Lawrence Berkeley National Laboratory
Lawrence Berkeley National Laboratory

Title
The Vector Potential and Stored Energy of Thin Cosine (N theta) Helical Wiggler Magnet

Permalink
https://escholarship.org/uc/item/6mn701rw

Author
Caspi, S.

Publication Date
1995-12-07

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/6mn701rw
https://escholarship.org
http://www.cdlib.org/

LBL-38075
UC414

%,Q&W

E Lawrence Berkeley Laboratory

UNIVERSITY OF CALIFORNIA

Accelerator & Fusion
Research Division

The Vector Potential and Stored Energy of
Thin Cosine(n6) Helical Wiggler Magnet

S. Caspi

December 1995

E'\
H,

Prepared for the U.S. Department of Energy under Contract Number DE-AC03-76SF00093

pISTRIZUTION OF THIS DOCUMENT 19 UNLIAITED 35




DISCLAIMER

This document was prepared as an account of work sponsored by the
United States Government. While this document is believed to contain
correct information, neither the United States Government nor any
agency thereof, nor The Regents of the University of California, nor any
of their employees, makes any warranty, express or implied, or assumes
any legal responsibility for the accuracy, completeness, or usefulness of
any information, apparatus, product, or process disclosed, or
represents that its use would not infringe privately owned rights.
Reference herein to any specific commercial product, process, or
service by its trade name, trademark, manufacturer, or otherwise, does
not necessarily constitute or imply its endorsement, recommendation,
or favoring by the United States Government or any agency thereof, or
The Regents of the University of California. The views and opinions of
authors expressed herein do not necessarily state or reflect those of the
United States Government or any agency thercof, or The Regents of the
University of California.

Available to DOE and DOE Contractors
from the Office of Scientific and Technical Information
P.O. Box 62, Oak Ridge, TN 37831
Prices available from (615) 576-8401

Available to the public from the
National Technical Information Service
U.S. Department of Commerce
5285 Port Royal Road, Springfield, VA 22161

Ernest Orlando Lawrence Berkeley National Laboratory
is an equal opportunity employer.

o

e I T Y s




SC-MAG-529
LBL—38075

The Vector Potential and Stored
Energy of Thin Cosine(n6)
Helical Wiggler Magnet.”

Shlomo Caspi

Lawrence Berkeley Laboratory
University Of California
Berkeley, CA 94720

December 7, 1995

*

This was supported by the Director, Office of Enefgy Research, Office of High Energy and Nuclear Physics,
High Energy Physics Division, U. S. Department of Energy, under Contract No. DE-AC03-76SF00098.

DISTRIBUTION OF THIS DOCUMENT IS UNLIMITED







Abstract

Expressions for pure multipole field components that are present in helical devices have been derived from a
current distribution on the surface of an infinitely thin cylinder® of radius R. The strength of such magnetic fields
varies purely as a Fourier sinusoidal series of the longitudinal coordinate z in proportion to cos(nf—wmpz), where
Wy = 2—'";& L denotes the half-period and m=1,2,3 etc. As an alternative to describing such field components
as given by the negative gradient of a scalar potential function (Appendix A), one of course can derive these same
fields as the curle of a vector potential function A— specifically one for which V x V x A=0and V-A=0.
It is noted that we seek a divergence-free vector that exhibits continuity in any of its components across the
interface r=R, a feature that is free of possible concern when applying Stokes’ theorem in connection with this
form of vector potential. Alternative simpler forms of vector potential, that individually are divergence-free in
their respective regions ( r<R and r>R), do not exhibit full continuity on r=R and whose curl evaluations provide
in these respective regions the correct components of magnetic field are not considered here. Such alternative
forms must differ merely by the gradient of scalar functions that with the divergence-free property are required
to be “harmonic” (V2¥ = 0).

A summary of the vector-potential derived in part one is given below. In part two we derive the magnetic
field components and check the validity of V - A=0.In part three the stored energy is derived from the vector-
potential (shown below) and finally in part four we reduce the problem dimensionality to the more familiar 2D
results by extending the period to infinity.

