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Abstract

Asymptotics of the Tate-Shafarevich Group

by

Shelly Manber

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Xinyi Yuan, Chair

For any elliptic curve E with everywhere good or split multiplicative reduction over a finite
extension of Fq(t) with q = pe, p 6= 2, we consider the family of elliptic curves {E(pn)}n∈Z+

consisting of pn-power frobenius automorphism twists of E. Assuming BSD for function
fields, we compute the asymptotics of the order of the Tate-Shafarevich group of E(pn) as n
approaches infinity. We prove that there is a twist E(pk) such that for any n greater than k,
we can explicitly compute the order of the Tate-Shafarevich group of E(pn) as a power of p
(given in terms of n) times the order of the Tate-Shafarevich group of E(pk). In particular,
as n approaches infinity, the size of the Tate-Shafarevich group of E(pn) grows on the order
of O(qδp

n
) for some constant δ determined by E(pk). More precisely, the size of the Tate-

Shafarevich group of E(pn) grows as θ(peδpn−n(m+r)) where r is the rank of E(pk) and m is the
number of places of bad reduction of E(pk).
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Chapter 1

Introduction

Let K be a global field and let E be an elliptic curve over K. The set of K-points of E,
denoted E(K), is a finitely generated abelian group under the group law of E, so E(K) ∼=
G × Zr where G is a finite group and r is a nonnegative integer. We call r the rank of E.
Much remains unknown about the ranks of elliptic curves. We do not know how, in general,
to compute the rank of an elliptic curve. For elliptic curves over Q, Bhargava and Shankar
[1] proved that the average rank of elliptic curves ordered by height is bounded above by
1.5, but it remains unknown if there exist elliptic curves of arbitrarily high rank. The Birch
and Swinnerton-Dyer Conjecture, proposed in the 1960s, asserts that the rank of an elliptic
curve is equal to the order of vanishing at s = 1 of its L-function, and remains unproven to
this day, despite being one of the Clay Institute million dollar problems.

The n-descent formula for E

0→ E(K)/nE(K)→ Sel(E)(n) →X(E)[n]→ 0

gives some hope of understanding the rank of E by understanding the n-Selmer group
Sel(E)(n) and the n-torsion of the Tate-Shafarevich group X(E) of E for any positive integer
n ≥ 2. This gives some motivation for the topic of this thesis: computing the order of the
Tate-Shafarevich group, defined as the kernel of the natural map

H1(K,E)→
∏
ν

H1(Kν , E)

where H1(K,E) := H1(GK , E(Ksep)) denotes Galois cohomology, considering E(Ksep) as a
GK-module.

There are many results in the literature on the order of the Tate-Shafarevich group.
Kloosterman proves in [8] that for every prime p and every positive integer k, there exists
a number field K and an elliptic curve E/K such that |X(E)[p]| ≥ pk, i.e. that there
exist elliptic curves over number fields of arbitrarily high Tate-Shafarevich group p-torsion.
Dabrowski and Szymaszkiewicz [4] conjecture that if E is an elliptic curve over Q then for
any positive integer k, the number of quadratic twists E(d) of E for which |X(E(d))| = k2
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and d < X grows on the order of

c1X
3/4(log(X))c2

as X approaches infinity, where c1 and c2 are constants dependent on k. Goldfeld and Szpiro
[6] prove that, if we assume that X(E) is finite for all elliptic curves over function fields,
and if we order the set of elliptic curves over a fixed function field by conductor N , then the
average size of X grows on the order of N1/2+ε as N approaches infinity, where ε > 0 is a
fixed constant.

Note that, although we talk about the size of X(E), it is not yet proven that X(E)
is always finite, though it is conjectured and widely believed to be true. Indeed, the Birch
and Swinnerton-Dyer Conjecture, in addition to asserting that the rank of an elliptic curve
is equal to the order of vanishing at s = 1 of its L-function, conjectures that the Tate-
Shafarveich group X(E) is finite, and conjectures the following relationship between the
leading coefficient of the L-function of E and the size of the X(E):

1

r!
L(r)(E/K, 1) =

|X(E)|R(E)τ(E)

|E(K)tors|2
. (1.1)

Here r := ords=1L(E/K, s), R(E) is the regulator of E, and τ(E) is the Tamagawa number
of E. Each of these values will be defined in detail later on.

The Birch and Swinnerton-Dyer Conjecture has been proved for some families of elliptic
curves, including elliptic curves over Q with complex multiplication and isotrivial elliptic
curves over function fields. Tate and Milne proved (see [16], Theorem 12.1) that when K
is a function field, the rank of E(K) is less than or equal to the order of vanishing of the
L-function at s = 1, and that the following are equivalent:

1. rank(E(K)) = ords=1L(E, s)

2. X(E) is finite

3. X(E)`∞ - the `-primary part of X(E) - is finite for any one prime `.

Furthermore, if any of those equivalent conditions hold, then so does the full formula (1.1).
This very powerful result allows us to use the full force of the BSD conjecture with only the
assumption that X(E) is finite.

In this thesis, we fix a function field K of characteristic p and, assuming that X(E) is
finite for all elliptic curves E over K, use formula (1.1) to construct a sequence of elliptic
curves with Tate-Shafarevich group growing at the rate of O(pc1p

n−c2n) for positive integers
c1 and c2. In particular, for any positive integer n, let φpn : K → K denote the pn-power
Frobenius and E(pn) the twist of E by φpn . The precise result is the following.

Theorem 1.0.1. Let K be the function field of a smooth, projective, geometrically integral
curve over Fq with q = pe, p 6= 2, and let E be an elliptic curve over K with split multiplicative
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reduction at m places and good reduction everywhere else. Assuming BSD, there exists a
positive integer k such that for all positive integers n,

|X(E(p(n+k)))| = peδ(p
n−1)−n(m+r)|X(E(pk))|

where r is the algebraic rank of E(pk) and

δ :=
1

12

∑
ν∈Mbad

cνdeg(ν),

where cν is the local Tamagawa number at ν of E(pk) and Mbad the set of places at which E
has bad reduction.

This theorem tells us that after a certain point, the size of the Tate-Shafarevich group
grows on the order of magnitude of O(peδp

n
).

The theorem follows from a result of Ghioca [5], which says that E(Kper) is finitely gener-
ated, where Kper := ∪K1/pn . Since the Frobenius induces a bijection between E(K1/pn) and
E(pn)(K) for all n, this result allows us to compute how R(E(pn)), τ(E(pn)), and |E(pn)(K)tors|
behave as a function of n. Finally, we note that E and E(pn) are isogenous for all n and thus
have the same L-function, from which we can obtain our main result.

The paper is organized as follows. In the background section, we define the regulator
R(E), the Tamagawa number τ(E), and the L-function L(E, s), giving all necessary back-
ground to do so. Next, we compute R(E(pn)) as a function of n, then we compute τ(E(pn))
as a function of n, and finally, we put together the pieces to prove Theorem 1.0.1.
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Chapter 2

Background

2.1 Height and Regulator
The goal of this section is to define the regulator R(E) of an elliptic curve E. To do this,

we will begin with the definition of the Néron-Tate height function. We follow the exposition
of [2], [3], and [13].

Let K be the function field of a smooth, projective, geometrically integral curve C over
Fq with q = pe and let MK be the set of places of K, i.e., the set of discrete valuations on
K. There is a bijective correspondence between the set of places of K and the set of closed
points of C such that the discrete valuation ring OKν associated to ν ∈MK is the local ring
of the corresponding point of C. For each valuation ν ∈MK , we define an absolute value on
K by |x|ν := q−ν(x) for all x ∈ K.

The product formula on K says that∏
ν∈MK

|x|ν = 1 for all x ∈ K∗.

We define a height function H : Pn(K)→ R on projective space Pn(K) by

H(x0, . . . , xn) :=
∏
ν∈MK

max
0≤i≤n

|xi|ν

Note that H is a well defined function on Pn(K) since

1. For each i, we have |xi|ν = 1 for all but finitely many | · |ν and thus max
0≤i≤n

|xi|ν = 1 for

all but finitely many | · |ν , and
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2. If k ∈ K∗ then

H(kx0, . . . kxn) =
∏
ν∈MK

max
0≤i≤n

|kxi|ν

=
∏
ν∈MK

max
0≤i≤n

|k|ν |xi|ν

=
∏
ν∈MK

|k|ν max
0≤i≤n

|xi|ν

=
∏
ν∈MK

|k|ν
∏
ν∈MK

max
0≤i≤n

|xi|ν

=
∏
ν∈MK

max
0≤i≤n

|xi|ν

= H(x0, . . . , xn)

We define the logarithmic height h : Pn(K)→ R by h(P ) := logH(P ) for P ∈ Pn(K). If X
is a scheme over K and ψ : X → Pn a morphism, we define functions Hψ and hψ on X by

Hψ(x) := H(ψ(x))

hψ(x) := h(ψ(x))

for x ∈ X(K).
Let K (X) denote the R-vector space of functions X → R modulo the R-vector space of

bounded functions X → R. Theorem 3.3, Chapter VI of [3] says that there is a unique map

Pic(X)→ K (X)

L 7→ hL

such that if ψ : X → Pn is a morphism and L ∼= ψ∗O(1) then hψ−hL is a bounded function,
or in other words that hψ is a representative for the image of L in K (X).

Futhermore, if X is an abelian variety, Theorem 4.3, Chapter VI of [3] says that for every
invertible sheaf L ∈ Pic(X) there is a unique function

ĥL : X → R

such that ĥL − hL is a bounded function and the pairing

〈·, ·〉 : X(K)×X(K)→ R≥0

〈P,Q〉 := ĥL (P +Q)− ĥL (P )− ĥL (Q)

is a bilinear form on X(K). This map ĥL is called the Néron-Tate normalization of the
height function on X with respect to L .
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When E is an elliptic curve, the Néron-Tate height (also called canonical height) is the
Néron-Tate normalization of the height function on X with respect to the line bundle M
corresponding to the Weil divisor 2[O] where O denotes the point at infinity on E. To
compute the Néron-Tate height explicitly, choose any Weierstrass equation for E, and let ψ
be the morphism

ψ : E(K)→ P1

P 7→ (x(P ) : 1) if P 6= O, and
O 7→ (1 : 0)

where x(P ) is the x-coordinate of the point P with the chosen Weierstrass equation. If
P 6= O and P is represented by (x, y) on the affine chart E \ {O} then

hψ(P ) = log
( ∏
ν∈MK

max(|x|ν , |1|ν)
)

=
∑
ν∈MK

max(ν(x), ν(1))

=
∑
ν∈MK

max(ν(x), 0).

If P = O then hψ(P ) = hψ(O) = 0.
Since the sheaf O(1) on P1 corresponds to the Weil divisor [(1 : 0)], the map ψ has

degree two, and ψ−1[(1 : 0)] = O, we have ψ∗O(1) = 2[O], regardless of choice of Weierstrass
equation. Thus hψ − hM is a bounded function and hψ = hM as elements of K (X).

Consider the map ĥ : E → R given by

ĥ(P ) :=
1

2
lim
m→∞

hψ(2mP )

4m

The fact that this limit always exists is a part of Theorem 4.3, section III of [13]. Theorem
4.3 also asserts that ĥ− hψ is a bounded function and that the pairing

〈·, ·〉 : E(K)× E(K)→ R≥0

〈P,Q〉 = ĥ(P +Q)− ĥ(P )− ĥ(Q)

is a bilinear form on E(K). Thus ĥ = ĥM is the Néron-Tate height on E.
We are now ready to define the regulator of an elliptic curve. Let P1, . . . , Pr be a set

of generators for the free part of E(K), i.e. a set of generators for E(K)/E(K)tors. The
regulator R(E) is defined to be the determinant of the r×r matrix (〈Pi, Pj〉), where 〈·, ·〉 is the
pairing defined above. The regulator does not depend on the choice of generators.
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2.2 L-functions
Let E be an elliptic curve over a function field K and let ν be a place of K. Denote by

qν the size of the residue field kν at ν. We define the local factor of the L-function of E by

Lν(E, s) :=


(1− aνq−sν + q1−2s

ν )−1 if E has good reduction at ν
(1− q−sν )−1 if E has split multiplicative reduction at ν
(1 + q−sν )−1 if E has non-split multiplicative reduction at ν
1 if E has additive reduction at ν.

where aν := qν + 1−#E(kν). We define the global L-function of E by

L(E, s) :=
∏
ν∈MK

Lν(E, s).

It is well known that L(E, s) converges absolutely when Re(s) > 3
2
and there exists a mero-

morphic continuation of L(E, s) to the entire complex plane. It also satisfies the functional
equation

L(E, s) = L(E, 2− s).

Recall that the Birch and Swinnerton-Dyer conjecture predicts that

1

r!
L(r)(E, 1) =

|X(E)|R(E)τ(E)

|E(K)tors|2
.

Much of what makes this conjecture so interesting is that it relates the L-function on the
left, a purely analytic object, to various algebraic invariants of E on the right hand side.

2.3 Haar Measures and Tamagawa Number
In this section we will define the global Tamagawa number of an elliptic curve and derive

a formula to compute the global Tamagawa number in practice. We begin by presenting some
very basic background on Haar measures and their integrals, next discuss Néron models and
local Tamagawa numbers, and finally define the global Tamagawa number.

Haar Measures

Let G be a locally compact, Hausdorf, topological group. A σ-algebra is a collection of
sets that contains the empty set and is closed under complements and countable unions. The
Borel σ-algebra, denoted B(G), is the smallest σ-algebra containing all open sets of G. A
Haar measure on the pair (G,B(G)) is a map µ : B(G)→ R≥0 ∪∞ such that:
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1. for all S ∈ B(G), we have µ(S) = infU⊃S{µ(U)}, where the infimum is taken over all
open sets containing S

2. if S ∈ B(G) is compact then µ(S) is finite

3. if U ∈ B(G) is open then µ(U) = supS⊂U{µ(S)} where the supremum is taken over all
compact sets contained in U

4. if S ∈ B(G) and S 6= ∅ then µ(S) 6= 0

5. for all g ∈ G and S ∈ B(G), we have µ(gS) = µ(S).

It is known (for example, [15], Theorem 2.2) that every locally compact, Hausdorff, topolog-
ical group has a Haar measure, and that this Haar measure is unique up to scalar multipli-
cation.

Let Kν be a local field, complete with respect to a discrete valuation ν, equipped with
the ν-adic topology. Then Kν is locally compact and Hausdorff, and we assign to Kν the
Haar measure µ0

ν that is normalized such that µ0
ν(OKν ) = 1. If f : Kν → Kν is a function on

Kν and X ⊂ Kν , we define the integral
∫
X
|f |νµ0

ν as follows. Let Φ be the set of all functions
φ on X of the form φ =

∑
i λiδi where λi ∈ R>0 and

δi : Kν → {0, 1}

δi(x) =

{
1 if x ∈ Si
0 if x /∈ Si

for some set Si ∈ B(G), and Si ⊂ X. Then
∫
X
|f |νµ0

ν is defined to be the supremum over all
φ ∈ Φ with φ ≤ |f |ν of the value λiµ0

ν(Si).
Now let X be a one dimensional scheme over a function field K, and let ω ∈ Γ(X,ΩX/K)

be a differential form onX. For any place ν ofK, we wish to define the integral
∫
X(Kν)

|ω|νµν .
To do so, we take any point P ∈ X(Kν) and choose a small enough neighborhood U of P
such that ω|U = f(x)dx and U is homeomorphic to an open set V in Kν . Then

∫
U
|ω|νµ0

ν :=∫
V
|f |νµ0

ν . By covering X with such open sets U and using inclusion-exclusion, we compute
the integral

∫
X(Kν)

|ω|νµ0
ν .

It is very difficult in practice to compute an integral by the method outlined above.
Instead, to compute the integral of a Haar measure on a scheme, we try to reduce to the
case where the function f(x) corresponding to ω|U has absolute value 1 everywhere.

Néron Models

Let E be an elliptic curve over K and let S be a Dedekind scheme with fraction field K
(for example, we could take S = Spec(OK)).
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Definition 2.3.1. The Néron model for E over S is the unique scheme E over S with generic
fiber E such that E is smooth, separated, and finite type over S and such that if X is any
smooth S-scheme, every morphism from the generic fiber XK of X to E extends uniquely
to a morphism from X to E , as illustrated in the following diagram:

XK X

E E

K S

∀ ∃!

The Néron model of E always exists. To see this, we must first define the minimal regular
model.

Definition 2.3.2. The minimal regular model X of E over S is a projective, flat, regular
S-scheme of dimension two with generic fiber E that is minimal in the sense that if X is
a projective, flat, regular S-scheme of dimension two then any birational map X → X is a
birational morphism.

The minimal regular model of E always exists, is unique, and can be found by choosing a
minimal Weierstrass equation for E and applying a series of blow-ups until it is non-singular
(see [9], Chapter 9, section 4). Furthermore, the open subscheme of points of X that are
smooth over S is the Néron model of E over S [9, Chapter 10, Theorem 2.14].

Since E is an open subscheme of X by definition, we have a natural map E(S) → X(S)
that sends the morphism S → E to S → E ↪→ X. Lemma 2.12 of [9] Chapter 10 says
that this map is in fact a bijection. Furthermore, we have a natural map X(S) → E(K)
defined as follows. Given a morphism S → X, we compose with the inclusion of the generic
point Spec(K)→ S to get a morphism Spec(K)→ X. Then this morphism, along with the
identity Spec(K) → Spec(K) gives a unique morphism Spec(K) → E by the definition of
fiber product:

K S

E X

K S
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Lemma 2.12 of [9] Chapter 10 says that the map X(S) → E(K) we have just described
is a bijection as well. Thus we have bijections

E(S)↔ X(S)↔ E(K)

Now let K be a function field and let ν be a place of K. Denote by OKν ⊂ K the discrete
valuation ring corresponding to ν, mν the maximal ideal of OKν , and kν = OKν/mν the
residue field at ν. Let Eν be the Néron model for E over OKν .

Definition 2.3.3. The local tamagawa number cν of E at ν is the number of connected
components of the special fiber Ekν := Eν ×OKν kν of Eν .

The local Tamagawa number can be computed using Tate’s algorithm. The simplest
cases (and the only ones we will need here) are when E has good reduction at ν in which
case cν = 1 and when E has split multiplicative reduction at ν in which case cν = ν(∆E)
where ∆Eν is the minimal discriminant of Eν := E ×K Kν . Furthermore, in the case of split
multiplicative reduction, E has Kodaira type Icν , which means that if E0 denotes the identity
component of Ekν then Ekν/E0 is a cyclic group of order cν and E0(kν) ∼= k∗ν . ([13] Chapter
IV, 9.4).

Global Tamagawa Number

For this section let K be the function field of a smooth, projective, geometrically integral
curve C of genus g over a finite field k = Fq of characteristic p, and let MK denote the set of
places of K. Let AK :=

∏
ν∈MK

′
Kν be the adele ring of K and let µ = ⊗ν∈MK

µν be the Haar

measure on AK normalized such that µ(AK/K) = 1. Fix any nonzero global differential
ω ∈ Γ(E,ωE/K).

Definition 2.3.4. The global tamagawa number τ(E) of E is defined as

τ(E) =
∏
ν∈MK

Lν(E, 1)µν(E(Kν), ω)

where Lν(E, 1) is the value of the local L-function Lν(E, s) at s = 1 and

µν(E(Kν), ω) :=

∫
E(Kν)

|ω|νµν
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This definition does not rely on the choice of ω. Indeed, if ω′ ∈ Γ(E,ωE/K) then we can
write ω = αω′, for some α ∈ K since Γ(E,ωE/K) is a one-dimensional K-vector space. Then∏

ν∈MK

µν(E(Kν), ω) =
∏
ν∈MK

µν(E(Kν), αω
′)

=
∏
ν∈MK

∫
E(Kν)

|αω′|νµν

=
∏
ν∈MK

|α|ν
∫
E(Kν)

|ω′|νµν

=
∏
ν∈MK

|α|ν
∏
ν∈MK

∫
E(Kν)

|ω′|νµν

=
∏
ν∈MK

µν(E(Kν), ω
′)

because
∏

ν∈MK
|α|ν = 1 by the product formula.

Unfortunately, it is extremely difficult to compute τ(E) directly from the definition. The
remainder of this section will be devoted to the following theorem, which will allow us to
compute the Tamagawa number more explicitly. Let E denote the Néron model for E over
C and define L := π∗(ωE/C) where π : E → C.

Theorem 2.3.5. With τ(E) defined as above, we have

τ(E) = q1−g−δ
∏
ν∈MK

cν

where cν is the local Tamagawa number of E at ν, g is the genus of C, and δ is the degree
of L .

Proof. We will prove this theorem in several pieces. To begin with, let µ0
ν be the unique Haar

measure on Kν such that µ0
ν(OKν ) = 1 for all ν ∈ MK , and define µ0 := ⊗ν∈MK

µ0
ν . While

the definition of τ(E) is given in terms of µ, it will be much easier to integrate using µ0.
Thus, we would like to find a relationship µ and µ0. This leads us to the following lemma.

Lemma 2.3.6. We have
µ = q1−gµ0.

Proof. By definition, we have µ(AK/K) = 1 and µ0(
∏
OKν ) = 1. We compare the two by

thinking of
∏
OKν as somehow “living inside" AK/K. More precisely, consider the natural

embedding ∏
OKν → AK

followed by the projection
AK → AK/K
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where K embeds in AK diagonally. The kernel of this map is
∏
OKν ∩K, which is precisely

the set of elements of K with nonnegative valuation at every place, i.e. the global sections of
OC . Since Γ(C,OC) = k [17, 10.3.7 and 18.2.H], we have an embedding

∏
OKν/k ↪→ AK/K.

Claim 2.3.7. (AK/K)/(
∏
OKν/k) is a k-vector space of dimension g

Proof. Let OC denote the structure sheaf on the curve C and K the constant sheaf on C.
Consider the short exact sequence of sheaves

0→ OC → K → K/OC → 0.

We get a long exact sequence from sheaf cohomology

0→ k → K → H0(C,K/OC)→ H1(C,OC)→ H1(C,K)→ · · ·

since Γ(C,OC) = k and Γ(C,K) = K. Now the constant sheaf K is flasque [7, ex II.1.16] so
H1(C,K) = 0 [7, prop III.2.5].

Thus we have
0→ K/k → H0(C,KP/OC)→ H1(C,OC)→ 0

As in the proof of Serre Duality in Hartshorne, we see that

K/OC ∼=
⊕
P∈C

i∗(KP/OP )

where i is the inclusion i : {P} → C and the sum is over the closed points of C. The set of
places ν of K are in one to one correspondence with the set of closed points P of C, so this
isomorphism gives

Γ(C,K/OC) =
⊕
P∈C

Γ(C,KP/OP )

=
⊕
ν∈MK

Kν/OKν

Note that ⊕
ν∈MK

Kν/OKν ∼= AK/(
∏
ν∈MK

OKν )

since the map

AK →
⊕
ν∈MK

Kν/OKν

(αν)ν∈MK
7→ (ᾱν)ν∈MK

is surjective with kernel
∏

ν∈MK
OKν , so we have

H1(C,OC) ∼= (AK/(
∏
ν∈MK

OKν ))/(K/k)
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Now
(AK/(

∏
ν∈MK

OKν ))/(K/k) ∼= (AK/K)/(
∏
OKν/k)

and H1(C,OC) is a k-vector space of dimension g [7, p. IV.1.1] so the proof is complete.

We have now that there are |k|g = qg cosets of
∏
OKν/k inside AK/K, and since µ is

translation invariant, each coset has the same measure. So µ(
∏
OKν/k) = q−g. Furthermore,

µ0(
∏
OKν ) = 1 and k has q elements so µ0(

∏
OKν/k) = q−1. Thus µ = q1−gµ0 and we are

done.

Lemma (2.3.6) combined with the definition of τ gives us

τ(E) = q1−g
∏
ν∈MK

Lν(E, 1)µ0
ν(E(Kν), ω).

For each ν ∈ MK let Eν denote the Néron model of E over OKν and fix a generator ω0
ν

of Γ(Eν , ωEν/OKν ). By definition, ω0
ν is the invariant differential for E over Kν , and as such,

is much easier to integrate than ω. The next piece of our effort to compute τ(E) is to find
a relationship between ω and ω0

ν .
Let E denote the Néron model for E over C and define L := π∗(ωE/C) where π : E → C.

Lemma 2.3.8. We have
∏
ν∈MK

∣∣∣ ω
ω0
ν

∣∣∣
ν

= q−δ where δ = deg(L ).

Proof. First, let us be clear about the precise meaning of the term
∣∣∣ ωω0

ν

∣∣∣
ν
. Consider the

following diagram of cartesian squares:

E
fE−−−→ Eν

fν−−−→ E
πE

y πν

y π

y
Spec(K) −−−→ Spec(OKν )

gν−−−→ C

We have ω ∈ Γ(E,ωE/K), ω0
ν ∈ Γ(Eν , ωEν/OKν ), and f ∗E(ωEν/OKν ) = ωE/K . Let ω1

ν be the
pullback of ω0

ν to ωE/K . Since Γ(E,ωE/K) is a one dimensional K-vector space, we have
ω
ω1
ν
∈ K. We define

∣∣∣ ωω0
ν

∣∣∣
ν

:=
∣∣∣ ωω1

ν

∣∣∣
ν
.

The next step is to connect
∣∣∣ ωω0

ν

∣∣∣
ν
with deg(L ). To make this connection, we prove the

following two claims.

Claim 1: Γ(E,ωE/K) = lim−→
U⊂C

Γ(U,L )
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Claim 2: Γ(Eν , ωEν ,OKν ) = Γ(Spec(OKν ), g∗ν(L ))

These claims allow us to realize ω and ω0
ν as sections of L and g∗ν(L ) respectively.

Proof of Claim 1: Let f = fE ◦ fν be the map E → E . Then f ∗Ω1
E/C
∼= Ω1

E/K so
f ∗ωE/C ∼= ωE/K , since E is one dimensional and thus Ω1

E/K
∼= ωE/K . Now Γ(E, f ∗ωE/C) =

lim−→
U⊂C

Γ(π−1(U), ωE/C) where the direct limit is taken over all open subsets U of C. Further-

more, we have Γ(π−1(U), ωE/C) = Γ(U, π∗(ωE/C)) by definition, so Γ(E,ωE/K) = lim−→
U⊂C

Γ(U,L )

as desired.

Proof of Claim 2: Note that ωE/C is quasi-coherent, π is quasi-compact and quasi-
separated, and g is flat, so πν∗(f

∗
ν (ωE/C)) = g∗ν(π∗(ωE/C)) = g∗ν(L ) ([14] Lemma 29.5.2).

Furthermore, f ∗ν (ωE/C) = ωEν ,OKν so

Γ(Spec(OKν ), πν∗(f ∗ν (ωE/C))) = Γ(π−1
ν (Spec(OKν )), ωEν ,OKν ) = Γ(Eν , ωEν ,OKν ).

Thus Γ(Eν , ωEν ,OKν ) = Γ(Spec(OKν ), g∗ν(L )).

Let ω̃ and ω̃ν0 denote the images of ω and ω0
ν in lim−→

U⊂C
Γ(U,L ) and Γ(Spec(OKν ), g∗ν(L ))

respectively. The first claim implies that there exists an open set U ⊂ C such that ω̃ ∈
Γ(U,L ), or, in other words, ω̃ is a rational section of L . The second claim implies that ω̃ν0

is a generator of Γ(Spec(OKν ), g∗ν(L )). By definition,

deg(L ) = deg(div(ω̃)) =
∑
ν

valν(ω̃)deg([ν])

where the sum runs over the irreducible, codimension one closed subsets of C, i.e. the closed
points of C, i.e. the places of K. Let Yν denote the one dimensional closed subscheme of C
corresponding to the place ν. To compute valν(ω̃), we take an open neighborhood of Yν on
which L is trivial, choose any trivialization, and take the valuation of the image of ω̃ under
this trivialization (see [17], 14.2). In practice, we may compute valν(ω̃) by looking at the
image of ω̃ in the stalk of L at ν. In other words, take the morphism

gν : Spec(OKν )→ C

with image Yν and define Lν := Γ(Spec(OKν ), g∗ν(L )). Since ω̃ν0 is a generator for Lν as
an OKν -module, we may choose the trivialization

Lν → OKν
y 7→ y

ω̃ν
0 .
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Then valν(ω̃) = ν( ω̃
ω̃ν0

) and

δ = deg(L ) =
∑
ν

ν(
ω̃

ω̃ν
0 )deg([ν]) =

∑
ν

ν(
ω̃

ω̃ν
0 )[kν : k].

Now
∣∣∣ ω̃
ω̃ν0

∣∣∣
ν
by definition is the size of the residue field qν to the power −ν( ω̃

ω̃ν0
), so

q−δ = q
−

∑
ν( ω̃
ω̃ν0

)[kν :k]
=
∏
ν∈MK

q
−ν( ω̃

ω̃ν0
)[kν :k]

=
∏
ν∈MK

q
−ν( ω̃

ω̃ν0
)

ν =
∏
ν∈MK

∣∣∣ ω̃
ω̃ν

0

∣∣∣
ν
.

All that remains now is to verify that ω̃
ω̃ν0

is in fact equal to ω
ω0
ν
, which we defined at the

beginning of this proof as the ratio of ω and ω0
ν as elements of Γ(E,ωE/K). Since these

ratios are constant, it is enough to check affine locally. Let Spec(A) ⊂ C with K = Frac(A)
and let Spec(B) ⊂ π−1(Spec(A)) ⊂ E . We have f−1

ν (Spec(B)) = Spec(B ⊗A OKν ) and
f−1(Spec(B)) = Spec(B ⊗A K). Our Cartesian diagram now looks like this:

Spec(B ⊗A K)
fE−−−→ Spec(B ⊗A OKν )

fν−−−→ Spec(B)

πE

y πν

y π

y
Spec(K) −−−→ Spec(OKν )

gν−−−→ Spec(A)

Let M = ΩB/A = Γ(Spec(B), ωE/C). Then Γ(Spec(B⊗AOKν ), ωEν/Okν ) = M ⊗AOKν and
Γ(Spec(B ⊗A K), ωE/K) = M ⊗A K.

Now g∗ν(L ) = π∗(ωEν/Okν ) , so Γ(Spec(OKν ), g∗ν(L )) = M ⊗A OKν and ω0
ν = ω̃ν

0. We
have ω ∈ M ⊗A K; let S be the set of places ν where ν(ω) < 0. Claim 1 asserts that
there exists an open set U ⊂ Spec(A) such that Γ(Spec(B ⊗A K), ωE/K) = Γ(U,L ). We
can take U to be Spec(AS) where AS is the ring A localized away from all the places in
S. Now Γ(Spec(AS),L ) = M ⊗A AS, and by construction, we have ω ∈ M ⊗A AS, so
ω ∈ Γ(Spec(AS),L ) and ω̃ is exactly ω. This means that ω̃

ω̃ν0
= ω

ω0
ν
and

q−δ =
∏
ν∈MK

∣∣∣ ω
ω0
ν

∣∣∣
ν
.
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Now we have

τ(E) = q1−g
∏
ν∈MK

Lν(E, 1)µ0
ν(E(Kν), ω) (2.1)

= q1−g
∏
ν∈MK

Lν(E, 1)

∫
E(Kν)

|ω|νµ0
ν (2.2)

= q1−g
∏
ν∈MK

Lν(E, 1)

∫
E(Kν)

|ω0
ν |ν
∣∣∣ ω
ω0
ν

∣∣∣
ν
µ0
ν (2.3)

= q1−g
∏
ν∈MK

Lν(E, 1)
∣∣∣ ω
ω0
ν

∣∣∣
ν

∫
E(Kν)

|ω0
ν |νµ0

ν (2.4)

= q1−g
( ∏
ν∈MK

∣∣∣ ω
ω0
ν

∣∣∣
ν

)( ∏
ν∈MK

Lν(E, 1)

∫
E(Kν)

|ω0
ν |νµ0

ν

)
(2.5)

= q1−g−δ
∏
ν∈MK

Lν(E, 1)

∫
E(Kν)

|ω0
ν |νµ0

ν (2.6)

The last remaining task is to compute
∏

ν∈MK
Lν(E, 1)

∫
E(Kν)

|ω0
ν |νµ0

ν . To do this, we first
recall that if Eν is the Néron model for E over Spec(OKν ) then E(Kν) = Eν(OKν ), so the
projection OKν → kν defines a reduction map E(Kν) → Eν(kν). Denote by E1(Kν) the
kernel of this reduction map. Let Ekν be the special fiber of the Néron model Eν . Note that
Ekν (kν) = Eν(kν) and that the reduction map is surjective so the image of E(Kν) in Eν(kν)
is Ekν (kν), the kν points of the special fiber of the Néron model. Let E0

ν denote the identity
component of the special fiber of the Néron model. Since E has good or multiplicative
reduction everywhere, we know that Eν/E0

ν is a cyclic group of order cν , so the image of the
reduction map is a finite group of order cν |E0

ν (kν)|. Since ω0
ν and µν are both left invariant

and the reduction map is a group homomorphism, the value of
∫
|ω0
ν |νµ0

ν is equal on all fibers
of the reduction map, so

∫
E(Kν)

|ω0
ν |νµ0

ν = cν |E0
ν (kν)|

∫
E1(Kν)

|ω0
ν |νµ0

ν . Furthermore, from [12]
[appendix C, sections 15 and 16], we are given

|E0
ν (kν)| =

qν
Lν(E, 1)

where qν is the size of the residue field at ν. Thus we have

Lν(E, 1)

∫
E(Kν)

|ω0
ν |νµ0

ν = Lν(E, 1)cν |E0
ν (kν)|

∫
E1(Kν)

|ω0
ν |νµ0

ν (2.7)

= cνqν

∫
E1(Kν)

|ω0
ν |νµ0

ν . (2.8)

To complete the computation, note that we have an isomorphism of topological groups

Ê(mν)→ E1(Kν)
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where Ê is the formal group associated with the elliptic curve E expanded at the identity
and mν the maximal ideal of OKν . Furthermore, recall that the integration of ω0

ν with
respect to µ0

ν is computed by locally choosing charts on which open subsets of E1(Kν) are
homeomorphic to open subsets of Kν and on which ω0

ν can be written as f(z)dz for some
power series f(z), and integrating |f(z)|ν on the corresponding open subset of Kν with
respect to the measure µ0

ν . The above isomorphism gives us exactly such a chart. Now
ω0
ν is by definition a generator of Γ(Eν , ωEν/Ok(t)ν ), which means it is precisely the invariant

differential of E over Kν so by [12] [chapter 4, section 1] we have that ω0
ν is locally equal to

f(z)dz where

f(z) = 1 + a1z + (a2
1 + a2)z2 + (a3

1 + 2a1a2 + a3)z3 + (a4
1 + 3a2

1a2 + 6a1a3 + a2
2 + 2a4)z4 + . . .

up to a unit constant, where the ai are the coefficients of a Weierstrass equation for E. In
particular, since z takes values in mν , we have |f(z)|ν = 1. So∫

E1(Kν)

|ω0
ν |νµ0

ν =

∫
Ê(mν)

|f(z)|νµ0
ν =

∫
Ê(mν)

1µ0
ν .

Recall that µ0
ν is the measure on Kν normalized to assign 1 to OKν , so∫

Ê(mν)

1µ0
ν = µ0

ν(mν) =
µ0
ν(OKν )
qν

=
1

qν

. Combining with (9) yields

Lν(E, 1)

∫
E(Kν)

|ω0
ν |νµ0

ν = cν .

Finally, combining with (7) gives

τ(E) = q1−g−δ
∏
ν∈MK

cν

as desired.

Frobenius Twist

In this section, we define the Frobenius twist and establish some facts about the Frobenius
twist of an elliptic curve that we will use in the remainder of the paper as we compare the
various values associated to an elliptic curve and its Frobenius twists.

Let K be a function field of a smooth, projective, geometrically integral curve C over
k := Fq of characteristic p 6= 2, and let E be an elliptic curve over K with everywhere good
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or split multiplicative reduction. For any positive integer n, let φpn denote the pn-power
frobenius, i.e. the map

φpn : K → K

x 7→ xp
n

Abusing notation slightly, we also use φpn to denote the corresponding map on Spec(K).

Definition 2.3.9. The frobenius twist E(pn) of E is the pullback of E via φpn , or in other
words, the unique scheme such that the following is a cartesian square:

E(pn) −−−→ Ey y
Spec(K)

φpn−−−→ Spec(K).

If E is given by a Weierstrass equation

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

then E(pn) is given by the Weierstrass equation obtained by taking all coefficients to the pn
power, i.e.

y2 + ap
n

1 xy + ap
n

3 y = x3 + ap
n

2 x
2 + ap

n

4 x+ ap
n

6 ,

and there is an isogeny ψpn : E → E(pn) given explicitly by (x : y : z) 7→ (xp
n

: yp
n

: zp
n
).

Claim 2.3.10. The isogeny ψpn induces a group isomorphism E(K1/pn) ∼= E(pn)(K).

Proof. Let P = (x : y : z) be an element of E(K1/pn). Then xpn , ypn , zpn ∈ K, so ψpn(P ) ∈
E(pn)(K). Conversely, since φpn is an isomorphism of fields, there is a unique inverse φ−1

pn .
Let ψ−1

pn denote the morphism E(pn) → E given by

(x : y : z) 7→ (φ−1
pn (x) : φ−1

pn (y) : φ−1
pn (z))

Let Q = (x : y : z) be an element of E(pn)(K). Then φ−1
pn (x), φ−1

pn (y), φ−1
pn (z) ∈ K1/pn , so

ψ−1
pn (Q) ∈ E(K1/pn). Clearly ψ−1

pn ◦ ψpn = idE and ψpn ◦ ψ−1
pn = idE(pn) so ψpn induces a

bijection between E(K1/pn) and E(pn)(K). Since ψpn is an isogeny, this bijection is a group
homomorphism, and thus is a group isomorphism.

Lemma 2.3.11. There exists a k such that for all n ≥ k, E(K1/pn) = E(K1/pk).

Proof. The main theorem of Ghioca [5] states that E(Kper) is finitely generated, where
Kper = ∪n∈Z>0K

1/pn . Let Q1, . . . Q` be a set of generators for E(Kper). For each i, let bi
be a positive integer such that Qi ∈ E(K1/pbi ). Let k be the maximum of the bi. Then
Qi ∈ E(K1/pk) for all i, so E(Kper) ⊂ E(K1/pk). Thus E(K1/pn) ⊂ E(K1/pk) for all positive
n. Since E(K1/pk) ⊂ E(K1/pn) for all n ≥ k, we have E(K1/pn) = E(K1/pk) when n ≥ k.
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Chapter 3

Proof of Main Theorem

3.1 Regulator Comparison
In this section, we wish to understand the relationship between the regulators R(E) and
R(E(pn)).

Lemma 3.1.1. Let E be an elliptic curve over K. Then there exists a k > 0 such that for
all n > 0, R(E(p(n+k))) = pnrR(E(pk)) where r is the Mordell-Weil rank of E(pk).

Proof. By Lemma 2.3.11, we can find a positive integer k such that E(K1/pn) = E(K1/pk)
for all n ≥ k, or in other words, E(K1/pn+k) = E(K1/pk) for all n ≥ 0. Furthermore, Claim
2.3.10 tells us that the isogeny ψpn induces a bijection between E(K1/pn) and E(pn)(K)
that is an isomorphism of groups, so we have the following commutative diagram of group
isomorphisms:

E(pk)(K)
ϕpn−−−→ E(pn+k)(K)

ψ
pk

x ψ
pn+k

x
E(K1/pk) E(K1/pn+k)

where ϕpn := ψpn+k ◦ψ−1
pk

. Let P1, . . . , Pr be a set of generators for the free part of E(pk)(K).
The diagram above shows that ϕpn(P1), . . . , ϕpn(Pr) is a set of generators for the free part
of E(pn+k)(K).

Fix a Weierstrass equation for E(pk) and let hk : E(pk)(K) → R be the height function
associated to this equation, so that hk(P ) =

∑
ν∈MK

max(ν(x(P )), 0) for P ∈ E(pk)(K),
P 6= O. Let hn+k be the height function given by the Weierstrass equation for E(pn+k)

obtained by taking the coefficients of the Weierstrass equation for E(pk) to the pn power.
Then x(ϕpn(P )) = x(P )p

n so hn+k(ϕpn(P )) =
∑

ν∈MK
max(ν(x(P )p

n
), 0) = pnhk(P ). Recall

that the canonical height on E(pk) is given by

ĥk(P ) :=
1

2
lim
m→∞

hk(2
mP )

4m
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and the canonical height on E(pn+k) is given by

ĥn+k(P ) :=
1

2
lim
m→∞

hn+k(2
mP )

4m
.

Furthermore, we have hn+k(ϕpn(P )) = pnhk(P ) for all P ∈ E(pk)(K) and hence hn+k(ϕpn(2mP )) =
pnhk(2

mP ) for all m. Finally, note that ϕpn is a group homomorphism, so 2mϕpn(P ) =
ϕpn(2mP ). Putting this all together, we have

ĥn+k(ϕpn(P )) = pnĥk(P ).

Now let Pi and Pj be two generators for the free part of E(pk)(K). Recall that

〈Pi, Pj〉 := ĥk(Pi + Pj)− ĥk(Pi)− ĥk(Pj)

so 〈ϕpn(Pi), ϕpn(Pj)〉 = pn〈Pi, