0.15 (0.10) (-0.36, 0.06) -0.51 (0.13) (-0.79, -0.27) 

7.2 Misspecified
2
 Correctly specified

3
 Misspecified

1
 -0.20 (0.13) (-0.47, 0.05) -0.42 (0.18) (-0.76, -0.07) 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified

3
 -0.14 (0.14) (-0.41, 0.12) -0.51 (0.17) (-0.85, -0.16) 

8 Misspecified
2
 Misspecified

2
 Misspecified

2
 -0.21 (0.14) (-0.47, 0.06) -0.49 (0.17) (-0.82, -0.14) 

1
Adjusted for marital status, age, gender, education level, employment status, and residence in rural areas. 

2
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, asthma, and 

diabetes), difficulty sleeping, smoking status, and nutrition. 
3
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, asthma, and 

diabetes), difficulty sleeping, smoking status, nutrition, neighborhood safety, sense of control, coping ability, and community participation.
 

 

  

Appendix Table 4-4. Results from Monte Carlo simulation of 1000 cohorts sampled from WHS Philippines dataset with simulated outcome 
variable. Comparison of coefficient estimates for depression and depression*female product term from crude, linear regression, MSM, PS 
covariate adjustment, doubly robust, and multiply robust scenarios as described, using distinct estimators to account for differing adjustment 
schemes for confounding control. Simulated βdepression=-0.15 and βdepression*female=-0.50. 



 

88 
 

    Depression Main effect Depression*Female product term 

Scenario Propensity Score 

Inverse 
Probability 

Weights 
Outcome 

regression 
Estimate 

(SE) 

Model 
based 95% 

CI 
Bootstrapped 

95% CI 
P-

value 
Estimate 

(SE) 

Model 
based 95% 

CI 
Bootstrapped 

95% CI P-value 
0  

  
Regress Y on X 

only -0.53 (0.15) (-0.83, -0.23) (-0.93, -0.12) 0.0005 -0.70 (0.20) (-1.08, -0.31) (-1.24, -0.17) 0.0004 

1.1 -- -- Correctly specified3 -0.05 (0.15) (-0.34, 0.24) (-0.43, 0.29) 0.7333 -0.70 (0.19) (-1.06, -0.33) (-1.17, -0.24) 0.0002 

1.2 Correctly specified3 -- -- -0.04 (0.15) (-0.35, 0.26) (-0.50, 0.35) 0.7803 -0.77 (0.19) (-1.15, -0.39) (-1.31, -0.23) <.0001 

1.3 -- Correctly specified3 -- -0.12 (0.16) (-0.43, 0.18) (-0.77, 0.43) 0.4278 -0.68 (0.20) (-1.08, -0.29) (-1.35, 0.16) 0.0007 

2 -- Correctly specified3 Correctly specified3 -0.07 (0.15) (-0.36, 0.22) (-0.70, 0.50) 0.6352 -0.77 (0.19) (-1.15, -0.39) (-1.45, 0.04) <.0001 

3.1 -- Misspecified2 Correctly specified3 -0.04 (0.15) (-0.33, 0.25) (-0.56, 0.42) 0.7866 -0.80 (0.19) (-1.17, -0.42) (-1.39, -0.10) <.0001 

3.2 -- Correctly specified3 Misspecified2 -0.07 (0.15) (-0.37, 0.22) (-0.70, 0.50) 0.6355 -0.74 (0.19) (-1.12, -0.36) (-1.46, 0.10) 0.0001 

4 -- Misspecified2 Misspecified2 -0.11 (0.15) (-0.40, 0.19) (-0.65, 0.38) 0.4728 -0.75 (0.19) (-1.14, -0.37) (-1.36, -0.06) 0.0001 

5 Correctly specified3 Correctly specified3 Correctly specified3 -0.07 (0.15) (-0.36, 0.23) (-0.69, 0.50) 0.6515 -0.77 (0.19) (-1.15, -0.39) (-1.45, 0.04) <.0001 

6.1 Misspecified2 Correctly specified3 Correctly specified3 -0.07 (0.15) (-0.36, 0.22) (-0.69, 0.50) 0.6479 -0.77 (0.19) (-1.14, -0.39) (-1.45, 0.04) <.0001 

6.2 Correctly specified3 Misspecified2 Correctly specified3 -0.04 (0.15) (-0.33, 0.26) (-0.56, 0.43) 0.8035 -0.80 (0.19) (-1.18, -0.42) (-1.39, -0.10) <.0001 

6.3 Correctly specified3 Correctly specified3 Misspecified2 -0.07 (0.15) (-0.37, 0.22) (-0.70, 0.50) 0.6201 -0.74 (0.19) (-1.12, -0.36) (-1.46, 0.10) 0.0001 

7.1 Correctly specified3 Misspecified1 Misspecified2 -0.08 (0.14) (-0.36, 0.20) (-0.51, 0.32) 0.5875 -0.62 (0.19) (-0.99, -0.25) (-1.16, -0.11) 0.001 

7.2 Misspecified2 Correctly specified3 Misspecified1 -0.15 (0.15) (-0.45, 0.15) (-0.78, 0.42) 0.3248 -0.63 (0.20) (-1.02, -0.25) (-1.32, 0.20) 0.0013 

7.3 Misspecified1 Misspecified2 Correctly specified3 -0.03 (0.15) (-0.32, 0.26) (-0.55, 0.43) 0.8392 -0.80 (0.19) (-1.17, -0.42) (-1.38, -0.10) <.0001 

8 Misspecified2 Misspecified2 Misspecified2 -0.11 (0.15) (-0.40, 0.19) (-0.65, 0.38) 0.4836 -0.75 (0.19) (-1.13, -0.37) (-1.36, -0.06) 0.0001 
1
Adjusted for marital status, age, gender, education level, employment status, and residence in rural areas. 

2
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, asthma, and diabetes), difficulty sleeping, 

smoking status, and nutrition. 
3
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, asthma, and diabetes), difficulty sleeping, 

smoking status, nutrition, neighborhood safety, sense of control, coping ability, and community participation.
 

 

  

Appendix Table 4-5. Comparison of coefficient estimates for depression and depression*female product term from crude, linear regression, MSM, PS covariate adjustment, doubly 
robust, and multiply robust scenarios as described, using distinct estimators to account for differing adjustment schemes for confounding control, with sampling weights applied. Data 
from WHS Philippines (N=7764). 
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Appendix Table 4-6. Descriptive statistics for exposure, outcome, and hypothesized confounders from World 
Health Survey conducted in Finland (N=925). 

 N (%) 

History of depression diagnosis 138 14.9 

Mean Self-rated health score , Mean (SD) 6.50 2.04 

Age in years, Mean (SD) 54.99 15.49 

Female 512 55.4 

Married 520 56.2 

Education Level   

No formal schooling 15.0 1.62 

Less than primary school 29.0 3.14 

Primary school 99.0 10.7 

Secondary School  254 27.5 

High School  344 37.2 

College and beyond 184 19.9 

Employed 439 47.5 

Lives in rural area 360 38.9 

Arthritis diagnosis  48.0 5.19 

Angina diagnosis  105 11.4 

Asthma diagnosis 94.0 10.2 

Problems sleeping 457 49.4 

Unable to control important things 20.0 2.16 

Unable to cope with responsibilities 26.0 2.81 

Difficulty with personal relationships/ community participation 51.0 5.51 
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Appendix Table 4-7. Comparison of coefficient estimates for depression and depression*female product term from crude, linear regression, MSM, PS covariate 
adjustment, doubly robust, and multiply robust scenarios as described, using distinct estimators to account for differing adjustment schemes for confounding control. 
Data from WHS Finland (N=925). 

    Depression Main effect Depression*Female product term 

Scenario Propensity Score 

Inverse 
Probability 

Weights 
Outcome 

regression 
Estimate 

(SE) 
Model based 

95% CI 
Bootstrappe

d 95% CI P-value 
Estimate 

(SE) 
Model based 

95% CI 
Bootstrappe

d 95% CI 
P-

value 
0  

  
Regress Y on X 

only -1.09 (0.29) (-1.66, -0.52) (-1.62, -0.53) 0.0002 -0.52 (0.37) (-1.25, 0.21) (-1.21, 0.17) 0.1641 

  -- -- Correctly specified3 -0.72 (0.25) (-1.21, -0.22) (-1.16, -0.22) 0.0047 -0.28 (0.32) (-0.91, 0.36) (-0.88, 0.34) 0.3911 

1.2 Correctly specified3 -- -- -0.64 (0.28) (-1.20, -0.09) (-1.14, -0.10) 0.0222 -0.42 (0.36) (-1.12, 0.28) (-1.09, 0.23) 0.2413 

1.3 -- Correctly specified3 -- -0.65 (0.28) (-1.20, -0.11) (-1.30, -0.07) 0.0185 -0.38 (0.37) (-1.11, 0.35) (-1.20, 0.45) 0.3107 

2 -- Correctly specified3 Correctly specified3 -0.64 (0.23) (-1.09, -0.18) (-1.10, -0.14) 0.0066 -0.29 (0.31) (-0.91, 0.32) (-0.93, 0.34) 0.3509 

3.1 -- Misspecified2 Correctly specified3 -0.61 (0.23) (-1.07, -0.16) (-1.12, -0.10) 0.0085 -0.30 (0.31) (-0.92, 0.31) (-0.97, 0.35) 0.3335 

3.2 -- Correctly specified3 Misspecified2 -0.65 (0.24) (-1.12, -0.18) (-1.14, -0.13) 0.0068 -0.28 (0.32) (-0.91, 0.35) (-0.92, 0.35) 0.3836 

4 -- Misspecified2 Misspecified2 -0.74 (0.24) (-1.21, -0.28) (-1.26, -0.22) 0.0016 -0.32 (0.32) (-0.95, 0.30) (-0.98, 0.35) 0.3125 

5 Correctly specified3 Correctly specified3 Correctly specified3 -0.63 (0.23) (-1.09, -0.18) (-1.10, -0.14) 0.0067 -0.29 (0.31) (-0.91, 0.32) (-0.95, 0.34) 0.3506 

6.1 Misspecified2 Correctly specified3 Correctly specified3 -0.63 (0.23) (-1.09, -0.18) (-1.10, -0.14) 0.0066 -0.29 (0.31) (-0.91, 0.32) (-0.94, 0.34) 0.3510 

6.2 Correctly specified3 Misspecified2 Correctly specified3 -0.61 (0.23) (-1.07, -0.15) (-1.11, -0.11) 0.0089 -0.31 (0.31) (-0.92, 0.31) (-0.96, 0.34) 0.3307 

6.3 Correctly specified3 Correctly specified3 Misspecified2 -0.66 (0.23) (-1.12, -0.20) (-1.14, -0.16) 0.0050 -0.28 (0.32) (-0.90, 0.34) (-0.91, 0.37) 0.3757 

7.1 Correctly specified3 Misspecified1 Misspecified2 -0.68 (0.24) (-1.15, -0.21) (-1.19, -0.14) 0.0044 -0.35 (0.32) (-0.97, 0.28) (-1.02, 0.33) 0.2763 

7.2 Misspecified2 Correctly specified3 Misspecified1 -0.67 (0.24) (-1.14, -0.20) (-1.16, -0.18) 0.0055 -0.27 (0.33) (-0.91, 0.37) (-0.93, 0.38) 0.4101 

7.3 Misspecified1 Misspecified2 Correctly specified3 -0.62 (0.23) (-1.07, -0.16) (-1.12, -0.10) 0.0084 -0.30 (0.31) (-0.92, 0.32) (-0.96, 0.35) 0.3372 

8 Misspecified2 Misspecified2 Misspecified2 -0.74 (0.24) (-1.20, -0.28) (-1.25, -0.21) 0.0017 -0.32 (0.32) (-0.95, 0.30) (-0.99, 0.35) 0.3116 
1
Adjusted for marital status, age, gender, education level, employment status, and residence in rural areas. 

2
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, and asthma), and 

difficulty sleeping. 
3
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, and asthma), difficulty 

sleeping, sense of control, coping ability, and community participation.
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    Depression Main effect Depression*Female product term 

Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression 
Median 

Estimate (SD) 
95% Simulation 

interval 
Median 

Estimate (SD) 
95% Simulation 

interval 
0    Regress Y on X 

only -1.08 (0.15) (-1.37, -0.77) -0.50 (0.19) (-0.89, -0.14) 
1.1  -- -- Correctly specified

3
 -0.71 (0.15) (-1.01, -0.40) -0.26 (0.19) (-0.65, 0.11) 

1.2 Correctly specified
3
 -- -- -0.65 (0.15) (-0.95, -0.34) -0.40 (0.19) (-0.78, -0.04) 

1.3 -- Correctly specified
3
 -- -0.72 (0.17) (-1.05, -0.37) -0.36 (0.22) (-0.80, 0.06) 

2 -- Correctly specified
3
 Correctly specified

3
 -0.71 (0.17) (-1.03, -0.35) -0.27 (0.22) (-0.73, 0.15) 

3.1 -- Misspecified
2
 Correctly specified

3
 -0.71 (0.17) (-1.02, -0.37) -0.27 (0.22) (-0.71, 0.15) 

3.2 -- Correctly specified
3
 Misspecified

2
 -0.72 (0.17) (-1.04, -0.36) -0.26 (0.22) (-0.71, 0.16) 

4 -- Misspecified
2
 Misspecified

2
 -0.83 (0.17) (-1.15, -0.51) -0.28 (0.22) (-0.72, 0.13) 

5 Correctly specified
3
 Correctly specified

3
 Correctly specified

3
 -0.71 (0.17) (-1.03, -0.34) -0.27 (0.22) (-0.72, 0.15) 

6.1 Misspecified
2
 Correctly specified

3
 Correctly specified

3
 -0.71 (0.17) (-1.03, -0.35) -0.27 (0.22) (-0.73, 0.15) 

6.2 Correctly specified
3
 Misspecified

2
 Correctly specified

3
 -0.71 (0.17) (-1.02, -0.36) -0.27 (0.22) (-0.71, 0.14) 

6.3 Correctly specified
3
 Correctly specified

3
 Misspecified

2
 -0.73 (0.17) (-1.05, -0.37) -0.26 (0.22) (-0.71, 0.16) 

7.1 Correctly specified
3
 Misspecified

1
 Misspecified

2
 -0.77 (0.16) (-1.07, -0.45) -0.24 (0.21) (-0.66, 0.16) 

7.2 Misspecified
2
 Correctly specified

3
 Misspecified

1
 -0.75 (0.17) (-1.06, -0.39) -0.25 (0.22) (-0.70, 0.16) 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified

3
 -0.71 (0.17) (-1.03, -0.37) -0.27 (0.22) (-0.71, 0.15) 

8 Misspecified
2
 Misspecified

2
 Misspecified

2
 -0.83 (0.17) (-1.14, -0.51) -0.29 (0.22) (-0.72, 0.13) 

1
Adjusted for marital status, age, gender, education level, employment status, and residence in rural areas. 

2
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, and asthma), and 

difficulty sleeping. 
3
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, and asthma), 

difficulty sleeping, sense of control, coping ability, and community participation.
 

