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A B S T R A C T 

Gravitational lensing deflects the paths of photons, altering the statistics of cosmic backgrounds and distorting their information 

content. We take the cosmic infrared background (CIB), which provides plentiful information about galaxy formation and 

evolution, as an example to probe the effect of lensing on non-Gaussian statistics. Using the Websky simulations, we first 
quantify the non-Gaussianity of the CIB, revealing additional detail on top of its well-measured power spectrum. To achieve 
this, we use needlet-like multipole-band filters to calculate the variance and higher-point correlations. Using our simulations, 
we show the two-, three- and four-point spectra, and compare our calculated power spectra and bispectra to Planck values. We 
then lens the CIB, shell-by-shell with corresponding convergence maps, to capture the broad redshift extent of both the CIB and 

its lensing convergence. The lensing of the CIB changes the three- and four-point functions by a few tens of per cent at large 
scales, unlike with the power spectrum, which changes by less than two per cent. We expand our analyses to encompass the full 
intensity probability distribution functions (PDFs) involving all n -point correlations as a function of scale. In particular, we use 
the relative entropy between lensed and unlensed PDFs to create a spectrum of templates that can allow estimation of lensing. 
The underlying CIB model is missing the important role of star bursting, which we test by adding a stochastic lognormal term to 

the intensity distributions. The no v el aspects of our filtering and lensing pipeline should pro v e useful for any radiant background, 
including line intensity maps. 

Key words: gravitational lensing: weak – cosmic background radiation – large-scale structure of Universe. 
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 I N T RO D U C T I O N  

ravitational lensing is the deflection of distant photons by interven- 
ng structure. Thus far, most attention of gravitational lensing has 
ocussed on optical galaxies (Brainerd, Blandford & Smail 1996 ) 
nd the cosmic microwave background (CMB, Lewis & Challinor 
006 ). In both cases, the changes to the distributions of the photons
n the sky have been characterized, and observations of these changes 
ave been used to extract critical science content on the evolution 
f structure (Hoekstra & Jain 2008 ). Ho we v er, all e xtragalactic
ources are gravitationally lensed by intervening large-scale structure 
etween the source and us. Upcoming intensity mapping surv e ys
re gaining in sensitivity and e xtensiv e multiline intensity mapping 
xperiments are projected to probe more than 80 per cent of the
olume of the observ able uni v erse (Ko v etz et al. 2019 ). Lensing
f intensity mapping has been shown to be a challenge to detect
ith current surv e ys, but ne xt-generation surv e ys might be able
 E-mail: astjason@sas.upenn.edu 
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o detect lensing signals. This seems especially true when cross- 
orrelation with other low-redshift tracers is utilized, potentially 
roviding tighter constraints on cosmological parameters (Zahn & 

aldarriaga 2006 ; Pourtsidou et al. 2016 ; Foreman et al. 2018 ). 
One example of intensity mapping with a long history of theory and

bservations is the cosmic infrared background (CIB), the emission 
rom dust radiating downshifted ultraviolet/optical radiation in star- 
orming galaxies to lower frequencies ( < 1000 GHz). Although 
he emission is from galaxy-scale objects, the finite resolution of 
he instruments used to detect it blend much of the emission in
hat appears as a diffuse component, albeit with non-Gaussian CIB 

nisotropies. It is possible that a significant CIB can arise from
igh redshift if there are luminous sources and dust, but the bulk
f the emission is e xpected o v er the prime galaxy forming range,
aken here to be from z < 4.2. The CIB traces well the clustering
f galaxies throughout the evolution of the late-time universe. Its 
tatistics were first elucidated in Bond, Carr & Hogan ( 1986 ), were
ut in terms of a ‘halo’ model, with a Poissonian shot noise term
nd a continuous clustering term in Bond, Carr & Hogan ( 1991 ).
hese works focused on amplitudes and two-point statistics, with 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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 first CIB-source map shown in Bond ( 1990 ) and maps with the
ull statistics using the Peak Patch algorithm done in Bond & Myers
 1993 ) and Bond ( 1993 ), and further developed in Bond ( 1996 ) in
he 1990s, and in Stein et al. ( 2020 ) in the 2010s. See also Gispert,
agache & Puget ( 2000 ). The model used for the dust emission

n these early works is of the same form as that used in current
iterature, in particular as utilized in Planck analyses, but are based
n mass-ordered emission that does not fully take into account the
ocal perturbations that can cause galaxies of low mass to burst up in
tar formation activity compared with more massive ones, which can
ometimes be more quiescent. The CIB model we adopt in this work
s akin to the Planck CIB model (Ade et al. 2014b ), which was also
tilized in the Stein et al. ( 2020 ) Websky approach to extragalactic
ackground mapping. Webskys use response functions of haloes
o luminous emissions, the CIB being one, to light-cone haloes
ound using the peak patch algorithm and second-order Lagrangian
erturbation theory (2LPT). The Websky (Stein, Alvarez & Bond
018 ; Stein et al. 2020 ) CIB maps are the direct descendants of the
ond & Myers ( 1993 ) and Bond ( 1996 ) maps of the early 1990s.
ebskys also give fully correlated lensing maps to complement the
IB maps, and are the basic tools used in this paper. 
As with the CMB anisotropies, the CIB two-point correlation and

elated power spectrum has been studied e xtensiv ely, pro viding a
indow to the modelling of galaxy clustering at a wide band of

edshifts (Ade et al. 2014b ). Unlike the primary CMB radiation, the
nderlying localized nature of the CIB sources means it is intrinsi-
ally non-Gaussian so its monopole (average) emission and power
pectrum, although valuable, misses the non-Gaussian clumpiness of
he CIB. It is for this reason that the CIB bispectrum, the harmonic-
pace equi v alent of the real-space three-point correlation function,
as been measured by multiple teams, such as with Planck (Ade et al.
014b ), the South Pole Telescope (SPT; Crawford et al. 2014 ), and
he Atacama Cosmology Telescope (ACT; Coulton et al. 2018 ). Also,
he bispectrum and higher order polyspectra have been modelled
nalytically, and it has been shown that complementary information
rom these measures can constrain the halo model further than the
ower spectrum on its own (Lacasa, P ́enin & Aghanim 2014 ; P ́enin,
acasa & Aghanim 2014 ). 
Here, we present a formalism of analysing higher order spectra

f extragalactic backgrounds through (angular or multipole) band
ltering, with an application to maps of the CIB. By passing a CIB
ap through a contiguous series of filters defined in harmonic space

y ranges of � ’s characterized by a band centre � c and a bandwidth
� then calculating higher order map statistics such as the skewness

nd kurtosis in each � band, we can quantify polyspectra that encode
albeit reduced or projected) information on the full n -point spectra
n a straightforward manner. In particular, we explicitly compute the
reduced) bispectra at Planck frequencies. This is similar in spirit
o quantifying non-Gaussianity with statistics like the bispectrum-
elated power spectrum and the skew-spectra presented in Munshi &
eavens ( 2010 ) and Munshi, Coles & Heavens ( 2013 ). This method
f band filtering pro v es to be a simple path to the quantification of
he CIB non-Gaussianity. 

Our main target in this paper is to develop a method to lens any
adiation background that is made up of localized sources distributed
 v er a broad redshift range, using the lensing associated with all mass
tructures below the object’s redshift. Using this, we can consider the
mpact of gravitational lensing on CIB statistics. Although analytic
alculations suggest that the gravitational lensing of the CIB does
ot change the CIB power spectrum substantially (Schaan, Ferraro &
pergel 2018 ), we show using our Websky simulations that its non-
aussianity can be affected considerably. Prior to this work, weak
NRAS 529, 2543–2558 (2024) 
ensing of the CIB has been investigated by Schaan et al. ( 2018 ),
ishra & Schaan ( 2019 ), and Feng & Holder ( 2019 ). Schaan et

l. ( 2018 ) adapted the quadratic estimator (Hu & Okamoto 2002 )
o reconstruct the lensing of the CIB, and probed how the non-
aussian nature of the CIB as well as its broad redshift extent
iases lensing reconstruction. Mishra & Schaan ( 2019 ) quantified
ow much the lensing of foregrounds such as the CIB biases CMB
ensing estimators, finding a small but potentially non-negligible
ffect. Feng & Holder ( 2019 ) found by comparing cross-correlations
etween CIB lensing reconstructions and tracers such as the CIB at
everal frequencies and the CMB lensing potential for simulations
nd Planck data, that Planck CIB measurements contain excess non-
aussianity consistent with CIB lensing. In this paper, we explicitly
uantify the change in the CIB three- and four-point functions due
o lensing relative to the unlensed CIB statistics. 

Similar to the works of Schaan et al. ( 2018 ) and Mishra & Schaan
 2019 ), our analysis pipeline can be adapted for various other non-
aussian radiation fields associated source emissions, such as 21 cm,
yman- α, CO, C II , and other millimetre (mm)-wave intensity fields,

o unco v er further details of the 3D structural evolution the y trace. 
An expansion to the Websky suite of extragalactic simulations 1 

Stein et al. 2018 , 2020 ) is used here to first show that the simulations
apture the nearly equilateral bispectra sufficiently well compared
o the measured Planck values. We then investigate the change in
IB non-Gaussianity due to lensing, accounting for the fact that

he CIB sources at different redshifts are lensed by different lensing
onvergences. Our simulation results suggest that weak gravitational
ensing can change the three- and four-point functions of the CIB to
easurable degrees. This is potentially significant for observations,

ince the observed CIB necessarily includes gravitational lensing,
hile lensing has been ignored in theory predictions of the CIB
ispectrum thus far. 
The content of this paper is as follows. In Section 2 , we describe

he simulations used in our study, as well as the method we developed
o accurately lens the CIB. In Section 3 , we present our formalism for
uantifying the n -point statistics. We then compare our simulation
ower spectra and bispectra with experimental data in Section 4 , and
iscuss the redshift contribution to the CIB statistics in Section 5 .
e present our results on the effect of lensing on the CIB statistics in

ection 6 . In Section 7 , we provide an alternative way to probe
he effect of CIB lensing that includes additional non-Gaussian
nformation using relative entropy. Next, we investigate stochastic
ffects on CIB statistics in Section 8 . We wrap up with a conclusion
nd discussion in Section 9 . 

