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ABSTRACT OF THE DISSERTATION

Striated Regularity of Vorticity in a Bounded Domain
by
Thomas Schellhous

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, March 2024
Dr. James P. Kelliher, Chairperson

The two-dimensional Euler equations describe the velocity of an inviscid incom-
pressible fluid. A classical vortex patch is a solution to the two-dimensional Euler equations
whose initial vorticity is the indicator function of a bounded simply connected open region
in the plane. Properties of the flow maps and vorticity transport in two dimensions ensure
that the vorticity at any time will be the indicator function of the the image of the region,
which remains simply connected and bounded. In 1991, Chemin proved in [Che91] that,
in the whole plane, a vortex patch with an initially Holder continuous boundary maintains
that boundary regularity for all time. A few years later, Serfati published an alternate
strategy in [Ser94b] that simplifies certain aspects of Chemin’s argument. Here, we prove
that, for 0 < a < 1, CM® regularity of a vortex patch boundary persists for all time for
fluids in a simply connected bounded domain that itself has a smooth boundary, as long
as the patch is initially not touching the boundary. The proof reproduces a 1998 result
of Depauw ([Dep98]) using simpler methods inspired by Serfati’s approach, which is more

easily adaptable to a bounded domain than the methods of Chemin and Depauw.
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Chapter 1

Introduction

1.1 The Two-Dimensional Euler Equations

The two-dimensional Euler equations describe the motion of an inviscid incom-
pressible fluid in the whole plane. If w(¢,x) and p(t,x) represent the fluid velocity and
pressure, respectively, at time ¢ > 0 and position 2 € R?, then the motion satisfies the

system of equations

Ou+u-Vu+ Vp =0, (1.1)
divu =0, (1.2)

A (classical) vortex patch is a solution (u,p) to this system whose initial vorticity wp :=
curlug is the indicator function of an open region U in the plane; that is, wo(z) = L1y (x).

In a slight abuse of terminology, we also refer to the region U as “the initial vortex patch.”



In terms of the vorticity-stream formulation of the equations (Proposition 2.1 of

[MBO02]), the initial value problem in the full plane can be written as

Ow +u-Vw =0, (1.4)
w(O, ) = Wwp ‘= ]lU, (15)
u(t, ) = [K *w](t,-). (1.6)

Here, (1.4) is obtained by taking the curl of the momentum conservation equation (1.1),
(1.5) is the initial condition, and (1.6) expresses that the velocity u(¢,x) can be recovered
from the vorticity w(t,z) via the Biot-Savart law, where K is the Biot-Savart kernel in R?.
The Biot-Savart law will be discussed in detail in Section 2.5.

Associated to the fluid motion is a flow map, which we denote by 7(t,x), that
describes the particle trajectories for each fixed value of x. If x represents the position of a
fluid particle at time ¢t = 0, then 7(¢,x) is the position of that particle after flowing in the
fluid velocity field for time ¢. The flow map can be defined as the solution to the ordinary

differential equation

8t77(t7 :E) = u(t7 n(ta :L‘)),
(1.7)

n(0,z) = x.

Since (1.4) dictates that the vorticity is passively transported and since the flow maps are
continuous (see Chapter 2 for more details), an initially connected vortex patch will remain
a connected vortex patch as time increases. Though the divergence-free condition (1.2)
ensures that the patch will have constant area for all time, some of its geometric properties,
such as the length and curvature of its boundary, may grow rapidly as the patch deforms

over time.



Vortex patches have been studied going back to the 19th century. The most well-
known example of a non-trivial vortex patch is the Kirchoff ellipse, first described in 1876
in [Kir76]. In this case, the vortex patch is initially a regular ellipse in the plane. As
time increases, the ellipse maintains its shape but rotates at a constant angular velocity

depending on the relative lengths of the axes of the ellipse.

1.2 The Vortex Patch Problem in the Plane

Unique weak solutions to the vortex patch initial value problem described by (1.4)-
(1.6) have been known to exist since Yudovich’s 1963 work [Yud63], since wy = 1y is in
L' N L*°(R?). Weak solutions will be discussed in Section 2.4. A problem of much interest
throughout the 1980s and early 1990s was: if the boundary of the vortex patch is initially
smooth, does it stay smooth for all time?

Not much progress was made in this direction until 1979, when Zabusky, Hughes,
and Roberts derived the contour dynamics equation (CDE) in [ZHR79]. Their idea was
that, since the vortex patch is completely determined by its boundary and because points
on the boundary must remain on the boundary as they flow, the evolution of the patch
could be described by tracking the boundary alone; the CDE parametrizes the boundary
of the vortex patch at time t. Using the notation of Section 8.3 of [MB02], if such a
parametrization is represented by z(t,a) = 7n(t,2(0,a)), so that a parametrization of the

intial patch boundary is transported by the flow, and if the boundary is at least piecewise



C', the motion of the boundary of the patch satisfies the CDE
dz wo [T / N
= ), In ‘z(t,a) —z(t,« )‘ Opz(t,a) da’,
(1.8)
2(t, @) |i=0 = z0().

This reduction in complexity from two dimensions to one dimension allowed com-
puter models and simulations to come into play. In the 1980s, vortex patch dynamics
became an active area of research in computational fluid dynamics with heated competi-
tion to come up with the most efficient and accurate algorithms to model the vortex patch
evolution and provide evidence of either the persistence of the patch boundary’s regularity
or of the formation of singularities on the boundary.

In 1986, Majda conjectured in [Maj86], based on a simplified mathematical model
and the contour dynamics equation, that the boundary of a vortex patch can in fact lose
smoothness in finite time. He and Constantin had shown in [CLM85] that solutions to
a certain scalar equation involving the Hilbert transform could blow up in finite time.
His conjecture was based on analytic similarities he had observed between these solutions
and solutions to the CDE. Majda’s conjecture was supported by the 1989 computational
results of Buttke in [But89], which were obtained using Buttke’s fast adaptive vortex method
developed in [But90]. His calculations showed evidence of the formation of a sharp corner
on the boundaries of two initially identical circular vortex patches separated by half their
common radius in finite time. This result was questioned later in 1989 by Dritschel and
McIntyre in [DM90], where they suggested that Buttke’s results were an artifact of his

method’s use of square-shaped spatial elements to approximate the patches and provided

their own computational evidence that the boundaries actually do stay smooth well past



the time at which singularities were claimed to emerge. This matter was debated for several

more years before a mathematical proof finally came out.

1.3 The Strategies of Chemin and Bertozzi & Constantin

The question of whether a smooth vortex patch boundary in the whole plane
remains smooth for all time was answered in the affirmative in the early 1990s by Chemin in
[Che91, Che93]. This was also proved independently in [BC93] by Bertozzi and Constantin.

Bertozzi proved in her doctoral dissertation ([Ber91]) that there exist local-in-
time C'7 (0 < v < 1) solutions to the CDE, proving that Holder regularity of vortex
patch boundaries is maintained for some finite time, and gave sufficient conditions for such
a solution to be continued for all time. In [BC93], Bertozzi and Constantin expanded that
work and published a proof of global-in-time existence of C'¥ solutions to the CDE . While
their proof also affirmatively answered the vortex patch boundary regularity question, their
strategy was less generalizable than Chemin’s due to their reliance on the CDE. However,
the approaches had a unifying principle behind them: in both cases, the regularity of the
boundary was measured by a passively-transported function (or family of functions) that
possessed higher regularity than the vorticity itself.

We will now briefly describe both approaches. Before discussing Chemin’s strategy,
it can be helpful to first examine what Bertozzi and Constantin did since their framework is
that of a classical vortex patch and so may help build intuition for the more general problem

that Chemin addressed. Bertozzi and Constantin’s strategy was to link the regularity of the

'Bertozzi also showed in [Ber91] how the result for C**7 boundaries naturally extends to C*7 boundaries
for any positive integer k, and, by induction, for C*° = N, C*7 boundaries.



vortex patch boundary to several quantities associated with the CDE (1.8) developed by
Zabusky, Hughes, and Roberts in [ZHR79] that parametrized the boundary of the patch at
any time ¢t. They then proved global-in-time bounds on these quantities in terms of the initial
data through standard singular integral estimation techniques combined with a technical
geometric argument that was used to bound the most difficult piece of a certain integral.
By representing the boundary of the vortex patch Uy at time ¢ = 0 by 9Uy = @61(0), where
¢ is a Ch% (o € (0,1)) scalar function, the boundary of the vortex patch OU; at any time ¢
could then be represented by letting ¢g be passively transported by the flow: OU; = ¢, ! (0),
where ¢(n(t, z)) := po(z) and 7 is the flow map for the velocity u defined by (1.7).

The quantities estimated were ||Vul||; o, V@t 100, Vel ga, and [Vl The

measurements being used here are the a-Holder seminorm

1l = sup L =)

TH#Y |1' - y‘a

and the boundary infimum ||V . defined as the infimum of Vi, along the boundary oU;

inf
of the vortex patch at time ¢. They obtained an initial estimate of || Vu||;« from the Biot-
Savart Law (Lemma 2.5.1) and then a chain of subsequent estimates was eventually closed
with Gronwall’s Lemma. The fact that these bounds give global regularity of the vortex
patch boundary follows from standard ordinary differential equation theory; the details can
be found, for instance, in Chapter 8 of [MB02].

A fundamental idea behind Bertozzi and Constantin’s approach is that the regu-
larity of the boundary is encapsulated by various measurements of the vector field V-+y,

where the perpendicular gradient operator is defined as V+ := (—ds,9;). Because the vor-

tex patch boundary at time ¢ is a level set of ¢y, the vector field V1¢; is tangential to the



boundary of the patch so it can be used to describe the manner in which the boundary is
deforming as the fluid flows over time. Once one shows that ¢; € C1?, its perpendicular
gradient V1'¢; € C* and so has more smoothness than the vorticity w, which is only in
L. It is this ability to describe the vortex patch boundary using a higher-regularity tool
than the vorticity itself that makes the proof possible.

Chemin proved his more general result (in 2D, but later extended to higher di-
mensions by Danchin in [Dan99]) by showing that certain quantities related to a sufficient
family of vector fields ) remain bounded for all time. Sufficient families will be discussed
in more detail below in (1.9). Chemin proved that if the initial vorticity is integrable and
essentially bounded, and if the product of the sufficient family and the initial vorticity has
its divergence in a negative Holder space (C“~1, defined in Section 2.1), then the divergence
of the product remains in C*~! for all time. If you apply Chemin’s result to the perpen-
dicular gradient of the scalar functions ¢; that define the boundary of a vortex patch as in
Bertozzi and Constantin’s approach, then the bounds obtained in [BC93] follow, solving the
classical vortex patch problem. However, Chemin’s result can also be applied to more gen-
eral problems such as patches of non-constant vorticity and even arbitrary level sets of any
initial vorticity. While his proof relies heavily on the powerful machinery of paradifferential
calculus, the essence of his strategy also comes down to proving global-in-time bounds on
quantities mathematically similar to those used by Bertozzi and Constantin.

Roughly speaking, Chemin’s sufficient family ) consists of vector fields with C“-
regularity in the tangential direction to level sets of the vorticity. The quantities he bounded

were [|[Vul|foo, [|V]|ca, and ||V - Vwl||ca (see Section 2.1 for an explanation of the sufficient



family notation)?. Recall that the norm ||-|| -« is defined as the sum of the L> norm and the
a-Holder seminorm. As with Bertozzi and Constantin’s proof, the bounds were obtained
with a series of estimates that were closed with Gronwall’s Lemma. The difference lies in
the tools used to obtain the bounds. Chemin was able to obtain a more general result

because his methods did not rely on the contour dynamics equation.

1.4 Serfati’s Strategy

In 1994, Serfati published another approach in [Ser94b]. Much of his short proof
broadly mirrored the ideas of Chemin’s 1993 paper [Che93], but his approach was markedly
different in how it obtained a key estimate on ||Vu|;~ that was used to close the series
of estimates. This estimate was obtained by making clever use of a linear algebra lemma,
presented in various forms in [Ser92, Ser94a, Ser94b], that bounds the Euclidean norm of a
symmetric matrix in terms of its trace and an arbitrary symmetric matrix. In Section 3.7,
we give the form of the lemma that will be needed as Lemma 3.7.1, which is based on the
more general Lemma 5.1 of [BK15].

The various approaches of Chemin, Bertozzi and Constantin, and Serfati have some
unifying principles underlying them. The core idea of each strategy is to first prove various
transport estimates for the quantities of interest: for Chemin’s approach, the sufficient
family of vector fields ); for Bertozzi and Constantin’s approach, V1 ¢; and for Serfati’s

approach, a single? vector field Y. The second step is to prove key estimates on || Vu(t, )| oo -

2Writing Chemin’s assumption as ) - Vw € C% is slightly misleading since we only assume w € L°°.
Because Chemin also assumed that div)y = 0 in [Che91], it can be interpreted as

V- Vw=div (wY) —wdivY = div (w)).



The third step is to close the chain of estimates with Gronwall’s Lemma (Lemma 2.2.7).
It is in the second step that the approaches diverge and where the primary difficulties lie.
Indeed, Bertozzi and Constantin state in [BC93] that the entire result is “mainly due”
to the properties (their so-called “kinematic reasons”) of ||Vu(t,-)|| . Chemin used the
tools of paradifferential calculus to obtain his bounds while Bertozzi and Constantin used a
geometric argument about the Lebesgue measure of a radial set used in a key integral that
they called the Geometric Lemma in [BC93]; Serfati obtained the necessary bound using
his linear algebra lemma.

Recently, Bae and Kelliher adopted and amplified the results of Chemin in [BK15]
and [BK21] using Serfati’s approach to obtain the critical estimates on ||Vu||;«. They also
adopted some of Danchin’s ideas from [Dan99] to extend the results to higher dimensions.
The proof presented here is an adaptation of their work to the 2D bounded domain setting.

By domain, we mean a connected open set.

1.5 The Vortex Patch Problem in a Bounded Domain

The Euler equations can be studied in a bounded domain by the addition of the
boundary condition u - 7 = 0, where 7 is the outward unit normal vector on the boundary
of the domain. This merely states that no fluid flows in or out of the domain through the
boundary. Yudovich’s seminal work [Yud63] (see also section 8.2 of [MB02]) proved that

there exist unique weak solutions (see Definition 2.4.1) to the vorticity-stream formulation

3Serfati’s use of a single vector field limited his result’s applicability. The vector field was meant to track
the areas along the patch boundary where the vorticity was discontinuous, similar to V¢ from [BC93],
but if the vorticity was more complicated than a vortex patch, such as “layers” of vorticity, then Serfati’s
result could not be applied while Chemin’s could. In the end, the main result presented here follows Serfati’s
approach but uses Chemin’s sufficient families.



of the two-dimensional Euler equations in a bounded domain if the domain has a C°°
boundary and the initial data wg € L*°. In [GVL13], Gérard-Varet and Lecave showed that
the smoothness assumption on the boundary of the domain could be weakened to C.
However, these existence results do not address the regularity of a vortex patch boundary.
The presence of a domain boundary complicates the vortex patch problem, mostly because
of the fact that the Biot-Savart kernel in a bounded domain has an extra term that, while
well-behaved in the interior of the domain, is singular along its boundary.

Several results have shown that under certain conditions the vorticity can become
irregular in the presence of a boundary. In [KZ14], Kiselev and Zlatos provided an example
of a bounded domain, smooth except at two interior cusps, on which there exist smooth
classical solutions to the two-dimensional Euler equations that blowup in finite time in
the sense that the vorticity loses continuity. In [CJM13], Crosby, Johnson, and Morrison
used numerical techniques to investigate the behavior of vortex patches in the presence
of various types of boundaries and provided evidence that singularities can form if the
domain’s boundary has a corner, such as a square domain. However, using methods similar
to Chemin’s approach, Depauw proved in [Dep98| the persistence of boundary regularity
of a vortex patch in a bounded simply connected domain with C'*° boundary as long the
initial vortex patch is not touching the boundary. We note that Depauw was later able to
obtain local-in-time boundary regularity for vortex patches that are initially tangent to the
boundary of the domain in [Dep99], but not global-in-time regularity.

