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CONSTITUTIVE MECHANICS OF THE URINARY BLADDER

Margot Sara Damaser

ABSTRACT

This thesis presents a constitutive model of the mechanics of the urinary

bladder in quasistatic states such as filling and isometric contraction.

To test the hypotheses that the passive urinary bladder is homogeneous and

isotropic, I step-stretched strips cut from urinary bladders harvested from dogs and

measured their force response. The strips were taken from different regions of the

urinary bladder to test homogeneity and with different orientations to test isotropy.

These preliminary data suggest that passive urinary bladder is homogeneous and

isotropic and can be modelled with a single constitutive relation.

To test the assumption that the urinary bladder behaves as a sphere, I modelled

the bladder as a prolate spheroid and an oblate spheroid with the same constitutive

relation. I measured a filling pressure-volume relation (cystometrogram) on

anesthetized dogs and used the sphericity assumption to deduce a constitutive relation.

All spheroids have pressure-volume relations similar to that of a sphere with the

exception of very eccentric oblate spheroids, which are more compliant.

The bladder undergoes biaxial stretch in vivo, so I used a strain energy

function to derive both uniaxial and biaxial constitutive relations. I determined that the

stress at each stretch in biaxial extension is only slightly higher than in uniaxial

extension. Therefore, in vitro uniaxial extension experiments are a reasonable
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approximation of in vivo biaxial extension.

I used the model to study bladder hypertrophy due to outlet obstruction.

Comparison of model results with data in the literature suggests that bladder

hypertrophy due to mild outlet obstruction can be represented by an increase in wall

mass, and bladder hypertrophy due to severe outlet obstruction can be represented by

an increase in both wall mass and rest volume.

To determine if plastic deformation due to outlet obstruction can account for

the inability to void after acute urinary retention, I simulated plastic deformation by

increasing rest length. If the bladder undergoes a 26% increase in rest length due to

its plastic deformation, it cannot generate a high enough pressure to overcome the

urethral opening pressure and initiate emptying.

26% z 2–
Dr. Steven L. Lehman

Chair, dissertation committee
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CHAPTER 0: INTRODUCTION

Mathematical models of muscle are employed, among other uses, to investigate

the muscle's dependence on its geometry and on the neural control pattern necessary

to account for in vivo observations. Smooth muscle has not often been investigated in

this quantitative manner. The lower urinary tract is an interesting example to model

because of the geometry of the bladder and the urethra, the mixed parasympathetic,

sympathetic, and somatic nervous control system, and the clinical pathologies which

could be better understood with the aid of a mathematical model of bladder function.

In an ideal model of the action of the smooth muscle in the bladder, we would

represent each smooth muscle cell as a unit capable of generating force as a function

of the cell’s length, velocity, and activation level. If we knew the properties and

dimensions of each cell, we could transform the force generated by the cells via the

actin and myosin filaments into pressure, the variable measured in vivo, via a finite

element model. This is the most complicated but perhaps most accurate model and

could only be implemented by detailed knowledge of each cell in the bladder and

much computational power. Therefore, it is not a practical model.

If instead, we assume that each cell generates a certain stress (force/unit area)

as a function of its stretch (length/reference length), stretch rate, and activation level,

then bigger cells will generate more force and smaller cells, less force. If all cells

have the same constitutive property (stress as a function of the input variables:

stretch, stretch rate, and activation level), then this relation describes the properties of

a piece of bladder tissue cut from the bladder wall. The input variables describe the



current state of the piece of tissue.

However, it is the whole bladder, not a piece of it which is observed in vivo

and therefore whole bladder variables (pressure, volume, and flow rate) must be

representable by the model in order to compare the model to in vivo data. The

geometry of the bladder, or how these pieces of bladder tissue fit together, is what

determines the whole bladder variables from the constitutive variables. Again, we

could use a finite-element model to represent the exact shape of the bladder but before

using this most complicated model, one ought to first determine that simpler models

are inadequate.

In this thesis, I have tested several simpler bladder models and determined

when they are sufficient and when they are insufficient. I have only investigated the

quasistatic properties of the bladder, setting the stretch rate and flow rate to zero, as

these are easier to model and ought to be researched first. Therefore, my research has

application to bladder filling, which can be considered noncontractile and quasistatic

and to isometric contractions, such as just before voiding begins.

In chapter 1, I review the literature and describe basic lower urinary anatomy

and physiology. I also discuss and critique the current models of urinary bladder

mechanics. In chapter 2, I determine that the assumptions that the material is isotropic

and homogeneous are sufficient for modelling the urinary bladder. Therefore, in the

later chapters, I used a single constitutive relation to represent bladder tissue.

The next step was to represent the geometry of the bladder with a

mathematical model. The simplest model of bladder geometry and the one used



exclusively until now is a thin shell sphere. However, the bladder is not a sphere. In

chapter 3, I compare the model of a thin shell sphere to models of thin shelled oblate

and prolate spheroids, the two next-most-complicated models. I found that the

spheroid models did not give different results from the sphere model except in the

case of a very eccentric oblate spheroid (eo - 0.9), possibly describing the bladder of

a pregnant woman (chapter 3).

Since all experiments performed to determine the constitutive relation of the

bladder have been done by uniaxially stretching bladder strips, I needed to determine

if this data could be used to represent the bladder in vivo, when it is stretched

biaxially. I investigate this by representing the constitutive properties of the bladder

with a strain energy function. I then used this strain energy function to simulate both

uniaxial and biaxial stretch and determined that indeed the stress-stretch relations are

essentially the same when this material is stretched uniaxially or biaxially (chapter 4).

In the models of bladder geometry presented here, the two parameters, other

than the constitutive relation, which describe an individual bladder are the bladder

wall volume, Vy (assumed constant), and the bladder rest volume, Vo (the contained

volume at zero transmural pressure). By varying these two parameters I can apply the

model to study two clinical situations: bladder hypertrophy (increased cell size,

leading to increased mass of the bladder) and acute urinary retention.

I have develop two slightly different mathematical models of hypertrophied

bladders (chapter 5) which can explain the range of symptoms seen in hypertrophy.

The first one uses the constitutive model to represent hypertrophy without



overdistension (hypothetically due to a mild outlet obstruction) with an increase only

in bladder mass or equivalently, bladder wall volume, Vy. As in clinical and

experimental data, the simulation demonstrated that these bladders show decreased

compliance and decreased capacity. The second model uses the constitutive model to

represent hypertrophy with overdistension (hypothetically due to a severe outlet

obstruction) with an increase in both bladder volume, Vy, and rest volume, Vo. As in

clinical and experimental data, the simulation demonstrated that these bladders show

increased compliance and increased capacity.

Acute urinary retention can occur as a result of overdistension during general

anesthesia. To study this effect, I again represented the bladder with a thin-shell

sphere and increased the rest volume to represent the plastic deformation that occurs

when the bladder is overdistended (chapter 6). I found that the plastic deformation

alone could account for the inability to void after acute overdistension with a best-case

model of the urethra.

The last chapter is devoted to conclusions and future directions for these

constitutive and geometric models of the urinary bladder (chapter 7). I have

determined that a thin-shell sphere will suffice in most, but not all, cases to represent

the bladder. In order to quantitatively evaluate neural control of the bladder, these

models can easily be expanded to include activation level. In addition, they can be

used to investigate voiding function and dysfunction, but must first be modified to

properly represent dynamic properties of the bladder in addition to quasistatic

properties.

i
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CHAPTER 1: ANATOMY AND LITERATURE REVIEW

1.1 Lower Urinary Tract Anatomy

The kidneys produce urine which is drained by the ureters into the urinary

bladder, where it is stored until a convenient time to void (Olsson, 1986). The lower

urinary tract consists of the urinary bladder and the urethra (figure 1). The normal

rate of peristaltic urine influx into the bladder is 2-6 boluses/min (Edmond, et al.,

1970), giving a filling rate of approximately 2 ml/min (Torrens, 1987). The urinary

bladder fills slowly via the peristaltic action of the ureters. Therefore, it can be

considered quasistatic in the period between each bolus influx. Quasistatic analysis

implies that equilibrium equations can be used to analyze the forces in the bladder

wall.

The "storage phase" of urinary bladder function occurs during the slow filling

from the ureters. For the most part, the smooth muscle component of the bladder, the

detrusor, is relaxed during this time, producing low intravesical pressures (Torrens,

1987b; Wein and Barrett, 1988). In both males and females, continence is maintained

during the filling phase primarily by intramural collagen and elastic fibers in the

bladder neck (Dixon and Gosling, 1987).

The urethra is a the conduit through which the urinary bladder drains. It is

composed of both smooth muscle, under autonomic nervous control, and striated

muscle, under somatic control. The female urethra is approximately 4 cm long and 6

mm diameter (Wein and Barrett, 1988; Tanagho, 1992). The male urethra is longer

i
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Schematicdiagram
ofa
sectionthroughfemalebladderandurethra,viewedfromthefront.D,

detrusorsmoothmuscle,
T.

trigone;SM,urethralsmoothmuscle;DS,distalintrinsicurethralsphincter(striatedmuscle);PS,periurethralsphincter(striatedmusclesofthepelvicfloor/urogenitaldiaphragm),
C,
connectivetissue;BN,bladderneck;O.ureteralorifices.(AfterGosling1979.)

v-
-

TU

BEMr_^

Schematicdiagrams
of
sectionsthroughmalebladderandurethra,viewed(a)fromthefront,and(b)fromtheleftside.D,

detrusorsmoothmuscle,
T,

trigone;SM,urethralsmoothmuscle;DS,distalintrinsicurethralsphincter(striatedmuscle);PS,periurethralsphincter(striatedmuscles
ofthepelvicfloor/urogenitaldiaphragm);BN,bladderneck;P,

prostategland;MU,membranousurethra;PU,penileurethra;EM,externalmeatus;
E,
ejaculatoryduct;O,ureteral

orifices.(AfterGosling1979.)
Figure1.1.Schematicdiagramoflowerurinarytractanatomy
offemale(A)

andmale(B).FromGriffiths(1980).



than the female urethra and can be divided into several portions. Starting from the

bladder neck which is in continuity with the bladder, they are the prostatic urethra,

the membranous urethra, the bulbar urethra, and the pendulous urethra. The prostatic

urethra courses through the prostate gland and is approximately 3cm long, although

its length varies with the size of the prostate (Wein and Barrett, 1988; Tanagho,

1992). The membranous urethra, distal to the prostate is approximately 2.5 cm long

(Wein and Barrett, 1988) and is the location of the urethra's associated striated

muscle, the rhabdosphincter, which is under somatic nervous control (Dixon and

Gosling, 1987; Tanagho, 1992). The striated muscle sphincter in the female is located

in the middle third of the urethra (Tanagho, 1992). The anterior portion of the urethra

in the male is the penile urethra which contains the bulbar and pendulous urethral

segments and is approximately 15cm long (Tanagho, 1992). The smooth and striated

muscles of the urethra and the striated muscles of the pelvic floor help to maintain

continence during filling (Dixon and Gosling, 1987).

At a convenient time to void, the storage phase ends and the "voiding phase"

begins. Voiding is initiated when the muscles of the pelvic floor relax under somatic

control, (Torrens, 1987b). The detrusor then contracts to empty the bladder via

autonomic reflexes (Torrens, 1987b).
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1.2 Anatomy and Physiology of the Urinary Bladder

The urinary bladder consists of three layers of tissue: the innermost layer is

the uroepithelium which is a mucosal membrane lining the lumen of the bladder and

is water tight but permeable to some ions (Steers, 1992). The middle and thickest

layer is the detrusor, the smooth muscle component of the bladder. The outermost

layer is connective tissue that is intertwined with the smooth muscle of the detrusor

where the two layers meet (Wein and Barrett, 1988).

The detrusor is usually divided into two regions: the main detrusor or bladder

body and the trigone, the region demarcated by the two ureteral orifices and the

vesicourethral junction (figure 1). The trigone can be divided into two layers:

superficial and deep, both of which consist of smooth muscle fibers which are

continuous with the ureters. The trigone is formed from the caudal portions of the

mesonephric duct (Herman and McAlister, 1991). It therefore, has the same

mesodermal embryologic origins as the ureters (Tanagho, 1992). The bladder body,

on the other hand, is formed from the upper vesicle portion of the cloaca (Herman

and McAlister, 1991; Tanagho, 1992). Because of its varied embryologic origins, the

bladder is not necessarily homogeneous (discussed further in chapter 2).

Smooth muscles contract slower and over a larger length range than skeletal

muscles (Wein and Barrett, 1988). Smooth muscle contraction involves the cyclic

interaction of thin filaments which are composed of actin, tropomyosin, and

caldesmon, and thick filaments, which are composed primarily of myosin (Steers,

1992). A Caº'-dependent phosphorylation of the myosin light chain results in cross

:



bridge formation and force production between the thick and thin filaments (Steers,

1992). Smooth muscle contraction can therefore be described by a modified version of

the crossbridge and sliding filament mechanism developed to describe the action of

skeletal muscles (Wein and Barrett, 1988; Rüegg, 1988; Steers, 1992).

The myofilaments in skeletal, or striated, muscles are maintained in a rigid

structure which creates the striations in the muscle. On the other hand, the filaments

in smooth muscle are not held in such rigid a structure and they lack the striations

evident in skeletal muscle (Wein and Barrett, 1988). When smooth muscle contracts,

the myosin filaments slide along the actin filaments which are attached to "dense

bodies" (figure 2). The dense bodies are attached to either the cell membrane or to a

structural protein scaffold made of the intermediate filaments vimentin and desmin

(Wein and Barrett, 1988; Rüegg, 1988; Steers, 1992). This structure allows smooth

muscle to shorten to a greater extent than skeletal muscles.

Some smooth muscles contain many gap junctions between muscle cells which

encourage the rapid propagation of electrical impulses and allow the muscle to act as

a syncytium. Even though the detrusor contracts as a single entity, it does not have

gap junctions (Wein and Barrett, 1988), and relies on autonomic innervation for its

coordination.

The urinary bladder is innervated by both sympathetic neurons, via the

hypogastric nerve, and parasympathetic neurons, via the pelvic nerve. Both nerves

contain afferent neurons as well. The afferent signals originating in the bladder are

thought to carry signals relating to stretch, tension, and nociception in the bladder
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wall (Wein and Barrett, 1988; Steers, 1992; de Groat, 1993).

The bladder body is rich in cholinergic receptors and has minimal adrenergic

innervation, while the trigone and proximal urethra are richer in adrenergic

innervation. The neural control responsible for continence and micturition is

controlled by spinal reflexes, spino-bulbar reflexes, and conscious descending control

from the cerebrum (Wein and Barrett, 1988; Steers, 1992; de Groat, 1993).

1.3 Urodynamics

Two diagnostic tests are routinely used to measure the mechanics and neural

reflexes of the urinary bladder. The first is the cystometrogram, in which the

intravesical pressure response to filling is measured. It is performed after first

emptying the bladder. Wather or saline is then infused into the bladder at rates of 10

100 ml/min while the intravesical pressure response is measured (Abrams, 1984). The

pressure increases by approximately 10 cmH2O in a normal human bladder (Abrams,

1984) when it is filled to capacity: 250-750ml (Torrens, 1987a). Compliance is the

change in volume divided by the change in pressure and is a function, not only of the

mechanical properties of the bladder wall, but also of the mass of the bladder and its

contained volume at rest (chapter 5).

The second mechanical diagnostic test is a pressure-flow curve obtained during

micturition. This is performed by placing a pressure transducer into the bladder via

either a urethral or a suprapubic catheter, and simultaneously measuring the flow rate

as the patient voids (Abrams, 1984). The pressure-flow data is dependent on the

11



mechanics of both the bladder and urethra while the cystometrogram is a function of

only the bladder. In addition, the cystometrogram data can be considered quasistatic,

allowing the use of equilibrium equations when attempting to model it. Therefore, I

have used cystometrogram data to verify my model presented in chapters 3-5 rather

than pressure-flow data. In chapter 6 I use the equilibrium equations again to model

isometric detrusor contractions.

1.4 Review of Mathematical Models of Bladder Function

The bladder is visually inaccessible and its function in vivo is intrinsically tied

to the function of the urethra. Therefore, it is a logical organ to study with

mathematical models. Mathematical models are used to isolate and investigate bladder

function from data which is a function of both the bladder and the urethra, to better

understand bladder function, and to develop parameters that can help make clinical

decisions. Mathematical models of both filling and voiding have been identified by

stretching strips harvested from animal bladders uniaxially, and assuming that this

experiment represents the biaxial stretch bladder material undergoes in vivo. All of

the models assume the bladder is homogeneous and isotropic and can be represented

by a single constitutive function.

In this thesis, I present a constitutive model of the urinary bladder that is

derived from a strain energy function and is therefore different from previous models.

I have used this model to ansewr the following questions: What is the effect of shape

on the cystometrogram (chapter 3)? Do biaxial and uniaxial extension give the same
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stress (chapter 4)? What is the effect of bladder hypertrophy and overdistension on the

cystometrogram (chapter 5)? What is the effect of overdistension on initiation of

micturition (chapter 6)?

I first present a review of previous mathematical models. Unlike my model,

these have been developed primarily to identify parameters useful in making clinical

diagnoses, rather than to test scientific hypotheses.

1.4.1 A.V. Hill Model

The most popular models of bladder function are patterned after A.V. Hill's

spring and dashpot model of skeletal muscle function (Hill, 1938). Hill’s model was

developed for skeletal muscle oriented linearly so the mechanical variables are force,

length, and velocity. The equivalent mechanical variables in the urinary bladder are

pressure, volume, and flow rate. All mathematical models of the urinary bladder

include assumptions about its geometry. With few exceptions, prior models have

assumed the bladder to be a thin-shell sphere, without testing the accuracy of either

assumption.

Most bladder models, in the fashion of Hill, divide the mechanics of the

detrusor into passive properties, those not requiring neural stimulation, and active

properties, those requiring metabolic demand and neural stimulation (van Mastrigt, et

al., 1978a and 1978b; Griffiths, 1980). While the elements of these Hill-type models

are not ascribed to distinct morphologic, histologic, or molecular entities (Schäfer,

1991b), they are assumed to be additive (van Mastrigt and Griffiths, 1979; Griffiths,

jº
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et al., 1979; Uvelius, 1980). The passive properties dominate the mechanics of the

bladder in the storage phase (Griffiths, 1980). The active properties involve the

interaction of actin and myosin filaments via crossbridges in the detrusor muscle cells,

and dominate the mechanics in the voiding phase (Griffiths, 1980).

The passive properties of the bladder have been modelled as a set of linear

springs, dashpots, and plastic elements (figure 3), with 8 parameters (Griffiths, 1980),

12 parameters (van Mastrigt, et al., 1978b), or 14 parameters (van Mastrigt, et al.,

1978a). Two of these are whole bladder parameters with physiological meaning: rest

volume, and bladder wall volume (van Mastrigt, et al., 1978a and 1978b). The other

parameters are mathematical constructions and, being linear, are only valid for small

strains (Griffiths, 1980). Therefore, these models are not useful to increase our

understanding of function of the passive structures of the bladder. In addition, because

of the large number of parameters and the structure of the model, most of the

parameters are not identifiable from clinical data and therefore are not clinically

useful (van Mastrigt, et al., 1978a and 1978b).

The active properties of the bladder have been primarily modelled using A.V.

Hill's hyperbolic force-velocity relation (Hill, 1938), adapted for the smooth muscle

of the urinary bladder, via strip studies on animal bladders (Griffiths, et al., 1979;

van Mastrigt, et al., 1986). The largest force the detrusor can produce is during an

isometric contraction and force decreases with increasing velocity in a hyperbolic

fashion (Griffiths, et al., 1979), as in figure 4. Force is also a function of the muscle

length and active state or level of neural excitation (van Mastrigt and Griffiths, 1979).
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Figure 1.3. Mechanical model used to describe urinary bladder mechanics.
C is the contractile element and includes all contractile properties. Eo, E1,
E2, and E, describe the springs and mi, m2, and m3 describe the dashpots in
the spring and dashpot model of passive urinary bladder. mo is a plastic
element in series with the viscoelastic passive properties.
From van Mastrigt, et al. (1978a).
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Figure 1.4. Schematic of Hill-type mechanical model of muscle, showing the properties of
the hyperbolic dashpot for bladder smooth muscle (Griffiths, et al., 1979). The
viscoelastic passive properties are represented here simply as a black box. The active
properties are represented as an ideal force generator in parallel with the hyperbolic
dashpot, both of which are in series with a nonlinear series elastic element.
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The Hill force-velocity relation is usually combined with a series elasticity

(figure 4) to account for instantaneous force responses to step changes in length or

vice versa (van Mastrigt and Griffiths, 1979). This model has been followed for the

urinary bladder and the parameters describing the series elastic element have been

used to curve fit the Hill force-velocity hyperbola to voiding data (Griffiths and

Rollema, 1979; van Mastrigt and Griffiths, 1979; Schäfer, 1991a and 1991b). Drolet

and Kunov (1975) used a Hill force-velocity hyperbola with a series elastic element,

assuming a thin-shell sphere, to model the bladder and make predictions about its

neural control during voiding. However, because of the large standard deviations in

curve fits and the number of corrections needed to rectify data at small and large

testing forces, the model of a single series elastic element external to the sliding

filaments in the detrusor is not an accurate one (van Mastrigt and Tauecchio, 1982).

Using the assumption that the changes in urethral resistance occur quasistatically, the

series elastic element has sometimes been ignored (van Mastrigt, 1991).

Some researchers have attempted to address the length dependence of the Hill

force-velocity hyperbola by trying to find variables that are length-independent. In

contrast to isometric detrusor force and maximum bladder flow rate, both isometric

bladder pressure and maximum detrusor contraction velocity have been found to be

independent of, or unchanged by changes in, bladder volume (Griffiths, 1980;

Griffiths and van Mastrigt, 1985). Therefore, clinical pressure-flow curves have been

transformed to pressure-velocity curves (assuming a thin-shell sphere) and attempts

have been made to fit these to a Hill-type hyperbola. Only 9% of clinical pressure
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flow curves trace out part of a hyperbolic pressure-velocity curve (van Mastrigt and

Griffiths, 1987). Only 12% of clinical pressure-flow curves can be used to identify

the two intercepts of the hyperbolic pressure-velocity curve, Po and vaux, thought to be

potentially useful diagnostic parameters (van Mastrigt, 1990). Van Mastrigt (1991)

has however, developed an approximation scheme which allows one to solve for Po

and Vmax from any micturition data. He claims some success and clinical applicability

of these two parameters in determining normal and abnormal bladder contractility

(van Mastrigt, 1991).

1.4.2 Bladder Working Function

Inspired by the Hill model, the force-velocity relation during voiding has been

calculated from pressure-flow data, assuming a thin-shell sphere, and called the

Bladder Working Function (Schäfer, 1983). During voiding, the volume of the

bladder decreases, the urethral resistance changes, and perhaps the neural control of

the bladder varies. Therefore, the Bladder Working Function can not represent the

Hill hyperbola. The Bladder Working Function has been used, however, with

different urethral models to attempt to differentiate effects of decreased bladder power

from those of increased urethral resistance in clinical and experimental data (Drolet

and Kunov, 1975; Griffiths, 1977; Schäfer, 1983; Siroky and Krane, 1983; Griffiths,

1991) with limited success (Schäfer, 1991a).
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1.4.3 Force Phase Plots

Other attempts to identify clinically relevant parameters have used phase plots

of force (F) vs. the rate of change of force (dP/dt) during isometric contractions. In

an isolated bladder strip, force increases most rapidly initially, so that dF/dt decreases

linearly with the increase in force, leading to easy identification of a time constant

and an idealized dR/dt intercept, U (van Mastrigt, et al., 1986; van Koeveringe and

van Mastrigt, 1991). Adding different contraction stimulating and blocking agents to

the muscle bath and calculating the resulting time constants has led to the conclusion

that the influx of extracellular calcium ions is the rate limiting step in isometric

contractions of isolated detrusor muscle (van Koeveringe and van Mastrigt, 1991).

