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ABSTRACT

Gravitational lensing deflects the paths of photons, altering the statistics of cosmic backgrounds and distorting their information
content. We take the cosmic infrared background (CIB), which provides plentiful information about galaxy formation and
evolution, as an example to probe the effect of lensing on non-Gaussian statistics. Using the Websky simulations, we first
quantify the non-Gaussianity of the CIB, revealing additional detail on top of its well-measured power spectrum. To achieve
this, we use needlet-like multipole-band filters to calculate the variance and higher-point correlations. Using our simulations,
we show the two-, three- and four-point spectra, and compare our calculated power spectra and bispectra to Planck values. We
then lens the CIB, shell-by-shell with corresponding convergence maps, to capture the broad redshift extent of both the CIB and
its lensing convergence. The lensing of the CIB changes the three- and four-point functions by a few tens of per cent at large
scales, unlike with the power spectrum, which changes by less than two per cent. We expand our analyses to encompass the full
intensity probability distribution functions (PDFs) involving all n-point correlations as a function of scale. In particular, we use
the relative entropy between lensed and unlensed PDFs to create a spectrum of templates that can allow estimation of lensing.
The underlying CIB model is missing the important role of star bursting, which we test by adding a stochastic lognormal term to
the intensity distributions. The novel aspects of our filtering and lensing pipeline should prove useful for any radiant background,

including line intensity maps.

Key words: gravitational lensing: weak —cosmic background radiation — large-scale structure of Universe.

1 INTRODUCTION

Gravitational lensing is the deflection of distant photons by interven-
ing structure. Thus far, most attention of gravitational lensing has
focussed on optical galaxies (Brainerd, Blandford & Smail 1996)
and the cosmic microwave background (CMB, Lewis & Challinor
2006). In both cases, the changes to the distributions of the photons
on the sky have been characterized, and observations of these changes
have been used to extract critical science content on the evolution
of structure (Hoekstra & Jain 2008). However, all extragalactic
sources are gravitationally lensed by intervening large-scale structure
between the source and us. Upcoming intensity mapping surveys
are gaining in sensitivity and extensive multiline intensity mapping
experiments are projected to probe more than 80 percent of the
volume of the observable universe (Kovetz et al. 2019). Lensing
of intensity mapping has been shown to be a challenge to detect
with current surveys, but next-generation surveys might be able
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to detect lensing signals. This seems especially true when cross-
correlation with other low-redshift tracers is utilized, potentially
providing tighter constraints on cosmological parameters (Zahn &
Zaldarriaga 2006; Pourtsidou et al. 2016; Foreman et al. 2018).
One example of intensity mapping with a long history of theory and
observations is the cosmic infrared background (CIB), the emission
from dust radiating downshifted ultraviolet/optical radiation in star-
forming galaxies to lower frequencies (< 1000 GHz). Although
the emission is from galaxy-scale objects, the finite resolution of
the instruments used to detect it blend much of the emission in
what appears as a diffuse component, albeit with non-Gaussian CIB
anisotropies. It is possible that a significant CIB can arise from
high redshift if there are luminous sources and dust, but the bulk
of the emission is expected over the prime galaxy forming range,
taken here to be from z < 4.2. The CIB traces well the clustering
of galaxies throughout the evolution of the late-time universe. Its
statistics were first elucidated in Bond, Carr & Hogan (1986), were
put in terms of a ‘halo’ model, with a Poissonian shot noise term
and a continuous clustering term in Bond, Carr & Hogan (1991).
These works focused on amplitudes and two-point statistics, with

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium,

provided the original work is properly cited.

20z 1snBny 90 U 1s8NB Aq £6091.9./€7SZ/E/62S/I0IE/SEIUL/WOY dNO"0IWSpED.//:SAY WO} PaPEOjUMOQ


http://orcid.org/0000-0001-6633-9793
mailto:astjason@sas.upenn.edu
https://creativecommons.org/licenses/by/4.0/

2544  J. Lee et al.

a first CIB-source map shown in Bond (1990) and maps with the
full statistics using the Peak Patch algorithm done in Bond & Myers
(1993) and Bond (1993), and further developed in Bond (1996) in
the 1990s, and in Stein et al. (2020) in the 2010s. See also Gispert,
Lagache & Puget (2000). The model used for the dust emission
in these early works is of the same form as that used in current
literature, in particular as utilized in Planck analyses, but are based
on mass-ordered emission that does not fully take into account the
local perturbations that can cause galaxies of low mass to burst up in
star formation activity compared with more massive ones, which can
sometimes be more quiescent. The CIB model we adopt in this work
is akin to the Planck CIB model (Ade et al. 2014b), which was also
utilized in the Stein et al. (2020) Websky approach to extragalactic
background mapping. Webskys use response functions of haloes
to luminous emissions, the CIB being one, to light-cone haloes
found using the peak patch algorithm and second-order Lagrangian
perturbation theory (2LPT). The Websky (Stein, Alvarez & Bond
2018; Stein et al. 2020) CIB maps are the direct descendants of the
Bond & Myers (1993) and Bond (1996) maps of the early 1990s.
Webskys also give fully correlated lensing maps to complement the
CIB maps, and are the basic tools used in this paper.