Our main theorem, Theorem 1.6.1, reproduces Depauw’s regularity result from

[Dep98] using methods more closely mirroring Serfati’s approach, as developed by Bae and
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Kelliher in [BK15, BK21]. Serfati’s approach adapts nicely to the bounded domain problem
since many of the arguments can be adapted by relatively simple calculations bounding
the extra terms arising from the corrector term in the Biot-Savart kernel for a bounded
domain. Though it is not the first proof that solves the bounded domain vortex patch
problem specifically, the approach is useful because it yields a more flexible result that can

be applied to a wider variety of problems, which will be discussed in Chapter 4.

1.6 The Main Result

The result is achieved using Chemin’s idea of a sufficient family of vector fields.
This is a family Y = (Y()‘)) AEA of vector fields indexed by A that, roughly speaking, are
used to measure the directions in which the vorticity is well-behaved in the sense that the
vorticity is Holder continuous in directions tangent to ). The required properties of this
family are that they never simultaneously vanish at any point and that the vector fields
and their divergences are sufficiently smooth. More precisely, for an open set € in R?, we
define

Io(Y) := inf sup Yo‘)‘ .
T€EQ N A

Following the example of [BK15], we call Y a sufficient C*(Q2) family of vector fields on an
open set 2 when

YeCr(Q), divyec®(Q), andlq(Y) > 0. (1.9)

The notation used in the first two conditions is defined in Section 2.1 to mean that Y (M)
and divY ™ are in C*(Q) for all A € A. We note that this definition is a modification of

that used by Chemin in [Che91, Che93].

11



We would like to have a meaningful way for a sufficient family to evolve from time
0 to an arbitrary time ¢ and remain a sufficient family. To do so, we use the flow maps
n(t,x) defined in (1.7). For any fixed time ¢, the flow maps 1, = n(t,-) : Q@ — Q are
diffeomorphisms, so they give rise to unique pushforwards of vector fields by 7; ([Leel3,
Chapter 3]). Let Yy be a vector field on R? at time t = 0. We define the pushforward of Yj
to time t to be

Y (t,0(t,2)) = (Yo() - V) n(t, z). (1.10)

This is simply the Jacobian of the diffeomorphism 7(t,-) multiplied by Yy. By relabeling

x =n"Y(t,7), we have the following equivalent definition that will be useful:

Y (t,z) = (Yo (n_l(t,:n)) -V)n (t,n_l(t, z)). (1.11)

Part of Chemin’s strategy was to show that, for all time, the pushforward )(¢) of a sufficient
family )p at time ¢ = 0 remains a sufficient family, where )(¢) is defined by (2.6) as the
family of pushforwards of members of ).

With these definitions, we can now state the main result:

Theorem 1.6.1 (Main Result) Let Q be a bounded simply connected domain in R? with
a C* boundary. Let Yy be a sufficient C*(Q2) family of vector fields on Q. Suppose that
wp = curlug € L>®(Q), dist (suppwo,dQ) > 0, and that Yy - Vug € C*(Y). Then for all

time T > 0, there exists a unique solution to the Euler equations (1.1) through (1.3) with

12



Y-Vu e L>®(0,T;C%)). Furthermore, the following estimates hold for all time t € [0,T]:

IV u(t, ) ooy < Ce, (1.12)
IVt ey < CeO, (1.13)
ldiv Y (¢, )| gy < e, (1.14)
ldiv (@) (8, ) [ ga-10y < CeC, (1.15)
19 - Vu(t, lgaggy < O, (1.16)
190, ) ey > 1907 )| ooy < Ce& (1.17)
I (V) (t) > In (Vo) e, (1.18)

where the constant C depends only on 2, «, ug, Vo, and T'.

Here, L> (0,T;C*(2)) is the space of functions f : [0, 7] — C%(Q2) such that the supremum
over ¢t € [0, T] of [ f(¢)] ca(q) is finite. We note that the inclusion Y- Vu € L* (0,T;C*(2))
is implied by the estimate (1.16).

For the majority of the proof, we assume that € is the open unit disk B(0,1).
The fact that the theorem can then be extended to any bounded simply connected domain
with a C* boundary follows primarily because the properties of the Biot-Savart kernel are
not changed significantly between the disk and such a domain. The details of this will be
discussed in Section 3.6.

The hypothesis that the initial vorticity wg is compactly supported in €2 also ap-
pears in Depauw’s result from [Dep98]. We make this assumption because the Biot-Savart
kernel K for a bounded domain is singular along the boundary. This makes it difficult to ob-

tain an initial estimate on the quantity ||Vu(t, )|/, which we derive from the Biot-Savart

13



law that recovers the velocity field from the vorticity through u(t, z) = [, Ko(z, y)w(t,y)dy.
The Biot-Savart Laws in both the full plane and in the unit disk are discussed in Section 2.5.
The initial estimate of [|Vu(t, )|~ is given by (2.21) in Section 2.6. If the vorticity is non-
zero on the boundary of the domain, the bound (2.21) could diverge. However, if the initial
vorticity wg is supported away from the boundary, then properties of the flow map guaran-
tee that the vorticity w(t,z) at any time ¢ will also be supported away from the boundary,
allowing an estimate to be obtained.

The rest of this work will now proceed as follows. In Chapter 2, we set out
the notation, conventions, and definitions used in this work, review much of the necessary
background material, and obtain an initial estimate on the gradient of the velocity u through
the Biot-Savart law. In Chapter 3, we present the proof of Theorem 1.6.1. In Chapter 4,
we present some sets of initial data satisfying the hypotheses of Theorem 1.6.1, including
showing how Theorem 1.6.1 proves that classical vortex patches in a simply connected
bounded domain maintain their boundary regularity assuming that the initial vorticity is
zero in a neighborhood of the domain’s boundary. We then discuss some possible avenues of
future work to expand the results presented here to more general situations. The appendix
lists some fundamental results from the theory of ordinary differential equations that are

used throughout this work along with the proof of a lemma from Chapter 3.
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Chapter 2

Preliminaries

2.1 Notation, Conventions, and Definitions

We now fix the notation that will be used throughout. A point z € R? is repre-
sented by the ordered pair (x1,z2). For a vector u, we write u’ to denote the ith component.
For a matrix M, we write M ; to denote the entry in the ith row and jth column and de-
note the transpose of M by MT. Subscripts will be used to denote partial derivatives with
respect to spatial variables. For example, Oof := 0,,f, and dyu® represents the derivative
of the second component of the vector u with respect to the first spatial variable x.

We define Vu, the Jacobian matrix of u, to be the 2 x 2 matrix with entries given

(Vu); = o',

For a point = (z1, x2), we write = to mean (—x2,2;). We will also use the perpendicular

gradient operator, defined by V+ = (—da,01). For u = (u',u?), we will use the scalar curl

15



defined by curlu := 0 u? — Opu!. This is simply the third component of the standard vector
curl if we view u as three-dimensional by u = (u!,u?,0). We follow the common convention
that gradient and divergence operators apply only to the spatial variables (and not the time
variable). We will use x subscripts when we want to explicitly note that the operations are
with respect to the x variable only, such as V, and div,.

We will use 1y to denote the indicator function of U, that is, the function that is
identically 1 on U and zero elsewhere. We will use B(x,r) to denote the open disk centered
at © € R? of radius » > 0. For U C R?, a measurable integral kernel L : U x U — R, and a

measurable function f: U — R, we define the integral transform

Lf](x) = p.v. / Lz, y)f(y)dy == lim L(z,9)f(y) dy. (2.1)

U r=0% JU\B(z,r)
provided the limit exists.

We will write C(p1, ..., pn) to denote that a constant depends only on the param-
eters pi,...,pn. We follow the convention that such constants can vary from expression to
expression and even between two occurrences within the same expression.

Throughout this document, we fix the Holder exponent a € (0,1). We will write
[v| for the Euclidean norm of v = (v',v?) defined by lv]? = (01)2 + (1)2)2. For a 2 x 2

matrix M, we will use the operator norm
|M| := max |Mwv|.
=1

|v]

If X is a function space, we define

lollx = Mllolllx,  IMl[x = [[[M]l[x -
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We will now define the various function spaces that we will be using. First, for

any function f € L' N L>, we define the norm

Il prapee = I1f 11 + 11l poo - (2.2)

Note that, by Lebesgue space interpolation, for any p € (1,00), we have L' N L C LP with
1 1—-1
1A lle < A7 I o™

Definition 2.1.1 (Hélder spaces) Let a € (0,1) and U C R? be open. We have the
following standard ([Eval0, Section 5.1]) Hélder a-seminorm and c-norm, respectively, for

a function f defined on U':

|f(z) = f)l
f o = sup T o
H HC w) z,y€elU, z#y |$ - y|

1 llcawy = 1l ooy + 1 ey -

The Hélder space C*(U) is the space of all functions f with || f]| ey < oo

For k € Z"™ and a k-times continuously differentiable function f, we define

cx(U)

florewy = 32 [0°1] 0y + 20|27
|B|<k |B1=Fk

and denote by CH*(U) the space of all such functions with ||f||(1k7a(U) < oo. The space
Ck(U) is also sometimes written as C*+e(U).

We define the negative Hélder space C*~1(U) by
Co YUY = {f +divv: f,v € C*(U)} (2.3)
and use the norm

17l ga-1(0y = f{[[ fllca@y + Vllga@y  h = f +dive; fvo € C*(U)}, (2.4)

!Note that the functions in C*(U) and C*2(U) are uniformly continuous and so can be uniquely extended
to the closure U.
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noting that the divergence above is interpreted in the distributional sense since a function

v € C* is not necessarily differentiable.

Note that, by letting f = 0 and h = divv in the above definition of C*~!, we immediately

get the inequality

||din”ca*1(U) < ”UHca(U)- (2.5)

Another useful immediate observation is that, for any weakly differentiable function u €

C*(U), each of its (distributional) partial derivatives satisfy d;u € C*~ 1.

Definition 2.1.2 (Sobolev spaces) Let k be a non-negative integer, 1 < p < oo, and
U C R? be open. The Sobolev space W*P(U) is defined as the set of all locally integrable
functions f such that, for each multi-index o with || < k, the weak derivative D*f exists
and is a member of LP(U). We have the standard ([Eval0, Section 5.2]) Sobolev space

norms

1/p
(Z|a\§k Ju |DfIP d«’U) Jor 1 <p < oo,

1 lymnr) ==

2jal<k 1P fll oo oy for p=ooc.

For p =2, we also use the notation H*(U) := WF2(U).

We defined sufficient families of vector fields in (1.9). We will repeat the definition
here for completeness and fix some notation that will be used when working with such

families. Let Y = (Y(A)) be a family of vector fields on ) indexed by A. For any

AEA

function f on vector fields (such as div), we define f()) to be the family of images under

f of the members of V:



For any Banach space X, we define

1)l = s |7 (v®)

o
When [|f (YV)||x < oo, we say that f(Y) € X. We also define

I(Y) := inf sup Y(A)‘.
z€RZ \eA

We define the pushforward of ) to be

Y(t,") = (y(A) (t, .))

AN
where YO (¢, n(t, z)) = (YO(’\) (z) - v) n(t, ) as in (1.10).

We will use the following standard mollifiers:

Definition 2.1.3 (Mollifiers) Let p € C°(R?) with p > 0 have ||p||;1 = 1 and be radially

_ 1
symmetric. For example, a multiple of p(x) = e —I=I°  extended by zero outside the unit

disk, is suitable. For n € N, define

%p(n).

pn(z) =n
Note that, for alln € N, py, is supported in B(0,1/n) and ||pyp|/;1 = 1.

We take a radially symmetric function a € C2°(R?) taking values in [0,1] with

a=1on B(0,1) and a = 0 on B(0,2)¢. For r > 0, we define the rescaled cutoff function
ar(z) = a(z/r). (2.7)

Note that this gives the useful properties that a, = 1 on B(0,r) and a, = 0 outside of

B(0,2r).
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We will be using two extension operators taken from [Ste70]. The first one extends
functions from Sobolev spaces on € to the corresponding Sobolev space on R?, and the
second one extends functions from Hoélder spaces on §2 to the corresponding Hoélder space
on R?. Their constructions can be found in Chapter VI of [Ste70] as Theorem 5 and Theorem

3, respectively. See also [Eval0, Section 5.4].

Lemma 2.1.4 (Stein Sobolev space extension) Let Q be a bounded open set in R"
with C' boundary. There exists a bounded linear extension operator &€, which we call the
Stein extension operator, so that for any 1 < p < oo and any non-negative integer k,

£ WhEP(Q) — WEP(R2) and has the following properties:
L (&g =1,
2. lEflwrwgey < Cllfllwkn) with the constant C' depending only on p, k, and Q.

We note the remarkable property that the above Stein extension operator itself is inde-
pendent of k and p, depending only on 2, and simultaneously extends all functions in any

Sobolev space on 2 to R2.

Lemma 2.1.5 (Stein Holder space extension) Let Q be a bounded open set in R™ with
C' boundary. There exists a bounded linear extension operator Ex, which we also call the
Stein extension operator, so that for any 0 < a < 1, £ : C*(Q) — C*(R?) and has the

following properties:

2. 1€ fllco(rzy < Cllfllgagqy with the constant C' depending only on o and Q.
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2.2 Useful Inequalities

We begin with two well-known inequalities on Sobolev spaces. They can be found,
for instance, as Theorem 3 in [Eval0, Section 5.6] and Theorem 1 in [Eval0, Section 5.8],

respectively.

Lemma 2.2.1 (Poincaré Inequality) Let Q be a bounded open subset of R™. Suppose
that 1 < p < oo and that f € WYP(Q) is compactly supported. Then there exists a constant

C, depending only on n, p, and 2, such that

1oy < ClUV o) -

Lemma 2.2.2 (Poincaré-Wirtinger Inequality) Let Q be a bounded, connected, open
subset of R™ with C* boundary. Denote the average value of a function f on Q by f =
ol Jo f(y)dy. Suppose that 1 < p < co. Then there exists a constant C, depending only

onn, p, and ), such that
Hf - f_HLP(Q) <C HVfHLP(Q)

for each function f € WYP(Q). Note that, if f =0, then we have

Hf”Lp(Q) <C vaHLP(Q) :

In light of the conclusion of Lemma 2.2.2; the following result is useful. We will

apply this to the fluid velocity field in Section 2.7.

Lemma 2.2.3 Let Q be as in Lemma 2.2.2 and let f € H'(Q) be a vector field with

divf=0and f-1n=0 on 0Q. Then [, fidx =0 fori=1,2. In particular, f = 0.
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Proof. Using integration by parts, we can directly calculate that

/indx:/gfvxidx:—/Q(divf)xidwr/m(f-ﬁ)xidx:o,

where the last two integrals are zero by hypothesis. We note that the boundary integral
is well-defined since, for f € HY(U), the trace T'f of f along OU is in H'/?(U) ([Leo09,
Section 15.3]). Since the average value of a vector field can be computed component-wise,
the average value of f is zero in 2. |

We next give a useful estimate of the Lipschitz constant of a function in terms of

its gradient.

Lemma 2.2.4 If f is differentiable almost everywhere on a conver domain  C R", then

for all x £y € Q,
[f(z) = f(y)]

< |V fll70000 -

Proof. For any x # y, the Fundamental Theorem of Calculus and the Chain Rule give that

1
fl@)= 1) = [ Gfso+ (1= s))ds

1
- /0 Vi(se+ (1 - 5)y) - (z - y)ds.