When the phase plot analysis is applied to isometric contractions of whole

bladders in vivo (assuming it is a thin-shell sphere), the results are less clear. The

relationship between dB/dt and F is less linear (Nishizawa, et al., 1985; van Mastrigt

and Griffiths, 1987). Nonetheless, attempts have been made to fit part of the phase

plot to a line and correlate the slope and intercepts with parameters derived from the

Hill-type models (Nishizawa, et al., 1985; van Mastrigt and Griffiths, 1987).

However, the phase plot parameters are highly related to urethral obstruction

(Rollema and van Mastrigt, 1987) and their meaning is less clear in vivo.
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1.4.4 Relative Contractile Power

Increased urethral resistance and decreased bladder power both result in low

flow. Schäfer (1983) has used the balance of energy and work between detrusor

power and urethral resistance to demonstrate that flow rate data alone, as in

uroflowmetry, is not enough information to distinguish between decreased bladder

power and an obstructed urethra (Schäfer, 1990). Most recently, he has defined

"relative contractile power" of the detrusor as the ratio of the actual power developed

to the maximum power possible, according to the Hill model, as a function of time

during voiding (Schäfer, 1991b). Unfortunately, he assumes constant pressure during

voiding when he differentiates work to obtain power (Schäfer, 1983). Bladder

pressure is not constant during voiding, especially in patients with outlet obstruction

to whom this model has been applied (van Mastrigt and Griffiths, 1987; Schäfer,

1983; Schäfer, 1990; Schäfer, 1991b), making this model inaccurate by an unknown

error.

1.4.5 Contraction Strength, WF

Based on Schäfer's estimates of power and his own Hill-type pressure

contraction velocity work, Griffiths has developed a measure of contraction strength,

WF (Griffiths, e al., 1986). It consists of the Hill hyperbola equation in pressure and

velocity, modified so it equals zero when there is no contraction and divided by 21

which they claim gives units of power (Griffiths, et al., 1986). The force phase plot

parameter U, has been divided by the circumference of an idealized spherical bladder

20



at full capacity, l (van Mastrigt and Griffiths, 1987) and has been related to the Hill

parameter vinas, divided by l as well (van Mastrigt and Glerum, 1985a). It has been

included, along with WF and urethral resistance parameters, in a urodynamic analysis

program, CLIM. The program calculate the parameters from pressure-flow clinical

urodynamic data based on a thin-shell sphere model. It has been used to attempt to

quantify the degree of urethral obstruction (Griffiths, et al., 1989; Rollema, et al.,

1991; van Mastrigt and Kranse, 1993), the effects of anticholinergic drugs on bladder

contractility (van Mastrigt, 1992), and the effect of transurethral resection of the

prostate on urethral resistance and bladder contractility (Rollema and van Mastrigt,

1987 and 1992; van Mastrigt and Rollema, 1992; van Mastrigt, 1993). Thus, it

appears that although the parameters are based on a variety of unproven assumptions

about the bladder, they might serve a useful diagnostic purpose.

Decreased WF before surgery has been correlated with poor outcome of

prostatectomy; however, it could not be used reliably to predict which patients would

benefit from prostatectomy (Robertson, et al., 1993). WF has been shown not to

differ between normal women, stress incontinent women, and stress incontinent

women who have had bladder neck suspensions, perhaps showing it is indicative of

intrinsic bladder contractile properties not affected by stress incontinence or its

treatment (Constantinou, 1991). However, when normals were compared to patients

treated with Thiphenamil HCl which successfully treated their bladder contractile

instability, there was again no significant change in WF (Constantinou, 1992). Likely,

it is the large standard deviations of measured WF values (Constantinou, 1991 and
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1992) which make it difficult to use. It has however, been used as the basis of a

neural control model of the lower urinary tract (Hosein and Griffiths, 1990).

1.4.6. Other Models

Other, more complicated, models have been used to calculate stress in the

bladder wall. Tözeren (1986) modelled the bladder as a fiber-reinforced, thick-shell

sphere with stress as a function of strain, strain rate, and biochemical activation.

Regnier et al. (1983) modelled the bladder as a thick-shell sphere using a strain

energy function. Venegas (1991) developed three different spring and dashpot models

and a thin-shell sphere model to characterize the contracting force-velocity relation of

the bladder. He used in vivo animal data to select one as the best fit (Venegas, et al.,

1991). However, none of these models has found further application.

Some of the above models have included a volume of noncontractile tissue,

enclosed by the contracting part of the bladder wall, equal to approximately 10ml

(Griffiths, 1980; Griffiths, et al., 1986; Hosein and Griffiths, 1990; Griffiths, 1991;

Constantinou, 1991; Constantinou, 1992). It represents the mucous membrane lining

of the bladder lumen and was originally used to adjust for errors at low volumes in a

small strain elastic model (Griffiths, 1980). By using finite strain theory and a thick

wall model, we can more appropriately correct for any errors at low volumes. In

addition, the volume of noncontractile tissue could be used so that one excludes the

noncontractile tissue when one models the contractile tissue. However, since the

detrusor is the largest layer of the bladder, I have averaged the contractile stresses
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over the entire width of the bladder wall and do not need to include this parameter in

my model.

1.5 The Model Presented In This Thesis

Rather than using a spring and dashpot model, I have used an equilibrium

stress-stretch relation to represent the isometric properties of the bladder. Unlike most

spring and dashpot models, this model is valid for incompressible materials, large

deformations, and biaxial stresses. In addition, spring and dashpot models can not

include bending forces, even when extrapolated to three dimensions. The equilibrium

stress-stretch relation can be adapted to include a strain-rate, or viscous, dependence,

but that is not within the scope of this thesis.

In chapter 2, I have retained the division of bladder mechanical properties into

passive and active and have defined active mechanical properties as those that are

stimulated by nervous input and passive properties as those present regardless of any

neural stimulation (Griffiths, et al., 1979; van Mastrigt and Griffiths, 1979). I then

use preliminary data to suggest that homogeneity and isotropy are good assumptions

for the passive bladder (chapter 2).

In chapters 3, 4 and 5, I have assumed isotropy and homogeneity and used the

constitutive model to study the mechanical properties of the bladder during filling

regardless of whether the forces are developed passively or actively. Nonetheless, the

passive mechanics dominate during filling (Griffiths, 1980; Torrens, 1987b). The

constitutive form of the model presented here enabled me to address hypotheses not
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addressable with a spring and dashpot model. I tested the assumption that the bladder

is a sphere by comparing it to spheroidal models (chapter 3). I derived a strain energy

function which reduces to the stress-stretch constitutive model used in the rest of the

thesis to determine if uniaxial experiments accurately reproduce biaxial mechanics

(chapter 4). I used the constitutive model again to determine the effects of

hypertrophy and overdistension on the cystometrogram and applied this to clinical and

experimentally induced cases of hypertrophy due to outlet obstruction (chapter 5).

When studying hypertrophy without overdistension, one must use a thick wall model

of the bladder instead of the thin shell model used in the rest of the thesis. However,

since I have used a stress-stretch relation to represent the material in the thin shell

model, it is a simple extension to use the same relation to represent the material in the

thick wall model (chapter 5).

In chapter 6, I investigated the mechanical properties of the bladder when it is

contracting isometrically, again not distinguishing between those forces developed

actively and those developed passively. I again used a constitutive thin shell sphere

model to determine if the inability to void after acute urinary retention could be due

to plastic deformation of the bladder due to overdistension and concluded that with

enough plastic deformation, one would be unable to initiate voiding (chapter 6).
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CHAPTER 2: HOMOGENEITY AND ISOTROPY OF THE PASSIVE

URINARY BLADDER

2.1 Abstract

Before developing a constitutive model, I first needed to determine if the

passive urinary bladder can be assumed to be isotropic and homogeneous. Therefore,

I describe here a set of preliminary data which suggest that the urinary bladder, when

passive, is isotropic and homogeneous.

A, o constants in stress-stretch relation
do depth of bladder strip at rest, F=0
F measured force in bladder strip
| length of bladder strip when stretched, F-0
lo length of bladder strip at rest, F=0
wo width of bladder strip at rest, F=0
V contained volume of sphere
Vo contained volume of sphere at rest, pressure=0
AN stepwise change in stretch
AV stepwise change in volume
X stretch of bladder strip
o Lagrangian stress in bladder strip

Table 2.1. List of Symbols.

2.2 Introduction

Since the bladder does not contract during the long period when it is filling

(Torrens, 1987b), the passive mechanics have direct impact on the filling dynamics of

the bladder. The passive urinary bladder consists of a plastic, viscoelastic material

(Alexander, 1971; van Mastrigt et al., 1978b; Torrens, 1987a). The normal operating
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range of the bladder is in the viscoelastic region: it is only when the bladder is

abnormally overstretched that plastic deformation occurs (Alexander, 1971).

Before modelling whole bladder properties such as shape and wall thickness, I

had to determine a constitutive relation for the bladder material itself and decide if

only one constitutive relation would suffice. The simplest hypotheses possible are

homogeneity and isotropy. A homogeneous material is the same in all regions. An

isotropic material has the same properties in all orientations or directions.

I could not assume homogeneity a priori because the entire bladder does not

originate from the same embryologic structure: the trigone, the triangular part of the

bladder base lying on the posterior side between the ureteral orifices and the interior

urethral meatus (Dixon and Gosling, 1987), originates from mesodermal tissue while

the rest of the bladder is endodermal in origin (Moffat, 1982). In addition, the

bladder dome has a relative abundance of cholinergic nerve endings and relatively few

adrenergic nerve endings, while the base is innervated in the reverse pattern (Wein

and Barrett, 1988). Potjer and Constantinou (1989) have shown that the amplitude of

spontaneous contractions in transverse strips cut from the dome is greater than those

from the base. Levin, et al. (1988) found that the bladder base has a greater tension

response at all dose levels to the adrenergic agonists: methoxamine, isoproterenol, and

epinephrine. On the other hand, the bladder dome has a greater tension response at all

dose levels to the muscarinic cholinergic agonist, bethanechol, and to ATP (Levin et

al., 1988). In addition, the ureters enter the bladder on the posterior side (Crouch,

1985) and the trigone area is also on the posterior side, creating a possible
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inhomogeneity between anterior and posterior bladder areas.

Neither could I assume isotropy a priori. Potjer and Constantinou (1989)

found that longitudinal strips have a higher frequency and amplitude of spontaneous

contractions than transverse strips. However, bladder anatomy suggests that isotropy

is a valid assumption: detrusor smooth muscle cells are arranged in randomly oriented

bundles surrounded by collagen (Brading, 1987). Indeed, van Mastrigt, et al. (1978a)

suggested that the bladder is isotropic but not that it is homogeneous.

All researchers modelling the bladder have made these two assumptions

(Hinman and Miller, 1963; Alexander, 1971; Matsumoto and LaGrange, 1973;

Coolsaet et al., 1975b; van Mastrigt et al., 1978b; Griffiths and Rollema, 1979;

Griffiths, 1980; van Mastrigt and Griffiths, 1986; van Mastrigt, 1990; Venegas,

1991; among others). Tözeren (1986) modeled the bladder as a sphere composed of

fibers but he assumed the fibers were be isotropically arranged, without testing if this

Were true.

I designed an experiment to test the hypotheses that the passive bladder is

homogeneous and isotropic in both its elastic and viscous force responses to stretch.

Strips were cut from different regions of the bladder and with different orientations. I

then compared force responses to a uniaxial step stretch at peak force, 1 sec after

peak, 5 sec after peak, and 15 sec after peak. I determined that the passive bladder is

very likely homogeneous and isotropic.
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2.3 Methods

2.3.1 Experimental Methods

Six bladders were excised from sacrificed dogs, undergoing cardiovascular

experimentation. The dogs weighed 44 to 80 lb and the bladders weighed 11 to 25 g.

I cut two to four strips from each bladder, each approximately 1.5 x 0.5 x 0.5cm, for

a total of 20 strips and stored them in Tyrode's solution (g/L. NaCl 8.0, KCl 0.2,

NaH2PO, H.O 0.05, CaCl, 0.2, MgCl, 6H,O 0.1, and glucose 1.0) at 0°C both

before and during the experiment.

Tyrode’s solution was selected because it is the traditional nutritive bathing

medium for passive in vitro experiments on bladder preparations (Samadzadeh et al.,

1992). Zero degrees was used because the results were most repeatable at that

temperature. Because there was only one strip-testing apparatus, each strip was stored

for a time between 10 minutes and 1 1/2 hours after excision and before testing.

Each strip was categorized according to its location and direction. The dome

and the base are the two major areas of the bladder surface and anterior and posterior

are the two sides of the bladder. Therefore, I determined location of a strip as either

bladder dome or base, and either anterior or posterior. Because of its anatomy, the

principal directions of the bladder, regardless of whether it is spherical or spheroidal

(chapter 3), are the urethra-to-dome, or vertical direction, and the direction

perpendicular to it, or horizontal direction (figure 2.1). Therefore, strips were cut in

either of those two directions and labelled accordingly.

I needed to create an attachment system that would minimize slippage as the
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Figure 2.1. Diagram of urinary bladder with notation of the two strip orientations tested in
experiments verifying isotropy: vertical (V) and horizontal (H).
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bladder strip was stretched. I therefore wrapped a piece of dry felt, approximately

3mm x 2cm in size, around the bladder strip in two places, approximately 1cm apart.

The felt was secured by wrapping a piece of number 0 silk around it and tying tight

clove hitch and half hitch knots. When the felt and strip were resubmerged in the

Tyrode's solution, the felt swelled, securing itself between the strip and the silk and

reducing slippage.

Before mounting the strip in the stretching apparatus, I measured the distance

between the two silk threads. This was defined as the rest length, lo, and was used to

calculate stretch. I also measured width, wo, and depth, do, of the strip and assumed

that both of these are constant along the length of the strip, confirmed by visual

inspection and water displacement tests. These are the rest width and rest depth of the

strip, respectively, and are used to calculate stress from force.

I confirmed this method on 4 strips by measuring the average cross-sectional

area as well: I determined the volume of the region of the strip between the two silk

threads by water displacement and calculated what the average cross-sectional area

must be, given the known distance between the threads. I took a prismatic shape for

each strip and compared the cross-sectional area from the wo and do caliper

measurements to that from the water displacement measurements. Two of the strips

were unusually irregular, leading to 23% and 30% difference between the two

measurements. The other two strips had 6% and 15% difference between the two

measurements. These discrepancies are of the same order as the error in using the

calipers on this soft tissue. Therefore, in most cases, either method can be used for
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finding wo and do.

The silk thread at the top end of the bladder strip was attached to the force

transducer (Sensotec, model 31) which remained stationery above the muscle bath.

The thread at the bottom end of the strip was secured to the bottom of the muscle

bath and the bath was filled with Tyrode's solution. The bath has an outer chamber,

through which ice water was pumped to maintain the bladder strip at 0°C throughout

the experiment.

The muscle bath was attached to a stand which could be raised or lowered by

a knob at the top, 1/2 cm per 360° turn (figure 2.2). I lowered it 1/2 turn at a time,

so each step stretch increased the length of the strip by 0.25 cm. A ruler was attached

inside the bath, parallel to the direction of stretch, and used to confirm the length of

the strip after each stretch (figure 2.2). Each strip was stretched until it slipped out of

the felt and silk securing mechanism or until it reached the maximum length

measurable in the apparatus, about 5 cm. Force was sampled by an IBM-AT clone

computer sampling at 10,20, or 30 Hz for at least 100, 40, and 30 seconds,

respectively.

Of the 19 useable bladder strips, there were 9 horizontal and 10 vertical strips

(table 2.2). Fifteen of the strips were from the bladder dome, while 4 of them were

from the base. Nine strips were from the anterior side of the bladder and 8 were from

the posterior side. Two strips were from the top of the bladder dome and could not be

categorized into either anterior or posterior. Therefore, their results are not included

in the analysis of the anterior and posterior groups.
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Figure 2.2. Photo of apparatus for uniaxial stretching experiments. Note force
transducer above muscle bath and ruler in muscle bath. At top of the photo is the
knob for moving muscle bath down to stretch muscle strip.
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strip dog minimum maximum Orientation Location
number number Stretch Stretch

1 1 2.02 4.34 Vertical Dome, Posterio
2 1 1.45 3.52 Vertical Dome, Posterior

3 1 1.20 3.68 Vertical Dome, Anterior

4 1 1.14 2.63 Vertical Dome, Anterior

5 2 1.43 2.38 Vertical Dome, Posterior

6 2 1.06 2.72 Vertical Dome, Posterior

7 2 1.36 4.00 Vertical Dome, Ameno
8 2 1.10 2.64 Vertical Dome, Anterior

9 3 1.40 3.38 Horizontal Base, Anterior

10 3 1.49 3.72 Horizontal Dome, Top

11 4 1.47 3.19 Horizontal Dome, Posterior

12 4 1.14 3.07 Horizontal Base, Anterior

13 5 1.52 3.31 Horizontal Base, Posterior

14 5 1.17 2.76 Horizontal Dome, Top

15 5 1.37 2.69 Horizontal Base, Anterior

16 6 1.43 2.25 Horizontal Dome, Anterior

17 6 1.17 2.75 Horizontal Dome, Anterior

18 6 1.29 3.12 Vertical Dome, Posterior

19 6 1.45 3.29 Vertical Dome, Posterior

Table 2.2: Dog number, minimum stretch, maximum stretch, location and orientation
for each strip.

-
C
rea

C
nº

yº

33



2.3.2 Analysis Methods

When the bladder strip was step stretched, the force response immediately rose

to a peak and then declined exponentially. The greater the overall stretch of the strip,

the longer its force response took to reach steady-state. In addition, the rate of force

decline was also a function of cross-sectional area of the strip at that stretch. The

strips used were not all exactly the same size. Therefore, I calculated the Lagrangian

stress and compared the stress-stretch data for each strip, at selected times. This

analysis method takes the dependence of force on both stretch and cross-sectional area

into consideration and allows the comparison of constitutive relations between strips

without loss of information. In addition, these stress-stretch relations can also be used

to compare the stresses generated in uniaxial and biaxial stretching (chapter 4).

For each step stretch force record, or trial, I identified the peak force (which

occurred at the end of the step in stretch), force 1 second after peak, force 5 seconds

after peak, and force 15 seconds after peak. Stretch, N, was obtained by dividing the

length of material between each silk thread, l, by the rest length, lo:

A = (2.1)l

I.

Note that the stretch, N, equals one plus the more common state variable, Lagrangian

strain. However, stretch is the appropriate variable for analyzing large deformation

such as here, since the stretch is one of the principle components of the deformation

gradient (Gurtin, 1981).

Lagrangian stress at each one of these times was also calculated, assuming that

34



bladder tissue is incompressible, and using the equation:

O = (2.2)

where 0 is stress, F is the measured force, and wo and do are the width and depth of

the strip (between the silk threads) at rest, zero force. Note that wox do is the cross

sectional area of the strip at rest.

Because every strip was not stretched to the same stretch values, I curve fit

each stress-stretch constitutive relation to:

o = A (A* – A 7"). (2.3)

This equation is derived in chapter 4 as the uniaxial stress-stretch relation analogous

to the biaxial stress-stretch relation used in chapters 3 and 4. It also uses only two

parameters to describe the curve, requires the curve fit to have zero stress at the rest

length, and fits the data well. A sensitivity analysis, performed by varying the fourth

digit and noting no change in the R* curve fit value, demonstrated that both curve fit

parameters had 3 significant digits.

Because there were quite different stretch ranges among the different strips

(table 2.2) and the curve fits were not necessarily valid beyond the stretch range of

each strip, I did not average the curve fit parameters themselves for strips with the

same orientation and location, as that would not weight the different strips according

to their different stretch ranges. Instead, I used the curve fits to predict stress values

at intervals of 0.05 from the minimum to the maximum stretch value of each strip.

I then averaged the predicted stress values of all strips to obtain total average

:
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stress-strain data. I grouped the strips according to their location and orientation and

compared the average values of stress at 61 stretch values between N = 1.0 and

N=4.0. I used a Student's t-test (Crow, et al., 1960) to compare the mean stresses.

2.4 Results

Seven to 19 useable steps were obtained from each strip. For the first few

steps, the strip was unfolding rather than being stretched beyond its rest length and

therefore not generating any force. Data from some steps were not used because the

strip slipped in the securing mechanism during data collection, the step stretch was

not executed quickly enough, or data collection was triggered too late to record the

initial peak force. No data from one of the 20 strips was useable because stretch was

mismeasured. Therefore, there were 266 total useable step stretches from 19 strips to

compare to each other.

After each step in stretch, the force peaked, then declined (figure 2.3). As

shown in figure 2.3, the force decay is strongly dependent on stretch: the greater the

total stretch of the strip, the longer the time to reach steady state force.

The stress-stretch data at force peak, 1 sec after peak, 5 seconds after peak,

and 15 seconds after peak, all showed a shape typical of soft tissue (figure 2.4): a

compliant range at small stretch values and a steeper, stiffer range at higher stretches
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Figure 2.3. Three examples of force-time records from step stretches of bladder
strips. All are from strip number 16. The top one was stepped to a stretch of 2.6, the
middle one to 2.0, and the bottom one to 1.6. Both the force at any time after the
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JOO

25O

2OO

1
O15 OO

50

1.O 1.5 2.0 3.0 3.5 4.02.5
STRETCH
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seconds after peak. Diamonds are stress 15 seconds after peak. The stress declines
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(Fung, 1981; Fung 1984). At each stretch value, stress decreased rapidly in the first

second after peak and progressively more slowly in every successive time interval.

The stresses measured here are in the same range as those of other researchers who

report their results in stress rather than force (Alexander, 1976; Uvelius, 1980).

The curve fits to individual strip stress-stretch data, using equation (2.3), all

had R* values greater than 0.96 (tables 2.3–2.6). The range of magnitude, or A,

values is quite large and decreases as time increases and stress value decreases after a

step stretch. On the other hand, the range of the exponential value, or o, values is

small and in general increases with increasing time after step stretch.

At each time and all stretch values there was a large range of possible stresses

(figure 2.5a-d), as suggested by the large range of curve fit parameter values. Some

individual strips show evidence of an elastic limit (stress declines with increasing

stretch). However, even though stress in the total average stress-stretch relation

(dashed line, figure 2.5a-d) decreases at N=3.4, this probably does not represent a■ l

elastic limit. Only 5 strips were stretched beyond N=3.4 and those were more

compliant strips.

To compare the mean results from different groups of strip data, I examined

stress values at stretches from N=1.3 to N=3.3. This range includes physiological

range of stretch: if I assume a rest volume of 20ml, it corresponds to a bladder

volume range of 44 to 720ml.
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Table 2.3: Results of curve fitting equation (2) to stress-stretch data for each strip at
peak force.

strip A Cy R2
number (mN/mm.”)

1 15.9 2.10 0.9975

2 2.72 2.78 0.9939

3 14.5 2.28 0.9995

4 21.3 1.78 0.9955

5 5.24 2.79 0.9743

6 23.9 1.65 0.9979

7 3.39 3.32 0.9972

8 14.4 2.34 0.9926

9 10.2 3.32 0.998.7

10 2.26 3.87 0.9960

11 1.75 3.83 0.9984

12 4.62 3.44 0.9967

13 4.92 3.12 0.9982

14 21.9 3.08 0.9986

15 3.81 3.86 0.9990

16 4.71 3.71 0.9967

17 13.2 3.09 0.9951

18 9.52 3.87 0.9952

19 4.17 3.61 0.9992
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strip A o: R2
number (mN/mm.”)