  

Appendix Table 4-8. Results from Monte Carlo simulation of the outcome variable using 1000 copies of the WHS Finland dataset. Comparison of 
coefficient estimates for depression and depression*female product term from crude, linear regression, MSM, PS covariate adjustment, doubly 
robust, and multiply robust scenarios as described, using distinct estimators to account for differing adjustment schemes for confounding control. 
Simulated βdepression=-0.716 and βdepression*female=-0.276.  
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    Depression Main effect Depression*Female product term 

Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression 
Estimate 

(SE) 
Model based 

95% CI 
Bootstrapped 

95% CI P-value 
Estimate 

(SE) 
Model based 

95% CI 
Bootstrapped 

95% CI P-value 

0   Regress Y on X only -1.07 (0.29) (-1.64, -0.50) (-1.59, -0.51) 0.0003 -0.54 (0.37) (-1.27, 0.19) (-1.23, 0.16) 0.149 

1.1 -- -- Correctly specified
3
 -0.70 (0.25) (-1.20, -0.20) (-1.14, -0.21) 0.0057 -0.28 (0.32) (-0.91, 0.35) (-0.89, 0.32) 0.3775 

1.2 Correctly specified
3
 -- -- -0.63 (0.28) (-1.18, -0.07) (-1.12, -0.09) 0.0265 -0.43 (0.36) (-1.13, 0.27) (-1.10, 0.20) 0.2252 

1.3 -- Correctly specified
3
 -- -0.62 (0.28) (-1.17, -0.08) (-1.27, -0.04) 0.0242 -0.40 (0.37) (-1.14, 0.33) (-1.23, 0.43) 0.2808 

2 -- Correctly specified
3
 Correctly specified

3
 -0.62 (0.23) (-1.07, -0.16) (-1.08, -0.13) 0.0082 -0.30 (0.31) (-0.92, 0.31) (-0.93, 0.32) 0.3320 

3.1 -- Misspecified
2
 Correctly specified

3
 -0.60 (0.23) (-1.05, -0.14) (-1.08, -0.09) 0.0103 -0.31 (0.31) (-0.93, 0.30) (-0.97, 0.34) 0.3202 

3.2 -- Correctly specified
3
 Misspecified

2
 -0.63 (0.24) (-1.10, -0.16) (-1.12, -0.13) 0.0082 -0.29 (0.32) (-0.92, 0.34) (-0.93, 0.34) 0.3661 

4 -- Misspecified
2
 Misspecified

2
 -0.73 (0.24) (-1.19, -0.27) (-1.23, -0.21) 0.0020 -0.33 (0.32) (-0.95, 0.30) (-0.99, 0.35) 0.3030 

5 Correctly specified
3
 Correctly specified

3
 Correctly specified

3
 -0.62 (0.23) (-1.07, -0.16) (-1.08, -0.12) 0.0084 -0.31 (0.31) (-0.92, 0.31) (-0.94, 0.32) 0.3309 

6.1 Misspecified
2
 Correctly specified

3
 Correctly specified

3
 -0.62 (0.23) (-1.07, -0.16) (-1.08, -0.13) 0.0082 -0.31 (0.31) (-0.92, 0.31) (-0.94, 0.33) 0.3322 

6.2 Correctly specified
3
 Misspecified

2
 Correctly specified

3
 -0.60 (0.23) (-1.05, -0.14) (-1.08, -0.10) 0.0109 -0.31 (0.31) (-0.93, 0.30) (-0.97, 0.32) 0.3168 

6.3 Correctly specified
3
 Correctly specified

3
 Misspecified

2
 -0.64 (0.23) (-1.10, -0.18) (-1.12, -0.15) 0.0062 -0.29 (0.32) (-0.91, 0.33) (-0.91, 0.34) 0.3583 

7.1 Correctly specified
3
 Misspecified

1
 Misspecified

2
 -0.67 (0.24) (-1.14, -0.20) (-1.17, -0.13) 0.0050 -0.35 (0.32) (-0.97, 0.27) (-1.02, 0.33) 0.2713 

7.2 Misspecified
2
 Correctly specified

3
 Misspecified

1
 -0.65 (0.24) (-1.12, -0.18) (-1.14, -0.16) 0.0069 -0.28 (0.32) (-0.92, 0.36) (-0.93, 0.36) 0.3872 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified

3
 -0.60 (0.23) (-1.06, -0.14) (-1.08, -0.10) 0.0102 -0.31 (0.31) (-0.93, 0.31) (-0.96, 0.33) 0.3231 

8 Misspecified
2
 Misspecified

2
 Misspecified

2
 -0.73 (0.24) (-1.19, -0.26) (-1.23, -0.20) 0.0021 -0.33 (0.32) (-0.95, 0.30) (-0.99, 0.35) 0.3022 

1
Adjusted for marital status, age, gender, education level, employment status, and residence in rural areas. 

2
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, and asthma), and difficulty sleeping. 

3
 Adjusted for marital status, age, gender, education level, employment status, residence in rural areas, types of comorbidities (arthritis, angina, and asthma), difficulty sleeping, sense of control, coping ability, 

and community participation.
 

Appendix Table 4-9. Comparison of coefficient estimates for depression and depression*female product term from crude, linear regression, MSM, PS covariate adjustment, doubly 
robust, and multiply robust scenarios as described, using distinct estimators to account for differing adjustment schemes for confounding control with sampling weights applied. Data from 
WHS Finland (N=925).  
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Chapter 5. Multiply Robust Estimation of Total Effects in 

Multilevel Models 

Abstract 

Hierarchical, or multilevel, data are becoming more common in epidemiology as data are 

collected on participants from multiple neighborhoods, schools, healthcare facilities, cities, 

countries, etc. Multilevel models are needed to analyze such data in order to take into account 

the clustered hierarchical structure while estimating random or fixed effects. Confounding can 

exist at the group (i.e. contextual) level and at the individual (i.e. compositional) level in 

hierarchical data. Multiply robust estimation is a novel technique that affords investigators with 

more than two chances to specify a model correctly via a union of (sub-)models, obviating 

multiple results presentation. We demonstrate how multiply robust estimation combines three or 

more estimators in one multilevel union model to yield unbiased effect estimates provided at 

least one sub-model is correctly specified with regards to confounding control, no new bias is 

introduced, and there is no uncontrolled confounding given the measured set of confounding 

variables. We used Monte Carlo simulations to examine the causal effect of a binary exposure 

on a continuous outcome given contextual and compositional confounders. We combined 

inverse probability of treatment weighted fitting of marginal structural models, propensity score 

covariate adjustment, and outcome regression in our union model. We examined the 

performance of multiply robust estimation under different model specification scenarios. Our 

results showed that effect estimates for the exposure were unbiased in all scenarios, provided 

at least one sub-model was correctly specified and regardless of which sub-model was 

misspecified. We then applied multiply robust estimation to data from the World Health Survey 

to estimate the effect of depression on self-rated health. Our results support multiply robust 
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estimation as a sophisticated method that investigators can use to hedge their bets on obtaining 

valid effect estimates from hierarchical data by using a union model.  
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Introduction 

Public health and medical researchers increasingly recognize the importance of 

investigating social contexts in shaping the health of individuals (1,2).  Indeed, “location” or 

“place” influences health through physical aspects and through social, political, and economic 

attributes of a place (3).  Social scientists have long studied the complex interactions of 

individual and social characteristics of communities and their effects on individual level 

outcomes, and neighborhood effect studies are becoming more popular in epidemiology (4,5).  

As a result, hierarchical, or clustered, data has become more common in epidemiologic and 

health research as data is collected from patients nested within healthcare centers, inhabitants 

of different neighborhoods, cities, or countries, etc.  Usually, observations within clusters are not 

independent of each other.  For instance, patients nested within hospitals share physicians, 

nurses, and the same surroundings.  Analyzing such data using standard single level models 

fails to account for correlations between individuals from the same group, violates certain 

assumptions of standard models, and can produce biased effect estimates and standard errors.  

Multilevel (or hierarchical) models have become a standard approach to accounting for 

clustering in hierarchal data (6,7).  Researchers use multilevel models for a number of reasons.  

For instance, they may want to draw inferences to a population of groups rather than individuals 

or include predictors at more than one level (7). 

Multilevel models are a generalization of linear (or generalized linear) regression models 

in which the regression coefficients are given a model themselves.  Thus, a unique regression 

with its own set of assumptions corresponds to each level of the model, where level 1 

observations are nested within level 2 groups (7).  Multilevel models allow us to model the 

outcome as a function of individual level variables, also referred to as compositional covariates, 

and group-level variables, or contextual covariates, and to quantify the degree of variability in 

the outcome due to clustering of the data.  Thus, we can take into account the effects of 
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common contexts shared by individuals from the same group. For instance, we can model the 

continuous outcome Yij among i = 1,…, n individuals nested in  j = 1,…, J groups using the 

following multilevel model: 

yii ~ N(αj + βxij, σ
2
Yij) 

αj ~ N(μα0 + μα1j, σ
2
αj) 

where Xij represents predictors at level 1, or at the individual level, and αj is a varying group-

intercept, which can be represented using the model shown (where μα0 is an overall mean and 

μα1j represents deviations from the mean).  This is an example of a random intercept model, 

which we will be using throughout this study. 

In random intercept settings similar to the scenarios we will consider in our simulations 

and illustrative example, the outcome and exposure may be measured at the individual level.  

The probability of exposure assignment at the individual level depends on compositional 

characteristics, unmeasured and measured contextual characteristics, and interactions between 

such characteristics.  Unmeasured group level predictors, or contextual covariates, affect 

exposure prediction at the individual level through the random intercept, which in turn affects the 

average group level exposure (8,9). 

The aim of this chapter is to assess the performance of multiply robust (MR) estimation 

in multilevel models.  MR estimation is a novel method that builds upon doubly robust (DR) 

estimation.  DR estimation combines a model for the exposure with a model for the outcome 

and yields a consistent effect estimate provided one of these models is correctly specified (10–

12).  MR estimation extends DR estimation by combining three or more models in a single union 

model.  Provided one of the sub-models in the union is correctly specified, the MR model will 

yield a consistent effect estimate that is robust to misspecification of the other sub-models.  A 

number of model misspecification issues apply to multilevel models, but this study will focus on 

correct specification of the hierarchical data structure and correct specification of covariate 
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adjustment (including both compositional and contextual covariates) for confounding control.  

The nascent literature on propensity scores (PS) and inverse probability of treatment weighting 

(IPTW) in multilevel models is growing slowly.  The use of propensity scores in multilevel 

models, especially when the PS is used for matching, has been explored to a greater extent 

than IPTW.  Li et al. report that the PS model is appropriate if it captures the hierarchical 

structure of the data (13).  However, it has been shown that a random intercept PS model and 

single level PS model perform similarly well when used for within group matching (9).  Another 

study suggests that matching on a PS created using either a random intercept PS model in the 

presence of unmeasured contextual covariates or a PS model with group level fixed effects 

performs well to control confounding (14).  In addition, the literature suggests that accounting for 

the hierarchical structure of data when creating inverse probability of treatment weights may 

also reduce bias, though not eliminate it (15).  In this study, we will combine PS covariate 

adjustment, IPTW fitting of marginal structural models, and outcome regression in a multiply 

robust union model and assess bias, standard errors, confidence interval coverage, and the 

variance of the random intercept.  We will then apply MR estimation to a real-world dataset to 

provide an illustrative example of the method. 

