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Abstract· .· ., 

.. , _; 

·. ' "-· The second-order nonlinear differential equation for the rotation 

of Mercury is shown to imply locked-in motion when the period is within 

the range·· 

(2T/3)J 1 

where e is the eccentricity and T the period of Mercury's orbit, the 
\ . ' . 

time t ·is measured from perihelion, and >.. = (B - A)/c measures the. 

. planet' s· distortion. For values near 

oscillates about 2T/3 with period 

. /-. 

. ··.I 

2T/3 , the instantaneous period 

( I )-1/2 2l>..e 2 . .T • 
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:~Radar (1) and visual (2) observations of the planet'Mercuey 

indicate a rotation period T = 58.4 ± 0.4 days, close to 2/3 of the 
r 

orbit period ~ = 87.97 days. _Colombo (3) and Liu and O'Keefe (4) have 

surmised that a stable "locked-in" motion of this type can occur as a 

·result of the. inverse-cube :term in the planetary potential (5,6) that· 

arises ~or a body with unequal moments of inertia in the orbital plane. 

· The exi-stence of such a solution to the equations that govern the rotation. 

of a rigid distorted planet has been demonstrated by Liu and O'Keefe by 
' 

means .of digital_computations. In this report we present approximate 

analytic formulas that may afford further physical insight into the 
I 

character of locked-in motion, that could facilitate the interpretation 

of observational data, and that indicate.the dependence of the results 
I : • 1 •. 

upon the·: various parameters of the model.' For simplicity, and for 

clarity in the exposition, the analysis outlined in this report is 

carried to no higher order than is required to exhibit the 18alient 

t'eaturesj of the phenomenon. : 
I 

'! .:..'1 
. l 

- .... 

· The differential equation for the' orientation, . e -,.:'of the planet 

is given by Eq. 4 of the report by Liu and O'Keefe (4)~ In terms of the 

variable. T = 21tt/T it becomes, after insertion of .the equation ·ror the 

Keplerian orbit (7) ofeccentricity·- e, 

(1) 

with the largest of the principal moments of inertia (C) taken perpendicular 

to the orbital plane, "- = (B - A)/c measuring the difference between 

the two·smaller moments of inertia, and :t' denoting the t~e anomaly. 

' . ~· ... 

.:, 
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[Since damping effects have been'ignored in this analysis, ~q. 1 is 

derivable from a simple Hamiltonian function, with periodic coefficients, 

·in which p = dfJ/dT is the' canonical mom-eiitum.conjugate to e , and 

Liouville's theorem concerning the conservation of phase-apace area 
/ 

applies to the variables e , p.] 

· Substitution of the explicit variation of the true anomaly with 

t'ime, as given by 

·f{T) = T + 2e sin T ( 2) 

'; I' ·,; .· .... 
tqrough· the first-order term in .. e , · converts Eq~ 1 to the approxima:te 

~orm 

'· 
[(1 + 3 e COB T)sin 2(9 - T) - .4 e Sin T COS 2(9 

'I 

which forms the basis of 'the remainder of our analysis. [It is noted, 
I . . . 

t;rom Eq. 2, that T is to be regarded as measured from the time of 

. perihelion passage, and e . is the angl~ made by the smallest of the 

moments of inertia (A) with the major axis of the orbito] One expects 
•. I!, 

tl:lat there may be periodic (locked~in) ~oiutions to Eq. 1 or ;)'that ar~ 

stable, in the sense that neighboring solutions describe oscillatory 

motion about these periodic .:solutions. · 

, I 

. ·~·· , ; ·.' '' ' 

.,. ..... / . 

. ·' ~.: _,{.' ~ ,, 
... 

'.;r .' 

.. ' ..... 
' ~··' .: 

:•.'. ·. 

'. 

, .. ,I ' •. 

:.- ·'' ·.· . 