ISR
Gn,
Ar = 9 nz_:l Z Ko ( - mB) " [Knt1(wnR) Int1(wnr) — Kn—1(wm R)In—1(wmr)] sin (nf — wn2)
G
Ay = ’; mzl = (n::R) [Knt1(wmBR) Int+1(wmr) + Kn—1(wnR)In-1(wmr)] cos (nf — wpz)
o _ nGn’mI{n (WmR)
A, =— Z Z T A ) In(wmr) cos (nf — wip2)
n=1m=1
=3

Gn m .
A, = 5 Z Z el [I,,+1(me)Kn+1(wmr) In—1(wmR) Kp—3(wmr)] sin (n — wp,2)

Ag = ) Z Z ﬁ[fnﬂ(me)KnH(wmr) + In_l(me)Kn_l(wmr)] cos (nf — wpz)

n=1m=1

r _ nGn,mIn(wm_R) 5

n=1m=1

and the stored energy density

Where I, and K, are the “modified” Bessel function of the first and second kind of order n, and the prime denotes
differentiation of the Bessel function with respect to its argument.

An alternative form for expressing the vector-potential as Bessel functions and their derivatives of order n
only, is given in the text.

b  Magnetic Field Components in a Sinusoidally Varying Helical Wiggler, LBL-35928, SC-MAG-464, July 1994,
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Analysis

One may consider a direct evaluation of the vector-potential function through use of the integral formula®

- Jda'
Alryf.2) = //Ir'—:ol

with subscripts 0 on the coordinates to indicate source-point locations. The integration in zg is taken to extend
from —co to + co and the integration in y to extend over an interval of 2z. We have undertaken such an
-evaluation, using for the source an expression consistent with that cited previously in Refl? :

2m —1 2 \"
Wy = (—Li and Gn,m = n!Rn (m) -Bn,m
' 1B; = B, dipole field
2By = G quad gradient
2By m
’ 3B3 = S;, Sextupole
0&,,
- 1 Z Z G’;ém e L 7y ©0 (nby — wmz0)eg,
J(80, 20)lr=k = ~—1{ 2= m=1 ( wmE)
o Z Z nGum cos (nfy — wm20)é
0— 0)€z
n=1m=1 wmR? K, ( ) " °

The pair of current density components satisfy the conservation condition V - J; = %g—; 71{-%5 = 0 as required.

We may put

|IF—7o|l = \/R2+'r2+(z—zo)2 — 2Rr cos (6 — 6)

ézO =€,
&g, = —sinGoé; + cos foéy
= — sin fp(cos &, — sin 0&y) + cos Op(sin H€, + cos 6&p)
= sin (8 — 6g)é, + cos (6 — )&y '
and introduce working variables t = 6y — 6§ and s = 29 — 2 for the purpose of performing the integration.

The z component of A

The z component of the vector-potential may be written as :

Cos (n90 = me())r Rdeod?.’o
= G
* T 4x ,/ / { Z R ; }

2
0 a=1m=1 m B Ky (w0 B) \/R2 + 12 + (2 — z0)° — 2Rr cos (6 — )

Employing the new working variables and the relation,

¢ Panofski and Phillips, Ed.2, Eq. (7-42), p.128




cos (nfy — wmzg) = cos (nf — wnz) cos (Nt — w,s) — sin (nd — wp2) sin (nt — W)

we may alternatively write,

o cos (nt — wps)dsdt
cos (nf — wmz) VR? + 12+ 52 —2Rrcost

Z Z meZK (me) — sin (20 — wmz) / / sin (nt — wps)dsdt
" VR? 472 + 52 — 2Rr cost

and proceed with the evaluation of the two double integrals.

e First double integral
For the first double integral, by reference? and with the understanding that odd functions integrate to 0 over

+o00

/ /' cos (nt — wm,s)dsdt / / cos nt cos (W, s)dsdt / / sin nt sin (wms)dsdt
VR2 +12 + 5% —2Rrcost VR? + 712 + s® — 2Rr cost VR? + 12 + 52 — 2Rr cost

0 —co

= 2/[(0 wm\/R2 +72—2Rr cost) cos (nt)dt + 0

In recognition of the “summation theorem™® and of the orthogonality properties of circular functions and since
I_p, =1I,and K_, = K, f the above expression for the double integral can be reduced to (for r<R )

T 27
2 / Ky (wm vV R? + 2 — 2Rr cos t) cos (nt)dt = / Z Kp(wm R)Ix(wpt) cos (kt) cos (nt)dt

k=—00

=4 / Ky (Wi R) In(wmr) cos? (nt)dt = 47 Ky (i R) In(wmr)
0

* Second double integral
Similarly, we show that the second double integral vanishes.