Monte Carlo Simulations 

Methods 

We used Monte Carlo methods to simulate data with a hierarchical structure.  We 

simulated 1000 cohorts of i=1, …, 500 level 1 observations (i.e. individuals) nested within j=1, 

…, 20 level 2 groups for a total sample size of N = 10,000 to examine the effect of a binary 

exposure at the individual level, Xij, on a continuous individual level outcome, Yij.  We simulated 

two dichotomous compositional confounders Z1ij and Z2ij, and two contextual confounders, C1j 

and C2j for a total of four confounders of the exposure-outcome relationship.  The directed 
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acyclic graph (DAG) in Figure 5-1 encodes the relationships between the exposure, outcome, 

contextual, and compositional confounders.  C1j was simulated with a prevalence of P(C1j=1) = 

0.65, while the probability of C2j was simulated according to the equation P(C2j=1) = 1/(1+exp(-

(ln(0.3/0.7) + ln(4)*c1j))).  Z1ij was simulated with a prevalence of P(Z1ij=1) = 0.35, while the 

probability of Z2ij was simulated according to the equation P(Z2ij=1) = 1/(1+exp(-(ln(0.6/0.4) + 

ln(1.5)*z1ij))).  The probability of Xij was defined as 1/(1+exp(-(ln(0.25/0.75) + ln(3)*c1j + 

ln(2.5)*c2j + ln(2)*z1ij + ln(1.5)*z2ij))).  The effect of Xij on Yij was simulated to be null.  The 

random intercept was specified as a standard normal random variable with the distribution αj ~ 

N(0, 1).  Yij was defined as a continuous normal variable with mean and variance defined by yij = 

αj + βYX*xij + βYZ1*z1ij + βYZ2*z2ij + γYC1*c1j + γYC2*c2j + εij and εij ~N(0, 2), where {βYX, βYZ1, βYZ2} = 

{0, 2, 2} and {γYC1, γYC2} = {1.5, 2.5}.  Xij had an overall prevalence of P(Xij=1) = 0.62 and Yij had 

a mean of 4.2 with a standard deviation of 3.1. 

 

Figure 5-1.  Directed acyclic graph (DAG) for used to generate data for the Monte Carlo simulations. X is 
a binary exposure, C1 and C2 are contextual confounders, and Z1 and Z2 are compositional confounders, 
and Y is a continuous normally distributed outcome. 

 

We examined the conditional effect of exposure Xij under different scenarios.  These 

scenarios included a crude model, correctly specified outcome regression, covariate adjustment 

with a correctly specified PS, weighting with correctly specified IPTW, and various DR and MR 
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models in which none, one, two, or three (in the case of MR estimation) models were 

misspecified with respect to covariate adjustment for confounding control.  In these scenarios, 

model misspecification involved failure to adjust for contextual confounders or failure to adjust 

for compositional confounders, but not both simultaneously.  The PS was modeled as the 

probability that Xij = 1 given covariates in each specific scenario (16).  Stabilized IPTW were 

built by dividing the marginal probability of exposure by the inverse of the probability of 

exposure given covariates for each individual.  These weights were used to create a 

pseudopopulation in which the distribution of confounders for the exposed and unexposed were 

the same (17,18).  In DR scenarios, we weighted an outcome regression model using IPTW, 

while MR scenarios combined three sub-models for the PS, IPTW, and outcome regression by 

including the PS as a continuous covariate with a linear coefficient in an outcome regression 

with fixed effects for covariates specific to the scenario, and weighted this regression by the 

IPTW.  First, we accounted for the multilevel structure of the data in all models of all scenarios 

by including a random intercept and repeated these scenarios with a non-null coefficient of βYX = 

2.  We then re-ran all scenarios ignoring the multilevel structure of the data (i.e. using single 

level sub-models for all scenarios), and repeated these scenarios with a non-null coefficient of 

βYX = 2.  Finally, we examined selected scenarios in which one or two sub-models accounted for 

the hierarchical structure of the data, while the remaining sub-models did not. 

 We assessed performance of the MR approach by examining bias in the main effect of 

Xij, mean squared error (MSE, defined as bias2 + variance), the 95% simulation interval, and 

model based coverage of 95% confidence interval of these estimates.  We also examined the 

variance of the random intercept in scenarios where the outcome regression accounted for the 

multilevel structure of the data.  We examined bias in the main effect of Xij by taking the 

difference between the median of estimated coefficients from 1000 simulations and the true 

coefficient, and examined the standard deviation of these coefficients.  Ninety-five percent 
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(95%) simulation intervals were defined as the 2.5th and 97.5th percentiles of the distribution of 

estimates from the 1000 cohorts while model based 95% confidence interval coverage was 

assessed by calculating the proportion of model based confidence intervals that included the 

true values of the estimates.  All simulations were carried out in SAS version 9.3 (SAS Institute 

Inc, Cary, NC, 2011). 

Results 

 Table 5-1 and 5-2 show results from Monte Carlo simulations in which the multilevel 

structure of data is accounted for in the outcome regression by inclusion of a random intercept 

for null and non-null Xij-Yij relationships, respectively.  The same model specification schemes 

and scenarios are used to obtain results from single level models, and these results are 

presented in Tables 5-3 and 5-4 for null and non-null Xij-Yij relationships, respectively.  

Comparing results from Table 5-1 and Table 5-3 (or Table 5-2 and Table 5-4) show that failure 

to adjust for contextual confounders in all sub-models of DR scenario 4.1, bias = 0.0003 in Table 

5-1 vs. bias = 1.1340 in Table 5-3, and MR scenario 8.1, bias=0.0006 in Table 5-1 vs. bias = 

1.1339 in Table 5-3, does not bias the coefficient of Xij as long as the multilevel data structure is 

accounted for by inclusion of a random intercept.  The effect of Xij is consistently estimated in all 

scenarios of Table 5-1 except in scenarios 0, 4.2, and 8.2.  The coefficient of Xij is not consistent 

when the two compositional confounders, Z1ij and Z2ij, are not adjusted for in all sub-models of 

DR scenario 4.2 and MR scenario 8.2, as can be seen in Tables 5-1 to 5-4 where bias is 

approximately 0.53 in each of these scenarios.  The results also suggest that the variance of the 

random intercept can be consistently estimated from MR models.  The variance of the random 

intercept is close to its simulated value of 1.0 in scenarios where the contextual confounders C1j 

and C2j are included in the outcome regression sub-model.  As an exploratory analysis, we 

repeated the simulation scenarios in Tables 5-1 to 5-2 and included a correlation between the 
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contextual confounders and compositional confounders and obtained similar results (see 

Appendix Tables 5-1 to 5-2). 

 Table 5-5 shows results from Monte Carlo simulations in which at least one sub-model 

accounts for the multilevel structure of the data.  DR models are presented in scenarios 1-4 and 

MR models are presented in scenarios 5-10.  These results suggest that including C1j and C2j in 

a single level outcome regression, excluding C1j and C2j from a random intercept model, or 

including C1j and C2j in a random intercept model yield consistent effect estimates for Xij.  The 

coefficient of Xij is biased in scenario 2, where the PS model used to build the IPTW included all 

confounders and a random intercept but the outcome regression to which the IPTW were 

applied was a single level model that did not include C1j and C2j (bias = 1.08).  The coefficient of 

Xij was also biased in scenario 9, where an MR union model combined a single level PS sub-

model that did not adjust for C1j and C2j, IPTW constructed from a model that was correctly 

specified with respect to confounding control and accounted for the multilevel structure of the 

data, and a single level outcome regression that failed to adjust for contextual confounding by 

C1j and C2j (bias=1.08).   
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Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression Bias MSE 
Standard 
Deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 

Variance of 
Random 
Intercept 

0   Regress x on y only 0.5345 0.5372 0.05 (0.43, 0.64) 0.00 3.42 
1.1   Correctly specified -0.0016 0.0003 0.04 (-0.09, 0.08) 0.96 0.99 
1.2  Correctly specified  0.0032 0.0052 0.04 (-0.09, 0.09) 0.98 3.70 
1.3 Correctly specified   -0.0012 0.0007 0.04 (-0.09, 0.08) 0.96 2.95 
2  Correctly specified Correctly specified -0.0019 0.0001 0.04 (-0.09, 0.09) 0.95 0.99 

3.1  Correctly specified Misspecified
1
 0.0009 0.0028 0.04 (-0.09, 0.09) 0.95 3.70 

3.2  Misspecified
1
 Correctly specified -0.0023 -0.0003 0.04 (-0.09, 0.09) 0.95 0.99 

3.3  Correctly specified Misspecified
2
 -0.0009 0.0011 0.04 (-0.09, 0.09) 0.98 0.99 

3.4  Misspecified
2
 Correctly specified -0.0019 0.0000 0.04 (-0.09, 0.08) 0.96 0.99 

4.1  Misspecified
1
 Misspecified

1
 0.0003 0.0022 0.04 (-0.09, 0.09) 0.95 3.70 

4.2  Misspecified
2
 Misspecified

2
 0.5304 0.5332 0.05 (0.42, 0.63) 0.00 0.99 

5 Correctly specified Correctly specified Correctly specified -0.0019 0.0000 0.04 (-0.09, 0.09) 0.95 0.99 
6.1 Misspecified

1
 Correctly specified Correctly specified -0.0019 0.0001 0.04 (-0.09, 0.09) 0.95 0.99 

6.2 Correctly specified Misspecified
1
 Correctly specified -0.0023 -0.0004 0.04 (-0.09, 0.09) 0.96 0.99 

6.3 Correctly specified Correctly specified Misspecified
1
 0.0006 0.0025 0.04 (-0.09, 0.09) 0.95 2.61 

6.4 Misspecified
2
 Correctly specified Correctly specified -0.0020 0.0000 0.04 (-0.09, 0.08) 0.95 0.99 

6.5 Correctly specified Misspecified
2
 Correctly specified -0.0014 0.0005 0.04 (-0.09, 0.08) 0.96 0.99 

6.6 Correctly specified Correctly specified Misspecified
2
 -0.0019 0.0002 0.04 (-0.09, 0.09) 0.95 1.01 

7.1 Correctly specified Misspecified
1
 Misspecified

2
 -0.0021 -0.0001 0.04 (-0.09, 0.09) 0.95 1.01 

7.2 Misspecified
2
 Correctly specified Misspecified

1
 -0.0020 -0.0001 0.04 (-0.09, 0.08) 0.95 1.18 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified -0.0013 0.0006 0.04 (-0.09, 0.08) 0.96 0.99 

8.1 Misspecified
1
 Misspecified

1
 Misspecified

1
 0.0006 0.0026 0.04 (-0.09, 0.09) 0.95 2.64 

8.2 Misspecified
2
 Misspecified

2
 Misspecified

2
 0.5302 0.5329 0.05 (0.42, 0.63) 0.00 0.99 

1
 Misspecified model fails to adjust for contextual confounding by C1j,C2j. 

2
 Misspecified model fails to adjust for compositional confounding by Z1ij, Z2ij. 

 

  

Table 5-1.  Degree of bias, MSE, standard deviation of estimate, 95% simulation interval, model-based coverage, and random intercept variance, from 
different scenarios in which βYX=0 and all (sub-)models account for hierarchical structure of data. Model specification scenario descriptions: Scenario 0 – 
unadjusted model.  Scenario 1 – correctly specified models.  Scenario 2 – DR models with IPTW and OR correctly specified.  Scenario 3 –DR model with one 
estimator misspecified.  Scenario 4 – DR models with both estimators misspecified.  Scenario 5 – MR model with all estimators correctly specified.  Scenario 6 
– MR model with one estimator misspecified.  Scenario 7 – MR model with two estimators misspecified.  Scenario 8 – MR model with all three estimators 
misspecified. 
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Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression Bias MSE 
Standard 
Deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 

Variance of 
Random 
Intercept 

0   Regress x on y only 0.5360 0.5388 0.05 (2.43, 2.64) 0.00 3.36 
1.1   Correctly specified -0.0020 0.0000 0.04 (1.91, 2.08) 0.95 1.00 
1.2  Correctly specified  0.0053 0.0074 0.05 (1.91, 2.10) 0.98 3.64 
1.3 Correctly specified   -0.0008 0.0012 0.04 (1.91, 2.08) 0.96 3.02 
2  Correctly specified Correctly specified -0.0002 0.0019 0.05 (1.91, 2.09) 0.95 1.00 

3.1  Correctly specified Misspecified
1
 0.0025 0.0045 0.05 (1.92, 2.09) 0.95 3.64 

3.2  Misspecified
1
 Correctly specified -0.0008 0.0013 0.05 (1.91, 2.09) 0.94 1.00 

3.3  Correctly specified Misspecified
2
 0.0012 0.0033 0.05 (1.91, 2.09) 0.98 1.00 

3.4  Misspecified
2
 Correctly specified -0.0019 0.0001 0.04 (1.91, 2.09) 0.95 1.00 

4.1  Misspecified
1
 Misspecified

1
 0.0020 0.0040 0.05 (1.92, 2.09) 0.95 3.64 

4.2  Misspecified
2
 Misspecified

2
 0.5317 0.5345 0.05 (2.43, 2.64) 0.00 1.00 

5 Correctly specified Correctly specified Correctly specified -0.0001 0.0020 0.05 (1.91, 2.09) 0.95 0.99 
6.1 Misspecified

1
 Correctly specified Correctly specified 0.0000 0.0020 0.05 (1.91, 2.09) 0.95 0.99 

6.2 Correctly specified Misspecified
1
 Correctly specified -0.0007 0.0013 0.05 (1.91, 2.09) 0.95 0.99 

6.3 Correctly specified Correctly specified Misspecified
1
 0.0024 0.0045 0.05 (1.92, 2.09) 0.95 2.57 

6.4 Misspecified
2
 Correctly specified Correctly specified -0.0002 0.0018 0.05 (1.91, 2.09) 0.95 0.99 

6.5 Correctly specified Misspecified
2
 Correctly specified -0.0017 0.0003 0.04 (1.91, 2.09) 0.95 0.99 

6.6 Correctly specified Correctly specified Misspecified
2
 -0.0001 0.0020 0.05 (1.91, 2.09) 0.95 1.02 

7.1 Correctly specified Misspecified
1
 Misspecified

2
 -0.0004 0.0017 0.05 (1.91, 2.09) 0.95 1.02 

7.2 Misspecified
2
 Correctly specified Misspecified

1
 -0.0002 0.0018 0.05 (1.91, 2.09) 0.95 1.19 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified -0.0016 0.0004 0.04 (1.91, 2.09) 0.95 0.99 