 LENSED  CI B  SI MULATI ONS  

ur methods for performing the lensing of simulated CIB maps differ
rom lensing of the CMB in several aspects. First, while the CMB
omes from a single redshift, the CIB comes from a broad range of
edshifts, and the structures hosting CIB galaxies at one redshift will
ens galaxies at a higher redshift. Second, while the CMB is a diffuse,
mooth field, the CIB consists of many individual sources, and we
ust take care to treat the flux density from each galaxy appropriately,

articularly since we aim to quantify non-Gaussian properties of the
IB both before and after lensing is performed. In the first part of

his section, we briefly describe the Websky simulations (Stein et al.
020 ) our study is based on; we refer the reader to that paper for an in

https://mocks.cita.utoronto.ca
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epth description. In the second part, we describe how we calculate 
he lensed CIB signal. 

The Websky simulations are based on the 2LPT approach to non- 
inear evolution of large-scale structure, and follow the mass-Peak 
atch approach (Bond & Myers 1996 ; Stein et al. 2018 ) to find
egions that collapse into haloes. First, peaks of density smoothed on 
 range of scales are flagged as potential halo candidates. For each
uch candidate, the 2LPT displacement field is then e v aluated within
he framework of the ellipsoidal collapse model to find regions that 
ill gravitationally collapse into haloes. Overlapping halo candidates 

re either merged, or both kept with adjusted masses. 
Each halo is modelled as a central subhalo with a central galaxy,

or massive haloes, with a number of satellite subhaloes that each 
osts a single satellite galaxy; the number of subhaloes is generated 
sing a subhalo mass function from Jiang & van den Bosch ( 2014 ). In
he Websky simulations, there are ∼9 × 10 8 haloes hosting ∼5 × 10 9 

IB galaxies. The flux density of each such galaxy is then calculated
ccording to a CIB halo model (Shang et al. 2012 ), with parameters
rom Viero et al. ( 2013 ). In this model, the flux density of the galaxy
epends only on the mass of its subhalo and its redshift. The key
ormulations of the model are given below as in Stein et al. ( 2020 ): 

The rest-frame spectral energy distribution (SED) of a source is 
iven by: 

 (1 + z) ν( M, z) = L 0 � ( z) �( M, z) 	 [(1 + z) ν, T d ( z)] , (1) 

here ν is the frequency of the observation, M is the (sub)halo
ass, and z is the redshift. The SED 	 [ ν, T d ] is a greybody

t low frequencies we consider for the CIB in this paper, 	 ( ν,
 ) ∝ νβB ν( T d ( z )) where B ν is the Planck function and β = 1.6
epends on the physical nature of the dust. The ef fecti ve dust
emperature is given by T d ≡ T 0 (1 + z) α with T 0 = 20.7 and α = 0.2.
 ( z) = (1 + z) δCIB gives the redshift dependent global normalization

f the L –M relation with δCIB = 2.4 and a plateau at z = 2 is imposed
s in Viero et al. ( 2013 ). The dependence of the galaxy luminosity
n halo mass is given by a lognormal function �( M , z), 

( M, z) = 

M (
2 πσ 2 

L/M 

)1 / 2 exp 

[ 

− ( log 10 M − log 10 M eff ) 2 

2 σ 2 
L/M 

] 

. (2) 

 eff is where the specific infrared emissivity peaks, and σ L / M 

escribes the range of halo masses that produce the luminosity. 
og ( M eff /M �) = 12.3 and σ 2 

L/M 

= 0 . 3 are used from model 2 of Viero
t al. ( 2013 ). L 0 is an o v erall frequenc y-independent normalization
actor used to scale all galaxy flux densities to match the Planck
45 GHz CIB power spectrum measurements (Ade et al. 2014b ) at
he angular scale � = 500. 

This model describes a minimal parameter set that nevertheless 
rovides a reasonable fit to the Planck and Herschel power spectra. 
ne limitation is that every galaxy at a given redshift is assumed to
ave the same SED, regardless of its detailed properties, including 
ts age, merger history, and environment. In principle, it could be 
ossible to add more parameters, but these new parameters would be 
argely unconstrained by current CIB data. 

To calculate a map of the unlensed CIB signal, we project galaxies
nto an NSIDE = 4096 HEALPIX grid and add their flux densities
ithin each pixel. The first panel of Fig. 1 shows the CIB intensity in

ach �z = 0.2 shell for the Websky simulations. The CIB intensity
eaks around z = 1.4 to1.6, which agrees with the CIB models in
iterature like B ́ethermin et al. ( 2012 ), Schmidt et al. ( 2015 ), and
ullen et al. ( 2018 ). There is some uncertainty in where the CIB

ntensity actually peaks, as some models predict the peak to be at a
ower redshift (Schmidt et al. 2015 ), but we note that it is the star
ormation rate density that we expect to peak at 2 < z < 3 (Ade
t al. 2014b ). We have run our analysis on a model where the CIB
ntensity peaks around z = 1.1 and found that our results are not
adically altered. Although the Websky CIB maps, which go up to
 = 4.2 as seen in Fig. 1 , capture the essence of the CIB, we note
hat the CIB extends farther than z > 4.2 in reality. 

Investigating the lensing of the CIB can be a complicated matter,
specially when compared to CMB lensing. While the statistics of 
he unlensed CMB are very well known as it is essentially a Gaussian
andom field, the unlensed CIB itself is non-Gaussian and its statistics
re not as well understood. Not only has the CMB power spectra been
easured quite precisely (most recently by Aghanim et al. 2020a ),

he gravitational lensing effect on the CMB has been detected, and the 
atter between the observer and the CMB has been reconstructed to

igh precision (Aghanim et al. 2020b ), utilizing quadratic estimators 
ike the one given in Okamoto & Hu ( 2003 ). As mentioned in the In-
roduction, the CIB power spectra and bispectra have been measured 
y a number of experiments, but the bispectrum measurements tend to
ave large uncertainties and its lensing reconstruction is in relatively 
arly stages of development. Schaan et al. ( 2018 ) discuss methods
o mitigate biases when reconstructing the lensing mass fluctuations 
rom maps of the CIB. In particular, challenges arise both because of
he intrinsic non-Gaussianity of the CIB itself, as well as the fact that
here is redshift o v erlap between the lensing mass and the emissive
ources. Such complications provide a moti v ation for our study using
imulations. 

Unlike the CMB, which is sourced at a narrow range of redshifts
round z ∼ 1100 at the surface of last scattering, CIB sources are
pread across a wide range of redshifts between z = 0 and 4.2. Using
he full 3D information from the Websky simulations, we generate 
 lensing convergence map for each redshift slice of CIB galaxies.
his is a more involved treatment than that of Schaan et al. ( 2018 ),
ho took all the lensing matter to be at ef fecti vely a single redshift.
pecifically, we split the galaxies into 21 redshift shells of width
z = 0.2, and each galaxy in the n th redshift shell is lensed by all

he matter in the first n − 1 shells. 2 This way we correctly account for
he time evolution of the lensing effects and the fact that depending
n the situation an individual galaxy can count as source of either
IB signal or lensing. To further simplify the calculation, when a
alaxy acts as a source of CIB signal, we assume it is located at the
entral redshift of its redshift shell. This allows us to pre-calculate 
he lensing convergence for each redshift shell. 

For each redshift shell, the lensing calculation starts with obtaining 
n NSIDE = 4096 map of the lensing convergence κ , obtained by
ntegrating an appropriately weighted density field along the line 
f sight of the central positions of the individual map pixels. This
atches what was done for the CMB lensing field in the released

ersion of the Websky simulations, which was similarly calculated 
ut for a source at z src = 1100. Within each halo, the density field
s modelled as an NFW (Na varro–Frenk–White; Na varro, Frenk &

hite 1997 ) profile (Zhao 1996 ) and outside the haloes it is obtained
rom the 2LPT calculations. Following Stein et al. ( 2020 ), we also
nclude a ‘field’ component, representing the lensing matter that is 
n haloes too small to be resolved by the simulation. 

For the CMB, given the lensing potential map φ and map of the
nlensed CMB, the lensed map can be obtained by e v aluating the
MNRAS 529, 2543–2558 (2024) 
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M

Figure 1. CIB intensity, the corresponding lensing potential kernels, as well as the RMS deflection for each redshift shell ( �z = 0.2) within our Websky CIB 

model. The CIB intensity increases from z = 0 to 1.4, peaks around z = 1.4 to 1.6, then decreases until it is almost non-existent by z = 4. The lensing kernels, 

defined as W 

κ
z src 
i 

= 

3 
2 �m H 

2 
0 

1 + z 
H ( z) χ ( z) 

[ χ ( z src 
i 

) −χ ( z) 
χ ( z src 

i 
) 

]
with z src 

i being the mid-point of each redshift shell in z-space, typically peak around half of its extent, although 

they display some skew towards where the CIB intensity is highest, especially as we integrate over more redshifts. The RMS deflection steeply increases at first 
from 0.34 arcmin for the first lensed shell, up to 1.7 arcmin for the last shell. 
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MB at the deflected positions given by ∇φ, using a pixel-based
nterpolation scheme. This is the approach that is codified in the
ommonly used and publicly available code LENSPIX (Lewis 2005 );
t is also the approach that was taken for the lensed CMB map released
y the Websky team (Stein et al. 2020 ), in that case using the methods
n the public PIXELL library. 3 These interpolation-based codes have
een shown to work accurately for the lensing of a diffuse field like
he primary CMB that does not have significant fluctuations on scales
ear the pixel size. The primary CMB has this property thanks to its
ery red power spectrum, further enhanced by the washing out of
tructures on scales of a few arcminutes by diffusion damping at the
ast-scattering surface. Ho we v er, since CIB galaxies are unresolv ed
n the arcminute scales of the maps we consider, they appear as
oint sources the size of a pixel and LENSPIX cannot be accurately
sed for this application. The smoothing of the signal map on small
cales, which is an inherent part of LENSPIX , leads to several artefacts
NRAS 529, 2543–2558 (2024) 

 https:// github.com/ simonsobs/ pixell 

M  

t
s  
uch as nonphysical ne gativ e intensities we must a v oid. Therefore,
e developed our own lensing pipeline. 
Rather than attempt to remap the given unlensed map with the

eflection vectors, we opted to use the source galaxy catalogues and
reate entirely new CIB maps that include the effects of lensing.
iven the convergence map κz i for a given source redshift z i , which

ncludes all the matter in the shells between the galaxy and the
bserver, we determine the lensed CIB intensity and position of each
ndividual galaxy as follows: 

