UNIVERSITY OF CALIFORNIA
RIVERSIDE

Integral Bases for the Universal Enveloping Algebras of Map Algebras

A Dissertation submitted in partial satisfaction
of the requirements for the degree of

Doctor of Philosophy
in
Mathematics
by
Samuel Herron Chamberlin

June 2011

Dissertation Committee:

Professor Vyjayanthi Chari, Chairperson
Professor Wee-Liang Gan
Professor David Rush



Copyright by
Samuel Herron Chamberlin
2011



The Dissertation of Samuel Herron Chamberlin is approved:

Committee Chairperson

University of California, Riverside



Acknowledgments

Firstly, I would like to thank my academic adviser, professor Vyjayanthi Chari,
for teaching me the background, giving me many problems to solve, and helping me along
the way. I am appreciative of professor Wee Liang Gan for his excellent instruction and
professor Apoorva Khare and Tim Ridenour for never turning away my questions. I am
thankful for the support and encouragement from my parents, John Chamberlin and Ellen
Madnick, and my parents in law, Shahin Peykar and Rahmatollah Rafizadeh. Finally, I am
grateful to my wife, Azadeh Rafizadeh, for her caring, thoughtfulness, and excellent advice.
Her support has increased my success and her love has given it greater meaning. I could

not ask for a better partner in life.

iv



To the memory of my brother,

Max Madnick Chamberlin

Our time together was much too short but he taught me many valuable lessons.

I will always miss him.



ABSTRACT OF THE DISSERTATION

Integral Bases for the Universal Enveloping Algebras of Map Algebras
by
Samuel Herron Chamberlin

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2011
Professor Vyjayanthi Chari, Chairperson

Given a finite-dimensional, simple Lie algebra g over C and A, a commutative, associative
algebra with unity over C, we exhibit an integral form for the universal enveloping algebra
of the map algebra, g ® A, and an explicit Z-basis for this integral form. We also produce
explicit commutation formulas in the universal enveloping algebra of sly ® A that allow us
to write certain elements in Poincaré-Birkhoff-Witt order.

Finally we give some applications of these formulas to the representation theory

of the map algebras for sls.
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Introduction

Let Z denote the integers. If A is an algebra, over a field F of characteristic 0, define an
integral form Az of A to be a Z-algebra such that Az ®7 F = A. An integral basis for A is
a Z-basis for Ay.

The theory of integral forms for finite-dimensional simple Lie algebras was first
studied by Chevalley in 1955. His work led to the construction of Chevalley groups (of ad-
joint type). The representation theory of Chevalley groups relies on the existence of integral
forms for the universal enveloping algebras associated to these simple finite-dimensional Lie
algebras. In 1966, suitable integral forms were discovered by Cartier and Kostant indepen-
dently. They obtained precise information about these integral forms through integral bases
(bases whose Z-span is the integral form). The construction of such bases relies heavily on
straightening identities in the universal enveloping algebra, which allow one to write certain
elements in Poincaré-Birkhoff-Witt (PBW) order. Cartier and Kostant’s Z-form led to the
construction of Lie groups and Lie algebras over a field of positive characteristic, generaliz-
ing Chevalley’s construction. This in turn led to the development of representation theory
over a field of positive characteristic, [7].

Also in 1966, Serre showed that a finite dimensional Lie algebra can be presented by
generators and relations determined solely by the Cartan matrix. With a generalized Cartan
matrix one can use the Serre presentation to define the class of Kac-Moody Lie algebras. The

most widely studied subclass of these algebras, the simple affine Lie algebras, have structure



and representation theories similar to those for simple finite dimensional Lie algebras. The
best way to understand untwisted simple affine Lie algebras is as central extensions of loop
algebras, [2]. For these affine Lie algebras Garland, in 1978, extended the theory of integral
forms started by Chevalley and continued by Cartier and Kostant. Garland also gave
explicit constructions of Z-bases for these integral forms via a Chevalley-type basis for the
affine Lie algebra. The complexity in formulating integral bases and straightening identities
increased greatly in the affine case. These results were then extended to all simple affine Lie
algebras by Mitzman, in 1983. In 2007, Jakeli¢ and Moura used Garland and Mitzman’s
work on integral forms to study representations of affine Lie algebras over a field of positive
characteristic, [8].

Recently there has been much interest in map algebras and their representations,
[3], [10]. A map algebra is a Lie algebra g ®c A, where g is any finite-dimensional simple
complex Lie algebra and A is any commutative associative complex algebra. The Lie bracket
is given by

[r®a, 2 @b =z7]®ab, 2,2 €a, a,be A

These Lie algebras are so named because if X is an algebraic variety and A is its coordinate
ring then g® A can also be realized as the Lie algebra of regular maps X — g with pointwise
Lie bracket.

Map algebras are a generalization of the loop algebras, for which A is the Laurent
polynomials. Therefore it is natural to wish to generalize the Garland’s work to the map
algebras. We formulate and prove straightening identities in the universal enveloping algebra

of slo ® A. The notational difficulties increase greatly when one moves to the general case.



Additionally the formula we have proved is much more general than the one proved by
Garland in [6].

If A has a C-basis which is closed under multiplication, these straightening iden-
tities lead to the construction of an integral form and integral basis for the universal en-
veloping algebra of g ® A.

A natural offshoot of this work will be to study representations for map algebras

over a field of positive characteristic.
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Chapter 1

Previous Work on Integral Bases

In this chapter we will review previous work of Cartier and Kostant on integral
forms and their integral bases for the universal enveloping algebras of simple finite dimen-
sional Lie algebras [7]. We will also review the work of Garland on integral forms and their
integral bases for the universal enveloping algebras of loop algebras, [6]. As we will see
our integral forms and bases for the map algebras are a generalization of Garland’s integral

forms and bases for the loop algebras.

1.1 Preliminaries

The following notation will be used throughout this manuscript: C is the set of

complex numbers and Z>q is the set of non-negative integers. Given any Lie algebra

R

U(a) is the universal enveloping algebra of a.
Let g be a finite-dimensional, complex simple Lie algebra of rank n where I =

{1,...,n}. Fix a Cartan subalgebra h of g and let R denote the corresponding set of



roots. Let {«;}icr (respectively {w;}icr) be a set of simple roots (respectively fundamental
weights) and @ (respectively Q1), P (respectively PT) be the integer span (respectively
Z>o-span) of the simple roots and fundamental weights respectively. Denote by < the usual
partial order on P,

M\ € P, A< pifandonlyif u — X e Q%.

Set RT = RN Q™ and fix an order on Rt = {fB1,...,Bm}-
Let {z£,h; : @ € Rt, i € I} be a Chevalley basis of g and set 2 = zE , and
he = [z}, z,]. Note that h; = h,,. For each a € R", the subalgebra of g spanned by

[e ey

{x£, hy} is isomorphic to sly (When g = sly we write the C-basis as {z~, h,27}). Set

nt = @ CzZ,

a€ERT

and note that

g=n @hon'.

By the Poincare Birkhoff Witt theorem, we know that if b and ¢ are Lie subalgebras

of a such that a = b @ ¢ as vector spaces then
U(a) 2 U(b) ® U(c)
as vector spaces. So in particular we have a vector space isomorphism
U(g) =U(n") @ U(h) ® U(n™)

Given any u € U(a) and r € Z>¢ define u(") = 1;—7 and

r r!

<u> wlw—1)-(u—r-+1)



Definition. Define 7°(a) = C, and for all j > 1, define 77 (a) = a®/, T(a) = @j2, T/ (a),
and Tj(a) = i-:o T*(a). Then set Uj;(a) to be the image of T;(a)) under the canonical

surjection T'(a) — U(a). Then for any u € U(a) define the degree of u by

degu = min{u € Uj(a)}
J

1.2 The Classical Straightening Lemma and Integral Basis

The following classical straightening lemma, which is necessary for the proof of

Cartier and Kostant’s integral basis, can be easily proved by induction.

Lemma 1 For allr,s € Z>q, we have, in U(sly)

min(r,s)
($+)(r) (xf)(s) _ (x*)(sfk) (h -r —ks + 2]€> (‘rJr)(Tfk)
k=0
Define Uy(g) to be the Z subalgebra of U(g) generated by {(xfj)(k) ca€RT ke Zzo}-

Lemma 1 is a key ingredient in the proof of the following theorem, which gives

Cartier and Kostant’s integral form and basis

Theorem 2 (B. Kostant, [7]) Uz(g) is an integral form for U(g) and the set of all

()" (3,)"™ (’;1) » (’;:) ()™ (o1,) "

where (11,...,7m), (t1, ..., tm) € ZZg" and (s1,...,s,) € L3y, is a Z-basis for Uz(g).



1.3 Garland’s Straightening Lemma and Integral Basis for

the Loop Algebra

Definition. Let a be a Lie algebra, over C, with Lie bracket [, ],. The loop algebra of a

is the vector space a ® C[t,t~!] with lie bracket determined by

In order to extend Cartier and Kostant’s integral forms and bases to the loop
algebra case H. Garland needed a straightening identity, which allows one to write any

product of the form (z* ® 1)) (z~ @ ) in U(sly ® C[t*']), in PBW order, [6].

1.3.1 Garland’s p,(r, s)

The construction of Garland’s identity requires one to generalize the binomial
coefficients from Cartier and Kostant’s straightening identity.
To that end given a € RY, recursively define p, : Z+ x Z — U(hy ® C[tT!]) by

pa(0,s) = 1, and for r > 0 recursively define
1 < :
pa(T7 S) = - Z (ha & tSj) pa(r - ja S)

T
=1

It is easy to show that p,(r, s) is the coefficient of u" in the following power series,
o0
ha Qs .
exp | — —u

When g = sly the a is omitted and when o = a; we write p; for p,,.



1.3.2 Garland’s Linear Maps and Straightening Identity

The final ingredients in the statement of Garland’s straightening identity are the
following linear maps.
Given an indeterminate &, and k € Zsq define linear maps Dif : C[¢] — U(sly ®

C[t*="]) by

Di(1) = 6ko
Dy = atoth

D, (&) = 2~ otht!
k
D (€™) = Y Dy(&Di,; (¢™)

j=0

Given u € U(sly ® C[t*!]) define L, to be left multiplication by u. Then define

k
— +
Di = Ly D;
=0

Then we have Garland’s straitening identity in U(sly ® C[t*1]), [4], [6].

Lemma 3 For allr,s € Z>o,

min(r,s)
@)@ en®= YY" (-1 Y D (5<r—j>)Dl <5<s—j>)
j=0 k+l=j

k,1>0

1.3.3 Garland’s Integral Basis

In order to state Garland’s integral basis theorem we will need to introduce mul-
tisets. They will also play a large role in our straightening lemma and integral basis.

Definition. Given any set S define a multiset of elements of S to be a multiplicity function



X : S — Z>o. A multiset is finite if it has finite support. Define F(S) = {x : § —
Z>o| supp x < 0o}.

Define Uz (g ® C[t*!]) be the Z-subalgebra of U(g ® C[t*!]) generated by
+ k)" -
(xa®t) o€ R, k€Z, r€lxg
Define functions fy : F(Z)*™ — U(g ® C[t*1]) and fo : F(Z)*" — U(h @ C[t*']) by

Fe@r,m) =] (xgi ®tk)(wl(k)) I <$§m ®tk>(wm(k))

kEeZ keZ

f0<¢17 SRR ¢n) = Hp1(¢1<k)7 k) o pn(‘bn(k)v k)

keZ

Lemma 3 is basic for Garland’s Integral Basis Theorem.

Theorem 4 (H. Garland, [6]) Uz(g ® C[t*!]) is an integral form for U(g ® C[t*']) and

the set of all

f—(wlw"7¢m)f0(¢17"'7¢n>f+(¢17"'7w;n)

is a Z-basis for Uz(g @ C[t*1]).

10



Chapter 2

Integral Bases for the Map

Algebras

2.1 Preliminaries

2.1.1 Map Algebras

Definition. Fix A a commutative associative algebra with unity over C. Let a be a Lie
algebra, over C, with Lie bracket [ , ],. The map algebra of a is the vector space a ® A,

with Lie bracket given by
[z®a,2 @b =[2,7]a®@ab, 2,2 €a, a,bec A.

a can be embedded in this Lie algebra as a @ 1.

Note that by the PBW Theorem we have a vector space isomorphism

UgeA)2UnheA)oUbheA)eUh @A)

11



For each o € RT, let O, : U(sly, ® A) — U(g ® A) be the algebra homomorphism
defined by

xi®al—>$f®a h®ar hoy ®a

2.1.2 Multisets

For x € F(95) define

x| = x(s)

seS

Notice that F(S) is an abelian monoid under function addition. Define a partial order
on F(S) so that for ¢, x € F(5), ¥ < x if ¥(s) < x(s) for all s € S. Given pairs
(x,¥) € F(S) x F(S) with x > ¢ for all s € S, we define x — v by standard function

subtraction. Define

F={x:A—=Zso|suppx <oo},  Fr={xe€F:|x|=F}
and given x € F define

F)={wer:v<x}t, F)={peFX): [ =4k

Also define a function 7w : F — A by

s [ W@

a€A
2.2 An Integral Form and Integral Basis

In section we will define our integral form and give our integral basis for the map

algebra, g ® A.

12



2.2.1 Definition of p(yp, x)

Given ¢, x € F, Recursively define functions p : 72 — U(h® A) C U(sly ® A) by

p(0,0) = 1 and for ¢,y € F — {0},

Pl =~ SN (102 (o g (eha)) plp — 1, x — )

LA S
e F(x)— {0}

Define p(x) = p(x, |x|x1) and, for all & € RT, pa(x) = Qa(p(x)) € U(h @ A) C

U(g® A).

Remark 5 Note the following:

(a) p(p,x) = 0 if |o] # [X]

(b) The p(p,x) are a generalization of Garland’s p(r,s) because p(rxi,rXes) =
p(r, s), where xq s the characteristic function on a € A.
2.2.2 An Integral Form and Integral Basis

If A has a C-basis, B, which is closed under multiplication define the Z-form of

g® A, Uz(g® A), to be the Z-subalgebra of U(g ® A) generated by
{(xi ®b)(r) ca€RT, beB, re Zzo}
For all « € Ry, and x € F, define

za () = [] (@3 ® )X

acA

13



Fix an order on R* = {B1,...,Bm}. Then define functions f* : F(B)*™ — U(g® A) by
(@1, m) = @5, (Y1), (o) -+ g ()
and fO: F(B)*" — U(h® A) by
(1, s ¥n) = p1(P1)p2(2) -+ Pu(tn)

Define B = {f~ () f°(x)fT () |v, ¢’ € F(B)*™, x € F(B)*"} Define By to be

the set consisting of all fi(y), and By to be the set consisting of all fo(x).
Theorem 6 B is a Z-basis for Uz(g® A).