8.1 Misspecified
1
 Misspecified

1
 Misspecified

1
 0.0020 0.0041 0.05 (1.92, 2.09) 0.95 2.60 

8.2 Misspecified
2
 Misspecified

2
 Misspecified

2
 0.5316 0.5344 0.05 (2.43, 2.64) 0.00 1.00 

1
 Misspecified model fails to adjust for contextual confounding by C1j,C2j. 

2
 Misspecified model fails to adjust for compositional confounding by Z1ij, Z2ij. 

 

  

Table 5-2.  Degree of bias, mean squared error (MSE), standard deviation of estimate, 95% simulation interval, model-based coverage, and random intercept 
variance from different scenarios in which βYX = 2 and all (sub-)models account for hierarchical structure of data. Model specification scenario descriptions: 
Scenario 0 – unadjusted model.  Scenario 1 – correctly specified models.  Scenario 2 – DR models with IPTW and OR correctly specified.  Scenario 3 –DR 
model with one estimator misspecified.  Scenario 4 – DR models with both estimators misspecified.  Scenario 5 – MR model with all estimators correctly 
specified.  Scenario 6 – MR model with one estimator misspecified.  Scenario 7 – MR model with two estimators misspecified.  Scenario 8 – MR model with 
all three estimators misspecified. 
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Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression Bias MSE 
Standard 
Deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 
0   Regress x on y only 1.5696 1.6388 0.26 (1.08, 2.11) 0.00 

1.1   Correctly specified -0.0006 0.0020 0.05 (-0.10, 0.10) 0.95 
1.2  Correctly specified  0.0003 0.0032 0.05 (-0.11, 0.10) 0.98 
1.3 Correctly specified   -0.0004 0.0021 0.05 (-0.10, 0.10) 0.97 
2  Correctly specified Correctly specified -0.0005 0.0022 0.05 (-0.10, 0.10) 0.92 

3.1  Correctly specified Misspecified
1
 -0.0009 0.0019 0.05 (-0.10, 0.10) 0.97 

3.2  Misspecified
1
 Correctly specified -0.0009 0.0017 0.05 (-0.10, 0.10) 0.94 

3.3  Correctly specified Misspecified
2
 -0.0006 0.0021 0.05 (-0.10, 0.10) 0.96 

3.4  Misspecified
2
 Correctly specified 0.0000 0.0026 0.05 (-0.10, 0.10) 0.93 

4.1  Misspecified
1
 Misspecified

1
 1.1340 1.2100 0.28 (0.61, 1.69) 0.00 

4.2  Misspecified
2
 Misspecified

2
 0.5310 0.5345 0.06 (0.41, 0.64) 0.00 

5 Correctly specified Correctly specified Correctly specified -0.0001 0.0026 0.05 (-0.10, 0.10) 0.92 
6.1 Misspecified

1
 Correctly specified Correctly specified -0.0004 0.0024 0.05 (-0.10, 0.10) 0.92 

6.2 Correctly specified Misspecified
1
 Correctly specified -0.0007 0.0018 0.05 (-0.10, 0.10) 0.95 

6.3 Correctly specified Correctly specified Misspecified
1
 -0.0011 0.0017 0.05 (-0.10, 0.10) 0.93 

6.4 Misspecified
2
 Correctly specified Correctly specified 0.0005 0.0032 0.05 (-0.10, 0.10) 0.92 

6.5 Correctly specified Misspecified
2
 Correctly specified 0.0001 0.0027 0.05 (-0.10, 0.10) 0.93 

6.6 Correctly specified Correctly specified Misspecified
2
 -0.0005 0.0023 0.05 (-0.10, 0.10) 0.92 

7.1 Correctly specified Misspecified
1
 Misspecified

2
 -0.0023 0.0004 0.05 (-0.10, 0.09) 0.95 

7.2 Misspecified
2
 Correctly specified Misspecified

1
 0.0000 0.0027 0.05 (-0.10, 0.10) 0.93 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified -0.0002 0.0024 0.05 (-0.10, 0.10) 0.93 

8.1 Misspecified
1
 Misspecified

1
 Misspecified

1
 1.1339 1.2099 0.28 (0.61, 1.69) 0.00 

8.2 Misspecified
2
 Misspecified

2
 Misspecified

2
 0.5308 0.5343 0.06 (0.41, 0.64) 0.00 

1
 Misspecified model fails to adjust for contextual confounding by C1j,C2j. 

2
 Misspecified model fails to adjust for compositional confounding by Z1ij, Z2ij. 

 

  

Table 5-3.  Degree of bias, standard deviation of estimate, 95% simulation interval and model-based coverage from different scenarios in which 
βYX=0 and no (sub-)models account for hierarchical structure of the data.  Model specification scenario descriptions: Scenario 0 – unadjusted model.  
Scenario 1 – correctly specified models.  Scenario 2 – DR models with IPTW and OR correctly specified.  Scenario 3 –DR model with one estimator 
misspecified.  Scenario 4 – DR models with both estimators misspecified.  Scenario 5 – MR model with all estimators correctly specified.  Scenario 6 
– MR model with one estimator misspecified.  Scenario 7 – MR model with two estimators misspecified.  Scenario 8 – MR model with all three 
estimators misspecified. 
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Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression Bias MSE 
Standard 
Deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 
0   Regress x on y only 1.5656 1.6351 0.26 (3.08, 4.13) 0.00 

1.1   Correctly specified 0.0017 0.0041 0.05 (1.90, 2.09) 0.96 
1.2  Correctly specified  0.0018 0.0044 0.05 (1.90, 2.10) 0.98 
1.3 Correctly specified   0.0018 0.0041 0.05 (1.90, 2.09) 0.97 
2  Correctly specified Correctly specified 0.0009 0.0033 0.05 (1.90, 2.09) 0.94 

3.1  Correctly specified Misspecified
1
 -0.0002 0.0023 0.05 (1.90, 2.09) 0.97 

3.2  Misspecified
1
 Correctly specified 0.0023 0.0047 0.05 (1.91, 2.09) 0.95 

3.3  Correctly specified Misspecified
2
 0.0008 0.0033 0.05 (1.90, 2.10) 0.96 

3.4  Misspecified
2
 Correctly specified 0.0011 0.0035 0.05 (1.90, 2.09) 0.94 

4.1  Misspecified
1
 Misspecified

1
 1.1354 1.2109 0.27 (2.62, 3.72) 0.00 

4.2  Misspecified
2
 Misspecified

2
 0.5290 0.5322 0.06 (2.42, 2.64) 0.00 

5 Correctly specified Correctly specified Correctly specified 0.0007 0.0031 0.05 (1.91, 2.10) 0.94 
6.1 Misspecified

1
 Correctly specified Correctly specified 0.0009 0.0034 0.05 (1.90, 2.09) 0.94 

6.2 Correctly specified Misspecified
1
 Correctly specified 0.0017 0.0041 0.05 (1.91, 2.09) 0.95 

6.3 Correctly specified Correctly specified Misspecified
1
 0.0000 0.0024 0.05 (1.90, 2.09) 0.93 

6.4 Misspecified
2
 Correctly specified Correctly specified 0.0009 0.0033 0.05 (1.90, 2.09) 0.94 

6.5 Correctly specified Misspecified
2
 Correctly specified 0.0017 0.0040 0.05 (1.90, 2.09) 0.94 

6.6 Correctly specified Correctly specified Misspecified
2
 0.0001 0.0026 0.05 (1.90, 2.09) 0.94 

7.1 Correctly specified Misspecified
1
 Misspecified

2
 -0.0028 -0.0003 0.05 (1.90, 2.09) 0.95 

7.2 Misspecified
2
 Correctly specified Misspecified

1
 0.0001 0.0025 0.05 (1.91, 2.09) 0.94 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified 0.0013 0.0036 0.05 (1.90, 2.09) 0.94 

8.1 Misspecified
1
 Misspecified

1
 Misspecified

1
 1.1353 1.2108 0.27 (2.62, 3.72) 0.00 

8.2 Misspecified
2
 Misspecified

2
 Misspecified

2
 0.5291 0.5324 0.06 (2.42, 2.64) 0.00 

1
 Misspecified model fails to adjust for contextual confounding by C1j,C2j. 

2
 Misspecified model fails to adjust for compositional confounding by Z1ij, Z2ij. 

 

  

Table 5-4.  Degree of bias, MSE, standard deviation of estimate, 95% simulation interval and model-based coverage from different scenarios in 
which βYX=2 and no (sub-)models account for hierarchical structure of the data. Model specification scenario descriptions: Scenario 0 – unadjusted 
model.  Scenario 1 – correctly specified models.  Scenario 2 – DR models with IPTW and OR correctly specified.  Scenario 3 –DR model with one 
estimator misspecified.  Scenario 4 – DR models with both estimators misspecified.  Scenario 5 – MR model with all estimators correctly specified.  
Scenario 6 – MR model with one estimator misspecified.  Scenario 7 – MR model with two estimators misspecified.  Scenario 8 – MR model with 
all three estimators misspecified. 
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Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression Bias MSE 
Standard 
Deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 

1 
Adjusts for Z1ij, Z2ij, 

C1j, C2j and 
includes RI

1
  

Adjusts for Z1ij, Z2ij 
but does not include 

RI 
-0.0024 0.0000 0.05 (-0.11, 0.09) 0.95 

2 
 

Adjusts for Z1ij, Z2ij, 
C1j, C2j and built 

using RI 

Adjusts for Z1ij, Z2ij 
but does not include 

RI 
1.0764 1.1492 0.27 (0.55, 1.62) 0.00 

3 
Adjusts for Z1ij, Z2ij, 

C1j, C2j and 
includes RI  

Adjusts for C1j, C2j 
but does not include 

RI 
-0.0042 -0.0017 0.05 (-0.11, 0.09) 0.94 

6 
 

Adjusts for Z1ij, Z2ij, 
C1j, C2j and built 

using RI 

Adjusts for C1j, C2j 
but does not include 

RI 
0.0015 0.0051 0.06 (-0.12, 0.12) 0.93 

4 
Adjusts for Z1ij, Z2ij 

but does not 
include RI  

Adjusts for Z1ij, Z2ij, 
C1j, C2j and includes 

RI 
-0.0018 0.0003 0.05 (-0.10, 0.09) 0.95 

5 
Adjusts for Z1ij, Z2ij 

but does not 
include RI 

Adjusts for Z1ij, Z2ij 
but not built using RI 

Adjusts for Z1ij, Z2ij, 
C1j, C2j and includes 

RI 
-0.0015 0.0005 0.05 (-0.09, 0.09) 0.94 

7 
Adjusts for Z1ij, Z2ij, 

C1j, C2j and 
includes RI 

Adjusts for Z1ij, Z2ij 
but not built using RI 

Adjusts for Z1ij, Z2ij, 
C1j, C2j but does not 

include RI 
0.0001 0.0025 0.05 (-0.10, 0.10) 0.94 

8 
Adjusts for Z1ij, Z2ij 

but does not 
include RI 

Adjusts for Z1ij, Z2ij, 
C1j, C2j and built 

using RI 

Adjusts for Z1ij, Z2ij, 
C1j, C2j but does not 

include RI 
0.0021 0.0057 0.06 (-0.12, 0.12) 0.88 

9 
Adjusts for Z1ij, Z2ij 

but does not 
include RI 

Adjusts for Z1ij, Z2ij, 
C1j, C2j and built 

using RI 

Adjusts for Z1ij, Z2ij 
but does not include 

RI 
1.0768 1.1497 0.27 (0.55, 1.62) 0.00 

10 
Adjusts for Z1ij, Z2ij 

but does not 
include RI 

Adjusts for Z1ij, Z2ij, 
C1j, C2j and built 

using RI 

Adjusts for C1j, C2j 
but does not include 

RI 
0.0018 0.0054 0.06 (-0.12, 0.12) 0.88 

1
RI, random intercept 

Table 5-5.  Degree of bias, MSE, standard deviation of estimate, 95% simulation interval and model-based coverage from different MR model 
scenarios in which at least one sub-model accounts for the multilevel structure of the data, where βYX = 0. 
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Illustrative Example 

 Next, we present an illustrative example in which MR models are used to combine 

competing adjustment schemes of three different hypothetical investigators interested in 

evaluating the association between positive self-reported lifetime diagnosis of depression and 

self-rated health both measured at the individual level in a hierarchical dataset.  These 

investigators agree about the hierarchical structure of the dataset but disagree about the need 

to adjust for contextual confounders and which compositional confounders to include in their 

model.  Specifically, there is disagreement about the role of compositional and contextual 

factors in explaining variation in depression (19).  Relationships between contextual covariates 

and depression disappear after adjusting for individual level factors in some studies and persist 

under different adjustment schemes in other studies (20).  In general, social scientists agree 

that demographic characteristics are important confounders of the depression-self-rated health 

relationship, but disagree about the need to adjust for social capital variables, other chronic 

conditions, and residence in rural areas (21,22).  

Methods 

Study question and population: We used data from the World Health Survey (WHS), a 

cross sectional survey conducted by the World Health Organization (WHO) from 2002-2005 

(23).  We omitted any countries that were missing data on any contextual confounders included 

in our analyses.  We also excluded adults younger than 25 years old at the time of the survey 

and those who were missing data on any variables used in the analyses.  This resulted in a final 

sample of 120,692 individuals from 42 countries. 

 Outcome:  Current self-rated health was the outcome of interest in this illustrative 

example, and was assessed by asking respondents to answer the question “In general, how 

would you rate your health today?" on a 5-point scale where 1=very good and 5=very bad.  
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Responses were reverse-coded on a scale of 0-4 and multiplied by 2.5 to obtain a score that 

ranged from 0-10, where 0=very bad health and 10=very good health.   