1 12.5 2.19 0.984.1

2 1.93 2.88 0.9928

3 10.5 2.38 0.9997

4 14.2 1.95 0.9950

5 4.16 2.65 0.9768

6 14.7 1.92 0.9979

7 1.95 3.65 0.9984

8 10.4 2.41 0.9916

9 8.18 3.39 0.9982

10 1.48 || 4.09 || 0.9969 T

11 1.58 3.76 0.9978
|12 3.37 3.57 0.9971

13 3.26 3.26 0.9986 |
14 19.2 2.94 0.9924 |
15 2.62 4.04 0.9986

16 4.13 3.52 0.9965

17 6.21 3.61 0.9901

18 7.15 || 3.98 || 0.9981 |
19 3.37 3.57 0.9994 |

Table 2.4:Results of curve fitting equation (2) to stress-stretch data for each strip at 1
second after peak force.
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strip A Ox R2
number (mN/mm.”)

1 9.50 2.30 0.9980

2 1.41 3.01 0.9943

3 7.65 2.52 0.9998

4 10.1 2.14 0.9952

5 2.97 2.80 0.9765

6 10.98 2.07 0.9980

7 1.37 3.83 0.9986

8 7.72 2.56 0.9929

9 6.55 3.50 0.9986

10 1.07 4.28 0.9977

11 1.31 3.79 0.9980

12 2.79 3.63 0.9969

13 2.78 3.42 0.9991

14 15.3 3.04 0.9950

15 1.95 4.19 0.9985

16 3.26 -3.58 0.9984

17 4.31 3.85 0.9884

18 6.86 3.87 0.9974

19 2.41 3.74 0.9993

Table 2.5: Results of curve fitting equation (2) to stress-stretch data for each strip at 5
seconds after peak force.
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strip A Ox R2
number (mN/mm.”)

1 7.70 2.38 0.9978

2 1.08 3.13 0.9960

3 5.80 2.65 0.9998

4 8.09 2.24 0.9955

5 3.93 2.20 0.9651

6 8.58 2.20 0.9981

7 0.979 4.01 0.9989

8 6.15 2.65 0.9938

9 5.66 3.56 0.9979

10 0.858 4.40 0.9979

11 1.19 3.77 0.9979

12 2.42 3.65 0.9967

13 1.84 3.49 0.9994

14 12.6 3.14 0.9964

15 1.58 4.28 0.9986

16 3.08 3.56 0.9970

17 4.39 3.72 0.9938

18 5.53 3.95 0.9976

19 2.20 3.71 0.9998

Table 2.6: Results of curve fitting equation (2) to stress-stretch data for each strip at
15 seconds after peak force.
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Figure 2.5. Stress-stretch data from all 19 strips at peak stress (A) one second after
peak (B) five seconds after peak (C) and fifteen seconds after peak (D). The solid
lines connect the stress-stretch data from each strip. The dashed line is the average of
the stress-stretch data at each time, calculated from the curve fits as described in the
text.
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I tested the isotropy hypothesis by comparing the mean stresses of strips in a

horizontal direction to those of strips in a vertical direction (figure 2.6). As in the

total average in figure 2.5, the discontinuities in the mean stress-stretch relations

occur because of decreasing sample size and do not reflect a discontinuity or elastic

limit in the material. The same is true for the curves in figure 2.7. The average

stress-stretch relation of horizontal strips appears stiffer than the average stress-stretch

relation of vertical strips. However, due to the large standard deviations (all

horizontal standard deviations greater than 53% of mean stress, all vertical greater

than 38%), this difference was not statistically significant at the 95% level in the

stretch range considered. Passive urinary bladder material is probably isotropic in the

physiological range of stretches.

I tested the homogeneity hypothesis by comparing strips from the dome to

strips from the base and anterior strips to posterior strips. At stretches lower than 2.8,

dome and base strips are very similar (figure 2.7a). At stretch values greater than 2.8

the average dome stress-stretch relation is more compliant than the base stress-stretch

relation. Due to the large standard deviations (all dome standard deviations greater

than 34% of mean stress, all base greater than 41%), there were no significant

differences at the 95% confidence level between dome and base strips except at very

high stretches: N × 3.0. However, at these stretches I were comparing the average data

of only two strips in the base group (my smallest group) to several strips in the dome

group. Therefore, for most physiological values of stretch, there is no significant

difference between dome and base passive stress-stretch relations.
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and vertical (dashed lines) strips, demonstrating isotropy of passive urinary bladder.
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Figure 2.7. Averages of curve fits to stress-stretch data from bladder dome (A, solid
lines), bladder base (A, dashed lines), anterior (B, solid lines), and posterior (B,
dashed lines), demonstrating homogeneity of passive urinary bladder. Peak stress,
stress one second after peak, stress five seconds after peak, and stress fifteen seconds
after peak are the stiffest to most compliant curves, respectively.
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To complete the test of the homogeneity hypothesis, I compared the mean

stresses of anterior strips to those of posterior strips. At stretches lower than 2.8,

anterior strips are stiffer than posterior strips (figure 2.7b) but at stretches greater

than 2.8, anterior and posterior strips are very similar. However, due to the large

standard deviations (all anterior standard deviations greater than 33% of mean stress,

all posterior greater than 42%), none of these differences was statistically significant

at the 95% level. Therefore, passive urinary bladder tissue is probably also

homogeneous.

2.5 Discussion

Because of the large standard deviations in the data, a power analysis

demonstrated that the power of these experiments only approximately 20%.

Therefore, this data can only be considered preliminary data and more experiments

would have to be performed to undeniably confirm these results. I, however, use the

preliminary results to conclude that isotropy and homogeneity are reasonable

assumptions to use when creating mathematical models of bladder mechanics.

These experiments were conducted at 0°C. In contrast, most in vitro bladder

strip experiments are conducted at temperatures around 37°C (Anderson, et al., 1968;

Coolsaet, et al., 1975a; Coolsaet, et al., 1976; Griffiths, et al., 1979; Finkbeiner and

Bissada, 1980; Uvelius, 1980; van Mastrigt and Tauecchio, 1982; van Mastrigt and

Glerum, 1985b; Potjer and Constantinou, 1989; Groen, et al., 1993). However, by

testing strips of the same orientation from nearby locations on the bladder at 3
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different temperatures (0°C, 20°C, and 37°C), I determined that 0°C gave the most

repeatable results. It is possible that some inhomogeneities and anisotropies were

masked by the temperature difference between body temperature and these in vitro

experiments. However, since the range of stresses we observed were similar to those

observed by other researchers (Alexander, 1976; Uvelius, 1980), I consider this

unlikely.

I did not test strips oriented in the radial direction (dimension extending from

inside the bladder lumen to the exterior wall). So, I can not assume the bladder is

isotropic in that direction. The transverse layered organization of the bladder (Wein

and Barrett, 1988) suggests that the passive constitutive properties will not be the

same in the radial direction as in the vertical or horizontal directions. However, when

representing the bladder as having a thin shell (using membrane theory), there are no

radial or bending stresses (Green and Zerna, 1968; Timoshenko and Young, 1968).

Therefore, it is not necessary to ascertain isotropy in that direction for most models.

I did not test the constitutive relations of strips cut from the surface of the

bladder oriented at any angle other than horizontal or vertical. However, the detrusor

fibers and the collagen fibers on the bladder surface are randomly oriented (Brading,

1987) and I have shown that two orthogonal directions, horizontal and vertical, have

identical passive constitutive relations. Therefore, I assume that the entire surface of

the bladder is isotropic.

I only compared stress-stretch relations at 4 specific times after a step-stretch.

However, because the stress-stretch data demonstrate isotropy and homogeneity at all
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these times, I conclude that passive bladder material is isotropic and homogeneous at

all times between them as well: from the peak stress at the end of a step stretch until

15 seconds after the step. I can not as confidently come to the same conclusions at

times greater than 15 seconds after peak stress since stress has not reached steady

state by this time. However, based on my results, it is highly likely that passive

bladder tissue is isotropic and homogenous at all times and I will assume so in the

balance of this thesis.

The increase in stretch in my experiment was generated by rapidly turning a

knob on the top of the tissue bath stand by hand. Therefore, it is actually a steep

ramp increase in stretch rather than a step increase. However, the duration of the

ramp increase (0.5 sec on average) is such a small fraction of the length of time for

the tissue to relax to steady-state stress (greater than 120 sec at stretches larger than

2.0) that the ramp is effectively a step in stretch. In addition, I discarded any trials in

which the ramp increase was not rapid enough to generate a sharp peak in force.

A whole bladder is stretched biaxially as it fills with urine, so the stress

generated in a passive bladder at any stretch greater than 1.0 will be greater than that

generated by a strip stretched uniaxially (as in my experiment) at the same stretch.

However in chapter 4, I demonstrate that for the passive bladder constitutive relation I

use here (equation 2.3), there is not much difference in biaxial stress at most values

of stretch. In addition, it follows that if a material is homogeneous and isotropic when

stretched uniaxially in the basis directions, then it should also be homogeneous and

isotropic when stretched biaxially in the same basis directions. Therefore, my
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conclusions also apply to step-wise filling of whole bladders.

In vivo, bladder filling occurs as boluses of urine are pumped peristaltically by

the ureters into the bladder, inducing very small step increases in the contained

volume of the bladder and small step-stretches of the bladder wall. In order to

compare volume steps in vivo to stretch steps in vitro, I assumed the bladder is a

sphere, as other researchers have done (Hinman and Miller, 1963; Matsumoto and

LaGrange, 1973; van Mastrigt et al., 1978b; Griffiths and Rollema, 1979; Griffiths,

1980; Tözeren, 1986; van Mastrigt and Griffiths, 1986; Hosein and Griffiths, 1990;

Venegas, 1991; among others). The definition of wall stretch of a sphere is:

) i (2.4)A - *

where V is the contained volume and Vo is the rest volume (the volume at which

N=1). By differentiating, I can relate a step in volume to a step in wall stretch:

_ A VA3 - –– (2.5)
3 V,” v3

where AN and AV are the step in stretch and volume, respectively.

The ureteral contraction rate for peristaltic pumping is 2-6 boluses/min

(Edmond et al., 1970) and the bladder fills at approximately 2ml/minute (Torrens,

1987b). Therefore, a normal bolus volume is 1/3 - 1 ml. For the sake of calculating

physiological bladder step stretch, I use the greatest normal bolus size. I also take the

contained bladder volume as 200 ml, a mid-range value for human bladders (Torrens,
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1987a) and the rest volume as 20 ml, the average supine residual volume (Mainprize

and Drutz, 1989). In this case, a 1 ml increase in contained volume induces a stretch

of 0.004.

Since my length steps were always the same (0.25 cm), the stretch step size

depended on the rest length of each strip. The rest lengths ranged from 0.71 to

2.01cm, so the step stretches ranges from 0.12 to 0.35, much greater than the mid

range stretch induced in vivo. Since the instantaneous increase in stress is larger for

greater step stretches, and I was able to show isotropy and homogeneity for this larger

step, I can assume that both hypotheses hold for smaller step stretches as well.

Summarizing data for all strips together, I stretched strips from a minimum of

N=1.06 to a maximum of N=4.34. Again, assuming the rest volume is 20 ml, and

using equation (2.4), this correlates to a volume range of 24 to 1600 ml in a whole

bladder. Since the normal capacity of the urinary bladder is 250–750ml (Torrens,

1987a) and it is usually emptied beyond residual volume, I have studied the full range

of stretches the bladder undergoes in vivo.

Urinary bladder tissue develops plastic deformation when it is stretched much

beyond normal capacity (Alexander, 1971). Because I stretched some of the bladder

strips beyond the normal range of bladder tissue, some plastic deformation probably

occurred during the experiment. Most likely it developed at stretches larger than one

at which a peak and then a fall of stress occurred (figure 2.5a-d). When plastic

deformation occurs, the rest length increases, inducing a decrease in stretch at that

strip length. I however, did not measure the change in rest length nor did I readjust
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my stretch values to reflect any that might have occurred. Therefore, my value for

stretch is perhaps too high at large values of stretch.

Because plastic deformation probably occurs after a peak and then fall in stress

with increasing stretch, had the plastic deformation occurred at significantly different

stretch values in different regions or in strips with different orientations, I would have

detected a difference in my stress-stretch constitutive relation. Yet, I did not identify

any difference in constitutive relations of different groups of strips. Therefore, while I

did not measure the plastic deformation specifically, it is likely that it is also

homogeneous and isotropic.

I experimented with dog bladders but I will apply my isotropy and

homogeneity results to model data from humans (chapter 6). I feel confident in doing

so because, while dog bladders are smaller than human bladders, the detrusor muscle

and other bladder material are similar (Elbadawi, 1987).

There is some evidence that different areas and directions in the bladder wall

have different active mechanical characteristics (Levin et al., 1988; Potjer and

Constantinou, 1989). However, all of these experiments have been performed in vitro,

so I do not know the geometric pattern of neural stimulation of the bladder in vivo.

Since the bladder contracts as a syncytium to empty, perhaps neural stimulation

compensates for inhomogeneities and anisotropies. Therefore, the increased difficulty

of modeling an inhomogeneous, anisotropic material does not seem warranted here.
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CHAPTER 3: THE EFFECT OF URINARY BLADDER SHAPE ON ITS

MECHANICS DURING FILLING

3.1 Abstract

Before modelling the bladder as a sphere, I needed to test the validity of that

assumption. I chose to test the spherical assumption by modelling the bladder as a

spheroid (both prolate and oblate) with the same stress-strain relation as a sphere. I

then observed the difference in the pressure-volume relations. I found that, with the

exception of very eccentric oblate spheroids, spheroids have the same pressure

volume relation as a sphere made of the same material. Therefore, in most cases a

sphere model will suffice. Very eccentric oblate spheroids are more compliant than a

sphere or than prolate spheroids. In addition, unlike the sphere model, the spheroid

models can be used to investigate variations in stress and stretch on the bladder wall

and to locate areas of high and low stress and stretch.

3.2 Introduction

The pressure-volume curve of an intact, in vivo urinary bladder during filling

is called a cystometrogram (CMG), and is measured by slowly increasing the

contained volume and measuring the pressure response. Clinicians use

cystometrograms to determine if the bladder wall tissue is normal or pathological, ie:

if the bladder is too compliant or too contractile (Wein and Barrett, 1988). Because

the cystometrogram is measured on an intact, in vivo bladder, it depends on the

geometry of the bladder: its wall thickness, shape, and volume of wall material, as

52



w\■

*…*

*…-
*-

~,* .

* * *

*

O.
[.
º

e

ºs
* * *■



A1, oi, A2, o, constants in the stress-stretch constitutive relation of
bladder wall material

ao semiminor axis of a spheroid
bo semimajor axis of a spheroid
eo eccentricity of an undeformed spheroid, at p =0
g(£) the derivative of arc length with respect to polar angle:

g(p)=dso/dip
thickness of the wall of a spheroid at rest, p=0
transmural pressure of the urinary bladder
polar radius of an undeformed spheroid
arc length on the surface of an undeformed spheroid
thickness of the wall of a sphere
thickness of the wall of a sphere at rest, p=0
contained volume of the urinary bladder
contained volume of the urinary bladder at rest, p=0
volume of the urinary bladder wall, a constant due to
incompressibility
circumferential angle of an undeformed spheroid, p=0
circumferential angle of a deformed spheroid
transverse stretch of the wall of a sphere, A=\;=\; in a sphere
circumferential stretch of the bladder wall
meridional Stretch of the bladder wall
radial stretch of the bladder wall
internal radius of a sphere
internal radius of a sphere at rest, p=0
transverse stress in the wall of a sphere, os-o,+o, in a sphere
circumferential stress in the bladder wall
meridional stress in the bladder wall
radial stress in the bladder wall
polar angle of an undeformed spheroid, p=0
polar angle of a deformed spheroid

ho

()

w

Table 3.1. List of Symbols

well as its material properties. However, it is often only the constitutive properties of

the bladder wall in which one is interested.
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Researchers have developed mathematical models to infer local state variables

(stress, strain, and strain rate, for example) from whole bladder state variables

(pressure, volume, and flow rate). Most existing models assume isotropy,

homogeneity and incompressibility of the bladder wall material. All assume a

spherical shape (van Mastrigt, et al., 1978a and 1978b; Griffiths, 1980; Regnier, et

al., 1983; van Mastrigt and Griffiths, 1986; Tözeren, 1986; Schäfer, 1991b).

These spherical models have been used to deduce passive and active

constitutive properties of the bladder wall from parameters measurable in vivo. Van

Mastrigt, et al. (1978a) used a thin walled spherical model of the bladder to deduce

that a rapid filling cystometrogram is a better clinical measure of the passive

properties of the bladder than a pseudo-static cystometrogram. Griffiths (1980) used a

thin walled sphere model of the bladder to relate the bladder output relation, pressure

vs. flow rate during voiding, to the passive and contractile constitutive properties of

the bladder wall. Van Mastrigt and Griffiths (1986) employed a thin walled sphere

model to predict two contractility parameters from isometric pressure vs. time

measurements just prior to voiding. Regnier, et al. (1983) developed a model of

concentric thin-walled spherical shells to determine the strain energy function of the

bladder wall material from cystometrograms. Tözeren (1986) used a thick walled

sphere model with fibers imbedded in the bladder wall to determine the fiber stress

during filling and peak isometric contraction of the bladder.

The assumption of sphericity is convenient but untested, and does not always

correspond to anatomical observations (Ney and Friedenberg, 1981). Schäfer (1991b)
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observed that in the resting state the bladder is not spherical and the bladder only

resembles a sphere when it is contracting. Three examples of human urinary bladder

shapes are shown in figure 3.1. Because the cystourethrograms in figure 3.1 only

show one view it is impossible to tell the true shape fo the bladders shown. However,

even with only one view it is apparent that while the bladder in figure 3.1a is possibly

spherical, those in figures 3.1b and c are not.

In addition, rats are a common experimental model in urodynamic research,

and Gabella and Uvelius (1990) have observed that distended rat bladders are ovoid,

not spherical. The bladders of rats appeared to be prolate spheroidal with the cranio

caudal axis as the axis of symmetry. Therefore, one can not necessarily assume the

urinary bladder is a sphere.

In order to test the sphere assumption, I have modelled the bladder as prolate

and oblate spheroids since they are the next simplest approximation to a sphere. In

addition, I have used equilibrium equations and modelled the bladder during fililng

when it can be considered quasistatic. I have used this model to address the following

questions on the effect of shape on bladder mechanics in filling:

1) Would the pressure-volume relation (CMG) of a spheroidal bladder be

different from that of a spherical one made of the same material?

2) How would the pressure-volume relation vary with initial eccentricity of a

prolate or oblate spheroidal bladder?

3) How would stretch and stress vary with position on a spheroidal bladder?

:
:
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Figure 3.1a. First example of voiding cystourethrogram. This bladder is possibly
spherical. Cystourethrogram courtesy of the University of California San Francisco
Radiology Department.
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Figure 3.1b. Second example of voiding cystourethrogram. This bladder is not
spherical and is possibly a prolate spheroid. Cystourethrogram courtesy of University
of California San Francisco Radiology Department.
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Figure3.1c.Thirdexampleofvoidingcystourethrogram.
Thisbladder
isnotsphericalandis

possiblyanoblatespheroid.Cystourethrogramcourtesyof
University
of
CaliforniaSan

FranciscoRadiologyDepartment.
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3.3 Methods

Even though the bladder is a viscoelastic, plastic material, I have chosen to

model the bladder in its equilibrium state as an elastic material. This has application

to bladder filling, as the bladder fills quasistatically and the pressure-volume relation

can be understood as the transformation of the elastic stress-strain consitutive relation

into whole bladder state variables.

To determine the shape dependence of a cystometrogram, I needed pressure

volume curves for spheroids with the same constitutive properties but different

eccentricities. Ideally, I would measure the constitutive properties of bladder wall

material in vivo. However, I do not have the equipment to do so, nor to duplicate in

vitro the biaxial stretch that the bladder undergoes as it fills. Therefore, in order to

best represent the constitutive properties of the urinary bladder in vivo, I deduced the

stress-stretch relation from steady state pressure-volume data assuming the bladder is

an elastic, isotropic, homogeneous, incompressible thin shell sphere. I then used this

data to solve the equilibrium equations for thin shell oblate and prolate spheroids at

different pressures, given an initial eccentricity, and to compute the volume from the

shape of the spheroid at each pressure. I then compared pressure-volume curves and

stress and stretch variations with position of both types of spheroids with different

initial eccentricities to those of a sphere made of the same material. This procedure is

shown diagrammatically in figure 3.2.

sº
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3.3.1 Experimental Methods

One to 3 pressure-volume curves were measured on each of 4 male dogs,

anesthetized with pentobarbital, giving 7 CMGs total. Before taking a CMG, each

dog’s bladder was emptied by palpation through a Foley catheter (one with a second

port attached to a balloon which is inflated in the urethra to prevent urine from

flowing in the urethra but around the catheter). Since the abdomens of all the dogs

were closed, I insured the bladder was empty by injecting fluoro-opaque material into

the bladder through the catheter and viewing it under a fluoroscope until the bladder

appeared to be empty. Water was then infused into the bladder, step-wise, 10ml at a

time, while the pressure response was measured.

Pressure was measured with a Gould Statham pressure transducer mounted on

a stopcock at the end of the catheter. An IBM-compatible data collection computer

sampled the transducer signal at rates of 10 or 20 samples per second for at least 40

seconds after the step-wise infusion. I used the value of pressure 30 seconds after

each 10ml infusion to create the steady-state pressure-volume curve since the pressure

recording stabilized at this time. Step-wise filling in 10ml increments continued until

either the dog began urinating on his own or a steep rise in pressure was obtained

after a long plateau, indicating that the volume had exceeded the normal capacity of

the bladder (Wein, 1988).

I did not measure abdominal pressure while taking the CMGs because it

increases only when the animal strains or coughs (Abrams, 1984). Since we collected

data over a relatively long period of time we could account for any sudden increase in

º

.
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pressure by observing the dog. Indeed, other researchers who have used a canine

model to study the effects of pharmacologic agents on the CMG have not measured

abdominal pressure (Barsanti, et al., 1988; Johnson, et. al., 1988; Magora, et al.,

1989). The pressure data presented here has the same range of values as their data.

The dogs were sacrificed a few hours later and the bladder was removed and

weighed. Bladder wall volume, V., was deduced from the weight, assuming the

bladder has the same density as water. I measured the thickness of two to four strips

cut from the bladder wall with calipers and used the average of these measurements as

the wall thickness at rest.

3.3.2 Mathematical Methods

The first step was to develop a thin shell sphere model to deduce a stress

strain relation from the pressure-volume data (figure 3.2).

3.3.2.1 Sphere Model

The equilibrium equation for an isotropic, homogeneous, incompressible, thin

shell, sphere is (Glantz, et al., 1975):

p = 0 (£ +) (3.1)
O 2O

where p is the transmural pressure, o is the average transverse wall stress, p is the

internal radius, and t is the wall thickness (figure 3.3).

.
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Figure 3.3. Diagram showing variables in thin shell sphere model. Transmural pressure
is p, transverse wall stress is 0, wall thickness is t, and radius is p.
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The internal radius p, and thickness t, are both functions of the transverse wall

stretch A, only. By definition of X:

Po 3.2
O A (3.2)

and by incompressibility:

t = ** (3.3)
A2

where po and to are the internal radius and thickness, respectively, of the bladder in

the reference state at zero transmural pressure. The transverse wall stretch A, of the

sphere is derived from the volume data:

# (3.4)

where Vo is the contained volume of the urinary bladder in the reference state. I

deduced values of Vo and po from wall volume Vy, assuming incompressibility.

Thickness at rest, to, was found by direct measurement as described earlier.