We consider, speciflcally, solutions for which d9/dt ~ · ( 3/2)( 2s!/T) ;',.'." 
,·i.· 

and write 

'' 

' 3 
e = - T + 11 , ' 2, 

( 4) 

.. ' 
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sp tha~ Eq. 3 becomes : . . 

[; 

d2 2h [<co~ T + i e 
1 2T)ain 2l} 

. l 
sin 2T)cos 2111 ~ +: - - e cos + (sin T - - e 

dT2 2· 2 2· 
/ 

I. (5) 

Wthen 11 is small, Eq. 5 may be linearized, to.assume the fiorm 

:2 
~ + -2

3 -~ (2 COB T + 7e ~·e COS 2T)11. = 
dY2 

3' 1 -- h(sin T-- e sin 2T) • 2 2 . 

( 6) 

2 For ·A << 11 an approximate particular integral to the inhomogeneous 

Eq. 6 ~:s readily obtained, and the . solution to the corresponding linear 

homogeheous equation may be derived (8) by ignoring terms of average 

value :zero in the coefficient ~f 11 • The solution thus includes a 

pe~iodic motion, of period .. T 1 and a long-period oscillation of 

ainpli tude . a0 : 

. ' 
' 

'' . 
I' 3 . 1 . . 

11. 
1 
= g._. A< sin T - S' e sin 2~) 

or 

·H·- . ·_. . . <' . ·:. 

+.· a
0 

sin,__( ( ~l Ae) 1/ 2 T '+ 1 a1
] ,· 

.. .- ,. '. 

·, . 
. ' 

· w~ere ,a0 and . a1 are arbitrary constants. 
I 

(7a) 

(7b) 

. If a
0 

· is not small, so that th,e slow excursions· of 11 preclude 
. . 

li~eari.~tion, a similar aVi~raging of th.e, coefficient of . sin 2l} in Eq. 5 

su~gests that these oscillations are essentially described by an equation 

-----;--------

J 
= o. 

·.·· 

·,. 
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. ·of. the form applicable to the motion of ~· physical.pen~ulumr 

2 . 
d :~ +~¥ X e sin 211 = 0 , 
dT 

. . ·.-: ;,:. ' 

for which one may write the first integral 

'·· 
'.,:· 

1 . d I 
2 21 ·{( *') -1r }.; e cos 21') = const. 

i' 

.. (8) 

'' ..... 

(9) 

' ·; 
With the excursions of 1l limited to ± 'IC/2' for oscillatory motion, ~.he 

'' 
rna~imum value that dTt/~,.. can assume for locked-in motion (9) occurs when· 

'i 
11 = 0 , and is 

i. 

'! '/ ·: 

21 1/2 
( 2 }I.e) •' 

• -.J II . 

Wf 1'h inclusion of the contri,.butions from . the first terms on, th~ right-hand · 

side of Eq. 7b, therefore: the values of 
0 

d9/dt . :ror locke~~in motion are . ·. 
I ',I 

expected to lie betveen the limits 
i. 

r a.s ] : 
ldt = 

' : max,min 

. . . '1/2 
~ ( 1 + }.; cos ~t . ± ~ ( 2

2
1 

>..e) . - J , . 

w~ere we have neglected the term proportional to · }I.e o 

·, ., 

. (10) 

·. ; The foregoing analysis serves to confirm that locked-in rotational •. 
··.· . . 

motionwith a period approximately 2/3 the period of revolution is dyria.m-

i~ally possible. The form of the solution show in Eq. · 7b suggests, 

however, that observations of the rotation will indicate. rates that vary 

·. :.: ' 

.'• 

. 'J ·. 

. . ' ' . 
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during. the course of a planetary year .and that, in addition, slower 
I . ; :·. ' -~ , • • 

variations of the rotational rate may occur with a period given by . 

' '. 

-1/2 
T~l.ib F ( ¥>..e) T (11) 

when the amplitude (a
0

) of this libration is not large. An expression 
' .•.. ~-·-----·····-

. . 

of the form given by Eq. 7bimay be useful for the interpretation of data 

obtained by the sequential observation or surface features on the planet. 