Predictors:  Depression was the main exposure of interest, and was assessed in the 

WHS by asking respondents if they had ever been diagnosed with depression.  We considered 

compositional confounding by age, gender, marital status, employment status, and residence in 

rural areas, other comorbidities (angina, arthritis, asthma, and diabetes), and a set of social 

capital variables (neighborhood safety, sense of control, coping ability, and community 

participation).  We also considered contextual confounding by the human development index 

(HDI), gross domestic product (GDP), World Bank (WB) income level, physician density, and 

total expenditure on health as a percentage of GDP.  HDI measures the national socioeconomic 

environment for human development in a country, and is calculated from life expectancy at birth, 

the adult literacy rate, combined gross enrollment ratio for primary, secondary, and tertiary 

education, and GDP per capita.  We used HDI reported in 2000 by the United Nations, and 

rescaled the score, which is usually reported as a fraction between 0 and 1, by multiplying by 10 

to yield a score that ranged from 0 to 10.  WB income level is a categorical variable that 

classifies countries as low-income, lower-middle income, upper-middle income, and high 

income.  We used a WHO reported density of physicians per 10,000 people (2000-2007), and 

GDP in 2000, reported by the WB at constant 1990 prices in US dollars.  Lastly, we used a 

measure of total expenditure on health as a percent of GDP reported by the WHO in 2000. 

Each collaborator’s unique views about the appropriate covariate adjustment scheme 

are described below, and are denoted by superscripts in Table 5-6: 

 Collaborator 1 – Adjusts for age, gender, marital status, education level, employment 

status, and residence in rural areas. 
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 Collaborator 2 – Adjusts for age, gender, marital status, education level, employment 

status, residence in rural areas, types of comorbidities (arthritis, angina, asthma, and 

diabetes), HDI, WB income level, and GDP. 

 Collaborator 3 – Adjusts for age, gender, marital status, education level, employment 

status, residence in rural areas, types of comorbidities (arthritis, angina, asthma, and 

diabetes), neighborhood safety, sense of control, coping ability, community participation, 

HDI, WB income level, GDP, physician density, and total expenditure on health as a 

percent of GDP. 

Analytical strategies and adjustment schemes:  The three hypothetical collaborators in 

this illustrative example agreed that the compositional confounders age, gender, marital status, 

education level, employment status, and residence in rural areas must be adjusted for.  

However, they disagreed about the need to adjust for other comorbidities, and contextual 

confounders.  Each collaborator’s views are captured in her own adjustment scheme, which is 

used to build PS, IPTW, and outcome regression models.  Linear multilevel models with a 

random intercept by country were used in all scenarios of this illustrative example.  We 

assumed there were no unmeasured confounders of the depression-self-rated health 

relationship.  We also assumed that the fully adjusted model which adjusted for all hypothesized 

confounders, represented by Collaborator 3’s adjustment scheme, was correctly specified.  We 

present results from a crude multilevel model, correctly specified fully adjusted linear multilevel 

outcome regression, IPTW fitted multilevel MSM, and PS covariate adjustment in a multilevel 

model, along with DR and MR models that combined the collaborators’ adjustment schemes in 

a single union model.  All PS and IPTW were constructed using multilevel logistic models for 

depression.  DR models combined IPTW with outcome regression while MR models combined 

PS, IPTW, and outcome regression by including the PS as a continuous covariate in an 

outcome regression that included a set of covariates from a different collaborator and weighting 
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this regression by IPTW.  Due to model convergence issues, we were unable to present 

bootstrapped 95% confidence intervals, though we expect bootstrapped confidence intervals to 

have the best performance in precision estimation.  We also repeated the analysis using survey 

weights from the WHS (see Appendix Table 5-4). 

Results 

 Descriptive statistics for covariates used in this illustrative example are presented in 

Appendix Table 5-3.  Descriptions of the sub-models used to build MR union models and results 

from these models, including the regression coefficient of depression, 95% confidence intervals, 

and P-values, are presented in Table 5-6.  The coefficient for depression from scenarios 1.1-

1.3, which represent correctly specified multilevel outcome regression, PS covariate adjustment 

in a multilevel model, and IPTW fitting of a multilevel MSM, yielded similar regression coefficient 

estimates of b = -0.64 (95% CI: -0.69, -0.59), -0.70 (95% CI: -0.75, -0.65), and b = -0.74 (95% 

CI:-0.79, -0.69).  DR estimators with at least one  correctly specified model in scenarios 2- 3.2 

and MR models with at least one correctly specified model in scenarios 5-7.3 also yielded 

similar coefficients to those from scenarios 1.1-1.3, which ranged from b=-0.70 to -0.73 (with 

SE’s of approximately 0.2-0.3).  The results show that the DR and MR estimates are pulled 

toward estimates from the correctly specified sub-model(s).  The coefficient estimate of -1.24 

(95% CI: -1.29, -1.19) from the crude model, -0.86 (-0.90, -0.81) from DR scenario 4 with two 

misspecified sub-models, and -0.85 (95% CI: -0.90, -0.80) are very different from the estimates 

yielded from scenarios 1.1–1.3 and all other DR or MR scenarios with at least one correctly 

specified model, leading us to conclude that confounding control was not achieved in these 

models.  
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Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression Estimate (SE) 95% CI 
P-

value 
0    Regress Y on X only -1.24 (0.03) (-1.29, -1.19) <.0001 

1.1  -- -- Correctly specified
3
 -0.64 (0.02) (-0.69, -0.59) <.0001 

1.2 Correctly specified
3
 -- -- -0.70 (0.03) (-0.75, -0.65) <.0001 

1.3 -- Correctly specified
3
 -- -0.74 (0.03) (-0.79, -0.69) <.0001 

2 -- Correctly specified
3
 Correctly specified

3
 -0.70 (0.02) (-0.75, -0.65) <.0001 

3.1 -- Misspecified
2
 Correctly specified

3
 -0.70 (0.02) (-0.75, -0.65) <.0001 

3.2 -- Correctly specified
3
 Misspecified

2
 -0.70 (0.02) (-0.75, -0.65) <.0001 

4 -- Misspecified
2
 Misspecified

2
 -0.86 (0.02) (-0.90, -0.81) <.0001 

5 Correctly specified
3
 Correctly specified

3
 Correctly specified

3
 -0.70 (0.02) (-0.75, -0.65) <.0001 

6.1 Misspecified
2
 Correctly specified

3
 Correctly specified

3
 -0.70 (0.02) (-0.75, -0.65) <.0001 

6.2 Correctly specified
3
 Misspecified

2
 Correctly specified

3
 -0.70 (0.02) (-0.75, -0.65) <.0001 

6.3 Correctly specified
3
 Correctly specified

3
 Misspecified

2
 -0.72 (0.02) (-0.77, -0.68) <.0001 

7.1 Correctly specified
3
 Misspecified

1
 Misspecified

2
 -0.72 (0.03) (-0.77, -0.67) <.0001 

7.2 Misspecified
2
 Correctly specified

3
 Misspecified

1
 -0.73 (0.03) (-0.78, -0.68) <.0001 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified

3
 -0.70 (0.02) (-0.74, -0.65) <.0001 

8 Misspecified
2
 Misspecified

2
 Misspecified

2
 -0.85 (0.02) (-0.90, -0.80) <.0001 

1
Adjusted for age, gender, marital status, education level, employment status, and residence in rural areas. 

2
 Adjusted for age, gender, marital status, education level, employment status, residence in rural areas, types of comorbidities 

(arthritis, angina, asthma, and diabetes), HDI, World Bank Income level, and GDP. 
3
 Adjusted for age, gender, marital status, education level, employment status, residence in rural areas, types of comorbidities 

(arthritis, angina, asthma, and diabetes), neighborhood safety, sense of control, coping ability, community participation, HDI, 
World Bank income level, GDP, physician density, and total expenditure on health as a percent of GDP.

 

Discussion 

 Results from our simulations and illustrative example suggest that MR estimation can be 

used to estimate associations from hierarchical datasets.  Provided at least one sub-model of an 

MR union model is correctly specified and no new bias is introduced, the MR estimator will yield 

a consistent estimate of the exposure effect that is robust to misspecification of the other sub-

models.  MR estimation can also be used as a tool by collaborators working with hierarchical 

datasets who hold different views about appropriate covariate adjustment schemes with respect 

to control of contextual and compositional confounding.   

The strength of this study lies in the use of Monte Carlo simulations to demonstrate the 

MR method and the demonstration of MR estimation in a cross-national multilevel real world 

dataset, the WHS.  We emphasize that the illustrative example included in the second half of 

this study was a simple demonstrative example.  Our goal was not to provide a definitive answer 

Table 5-6. Comparison of coefficient estimates for depression from crude, linear regression, MSM, PS covariate adjustment, 
doubly robust, and multiply robust scenarios as described, using distinct estimators to account for differing adjustment schemes 
for confounding control (N=120,692). 
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to the question of whether self-reported diagnosis depression affects current self-rated health in 

a cross-national study sample, but to show how MR estimation can be used to control for both 

contextual confounders and compositional confounders by combining different adjustment 

schemes in a single union model.  Though estimates from the correctly specified multilevel 

outcome regression, PS covariate adjustment, or IPTW fitted MSM in scenarios 1.1-1.3 range 

from -0.64 to -0.74, this does not imply that confounding control is not achieved.  Rather, 

different methods of confounding control produce different estimates as a result of partial 

conditioning over some variables and marginalization over others.  This is especially relevant to 

estimates from DR and MR models that achieve confounding control by conditioning on and 

marginalizing over the same variables in different sub-models combined in a union model.  In 

addition, the methods produce estimates with different interpretations (24,25).  Results from the 

illustrative example also suggest that a multilevel outcome regression model is the most 

important sub-model for bias reduction in the MR union model.  This is not surprising as other 

studies have also reported that outcome regression is often the most dominant dimension for 

bias reduction (8). 

Our simulation results in Table 5-5 showed that accounting for the multilevel structure of 

the data in the outcome regression sub-model by including a random intercept obviated the 

need to include contextual confounders and vice versa (including contextual confounders in a 

single level model suffices for consistent effect estimation).  These findings merit further 

exploration.  Yu found a similar result, reporting that the omission of cluster level covariates in a 

random intercept model led to only slightly increased bias and omission of cluster-level 

covariates from a PS constructed using a random intercept multilevel model does not have 

strong consequences for the estimation of the treatment effects when the PS is used as a 

covariate for adjustment (8). 
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This study is limited in scope, as we considered model misspecification with regard to 

confounding control only.  MR estimation has the potential to be a very useful tool when 

investigators are unsure of the functional forms of variables to include in a model.  In such 

situations, investigators would agree on a set of covariates but each sub-model in the MR union 

would contain different functional forms of these covariates.  Due to convergence issues, we 

were unable to construct bootstrapped confidence intervals and a hybrid application in which we 

repeated the illustrative example using a simulated outcome within the existing WHS dataset.  

Also, since the WHS is a cross-sectional survey, we cannot establish temporality to interpret 

these results causally, though this example is simply demonstrative as pointed out above.   

This study also raises a number of issues pertinent to multilevel research that are 

important with respect to MR estimation.  For instance, differentiating between individual level 

covariates as confounders or intermediates in multilevel data can be difficult (26).  Including 

intermediates in a model can result in differences in estimate interpretation.  Other issues to be 

considered that we do not discuss in this chapter include misclassification of contextual 

variables, selection bias, multicollinearity, and heteroscedasticity of errors in multilevel models 

(5,26,27).  In addition, we focus on an individual level exposure in our simulations and 

illustrative example.  In many multilevel studies, especially neighborhood studies, an ecological 

exposure may be of interest (5).  The analyses in this chapter could be extended to evaluate the 

performance of MR estimation in estimating the effect of an ecological exposure. We considered 

only multilevel random intercept models, but it would be valuable to evaluate the performance of 

an MR estimator in multilevel models with random slopes as well. 