Substituting equations (3.2) and (3.3) into equation (3.1) and solving for the

spherical stress o, gives:

pp. A" (3.5)O = — .
to (2 po A* + to )

Using equations (3.4) and (3.5), I deduced a stress-stretch relation from the pressure

volume data.
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In order to have a mathematical description of this stress-stretch data, I fit the

following power relation to the data points (Janz, et al. 1980):

o = A, (A*-x *) + A, (A*-A’”) (3.6)

using a Marquardt-Levenberg algorithm (NFIT, Island Products). This equation is the

biaxial stress-stretch relation analogous to the uniaxial stress-stretch relation used in

chapter 2, equation (2.3). In chapter 4, both the uniaxial and biaxial stress-stretch

relations are derived from the same strain energy function. Here, A1, A3, oi, o, are

the curve fit parameters. The analogous constitutive equation for spheroids are (Janz,

et al. 1980):

o, = A, (A$" – (AoA,) *) - A, (Aš-(AoA,) **) (3.7)

and

A, (A - (AºA,) *) + A, (A - (AoA,) *) (3.8)O4.

where 0, and o, are circumferential and transverse stress, respectively, and N, and Nº.

are circumferential and transverse stretch, respectively. All three constitutive

relations, equations (3.6)–(3.8), satisfy the incompressibility and thin shell constraints

(Janz et al., 1980).

3.3.2.2 Spheroid Models

In the second part of the model, I used the constitutive relation derived in the

previous section and described by the values of A1, A2, o 1, and o.2 in equations

(3.7) and (3.8), to derive the pressure-volume relations for the two thin-shell

:
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spheroids. In both prolate spheroids (those obtained by rotating an ellipse about its

major axis, figure 3.4a) and oblate spheroids (those obtained by rotating an ellipse

about its minor axis, figure 3.4b), the two principal wall stretches, \, and Ne, are not

equal to each other everywhere as they are in a sphere. Therefore, the two principal

wall stresses, o, and o, are also not equal to each other, even if the material is

homogeneous and isotropic. The thin shell approximation is that stress and stretch do

not vary with radial position in the wall. In addition, by symmetry of a spheroid,

stretch and stress vary with polar angle (ºp in figures 3.4a and b) but not with

circumferential angle around the axis of rotation (6 in figures 3.4a and b). Therefore,

the only position variables are the polar angles, P and b, which locate the same piece

of material in the reference state (transmural pressure equals zero) and deformed state

(transmural pressure greater than zero) state, respectively (Janz, et al., 1980).

As a spheroid slowly fills in static equilibrium at each pressure it does not

necessarily retain its initial eccentricity. Balance of forces in static equilibrium

determines the shape it will obtain at each pressure (Janz, et al., 1980). The spheroid

will, however, maintain the symmetries it had in the reference state: rotational

symmetry around the axis of rotation and reflectional symmetry around the plane that

is the perpendicular bisector of the axis of rotation (Janz et al., 1980).

Janz, et al. (1980) derived three nonlinear ordinary differential equations to

describe balance of forces in static equilibrium of a prolate spheroid:

d^e 1
Tºp T 7. [g(@) A, cost ao (1-eff) Ascosº J (3.9)

+
(1–e; cos^@) 7
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dq} ot ; sans-—i. (3.10)
Io (+.)

©

d^* - – 1 [ (ot-oo) g(@) cost , ºn 3 ("e) dºg
d” a tº , ro■ e Ä, ÖAs As dº (3.11)

6% At

The boundary conditions are that N = \, at P=0 and that q = p at p =0 and p = 1. By

symmetry, N =\, at p = 1 as well (Janz, et al., 1980).

The parameter eo in equation (3.9) is the eccentricity of the original ellipse

rotated to obtain the undeformed prolate spheroid:

(3.12)

where ao and bo are the semiminor and semimajor axes, respectively, of the ellipse.

The eccentricity of a spheroid determines the extent of its deviation from a sphere: a

sphere has eo = 0 and all spheroids have 0 < eo - 1.

In equation (3.10), ho is the wall thickness of the spheroid in the reference

state, taken to be constant around the surface of the spheroid. It is not necessarily the

same as the wall thickness of a sphere at rest, to, and is determined from the

measured bladder wall volume and the assumption of incompressibility of bladder wall

material.
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‘ ‘axis of rotation

Figure 3.4a. Undeformed prolate spheroid showing variables in the thin shell prolate
spheroid model. Circumferential and meridional angle are 6 and p, respectively.
Circumferential and meridional stretch are N, and \g, respectively. The semiminor and
semimajor axes are ao and bo, respectively. Polar radius is ro.
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“axis of rotation

Figure 3.4b. Undeformed oblate spheroid showing variables in the thin shell oblate
spheroid model. Circumferential and meridional angle are 6 and P, respectively.
Circumferential and meridional stretch are N, and Nº, respectively. The semiminor and
Semimajor axes are ao and bo, respectively. Polar radius is ro.
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The polar radius of the undeformed prolate spheroid, ro, (figure 3.4a) is

defined as (Janz, et al., 1980):

ao sinº
ro = — (3.13)

W 1 – e cos^{p

The function g(p) is defined as the derivative of arc length with respect to polar

angle: g(p)=dso/dip, and is given explicitly as (Janz, et al., 1980):

– 24 – 2% 2

g(@) = a, 1 – ej (2 – e ) cos” (p. (3.14)
(1 – e cos” (p) *

-

I derived the equilibrium equations for oblate spheroids based on those for

prolate spheroids. Only the equilibrium equation for circumferential stretch is

different for an oblate spheroid:

dWe – 1
Tºp T T. g(@) A, cost

ao Ae Cosq’
J (3.15)+

2(1 – ej sin” (P)

The boundary conditions for oblate spheroids are the same as those for prolate

spheroids. The equations defining ro and g(■ ), however, are different for oblate

spheroids. The polar radius, ro, in an oblate spheroid in the reference state (figure

3.4b), analogous to equation (3.13) for a prolate spheroid becomes:

ao sinº
V1 – e sinºp

ro = (3.16)

sº

***
*ºss
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For an oblate spheroid, g(f)=dso/dip as for a prolate spheroid, but is given explicitly

by a different equation, analogous to equation (3.14) for the prolate spheroid:

2 2 -g(w) - a, 4 º' (*, *) sº (3.17)
(1–e sin” (P) *

For each constitutive relation derived from a cystometrogram, I solved the

equilibrium equations for both types of spheroids at 8 different initial eccentricities,

using a relaxation method for solving two point boundary value problems (Press, et

al. 1988). I approximated the three equilibrium equations by finite difference

equations on a mesh of 101 points from P=0 to p = T, using the solution for a sphere

as the initial estimate of \, \,, and b. I solved the finite difference equations at each

of 120 pressures, using a multi-dimensional Newton's method, specifying convergence

to a solution to be when the average solution of a variable at a mesh point no longer

changed by more than 10°.

Janz, et al. (1980) derived the following integral for the contained volume, V,

within a surface of revolution:

V = + ■ ri (b) g (@) Aá A, sinº dº (3.18)

Once I had numerically solved the equilibrium equations to obtain Nº, Ng, and b as

functions of £, I numerically integrated equation (3.18) to solve for the contained

volume. I used the results of solving equations (3.9), (3.10), (3.11), (3.15), and

(3.18) to address the three questions posed in the introduction.
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3.4 Results

3.4.1 Experimental Results

Each of the 4 dogs weighed between 44 and 80 lb and their bladders weighed

between 11 and 25g. Bladder wall thicknesses ranged from 0.32 to 0.84 cm and rest

volumes were between 5ml and 15ml (table 3.2). All seven cystometrograms were

qualitatively the same, with a compliant region followed by a stiffer region (figure

3.5). I did not average the data because they came from dogs with different bladder

sizes and rest volumes. Instead I solved the equilibrium equations for each constitutive

relation separately.

Dog Dog Weights | Rest Volume Wall Volume | Wall Thickness
Number (lb) Vo (ml) V., (ml) to (cm)

1 80 5.40 24.64 0.84 |
2 58 8.45 23.26 0.70

3 60 9.27 24.40 0.71

4 60 14.59 11.33 0.32

Table 3.2. Bladder data for each dog.

3.4.2 Modelling Results

Similar to the pressure-volume curves (figure 3.5), the stress-stretch curves

obtained by solving equations (3.4) and (3.5) using the pressure-volume data also

showed a compliant region followed by a stiffer regions (figure 3.6). Fitting equation

(3.6) to the stress-stretch data demonstrated that in general the stress-stretch curves
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are described by two power terms: o, varies from 3 to 8 and o, varies from 11 to 22

(table 3.3). Stress-stretch data derived from cystometrograms 4, 5, 6, and 7 enabled

identification of only one or the other of these two terms. In curves 5, 6, and 7 this

was because of the small number of stress-stretch data points. In curve 4 there was no

improvement in the root mean square error by using a four parameter curve fit. All

root mean square errors are less than 4% maximum stress except CMG 7 which has a

larger error because half the data points are so close to zero stress that they do not

contribute to the curve fit (table 3.3).

I performed a sensitivity analysis on the curve fit to stress-strain data from

CMG #2, chosen as an example because of its large pressure range. I increased the

value of each parameter by 10% and found the RMS error of the new stress-strain

and pressure-volume curves (table 3.4). A1 and o, describe the initial part of the

stress-stretch curve, while A2 and o, describe the latter part of the curve. Since the

latter part of the curve has much higher stress values than the initial part, the curve fit

is more sensitive to A, and o, than to A1 and ot. Predictably, the curve fit is more

sensitive to the exponents, o, and oz, than to the multiplicative constants, AI and A2.

Using the same sensitivy analysis method described in chapter two, I determined that

because both the stress-stretch and pressure-volume curves are so sensitive to the

value of oz, I preserved 4 significant figures in that parameter but needed to preserve

only 3 significant figures in the other 3 parameters.

In order to determine if the CMG would be different in spheroidal bladders

than in a spherical one and how the CMG would vary with initial eccentricity, eo,
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Dog CMG Al O't A2 O2 RMS
Number Number error

1 1 0.015 5.31 7.80x10° 14.90 2.17%

2 2 0.765 3.29 4.70x10° 18.86 1.29%

2 3 0.193 4.18 6.90x10" | 21.90 1.26%

3 4 0.00 0.00 3.50x10° 17.78 3.34%

4 5 0.00 0.00 0.014 11.24 1.61%

4 6 0.204 7.63 0.00 0.00 0.85%

4 7 0.00 0.00 6.32x10° 19.71 9.77%

Table 3.3. Values of curve fit parameters in equation (3.6) and RMS error as
percent maximum stress data value for each stress-stretch data set.

| Parameter Change Change inin Stress Pressure

At it 10% 2.4% 4.8%

o, it 10% 10.2% 15.9%

A2 + 10% 0.9% 1.0%

o, + 10% 77.8% 83.1%

Table 3.4. Results of sensitivity analysis on data from CMG #2. Each parameter in
equation (3.6) was changed by 10% and the resulting RMS error between the new
curve and the stress-stretch and pressure-volume data was noted as a percent of
maximum normal value of stress and pressure, respectively.

75





100 80

8 0 -

2 0

1

30

25

2 o| 1015

6 0 -

4 0 i

A

.0 1.5

C

2.0

• * * * * from CMG | 1

2.5
Stretch

• * * * * from CMG #4

1.5 2.0 2.5
Stretch

3.0

4.0

3.5

B

3 * * * * * from CMG ■ 2
- a o a c e from CMG #3

6 O

ii 40

:
2 O H o

1.0 1.5 2.0 2.5 3.0 3.5
Stretch

D

55

6
7

993 e s - e a from CMG
3 * * * * * from CMG3 • * * * * from CMG f

2.2

Figure 3.6. Stress-stretch data derived from the pressure-volume data in figure 3.5
(symbols) and curve fits using values in table 3.3. in equation 3.6 (solid lines). Data
from dog #1 is shown in (A), dog #2 in (B), dog #3 in (C), and dog #4 in (D).
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I solved the equilibrium equations (3.9), (3.10), (3.11), and (3.15) and the volume

integral, equation (3.18), at 120 different pressures to obtain the associated volume

for 7 different eccentricities of both prolate and oblate spheroids (figure 3.7). Since

all the data show the same qualitative results, figure 3.7 shows only the solution to

the equilibrium equations for CMG #2, chosen for its large data range. All data sets

are included in appendix A. All prolate spheroids have pressure-volume relations very

similar to that of a sphere, even at high eccentricities (figure 3.7a). Oblate spheroids,

on the other hand, are much more compliant than either the sphere or the prolate

spheroids, especially at initial eccentricities, eo, equal to or greater than 0.80 (figure

3.7b).

To investigate the stretch and stress variations with position in a spheroid, I

solved the equilibrium equations for CMG #2 at a transmural pressure of 15 cm H2O,

a value within the physiological range (figure 3.5) and large enough to show

variations between spheroids of different eccentricities. Overall, oblate spheroids were

stretched more than a sphere, and prolate spheroids less (figure 3.8). The minimum

stretch of oblate spheroids was over twice the minimum stretch of prolate spheroids at

the same pressure. In addition, stretch was distributed more evenly in oblate than in

prolate spheroids.

Maximum stretch occurred at different locations in the two different spheroids.

Maximum stretch in both the circumferential and meridional directions in the prolate

spheroids occurred at the equator, b=t/2 and q =31/2 (figures 3.8a and b).

Maximum circumferential stretch and meridional stretch of an oblate spheroid
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Figure 3.7. Pressure-volume predictions for prolate (A) and oblate (B) spheroidal
bladders at 7 eccentricities other than a sphere (eo-0.0), assuming cystometrogram #2
is from a spherical bladder.
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occurred at the poles, b=0 and q = 1 (figures 3.8c and d). The polar angle results

(figure 3.8e and f) describe the deviation from the initial eccentricity at a given

nonzero pressure. Predictably, the greater the initial eccentricity, the greater the

deviation from a spherical shape at 15 cmH20.

The maximum stresses in prolate and oblate spheroids were quite different

from each other even though the maximum stretches were roughly similar. This is

because of the steep stress-stretch curve (figure 3.6): a small difference in stretch can

lead to a large difference in stress. The maximum stresses in oblate spheroids were

about twice those of prolate spheroids (figure 3.9). Indeed, the minimum meridional

stress in an oblate spheroid was larger than the maximum meridional stress in a

prolate spheroid. The steep stress-stretch curve also implies that wall stresses in a

spheroid will be more sensitive to initial eccentricity than wall stretches: the stresses

in a spheroid differ from those in a sphere at initial eccentricities of 0.60 or higher

(figure 3.9), a lower differentiating initial eccentricity than that of the wall stretches

(0.80, in figure 3.8).

3.5 Discussion

It is assumed in the urological literature that differences in cystometrograms

indicate differences in constitutive properties of the bladder and do not depend on

shape. I chose to investigate the shape dependence with a mathematical model because

this approach enabled me to parameterize the shape changes and to change only the

shape, keeping material properties constant. The results include the following: the
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Figure 3.9. Circumferential stress (A,B) and meridional stress (C,D) of prolate and
oblate spheroids, respectively, at a pressure of 15cmH2O, assuming cystometrogram
#2 is from a spherical bladder. The results are plotted as a function of polar angel of
the undeformed spheroid, p, the independent variable.
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CMGs of prolate spheroidal bladders are very similar to those of a sphere. Oblate

spheroidal bladders are more compliant than a sphere but only if they have a high

initial eccentricity (0.80 or greater). Stress and stretch are constrat in a sphere but

vary considerably in spheroids with initial eccentricity greater than or equal to 0.6.

Both stress and stretch are higher in oblate spheroids than in prolate spheroids. Peak

stress and stretch occur at q =0 and b = w in oblate spheroids and at q =T/2 in prolate

spheroids.

Because bladders are not spherical, they have a nonconstant distribution of

stress and stretch. Diverticula, or herniations of the inner layer of the bladder wall

through the muscle wall (Marshall and Muecke, 1968), occur in weak areas of the

bladder wall (Retik, 1986; Ney and Friedenberg, 1981; Marshall and Muecke, 1968)

or in areas of locally high stress (Retik, 1986). Diverticula occur most often closer to

the equator than to the poles (Marshall and Muecke, 1968; Ney and Friedenberg,

1981; Retik, 1986) as I would predict for a prolate rather than for an oblate spheroid

(figure 3.9) if I take a cranio-caudal axis of symmetry (as observed by Gabella and

Uvelius, 1990). However, the area where diverticula most commonly occur is also the

edge of the trigone, where two embryonically different tissues connect in the bladder,

and which is likely to be a region of weaker tissue (Retik, 1986). Therefore, without

a study determining if prolate spheroidal bladders are more likely to develop

diverticula, it is impossible to conclude whether diverticula form in response to weak

tissue, high stress, or both.

Anticholinergic drugs also affect the mechanics of the bladder during filling
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(Peterson, et al., 1989; Guarneri, et al., 1991a,b). Some of these increase bladder

capacity by 26 to 63% (Guarneri, et al., 1991a). If I define bladder capacity in my

study as the volume at the greatest pressure (22 CmH20 in CMG #2), prolate

spheroids had less than a 5% difference in bladder capacity from a sphere at all initial

eccentricities (figure 3.7a). Oblate spheroids with an initial eccentricity of 0.8 or less

also had less than a 5% difference in capacity from a sphere, but those with large

initial eccentricities (0.9 to 0.97) had from 15 to 70% greater capacity (figure 3.7b).

Therefore, only for highly oblate spheroids was the effect of shape as large as the

effect of some anticholinergics.

One function of the urinary bladder is to contain a considerable amount of

urine at a low pressure. Oblate spheroidal bladders would accomplish this better than

either spherical or prolate spheroidal bladders because of their greater compliance

(figure 3.7b). Yet, there is no evidence that people with oblate spheroidal bladders

have higher capacity than people with any other shape bladder. Indeed, pregnant

women, who are likely to have oblate bladders, have relatively small capacity (though

hormonal changes may also affect wall properties). The shape of the bladder is one of

several reversible changes that occur in bladders of pregnant women. Therefore, the

sensation of bladder fullness is probably not solely dependent on bladder pressure. As

others have suggested (Morrison, 1987; Hosein and Griffiths, 1990), it is likely that

stretch of and/or tension in the bladder wall is used instead of, or in addition to,

bladder pressure, to create the sensation of bladder fullness.

Possible objections to the methods used here include the following: the data
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was taken on anesthetized dogs, the stress-stretch relationship was derived instead of

measured directly, stepwise filling may not be appropriate, and I neglect creep, plastic

deformation, viscous effects, and overdistension. Cystometrograms taken on

anesthetized animals show the same general form as those taken on awake animals;

however, anesthetized animals have greater bladder capacity than awake animals

(Peterson, et al., 1989). Therefore, I do not believe my results would be any different

had I taken CMGs on awake animals.

Because I could not directly measure biaxial stress and stretch, I derived the

material properties from pressure-volume curves. The derived stress-stretch relation

has the same general nonlinear shape as uniaxial stress-stretch measurements on

bladder strips (Finkbeiner and O’Donnell, 1990) but is stiffer, as would be expected

with biaxial stretch (see chapter 4 for further discussion). In addition, since my stress

stretch relation was derived from pressure-volume in vivo with the abdomen closed, it

more closely resembles in vivo stress-stretch. A future project could include

measuring stretch and stress in vivo to check the derived values.

The bladder, in vivo, fills slowly and via small boluses of urine, approximately

1/2 to 2 ml/min (Torrens, 1987b; Blaivas, 1990). My measurements are from faster

filling (stepwise) and relatively large (10ml) boluses. However, I used the pressure

value 30 seconds after the step change in volume, chosen becuase the pressure

stabilized at that time. Therefore, it ought to be similar to the equilibrium pressure

values obtained by slow filling in vivo. Andersson, et al., (1989a,b) showed that

CMGs taken by my method and by continuous infusion rates at 50ml/min and
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100ml/min (rates often used by clinicians), gave similar pressure-volume responses.

Therefore, I have assumed that the stepwise method duplicates both continuous

clinical cystometry and in vivo filling.

Like clinical cystometry, my method neglects effects due to creep, stress

relaxation, or viscoelasticity. My method also neglects any change in compliance Or

plastic deformation due to time or to overdistension (Shoukry and Ghoneim, 1992;

Alexander, 1971). I filled the dogs’ bladders beyond normal capacity, so

overdistension may have occurred. However, I represent each new CMG on the same

dog with a different elastic constitutive relationship and do not attempt to reconcile or

explain any biomechanical changes between different CMG measurements.

Even though this model is appropriate for studying bladder filling, it is not

valid for an investigation of shape dependence in bladder emptying because I assume

elasticity and use equilibrium equations. In contrast, bladder emptying occurs neither

elastically nor quasistatically (van Mastrigt and Griffiths, 1979; Hosein and Griffiths,

1990). However, the equilibrium equations could be appropriate for modelling

emptying even if the elastic approximation is in appropriate. A more complete

discussion of this is included in chapter 7.

In conclusion, prolate spheroids with the same filling stress-stretch relation as

a sphere show approximately the same pressure-volume curve. Oblate spheroids also

show approximately the same pressure-volume curve, except at high eccentricities

(eo-0.8). Therefore, if only pressure-volume relations are needed, in most cases a

sphere model will suffice. The sphere model however, gives a constant value for
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stretch and stress in the bladder wall. This value is not the average value in all cases

(figures 3.8 and 3.9) and does not demonstrate areas of high and low stress and

stretch. Therefore, if accurate local stress or stretch values are needed, the sphere

model will not suffice for initial eccentricities greater than or equal to 0.6, a relatively

low eccentricity.
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3.6. Appendix A

Pressure-volume results from solving the spheroid equilibrium equations using

all data sets, assuming cystometrogram data is from a spherical bladder. CMGs #1 -

#7 are shown in appendix A, figures A-G, respectively. Prolate spheroids are less

compliant and oblate spheroids are more compliant than spheres.
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CHAPTER 4: CONSTITUTIVE THEORY AND COMPARISON OF UNIAXIAL

AND BIAXIAL EXTENSION

4.1 Abstract

In order to provide a theoretical basis for the urinary bladder stress-stretch

relations used in this thesis and to compare the results of uniaxial and biaxial

extension experiments, I derive a strain energy function describing the equilibrium

mechanics of the bladder in this chapter. After rejecting linear theory and a common

strain energy function (the neo-Hookean function) as inappropriate for the urinary

bladder material, I used one that reduces to the stress-stretch relations used in the rest

of this thesis for uniaxial and biaxial extension. The analysis presented here

demonstrates that stress in biaxial extension, as during in vivo filling, should be only

a little higher than stress in uniaxial extension, as during in vitro experiments.

4.2 Introduction

In vivo, the bladder undergoes inflation and deflation, a type of biaxial stretch,

but most in vitro bladder experiments and all in vitro strip experiments use simple

tension or uniaxial stretch (Longhurst, 1991; van Mastrigt, 1991a,b; Finkbeiner,

1990; Longhurst, 1990c; Tammela, 1988; van Mastrigt, 1982; Griffiths, 1979;

Coolsaet, 1976; Coolsaet, 1975; among others). Possible differences between the

stress developed in uniaxial and biaxial stretch of the bladder have been neglected in

the literature.

89



*
º

■ º

º

* -- -

* -

“s ----
ºº:

t º

, --
sº a .

tº º

tº , ºº e -



A,A1, A2 material specific constant in Janz constitutive relation and Ogden
strain energy function

B left Cauchy-Green strain tensor (FF)
B. left Cauchy-Green strain tensor in uniaxial extension
Bº left Cauchy-Green strain tensor in biaxial extension
C right Cauchy-Green strain tensor (FF")
C, material specific constant in neo-Hookean strain energy function
D rate of deformation tensor (3v/0x)
E Young’s modulus
F deformation gradient (6x/6X)
II, I2, Is the three principal invariants of B
I length of strip in current state
lo length of strip in reference state
p arbitrary pressure
t time
T Cauchy stress tensor
V velocity vector
W strain energy function
WNii neo-Hookean strain energy function
Wo Ogden strain energy function
X position vector in current state
X position vector in reference state
o,0:1, 0.2 material specific constant in Janz constitutive relation and Ogden

strain energy function
e strain (N-1)
X stretch
N1,N2,\3 principal stresses
Pl Poisson’s ratio
A density in current state
po density in reference state
o, uniaxial stress
of biaxial stress

Table 4.1 List of Symbols
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In comparing the results of uniaxial, in vitro, strip test experiments with

biaxial, in vivo, whole bladder experiments, some researchers have assumed that the

stress developed in uniaxial and biaxial stretches are identical. Venegas (1991) created

a viscoelastic model of the contracting bladder and deduced a biaxial force-velocity

relation from his pressure, volume, and flow rate data. He reported agreement with

force-velocity data from bladder strips, assuming an identity transformation from a

biaxial to a uniaxial relation. Finkbeiner and O’Donnell (1990) assumed an identity

transformation in the opposite direction (uniaxial to biaxial) when they compared the

results of their passive uniaxial strip experiments to the results of passive whole

bladder experiments. They report agreement as well.