Proposition 15 and the Poincaré-Birkhoff-Witt theorem easily give the following

corollary this theorem.
Corollary 7 Uz(g® A) is an integral form for U(g ® A).

The remainder of this chapter is devoted to the proof of Theorem 6. First we show
that B C Uz(g ® A). This allows us to define Z-subalgebras U; (g ® A), U, (g ® A), and
UY(g®A). Then we prove that By, B_ and By are Z-bases of these subalgebras respectively.
Finally, we prove a triangular decomposition Uz(g® A) = U5 (g ®@ A)UY(g® A)UZ (g A).
This means that as Z-modules Uz(g ® A) = U, (g ® A) ® U (g ® A) ® U (g ® A). The

theorem follows.

2.3 The Subalgebras Uz (g® A)

Define U%(g ® A) to be the Z-subalgebra of Uz (g ® A) generated by
{(:Eif ®b)(r) ca€RT, beB, re Zzo}-

14



2.3.1 B. is a Z-Basis for Uz (g® A)

Lemma 8 Let a,b € B, r,s € Z>¢, and o, 3 € RT be given. Define
Ryp={ia+jB:1,j € ZY N R. Then the following identities hold:

(a) If Ry p is of type As
o (o) = 5w (o) () 0y

where e, € {1,—1}, for all k.

(b) If Ry p is of type Ba, then

o0 (o) = Tonn (509 ™ M (shroe)”

(l‘i: ® a) (r—k1—2k2)

X

where the sum is over all ki,ky € Z>o such that ki + ko < s and ki + 2ky < r, and
€k ke € {1, =1}, for all ky, ko.

(¢) If Ry p is of type Go, then

3 o 3 .
(IL‘Z‘C: ® CL) (r) (l‘l:é: ® b)( ) _ Z&kh]@’k&]@l (xg: 2 b)( Z]B=1 k; 2k4) H (:Ej'l:aJrﬁ Q ajb> (kj)

Jj=1

X

k -
(s 02) ™ (0 @ )0

where the sum is over all k1, ka, k3, ks € Z>o such that ki + ko + k3 +2ks < s and k1 +2ks +

3ks + 3ks <1, and eg, ko ks ks € {1, =1}, for all ki, ko, k3, ky.

Remark 9 In case (a) e = (£m)* where m is given by [x;f,:nzg] = mx;'Jrﬁ.
In case (b), kb, = (Fm1)* (mima)*2 where my,my are given by [wg,:ﬁg} =
mlx;rﬁ and [w;‘,x;r+/8] = 2m2m;ra+/3.

15



k1+k3m11€1+k4 (m1m2)k2+k3+k4m§3mi4 where my, ma

In case (¢), €k ko ks s = (£1)
are the same as in case (b), and mg,my are given by [z, w3, 5] = 3mazy, , 5 and

+ + 1 +
[$2a+5’ xa+ﬁ] = 3Mmarg, o5
Before proving the lemma we will state and prove the following corollary.
Corollary 10 By is a Z-basis for UfZE(g ® A).

Proof. It will suffice to show that any product of elements of the set {(zf ®b) : a €

R*, b€ B} is in the Z-span of By. Clearly, for all « € R" and b € B,
+ (r) .+ () _ (T TS\, + (r+s)
(ia ® b) (‘Ta ® b) - r (xa ® b)

So it will suffice to show if o, 3 € RT, a,b € B and r, s € Z>( then [(xf ®a)"), (m? ® b)(s)]
is in the Z-span of B+ and has degree less than r + s. If a + 8 ¢ R™ this claim is trivially
true. If @ + B € R™ this claim can be shown by induction on r + s. If » + s < 1 the claim

is trivially true. The inductive step is true by the lemma. m

Proof of Lemma 8. In each case the lemma will be proved by induction on s. If s =0
the lemma is trivially true. If s = 1 we will prove all three parts by induction on r. In all
three parts the lemma is easily verified if s = 1 and » < 3. Assume all three parts for s = 1

and r > 3.

16



Then for part (a)

(r+1) (oF @) (aF @b)

(e @a) (s © ) (2} @)
1

> (Em) (zF @ a) (s @ b)(

k=0

(:Ui@a

1-k

) [ 4 (k)
(xomLﬁ ® ab)
)(Tfk) (By the induction hypothesis)

(2 ea) (s 0b) (2 e a)”

m (o} @a) (eh,5 @ ab) (e @ a) ™
(r+1) (a:éc ® b) (aF @a)"tY

m (v, 5 0 ab) (o @ a)”

ri (2%, © ab) (rF @ a) "

(r+1) ( GEDIGE

(1) (o 0) )

17



For part (b)

(r+1) (xi: ®a)

(r+1) (

+
l’B@

')

(xi ®a) (zZ ® a) ) (:vg ® b)

> (Em) R (Emg)® (2F ® a)

k1,k2>0
k1+ko<1
k1+2ko<r
(1—k1—ks2) (k1) (k2)
(m? ® b) (933[_’_/3 ® ab) (‘TQioHrﬁ & a2b)
(a:f ® a) (r=h1=2k2) (By the induction hypothesis)

(1% @a) (sE0b) (tE0a)”
mi (2% ®a) (xiw ® ab) (2% ® a) (r—1)
mims (0F @ a) (28,50 0%) (2 @)
(r+1) (a;?; ® b) (a* © a) "

m <m§+ﬁ ® ab) (% ®a)”
rmy (mai 5 ® ab) (et ®a)®
2mimy (x;ta_;’_ﬁ ® a2b) (@t ®a)

(r = Dmams (a3, @ a*) (af © )"
(r + 1)< (;1;; ® b) (at ®a) "D

o (st 550

m1ms (l‘;ta+ﬂ ® a2b) (2% ®a) (r=1) >

18



For part (c),

(r+1) (mf ® a) (r+1) <$

+
3 ®

')

(2% ®a) (2£ ®a) ) (mjﬂt ® b)

Z ()5 mi2 (£mamy) (m?; ® a)

k1,k2,k3>0
k1+ko+k3<1
ko1 +2ka+3k3<r

(x:ﬁt 5 b) (1—ky—ka—ks) ]li s (x;ta—i—ﬁ . ajb) (k)

(xi ® a) (r—k1—2ko—3k3)
[e%

(By the induction hypothesis)

(2% ®a) (x§ ® b) (¢ ® a) (r)

mi (25 ® a) (mai+ﬂ ® ab) (% ® a) (r—1)

mims (vF @ a) (af,,, 0 %) (2 @a)"
mimamg (z5 © a) (xgiaw ® agb> (2% ® a) (r=3)
(r+1) (2% ©b) (o5 @)Y

my (i @ ab) (2% @0) "

rmi (xfw ® ab) (2t ®a)”

s (5,0, .48) (5 )
(r — 1)myma (xiﬁﬂ ® aQb) (2% ®a) (r—1)
3mimams (@Zw 2 a3b) (X ®a)"?
(r = 2)mimams <x§ta+ﬁ ® a3b> (z£ @ a) (r-2)
(r+ 1)< (;E?; 2 b) (2% @ a) D

3 j

(1) T (25 ® @'b) (0 @0) )
1 k=1

J
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So the claim is true is each case for s = 1. Proceed by induction on s > 1. Assume

the lemma for some s > 1 then in the (a) case

(s+1) (xf ® a) ") (az

+

5®b

)(s—i-l)

S (Em)Ek+1) (xg; ® b) R
k=0
(xi:Jrﬁ © ab) (k+1) (wg % a) (r—1—Fk)

(By the induction hypothesis)
min(r,s)
(£m) (s +1— k) (x?; ®b
k=0
(k) .
(l’ichB ® ab) (zZ ® a)( ®)
min(r—1,s)+1

S (Em)E (:cg ® b)

k=1
k
($§+B ® ab)( ) (2% ®a) (r=k)

)(s+1—k)

(s+1-k)

min(r,s+1)

(s+1) > (im)'f(xg@b)

k=0

(k) —
(:Ujrﬁ ® ab) (zZ ® a)( k)

(s+1—k)
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In the (b) case we have

(s+1) (:Uéf ® a) (") (xg ® b) ey = (xi ® a) (") <x§ ® b) (xg? ® b) )

= (eF@b) (@Ewa)” (a5 @0) ©

= m (x(:i:-‘rﬁ ® ab) (¢E@a) Y (x:ﬂt ® b) )

+ mime (‘T2ia+ﬁ ® a2b) (* © a) (r—2) <x§ ° b) (s)

= Z (:l:ml)kl (mlmg)kQ (8 +1—FKk — kz)
k1,k2>0
k1+k2<s
k1+2k2<r

X (xé[ ® b) (it <SE§+5 ® ab) ()

k
(et o) oA

+ > (Em)P T (mama)2 (ke + 1)

k1,k2>0
ki1+ko<s
k14+2ko<r—1

X (a:g ® b) (k) (:Uiﬂrﬁ ® ab) (bt

k
X (m%ta%, ® azb)( g (:ci ® a) (r=1=k1=2ks)

+ > (Ema)F (mymg)? T (ky + 1)

k1,k2>0
ki1+ko<s
k14+2ko<r—2

X (xg ® b) (mhk) (miﬂrﬁ ® ab) )

(k2+1) Dk —
< (o)

(by the induction hypothesis)
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(S+1—k’1—k‘2) (k‘1)
= Z (:Eml)/ﬁ (mlmQ)kz (3 +1—Fk — kg) (x:ﬁt ® b) (:L';t_’_ﬁ ® ab)

k1,k2>0
k1+ko<s+1
k1+42ko<r

k
(a0 t) oA

+ Z (j:ml)kl (m1m2)k2 k1 (méﬁ ® b) ik <xif+ﬂ ® ab) (k)

k1,k2>0
k1+ko<s+1
k1+2ka<r
(k2) )(T‘—k‘l—Qk‘Q)

X (azgtaﬂg ® a2b) (22 ®a

+ Z (iml)’fl (m1m2)k2 ko (xéc ® b) ik <xf+/8 ® ab) (k)

k1,k2>0
k1+ko<s+1
k1+2ko<r

X <x§a+ﬁ ® a2b) (k) (x§ ®a) (r—k1—2k2)

= 4D S (Ema) ) (ﬁ@b)(sﬂ_kl_m <x§+5®ab>(kl)

k1,k2>0
k1+ko <s+1
k1+2ka<r

(k2)

X

(chs@atn) (@t o))

Finally for the (c) case

(s+1) (eF ©a)" (aF @0) R (eF @b) (wEwa)” (s @0)

(s)
+ m (xii-ﬁ ® ab) (xg ® a) (r—1) <x§ 2 b) (s)
+ mime <x2ia+,3 ® a2b> (f'fai 2 a) (r—2) <x§ . b) (s)

+ mimoms (:BgtaJrﬁ ® agb) (x(ﬂ; ® a) (r=3) (:Uéc 2 b) (s)
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So by the induction hypothesis we have

3
Z s+1— Z ki — 2ky (:I:l)k1+k3m’f1+k4 (m1m2)k2+k3+k4m/§3m§4
k1,k2,k3,ka>0 7j=1
k1+kotks+2ks<s
k1+2ko+3k3+3ks<r
(s+1—k1—k2—k3—2k4) . (kj) (k4)
X (acg ® b) H (.Z‘;-ta+ﬁ ® a]b> (xécaHﬁ ® a3b2)
Jj=1
—k1—2ko—3k3—3k
< (xg ® a) (r—k1—2ko—3k3—3ky4)
k1+1+ks  ki+1+k ko+ks+k k k
+ Z (k1 + 1)(£1) 1+1+ s “(myms) 2+k3+ imbsmke
k1,k2,k3,ka>0
k1+ko+k3+2ks<s
k1+4+2ko+3ks+3ks<r—1
(87]4517]627]{?372]434) (k:1+1) (kz) (k‘3)
X (mg ® b) (x;_ﬁ & ab> (:céta_i_ﬁ ® a2b> <x§ta+ﬂ ® asb)
(ka) —1—ky —2ky—3ks—3k
X (xgtawﬁ ® a3bZ> (ng ® a) (r 1= 2k2—3ks—3ks)
+ Z (:bl)k1+k3mlfl+k4 (mlmQ)k2+1+k3+k4m§3ml4€4
k1,k2,k3,kqa>0
k1+ko+k3+2ks<s
k14+2ko+3k3+3ks<r—2
(s—k1—ko—ks—2kys)
X <x§ ® b) (xécaJrﬁ ® aQb)
3
(k1) - (ky) (ka)
+ + j 7 + 372
X (a:a+5®ab) H(xjaJrB@a b) (x3a+2ﬁ®ab>
—2—k1—2ko—3k3—3k
% (xai ® a) (r 1—2k2—3k3—3k4)
+ Z (:tl)k1+k3+1mlfl+k4 (m1m2)k2+1+k3+k4m§3+1m§4 (w;)ta—i-ﬁ Q a3b>
k1,k2,k3,kqa>0
k1+ko+k3+2ks<s
k14+2ko+3k3+3ks<r—3
3
(87k17]€27k372k4) . (k]) (k4)
X (:Ug ® b) H <:cjta+ﬂ ® a]b> <$3ia+2/3 ® a3b2)
Jj=1
—3—k1—2ko—3k3—3k
% (xi ® a) (r 1—2k2—3k3—3k4)
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This last expression gives

3
ki1+k ki1+k ko+ks+k k. k
Z s+1— ij —2ky | (£1) 1+ 3mht “(myms) 2+ks+ 4m33m44
k1,k2,k3,ka2>0 Jj=1
k1+ko+ks+2ks<s+1
k1+2ko+3k3+3ks<r
(S+1—k1—k2—k3—2k4) . (k) (k:4)
+ + G\ oy 372
X (mﬁ®b) H(xja+5®a b) ($3a+25®ab)
Jj=1
—k1—2ko—3k3—3k
% (mg ®a)(7’ 1—2ka—3k3—3ky4)
: ki+1+k 2 k k
+ Z (kl + 1)(i1)k’1+1+k3m11+ + 4(m1m2)k2+k3+k4m33m44
k1,k2,k3,ka>0
k1+ko+ks+2ks<s

k14+2ko+3ks+3ks<r—1

(xjﬁt & b) (oo =2t) (a:irﬁ ® ab) (hty <$2ia+6 ® a2b> () <x§a+5 & a3b> (k)