 Multilevel MR models present an alternative approach to confounding control when 

collaborators fail to agree on a final adjustment scheme.  These models have the potential to be 

useful in other contexts as well, as discussed above, and merit further exploration and 

examination.  
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Appendix 

Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression Bias MSE 
Standard 
Deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 

Variance 
of Random 
Intercept 

0   Regress x on y only 0.5331 0.5362 0.06 (0.43, 0.65) 0.00 4.21 
1.1   Correctly specified -0.0015 0.0007 0.05 (-0.09, 0.09) 0.94 1.01 
1.2  Correctly specified  0.0045 0.0067 0.05 (-0.09, 0.10) 0.98 4.56 
1.3 Correctly specified   -0.0012 0.0009 0.05 (-0.09, 0.09) 0.95 2.66 
2  Correctly specified Correctly specified 0.0000 0.0023 0.05 (-0.09, 0.10) 0.93 1.01 

3.1  Correctly specified Misspecified
1
 0.0032 0.0054 0.05 (-0.09, 0.10) 0.93 3.56 

3.2  Misspecified
1
 Correctly specified -0.0004 0.0019 0.05 (-0.09, 0.10) 0.93 1.01 

3.3  Correctly specified Misspecified
2
 0.0001 0.0024 0.05 (-0.09, 0.10) 0.98 1.01 

3.4  Misspecified
2
 Correctly specified -0.0018 0.0004 0.05 (-0.09, 0.09) 0.94 1.01 

4.1  Misspecified
1
 Misspecified

1
 0.0028 0.0051 0.05 (-0.09, 0.10) 0.93 3.56 

4.2  Misspecified
2
 Misspecified

2
 0.5288 0.5319 0.06 (0.42, 0.64) 0.00 1.01 

5 Correctly specified Correctly specified Correctly specified 0.0001 0.0023 0.05 (-0.09, 0.10) 0.93 1.01 
6.1 Misspecified

1
 Correctly specified Correctly specified 0.0002 0.0024 0.05 (-0.09, 0.10) 0.93 1.01 

6.2 Correctly specified Misspecified
1
 Correctly specified -0.0001 0.0021 0.05 (-0.09, 0.10) 0.93 1.01 

6.3 Correctly specified Correctly specified Misspecified
1
 0.0034 0.0056 0.05 (-0.09, 0.10) 0.93 2.67 

6.4 Misspecified
2
 Correctly specified Correctly specified 0.0000 0.0022 0.05 (-0.09, 0.10) 0.93 1.01 

6.5 Correctly specified Misspecified
2
 Correctly specified -0.0010 0.0011 0.05 (-0.09, 0.09) 0.94 1.01 

6.6 Correctly specified Correctly specified Misspecified
2
 -0.0002 0.0021 0.05 (-0.09, 0.10) 0.94 1.05 

7.1 Correctly specified Misspecified
1
 Misspecified

2
 0.0000 0.0023 0.05 (-0.09, 0.10) 0.94 1.05 

7.2 Misspecified
2
 Correctly specified Misspecified

1
 0.0000 0.0023 0.05 (-0.09, 0.10) 0.93 1.21 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified -0.0013 0.0009 0.05 (-0.09, 0.09) 0.94 1.01 

8.1 Misspecified
1
 Misspecified

1
 Misspecified

1
 0.0042 0.0064 0.05 (-0.09, 0.1) 0.93 2.70 

8.2 Misspecified
2
 Misspecified

2
 Misspecified

2
 0.5287 0.5318 0.06 (0.42, 0.64) 0.00 1.01 

1
 Misspecified model fails to adjust for contextual confounding by C1j,C2j. 

2
 Misspecified model fails to adjust for compositional confounding by Z1ij, Z2ij. 

  

Appendix Table 5-1.  Degree of bias, MSE, standard deviation of estimate, 95% simulation interval, model-based coverage, and RI variance from different 
scenarios in which βYX=0 and all (sub-) models account for hierarchical structure of data. Data simulated with a correlation between compositional and 
contextual confounders.  Model specification scenario descriptions: Scenario 0 – unadjusted model.  Scenario 1 – correctly specified models.  Scenario 2 – 
DR models with IPTW and OR correctly specified.  Scenario 3 –DR model with one estimator misspecified.  Scenario 4 – DR models with both estimators 
misspecified.  Scenario 5 – MR model with all estimators correctly specified.  Scenario 6 – MR model with one estimator misspecified.  Scenario 7 – MR 
model with two estimators misspecified.  Scenario 8 – MR model with all three estimators misspecified. 
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Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression Bias MSE 
Standard 
Deviation 

95% 
Simulation 

interval 

Model 
based 

coverage 

Variance of 
Random 
Intercept 

0   Regress x on y only 0.5406 0.5438 0.06 (2.42, 2.64) 0.00 4.26 
1.1   Correctly specified 0.0041 0.0063 0.05 (1.90, 2.09) 0.94 0.99 
1.2  Correctly specified  0.0087 0.0110 0.05 (1.90, 2.10) 0.97 4.61 
1.3 Correctly specified   0.0032 0.0055 0.05 (1.90, 2.09) 0.94 2.64 
2  Correctly specified Correctly specified 0.0045 0.0068 0.05 (1.90, 2.09) 0.93 0.99 

3.1  Correctly specified Misspecified
1
 0.0077 0.0100 0.05 (1.91, 2.10) 0.93 3.59 

3.2  Misspecified
1
 Correctly specified 0.0047 0.0070 0.05 (1.90, 2.10) 0.93 0.99 

3.3  Correctly specified Misspecified
2
 0.0051 0.0074 0.05 (1.90, 2.10) 0.97 0.99 

3.4  Misspecified
2
 Correctly specified 0.0042 0.0064 0.05 (1.90, 2.09) 0.94 0.99 

4.1  Misspecified
1
 Misspecified

1
 0.0077 0.0101 0.05 (1.91, 2.10) 0.94 3.59 

4.2  Misspecified
2
 Misspecified

2
 0.5369 0.5400 0.06 (2.42, 2.64) 0.00 0.99 

5 Correctly specified Correctly specified Correctly specified 0.0050 0.0074 0.05 (1.90, 2.09) 0.93 0.99 
6.1 Misspecified

1
 Correctly specified Correctly specified 0.0051 0.0074 0.05 (1.90, 2.10) 0.93 0.99 

6.2 Correctly specified Misspecified
1
 Correctly specified 0.0049 0.0072 0.05 (1.90, 2.10) 0.93 0.99 

6.3 Correctly specified Correctly specified Misspecified
1
 0.0077 0.0100 0.05 (1.91, 2.10) 0.93 2.69 

6.4 Misspecified
2
 Correctly specified Correctly specified 0.0045 0.0069 0.05 (1.90, 2.10) 0.93 0.99 

6.5 Correctly specified Misspecified
2
 Correctly specified 0.0048 0.0070 0.05 (1.91, 2.09) 0.94 0.99 

6.6 Correctly specified Correctly specified Misspecified
2
 0.0033 0.0057 0.05 (1.90, 2.10) 0.93 1.03 

7.1 Correctly specified Misspecified
1
 Misspecified

2
 0.0027 0.0051 0.05 (1.90, 2.10) 0.93 1.03 

7.2 Misspecified
2
 Correctly specified Misspecified

1
 0.0045 0.0068 0.05 (1.90, 2.09) 0.93 1.18 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified 0.0048 0.0071 0.05 (1.90, 2.09) 0.94 0.99 

8.1 Misspecified
1
 Misspecified

1
 Misspecified

1
 0.0079 0.0103 0.05 (1.91, 2.10) 0.94 2.72 

8.2 Misspecified
2
 Misspecified

2
 Misspecified

2
 0.5367 0.5398 0.06 (2.42, 2.64) 0.00 0.99 

1
 Misspecified model fails to adjust for contextual confounding by C1j,C2j. 

2
 Misspecified model fails to adjust for compositional confounding by Z1ij, Z2ij. 

 

Appendix Table 5-2.  Degree of bias, MSE, standard deviation of estimate, 95% simulation interval, model-based coverage, and RI variance, from different 
scenarios in which βYX=2 and all (sub-)models account for hierarchical structure of data.  Data simulated with a correlation between compositional and 
contextual confounders.  Model specification scenario descriptions: Scenario 0 – unadjusted model.  Scenario 1 – correctly specified models.  Scenario 2 – 
DR models with IPTW and OR correctly specified.  Scenario 3 –DR model with one estimator misspecified.  Scenario 4 – DR models with both estimators 
misspecified.  Scenario 5 – MR model with all estimators correctly specified.  Scenario 6 – MR model with one estimator misspecified.  Scenario 7 – MR 
model with two estimators misspecified.  Scenario 8 – MR model with all three estimators misspecified. 
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Appendix Table 5-3.  Descriptive statistics for exposure, outcome, and hypothesized confounders from World Health 
Survey (N=120,962). 

Individual level N (%) 
History of depression diagnosis 8337 (6.89) 

Mean Self-rated health score , Mean (SD) 6.60 (2.35) 

Age in years, Mean (SD) 44.54 (14.86) 

Female 65,933 (54.5) 

Married 82,901 (68.5) 

Education Level   

No formal schooling 33,603 (27.8) 

Less than primary school 18,117 (15.0) 

Primary school 24,437 (20.2) 

Secondary School  18,933 (15.7) 

High School  13,054 (10.8) 

College and beyond 12,818 (10.6) 

Employed 71,652 (59.2) 

Lives in rural area 66,654 (55.1) 

Arthritis diagnosis  19,551 (16.2) 

Angina diagnosis  10,400 (8.60) 

Asthma diagnosis 6032 (4.99) 

Diabetes diagnosis 4154 (3.43) 

Feels unsafe in neighborhood 57,452 (47.5) 

Unable to control important things 16,611 (13.7) 

Unable to cope with responsibilities 20,505 (17.0) 

Difficulty with personal relationships/ community participation 12,598 (10.4) 

Country level (N=42)   

Density of physicians (per 10 000 population) 2000-2007, Mean 

(SD) 13.00 (14.32) 

Human Development Index 2000, Mean (SD) 6.28 (1.65) 

Total expenditure on health as % of gross domestic product 2000, 

Mean (SD) 5.37 (1.86) 

2000 GDP: Gross Domestic Product - constant (1990) prices - US 

dollars, Mean (SD) $81,332,743,183.00 ($213,989,378,772.00) 

World Bank Income level   

High income country 6 (14.3) 

Upper middle income country 7 (16.7) 

Lower middle income country 16 (38.1) 

Lower income country 13 (31.0) 
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Scenario Propensity Score 
Inverse Probability 

Weights 
Outcome 

regression 
Estimate 

 (SE) 95% CI 
P-

value 
0    Regress Y on X only -1.25 (0.03) (-1.32, -1.18) <.0001 

1.1  -- -- Correctly specified
3
 -0.65 (0.03) (-0.71, -0.58) <.0001 

1.2 Correctly specified
3
 -- -- -0.72 (0.03) (-0.78, -0.65) <.0001 

1.3 -- Correctly specified
3
 -- -0.76 (0.04) (-0.83, -0.69) <.0001 

2 -- Correctly specified
3
 Correctly specified

3
 -0.71 (0.03) (-0.77, -0.65) <.0001 

3.1 -- Misspecified
2
 Correctly specified

3
 -0.70 (0.03) (-0.77, -0.64) <.0001 

3.2 -- Correctly specified
3
 Misspecified

2
 -0.72 (0.03) (-0.78, -0.65) <.0001 

4 -- Misspecified
2
 Misspecified

2
 -0.87 (0.03) (-0.93, -0.80) <.0001 

5 Correctly specified
3
 Correctly specified

3
 Correctly specified

3
 -0.71 (0.03) (-0.77, -0.64) <.0001 

6.1 Misspecified
2
 Correctly specified

3
 Correctly specified

3
 -0.71 (0.03) (-0.77, -0.64) <.0001 

6.2 Correctly specified
3
 Misspecified

2
 Correctly specified

3
 -0.70 (0.03) (-0.77, -0.64) <.0001 

6.3 Correctly specified
3
 Correctly specified

3
 Misspecified

2
 -0.74 (0.03) (-0.80, -0.68) <.0001 

7.1 Correctly specified
3
 Misspecified

1
 Misspecified

2
 -0.72 (0.03) (-0.79, -0.66) <.0001 

7.2 Misspecified
2
 Correctly specified

3
 Misspecified

1
 -0.75 (0.03) (-0.82, -0.69) <.0001 

7.3 Misspecified
1
 Misspecified

2
 Correctly specified

3
 -0.70 (0.03) (-0.77, -0.64) <.0001 

8 Misspecified
2
 Misspecified

2
 Misspecified

2
 -0.86 (0.03) (-0.93, -0.80) <.0001 

1
Adjusted for age, gender, marital status, education level, employment status, and residence in rural areas. 

2
 Adjusted for age, gender, marital status, education level, employment status, residence in rural areas, types of comorbidities 

(arthritis, angina, asthma, and diabetes), HDI, World Bank Income level, and GDP. 
3
 Adjusted for age, gender, marital status, education level, employment status, residence in rural areas, types of comorbidities 

(arthritis, angina, asthma, and diabetes), neighborhood safety, sense of control, coping ability, community participation, HDI, 
World Bank income level, GDP, physician density, and total expenditure on health as a percent of GDP.

 

 

  

Appendix Table 5-4.  . Comparison of coefficient estimates for depression from crude, linear regression, MSM, PS covariate 
adjustment, doubly robust, and multiply robust scenarios as described, using distinct estimators to account for differing 
adjustment schemes for confounding control (N=120,692). 
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Chapter 6. A Framework for Doubly and Multiply Robust 

Estimation and Interpretation of Their Estimates of Causal 

Effects 

Abstract 

Interest in doubly robust estimators has greatly increased over the last decade. Doubly 

robust estimators remain consistent if a model for the treatment assignment mechanism or a 

model for the outcome is correctly specified, thus offering investigators two chances to fulfill the 

correct model specification assumption. Multiply robust estimation is an extension of doubly 

robust estimation that combines three or more sub-models in a union model and remains 

consistent provided at least one of these sub-models is correctly specified. Most of the literature 

on doubly robust estimation and the nascent literature on multiply robust estimation are 

statistical in nature, and little has been explored on this topic from an epidemiologic perspective. 

Notably, there is little to no discussion regarding a framework for and the interpretation of doubly 

robust estimates, which can differ widely from conditional or marginal estimates due to 

heterogeneity, non-collapsibility of effect measures, and other unexplored issues. Since doubly 

robust estimates combine inverse probability of treatment weighting with outcome regression, in 

some cases, effect estimates may be marginal with respect to some covariates and conditional 

with respect to others. We use directed acyclic graphs to show how doubly and multiply robust 

estimation afford investigators with two or more chances to correctly specify a model for 

confounding control and obtain a consistent effect estimate. We also discuss how and when the 

resulting effect estimates match or differ from fully marginal or conditional estimates. 
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Introduction 

Doubly robust (DR) estimation has increased in popularity over the last decade.  DR 

estimation was first introduced by Robins et al. (1), and explored further by many investigators 

in the context of missing data and causal inference (2–11).  With respect to causal inference, 

DR estimators remain consistent if either a model for the treatment assignment mechanism or a 

model for the counterfactual data is correctly specified.  A number of DR estimators have been 

developed, such as the augmented inverse probability weighted estimator or sequential 

regression estimators.  The augmented inverse probability weighted estimator is used most 

commonly, and adds an “augmentation term” to the IPTW estimator for the effect of X on Y 

which supports the doubly robust property and increases efficiency.  This “augmentation term” 

reduces to zero when either the model for the treatment or the model for the outcome 

regression is correctly specified. Most of the literature is focused on the statistical properties of 

these estimators or the development of novel DR estimators, and not necessarily their routine 

applications and interpretations in observational studies.  Indeed, there is little epidemiologic 

literature on DR estimation. The same is true for multiply robust (MR) estimators, which are an 

extension of doubly robust estimators. Multiply robust estimators combine at least three models 

in a single union model, usually using inverse probability of treatment weights (IPTW), a 

propensity score (PS), and an outcome regression (OR) model. Estimates from MR models 

remain consistent when at least one of three models in the union is correctly specified. Thus, 

investigators are given multiple chances to fulfill the correct model specification assumption 

required to causally interpret effect estimates. While MR estimators have only been newly 

introduced to epidemiology, the same issues that apply to DR estimation apply to MR 

estimation. 