Four researchers have used transformations other than the identity to convert

between uniaxial and biaxial stretch or stress in the urinary bladder. Griffiths (1980)

multiplies by a factor of two to transform uniaxial to biaxial stress. Matsumoto and

LaGrange (1973) obtained some agreement to both active and passive data by adding

a constant to the radius of the bladder in biaxial stretch to obtain a fictitious uniaxial

"radius". However, they provide no theoretical justification for doing so and request

suggestions in developing an appropriate theory. Colding-Jørgensen and Steven (1993)

also made an approximation to transform between uniaxial and biaxial stretch at the

same passive force with no theoretical justification. They assume, for active force

generation, that isotropically oriented smooth muscle cells will generate a slightly

smaller maximum stress in biaxial stretch than in uniaxial stretch. Regnier, et al

(1983) develop a strain energy function for passive bladder and obtained good results
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using it to transform between biaxial and uniaxial data. However, their strain energy

function is a function of the pressure in the whole bladder and therefore is not a

proper constitutive relation. In order to replace pressure by stretch in their strain

energy function, they curve fit pressure-stretch data to a convenient equation, not

justified using mechanical theory.

In order to adapt the Hill muscle model to the urinary bladder, Griffiths and

van Mastrigt (van Mastrigt, 1987; van Mastrigt, 1979), Schäfer (1983a,b and 1991a),

and Tözeren (1986) have all developed independent theories which allow them to

deduce local state variables (strain, strain rate, stress -- or in some cases force,

velocity, and length) from whole bladder state variables (pressure, volume, flow rate).

Since they all use in vivo data, the deduced stress, contraction velocity, etc. all refer

to biaxial stretch. Unfortunately, A.V. Hill's spring and dashpot model of muscle

action (1938) does not lend itself to an analysis of biaxial stretch: the analogy of a

spring to represent elasticity fails when the material is stretched in 2 dimensions.

Therefore, I do not use a spring and dashpot model here.

In this chapter, I analyze only the simplest case: passive, isometric bladder

muscle, as in normal bladder filling. I then use this function to predict uniaxial stress

from in vivo whole bladder pressure-volume experiments and compare the prediction

to in vitro uniaxial strip experiments.

--
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4.3 Theory

There are seven assumptions which I use to simplify the analysis:

1) the bladder is incompressible

2) the bladder is isotropic

3) the bladder is homogeneous

4) the bladder has a thin-shelled wall

5) the bladder is a sphere

6) the detrusor is passive

7) the bladder is made of a perfectly elastic material

The incompressibility assumption (Regnier, 1983) implies that stretch in the

radial direction is entirely determined by the planar stretch in the other two principal

directions, transverse and longitudinal. The isotropy and homogeneity assumptions

(chapter 2) allow us to use one constitutive relation to represent any piece of bladder

material, stretched in any direction, greatly reducing the complexity of the equations

necessary. The thin-shell approximation implies that the transverse or longitudinal

stretch or stress is not a function of radial position within the wall of the bladder:

there are no bending stresses (Timoshenko, 1940). So, in the local form, expansion of

a thin shelled vessel, such as the bladder, is identical to planar stretch. I apply my

results only to the range of contained volume where the bladder can be considered a

thin shell.

The sphericity assumption, demonstrated to be adequate in chapter 3, implies

that the bladder is stretched exactly the same amount in both the longitudinal and
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meridional principal directions. I examine the bladder only in its passive state. When

I apply my analysis to in vivo bladder filling, I therefore assume that no spontaneous

contractions occur. Passive bladders consist of a viscoelastic-plastic material (van

Mastrigt, 1978b; Torrens, 1987a; Alexander, 1971); however, I assume here that they

are purely elastic. The normal physiological stretch range is in the viscoelastic domain

(Alexander, 1971), which justifies ignoring any plastic deformation. Ideally, I would

model the bladder as a viscoelastic material. However, for simplicity in this initial

analysis, I restrict the analysis here to studying the bladder in a quasistatic state and

assume it is perfectly elastic. As discussed in previous chapters, an equilibrium stress

stretch can be taken to represent the quasistatic state as in bladder filling.

4.3.1 Linear Elasticity

In linear elasticity, there is a simple relation between the stress obtained at a

given uniaxial extension and the stress obtained at the same stretch applied biaxially.

In uniaxial stretch:

o, = Ee = E (A-1) (4.1)

where ou is uniaxial stress, E is Young's Modulus, e is strain, and N is stretch,

defined as l/lo where l is length of the strip in the current state and lo is length in a

reference, unstressed state. If the same material undergoes equibiaxial tension (it is

stretched in both x and y axis, with \, =\, =X) as in a sphere, then (Timoshenko and

94



-

º

--

1.

*** - nº

--
* *

***

º'■
!

!!
~~|¡¿■
■ º,|
•

••—•
■ ,·
··=…

·ººo|-•rº<--!,■ ‘…|-■ ~~~***■ ae
vº,→■ *■
•

•~<■
-•...
•
.

* * *
re -** - s

g = - *

_]■º.l.
■

"º

••

•*---



Young, 1968):

-

- Ee (1+|1) = E(M-1)
2x y b 1–1° 1-11 (4.2)

where p is Poisson's ratio. Since, for incompressible materials p =0.5, this becomes:

o b = 2Ee = 2E (A-1) = 20 (4.3)u"

Therefore, in linear elasticity, the biaxial stress at every stretch is exactly double the

uniaxial stress at that same stretch. The same piece of material would have twice the

stress at any stretch when it is stretched biaxially than when it is stretched uniaxially.

Griffiths (1980) used this factor of two to convert between uniaxial and biaxial

stretch, even though he used a nonlinear, exponential force-length relation for the

bladder.

Linear elasticity only applies to small deviations from the reference state

(Green and Zerna, 1968; Fung, 1982). In vivo, the urinary bladder is stretched from

lengths smaller than the reference state (N 3 1) to approximately 3 times the rest

length (chapter 2), not a small deviation. Griffiths (1980) assumes that the linear

transformation is valid for volumes from 50 to 600ml, a large range of stretch. In

addition, inspection of stress-stretch curves of bladder material (figure 2.2),

demonstrates that the material is nonlinear in its physiological range. Therefore, one

must use finite elasticity theory to relate uniaxial stretch of a strip of bladder tissue to

biaxial stretch of the whole bladder.
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4.3.2. Nonlinear Elasticity: Strain Energy Functions

The most succinct way to describe the constitutive relation of a nonlinear

elastic material is to hypothesize that a strain energy function, W, exists and is a

scalar function of the deformation gradient, F=6x/0X, where x is the position vector

in the current, or deformed state, and X is the position vector in the reference state.

Because a strain energy function can not be found for all elastic materials, those

materials for which one can be derived are in a class called hyperelastic or Green

elastic materials (Truesdell and Noll, 1965; Ogden, 1972).

I use two strain energy functions here to study the difference between stresses

in uniaxial and biaxial extension. The first is the Neo-Hookean strain energy function,

derived by Treolar (1943) and used to study ideal rubbers (Rivlin, 1948a) and the

urinary bladder (Regnier, et al., 1983). I demonstrate here that it is insufficient for

describing urinary bladders. The second strain energy function was derived by Ogden

(1972). I use a variation of Ogden's strain energy function here to derive the stress

strain relations used in this thesis to describe urinary bladder mechanics in both

uniaxial extension (chapter 2) and biaxial extension (chapters 3 and 5).

The derivation of a stress-strain relation from a strain energy function shown

here is based on work by Rivlin (1948a,b) and Truesdell and Noll (1965). If it exists,

a strain energy function, W, can be defined by the following equation:

d' ■ p. – - 4.4
Clt ■ . Po WCIV ■ .rpav (4.4)
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where T-D is stress power, composed of the dot product of the Cauchy stress tensor,

T, and the rate-of-deformation tensor, D=6v/6X, and v is the velocity vector. Here,

p is the density of the material in the current state and po is the density in the

reference state. In this analysis, the integrands of the two volume integrals are

continuous, since I have assumed the urinary bladder is isotropic and homogeneous.

In addition, do/dt is zero, since the urinary bladder is incompressible. Therefore,

equation (4.4) is reducible to the local form:

# # = T.D. (4.5)O

The density of incompressible materials is constant, so for the urinary bladder,

equation (4.5) is simplifiable to:

dW
- -

4.6# = T.D. (4.6)

By the chain rule,

dW OV dc (4.7)
dt 0C dt

where C is the right Cauchy-Green strain tensor, defined as FF (Truesdell and Noll,

1965). Because derivatives are easier in indicial notation, equation (4.7) is rewritten:

ClC# = *-** = T,D
Clt 43 = Tigv (4.8)HE 33. ij Yi, j
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where the subscript i,j indicates the partial derivative of the iº component with respect

to the j" component of X. By the definition of C:

dC dPQ
-= ~i= (xi, px;, o] = (x1, ex;, ot X;, px;Tat T GE ...) v., (4.9)

Substituting equation (4.9) into equation (4.8), eliminating the velocity, and taking

into consideration that C is symmetrical, gives (Truesdell and Noll, 1965):

OW

Tij = 2xi, px;, o 3C. (4.10)

So, the stress is dependent on the form of W as a function of C, or equivalently of

the left Cauchy-Green strain tensor, B=FF".

4.3.2.1 Neo-Hookean Material

For an isotropic material, W is most commonly expressed as a function of the

three principal invariants of B (Rivlin, 1948b; Truesdell and Noll, 1965; Green and

Zerna, 1968). One of the simplest and most common strain energy functions of this

type is the neo-Hookean form, proposed by Treolar (1943) and used to describe ideal

rubbers (Rivlin, 1948a):

Wºn = C, (Il-3) (4.11)

where C1 is a constant specific to each material. Note that subtracting 3 insures that
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W=0 in the reference state when I =trB=3. Using this definition of W in equation

(4.10) gives:

OW ÖI | (4.12)T - *.*, d■ .

Note also that because the density of incompressible materials is constant, I, =detB-1

and 0W/0I, is arbitrary. Therefore, an arbitrary pressure term, p, is added when

6W/ðI, is solved for in equation (4.12):

ÖI
T} = 2x, ex, oc, *.*

J 3. 'P', (4.13)

By definition of the principle invariants (Truesdell and Noll, 1965; Green and

Zerna, 1968):

ôI
— = 4.14

and

xi.exj, gºpo = B; (4.15)

where 3ro is the Kronecker delta and has a value of one if P=Q and of zero otherwise

(Green and Zerna, 1968). Substituting equations (4.14) and (4.15) into (4.13) and
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rewriting in tensor notation gives:

T = 2 C, B - p I. (4.16)

In uniaxial extension of an incompressible strip, the left Cauchy-Green strain

tensor is:

A2 0 0

(B.) = |0 A- 0 (4.17)
0 0 A-1

Substituting equation (4.17) into equation (4.16), setting T22 =T33=0, and solving for

p then T11 gives:

o, = Tu = 2C(A* – A *). (4.18)ld

This is a special case of the stress-stretch relation used in chapter 2 to describe

passive steady-state uniaxial extension of urinary bladder strips, equation (2.3):

o - A(x-x *). (4.19)

A neo-Hookean material in uniaxial stress, equation (4.18) is identical to a material of

equation (4.19) type with A=2Cl and o. =2.

In equibiaxial extension of the same tissue, with the first two principal axes
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stretched to the same A as in the uniaxial case, the left Cauchy-Green strain tensor is:

A2 0 0

(B,) = |0 A* 0 (4.20)
0 0 A-4

Following the same procedure as in the uniaxial case, gives:

o, = TI = T, a 2C, (A* – A *). (4.21)

This description of biaxial stress is a special case of the two parameter version

of the stress-stretch constitutive relation developed by R.F. Janz, et al. (1980) for

cardiac muscle, and used in this thesis to describe biaxial extension of the urinary

bladder muscle (chapters 3 and 5), equation (3.6):

o = A(A*-A’”). (4.22)

A neo-Hookean material in biaxial stress is identical to a Janz material with A=2C1

and o. =2.

Comparing equations (4.18) and (4.21) demonstrates the nonlinear relation

between the uniaxial and biaxial stress developed when a material is extended to the

same stretch. Both equations are dominated by the X* term when X > 1 and that the

biaxial stress is always greater than the uniaxial stress (figure 4.1). This is as one

would expect both intuitively and when extrapolated from the linear case.
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4 — unioxidl stress
— — — bioxidl stress

O

8

4.

2

6

O
1.5 2.0 2.5 3.0 3.5

stretch
.0

Figure 4.1. Uniaxial and biaxial stress-stretch relation, equations (4.18) and (4.21),
respectively, derived from the Neo-Hookean strain energy function. Stress is in
dimensionless units. The biaxial stress is greater than the uniaxial stress at every
stretch.

However, as figure 4.1 shows, there is much less of a difference between

biaxial stress and uniaxial stress at any stretch when using the neo-Hookean strain

energy function to transform between them than when using linear theory. Linear

theory predicts that the biaxial stress is exactly twice the uniaxial stress at any stretch.

Neo-Hookean theory predicts that only at stretches slightly greater than N-1 is the

biaxial stress twice the uniaxial stress, demonstrating that linear theory only applies to
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small deviations from the reference state. The difference between biaxial and uniaxial

stresses in nonlinear theory, both in absolute value and as a percentage of uniaxial

stress, decreases rapidly as stretch increases (figure 4.1) until, at large values of

stretch, the difference is imperceptible.

Unfortunately, o =2 does not properly describe passive urinary bladder

material when compared with the values of A and o. in tables 2.2-2.5 for uniaxial

extension and table 3.2 for biaxial extension. Regnier, et al. (1983) also noted that

Treolar's model is impractical for urinary bladders. Furthermore, the Janz (1980)

constitutive relation, with any value of of other than 2, does not correspond to a strain

energy function that is a simple function of II and I2.

4.3.2.2 Ogden Material

I return to equation (4.10) to derive a different form of the strain energy

function, W, that is a direct function of the principal stretches: A1, A2, A3, rather than

of the principal invariants of B (Ogden, 1972). Y.C. Fung has developed a complex

nonlinear strain energy function of this type and used it to model skin (Fung, 1981)

and arteries (Fung, 1979). However, I do not need the complexity of his model and

so use a much simpler one.

If W = W(\1, X2, X3), then

-

OW 6% 4.2
Tº = 2:... *.d.; #.] (4.23)
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The components of C, when diagonalized (only possible for isotropic materials), are

the principal stretches squared. Therefore,

6A = +A 6 ro when P=Q=iôCro 2
(4.24)

6%. ,
-*— = 0 otherwise.

OC

Substituting equation (4.24) and (4.15) into equation (4.23), considering that B-C in

the two simple cases considered here (uniaxial and equibiaxial extension), and

diagonalizing T, gives

OW

T; , = * †, 6 43. (4.25)

Because of the indefiniteness of stress in incompressible materials, there again needs

to be an arbitrary pressure term included. Expressing the principal stresses as op

equation (4.25) becomes (Ogden, 1972):

-

3W, - (*, * - P. (4.26)

Note that there is no summation implied over i on the right hand side of equations

(4.25) and (4.26).

I now need to select a specific form of W as a function of the principal
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stresses. Ogden (1972) demonstrated that a simple function of the principal stretches

could be applied to several different sets of data. Therefore, I will use his function

here:

Wo = # (x: x: x:-3). (4.27)

Note that, as in the neo-Hookean case, subtracting 3 insures that W-0 in the

reference state when \;=\;=\;=1. Now,

ôWo
à 7 AA'" " i = 1, 2, 3 (4.28)

i

In equibiaxial extension, os =0. Therefore, following the same procedure as in

the neo-Hookean case, I solve for the arbitrary pressure in equation (4.26) and

substitute it back into equation (4.26), solving for 01–02 =0,. The result is:

o e = A (A*-A-4*). (4.29)

This is exactly the two parameter version of the elastic constitutive relation used by

R.F. Janz (1980), as in equation (4.22), and used here in chapters 3 and 5 to describe

biaxial extension.

In the uniaxial extension case, o, -ou, o, =0,-0, \ =\, and N2=\;=N*.

Using the same procedure as in the biaxial case, I obtain:

o, - A (*-x **) (4.30)
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Comparing equations (4.29) and (4.30) shows that os P on for all N × 1 and of P 1 as

one would expect. As in the neo-Hookean case, the difference between 0, and oe is

highly dependent on the values of N and o. This is the equation used here to curve fit

the strip stepwise uniaxial extension data (chapter 2). Because I used a stress-stretch

relation to analyze the data in chapter 2, I can easily compare it to the predictions of

the theory in this chapter.

Unfortunately, this constitutive relation is still insufficient for modelling all

passive bladder muscle. Several of the sets of biaxial stress-stretch data, derived from

pressure-volume curves (chapter 3) could not be fit with the 2 parameter model as

above. A four parameter model had to be used instead (equation 3.6). This equation

for the biaxial stress is easily derived from the following strain energy equation,

analogous to the 2 parameter model in equation (4.27):

w = * (*, *.x:-3). (x: x: x-3). (4.31)
0.1 0.2

For biaxial extension, following exactly the same procedure used to derive equation

(4.29), I obtain:

O b = A1 (A* – A-2°1) +A2 (A*2 – A-”2) (4.32)

(exactly the same as equation 3.6). For uniaxial extension, following the same

procedure as used to derive equation (4.30), I obtain

o, - A, (x". -Aiº) A, (x+-x º . (4.33)Ul

-º
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4.4 Comparing Theory to Data

The parameter values in table 3.2 were obtained by curve fitting equation

(4.32) to biaxial stress-stretch data derived from in vivo whole bladder experiments

(see chapter 3 for methodology). No assumptions additional to those listed at the

beginning of this chapter were used.

Using equation (4.33) I can now predict the stress-stretch data if the same

material undergoes uniaxial stretch (figure 4.2). The data from CMG #2 showed the

greatest percent difference between biaxial and uniaxial stress. Therefore, that is the

data shown here (figure 4.2). Like in the neo-Hookean model, at stretches slightly

above the rest length (reference state) the biaxial stress is twice the uniaxial stress, but

the difference decreases rapidly there after. In addition, with the higher of values

needed to curve fit the bladder data, there is even less difference between uniaxial and

biaxial stress than in the neo-Hookean model.

Therefore, if this is an acceptable model for passive urinary bladder tissue, the

stress-stretch data from uniaxial studies can be used directly to predict pressure

volume and other biaxial stretch dependent variables. This explains the success that

Finkbeiner and O’Donnell (1990) had when they assumed that biaxial and uniaxial

passive stresses-stretch relations are equivalent.

In my experiments, I used the pressure 30 seconds after a step increase in

volume to infer the biaxial stress-stretch data used here (see chapter 3 for methods).

In only two experiments, dog #1 and dog #4, did I also obtain uniaxial stress data, 30

seconds after the step in stretch (see chapter 2 for methods). Therefore, only in these
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Figure 4.2. Curve fit of equation (4.32) to biaxial stress-stretch (dashed line) and
uniaxial prediction (solid line) from equation (4.33), using the same curve fit
parameters. Equation (4.32) for biaxial stress was curve fit to data from CMG #2,
using sphere model as in chapter 3. Curve fit parameters are as in table 3.3.

two cases can I compare my uniaxial stress-stretch predictions to uniaxial data (figure

4.3). I obtained 3 CMGs from Dog #4, but only show 1 here (figure 4.3b) as the

other two do not have a large enough stretch range to be useful.

In both dogs, the uniaxial strip data covers a larger range of stretch values

than the prediction from biaxial stretch. This is likely because I ended the in vivo,

whole bladder experiment when the dog urinated or when the pressure in the bladder

T
º º
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uniaxial prediction from CMG | 1 uniaxig preactor from CMG |5240+ e o e o strip #1 2804 - " " " " strip #1 G

1 * * * * * strip #2 o 3 a s a s a strip #14
1 a • * * * strip 5 . * - - - - strip 15
3 * * * * * strip #4 o 240+ * a2 00
-
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1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 º 1.4 1.8 2.2 2.6 3.0 3.4
STRETCH STRETCH

Figure 4.3. Stress-stretch data from strip experiments (hollow symbols) and uniaxial
predictions using equation (4.33) from biaxial curve fits (solid lines) of equation
G4.32) to data from CMGs using sphere model. Data from dogs #1 and #4 are shown
in A and B, respectively. Curve fit parameters are as in table 3.3.

caused the urine to leak around the catheter, while the in vitro, strip experiments were

not so constrained. Two of the strips in figure 4.3b are stiffer than the stress-stretch

Drediction at low stretches but less stiff at higher stretches. It is not clear if this is

true for any other strips, as the predicted stress-stretch range is too small to tell.

The difference between the predicted uniaxial stress-stretch relation and the

Strip stress-stretch data is probably because I are comparing the results of an in vivo

Whole bladder experiment, conducted at body temperature, to those of an in vitro

experiment, conducted at 0°C. A better check of my constitutive theory would be to

Compare a uniaxial stress-stretch prediction from an in vitro whole bladder experiment

to the results of an in vitro uniaxial strip test experiment. This would rectify the

:
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temperature difference between my in vivo and in vitro experiments, the difference in

the bathing solution, and any possible muscle contractions that might have occurred

during the in vivo experiment. Such in vitro whole bladder experiments could be done

using the method of Longhurst, et al. (1991).

Because the constitutive stress-stretch relation is a convenient curve fit and not

theoretically obtained, it is possible there are other strain-energy functions which

would better fit both my uniaxial and biaxial data. However, all strain energy

functions are purely descriptive as a result of their definition (equation 4.4) so I will

not be able to find one that is more meaningful than Ogden's. Therefore, I will not

pursue other strain energy functions for passive bladder material.

Despite their purely descriptive quality, strain energy functions are useful. I

have supplied a theoretical justification for the agreement between passive uniaxial

and passive biaxial stress-stretch observed by other researchers. Because the theory

does not match my data, I can not concretely state that the theory is correct.

Unfortunately, the experimental methods chosen to test the theory were not

adequate and further testing is needed to conclusively determine if this strain energy

function is an appropriate one for describing the urinary bladder. Nonetheless, this

strain energy analysis allows us to provide a mechanical theory explaining the success

other researchers (Finkbeiner and O’Donnell, 1990; Venegas, 1991) have had when

using an identity transformation between uniaxial and biaxial extension. It also

provides a theoretical derivation for the stress-stretch relations used in the rest of this

thesis, both uniaxial (chapter 2) and biaxial (chapters 3 and 5).

#
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CHAPTER 5: TWO MODELS OF HYPERTROPHIED URINARY BLADDERS

5.1 Abstract

In this chapter I take advantage of the form of the constitutive model

developed in the preceding chapters to study urinary bladder hypertrophy. Because the

two whole bladder parameters in this model are the wall volume, V., and the

contained volume at rest, Vo, I use the model here to study the filling mechanics of

the bladder when it is hypertrophied (simulated with increased V.) both with and

without plastic deformation due to overdistension (simulated with increased Vo). To

study hypertrophied urinary bladders without overdistension, I needed to use a thick

wall model of the bladder instead of the thin shell one used in the rest of the thesis.

Hypertrophied bladders without overdistension have increased pressure at every

volume of the cystometrogram and likely have decreased capacity. Hypertrophied

bladders with overdistension have decreased pressure at every volume and increased

compliance and likely have increased capacity. I compare these results to

experimental and clinical results in the literature and suggest that hypertrophy without

overdistension results from mild outlet obstruction and hypertrophy with

overdistension results from severe outlet obstruction.