More simply, the instantaneous period-.:.aa could be :tn+'erred from radar 
'I 

observationa-ewould be (by differentiation of Eq~ 7b when the term 

proportional to >..e ·" is neglected) '-
. I 

' } ' 21 . l/2 : ~~ 21. :~J2 21ft . . . . 

2 ':") .. oos[(2 ~e) ·•. T + a1 ): T 

. . ··. . (12) 

small, and, for any a0 compatible with·locked-:i.n motion, would 

lie bet~een the limits obtained from Eq. :10: 
• lo • ' ', 

r 
·] I 2 [ 21ft 2 : 21 l/2 ] ·. 

T = "3 1 .. >.. cos T . :;. "3 ( 2 >..e) _·· T • 
L i max,min 

(13) 

. ~ . . 

,- ~-' ·, : 
. :·"·i· 

·• 
... ,. I 

_ ....... : 
. ~' . . :·:. . 

For favorable values of a0 , a d~termination of >.. may be feasible. through _··. ·· · 

opservation of the slow librator.Y motion, with a period close to that 

expres,aed by Eq. 111 that is represented by the last term of Eqs 12.. If, 

ho:wever, a0 is very small.:.;-as could. we'll result from the action of 
. . 

I • .· · . 2 · 23ft 
damping mechanisms--the term ~ 3 >.. cos ·~ in Eq. 12 will represent the 

! . '. . I .. 

larger contribution to the variation of .the instantaneous period. 

. 1 

. ' ' . . 
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Substitution of the ·values T = 87.•97/365 yr, : e = 0.2, and 

A = 5 x 10-5, as suggested by Liu and O'Keefe (4), into Eq. 11 leads 

to a libration period Tlib = 23.5 yr for small-amplitude variations, 

~n substantial agreement with their computational results (4) •. Corre-

spondin:gly, from the last term of Eq. 13,· the maximum variation of the 

instantaneous period of rotation that could arise from this libratory 

·motion: 'W:OUld be approximately ± 0.1~0 day, in good agreement with 
i. . 

recent computational results of Liu and O'Keefe (10). It is highly 
'' . . 

unlikely, of ciourse,· that· su·ch ~rge variations are nov actually occurring, 

b~cause: of the damping that would have resulted from tidal' effects. 
I • 

Although the detailed results presented in this report have been 

with.reference to motion for which the·rotation period is close to 2/3 
..... 

the :r,>eriod of revolution, the existence of other stable modes of locked-in 

mOtion should not be overldoked. 
-

The possible range of var1ation·for the 

rotational spe~d in general will be substantially'smaller ~or the higher-
. lr. ' . ' 

·:· 

. . . . 

. :·-

., ' 

order modes, for reasonablet:values of theJ parameter A , and this feature 
j' i . "- i 

will have significant implications con~erning the magnitude of the damp-

· ing pr~sent at times when the speed of planetary rotation may have been . . . 

considerably greater than is now observed. ·Lower limits, which depend on 

x:1 cari 'be,set to the rate of decrease of the rotational energy through 
• I I 

the agency or damping if the rotational motion has passed through the 

higher;..order modes during the past 'history of the planet.:· Similarly, an 

upper limit can be set on the amount of damping that will permit the 

rotation to remain locked in to the mode analyzed in this report. Worl~ 

to be reported elsewhere indicates, moreover, that damping torques actin(_'; 

··._,·. 

. .t ·:. 

. ' 
. . 
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.·.··' ·'i 

at present would shift the phase of the periodic solutions·presented 

here,· and this result suggests that information concerning the current 

magnitude or such torques may be inferred from more· _detailed observation 

of the rotational motion. 

.·,A'· 

lawrence Radiation Laboratory, 

tirii vet,si ty of California,· 

ierkeley, California.· 
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