(i) We deflect the galaxy’s angular position by an amount given
y α = ∇φz i , with the lensing potential φz i given in terms of κz i by
z i = 

1 
2 ∇ 

2 φz i . In terms of the 3D gravitational potential � ( χ , η) at
adial comoving distance χ and conformal lookback time η, we have 

z i ( ̂  n ) ≡ 2 
∫ χ( z i ) 

0 
dχ

χ ( z i ) − χ

χ ( z i ) χ
� ( χ ˆ n ; η0 − χ ) . (3) 

ore specifically, using spherical trigonometry, we invert equa-
ions (A15) and (A16) of Lewis ( 2005 ), cos θ ′ = cos d cos θ −
in d sin θcos α and sin �φ = 

sin α sin d 
sin θ ′ , where the lensed position is

https://github.com/simonsobs/pixell
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 θ , φ) and the unlensed ( θ ′ , φ + �φ) on a sphere, with the deflection
 ector giv en as d ≡ ∇φz i = d θ e θ + d φe φ = d cos αe θ + d sin αe φ .
nverting the equations above and reversing the deflection vector 
llows us to compute the lensed position of the galaxy from the
nlensed position and the κ corresponding to the unlensed pixel 
ocation of the galaxy following the Born approximation. 

(ii) Since the deflection we have described will not change the ap- 
arent brightness of the galaxy, which is assumed to be a point source,
e then multiply the galaxy’s flux density by the magnification fac- 

or [(1 − κ2 
z i 

) − γ 2 
z i 

] −1 , where γz i ≡ 1 
2 ( φz i , 11 − φz i , 22 ) + iφz i , 12 (e.g. 

artelmann & Schneider 2001 ). 

Once we have the deflected and magnified galaxy positions, we 
ombine lensed flux densities of all galaxies in a redshift bin in each
ixel to obtain the total lensed CIB intensity from one redshift bin.
e then add contributions from all redshifts to obtain the full lensed
IB map. 
To account for the finite pixel size, we smooth each κ map with

 Gaussian beam of σ = ( 
√ 

3 N SIDE ) −1 , which roughly corresponds
o the ef fecti ve radius of a pixel. The unsmoothed κ maps contain
 substantial number of pixels where κ > 0.1 (some are even larger
han 0.3), which no longer lies in the weak-lensing regime. By
moothing the κ map, we are able to reduce areas with large κ
alues considerably. Smoothing the κ maps suppress the κ power 
pectra by about 50 per cent at � = 6000. Below, we will address
ow this choice impacts our results. 
Because there still are non-negligible numbers of pixels in the 
maps where the pixel values are larger than 0.1 even after the

moothing, we found that we must use the exact magnification 
actor [(1 − κ2 ) − γ 2 ] −1 , rather than the often-used approximation 
1 + 2 κ). We use the transformation between κ� m ’s and γ � m ’s
iven in equation (11) of Jeffrey et al. ( 2021 ) as well as HEALPY ’s
lm2map spin() function to generate γ 1 and γ 2 maps. The shear 

actor that enters in the magnification is given by γ 2 = γ 2 
1 + γ 2 

2 . 
We note that our methodology of lensing each CIB shell with its

orresponding κ shell does not account for the fact that the haloes 
nd ‘field’ components used to generate the lensing convergences get 
ncreasingly lensed as we mo v e out to farther redshifts, in an effect
nown as lens coupling. It has been shown that incorporating this
ffect, along with other post-Born effects, suppresses the squeezed 
ispectrum and enhances the equilateral bispectrum of κ , especially 
t z > 1, although the impact on the κ power spectrum is minimal
Pratten & Lewis 2016 ; Fabbian, Lewis & Beck 2019 ). Using lensing
onvergences not including some of these higher order terms may 
mpact our analysis, but we expect that not entirely capturing the 
on-Gaussianity of the lensing convergences does not significantly 
mpact our results since the change in the CIB non-Gaussianity due to
ensing is primarily caused by large scales of the lensing convergence 

aps. One potential way to incorporate some of the post-Born effects 
ould be to lens each of the halo + field shell with its corresponding
before projecting it to the κ shells, but this is beyond the scope of

his work. 
In Fig. 1 , we show the total CIB intensity in each redshift shell,

heir corresponding lensing kernels, and the RMS deflection angle. 
t can be seen that the lensing kernels and CIB intensity distributions
re o v erlapping and trace the same matter fluctuations. The RMS
eflection (bottom panel of Fig. 1 ) in each redshift shell is calculated
o range from 0.34 arcmin for the very first lensed shell (0.2 < z

 0.4), to 1.6 arcmin for the very last shell (4.0 < z < 4.2). The
ncrease in the deflection is initially steep, but becomes more steady 
tarting around z = 1, with the RMS deflection being about 1.3
rcmin at z = 2. Overall, the mean RMS deflection for the CIB
s around half of the amount (2.7 arcmin RMS) that the CMB is
eflected (Lewis & Challinor 2006 ). In Fig. 2 , we show all of the
IB shells as well as the corresponding κ shell that ‘lenses’ each
IB shell with their redshifts. It can be seen that the κ shells are
ighly correlated, due to the o v erlapping lensing kernels, while the
IB shells are independent. Fig. 3 shows a 0.5 ◦ × 0.5 ◦ patch of the
IB at 545 GHz for the redshift shell centred on z = 1.1. We show

he unlensed, deflected (no magnification) and fully lensed signal. 
ne can clearly see the downwards shift due to the deflection and the

hange in brightness after the magnification. In Fig. 4 , we display
.5 ◦ × 1.5 ◦ patches of the κ2 and γ 2 maps. We note that the κ2 shows
he clumps of matter inside the haloes, while γ 2 shows the regions
hat surround the haloes to have relatively high γ 2 values. 

 N -POI NT  C O R R E L AT I O N  F U N C T I O N S  W ITH  

A R M O N I C  BA N D  FILTERS  

ur main tool to study the effect of lensing on statistics of the CIB,
specially its non-Gaussianity, will be the e v aluation of variance,
kewness and kurtosis of maps bandlimited to a certain range of
pherical harmonic coefficients � . As we show here, the former two
re directly related to the power spectrum and equilateral bispectrum 

f the CIB map. 
Given a CIB map I ν at frequency ν and its expansion into spherical

armonic coefficients 

 ν( ̂  n ) = 

∑ 

�m 

a �m 

Y �m 

( ̂  n ) , (4) 

e can define a band-filtered CIB map by only considering the a � m ’s
ithin a particular range of � , where � c is the centre of an � band, 

 

� c 
ν ( ̂  n ) = 

� c + �/ 2 ∑ 

� = � c −��/ 2 

∑ 

m 

a �m 

Y �m 

( ̂  n ) . (5) 

e use �� = 640 except for Section 4 , where we compare with
lanck ’s experimental data and use their binning of �� = 128. 
Given filtered maps, we can calculate their v ariance, ske wness and

urtosis as 

 

� c 
2 = 〈 ( �I � c ν ( ̂  n )) 2 〉 , (6) 

 

� c 
3 = 〈 ( �I � c ν ( ̂  n )) 3 〉 , and (7) 

 

� c 
4 = 〈 ( �I � c ν ( ̂  n )) 4 〉 − 3 

(
S 

� c 
2 

)2 
, (8) 

here the average 〈 . 〉 is an average over map pixels, and �I � ν ( x)
as the mean of the map subtracted. The subtraction in the last
ine ensures that S � c 4 is zero for a Gaussian random field. Notice
lternative definitions can be found in the literature (e.g. Ben-David, 
on Hausegger & Jackson 2015 ). 

We checked that the sharp edges of the top-hat filters do not cause
ignificant anomalies by running our maps through top-hat filters 
podized at the edges with a sine-function as given in equation ( 9 ), 

 ( x) = 

1 

2 

(
1 ± sin 

π ( x − x edge ) 

� 

)
, 

x ∈ [ x edge − �, x edge + � ] , (9) 

here the ( + ) sign is for the left edge of the filter, while the ( −) sign
s for the right edge of the � band, x edge is either edge of the top-hat
lter, and � is the width of apodization. With bandwidth �� = 128
 Planck bins) and � = 5–15, we confirmed that the results are not
ualitatively changed. 
MNRAS 529, 2543–2558 (2024) 
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Figure 2. A patch of unlensed CIB and its corresponding lensing convergence for each redshift shell �z = 0.2. In our simulations, each unlensed CIB shell 
is lensed by a convergence shell to create lensed CIB shells, which are then summed up to produce the total lensed CIB map. This method mitigates the 
‘self-lensing’ effect substantially. Note that the CIB intensity visibly thins out by z = 3, while the integrated lensing convergence becomes brighter at higher 
redshifts. 

