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Geometry of the ringed surfaces in R
4

that generate spatial Pythagorean hodographs

Rida T. Farouki and Robert Gutierrez
Department of Mechanical and Aerospace Engineering,

University of California, Davis, CA 95616, USA.

Abstract

A Pythagorean–hodograph (PH) curve r(t) = (x(t), y(t), z(t)) has the
distinctive property that the components of its derivative r

′(t) satisfy
x′2(t)+y′2(t)+z′2(t) = σ2(t) for some polynomial σ(t). Consequently,
the PH curves admit many exact computations that otherwise require
approximations. The Pythagorean structure is achieved by specifying
x′(t), y′(t), z′(t) in terms of polynomials u(t), v(t), p(t), q(t) through a
construct that can be interpreted as a mapping from R

4 to R
3 defined

by a quaternion product or the Hopf map. Under this map, r′(t) is the
image of a ringed surface S(t, φ) in R

4, whose geometrical properties
are investigated herein. The generation of S(t, φ) through a family of
four–dimensional rotations of a “base curve” is described, and the first
fundamental form, Gaussian curvature, total area, and total curvature
of S(t, φ) are derived. Furthermore, if r

′(t) is non–degenerate, S(t, φ)
is not developable (a non–trivial fact in R

4). It is also shown that the
pre–images of spatial PH curves equipped with a rotation–minimizing

orthonormal frame (comprising the tangent and normal–plane vectors
with no instantaneous rotation about the tangent) are geodesics on the
surface S(t, φ). Finally, a geometrical interpretation of the algebraic
condition characterizing the simplest non–trivial instances of rational

rotation–minimizing frames on polynomial space curves is derived.

Keywords: Pythagorean–hodograph curves; quaternion polynomials; Hopf map;
four–dimensional geometry; ringed surfaces; Gaussian curvature; rotation–minimizing frames.
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1 Introduction

The parametric speed σ(t) = |r′(t)| of a polynomial curve r(t) in R3 specifies
the derivative ds/dt of arc length s with respect to the parameter t. Since
σ(t) is, in general, the square root of a polynomial, the tangent and curvature
are not rational in t, and the arc length does not admit exact computation.
The inexact nature of such basic properties of a curved locus is problematic
for computer–aided design, computer graphics, animation, motion planning
for robotics, manufacturing, inspection, and related applications.

The Pythagorean–hodograph (PH) curves circumvent these limitations by
incorporating a Pythagorean constraint on the curve derivative components
[7]. For planar curves, this is achieved [6] through a complex–variable model.
For space curves, models based upon quaternions or the Hopf map [22] from
R4 to R3 are required [3]. In either case, the pre–image of r′(t) is actually a
(two–dimensional) surface S(t, φ) in R

4, that can be parameterized in terms
of the variable t ∈ [ 0, 1 ] and an angular variable φ ∈ [ 0, 2π ].

An adapted orthonormal frame (f1(t), f2(t), f3(t)) on a space curve r(t) is
such that f1(t) is the curve tangent while f2(t), f3(t) span the normal plane
at each point. Any curve on the surface S(t, φ) between t = 0 and 1 serves
as a pre–image for r′(t), but different pre–image curves generate frames with
distinct normal–plane vectors. However, a rotation–minimizing frame (RMF)
or Bishop frame [1] is characterized by a particular geometry of the pre–image
curve on S(t, φ). The RMF maintains a zero angular velocity component in
the tangent direction, and is useful in rigid–body motion planning, computer
animation, computer numerical control of multi–axis machines, and related
applications. The identification of PH curves that admit rational RMFs has
recently been the subject of considerable interest [2, 8, 12, 14, 16].

The geometry of the surface S(t, φ) is studied herein, and key properties
are determined. Expressions for the Gaussian curvature, total area, and total
curvature are obtained, and the surface is shown to be non–developable when
r(t) is true space curve. The pre–images of PH curves equipped with RMFs
are characterized as geodesics on S(t, φ), and a geometrical interpretation in
R4 of the quaternion constraint identifying quintic PH curves with rational
RMFs is presented. These results may offer insight into other open problems,
such as the choice of free variables that arise in algorithms for constructing
spatial PH curves from discrete geometrical data [11], and the generalization
of known conditions for rational RMFs on quintic PH curves [8].

This paper is organized as follows. After briefly reviewing the definitions
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of spatial PH curves in §2, an expression for the Hopf map pre–image circle
in R4 of a point in R3 is derived in §3, and used to formulate the pre–image
surface S(t, φ) of a given Pythagorean hodograph r′(t). The structure of this
surface is interpreted in §4, in terms of rotations of a “base curve” in R4, and
key properties — the first fundamental form, Gaussian curvature, total area,
and total curvature – are derived in §5. It is also shown that S(t, φ) is non–
developable if r′(t) is non–degenerate (developables in R4 are not necessarily
ruled surfaces). The geometry of curves on the surface S(t, φ) is then studied
in §6, and it is observed that RMFs on PH curves are generated by geodesic
curves. The existence of rational RMFs is addressed in §7, and a geometrical
interpretation of the constraint that identifies the simplest (quintic) examples
of such curves is presented. Finally, §8 summarizes the main results of this
study, and identifies some problems that deserve further investigation.

2 Pythagorean–hodograph curves

A polynomial Pythagorean–hodograph (PH) curve r(t) = (x(t), y(t), z(t)) in
R3 is characterized [7] by the property that the components of its derivative
r′(t) = (x′(t), y′(t), z′(t)) satisfy the Pythagorean condition

x′2(t) + y′2(t) + z′2(t) = σ2(t) (1)

for some polynomial σ(t). A PH curve may be generated from a quaternion
polynomial A(t) = u(t) + v(t) i + p(t) j + q(t)k by integrating the product

r′(t) = A(t) iA∗(t) = [ u2(t) + v2(t) − p2(t) − q2(t) ] i

+ 2 [ u(t)q(t) + v(t)p(t) ] j

+ 2 [ v(t)q(t) − u(t)p(t) ]k , (2)

where A∗(t) = u(t) − v(t) i − p(t) j − q(t)k is the conjugate of A(t). This
form is sufficient and necessary [3, 9] for satisfaction of (1), with

σ(t) = |r′(t)| = |A(t)|2 = u2(t) + v2(t) + p2(t) + q2(t)

being the parametric speed of the curve r(t), i.e., the derivative ds/dt of arc
length s with respect to the parameter t. Note that use of the unit vector i

in (2) is merely conventional — replacing it by other unit vector corresponds
to just a different choice of the coordinate axes in R

3.
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The scalar–vector representation offers a convenient means of performing
quaternion operations [27]. A quaternion A = (a, a) is viewed as comprising
a scalar part a = scal(A) and vector part a = vect(A). The pure scalar and
pure vector quaternions (a, 0) and (0, a) are simply written as a and a (the
quaternion product is imputed when quaternions and vectors are juxtaposed).
A∗ = (a,−a) is the conjugate of A, and its modulus |A| is the non–negative
real number defined by |A|2 = A∗A = AA∗ = a2 + |a|2. The sum of A =
(a, a) and B = (b,b) is simply A+B = (a+ b, a + b), while the product can
be expressed using the familiar vector dot and cross products as

AB = (ab− a · b, ab + b a + a × b) .