Thus, we have that
1
@)= 1) < IV Syl =l [ s

so that the claim now follows. ]
Note that Lemma 2.2.4 requires the domain to be convex so that the expression
f(sz+ (1 — s)y) used in the proof is well-defined. However, if the domain is bounded, we

can obtain the following analogous result.
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Lemma 2.2.5 If Q C R" is a bounded domain with C' boundary and f € WhH*(Q), then

forall x #y € Q,

@) = fWl _
lz—yl

Q) IVl ooy -
Proof. Since f € W1H>°(Q), we can employ the Stein extension operator from Lemma 2.1.4
to extend f to the function &£ f defined on R2. Since R? is convex, we can use Lemma 2.2.4,

the definition of the Sobolev space norm, and the properties of the Stein extension to see

that

[f(@) = f)l _ [Ef(x) = EF ()]
|z —y| lz -y

< IVENI Lo r2)

< €S lwr.oe (m2)
< C) [ fllwroeq)

= C(Q) <”fHL°°(Q) + HVfHL‘”(Q)) '

Because |f(z) — f(y)| = |(f — /) (=) — (f — f)(y)’, we can apply the above calculation to

the function f — f to find that

Iﬂ@—f@N:Kf—ﬁ@%%f—ﬂ@M
lz —y] |z -y

<C(Q) (Hf - fHLoo(Q) + HV (f - f) HL‘X’(Q))

= (@) (1 = Il ey + 1Vl

since f is constant. By Lemma 2.2.2, || f — fHLoo(Q) < C|V £l e () » Which completes the

proof. [
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We will need the following inequality on Hélder spaces.

Lemma 2.2.6 Let f € C*() and g € CY(Q), where Q is a bounded domain with C*

boundary. Then we have

1 © gllgaiay < Clas Q) [y IV T )

Proof. For x # y € ), we have

((fog) (@) = (fog)(y)l = <|f(g(x)) - f(g(y))\) (g(x) - g(y)|“> P—

l9(x) — g(y)* |z —yl*
£(X) = £(V)] N
<| g v | [ 190
X#£Y

where we used Lemma 2.2.5 to bound the middle factor. This means that, for all z,y € €,

[(fog)(z)—(fog) ()

|z —y|*

< Clay ) 1 fll gy VLo (@) »

which gives the desired inequality. [
We note that if ) is convex, we could apply Lemma 2.2.4 instead of Lemma 2.2.5
in the proof to obtain C' = 1.
The following two Gronwall Inequalities will be needed. While the standard
Gronwall Inequality is a well-known classical result, we will be using a general form of
the lemma (more general than the version that appears in [Eval0], for example) and the

Reverse Gronwall Inequality is less well-known, so their proofs are presented here.

Lemma 2.2.7 (Gronwall’s Inequality) Suppose h > 0 is a continuous nondecreasing

function on [0,T], f > 0 is continuous, and g > 0 is integrable on [0,T]. If

f@Shw+Ag@ﬂ$w
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for allt € [0,T], then

F(£) < h(t)eloas)ds
for all t € [0,T].

Proof. Let J(t) := fgg(s)f(s) ds. Observe that J satisfies the differential equation J'(t) =

g(t)f(t). Since g > 0 and gf > 0, by hypothesis we have

70 <9(0) o)+ [ (55 |

which can be rearranged as

J'(t) = g(t)J(t) < g()h(t).

After multiplying both sides by the (positive) integrating factor e~ Jo 9 dr and recognizing

the left side as the result of the product rule, we see that, for all ¢t € [0, 7],

d ¢ ¢
d — Jig(r)ar ~ i g(r)dr
- [J(t)e g ] < g(t)h(t)e= Jo 9 dr,

By integrating both sides of this inequality from 0 to ¢ and noting that J(0) = 0, after some

rearranging we see that

t
J(t) < eJo 9() dT/ g(s)h(s)e Jo 9 dr g
0
¢ 0 t
— / g(s)h(s)els 9 drefya(r)dr gg
0

t
= / g(s)h(s)efst 9(r)dr g,
0
So, by hypothesis, we have
t
FO < h(O)+ IO < 0o+ [ gl 17 s
0
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Since h is non-decreasing, we can replace h(s) in this last inequality to obtain

@) <0+ 100) [ o(s)e 504
0

— h(t) + h(t) | - /0 t (ieﬁg“)dT> ds]

— h(t) — h(t) [eli 9D T _ 5 9(r) df]

— h(t) — h(t) [1 - efo9® dT}

= h(t)elo 9()ds,

as desired, where we used the Chain Rule and the Fundamental Theorem of Calculus in the

second and third lines, respectively. [

Lemma 2.2.8 (Reverse Gronwall’s Inequality) Suppose f > 0 is a differentiable func-

tion on [0,T] and g > 0 is integrable on [0,T]. If

for allt € [0,T], then

for allt € [0,T7].

Proof. Note that, by hypothesis,

d
alnf(t) =



which can be exponentiated to yield

(t) > e fotg(s)ds7

0) ~

from which the desired inequality follows. ]

2.3 The Two-Dimensional Euler Equations

We now review some of the basic properties related to the Euler equations in two

dimensions, which were given above in (1.1) through (1.3):
O +u-Vu+ Vp =0,
divu = 0, (2.8)

(0, z) = ug(x).

These equations model the flow of an ideal (incompressible and inviscid) homoge-
neous fluid in R? and can be derived from the conservation of momentum for a continuum,
as in [Mey82, Section 12]. The unknowns here are u(t,z) and p(t,z) which represent the
velocity and pressure, respectively, of the fluid at time ¢ > 0 and position € R?. The
second equation describes the incompressibility of the fluid and the third equation gives the
divergence-free initial velocity. In a bounded domain U, we will also consider the boundary
condition that

u-n=0, (2.9)

where 7 is the outward unit normal to the boundary dU. This ensures that no fluid flows

in or out of the domain through the boundary.

27



The vorticity is defined as w(u) := curlu. Taking the scalar curl of equations
(2.8) yields the vorticity-stream formulation of the two-dimensional incompressible Euler

equations ([MBO02, Section 2.1]):

Ow +u-Vw =0,
(2.10)

w(0,x) = wo(x).
As briefly discussed in Chapter 1 (see (1.7)), associated to the fluid velocity are

particle trajectories 7(t, z), also called flow maps, defined by

On(t, x) = u(t,n(t, x)),
(2.11)
n(0,z) = x.
According to classical ODE theory (see the Appendix, Theorem A.1), the system (2.11)
will have a unique solution 7 for all time if the velocity w is Lipschitz continuous in space,
uniformly in time. When the initial vorticity wy € L' N L™, the associated velocity field
is not necessarily Lipschitz, but is instead log-Lipschitz ([MB02, Lemma 8.1]) so admits
an Osgood modulus of continuity and so (2.11) has a unique solution (see Theorems A.3
and A.4 and Remark A.5). Specifically, initial vorticities satisfying the assumptions of
Theorem 1.6.1 give rise to unique particle trajectories. The flow maps are continuous in
time and are diffeomorphisms for any fixed time ¢. The divergence-free property of u
guarantees that the diffeomorphisms are measure-preserving. (For instance, Proposition
1.4 of [MBO02] states that the fluid incompressibility, the divergence-free condition, and the

Jacobian determinant of 1 equaling one are all equivalent.) The regularity of the flow map

in space is the same as that of the velocity field.
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2.4 Weak Solutions and Well-Posedness

The equations (2.10) completely describe the fluid behavior and solving for the vor-
ticity w(t, ) uniquely determines the velocity field through the Biot-Savart Law, discussed
in detail below in Section 2.5. However, the equations require the vorticity to possess more
regularity than simply being in L°°, which is often too restrictive an assumption to make.
For instance, even a simple vortex patch such as wo(x) = 1p(o,1) cannot be studied in this
framework. What is needed is an equivalent expression of the vorticity-stream formulation
that allows vorticities that are in the less restrictive natural class L' N L®. This motivates

the definition of a weak solution, which we present here from [MB02, Section 8.2].

Definition 2.4.1 (Weak Solutions to the 2D Euler Equations) LetQ C R? be a sim-
ply connected bounded domain. Given wy € L™ (), the velocity-vorticity pair (u,w) is a
weak solution to the vorticity-stream formulation of the two-dimensional Fuler equations in

Q with initial data wo(x) provided that
(i) w e L> (0,75 L>(Q)),
(ii) u can be recovered from w via the Biot-Savart Law (Theorem 2.5.2),

(iii) for all o € C(0,T;CL(Q)),
_ [ [ De
/Q<p(T,x)w(T,$) dm—/gg@((),x)wo(x)dz—/o /Qthdxdt. (2.12)

While the initial vorticity for a classical vortex patch is discontinuous at the boundary of the
patch, it is nonetheless integrable and bounded, making weak solutions the natural choice

to which we restrict our attention.
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For smooth initial data, the existence of classical smooth solutions to the two-
dimensional Euler equations for all time was proved by Wolibner in [Wol33]. The existence
and uniqueness of weak solutions in the plane for bounded initial vorticity was proved by

Yudovich in [Yud63].

2.5 The Biot-Savart Law

The Biot-Savart Law is fundamental in the study of the two-dimensional Euler
equations. In this section, we will first derive the Biot-Savart Law for the whole plane R?
and then use it to derive the Biot-Savart Law for the unit disk Q@ = B(0, 1).

Our goal is to be able to recover the velocity u(t, z) from the vorticity w(¢, z). What
follows is valid for any fixed time t, so we will suppress the time argument for simplicity.

We start by considering the following Poisson equation in the unknown ¢(x) := ¢(t, x):

Ap=w in ),
(2.13)

p=0 on 0f2.
If o € H'(Q) satisfies (2.13), define the vector field v := V4. Since w € L2(Q), elliptic
regularity theory ([Eval0, Section 6.3, Theorem 2]) gives that ¢ € H?(Q2). Then we would

have

dive = 61(—6230) + (92(31@) =0

and

curlv = 01(01p) — 02(—Dayp) = Ap = w.
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Because ¢ = 0 on the boundary of Q, V+¢ = v is tangential to the boundary, so that
v-nn =0 on Q2. Thus, v is a vector field in 2 that has the same divergence, curl, and
normal boundary condition as the velocity field u. We now show that v = w.

Let w := u — v. Then w has zero divergence, zero curl, and w -7 = 0 on 0f).
Because w is irrotational and 2 is simply connected, there exists a scalar potential f for w
so that w = V f. Since w is divergence-free, div(w) = div(Vf) = Af = 0. Because w-n = 0
on 0f), we have Vf -n = g—g = 0. Recall the vector identity div(fVf) =V f-Vf+ fAf.

Then we can calculate that

/Q|Vf|2d:1::/QVf-Vfdx

—/Qdiv(fo)dx—/QfAfdx

_ [ 95
=I5 /QfAfdw

n

=0,

where we used the divergence theorem. Thus, |V f|? = 0, so that w = Vf =0 and u = v.

So if we solve the Poisson equation (2.13) for ¢, we can write the velocity u as
u(t,z) = Vie(t, ). (2.14)

We call ¢ the stream function for w.

Classical potential theory ([Eval0, Section 2.1], for instance) guarantees the exis-
tence of a unique stream function ¢ € H? decaying at infinity and satisfying Ay = w given
by convolution of w with the Newtonian potential in R?, assuming w vanishes sufficiently

rapidly at infinity:
o(t, x) / In|z —y|w(t,y)dy, zcR% (2.15)
RQ
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Note that w € L' N L is sufficient for this integral to exist. Via (2.14), we can differentiate
(2.15) under the integral to obtain an equation for u in terms of w. The resulting expression
for the velocity u in terms of its vorticity w is called the Biot-Savart Law.

In the full plane R?, the Biot-Savart Law states that the velocity u(t,z) of a
divergence-free vector field that vanishes at infinity can be recovered from the vorticity
w(t,z) = curlu(t, x) through convolution with a kernel function. This lemma can be found,

for instance, as Proposition 2.1 of [MBO02].

Lemma 2.5.1 (Biot-Savart Law in R?) Let u(t,z) be the divergence-free velocity asso-

ciated with the vorticity w(t,x) € L'(R?) N L>°(R?). Then for all time t > 0, we have

u(t,z) = K xw(t,z) = - K(x —y)w(t,y)dy,

where K(z) = V*G(z) and G(z) is the fundamental solution of the Laplacian® in R?. For

the domain R?, we have

G(z) = iln]az\, K(x) = L < (2.16)

Ty I 1 ot
2 2

PP 2 e

Using the notation of (2.1), we can say that K[w] is the unique divergence-free

vector field vanishing at infinity whose vorticity is w.

The function K is called the Biot-Savart kernel (for the plane). We sometimes use the
notation K (x,y) to mean K(x — y), such as when we write K[w]. It is important to note

that K is locally integrable.

2We are using the convention that the fundamental solution G(z) satisfies AG = dp in Rz, where g is
Dirac’s delta function, and not that G(xz) satisfies —AG = dy as some authors (including Evans in [Eval0])
do.
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The Biot-Savart Law yields a convenient expression for the velocity gradient, ob-
tained by applying the gradient to both sides and performing standard calculations to com-
pute the distributional derivative of K. For instance, see either equation (1.3) of [BC93] or

Proposition 2.17 of [MBO02]:

Vu(z) = +p.v. /R2 VoK (z — y)w(y) dy. (2.17)

We note that this identity is valid for any w € L' N L>. This expression will be used later
to obtain an analogous estimate in the unit disk in the proof of Lemma 2.6.1. The principal
value integral can be thought of as a singular integral operator applied to the vorticity.
We now will derive the the Biot-Savart law for the unit disk €2, which is the basis
for many of the calculations that will follow. By following an identical line of reasoning
as that given above for the full plane case, we see that the only necessary difference in
the Biot-Savart Law will be that we must now use Green’s function for €2 to correct the
fundamental solution of the Laplacian in R? in order to solve the Poisson equation (2.13).
So, we begin by recalling ([Str08, Chapter 7, Equation (18)]) that the fundamental solution

for the Laplacian in the unit disk €2 is
1 *
Gale,y) = 5- (nly — o~ Inllal ly - 2°]))

where x* := ‘m% is inversion across the unit circle. As with the full plane case, the Biot-

Savart kernel in Q will be
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Noting that V3 applied to the first term of G is exactly the full-plane Biot-Savart kernel

K given in (2.16), we find that

1 ,
Kole,3) = K(a ) = ¥ (g alll by - 1))

Note that, while Green’s functions G(z, y) are symmetric, K (z,y) is not necessarily
symmetric since the gradient is with respect to the x variable only. Nevertheless, we would
like an alternate expression for K that inverts the y-argument instead of the x in order to

make it easier to differentiate with respect to . To obtain this, note that

2
T

2

jf? |y — 2| = |

2 2 5U|2
| ’ - 2 + 1
2] ||

= ||

= |lal Iy =22y +1]

2 2 2wy \y|2
x| — =7

|yl 5 T
/]
y |2
\y|2 T— 73
[yl
= [yl |z —y**,
so that In||z| |y — 2*|| = In||y| |# — y*||. Thus, we can now calculate the Biot-Savart kernel

and summarize the Biot-Savart Law for the unit disk:

1 .
Kole,) = Ko = 9) = ¥ (=5 ol o = 7]

=K(z—y) -V} (—;rlnm) ( ;ﬂlnlx—y!)
(
N

:K(x—y)—o_[_1< (2 — 3) zl ’)>]

2T
Kao(z,y) = K(z —y) — K(z — y). (2.18)

o =y
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Theorem 2.5.2 (Biot-Savart Law in the Unit Disk Q) Let u(t,z) be the divergence-
free velocity associated with the vorticity w(t,z) € L*(Q). Then for all time t > 0, we

have
u(t,z) = Kolw] = /Q Koz, y)w(t, y) dy.

where Kq is defined by (2.18).