The purpose of this chapter is to introduce a framework for DR and MR estimation that 

involves a non-technical visual depiction using directed acyclic graphs (DAGs) or causal 
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diagrams (12,13).  We show that adjustment schemes used to build the sub-models in the 

estimators can be depicted using DAGs that aid in identification of causal effects.  In addition, 

we also explore the interpretation of results from such estimators. 

An Overview of Causal Relations Among Variables in DAGs 

 
Figure 6-1.  Depictions of three types of non-random relationships between variables in a DAG. 

 

We will use DAGs to introduce a framework for DR and MR estimation.  DAGs, which 

are also referred to as causal graphs or causal diagrams, were first introduced by Pearl to 

visually represent the data generating mechanism in a study by combining graphical probability 

theory with path diagrams (14).  As such, DAGs summarize relationships between variables 

according to a set of rules.  In line with DAG theory, three types of non-random relationships 

can exist between two variables X and Y.  These relationships are depicted using arrows, which 

encode directionality (see Figure 6-1).  First, X and Y can have a causal relationship, such that 

X causes Y or Y causes X.  Second, X and Y can share a common cause, Z, also known as a 

confounder.  Thus, we say that there is an open backdoor path from X to Y through Z.  Third, X 

and Y can share a common effect, Z, or collider as it is referred to in epidemiologic methodology 

literature, such that conditioning on this effect creates a spurious relationship between X and Y. 
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Framework for DR models 

 

Figure 6-2.  DAG of data generating mechanism for framework example. 

 

Consider an observational point exposure study with a binary exposure X, a continuous 

normally distributed outcome Y, and two binary confounders observed at baseline C and Z 

where we wish to estimate the average causal effect of X on Y.  Assume further that there is no 

modification of the effect of X on Y by C or Z, no unmeasured confounders, no selection bias, 

and no measurement error.  Thus, the only bias we are faced with in this simple example is 

confounding.  The DAG for the data generating mechanism in this example is given in Figure 6-

2.  The average treatment effect can be expressed as a function of the potential outcomes 

under intervention setting exposure (X=1) and intervention setting non-exposure(X=0):  (   

  )   (  )   (  ).  In order to estimate this effect, or to ensure identifiability of this effect, we 

must close the two open backdoor paths from X to Y through C and Z to ensure that the 

(conditional) exchangeability assumption holds.  The exchangeability assumption is met when 

the exposed group would have had the same average outcome as the unexposed group had it, 

in fact, been unexposed.  This can be accomplished by blocking any of the following paths (or 

combinations of paths):  Paths starting with an arrowhead at the confounder, C or Z, and ending 

with its tail pointing at the exposure X (i.e. CX or ZX); paths starting at the confounder, C or 

Z, and ending at the outcome Y (i.e. CY or ZY).  We may also adjust for confounding by 

X Y 

Z C 
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closing the paths at the nodes, or covariates, themselves (C or Z in this example).  Throughout 

this chapter, we use correct model specification to refer to appropriate covariate adjustment for 

confounding control.  We assume that correct functional forms of covariates are known. 

 
Figure 6-3. DAG depicting blocked backdoor paths via 
PS covariate adjustment. 

 
 
Figure 6-4.  DAG depicting blocked backdoor 
paths via IPTW. 

 

The paths CX or ZX can be blocked using analytical techniques that involve 

modeling exposure, such as propensity score (PS) covariate adjustment or inverse probability 

treatment weighted (IPTW) fitting of marginal structural models (MSM).  The PS is defined as 

the conditional probability that a study participant with a given vector of covariates is exposed.  

In this example, the PS is defined as P(X=1|Z=z, C=c).  Rosenbaum and Rubin showed that 

conditional on the PS, the distribution of baseline covariates used to construct the PS will be 

independent of exposure (15).  The PS can be used to adjust for confounding in a number of 

ways.  For instance, the PS can be used for matching or as a continuous covariate in an 

outcome regression model.  IPTW can also be used to control confounding by weighting each 

individual by the inverse of the conditional probability of receiving the exposure that she actually 

received.  After applying these weights to the study sample, the distribution of confounders 

among the exposed and unexposed will be equal (16).  Using PS or IPTW closes the open 

backdoor paths by blocking the path from the confounder to X (CX or ZX).  Figure 6-3 

demonstrates how the PS can be conditioned on in an outcome regression to close the 

X 

X 

Y 

Z 

Y 

Z C C 

[PS] Blocked 
by IPTW 

Blocked 
by PS 

Blocked 
by IPTW 
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backdoor path from X to Y via C and Z, and Figure 6-4 visually depicts the use of IPTW to block 

these backdoor paths.  

 
Figure 6-5.  DAG depicting blocked backdoor paths 
via outcome regression. 

 
Figure 6-6.  DAG depicting blocked backdoor paths 
via DRS or sequential g-estimation. 

 

Paths can be closed at nodes by conditioning, or including C and Z in the outcome 

regression model.  Indeed, this is the most common way of adjusting for confounders.  Figure 6-

5 depcits how the relationship between the confounders and the outcome is blocked by 

including C and Z in an outcome regression model.  Thus, conditioning on a confounder by 

including it in the ouctome regression closes the path at the confounder and blocks the flow of 

information from X to Y through the variable (13).  Paths from the confounder to the outcome 

(CY or ZY) can be blocked or via sequential g-estimation (17,18), which selectively 

removes the effect of the confounder from Y or via the disease risk score (DRS) (19), which 

models and conditions on the relationship between the outcome and confounders in the 

reference exposure level or category (see Figure 6-6).  While sequential g-estimation of 

structural nested mean models (SNMM) and DRS are not as commonly used as PS, IPTW, or 

outcome regression as a means to adjust for confounding, they are especially useful in certain 

analytical settings.  We will discuss these techniques and present corresponding DAGs in the 

context of DR estimation in this chapter.  We will also point out that the same analytical 

techniques can be used in MR estimation. 

As mentioned above, DR and MR estimation combine analytical techniques that 

X
  

X
  

Y Y 
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combine blocking of confounding paths or closing paths at confounders by conditioning.  When 

a model for the exposure and a model for the outcome are correctly specified in a DR estimator, 

all backdoor paths from the exposure (X) to the outcome (Y) are closed.  Provided at least one 

of the models in the DR estimator is correctly specified, the resulting estimate will be robust to 

misspecification of the other model (1,3,8).  Thus, each of the models included in the DR 

estimator provides the investigator with a chance to block open backdoor paths from exposure 

to outcome in order to control confounding and guarantee that the conditional exchangeability 

assumption holds.  However, both models need not be correctly specified in the DR model in 

order to ensure that the exposure effect is consistently estimated.  By definition, a DR estimator 

with at least one correctly specified model, either for the exposure or the outcome, ensures that 

all open backdoor paths (or confounding paths) from the exposure to the outcome are closed.  

When either the PS or IPTW is correctly specified, paths from the confounder to the exposure 

are blocked, which suffices to control confounding.  On the other hand, when only the OR model 

is correctly specified, confounding nodes are blocked, which also suffices to control confounding 

to obtain a consistent effect estimate.   

Consider three different DR models for the simple DAG shown here.  Recall our 

assumptions for this data generating mechanism: there is no modification of the effect of X on Y, 

there are no unmeasured confounders, and there is no measurement error.  DR Model 1 

involves using a correctly specified PS model and a correctly specified OR model. Since both 

these models are correctly specified, all backdoor paths from X to Y are blocked, as shown in 

Figure 6-7.  If the PS model is not correctly specified, as a result of excluding Z from the model, 

for instance, but the OR model is still correctly specified, then the DR model will be robust to 

misspecification of the PS model.  All open confounding paths will still be blocked, as shown in 

Figure 6-8, since the open backdoor path XZY is blocked by conditioning on Z in the OR 

model.  This can also be accomplished with a structural nested mean model that removes the 
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effect of Z from Y by sequential g-estimation, or by using a correctly specified DRS in a DR 

estimator when the PS is misspecified (see Figure 6-9).   

 
Figure 6-7.  DAG depicting DR model 1 with correctly 
specified PS and OR models. 

 
Figure 6-8.  DAG depicting DR model 1 with misspecified 
PS and correctly specified OR models. 

Figure 6-9.  DAG depicting DR model 1 with misspecified 
PS and correctly specified DRS or SNMM of Y models. 

 

 

DR Model 2 involves using correctly specified IPTW, which is defined as 1/P(X=x|Z=z, 

C=c) in this example, and correctly specified OR model.  As shown in Figure 6-10, using a 

correctly specified model for the IPTW and a correctly specified model for the OR blocks all 

confounding paths from X to Y, and the DR model produces consistent effect estimates.  If the 

exposure model used to build the IPTW is misspecified, for instance by excluding C, the path 

CX a will not be blocked.  This is not a problem if the OR model in the DR estimator is 

correctly specified and C is conditioned on, as this will block the open backdoor path XCY 
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at C (see Figure 6-11) and thus eliminate confounding by C.  The same can be accomplished 

with a correctly specified DRS or with a structural nested mean model for Y to remove the effect 

of the confounders from Y by sequential g-estimation (see Figure 6-12). 

 
Figure 6-10.  DAG depicting DR model 2 with correctly 
specified IPTW and OR models. 

 
Figure 6-11.  DAG depicting DR model 2 with 
misspecified IPTW and correctly specified OR models. 

 
Figure 6-12.  DAG depicting DR model 2 with 
misspecified IPTW and correctly specified DRS or SNMM 
of Y models. 

 

 

In figures 6-8 and 6-11, DR Model 1 and DR Model 2, the correctly specified OR model 

protects against misspecification of the PS in DR Model 1 or IPTW in DR Model 2.  If the OR 

model is also misspecified in these scenarios, then protection against model misspecification 

will not be afforded in the DR models and the effect estimate obtained will be inconsistent.  This 

can also be verified visually in a DAG.  For instance, if the PS model in DR 1 does not adjust for 

Z when Z is also absent from the OR model, both the PS model and OR model are misspecified 

and the open backdoor path from X to Y through Z, XZY will remain open (see Figure 6-13).  
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The relationship between X and Y will still be confounded by Z.  The same is also true if the 

IPTW and OR model both fail to adjust for C, thus allowing the backdoor path from X to Y 

through C, XCY to remain open (see Figure 6-14).  Also, if the outcome models for Y (the 

DRS and SNMM) are misspecified when the PS or IPTW are also misspecified, protection 

against model misspecification is not afforded (see Figures 6-15 and 6-16). 

 
Figure 6-13.  DAG depicting DR model 1 with misspecified 
PS and OR models that do not adjust for Z. 

 
Figure 6-14.  DAG depicting DR model 2 with misspecified 
IPTW and OR models that do not adjust for C. 

 
Figure 6-15.  DAG depicting DR model 1 with misspecified 
PS and SNMM or DRS models that do not adjust for Z. 

 
Figure 6-16.  DAG depicting DR model 2 with misspecified 
IPTW and SNMM or DRS models that do not adjust for C. 
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effect of X on Y can be obtained.  Given at least one of the models comprising the union model 

is correctly specified, the MR estimator will be robust to misspecification of the other model(s).  

Similar to DR estimation, this can be assessed visually using DAGs.  Figure 6-17 shows that all 

open backdoor paths are blocked when the PS, IPTW, and OR are correctly specified.  When 

the PS or IPTW are misspecified by failing to adjust for Z, for instance, paths from the 

confounder to the exposure (i.e. CX or ZX) will remain open.  However, if the OR is 

correctly specified, then all confounding paths will be closed by conditioning on the confounders, 

and a consistent effect estimate can be obtained (see Figure 6-18 and 6-19).  Conversely, if the 

OR is misspecified by failing to adjust for C while the PS or IPTW are correctly specified, all 

CX and ZX paths will be blocked thus sufficiently adjusting for all confounders even though 

C is not conditioned on (see Figure 6-20 and 6-21).  If all three models in the union are 

misspecified, however, no protection will be afforded and the effect estimate obtained will be 

inconsistent (see Figure 6-22).   

 

Figure 6-17.  DAG depicting MR model with correctly 
specified PS, IPTW, and OR models. 

Figure 6-18.  DAG depicting MR model with correctly 
specified IPTW and OR models and misspecified PS model 
(fails to adjust for Z). 
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Figure 6-19.  DAG depicting MR model with correctly 
specified PS and OR models and misspecified IPTW 
model (fails to adjust for Z). 

Figure 6-20.  DAG depicting MR model with correctly 
specified IPTW, misspecified OR model (fails to adjust for C) 
and misspecified PS model (fails to adjust for Z). 

Figure 6-21.  DAG depicting MR model with correctly 
specified PS, misspecified OR model (fails to adjust for C) 
and misspecified IPTW model (fails to adjust for Z). 

Figure 6-22.  DAG depicting MR model with misspecified 
PS, IPTW, and OR models (all three fail to adjust for Z). 
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PS, IPTW, or OR models.  DAGs that are similar to those shown in Figures 6-9 and 6-12 can be 

used to depict this graphically.  Correctly specified PS, IPTW, or OR models will protect against 

misspecification of the SNMM or DRS in the MR union model.   