Note that the product AB satisfies |AB| = |A| |B| and (AB)∗ = B∗A∗. It
is often useful to regard quaternions as vectors in R4. Although the vector
(cross) product is undefined, the scalar (dot) product may be specified as

A · B = a b+ a · b = scal(AB∗) = |A| |B| cos γ ,

where γ is the angle between the vectors A and B in R4.
As an alternative to the quaternion form (2), a Pythagorean hodograph

may also be generated [3] from two complex polynomials α(t) = u(t) + i v(t)
and β(t) = q(t)+i p(t) through the Hopf map h : C[t]×C[t] → R3[t], namely

r′(t) = h(α(t),β(t))

= (|α(t)|2 − |β(t)|2, 2 Re(α(t)β(t)), 2 Im(α(t)β(t))) . (3)

The equivalence of (2) and (3) may be seen by identifying the imaginary unit
i with the quaternion element i, and setting A(t) = α(t) + kβ(t).

Definition 1. A Pythagorean hodograph r′(t) defined by (2) or (3) is called
proper if the curve r(t) obtained by integrating it is neither linear nor planar
— i.e., (r′(t) × r′′(t)) · r′′′(t) 6≡ 0.

The Pythagorean hodograph forms (2) and (3) are closely related to the
generalized stereographic projection, that has been used [4] to construct curve
segments and surface patches lying on the sphere and other quadrics.

3 Pythagorean hodograph pre-image in R
4

The map defined by (2) or (3) generates a Pythagorean hodograph r′(t) in R3

from a quaternion polynomial A(t) or two complex polynomials α(t), β(t)
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which may be regarded as defining a locus in R4. However, this Hopf map is
not one–to–one: the pre–image of any point in R3 is a circle in R4. Consider,
for any given vector w ∈ R3, the quaternion equation

A iA∗ = w , (4)

defining a scaling/rotation transformation that maps i onto w. Clearly |A| =
√

|w|, but otherwise A depends on a free parameter, because there are many
ways in R3 to rotate one vector onto another. The solutions to (4) may be
expressed (see Section 3.2 of [10] and Section 2.1 of [11]) in the compact form

A(φ) =
√

|w|n exp(φ i) , (5)

where exp(φ i) = (cosφ, sinφ i) with 0 ≤ φ ≤ 2π, and we define

γ =
w

|w| = λ i + µ j + ν k , n =
i + γ

| i + γ | =
(1 + λ)i + µ j + ν k

√

2(1 + λ)
.

Expression (5) does not hold when λ = −1 (i.e., γ = −i), since n is undefined.
In this degenerate case, the solution is A(φ) =

√

|w| (cosφ j + sinφk).
Regarding A as a four–dimensional vector, the solutions (5) define a circle

in R4 with center at the origin and radius
√

|w|. This can be seen as follows.
Let (u, v, p, q) be coordinates of a point in R4. Writing (5) in the form

A(φ) =
√

|w| [ u(φ) + v(φ) i + p(φ) j + q(φ)k ] , (6)

its components are defined by

(u, v, p, q) =
√

1

2
(1 + λ)

(

− sin φ, cosφ,
µ cosφ+ ν sinφ

1 + λ
,
ν cosφ− µ sinφ

1 + λ

)

,

and since they satisfy νu−µv+(1+λ)p = µu+ νv− (1+λ)q = 0, the locus
defined by (5) lies in a two–dimensional linear subset of R4 — i.e., a plane.
By eliminating p, q we obtain a parameterization P(u, v) = u E1 +v E2 of this
plane in terms of u, v and the orthogonal vectors in R4 defined by

E1 = 1 − ν

1 + λ
j +

µ

1 + λ
k , E2 = i +

µ

1 + λ
j +

ν

1 + λ
k . (7)

Since P(0, 0) = 0, this plane passes through the origin of R4. The pre–image
of w as a circle in R4 can thus be obtained from (6) as

A(φ) =
√

1

2
(1 + λ)|w| (cosφ E2 − sinφ E1) .
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Since |E1| = |E2| =
√

2/(1 + λ) from (7), this circle is of radius
√

|w|.
Consider now for t ∈ [ 0, 1 ] the spatial Pythagorean hodograph generated

by expression (2) from the quaternion polynomial

A(t) = u(t) + v(t) i + p(t) j + q(t)k . (8)

Let σ(t) = |r′(t)| = |A(t)|2 and γ(t) = r′(t)/|r′(t)| = (λ(t), µ(t), ν(t)). Then
each point of r′(t) has a pre–image in R4 specified by

S(t, φ) =
√

σ(t)n(t) exp(φ i) , (9)

where

n(t) =
i + γ(t)

| i + γ(t) | =
(1 + λ(t)) i + µ(t) j + ν(t)k

√

2(1 + λ(t))
(10)

is the unit bisector of i and γ(t). We may interpret (9) as defining a (two–
dimensional) parametric surface1 in R

4, defined over (t, φ) ∈ [ 0, 1 ]× [ 0, 2π ].
This surface is generated by a one–parameter family of circles, with centers
at the origin, whose radii and orientations in R4 vary continuously with t.

The entire surface (9) is the pre–image of the hodograph r′(t) in R4, i.e.,

r′(t) = S(t, φ) i S∗(t, φ) .

However, r′(t) can also be generated by any curve C(t) = S(t, φ(t)) on (9),
defined by a particular variation φ(t) of φ with t ∈ [ 0, 1 ].

Surfaces generated by a one–parameter family of circles whose centers lie
on a given curve are known as ringed surfaces [19, 23]. The pre–image S(t, φ)
of the hodograph r′(t) may be regarded as a degenerate ringed surface in R4,
for which the locus of centers of the circles collapses to a point (the origin).
This surface may be characterized geometrically by observing that the circles
have radii r(t) =

√

|r′(t)| and lie in planes spanned by the vectors E1(t), E2(t)
defined by substituting the direction cosines λ(t), µ(t), ν(t) of r′(t) in (7).

The form (9) specifies the pre–image surface of r′(t), without reference to
the quaternion polynomial A(t) generating it through the map (2). However,
if A(t) is known a priori, the surface can be more simply expressed as

S(t, φ) = h−1(r′(t)) = A(t) exp(φ i) . (11)

This may also be interpreted as an instance of Remark 2.2 in [28]. Expressions
(9) and (11) are just two different parameterizations of the same pre–image
surface — both are employed below, depending on the context.

1Note the geometry of this surface depends on the parameterization of r(t) — the vector
n(t) in (9) is invariant under a proper re–parameterization, but the factor

√

σ(t) is not.
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4 Geometry of rotations in R
4

To further elucidate the nature of the surface defined by (9) or (11), some
basic facts concerning the properties of rotations in R4 must be reviewed.2 In
general, the behavior of four–dimensional rotations is qualitatively different
[5] from their familiar counterparts in two and three dimensions.

Let (w, x, y, z) be Cartesian coordinates for R4. We consider linear sub-
spaces of R

4 of dimension 3, 2, 1 that pass through the origin O = (0, 0, 0, 0).
A hyperplane Γ through O is a three–dimensional subset of R4 specified by
constants (k, l,m, n) 6= (0, 0, 0, 0) as

Γ = { (w, x, y, z) | kw + lx+my + nz = 0 } .

Since only the ratios k : l : m : nmatter, we can divide by
√
k2 + l2 +m2 + n2

to obtain (modulo a sign) a unique specification for Γ. For brevity, we write
Γ = (k, l,m, n). Note that Γ is just a copy of the familiar three–dimensional
Euclidean space R3, that separates R4 into two disjoint subsets.

A plane ∆ through O is a two–dimensional subset of R4 specified by the
intersection of two hyperplanes Γ1 = (k1, l1, m1, n1) and Γ2 = (k2, l2, m2, n2)
in “general position” — i.e.,

∆ = { (w, x, y, z) | k1w + l1x+m1y + n1z = k2w + l2x+m2y + n2z = 0 } .

For brevity, we may write ∆ = Γ1 ∩ Γ2. Finally, a line Λ through O is the
intersection of three hyperplanes in general position. Two planes ∆1 and ∆2,
with O as their sole intersection point, are absolutely orthogonal if every line
in ∆1 through O is orthogonal to every line in ∆2 through O.

Let the quaternion P = w+ x i + y j + z k 6= O represent a general point
of R4 (other than the origin). A rotation in R4 may be specified by two unit
quaternions L and R, such that the image P̃ = w̃+ x̃ i+ ỹ j+ z̃ k of P under
the rotation is defined [5] by

P̃ = LP R . (12)

Since |L| = |R| = 1, a rotation in R4 is characterized by six parameters.
The stationary set of a rotation is the set of points that remain unchanged

(i.e., P̃ = P) under the rotation. For rotations in R2 or R3 the stationary

2The literature devoted to geometry in R4 is rather sparse and antiquated [20, 26]. The
Minkowski space R3,1 has enjoyed more attention, due to its key role in relativity theory.
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set is a point or a line (the center or axis of the rotation) but in R4 there are
two possible stationary sets — a plane through O or just the single point O.
The former corresponds to a simple rotation, the latter a double rotation.

In the case of a simple rotation, the stationary set is called the axis plane.
For a double rotation, there are in general two absolutely orthogonal planes
∆1 and ∆2 intersecting at O, that are invariant, i.e., the image of any point
in either plane is another point in that plane, equidistant from O. In general,
points in the two invariant planes ∆1,∆2 rotate through different angles θ1, θ2
about O. However, if θ1 = θ2 (= θ, say) there are infinitely–many invariant
planes — we then have an isoclinic or equi–angular double rotation, in which
every point P ∈ R4 rotates through the same angle θ about O.

Lemma 1. The special case of (12) in which L = 1 and R = cos θ + sin θ i

defines an isoclinic double rotation about the origin of R
4.

Proof : Suppose P̃ and P are related by (12) with L = 1, R = cos θ+sin θ i

where θ 6= 0. Then if P̃ = P, expanding (12) gives

w̃ = cos θ w − sin θ x = w , x̃ = sin θ w + cos θ x = x ,

ỹ = cos θ y + sin θ z = y , z̃ = cos θ z − sin θ y = z .

But these equations are satisfied with θ 6= 0 only if (w̃, x̃, ỹ, z̃) = (w, x, y, z) =
(0, 0, 0, 0) — i.e., P̃ = P = O. Thus, the stationary set comprises the single
point O, and we have a double rotation. To see that it is isoclinic, consider
P = (w, x, y, z) and P̃ = (w̃, x̃, ỹ, z̃) as vectors in R4. The cosine of the angle
between them is defined in terms of their dot product and magnitudes by

P · P̃
|P| |P̃|

=
ww̃ + xx̃+ yỹ + zz̃

√

(w2 + x2 + y2 + z2)(w̃2 + x̃2 + ỹ2 + z̃2)
.

Substituting for w̃, x̃, ỹ, z̃ one finds that this is equal to cos θ, independent of
the choice of P = (w, x, y, z). Hence, since all points of R4 rotate through
the same angle θ, the rotation is isoclinic.

Consider the isoparametric curves φ = constant on the surface specified
by (9) and (10), and observe that C0(t) = S(t, 0) =

√

σ(t)n(t) is a three–
dimensional space curve, lying in the hyperplane Γ0 = (1, 0, 0, 0) of R

4 —
i.e., the familiar Euclidean space R3 with coordinates (x, y, z).
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Lemma 2. For any φ∗ 6= 0, the isoparametric curve C∗(t) = S(t, φ∗) on (9)
is the image of C0(t) under an isoclinic double rotation in R4 that maps the

hyperplane Γ0 = (1, 0, 0, 0) to the hyperplane Γ∗ = (cosφ∗, sinφ∗, 0, 0).

Proof : The relation C∗(t) := C0(t) exp(iφ∗) is an instance of (12) satisfying
the conditions of Lemma 1 for an isoclinic double rotation. Also, each point
P of Γ0 with coordinates (0, x, y, z) is mapped to a point P̃ with coordinates

(w̃, x̃, ỹ, z̃) = (− sin φ∗ x, cosφ∗ x, cosφ∗ y + sinφ∗ z, cos φ∗ z − sin φ∗ y) .

Since these coordinates satisfy cosφ∗w̃ + sinφ∗x̃ = 0, the image P̃ of P lies
in the hyperplane Γ∗ = (cosφ∗, sinφ∗, 0, 0).

Lemma 2 offers an alternative perspective on the surface S(t, φ). Instead
of regarding it as a one–parameter family of circles, it is interpreted as being
generated by a continuous family of rotations in R4 of an initial “base” curve
C0(t) =

√

σ(t)n(t) that resides in the familiar Euclidean space R3.

5 Metrical properties of the surface S(t, φ)

Ringed surfaces in R4 have previously been studied in the context rotation–
minimizing spherical motions [24], interpreted as one–parameter families of
great circles on the 3–sphere, and as cylindrical surfaces in elliptic 3–space. It
was also noted in [24] that rotation–minimizing spherical motions correspond
to shortest paths on such surfaces (see Section 6). Here we study the broader
class of ringed surfaces, defined by expressions (9) and (11), that are the pre–
images of spatial Pythagorean hodographs.

The first–order intrinsic geometry of the surface (9) in R4 is determined
by its first fundamental form. The partial derivatives of (9) are

St =

[

σ′

2
√
σ

n +
√
σ n′

]

exp(φ i) , Sφ =
√
σ n i exp(φ i) , (13)

where primes denote derivatives with respect to t, and

σ′ =
r′ · r′′
σ

. (14)

Regarding St and Sφ as vectors in R4, the coefficients of the first fundamental
form for the surface (9) are defined in terms of their dot products as

E = St · St = |St|2 , F = St · Sφ = scal(StS∗

φ) , G = Sφ · Sφ = |Sφ|2 .
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Proposition 1. Setting r′ = (x′, y′, z′) the first fundamental form coefficients

for the surface (9) can be expressed as

E =
|r′′|2
4 σ

+
[ i · (r′ × r′′) ]2

4 σ (σ + x′)2
, F =

i · (r′′ × r′)

2(σ + x′)
, G = σ , (15)

and satisfy √
EG− F 2 = 1

2
|r′′| . (16)

Proof : Using the scalar–vector quaternion form, on substituting from (13)
into E,F,G and noting that n · n′ = 0 (since n is a unit vector), we obtain

E =
σ′2

4σ
+ σ |n′|2 , F = σ i · (n′ × n) , G = σ . (17)

Now by writing (10) in the form

n =
r′ + σ i

| r′ + σ i | , (18)

differentiating, using | r′+σ i |′ = (r′ +σ i) · (r′′+σ′ i)/| r′+σ i |, and invoking
the vector triple product formula, we obtain

n′ =
[ (r′ + σ i) × (r′′ + σ′ i) ] × (r′ + σ i)

| r′ + σ i |3 , (19)

and since (r′ + σ i) × (r′′ + σ′ i) and r′ + σ i are orthogonal, this gives

|n′|2 =
| (r′ + σ i) × (r′′ + σ′ i) |2

| r′ + σ i |4 . (20)

Now using (14) and writing i · r′ = x′, one can verify through routine vector
manipulations that

(r′ + σ i) × (r′′ + σ′ i) =
(σ + x′) r′ × r′′ − i · (r′ × r′′) r′

σ
,

and hence

| (r′ + σ i) × (r′′ + σ′ i) |2 =
(σ + x′)2| r′ × r′′ |2 + [ i · (r′ × r′′) ]2 σ2

σ2
.
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Thus, noting that | r′ + σ i |2 = 2 σ(σ + x′), from (20) we obtain

|n′|2 =
| r′ × r′′ |2

4 σ4
+

[ i · (r′ × r′′) ]2

4 σ2(σ + x′)2
.

Substituting this and (14) into the expression for E in (17), and noting that
(r′ · r′′)2 + | r′ × r′′ |2 = σ2|r′′|2, we obtain the stated form of E in (15).

To compute F , we take the cross product of (19) with (18) to obtain

n′ × n =
(r′′ + σ′ i) × (r′ + σ i)

| r′ + σ i |2 .

Taking the dot product of this with i, setting | r′ + σ i |2 = 2 σ(σ + x′), and
subsituting into the expression for F in (17), then gives the stated from of F
in (15). Trivially, we have G = σ in (15) since |n| = | i | = | exp(φ i)| = 1 in
(13), and thus |Sφ|2 = σ. Finally, substituting from (15) into EG− F 2 and
simplifying yields the relation (16).

The Gaussian curvature3 of the surface (9) can be expressed [29] in terms
of the first fundamental form coefficients, and their first and second partial
derivatives, through the Brioschi formula

K =

∣

∣

∣

∣

∣

∣

2Ftφ − Eφφ −Gtt Et 2Ft −Eφ

2Fφ −Gt 2E 2F
Gφ 2F 2G

∣

∣

∣

∣

∣

∣

−

∣

∣

∣

∣

∣

∣

0 Eφ Gt

Eφ 2E 2F
Gt 2F 2G

∣

∣

∣

∣

∣

∣

8(EG− F 2)2
. (21)

Lemma 3. The Gaussian curvature of the surface (9) can be expressed as

K = − 2

|r′′|
d

dt
cosψ = 2 κ

|r′|2
|r′′|2

dψ

dt
, (22)

where ψ denotes the angle between r′ and r′′, and κ = |r′ × r′′|/|r′|3 is the

curvature of r(t).

Proof : Since E,F,G do not depend on φ, the expression (21) reduces to

K =
Gt(EG− F 2)t − 2Gtt(EG− F 2)

4(EG− F 2)2
=

−1

2
√
EG− F 2

[

Gt√
EG− F 2

]

t

.

3The Gaussian curvature of a 2–surface in Rn is uniquely defined, for any n ≥ 3, by its
metric coefficients E, F, G and their derivatives — see [30, §64].
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Then, using G = σ = |r′|,
√
EG− F 2 = 1

2
|r′′|, and (14), we obtain

K = − 2

|r′′|
d

dt

σ′

|r′′| = − 2

|r′′|
d

dt

r′ · r′′
|r′| |r′′| , (23)

and if ψ is the angle between r′ and r′′, the expressions (22) follow from the
fact that r′ · r′′ = |r′| |r′′| cosψ and |r′ × r′′| = |r′| |r′′| sinψ.