2.6 Initial Estimate of the Velocity Gradient

We will now use Theorem 2.5.2 to derive a useful expression for the spatial gradient
of the fluid velocity u. We will then use this expression to obtain our initial estimate for
[Vu(t, )l oo that will be the basis for much of what follows. Because these calculations
are valid for any fixed time ¢, for simplicity, we will omit the time argument for the remainder
of this section.

Whenever possible, we will use established whole plane results. To this end, we will
frequently find the following extension useful. Since the vorticity w is compactly supported

in Q, it naturally extends by zero to the whole plane:

w(y) foryeQ,
w(y) = (2.19)

0, for y ¢ Q.

Clearly, w has the same support and regularity as w and, for any reasonable norm |-||, ||@]|

in R? is the same as ||w|| in Q.
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Lemma 2.6.1 (Expression for the Velocity Gradient) Let w and w be as in Theo-

rem 2.5.2. Then for x € 2,

wlz) [0 —1
Vu(z) = ) o [ VoK@ —y)a)dy — [ VaK(e -yl dy
1 0 R Q
wlz) [0 —1
= (2 ) +p.v./ V:Ka(z,y)w(y) dy.
10 .

Proof. By the Biot-Savart Law (Theorem 2.5.2), and assuming for now that each term in

Kq(z,y)w(y) is integrable, we have that

=V, /Ka?— y)dy — Vy /Kw— w(y) dy (2.20)

—V, [ K@-y)o)dy -, / K(x — 7 )wly) dy.
R2 Q

Because @ € L'(R?) N L>(R?), we can apply (2.17) to the first term to obtain

Vulr) = i pv. /R VoK (x— y)B(y)dy ~ Vs /Q K(z - y)w(y) dy.

For the last integral, note that the singularity of K (x—y*) occurs when x —y* = 0,
or when y = z*. Since z* is outside of Q for x € Q, K(z — y*)w(y) is integrable (in y)

on {2 and has a smooth bounded derivative with respect to x. Therefore, we can bring the
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gradient operator inside the integral ([Foll3, Theorem 2.27]) to obtain

iy [0 =1
Vu(z) = 0 o [ VaKa = sy~ [ VG- )et) dy
10
iy [0 =1
- (2) +p.v./VwK(x—y)w(y)dy—/VxK(CU—y*)W(y)dy
{1 o “ “
iy [0 =1
= (2) +p.v./ Ve Ka(z,y)w(y) dy.
10 “

Note that the fact that each of the above integrals exists justifies our splitting of the integral
across the two terms of Kq(z,y)w(y) in (2.20). ]
Applying the triangle inequality to this lemma gives us our initial estimate of the

velocity gradient:

190t Y ooy < 10t Yoo + Hp.v. [ Ve ppatt.) dy

= V(). (2.21)
L>o(Q)

2.7 Flow Map Estimates

We close this chapter by examining a key property of the flow map that ensures
that an initially compactly supported vorticity remains compactly supported in 2 for all
time. The defining property of the flow map given above in (2.11) can be written in integral

form as

t
n(t,x) =z +/0 u(s,n(s,x)) ds.
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By subtracting two such expressions and using the triangle inequality, we have that

In(t, x) = n(t,y)| < |z —yl +/ |u(s,n(s,x)) —u(s,n(sy))| ds

B lu(s,m(s,x)) —u(s,n(s,y))| s.7) — (s s
= |z y|+/ [n(s, x) H(S,y)’ Ints, ) = nls,y)| ds.

By Lemma 2.2.5, this means

t
In(t, x) —n(t,y)| < |z -yl +/0 CEO) Vull ooy In(s, 2) = n(s,y)| ds.

If we consider these expressions as functions of ¢ with fixed  and y, Lemma 2.2.7 gives us

the estimate

n(t, ) — n(t,y)| < |z — yleCloIVuls) o ds (2.22)

< ‘:B _ y’eC’fg V(s)ds'

We note that if 2 is convex, then we could use Lemma 2.2.4 instead of Lemma 2.2.5 to have
C=1

To obtain a lower bound, we have the following:

Lemma 2.7.1 Let xz,y € Q. For allt > 0,
__Ct Cct
[, @) =0t y)| = (4e)' = |z =y, (2:23)
where C' = C(wy).

Proof. Recall ([MB02, Lemma 8.1]) that u has a log-Lipschitz modulus of continuity prr,

so that

u(t, z) —u(t, y)| < Crprr(le —yl)

38



where
C1 < Clw(t, ) L) < Cllwoll oo () = Clwo)

and

—rlnr forr <e !,
prr(r) =
e~ ! for r > e 1.
Since the diameter of the unit disk is 2, it is helpful to have a single expression for

the modulus of continuity for r € [0,2]. We define

—rin(re”!/4) forr <2,
plr) =
21n(2e) for r > 2.

Note that p is non-decreasing and continuous, and that the constant 4 was chosen since it
is twice the diameter of the disk. Since p > prr, for all v, u also admits p as a modulus of
continuity.

Now let L(t) := |n(t,z) — n(t,y)|. Iif n(t,x) = n(t,y) then there is nothing to prove,

so assume that n(t,z) # n(t,y). Using the modulus of continuity, we can calculate that

iy @) —nty) o)

> — |9, z) — dm(t,y)|

= — |u(t,n(t,z)) — u(t,n(t,y))|
> —Cip(In(t, ) — n(t, y)l)

= —Ciu(L(2))-

By Lemma A.6, this gives that

L(0) dr
<t. 2.24
/L(t) Cip(r) — (2.24)
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Keeping in mind that L(0) < 2, we consider the integral

LO)  qp L(0) dr
/L(t) pu(r) __/L(t) rin(re=t/4)
L(¢) dr
:/L(O) rin(re=1/4)
In(L()e 1 /4) gg
a /1n(L(0)el/4) 5
In(L(t)e™t/4)|
In(L(0)e!/4)]°

=In

By (2.24), we can conclude that

}ln(L(t)e_l/Zl)‘

" (L (0)e 1 /4)]

< (Cht.

This can be rearranged as
In(L(t)e™'/4)| < [In(L(0)e ™' /4)] e
Since [Ins| = |In 1|, we have

1 1 y
" e 1/4 = <1“ L<o>el/4> «

which can be exponentiated to give

Cqt

151(; : (L4<g>>e

Finally, we can take the reciprocal of both sides to yield

Cqt

L(t) > (4e)(de) <" (L(0))"

which is equivalent to
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n(t,x) —nt,y)] > (4e) =" o =y

as desired. ]

The bounds 2.22 and 2.23 give us upper and lower bounds for how far apart two
points can flow after time ¢. Let = be a point on the boundary of supp w(t, -) and y € 92 such
that dist(suppw(t,-),0Q) = |z — y|. Because points on the boundary of € must stay on the
boundary for all time and because the vorticity is passively transported by the flow, there

exist 2/ € d(suppwp) and 3’ € 9Q such that = = n(t,2') and y = n(t,y’). By Lemma 2.7.1,

lz—y| = |n(t,2") —n(t,y)|
> (46)1—eCt ‘a:/ _ y/‘eCt

> (de)' =" dist (supp wo, O > 0, (2.25)

so that the distance from suppw(t,-) to 9 is bounded below away from zero for all time.

This ensures that w remains compactly supported for all time.
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Chapter 3

Striated Regularity in a Bounded

Domain

In this chapter, we will present the proof of Theorem 1.6.1. In [BK15], Theorem
1.5 is the analogue of Theorem 1.6.1 for the whole plane instead of a bounded domain. We
will follow the outline of their proof, using their whole plane results whenever possible. The
proof will proceed in several major steps as follows.

First, in Section 3.1, we present several lemmas from [BK15] that will be used
and discuss how they can be applied to our bounded domain problem. In Section 3.2,
we will deal with the issue of preparing the initial data to obtain approximate smooth
solutions with compactly supported smooth vorticities. In Section 3.3, we will discuss
some necessary transport equations and associated estimates for the sufficient family ) and
various related quantities. In Section 3.4, we will prove a key estimate on the Holder space

norm of Y}, defined in Section 3.3 as the pushforward of a member of ) under the flow
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maps corresponding to the smoothed initial data. In Section 3.5, we will obtain a bound
on ||Vu(t, )| oo () in terms of only itself (thus, an improvement on the initial estimate
(2.21)) that will allow us to close the sequence of estimates in Section 3.6 with Gronwall’s
Lemmas (Lemmas 2.2.7 and 2.2.8), completing the proof of Theorem 1.6.1. We then close
this chapter with Section 3.7 by looking more closely at Serfati’s linear algebra lemma and
how it is used to obtain the penultimate bound on the velocity gradient from Section 3.5.
For convenience, we will summarize the data given in the hypothesis of Theo-
rem 1.6.1. For now, we take our domain {2 to be the open unit disk B(0, 1), only so that we
can use the explicit Biot-Savart kernel Kq given by (2.18). In Section 3.6, we will discuss
how to extend the result to an arbitrary open, bounded, and simply connected domain.
We fix a time 7" > 0, where we have ¢t € [0,7]. We let )}y be a C%(Q2) sufficient family of
vector fields as defined by (1.9). We take an initial vorticity wg € L°(2) that is compactly
supported in , with an associated initial velocity ugp = Kq[wp] obtained via the Biot-Savart
Law (Theorem 2.5.2). We assume that ) - Vug € C%(2) and note that by Theorem 1.3
of [BK15], this assumption is equivalent to div (wp)p) € C*1(Q). As in (2.19), for any
compactly supported vorticity w in €, we denote the extension by zero of w to R? by @.
Lastly, we introduce the notation Cp := C(T') for a constant that applies specif-
ically to solutions to the Euler equations on [0,7]. In light of the estimate (2.25), any
constant that depends on the distance from the support of w(¢,z) to the boundary of €2
may increase as T increases. This is because, while w remains compactly supported for any

finite time 7', the distance from its support to the boundary of 2 could decrease in time, so
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the L norm of K(x — y*) and its gradient may increase in time. However, the estimates

obtained will be valid on any arbitrary interval [0, 7], yielding global-in-time results.

3.1 Estimates Involving the Biot-Savart Kernel

In Section 2.6, we used the Biot-Savart Law (Theorem 2.5.2) to obtain bound
(2.21), which involves the singular integral kernel VK. We will begin by presenting some
basic estimates on kernels of this type that will be used in the proof of Theorem 1.6.1.

One of the most basic properties of the kernel K is that it is homogeneous of

degree —1 (Proposition 2.1 of [MB02]):
K (2) < — (3.1)

We now give a convenient expression for the difference of two values of the Biot-Savart

kernel:

Lemma 3.1.1 For nonzero x and y in R%, we have

L |z -yl
Kx) - K(y)|=—
K() = Ko)] = -t
Proof. If 2 = (1, 29), recall that - = (—x9,21). It is clear that ‘azﬂ = |x|. First note
that 27 [K(z) — K(y)] = % - ﬁ Taking the inner product of this vector with itself gives
2 2 2
B e
2 2| — 2, 12
27 [yl |z [yl

4 4
_ 2P lylt =202y et -yt + 2l fy)?

4 4
z[" |y
2 2
= Y 1, 4
z[" |yl
2
_ ot — |
2 [y[®
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Since |2+ — y*| = |(# — y)*| = |# — y|, we can take a square root and see that

:EJ‘ yJ_

2> Jy?

_ |z -yl
x| [yl

2 | K () — K(y)| =

proving the claim. u

The following estimate will be needed:

Proposition 3.1.2 For a compactly supported w € L () and f € C*(Q),

< CrV(W) [ flleaqy
()

Hp.v. [ Vet 11) - 1) dy

where

V() = ol ooy + Hp.v. [ Veate =ty dy
0 L)

Proof. Let f:: En f, where Ep is the Stein Holder extension operator from Lemma 2.1.5,
giving that Hﬂ‘ca(ﬂ@) < C() || fllga(qy- Recalling that Ko(z,y) = K(z —y) — K(z — y"),

we can use the compact support of w to break up the Hoélder norm as

Hp | VaKale. o) £6) - )] dy

C ()

<. [ vercte = w3t [ - 7)) a

Cg(R?)
; ] [ VoK@ )lo) [5(0) - £)) dy
Q2 C(Q)
=1+J (3.2)
By Lemmas 3.1, 3.2, and 3.3 of [BK15], I is bounded by
< < . .
1< OVE@) 7] 0 gy < OV I llonie) (33)
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Let L(z,y) = V. K(z — y*)w(y). We can further break up J as

LéVﬂﬁx—fw@Hﬂw—f@ﬂ@

=Ji + Jo. (34)

Cz(Q)

+
C(Q)

AL@wHﬂm—fwﬂ@

Amenﬂw—fmn@

Le=(Q)

To estimate J5, note that

lLVﬂﬂwfw@Mﬂwf@H@‘

g( sup vaax—ﬁoHmuwmﬂfﬁﬁjj?”W—ﬂa@

z,y€supp(w)

s0ﬂwm@mwﬂqu[gy—ﬂ“@

=C(Q,a,T) HWHLoo(Q) Hf”ca(g) : (3.5)

All that remains is to bound J;. We will first need a bound on HfQ L(z,y) dyHCa(Q).

Let S := supp(w) and recall that dist (S,09) > 0. We have that

va — % dy — VIK Ik d
‘ / L(;L"y) dy = sup ‘fQ (:U Y )W(y) Y ‘{Qa (I’ Yy )(.U(y) y‘
Q ca(Q) wa'€N |33‘ - |
_ [fs VoK (2 =y )wly) dy — [ VoK (2" = y)w(y) dy|
= sup 5
z,x' €Q |.’E - ’
VoK (z —y*) — Vo K(z' — y*)|
< Wl oo su = d
< ey s [ L ’

< C(Q) |wll oo () sup VoK (2 = ")l o (0
yes
< COr|[wll oo (q) - (36)

where the last inequality follows because VK (z — y*) is C* on the closed set S, so is

a-Holder continuous on S. We note that the integral is switched to be over S to ensure that
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the singularity of K (z — y*) along 0f2 is avoided. The supremum is then applied under the
integral to give the integrand ||V, K (x — y*)HCO‘(Q)’ of which we took the supremum over
y € S to finish the estimate.