:
3
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A,B,o., 3 constants in stress-stretch relation in thick sphere model
a radial distance to inner edge of bladder wall
b radial distance to outer edge of bladder wall
P. gage pressure inside bladder
P., gage abdominal pressure, external to bladder
r radius of sphere in thin shell model
t wall thickness of bladder wall: t-b-a
Q(0) portion of stress that is a function of radial position
V contained volume of bladder
Vo contained volume of bladder at rest, P-P =0
Vw volume of material in bladder wall
Nº transverse stretch in bladder wall
N, radial stretch in bladder wall
A variable of radial position within bladder wall
po variable of radial position within bladder wall at rest volume
O6 circumferential transverse stress in bladder wall
O■ radial stress in bladder wall

o, meridional transverse stress in bladder wall

Table 5.1. List of Symbols

5.2 Introduction

Urinary bladder cells hypertrophy (increases in size) in response to both mild

and severe urethral, or outlet obstruction (Brent and Stephens, 1975; Uvelius, et al.,

1984; Gilpin, et al., 1985; Ghoniem, et al., 1986; Gabella, 1990; Elbadawi, et al.,

1993), causing the bladder to increase in mass and volume. In animal experiments of

obstruction, researchers have reported bladder weight increases of up to 15 times

normal (Gabella and Uvelius, 1990). By studying the mechanics during filling rather

than emptying, I can observe the effect of the hypertrophy on the mechanics of the

bladder itself. In contrast, during emptying, the mechanics are dependent on both

bladder and urethral properties. The mass increase itself will have an effect on

mechanics during filling, as evidenced by the equilibrium pressure-volume curve. In

f
=
*

£
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addition, any changes in material properties (such as the stress-stretch curve) due to

the outlet obstruction in material properties, will also affect the pressure-volume

Curve.

Increased mass with no change in the stress-stretch relation or other material

properties will increase the pressure at each volume. Overdistension causes a plastic

deformation of the bladder (Alexander, 1971), which will decrease the pressure at

each volume (See chapter 6, section 6.2, for a detailed discussion of plastic

deformation). Therefore, when both an increase in mass and overdistension occurs, it

is not obvious whether the pressure will increase or decrease at each volume.

Researchers and clinicians have observed that in severe outlet obstruction the

urinary bladder overdistends because it cannot empty properly (Caine, 1983; Sibley,

1985; Elbadawi, et al., 1989b; Kato, et al., 1990). The detrusor then hypertrophies to

"adapt" to this new capacity to hold more urine (Elbadawi, et al., 1989b). Because

overdistension causes plastic deformation and hypertrophy causes increased mass, it is

not clear whether these bladders will have increased or decreased capacity (maximum

contained volume) and compliance (capacity divided by the pressure change during

filling).

Mild or gradual obstruction does not cause this acute retention because the

bladder can still empty in micturition despite the increased urethral resistance. Yet it

still hypertrophies, due to this increased resistance, and therefore will have increased

pressures at each volume leading to decreased capacity and decreased compliance.

To study the effects of increased mass and overdistension on cystometrograms,

:
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I have developed two mathematical models of hypertrophy (figure 5.1). The first has

solely increased mass. I hypothesize that it represents hypertrophy due to mild outlet

obstruction. The second has both increased mass and plastic deformation due to

overdistension. I hypothesize that it represents hypertrophy due to severe outlet

obstruction.

I first deduce a passive stress-stretch curve from the dog filling pressure

volume data (chapter 3). I then use this stress-stretch relation to recompute the

pressure-volume relation. In the model of mild outlet obstruction I increase bladder

mass up to five times normal bladder mass and deduce the filling pressure-volume

relation. In the model of severe outlet obstruction, I proportionally increase both

bladder mass and rest volume up to five times normal value and deduce the resulting

pressure-volume relations.

5.3 Methods

In both models, I use cystometrogram #2 (fig 3.3b) with the experimental

methods as described in chapter 3, as the normal filling pressure-volume curve. I

chose to use this cystometrogram because of its large pressure range. I only need to

use one cystometrogram data set because the mathematical model will always predict

the same results, proportional to normal value. Therefore, I report my results in the

form of percent normal. Bladder wall volume, Vy, was 23.26 ml and rest volume,

Vo, was 8.45 ml, for dog #2 (table 3.1). An increase in bladder wall volume

corresponds to an identical increase in bladder mass.

:
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5.3.1 Model #1: Hypertrophy without Overdistension

To model bladder hypertrophy without overdistension (hypothesized to be due

to mild outlet obstruction) I increased V, only. Because this increases the ratio of

wall thickness to radius at each contained volume I needed to use a thick wall model.

In a thick walled vesicle neither the transverse stresses, o, and o, nor the radial

stress, o, are constant with radial position within the wall, p (figure 5.2).

I assume the bladder is a sphere, so the transverse stresses are equal: o, -o, I

now define a new radial position variable p, whose minimum value is the radius from

the center of the sphere to the inner edge of the wall, a, and whose maximum value is

the radius to the outer edge of the wall, b (Janz et al., 1976). I next redefine

transverse stretch, \,, and radial stretch, N., as (Janz et al., 1976):

A4 = _P
Po (5.1)

A = 3P.
p dpo

where po points to the same piece of material in the reference state (transmural

pressure equals zero) that p points to in the current state (transmural pressure greater

than zero). Balance of forces in equilibrium gives (Janz et al., 1976):

do 2H; # (o, -os) = 0. (5.2)

Note that this equation reduces to the simplified Law of Laplace (P=20,t/r, with P

:
3
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Figure 5.2. Diagram showing variables in thick walled sphere model. The
internal and external radii are a and b, respectively. The radius variable is p,
where: a = p <b. Internal pressure is P. External pressure is P. Radial and c
transverse stretch are N, and Ne, respectively.
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equal to pressure, t equal to wall thickness, and r equal to radius) when the following

thin shell approximations are made: o, P × 0, 0, does not vary with p, a-b=r, and

the differential is approximated by a delta change across the whole width of the

vesicle wall.

I then assume bladder is incompressible and denote the boundary conditions as

o,(b)=P, and o,(a)=P, where P, is the pressure outside the bladder, and P, is the

pressure inside the bladder (figure 5.2). I use both pieces of information to derive an

integral describing the pressure at each volume (Janz et al., 1976):

l
V-V, V F.

Ps — P_ = 2■ º ºrax, (5.3)

where the bottom limit of integration is the transverse stretch at a and the top limit of

integration is the transverse stretch at b.

As in chapter 3, I assume the bladder is isotropic and has the following stress

stretch relation (Janz et al., 1976):

- AA;+BA%+o(p) (5.4)
AA; +BA; +2(p)

04
op

I can not assume that the radial stress is negligible as I did in the thin shell model.

Instead, I use incompressibility to set \, = 1/N,” in equation (4) and substitute it into
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equation (5.3), giving (Janz et al., 1976):

(#): q_2 -20. AR-A.”P.-P. = 2■ “;" A (As-As # & T ~4, +dº, (5.5)(#) A* (1-A3)

I curve fit the integral to CMG #2 pressure-volume data (figure 3.3b) with a

Polak-Ribiere conjugant gradient minimization algorithm (Press et al., 1992) to obtain

the best fit values of A, B, o, and 8. I then recomputed the integral with increased

values of V, to simulate increased bladder mass in mild outlet obstruction. I predicted

the transmural pressure at 100 volumes between Vo and the maximum volume

measured (308.45 ml in CMG #2) for each of 5 values of Vy: normal and twice,

three, four, and five times normal.

5.3.2. Model #2: Hypertrophy with overdistension
To model the plastic deformation that occurs after overdistension, I increased

the rest volume, Vo. Plastic deformation refers to a shift to the right in the stress

stretch curve, or a decreased stress at each stretch, keeping the reference length

constant, after a critical yield stretch has been reached (Naghdi, 1960). I obtained the

same effect by increasing the rest length (or rest volume, Vo, in this case) and

maintaining the same stress-stretch curve (see further discussion in chapter 6). Since

the rest volume increases, the stretch at each volume decreases, which implies that the

stress decreases as well.
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Since I do not know how much the bladder overdistends due to outlet

obstruction, I increased Vo to the same proportion as Vy. Thereby, I was able to use

the thin shell approximation in this model as the ratio of wall thickness to radius

remains the same at each stretch if Vo/V, is constant.

I used the values of A1, A2, or, and o.2 in equation 3.6, I had previously fit to

CMG #2 (table 3.2) to describe the stress-stretch relation in this model. I then

increased Vo and V, and used equations 3.1 - 3.4 to obtain a pressure at each volume

from the stress-stretch relation. I simulated hypertrophy due to severe outlet

obstruction by computing the transmural pressure at 100 volumes between Vo and

Vmax where Vaux equals 13 times the rest volume for each of five values of V, and Vo:

normal, and twice, three, four, and five times normal.

5.4 Results

5.4.1 Model #1: Hypertrophy without Overdistension

For the thick wall curve fit (equation 5.5) to CMG #2, I obtained the

parameter values: A=0.948mN/mm.”, B=3.73x10°mN/mm”, o H3.42, 6–20.91.

These values are not the same as those obtained by curve fitting the thin shell model

because of the radial variation of stress in the thick wall model.

Increasing V, alone increases both basal pressure (the plateau portion of the

pressure volume curve), and maximum pressure (figure 5.3). Note that doubling V,

does not double the predicted pressures because of the nonlinear relation between V,

and pressure. Increasing V, also decreases compliance (capacity divided by maximum
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Figure 5.3. Pressure-volume results of model #1. The open circles are CMG #2 data.
The solid line is the result of curve fitting equation 5.5 to this data with parameter
values as in the text. The dashed lines are the results of increasing wall volume, Vy.
Increasing V, increases the plateau pressure and decreases capacity.

pressure minus basal pressure) and probably also decreases capacity (the maximum

volume obtainable in filling) since pressure rises at a lower volume.

I define capacity here as the volume at which the bladder reaches the

maximum pressure in the normal cystometrogram (22 cm H2O). From figure 5.3,

when V, is increased twice, three times, four times, or five times normal value,

capacity decreases to 89%, 79%, 66%, and 50% normal, respectively.
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5.4.2 Model #2: Hypertrophy with Overdistension

In comparison, increasing both V, and Vo proportionally does not affect the

maximum pressure but does increase the volume at which maximum pressure occurs,

therefore likely increasing capacity (figure 5.4). Defining capacity as above, it

increases linearly with Vo in this model, so when Vo is doubled, capacity is doubled

as well. Basal pressure decreases slightly as V, and Vo are increased. Therefore,

because capacity greatly increases but the pressures do not change much, compliance

also increases in this model of hypertrophy.

2 O

5

-
... • *

- * *

O

o o o o o CMG do to
Vo and V, normal

ill ------- Vo and V, 2X normol
| - - - - Vo and V, 3X normal

- - - Vo and V, 4X normal
#|| – – Vo and V, 5X normal

5

O 200 400 600 800 1 OOO
Contained Volume (ml)

Figure 5.4. Pressure-volume results of model #2. The open circles are CMG #2 data.
The solid line is the result of curve fitting the thin sphere model with parameter
values from table 3.2. The dashed lines are the results of increasing wall volume, Vy,
and rest volume, Vo, proportionally. Increasing both V, and Vo increases capacity and
compliance. Note the volume axis does not have the same scale as in figure 5.3.
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5.5 Discussion

Many adaptations occur in a hypertrophied bladder, in addition to the

hypertrophy itself, when it hypertrophies in response to outlet obstruction. Among

these are changes in collagen content, smooth muscle properties, and nerve density. In

hypertrophied bladders, collagen increases in amount but decreases in concentration

by weight (Gabella, 1990; Gabella and Uvelius, 1990; Uvelius, et al., 1991). Smooth

muscle cells degenerate (Elbadawi, et al., 1989a) and a decrease in the ratio of the

smooth muscle heavy chain myosin isoforms, SM1:SM2, occurs (Malmqvist, et al.,

1991; Peters, et al., 1992; Samuel, et al., 1992). Hypertrophy also causes a decrease

in autonomic nerve density in pig (Dixon, et al., 1989) and human (Gosling, et al.,

1986) but not in rat (Gabella and Uvelius, 1990).

I did not model the detailed changes at the cellular level. Instead, I modelled

only changes of whole bladder properties: increased mass and increased rest volume.

To investigate the effect of changing solely these 2 parameters on the filling

mechanics of the bladder, I modelled the bladder assuming that none of these other

adaptations occur.

Merely by changing the two whole bladder parameters, I can divide

experimental results in the hypertrophy literature into two groups, based on whether

they agree qualitatively with model #1: mild obstruction (table 5.2), or model #2:

severe obstruction (table 5.3). The qualitative experimental results gathered in table

5.2 display increased basal, or plateau pressure and increased maximum, or threshold

pressure in the cystometrogram as well as decreased capacity and compliance. These
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- -
basal threshold

-

duration
capacity | compliance

{ { pressure I pressure of
f f obstruction

1 day,*...*. 180% max || V v’ rabbit 1 and 2
weeks

Kato, et al.,
-

1 and 2
1990 200% V rabbit weeks

Mostwin, et guinea || 4 and 6...] 270% max wº W v pig weeks

lºgº. 3.30% W V rabbit 2 weeks |
Nº. 770% max V V rabbit 2 weeks

|
Table 5.2. Qualitative comparison of experimental data in the literature to model #1,
hypertrophy without overdistension. The check marks indicate that the researchers
noted a change of the variable in the specified direction.

*Later results showed decreased capacity and compliance. See discussion in text.

V, f capacity | compliance
-

duration
(% norm) f f of

obstruction

Maggi, et al., 1989 V 4 weeks

Igawa, et al., 1993 6.10% V W Tat 6 weeks

Malmgren, et al., 1987b 660% V wº Tat 6 weeks

*; 750% W wº Tat 6 weeks

Malkowicz, et al., 1986* | 770% max V V rabbit 1 day

Levin, et al., 1992** V V | cat |3, 6, 12 months
Table 5.3. Qualitative comparison of experimental data in the literature to model #2,
hypertrophy with overdistension. The check marks indicate that the researchers noted
a change of the variable in the specified direction.

*Early results showed increased capacity and compliance. See discussion in text.
**Grouped animals by weight so we could not ascertain an average or maximum
bladder weight increase. All obstructed bladders increased in weight.
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symptoms can be explained entirely from an increased bladder mass alone (figure

5.3). The qualitative experimental results gathered in table 5.3 have increased

capacity and increased compliance which can be explained by overdistension, or

increase in Vo, in addition to the increased bladder mass (figure 5.4).

This model predicts that when the bladder doubles or triples in mass, bladder

capacity will decrease to about 90% and 80% normal, respectively (figure 5.3), based

on changes in wall volume alone. Experiments show a more profound decrease in

capacity. Lin, et al. (1992) observed an increase of 3.3 times in bladder mass but a

decrease in capacity to 46% normal. Kato, et al. (1988 and 1990) observed an

approximate doubling of bladder mass 1 week after obstruction with a decrease in

capacity to approximately 40% normal. Two weeks after the onset of obstruction in

both sets of experiments (Kato, et al. 1988 and 1990), they observed that bladder

mass had held approximately constant at double its normal value and capacity too held

constant at approximately 40% normal value. Clearly, the increase in mass is not the

only change occurring in hypertrophy. Likely the additional decrease in capacity is

due to increased stiffness of the material which can occur in hypertrophy (Ghoniem,

et al., 1986). Perhaps it is due to a neural or neuromuscular change. I can not tell

from my model. Nevertheless, the increased bladder mass itself causes a decrease in

capacity of some degree.

Mostwin, et al. (1991) observed a 16.6 times increase in resting, or plateau

pressure with a 3 times increase in bladder mass in their decompensated group of

bladders (the group with the largest weight gain). The extreme increase in resting
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pressure observed by Mostwin et al. (1991), is not explainable solely by the increase

in bladder mass. My simulation of mild obstruction with mass three times normal

predicts a plateau pressure of only approximately twice normal (figure 5.3). Thus, the

increased bladder mass itself increases resting pressure to some degree, but in the

experiments of Mostwin, et al., (1991), stiffness or smooth muscle tone of the

bladder must increase as well.

Model #2, with proportional increases in Vo and Vw, predicts that capacity

increases proportionally as well: doubling Vo, doubles capacity (figure 5.4). Since

there are no reported observations of Vo in the literature, I can only compare the

increases in V, and capacity. Maggi, et al., (1989) observed a 5.3 times increase in

bladder mass and a 5.3 times increase in capacity. Levin, et al. (1992) also observed

increases in capacity approximately proportional to the increases in bladder mass. On

the other hand, Igawa, et al. (1993) observed a 6.1 times increase in bladder mass

and only a 2.7 times increase in capacity. Mattiasson and Uvelius (1982) observed a

7.5 times increase in bladder mass and only a 5 times increase in capacity. At one

day after induced obstruction, Malkowicz, et al. (1986) observed a two times increase

in bladder mass and only a 1.5 times increase in capacity from normal. At one week

after induced obstruction, they observed a 7.7 times increase in bladder mass and only

a 1.2 times increase in capacity from normal. Malmgren, et al. (1987b) observed a

6.6 times increase in bladder mass and a 25 times increase in capacity, suggesting that

they induced extremely severe obstruction which increases Vo more than it increases
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Comparison of these results demonstrate that Vo probably does not always

increase in proportion with V, as in my model. The increase in Vo is very likely

related to the severity of the induced obstruction since the bladder will acutely

overdistend more if it is forced to retain urine due to especially severe outlet

obstruction. As with model #1, these differences could alternatively be due to

increased or decreased stiffness of the bladder wall.

As discussed in greater detail in chapter 6, these increases in Vo due to

overdistension are repairable if the source of the overdistension (outlet obstruction, in

this case) is removed. Overdistension experiments and studies have demonstrated that

the bladder can recover its normal function again (Levin, et al., 1983; Redfern, et

al., 1986; Tammela, et al., 1987; Kemp and Tabaka, 1990a; Anderson and Grant,

1991; Kang, et al., 1992). In some cases the overdistension is so severe or

maintained for such a long time, as perhaps might be the case in clinical outlet

obstruction, that there are permanent changes (Tammela, et al., 1993). This evidence

suggests that the bladder can adjust to larger volumes as needed.

In tables 5.2 and 5.3, I have also listed the extent of hypertrophy (the increase

in bladder mass), the duration of obstruction, and the experimental animal, to see if

there are trends with any of these variables. The references are listed in increasing

order of extent of hypertrophy: all the bladders with the largest hypertrophy, bladder

mass greater than 5 times normal, had severe obstruction, as defined by my model #2

(table 5.3). On the other hand, none of the mildly obstructed bladders (model #1)

increase in mass more than 3.3 times normal (table 5.2). This agrees with my
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intuition that severely obstructed bladders will hypertrophy to a greater extent than

mildly obstructed ones.

There is no trend with duration of obstruction. Severe obstruction of duration

one day to twelve months and mild obstruction of duration one day to six weeks were

observed. Only in one case (Malkowicz, et al., 1986) did the bladders appear to shift

from the severely obstructed group to the mildly obstructed group (tables 5.2 and 2).

Bladders observed after one day of obstruction showed increased capacity and

increased compliance, as in model #2. Bladders observed after one week of

obstruction showed increased capacity from normal but decreased compliance,

suggesting an increase in the bladder filling pressures. Bladders observed after two

weeks of obstruction showed decreased capacity from normal and decreased

compliance (Malkowicz, et al., 1986), as in model #1 (table 5.2).

This shift could be due to increased spontaneous contractions, as occur in

hypertrophy (Andersen, 1976; Abrams, 1978; Abrams, et al., 1979; Malmgren, et

al., 1987a; Malmgren, et al., 1990), but the compliance did not decrease much when

they applied a calcium-free Tyrode's solution with EGTA which should obliterate any

smooth muscle tone in the in vitro bladder (Malkowicz, et al., 1986). Therefore, it is

likely due to increasing passive stiffness of the bladder as it hypertrophies.

Alternatively, it could be due to a decrease in Vo, below normal, possibly caused by

increased thickening of the bladder wall. Perhaps if they grouped the hypertrophied

bladders according to the increase in mass (as done by Kato, et al., 1990), they would

observe changes in capacity and compliance which correlate to the increase in mass,
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and therefore the extent of hypertrophy, instead of the duration of hypertrophy (as

observed by Kato, et al., 1990).

There is also a trend with experimental animal. Rat and cat bladders are

severely obstructed (table 5.3), while guinea pig and rabbit bladders are mildly

obstructed (table 5.2). This could be due to a difference in physiology between the

different species. However, since symptoms of both models of hypertrophy due to

obstruction appear clinically in human patients (Andersen, 1976; Abrams, 1978;

Susset, 1983; Caine, 1983; McGuire, 1984; Speakman, et al., 1987), the differences

between species are more likely due to different methodologies used by different

researchers who happen also to use different experimental animals. In order to clarify

this issue, the same researcher needs to use the same methodology on several different

species.

Kato, et al. (1988 and 1990) used a "cuff" method to induce mild outlet

obstruction: they slipped a silicon sleeve (30mm inner circumference) with a

longitudinal slit, around the bladder neck and tied it with 2 silk sutures. Lin, et al.

(1992) used a teflon ring (7mm inner diameter) slipped around the urethra just below

the bladder neck to induce mild obstruction. Mostwin, et al. (1991) used a silver

jeweler's jump ring (2.2mm inner diameter) placed around the proximal urethra to

induce a mild obstruction.

Most of the researchers listed in table 5.3 who induced severe obstruction

(model #2) used the ligature method to induce hypertrophy: they tied a silk ligature

around the outside of the urethra while there was either an indwelling 1mm diameter
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rod in the lumen of the urethra (Mattiasson and Uvelius, 1982; Malmgren, et al.,

1987b; Maggi et al., 1989; Igawa, et al., 1993) or a temporary catheter in the lumen

(Malkowicz, et al., 1986). Levin, et al. (1992) placed a silastic cuff (3 or 5mm

internal diameter) around the caudal urethra to create what they called a mild

obstruction. However, because they induced acute overdistension which caused an

increase in capacity, I place them in the severely distended group in table 5.2. No

single method of inducing obstruction causes severe obstruction sometimes and mild

other times, except the method of Malkowicz, et al. (1986) which developed from the

severe group at 1 day to the mild group at 2 weeks. Because compliance and capacity

did increase at the outset, I suggest that they induced severe obstruction according to

my classification.

Spontaneous contractions during filling are commonly observed both clinically

and experimentally in hypertrophy due to outlet obstruction (Andersen, 1976;

Abrams, 1978; Abrams, et al., 1979; Malmgren, et al., 1987a; Malmgren, et al.,

1990). These are most likely from a cause other than increased bladder mass or

increased rest volume. They do not, however, preclude effects due to increased

bladder mass or increased rest volume as I have described here. It is possible that

observations of increased pressures in cystometrograms of hypertrophied bladders are

due to the spontaneous contractions rather than increased bladder mass. However,

since the contractions are rhythmical, rather than tonic (Andersen, 1976; Abrams,

1978; Abrams, et al., 1979), the cystometrogram can be observed between

contractions and the obstruction can be classified into mild or severe accordingly.
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Both of these experimental models of outlet obstruction can be correlated to

clinical symptoms. Patients with benign prostatic hypertrophy, in which the prostate

swells and partially obstructs bladder outflow in the urethra, have been reported both

with increased capacity and compliance (Andersen, 1976; Susset, 1983; Caine, 1983)

and decreased capacity and compliance (Andersen, 1976; Abrams, 1978; McGuire,

1984; Speakman, et al., 1987). My two models explain why these have a range of

cystometrograms.

Based on the results of these simulations, I would predict that if I performed

the same sort of analysis with an actively contracting bladder, it would show similar

results, proportional to normal: the bladder would generate greater pressure than

normal at any volume in the mildly obstructed case (model #1) and less pressure than

normal at any volume in the severely obstructed case (model #2). These predictions

are supported by clinical and experimental results showing that some hypertrophied

bladders generate increased isometric pressure over normal (Susset, 1983; Malmgren,

et al., 1987a) and some generate decreased isometric pressure (Susset, 1983; Levin,

et al., 1984; Elbadawi, et al., 1989b). As in the case of passive filling, I suggest that

this difference is due to the severity of the obstruction. Elbadawi, et al. (1993)

suggest that the apparent paradox of a weak detrusor in hypertrophy can be explained

by hypertrophy of muscle cells, wide muscle cell separation, and excessive collagen

in the intercellular space. To these I add overdistension, as a cause of decreased

pressure generation in hypertrophy, as in my model of hypertrophy due to severe

obstruction.
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I can also apply my results to diabetic cystopathy. Diabetic bladders tend to

overdistended due to lack of sensation of fullness (Carpenter, 1983). They then

hypertrophy in response to both this and the increased frequency of voiding

(Carpenter, 1983). Therefore, I hypothesize that diabetic bladders hypertrophy in a

fashion similar to my model #2: severe obstruction. Indeed, the results reported by

other researchers support this: diabetic bladders have increased capacity and increased

compliance (Santicioli, et al., 1987; Andersson, et al., 1988; Longhurst, et al.,

1990a; Steers, et al., 1990, Eika, et al., 1994). As with hypertrophied bladders due

to outlet obstruction, other structural and neurogenic changes occur in diabetes (Moss,

et al., 1987; Malmgren, et al., 1989; Longhurst, et al., 1990b). However, two of the

changes which affect the mechanics are certainly the increased mass and increased

rest volume of the bladder, both of which allow the bladder to adapt to the increased

volumes necessary in diuresis.

In conclusion, I have demonstrated that increasing the mass of the bladder only

(model #1) has a noticeable effect on the cystometrogram: decreased capacity,

decreased compliance, and increased pressures (figure 5.3), as seen with bladder

hypertrophy due to mild outlet obstruction. I have also demonstrated that

proportionally increasing both bladder mass and rest volume (model #2), has the

opposite effect on the cystometrogram: increased capacity and increased compliance

(figure 5.4), as seen in hypertrophy due to severe outlet obstruction and diabetic

cystopathy. Comparing the results of these two simulations to published data (tables

5.2 and 5.3) enables me to suggest a classification scheme, distinguishing between
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researchers who have induced mild and those who have induced severe urethral tº

obstructions. By comparing the results of my simulations to clinical symptoms, I can * -,

account for the large range of bladder capacity and compliance of people with s º

hypertrophied bladders due to outlet obstruction.
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CHAPTER 6: A MODEL OF ACUTE URINARY RETENTION

DUE TO OVERDISTENSION

6.1 Abstract

As in chapter 5, I use the thin sphere model presented here to study plastic

deformation due to overdistension by increasing the contained volume at rest, Vo. In

this case, I apply the model to simulate acute urinary retention due to overdistension

of the urinary bladder. By adding a simple model of the urethra to the urinary bladder

model presented in this thesis, I can make a suggestion of how much plastic

deformation is necessary for someone to be unable to initiate voiding. The result is

that 25% plastic deformation is needed. When compared to the literature, this is

shown to be a value within the range of possibilities of plastic deformation of the

urinary bladder.

A constant in stress-stretch relation
An urethral area at flow controlling zone
m elastic coefficient of urethra
Po urethral opening pressure at flow controlling zone
Pl, transmural bladder pressure
P. urethral pressure at flow controlling zone
Q urine flow rate in urethra
V contained bladder volume
Vo normal contained bladder volume at rest: P =0
Voo overdistended (increased) contained bladder volume at rest: P =0
vº urine velocity in urethra
X transverse bladder wall stretch
\r unitless measure of plastic deformation
p urine density
o transverse bladder wall stress

Table 6.1. List of Symbols
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6.2 Introduction

Acute postoperative urinary retention, or the inability to void after arousal

from anesthesia, is a common complication of surgeries involving both spinal and

general anesthesia (Kemp and Tabaka, 1990b). It is the most frequent complication of

anorectal surgery with rates as high as 52% (Fontanarosa and Roush, 1988; Cataldo

and Senagore, 1991). Postoperative urinary retention also occurs after total hip

replacement at rates of 11% (Waterhouse, et al., 1987) to 21% (Redfern, et al.,

1986) of all patients, and 45% of those without an indwelling catheter (Michelson, et

al., 1988). It has been reported to occur at rates of 7-25% among all post-anesthesia

patients (Kemp and Tabaka, 1990a).

Postoperative urinary retention is sometimes caused by previously existing

urinary tract complications (Murray, et al., 1984; Tammela, et al., 1986a; Anderson

and Grant, 1991). However, it is thought to be caused most often by overdistension of

the bladder due to excessive fluids, dulled sensation of fullness from anesthesia or

postoperative sedation, postoperative pain inhibiting the micturition reflex, or

analgesic drugs (Tammela, et al., 1986a and 1986b; Kemp and Tabaka, 1990a and

1990b; Kozol, et al., 1992). Overdistension occurs when the bladder is filled beyond

its normal capacity and can lead to decompensation or atony of the bladder

(Christensen, et al., 1987; Fontanarosa and Roush, 1988; Kemp and Tabaka, 1990b)

and an inability to initiate a voiding contraction (Murray, et al., 1984). Decreased

detrusor power due to the decompensation makes it difficult or impossible to

overcome the urethral resistance and initiate voiding (Fontanarosa and Roush, 1988).
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Why is it that overdistending the bladder leads to a decrease in detrusor power?

Tammela and Arjamaa (1988) and Alexander (1971) have observed that after

rat, rabbit, and cat urinary bladders are acutely overdistended (filled beyond their

normal capacity), the volume corresponding to the maximum total (active plus

passive) pressure increases. Carpenter (1983) observed the same phenomenon in rats

whose bladder overdistension was due to increased diuresis. Langley and Whiteside

(1951) observed that spinal dogs (those whose spinal cord has been transected above

the sacral level of urinary bladder spinal control) had increased capacity after their

bladders were overdistended, suggesting this phenomenon is a peripheral one and is

not mediated by the cortex. Alexander (1971) suggested that this might be due to a

resetting of the length of the contractile apparatus. In addition, after overdistension,

many researchers and clinicians have observed an increased capacity and a shift to the

right of the cystometrogram: the same contained volume generates less passive

pressure (Alexander, 1971; Tammela, et al., 1987; Shoukry and Ghoniem, 1992;

Tammela, et al., 1993).

In continuum mechanical terms, both descriptions imply the same thing: a

plastic deformation has occurred. The material is no longer elastic, so does not return

to its reference length when the tension is released. The stress-stretch relation

undergoes a shift to the right after the material has been plastically deformed: the

material generates less stress when stretched to the same stretch value (Naghdi,

1960). I define overdistension here to mean that the bladder has been stretched

beyond its elastic limit and undergoes plastic deformation.
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The bladder also exhibits stress-relaxation: the tension decreases with time

when it is held at a constant length or volume (Bissada and Finkbeiner, 1980), or the

volume increases with time at constant pressure (Alexander, 1971). This has also been

referred to as bladder plasticity (Alexander, 1971; Bissada and Finkbeiner, 1980). I

am not referring to that phenomenon here. Instead, I use plasticity, or plastic

deformation, to mean an increase in the rest volume due to stretching beyond the

elastic limit. Carpenter (1983) observed that this occurs in both passive and active

contractile properties of the urinary bladder after a critical yield stretch value is

reached.

For the most part, the plastic deformation is reversible in vivo, since the

passive and contractile properties eventually return to normal if the cause of the

overdistension is removed (Tammela, et al., 1987; Kang, et al., 1992; Shoukry and

Ghoniem, 1992). In some experiments and clinical situations where the overdistension

is unusually large or long-term, there can be permanent damage to the bladder wall

(Tammela, et al., 1993).

Can this plastic deformation alone account for the inability to void in acute

postoperative urinary retention? I have used the mathematical model of the bladder

developed in this thesis, to quantify bladder plastic deformation and to observe its

effect on the initiation of voiding. To the model of the bladder, I needed to add a

simple model of the urethra in this chapter. I have used these models to simulate the

initiation of voiding and have determined that plastic deformation alone can cause an

inability to initiate voiding.
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6.3 Methods

Since I only need a few parameter values for this simulation and I want it to

be clinically applicable, I based the parameter values in the model on data from

humans obtained from the literature, as opposed to the dog data used in the rest of

this thesis.

6.3.1 Model of Bladder

I need only determine if one can initiate voiding after overdistension. Since the

bladder generates the highest pressure at any volume when it is isometric (Griffiths

and van Mastrigt, 1985; Griffiths, 1991), I have modelled isometric bladder pressure

generation and determined if this enough to overcome urethral resistance after the

bladder is overdistended.

I used isometric human pressure-volume data from Constantinou, et al. (1984)

as the normal data. I then used the isotropic, homogeneous, incompressible, thin shell

sphere model (equations 3.4 and 3.5) to deduce the normal stress-stretch relationship

from this pressure-volume data. The pressure data is approximately constant at all 5

volumes tested (Constantinou, et al. 1984). This allowed me to curve fit the pressure

volume data with a cubic stress-stretch relation since a cubic stress-stretch generates a

constant pressure in a thin sphere. Therefore, A was the only curve fit parameter in

the following equation.

o = AA* (6.1)
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where 0 is transverse bladder wall stress and \ is transverse bladder wall stretch. This

curve fit equation is a simplified version of the constitutive model used in the rest of

the thesis to describe biaxial extension, equations (3.6) and (4.32).

I took the bladder mass to be 45g, an average value for humans (Snyder, et

al., 1975), so the bladder wall volume, Vy, is constant at 45ml, assuming the bladder

is incompressible and has the same density as water (1g/ml). The choice of the

reference volume, Vo, is arbitrary in this case, as long as it is small enough that the

thin shell sphere assumption is valid. Therefore, I used Vo- 15ml so that the ratio of

Vo to V, is similar to that for the dog data (table 3.1). This is the same value

estimated by Siroky and Krane (1983).

6.3.2 Model of Urethra

I modelled the urethra as a flexible tube of constant cross-sectional area with

urethral pressure a linear function of cross-sectional area (Lose and Colstrup, 1990):

P. = mä, 4 Po (6.2)

where P, is urethral pressure, m is the elastic coefficient and Po is urethral opening

pressure. This model was developed for, and curve fit to female urethra data when

the women were not voiding. The urethral smooth muscle contracts to help maintain

continence when not voiding and then relaxes when voiding begins (Griffiths, 1973;

Lose, 1992). Therefore, the urethral elasticity and pressures are likely less while

voiding than when not voiding. However, it is not possible to make direct urethral

.
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pressure and cross-sectional area measurements during voiding. The linear

relationship between urethral pressure, Puy and urethral area, Au, is supported by data

from Teriö, et al. (1989), who curve fit a power relation to data from men to integer

exponent values. An exponent value of 1 (linear relationship) was the best fit to 42%

of the urethral data, the largest percentage for any single integer (Teriö, et al., 1989).

Lose and Colstrup (1990) and Thind, et al. (1991) used a catheter with a

balloon and pressure transducer to collect data from 3 locations in normal female

urethra: at the bladder neck, the mid-urethra, and the distal urethra, while the women

were not voiding. They curve fit equation (6.2) and obtained a range of values for the

elastance, m, from approximately 0.5 to 2.2 cmH2O/mm” (Lose and Schroeder, 1990;

Thind, et al., 1991). The largest values appeared to be in the mid-urethra, so I

assumed that was the most constrictive area, or the flow controlling zone (Griffiths,

1973). I chose m=1.5 cmH,0/mm” in my model as an average value of the elastance

in the mid-urethra (Thind, et al., 1991).

Because they used a catheter to determine urethral area and pressure, Lose and

colleagues (Lose and Colstrup, 1990; Thind, et al., 1991) could not obtain the

minimum pressure to open the urethra at zero cross-sectional area. Therefore, they

linearly extrapolated from their data to obtain a value of Po at Au-0 (Lose and

Colstrup, 1990). I used their value of urethral opening pressure, Po-22 cmH20 (Lose

and Colstrup, 1990) which is within the range of the minimum bladder pressure

needed for flow to occur: 15-30 cmH2O (Griffiths, 1973).
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I assumed that urine flow in the urethra is laminar and inviscid. It can

therefore be described by Bernoulli’s equation. If I assume the height difference

between the bladder and the urethral closure pressure point is negligible and the

velocity of urine in the bladder is also negligible (Schäfer, 1985; Walter, et al.,

1993), I obtain:

P. = P. +}py: (6.3)

where P is pressure, p is urine density (assumed to be the same as water), and v is

urine velocity. The b subscript refers to the bladder and the u subscript refers to the

urethra at the closure pressure point. I combined this equation with conservation of

mass to obtain an equation for flow rate, Q:

Q = -* - A |º (6.4)dt ut p

where V is contained bladder volume. Flow only occurs if the bladder pressure

exceeds the urethral pressure. Otherwise the flow rate is zero.

I needed to model the urethral opening area, Au, as well. To make this model

a best-case-scenario, I assumed that the urethra opens to the cross-sectional area that

allows maximum flow at that bladder pressure at the initiation of voiding. This way,

the bladder pressure required to initiate voiding is a minimum. Solving for A, at

.
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maximum Q in equation (6.4) and substituting in equation (6.2) gives:

2(P,-P.) (6.5)
3m

If the bladder pressure is less than the urethral opening pressure, Po, then the urethra

does not open, no flow occurs and urethral area, Au, is zero. I then used equations

(6.2) and (6.5) to describe urethral area and pressure as a function of bladder

pressure.

6.3.3. Simulation of Plastic Deformation

When a sphere plastically deforms, the contained volume at rest increases.

Therefore, since one of the two whole bladder parameters of the constitutive model

proposed here is the contained volume at rest, this model is highly appropriate to a

study of plastic deformation of the bladder. I have therefore, simulated plastic

deformation due to overdistension by increasing the reference volume, as suggested

by Siroky and Krane (1983) while keeping the equilibrium stress-stretch relation the

same as normal. I denoted the overdistended reference volume as Voo to distinguish it

from the normal reference volume, Vo. I also introduce here a unitless measure of the

extent of plastic deformation: \p-(Voo/Vo)”.

Plasticity is often described as a rightward shift of the stress-stretch relation

maintaining the same reference length, but my method of increasing the reference

length is easier to quantify and has the same final effect: reduced pressure at each
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volume. When the reference volume is increased, the bladder reference radius is

increased, as is the length of a piece of bladder wall material in the reference state.

Therefore, the stretch value at each contained volume decreases. Since I used the

same stress-stretch relation, the wall stress at any given volume, and therefore, the

pressure generated by the bladder at that volume, decreases with increased reference

volume. There have been no experimental studies investigating whether after

overdistension, the reference volume increases or stress-stretch shifts to the right

without an increase in the rest length, or both, so I can not say which method more

accurately represents the physiology.

Since I am applying the theory of plasticity to one simple case, the analysis of

plastic deformation presented here is simplified. Further explanation of the theory of

plasticity can be found in Naghdi (1960) and current work in the field of plasticity

theory can be found in Casey and Naghdi (1981, 1984a, 1984b, 1988) and Naghdi

(1990).

6.3.4 Simulation of Initiation of Voiding

Since stress is a cubic function of stretch, it increases linearly with volume.

However, pressure is constant with contained volume. Therefore, flow rate, urethral

pressure, and urethral area also do not vary with the contained volume when I

simulated initiation of voiding. So, I could simulate voiding at any volume and obtain

the same result except for bladder wall stress, as long as the volume is large enough

that the thin shell approximation is valid. I chose to simulate voiding at a contained

:

>.
º

|
-,

143



ºt

***
* * : *-

- - --- º



volume of 1000ml. This is approximately twice the capacity of the population studied

by Constantinou, et al., (1984) and is within the range of overdistended volumes seen

clinically (Redfern, et al., 1986; Michelson, et al., 1988; Fontanarosa and Roush,

1988). I calculated the transverse bladder wall stress, transmural pressure, initial flow

rate, urethral pressure, and urethral area at 100 values of Voo from 15ml to 30ml.

6.4 Results

6.4.1 Model of Bladder

The best fit of equation (6.1) to the isometric pressure volume data from

Constantinou, et al. (1984) is with A=3.0 and has a root mean square error value

2.17 cmH2O (figure 6.1). The data demonstrates that the active + passive isometric

pressure is approximately constant, decreasing slightly, in volume over a large range

of volumes. This phenomenon has been observed by other researchers as well (Siroky

and Krane, 1983; Kaplan, et al., 1991; Walter, et al., 1991).

6.4.2 Simulation of Plastic Deformation

As I increased the reference volume, the length (or circumference) of the

bladder wall in the reference state increases with the cubed root of volume.

Therefore, increasing reference volume to twice its normal value, increases the length

of a piece of material on the bladder wall by 26%, corresponding to a plastic

deformation of 1.26.
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Figure 6.1. Pressure-volume data for isometric contraction (open circles) from
Constantinou, et al., (1984) and curve fit (solid line) of equation (6.1) to stress-stretch
derived from thin sphere model with V. =45ml, Vo- 15ml, and A=3.0 mN/mm”. {
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6.4.3 Simulation of Initiation of Voiding Tº

Plastic deformation causes a decline in transverse wall stress (figure 6.2) and º
transmural bladder pressure (figure 6.3). As the plastic deformation increases, the _º x

bladder does not generate enough pressure to open the urethra very far. Therefore, s
-

with increasing plastic deformation, urethral cross-sectional area decreases (figure ~ ■
*.

6.4). Urethral pressure decreases also because of the linear relationship between ~ º

urethral cross-sectional area and pressure (figure 6.5). With decreased bladder
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pressure and decreased urethral cross-sectional area, flow rate decreases (figure 6.6). cº
Eventually, the plastic deformation increase is large enough that the pressure &_*

generated by the bladder can not overcome the urethral resistance and flow can not be •

initiated. This occurs at Voo-30ml, or Np = 1.26.
>
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{
Figure 6.2. Transverse stress results of initiation of voiding simulation at 1000ml
contained volume. As the plastic deformation increases, stress decreases, when the 3.
stress-stretch relation, equation (6.1), remains constant. º,
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Figure 6.3. Bladder pressure results of initiation of voiding simulation. As the plastic
deformation increases, bladder pressure decreases, when the stress-stretch relation
remains constant. Bladder pressure equals the urethral opening pressure (Po-22
cmH2O.) when the rest volume is doubled, at a plastic deformation of 1.26.
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Figure 6.4. Urethral cross-sectional area results of solving equation (6.5) during the
initiation of voiding simulation at 1000ml contained volume. Urethral area decreases
as the bladder pressure decreases with the increase in plastic deformation. Urethral
area equals zero when the rest volume is doubled, at a plastic deformation of 1.26.
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Figure 6.5. Urethral pressure results of solving equation (6.2) during the initiation of )voiding simulation. Urethral pressure decreases as the urethral area decreases with the
- - - - - -

increase in plastic deformation. Urethral pressure equals the urethral opening pressure Jwhen the urethral area equals zero at a plastic deformation of 1.26.
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Figure 6.6. Initial flow rate results of solving equation (6.4) during the initiation of º,
voiding simulation. Flow rate decreases as urethral area, bladder pressure, and º
urethral pressure decrease with the increase in plastic deformation. There is no flow
when bladder pressure equals urethral pressure, at a plastic deformation of 1.26.
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6.5 Discussion

If the plastic deformation is large enough (Ar–1.26) then it alone can cause an

inability to void. Therefore, the bladder must recover from any plastic deformation

due to overdistension before it will function normally. Both animal and clinical

research have shown that the bladder will recover from most abnormalities due to

overdistension, given several days (Redfern, et al., 1986; Tammela, et al., 1987;

Kemp and Tabaka, 1990a; Kang, et al., 1992) or weeks (Levin, et al., 1983;

Anderson and Grant, 1991). If the bladder is stretched too much or for too long, it

can undergo permanent changes (Tammela, et al., 1993).

Tammela and Arjamaa (1988) observed an approximately 25% increase in the

lowest length of maximum active force in a strip from a rat bladder that had been

overdistended for 3 hours. Carpenter (1983) observed a 24% increase in the mean

radius of maximum active tension at 20Hz stimulation in bladders of rats that had

been fed sucrose to induce diuresis and therefore overdistension. These increased

lengths correspond to a plastic deformation of 1.25 and 1.24, respectively. My

simulation demonstrates that when the bladder undergoes the similar plastic

deformation of 1.26, it will not be able to generate enough pressure to initiate voiding

(figures 6.3 and 6.6) and will continue to fill and overdistend.

Kang, et al. (1992) observed a decrease in isometric pressure immediately

after overdistension of rat bladders which returned to normal in 3 days. Bladders

stimulated at 2 Hz with 0.75 and 1.5ml contained volume generated approximately 70

and 40 cmH2O isometric pressure before overdistension and approximately 45 and 25
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cmH2O immediately after overdistension, respectively (Kang, et al., 1992), a decrease

to about 60% normal. Two days after the transient overdistension was completed,

Tammela, et al. (1993) observed a decrease in isometric pressure with rat bladders

filled to one half capacity at 32 Hz stimulation from approximately 100 to 65 cmH2O,

a decrease to 65% normal. Tammela, et al. (1987) observed a decrease in the

maximum pressure during voiding from 43 to 35 cmH2O immediately after

overdistending dog bladders, a decrease to 80% normal. In my simulation, with a

plastic deformation of 1.26, the isometric bladder pressure decreased from 36 to 22

cmH2O (figure 6.3), a decrease to 60% normal. This is the same as the maximum

decrease of the experimentally observed values. Therefore, the pressure decrease

observed experimentally could be explained by plastic deformation.

Researchers (Carpenter, 1983; Levin, et al., 1983; Tammela and Arjamaa,

1988; Kitada, et al., 1989) have also observed a decrease in the maximum tension

produced by the bladder after overdistension, suggesting that the contractile

mechanism had been impaired. My model does not include this impairment since I

maintained the same stress-stretch relation, implying that the length at peak stress will

be increased but the peak stress will remain the same. Their results suggest that the

inability to void would occur at a lower plastic deformation than I have predicted

since a stress decrease would induce a further pressure decrease.

Classical muscle mechanics models separate active and passive isometric forces

at each length and assume they are separable and additive, patterned after A.V. Hill's

model (Hill, 1938). Here, I have lumped both active and passive together by curve

i
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fitting isometric contraction data. Therefore, when I model plastic deformation, I

assume that both the active and passive stress-stretch curves plastically deform, or

shift to the right, to the same extent. I modelled overdistension using this method

because there is very little experimental data available on the extent of plastic

deformation and my method serves therefore, as a good first estimate.

The passive forces in the urinary bladder are, for the most part, generated by

noncontractile intrinsic properties of the smooth muscle and intercellular connective

tissues (Coolsaet, 1985; de Groat, 1993) and the active forces are generated by actin

and myosin crossbridges within the detrusor smooth muscle cells, stimulated by

autonomic nervous discharges (Bisada and Finkbeiner, 1980; de Groat, 1993). The

different anatomical structures will not necessarily overdistend and plastically deform

to the same extent as each other. Therefore, the active and passive stress-stretch

curves will not necessarily shift to the right to exactly the same extent, as I have

assumed.

Both clinical (Osius and Hinman, 1963; Dunn, et al., 1974 and 1977;

Jørgensen, et al., 1985) and experimental (Alexander, 1971; Tammela, et al., 1987;

Shoukry and Ghoniem, 1992; Tammela, et al., 1993) research has demonstrated that

when the bladder is filled beyond its normal capacity, the cystometrogram shifts to

the right: the bladder becomes more compliant and has increased capacity. This data

suggests that the normal capacity of the bladder (the volume at which one feels a

strong desire to void) represents the elastic limit of the passive stress-stretch relation

of the bladder. Most likely, stretch at bladder capacity is normally less than the actual

i
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elastic limit as a protective measure against plastic deformation.

When repeat cystometrogram studies are done without intentionally

overdistending the bladder, sometimes the capacity and compliance increase (Nordling

and Walter, 1977; Jensen, 1981; Sørensen, et al., 1984), sometimes capacity and

compliance are unchanged (Ramsden, et al., 1977; Poulsen, et al., 1989) and

occasionally they decrease (Nordling and White, 1977). I suggest that the increased

capacity and compliance are due to unintentional overdistension.

Anatomical studies after overdistension of the bladder have shown that the

detrusor smooth muscle cells are structurally and architecturally unaffected by the

overdistension (Lloyd-Davies, et al., 1970; Gosling, et al., 1977; Sehn, 1979). The

junction regions between smooth muscle cells remain intact and there is no immediate

increase in intercellular collagen (Gosling, et al., 1977; Sehn, 1979). Lloyd-Davies,

et al. (1970) reported increased collagen deposits as the bladder recovers from

overdistension. Extracellular hemorrhages and edema have been observed (Gosling, et

al., 1977; Tammela, et al., 1987), as has a "marked folding of the cell membranes

immediately after distension" (Gosling, et al., 1977).

I suggest that the plastic deformation of the passive properties of the bladder,

as evidenced by increased capacity and increased compliance, is due to extracellular

connective tissues and membranes stretching and resetting to a new longer rest length.

This explains the marked folding of cell membranes observed by Gosling, et al.

(1977) after the bladder had been released from its overdistension. The bladder then

slowly recovers its normal function when the overdistension has been released and the
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cell membranes and connective tissues shorten to their original rest length.

Since there is no visible damage to the smooth muscle cells after

overdistension, researchers have suggested that damage to the nerve cells within the

bladder wall explains the altered active contraction properties. Gosling, et al. (1977)

observed no change in the autonomic nerves of the bladder at any time from

immediately to 18 weeks after overdistension. However, more recently other

researchers have observed edema of unmyelinated axons 24 hours (Tammela, et al.,

1987) and 5 days (Sehn, 1979) after transient overdistension. A decrease in the

adrenergic innervation occurs 2 days (Tammela, et al., 1990; Lasanen, 1993) and a

decrease in cholinergic and peptidergic innervation occurs 7 days after transient

overdistension (Lasanen, et al., 1992a and 1992b). Most of these changes return to

normal by 3 weeks (Tammela, et al., 1990; Lasanen, et al., 1992b).

Since these changes occur slowly, as a long-term reaction to the transient

overdistension, they can not explain the immediate changes in the active isometric

stress-stretch relation. Therefore, it is not likely a change in the nerve cells or

neuromuscular conduction that causes the immediate changes in active contraction

properties after overdistension. These might be due to changes within the detrusor

smooth muscle cells that have not yet been observed by researchers.

I chose a normal reference volume of 15ml so that Vo■ V, has approximately

the same ratio as in my dog cystometrogram data because that value was suggested by

Siroky and Krane (1983), and because 15ml is a small enough volume that even when

it is doubled to 30ml, the thin shell sphere model is still valid at 1000ml contained

i

153



%
S

- --
|
-

f
k

/

■ -

Er is - - - - - - - - -"

- - - - - - -
- - - - -

ze es
- is

ze - , 5. *

- - - - - - -
- -- ****

u - ee
er - - *
-- -- * ---- ---- --
eer - - - - - - - - - ***

- -------- *

- -- -

*** -- -- -- ** #

re-in eers- en ze vrº



volume. Bladder pressure is approximately constant in volume (figure 6.1) but the law

of Laplace describes pressure as a function of stress and transverse stretch (wall

thickness and radius are functions of stretch). Stretch at any contained volume is a

function of the reference volume as well as the contained volume. Therefore, bladder

wall stress at any contained volume must also be a function of the chosen reference

volume. Increasing the normal reference volume decreases the transmural stress at

any contained volume and therefore also decreases the stress at any level of plastic

deformation. However, since bladder pressure is approximately constant with

contained volume, had I chosen a different normal reference volume, I still would

obtain the same simulation results for bladder pressure and also flow rate, urethral

pressure and urethral cross-sectional area as well. Therefore, if I had used any

reference volume small enough for the thin shell sphere model to be valid, I would

still deduce zero flow rate at a plastic deformation of 1.26.

I assumed here that flow in the urethra is laminar and inviscid. The lossless

assumption has been made by other researchers with success (Griffiths, 1973;

Schäfer, 1985; Teriö, et al., 1989). Walter et al. (1993) demonstrated that both are

valid assumptions, at least for the single normal female for whom they had urethral

area, flow rate, and bladder pressure data. They solved Bernoulli’s equation for cross

sectional area, using the same assumptions listed in methods above:

(6.6)

:
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where C is a curve fit parameter. When they curve fit the equation to their data, they

obtained C=2.3, the same value obtained by solving Bernoulli’s equation in their

units (Damaser, et al., in press). Therefore, they demonstrated that at least in one

normal female, the assumptions that flow is laminar and inviscid are valid.

The values of urethral cross-sectional area and pressure in my simulation are

at the low end of the normal range of experimental values. I obtain a maximum

urethral area of approximately 6mm” (figure 6.4) and a maximum urethral pressure of

approximately 32 cmH2O (figure 6.5). During urethral pressure measurements,

normal urethral cross-sectional area, when not voiding, ranges from approximately 15

to 80mm at urethral pressures of approximately 20 to 120 cmH2O (Lose and

Schroeder, 1989; Lose and Colstrup, 1990; Thind, et al., 1991; Lose, 1992). These

urethral cross-sectional area values were obtained with a catheter in the urethra so

small values were not accessible.

Griffiths (1973) calculated values of radius during voiding. If I assume a

circular cross-sectional area, he obtained a range of urethral cross-sectional area of 0

to 20mm” at urethral pressures of 15 to 25 cmH2O. Walter, et al. (1993) calculated

urethral area during voiding from video urodynamics and obtained a range of 0 to

17mm”. Therefore, the values I obtained for urethral pressure and cross-sectional area

are within the normal range, but at the low end. Since I was investigating decreasing

bladder pressure due to plastic deformation, the bladder, in my simulation, did not

have the power to open the urethra very far. Therefore, it follows I predict low values

of urethral cross-sectional area and pressure.
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The relation between flow rate and bladder pressure has been used to

characterize the urethra, and is called the urethral resistance relation (Griffiths, 1973;

Schäfer, 1983b). When I plot flow rate vs. pressure from my simulation (figure 6.7),

I obtain a curve that fits the same form and nearly the same values as the low range

of the urethral resistance relation from both males and females (Griffiths, 1973). My

resulting curve is less steep than that of either Griffiths (1973) or Schäfer (1983b),

likely because of my assumption of maximum flow in the urethra.

6.0

5. O

4. O

2 O

3 .0

1 O

O.O T-I-T-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I-I
2O 25 3O 35 40

Bladder Pressure (cmH2O)

Figure 6.7. Flow rate plotted as a function of bladder pressure for the simulation of
initiation of voiding at 1000ml contained volume. The form of the curve and values
are similar to the urethral resistance relation from Griffiths (1973).
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The urethral opening pressure I used (22 cmH2O) is a little higher than the 15

20 cmH2O range reported by Griffiths (1973) but lower than the 25 cmH2O indicative

of urethral outlet obstruction (Schäfer, 1983b). my estimate might be a little too high;

however, I feel confident that my model is an accurate one of the female urethra and

is likely applicable to the male urethra as well.

In addition to explaining the inability to void after postoperative urinary

retention, plastic deformation could help explain the difficulties that diabetics have in

voiding. An early sign of diabetic cystopathy is a reduction in voiding frequency and

an increased capacity due to loss of sensation of filling (Kaplan and Blaivas, 1988;

Kudlacz, et al., 1989). This increased capacity could lead to overdistension of the

bladder. As the sensory impairment continues, diabetics experience difficulty initiating

and maintaining voiding (Kaplan and Blaivas, 1988) and the detrusor contractility

(Kaplan and Blaivas, 1988; Kudlacz, et al., 1989). Indeed, both the active and

passive length-tension curves show a shift to the right (Carpenter, 1983; Andersson,

et al., 1988; Longhurst, et al., 1990b) as would occur in plastic deformation due to

the overdistension. Diabetic bladders also increase in mass (Carpenter, 1983; Moss, et

al., 1987; Malmgren, et al., 1989; Longhurst, et al., 1990b), which increases the

detrusor power and could help compensate for the plastic deformation. There are also,

other structural and neurogenic changes that occur in diabetic bladders (Moss, et al.,

1987; Malmgren, et al., 1989; Longhurst, et al., 1990b), but any plastic deformation

that does occur will have an impact on the voiding mechanics of diabetic bladders as

well.

- .

157 &_Y



ºt
r

* -----------
* -

- - - * * * * .*

--- * -- *
---> *

* - *
*

4 *
* ,

**| *
*

**
*

... •

t

º

º

º - * *

- - * * * *

a *-* *f * *

- -- * - --- ***
º *- - is * *

ºr--º * -

* ------------" "
º-sea sº- " -- " " -

*

tº pºss ºr -- **



Modelled after an attempted treatment for bladder carcinoma (Helmstein, º

1972; England, et al., 1973), transient overdistension has been attempted as a *_*,

treatment for people with unstable and hyperreflexive bladders (Pengelly, et al., 1978; > º

Jørgensen, et al., 1985), interstitial cystitis (Dunn, et al., 1977), and urgency and

urge incontinence (Dunn, et al., 1974). All are conditions with symptoms where the

bladder has small capacity and/or contracts inappropriately. The reasoning has been

that if overdistension causes a decrease in detrusor pressure and contractility, then

perhaps it will cure those whose detrusor contracts too much. Although, Dunn, et al.

(1974 and 1977) have reported some success, several months after treatment, other

treatment attempts have been less successful. Jørgensen, et al. (1985) reported a 96%

recurrence rate of detrusor instability. Pengally, et al. (1978) reported only 4 cases of

46 cured. The lack of success is likely due to the fact that the bladder usually regains &

its normal properties when the cause of the overdistension is removed. R_*:

Because the human body can usually repair the damage done in overdistension | § º

if the cause of the overdistension is removed, plastic deformation of the urinary | y s

bladder is different from classical mechanical engineering plastic deformation, which º,
is a permanent deformation. However, even in vivo, when the cause of the .

overdistension is not removed, such as in diabetic cystopathy, the plastic deformation
º

can not be repaired. In conclusion, I have demonstrated that plastic deformation due º
>

to overdistension could be a cause of the inability to void after acute urinary ■

retention. It could also be a cause of the difficulty voiding that diabetics with diabetic 3.

cystopathy have. Therefore, in order for someone with an overdistended bladder to be
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CHAPTER 7: CONCLUSIONS AND FUTURE DIRECTIONS

I have developed and tested 5 hypotheses on the equilibrium mechanics of the

urinary bladder. However, since this work has been primarily mathematical

modelling, there are several experiments that would test my mathematical models to a

further extent than I have done here. In addition there are other mathematical models

of the bladder to be developed that are direct outgrowths of this research.

7.1 Homogeneity and Isotropy

I have shown that passive urinary bladder tissue is homogeneous and isotropic

in the plane transverse to the radius. I did not test bladder mechanics in the radial

direction. Since I do not expect that direction to be isotropic with the transverse

directions, and no one has yet tested bladder mechanics in the radial direction, this is

a direction in which to extend this research.

7.2 Shape of the Urinary Bladder

I have demonstrated that if the bladder is a prolate or an oblate sphere of not

too extreme eccentricity, its equilibrium filling mechanics will not differ very much

from that of a sphere. I have made preliminary observations that suggest that these

two shapes are reasonable approximations of bladder shapes, perhaps pathological, but

nonetheless, realistic.

However, I have not performed a thorough survey of in vivo bladder shapes.

This should ideally be done by performing videourodynamics in two perpendicular
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planes so that the three dimensional shape of the bladder can be reconstructed.

Bladder shapes should be classified according to degree of filling and specific

pathology as well. This survey would enable us to answer the following questions.

Are both normal and abnormal bladders in filling reasonably approximated by my

three shape models: sphere, prolate spheroid, and oblate spheroid? Do I need to use a

more complicated model, perhaps a finite element model, to approximate the shape of

the bladder?

In addition, I could apply my isometric shape models to isometric contraction

as well as quasistatic bladder filling. Schäfer (1991b) has observed that the bladder

becomes more spherical as it isometrically contracts before voiding commences.

Therefore, perhaps a sphere model will suffice once the bladder has achieved a full

isometric contraction, as Schäfer (1991b) and others have assumed. A proper three

dimensional videourodynamic survey of contracting bladders would determine if this

is true or not.

My isotropic, isometric shape models will not suffice to model the increased

sphericity which occurs as the bladder isometrically contracts. To understand this

phenomenon, I would need to include active state and contraction rate in any model. I

could not do this with my isometric shape models and would need to develop a

dynamic model of the bladder. For a spheroidal bladder to become more spherical as

it contracts, would it need to be anisotropic? Such a model could answer this

question.
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Once I develop a dynamic shape model, I could apply it to study shape

changes as the bladder empties. Does the bladder maintain the spherical shape it

attains in isometric contraction, as it empties? Again, a three dimensional

videourodynamic survey of normal and abnormal voiding would determine the in vivo

answer to that question. A dynamic mathematical model of the urinary bladder in

different shape approximations with a reasonable urethral model would help determine

how it contracts while emptying: can it accomplish its shape changes while emptying

if it is isotropic? Perhaps the detrusor itself is isotropic, but it is not stimulated to

contract in an isotropic fashion.

The issue of where on the bladder wall regions of high stress occur was also

raised by my shape model. I predicted that prolate bladders are more likely to develop

diverticula because the region of high stress coincides with a possibly weak area of

tissue. A three dimensional videourodynamic survey of bladders with diverticula

would determine if diverticula do occur most often at the intersection of the trigone

and bladder body. It would also determine if bladders that already formed diverticula

can be better approximated by a prolate spheroid than a sphere. However, it would

not determine conclusively if these bladders were prolate spheroid shaped before they

developed diverticula.

162



*
*.*

* -
* :

* -

º

->
--

sº
g

- - º
- *
º -

_*. º

* - - * : *
- * *

*

& As

n -

... • -
** -

-:
-is

º
- * * -

tº
-- ~~~

º
º
º

-- -

, , A
* * A -

*--

a g ºn: , ;

º: -

-
* : * ~ * **** *

º -

º a sº- º

- s ---.”
º: * - - ----- **

*- a - - -* *

| -- - - -->
* * • ****



7.3 Strain Energy Function Model º
*w". . .

Using a strain energy function curve fit, I have predicted that passive bladder - ■ º Y

tissue will develop only slightly higher stresses when it is stretched in equilibrium J sº

biaxially than uniaxially. This assertion is supported by other researchers’ º
experimental data using uniaxial stress-stretch relations to accurately predict whole j
bladder pressure-volume relations (assuming a thin-shell sphere).

To test if my strain energy function curve fit is a correct representation of

passive bladder tissue, I would need to conduct both biaxial and uniaxial in vitro

stretch experiments and compare the results with my modelling predictions. I could

instead use data from an in vitro whole bladder preparation and measure the biaxial

stretch of the wall directly, or assume the whole bladder stretches equibiaxially, as a

sphere and measure volume and pressure as I have done here.

In bladders that are not spherical, the bladder wall does not undergo

equibiaxial stretch. An obvious extension of my strain energy function would be to

use the values of stretch predicted by my spheroid models in the strain energy

function model to represent nonequibiaxial stretch and see if the predicted stresses are

still similar to uniaxial stresses. One would want to first determine if the prolate and

oblate spheroid models are appropriate shape approximations of the urinary bladder
->

before extending that research. Alternatively, I could take biaxial stretch ~
-- * *

º

measurements in the bladder wall as it fills, either in vitro or in vivo, to determine if o ■

the bladder stretches equibiaxially or not. º,
º,

º,
*
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My model does not predict whether the passive viscoelastic mechanics or

actively contracting isometric or dynamic mechanics would induce the same stress in

biaxial as in uniaxial stretch. Therefore, I would need to expand my model to

determine if dynamic and actively contracting uniaxial strip studies accurately

represent the biaxial stresses the bladder undergoes in vivo. I could represent

isometric active contractions with a strain energy function. However, I could not

represent dynamic mechanics with a standard strain energy function. The model

would have to be modified to appropriately represent the viscous properties of both

passive and active bladder tissue. I would also want to perform appropriate uniaxial

and biaxial dynamic stretch studies to test the model.

7.4 Hypertrophy due to Outlet Obstruction

I have demonstrated that increasing only the mass of the bladder decreases

bladder compliance as seen in the cystometrogram and likely, bladder capacity. I have

also demonstrated that increasing the mass of the bladder and the rest volume of the

bladder to the same proportion increases bladder compliance and likely, bladder

capacity. Based on experimental results reported in the literature, I have hypothesized

that the first model corresponds to bladder hypertrophy due to mild or gradual outlet

obstruction and the second model corresponds to bladder hypertrophy due to severe or

acute outlet obstruction.

Therefore, I should conduct experiments inducing hypertrophy by the methods

reported in the literature for both mild and severe outlet obstruction. I would measure
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the increase in mass and increase in rest volume of bladders that had been distended

for an appropriate time. I would measure the cystometrogram and the in vitro stress

strain relation of the hypertrophied bladders also. I would then input the data into

both models to see if the measured changes and the model can account for the altered

pressure-volume relation and to determine which change has the greatest effect on the

cystometrogram.

I could easily adapt the model to determine the effect of increased bladder

mass and rest volume on active isometric contraction as well. Without running the

simulation, I would predict similar qualitative results to my cystometrogram

simulation: if only the mass is increased, the bladder should generate more pressure at

each volume. If the mass and rest volume are increased proportionally, the bladder

should generate less pressure at each volume. However, before extending the model,

it would be good to determine if this model is an appropriate representation of

hypertrophy due to outlet obstruction or not.

With a dynamic model representing the bladder while emptying and a model of

the obstructed detrusor, I could investigate the dynamics of a hypertrophied bladder

while emptying. What is the effect of increased mass alone? What is the effect of

increasing both mass and rest volume? Do these changes have an effect comparable to

that of an altered stress-stretch-stretch rate relation? Appropriate models and

experiments could answer these questions.
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7.5 Acute Overdistension

I have demonstrated that it is feasible that it is the plastic deformation of the

urinary bladder after overdistension that accounts for the inability to initiate voiding.

In order to test this model I would conduct experiments acutely overdistending urinary

bladders in vivo and measuring both passive and active isometric pressure-volume

relations and any increases in the rest volume. I would measure both active and

passive stress-stretch relations in vitro to see if these shift to the right to the same

degree as each other and to the same degree as the increased rest volume would

predict. By measuring the stress-stretch relations I could also determine if they change

in other ways besides the shift to the right I predict in my model.

Could I stimulate the bladder and initiate voiding or does plastic deformation

prevent voiding? By measure pressure and flow rate in voiding initiation, I could see

if my model of isometric pressure generation properly represent voiding in an acutely

overdistended bladder as well.

7.6 Testing the Thin Shell Assumption

All models of the bladder have assumed the bladder has a thin shelled wall.

This is valid at large volumes but not small volumes. The assumption is only valid

when bladder wall thickness is 10% of bladder radius. Taking bladder mass as 45g

(Snyder, et al., 1975) and therefore bladder wall volume as 45ml, and assuming

incompressibility, this assumption is only valid at volumes greater than 135ml. Using

a thick wall model instead of a thin shell model will not make much difference when

166



* *

-

1.

tº
*

-

- - - -
*

º
*

* º
- º

| , , ■ º
* -

º
*~ *

* *

*** -
º - ***------

º ---- ***** *
* * * * * *-- a

ass: “t
- - -

- * * * *-* *
* - - * . . --- *
** = * * * * * *

* * * *** *.
* * *-* --------.
* * * *-- sº sº. --

* - re-as-a- - - -

I *

t

*** * * * * * * * * *

sº , - .
º – º –

**** *
*~~ wee " '

ºf º-see--- - - ,

tº ºrº - ºr *



modelling the passive mechanics of the bladder because the passive pressure is near

zero at low volumes.

However, active isometric pressure is approximately constant with volume,

even decreasing with increasing volume (Constantinou, et al., 1984). Indeed, active

isometric pressure must be greater than urethral pressure at the rest volume or the

bladder would never be able to empty beyond rest volume. Therefore, a thick walled

model is essential for modelling active isometric contractions at low volumes.

Inspection of the isometric, incompressible, thick walled sphere model I used

to model hypertrophy, equation 5.5, demonstrates that in order to have a nonzero

transmural pressure at the rest volume, one can not assume isotropy. The (o, - 0,)

term in the integral becomes zero at rest volume if both have the same constitutive

relation because that is the only volume where the stretch is the same in both

directions. Indeed, I did not test if the bladder is also isotropic in the radial direction.

Because of the arrangement of the three layers of the bladder wall, one would

not expect it to be isotropic in the radial direction. However, no one has measured the

stress-stretch relation of the bladder in the radial direction when it is stretched

biaxially perpendicular to that, as in vivo. This experiment needs to be done or a

reasonable approximation made for the radial stress-stretch relation before one can

model isometric active pressures at low volumes.
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7.7 Modelling Muscle Activation in Voiding

All models of dynamic bladder activation have used the Hill force-velocity

relation to derive a useful characterization of the bladder (chapter 1). In order to

develop a constitutive relation for actively contracting bladder tissue that would be

useful in three-dimensional models, the mechanics should be expressed in terms of

stress, strain, and strain rate. Therefore, in order to adapt my isometric constitutive

relations for dynamic situation, I would need to include a strain rate dependence that

reflects the observed hyperbolic force-velocity relation. The stress in muscle is also a

function of its activation level. Therefore, I would also make stress dependent on an

neural activation term.

7.8 Modelling Dynamics in Voiding

All previous models have assumed that the Law of Laplace is valid during

dynamic processes such as voiding. However, the Law of Laplace is an equilibrium

equation based on the balance of forces. In order to address voiding dynamics

properly, one would need to develop an appropriate model to transform stress,

stretch, and stretch rate into volume, pressure, and flow rate during voiding that

stems from balance of momentum instead of balance of forces.

The bladder, however, does not have much inertia compared to the stresses

generated in its wall. This can be demonstrated by a rough calculation of the stress

due to acceleration of the bladder wall during voiding. From work by van Mastrigt

and Griffiths (1987), I can estimate maximum acceleration of the bladder wall as
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approximately 2mm/s”. Therefore, if I take human bladder wall mass to be 45g, as in

chapter 6, the maximum force generated from bladder inertia during emptying is

approximately 9x10°N. To compare this to the stresses generated by the contracting

detrusor, I divide by the wall thickness and circumference of the bladder at 400ml

contained volume. I have chosen a large volume to estimate large as possible inertial

stresses and because high velocities occur at the beginning of voiding when contained

volume is high (van Mastrigt and Griffiths, 1987). This calculation gives a wall stress

due to inertia of 0.22N/m”. Since wall stresses of the detrusor are on the order of

kN/m3 (1 kN/m3 = 1 mM/mm”) during filling (figure 3.6) and are even higher during

emptying, the inertial effect of the bladder wall is small. Therefore, the balance laws

during voiding probably do not vary much from the Law of Laplace. However, the

assumption that the Law of Laplace is valid during emptying has not been rigorously

Verified.

7.9 Modelling Neural Control of the Lower Urinary Tract

Once an appropriate model of the actively stimulated dynamic bladder and a

model of the urethra has been developed, one can use them to model the neural

control of the lower urinary tract. This model could be used to better understand and

quantify the normal and abnormal interaction of different reflexes and cortical control

that provide the neural control of the lower urinary tract. It could also be used to

suggest a stimulation protocol for artificial stimulation of the bladder such as for

paraplegics and quadriplegics who have lost bladder control.
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