Figure 3. HEALPIX maps of unlensed, deflected (no magnification), and lensed CIB for a small (0.5 ◦ × 0.5 ◦) patch of sky centred on z = 1.1. Here, a ‘lensed’ 
galaxy has both been deflected and has had its flux density magnified appropriately. The arrows denote the direction and magnitude of deflection. The light 
circled patch (unlensed and deflected) and the dark circled patch (deflected and lensed) are the same small patch of sky emphasized. One can clearly see the 
deflection by comparing the unlensed and deflected, and the magnification effect by comparing the deflected and lensed. 
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Figure 4. HEALPIX maps of the convergence-squared ( κ2 ) and shear-squared ( γ 2 = γ 2 
1 + γ 2 

2 ) for a (1.5 ◦ × 1.5 ◦) patch of sky spanning up to z = 1.0 (so these 
are from the κ and γ shells that lens the CIB shell shown in Fig. 3 ). The clumps of matter are evident from the bright pixels in the κ2 map while the γ 2 closely 
traces the κ2 but the bright regions are slightly different. The cosmic web structure can be seen more clearly in the γ 2 map. 
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It is straightforward to show that the variance of the filtered map
s related to the map’s power spectrum through 

 

� c 
2 = 

� c + ��/ 2 ∑ 

� = � c −��/ 2 

2 � + 1 

4 π
C � . (10) 

his equation can be inverted to give a prescription for calculating 
n estimate for the power spectrum in the bands, 

ˆ 
 � c ≈ S 

� c 
2 

⎛ 

⎝ 

� c + ��/ 2 ∑ 

� = � c −��/ 2 

2 � + 1 

4 π

⎞ 

⎠ 

−1 

. (11) 

s usual, we define the angular bispectrum 

 

�� ′ � ′′ 
mm 

′ m 

′′ ≡ 〈 a �m 

a � ′ m 

′ a � ′′ m 

′′ 〉 , (12) 

ts angle average as 

 �� ′ � ′′ ≡
∑ 

mm 

′ m 

′′ 

(
� � ′ � ′′ 

m m 

′ m 

′′ 

)
B 

�� ′ � ′′ 
mm 

′ m 

′′ , (13) 

nd the reduced bispectrum b �� ′ � ′′ using 

 �� ′ � ′′ = 

√ 

(2 � + 1)(2 � ′ + 1)(2 � ′′ + 1) 

4 π

(
� � ′ � ′′ 

0 0 0 

)
b �� ′ � ′′ , (14) 

here the matrices are Wigner-3 j symbols. With these definitions, we 
an relate the skewness of the filtered map to b as follows (Komatsu &
pergel 2001 ): 

 

� c 
3 = 

� c + ��/ 2 ∑ 

� = � c −��/ 2 

� c + ��/ 2 ∑ 

� ′ = � c −��/ 2 

� c + ��/ 2 ∑ 

� ′′ = � c −��/ 2 

K �� ′ � ′′ b �� ′ � ′′ , (15) 

here 

 �� ′ � ′′ = 

(2 � + 1)(2 � ′ + 1)(2 � ′′ + 1) 

16 π2 

(
� � ′ � ′′ 

0 0 0 

)2 

. (16) 
e can invert equation ( 15 ) to e v aluate an estimate of the equilateral
ispectrum from the skewness of a band-filtered map as 

ˆ 
 � c ,� c ,� c = S 

� c 
3 

⎛ 

⎝ 

� c + ��/ 2 ∑ 

� = � c −��/ 2 

� c + ��/ 2 ∑ 

� ′ = � c −��/ 2 

� c + ��/ 2 ∑ 

� ′′ = � c −��/ 2 

K �� ′ � ′′ 

⎞ 

⎠ 

−1 

. 

(17) 

his is analogous to the equilateral binned bispectrum estimator in 
ucher, Racine & van Tent ( 2016 ). We note that when � c � �� ,
quation ( 17 ) reduces to: 

ˆ 
 � c ,� c ,� c ≈ 2 

√ 

3 π3 S 
� c 
3 ( �� ) −3 � −1 

c ∝ S 
� c 
3 � 

−1 
c , (18) 

here we used the approximation for the Wigner-3 j symbol (Bhat-
acharya et al. 2012 ) that 

� � ′ � ′′ 

0 0 0 

)
≈

√ 

2 

π

( −1) L/ 2 

[ L ( L − 2 � )( L − 2 � ′ )( L − 2 � ′′ )] 1 / 4 
, (19) 

f L = � + � ′ + � ′′ is even and zero for odd L . 
The methods described abo v e are computationally ine xpensiv e

hen using full-sky maps at NSIDE = 4096, with each run of
assing a map through a series of top-hat filters and calculating b ��� 
rom equation ( 17 ) taking about 8 min on one node of the Niagara
luster. 4 

As values of the CIB trispectrum are yet to be published to our
nowledge, we use the kurtosis divided by � 2 c ( � −2 

c S 
� c 
4 ), which is

roportional to the equilateral trispectrum at large � c , as a proxy for
ow strongly gravitational lensing affects CIB four-point functions. 

 C O M PA R I S O N  WI TH  EXPERI MENTA L  DATA  

 number of surv e ys, including the Balloon-borne Large Aperture
ubmillimeter Telescope (Viero et al. 2009 ), Herschel /SPIRE (Spec- 

ral and Photometric Imaging Receiver) (Amblard et al. 2011 ), ACT
MNRAS 529, 2543–2558 (2024) 
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Figure 5. Statistics of the unlensed CIB maps from the Websky simulations at the three Planck frequencies; top (blue) is 545 GHz, middle (green) is 353 GHz, 
and bottom (red) is 217 GHz. As we go to higher order statistics, the Poisson regime becomes more evident as the spectra flatten out at � > 1000. We note 
that the Websky bispectra are mostly within Planck error bars even though only the power spectra were fit to match those of Planck’s . While we do not plot 
the error bars for Websky values as there is only one realization, one can estimate the level of uncertainty from the scatter especially for the bispectra and 
kurtosis. 
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Dunkley et al. 2011 ), Planck (Ade et al. 2014b ), and SPT (Hall et al.
010 ; Crawford et al. 2014 ; Reichardt et al. 2021 ), have measured
he CIB power spectra and bispectra. In this section, we compare the
tatistics of unlensed CIB maps obtained from Websky with some of
hese experimental results. 

The Planck team measured the CIB power spectra up to � = 2000
nd bispectra up to � = 800. We focus on the three frequencies where
lanck has both power spectrum and bispectrum measurements (217,
53, and 545 GHz); the corresponding experimental data are shown
n Fig. 5 . 

Data analysis by Ade et al. ( 2014b ) included masking bright
ources o v er a brightness threshold (225 mJy for 217 GHz, 315
Jy for 353 GHz, and 350 mJy for 545 GHz). For a fair comparison,
e thus also mask bright sources. Because the full analysis including

ncomplete sk y co v erage is rather involv ed, we decided to instead
eplace the pixels brighter than the corresponding experimental cut-
ff with the mean of the CIB map. We believe this treatment is
ufficient, due to the rareness of the very bright sources. When we
nstead replace the pix els abo v e the e xperimental cut-off with double
he map mean, our results are not significantly changed. 

After treating the bright pixels in this manner and calculating the
ower spectra and bispectra of the CIB maps according to equations
 11 ) and ( 17 ), we get results shown in Fig. 5 . We also show S 

� c 
4 

esults for completeness. 
As in Stein et al. ( 2020 ), we see good agreement with the Planck

IB power spectra, though one has to keep in mind we scaled the
mplitude of the 545 GHz power spectrum to agree with Planck at � =
00. On the other hand, the comparison with Planck CIB bispectra
s a non-trivial test of our model. While the Websky bispectra
re systematically below the measured values, we generally agree
ithin the error bars. We also see the transitions from the clustering

egime to the Poisson noise dominated regime at high � for all three
olyspectra. Planck measurements primarily capture the clustering
egime, especially for the bispectrum, while the Websky simulations
lso yield predictions for smaller scales. 

To check the high- � limit of our bispectrum calculations, we
ompare with the SPT results (Crawford et al. 2014 ). In the limit
f high � , the statistics are dominated by the one-halo contribution
nd the bispectrum converges to a constant (see e.g. Fig. 5 ). For the
PT flux density cut (flux cut from hereon) of 22 mJy, this constant

s measured to be (Crawford et al. 2014 ) 

 

SPT 
Poisson [ 220 GHz ] = ( 1 . 84 ± 0 . 26 ) × 10 −10 ( μK) 3 . (20) 
NRAS 529, 2543–2558 (2024) 
his is in good agreement with the Websky-based theoretical expec-
ation, given by the weighted sum of the third power of the galaxy
ux densities, 

 

th 
Poisson [ 217 GHz ] = 

4 π

N pix 

∑ 

S 3 i = 1 . 90 × 10 −10 ( μK) 3 , (21) 

here S i are flux densities of the Websky galaxies dimmer than the
PT cut-off and N pix is the number of pixels in an NSIDE 4096
ap (12 × 4096 2 ). Ho we ver, we note that the Websky C � value at
 = 2940 is about 40.7 Jy 2 sr −1 for 217 GHz, while the SPT value
s about (26.7 ± 0.7) Jy 2 sr −1 for 220 GHz. This mismatch for the
 � implies that the similar b Poisson values between Websky and SPT
o not necessarily signify that the Websky CIB model explains SPT
easurements well. A possible reason for this is briefly discussed in
tein et al. ( 2020 ); the Websky simulations use the Planck CIB model
nd the CIB contribution from haloes smaller than ∼1.2 × 10 12 M �
s not included. 

 REDSHIFT  O R I G I N  O F  C I B  N -POI NT  

U N C T I O N S  

he CIB power spectrum is dominated by the redshifts around where
he CIB intensity peaks and lower. For the CIB at 545 GHz, as
ompiled by Schaan et al. ( 2018 ) using B ́ethermin et al. ( 2012 ),
chmidt et al. ( 2015 ), and Pullen et al. ( 2018 ), the power spectrum

s dominant o v er 0 < z < 2 with the CIB intensity peaking around
 < z < 2 for various models (e.g. Ade et al. 2014a ; B ́ethermin
t al. 2017 ; Maniyar, B ́ethermin & Lagache 2018 , 2021 ), whereas
n the model P ́enin et al. ( 2014 ) adopts, the CIB power spectrum is
ominated by 0 < z < 3 with the CIB intensity peaking in the 1
 z < 3 range. In Figs 6 and 7 , we show the redshift accumulation

f the CIB statistics as well as its ratio to the total CIB statistics.
e confirm that the majority of the power spectrum comes from
 < z < 2 for all scales. For the power spectrum, there is only a
light scale dependence; at � < 2000, the contribution from z < 1.5
ecreases at lower � . For the bispectrum and kurtosis, we see a much
arger contribution from z < 0.5, especially at � > 1000, and even

ore so for the kurtosis. At � > 6000, more than 35 per cent of the
IB bispectrum comes from z < 0.5, while more than half of the
urtosis comes from z < 0.5 for � > 4000. While this is surprising,
e attribute this to the fact that there are very bright galaxies at the

losest redshifts which are not masked by the Planck flux cut. This is
vident in Fig. 8 , where the Planck flux cut of 350 mJy at 545 GHz
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Figure 6. Contribution to the CIB statistics by redshift (cumulative) at 545 GHz. The build-up for the power spectrum and bispectrum are clearly visible. 
As expected, most of the CIB statistics come from z < 2. For the power spectrum, the contribution from each �z = 0.5 shell remain more or less constant 
throughout all scales. At subsequently higher order statistics, the contributions from z < 0.5 increase considerably for � > 4000. 