We also can calculate that

/QL(% y)dy

/ VoK (z —y*)w(y) dy
Q

Loo(Q) a ’

< CO) [[wllpoo () Ve K (2 = ™) Lo (ax5)

Lo ()

‘/vuqx—ww@ww
S

Lo ()

<Cr HWHLOO(Q) s (3.7)

where the last inequality is due to the boundedness of VK (z — y*) on S. Putting (3.6)

and (3.7) together yields

< Cr ol ey (338)
C ()

H/QL(:v,y) dy

We now are ready to bound the term J; from (3.4). Using the definition of the
Holder norm and adding and subtracting the expression L(z/,y)f(x) in the second term

that arises, we can calculate that

S RO R
o Lia.y) 119) = F@)] dy = fo L@',9) [£w) — Fo)] dy
= sup a
z,z'€Q |33 - xl|
o [L@,y) — L@, y)] f(y) dy| o LG 9)f @) = L(z,y)f ()] dy]
S sup o + sup [¢]
z,x' €Q ‘LU - $/| z,x’' €Q "T - ‘T,|
< ||| Ly gy i
- /[Mfwﬁwﬁ—ﬂﬂwﬁwx+M%wﬂ@—waﬁwqd4
z,2' e |JQ |z —a'|* |z — a'|*
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<|[rena| 1l
Q Ccg(Q)
[ rena]| Wl | [ e Wl
0 L=(@) 0 )
| [ e+ [ 2ena] Wl
Q Co(Q) Q Le=(Q)

/QL(way) dy

1 o)
Cg(Q)

§2< /QL@,y)dy

:2H/QL(x,y)dy

< O [l ey 1l ey - (3.9)

.

| fll ey + 11l oo
C2(Q) Lw(m)< = r (Q)>

where the last inequality is due to the bound (3.8). Using (3.2), we can now combine
estimates (3.3), (3.5) and (3.9) to complete the proof. ]
We are now ready to present an expression we will need in the proof along with a

related estimate:

Proposition 3.1.3 Let w € L'(2) N L®(Q) be compactly supported and let Y be a vector

field in C*(R?). Then, for all x € Q,

wlxz) [0 —1
p-v. [ VuRoe)Y Wty dy =~ V(@) + [ Ko = y)div (@Y) () dy
10 .
- /QVIK(@” —y)Y (yw(y) dy. (3.10)

Proof. Let Y = £4Y. We start, as usual, by using the compact support of w and expression

(2.18) for Kq to break up the integral as

p.v. / V. Ka(z,9)Y (y)w(y) dy
Q

—pov. [ VK@= )T B0) dy — [ VaK(a = )Y (ly) du

48



If we denote the first term of this expression by I, then by Proposition 4.2 of [BK15],

~ 0 -1} -
I— _w(x) Y (x) + K(x —y)div(wY) (y) dy
2 R?2
1 0
0 -1
_ v Y(@) + / K (z — y) div (wY) (y) dy,
2 Q
1 0
which completes the proof. .

Corollary 3.1.4 Letw € LY(Q)NL>¥(Q) be compactly supported and let Y be a vector field

in C*(R?). Then, for all x € Q,

Y(x) - Vu(z) = /Q K(x — y) div(wY)(y) dy - /Q VoK (z - y")Y (y)(y) dy
+p.v. / V. Ko(z,y) [V (2) — Y ()] w(y) dy (3.11)
Q

Proof. Let J represent the right-hand side of (3.11). Rearranging the terms of (3.10),
adding p.v. [, Vo Kq(z,y) [Y(z) — Y (y)] w(y) dy to both sides, and combining the left-hand

side integrals gives that

w(z) 0 -1

5 Y(xz)+p.v. /Q V. Koz, y)Y (z)w(y) dy = J.

1 0
Using Lemma 2.6.1, we can see that the left-hand side of this is equal to Y (z) - Vu(x),

proving the statement. ]
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3.2 Preparing the Initial Data and Approximate Smooth So-

lutions

In this section, we will prepare the initial data with mollification so we can work
with smooth solutions. We will use the standard mollifiers given in Definition 2.1.3.

In general, we cannot use convolution with wg since it is not defined outside of 2.
This issue can be resolved due to the compact support of wy in 2, and is in fact one of the
primary reasons we include this hypothesis in Theorem 1.6.1. Since @y is defined on R?,
the convolution p, * Wy is well-defined. Because supp (wp) C €2, there is a § > 0 satisfying
0<d<inf{lx—2z|: 2z €supp(wy), z € 9N} (the supremum over all such ¢ is simply the
distance from the support of wy to the boundary of 2). We choose N large enough so that

% < %. Then, for all n > N and x € €2, we have that

poeala) = [ pule =) dy = [ oo = v)en(s) dy

This integral is well defined because supp (pn(x — y)wo(y)) is contained in the closure of the
set {21+ 22 : 21 € supp (wp) , |22] < g}, which is itself compactly supported in €2. In a slight
abuse of notation, we use the shorthand p,, * wy := py, * Wp.

Define wy p, := ppn *wp. By properties of convolution, for all n > N, wq, € C° (),
giving us a sequence of smooth vorticities that converge to wp in L'(€2). For each n > N,
we can obtain a unique smooth solution ([Wol33]) to the two-dimensional Euler equations
(2.10) with wp y, as the smooth initial vorticity consisting of a smooth vorticity wy (¢, z) with

wn (0, ) = wo n(x) and a smooth velocity uy(t, x) recovered from wy,(t, z) via the Biot-Savart
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Law (Theorem 2.5.2) as

un(t,x):/QKQ(x,y)wn(t,y) dy.

We can obtain flow maps 7, (t, ) given by (2.11) as the solution to the system
I (t,z) = un(t,n(t, x)),

(0, 2) = .
Proposition 3.2.1 (Properties of w, and u,) For the above sequences w, and u,, we

have the following for all n > N:
1. wy € CX(Q) and u, € C(Q).
2. For any n,

(a) llwon

‘Loo(g) < Jlwoll oo g2y

(b) llwon

‘Ll(Q) < lwoll 1y, and
(¢) Jim o = ol gy = 0
3. wy and uy, are uniformly bounded, and
ltnt, Y ey < € lents M poeqey < C ol ey -
4. There exists a function w(t,-) € LY(Q) N L>®(Q) such that, for any time,
wn(t,) = w(t,”) in LY(Q).
5. There exists a function u = [, Ko(x,y)w(y)dy such that, for any time,

un(t,) = u(t, ) uniformly.
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6. The velocity-vorticity pair (u,w) is a weak solution to the vorticity-stream formulation

of the two-dimensional Fuler equations in ) as defined in Definition 2.4.1.

Proof. Property 1 follows from basic properties of convolution and the above discussion
about the support of p, *wy. Property 2 is proved in section 8.2 of [MB02] (see Proposition
8.2). While the statements there are for the whole plane R?, they still apply here because
of the compact support in € of wg,. The analogue of Property 3 in R? is also proved in
[MBO02], but the statement there is no longer directly applicable since our velocities u,, are
defined via Theorem 2.5.2 with Kgq, not through Lemma 2.5.1 with K as in [MB02].

To prove Property 3, we first note that basic properties of mollifiers and the fact
that vorticity is transported by the flow give that [|wn (%, )| o) < llwoll oo (q)- It remains
to show that the velocities u, are uniformly bounded. We take the radial cutoff function
a(x) as defined by (2.7). We can use the Biot-Savart Law (Theorem 2.5.2) and the compact

support of w, to split u,, into several terms:

tn(t, ) = /Q Koz, y)en(t,y) dy

= | K(z—y)wn(t,y)dy — / K(z =y )wn(t,y) dy
R2 Q

= [ e =K =@t dy+ [ (1= ale =) Ko =9t dy
- [ K=yt
Note that the first integral has a compactly supported integrand and that the
second integral has cutoff the singularity of K so that its integrand is bounded. Recall

that K is locally integrable and that (3.1) gave that |K ()| < C'|z|”". Furthermore, on the

support of wy,, K (x—y*) is smooth and bounded. Applying these observations and Holder’s
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inequality yields that

|un(t, )| < laK|| 1 (rey llwn(t, )l oo () + 111 = @) K| oo m2) lwn (£, )l 11 @)
+ [ 1K@ =) nlt. )] dy
< Cllwn (s ) oo () + C llwn(®, )l L1y + O [lwn (s )| oo ()

< Cr [Jwn () Lr@)nne @) -

proving Property 3.
Properties 4 to 6 follow exactly as in the proof of Proposition 8.2 of [MB02]. =
According to Proposition 3.2.1, the sequences of smooth solutions w,, and u,, con-
verge to weak solutions w and u that satisfy (2.10) and Theorem 2.5.2. We will use the
smooth solutions w, and wu, for the majority of the proof (always assuming n > N) and

pass to the limit as n — oo in Section 3.6.

3.3 Transport Equations and Estimates

In this section, we will obtain some necessary transport equations for the pushfor-
ward of Yy under the flow maps 7, associated to the smooth solutions w, and u,, as well
as some estimates on the gradients of the flow maps. Let )y = <Yo()‘)>>\€A be a sufficient
C(Q) family of vector fields. Recall that a sufficient family was defined by (1.9) to be one
such that

YecH (), divyeC*$), andlIg(Y) >0,

where

I := inf sup [y
@ ()= inf sup |V,
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Let Yy € ). As in (1.10), we define the pushforward of Yy under the flow maps

T by
Yo (&m0 (t,2)) = (Yo(z) - V)1 (8, 2) - (3.12)
Recall that an equivalent definition (as in (1.11)) is
Yo(t,z) = (Yo - V) (t,n;l(t, x)) . (3.13)

We similarly define the pushforward of )} as in (2.6) by

ult,) = (¥t )

AEA

The equations and estimates in this section apply to any member of ), so we now
turn our attention to an arbitrary element Yy and its pushforward Y,,. We will first need

some transport equations.

Proposition 3.3.1 Y, satisifies the following:

0y + tn - VY = Yy - Vauy (3.14)

8, div Yy, + up - VdivY, =0 (3.15)

8y div (wnYp) + tn - V div (waYy) = 0 (3.16)
div (Yo (¢, z)) = div Yy (n, ' (¢, 2)) (3.17)

%Yn (£ (6, 2)) = (Vi - Vi) (£ 7 (8, 7)) (3.18)

(3.19)

54



Proof. Taking the time derivative of the left-hand side of (3.12) gives

at (Yn (tv nn(t’ $))) = atYn (tv nn(tv l‘)) + 3an (tv nn(t’ $)) atngL(t’ .T)
= Y (t,mn(t, @) + 8;Ya (0 (t, @) wd, (t, ma (8, )

= atY;L (tv nn(t7 33)) + (un : V)Yn (tv 77(@ ‘7:)) 9 (320)

while the right-hand side time derivative of (3.12) is

q
dt

(Yo(x) - Viu(t, ) = Yo(z) - V 9y (t, 2))
= Yo(x) - V (un(t, na(t, x))
= Yo() - [Vun(t, mn(t, 7)) - Vi (t, )]
= (Yo(z) - Vi (t, ) - Vun (L, 10 (1, 2))

=Yy (t,n0(t,2)) - Vg (t,00(t, 2)) -

Setting the two sides equal to each other proves (3.14).
We now investigate the components of the time derivative of (3.12). Using (3.20),

the i*" component is

Y, (t, (£, 7)) + wn (8,1 (t, 2)) - VY1 (8,70 (2, 2))
=0 [ g ()0 1, )]
— Y ()00 (1, 2)
= Y{ (2); (ul, (t,ma(t, 2)))

= Y{ ()0l (t,ma(t, ) D (¢, ).
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By letting 2’ = n,,(t, ), so that x = 0, }(¢,2’), we can express this as
QY (t,2) + un(t,a') - VY;i(t,2') = Y (" (t,2") Oy (&, m (£, 2")) gy (1, 2)
= YE(t, 2 )opul (t,2),
where we used (3.13) in the last line. We can now apply ax; to both sides and take the sum
over ¢ = 1,2. This gives a left-hand side of
Oy divY, + 0; (u),0;Y,) = 0, div Y, + 0;ul,0;Y, + ul,0,0;Y;:
=0, divY, + Vu, - (VYi)" +up - VdivYy,
while the right-hand side is
) (Yfaku;) = 0,V ol + Yoo,
= 9, Y opul,
= Vu, - (VY)",
where we used the fact that wu, is divergence-free in the second line. Comparing the left
and right sides proves (3.15). The proof of (3.16) follows the same way as that of (3.15)
and uses the fact that dwy, +uy, - Vw, = 0. Since (3.15) is equivalent to the quantity div Y,
being passively transported by the flow, this also immediately proves (3.17). Finally, we
note that, in light of (3.20), we have proved (3.18) since it is simply an alternate way of
expressing (3.14). |
Some of our later calculations will involve div (w,Y;). The following regularity
result for this quantity is a modification of Lemma 9.2 from [BK15]. To adapt the result to

our bounded domain, we will need to use an extension of Y;, to the plane that will not be

otherwise used, so we present those details in the appendix as Proposition A.7.
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Proposition 3.3.2 We have div (w,Y;,) (t,-) € C¥1(Q) with
Idiv (wn Yn) (£ ) | a0y < CC oI Vun(s,) oo gy ds.

We next will obtain some estimates on the gradients of the low map and its inverse.

As in (2.21), we define

(3.21)

va@>=:HwnujouLw@D-+Hp.vll;vazqz@ayy»nu,y>dy

L>(Q)
and recall that by the Biot-Savart Law (Theorem 2.5.2), we have ||[Vun(t, )| oo () < Va(),

as in (2.21).
Lemma 3.3.3 We have the following estimates:

|V (¢, ')IILW(Q) < oJo Va(s)ds
angl(ta )HLOO(Q) S ef(f Vn(s) ds

Proof. Recall that the defining equation for 7, was given in (2.11):

atnn(ta x) = un(tv Tln(t’ x))v
(3.22)

7 (0,2) = x.

Integrating the differential equation in time over [0,t] gives

M(t,z) =2 +/0 Up, (8,7 (s,2)) ds.

Applying the gradient in the spatial variables and using the chain rule shows that

t
Vi (t, x) = I+/ Vg (8,m0(s,)) - Vnu(s, ) ds,
0

where [ is the 2x2 identity matrix. Taking the L° norm gives
¢
|v%w»mﬂms1+4HVW@»mﬁmNVm@ohﬂmd&
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We can now apply Lemma 2.2.7 to obtain
IV (t, )| oo () < IV ()l oo oy ds.
By Lemma 2.6.1, this gives us that
IV (t ) oo () < i Va(s)ds

The bound for the inverse flow map V), ! is more difficult because the flow is not
autonomous. This estimate can be obtained by following the proof of Lemma 8.2 of [MB02]

using Vn, 1 instead of their X !(x). [

3.4 Estimate of Y,

In this section, we will begin putting the previous results together to work towards
obtaining the bounds in Theorem 1.6.1. We start by bounding [|Y5(¢, )| g (q), defined as
the sum of the L norm and the C® norm. We begin with the L* norm. Recall that by

Lemma 3.3.1 we have

Vo (60 (1,2)) = (Ya - Vi) (70(0,2)).

By taking the inner product with Y;, (¢,7,(¢,x)) on both sides, we obtain

%Yn (t,m (8, ) - Yo (8,00 (8, @) = (Y - Vi) (8,70 (t, @) - Yo (800t 2)) . (3:23)
Note that
2
R D D

=Yy (t?nn(tal‘)) ’ %Yn (t,’l’/n(t, l‘))

= (Yo - Vuy,) (t,nn(t,x)) - Yo (8,0 (t, x))
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by (3.23). This gives that

% (Yo (8, a8, 2)) 2] < 21V (8, (8, 2)| [Vt (890 (8, 2)) [ | Y (8, 9 (8, 2))|

< 2V (& (t, )| oo [V (£ ma(t, 2)) |
— 2| Vn(t, )| oo | Yo (E, ma(t, @) 2

< 2V, (1) [Ya (¢, ma(t, )
so that
LYot m(t ) < 2V [Vt ma(t, )
de | b BT = S T
and

% Y, ma (8, 2))* = =2V (8) [Ya(t, ma (8, 2)) .

We can now integrate (3.24) in time from 0 to ¢ to see that

t

td
/ — V(s mn(s, 2))|* ds < / Vi (8) |V (s, (s, 2)) % ds.
o ds 0
Applying the Fundamental Theorem of Calculus to the left-hand sides gives that
t
Yot 1 (8, 2))|* < Y0 (0, 2)? +/O 2V () | Yo (s, 1 (s, 7)) | ds.

Applying Lemma 2.2.7 and noting that |Y,,(0,z)| = |Yo(x)| shows that

Yol ma(t, @) < [Yo(a) | 2o Vo),
and applying Lemma 2.2.8 to (3.25) gives

Yoty a(t, @) = [¥o(a) e 2o V)
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Taking square roots gives that
[Yo(a)] e~ b V0 < ¥, (¢ a2, 2)| < Yo(a)|elo V) (3.26)
From this, we can conclude that
1Yo (8, )l ey < 1Yol ooy 0 1) (3.27)

We now turn to the quantity [|Yn(Z,-)||ge(q) - We again begin with the transport

equation given by Lemma 3.3.1:

Vo (60 (1,2)) = (Ya - Vi) (70(0,2)).

