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THE GEOMETRY OF THE ECLIPSE 'OF A POINf-LIKE STAR BY A 
ROCHE LOBE FILLING COMPANION* 

GARY A. UIANAN, JOHN MIDDLEDITrn, AND JERRY E. NELSON 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

October 1975 

ABSTRACT 

For binary systems of this type, which may be representative of 

certain X-ray sources, the eclipse duration defines a relation between 

the mass ratio and orbital inclination of the system; we have derived 

and tabulated this relation. Eclipse geometry for binary systems in which 

both stars fill their Roche lobes is also discussed briefly. Errors in 

the literature on both types of systems are pointed out and corrected. 

* This work was performed under the auspices of the United States Energy 

Research and Development Administration. 
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I. INI'RODUCfrON 

The discovery and study of X-ray binary sys!ems have recently gen

erated considerable interest in binary systems consisting of a normal 

star which fills its Roche lobe and a collapsed companion. We describe 

here an analysis of the geometry of eclipses in such systems. The duration 

of the eclipse of the collapsed star (which may be considered to be a 

point), along with the binary period, establishes a very useful constraint 

on the system: geometrical considerations alone establish a relation be

tween the mass ratio and the orbital inclination (Leach and Ruffini 1972). 

Motivated by our discovery of same errors and confusion in the literature 

on this and related subjects, we have calculated the mass ratio as a func

tion of the orbital inclination and the eclipse half-angle.' These results 

have immediate applications to the understanding of the HZ Her - Her 

X-I binary system OMiddleditch 1975, and Middleditch and Nelson 1975). 

We also treat briefly systems in which both components fill their Roche 

lobes. 

II. CALCULATION AND RESULTS 

a) The Point Mass - Roche Lobe Filling System 

We begin with a brief review of the Roche lobe model following the 

notation of Kopa1 (1959, 1972). We assume that both components of the 

system, with masses m and m', have a sufficiently high degree of central 

condensation for their gra~itational potentials to be approximated as 

point mass potentials. We also assume that the entire system rotates as 

a rigid body about the center of mass (circular orbits) with the 

Keplerian angular velocity, w2 = G(m"-+ m' )/R3, R being the separation 
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of the centers. We set q = m'/m and R = 1 (without loss of generality) 

and choose a spherical coordinate system centered on the mass m such 

that m' has coordinates (r = 1, e = n/2, ¢ = 0) and the system angular mo

mentum is parallel to the e = 0 axis (see figure 1). The effective po-

tential in the co-rotating frame is then Gm lJ!(r, e, ¢,), where IjJ is given 

by: 

lJ!(r, e, ¢) 1 2 = -- - q (r ~ 2r sine cos¢ r 

-1 

+ 1) ·oz 
(1) 

_(~.+ .. )~ q 2 2l ~ L (r sine cos¢ - 1 + q) + (r, sine sin</» ] , 

which is equivalent to equation 2.5 of Kopal (1972). The first two terms 

in the above are the gravitational contributions due to m and m' re-

spectively; the third term is the centrifugal contribution. The limiting 

Roche surface, made up of the two Roche lobes, is defined as that 

equipotential surface passing through the inner Lagrangian point, 

(i, n/2, 0), where i is defined implicitly by 

-2 q = (i - i) / [(1 - i) - 2 - (1 - ~) ] (2) 

Now let m be a mass point and letm' exactly fill its Roche lobe. We 

define the eclipse of m by m' as follows: Consider a ray from the origin 

defined by the angles (e, </». Note that e is the same as i, the usual 

orbital inclination defined by an observer at infinity. Now, for a fixed 
, ~ 

inclination, we denote the maximum value of ¢ for which (i, ¢) intersects 

the Roche lobe surrounding m' by ¢1. This is then the half-angle of 
oz 

the eclipse; i.e., the ratio of the eclipse duration to the orbital 

period is given by </>1/n , </>1 in radians. 
oz oz 
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The eclipse half-angle is determined as follows: For a fixed q, 

the intersection of the Roche lobe with the cone i = constant defines an 

implicit relation between ~ and r. Setting 

Q(q) = ~(q) +} q2/(1 + q), (3) 

where Gm ~(q) is the potential on the critical Roche surface and 

u = cos ~, we have 

(r2 2ur sin i + 1)-~ - ur sin i 
(4) 

+ 
_1 [ r. () 1 1 (1 ). 2 . 2.] a q a~ q + r + 2" + q r SID 1 ;:: , 

the equation of a closed curve on the Roche surface (see figure 1). To 

find the extreme values of u along this curve we differentiate this 

equation with respect to r and set au/ar = 0, which yields 

(r2 - 2ur sin i + 1)-3/2(u sin i - r) - u sin 1 

(5) 

+ ! [(1 + q) r sin2i - + J= o. 
q r 

Equations (4) and (5) are regarded as a simultaneous system of (non-

linear) equations in the two unknowns, r and u, with ~olution (rO' uO). 

We have ~~ = arccos uO; r O' the distance to the tangent point, is not 

of direct interest. We failed to find a solution for the general case in 

closed form. However, in the limit q + 00 the system was solved ex-

plicitly (see Appendix, part B), yielding 

. 2. (3 . 2 1) 1 Sln 1 cos ~l + - = 
'2 

o . (6) 
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For finite mass ratios we obtained the solution (rO' uO) numerically 

for various values of q and i by setting fl(r, u) and f 2(r, u) equal to 

the left-hand sides of equations (4) and (5) respectively, and then mini

mizing fi(r, u) + f~(r, u) using a generalization of the Newton-Raphso~ 

method with numerically approximated gradients (Powell 1965). 

Note that we could equally well have fixed i and ¢1 or q and ¢1 
~ ~ 

and solved for qo or sin i O' respectively. In addition, the above treat

ment can be generalized to the case of an arbitrarily underfilled Roche 

lobe simply by replacing Q(q) in equation (4) with the appropriate 

potential. 

Curves of ¢l as a function of i are drawn for various values of 
~ 

the mas~ ratio in figure 2. For a given binary system (of the appropriate 

type) for which ¢l is known experimentally, the implied relation between 
~ 

q and i may be obtained graphically by drawing a horizontal line at the 

appropriate value of ¢l and reading off the 100r more points of in
~ 

tersectian with the family of curves in figure 2. These points define 

the desired curve, q = f(i). Table 1 gives the mass ratio directly as 

a function of ¢k and i. Ruffini (1972) determines the eclipse ~ration 
2 

by a procedure which is equivalent to the above for i = 900 
, but his 

generalization to arbitrary inclination is incorrect. As a result the 

values of the occultation angles in table 1 of Leach and Ruffini (1972) 

are incorrect for inclination angles other than 900 
• 

b) The Double Roche Lobe Filling System 

Our above results contradict two statements of Kopal (1959,1972),· 

which are based on his treatment of the eclipses of binary systems in 
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which both members fill their respective Roche lobes. Kopal (1972, pp. 19 

and 20) states that 1) " .•. no matter what the mass ratio may be, the light 

changes of a close binary system are bound to be unaffected by eclipses 

for all phase angles outside of the range ±58°, even if both components 

are in actual contact," and 2) " ... regardless of the mass ratio, no binary 

system can exhibit eclipses if its orbit is inclined by less than 34.4° 

to the celestial sphere- even it its components are so close as to be in 

actual contact." However, we find from equation (6) tha t, for suff icientl y 

large mass ratios, eclipses can occur for all phase angles up to ±90° , 

and for inclinations down to 30°. The fact that, in the systems we have 

been considering, the components are not in actual contact only makes the 

above disagreement worse. The source of this disagreement lies in the fact 

that Kopal's treatment of the eclipses is based on an (implicit) incorrect 

assumption which is a good approximation for mass ratios near unity but 

which breaks down for large mass ratios. The eclipses of contact binary 

systems are not defined, as Kopal assumes, by the osculating cone (the 

tangent cone to the Roche surface at the inner Lagrangian point) except 

in the special case of equal masses, because a portion of the larger Roche 

lobe (the one surrounding the greater mass) always lies outside of this 

cone (see Appendix, part A). 

We now modify our above procedure to give a correct derivation of 

the half-angles of partial eclipses in the case of binaries consisting of 

two Roche lobe filling companions. We define such a system to be in 

partial eclipse when the inner Lagrangian point cannot be seen by an ob

server at infinity. In the.following we shall only consider the case 

where the inner Lagrangian point is obscured by the larger Roche lobe. 



-6-:-

Eclipsing of the iIIDer Lagrangian point by the smaller Roche lobe is 

not dealt with here, but we note that Kopa1's results will apply to this 

case if it can be shown that the smaller lobe lies entirely within the 

osculating cone. (We show in the Appendix, part A, that it lies within 

this cone at least in a neighborhood of the iIIDer Lagrangian point.) 

It is convenient to choose a new (prTIned) coordinate system by 

translating the origin of the old (unprimed) system to the inner 

Lagrangian point: 

r' sin a' cos~' + ~ = r sin a cos ~, 

r' sin 8' sin ~' = r sin a sin ¢, (7) 

r' cos ~' = r cos ~. 

The calculation proceeds exactly as in the case o~ the point mass -

Roche lobe filling system. Substituting equations (7) into (4) we obtain 

the equation for the curve defined by the intersection of the Roche lobe 

with the cone a' = i' = constant. Dropping the primes and setting u = cos ¢, 

we have: 

where 

1 _ (ur sin i + ~) 
PI 

+ 1 
q 

[ Q(q) + _1_ 
P2 

1 (1 ) (2 . 2. 2 n • n 2)] 0 + ,_ 2" + q r SID 1 + urN sln 1 + N = 

= [r 2 
+ 2ur(~ - 1) sin i + (~-1) 2] ~ 

PI 

[r2 + 2 1 

P2 ::. 2ur~ sin i + ~ ] '2 • 

(8) 

(9) 

As before, we differentiate this with respect to r and set au/ar = 0, 

yielding 
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~ [~ ( r + uR, sin i) 
P2 

-(1 + q) (r sin2i + ul sin i) ] = 0 

(10) 

This is again a system of simultaneous nonlinear equations (eqs. (8) and 

(10)) in the unknowns r and u with solution (r 0' uO) ,where <P~ = arccos uo 
is the half-angle of the (partial) eclipse. These equations have been 

solved numerically with the same technique used to solve equations (4) 

and (5). Clearly, for a given mass ratio the eclipse half-angle will 

attain its maximum value, <p ,when i = 90°; similarly the orbital max 
inclination asSt.UIl.eS its min:imt.un value, i . , when <p = o. We have tab. nun 

ulated <p and i. for several values of the mass ratio in table 2. 
max nun 

For comparison we have included <p and i , the corresponding val-cone cone 

ues from the (incorrect) osculating cone approach: l Note that in the 

limit q + 00 we have the asymptotic values (see Appendix, part C) 

<p = 90° and i. = 24.03' . max nun 
These values should replace 58° and 

34.4° 0' respectively in the above quote from Kopal. 

We would like to thank Terry Mast for his helpful connnents on 

this paper, and Tim Daly for preparing the figures. 

1 <p and i are tabulated as (I/Jl)max and i nun. respectively (with cone cone 

some numerical errors) in table 3-4 of Kopal (1959); <p is also tab-
cone 

ulated as <p in table 1 of Plavec and Kratochvil (1972). 
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Appendix 

A. Proof that the larger Roche lobe crosses the osculating cone. Following 

Kopal (1972) we expand the potential, now expressed in rectangular coordi-

nates, in a Taylor series about the inner Lagrangian point (£,0,0), re

taining tenus to third order in x, y, and z: 

1 2 
~(x, y, z) = ~(£, 0, 0) + Z (-2p - q - 1) (x - £) 

I' 2 1 2 3 + Z (p - q - l)y + Zpz + sex - £) (11) 

323 2 - 2 sex - £)y - Z sex - £)z 

where 

1 
P = + 

£3 

Consider the limiting Roche surface, where ~ = constant. Setting . . 

x = x - £ and restricting attention to the plane z = 0, we have 

"'2 '" 3 
~p + q +l)x - 2sx 

'" 
(p - q - 1) - 3sx 

or, expanding the denominator in a power series, 

2 
Y = 

(2p + q + 1) 

(p - q - 1) 

"'2 x + 
(4p + 5q + 5) 3 
------.2.-5SX + 
(p - q - 1) 

(12) 

(13) 

(14) 

Kopa1's equation for the osculating cone results from retaining tenus 

to second order only: 

2 Yo = 
(2p + q + 1) "2 
----'--x. (15) 

(p - q - 1) 
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Now we have from equation (8) that (p - q - 1» 0 for all q. In addition, 

using equation (2) one can show that if q > 1, then s > O. But if s is 

positive, the coefficient of x3 in equation (10) must be positive and we 

have y2 > y~ for sufficiently small x > o. Thus, in the x-y plane, ln 

a sufficiently small neighborhood of the inner Lagrangian point, the 

larger Roche lobe must lie outside the osculating cone. 

Conversely, the smaller Roche lobe must lie within the osculating 

cone in a sufficiently small neighborhood of the inner Lagrangian point 

in the x-y plane. Similar results hold for the x-z plane. 

B. Solution to equations ill and ill for infinite mass ratio. We note 

that equation (2) implies that q R,3 -+ 1/3 as q -+ 00 • Therefore to solve 

the system of equations in the limit of infinite mass ratio we substitute 

q = ll(3R,3} into equations (4) and (5). At this point let us assume 

(without proof) that the tangent point approaches the origin as q -+ 00; 

we then want to examine our equations in the limit of small r. Now since 

R, < r for all points on the larger Roche lobe, we can define S = R,/r, 

where S will remain bounded as. q -+ 00. Replacing R, by Sr and ex

panding to lowest nonvanishing order in r, equations (4) and (5) now 

reduce to 

(16a) 

and 

(3 . 2. 2 . 2. 1) 3Q3 0 sln 1 cos <p + sln 1 - - I-' = (16b) 

respectively. By inspection we have S = 0 or 1. However, S = 1 leads 

to unphysical values for the angles and is therefore an extraneous 
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solution. Thus we must have B = 0 and both equations reduce to 

3 . 2. 2 . 2. 1 0 Slll 1 cos ~ + sln 1 - = • (17) 

C. Solution to equations ill and (10) for infinite mass ratio. Proceeding 

as in part B, we set q = 1/(3~3) and ~ = Br, and expand equations (8) 

and (10) to lowest nonvanishing order in r. This yields 

(3 
. 2. 2 Sln 1 cos ~ . 2. 1) + sln 1 -

+ (683 
+ 6B sini cos ~- 6B

2 
') = 0 

. Po 
(18a) 

and 

(3 . 2. 2~ Sln 1 cos + 
. 2. sln 1 - 1) (lSb) 

3 
+ [3 B sin i cos ~ - 3B 3 (1 + B sin i cos ~ )] = 0 

Po 
for equations (S) and (10) respectively, where 

(19) 

Unfortunately, in this case we cannot determine the value of B slinply by 

inspection. Instead we must fix either ~ or i and regard eqs. (l8a) and 

(lSb) as simultaneous equations in two unknowns: the remaining angle and 

B • Using the same numerical techniques described above we solve this 

system in two cases: 1) Setting ~ = 00 we find i = 24.02630 and 

B = 0.345522 (B = 0 is an extraneous solution in this case), and 

2) setting i = 900 we find ~ = 900 and B = O. 
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TABLE 1. Mass ratio as a function of eclipse half-angle ($!,) and orbital inclination Ci) in degrees for a 
point mass - Roche lobe filling binary system. A dash'C-) indicates that there is no finite mass 

ratio which will result in the given eclipse duration for the given inclination. 

90.0 85.0 80.0 75.0 70.0 65.0 60.0 55.0 50.0 45.0 40.0 

0.0 10. 8.356E-03 7.404E-02 2.865E-01 8.189E-01 2.067E+00 5.075E+00 1.306E+01 3.830E+01 1.453E+02 9.206E+02 

5.0 17.370E-03 2.314E-02 1. 038E-01 3.390E-01 9.097E-01 2.230E+00 5.394E+00 1.378E+01 4.031E+01 1.533E+02 9.827E+02 

10.0 \6.549E-02 9.635E-02 2.181E-01 5.240E-01 1.217E+00 2.773E+00 6.447E+00 1.615E+01 4.699E+01 1.805E+02 1.199E+03 

15.0 \2.512E-01 3.045E-01 4.955E-01 9.319E-01 1.863E+00 3.881E+00 8. 576E+00 2.094E+01 6.068E+01 2.378E+02 1.692E+03 

20.0 \6.980E-01 7.864E-01 1.091E+00 1.752E+00 3.105E+00 5.965E+00 1.255E+01 2.993E+01 8.695E+01 3.539E+02 2.822E+03 I ..... 
N 

25.0 11. 659E+00 1.807E+00 2.306E+00 3.362E+00 5.476E+00 9.883E+00 2.000E+01 4.707E+01 1.390E+02 6.040E+02 5.799E+03 I 

30.0 \3.644E+00 3.899E+00 4.755E+00 6. 548E+00 1.010E+01 1.749E+01 3.463E+01 8.1'76E+01 2.513E+02 1.217E+03 1.593E+04 

35.0 7.737E+00 8.202E+00 9.761E+00 1.302E+01 1.949E+01 3.311E+01 6. 545E+01 1.588E+02 5.260E+02 3.054E+03 6.993[+04 

40.0 \1. 637E+01 1.728E+01 2.034E+01 2.677E+01 3.973E+01 6.768E+01 1.370E+02 3.531E+02 1. 335E+03 1.062E+04 8.118[+05 

45.0 3.541E+01 3.735E+01 4.393E+01 5.797E+01 8.702E+01 1.525E+02 3.269E+02 9.422E+02 4. 490E+03 6.565E+04 5.269E+08 

50.0 8.014E+01 8.478E+01 1.007E+02 1.354E+02 2.105E+02 3.920E+02 9.360E+02 3.296E+03 2.437E+04 1.651E+06 

55.0 1.951E+02 2.078E+02 2.521E+02 3.532E+02 5.875[+02 1.224E+03 3.549E+03 1.834E+04 3.797E+05 

60.0 5.284E+02 5.700E+02 7.197E+02 1.085E+03 2.039[+03 5.215[+03 2.216E+04 2.836E+05 1.169E+09 

~ 
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TABLE 2. Eclipse and osculating cone angles in degrees as a function of 
mass ratio for a binary system in which both components 

fill their Roche lobes 

l/q <Pcone 

1.00 57.31 57.31 

0.80 57.35 57.32 

0.60 57.49 57.35 

0.40 57.88 57.43 

0.20 '" 59.00 57.64 

0.10 60.56 57.92 

0.01 p7.l7 58.86 

0 90 60 

1 . mIn 

34.45 

34.43 

34.33 

34.07 

33.34 

32.39 

29.00 

24.03 

1 cone 

34.45 

34.45 

34.44 

34.42 

34.35 

34.27 

34.00 

33.69 
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Figure Legends 

Fig. 1.- Coordinate system for the point mass - Roche lobe filling binary. 

The point mass is located at the origin. The center of mass of the Roche 

lobe filling companion and the inner Lagrangian point have Cartesian co-

ordinates (1, 0, 0) and (R., 0, 0) respectively. V is an arbitrary ray 

from the origin defined by the polar angles (8, <p) intersecting the Roche 

lobe, and VI is the projection of V on the x-yplane.<The curve labeled 

Eq.(4) is swept out by the points of intersection of V with the Roche lobe 

as <p is varied with e fiXed. 

Fig. 2.--- Curves of eclipse half-angle (<Pt ) in degrees versus orbital 
~ 

inclination (i) in degrees for 21 fixed values of the mass ratio for the 

poin~ mass - Roche lobe filling binary. Curves are labeled on the right 

by mass ratio (q) as defined in the text. 
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