2xr o0 2r oo '
/‘ / sin (nt — wpy,s)dsdt / / sinntcos (wms)dsdt / / cos nt sin (W, s)dsdi
VR? 472 4+ g2 —2Rrcost VR2 472 4 52 — 2Rr cost . VR? 4+ 12 4 52 —92Rrcost
—00

0 -0

=92 / K (wm\/R2 + 12 —2Rr cos t) sin (nt)dt + 0
0

d LS. Gradshtyne and I.M. Ryzhik, “Table of Integrals ...”, Eq. 3.754(2). p.419
¢ G.N. Watson, “Bessel Functions”, Sec. 11.3, Eq. (8), p.361, with n=0.
£ Abramowitz and Stegun, Chapter 9, Egs. 9.9.6, p.375.
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In recognition of the ‘“‘summation theorem”, the orthogonality properties of circular functions and I_, =
I, and K_, = K,, , we may write for ISR

T . 27
2 / Ko (wm\/ R2 + 12 — 2Rr cos t) sin (nt)dt = / Z Ki(wnR)I1, (wmr) cos (kt) sin (nt)dt
: 0 ==

= 4/ K (wnR)In(wmr) cos (nt) sin (nt)dt =

The expression for the vector-potential may now be written for <R as,

o NG mn(Wn R)
e Z Z wm RK, (wnR) In(wmr) cos (nf ~ wmz)

and for =R, we may interchange the arguments of the Bessel functions and write,

nGy, mIn(wm )
Z Z meI{ w R) I{n(wmr) cos (na - wmz)

n=1m=1

and with, evident continuity at the interface 1=R.

" The r component of A

In developing the radial component of the vector-potential we shall employ similar technics to those previously
applied for evaluating A,. The r component of the vector-potential may be written as :

/ / Z c cos (nby — wmzp) sin (6 — 69)dfodzo
K (wnR) 2

\/Rz+7~2 + (z — 20)° — 2Rr cos (6 — bp)

with
cos (nfy — wm,2g) = cos (nf — wpz) cos (Nt — wps) — sin (nf — Wy 2) sin (nt — wp,s)

and using the worldng variables as before, we may alternatively write :

cos (n0 Wmz) / / cos (nt — wp,s) sin tdsdt
- z
— Gnm m \/R2+T2+32—2R7'008t

Ar = T 4n Z Z K, (me) sin (nt — wy,s) sin tdsdt
+ sin (nf — wnp2)
VR? + 12 + s — 2Rr cost

« First double integral
We show that the first double integral in the above expression, vanishes. With the understanding that odd
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functions integrate to 0 over oo,

2xr o0 27
/ / cos (nt — wp,s)sintdsdt / / cos nt cos (wm s) sin tdsdi / / sin ntsin (wms) sin tdsdt
VRZ 72+ 52 - 2Rrcost VR2 4+ 72 4+ 52 — 2Rr cost VR? 412+ 52— 2Rrcost

0 —co

T
= 2/[(0 (wm\/R2 + 12 — 2Rr cos t) cos (nt) sintdt + 0

and in recognition of the “summation theorem”, the orthogonality properties of circular functions, the identities
I, =1, and K_, = K, and the fact that

cosntsint = —;—[sin (n+ 1)t —sin(n — 1)]

the above expression for the double integral is identically 0, since

2 2r
2 / Ko (wm V R2 412 — 2Rr cos t) cos (nt)sintdt = / Z K (me)Ik(wmr) cos (kt) cos (nt) sin tdt

k=—c0

=4 / Ko (wm R) I (wmr) cos (nt) cos (nt) sintdt = 0

Second double integral
Similarly for the second double integral :
2r o0 27 27 oo
/ / sin (nt — wps)sintdsdt / / sin nt cos (wms) sin tdsdt + / / cos nt sin (wp, ) sin tdsdt
VRZ + 12+ sZ —2Rrcost VR2 472 4+ 52 —2Rr cost VR? 412 4 52 — 2Rr cost
-0 -0