X
+ 3b2 (ka) + (r—1—k1—2ko—3kz—3ka)
X T3a405 © 0 (23 ®a)
k1+k k1+k ko+1+ks+k k k
+ Z (kg + 1)(£1)k1+ 3m11+ 4 (mymg )2 t1tkst i3 mke
k1,k2,k3,ka>0
k1+ko+k3+2ks<s

k14+2ko+3k3+3ks<r—2

X (ajg ® b) R ($§+5 ® ab) " (:U;taJrB ® a2b> () (:17jE ® a3b) )

3a+p8
+ 32 (ka) 4 (r—2—k1 —2ky—3k3—3ks)
X (T3a40p @0 (23 ®a)
+ Z 3(ks + 1)(j:1)k1+k3+1m1f1+k4(m1m2)k2+1+k3+k4m§3m§4+1
k1>1
k2,ks,ks>0
k1+ko+k3+2ks<s

k14+2ko+3ks+3ks<r—2

X (:cé: ® b) (oot haham2hy) (:raiJrB ® ab) (= ﬁ (:U;-—LQJFB ® cﬂb) )

Jj=2

) (r—2—ky —2ko—3ks—3ky)

’ 2) e (zf @a

X (xgta+25®a b
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4 Z (kg + 1)(i1)k1+k3+1mlfl+k4 (mlmQ)k2+1+k3+k4m§3+1mlz4

k1,k2,k3,kq>0
k1+ko+k3+2k4<s
k14+2ko+3k3+3ks<r—3

2
(s—k1—ko—ks—2k4) N (kj) (k3+1)
+ + ] + 3
X (375 ®b> H (xja+5®a b) <x3a+5®a b)
Jj=1
(ka) 31 — 2o —3ken—
+ 372 + (r—3—Fk1—2ko—3k3—3k4)
X <$30¢+25 ®a’b ) (25 ®a)
ki1+k k1+k ko+1+ks+k ks+1,__k
+ Z (kg + 1)(£1) 1+ 3R (1 my) 2+1+ks+ s b,
k1,k2,k3,ks>0
k1+kotks+2ks<s—1
k1+4+2ko+3ks+3ks<r—3
3
k1 —ko—k3—2ks—1) N (kat1)
+ (s—k1—ko—ks3 4 + j J + 3,9
8 (xﬁ @ b) I (#Fars @ o’ T3at28 ® @b
Jj=1
—3—k1—2ko—3k3—3k
% (x(:xl: Q a) (r 1—2k2—3k3—3k4)
+ +] _ +
where {x3a+ﬁ, acﬁ} = M5T3, 05
So we have
3
Z s+1— Z kj — 2ky (:l:l)kl+k3mlf1+k4 (mlmg)k2+k3+k4m§3mi4
k1,k2,k3,ks>0 j=1
k1+ko+k3+2ks<s+1
k1+2ko+3k3+3ks<r
1—k1—ko—ks—2k4) N (ks)
+ (s+1—k1—ko—ks3 4 n ; j " 3.9
X (a:ﬂ@b) H xja+6®ab :c3a+26®ab
Jj=1
—k1—2ko—3k3—3k
X (mf@a)(r 1= 2kz—3k3—3k4)
+ Z Ky (:tl)k1+k3mlfl+k4 (mlmz)k2+k3+k4m§3mi’4
k1,k2,k3,ka>0
k1+kotks+2ks<s+1
k1+2ko+3k3+3ka<r
3
(8+1*k‘17k‘27k‘372k4) X (k;]) (k4)
+ + j + 3,2
X (xﬁ®b) H(xja+ﬂ®a b) (x3a+26®ab)
Jj=1
—k1—2ko—3k3—3k
> (mi ® a) (r—k1 2 3 4)
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2 : ki+ks, ki+k ko+ks+ka, k3, k
4 kQ(ﬂ:l) 1+ 3m11 4(m1m2> 2+k3+ 4m33m44
k1,k2,k3,ka>0

k1+ko+k3+2ks<s+1
k1+2ko+3k3+3ks<r
3
(s+1—k1—ko—k3—2k4) N (kj) (ka)
+ + g\ 372
X (.TB@()) H(xja_w@a b) <x3a+25®ab>
Jj=1
—k1—2ko—3k3—3k
% (.%'i[ ®a)(7" 1—2k2—3k3—3k4)
k1+k: k1+14+k ko+1+ks+k k ka+1
+ Z 3(kg + 1)(£1) 1+ s “(myma) o+1+k3+ ik mhe

k1,k2,k3,ka>0
k1+ko+k3+2ks<s—1
k14+2ko+3ks+3ks<r—3

X (mjﬁt ® b) (rfuhaha 2t ﬁ < Tinip @ ajb)( ) (:x3ia+2ﬁ ® a3b2>(k4+1)
j=

—_

r—3—k1—2ks—3ks—3k4
X (xf & a)( )
+ E k3(i1)k1+k3m11€1+k4 (mlmQ)k2+k3+k4m’§3m§4
k1,k2,k3,ka>0
ki1+kot+ks+2ks<s+1
k1+2ko+3ks+3ksa<r

(s+1—k1—ke—k3—2ky) . (k‘) (ka)
+ + J + 312
x (af @) [T (7s @) (7aas @ 0™)

<.
—

—k1—2ko—3k3—3k.
(x(;xl: ® a) (r—Fk1 2 3—3k4)

X
_ Z (k4 + 1)(i1)k1+k3m11€1+1+k:4(mlmQ)k2+1+k3+k4m/§3le4+l
k1,k2,k3,ka>0
k14+ko+k3+2k4<s—1
k1+42ko+3k3+3ks<r—3
3
(S*k17k27k372k471) ( ) (k}4+1)
+ + 312
X (:c/6®b) H(]a—l—B@ab) <x3a+25®ab>
Jj=1
—3—k1—2ko—3k3—3k
% (xi[ ® (1) (r 1—2k2—3k3—3k4)
because msms = —mymy by the algorithm in [11].
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This in turn becomes

Z (s 41— 2ky) (il)k1+k3m]1€1+k4 (mlmQ)k2+k3+k4m7§3mZ4
k1,k2,k3,ka>0
k1+ko+k3z+2ks<s+1
k1+2k2+3k3+3ka<r
3
(S+1—k1—k2—k3—2k4) . (k) (k4)
+ + G\ 3,2
X (wﬁ ® b) H (xja+ﬁ ®a b) <$3a+2,3 ®a’d )
Jj=1
—k1—2ko—3k3—3k
% (x(:ll: ® a) (r—k1—2ko—3k3—3k4)
3 ki+k 2 k k
+ 2 Z k‘4(:|:1)k1+k3m11+ 4(m1m2)k2+k3+k4m33m44
k1,k2,k3,ka>0
k1+ko+k3+2ks<s+1
k1+2ko+-3k3+3ka<r
(S+17k17k27k‘372k4)
X (xg[ ® b>
> + ip ki) ¢ & 32 (ka)
< 11 (xjourﬁ ®a ) (x3a+2ﬁ wa )
Jj=1
—k1—2ko—3k3—3k
% (5525 ® a) (r—k1—2ko—3k3—3k4)
ki+k k1+k ko+ks+k k k
= (s+1) Z (£1) 1t 5T (1 my) 2+k3+ imbsmke
k1,k2,k3,ka>0
k1+ko+k3+2ks<s+1
k1+2ko+3k3+3ks<r
3
(s+1—k1—ko—ks—2ka) N (kj) (k)
+ + J + 312
X (xﬂ®b> H(xja+5®a b) <x3a+25®ab>
Jj=1
—k1—2ko—3k3—3k
% (x;t ® a) (r—k1—2ka—3k3—3k4)
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2.4 Our Straightening Lemma
Define functions D* : 73 — U(sly ® A) by

DF(¢h1,92,0) = 8y 141pl0
DE (i1, 1ha, xp) = 5\¢1\,|¢2|(|1/J1|!)2 (2% @ b (1) (1))

D (1, o, 3) > > DF(61,60,x0)DF (1 — 61,02 — b2,93 — Xb)

¢1E€F (1) bEsupp Y3
p2€F (Y2)

’1/13

Remark 11 Note the following:

(a) D= (1,92, 1p3) = 0 if [1h1] # |1ba].

(b) The D* (a1, 109,13) are a generalization of Garland’s Dki as

D (kxt, kx1,mxa) = Dif (€) and D~ (kxs, kx1,rx:) = Dy (€7).

2.4.1 The Degree of D* (1,1, 3)

The following proposition can easily be shown by induction on [¢)3].

Proposition 12 If o € RT, and v1,¢2,3 € F then D¥(1y1,49,13) is homogeneous of

degree |1s].

2.4.2 The Definition of D(¢y, 1, 13)

Define D : 72 — U(sly ® A) by

D(¢1,4h2,93) = Y pler, ¢2) D (b1 — ¢1,102 — 2, ¥3)
$1EF (Y1)
$2€F (Y2)
Using the previous two propositions it can be easily shown that, for all 11, 99, 3 €

D(e)1, 19, 13) has degree less than or equal to |13| + |11]
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Set

DE (Y1,12,13) = Qo (DT (¥1,2,13))

Do (Y1,%2,13) = Qo (D (11, 12,43))

2.4.3 The Straightening Lemma

Lemma 13 For all p,x € F.

™t (p)a”(x) = > (=) D=y 4p1, x — 1 — ) D2, P2, 0 — B1 — ¢2)

P1,2,¢1,02€F
h1+2€F ()
d1+p2€F (@)

This lemma is proved in a later section. Before proving the lemma we will state

and prove some corollaries and necessary lemmas.

Corollary 14 For all o € RY, and ¢, x, € F
(1)x
DF (¢, x: %), Dy (9. x,¥) € Uz(g® A)
(i)x
Pa (p,x) € Uz(g® A)
Proof. Proof of corollary. We will prove both statements simultaneously by induction on
k according to the scheme
()" = (1) = (id)**",
where (i) is the statement that (i), holds for all y € F with |y| < k, and similarly for
(i)*. (#4)! is trivially true. For (i)g we have, by induction on ||, D*(0,0,v) = 2*(z)) €
Uz(g ® A). Assume that (i)*~! and (ii)* hold for some k > 1. Note that (i), is trivially
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true if |p| # |x| so assume that they have the same size. Then, by the previous lemma, we

have for all o, x € F(k) and all v € F

(@) (x +9) = S (D)MFED (G v, x 9 — by — o)

P1,2,01,p2€F
Y1+ eF(x+v)
P1+P2€F ()

X D(¢2,%2,0 — d1 — ¢2)

= S (D)D) g x o+ — 4 — o)

U1,2,01,p2€F
Y1+ €F (x+)
P1+P2<p
h1+haFx

X D(¢2,%2,0 — ¢1 — ¢2)

+ > (=)XD (g1, 1, ) D(2, 2, 0)

P1,2,01,p2€F
Y1t+pe=x
P1+p2=¢

= Yo ()MHRRD (G x + 1 — 1 — )

P1,92,01,02€F
Y1+ €F (x+v)
P1+p2<p
P1+PaF£X

X D(¢27¢2790_¢1 _¢2)
i Z Z XD (1,91, 9)p(, &)

P1,p2,01,02€F GEF (¢2)
Y1+va=x ¢/ eF(i2)
P1+P2=¢

x D*(¢2— b2 — ¢',0)

= Z (—D)HA D™y 4y, x + ) — by — 1)

P1,92,01,02€F
1+ €F (x+1)
P1+¢2<p
P1+1paFX

X D(¢2,¢2, 0 — ¢1 — ¢2)

+ S (—)MD(br, e, )p(2,v2) + (—1)XD (g, x, )

¥1,P2,01,02€F
Y1+pa=x
P1+p2=¢
P1<p
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The left side is clearly in Uz (slo ® A). The end sums are in Uz(slo ® A) by (i)k!

and (43)*. Thus D~ (y, x,%) € Uz(slo ® A). Also by the lemma

e+ (x) = S (=)D (G gy, x — 9 — o)

¥1,02,01,p2€F
1+ F (x)
$1+p2EF (p+1h)

X D(¢27¢27CP+¢_¢1—¢2)

_ Z (_1)\¢1\+|¢2|D—(¢1,¢1,X—1/;1 — 1)

»1,2,01,p2€F
P1+pa<x
d1+d2EF (p+1h)
d1+paFp

X D(p2, %2, 0+ 10 — ¢p1 — ¢2)

+ ST (—1)¥IDT (1, w1, 0)D(¢2, n, )
P1,P2,¢1,p2€F

P1+apa=x

d1+p2=¢p

= Z (=)l D= (g, 4py, x — 1 — 1)

P1,92,01,02€F
P1+2<x
D1+P2EF (o+1)
P1t+daFp

X D(p2,%2, 0+ — ¢1 — ¢2)

+ Y (=1)¥Ip(¢, ¢ ) D (x — b0 — ¢, ¢)
PEF(x)
¢ €F ()

— S (=)D gy, by, x — gy — o)

P1,92,01,02€F
1+ <x
P1+d2F (p+)
d1t+p2Fe

X D(p2, Y2, 0+ — ¢p1 — ¢2)

+ Y (=), DT (x = b0 — ¢ ) + (=D)PIDT(x, 0, 0)

eF (x)—{0}
¢'€F(p)—{0}
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Again the left side is clearly in Ug(sly ® A). The end sums are in Uyg(slo @ A) by
(i)*=! and (ii)*. Thus D*(p, x, ) € Uz(sly ® A). Applying Q, we get (i)¥. Thus (i7)*
implies (i)¥. Assume that (7)* and (#4)* hold and let ¢, x € F(k+ 1) be given. Then, again
by the previous lemma

zH(p)a(x) = ST (=)D (0, x — n — ) D (o, ¥, — G1 — )

Y1,02,01,p2€F
1+ €F (x)
P1+P2€F(¢)

= Z (=)=l D= (1 4p1, x — b1 — o) D(d2, Y2, 0 — d1 — o)

P1,2,¢1,02€F
P1+1pa<x
P1+p2<p

+ (=1)p(p,x)

Again the left side is clearly in Ugz(slo ® A). The end sum is in Uz(sly ® A) by (i)¥ and
(ii)*. Thus p(p, x) € Uz(sly ® A). Applying Q, we get (ii)**1. Thus (i)* implies (i7)**!.

2.5 B is a Z-basis for U)(g® A)

Define U%(g ® A) to be the Z-subalgebra of Uz(g ® A) generated by the set
{pi(x) : x € F(B), i e I}.
For the remainder of this section g = sly unless stated otherwise.

We adapt Garland’s proof of the corresponding fact in [6], section 9.
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2.5.1 UMh®A)=C —span By

Proposition 15 For all x € F

1)X H (h @ a)X(@) 4+ elments of U(h ® A) of degree less than |y|
acA

Proof. By definition p(0) = 1 and it is easy to see that, for all a € A, p(x,) = —(h ® a).

Assume that for some k& > 1 the proposition holds for all xy € Fj. Choose x € Fi11. Then

P00 = > Wl r()p(x — )
YeF(x)—{0}
1 1
= g > (h@b)p(x — xb) — ™ D Ik @ w()p(x — )
bEsupp x YEF(x)
[¥>1
1
= —— Z (h®b)( ‘X| 1 H (h®a ((=x0)(@) 4 1ower degree terms
‘X’ bEsupp x acA
1
= (-1 )IXI Z x(0) H(h ® a)(X(a)) + lower degree terms
‘X‘ besupp x acA
— |X| H (h®a X(“) + lower degree terms
acA

Lemma 16
U(h® A) = C — span By
Proof. Clearly U(h ® A) C C — span By. For the other inclusion it suffices to show that
H (h®a)X(@) e C - span By

a€A

for all x € F. This can be shown by Proposition 15 and induction on |x|. m
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2.5.2 The Adjoint Action on the Z-Span of the Chevalley Basis

For this subsection let g be arbitrary. Define (g ® A)z to be the Z-span of the set

S={(zft®b), (h;®b):b€B, icl, ac R}
Lemma 17 For alla € R", r € Z>p and b € B,
ad (¢ @) (9 @ A)z) C (9 A)z
Proof. It suffices to show that, for all s € S,
ad (:Ui: ®b) ") (s) = (ad e b) (r) (s) e (g® A)z
It can be easily shown by induction on r that, for all z, 2’ € g and all a,b € B,
(adz @ b)) (¥ @a) = (ad2)" (2) @ ba
And it is well known that (ad a:ai)(r) leaves the Z-span of the Chevalley basis invariant. m
Corollary 18 For all C € Uz(g® A),
adC((g@ A)z) C (@ A)z
2.5.3 The Adjoint Action on ((g® A)z)®"
We note the following simple lemma.

Lemma 19 Let V,W be g @ A-modules, with respective additive subgroups M, N. If M, N
are preserved by (v= ® b)(r), foralla € R, beB andr € Z>o, then M Q@ N CV @ W is

also preserved by these elements.
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Let ad™ denote the action of g® A (and of U(g® A)) induced by adjoint action,

on (g ® A)®". Then we have the following corollary to the previous two lemmas.
Corollary 20 For all Q € Uz(g® A) and all r € Z>y,

ad™ Q (((a® A)z)®") € (g ® A)z)®"

2.5.4 p(x)p(xX') € Z — span B,

Lemma 21 For all x,X',v € F(B), p(x)p(X') € Z — span By
Proof. Choose x, x' € F(B). Letting g = sl3, applying 7 and Corollary 14 we have

p1(x)p1(X') € Ug(slz © A)

Corollary 20 implies that, for all r» € Zx,
N (@7 (sl3® A)z) C QT (sl3 @ A)g

The previous lemma implies that

pOP(X) = > ayp(¥))

YeF(B)

for some ay, € C, with only finitely many nonzero. We want to show that a, € Z, for all
¢ € F(B). It suffices to prove that if >, rp)app(¢) is a finite sum such that, for all

re ZZ()’

ad™ | " aypi(@) | (@ (sls® A)z) C @ (sls® A)g (2.5.1)
YeF(B)

Then ay, € Z, for all ¥ € F(B). We shall prove this claim by induction on the number of

nonzero a,. For the base case if they are all zero there is nothing to prove. Assume that we
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have proved (2.5.1) when there are k nonzero a,. Now assume that there are k + 1 nonzero

ay and choose vy, of maximal size among the ¢ € F(B) with ay, # 0. By Proposition 15

p(¢o) = H (h ® a)¥(@) 4 lower degree terms
acB

) Qo (a)

Define p = ®/*ol (2, ® 1) and consider the @, g (21, ® a -component of

ad oD [ aupy(w) | (o)

YeF(B)

)®¢0(a). None of the other ayp(¢) contribute

From ay,p(10), we get £ay, Q,cp (:c;t2 ®a
to this component, because they either have too small degree or they have the right degree

but the wrong distribution of elements of B. By assumption

adPoD [ 3" aypi(v) | (p) € @ (sls ® A)z
YEF(B)

SO Ay € Z. Y yer(m) @wP (V) — ay,p(o) has k nonzero ay, and still satisfies the assumption
of (2.5.1) by Corollary 20 because ay, € Z. So by induction we have a, € Z for all
YpeFB). m

The following corollary follows directly

Corollary 22

no_ (x +x')(a) / — span
p0p) = I o) €2 soan

2.5.5 B is a Z-basis for U)(g® A)

Lemma 23 By is a Z-basis for Uy (g ® A).

Proof. It will suffice to show that any product of elements of {p;(x) : x € F(B)} is in

the Z-span of UOZ(g ® A). To show this we will proceed by induction on the degree of such
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a product. Since p;(x) and p;(x’) commute it will suffice to apply Qq, to the previous

corollary because by Proposition 15

has degree less than |x| + [x/|. =

2.6 More Identities

2.6.1

We will state and prove some more necessary identities.

Identities for (z} ® b)p;(¢, x) and p;(p, x)(z, ® b)

Proposition 24 For all p,x € F, « € RT, i € I and b € A with a(h;) # 0 the following

hold:

(4)

rommteo= 5 (") Gt - o) (o @ omtn(en)

(i)

plemon = ¥ (

|91]

1 EF(p)
Y2 E€F(X)
[41]=[2]

h; _ )
a(hi) ?;phfl‘ 1> ([1])? (x5 @ br(¥1)m(¥2)) pil — b1, X —2)
P1EF () 1
P2eF(X)
[Y1]=[¢2|

Proof. The identities are trivially true if |x| # |¢|. So assume that |x| = |¢|. The proof

of both parts will proceed by induction on |x| = |¢|. The identity is easy to check in the

cases ¢ = x = 0 and ¢ = x4, X = Xc. Choose some y € F with |p| = |x| > 1. Assume the

proposition for all pairs of elements of F with size less than |x|. Then for (7)
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(z

@ b)pi(e, X)

= —— > (aD%(d ©b) (h @ m(d1)m(d2)) pily — d1,x — ¢2)

$1EF (p)—{0}
p2€F(x)—{0}

= —— > (a1 (hi@m(d)7(¢2)) (z @ b)pi(e — ¢1,X — ¢2)

¢1€F (p)—{0}
P26 F (x)—{0}

i a(hi) Z (Ip1)? (2 @ br(pr)m(d2)) pilye — b1, X — B2)

L
p2€F(x)—{0}
1
= T S (1D (h @ w(n)m(e2)) >
$1E€F (p)—{0} P1EF (p—¢1)
p2€F(x)—{0} Yo €F (x—¢2)
[¥1|=[v2|
alh;) + -1
X < () W’:fl’ >(|¢1|!)2pi(<ﬂ—¢1—¢1,X—¢2—¢2)

X (xf @br(Y1)7 ()

a(h; alh;) + |1 —1
n |<w|’ RS <( )|w||1| )<|w1|!>2
61€F(9)—{0} Y1EF(p—¢1) !
$2€F(x)—{0} Y2 EF(X—d2)
[1h1|=|2]

X pie = d1 — Y1, x — d2 — ¥2) (xf @ br(¢1)m(d2)m(vh1)m(1h2))

(by the induction hypothesis)

_ 1 a(h;) + 1] — 1 2 2
-5 X ("M e X ga

1 E€F () $1EF (p—1b1)—{0}
Y2€F (x) p2€F (x—2)—{0}
[Y1|=]v2|<|¢

X (hi @ w(dp1)m(d2)) pile — d1 — Y1, x — P2 — ¥2) (xh @ br(¥1)w(1h2))
a(h;) 9 a(h;) + 91| = [¢1] = 1
PG X e ()

P1EF(p)—{0} $1%1l11p2€<‘7:
P2E7 000} Br<insy
[¥1]=(v2]

x (([¢1] = [ ]! H < )<¢2gzg)pi(¢—¢1,x—¢2)
X (xg @br(Yr)m (%))
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= o (D) a6l — ot - v x - o

e, 2 U
P1<p
Pa<x

X (:L"I@bﬂ(lbl)WWﬂ)
w20 e (MO g~ iy

Pl S seran-(0) [l = ol
P2eF(x) d2€F (2)—{0}
|91 ]=|1b2| >0
P1(a)\ (2(a))
< TL (i) (o Jite = v o @ )
= Z <a(hi) L’qfll - 1> (11D ?pip — 1. x — ¥2) (2d @ b (1) m (b))
G1EF(¢) !
Y2 €F(X)
1 a(hi) + [i1| = [¢1] — 1 9
DD Vi (OIS S U )l -
el T p1€F (Y1) —{0} or] =l
Y2 E€F (x) p2€F (1h2)—{0}
[¥1]=]1b2|>0
w1<a>> <¢2(a)> B (a(hi) + ] = 1) 12 (o — _
X ag <¢1(a) bo(a) | (I ID %] | pile — 1, x — ¥2)

x(wf @ br(n)m(v2))

So it suffices to show that, for all ¥, 19 € F — {0} with |¢1] = |12],

(T il = ey X gepr("M T P

|1/)1| p1E€F (1) |¢1| - ‘¢1|
p2€F (2)
|f1]=|¢2]|>0
< (Wl = 1o TT @8) (iﬁi)

a€A

We will show this by induction on [¢)|. If [¢)1]| = 1 it is easily checked. Assume
that for some k the previous equation holds for all ¢,1s € Fi and let 1,92 € Fry1 be

given. Then
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() + ko] 1)) (a(a)
vy 3 o (T @ - IT (060 ()

p1E€F (Y1) acA
P2 EF (¥2)
|p1]=|¢2|>0

ah) XX el - op2(“PTTE

¢1E€F (Y1) cEsupp ¢1
$2€F (1p2) dEsupp ¢2

|p11=|¢2[>0

((k+ 1)) ] <¢1(Z)> (iﬁEZD

acA

DS <¢1<c>+1><¢2<d>+1><|¢1|!>2<

cesupp 1 1 €F (P1—Xc)
desupp 2 o€ F(1ha—xaq)
|1]=|o2]

~[61])! 2H(¢ ) Q(wﬁii?)(a))

a€A

ST e (T

cesupp Y1 ¢1€F (1 —xc)
desupp Y2 ¢ € F(1pa—xq)

a(hi) +k —|¢p1] — 1)
— |1

|¢1]=]¢2]
2 (Y2 — xa)(a)
o T 0™ ) (et ™)
ath) ¥ wiewa@ X (e(“E
c€supp Y1 P1E€F(h1—Xc)
desupp 32 $2€F (Y2—xa)
|¢1| |$2|>0
(Y2 — xa)(a)
~len* 1] (o (o)
alh) Y w1<c>w2<d>( T e
cEsupp Y1
desupp P2
(k + 1)2 (O‘(hi) . b= 1) (KD)%k + a(h) (k + 1)2 <O‘(’“) : k= 1) (k)2
(k + 1) <O‘(hi) e 1) (k)2 (k + a(hy))
_ (O‘(’“) ' b= 1) (k+12(k+1)
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Thus (4) is proved by induction on |x| = |¢|. The proof of (i7) is almost exactly

the same and hence is omitted. m

2.6.2 Identities for (v ® b)"p;(x) and p;(x)(z; @ b))

Definition. Given y € F define

P(x) = {w EF(F): Y v(¢)p= x}

peF

Slx) = {w EF(F): > ¥(¢)e < x}

¢peF

A partition of x is an element of P(x). Define Pr(x) = P(x) N Fr(F) and Si(x) =

S(x) N Fr(F).

Proposition 25 For allx € F, « € RT, i € I and b € A with a(h;) # 0 and r,s € Z>

the following hold: (i)

. P(P)
(2 ©H)pilx) = x-S v alha) + 191 =1y )
w0 = 5 n (- S IL((* 1))

YESr(X) pEF
% (@; ® bﬂ(gb))w(d)))

41



Proof. The proof will proceed by induction on r. The case r = 1 is Proposition 24. Assume

the proposition for some r > 1. Then for (7)

(r+1)(zf @ b) " Vp;(x)

(zd @ b)) (xd @ b)pi(x)
5 @t ennie-o) (")

/
'eF(x) i
(zf ®br(¢))  (by Proposition 24(i))

D> (X<i>’ Z¢(¢)¢)
)

@' €F(x) YESH(x—¢' PeF

a(h;) + 1o -1 ver ()
]! T, @ br(e)
g(( o)) )

(a(hi) +¢'l -1

M (z+ (b
T 61tk ()

(by the induction hypothesis)

' EF(X) YES - (x—¢') PeF

alhs) + || — 1) '> (Y+x4) (@)
1 (")

(a:;' 2 bw(qb)) ((+xy) ()

> v (x -> w<¢>¢)

YESr+1(x) ' EF peF

a(hi) + ¢ -1 L (¥(9))
|9]! z, @b ()
g(( o) )

S @@+ L (x2<w+qu><¢>>¢>

r+1) Y (xZw(w)

1/1€3r+1 (X) ¢€f

a(hi) +[¢] =1 ver (¥(0))
9! Ty @ b ()
};L(( o) )

Thus (7) is proved by induction on r. The proof of (i7) is almost exactly the same and hence

is omitted. m
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2.6.3 An Explicit Formula for D=(¢, [1|xs, kx.)

Proposition 26 For ally € F, k € Z>o with k> 1, and b,c € A.

D=, [9]xp, kxe) = 2 H |p[1)X(9) (;r @ b9l (¢)>(X(¢))

XEPy ( ) ¢>€]:

Proof. The proof will proceed by induction on k. If £ = 1 the proposition is clear by

definition. Assume the proposition for some k£ > 1. Then by definition

1 /
DEw, Wb, (k+ %) = g O 191 (o @ cbl?In(e))

¢'eF(¥)
D (4 — ¢, (18] — &) xbs xe)

X

1 /
= Erl > e (évi ® cbl? |7T(¢,)>
' €F ()

> TLxemx® (m % cbldlr (¢))(x(¢))

XEPk(b—9¢') p€F
(by the induction hypothesis)

= 7 2 > @)+ [Jemre@

¢’€J’ ) XEPk(Y—¢') PEF
+x4) (0
(xi @ cb‘d)‘w((j)))((x X' ) ()

= =1 Yo @)+ 1) T (el

¢’€F(¢) X+X o €Prt1(¥) oeF

((x+xg)(9)
X (azi®cb‘¢‘7r(¢)) e

- i<;41r1 S Y @) [T elne® (xi®cb|¢\ﬂ(¢))(x(¢))

XEPL1(Y) '€F peF

= TT0e® (a* @ ebfla(e)) M

XEPLy1(Y) pEF

X

X
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2.7 A Triangular Decomposition of Uy(g® A)

This section is devoted to the proof of the following lemma.