Since κ is by definition non–negative, it is apparent from (22) that the
Gaussian curvature of the surface S(t, φ) is positive or negative according to
whether the angle ψ is increasing or decreasing with t.

Remark 1. The Gaussian curvature (23) of the surface (9) in R4 is always
a rational function of the curve parameter t. This can be verified from the
first expression in (23), using the fact that |r′′|′ = r′′ · r′′′/|r′′| to obtain

K = 2
σ′(r′′ · r′′′) − σ′′|r′′|2

|r′′|4 . (24)

Since σ and its derivatives are polynomials, this expression is rational in t.

Remark 2. If t∗ is parameter value such that K(t∗) = 0 6= K ′(t∗), the circle
S(t∗, φ) in R4 is a parabolic line on the surface (9), i.e., a locus separating
regions of positive and negative Gaussian curvature. From (24) one can verify,
using standard vector identities, that the condition K = 0 is equivalent to

|r′|2 (r′ × r′′) · (r′′ × r′′′) = |r′′|2 |r′ × r′′|2 .

From (22) we observe that ψ = constant (i.e., the angle between r′ and r′′

is independent of t) is a sufficient and necessary condition for the surface (9)
to satisfy K ≡ 0. This condition identifies a developable surface, isometric to
a plane. A developable in R3 must be a ruled surface (i.e., a one–parameter
family of straight lines) of infinite extent, but this is no longer true4 in R4. If
we interpret the parameter t as time, the first and second derivatives define
the velocity v = r′ and acceleration a = r′′, which can be written in the form

v = σ t and a = α (cosψ t + sinψ p) ,

4See [21, pp. 341–2] for an example of a surface in R4 that is developable, but not ruled,
and of finite extent.
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where σ = |r′| and α = |r′′| are the speed and acceleration magnitude, and

t =
r′

|r′| and p =
r′ × r′′

|r′ × r′′| × t

are the tangent and principal normal vectors along r(t). The terms α cosψ t

and α sinψ p are the tangential and centripetal acceleration components, so
ψ = constant implies a fixed ratio of tangential and centripetal acceleration.

Two special cases of the condition ψ = constant are well–known: ψ = 0
defines a straight line, since the direction of r′ does not vary; and ψ = 1

2
π

defines a curve of uniform parametric speed (equivalent, modulo scaling, to
arc–length parameterization) since r′ · r′′ = 0 ⇒ |r′| = constant. These cases
correspond to purely tangential and purely centripetal acceleration — note,
however, that a constant parametric speed is impossible for any polynomial
or rational space curve other than a straight line [15].

Simple expressions for integral properties of the surface S(t, φ) are easily
derived from the above results, such as the total area A and total curvature
C (i.e., the integral of Gaussian curvature with respect to surface area).

Lemma 4. Let L be the arc length of the hodograph r′(t), t ∈ [ 0, 1 ] and ψ(t)
be the angle between r′(t) and r′′(t). Then the total area and total curvature

of the surface S(t, φ) in R4 can be expressed as

A = πL and C = 2π [ cosψ(0) − cosψ(1) ] . (25)

Proof : The quantities A and C are defined by the integrals

A =

∫

2π

0

∫

1

0

√
EG− F 2 dt dφ and C =

∫

2π

0

∫

1

0

K
√
EG− F 2 dt dφ .

By using (16) and the first expression in (22), and noting that the integrands
do not depend on φ, these integrals become

A = 2π

∫

1

0

1

2
|r′′| dt and C = 2π

∫

1

0

− d

dt
cosψ dt .

Since the arc–length element along r′(t) is simply |r′′(t)| dt, we obtain the
stated expressions (25).

It is shown below that, for a proper hodograph r′(t), the surface S(t, φ)
satisfiesK 6≡ 0. Hence, the expression for the total curvature in (25) indicates

12



that this surface must possess regions of both positive and negative Gaussian
curvature if r′(t) and r′′(t) make equal angles at t = 0 and t = 1.

The preceding analysis can also be performed using the parameterization
(11) of the surface S(t, φ), in terms of the quaternion polynomial (8), instead
of (9). For example, the coefficients of the first fundamental form become

E = St · St = |A′|2 = u′2 + v′2 + p′2 + q′2 ,

F = St · Sφ = scal(A iA′∗) = uv′ − u′v − pq′ + p′q ,

G = Sφ · Sφ = |A|2 = u2 + v2 + p2 + q2 , (26)

and, since scal2(A iA′∗)+ |vect(A iA′∗)|2 = |A iA′∗|2 = |A|2|A′∗|2, we obtain
√
EG− F 2 = |vect(A iA′∗)| .

Now from r′ = A iA∗ we have r′′ = A′ iA∗+A iA′∗ = 2 vect(A iA′∗), so this
agrees with (16). Noting also that from σ = |A|2 we have σ′ = A′A∗+AA′∗ =
2 scal(AA′∗), the first expression in (23) becomes

K = − 1

|vect(A iA′∗)|
d

dt

scal(AA′∗)

|vect(A iA′∗)| .

Proposition 2. For a proper Pythagorean hodograph r′(t) = A(t) iA∗(t) the

pre–image surface S(t, φ) in R4 is non–developable.

Proof : In terms of the components of (8), we have

scal(AA′∗) = uu′ + vv′ + pp′ + qq′ ,

|vect(A iA′∗)|2 = |A|2|A′|2 − |scal(A iA′∗)|2
= (u2 + v2 + p2 + q2)(u′2 + v′2 + p′2 + q′2) − (uv′ − u′v − pq′ + p′q)2 .

From σ′ = 2 scal(AA′∗) = r′ · r′′/|r′| and |r′′| = 2 |vect(A iA′∗)|, we see that
scal2(AA′∗)/|vect(A iA′∗)|2 = cos2 ψ where ψ is the angle between r′ and r′′.
Hence, setting k = cos2 ψ, we have K ≡ 0 if and only if

(uu′ + vv′ + pp′ + qq′)2

(u2 + v2 + p2 + q2)(u′2 + v′2 + p′2 + q′2) − (uv′ − u′v − pq′ + p′q)2
≡ k

for some k ∈ (0, 1). The cases cos2 ψ = 1 and 0 are discounted, since the
former identifies a straight line, and the latter a constant parametric speed
— impossible [15] for any polynomial curve other than a straight line.
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It is convenient to switch to the Hopf map form (3), in terms of the complex
polynomials α(t) = u(t)+ i v(t), β(t) = q(t)+ i p(t). Since Re(αα′ +ββ′) =
uu′ + vv′ + pp′ + qq′ and Im(αα′ +ββ′) = uv′−u′v−pq′ + p′q, the condition
for a developable surface becomes

Re2(αα′ + ββ′)

(|α|2 + |β|2)(|α′|2 + |β′|2) − Im2(αα′ + ββ′)
≡ k ,

and by elementary manipulations this can be reduced to

(1 − k) Re2(αα′ + ββ′) = k |αβ′ − α′β|2 . (27)

Now when max(deg(α), deg(β)) = m, we have deg(αα′ + ββ′) = 2m − 1,
but deg(αβ′ − α′β) = 2m− 2, so (27) cannot be satisfied unless both sides
vanish. For the Hopf map form, with σ = |α|2 + |β|2, one can verify [7] that
|r′×r′′|2 = 4 σ2 |αβ′−α′β|2. So (27) can be satisfied with k = cos2 ψ = 1 and
r′×r′′ ≡ 0, i.e., a straight line. Also, since r′ · r′′ = σσ′ = 2 σRe(αα′ +ββ′),
(27) can be satisfied with k = cos2 ψ = 0 and r′ · r′′ ≡ 0, i.e., σ = constant
— which, as noted above, also implies a straight line.

6 Rotation-minimizing frames and geodesics

Consider a curve C(t) on the surface (11), defined by a particular choice φ(t),
t ∈ [ 0, 1 ] for the variation of φ with t, i.e.,

C(t) = S(t, φ(t)) . (28)

Different choices for φ(t) determine different curves C(t) in R4, but they all
generate the same hodograph in R3 — i.e., r′(t) = C(t) i C∗(t) = A(t) iA∗(t),
since exp(φ(t) i) i exp(−φ(t) i) = i for any φ(t). Thus, modulo an integration
constant, any choice for φ(t) yields the same PH curve r(t). The significance
of φ(t) becomes apparent when one considers an orthonormal frame on r(t),
comprising the tangent and two normal–plane vectors (see below).

The tangent and curvature of the curve (28) can be determined as follows.
The first and second derivatives can be written as

C′(t) = [A′(t) + φ′(t)A(t) i ] exp(φ(t) i) ,

C′′(t) = [A′′(t) + 2φ′(t)A′(t) i + φ′′(t)A(t) i − φ′2(t)A(t) ] exp(φ(t) i) .

14



Then the unit tangent to C(t) in R4 is

T (t) =
C′(t)

|C′(t)| ,

where |C′| =
√

|A′|2 + 2φ′ scal(A iA′∗) + φ′2|A|2. The curvature of C(t) is
defined as the non–negative function κ = |dT /ds|, i.e., the magnitude of the
derivative of the tangent T with respect to arc length s, where ds = |C′(t)| dt.
Since |C′|′ = C′ · C′′/|C′|, we have

dT
ds

=
|C′|2C′′ − (C′ · C′′)C′

|C′|4 ,

and hence

κ =

∣

∣

∣

∣

dT
ds

∣

∣

∣

∣

=

√

|C′|2|C′′|2 − (C′ · C′′)2

|C′|6 =
|C′′| sin γ
|C′|2 ,

where γ is the angle in R4 between C′ and C′′, i.e., cos γ = C′ · C′′/|C′| |C′′|.
An adapted orthonormal frame on a space curve comprises the unit curve

tangent and two unit vectors spanning the curve normal plane. An interesting
relation between such frames on a spatial PH curve r(t) and the geometry of
their pre–image curves on the surface S(t, φ) is now elucidated.

Definition 2. The Euler–Rodrigues frame (ERF) on the PH curve generated
by (2) is the rational orthonormal frame specified [2] as

(e1(t), e2(t), e3(t)) =
(A(t) iA∗(t),A(t) jA∗(t),A(t)kA∗(t))

|A(t)|2 . (29)

Note that e1(t) is the curve tangent, while e2(t), e3(t) span the normal plane.

Expressed in terms of the components of (8), the ERF vectors are

e1 =
(u2 + v2 − p2 − q2) i + 2(uq + vp) j + 2(vq − up)k

u2 + v2 + p2 + q2
,

e2 =
2(vp− uq) i + (u2 − v2 + p2 − q2) j + 2(uv + pq)k

u2 + v2 + p2 + q2
,

e3 =
2(up+ vq) i + 2(pq − uv) j + (u2 − v2 − p2 + q2)k

u2 + v2 + p2 + q2
.
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Unlike the Frenet frame, the ERF is uniquely defined at inflection points and
has a rational dependence on the curve parameter. The variation of the ERF
is determined by its angular velocity5 ω through the relations

e′

1
= ω × e1 , e′

2
= ω × e2 , e′

3
= ω × e3 , (30)

and writing ω in terms of the ERF as ω1e1 + ω2e2 + ω3e3 it has components

ω1 = e3 · e′

2
= − e2 · e′

3
=

2(uv′ − u′v − pq′ + p′q)

u2 + v2 + p2 + q2
,

ω2 = e1 · e′

3
= − e3 · e′

1
=

2(up′ − u′p+ vq′ − v′q)

u2 + v2 + p2 + q2
,

ω3 = e2 · e′

1
= − e1 · e′

2
=

2(uq′ − u′q − vp′ + v′p)

u2 + v2 + p2 + q2
. (31)

These relations are more compactly expressed in the form

σω = 2 vect(A′A∗) = 2(uv′ − u′v − pq′ + p′q) e1

+ 2(up′ − u′p+ vq′ − v′q) e2

+ 2(uq′ − u′q − vp′ + v′p) e3 .

Definition 3. An orthonormal frame (f1(t), f2(t), f3(t)) along a space curve
r(t), where f1(t) = r′(t)/|r′(t)| is the curve tangent, is rotation–minimizing

(with respect to the tangent) if its angular velocity ω satisfies ω · f1 ≡ 0.

For a rotation–minimizing frame6 (RMF), the normal–plane vectors f2, f3
exhibit no instantaneous rotation about the curve tangent f1. They vary only
so as to remain orthogonal to f1, as it varies along the curve. As can be seen
in Figure 1, the RMF gives a more “natural” variation of f2, f3 about f1 than
the Frenet frame, and is non–singular at inflection points of the curve.

The ERF is not ordinarily an RMF, since in general uv′−u′v−pq′+p′q 6≡ 0.
However, an RMF can be easily constructed from the ERF, as follows. As
noted above, any choice for φ(t) in (28) generates the same hodograph r′(t),
so all the curves in R4 defined by (28) are pre–images of r′(t). However, the
orthonormal frame defined by

(f1(t), f2(t), f3(t)) =
(C(t) i C∗(t), C(t) j C∗(t), C(t)k C∗(t))

|C(t)|2
5In speaking of the frame angular velocity, we regard the curve parameter t as time.
6Such frames are also known as Bishop frames [1], and their angular orientation relative

to the Frenet frame is minus the integral of the torsion with respect to arc length [17].
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Figure 1: The Frenet frame (left) and rotation–minimizing frame (right) on
a curve with an inflection point (only the normal–plane vectors are shown).

does depend on φ(t). Specifically, it is related to the frame (29) by

f1(t) = e1(t) ,

[

f2(t)
f3(t)

]

=

[

cos 2φ(t) sin 2φ(t)
− sin 2φ(t) cos 2φ(t)

] [

e2(t)
e3(t)

]

, (32)

i.e., f1(t) = e1(t) is still the tangent, but the normal–plane vectors f2(t), f3(t)
generated by C(t) amount to rotating the ERF vectors e2(t), e3(t) generated
by A(t) through angle 2φ(t) about the tangent. The frame (32) has the same
angular velocity components ω2 and ω3 as the ERF, but the component ω1

in the direction of e1 = f1 becomes

ω1 =
2(uv′ − u′v − pq′ + p′q)

u2 + v2 + p2 + q2
+ 2φ′ . (33)

Consequently (f1, f2, f3) is a rotation–minimizing frame if φ(t) is specified as

φ(t) = −
∫

uv′ − u′v − pq′ + p′q

u2 + v2 + p2 + q2
dt . (34)

Note that (34) incurs a free integration constant, which reflects the fact that
determining an RMF is an initial–value problem — any initial orientation of
the normal–plane vectors f2(0), f3(0) is possible. For the choice (34), the curve
(28) on the pre–image surface in R4 has a special geometrical significance.
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Proposition 3. A curve C(t) = S(t, φ(t)) on the ringed pre–image surface

(11) in R4 that generates a rotation–minimizing frame on a spatial PH curve

r(t) corresponds to a geodesic on that surface.

Proof : Consider the form of S(t, φ) defined by (8) and (11), for which the
first fundamental form coefficients are specified by (26) and the corresponding
Christoffel symbols can be expressed [29] as

(Γt
tt,Γ

t
tφ,Γ

t
φφ) =

(GEt − 2FFt + FEφ, GEφ − FGt, 2GFφ −GGt − FGφ)

2(EG− F 2)
,

(Γφ
tt,Γ

φ

tφ,Γ
φ

φφ) =
(2EFt − EEφ − FEt, EGt − FEφ, EGφ − 2FFφ + FGt)

2(EG− F 2)
.

Noting that Eφ = Fφ = Gφ = 0, and using primes to denote derivatives with
respect to t, these expressions reduce to

(Γt
tt,Γ

t
tφ,Γ

t
φφ) =

(GE ′ − 2FF ′,−FG′,−GG′)

2(EG− F 2)
, (35)

(Γφ
tt,Γ

φ

tφ,Γ
φ

φφ) =
(2EF ′ − FE ′, EG′, FG′)

2(EG− F 2)
. (36)

Geodesics on a surface are typically formulated as solutions to coupled non–
linear differential equations, where the independent variable is the arc length
along a geodesic, and the dependent variables are the surface parameters. In
the present context, it is convenient to treat them as solutions of a single
differential equation, the surface parameters t and φ being the independent
and dependent variable, respectively. This equation then has [29] the form

φ′′ = Γt
φφ φ

′3 + (2 Γt
tφ − Γφ

φφ)φ
′2 + (Γt

tt − 2 Γφ

tφ)φ
′ − Γφ

tt . (37)

Now from (26), we see that the choice (34) defining an RMF corresponds to

φ = −
∫

F

G
dt , and thus φ′ = −F

G
, φ′′ =

FG′ − F ′G

G2
. (38)

Substituting from (35)–(36) and (38), one finds that the geodesic equation
(37) is satisfied, so the curve (28) specified by (34) is geodesic on S(t, φ).

The result of Proposition 3 can also be derived from variational principles,
which also show that RMF pre–images are not the only geodesics on S(t, φ).
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Remark 3. Consider extremal values of the total length

∫

1

0

|C′(t)| dt (39)

of curves C(t) = S(t, φ(t)) on the surface (11), with respect to choice of the
function φ(t). Since C′(t) = (A′(t) + φ′(t)A(t) i) exp(φ(t) i), the integrand in
(39) can be expressed, by use of (26), as

P (t, φ, φ′) =
√

E + 2Fφ′ +Gφ′2 .

Hence, the Euler-Lagrange equation

∂P

∂φ
− d

dt

∂P

∂φ′
= 0

determining the functions φ(t) that correspond to extrema of (39) reduces to

d

dt

F +Gφ′

√

E + 2Fφ′ +Gφ′2
= 0 ,

and hence F +Gφ′ = k
√

E + 2Fφ′ +Gφ′2 for some constant k. The function
(38) that generates RMFs evidently satisfies this condition with k = 0, but
solutions for non–zero k values identify geodesics that do not generate RMFs.

Geodesics on surfaces in R
3 admit intuitive geometrical characterizations,

in terms of a coincidence of the principal normal with the surface normal, or
vanishing of the geodesic curvature [29]. However, these interpretations have
no straightforward extensions to surfaces in R4, for which the identification
of intuitive geometrical characterizations for geodesics is a more challenging
task. We focus instead on the circumstances in which geodesics on the surface
(11), and the RMFs they generate, have particularly simple functional forms.

The integral (34) defining the function φ(t) that identifies a geodesic on
S(t, φ) through the substitution (28) can be evaluated using a partial–fraction
decomposition7 of the integrand. In general, the result incurs transcendental
terms, so the geodesic is not ordinarily a rational curve — correspondingly,
the RMF determined from (32) is not, in general, a rational frame. Only a
subset of the spatial PH curves admit rational RMFs, as described below.

7Since the integrand denominator is a non–negative real polynomial, it can be expressed
as a product of a set of quadratic real factors.
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7 Rational rotation-minimizing frames

Rotation–minimizing frames are of great interest in various applications, such
as computer animation, swept surface design, spatial motion control, etc. In
such contexts, it is desirable to have RMFs with simple, exact (i.e., rational)
representations. As noted above, a general geodesic defined by (28) and (34)
on S(t, φ) does not generate a rational RMF, and special conditions must be
imposed on the coefficients of the quaternion polynomial A(t) to ensure the
existence of a rational RMF. The PH curves that satisfy these conditions are
called rational rotation–minimizing frame (RRMF) curves [8].

Han [18] observed that, if the RMF defined by (32) is to be rational, the
matrix relating f2(t), f3(t) to e2(t), e3(t) must have rational elements — i.e.,
they must be of the form

sin 2φ(t) =
a2(t) − b2(t)

a2(t) + b2(t)
, cos 2φ(t) =

2 a(t)b(t)

a2(t) + b2(t)
, (40)

for relatively prime polynomials a(t), b(t). Consequently, φ(t) must satisfy

φ′(t) =
a′(t)b(t) − a(t)b′(t)

a2(t) + b2(t)
.

Since RMFs are characterized by the vanishing of expression (33), this yields
the following result [18].

Proposition 4. The PH curve generated by (2) and (8) is an RRMF curve

if and only if relatively prime polynomials a(t) and b(t) exist, such that the

components of (8) satisfy

uv′ − u′v − pq′ + p′q

u2 + v2 + p2 + q2
=

ab′ − a′b

a2 + b2
. (41)

Now the Frenet frame is trivially an RMF for any plane PH curve. The
simplest spatial PH curves satisfying (41) with deg(a, b) = deg(u, v, p, q) are
degree 5. As shown in [8], these RRMF quintics may be identified as a proper
subset of all the spatial PH quintics by a simple constraint on the Bernstein
coefficients of the quadratic quaternion polynomials that generate them.

Proposition 5. A spatial PH quintic generated by the quadratic quaternion

polynomial A(t) = A0(1−t)2+A12(1−t)t+A2t
2 satisfies the RRMF condition

20



(41) with deg(a, b) = deg(u, v, p, q) if and only if A0,A1,A2 satisfy8

vect(A2 iA∗

0
) = A1 iA1 . (42)

A quadratic quaternion polynomial A(t) for t ∈ [ 0, 1 ] specifies a parabola
segment in R4 — the parabola segment lies in the plane passing through the
points A0,A1,A2 and its focus can be expressed [25] as

F = A1 +
|A2 −A1|2(A0 −A1) + |A0 −A1|2(A2 −A1)

|A2 − 2A1 + A0|2
.

Thus, in this case, the isoparametric curves φ = constant on the surface (11)
are all parabola segments, and the curves t = constant are circles.

The vector condition (42) imposes three scalar constraints on the twelve
degrees of freedom in the coefficients A0,A1,A2. Thus, if two coefficients are
freely chosen, only one degree of freedom remains for the other coefficient. A
geometrical interpretation of this residual freedom may be phrased as follows.

Proposition 6. With A0 and A2 freely chosen, set w = wxi +wyj +wzk =
vect(A2 iA∗

0
), and let the orthogonal vectors (7) in R4 be defined in terms of

(λ, µ, ν) = (wx, wy, wz)/|w|. Then the condition (42) is satisfied if and only

if A1 lies on the circle in R4 specified by

A1(φ) =
√

1

2
(1 + λ)|w| (cos φ E2 − sinφ E1) .

Proof : When A0, A2 are assigned, w = vect(A2 iA∗

0
) is a known vector, so

the RRMF condition (42) is just an instance of the inverse Hopf map problem
— i.e., determining the quaternions A that satisfy (4) for a given vector w.
Proposition 6 then follows from the results of Section 3.

Remark 4. Since for an RRMF curve generated by (2) and (8), the function
(34) satisfies (40) for some polynomials a(t) and b(t), the geodesic pre–image
C(t) = S(t, φ(t)) of r′(t) — equipped with its rational RMF — on the surface
(11) in R4 is defined in terms of u, v, p, q and a, b by

C =
au− bv + (av + bu) i + (ap + bq) j + (aq − bp)k√

a2 + b2
.

8Note that, since vect(A0 iA∗

2
) = vect(A2 iA∗

0
), the condition (42) is symmetric with

respect to the coefficient subscripts.
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The condition (42) for a quintic RRMF curve holds when (41) is satisfied
with deg(a, b) = 2. However, non–trivial solutions to (41) with deg(a, b) <
deg(u, v, p, q) are also possible when deg(u, v, p, q) ≥ 2. A family of RRMF
quintics that satisfy (42) with deg(a, b) = 1 was identified in [16], although
their algebraic structure is more involved. The only RRMF quintic solutions
to (41) with deg(a, b) = 0 are degenerate (planar) curves. For RRMF curves
that satisfy (41) with deg(a, b) = 0, the ERF (29) is itself a rational rotation–
minimizing frame, and consequently the isoparametric curves φ = constant
are all polynomial geodesics on the surface (11) in R4. The simplest RRMF
curves that possess this property are of degree 7 — see [2, 13]. Clearly, the
entire family of RRMF curves has a rather complicated structure, of which
the results in Propositions 5 and 6 represent only the tip of the iceberg.

8 Closure

A Pythagorean hodograph r′(t) is generated by mapping of a surface S(t, φ)
from R4 to R3. This surface may be interpreted as a one–parameter family
of circles of varying radius and orientation centered on the origin of R4, or
as a family of isoclinic rotations of a three–dimensional “base curve” in R4.
Some basic properties of this surface have been derived (the first fundamental
form, Gaussian curvature, total area, and total curvature) and related to the
properties of r(t). Moreover it was shown that, for a non–degenerate curve,
the surface S(t, φ) cannot be developable (a non–trivial fact in R

4).
Since the mapping from R4 to R3 is many–to–one, it suffices to choose a

curve C(t) = S(t, φ(t)) on the pre–image surface, defined by specifying φ as
a function of t, to generate r′(t). Although such curves all generate the same
hodograph, the associated orthonormal frames (comprising the tangent and
two normal–plane vectors) depend explicitly on φ(t). In particular, it was
shown that rotation–minimizing frames (for which the frame angular velocity
maintains a zero component in the tangent direction) correspond to choices
for φ(t) that identify geodesics on the surface S(t, φ) in R4.

Greater insight into the geometry of Pythagorean hodograph pre–image
surfaces in R4 may help solve some outstanding problems in the construction
of PH curves. For example, the spatial PH quintic interpolants to first–order
Hermite data (end points and derivatives) form a two–parameter family, with
the remarkable property that fixing one parameter yields a family of curves
of different shape but identical arc length [11]. Since the shape quality of the
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interpolants can be sensitive to the choice of these parameters, methods for
determining “optimum” values are of great practical importance.
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