As with the CMB anisotropies, the CIB two-point correlation and
related power spectrum has been studied extensively, providing a
window to the modelling of galaxy clustering at a wide band of
redshifts (Ade et al. 2014b). Unlike the primary CMB radiation, the
underlying localized nature of the CIB sources means it is intrinsi-
cally non-Gaussian so its monopole (average) emission and power
spectrum, although valuable, misses the non-Gaussian clumpiness of
the CIB. It is for this reason that the CIB bispectrum, the harmonic-
space equivalent of the real-space three-point correlation function,
has been measured by multiple teams, such as with Planck (Ade et al.
2014b), the South Pole Telescope (SPT; Crawford et al. 2014), and
the Atacama Cosmology Telescope (ACT; Coulton et al. 2018). Also,
the bispectrum and higher order polyspectra have been modelled
analytically, and it has been shown that complementary information
from these measures can constrain the halo model further than the
power spectrum on its own (Lacasa, Pénin & Aghanim 2014; Pénin,
Lacasa & Aghanim 2014).

Here, we present a formalism of analysing higher order spectra
of extragalactic backgrounds through (angular or multipole) band
filtering, with an application to maps of the CIB. By passing a CIB
map through a contiguous series of filters defined in harmonic space
by ranges of £’s characterized by a band centre £, and a bandwidth
AZ then calculating higher order map statistics such as the skewness
and kurtosis in each £ band, we can quantify polyspectra that encode
(albeit reduced or projected) information on the full n-point spectra
in a straightforward manner. In particular, we explicitly compute the
(reduced) bispectra at Planck frequencies. This is similar in spirit
to quantifying non-Gaussianity with statistics like the bispectrum-
related power spectrum and the skew-spectra presented in Munshi &
Heavens (2010) and Munshi, Coles & Heavens (2013). This method
of band filtering proves to be a simple path to the quantification of
the CIB non-Gaussianity.

Our main target in this paper is to develop a method to lens any
radiation background that is made up of localized sources distributed
over a broad redshift range, using the lensing associated with all mass
structures below the object’s redshift. Using this, we can consider the
impact of gravitational lensing on CIB statistics. Although analytic
calculations suggest that the gravitational lensing of the CIB does
not change the CIB power spectrum substantially (Schaan, Ferraro &
Spergel 2018), we show using our Websky simulations that its non-
Gaussianity can be affected considerably. Prior to this work, weak
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lensing of the CIB has been investigated by Schaan et al. (2018),
Mishra & Schaan (2019), and Feng & Holder (2019). Schaan et
al. (2018) adapted the quadratic estimator (Hu & Okamoto 2002)
to reconstruct the lensing of the CIB, and probed how the non-
Gaussian nature of the CIB as well as its broad redshift extent
biases lensing reconstruction. Mishra & Schaan (2019) quantified
how much the lensing of foregrounds such as the CIB biases CMB
lensing estimators, finding a small but potentially non-negligible
effect. Feng & Holder (2019) found by comparing cross-correlations
between CIB lensing reconstructions and tracers such as the CIB at
several frequencies and the CMB lensing potential for simulations
and Planck data, that Planck CIB measurements contain excess non-
Gaussianity consistent with CIB lensing. In this paper, we explicitly
quantify the change in the CIB three- and four-point functions due
to lensing relative to the unlensed CIB statistics.

Similar to the works of Schaan et al. (2018) and Mishra & Schaan
(2019), our analysis pipeline can be adapted for various other non-
Gaussian radiation fields associated source emissions, such as 21 cm,
Lyman-«, CO, CI1, and other millimetre (mm)-wave intensity fields,
to uncover further details of the 3D structural evolution they trace.

An expansion to the Websky suite of extragalactic simulations'
(Stein et al. 2018, 2020) is used here to first show that the simulations
capture the nearly equilateral bispectra sufficiently well compared
to the measured Planck values. We then investigate the change in
CIB non-Gaussianity due to lensing, accounting for the fact that
the CIB sources at different redshifts are lensed by different lensing
convergences. Our simulation results suggest that weak gravitational
lensing can change the three- and four-point functions of the CIB to
measurable degrees. This is potentially significant for observations,
since the observed CIB necessarily includes gravitational lensing,
while lensing has been ignored in theory predictions of the CIB
bispectrum thus far.

The content of this paper is as follows. In Section 2, we describe
the simulations used in our study, as well as the method we developed
to accurately lens the CIB. In Section 3, we present our formalism for
quantifying the n-point statistics. We then compare our simulation
power spectra and bispectra with experimental data in Section 4, and
discuss the redshift contribution to the CIB statistics in Section 5.
We present our results on the effect of lensing on the CIB statistics in
Section 6. In Section 7, we provide an alternative way to probe
the effect of CIB lensing that includes additional non-Gaussian
information using relative entropy. Next, we investigate stochastic
effects on CIB statistics in Section 8. We wrap up with a conclusion
and discussion in Section 9.

2 LENSED CIB SIMULATIONS

Our methods for performing the lensing of simulated CIB maps differ
from lensing of the CMB in several aspects. First, while the CMB
comes from a single redshift, the CIB comes from a broad range of
redshifts, and the structures hosting CIB galaxies at one redshift will
lens galaxies at a higher redshift. Second, while the CMB is a diffuse,
smooth field, the CIB consists of many individual sources, and we
must take care to treat the flux density from each galaxy appropriately,
particularly since we aim to quantify non-Gaussian properties of the
CIB both before and after lensing is performed. In the first part of
this section, we briefly describe the Websky simulations (Stein et al.
2020) our study is based on; we refer the reader to that paper for an in

Uhttps://mocks.cita.utoronto.ca
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depth description. In the second part, we describe how we calculate
the lensed CIB signal.

The Websky simulations are based on the 2LPT approach to non-
linear evolution of large-scale structure, and follow the mass-Peak
Patch approach (Bond & Myers 1996; Stein et al. 2018) to find
regions that collapse into haloes. First, peaks of density smoothed on
a range of scales are flagged as potential halo candidates. For each
such candidate, the 2LPT displacement field is then evaluated within
the framework of the ellipsoidal collapse model to find regions that
will gravitationally collapse into haloes. Overlapping halo candidates
are either merged, or both kept with adjusted masses.

Each halo is modelled as a central subhalo with a central galaxy,
for massive haloes, with a number of satellite subhaloes that each
hosts a single satellite galaxy; the number of subhaloes is generated
using a subhalo mass function from Jiang & van den Bosch (2014). In
the Websky simulations, there are ~9 x 108 haloes hosting ~5 x 10°
CIB galaxies. The flux density of each such galaxy is then calculated
according to a CIB halo model (Shang et al. 2012), with parameters
from Viero et al. (2013). In this model, the flux density of the galaxy
depends only on the mass of its subhalo and its redshift. The key
formulations of the model are given below as in Stein et al. (2020):

The rest-frame spectral energy distribution (SED) of a source is
given by:

Lisop(M, 2) = Lo®(2)E(M, 2)O[(1 + 2)v, Tu(2)], 1)

where v is the frequency of the observation, M is the (sub)halo
mass, and z is the redshift. The SED ®[v, T,] is a greybody
at low frequencies we consider for the CIB in this paper, ®(v,
z) o vPB,(T4(z)) where B, is the Planck function and B = 1.6
depends on the physical nature of the dust. The effective dust
temperature is given by Ty = To(1 + z)* with Ty = 20.7 and o« = 0.2.
D(z) = (1 + z)’c gives the redshift dependent global normalization
of the L-M relation with §cjp = 2.4 and a plateau at z = 2 is imposed
as in Viero et al. (2013). The dependence of the galaxy luminosity
on halo mass is given by a lognormal function (M, z),

_ (logyg M — log,, Megr)?

X(M,z7) = ZUf/M

(Znaf/M

(@3]

)1/2ex

M. is where the specific infrared emissivity peaks, and oy
describes the range of halo masses that produce the luminosity.
log (M/Mg) = 12.3 and 0L2 v = 0.3 are used from model 2 of Viero
et al. (2013). Ly is an overall frequency-independent normalization
factor used to scale all galaxy flux densities to match the Planck
545 GHz CIB power spectrum measurements (Ade et al. 2014b) at
the angular scale £ = 500.

This model describes a minimal parameter set that nevertheless
provides a reasonable fit to the Planck and Herschel power spectra.
One limitation is that every galaxy at a given redshift is assumed to
have the same SED, regardless of its detailed properties, including
its age, merger history, and environment. In principle, it could be
possible to add more parameters, but these new parameters would be
largely unconstrained by current CIB data.

To calculate a map of the unlensed CIB signal, we project galaxies
onto an NSIDE = 4096 HEALPIX grid and add their flux densities
within each pixel. The first panel of Fig. 1 shows the CIB intensity in
each Az = 0.2 shell for the Websky simulations. The CIB intensity
peaks around z = 1.4 tol.6, which agrees with the CIB models in
literature like Béthermin et al. (2012), Schmidt et al. (2015), and
Pullen et al. (2018). There is some uncertainty in where the CIB
intensity actually peaks, as some models predict the peak to be at a
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lower redshift (Schmidt et al. 2015), but we note that it is the star
formation rate density that we expect to peak at 2 < z < 3 (Ade
et al. 2014b). We have run our analysis on a model where the CIB
intensity peaks around z = 1.1 and found that our results are not
radically altered. Although the Websky CIB maps, which go up to
z = 4.2 as seen in Fig. 1, capture the essence of the CIB, we note
that the CIB extends farther than z > 4.2 in reality.

Investigating the lensing of the CIB can be a complicated matter,
especially when compared to CMB lensing. While the statistics of
the unlensed CMB are very well known as it is essentially a Gaussian
random field, the unlensed CIB itself is non-Gaussian and its statistics
are not as well understood. Not only has the CMB power spectra been
measured quite precisely (most recently by Aghanim et al. 2020a),
the gravitational lensing effect on the CMB has been detected, and the
matter between the observer and the CMB has been reconstructed to
high precision (Aghanim et al. 2020b), utilizing quadratic estimators
like the one given in Okamoto & Hu (2003). As mentioned in the In-
troduction, the CIB power spectra and bispectra have been measured
by a number of experiments, but the bispectrum measurements tend to
have large uncertainties and its lensing reconstruction is in relatively
early stages of development. Schaan et al. (2018) discuss methods
to mitigate biases when reconstructing the lensing mass fluctuations
from maps of the CIB. In particular, challenges arise both because of
the intrinsic non-Gaussianity of the CIB itself, as well as the fact that
there is redshift overlap between the lensing mass and the emissive
sources. Such complications provide a motivation for our study using
simulations.

Unlike the CMB, which is sourced at a narrow range of redshifts
around z ~ 1100 at the surface of last scattering, CIB sources are
spread across a wide range of redshifts between z = 0 and 4.2. Using
the full 3D information from the Websky simulations, we generate
a lensing convergence map for each redshift slice of CIB galaxies.
This is a more involved treatment than that of Schaan et al. (2018),
who took all the lensing matter to be at effectively a single redshift.
Specifically, we split the galaxies into 21 redshift shells of width
Az = 0.2, and each galaxy in the nth redshift shell is lensed by all
the matter in the first n — 1 shells.? This way we correctly account for
the time evolution of the lensing effects and the fact that depending
on the situation an individual galaxy can count as source of either
CIB signal or lensing. To further simplify the calculation, when a
galaxy acts as a source of CIB signal, we assume it is located at the
central redshift of its redshift shell. This allows us to pre-calculate
the lensing convergence for each redshift shell.

For each redshift shell, the lensing calculation starts with obtaining
an NSIDE = 4096 map of the lensing convergence «, obtained by
integrating an appropriately weighted density field along the line
of sight of the central positions of the individual map pixels. This
matches what was done for the CMB lensing field in the released
version of the Websky simulations, which was similarly calculated
but for a source at zy,. = 1100. Within each halo, the density field
is modelled as an NFW (Navarro—Frenk—White; Navarro, Frenk &
White 1997) profile (Zhao 1996) and outside the haloes it is obtained
from the 2LPT calculations. Following Stein et al. (2020), we also
include a ‘field’ component, representing the lensing matter that is
in haloes too small to be resolved by the simulation.

For the CMB, given the lensing potential map ¢ and map of the
unlensed CMB, the lensed map can be obtained by evaluating the

2We thus explicitly neglect lensing effects between galaxies within the same
redshift shell, which is is a reasonable approximation due to the form of the
redshift-dependent lensing kernel.
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Figure 1. CIB intensity, the corresponding lensing potential kernels, as well as the RMS deflection for each redshift shell (Az = 0.2) within our Websky CIB
model. The CIB intensity increases from z = 0 to 1.4, peaks around z = 1.4 to 1.6, then decreases until it is almost non-existent by z = 4. The lensing kernels,

defined as Wzkgrc = %Qm Hg Il;(r;) x() [%{;ﬁ;w] with z{™ being the mid-point of each redshift shell in z-space, typically peak around half of its extent, although

i

they display some skew towards where the CIB intensity is highest, especially as we integrate over more redshifts. The RMS deflection steeply increases at first

from 0.34 arcmin for the first lensed shell, up to 1.7 arcmin for the last shell.

CMB at the deflected positions given by V¢, using a pixel-based
interpolation scheme. This is the approach that is codified in the
commonly used and publicly available code LENSPIX (Lewis 2005);
itis also the approach that was taken for the lensed CMB map released
by the Websky team (Stein et al. 2020), in that case using the methods
in the public PIXELL library.> These interpolation-based codes have
been shown to work accurately for the lensing of a diffuse field like
the primary CMB that does not have significant fluctuations on scales
near the pixel size. The primary CMB has this property thanks to its
very red power spectrum, further enhanced by the washing out of
structures on scales of a few arcminutes by diffusion damping at the
last-scattering surface. However, since CIB galaxies are unresolved
on the arcminute scales of the maps we consider, they appear as
point sources the size of a pixel and LENSPIX cannot be accurately
used for this application. The smoothing of the signal map on small
scales, which is an inherent part of LENSPIX, leads to several artefacts

3https:/github.com/simonsobs/pixell
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such as nonphysical negative intensities we must avoid. Therefore,
we developed our own lensing pipeline.

Rather than attempt to remap the given unlensed map with the
deflection vectors, we opted to use the source galaxy catalogues and
create entirely new CIB maps that include the effects of lensing.
Given the convergence map «, for a given source redshift z;, which
includes all the matter in the shells between the galaxy and the
observer, we determine the lensed CIB intensity and position of each
individual galaxy as follows:

(1) We deflect the galaxy’s angular position by an amount given
by a = V¢, with the lensing potential ¢, given in terms of «,, by
Ky = %V%Z[. In terms of the 3D gravitational potential ®(x, n) at

radial comoving distance x and conformal lookback time 1, we have

x (i)

- X@) =X o

¢, () = 2/ dx === D(x A5 1m0 = X)- 3
0 x@i)x

More specifically, using spherical trigonometry, we invert equa-

tions (A15) and (A16) of Lewis (2005), cos®’ = cosdcosf —

sindsinfcos « and sin A¢ = “‘"Sf;;’f‘d, where the lensed position is
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(6, ¢) and the unlensed (6’, ¢ + A¢) on a sphere, with the deflection
vector given as d = V¢, = dypeg + dyey = d cosaey + d sinaey.
Inverting the equations above and reversing the deflection vector
allows us to compute the lensed position of the galaxy from the
unlensed position and the « corresponding to the unlensed pixel
location of the galaxy following the Born approximation.

(ii) Since the deflection we have described will not change the ap-
parent brightness of the galaxy, which is assumed to be a point source,
we then multiply the galaxy’s flux density by the magnification fac-
tor [(1 —#2) = y217", where v, = (611 — ¢o0) + iz, 12 (g
Bartelmann & Schneider 2001).

Once we have the deflected and magnified galaxy positions, we
combine lensed flux densities of all galaxies in a redshift bin in each
pixel to obtain the total lensed CIB intensity from one redshift bin.
We then add contributions from all redshifts to obtain the full lensed
CIB map.

To account for the finite pixel size, we smooth each « map with
a Gaussian beam of ¢ = (v/3Ngpg)~!, which roughly corresponds
to the effective radius of a pixel. The unsmoothed x maps contain
a substantial number of pixels where ¥ > 0.1 (some are even larger
than 0.3), which no longer lies in the weak-lensing regime. By
smoothing the ¥ map, we are able to reduce areas with large «
values considerably. Smoothing the ¥ maps suppress the « power
spectra by about 50 percent at £ = 6000. Below, we will address
how this choice impacts our results.

Because there still are non-negligible numbers of pixels in the
x maps where the pixel values are larger than 0.1 even after the
smoothing, we found that we must use the exact magnification
factor [(1 — k2) — ¥?]7!, rather than the often-used approximation
(1 + 2«). We use the transformation between «,’s and y,’s
given in equation (11) of Jeffrey et al. (2021) as well as HEALPY’S
alm2map_spin () function to generate y | and y, maps. The shear
factor that enters in the magnification is given by y? = y2 + y2.

We note that our methodology of lensing each CIB shell with its
corresponding « shell does not account for the fact that the haloes
and ‘field’ components used to generate the lensing convergences get
increasingly lensed as we move out to farther redshifts, in an effect
known as lens coupling. It has been shown that incorporating this
effect, along with other post-Born effects, suppresses the squeezed
bispectrum and enhances the equilateral bispectrum of «, especially
at z > 1, although the impact on the k¥ power spectrum is minimal
(Pratten & Lewis 2016; Fabbian, Lewis & Beck 2019). Using lensing
convergences not including some of these higher order terms may
impact our analysis, but we expect that not entirely capturing the
non-Gaussianity of the lensing convergences does not significantly
impact our results since the change in the CIB non-Gaussianity due to
lensing is primarily caused by large scales of the lensing convergence
maps. One potential way to incorporate some of the post-Born effects
would be to lens each of the halo + field shell with its corresponding
« before projecting it to the « shells, but this is beyond the scope of
this work.

In Fig. 1, we show the total CIB intensity in each redshift shell,
their corresponding lensing kernels, and the RMS deflection angle.
It can be seen that the lensing kernels and CIB intensity distributions
are overlapping and trace the same matter fluctuations. The RMS
deflection (bottom panel of Fig. 1) in each redshift shell is calculated
to range from 0.34 arcmin for the very first lensed shell (0.2 < z
< 0.4), to 1.6 arcmin for the very last shell (4.0 < z < 4.2). The
increase in the deflection is initially steep, but becomes more steady
starting around z = 1, with the RMS deflection being about 1.3
arcmin at z = 2. Overall, the mean RMS deflection for the CIB
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is around half of the amount (2.7 arcmin RMS) that the CMB is
deflected (Lewis & Challinor 2006). In Fig. 2, we show all of the
CIB shells as well as the corresponding « shell that ‘lenses’ each
CIB shell with their redshifts. It can be seen that the « shells are
highly correlated, due to the overlapping lensing kernels, while the
CIB shells are independent. Fig. 3 shows a 0.5° x 0.5° patch of the
CIB at 545 GHz for the redshift shell centred on z = 1.1. We show
the unlensed, deflected (no magnification) and fully lensed signal.
One can clearly see the downwards shift due to the deflection and the
change in brightness after the magnification. In Fig. 4, we display
1.5° x 1.5° patches of the «? and y* maps. We note that the «% shows
the clumps of matter inside the haloes, while 2 shows the regions
that surround the haloes to have relatively high y? values.

3 N-POINT CORRELATION FUNCTIONS WITH
HARMONIC BAND FILTERS

Our main tool to study the effect of lensing on statistics of the CIB,
especially its non-Gaussianity, will be the evaluation of variance,
skewness and kurtosis of maps bandlimited to a certain range of
spherical harmonic coefficients £. As we show here, the former two
are directly related to the power spectrum and equilateral bispectrum
of the CIB map.

Given a CIB map /, at frequency v and its expansion into spherical
harmonic coefficients

L) = am Y (@), ()
tm

we can define a band-filtered CIB map by only considering the ay,,’s
within a particular range of £, where £, is the centre of an ¢ band,

Let+A)2
e@y="Y_ > amYum@). )
(=0c—AL/2 m

We use Af = 640 except for Section 4, where we compare with
Planck’s experimental data and use their binning of A¢ = 128.

Given filtered maps, we can calculate their variance, skewness and
kurtosis as

53¢ = (AT ()%, (6)

53¢ = ((AIf(#))*), and (7
2

St = (ar@y’) =3 (s5) ®)

where the average (.) is an average over map pixels, and AI’(x)
has the mean of the map subtracted. The subtraction in the last
line ensures that Sy is zero for a Gaussian random field. Notice
alternative definitions can be found in the literature (e.g. Ben-David,
von Hausegger & Jackson 2015).

We checked that the sharp edges of the top-hat filters do not cause
significant anomalies by running our maps through top-hat filters
apodized at the edges with a sine-function as given in equation (9),

1 — Aedge
F(x) = = (1 + sin M) ,
2 A

X e [xedge - Aa Xedge + A]7 (9)

where the (+) sign is for the left edge of the filter, while the (—) sign
is for the right edge of the £ band, x4 is either edge of the top-hat
filter, and A is the width of apodization. With bandwidth A¢ = 128
(Planck bins) and A = 5-15, we confirmed that the results are not
qualitatively changed.
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Figure 2. A patch of unlensed CIB and its corresponding lensing convergence for each redshift shell Az = 0.2. In our simulations, each unlensed CIB shell
is lensed by a convergence shell to create lensed CIB shells, which are then summed up to produce the total lensed CIB map. This method mitigates the
‘self-lensing’ effect substantially. Note that the CIB intensity visibly thins out by z = 3, while the integrated lensing convergence becomes brighter at higher
redshifts.
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Figure 3. HEALPIX maps of unlensed, deflected (no magnification), and lensed CIB for a small (0.5° x 0.5°) patch of sky centred on z = 1.1. Here, a ‘lensed’
galaxy has both been deflected and has had its flux density magnified appropriately. The arrows denote the direction and magnitude of deflection. The light
circled patch (unlensed and deflected) and the dark circled patch (deflected and lensed) are the same small patch of sky emphasized. One can clearly see the
deflection by comparing the unlensed and deflected, and the magnification effect by comparing the deflected and lensed.
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Figure 4. HEALPIX maps of the convergence-squared (x2) and shear-squared (y2 = ylz + yzz) for a (1.5° x 1.5°) patch of sky spanning up to z = 1.0 (so these
are from the « and y shells that lens the CIB shell shown in Fig. 3). The clumps of matter are evident from the bright pixels in the x> map while the y2 closely
traces the 2 but the bright regions are slightly different. The cosmic web structure can be seen more clearly in the 2 map.

It is straightforward to show that the variance of the filtered map
is related to the map’s power spectrum through

Lo+ AL)2
le
Sy =
t=C.—AL/2

20+ 1
4

Cy. (10)

This equation can be inverted to give a prescription for calculating
an estimate for the power spectrum in the bands,

—1

Le+AL)2
. 2041
Co. = 8 E . (11)
t=C.—AL/2 am

As usual, we define the angular bispectrum
we'
Bmm’m” = (a(fma/é’m’al”m”)s (12)
its angle average as
Z Z/ Z” ((’W’
Buv=3" (m CU g (13)
—

and the reduced bispectrum by ¢ using

By = (14)

QL4+ DU +DQRE+1) (¢ ¢ ¢” b
4 00 0 e

where the matrices are Wigner-3; symbols. With these definitions, we
can relate the skewness of the filtered map to b as follows (Komatsu &
Spergel 2001):

CtAL2 LA LHAL2
Sy = Z Z Z Koporbewer, (15)
E=Le—AL/2 /=0~ AL/2 "=t~ AL/2
where
o QUEDEUA DU (e e 16
e = 672 000"

‘We can invert equation (15) to evaluate an estimate of the equilateral
bispectrum from the skewness of a band-filtered map as

—1
CoAAL)2 LAAL/2 L+AL)2

SOY Y ke

0=L—AL/20=C,—NL/20"=0c—AL)2

A 0
bzrvlc-[c = S3(

a7

This is analogous to the equilateral binned bispectrum estimator in
Bucher, Racine & van Tent (2016). We note that when £, > AZ,
equation (17) reduces to:

b0, ~ 2337385 (AL T30 o Sye, (18)

where we used the approximation for the Wigner-3; symbol (Bhat-
tacharya et al. 2012) that

Z Z/ Z” ~ \/z (_I)L/z (19)
(o 0 0) T Vor [LL - 26)(L —20)(L — 2e)]1+

if L=+ ¢ + ¢" is even and zero for odd L.

The methods described above are computationally inexpensive
when using full-sky maps at NSIDE = 4096, with each run of
passing a map through a series of top-hat filters and calculating b,
from equation (17) taking about 8 min on one node of the Niagara
cluster.*

As values of the CIB trispectrum are yet to be published to our
knowledge, we use the kurtosis divided by €2 (¢-25,°), which is
proportional to the equilateral trispectrum at large £., as a proxy for
how strongly gravitational lensing affects CIB four-point functions.

4 COMPARISON WITH EXPERIMENTAL DATA

A number of surveys, including the Balloon-borne Large Aperture
Submillimeter Telescope (Viero et al. 2009), Herschel/SPIRE (Spec-
tral and Photometric Imaging Receiver) (Amblard et al. 2011), ACT

“https://docs.computecanada.ca/wiki/Niagara
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Figure 5. Statistics of the unlensed CIB maps from the Websky simulations at the three Planck frequencies; top (blue) is 545 GHz, middle (green) is 353 GHz,
and bottom (red) is 217 GHz. As we go to higher order statistics, the Poisson regime becomes more evident as the spectra flatten out at £ > 1000. We note
that the Websky bispectra are mostly within Planck error bars even though only the power spectra were fit to match those of Planck’s. While we do not plot
the error bars for Websky values as there is only one realization, one can estimate the level of uncertainty from the scatter especially for the bispectra and

kurtosis.

(Dunkley et al. 2011), Planck (Ade et al. 2014b), and SPT (Hall et al.
2010; Crawford et al. 2014; Reichardt et al. 2021), have measured
the CIB power spectra and bispectra. In this section, we compare the
statistics of unlensed CIB maps obtained from Websky with some of
these experimental results.

The Planck team measured the CIB power spectra up to £ = 2000
and bispectra up to £ = 800. We focus on the three frequencies where
Planck has both power spectrum and bispectrum measurements (217,
353, and 545 GHz); the corresponding experimental data are shown
in Fig. 5.

Data analysis by Ade et al. (2014b) included masking bright
sources over a brightness threshold (225 mly for 217 GHz, 315
mly for 353 GHz, and 350 mJy for 545 GHz). For a fair comparison,
we thus also mask bright sources. Because the full analysis including
incomplete sky coverage is rather involved, we decided to instead
replace the pixels brighter than the corresponding experimental cut-
off with the mean of the CIB map. We believe this treatment is
sufficient, due to the rareness of the very bright sources. When we
instead replace the pixels above the experimental cut-off with double
the map mean, our results are not significantly changed.

After treating the bright pixels in this manner and calculating the
power spectra and bispectra of the CIB maps according to equations
(11) and (17), we get results shown in Fig. 5. We also show Sf‘
results for completeness.

As in Stein et al. (2020), we see good agreement with the Planck
CIB power spectra, though one has to keep in mind we scaled the
amplitude of the 545 GHz power spectrum to agree with Planck at £ =
500. On the other hand, the comparison with Planck CIB bispectra
is a non-trivial test of our model. While the Websky bispectra
are systematically below the measured values, we generally agree
within the error bars. We also see the transitions from the clustering
regime to the Poisson noise dominated regime at high £ for all three
polyspectra. Planck measurements primarily capture the clustering
regime, especially for the bispectrum, while the Websky simulations
also yield predictions for smaller scales.