Figure 7. Cumulative-redshift ratio of the CIB statistics relative to the total CIB, showing the same information as in Fig. 6 . It is clear that z < 0.5 contributes 
to the CIB bispectrum and kurtosis significantly at � > 4000. Ho we ver, higher redshifts are more important at low � , especially for the bispectrum in the Planck 
measurement regime. Some ratios for kurtosis being larger than 1 at high � is the result of imposing the same ( Planck ) flux cut for each cumulative shell. 

Figure 8. Breakdown of the CIB intensity histogram by redshift (no flux 
cut imposed). The closest redshifts contain very bright pixels from nearby 
galaxies, while the CIB dims significantly at z > 3. 
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orresponds to roughly 5.6 MJy sr −1 . Because the bispectrum and 
urtosis are higher powers of the fluctuations by definition, they are 
uch more sensitive to these close-by bright galaxies. We also note 

hat Planck has measurements with error bars up to around � = 700.
 ́enin et al. ( 2014 ) also found that the CIB bispectra at frequencies

ower than 857 GHz are dominated by low-redshift galaxies and 
chaan et al. ( 2018 ) found that the CIB trispectrum is dominated by

he lowest redshifts. 
 LENSI NG  O F  C I B  N -POI NT  F U N C T I O N S  

n Fig. 9 , we show fractional changes in the CIB power spectra,
quilateral bispectra and kurtosis due to gravitational lensing. The 
hanges in the power spectrum are small and below 2 per cent at all
cales, in agreement with Schaan et al. ( 2018 ). This is because, as
isible from Fig. 5 , the CIB power spectra are relatively smooth and
eatureless. Compare this with the CMB, where the significant peak 
tructure leads to up to ∼ 5 per cent changes in power spectra due to
ravitational lensing. We do not see any distinct difference between 
he three frequencies, with the peak effect around � ∼ 2000 possibly
elated to the transition from a two- to one-halo-dominated clustering 
egime. 

The effects of gravitational lensing on the CIB bispectrum are 
ore pronounced. The most significant effect is an increase in the

ispectrum by about 15 per cent at the largest scales, with the lensing
nfluence gradually dropping to small values at � ∼ 6000. The effects
eem to be larger at higher frequencies. Overall, the lensing effects
ut our values closer to the Planck measurements, evident in Fig. 10 .
The situation is similar for the four-point function, with lensing 

ncreasing the kurtosis of the CIB map by about 30 per cent at the
argest scales and the lensing importance dropping as we go to smaller
cales. This time, the map frequency seems to matter much more,
ith the 217 GHz kurtosis showing relatively small ( < 10 per cent )

ensing effects abo v e � = 1500 and the 545 GHz still showing ∼ 15
er cent effects at � = 5000. This however, may be attributed to the
act that the very first CIB shell spanning 0 < z < 0.2, where there
s a significant contribution for the kurtosis at high � , is not lensed in
MNRAS 529, 2543–2558 (2024) 
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Figure 9. The effect of gravitational lensing on CIB statistics using lensing convergence maps smoothed at the pixel level. While the power spectra are changed 
by less than 2 per cent for all three frequencies, the bispectra and kurtosis change by 10 per cent to 40 per cent at low � . The apparent discrepancy between 
frequencies for the bispectra and kurtosis arises due to the relatively high flux cut values for Planck at lower frequencies. 

Figure 10. Comparison of unlensed and lensed Websky bispectra with 
Planck measurements. Points are computed at the same set of central � values 
but are horizontally offset for clarity. The lensed values are slightly larger 
than unlensed values and hence closer to Planck values. 
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ur analysis, together with the relatively high Planck flux cuts values
or lower frequencies. 

In Fig. 11 , we investigate the sensitivity of these results to the
trongly lensed regions. In the top panel, we show results when
e approximate the factor by which the galaxy flux densities are
agnified as [(1 − κ) 2 − γ 2 ] −1 ≈ 1 + 2 κ and find that regions
here this approximation breaks down play crucial roles in the large

ensing effects we see abo v e. We see that including the γ 2 term has
 smaller effect, impacting mostly large scales for the bispectrum
nd four-point function. In the bottom, we show results with no
moothing of the κ map (cyan), or an alternative treatment of the
igh κ tails where the values of κ are capped at a certain maximum
alue κmax (red and green). Again, we see sensitivity to how exactly
he regions with high magnification are treated. While we only show
esults for 545 GHz, other frequencies sho w qualitati vely similar
ehaviours. 
We also show how the choice of flux cuts can impact our analysis in

ig. 12 . For the lensed case, we impose the flux cut after the lensing,
s opposed to lensing the flux cut-imposed unlensed CIB, as this is
qui v alent to masking bright point sources in any observations of the
IB (which are lensed). While the change in the power spectrum due

o lensing is essentially the same even when the flux cut values are
ncreased or decreased by a factor of 2, the change in the bispectrum
nd kurtosis are significantly altered. This is because a substantial
NRAS 529, 2543–2558 (2024) 
raction of the CIB bispectrum and kurtosis come from bright sources
t z < 0.2 (as seen in Fig. 6 ), and increasing or decreasing the flux
ut alters the contribution of these bright sources to the higher order
tatistics. Indeed, when the flux cut is lowered to half of Planck ’s,
he change in the bispectrum and kurtosis increase noticeably, while
he change in higher order statistics decrease accordingly when the
ux cut is increased to twice of Planck ’s. We additionally note that

he effect is more pronounced for the kurtosis, a significant portion
f which comes from z < 0.2 at � > 4000. Because the inclusion
r exclusion of the brightest galaxies in the very first shell 0 < z <

.2 has a major impact on the change in non-Gaussian statistics due
o lensing, we further show in Fig. 13 , the change in CIB statistics
ue to lensing with and without the first shell. As expected, we
nd that removing the unlensed first shell altogether significantly

ncreases the change in the bispectrum and kurtosis, especially at
igh � . Hence, a more accurate portrayal of the change in CIB non-
aussianity induced by lensing could be to break down the very first

hell into finer shells (e.g. 0 < z < 0.05 and 0.05 < z < 0.2), and
ens all but the closest galaxies, although this is beyond the scope of
his paper. 

 RELATI VE  ENTROPY  O F  � -BAND  PDFS  

hile the three- and four-point functions are useful descriptions of
he unlensed and lensed CIB non-Gaussianity, they do not capture
he full CIB non-Gaussianity. Higher order N -point statistics can
e determined using the same method, determining the order N
onnected components of the � -band probability distribution function
PDF), the PDF determined in each of our � -filtered maps. Or we
ould work with the � -band PDF directly, as a function of the CIB
ntensity. In practice, this involves constructing � -band histograms. In
ig. 14 , we show the unlensed and lensed CIB histograms at 545 GHz
s well as their difference. Although we can barely see the difference
etween the unlensed and lensed CIB when the two are o v erplotted,
he difference between the lensed and unlensed clearly shows an
nteresting oscillation structure, caused by the deflection and hence
mearing of the CIB at low-intensity pixels and magnification at
igh-intensity pixels. 
To quantify the effects of the lensing signature in the PDFs more

xplicitly, we use two relative entropy quantities, one intensive and
ne e xtensiv e: 

s rel ≡ − ln 
d N LENSED 

d N UNLENSED 
, 

 S rel ≡ s rel d N LENSED , S rel = 

∫ 
d S rel . (22) 
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Figure 11. Effect of lensing with various methods on CIB statistics at 545 GHz, illustrating our choice of methodology. The top figures show the changes in 
the variance (left), skewness (middle), and kurtosis (right) due to lensing with pix el-lev el smoothed κ maps for proper and approximate magnifications. The 
bottom figures show the changes with μ = 

1 
(1 −κ) 2 −γ 2 for different treatments of the κ maps; no treatment, setting a hard κmax , and smoothing at a pixel level. 

We see that the magnification significantly increases all three statistics, while using the approximation underestimates the non-Gaussian statistics in particular, 
and that setting a κmax or smoothing the κ maps substantially lowers the statistics. Smoothing the κ map reduces the change especially at high � . Results shown 
in the rest of the paper correspond to the choices in the thick. 

Figure 12. Effect of lensing on CIB statistics at 545 GHz with different flux cuts. Lowering the flux cut masks considerably more pixels in the very first redshift 
shell z < 0.2, which we do not lens in our analysis. This causes the contribution to CIB statistics from z > 0.2 to increase, which is why the total lensing effect 
increases, especially for the skewness and kurtosis. Similarly, raising the flux cut decreases the lensing effect as the contribution from z < 0.2 becomes more 
important. 

Figure 13. Effect of lensing on CIB statistics at 545 GHz with and without the very first shell z < 0.2, which remains unlensed. The change due to lensing 
is significantly more pronounced when z < 0.2 is excluded, especially for the kurtosis. Because the skewness and kurtosis are dominated by z < 0.2 starting 
around � > 2000, removing the first shell dramatically increases the lensing effect on those statistics. 
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M

Figure 14. Top: histograms of the unlensed and lensed Websky CIB maps at 
545 GHz. Bottom: the difference between the lensed and unlensed histograms, 
note that the number of pixels are roughly 100 times smaller for the difference 
histogram. While the two distributions look almost identical in the top panel, 
the difference of the two histograms unco v er an oscillation structure in the 
probability distribution. 
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he integral S rel is the (negative) of the Kullback–Leibler ‘distance’
r KL divergence between the unlensed and lensed CIB PDF,
 N UNLENSED and d N LENSED . In the following we often refer to s rel 

s the unweighted relative entropy; it portrays well the far tail
ifference of the lensed and unlensed flux distributions. The e xtensiv e
 S rel , which we refer to as the weighted relative entropy, damps the
xtreme tails by the action of the d N LENSED at large intensity, hence
s more focussed on the mean and its vicinity, including the variance,
kewness and kurtosis that we have concentrated on so far. 