Integrating in time from 0 to ¢ and applying the Fundamental Theorem of Calculus as

above, we see that

Y, (t,ma(t, 2)) = Yo(2) —1—/0 (Yo - Vuy,)(s,mn(s, z)) ds.

By re-expressing = as 1, }(¢,2'), so that n,(¢,z) = 2/, we can write this as

Yo (t, ') = Yo(ny Mt 2')) + /0 (Vo - Tt (5,0 (5,77 (. 27)) s

Taking the C® seminorm in € gives that

t
1Yot oy < (V00" W gy + [0 Ft) 5 (0,0 s

By applying Lemma 2.2.6 to both of the right-hand side seminorms, we obtain the inequality

1Yot ) ey < CIYollgaoy |V & )| 7o (3.28)
() () ()

t
4 [ 105 V)l iy IV (oo 8.0 [ .
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We next must estimate each of the factors appearing in (3.28). The first such

estimate is that, by Lemma 3.3.3, we have
19516 [y < e 0¥ (3.29)

We will now focus on [|(Y;, - Vu,)(s, -)HO&(Q), the first factor of the time integral

in (3.28). By Corollary 3.1.4,
(Vi Vu)(s,2) = [ Kl =) div(onYo) ) dy = [ VoK@ =)Vl (s.) dy
+p.v. /Q V. Ko(@,y) [Ya() = Ya(y)] wa(s,y) dy
—:T— T +1IL (3.30)
By Proposition 3.1.2,
11| caqy < CrVa(s) [[Y (s, )l o) - (3.31)

Because wy, is essentially bounded and compactly supported in €2, and because VK (z —y*)

is smooth and bounded on the support of w,, we have that
Ml o) < CrlIY (s, )llcaq - (3.32)

To investigate ||I]|ca (g, we will need to extend Y, to the whole plane. We will
employ the Stein Holder extension £ from Lemma 2.1.5 to do so. Let 17” = EnY,.

Note that the properties of £y give that ffn‘g =Y,, Y, € C*(R?), and ‘}7” Co ) <

Cla, Q) [[Ynllgo(q)- Now let U = R? \ supp wy,, the complement of the support of w,,. Recall
that @y, is the extension by zero of w, to R2. Let ¢ € C2°(U) be a test function on U. Note

that
/U div (3,7,) (2)o(x) do = — /U Gn(@)Va(2) - Vo (2) da = 0
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since @y, is compactly supported on R\ U, so that, as a distribution, div (E}ffn) is compactly

supported in R?\ U = suppw,, C Q ([FJ98, Section 1.4]). This means that

[ K= pdiv Y s ndy = [ K =) div (@.5) (. dy

- [K + div (@nffnﬂ (s, ). (3.33)
By Proposition 4.5 of [BK15], we have

HK « div (anffn) A

|

div <c§n ?n)

<C (‘ ) . (3.34)
C(R2) Co—1(R2)

Using (3.33) and (3.34), we can see that

L1NLo°(R2)

Wl oy = H [ Ko=) divton Vo) o, dy

ce (@)

= H [K « div (@n?n)} (s, )‘

<C <H (%ﬁ) (s, ')’ ca—l(R2)>

< Cr H(wnYn) (8, ')HleLoo(Q) +Cr ”diV (Wnyn) (8, ')HCa—l(Q) )

C(R2)

|

div (anffn) (s, -)‘

LNLo(R2)

where the last line is justified because of the compact support in €2 of w, and div (&ﬁ%)
We can now use Property 3 of Proposition 3.2.1, the bound given by (3.27), and Proposi-

tion 3.3.2 to obtain the estimate
1Tl gy < C(T, Q) lwn (5, )l ooy 1Y (5. ) oo ey + C 1Y (@n¥n) (5, ) a1y
< (T, 9,w0) [Vl oy €88 V(7 4 CpeC 51900y
< C(T, Q, wo, Yo)efos Va(T) dr + CTecfg‘ Vo(7)dr

< CpeC Jo Va(r)dr, (3.35)

62



Putting estimates (3.31), (3.32) and (3.35) together with (3.30) gives us the esti-

mate
| (Yo - Fuan) (5 )l ey < Mla oy + Ml ca o) + 1Tl ga oy
< Cre®l I 4 O |[¥a(s, Yl oagey
+ CrVa() Y5, )l - (3.36)

We now turn to the quantity ||V (na(s,n,'(t,2’))) which is the second

Hzoo(ﬂ)v
factor of the time integral in (3.28). We will follow the outline of the proof of Lemma 3.3.3
to bound this factor in a similar way. Note that the defining property of the flow maps
given in (2.11) gives that

8t77n (7_7 n;l(tv ZZ?/)) = Unp (7_7 7771 (7—? ngl(t’ :E/))) :

Taking the gradient with respect to the spatial variables and using the chain rule shows

that

N (m (T,m, (8, 2))) = Vg (7,70 (7,1, (4,27)) V (nn (7,m, 1 (2,27))) -

Integrating both sides in time from s to ¢ and using the Fundamental Theorem of Calculus

gives that

V (10t (8,2)) |2y = V (i (5,75, (8,27)))
_ / Y (7,00 (1,751 (6,2))) ¥ (0 (7,515t 2))) dr.

Because V (ny, (7,7, (t,2"))) }T:t = I?%2 (]MB02, Section 1.3]), this can be rearranged to

yield
\4 (nn (Sﬂlﬁl(ta :E/))) =1*2 — / Vuy, (7—7 Tn (Ta n;l(ta$l))) \4 (nn (Ta 77771(75,?5,))) dr.
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Taking the L° norm gives that

1V (o (s, (8 2))) [ ooy < 1+ /: [V (s ) e ) (17 O (5 (8 2)) | e -
Applying Lemma 2.2.7 results in the estimate
IV (o (5,75 8 20)) [ ey < 21707 et 47 < iV
Thus, we can bound the factor in (3.28) with
IV (e (577 (12)) [ e < €2 ¥, (3.37)

We are now ready to begin the task of putting the various estimates obtained so
far together to obtain a bound on |[Yy, (%, )|[ca(q)- For notational clarity, we will suppress
the domain 2 of the norms and denote quantities such as || f(¢,)|| y as simply || f(t)|/x. By

(3.27) and from applying (3.29), (3.36) and (3.37) to (3.28), we have

1Y)l o = 1Y@l e + Ya(®)ll e
< Yol oo €40 AT 4 C Y[V || o €2 Jo Vr () 07
t
+ CT/ {ecfo Va4 11Y,(5) | e + V() ”Y"(S)Hca] o Ji Valr)dr g
0

Because a < 1 and V,, > 0, we can omit the « coefficients, combine the first two terms, and

simplify the integrand to see that

t
Ya()llge < C [[Yollga efo 47 4 O / (CIiVa(rydr g
0
! t
+ CT/O Y ()l e 4 Via(8) [V (8)]| o] €15 V(DT

t
< [CYollge + Crt] €€ Jo Ve 4 / Cr (14 Va(5)) Y (5) | g €€ 2 V(D47 s,
0
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Multiplying both sides by e—C Jo Va(r)dr

gives that
t
1Y ()l go €S Vo7 < € |1 Vy |l o + Ot + / Cr(1+ Va(5)) [[Ya() | g €70 V)7 s,
0
If we let &,(t) := || Yn(t)|lca e=CJo V(147 then we have
t
(t) < C[¥olloo + Crt + | Cr(1+Vals))eals) ds,
0
so we can apply Lemma 2.2.7 to find that
§n(t) < [C |D/0HCO¢ + CTﬂ efg Cr(14+Vy(s)) ds < CT(l + t)efot Cr(14Vy(s)) ds.

Thus, we obtain the estimate

1Y (8o < Or(1+ t)elolCr+Crialds, (3.38)

3.5 Improved Estimate of the Velocity Gradient
Recall that V,,(t) was defined by (3.21) as

Valt) = len(t, i + 3. [ Vol i t.0) (3.39)

L (Q)
and that, as in (2.21), [[Vuy(8)[| oo () < Va(t).

We now need to bound V;,(¢) in terms of [[Yy(¢)[|ca(q) so that, with (3.38), we
will have V;,(¢) bounded in terms of itself, which will allow us to close the estimates with
Grénwall’s Inequality to obtain the final bound on [[Vun(t)| () that will give us the
estimates in Theorem 1.6.1. This is the climax of the proof, and indeed is where Serfati
made use of his linear algebra lemma and where the various approaches of Serfati, Bertozzi

and Constantin, and Chemin differ most significantly. We will use the approach taken in
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Section 10.3 of [BK15], where the details are carried out for the full plane case, noting
where and how adjustments need to be made to account for the extra term in the Biot-
Savart kernel Kq in our domain. The fact that the extra term K(x — y*) is smooth and
bounded on the support of w(t,y) means that the results will largely carry through without
significant differences.

We start by fixing ¢ € [0,7] and z € Q. First, note that (3.39) along with

Property 3 of Proposition 3.2.1 gives that

Valt) < Cleo) + Hp | VKoo pentt.) dy

LOO
Using the cutoff function a, defined in (2.7), we can let r € (0,1) and split the integral term

as

p. V. /Q V.Ka(z,y)wn(t,y) dy
~pov. /Q V(arK) (& — y)wn(t, ) dy
Tpov. / V(1 - a)K) (z - y)wn(t, v) dy
Q
- / VE(z — 4" )t ) dy
Q
—pv. /R V(@) — y)Bnlt,y) dy
+p.v. - V((1—-ar)K)(z—y)wn(t,y)dy
- / VE (& — 4 )t y) dy
Q

=: 1411 —III. (3.40)
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Note that, since K (z — y*) is smooth and bounded on the support of w,,, we have
11| < C(T, 92, wp) (3.41)

by Proposition 3.2.1.

Since V(1 — a,) = —Va,, due to the properties of a, described in Section 2.1, we
have that V(1 — a,) is supported on [r, 2r]. This means that, on the support of V(1 — a,),
we have |z —y| < 2r. Since K is radially symmetric and and decreasing in |z — y|, and

because a, is smooth, we have

V(1 =a)K)| < |(1 = a)VK| + |Va, @ K|

< |VK|+ C|K]|
_c
Tz —yf

Using Proposition 3.2.1 several times, this gives that

Be(x,r) ‘ - y‘Q
n(t, wn(t,
(z,1)\B¢(z,r) |'T - y| Be(z,1) |*/L‘ - y|

1

|z — |

2

27
< Clelmey [ [ oot +0 [ty dy
0 r P Lo (Be(z,1)) Be(z,1)

< 27C [Jwo |l oo () (= In7) + C(1) [lwn(t, )l 11

<O =Inr)llwoll 1Ly ()
so that

11 < (1 — In7). (3.42)
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In order to estimate |I|, we first choose Yy € ) such that
Yo (' (&, 2))| = Io (D). (3.43)
Note that, because of (3.26), this means that
1Y, ()| > To(Vo)e™ Jo Va(9)ds, (3.44)

In order to apply full plane results, we will need to extend the vector fields Yy
and Y, to the whole plane in a way that preserves the pushforward identity. As outlined
in Section 2.5, there exist stream functions ¥, (t,z) € C*>() given by (2.15) so that
up = V+1),. We now will use the Stein extension operator € for  and its properties given
by Lemma 2.1.4. Define ¥ := £i,. Since 1, € W2>(Q2), we have that % € W2>(R?).
We then define v}, := VJ‘Q/J:;, which gives that u € WH*°(R?). By construction, we have

divu} = div V+(E,) = 0, so that u is divergence-free. Corresponding to the velocities

*

Up s

we have flow maps 7}, obtained by solving (2.11). We note that, even though u} and

71, are not obtained by applying £ to u, and 7,, respectively, we still have that u;‘L‘Q = Un

and 7];‘ q = - As in the previous section, we apply the Stein Holder extension £ from
Lemma 2.1.5 to define }N’O = EYy. Note that }76 € C%(R?) and 370‘9 = Yy. We then
pushforward Y according to (1.11) as

Valt2) = (Yo Vi) (6, () ™ (1)) (3.45)

and note that we have ?R‘Q =Y,.

Since I = p.v. [p» V(a, K)(z — y)@n(t,y) dy is an integral over the whole plane
and since &, € C®(R2), &, € (L' N L*®)(R2?), and Yy € C*(R?), using (3.44), the lengthy
calculations in Section 10.3 of [BK15], including the application of Serfati’s linear algebra
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lemma (see Section 3.7 for a discussion of how the lemma is used), apply directly with @,

used in place of their w, and 170 used in place of their Yy to obtain the bound

sup |I| < C(a HYOH 83 Vals)d

zER2 Lee RZ)
(i

n

ol ey + [ty (@720)]

-
Ca—l(RQ)

+ |0l foo (m2) (3.46)

Co(R2

t
< O [[Yoll oo gy €30 V)% <||Yn(t)\|0a(9) [[woll oo () + lldiv (wn Yn) (t)HCﬂ—l(Q)) re

+ [lwoll oo @) - (3.47)
Using (3.38) and Proposition 3.3.2 and with C' = C(wy, Yy, , 2, T), this gives that

sup || < Ce8Jo Vals) ds (C(l +t)efg[c+cvn(s)]ds i Cecfg\|vun(s,.)||Loo(Q) ds> O
z€R2

[ fo [C+CVa(s)lds | ey CVnls)ds ]ra el

< O(1 + t)eloC+CVa(@dspa | ¢, (3.48)
We can now combine (3.41), (3.42) and (3.48) with (3.40) to find that

Vo(t) < O(1 + £)ehCHCValdspa L oy (1 —1nr) + C

< O(1 + t)eho[CHOVa(@ds o | 01 —1ny), (3.49)

3.6 Closing the Estimates and Generalizing the Domain
We now fix a constant Cy satisfying (3.49), so that

V(1) < Co(1 + £)eCo o U+Va()dspa 4 o1 —In ).
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We set r = e_% fOt(HV”(S))dS, so that

70 — o=Co [y (1+Va(s)) ds
and
t
l1—-Inr=1 +Cl/ (14 Vy(s))ds,
0
with Cy = % This value of r gives that
t
Vo(t) < Co(1+1t) + Cy (1 +C / (14 Viu(s)) ds)
0
t
<C+1) +c/ (14 Viu(s)) ds
0
t
<C(+1t)+ C'/ Vi(s) ds.
0

Using Lemma 2.2.7 allows us to conclude that

Vi(t) < O(1 + t)elo Cds

< Celn(1+1) Ot

S Cect

since In(1 +¢) < t. This gives us the estimate
IV tn(t, )| ooy < Val(t) < Ce. (3.50)

We can now use (3.50) to close all of the previous estimates we have obtained.

Applying it to (3.38) shows that

1Yru(t, gy < C(L+ p)edo [0+ ds

Ct
< Cen(+1)+Ct+Ce

< CeCe, (3.51)
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since In(1 + ¢) and Ct are both bounded above by ¢t for t > 0. Using (3.50) and (3.51)

with (3.36) gives the estimate

¥ V8, oy < Celb 075 4 00 4 geCreCe”

Ct Ct
< CeCe + CeCt+Ce

< e, (3.52)
where we used the fact that ¢t < e“*. Using (3.50) with Proposition 3.3.2 gives that
div (wnYa) (8 | gai(q) < Celo €7 ds < el 3.53
ntn ’ C (Q) = =
Using (3.50) with Lemma 3.3.3 gives
Vit (t, M7 oo < eJo €7 ds < eCe* 3.54
L(9)
Using (3.50) with (3.26) gives that
_ [t ceCs _.C
Voo (&, 10 (8, )| = [Yo(x)] e o 0742 > | ()| =< (3.55)

We can use (3.17) from Lemma 3.3.1 along with Lemma 2.2.6, the fact that 2 is bounded,

Lemma 3.3.3, and (3.50) to see that

I1div Yo (2, )l ca () = [|div Yo (1 (2 )| e
= [ldiv ¥o (m (& )| oo gy + 1489 Y0 (07 () [l
< |div Yol foo )
+ Cldiv Yoll gy 1126 oy + 11997 ey
< [[iv Yoll e ) + C 1y Yoll g [C(8) + e V1]

i 1 ¢ s)ds]®
< |div Yo oo () + C 1div Yol ¢ g [(c+ 1) el Val)d ]
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t
< [|div Yol oo (g + C (C + D)* [|div Yo | g g € Jo V()%
< C||div Yol g o o0 Ji CeC ds

< C'||div Yo | g (g €' (3.56)

The calculations verifying that these estimates hold in the limit as n — oo are
identical to those in Section 10.4 of [BK15] (where they used the mollification parameter e
and let € — 0 rather than using 1/n and letting n — 00), so are not repeated here. We note
that these calculations themselves are adaptations of Chemin’s arguments in [Che91, Che93].
We can take the supremum over all Yy € ) so that (3.50) gives the bound (1.12), (3.51)
gives the bound (1.13), (3.56) gives the bound (1.14), (3.53) gives the bound (1.15), (3.52)
gives the bound (1.16), (3.54) gives the bound (1.17), and (3.55) gives the bound (1.18),
proving Theorem 1.6.1 for 2 = B(0,1).

Though our proof has been specific to the unit disk Q = B(0,1), we note that
we never used any properties specific to the unit disk (e.g., convexity) in our proof. Let
Q be an arbitrary simply connected bounded domain in the plane. As in Section 2.5, the

Biot-Savart kernel for €2 is
KQ(‘Ta y) = Vé_GQ(QZ, y)a
where Gq is Green’s function for . As in [Eval0, Section 2.2], we can write this as

GQ:G_d)v
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where G(z,y) = 5 In|y — 2| is the fundamental solution to the Laplacian in R? and ¢ is a

harmonic solution to the boundary-value problem

Ap=0 inQ
(3.57)

¢6=G  on 0.

Thus, the Biot-Savart kernel for €2 is

Ko(z,y) = VaGalz,y)
= V3 G(z,y) — Vyo(z,y)
= K(z—y) - Vao(z,y)

= K(z—y) — R(z,y), (3.58)

where K is the Biot-Savart kernel for the plane as in Lemma 2.5.1 and R(x,y) := V& é(z,y).

Following arguments identical to those in Section 2.5, we have the following Biot-Savart Law

for Q:

Theorem 3.6.1 (Biot-Savart Law in Q) Let u(t,x) be the divergence-free velocity as-
sociated with the vorticity w(t,z) € L*™(Q), let ¢(x,y) satisfy (3.57), and let Kq be the

Biot-Savart kernel given by (3.58). Then for all time t > 0, we have

u(t,x) = Kqlw| = /QKQ(:U,y)w(t,y) dy.

We note that if @ = B(0,1), then R(x,y) = K(z — y*), as in Theorem 2.5.2.
Since 2 is simply connected, we could use a Riemann map to obtain an expression
for R(z,y), but we need only that this term has enough regularity to allow the above proof

of Theorem 1.6.1 to carry through. The function ¢(x,y) is C* on Q x Q and R(z,y) is
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smooth and bounded for y in the compact support of w(t,y). Specifically, we have

sup R(z,y) < Cr,
z€Q,yEsupp w(t,)

sup V. R(z,y) < Cr.
z€Q,y€supp w(t,-)

Since these were the only properties of K(z — y*) used above, the proof of Theorem 1.6.1

for the arbitrary domain €2 is complete.

3.7 Serfati’s Lemma

We will close this chapter by examining Serfati’s Lemma in more detail and de-
scribing how it is used to obtain the crucial bound (3.47). The version of the lemma
presented here is proven in [BK15] for B € Mg4(R), the space of d-dimensional real square
matrices, for d > 1; we present it with d = 2. The result was further refined as Lemma 5.1

of [BK21], where the authors attribute the lemma to Serfati in [Ser94b, Ser92, Ser94a).

Lemma 3.7.1 (Serfati’s Lemma) For any symmetric matrix B € Max2(R), we have

P(My)
| My |*

|B| < |BMy| + 2 |tr B|,

where My is any vector in R? and P is a polynomial of degree 4.

While we do not reproduce it here, we note that the proof of Lemma 3.7.1 is
essentially a direct calculation applied to a representation of B as a product involving the
matrix M := (My, Mi"), where Mi- := (—M?2, M{). Because MM"' = (det M)I, B can be
represented as

MMt _MMT M
~det M T det M (det M)?

(MTBM) MT.

74



The proof is completed by using the symmetry of B to directly estimate |M7T BM]| in terms
of |[BM,| and tr B.
In the proof of Theorem 1.6.1, we first obtained a rough estimate on the velocity

gradient with (2.21) and (3.39) as

19un(®)] e < Vi) 2= (]| o + Hp.v. | Vel pients) dy

oo
In Section 3.5, we wanted to improve this estimate to bound V;,(¢) in terms of [|¥7(¢)[| e g,
which was itself bounded in terms of V,, in Section 3.4. This allowed us to close all the
estimates with Gronwall’s inequality in Section 3.6 in order to complete the proof of the
main result. To this end, the principle value integral appearing in the expression for V,,
was decomposed into three separate integrals, two of which were relatively straightforward
to estimate. The third integral was the most difficult to handle because it dealt with the
singularity at origin. This is where Lemma 3.7.1 was used.

The quantity to be estimated was

‘p. V. . V(a-K)(x — y)wn(t,y) dy| .

As noted above, because this integral is over the whole plane and because we are using the
extensions &, and Y,, defined on the whole plane, the calculations in Section 10.3 of [BK15]
apply directly. We will trace through their arguments in order to illustrate how Serfati’s
lemma gave the necessary bound.

To deal with the singularity at © = y, we use the cutoff functions a, given by (2.7)

to construct the following smooth radially symmetric double cutoff functions for r,h > 0
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with 2h < 7:

ot = ar(1— ay). (3.59)

Radially, g, is identically zero on the intervals [0, h] and [2r, 00), is identically 1 on [2h, r],
and is smooth on [h, 2h] and [r, 2r]. It follows ([GTO01, Section 8.3]) that the gradient of s,

satisfies the following:

c _C
|V itrn| < > < Tl for |x| € (h,2h) (3.60)
c _C
Vil <5 < o forfel € (n20) (3.61)
Viyen =0  elsewhere (3.62)

The quantity to be estimated can now be written ([BK15, Proposition 4.7]) as

V(@ K) (@ — y)Fa(t,y) dy\ _

‘p. V. lm V (pp K) % @y -
h—0

R2
Now let F(z) = 5 In|z| be the fundamental solution to the Laplacian in R
Recall that K = V- F. Since, up to absolute value, it only reorders the components, we

can replace K with V.F to see that the quantity to be estimated can be written as

V(a-K)(x — y)wn(t,y) dy' =

‘p.v. flzlg%)v [rn VF) % p| = llzg% |B|,

R2
where

~ O1 [prn OV F) % wn 0o [rnO1.F] % Wy,
B = B(t,x) := V [y, V.F] % 0 =
O [t O2F] % G By [ptrn 02 F] 5 Gon

Because VV.F is not uniformly integrable as h — 0, we cannot directly estimate |B.

However, we can apply Lemma 3.7.1 using M; = ?n(t,x), defined on the whole plane by
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(3.45), to obtain the bound

IB| < C Py, )

(3.63)

n

Since the trace of B does not depend on }7”, it can be estimated directly by writing
it as
tr B = 01 [prnO1 F| * Wy, + O2 [ty O2F] * @y,
= [01 trnO1F + O2ftrn 02 F] % Wy + [hrn AF] * Wy,
= [0111rnOVF + O2pirn 02 F| * Wy, + [prndo] * Wn,
where Jg is Dirac’s delta function and AF = §p by definition. Since p,;(0) = 0, we have
[trnd0] * Wy, = 0 so that

tr B = [(%Mrhal./—" + 82/Lrh82f] * Wy

Switching to polar coordinates and using properties (3.60) through (3.62), Property 3 of

Proposition 3.2.1, and (3.1), we can now estimate the components of tr B for j = 1,2 as

[0 trn, O F * | =

[ 010,71 2 = ) y)dy‘

< C |Gt Hm[(/% /) 0y1) ()] 01) ()] ]

1
<Claly[1 [ 165 @l oo+ [ 10,7 ()] ]
27‘1
<CHW0||L°°[ / —pdp+ - / ppdp}
<O~

uniformly over h < 5. This gives that

lim [tr B| < C ||@o|| 7o - 3.64
lim [or B| < C |Gl (369
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Y,,|. This matrix is given by

It remains to estimate

Bv R1 (81 [urhﬁl}"} * ‘;n) i}nl (62 [Mrhalf] * (I)n) 17712

Ry (01 [1rnDoF) % @) Y,E (02 [1rn0oF) % @) Y2

We can add and subtract a quantity and rearrange the terms to further decompose each

row R; as
= (O [0 F # Gn) Y + (D 1005 F) % @) Yy
— O1 [rn0; F] * ( ) 02 [p1rn 05 F] * ( )
+ 01 [prn 05 F) * ( ) + 0o [prn 05 F] * (wnYQ)
=Pjt+ (3.65)
where
— (81 [1rn 0 F) % Gon) Y,E + (9o [rn 0 F) % ) Y2
— Oy [ 05 F) % (wn?nl) — 02 [ptrn0; F] * (@nfﬁ?)
= 3 |k lrnd,F) * 30) T = 0 105 F) = (37|
k=1,2
and

4 = 0 [y F + (@,5) + 00 [anndy F = (3,72).

Thus, in order to estimate ‘B?n , it is sufficient to estimate [p;| and |g;].

Recall that an immediate consequence of Definition 2.1.1 is that, for any f € C¢,

we have

[f(@) = fW < [ fllgo |z =yl - (3.66)
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Using (3.66), the support of p,1,, and polar coordinates, we can estimate

= |2 [, @clendsFD o = )nt) [T ) = T e)] dy

k=1,2

< Q/IRQ (Y [ VF)) (2 = )] |@n(t, 9)] |V, 2) — ?f(t,y)‘ dy

2r
Ol o 1O [ 17 ¥ F) )]

Since V [urn VF] = pupy VVF + Vi, , VF, we have that

C
IV [ VF] (p)] < 2 (3.67)
This gives
~ 2r 1
b Ol Il [ 56 oo
= C(@) |[%a®)] . 1ol > — 1]

so that

2 Jimp, 1) . 1ol . (3.68)

We now turn to |gj|, our last remaining term to estimate. First, we can use

properties of convolution to write

a5 = 01 [0 F) s+ (80Y,)) + 02 [, F) + (377
= (Urn0;F) * ( ) (1rn0;F) # 0y (wn 2)

= (ppp0;F) x div ( ) ,

giving that

Y lgl<c

j=1,2

tiy [ (i) (o - ) div (3,7,) 0 dy‘.
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By Proposition 3.3.2, div (@n?n> € C* 1 50 we can write it as div (@nf/n> = fo +div fy,

where fo, f1 € C*. A direct consequence of Definition 2.1.1 is that

[follga I frllee < €|

div ((,Nunf/n>

ot (3.69)

This allows us to decompose the quantity to be estimated as

S il <C| [V A @ = i ds| + €| [ ) =) v ) )

Jj=1,2

=T+ 11 (3.70)

A basic property of V.F is that its mean value over any circle is zero, so that

Jgz (1rnVF) (2 —y) fo(2) dy = 0. This allows us to estimate I as

I|=C

/]R? (:U"rhVF) (.I — y) (fo(y) _ fO(x)) dy

2r

SCHfollca/h p~ " p® pdp
< C(a) [ follga

r, (3.71)

< Oljaiv (@13)| .,

where we used (3.66), the support of p,p, (3.1), (3.69), and the fact that » < 1 (which
follows from the ultimate choice of r made at the beginning of Section 3.6).

We can estimate 1] in a similar manner as

11=C| [ V) ) v 1) )

= | [ ) = 9) divy (1)~ 7)) dy]
RQ

<0| [, VT =) (510) - (o)
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2r
< Cllfillge /h 25 pdp

< CllAllger®

re, (3.72)

Co—1

<C Hdiv (anffn)

where integrated by parts and used (3.66), the support of .4, (3.67), and (3.69).

Putting (3.71) and (3.72) together with (3.70) gives

>

7=1,2

<C Hdiv (an?n)

re. (3.73)

Co—1

lim q;
h—0 9

Using (3.68) and (3.73) together with (3.65) gives us the estimate

‘Bf/n

30‘

)| . 1@l 7+ C|

div (wnf/n) (t)‘

ot re. (3.74)

Using (3.64) and (3.74) with (3.63) gives the estimate (appearing as (10.16) in [BK15])

P(Y,) /||~
lim | B| < C (’;) ()Yn
h—0 Y|

div (&n};n>

ol | )l
Gl )T+ C ol

Yy
Applying (3.44) and recalling that Lemma 3.7.1 specified that P is of degree 4 yields the
estimate given as (10.17) in [BK15] and as (3.46) in Section 3.5 above, from which point

the proof of Theorem 1.6.1 continued.
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Chapter 4

Conclusions

In this chapter, we will present some of the applications for which Theorem 1.6.1
provides a solution. We will also discuss the limitations of Theorem 1.6.1 and some possible

avenues of future investigation.

4.1 Applications of Theorem 1.6.1

Classical Vortex Patches

A classical vortex patch occurs when the initial velocity w(0,z) = bly, where b
is a constant and U is a simply connected domain. The following theorem reproduces the

bounded domain vortex patch regularity result from [Dep98] using Theorem 1.6.1.

Corollary 4.1.1 (Propagation of Boundary Regularity for Vortex Patches in 2)
Let Q be an simply connected bounded domain in R? with a C* boundary. Let U C § be a
simply connected domain such that dist(0Q,U) = 6 > 0 and let wo(x) = w(0,2) = bly. If

oU is CY, then the boundary of Uy := n(t,0U) remains CY< for all time.
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Proof. Since U € C1®, we can take a scalar ¢g € CH*(Q) with the following properties:

wo(z) >0 inU,
wo(z) =0 on U, (4.1)
Jnf [Veo(z)| = 2y > 0.

Let Yy = V%o, Since ¢y € CH*(Q), we have Yy € C*(Q2). Note that Yj is
tangential to the boundary of the vortex patch U and that div Yy = div Vg = 0, so Yj is
divergence-free (and hence, div Yy € C%(€2)). Since the boundary of the patch U is compact
in 2, we have that Yy >+ > 0 on some dp-neighborhood N, (OU) := {z € Q : dist (z,0U) <
do} of OU, where 0y < 0/2. However, by construction, Yp necessarily must vanish for at
least one point inside 2. Because of this, we include an auxiliary vector field Y* on €2 to
form our sufficient family. We take Y* to be an arbitrary non-vanishing divergence-free
smooth vector field on ; for example, we could use Y*(z1,22) = (1,21). We note that
any conclusions drawn from Theorem 1.6.1 about Y* are inconsequential and that its only
purpose is to “fill out” our sufficient family to avoid the issue with the vanishing gradient
of ¢p. Since Y* is C*°, we have that Y* divY™* € C%(Q2). Since we now have ensured that
In{Yp,Y*} > ¢ > 0, we have verified that )y := {Yo,Y*} is a C* sufficient family on .

We now consider the hypotheses of Theorem 1.6.1. We clearly have wy € L>®(Q2)
and wp compactly supported. Formally, we have div (wpYp) = wodivYy + Vwy - Yo = 0.

More precisely, let ¢ € C2°(Q2) be a test function. Then

/ div (woYo) (2)d() d = — / wol(@)Yo(z) - V() da
Q

Q
=—b | Yo(x) -Vo(z)dx
U
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= b/UdiVY()(x)¢(a:) dz

=0.

This shows that div (woYy) = 0 € C*~1. An identical argument applied to Y* shows that
div (woedp) € C*~L. By Theorem 1.3 of [BK15], this is equivalent to having Vo - Vu € C?,
so the hypotheses of Theorem 1.6.1 are satisfied.

We now follow the strategy of [BC93] and let (t) be ¢p transported by the flow

map so that
Op+u-Vp=0, (4.2)

implying that ¢(t,2) = po(n~'(t,x)). By taking the perpendicular gradient of (4.2), we

can compute (for example, this is equation 3.4 of [BC93]) that
Vo +u-VVtp=Vip- Vu.

Comparing this to (3.12) and (3.14), we see that Yy(t) := V+(t) is the pushforward of Y
to time ¢ by the flow map. By Theorem 1.6.1, we have that Yy(t) € C*(Q2) for all time,
so that o(t) € C1® for all time. Because OU; remains a level set of ((t), we have that
Y (t) = V%'p(t) remains tangential to OU;. Therefore, the boundary of the vortex patch
remains C1® for all time, proving the persistence of regularity of vortex patch boundaries

in a bounded domain. ]
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Sum of Disjoint Vortex Patches

Now suppose that we have a finite number of pairwise disjoint open simply con-

nected sets Uy, ..., U in Q, all with C1* boundaries, satisfying
Dq := mindist (U;, 0Q) > dq > 0,
1
and

D := IgﬁindiSt (Ui,Uj) >6>0.
i#j

Here, Dq is the distance from the union of the sets U; to the boundary of the domain and D
is the smallest distance between any two of the open sets. Let U;; = n(t,U;) be the image
of U; under the flow map after time t.

Consider an initial vorticity given by a sum of vortex patches over each open set,

and write it as

k
(.L)O(l') = Z bi]lUi’
i=1

where each b; is a constant. Because 0U; € CL®, for each U;, we can choose a scalar

@i € CH2(Q) with the following properties:

vio(x) >0 in U;
vio(x) =0 on JU;,

inf |V, > 2v > 0.
xé%m' wio(T)| > 27

Using smooth cutoff functions if necessary, we can also choose each ;¢ to be such that

supp ¢;.0 € Np(U;), so that the functions ¢; o have pairwise disjoint supports.
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We can then define the vector fields Y; g := VJ-goi,O. As before, foreachi =1,...,k,
we have Yo € C*(Q) and divY;p = 0 € C* We again take an arbitrary non-vanishing
divergence-free smooth vector field Y* to fill out our sufficient family, and define )y =
{Y10,..., Y0, Y*}. Thus, )y is a C sufficient family on Q.

We clearly have wg € L*(2) and is compactly supported in the closure of the
union of the U;. The calculations verifying that )y - Vu € C% carry out identically to the
previous case, showing that the hypotheses of Theorem 1.6.1 are satisfied. By letting each

@i be transported by the flow to obtain ¢;(t) satisfying
Opi+u-V; =0,

we can take the perpendicular gradient as before to find that Y;(t) = V+;(t). Thus, we can
apply Theorem 1.6.1 to get that, for all i, Y;(t) € C%(Q) for all time, so that ¢;(t) € C1* for
all time. As in the classical vortex patch case, we also have that V1 ;(t) remains tangential
to the boundary of OU;; for all time. Therefore, a finite sum of classical vortex patches

with initial boundaries in C™® will maintain their boundary regularity for all time.

Patches of Non-Constant Vorticity

Let U be an open simply connected set in Q with OU € C1* and let f € C%(Q)
with f‘ oy = b, a constant. Consider the initial vorticity wg = f1y. Then we can think of
wo as a vortex patch of non-constant vorticity.

As with the classical vortex patch case, we can choose a scalar ¢y € CH*(Q)
satisfying (4.1), set Yy = V+yg, and take an auxiliary smooth non-vanishing divergence-

free vector field Y*. We take Vo = {Yp, Y™} as our sufficient family.
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Consider the function wy—0blyr, which can be thought of as “translating the height”
of the vortex patch so that it is equal to f —b in U and is continuous on the boundary of U.

This gives that wy — by € C%(Q), as is Yp, so that div ((wg — bly)Yy) € C*~L. However,
div ((wo — bﬂU)Yo) = div (woyvo) —bdiv (]IUYE)) = div (wOYQ)

since in the classical vortex patch case we showed that div (1yYy) = 0, so that div (wodb) €
C*~1. Thus, Theorem 1.6.1 can be applied to see that Y (t) = Vi, € C*(Q) for all time,
so that the boundary of U; = n(t,U) will remain C%* for all time. Thus, we have shown
that patches of non-constant vorticity maintain their C'® boundary regularity for all time.
The same modifications used in the case of a sum of disjoint vortex patches could also be
applied to show that a finite sum of disjoint patches of non-constant vorticity maintain C'h*

boundary regularity for all time.

4.2 Future Work

One of the hypotheses of Theorem 1.6.1 is that the initial vorticity be supported
away from the boundary of the domain. It remains to be seen whether this is strictly
necessary for global regularity of vortex patch boundaries in bounded domains. This as-
sumption ensures that the Biot-Savart integral in Theorem 2.5.2 exists since Kq(z,y) is
singular along the boundary of 2. Further, the compact support of wy was explicitly used
in the regularization scheme presented in Section 3.2, where the compact support allowed
us to extend wg by zero to the whole plane without changing any of its norms and to use
the mollifiers p,. If wy was allowed to touch the boundary, even at a single point, while it

may be possible to argue that the Biot-Savart integral would still be convergent, it would
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be difficult to smooth the initial data in a simple way since mollification would extend the
support of the smoothed data outside of the domain. Since the majority of the proof is
carried out with the smooth approximations, this presents a significant problem that would
need to be solved. Despite these issues, in [Dep99], Depauw was able to prove local-in-time
persistence of vortex patch boundary regularity when the initial patch is tangent to the
boundary using the paradifferential calculus methods of Chemin.

Another avenue of future exploration would be the expansion of the results to a
higher-dimensional setting. In higher dimensions, the vorticity is no longer a scalar, but
is vector-valued instead, so simple vortex patches in the sense of indicator functions of
simply connected bounded domains do not exist. Indeed, as the discussion immediately
preceding Definition 1.1 of [GSR95] shows, it is not possible to have a constant vorticity
field supported on a bounded domain in three or more dimensions. However, it may be
possible to prove striated regularity in a bounded domain in higher dimensions. In [BK15],
they prove whole-space analogues of Theorem 1.6.1 for R, with d > 2, as Theorem 1.1. Due
to higher dimensional phenomena such as vortex stretching, the R? setting is more difficult
to handle. One fact unique to the two-dimensional case that was used extensively in this
work is that the vorticity is conserved along particle trajectories since dyw+u-Vw = 0. This
allowed us to trace vorticity estimates at time ¢ back to estimates of wy. This is not the case
in higher dimensions, where we have dyw + u - Vw = w - Vu (see, for example, Proposition
1.8 of [MBO02]). As a result, more technical approaches would be required to investigate
the problem in higher dimensions. In addition, the relatively simple properties of the Biot-

Savart corrector term R(z,y) in two dimensions from (3.58) allowed us to adapt the R2
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results and calculations from [BK15] to our bounded domain setting mostly by dealing with
sometimes difficult, but manageable, extra integral terms coming from the Biot-Savart Law,
Theorem 2.5.2. Again, this situation is more complex in higher dimensions, so it is unclear
whether the approach taken in this work would even be possible.

In the vortex patch applications in Section 4.1, one may notice that the interior
of the vortex patch does not play a significant role. In the classical vortex patch case, the
vorticity is constant in the interior, but we also showed that we can take it to be any C“
function inside the patch as long as it is constant along the boundary. This leads to the
natural question of whether any vortex singularities could be allowed inside the boundary.
Such a vorticity would not be a-Hdélder continuous, so the arguments used in this work
would not be sufficient, though it may be the case that they could be adapted to achieve

this result.
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Appendix A

Classical ODE Existence Theory

and Proof of Proposition 3.3.2

We now summarize a few existence and uniqueness results from classical ODE
theory used in this work (see [Eval0, MB02, Osg98]). Let U C R? be a simply connected
bounded open set with a C> boundary. Let u : [0,T] x U — R? satisfy u -7 = 0 on the

boundary OU. Let zg € U. Consider the ordinary initial value problem

Z(t) = u(t,2(t)),
(A1)

z(to) = 2o.
Theorem A.1 (Cauchy-Lipschitz-Picard-Lindel6f Existence and Uniqueness)
If w is Lipschitz continuous in space, uniformly in time, then, for any time T' > 0, (A.1)

has a unique solution z : [0,T] — U.

Definition A.2 (Osgood’s Condition) A continuous non-decreasing modulus of conti-
nuity p 2 [0,00) — [0,00) with w(0) = 0 and p(s) > 0 when s > 0 is an Osgood modulus of
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continuity (or satisfies Osgood’s condition) if

L=

Theorem A.3 If u admits an Osgood modulus of continuity uniformly in time, then, for

any time T > 0, (A.1) has a unique solution z : [0,T] — U.

Definition A.4 A function f :[0,T] x U — U is Log-Lipschitz (in space) if it admits the

spatial modulus of continuity

—rlnr ifr<e’l
pro(r) =

e ! if r >e !,

bounded uniformly over [0,T].

Remark A.5 The modulus of continuity pry satisfies Osgood’s condition, so (A.1) has a

unique solution for all time when u is Log-Lipschitz.

Lemma A.6 (Reverse Osgood’s Lemma) Suppose L : [0,00) — (0, 00) is differentiable

and p : (0,00) — (0,00) is integrable with L' > —p o L. Then, for all t > 0,

LO) gy
[ s
L(t) p(r)

Proof. Using a substitution, we can directly calculate that

I e Y Y L A ©) ) b u(L(s)) e
/Lm () ‘/L@ () _/0 () Z/o Wi(s) @

from which the lemma follows. []

We now present the details of how to adapt Lemma 9.2 from [BK15] to the bounded

domain setting to obtain the bound stated above as Proposition 3.3.2. To do so, the vector
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field Y;, must be extended from  to R? in a way that gives us control over the divergence
of the extension so that we may apply the result from [BK15], which the Stein Hélder
extensions &, do not provide. Instead, we use a smooth cutoff function, which involves
changing the value of Y;, near the boundary inside the domain 2 but outside the support of
wpn. While this allows us to obtain the necessary C*~! bound on divw,Y,, this extension

is not used anywhere else in this work so the proof is provided here.
Proposition A.7 We have div (w,Y,) (t,) € C*~1(Q) with
Idiv (wn Yn) (£ ) | a0y < CeC oI Vun(s,) oo gy ds.

Proof.

Recall that the smooth velocities u,(t,z) € C*(2), so as outlined in Section 2.5,
there exist stream functions v, (¢,z) € C>(Q) given by (2.15) so that u, = V- ,. We
now will use the Stein extension operator £ for € and its properties given by Lemma 2.1.4.
Recall that this operator simultaneously extends all functions in W*?(Q) to W*P(R?) for
all £ and p.

Define ¢} := E,,. Since ¥, € W2>(Q), we have that ¢ € W2*(R?). We then
define v} := V19! and w? = curlw?, which gives that v € W1H°(R?) and w? € WO>(R?).
By construction, we have divu}, = div V*(£1,) = 0, so that u} is divergence-free. We note
that, even though u) and w}, are not obtained by applying £ to u, and wy, respectively, we

still have that u*

n‘Q =up and w

;‘Q = wp, so that w} is compactly supported in €2.
In order to extend Y, to R?, we rely on the fact that this vector field is being
multiplied by the compactly supported vorticity. Let 6 = dist(suppw,dQ). We take a

radially symmetric smooth cutoff function ¢(r) that is equal to 1 on B(0,1—4§/2), identically
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zero outside B(0,1 —0/4), and decreasing for 1 —§/2 < r < 1—4/4. Note that ¢Y,, is then
compactly supported on ). We define the extension }A/; = @Y, extended by zero outside
). By construction, we have 17; € C and divf/; € C'*. Note that this extension changes
the value of Y}, inside €2 but not on the support of w. Because of this, we are able to use it
to obtain the necessary regularity result, but it is not suitable to be used elsewhere in the
proof.

With these extensions in hand, we turn to the quantity div (w}i%) Because
w! € WO (R2) and Y, € C*(R2), we have w}Y, € C*(R?) as well. Let ¢ € Cs°(R?) be a
compactly supported test function. Because ?,; is compactly supported in  and because

wy and Y, are extensions of w, and Y, from suppw, to R2, we have

/ div (w;;?n) pdr = —/ (w;i};) -Vodx
R2 R2
—— [ @i¥a) Vods
Q
= — / (wnYy) - Vodx
Q
= / div(w,Yy) ¢ dz.
Q
Thus, div (w:f/;) is well-defined as a distribution since div(w,Y,) is. This means that
we can write div (wZﬁ) as 0 + div (w;f/;) where w:?; € C%(R?), so that div (w;';f/;) €
C*~1(R?), by definition (2.3). Further, the compact support of Y, in € implies that w, Y},

and w;;f/; are pointwise equal on their common support, which is contained in 2. Recall

that the definition of the C%~! norm was given in (2.4) as

12l ca1 0y = L f | gaqry + NVl gaqry < o= f +dive; fo € C* (U)}.
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Suppose that div <wﬁ/\;) = f+divo, where f,v € C*(R?). We have div (w,Y},) =

div<(w;;?n)‘g) = flg + div (v]y). Since [[fllcamey > [flgloai and lolloage >

Hvlcha(ny we have

[div (WnYn)”cafl(Q) = Hf‘QHCa(Q) + HU‘QHCa(Q) < HfHC"‘(RQ) + HUHCO‘(RQ) ’
Taking the infimum over all such f and v, we find that

Idiv (@n¥a)lcas(y < |

div (w;?;)

Co—1(R2) ’

t *
< Cefo Hvun(s7')IILOO(R2) ds’ SO

By Proposition 9.2 of [BK15], ‘ Co-1(R2)

div (wﬁﬁ)

that

v (wn¥a) - (qy < Celol V(eI oz (A.2)

We now focus on the integrand in the exponent. Since 1), solves (2.13), we have

that 1, is compactly supported in €. Thus, we can apply Lemma 2.2.1 to see that

lou(s, Moy < C IVl oy

for any 1 < p < oo. Because the velocities u,, are divergence-free and have a zero normal

boundary condition, we can apply Lemmas 2.2.2 and 2.2.3 to see that

Hun(sv ')HLP(Q) < C ||Vun(s, ')HLP(Q)

for any 1 < p < oo. Using these properties along with Property 2 from Lemma 2.1.4, we

have that

IV My = |99 0265

< (s, ey
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S Cllebn(s, w200 @)
= C'[Yn(s, )l ooy + CNIVUR(S, )l ooy + CIVV (s, )l oo ()

<[4t .)HLOO(Q) +C vaLwn(s,.)HLw(Q)

= C'|[un(s, ‘)HLoc(Q) + C[[Vun(s, ‘)HLoo(Q)

< Cl[Vun(s, ) oo (q) -
Combining this with (A.2) gives that
Idiv (wnYn) [l a1 () < Cels CITun(s)ll oo @) ds

as desired.
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