Lemma 27

Uz(g® A) = Uy (9@ A)Uz(s® A)UZ(g® 4)
Definition. Define a monomial in Uz(g ® A) to be any product of elements in the set
{GZ @b, 6(x):a e R, beB, rels, i€l, x € F(B)}

By induction on the degree of monomials in Uz(g® A) Lemma 27 will follow from

the next lemma.

2.7.1 Brackets in Uy(g® A)

Lemma 28 For alla € RT,i €I, a,be B, x € F(B) and r,s € Z>q the following hold
(a) [(Jrg ®a)", (z; ® b)(s)} € Z — span B and has degree less than r + s.
(b) [(x;r ® a)(r),pi(x)] € 7 — span B and has degree less than r + |x|.

(c) { i(X), (z, ® a)(s)} € Z — span B and has degree less than s + |x|.
Proof. We start by proving (a). By Lemma 13, for all a,b € B and r, s € Z>,

¥ (rxa)z” (sx) = > (1D (Gixas X, (s — 5 — k)xp)
j,k‘EZzo
j+k<min(r,s)

X D(kXa, kxp, (r =7 — k)Xa)

k
= > ) (=D (Xar X (s — 5 — k)X6)P(IXas IX6)
j,k‘EZZO l:O
j+k<min(r,s)

x DY((k—1)Xas (k= Dxp, (r —j — k)Xa)
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It can be easily shown by induction on [ that ¢ (Ixa,xs) = ¢ (IXap). So we have

k
a7 (rxa)r” (sxp) = > D YD (Gxas dixes (s — 5 — k) xo)p(IXab)
jk€Lso  1=0
0<j+k<min(r,s)

X D+((k - Z)Xay (k - Z)Xln (T _j - k)Xa) + x_(SXb)er(rXa)
D~ (jXas jxb: (s—j—k)xp) € Z—span B_ and D* ((k—1)xa, (k—1)xp, (r—j—k)xa)Z—span By

by Proposition 26 and the fact that, for all ¢ € F,

¢!

o © 7 (2.7.1)

(2.7.1) can be easily shown by induction on |¢| using the fact that, for all b € supp ¢,

ol _ ( 9] >(|¢>! — ¢(0)!
[laca®(@)! \&(0)) 1oz d(a)!

Also we clearly see that the degree of this commutator is less than r+s. Thus (a) is proved.
(b) and (c) hold by (2.7.1) and Proposition 25. m
The theorem is now proved once we prove Lemma 13. The next section are dedi-

cated to the proof of Lemma 13.

2.8 Proof of Lemma 13

We will adapt and extend the proof of the corresponding result in [4]. We begin

with some necessary identities.
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2.8.1 Identity for p(p, x)(zt ® b)

Lemma 29 For all p,x € F, and b € A.

ple, )@t ®@b) = (@ ebple,x)—2 > (27 @bed)p(p — Xes X — Xd)
desuppx
+ 4 Z (2 @ br(1)m(12)) pl — Y1, x — ¥2)
p1E€F2(p)
p2€F2(x)

Proof. If |¢| # |x| then both sides are zero. So assume that |x| = |¢|. The proof
will proceed by induction on |x| = |¢|. The identity is easy to check in the cases ¢ = x =0

and ¢ = xa, X = Xp- Assume that |p| = |x| > 1. Then

po )@t @) = — ST ()2 (h@ m(n)m(e)) ple — b1, x — ba)(a" @)

9l e -0y
2eF(x)—{0}

_ _|1‘ ST () (h@w(wr)m(ye) ((m+ ®b)p(p — 1, X — 1b2)
e (e)-(0)
267 () {0}

- 2 Z (2" ® bed)p(p — Y1 — Xer X — Y2 — Xa)

cesupp(p—1)
desupp(x—12)

+ 4 Z (2t @ br(¢1)m(¢2)) plp — Y1 — b1, X — 2 ¢2)>

P1€F2(p—1)
p2E€F2(x—2)

(by the induction hypothesis)
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@ @bple,x)—— > ()’ (&t @ br(gn)w(eha)) plep — b1, x — ¥2)
el Ao
1 80) {0}
0<y2€F(x)—{0}

slor > <|w1|!>2<‘2 Y. (@ @bed) (h@m(1)m(v2))
{0}

P1E€F ()~ c€supp(p—11)
p2€F(x)—{0} desupp(x—12)

Pl — 1 — Xer X — Y2 — Xd)

4 Z (27 @ br(d1)m(¢2)) (h @ m(e1)m(2)) Pl — Y1 — d1, X — Y2 — ¢2)
p1E€EF2(p—h1)
p2€Fa(x—12)

4 Z (m+ ® bcdﬂ(wl)ﬂ(d&)) Pl — 1 — Xy X — Y2 — Xd)

cesupp(p—11)
desupp(x—12)

8 Z (27 @ bre(p1)w(d2)m (Y1) m(¥2)) plp — th1 — 1, x — th2 — ¢2)>

P1EF2(p—11)
p2E€F2(x—2)

@ obpe ) — = 3 (al)? (@ br(g)m()) (o — vr X — )

el oo
0<ineF(x)—{0}

XY (e @ bed) (b m)r()
¥ CESUPP ¥ 1y € F(p—xc)—{0}
dESUPP X hy e F(x—xa)—{0}

p(e — Y1 — Xes X — Y2 — Xa)

LYY (Pt e bnnnen) (hs nton(un)

O1,02€F2 Y1 EF (p—¢1)—{0}
P1<p  preF(x—¢2)—{0}
$2<x

Pl — 1 — 1, X — V2 — ¢2)

8 a ¥y (a) / /
T (Ie1] = 2))? o' ® b () (v)
i wiezf:(cp) me%:(wg) 1 tzlg4< (@) )< 2(a)> ( )

PHEF(X) d2€F2(¢h)
[¥1 =[5 ]>2

pleo — i, x — 1)

4

Tl Yoo D (W = )Y (wh(d) (27 @ br(vh)m(vh)) ple — 1, x — ¥h)
Y1 EF(p) cEsupp ¢
PYHEF(x) deEsupp ¥y
[91 =[] >1
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= el - = S ()? (@ br() () ple — b1, X — o)

2! e @0}
e F(x)—{0}

2 -1
- (’(P’") > (@ ®@bed)p(p — xesx — Xa)
® cesupp @
desupp x
4 -2
+ (|(7||) Y. (et @br(¢)m(62)) plp — d1,x — 62)
v P1EF2(p)
P2€F2(X)
2
— o 2 (WA e bmw)m () ple — i x = v2)
PIEF(#)
P E€F(X)
91 [=l5]>2
4
+ o= > (WA (2T @b ()W) ple — ¢, x — ¥h)
el 55
1€F(p)
Yo €F(X)
[ |=leh]>1
= (@' @bp(e,x) =2 > (@7 @bed)p( — Xes X — Xd)
cEsupp ¢
desupp x
+ 4 Y (at @bm(d)m(d)) ple — b1 x — d2)
P1E€F2(p)
P2€F2(x)

The second to last equation holds because

Yi(a)) (i) (il — 1))
Z H(ébl(a)) <¢2(a)> - 4 (2.8.1)

p1E€EF2(Y)), p2€Fa(ph) a€A

which can be easily shown by considering cases for ¢1, 2. =

2.8.2 Identities Involving D* (1, 1y, 3)

Proposition 30 Let b € A, and 1,192,135 € F with |3] > 1 be given. Then

(4)
Vo) D* (1,9, ¢3) = > > ¢a(b)D (b1, 62, Xe)
¢1E€F (1) cEsupp ¥z
p2E€F (¢P2)

x  DE(p1 — ¢1,b2 — b2, 3 — Xe)
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(2l + [s) D= (b1, 2, 03) = > D> (11| +1)D* (1, b2, Xe)
$1EF (1) cEsupp Y3
P2 €F (¥2)

X

DE (1 — ¢1,92 — b2,13 — Xe)

Proof. The proofs will proceed by induction on |i3]. The case [1)3] =1 is trivial. Assume

that |¢3] > 1 then for (i) we have

’¢3’¢2(b)Di(¢17¢27¢3) - Z Z ¢17¢27XC)
$1EF (1) cEsupp 3
$2E€F (P2)

X DE(P1 — o1, 12 — d2,93 — Xe)
= Z Z (1, b2, Xe) (V2(b) — pa (b))

¢1E€F (Y1) cEsupp Y3
P2EF (¢2)

X DE(1 — d1,1b2 — b2, 3 — Xe)

+ ). ded) D DF(¢r b xe)

P1E€F (1) c€supp V3
p2€F (Y2)

X DE(P1 — d1,1b2 — b2, 3 — Xe)

= ) Y D1, ¢2.x) Y >

$1EF (1) cEsupp s P €F (Y1—1) desupp(Yz—xe)
p2€F (Y2) ¢hEF (Y2 —p2)

X DE(), by xa) DE (Y1 — b1 — ¢, ha — o — Py, b3 — Xe — Xd)

+ D ded) D D¥(¢r b2 xe)

P1E€F (1) c€supp ¥3
p2€F (v2)

X DE(P1 — d1,1b2 — b2, 3 — Xe)

(by the induction hypothesis)
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YooY HODHGdhxa) Y

> D61, 62, xc)

¢, €F (1) dEsupp Y3 $1€F (p1—¢}) c€supp(¥z—xa)

PHEF (2) P2 €F (Y2 —ah)
DE(h1 — ¢y — ¢, b2 — b — Py b3 — Xe — Xa)

> gad) DY DE(¢, d2, xe)DE(Y1 — b2 — da,13 — Xe)

DE (4 — ¢, 12 — P13 — Xa

P1EF (1) cEsupp ¥z
p2EF (P2)
(sl =1) > ¢h(b) Y. D*(¢), ¢ xa)
¢ EF (1) desupp P13
¢hEF (1h2)
> dad) DY DE(¢,h2, ) DE(Y1 — b2 — da,13 — Xe)
P1EF (1) cEsupp ¥z
p2E€F (P2)

sl > ¢a(d) > DF(¢1, 2, xe)DF(¢h —

$1E€F (Y1) cEsupp 3
p2€F (2)

For (ii) we have

(sl ([tba] + [3]) DF (b1, 2, 003) = (ol + [ws]) Y

1,02 — 2,93 — Xe)

> DE(¢1, 02, xc)

$1EF (1) cEsupp Y3

P2 EF (¥2)

X D1 — d1, 12 — d2,103 — Xe)

= Y > D¥¢1d2x0)

$1E€F (1) cEsupp 3
P2€F (Y2)

)

< ([tb2| = |po| + 93] — 1) D= (W1 — p1,1b2 — da, b3 —

+ Y (eel+1) D> D61, 60, x0)

p1EF (Y1) cE€supp 3

P2€F (Y2)

X DE(1h1 — ¢1, %2 — 2,93 — Xc)
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Z Z ¢la¢2aXc) Z Z (|¢/1’+1)Di(¢/17¢/27>(b)

$1€F (1) cEsupp Y3 besupp (Y3 —xc) ¢ EF (Y1 —1)
P2EF (2) PHEF (Pa—p2)

D1 — ¢1 — 1,02 — b2 — B s — Xe — Xb)

> (el +1) Y. DE(r, b2, xe)DE(pL — b1, 10 — d2, s — Xe)

P1EF (Y1) cE€supp 3
P2EF (¥2)

(by the induction hypothesis)

Z Z |¢1|+1 Di(¢17¢27Xb) Z Z Di(@l,@g,xc)

¢} €F (1) bEsupp s cesupp(Y3—xsp) $1E€F (Y1 —))
PhLeF (Y2) P2 E€F (P2—oh)

D*(1h1 — ¢1 — ¢, b2 — da — Phy V3 — Xe — Xb)

S (el +1) Y. DE(¢r, b2, xe)DE(pr — d1, 12 — b2, s — xe)

p1E€F (1) c€supp Y3
P2€F (Y2)

(sl =1 > Y (1641 + 1D (8, 6, xo) D= (1 — 6, b2 — b, b3 — xb)

@) €F (1) bEsupp s

P E€F (2)
7 (el +1) Y DE(¢r, b2, xe)DE(pr — b1, 12 — b2, s — xe)
p1€F (1) c€supp Y3
P26 F (Y2)
3] Z (I2| +1) Z DE(¢1, b2, xe) DE (1 — 1,102 — b2, U3 — Xe)
P1E€F (Y1) cEsupp 3
p2€F (Y2)

The following lemma, is necessary for the proof of Lemma 13.
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2.8.3 Identity for 3, D(¢,x,9 —¢)(z~ @ D)

Lemma 31 Forallbe A and v, x € F,

Y D@ xp— )@ @b) = —(x(0)+1) > D@, x+ x50 —¢)
PEF () P EF(¢)

+ ) > (eal+ 1D (¢, 62, x0)

PEF () P1EF($)
P2E€F(X)

X D<¢_¢17X_¢27¢_¢)

2.8.4 Proof of Lemma 13

The following is the proof of Lemma 13 using Lemma 31 and induction on |x]|.

Proof. It can easily be shown by induction on |p| that

]D)(Ov 0, ‘:0) = $+(90)

Thus Lemma 13 is true for y = 0. Assume that y € F — {0} then

Xzt (@ () = D x®zt (@) (x)
besupp x
— Y @ (- )@ @)
besupp x

= Z Z (=)D (41, x — X6 — 1 — 92)

besupp x ¥1,¥2,01,p2€F
1+ €F (X—Xb)
P1+p2€F ()

X D(pa, e, 0 — d1 — Pp2)(z~ @ b) (by the induction hypothesis)

= Z Z (=) D= (g1, 01, x — X — 1 — 2)

besuppx  ¥1,¥2,01E€EF
Y1+2€F (Xx—xb)
P1EF(p)

X Z D(¢27¢27¢_¢1_¢2>($_®b)

P2€F (p—9¢1)
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Z Z (=)l 2D (g, 41, x — xb — ¥1 — 1)

besuppx  Y1,9%2,01€F
P1+p2€F (X—Xb)
d1EF(¢)

(—(¢2(b)+1) > D(@h ta + Xb o — b1 — )

PhEF (p—1)

Z Z (I7[+ 1) D~ (7, 7", x5)D (2 —7'>¢2—T,790—¢1—¢2)>

p2€F (p—¢1) TEF(¢2)
T'€F (12)

(by Lemma 31)

> > (=)D (g by, x = xb — b1 — 1) (12 (b) + 1)

besuppx  Y1,%2,01€F
Y1+ €F (X—Xb)
d1EF(p)
> D(hthr + Xpp — b1 — )

PHEF (p—¢1)

Z Z (=)l D= (9 by, x — X — 91 — 22) Z

besuppx 192,016 F $2€F (p—1)
Y1+ €F (X—Xb)
P1EF (@)
Y (Il + DD (7,7 x0)D(d2 — 7,002 — 7' o — b1 — 2)
TEF (¢2)
T'€F (12)

> > (=)EDT (G, by, x — v — )

besupp X ¥1,9h,p1E€F
P1+p5€F(X)
P1EF(p)
%(b) Z ]D)(¢/27¢/2790_¢1 _¢/2)

PHEF (p—¢1)

Z Z Z (|71 + 1)(—1)|¢1|+|w2|

P1,%2,01,82€F besupp(x—y1—2) TEF(¢P2)
Y1+p2€F (x) ' €F (2)
P1+p2€F ()

D™ (¢1,9h1,x — xo — Y1 — Vo) D™ (1,7, x0)D(d2 — 7,02 — 7', p — $1 — o)
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= ST (=)Wl D (61,1, x — n — 05)D(Gh, v, — 1 — b))
Y1,0h,P1,05EF

Y1+v5eF (x)
d1+dLEF ()
+ Z (—1)¥alHs] Z Z (I7| +1)
P+ EF(X) T'eF (1)
P1+PEF ()

X D_(Tv T,,Xb)D_(Qsll - T, ¢/1 - Tle — Xb — ¢/1 - wé)D(QSIQa 1/)5, ¥ — d)l - ¢2)

= ST (=)l D (61,1, x — r — 5)D(gh, v, — d1 — b))
1/11»1//279517?5/26]:
1+ <x
P1+P5<ep

+ Z (_1)|¢1|+W2‘(’X’ - ’1//2’)1)_((75/171?/1’9(—@/11 —¢é)D(¢/27¢§a<P—¢1 _¢2)
Py, 01,05 F
Y1 +¥5<x
Pr+dp<ep

(by Proposition 30(ii))

= IxI Y (=)D (g gy, x — g — ) D(b2, Y2, — b1 — 62)

P1,%2,01,02E€F
PY1+1P2<x
P1+¢2<¢p

So all that remains to prove for Lemma 13 and Theorem 6 is Lemma 31.

2.8.5 Proof of Lemma 31

For all b € A and ¢, x € F,

Y D x,p—d)a ®b) = —(x(0)+1) > D@, x+xb0— )
PEF (¢) P'EF ()

+ > > (el +1)D7(¢1, 62, x0)

PEF (p) p1E€F(9)
$2€F(x)

X D(¢_¢17X_¢2790_¢)
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Proof. If |¢| > |¢| we have 0 on both sides. So the identity is trivially true in this case.
Assume that |¢| > |¢| and proceed by induction on || — |¢]. In the case |¢p| = |¢| Lemma
31 becomes

ple, )@ ®@b) = > (lo1] + D[z~ @ br(dr)m(¢2))ple — 1, x — b2)

P1EF(¢)
#2E€F(x)

which is just Lemma 24(i7). So Assume that || — |¢| > 0 then

(lel = lohD (e, x, 0 — ¢) (el = 1)) D p(d1,¢2)DF (¢ — b1, x — b2, 0 — @)

P1EF(d)
p2€F(X)

= Z Z Z (¢17¢2)D+(¢/17¢/27XC)

P1EF (9) ¢} €F(p—¢1) cE€supp(p—)
P2€F (x )d>2€f( —$2)

X D+(¢_¢1_¢/17X_¢2_¢,27§0_¢_XC)

= > > S (16411, 62)

# EF () pr1EF (p—¢)) cEsupp(p—9)
PHEF(X) p2€F (x—5)
|1 1=I5]

X ($+ ® CW(QS&)?T(QZ);))D—F(d) - d)l - ¢/1,X - ¢2 - qb/27 ¥ — (;5 - Xc)

= Y > Yo (165" @ en(ey)m(4h))

P EF(p) p1EF(p—¢)) cEsupp(p—9)
P5EF(X) p2E€F (x—b5)
|6 |=1¢%]

x (g1, ¢2) DV (¢ — 1 — ¢l x — b2 — P o —  — Xe)

D DRSS ST (4

# EF(¢) pr1EF (p—¢)) cEsupp(p—9)
PHEF(X) p2E€F (Xx—5)
|1 1=I5]

X [p(1, ¢2), (zF @ em () ()]

x DY (¢p—¢1— ¢, x—d2—dh,0—d— Xe)
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> Y. ()@ @en(@)n(@h) Y (o1 e2)

¢ €F(¢) cesupp(p—9) p1EF(9—9¢})
$HEF(X) p2€F (x—bh)
|8 |=[¢%]

D+(¢_¢1_¢,1ax_¢2_¢,2>90_¢_><c)

> S (en?

P €F(¢) pr1EF (¢—¢)) cEsupp(p—9)
PHEF(X) P2 EF (x—h)

|6 |=[¢%]

( -2 Z (2% @ ecdm(¢7)m(¢5))p(d1 — Xers b2 — Xa)
¢’ €supp ¢1
desupp ¢2

4 > (zF @ e (Y1) m(2)m (617 (92))p(d1 — Y1, P2 — %))
Y1E€EF(d1), Y2€F(42)

D+(¢_¢1_¢/15X_¢2_¢,2790_¢_XC) (by Lemma 29)

Yoo D (81T @em(d)m(6h))D(b — ¢, X — By — & — Xe)

@) €F(¢) c€supp(p—9)

#5€F(X)

|64 |=Io5]

2 Y > S D (@t @cddn(¢))m(¢h))
WL EF(P) p1EF (p—¢)) cEsupp(p—¢) ¢/ €supp ¢1

PHEF(x) p2€F (X—h) desupp ¢z

|97 1=]95]

p(d1 — Xers 2 — Xa) DV (d — 1 — 1, x — b2 — dh, 0 — & — Xe)

4y > S DD (@t @ em(y)m(vo)m(dh)m(¢h))

¢ €F(¢) preF(¢—¢)) cEsupp(p—9) P1EF(¢1)
$HEF(x) p2E€F (x—¢h) o €F (¢2)
97 =15

p(d1 — V1,02 — o) DV (P — 1 — &), x — B2 — Dy, 0 —  — Xe)
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> > (1813 (2t @ en(@h)m(¢h))D(¢ — ¢, X — ¢hy 0 — & — Xe)
¢ EF(¢) cesupp(p—ae)
PHeF (X)
|7 1=[¢5]
2 > > S (WA @ em () (yh))p(r, o)

PYeF(p) P1EF(p—1p]) cEsupp(p—¢)
YHEF(X) Y2eF (x—h)
[ |=l5]|>0

D+(¢—¢1—WpX—@Z)Z—@Z}é,@—QS—Xc)

> S (2 @ () (64))p(v, o)

YIEF(¢) P1EF(p—9)) cEsupp(p—a)
YhEF(X) W2 €F (x—h)
[91[=[v5|>1

Dt (¢p— 1 — Y, x — 2 —¥h,p— ¢ —xc) (by 2.8.1)

> ( D (91D (@ @ em(¢))m(5))D(¢ — B, x — Dhy 0 — & — Xe)
p—¢)

ceesupp( ¢ EF(9)
PHEeF (X)
|7 1=[¢5]
2 > (W)t @ e (@) m(85))D(¢ — ¥, X — h, 0 — ¢ — Xe)
P eF ()
o €F(X)
[ |=]15] >0

S (et @ en())m(vh))D($ — P, x — b, o — ¢ — xc)>
Y EF (o)

PoeF(x)
[¥1]=l5]>1

> <(m+ ® c)D(d, X, ¢ — b — Xe)

cesupp(p—¢)

> (@ ®cdd)D(¢ — Xar X — Xa o — ¢ — xc)>

desupp ¢
d' esupp x
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Thus

(lel = lo)D(p, x, 0 — @) = > <($+ ® c)D(¢, X, 0 — ¢ — Xe) (2.8.2)
cesupp(p—¢)
— ) (@ @cdd)D(¢ — xa, X — Xarr o — ¢ — Xc))
desupp ¢
d’' esupp x

Hence

(el =1D) > D(dx,p =)@ @b) = > > ((f’@C)

PEF ()

PEF () cEsupp(p—9)
X D(¢7Xa<ﬂ—¢—Xc)

- Y (@ ®dd)
dE€supp ¢
d’ €supp x

X D(¢—XdaX—Xd’aSD—¢—Xc)>(x_®b)

= Z (z7 ®c)
cEsupp ¢

X Z D(¢7X7¢_¢_XC)(xi®b)
PEF (p—Xc)

- > (@t ®cdd)

cEsupp ¢

desupp(p—xc)
d’ €supp x

X Y D@, x—xa e~ ¢ — xd— Xe)
¢’ €F(p—Xc—Xa)
X (z”®b)
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—(x®)+1) Y (@T@e) Y D@, XA+ X — ¢ — Xe)

cEsupp ¢ &' €F(o—xe)

Z Z Z (Ip1] + D) (a* © ¢) D™ (1, b2, xb)

CESUPP @ peF(p—Xc) P1EF ()
$2€F(x)

D(¢ — 1, X — P2, — & — Xe)

> Yoo () = xa(b) + V(T @ cdd)
d'esuppx ¢’ E€EF(p—Xc—Xd)
cEsupp ¢

desupp(p—xe)
D(¢', X — Xar + X0, — &' — Xd — Xe¢)

> > > (eul+ D)@' @cdd)D™ (¢1, ¢, x0)
d'esuppx  PEF(p—Xc—Xxd) P1E€F(9)
cEsupp ¢ P2E€F (X—Xar)

desupp(p—xe)
D(¢ — ¢1,X — Xar — P2, — & — Xa — Xc)  (by the induction hypothesis)

G+ Y Y @ oD@+ e — ¢ — xe)
¢'€F (p) cesupp(p—¢’)

o> Y (el + Dt @D (61,62, x0)

PEF (¢) cesupp(p—¢) p1EF(¢)
$2€F(x)

D(¢ — 1, X — 2,0 — & — Xe)
> > > (x(®) = xar(d) + 1)(at @ cdd)

PEF () cEsupp(p—¢) desupp ¢
d’ €supp x

D(¢ — Xds X — X' + Xbs — ¢ — Xc)

)OEEED DD DR SRR (T EY

GEF (p) cesupp(p—¢) dEsupp ¢ ¢1E€F(p—Xq)
d'€supp X p2€F (x—Xq7)

(27 ® edd ) D™ (¢1, d2, X6)D(¢ — Xa — D1, X — Xar — 2,0 — & — Xc)
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On the other hand

(el =16D) D> D (1l +1)D7 (b1, b2, xo)D(d — b1, X — b2, — §)

PEF (p) p1€F(9)
$2€F(x)
= Z Z (|¢1| +1)D_(¢17¢27Xb) Z <($+®C)
PEF () p1EF () c€supp(p—a)
$2E€F(x)

x D(¢p—o1,x — P2, — & — Xe)

- > @+®aMWW¢—¢1—xwx—¢2—Mm¢—¢—xa) (by 2.8.2)

desupp ¢—¢1
d’'€supp x—¢2
= > Y (el +)D (¢, ¢0x) Y, (@t ®e)
PEF () p1EF () cesupp(p—¢)
$2E€F(x)

x D(¢—1,Xx — 2,0 — & — Xe)

- > Y (al+)D (¢, k) D > (@ ®cdd)

PEF () p1EF () c€supp(p—¢) dE€supp p—¢1
P2€F (x) d’ €supp x—¢2

x D(¢—d1—Xa, X — P2 — Xars ¢ — & — Xe)
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So it suffices to show that

0 = Z Z ($+ ® C)D(d),? X + Xb, Y — d), - Xc)
¢’ €F () cesupp(p—¢’)

+ Z Z Z (|p1] + ) (2™ @)D~ (1, P2, Xb)

PEF (@) cesupp(p—¢) p1EF(¢)
$2€F(x)

x D(¢—1,X — P2, — & — Xe)

+ ) > > (x(b) = xar(b) + 1)(at @ cdd')

#'€F () cEsupp(p—¢') dEsupp ¢>’
d’'€supp x

x D(¢' = XayX — Xar + Xor 0 — & — Xe)

- Y Y (el + )t @cdd)D (61,62, x0)

HEF () cesupp(p—¢) dEsupp ¢ ¢1€F (p—xXa)
d'€supp X 2 €F(X—Xar)

X D(¢—xa—d1,X — Xar — P2, — & — Xe)

+ (el = 1oh(x®) + 1) > D x+ X — )

'EF ()

- Y > (el DD b)Y (@@

PEF (p) p1E€F(9) c€supp(p—9)
$2€F(x)

X D(¢_¢17X_¢2790_¢_XC)

+ > N (al+1)D (6162 x) Y Y (@t @ddd)

PEF () p1EF()) ce€supp(p—¢) desupp p—¢1
$2€F (x) d’ €supp x—¢2

X D(¢— b1 —XasX — P2 — Xas ¥ — & — Xe)
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or equivalently that

0= —-(x)+1) Y Yo @t oD@ x+ X e — ¢ — xe)

@' €F (i) cEsupp(p—¢')

+ D > > (ol + 1) [ @¢), D7 (¢1, 2, x5)]

dEF () cesupp(p—9¢) p1EF(P)
$2€F ()

x D(¢—¢1,X — 2,0 — & — Xe)

+ D > > (x(0) = xar(b) + 1)(z" @ cdd)

¢’ €F () cEsupp(p—¢') dEsupp ¢’
d’ Esupp x

x D(¢ — Xay X — Xar + Xor o — & — Xe)

- > 3 XYY e+ ) @t @cdd), D7 (61, 62, x)]

PEF () cEsupp(p—¢) desupp ¢ ¢1EF(d—xd)
d'€supp X p2€F (x—x41)

x D(¢—xa—P1,X — Xar — P2, — & — Xe)

+ (el = 8Dx®) +1) > D x+ X0 — )

d'EF(¥)
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Concentrating on the terms with Lie brackets we obtain

Y Y (el + ) [t @e) D (1, b2 x0)]

¢EF (p) cesupp(p—) p1EF(¢)
$2€F(X)

x D(¢p—o1,x — P2, — & — Xe)

- Y Y Y (e 4+ (@ @cdd), D (b1, 62, x0)]

PEF (p) cEsupp(p—¢) desupp @ ¢1E€F (p—xa)
d'€supp X ¢2 eF(Xx—xgqr)

X D(¢—xa—P1,X — Xar — P2, — & — Xe)

-y ¥ > (o] + Dlen|i(h @ ber(d1)7(62))

PEF (i) cEsupp(p—¢) p1E€F(¢)
P2€F ()
[$1]=]¢2]

x D(¢p—d1,x — P2, — b — Xe)

- ) > > Yo (o1l + Dlen (k@ bedd'm(¢1)7($2))

PEF (@) cesupp(p—¢) desupp ¢ p1€F (d—Xd)
d'€supp X 2 €F (x—Xg7)

|$1]=|p2]
X D(¢—Xa— 1, X — Xar — P2, — ¢ — Xe)

= Y (ol + Dlenl(h @ ber(é1)m(62))

PEF (i) cEsupp(p—¢) p1E€F(¢)
P2€F(x)
[$1]=¢2]

x D(¢—1,x — P2, — & — Xe)

— > D> (864 (h @ bem(¢7)m(65))D(d — B, X — Dhyp — & — Xe)

¢EF (p) cEsupp(p—¢) ¢} EF(P)
PHEF(x)
|8 =165

= Z Z Z (I¢1]1)?(h @ bem (1) (d2))D(¢ — P1, X — 2,0 — & — Xe)

PEF (i) cEsupp(p—¢) p1E€F(¢)
$2€F(x)
|1 |=|b2]

= Z Z Z Z (Ip11D)%(h @ bem(¢1)m(d2))p(S], ¢)

PEF (i) cEsupp(p—¢) p1E€F(¢) ¢ €F(p—1)
$2E€F (X) ¢phEF (x—¢2)
|p1]=[¢2|

x DY (¢p—¢1— ¢, x—d2—dh,0—d— Xe)
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= > 3 3 > (e h@ben(d)m(62))p(tr — 61,12 — 62)

CESUPP Y peF (p—xc) Y1E€F(P) p1EF (1)
Y2 €F (X) p2€F (P2)
|$1]=|p2]

DY (¢ — 1, X — 2,0 — d — Xe)

= > > > Y (a(h@ben(d)n(en)

@' E€F (p) PLEF (@) cEsupp ¥ $1E€F (Y] —Xc)
P2€F () $2E€F (P2)
|p1]=]02]|

P — Xe — ¢1,002 — ¢2) DT (¢ — Y, x — a2, 0 — &)

X

X

The following formula will be necessary. Suppose that b € A and ¢, x € F then

—(x®) + Dplox+x0) = > > (el)? (2.8.3)
CESUDP @ 1 €F (p—xe)
$2€F (x)
|1]=¢2|

X (h @ ber(d1)m(d2))p(p — Xe — ¢1, X — ¢2)
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This formula will be proved after we finish the proof of Lemma 31. From above

Y Y (el + D) [t @) D (1, b2 1))

¢EF (¢) cesupp(p—) p1EF(¢)
$2€F(X)

x D(¢—o1,x — P2, — & — Xe)

- Y Y Y (e + ) (@ @cdd), D (b1, 62, x0)]

PEF (p) cEsupp(p—¢) deEsupp ¢ ¢1E€F (p—xa)
d'€supp X ¢2 eF(Xx—xgq')

X D(¢—xa—P1,X — Xar — P2, — & — Xe)

= Y Y Y (aiheben(é)n(e2))

¢/€]: ¢/ eF ¢/) cesuppw’ ¢16]:(¢1 Xc)
P2 €F(x) P2 EF (Y2)
|p1]=[¢2]

X p(Y) — Xe — d1, 02 — d2) D (¢ — P}, x — b2, 0 — @)

= - > > Dp(1, 92 + x5) DT (¢ =1, x — 2,0 — ¢')  (by (2.8.3))
¢ eF( )w’equ’)
P2E€F (x)

= - Z Z wé(b)P(¢iy¢§>D+(¢/—win‘f‘Xb—"lﬁé?‘P—fly)
P'EF(p) PIEF(S)
P €F (X+Xb)

So the proof of Lemma 31 is reduced to proving (2.8.3) and showing that

0= = 3 Y O e)DT(E — X+ X — v e — &)
PeF(p) PIeF(¢)
Y5 EF (x+xb)

- (x®+1) ) Y @D x+xm e — ¢ — xe)

¢'€F () cesupp(p—9’)

+ ) > > (x() = xar(d) + 1)(at @ cdd')

¢'€F () c€supp(p—¢’) d€supp ¢’
d’ €supp x

x D(¢ — Xay X — Xar + Xor 0 — & — Xe)

+ (el =[x +1) Y D¢ x +xp0 — ) (2.8.4)

' EF(p)
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Using Proposition 24(i) we have

(:C+ ® C)D(¢/7 X + Xb, P — ¢/ - XC)

> (@t @c)p(er, ¢2)

p1E€F(¢')
P2E€F (X +xb)

D¢ — 1. x+xp— P2, 0 — &' — Xe)

> D> i+ Dl

N EF(P) ¢LEF(¢1)
P2E€F (X+xb) phEF (¢2)
|61 |=165]

p(p1 — 81, 2 — ¢5) (¢ @ em(P))m(¢))

D¢ — b1, x+xp— P2, — & — Xe)

(by Proposition 24(7))

> > (e + Dl p(er, ¢2)
PLeF ()  preF (¢ —¢))
PHLEF (x+xb) w2EF (X+Xb—05)
LA

(2 @ en(@h)m(¢h))
D¢ — ¢ — o1, x +Xb — Db — 2,0 — & — Xe)

> pler, o) > (e + 1)

H1EF(P') P EF (' —1)
p2€F (x+xb) PhEF (Xx+xp—02)
|6 1=I5]
(a+ © cx(éh)n(ch)

D (¢ — ¢} —dr.x+ X0 — ¢h — b2, 0 — &' — Xe)
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Similarly

(% ® edd)D(¢' — xa, X + Xb — Xars 9 — &' — Xe)

Y @ @cdd)p(pr,02) DM — xa — 01, X + X6 — Xar — P2, — ¢ — Xe)

P1EF(P'—xa)
P2E€F (X+Xb—Xgr)

> > (] + D Ip(er — ¢h, o2 — 0h) (aF @ edd/m(¢h)m(¢h))

P1€F (' —xa) PLEF (1)
P2E€F (X+Xb—Xg') PHEF (p2)

x DT

A
(@ —Xa—P1,X+Xb — Xar — 2.0 — ¢ — Xxc)  (by Proposition 24(3))

> > (651 + DY |'p(¢1, 82) (27 ® cdd'm(8))m(dh))

P EF (' —xa) $1EF (' —xa—¢1)
HHLEF (X+Xb—Xa7) P2EF (X+Xb—Xar —h)

|61 1=163]

x DT (¢ —xa—d1— X+ X6 — Xar — 2 — Db o — & — Xe)

> > (el = Dlenller(d)pa(d)p(ér, ¢2) (27 @ em(p1)m(2))

p1EF(¢') P1EF (¢ —p1)
P2EF (X+xb) P2€F (X+X—92)
lo1|=[¢p2]

x DY (¢ —d1—p1,x+ X0 — b2 — p2,0 — ¢ — Xe)

> p(dr, ) > (el = Dlerller(d)pa(d)

p1E€F(¢) P1€F(¢'—¢1)
p2€F (x+xp) P2 F(X+Xp—2)
lo1]=lep2|
x (a7 @ en(p1)m(p2)) DT (¢ — d1 — o1, X + Xp — P2 — 2,0 — & — Xe)
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Using these identities (2.8.4) becomes

> > p(é1,62)d2(D)DT(P — dr1x + X6 — b2, 0 — ¢)
PEF(p) P1EF(F)

p2€F (X+xb)
= ) S pnd)(—(x(®) +1) D > (Io1] + 1)!e7 ]!
PEF(p) P1€F(¢) cesupp(p—¢’) PLeF (¢’ —¢1)
P2E€F (x+xb) PhEeF (x+xp—02)
AR

x (zt @em()m(95)DT (¢ — ¢ — b1, x + Xo — Db — 2,0 — ¢ — Xe)

+ ) > opbnd) D > (x®) = xar(b)+1)

EF(p) Ppr1EF(F) c€supp(p—¢') dEsupp ¢’
$2E€F (X +xb) d’ €supp x
X > (Io1] = 1)1 ['¢) (d)d(d) (a7 @ em(¢))m(9))
PLEF (' —1)
PLEF (x+xp—02)
|9 |=185]

X D+(¢/_¢l_¢37X+Xb_¢2_¢/2790_¢/_)(6)

+ ) > p(d16) (el = IXD(x() + 1)DF (' = b1, x + X6 — b2, 0 — @)

¢'eF(p) ¢r1e€F(P)
P2E€F (x+xb)

So it suffices to show (2.8.3) and for ¢, ¢1, d2 € F with ¢1 < &, d2 < x+xp, and |p1| = | 2|

$2(b)DT (¢ — d1,x + Xxo — P2, 0 — @)

= —(x®)+1) > > (1911 + Dh [N @ en(d))m ()
cesupp(p—¢') ¢LEF (' —¢1)
PHLEF (x+xp—02)
|6 |=145]

x DV (¢ — ¢} —d1,x+xb— Ph— P2, o — ¢ — Xe)

o > W xe®@FD) Y (195 = Dl (d)h(d)
cesupp(p—a¢’) dEsuppd)’ PLEF (P —¢1)
d’ €supp x PLEF (X+xp—P2)
|67 |=|o5]

x (zt @em()m(95)DT (¢ — d1 — ¢ X + Xo — P2 — 5,0 — &' — Xe)
+ (ool = IxXD(x(d) + 1)DT(¢" — 1, x + X6 — b2, 0 — &)
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> > ( D (x(®) = xar(b) + D)h(d) — (x(b) + 1) (|| + 1))
cesupp(p—9') ¢1EF(¢'—1) d’'€supp x
PHLEF (x+xp—2)

DH (@), ¢y, xe) DT — 1 — &, x + Xxo — b2 — 5,0 — ¢ — Xe)
(Jel = IxI)(x(b) + 1)DT(¢" — 1, x + xp — 2,0 — &)

> > (x(b)¢'2(b) + (x(b) + 1)(|da] — ¢5(b)) — (Ida] + 1)
cesupp(p—¢') ¢1EF(¢'—1)
PLEF (x+xp—2)

(X(b) + 1)) D+(d)/1> QS/2>XC)D+(¢, - Cbl - ¢/1aX + Xb — ¢2 - ¢,27 ¥ — Qs/ - Xc)
(el = IXD(x () + 1)DT(¢" — b1, X + xp — b2, — ¢)

- > S hO)DT (S xe)
cesupp(p—¢') ¢LEF (¢ —p1)
LEF (X+xp—b2)

D (¢ — 1 — Pl x+xp— b2 — B, 0 — & — Xe)

x®+1) > > DY dhxe)
cesupp(p—¢')  $LEF (¢ —¢1)
PhLeF (x+xb—¢2)

D+(¢/_¢1 _¢37X+Xb_¢2_¢/27(;0_¢/_><c)
(x(®) + D)(lg| = [X)DF (¢ = ¢1, x + X — 2,0 — &)

- S Gh0)DT(Sh, b xe)
cesupp(p—¢')  PLEF(¢'—b1)
PhEF(X+xp—¢2)

DY (¢ — 1 — Sl x +xp— P2 — P o — & — Xe)

(x(d) + 1)DT(¢' — d1,x + X — 2,0 — &)
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So the proof is reduced to proving (2.8.3) and showing that

(x(0) +1 = ¢2(b)) DT (¢ — 1, x + xp — D2, — &)

= > S DT (b xe)
cesupp(p—¢')  PLEF (P —d1)
PhEF (x+xp—92)

x DT (¢ —¢1— ¢, x+xp— P2 — dho— & — Xxe)

but this is true by Proposition 30(z). So it suffices to give the

Proof of (2.8.3). In the case |p| # |x| + 1 both sides are 0. So assume that |¢| = |x| + 1.
The proof will proceed by induction on |x| + 1 = |p| > 1. The case |p| = 1 is easy. So

assume that |¢| > 1. Then

—[el(x(®) + Dple, x +xp) = (x(b) +1) > (I611D*(h @ m(¢1)m(2))

$1E€F(p)—{0}
d2€F (x+xp)—{0}

X plo—d1, X + xp — ¢2)
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x®+1) > (4D (h @ w(én)m(d2))p(p — b1, x + Xb — ¢2)

$1€F(p)—{0}
$2E€F (X+Xb)
$2(b)=x(b)+1

o (enl)?d2(b)(h @ w(d1)m(d2))p( — b1, X + Xb — d2)

$1€F (p)—{0}
P2E€F (X +xb)
0<¢2(b)<x(b)

Yo (81D (x(b) = d2(b) + 1)(h @ m(d1)m(d2))p(0 = b1, X + X6 — 2)

$1€F (p)—{0}
P2E€F (X+xb)
0<¢2(b)<x(b)

(x(0) +1) > ([611D*(h @ m(¢1)m(d2))p( — b1, X + Xp — P2)

$1E€F(p)—{0}
p2€F (x+xp)—{0}

¢2(b):0
> (1] (h @ br(dr)mw(dh))ple — b1, x — bh)
P1EF(p)
PLeF(X)

PACEND
Y (1) (h@br(d1)m(¢h))p(w — d1, X — D)

P1EF (o)

#HEF(x)
#5(b)<x(b)
> (I (hew(e)m(d) > > (¢4 [1)?
$1EF(p)—{0} cesupp(p—a1) ¢} €F (p—b1—xc)
p2€F(x) PhEF(x—¢2)
0<¢2(b)<x(b) |8 |=[¢%]

(h @ bemr(¢7)T(05))p(p — b1 — Xe — D1, X — b2 — &%)

Z (Ip1]1)?(h @ 7(¢1)7(2)) Z Z (Iph1H?
$1€F(0)—{0} cesupp(p—1) ¢) EF(p—d1—Xc)
p2€F (x+xp)—{0} PhEF (x—d2)
$2(b)=0 |8 |=[¢%]

(h @ berr(¢))m(95))p(e — b1 — Xe — @1, X — ¢2 — #5)  (by the induction hypothesis)

Y- (1) (h @ bm(én)m(0h))p(e — b1, X — 5)

P1EF (@)
$5€F(X)

Yo (nrhew(d)m(da) > > (I} 112
d1E€F (p) cesupp(p—a1) ¢} EF(p—p1—Xc)
$2€F(x) PrEF (X—¢2)

|¢1]=[¢2]>0

(h @ ber(¢)m(95))p(¢ — 1 — Xe — P, X — P2 — Bh)
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= Y ili61] — D)) (h @ br(g1)m(6h)p(e — b1, X — Bh)

¢1EF () cEsupp ¢1

#HEF(x)

- Y. DY (el men(e)n(e) >, (4]

CESUPP @ ¢y EF (p—xec) P EF (p—p1—Xc)
d2E€F(X) PhEF (x—¢2)
|$1]=|¢2|>0

X (h®ber(9))m(d9))p(p — 1 — Xe — D1, X — P2 — &%)

= > D (il + DGR @ ber(¢1)m(05))p(e = Xe — ¢1, X — h)

CESUPP @ ¢ €F (1p—xc)

$E€F(X)
- > > (641D (h @ ber () () > (Ip11)?(h @ 7(¢1)7(¢2))
CESUPP ¢ @) €F(p—Xc) d1EF(p—9) —Xc)
#HEF(X) P2€F (x—¢h)

|1]=|¢2|>0
X plo—d1—xXe— 1, X — P2 — PY)

= D> D (I8l + DU @ ber(87)m(¢h))p(e — xe — &1, x — 6h)
CcESUPP ¥ ¢ € F (p—xc)
PHEF(X)

+ > > (D)%l = 1= 184]) (h @ bem () m(65))p( — Xe — B, X — D)
cEsupp ¢ ¢ €F (p—xec)
PHEF ()

= ol Y > (41D (h @ ber(@h)m(¢h))p(e — Xe — D1, X — dh)
CESUPP ¥ ¢} €F (—xc)
#5E€F(X)
LA

So (2.8.3) is proved by induction on |p| and hence We have completed the proofs

of Lemma 13 and Theorem 6.
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Chapter 3

Applications to Representation

Theory

In this chapter we will discuss an application of ingredients of the straightening

lemma to the representation theory of U(sly ® A).

3.1 A C-Basis for the Global Weyl Module for sl;

Definition. Define w € h* by w(h) = 1. For k € Z>, define Wy (kw) to be the sly @ A-

module generated by a vector wg,, with defining relations
(et @ ADwiy =0,  hwpe = kwpw, (7)) M wpy =0

Then W4 (kw) is the global Weyl module with highest weight kw.

Define, for all ¢ € F and k € Zx,

DE(4h, x) = D* (b, [¢)]x1, X)
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Define a function ¢ : 2 — U(sly ® A) by

a(ex) = (=D >~ D (@, 0)p(x — ¥)

PeF(X)

The goal of this chapter is to prove the following theorem.

3.1.1 The Basis Theorem
Theorem 32 Given a C-basis B for A the set

{q(so, x)-wkw(%x € F(B), Ix|+lel = k}
is a C-basis for Wa(kw).

This theorem will follow from a theorem of B. Feigin and S. Loktev, [5], and two

lemmas.

3.1.2 A Theorem of B. Feigin and S. Loktev

There is a natural action of Sy on T*(V) given by extending
U(’Ul R ® ’Uk) = Vg-1(1) R QR Vo—1(k)

linearly.
Define a subspace S*(V) C T*(V) to be the span of

Za(v1®---®vk) vi,...,0 €V

oES

Define

AL Usly ® A) = TF (U(sly @ A))
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by extending the map

s A — TF(slhb® A)

k
PN Zl®j®z®1®k—j
7=0

to an algebra homomorphism.

Given a U(sly ® A)-module W define
p:TF(U(sly @ A)) — End T*(W)

to be the coordinate-wise module action. Then T*(WW) is a left U(sly ® A)-module via the
map p o AF~1. Moreover S¥(WW) is a submodule under this action.

Define V(w) to be the 2-dimensional s[, module with C-basis {v_, v} and module
action given by

4.0+ =0 zxvr=vy hoy=Fvg
Theorem 33 (B. Feigin, S. Loktev, [5]) The assignment wy,, — (vy ® 1)®* estends to a

sly ® A-module isomorphism Wa(kw) — S¥(V(w) ® A).

3.2 The Proof of Theorem 32

Using Theorem 33 we only need to show that the set

{alp. 2004 @ 1)% 2 0, x € F(B) Jol + x| = k |

is a C-basis for S*(V(w) ® A). This will follow from the next two lemmas.
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3.2.1 A Basis for S*(V(w) ® A)

Given a complex vector space V and v € V, and k € Z>( define

ok) _ 1, ek

(
v !

Let x, ¢ € F be given. Define v(p, x) € SI#HIXI(V(w) @ A) by

viex) = Y o( R -2V R) X (v+®a)(®x(a)))

T€Sjpl+Ixl  \bEsuPPY aSsupp X

Lemma 34 Let B be a C-basis of A. Then By, = {v(go,x)‘cp,x € F(B), x|+ ¢l = k} is

a C-basis for S*(V(w) ® A).

Proof. The set of all

p ( ® (v- ® b)(®@(b)) ® ® (v ® a)(®x(a)))

besupp ¢ a€supp x

where ¢, x € F(B), |¢|+ |x| = k and ¢ € Sy, is a C-basis for T*(V (w) ® A). Thus By spans

Sk(V(w) ® A). Now assume that v(¢1, x1),--.,0(pkr, xx) € B and v1,...,7, € C are given

with
k
> iv(psx;) =0
j=1
Then
k
Z Z jo ® (v— ® b)(®<ﬁj(b)) ® ® (vy ® a)(®><j(a)) -0
0€SE j=1 besupp ¢, aEsupp x;;
Hence vy =---=v=0. m
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3.2.2 The Action of ¢(p,x) on (v; ® 1)%*

Lemma 35 Under the module action of U(sla® A) on S*(V(w)® A), for all v, x € F with
ol +Ixl = &

(. x)-(v4 ® D = (=1)*v(p, x)

Lemma 34, Lemma 35 and Theorem 33 immediately imply Theorem 32. So to
prove Theorem 32 it suffices to prove Lemma 35.

To prove Lemma 35 we need to study the action of A* on ¢(y, x).

3.2.3 Action of A* on ¢(p, )

Given x € F define

compg(x) = ¢ x: {1,...,k} = (F(x))**

k
> x() =x
i=1

Proposition 36 Let x, ¢ € F be given. Then

A glex) = D qe),x(1) @ @q(o(k), x(k))

pecompy ()
x€compy, (x)

Proof. The proof will proceed by induction on £ > 1. The case k = 1 is trivial. It will
suffice to show the case k = 2 because assuming that case the remainder of the proof is as

follows. An easy induction shows that

Al — (1®(l—1) ® Al) o Al_l
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So

AF(q(e, X))

(1% @ Al) o A (g(¢, X))

AT Al > q(e(1),x(1) @ @ q (e(k), x(k))

pecompy, (¢)
X€E€compy, (x)
Yo ale),x(W) @ @q(pk—1),x(k 1))
pEcompy (¢)
x€compy, (x)

A (q ((k), x(k)))

peEcompy ()
x€compy, (x)

¢ecomp, (¢p(k))
Y Ecompy (x(k))

> S g (e, x(W) @ @q (k- 1), x(k 1))

pecompy, () pecompy ((k))
Xx€compy (x)

> q(¢(1),¢(1))®Q(¢(2),¢(2)))
q

IS
p€compy (x(k))

q(0(1),9(1)) ® ¢ (¢(2), ¥(2))

Yoo ale)x(D) @@ (k) x(k)) g (elk + 1), x(k + 1))
pEcompy, 1 ()
x€compy, ;1 (x)

Thus the proposition is proved by induction if we assume the k£ = 2 case. It remains to show

the k = 2 case. This case will have two subcases one where ¢ = 0 and one where ¢ # 0.

The subcase ¢ = 0 will proceed by induction on |x|. For the base case the proposition is

easily checked for x = 0. Assume that there exists [ > 0 such that the proposition is true
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for all X’ € F with |x/| <I. Fix x € Fj+1. Then

A'(q(0,x)) =

Al(p(x))

LS Al (he ) Alp(x - v)
I veF(x)—{0}

LS (e @) 91+ 10 (he (1))
I veF(x)—{0}

( Z p(o(1)) ®p(q§(2))) (By the induction hypothesis)

¢Ecomp, (x—)

lel Y RlH(heTw) @1 +18 (he ()
YeF (x)—{0}

( > p)epx—v - w’>)
WEF(x—1)

L Z S pi((henw)@1+1® (he ()

X e A0y wertw)
(p(") @ p(x — ¢ — "))

T Y Y whtenw) e - -v)
X e roo—{oy werG—)

1
x > > Wlp@) @ (h@x(e))p(x — ¢ — )
X peF(0—{0} weF(x—v)

LYY wheerw@n (- ep(x—X)

X e 700y vertar—10)

1| Yoo Y lherw)p(x-x - ¥)

Ix X' €F(x) peF(x—x')—{0}
X' <x
’ o
> e+ T X o)
xerc—{oy X Yerty X
X' <x

> p(xX)@p(x—X)

X'€F(x)

> a(0,x(1) ®q(0,x(2))

Xx€compy(x)
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So by induction on |x| the proposition is proved for £ = 2 and ¢ = 0. The subcase ¢ # 0
will proceed by induction on |x| + |¢|. For the base case the proposition is easily checked
for |x| + |¢| = 1. Assume that there exists [ > 1 such that the proposition is true for pairs
of elements of F with |x| + |¢| < . Fix x,¢ € F with |x| + |¢] = 1+ 1. In this case we

have by definition

d(p.x) = (=1 Y D@, e)p(x —¢)
YEF(x)
|<P\

= Y Y 19lie @dr(¢)D (¥ — ¢, — xa)p(X — V)

WEF (x) dEsupp ¢ ¢E€F (1)
Iw\

_ Y > 1#la @dn(@)D (¢ e — xa)p(x — ¢ — &)

‘80’ PEF (x) desupp p ¢/ €F(x—)

- Z > ol @ dn(9)aly — xax — 0)

¢€.7: ) desupp ¢

So we have
q(#,x) Z > Wl @dr(@)ale —xax—¢)  (321)
1116.7-— X) dEsupp ¢
Then
Al(gle.x) = M YD RIAT (@ @dr()) AMg(e — xa x — )
desupp ¢ YE€F(x)
_ ‘ | Yo N Wl (@ @dr) @1 +1® (a7 ©dr(y)))
v desupp ¢ YEF(x)
X > > (aE), 6(1) ®q(€(2), 6(2)))

£€comp, (p—xa) pEcompy (x—)
(By the induction hypothesis)

_ M 3 ZlW “@dr(y)) @ 1+1® (a7 ®dr(y)))

desupp @ pEF (x

D DS (Q(§a¢)®‘I(<P*Xd*f7X*¢*1//))

EE€F (p—xa) Y EF (x—1)
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B IsOI IIEDIDD > (=T @dr(y) @1

desupp @ PEF(x) EEF (p—xa) Y EF (X—)

+ 1® (@ @dr(¥)) (e, ¥) @ale —xa —&Ex — v —¢))

- X X Y Y W edwey)

desupp ¢ PEF (x) EEF (p—xda) Y EF(X—)

® qle—xa—&Ex—v—v)

S X XYY whew)

desupp p YEF(x) EEF (p—xXa) Y’ EF (x—)

® (27 @dn(¥))qle —xa—&x—¢—1)

- X Y Y Y e edral oy )

|<,0 X' EF(x) vEF(X') ¢’ €F(p)—{0} desupp ¢’

® qle—¢' x—X)

- X 2 e 3 Y Wl @ dr(y)

<P€]:( ) X' €F(x) desupp(p—¢’) veF (x—x')
"

X qlo—¢ —xa,x =X — V)

_ el oY e ) @ae-¢ x—x)

o' €F(p)—{0} X'€F(x)

4 le—el YooY a )@ale—¢ . x—x) By (321))

¥l V' €F(p) X' €F(X)
o'<p

= > > gl — o', x = X")

' €F(p) X' €F(x)

= > gl x(1) ®a(e(2), x(2)

pEcompy (¢)
X€Ecompy(x)

Thus the proposition is proved in all cases. m
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3.2.4 The Proof of Lemma 35

Proof. The module action is given by p o A¥~1. So

a(p,X)-(v+ @ 1)® = po A g, X)) (v4 @ 1)%F

pEcompy, ()
Xx€Ecompy, (x)

= > qe),x(1) (v @)@ - ®q(ek),x(k) (vy @1)
pecompy ()
x€compy, (x)
It is easy to see that each term of ¢(y, x) has ™ appearing || times. Hence ¢(p, x).(v4 ®
1) = 0if |p| > 2. Claim that, for any x € F with |x| > 2, ¢(0, x).(v+ ® 1) = 0. It is easy to

check this for y € F3. To prove this claim by induction on |y| assume that, for some k > 2,

q(0,x).(v4 ®1) =0 for all x € F with |x| < k. Let x € Fi41 be given. Then

G000 91 = o 3 WA ()a(0.x— ). @ 1)
YeF(x)—{0}

= 0

So by induction on |x| ¢(0, x).(v+ ® 1) = 0 for all x € F with |x| > 2. Thus for |x| > 0
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g(xa,x)-(r @1) = > [la” @dm(¥))g(0,x — ¢).(vy ® 1)
YeF(x)
Ix|

= Y1 Y (@ @dn()a(0,x — ¥).(vy ® 1)

=0 yeF;(x)

= 3 Y G ey v o)

J=Ixl-1  ¥eF;(x)
= (X =D Y (a7 @dr(x—x) (h@b).(v; ®1)

beEsupp x

— x| (1:_ ® dw(x)) (v ®1)

= (xI=-D! Y. (2~ @dr(x —xp)) (v @b) — [x|! (v @ dn(x))
besupp x

= (xI=D! D (v-@bdr(x —xb) — Ix|! (v- @ dm(x))
besupp x

= (IxI=D! > xO) (v-@dr(x) — x| (v- @ dn(x))
besupp x
= [x[!(v- @ dr(x)) — [x|! (v— @ dm(x))

= 0

Thus q(¢, x)-(v4+ ® 1) = 0if || + |x| > 1. Thus in the equation

a0 ) @) = 3 (1) x(1) (v @ 1) @--- @ q (p(k), x(k)) (04 @ 1)
sccompi(s)
q(2(5),x(4)) -(vy ®1) = 0 when |p(j)| + [x(5)] > 1.

k
I+ lel =k =3 (Je@)] + [x()])

So in every potentially nonzero term of the expansion above, for all j € {1,... k}, ‘ w(j )! +

{X(j)’ = 1. In other words there exists bj,d; € A so that ¢(j) = x4, and x(j) = 0 or
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¢(j) = 0 and x(j) = xp;- In the either case we have one of

2(9.0)-(vs ©1) = ~(a~ ©d;).(01 ©1) = —v_ © d;

(0, x;)-(v+ ®1) = =(h @ bj).(v4 ©1) = vy @ b;

So these are the only possibilities for factors in the tensor product above. Thus ¢(p, x).(v+®

D = (=1)*v(p, x). =
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