With the weighted version, one has a choice of multiplying by
he lensed or unlensed PDFs, destroying the antisymmetry between
ensed and unlensed. (The small difference in the two PDFs means
hat the asymmetry is actually also small.) The information in the
ails is visually enhanced by the logarithm, allowing for effective
xploration of intensity regions far from the mean. The PDF com-
lexity can thus encode much more of the non-Gaussianity than the
ow-order connected components. Further extension would consider
he PDFs to vary o v er coarse-grained space, with PDF–PDF spatial
orrelation analyses. We do not develop that extension here. 
NRAS 529, 2543–2558 (2024) 
If we are trying to use relative entropy in practice, then we would
e taking the observed histogram as the fully lensed one, and would
ather want to compare it with a model distribution that is lensed,
ut with a smaller or larger preferred amplitude than the observed
DF . W e use a differential amplitude δq lens, CIB to characterize the
ariation of the observed from the theoretical lensed CIB: 

 rel ( δq lens, CIB ) = − ln d N obs, CIB ( I ν, � b ) 

+ ln d N th, CIB ( δq lens, CIB , I ν, � b ) . (23) 

enerally, δq lens, CIB will have a non-zero mean and a variance about
t. A perfect model given the data would have a mean of zero. 

In the differential between fully lensed and lensing with a
q lens, CIB �= 0 amplitude, the observed PDF drops out. Similarly,
he unlensed theoretical distribution drops out if we are interested
n small δq lens, CIB variations from fully lensed. If our target is
he explicit non-Gaussian nature of the PDF, as is often the case
n cosmological applications, the KL distance of the lensed CIB
DF and a Gaussianized PDF with the same mean and variance
re compared, and will have q lens, CIB dependence in both PDFs,
omplicating the template when comparing with the observed, but
lso focusing attention on what is truly non-Gaussian. In all cases,
e define a differential CIB-lensing template 

e lens , CIB ( I ν, � b ) ≡ [ ∂ s rel / ∂ q lens, CIB ] at δq lens, CIB = 0 , 

hence δs rel ≈ δq lens, CIB e lens , CIB . (24) 

hus e lens, CIB is a basis vector in the differential expansion of δs rel . 
A similar approach to lensing was used in the Arcminute

osmology Bolometer Array Receiver (ACBAR) power spectrum
nalysis (Reichardt et al. 2009 ), with the template as the relative
ntropy of Gaussians with different power associated with differ-
nt lensing amplitudes, s rel = 

1 
2 Trace ln C (0) C 

−1 ( δq lens, CMB ), where
 ( δq lens, CMB ) is the CMB intensity correlation matrix at lensing
mplitude δq lens, CMB , taken relative to the fully lensed δq lens, CMB =
 entropy. The terminology of relative entropy was not used in those
ays, but it does apply to previous works such as ACBAR. As in
CBAR and Calabrese et al. ( 2008 ), and ubiquitous in all subsequent

ensed CMB power spectrum work, a different multiplier was used
s the lensing parameter: A L, CMB , a measure of lensing strength
ultiplying the projected 2D gravitational potential. At the linear

evel the two amplitudes are proportional to each other. We could
lso adopt an A L, CIB parametrization here for the CIB, but the small
ifferences are such that q lens, CIB is adequate. 
Observationally we do not know the unlensed spectrum, although
uch effort goes into trying to delens to isolate the unlensed. Thus

he traditional expansion about unity for either q lens or A L has the
lassic problem of the number one in this context not being well
etermined since it is far from zero . Hence, our emphasis here is on
q lens about zero . 

The model CIB depends upon a number of parameters, which
e denote by q c , which include dust temperature, dust density,

he slope of the emission, all of their redshift dependencies, and
ther parameters which may appear in future impro v ed CIB models.
he relative entropy can then be expanded in basis elements (linear

emplates) e c for each q c , as well as the lensing basis element: 

δs rel ≈ δq lens, CIB e lens , CIB + 

∑ 

c 

δq c e c , 

 c ( I ν, � b ) ≡ [ ∂ s rel / ∂ q c ] at δq c = q c − q c, current . (25) 

We can then compute a spectrum of q lens, CIB and q c in � bands
referred by observed data. One can also combine all � bands together
ince when the model is good there should be no � dependence of the
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Figure 15. The full information content of CIB lensing shown using relative 
entropy (which are essentially log lensing templates) with smoothed κ; the top 
panel captures the tails, while the bottom panel captures the distributions near 
the peaks. We show the x new axis, as defined in equation ( 25 ), on the bottom 

and the number of standard deviations away from the mean CIB intensity on 
the top of each panel, and �I ν = I ν − Ī ν . 
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odel parameters. The templates e c and e lens, CIB will change as the 
referred parameter values change. Subsequent iteration results in 
est fit (final) q c , f , and the e c dependence on q c , f ef fecti vely turn the
terated linear expansion into a non-linear one, s rel ( q c , f , q lens, CIB, f ). 

A measure of how well the converged s rel does relative to the
bservations is the integral KL divergence, S rel ( q c , f , q lens, CIB, f ). If the
emplates are similar in shape to each other, then the associated 
arameters have near-degeneracies. Experimental noise can also 
nhance degeneracies, an issue that has been addressed in Horlaville 
t al. ( 2023 ) for the case of [C II ] line-intensity mapping. Also, with
urrent CIB data, the high- � regime may not be used due to the lack
f experimental measurements of non-Gaussian statistics at high- 
 . None the less, relative entropy analysis of PDFs is a promising
v enue. F or e xample, it could assist future CIB lensing reconstruction
tudies. 

In Fig. 15 , we show the unweighted and weighted relative entropies 
lotted against x new , which is defined as: 

 new = sgn 

(
�I ν

σUNLENSED 

)
ln 

(∣∣ �I ν

σUNLENSED 

∣∣ + 1 

)
, (26) 

here �I ν = I ν − Ī ν is the CIB intensity with the mean CIB intensity
ubtracted out and σ UNLENSED is the standard deviation of the 
nlensed CIB map (which is very close to that of the lensed CIB
ap). We use this non-linear remapping of flux density values for

he x -axis since it allows us to visualize the relative entropy more
f fecti vely at both small and large | � I ν | . When | � I ν | � σ UNLENSED ,
 x new | approaches the logarithm of the number of standard deviations
rom the mean ( | x new | → | ln ∣∣ �I ν

σUNLENSED 

∣∣| as | � I ν | → ∞ ), whereas
hen | � I ν | goes to zero, the scale is linear in intensity fluctuation.
e also show on top of the figures the number of standard deviations

way from the map mean Ī ν . We overplot 4 of 5 logarithmic � bands
rom � = 1 to 8000, leaving out the first band as it spans only a few
 ’s. These curves can serve as the aforementioned templates for the
orresponding � bands. 

In both the top and bottom panels, we see that the curves for bands
 ( � = 38 to 145), 3 ( � = 145 to 552), and 4 ( � = 552 to 2101) are
uite similar, but not so much for band 5 ( � = 2101 to 8000). We
an interpret this to mean that the lensing amplitude is consistent 
hroughout bands 2, 3, and 4, and that the CIB intrinsic parameters
ssumed for the Websky simulations are plausible. The discrepancy 
etween band 5 and the other three bands show that the smearing
nd magnification effects are more apparent at the smallest scales, as
e expect. 
The application of relative entropy of PDFs to the quantification 

f the amount of lensing present is done here with templates 
haracterized by band amplitudes. As elucidated earlier, a general 
nd ambitious use of relative entropy of PDFs is to expand it in
 set of templates, each with an amplitude allowing for deviation 
rom the ‘standard’ dust emission model parameters. In the CMB 

arlance, these could be called nuisance parameters that we wish to 
arginalize o v er to obtain the lensing amplitudes. Ho we ver, these

arameters are of great physical interest for the CIB, and one could
etermine best parameters using the templates, correct the templates 
ccording to the new amplitudes obtained, iterating until the relative 
ntropy approaches zero. Thus, not only would one show the CIB is
ensed, which of course it is, but with a self-consistent spectrum one
ould also have a refined CIB emission model determined by the 
ata. Though we have shown a plausible path to a full PDF analysis
s a function of � b scale, the task on real data will be daunting. 
MNRAS 529, 2543–2558 (2024) 
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Figure 16. Effect of stochasticity on CIB statistics at 545 GHz. The maps were renormalized by multiplying Ce −σ 2 
ln L / 2 with C = [0.997, 0.994, 0.991] for 

σ ln L = 0.3, 0.4, and 0.5, respectively, such that the power spectra at � = 500 match the power spectrum of the unlensed Websky CIB map at 545 GHz. 
Stochasticity increases n -point statistics by various amounts: the increase becomes larger at high � for all three statistics, but most dramatically for the 
skewness. 
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 STOCHASTIC  EFFECTS  

n Section 6 , we saw that while the bispectra derived from the Websky
imulations are mostly within the Planck experimental error bars,
hey are consistently somewhat below the measurements. In this
ection, we test whether the situation can be alleviated by adding
tochastic changes to galaxy flux densities. 

As mentioned in Section 2 , in the CIB halo model used by
ebsky, the galaxy luminosity depends only on the mass of the

orresponding subhalo. In reality, galaxy formation is affected by
 arious environmental ef fects (e.g. Hearin et al. 2016 ) and galaxy
uminosities will be consequently altered. 

As a simple model of these stochastic effects, we multiply the
ux density of each galaxy by exp [ N ( 0 , σln L ) ] , where N ( μ, σ ) is a
andom number drawn from a Gaussian distribution with mean μ and
ariance σ 2 . The parameter σ ln L allows us to control the importance
f these effects, and we consider three values: σ ln L = 0.3, 0.4, and
.5. More involved models are possible, σ ln L could be different for
entral and satellite galaxies, for example, but we do not consider
uch generalizations here. 