The purpose of DR or MR estimation is to combine adjustment schemes in order to 

protect against model misspecification bias, specifically with respect to confounding control.  

The use of DAGs to depict DR and MR estimation provides a framework with which 

investigators can verify their assumptions and check for remaining open backdoor paths that 

must be closed in order to adjust for confounding.  DAGs allow for a visual representation of the 

two, in case of DR estimation, or three, in case of MR estimation, chances to correctly specify a 

model for confounding control.   

Interpretation of DR and MR estimates 

Most of the existing literature on DR estimation and the nascent literature on MR 

estimation is focused on the statistical properties of these estimators or the development of 

novel DR or MR estimators that achieve greater efficiency gains, and not necessarily their 

routine applications and interpretations in studies.  Indeed, there is little epidemiologic literature 

on DR estimation, and none on MR estimation.  In the second section of this chapter, we turn 

the readers’ attention to interpretation of results from such estimators, as little has been 

discussed to this end in the literature. 

Disagreeing Estimates 

Estimates from the MR estimator, DR estimator, multiple regression, marginal structural 

models (MSM), and PS adjusted models can be qualitatively different (even when numerically 

equal) or quantitatively different.  Situations such as effect modification and the use of non-

collapsible measures of effect like the odds ratio or hazards ratio can further complicate 

interpretation and comparison (20–22).  Effect estimates from MR or DR estimators may also 
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differ from those estimated using “standard” methods in the presence of time-dependent 

confounding.   

In epidemiologic studies, we rarely know if the assumption of no unmeasured 

confounding holds.  Thus, we are never certain that we have the correct model specification 

necessary for interpreting effect estimates causally.  If neither of the two models used in the DR 

estimator or none of the three models in the MR estimator is correctly specified, the estimate 

obtained will not be consistent and may differ substantially from estimates obtained from a 

single misspecified model.   

Marginal vs. Conditional Interpretation 

While there is a consensus that DR or MR estimation yields causal effect estimates, the 

epidemiological interpretation of these parameters remains unclear.  Some authors point to DR 

effect estimates as having marginal interpretations similar to effect estimates obtained from 

randomized trials, but this is not always the case.  Funk et al. point out that the DR estimate of 

the exposure effect has a marginal interpretation since it averages over the effects of exposure 

for each individual under exposed and unexposed conditions (8).  However, marginal effect 

estimates may be computed using different weights, which will afford different interpretations to 

the estimate that must be qualified.  For instance, the interpretation of effect estimates from 

inverse probability of treatment weighted (IPTW) marginal structural models (MSM) can change 

from marginal to conditional if a version of stabilized weights which necessitates further 

adjustment for baseline covariates is used (20).  When using such stabilized weights that 

contain baseline covariates in the numerator, the effect estimate will be marginal with respect to 

covariates used to construct the denominator—not the numerator—of the weight, but will be 

conditional with respect to covariates used to construct the probability of exposure in the 

numerator since these variables must be entered as covariates in the subsequent outcome 

regression.  
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Similarly, the interpretation of effect estimates may change from estimates obtained 

using IPTW and adding covariates as adjustment variables to an outcome regression.  This 

becomes an important consideration when the assessment of heterogeneity is central to a 

study, since investigating heterogeneity necessitates the inclusion of at least one product term 

as well as the variables used to create every product term in an outcome regression model (3).  

In such cases, estimates will have a marginal interpretation with respect to variables included in 

the creation of IPTW and a conditional interpretation with respect to variables included in the 

outcome regression.  Thus, it becomes necessary to develop a framework for interpretation 

reflecting the partially marginal and partially conditional nature of such effect estimates.  In this 

regard, it may not be constructive to compare DR estimates to either conditional or marginal 

estimates as a target.  In the absence of effect modification, however, as was the case with the 

simple example used in to demonstrate DR and MR estimation using DAGs, using linear 

regression to estimate the effect of a binary exposure on a continuous outcome will produce a 

coefficient for the exposure that has a valid marginal and a valid conditional interpretation 

provided the model is correctly specified. 

Conclusion 

This chapter aimed to show that DAGs could be used to demonstrate the doubly or 

multiply robust properties of DR and MR estimators.  We showed that open backdoor paths 

could be closed using a number of analytical techniques, such as PS covariate adjustment, 

weighting by IPTW, and conditioning on variables in an OR model.  Provided all open backdoor 

paths are closed, the DR or MR estimator will yield a consistent effect estimate. 

With respect to interpretation of DR or MR estimates, this chapter aimed not to offer a 

solution or single correct interpretation of DR estimates.  Rather, it should encourage a 

conversation and research on the meaning and interpretation of estimates obtained from DR or 

MR estimation.  In the field of epidemiology, not all effect measures are created equal. The DR 
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and MR estimators offer an advantage not afforded by other estimators, and thus can be 

considerably useful in the field of epidemiology and public health.  Drawing informed public 

health conclusions from epidemiologic studies depends on correctly interpreting and 

understanding the implications of different effect measures.  As DR and MR estimation gains 

popularity, interpreting DR and MR estimates will become increasingly important. 
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Chapter 7. Conclusion 

This dissertation introduced multiply robust (MR) estimation, and evaluated the 

performance of an MR estimator through simulations and illustrative examples.  Our simulation 

results show that a consistent effect estimate can be obtained when three sub-models are 

combined in an MR union model, provided at least one of the sub-models is correctly specified 

and no new biases are introduced.  The illustrative examples demonstrate the utility of MR 

estimation as applied to real-world data from the World Health Survey (WHS).  We emphasize, 

however, that these illustrative examples are simply demonstrative.  Thus, we have shown that 

MR estimation can be a useful and important tool for data analysis, especially when 

collaborators cannot agree on a final set of covariates to control for in a single final model.  In 

such cases, MR estimation allows collaborators to “agree to disagree,” and MR estimation can 

be seen as a tool for conflict resolution after investigators make individual decisions about what 

covariates they believe should be included in their models to sufficiently control for confounding.  

We emphasize further that investigators should base their choice of models on the best 

available knowledge in the field, and that MR estimation does not address variable selection 

problems for each sub-model favored by each investigator.  Rather, it allows investigators to 

avoid compromising or coming to a final decision regarding a single model to use in analyses by 

combining models in a union. 

MR estimation is a natural extension of doubly robust (DR) estimation.  Since the 

underlying data generating mechanism is often unknown, it may be precarious to assume that at 

least one of two models specified in a DR estimator is correctly specified.  Combining multiple 

sub-models in a single union model through MR estimation can increase the probability that at 

least one of the models in the union is correctly specified and a consistent effect estimate can 

be achieved (1).  As such, MR estimation can be considered even more useful than DR 
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estimation.  Interest in DR estimation as a tool for causal inference has increased over the past 

decade (2), with some authors advocating for their routine use (3), and we anticipate that the 

nascent literature on multiply robust estimation will increase in coming years as novel methods 

for causal inference gain ground.  A number of authors have already begun exploring different 

MR estimators (4–6) and exploring efficiency issues.   

The simulations and illustrative examples throughout this dissertation involved a 

continuous outcome and the effect estimates of interest were defined using the mean difference 

on a linear scale.  MR estimation was evaluated for a point exposure study estimating one type 

of effect measure, a mean difference.  We focused on this effect measure in order to avoid 

issues of non-collapsibility (7,8).  However, MR estimators should be relevant and useful for 

estimating other types of effect measures, as well.  For instance, the same considerations 

discussed throughout may apply to studies involving a binary outcome that estimate effects 

using a risk difference.  In addition, since the log-linear additive model tends to behave similarly 

to the linear additive model, we anticipate that the MR estimator presented can also be used in 

cohort studies where the risk ratio is estimated.  We also anticipate that MR estimation can be 

used to estimate odds ratios in case control studies when the outcome under study is 

sufficiently rare.  Further exploring MR estimation in those situations is warranted to determine if 

MR estimation may in fact be used to estimate the mentioned effect measures from different 

study designs. 

Though the MR estimator used throughout this dissertation combined propensity score 

(PS) covariate adjustment, inverse probability of treatment weighting (IPTW) and outcome 

regression in a union model, one does not necessarily need to combine the aforementioned 

estimators in a union model to build an MR estimator.  Rather, it is possible to include multiple 

continuous PS in the model, to multiply different sets of IPTW together to build one weight, or to 

include other estimators that we did not consider in this dissertation, such as the disease risk 
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score (DRS) or g-estimation of structural nested mean models (SNMM).  With respect to DR 

estimation, some studies suggest that including the DRS as a covariate in outcome regression, 

or in combination with a continuous PS, may achieve the best performance with regard to 

precision compared to inclusion of a continuous PS only (9,10).  Further research is necessary 

to determine whether this holds for MR estimators.  The PS could also be used for matching or 

stratification rather than as a continuous covariate.  Han and Wang have also proposed another 

MR estimator based on weighting (5).  In fact, the MR estimator used throughout this 

dissertation would be inappropriate in longitudinal settings with time-varying exposure, 

confounding and, hence, mediation.  Indeed, conditioning on time-varying confounders directly 

by including them in the outcome regression model or indirectly by conditioning on a continuous 

PS that was constructed by modeling exposure as a function of such variables would result in 

biased effect estimates.  Further research is merited to adapt the MR estimator for longitudinal 

settings.  One such adaptation may involve re-parameterizing the MR estimator as a SNMM 

which are inherently DR (11,12).  The SNMM decomposes the conditional mean of the outcome 

into an expression involving causal terms, or nested means, and nuisance functions (13).  

Models for these causal terms and nuisance functions can then be manipulated and combined 

to build an SNMM in which time varying intermediates and confounders are appropriately 

handled.  As such, one would not need to adjust for the time-varying confounders in a 

conditional mean model or outcome regression.  Another possible MR estimator may involve 

combining an SNMM, fit as a regression-with-residuals, with IPTW (13).  Vansteelandt et al. (14) 

and Almirall et al. (13) have also proposed estimators for MR estimation of effect modification 

and statistical interaction, while Vansteelandt has described the sequential g-estimator with DR 

properties for estimating mediated effects (15). 

This dissertation raises a number of questions and suggests many areas for further 

research in addition to exploring different MR estimators.  The results in chapters 3 to 5 suggest 
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that the DR and MR estimates are pulled toward results from the sub-model that is correctly 

specified.  This is not surprising, and has been reported in the context of DR estimation as well 

(3,16).  Similar to other authors, we also found that outcome regression is dominant, meaning a 

correctly specified outcome regression often performs best in achieving bias reduction due to 

confounding (9).  This dissertation does not address issues of variable selection for each of the 

sub-models combined in the union.  However, variable selection for PS (17), IPTW (18), and DR 

models (2,19) is an ongoing area of research which has implications for building MR estimators.  

With regard to MR estimation in multilevel data, we found that omitting contextual covariates 

was not consequential for bias reduction when the model included a random intercept when the 

true data generating mechanism comes from a random-intercept fixed-slope mixed model.  In 

addition, single level models performed as well as multilevel models when contextual covariates 

were included with respect to consistent estimation of effects (although the issue of correct 

variance estimation should be addressed appropriately in single level or non-hierarchical 

models).  This has important implications for multilevel research, as has been pointed out by 

others (9), and merits further exploration especially with respect to cross-level interactions and 

random slopes. 

In recent years, van der Laan and Gruber proposed “collaborative double robust 

targeted maximum likelihood estimation,” which achieve consistency under certain combinations 

of dual model misspecification (1,20).  Targeted maximum likelihood estimation (TMLE) “targets 

the maximum likelihood (MLE) estimate of the parameter of interest in a way that reduces bias,” 

(21) provides a flexible framework for estimation, and produces semi-parametric efficient 

estimators that are inherently DR (21,22).  TMLE uses initial estimates of the outcome 

regression and updates this with estimated PS.  This updated estimate is then plugged into the 

G-computation formula to obtain a final estimate of the parameter of interest.  Collaborative 

targeted maximum likelihood estimation (CTMLE) adds covariates, selected based on the 
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penalized cross-validated likelihood, to the PS estimates in a stepwise manner (23) such that 

the outcome regression and PS need not be correctly specified but, when combined, work 

together to reduce bias (21,24).  In addition, TMLE can make use of the super learner algorithm 

to estimate the outcome regression and PS, which finds the best combination of parametric and 

machine learning estimators from a library of estimators.  A natural extension of research on MR 

estimation would involve comparing performance to TMLE, and building a union MR model in 

which no sub-model is correctly specified but the union of these models suffices to achieve bias 

reduction akin to CTMLE.  Arah et al. have explored this in the context of DR estimators, and 

found that combining two sub-models, each of which adjusts for an insufficient set of covariates 

for control of confounding alone, in a union, such that the “pooled” set of covariates is sufficient 

for confounding control and allows for consistent estimation of effects (25).  The authors refer to 

such models as “mono-robust” union models, and exploring such models in the context of MR 

estimation, where three or more sub-models are not correctly specified for confounding control 

individually but combined for a “pooled” union of covariates that allows for consistent estimation, 

is an important extension of the estimator to consider. Put differently, there appear to exist 

plausible (albeit unverifiable) scenarios whereby sub-models might be misspecified but their 

union still allows for consistent effect estimation.  

MR estimation is proposed as a novel method for causal inference, and thus it is 

important to acknowledge the need to make certain fundamental assumptions to causally 

interpret effect estimates yielded by the MR estimator.  These assumptions of positivity, 

conditional exchangeability, consistency, and no interference are shared by all exercises in 

causal estimation.  MR estimation can serve as an important tool for epidemiologists and 

investigators interested in causal inference.  This dissertation is one of only a few current 

studies on MR estimation, and raises a number of questions for consideration in future 

research.  
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