0 —oo

T
=2 / Ky (wm V/R? + 72 — 2Rr cos t) sin (nt)sintdt + 0

In recognition of the “summation theorem”, the orthogonality properties of circular functions, I_, =
I, and K_, = K, and the fact that

sinntsint = —%[cos (n+ 1)t — cos(n — 1)¢]

we may write for <R,
2x

x
2 / Ky (wm V/R? 4+ 12 — 2Rr cos t) sin (nt) sintdt = / Z K (wm R) 1 (weT) cos (kt) sin (nt) sin tdt
k=—o0
27
/ Z B (o R W (15 o (R oo (1 L) o8 (30 — T
k=—o0

= —27r[Kn+1 (WnR)nt1(wmr) — Kn—i (wnR) In—1(wnr)]

(care has been taken to verify that the above is true for the case n=1 as well)




The final expression for A, in the region r<R can now be written as

Gn m o
A = 5 Z Z 7l [Kn+1(me)In+1(wmr) Kao—1(wmR) In—1(wmr)] sin (16 — wm?2)

n=lm

and for the region 2R, we interchange the arguments of the Bessel functions and write,

=3 Z T = C(TYRZR) Uns1(wm B) K1 (Wmr) — In_l(me)Kn_. (wmr)] sin (8 — wm?)

n=1 m=1

with evident continuity at the interface r=R. ‘
Alternatively with the relation : : -

Kni1(@nB) i1 (@mt) = Knet (0mB) In—1(wmr) = 2n [K’;(“’"('f)f)‘(“’mr) + K"(“”("f)g‘)(“’mr)]

we may express the vector-potential in terms of Bessel functions and their derivatives of order n only.

The ¢ component of A
The vector-potential in the & direction is :

- cos (nby ~ wn z cos (8 — Gg)dbyd=
B TR e emrrr)

st met \/ B 412 + (2 — 20)° — 2Rr cos (6 — bo)

With
cos (nfy — wmzg) = cos (nf — wpz) cos (nt — wps) — sin (n — wp2z) sin (nt — Wy s)

and use of the working variables, we alternatively write :
, cos (nt — wy,s) costdsdt
cos (nf — wnz)
- Z Z Gan,m VR? 4+ 12+ 52 — 2Rr cost
T 4r g (me) _ winint—12) / / sin (nt — wp, s) costdsdt
" VRZ + 12 + 52 — 2Rr cost

o First double integral
For the first double integral and in recognition of the “summation theorem” and that odd functions integrate

to 0 over oo

2% oo

23
/ / cos (nt — wps) costdsdt f / cos nt cos (wms) cos tdsdi /‘ / sin nt sin (wms) cos tdsdt
VER? + 12 + s2 — 2Rr cos t VR? 4+ 12 + 52 — 2Rr cost VER2? + 12 + 52 — 2Rr cost
—o0 ] .

=2 / cos (nt) costKg (wm V' R? 4+ 1% — 2Rr cos t) dt+0
0



Again, using the orthogonahty properties of cucular functlons, the identities In=1I ,K,=K, and
the fact that

1
cosntcost = -2-[cos (n+ 1)t + cos (n — 1)¢]

the above expression for the double integral reduces, for =R, to

T 27 o
2 / Ky (wm VR? + 72 — 2Rr cos t) cos (nt) costdt = 2 / z Ky (wm R) I (wgr) cos kt cos (nt) costdt

0 k="

27

=2 / [Knt1(wmR) Ing1(wgr) cos? (n + 1)t + Kp_1(wm R) 1 (wpr) cos? (n — 1)t]de
0

= 27('[.[(,,.;.1 (me)In+1(wl.7') + Kn1 (wm ) n_l(wkr)]

Second double integral
Similarly, we demonstrate that the second double integral vanishes,

2% oo 0 2r o
/ / sin (nt — wmps) costdsdt / / sin nt cos (wn,s) cos tdsdt / / cos nt sin (wp s) cos tdsdt
VR? 412 + 2 — 2Rr cost VR? + 72 + s2 — 2Rr cost VR? 4+ 7% + 52 — 2Rr cost
—00 -C0

=2 / Ky wm\/32 +1r2 — 2Rr cos t) sin (nt) costdt + 0

and in recognition of the orthogonality properties of circular functions, I_, = I;z and K_, = K,, and the
fact that

sinntcost = %[sin (n+ 1)t +sin (n — 1){]

we may write for <R,
7 7T »
2 / Ko (wm V/R? +12 — 2Rr cos t) sin (nt) costdt = 2 / Z K (win R) I1(wmr) cos (kt) sin (nt) cos tdt

0 k=—00
2x
=- / Z Ki(wmR) I1(wrr) cos (kt)[sin (r + 1)t + sin
0 k=—00

=0

The final expression for Ag in the region <R can now be written as

=73 Z Z K. Gn - [Kn+1 (wm R)In41(wmr) + Kp—1(wmR) 1 (wmr)] cos (nf — wp z)

n=lm=1




and for the region =R, we may interchange the arguments of the Bessel functions and write

(In41(wmR) Knt1 (wmr) + In—1(wn R)Ky—1(wimr)] cos (n — wp, 2)

R IN W

n=1lm

with evident continuity at the interface r=R.
Alternatively with the relation : :
n2
Ko (Wi R) Ly (wmr)

mm%mmmeKawﬁmdwﬂbﬁmmw”M”*@@mm

we may express the vector-potential in terms of Bessel functions and their derivatives of order n only

The Magnetic Field Components

We shall proceed and derive the magnetic field directly from the vector-potential, a process that may as well
serve as a check for such a field when compared with similar results obtained from the scalar potential as shown

in reference®.

Accordingly, o o
3 e re

Bovxizl(s 2 3

\or @ 3

A Ay A,

The z component of B

With the vector-potential derived earlier, we proceed in deriving the field expression in the region <R

BZ=<VXA>2=; or 06
Gnm I{n+1(me)In+1(wmr) + Kp—1(wm R) In—1(wmr)] cos (nd — wp2)+

) Z Z Ig Jg(:";%’") [K +1(wnR)] +1(“’m7‘) + Kp1(wnR)I —l(w"‘r)] c08 {110 — =)

G
=3 Z Z In n,m [Kn+1 (W R)ng1(wimr) — Kn—1(wm R) In—1(wmr)] cos (n6 — wp2)

Therefore :
B:=-3 Z Z 7 (wm R)(w ){I nt1(Wn R) Iny1(wmr) + Kne1(Wn R) 1 (wm)+

(wmr) [Kn+1 (me)lez-;-l (wmr) + Kn—1 (me)I,;_l(wmr)]
Kn1(wnR)I—1 (wmr)]} cos (nl — wp2)

+ n[I{n+1 (me)In+1(wmr) -




Applying the relations :
el + 4+ V) =zl
zI,'l_l —(n—1)I—y =zl
Kny1 + Ko1 = 2K,

(where x corresponds to the Bessel function argument), the squiggly brackets reduces to :

the field in the region r<R is :

—2(wmr) K, I, and

By = Z Z G, mwm In(wmT) cos (1 — wpz)

n=1 m=1

Similarly applying the above procedure to the region 2R ,

B, = Z Z GrmWm—r——v Ii’ ((me)) Ky (wpr) cos (nf — wp2)

n=1m=1

as it showed be.

The r component of B

We continue and derive the radial ﬁeld expression in the reg10n <R,

.= (vx4), =15 -G

10A, 172G mwm K (wnR)
r 80 Z Z K. (@ R)(wm B) (@mr)

I(wpr) sin (nf — wy2)

Bz

Therefore,

n mwm 2n?
Br=3 Z Z K (o E) (omB) o) o m B n(wmr )+

+ Kn+1 (wm R) i1 (wmr) + Kp—-1(wn R) In—1(wnr)] sin (nf — wpy,2)

K (wm

3A Gnm m ) g
5 = ~3 Z Z - [Kn+1 (WmR)Int1(wnr) + Kn—1(wmR) In—1(wmr)] sin (nf — wmz)

= Z Z = Gnmwm 1 =[(Kns1(wnR) + Kn—1(wmR))(Tnt1(wmr) + In—1(wmr))] sin (0 — wn2z)

" (wmR) 2

n=1m=1

and introducing the relations

2-[1; — In—l + In+1
~2K, = Kn_1+ Kn11
2nl, = a(Ip—1 — Int1) ; a= W T
—2nK, =b(Kp—1 — Kpy1) ; b=wnR




(with two different arguments) the radial field component in the region <R is :

B =~ Z Z Gn,mwmI,’l(wmr) sin (nf — wp2)

n=1m=1

and similarly applying the above procedure to the outer region 2R we get,

=— Z Z G mWm—m K“((me)) K (w,,fT) sin (n€ -wmz)

n=1m=1

as it showed be.
o ; The 6 component of 5
In deriving the azimuthal field component in the region 1<R,

By— (v x ,I)g = aair = 654:
aA, Z Z If"(’"‘:}’;) (Kt 1(@mB)Int1 (@mr) — Kno1(wmR)In-1(wnr)] cos (n — wmz)
=-X % ”Gg};‘f" b om0 (0 — )
Therefore, A
nZ_;le R (n : R){me[Ifn+1(me)In+1(wm7’) Ko 3(wmR) In—1(wmr)] — Kn(wmR)I, (wmr)}

X cos (nf — wnpz)

and introducing the relation
Koi1(wnR) Lnt1(wmr) — Kn—1(wn R) In—1(wnr) =
o [K,’,(wm}z)f,,(wmr) N K,,(me)I;(wmr)]

Wy T wn R

the 6 field component in the region <R is :

By = Z Z nGn,m I (wmr) cos (nf — wp2)

n=1 m=1

and similarly by applying the above procedure to the outer region >R we get, as it should be.

By = — z Z nG; Kn((‘*’mfg) — Ky (wmr) cos (nd — wpz)

n=1m=1

as it showed be.
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The divergence of A — a check
As a final check, we shall show that the divergence of A vanish throughout space including r=R,
‘ = 19(rA;) L1 dAg L 04

VA= Tras T 0
We first check the divergence in the region r<R i
10(rA;)
e z Z 7 ( 5 {1 (@ B) g () = Kna (o B) T ()}
+ Wt [K,,.H (me)I,,+1 (wnr) = Kn—1(wmB) oy (wmr)] }sin (nf — wr2)
1 0A nG n,m
- aoa > Z Z 7 )[Kn+1 (me)In+1(wmr) + Kp—1(wnR) In—1(wnr)] sin (nf — wn2)
nGn mKn me) .
Zlmzl RK (o I (wmr) sin (n0 Wi Z)
Therefor :
nGn m
;mz:l SRR (o R) [K,,H(me)InH (W) = Kn—1(wmR) In—1(wmr)]+

wn R ,

+ E[K”H (WnR)In1(wmr) + Kn—1(wmR)In—1(wmr)] — 2Kn(wm R)In(wmt)} sin (nb — wn2)
= Z Z 2RZ’GF¢;:,,, R) { rI(n'H. (wmR) [(n + 1) Inga(@mr) + (@nr) i (wmr)] _

—%I{n_l (wmR) [—(n — 1) —1(wmr) + (wmr)I;__l (wmr)] — 2K (wmR)In(wmr) } sin (nd — wp2)
Applying the identities with different arguments a,b :
(n+ 1)y + aI,’,_H =aly ; 4=nr

—(n—=1)Ip—1 + aI'_l = al,
b(Kn41 — Kn—-1)=2nK, ; b=wnR

the divergence vanish,

A=y 2RK ( - R) B [0 K Iy — 2K I] sin (R — Wppz) = 0

n=1m=1

In the region 2R we interchange the I’s with the K’s and make use of,

(n+ 1)Kn+1 + aK =—aK, ; a=wpr
—(n—1)Kp_1 + aKn_l = —ak,
the divergence vanish as well,
- nG,,, -
A= ; ; SRR (o mR) 2KnI, — 2K, I;])sin (nf — wpz) =0

11




The stored energy in multipole helical windings

Now, it is only a hop skip and a jump to apply the vector-potential in calculating the stored energy in helical
devices. From the definition of the energy,
= L / / / J- Adv

We recognize that we need integrate the vector product over the current surfacc only and divide.the stored energy
by the volume of integration taken here as extending over the period 2L.

2z L

E
e‘V‘z(nRz’zL)//J Ado |

(the current density is generally per unit area but when applied to thin windings is per unit length, the energy
density is%y = L4).

The most general expression for J - A on the surface r=R is :

2r L

niG n,mGi,;j
4”L"° / / ZZZZ (wn ) i R GE; (S ) cas (@0 LRI

{W[ KigrFors + Kioglig] + Kol }dedz

We shall omit writing the argument wy, R in both Bessel functions I and K
Making use of the orthogonality properties of circular functions,

!

2z L .
2zRL ; n=z1 , m=3

//cos (nf — wmz) cos (10 — w;z)RdOdz = {0 s el . el g
0 ~-L .

the only terms that due not vanish, are for n=i and m=j, therefor :

e Z Z 2G121 m u(wm‘f’)z (-Ki-i-l Ii+1 -+ KI'i—lIi-—l) + KiI;
20 (wmR2Y' ()| 20

The term in the above bracket may be reduced by aﬁplyiﬁg the relation :

(“”"R) K.I,

R
[(wm ) (K1+1L+1 + Kz—1Iz—1) + K IJ

resulting in :

G2 I

€= _% Z Z RZ’K,’,n

12



We express the energy density in terms of current density using the relations from reference®

S

. Jf = Jof Cos (n0 — wmz)

P Gr,m /12 + (wmR)?
0 = —

powm R2K,,

where £ denotes the direction of current flow in the helix. In terms of the total current per pole Ipole, we have :

2R 2Gn,m

Tpote = Jo =-— ;
pole & (“nz oo R)Q town RKC,

and inversely we may write,
Joetown R2K,
n2 + (wm R)®

LyotetiowmRE,
Bl = ___P"’eLz__

Gn,m =55

so that the energy density can be written as :

—_K
ZZ + (wm R)
ZZ palew I{nIn

The limiting 2 dimensional case

As a farther simplification and a check, we reduce the results obtained for helical devices by extending the
periodicity to infinity, lim [, wm = 0, and compare those with more familiar 2D cases of multipole magnets.

With

s —0

o= 2
Ka(s) SRt 1)' (2)
L(s) - _(__ll_)'(i)”"l

Ko=)

& Forces in a Thin Cosine(nf) Helical Wiggler, LBL-36988, SC-MAG-495, March 1995.
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The 2D vector-potential reduces to :

A, = Bpr® cosnf for t<R
- R ks +

A, = B,R" (7) cosnf for > R
A =Ay=0

and the stored energy is :

J02d= Iim Jog
Wrn—00

_ Ko Jira
w=gn

_Ho M oo
€2d = ’Eﬁ‘[pole

esg = = R2(n-1) B,Z,
Ho

Example — dipole, n=1

We have calculated and plotted (using mathcad) the magnitude of the vector-potential components for a dipole
n=1, with a single period m=1, w; = ¥, and a half period length of L=2.0 cm. As a parameter we varied the
winding radius, R=1.0, 1.5, 2.0, and 2.5 cm.
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Figure 1 The magnitude of the three vector-potential components in a dipole
helix with a period 2L=4.0 cm, z=0 (for A, 6=90 and for Ay and A, at 6=0)




Appendix A Field Components

The field components, derived from a scalar potential, in the region interior to the windings r<R (from
reference®):

B, = —a Z Z Gn,mwmIn(wmr) sin (nf — wpz)
n=1 m=1
10V
By = —.7:_87 = — ; ’; nGn,m—In(wmr) cos (nf — wpz)
B- =—5r = Z Z Gn,mwmI (wmr) cos (nf — wmz)
n=1m=1

The field components in the region exterior to the windings r>R are :

z Z Go.mWm In(om ) i gl 2(WmT) sin (N8 — wp2)

n=1 m=1 ‘K ( )
= Z Z nGpm yd (EdmR)) = ~Kp(wmr) cos (nf — wpz)
n=1m=1
B = Z Z Gr,m mKn((w:Z]?) 2 K (W) cos (nf — wpz)

n=1 m=1
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