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ABSTRACT
Superconvergencé'relations forvt < 0 are studied in thé'one~
tower approximatioh, and # simple method for fheir solution is
introduced. In genersl we find that, given a mass-sﬁeétrum and
one Solution for the couplings, an infinite number of other
solutions can bé constructed. In simple cases, we also construct

the first solution. | \

This work was done under the auspices of the United States Atomic Energy
Commission,
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The saturatlon of non—forward superconvergence relat:.onsl with an _
infinite set of single-particle states 2,3 has recently become a popular
pursuit. The problem divides itself naturally into two: the saturation with
a) & finite number of external particles, and b) the whole tower.as external
particles. The latter problem, is clearly much more difficult than the former,
and we shall have 6nly some indirect comments to make about it. Our purpose
in this paper is to noteba rather simple procedure for construction of solutiwms
with a finite number of external particles. In general we learn that, given
~a mass spectrum and one solution for the couplings, one can construct an
infinite number of other solutions}+ In simple cases,; we can also construct
the first solution. Unless some further physical principle can be invoked
to distinguish between the solutions,5 it appears that the non-forward super-
convergence relations are dangerousiy close to being empty.6’7
Owr order of presentation is as follows., First we study an example
of a superconvergence relation derived from large isospin and/or strangeness
in the t-channel., Here, given any mass spectrum sz bounded by 32 for large
J, we can construct an infinite number of absolutely convergent solutions for
the couplings. Then we go on to consider the helicity-flip superconvergence
relation recently discussed in some detail by Kleln.3 Here things are more
difficult, but we can show that if one solution exists, then one can construct
an infinityvof other, different, golutions. At least this weakened resﬁlt
:.‘ appears true invgeneral for helicity-flip relations. Finally, we mention the
application of our method to the saturation of an infinite number of super-
convergence relations for form factors, and to the saturation of current

algebra sum rules. :
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J, ;gyj;Our fifst_c;se:is;fhe'supéréénﬁergehcé-felatibn.iﬁ the K-K channel,
. due to i=0, strangenéss_equal'two in the cross (K-K) chanﬁela By charge con- -
: Jugatioh invariance; only isospin 1(0) resonances can appear in the even (odd)

- partial wéVes. Moreoﬁer, from the iSospin crossing matrix, the I=0 resonances
appear with an extra minus sign. Putting one (stable) particle in each pertid

-wave, and using crossing, the superconvergence relation takes the form

[ _ .
ZIBQ+ ?u>%5° o (1)
j=0 o o _
where the couplings gj are constrained to be positive (negative) for J even
- (odd), and uja is the mass-spectrum. By eXpanding the left side of this

'v‘equatipn invﬁcwers of ¢, and setting the coefficient of each power to zero,

we obtain the upper triangular array
-.l .
2" e gj =0 ) n.= O,l,oao . (2)

vhere

LG Ly

g ,

: a
e P L R
is positive definite; The question is whethef Bolﬁtions of this system exist, -
We could proéeed with a naive construction as follows. We define a

~ 8equence of stages. The zeroth stage is to pick &g say equal to unity. The

. first stage is defined by

20,0 * 29,18 = 0 | ()

- thus determining gy e In the next stage, ﬁe‘add the n=1 eqhation, and, say,

two more couplings g2,g3 » while demanding that the solution of the first stage
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is not alterede
80,282 ¥ 0,383 7 ©
8,085 T 8y 383 = "8y 418 - (5)

Having two equationsfin’two unknowns, we can determige & and g3. In a |
similay way, the third‘stage (with three equations) may be satisfied leaving
goo..g3 unchanged by introducing couplings up to &g and so on in each stage.
Clearly, at each stage, we cpuld add many more couplings, most of which could
be specified arbitrarily; the degree of arbitrariness in such a procedure is
vast. |

There are two difficulties inherent in the above scheme. The first
is thﬁt'the various infinite series<iﬁ J may not converge. Secondly, the above
construction does not yet guarantee the correct signs of the couplings.

The first problem has been solved by G. Pélya,9 who found a suffi-
cient condition that the infinite sums be absolutely convergent: There éré'
an infinite numbér of (linearly independent) abso;utely convergent solutions

to infinite matrix equations of the form of Eq. (2), if

ey e wla
e

' With 8 mMASS specbrum going asymptotically like “32 ~ J the conditions of
10

a
lim -2
J oo la.

= O, n= 1,2000 . (6)

n,J

Pélya's theorem are met for o < 2, Both Refs. (3) and (11) point out that
these mass §pectra are probably the only ones that can saturate these rela--
~tions, so we will limit our discussion to these cases.12

We will illustrate P6lya's ttecrem by showing, e.g., how the third

stage is satisfied, assuming go..og3 have already been determined. Instead of
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.introducing three neu gj's (3 = h,5 6), we introduce fcur, which we call
vgJ ’ gd ’ 333, and gjh, vhere Jl < 32 < 33 < Jh and where all four numbers
may in fact be large. - All other 53 (3<jic< Jh) are set to zero. Then,
taking account of the previous stages, and choosing
- Bl 5 S ()
| 4 %2,d),
we obtain the equations of the third stage

&y

: :Jg § e Y .

o,alga o,aaga o,a3ga3 2,3, ("‘2,252*”_‘2,333).
. ' a‘l):j .
®1,3,%, 03,5, 058, Ty o 0 i (o081 58)

e, , & *a +a, . =0 | | - 8) -
%2,3,%9, 772,050, 2355, e
‘According to the condition (6), we can now pick Ju.so large that the right-

| hand sides of Eq. (8) are as small as we wish, It follows then that the

solutions gJ g are arbitrarily small,l3 and in particular
. 1 S

32 3

lay gdl'l*rlan 32g32!+|an3 8, |+]a, Jugjul

can be made arbitrarily small for n=0,1 (since gjh is also arbitrarlly small
for large 3h -~ see Eq. (7)). By an inductive procedure, Pblya shows that
theAmo&;lflof all the terms added in all stages to the first and second
equations can be made arbitrarily small -- thatvis, the series converge

. absolutely, Of course, a is not small in general, but the additions

2,3,
~to the third equation in the next stage will be small, and so on; in the end,

1k

all the sums will be absolutely convergent.
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_ - We now turn to the second problem, namely guananieeing the correct
signs ef the g'se. Continuing to illustrate with the third stage, we can
gua;antee the correct sign of gJh by choosing jh'even (o0dd) if the right side
of Eq. (7) is positive (negative); beyond that, J) is not specified. Suppose

that jl is already much lerger than n=2, so that the asymptotic form of the

 kernel (Jn(a-a)e-én) is applicable. Then the solution of the system (8) may
be written
1l 1 1
- - o.
e A P
. o . Jg(g-a) §(2~a) | B
g, =1(-g ) - 9)
S R A I 1.1 S |
. 2=Q 32-& .2~
1 2
2(2- - 2(2-
31(2 a) 32(2 a) j3(2 o)

and similarly for'gJ ‘The important point is that, if we choose -
2

) gj R
3

'jl << 32 << 33 << Jh’ then the sign of the denominator determinant is that of

the product of the diagonal elements (positive). This may be seen by & column-

wise expansion of the determlnant, startlng with 32(2 -at)

» its largest element.
The same technique may be applied to the numerator determinant, where it ie

.vclear that the sign is negative, as the determinant is dominated by (_32-a>

N multiplied by its (positive) minor, Hence gdl hes the same sign as gJ , and

 we need only choose J; to be some even (0dd) integer if Jh was even (odd)

These considerations can be generalized to arbitrarily large order deter-

minants, as should be obvious. Beyond the various evenness and oddness

requirements, there clearly remains a great deal of arbitrariness in the

16

construction.
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Now we turn our attention to superconvergence relations ar1s1ng from '

_ he11c1ty fllp in the cross channel, e.g., the popular one in the n- p systan'
. with I=1 and helic1ty flip 2 in the ¢ channel, -K1e1n3 has recently wrltten

~ down the relation, attempting to saturate with w and A2 towers and the pion,

obtaining the system of equationq

-] v . L

in which all the aj's (couplings) are constraiﬁed_to be positive, Thére(is:a> 
chance of solution because Gn(j) begins negative but has an n-dépendent zero
and then goes positive., The fonm of this equation is.veiy similar to our

Eq. (2), and indeed; for this equation, the conditions of Pélya's theorem are
.still setisfied for pje < 32. On the other hand, the unitarity constraints
vare quite different as, for any n, there are not an infinite number of
negative terms. Thus our bhasic techniqﬁe, which involves setting large blocks:
of each equation (far to the right) to zero, cannot help in a direct manner, !
What we shall show, however, is that if one solution of Klein's‘equation
exists, then there are infinitely'many others, For this discussion, we
redefine Klein's a's and kernel as our g's and a's.

Suppose we have a solution to Eq. (10) that we can examine, and, in

particular, learn the behavior of gi as J ~)w.v Now we can add to this
solution any of an infinite number of Pélya solutions of the folléwing form

(and have a solution with positive g's): we begin by assuming some particular

finite gj, say g‘_j is large and positive.,  Then our first stage is to solve
. 0 :

*2,30%0 " %2,3,%, "0 ()
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Because}with pj2 < J the a's also increase with J» we can choose gjl as
small as we wish, in particular, smaller than the corresponding Jl entry in
the given solution; thus the sign of our gji is unimportant. One can repeat
this procedure, & la Pélya, indefinitely, with judicious use of the fact that
n,3 increases with j and n -~ always keeping our later g's less in magnitude
than ﬁhose ef the given solution. Adding'our solution to the basic solution,
we obﬁain another solution'(with all.g'S‘positive), differing from the original
vonly in that the resultant gjé is greatly larger now.18 Clearly jo can be
varied indefinitely etc. Moreover, from a cursory examination of higher
helicity-flip relations, it appears'that at least this weakened multiplicity
result holds in general fer helicity—flip reletions. " On the basis of the |
cases discussed above, we feel it worth conjecturing that, in general, super-
convergence relations with a finite number of external particlegghave (given
8 mass spectrum) en infinite number of solutions for the couplings.
To conclude, we mention some other possible epplications of our
methode The first is to form factors. If electromagnetic form factors fall

‘off faster than any power of t (the momentum transfer) one might hope that

they satisfy an infinite set of higher moment superconvergence relations
o« n ' .
f at'(t') ImF(t') =0 n= 0,1,.e. (12)
- Y0

In the approximation of an infinite number of (say, spin 1) stable resonances, '

ithe equations can be written
2.n ' ' .
) @6 =0 =0, (13)

where there are no sign restrictions on the couplings 8y and uiz is the mass
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spectrum. The conditions of Pblya's theorem are satisfied in thisvcase for
any rising mass spectrum, so, given a mass spectrum, we can construct an |
infinite number of absolutely convergent solutionseo to Eq. (13). The method
is also applicable in principle to the tower-saturation of 1ndividual current
algebra sum rulesll -- given thé (form factor) inhomogeneities. Again because
of the spin complications, ve need one solution in order tb construct an
. v

infinite number of solutions to these equations.

We gratefully acknowledge helpful conversations with K. Bardekei,

R. Brower, S. Coleman, D. Gross, and C. Zemach,
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The basic reason for this is that the resulting infinite array of equations
for an infinite number of unknowns can be viewed without harm as a rec-
tahgular matiix equatibn, with many more unknowns than equations.

It has recently been noted by I. T. Grodsky (Trieste preprint) that a

single~-tower saturation of a superconvergence relation can easily lead to

| anomalous singularities in t. Probably ~any one-tower solution will have

this difficulty, as one i$ not gttempting to mairitain crossing.
Part of this can be fixed up by adding
(Lower) daughter and/or conspirator trajectories to the game; e.g., see

K. Bardakci and G, Segre, "Some Conspiracy and Superconvergence Properties

of Scattering Amplitudes in the Helicity Formalism," Berkeléy preprint,

and to be published.

In particular, one seems to lose the information gained from the t=0
superconvergenberrelation with the usual techniques. In fact any subset
of couplings that one chooses can be specified arbitrarily, as long as
there remains an infinite subset to be determined.

In a way this may be good, because without this circumstance, one could

not hope to push on toward solving the harder problem of the whole tower



.~ 40- .. 7 UCRL-17880

'7asFéxternalbpﬁitiéies;,  ‘~ } That is toISay, ohe}may hdﬁe that by puttingﬁ¢ﬂ‘
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11, I. T. Grodsky, M. Martinis and M, §wi§cki, Phys. Rev. Letters 19, 332 (1967}
12, It would be very interesting to establish the conditions on the mass

‘spectrum such that a) no solution existed to the superconvergence
relation, or b) a finite number existed.

13, Pélya shows that 31,32,33 can always be picked sp that Eq. (8) is not
singular, if an infinite number of elements &Oj’ j =0,1,... are non-zero,:
as is our case.

1L, - The "tails,">where everything is smaller than some e,.will start higher
in j for higher n, |

15, For gda, the Jh column is in the center, making the numerator determinant
positive, so that we simply choose ja of opposite parity to Jh' j3 will
have the.parity of Jh again,

16, There are various other superconvergence relations, derived from large

isospin in the cross channel, to which the method may dYe applied directly.
~For example, in g-n scattering with I=2 in the cross channel, a first

moment superconvergence relation may be written
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e _ v S
k/f vim A(v',t)avt = 0
, 0 o _
The‘meﬁhod works as well for these higher moménﬁ relations. In this case,
one plays I=0,l resonances (with differentbsigns from the crossing matrix)
against oné another. | |
The reason for this difference is that, by putting in just these particleé,v
Klein has used only the diagonal (positive) entries in the helicity cross-
ing matrix, If one were to put in as well the whole pion tower, there
would be, in particular, an additional infinity of negative terms, so that
one might hope to extend cur method to this case. However there will be
certain obvious Schwarz-like ineQualities, due to factorization, which
would be difficult to incorporate.
The large J behavior is still the original one, because the Pélya solution
was constructed to fall off faster,
Our results can be extended to any finite number of external particles:

In such a case, one has a finite number of other equations of the form of

‘Eq. (2), each to be satisfied by the same set of couplings. This artaycan

_be written as a super-matrix equation of the same form as Eq. (2). The

question of what happens when the entire toﬁer is on the outside remains
entirely open.

It is not likely that any of the absoluteély convergent solutions attain
}he Martin bound (A. Martin, Nuovo Cimento 31, 671 (1965)) though it is

possible that some conditionally convergent ones do.
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