To check the high-¢ limit of our bispectrum calculations, we
compare with the SPT results (Crawford et al. 2014). In the limit
of high ¢, the statistics are dominated by the one-halo contribution
and the bispectrum converges to a constant (see e.g. Fig. 5). For the
SPT flux density cut (flux cut from hereon) of 22 mly, this constant
is measured to be (Crawford et al. 2014)
bSPT 1220 GHz] = (1.84 £ 0.26) x 107 '%(uK)>. (20)

Poisson
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This is in good agreement with the Websky-based theoretical expec-
tation, given by the weighted sum of the third power of the galaxy
flux densities,

4
Y 1217 GHz] = —
N, pix

D8P =1.90 x 107" (uK)’, @n

where S; are flux densities of the Websky galaxies dimmer than the
SPT cut-off and Ny is the number of pixels in an NSIDE 4096
map (12 x 4096%). However, we note that the Websky C, value at
€ = 2940 is about 40.7 Jy* sr! for 217 GHz, while the SPT value
is about (26.7 £ 0.7)Jy?>sr~! for 220 GHz. This mismatch for the
C, implies that the similar bpyisson Values between Websky and SPT
do not necessarily signify that the Websky CIB model explains SPT
measurements well. A possible reason for this is briefly discussed in
Stein et al. (2020); the Websky simulations use the Planck CIB model
and the CIB contribution from haloes smaller than ~1.2 x 10> M,
is not included.

5 REDSHIFT ORIGIN OF CIB N-POINT
FUNCTIONS

The CIB power spectrum is dominated by the redshifts around where
the CIB intensity peaks and lower. For the CIB at 545 GHz, as
compiled by Schaan et al. (2018) using Béthermin et al. (2012),
Schmidt et al. (2015), and Pullen et al. (2018), the power spectrum
is dominant over 0 < z < 2 with the CIB intensity peaking around
1 < z < 2 for various models (e.g. Ade et al. 2014a; Béthermin
et al. 2017; Maniyar, Béthermin & Lagache 2018, 2021), whereas
in the model Pénin et al. (2014) adopts, the CIB power spectrum is
dominated by 0 < z < 3 with the CIB intensity peaking in the 1
< z < 3 range. In Figs 6 and 7, we show the redshift accumulation
of the CIB statistics as well as its ratio to the total CIB statistics.
We confirm that the majority of the power spectrum comes from
0 < z < 2 for all scales. For the power spectrum, there is only a
slight scale dependence; at £ < 2000, the contribution from z < 1.5
decreases at lower £. For the bispectrum and kurtosis, we see a much
larger contribution from z < 0.5, especially at £ > 1000, and even
more so for the kurtosis. At £ > 6000, more than 35 per cent of the
CIB bispectrum comes from z < 0.5, while more than half of the
kurtosis comes from z < 0.5 for £ > 4000. While this is surprising,
we attribute this to the fact that there are very bright galaxies at the
closest redshifts which are not masked by the Planck flux cut. This is
evident in Fig. 8, where the Planck flux cut of 350 mJy at 545 GHz
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Figure 6. Contribution to the CIB statistics by redshift (cumulative) at 545 GHz. The build-up for the power spectrum and bispectrum are clearly visible.
As expected, most of the CIB statistics come from z < 2. For the power spectrum, the contribution from each Az = 0.5 shell remain more or less constant
throughout all scales. At subsequently higher order statistics, the contributions from z < 0.5 increase considerably for £ > 4000.
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Figure 7. Cumulative-redshift ratio of the CIB statistics relative to the total CIB, showing the same information as in Fig. 6. It is clear that z < 0.5 contributes
to the CIB bispectrum and kurtosis significantly at £ > 4000. However, higher redshifts are more important at low £, especially for the bispectrum in the Planck
measurement regime. Some ratios for kurtosis being larger than 1 at high £ is the result of imposing the same (Planck) flux cut for each cumulative shell.
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Figure 8. Breakdown of the CIB intensity histogram by redshift (no flux
cut imposed). The closest redshifts contain very bright pixels from nearby
galaxies, while the CIB dims significantly at z > 3.

corresponds to roughly 5.6 MJysr~!. Because the bispectrum and
kurtosis are higher powers of the fluctuations by definition, they are
much more sensitive to these close-by bright galaxies. We also note
that Planck has measurements with error bars up to around £ = 700.
Pénin et al. (2014) also found that the CIB bispectra at frequencies
lower than 857 GHz are dominated by low-redshift galaxies and
Schaan et al. (2018) found that the CIB trispectrum is dominated by
the lowest redshifts.

6 LENSING OF CIB N-POINT FUNCTIONS

In Fig. 9, we show fractional changes in the CIB power spectra,
equilateral bispectra and kurtosis due to gravitational lensing. The
changes in the power spectrum are small and below 2 per cent at all
scales, in agreement with Schaan et al. (2018). This is because, as
visible from Fig. 5, the CIB power spectra are relatively smooth and
featureless. Compare this with the CMB, where the significant peak
structure leads to up to ~ 5 per cent changes in power spectra due to
gravitational lensing. We do not see any distinct difference between
the three frequencies, with the peak effect around ¢ ~ 2000 possibly
related to the transition from a two- to one-halo-dominated clustering
regime.

The effe