We show changes relative to the case without the stochastic
ffects in Fig. 16 for Websky at 545 GHz. In the left panel, we
ee that adding these stochastic effects increases the small-scale
ower spectrum of the CIB at fixed large-scale power. At � = 5000,
e see about 3 per cent/7 per cent/12 per cent increase with σ ln L 

f 0.3/0.4/0.5. For the bispectrum we see similar patterns, with
arger relative changes as we go to smaller and smaller scales.
ffects are a bit larger than for the power spectrum, with about
 per cent/15 per cent/25 per cent increase at � = 5000 with σ ln L of
.3/0.4/0.5. The kurtosis shows the most interesting pattern, with
 decrease at large scales and an increase at small scales, with
he transition happening around � = 1500. The amplitude of the
hange seems to increase with σ ln L and is generally limited to below
5 per cent. 
While inducing stochastic effects on the flux densities of CIB

alaxies does not increase the bispectra at low enough � to com-
ensate for the difference between Websky and Planck bispectra
alues (which was measured up to � ≈ 800), our analysis shows
hat the power spectrum and bispectrum increase substantially due to
tochastic effects at high � . Thus, we expect that future experiments
ight be able to distinguish between different models of stochastic

ffects as they can measure the CIB power spectra and bispectra
own to small scales at high precision. 
NRAS 529, 2543–2558 (2024) 
 C O N C L U S I O N  A N D  DI SCUSSI ON  

n this paper, we have provided a simple and convenient formalism
or estimating the non-Gaussianity of sky maps such as the CIB.
ur method involves filtering the maps to isolate particular ranges
f angular scales, and then computing the moments of the pixel
istribution of the resulting map. Using this formalism, we first
howed that the Websky simulations capture the equilateral bispectra
f the CIB well, mostly within Planck error bars (although slightly
ower). This is remarkable because no higher order moments, such
s bispectra, were considered when constructing the Websky CIB
odel. We also computed the kurtosis spectrum. All three types of

pectra show clustering signals on large scales and a Poisson, or
hot-noise, form on small scales. 

We then lensed the CIB using a deflection-then-magnification
ethod, by splitting the CIB into redshift shells and lensing each shell
ith its corresponding lensing convergence. This method accounts

or the fact that the CIB is broadly distributed o v er a range of
edshifts. We found that gravitational lensing causes the CIB power
pectra to increase by less than 2 per cent throughout all scales, the
ispectra by 10 per cent to 20 per cent at large scales, and the kurtosis
y 25 per cent to 40 per cent at large scales. 
We found that the change in non-Gaussian statistics are quite

ensitive to several factors: 

(i) the treatment of the convergence maps: setting a maximum
alue or smoothing; 

(ii) the chosen magnification factor: using the commonly em-
loyed weak-lensing approximation μ ≈ (1 + 2 κ), rather than the
ore accurate μ ≈ 1 

(1 −κ) 2 
or μ = 

1 
(1 −κ) 2 −γ 2 ; and 

(iii) the treatment of bright, nearby sources: the chosen flux cut
hreshold and whether the closest redshift shell is included. 

The first two points are rele v ant to the fact that our calculations rely
n the weak-lensing approximation, in which the lensing deflections
re assumed to be small. As our results show, regions where this
pproximation is not completely valid play a non-negligible role in
enerating CIB non-Gaussianities. Ho we ver, a full ray-tracing study
s beyond the scope of this initial investigation. 

On top of the effect of lensing on higher order statistics of the
IB, we also laid out a procedure for examining the full non-
aussian information of CIB lensing using relative entropy. We
ro vided an e xample of ho w relati ve entropy and its dif ferential
an be expanded using the deri v ati ves of the differential relative



Non-Gaussianity of the CIB and its lensing 2557 

e  

d  

o
e
c  

s

l
a
l
o
C  

a
2  

C
n
L
o  

o
c  

G
f
(
(  

e  

i  

a  

w  

4  

(  

f
r
t  

i  

s
c
t

A

W  

c
M
S  

p  

h
w
o
L  

u
C
I
f
E
N
2
u  

O
o
0
f

D

T  

a
/

R

A
A
A
A
A
A
A
B
B  

B
B
B  

B  

B  

 

B  

B  

 

B
B
B
B
B  

C  

C
C  

C
D
F  

F
F  

G
H
H  

H
H
H  

H
J
J

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/529/3/2543/7616097 by guest on 06 August 2024
ntropy with respect to a parameter as basis templates. Iterating o v er
if ferent v alues of the parameter allows us to constrain the amplitude
f lensing as well as the intrinsic CIB parameters. Furthermore, we 
xplored how stochastic effects not included in the halo model could 
hange CIB statistics, and found that the statistics increase at small
cales. 

There are several reasons why this study is important. First, our 
ensing pipeline can be adapted for any 3D intensity fields, such 
s 21cm, Lyman-alpha, as well as other mm-wave intensity fields 
ike CO. In addition, CIB non-Gaussianity complicates the detection 
f primordial non-Gaussianity (Hill 2018 ; Coulton, Miranthis & 

hallinor 2022 ), which would be a very strong sign for inflation,
nd measurements of CMB lensing (e.g. Osborne, Hanson & Dor ́e 
014 ; van Engelen et al. 2014 ). To isolate these effects from intrinsic
IB non-Gaussianity, the fact that CIB lensing changes the CIB 

on-Gaussianity should be considered (e.g. Mishra & Schaan 2019 ). 
astly, CIB non-Gaussianity provides additional information on top 
f the power spectrum in probing galaxy formation and clustering. In
rder to understand the underlying physics of galaxy formation and 
lustering, one needs to consider the fact that any observed CIB non-
aussianity is lensed. We believe CIB lensing should be considered 

or upcoming high-precision surv e ys like the Simons Observatory 
Ade et al. 2019 ) and Cerro Chajnantor Atacama Telescope-prime 
CCAT-prime; Stacey et al. 2018 ; Aravena et al. 2022 ). SO is
 xpected to observ e CIB galaxies up to z ∼ 4 at high resolution
n the 280 GHz frequency band, and potentially ev en observ e what
re now galaxy clusters at earlier stages of its evolution. CCAT-prime
ill be able to probe higher frequencies than SO and resolve up to
0 per cent of the CIB at 850 GHz and detect a fraction of galaxies
 < 0 . 5 per cent ) at redshifts up to 6, providing more insight into star
ormation rates using individually detected galaxies at mid-to-high 
edshifts than ever before. While Planck would not have been able 
o distinguish the lensing from the bispectra of the CIB itself given
ts large error bars, not accounting for CIB lensing in such upcoming
urv e ys could potentially cause a bias. Additionally, CIB lensing 
ould play a role in constraining intrinsic CIB parameters through 
he use of lensing templates. 

C K N OW L E D G E M E N T S  

e thank Louis Pham, R ́emi Mourgues, and Joel Meyers for their
ontributions when this work was in its early stages. We thank 
arcelo Alvarez for his fruitful advice regarding the Peak Patch 

imulations. We also thank Fabien Lacasa for the Planck 2013 bis-
ectrum error bars as well as Bhuvnesh Jain and Mike Jarvis for their
elpful comments on calculating the lensing effect. Additionally, 
e thank Giulio Fabbian for insightful comments on the higher 
rder statistics of the lensing convergence. We lastly thank Zack 
i for the final version of the CIB catalogue. The sky simulations
sed in this paper were developed by the WebSky Extragalactic 
MB Mocks team, with the continuous support of the Canadian 

nstitute for Theoretical Astrophysics (CITA), the Canadian Institute 
or Advanced Research (CIFAR), and the Natural Sciences and 
ngineering Council of Canada (NSERC), and were generated on the 
iagara supercomputer at the SciNet HPC Consortium (Ponce et al. 
019 ). SciNet is funded by: the Canada Foundation for Innovation 
nder the auspices of Compute Canada; the Go v ernment of Ontario;
ntario Research Fund—Research Excellence; and the University 
f Toronto. JL acknowledges support from DOE grant DE-FOA- 
002424 and NSF grant AST-2108094. AvE acknowledges support 
rom NASA grants 80NSSC23K0747 and 80NSSC23K0464. 
ATA  AVAI LABI LI TY  

he unlensed and lensed Websky CIB maps will be made available
t mocks.cita.utoronto.ca . The lensing code is available at https: 
/ github.com/motloch/cib lensing/ . 

EFERENCES  

de P. A. R. et al., 2014a, A&A , 571, A18 
de P. A. R. et al., 2014b, A&A , 571, A30 
de P. et al., 2019, J. Cosmol. Astropart. Phys. , 2019, 056 
ghanim N. et al., 2020a, A&A , 641, A5 
ghanim N. et al., 2020b, A&A , 641, A8 
mblard A. et al., 2011, Nature , 470, 510 
ravena M. et al., 2022, ApJS, 264, 7 
artelmann M. , Schneider P., 2001, Phys. Rep. , 340, 291 
en-Da vid A. , v on Hausegger S., Jackson A. D., 2015, J. Cosmol. Astropart.

Phys. , 2015, 019 
 ́ethermin M. et al., 2012, ApJ , 757, L23 
 ́ethermin M. et al., 2017, A&A , 607, A89 
hattacharya S. , Nagai D., Shaw L., Crawford T., Holder G. P., 2012, ApJ ,

760, 5 
ond J. R. , 1990, in Mandolesi N., Vittorio N., eds., Proceedings of the

L’Aquila Conference, Vol. 164, The Cosmic Microwave Background 25 
Years Later. Kluwer Academic Publishers, Dordrecht/Boston/London, p. 
45 

ond J. R. , Myers S.T. 1993, in Shull M., Thronson H., eds, Proceedings
of the Third Teton Summer School on Astrophysics, July 1992, The
Evolution of Galaxies and Their Environment. National Aeronautics and 
Space Administration, Ames Research Center, Moffett Field, California, 
p. 21 

ond J. , 1996, in Schaeffer R., Silk J., Spiro M., Zinn-Justin J., eds,
Cosmology and Large-Scale Structure (Les Houches Session LX, 1993 
August). Elsevier, Amsterdam, p. 469 

ond J. R. , Myers S. T., 1993, in Shull M., Thronson H., eds., Proceedings
of the Third Teton Summer School on Astrophysics, July 1992, The
Evolution of Galaxies and Their Environment. National Aeronautics and 
Space Administration, Ames Research Center, Moffett Field, California, 
p. 52 

ond J. , Myers S., 1996, ApJS , 103, 1 
ond J. , Carr B., Hogan C., 1986, ApJ, 306, 428 
ond J. R. , Carr B. J., Hogan Craig J., 1991, ApJ , 367, 420 
rainerd T. G. , Blandford R. D., Smail I., 1996, ApJ , 466, 623 
ucher M. , Racine B., van Tent B., 2016, J. Cosmol. Astropart. Phys. , 2016,

055 
alabrese E. , Slosar A., Melchiorri A., Smoot G. F., Zahn O., 2008, Phys.

Rev. D , 77, 123531 
oulton W. R. et al., 2018, J. Cosmol. Astropart. Phys. , 2018, 022 
oulton W. , Miranthis A., Challinor A., 2023, Monthly Notices of the Royal

Astronomical Society, 523, 825 
rawford T. M. et al., 2014, ApJ , 784, 143 
unkley J. et al., 2011, ApJ , 739, 52 
abbian G. , Lewis A., Beck D., 2019, J. Cosmol. Astropart. Phys. , 2019, 057
eng C. , Holder G., 2019, preprint ( arXiv:1905.02084 ) 
oreman S. , Meerburg P . D., V an Engelen A., Meyers J., 2018, J. Cosmol.

Astropart. Phys. , 2018, 046 
ispert R. , Lagache G., Puget J. L., 2000, A&A, 360, 1 
all N. et al., 2010, ApJ , 718, 632 
earin A. P. , Zentner A. R., van den Bosch F. C., Campbell D., Tollerud E.,

2016, MNRAS , 460, 2552 
ill J. C. , 2018, Phys. Rev. D , 98, 083542 
oekstra H. , Jain B., 2008, Annu. Rev. Nucl. Part. Sci., 58, 99 
orlaville P. , Chung D. T., Bond J. R., Liang L., 2023, preprint

( arXiv:2309.15733 ) 
u W. , Okamoto T., 2002, ApJ , 574, 566 

effrey N. et al., 2021, MNRAS , 505, 4626 
iang F. , van den Bosch F. C., 2014, MNRAS , 440, 193 
MNRAS 529, 2543–2558 (2024) 

file:mocks.cita.utoronto.ca
https://github.com/motloch/cib_lensing/
http://dx.doi.org/10.1051/0004-6361/201321540
http://dx.doi.org/10.1051/0004-6361/201322093
http://dx.doi.org/10.1088/1475-7516/2019/02/056
http://dx.doi.org/10.1051/0004-6361/201936386
http://dx.doi.org/10.1051/0004-6361/201833886
http://dx.doi.org/10.1038/nature09771
http://dx.doi.org/10.1016/S0370-1573(00)00082-X
http://dx.doi.org/10.1088/1475-7516/2015/11/019
http://dx.doi.org/10.1088/2041-8205/757/2/L23
http://dx.doi.org/10.1051/0004-6361/201730866
http://dx.doi.org/10.1088/0004-637X/760/1/5
http://dx.doi.org/10.1086/192267
http://dx.doi.org/10.1086/169640
http://dx.doi.org/10.1086/177537
http://dx.doi.org/10.1088/1475-7516/2016/05/055
http://dx.doi.org/10.1103/PhysRevD.77.123531
http://dx.doi.org/10.1088/1475-7516/2018/09/022
http://dx.doi.org/10.1088/0004-637X/784/2/143
http://dx.doi.org/10.1088/0004-637X/739/1/52
http://dx.doi.org/10.1088/1475-7516/2019/10/057
http://arxiv.org/abs/1905.02084
http://dx.doi.org/10.1088/1475-7516/2018/07/046
http://dx.doi.org/10.1088/0004-637X/718/2/632
http://dx.doi.org/10.1093/mnras/stw840
http://dx.doi.org/10.1103/PhysRevD.98.083542
http://arxiv.org/abs/2309.15733
http://dx.doi.org/10.1086/341110
http://dx.doi.org/10.1093/mnras/stab1495
http://dx.doi.org/10.1093/mnras/stu280


2558 J. Lee et al. 

M

K
K
L
L
L
M
M
M
M
M
N
O
O  

P
P  

 

 

P  

P
P  

R
R
S
S  

S
S  

 

 

S
S  

V
V
Z
Z
v  

T

D
ow

nloaded from
 https://ac
omatsu E. , Spergel D. N., 2001, Phys. Rev. D , 63, 063002 
o v etz E. D. et al., 2019, preprint ( arXiv:1903.04496 ) 
acasa F. , P ́enin A., Aghanim N., 2014, MNRAS , 439, 123 
ewis A. , 2005, Phys. Rev. D , 71, 083008 
ewis A. , Challinor A., 2006, Phys. Rep. , 429, 1 
aniyar A. S. , B ́ethermin M., Lagache G., 2018, A&A , 614, A39 
aniyar A. , B ́ethermin M., Lagache G., 2021, A&A , 645, A40 
ishra N. , Schaan E., 2019, Phys. Rev. D , 100, 123504 
unshi D. , Heavens A., 2010, MNRAS , 401, 2406 
unshi D. , Coles P., Heavens A., 2013, MNRAS , 428, 2628 
avarro J. F. , Frenk C. S., White S. D., 1997, ApJ , 490, 493 
kamoto T. , Hu W., 2003, Phys. Rev. D , 67, 083002 
sborne S. J. , Hanson D., Dor ́e O., 2014, J. Cosmol. Astropart. Phys. , 2014,

024 
 ́enin A. , Lacasa F., Aghanim N., 2014, MNRAS , 439, 143 
once M. , et al., 2019, in Furlani T., ed., Proceedings of the Practice and

Experience in Advanced Research Computing on Rise of the Machines
(learning). Association for Computing Machinery, New York, NY, United
States, p. 1 

ourtsidou A. , Bacon D., Crittenden R., Metcalf R. B., 2016, MNRAS , 459,
863 

ratten G. , Lewis A., 2016, J. Cosmol. Astropart. Phys. , 2016, 047 
ullen A. R. , Serra P., Chang T.-C., Dor ́e O., Ho S., 2018, MNRAS , 478,

1911 
NRAS 529, 2543–2558 (2024) 

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reus
eichardt C. et al., 2009, ApJ , 694, 1200 
eichardt C. L. et al., 2021, ApJ , 908, 199 
chaan E. , Ferraro S., Spergel D. N., 2018, Phys. Rev. D , 97, 123539 
chmidt S. J. , M ́enard B., Scranton R., Morrison C. B., Rahman M., Hopkins

A. M., 2015, MNRAS , 446, 2696 
hang C. , Haiman Z., Knox L., Oh S. P., 2012, MNRAS , 421, 2832 
tacey G. , et al., 2018, in Marshall H. K., Spyromilio J., Proc. SPIE

Conf. Ser. Vol. 10700, Ground-based and Airborne Telescopes VII. SPIE
ASTRONOMICAL TELESCOPES + INSTRUMENTATION, Austin,
Texas, United States, p. 482 

tein G. , Alvarez M. A., Bond J. R., 2018, MNRAS , 483, 2236 
tein G. , Alvarez M. A., Bond J. R., van Engelen A., Battaglia N., 2020, J.

Cosmol. Astropart. Phys. , 2020, 012 
iero M. P. et al., 2009, ApJ , 707, 1766 
iero M. et al., 2013, ApJ , 772, 77 
ahn O. , Zaldarriaga M., 2006, ApJ , 653, 922 
hao H. , 1996, MNRAS , 278, 488 
an Engelen A. , Bhattacharya S., Sehgal N., Holder G. P., Zahn O., Nagai D.,

2014, ApJ , 786, 13 

his paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 
© 2024 The Author(s). 
Open Access article distributed under the terms of the Creative Commons Attribution License 
e, distribution, and reproduction in any medium, provided the original work is properly cited. 

adem
ic.oup.com

/m
nras/article/529/3/2543/7616097 by guest on 06 August 2024

http://dx.doi.org/10.1103/PhysRevD.63.063002
http://arxiv.org/abs/1903.04496
http://dx.doi.org/10.1093/mnras/stt2373
http://dx.doi.org/10.1103/PhysRevD.71.083008
http://dx.doi.org/10.1016/j.physrep.2006.03.002
http://dx.doi.org/10.1051/0004-6361/201732499
http://dx.doi.org/10.1051/0004-6361/202038790
http://dx.doi.org/10.1103/PhysRevD.100.123504
http://dx.doi.org/10.1111/j.1365-2966.2009.15820.x
http://dx.doi.org/10.1093/mnras/sts232
http://dx.doi.org/10.1086/304888
http://dx.doi.org/10.1103/PhysRevD.67.083002
http://dx.doi.org/10.1088/1475-7516/2014/03/024
http://dx.doi.org/10.1093/mnras/stt2372
http://dx.doi.org/10.1093/mnras/stw658
http://dx.doi.org/10.1088/1475-7516/2016/08/047
http://dx.doi.org/10.1093/mnras/sty1243
http://dx.doi.org/10.1088/0004-637X/694/2/1200
http://dx.doi.org/10.3847/1538-4357/abd407
http://dx.doi.org/10.1103/PhysRevD.97.123539
http://dx.doi.org/10.1093/mnras/stu2275
http://dx.doi.org/10.1111/j.1365-2966.2012.20510.x
http://dx.doi.org/10.1093/mnras/sty3226
http://dx.doi.org/10.1088/1475-7516/2020/10/012
http://dx.doi.org/10.1088/0004-637X/707/2/1766
http://dx.doi.org/10.1088/0004-637X/772/1/77
http://dx.doi.org/10.1086/508916
http://dx.doi.org/10.1093/mnras/278.2.488
http://dx.doi.org/10.1088/0004-637X/786/1/13
https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 LENSED CIB SIMULATIONS
	3 N-POINT CORRELATION FUNCTIONS WITH HARMONIC BAND FILTERS
	4 COMPARISON WITH EXPERIMENTAL DATA
	5 Redshift origin of CIB N-point functions
	6 Lensing of CIB N-point functions
	7 Relative entropy of -band PDFs
	8 STOCHASTIC EFFECTS
	9 CONCLUSION AND DISCUSSION
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES



