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assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.
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L i The second—order nonlinear differential eqpation for the rotation
| ' -of Mercury 13 shown to . imply locked«in motion when the period ie within

'.the range -

(2,1,/3) [ }\ cos -23-‘_2 .. 4 2 (21}\6/2)1/2 ]-”‘;v |

_wﬁere e 1is the eccentricity and ™ the period of Mercury 8 orbit, the ‘W_,f:‘;
| ”_time t is measured from perihelion,and A= (B - A)/C measures the
’.,uplanet’s diatortion, For: values near 2T/3 , the instantaneous period -

- oscillates about 21/3 with period (21Ae/2) 1/2 o “Y;-ffgl,!”




'featureslof the phenomenon._(_?

4. - -':UCRL_16‘6-33 .
o

i Radar (1) and visual (2) observations of the planettMercury

- indicate a rotation period Tr ¥'58.h t 0.4 days, close to 2/3vof the

orbit period T = 87.97 days. Colombo (3) and ILiu and O'Keefe (4) have

.surmised that a stable "locked-in" motion of this typevcan occur as a
. result of the,inverse-cubeiterm in the planetary potential (5,6) that’
. arises for a body with unequal moments of inertia in the orbital plane.
’ The existence of such a solution to the equations that govern the rotation

| of a rigid distorted planet has been demonstrated by Liu and O'Keefe by .

means of digital computations. In this report we present approximate
analytic formulas that may afford further/physical insight into the |

character of lockeduin motion, that could facilitate the interpretation

of observational data, and that indicate the dependence of the results i
‘upon the various parameters of the model.. For simplicity, and for

- clarity in the exposition, the analysis outlined in this report is

carried 10 - no higher order than is required to exhibit the 'salient

s ’ C : -
. ,

_i The differential equation for the orientation,. 9! bf the planet

' is given by Eg. 4 of the report by Liu and O'Keefe (h) In terms of the

variable - T = 2nt/T it becomes, after insertion of the equation for the

Keplerian orbit (7) of’ eccentricity__e‘,;f

5 [y O gote o1 =0,
' l-e : L B P U o

ar

with the largest of the principal moments of inertia_(C) taken nerpendicular
to the orbital plane, A= (B - A)/C measuring the difference between

thé two smaller moments of inertia, and f denoting the true anomaly.
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v
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[Since damping effects have been ignored in this analysis, Eq. 1 is.»{
derivable from a simple Hamiltonian function, with periodic coefficients,
| blbf - l_v"in vhich p = as/dr is the: canonical momentum conjugate to o , and
) o Liouville's theorem concerning the conservation of phase-space area
applies to the variables ) , p ] 7
N ' Substitution of the explicit variation of the true. anomaly with ir'
';1ltime, as given by | ) |
£(7) ‘si T ';,'2é s1n T'v' ::'ji\l'ilt{féf br{i‘”<2)

U (

|
,#
A , . [ ‘
I

through the first-order term in e ) converts Eq. l to the approximate

; form —_

. ) ~ S . o . )
PO | S o
=5+ 5\ (L+3ecos 7)sin2(6 -~ T) ~hesinTcos 20 «%)] =0, .
i | . , . Mg :

which;forms‘the basis of*theeremaindervof our analysis.n_[It isbnoted,>
'ﬁrom Eq.‘e, that/ T 1is to be.regarded as:measured from the time of -
'_jperihelion passage, and © .15 the angle~nade:by the smallest of tbe '
'moments of inertia (A) with the- major axis of the orbitG] One expects
that there may be periodic (lockednin) solutions to Eq. l or 3 that are
stable, in the sense that neighboring solutions describe oscillatory

l motion about these periodic solutions.

{

. and write o ) 'ef' :

o %;T .y - o -i; = fﬂff o B (4)

T, 30
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ﬂ = auk(gin T —_H e sin 2T). +f o’ sinﬁ[( Ae ) T L+ al}
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11‘.
'qd that Eq. 3 becomes
=1 4+ 2N ((cosT+5e-3ecos 2r)sin 2 + (8in T - = e sin 27)cos 21| = O,
2 2 sTrvzeTz arlemT oz =) § =0
- : o B (5)

When % is small, Eq. 5 may be linearized, to assume the form

+ 2N (2cos T +Te <ecos 2r)y = =~=A(sin T - = e sin 21) .
d¥2 .2 a e 2 2"
| | . N (9]
Far ~x2 << 1, an approximate pa:ﬁiculér ihtegral to the inhomogeneous
Eq. 6 is readily obtained, and'the_solutibn to the corresponding linear

homogeﬁeous equation may be derived (8)'by ignoring terms of averége

value Eero»in the coefficient qf ‘11 +» The solution thus includes a

' pé;iodic motion, of periodpjT', and a logggperiodfoscillation of -

amplitude Gy o SR k:.k . L

3

JECHE
| el

0
| - (T1a)
or N

i
0

"e_v=_’2%3 4-% Mein gﬂﬁ - 3- in &EE) +a, sin [(~2£ Ae) 2%3>:+ al}

. ‘.:'2 S

e

 vhere «, and al'.are_arbitrafy constants.

0

j{ 'l If o, is not smali,“éo that the élow‘excursiohs'of‘ 1 'précludm o

linearization, a similar averaging of the coefficient of 8in 2n in Eq. 5

suggests that these oscillations are eesentially described by an equatio“

e e
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eof;the form applicable to the motion of éﬁphyﬁicaljﬁendnlum;;f‘"*

for which one may'write the first integreii]ﬂ1ff{oa

.
*
oo

, 2

CEEY - v%l' A e cos "‘““f const. o (_9)_“_' Ea

' maximum,value that dﬂ/ﬁT‘ can assume for locked-in motion (9) occurs-when; SRR

o
' i
i

. i s ‘ \" v
Idn/dflﬁax‘ = ( xe) / 6

T R

: With inclusion of the contributions from the first terms on, the right-hand

side of Eq. To, therefore, the valuee of de/dt for lockeqfin motion are -

kexpected to lie between the 1imits

de } [ ot . 2, el My
a9 = 1+hcos == . =(Sne) |, . < (10)

where we have neglected the term proportional to  Ae
‘ ; The foregoing analysis serves to confirm that 1ocked-in rotational

motion‘with a period approximatel& 2/5 the period of revolution is dynamn

ically possible. The form of the solutior shown in Eq. Tb suggests, |

however, that observations of the rotation will indicateiratee that vary

rﬁv A"""“%

RN



o .For'favorable values of «

{
Ul max,min . _ T
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during the course of a planetary year and that, in addition, slower

variations of the rotational rate may occur with a period given by '

‘ ~1/2 , e
Tiib F ke) T ' ' g :’ L (11)

(2L

~when the amplitude (ao) of this 1ibrat}ogwégrnot large. An expression

of the form given by Eq. Tbimay be useful for the interpretation of data |

obtained by the seqpentiel'observation of surface features on the planet.

More simply, the instantaneous period-4aedcould he inferred from radar
observations-éwould be (by differentiation of Eq. Tb when the term

proportional to Ae' is neglected) L

. Coafe o~ /2 -
=X 2. ent 2 21 : ant
Ty = gojas = 3 (1 - Mcos T 3 a 3 }‘e), cos[( xe) T +al]
3 N zI: ' p L . d; "3 - (12)
for o) small, and, for any o compatible with. 1ocked-in motion, would

0
lie between the limits obtained from Eq. :10: . .];;Pf;;f'

1~xcos—21‘3 ;’%(‘%xe).._]

wilno

= T.o o (13)
!

Ofl. PR . .

observation of the slow'libretory'motion, with a period close to‘thet

‘expressed by Eq. 11, that is represented by the last term of Eq. 12. If,

'however, ao is very small--as could well result from the action of

damping mechanismsu-the term - % A cos E%EA 1n Egq. 12 will represent the
|- . ; : . :
larger contribution to the variation of the instantaneous period.

' t

1dé'determinationzof"x ‘may be feasible through - B
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| Substitution of the values T 87, 97/365 yr, e = 0.2, and
Hl'e 5 x 10 5; as suggested by Liu and 0'Keefe (h), into Eq. 11 leads
: to a libration period Tli 2) 5 yr for small—amplitude variations,
‘rﬂn substantial agreement with their computational results (4). . Corre- S
i'_3pond1ngly, from the last term of Eq. l3; the maximum variation'of the
instantaneous period of rotation that ‘could arise from this 1ibratory ,
inotion 'would be. approximately 0 40 day, in good agreement with
"',‘f;'i recent computational results of Liu and O'Keefe (10) It is'highly
;unlikely, of course, that such large variations are now actually occurring,
1_because of the damping that would have resulted from tidal effects.
_ Although the detailed results presented in this report have been ,':i:¢
"with reference to motion for which the ‘rotation period i1s close to 2/5 |
the period of revolution, the existence of other stable modes of 1ocked in :1T:f‘
‘:;motion should not be overlooked. The possible range of variation for the".'ﬁ
i rotational speed in general will be substantially smaller for the B igher—':
9;995 modes, for reasonabletvalues‘of the’ parameter A , and this feature.
will‘have significant implications concerning’the magnitude of the damp{
'-153 present at iimes-when the speed of planetary rotsbion_nay have been
lconsiderably greater than is now observed. ‘Lower limits,'whichvdepend on
N , can be .set to the rate of decrease of the rotational energy through
ﬂ'the agency of damping if the‘rotational motion has passed through the
l highereorder modes'during the'pastfhisbory'of the planet.{fSimilarly, an
- upper limit can be set on the amount of damping that will .permit the '

'rotation to remain locked in to the mode analyzed in this report. Work

to be reported elsevwhere indicates, moreover, that damping torqpes ‘acting




.”“V_Vat present would shift the phaee of the periodic solutions presented

‘of the. rotational motion..i

Ihere, and this reeult suggests that information concerning the current N

fLQ;JacksonfLaslett:h"

"";fAndrew'M;dsessler vﬁ

Lawrence Radiation Laboratory

University of California,

Berkeley, California.‘
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-‘magnitude of such torqpes may be inferred from more: detailed observation'ﬁsi“
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or usefulness of the information contained in this
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mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
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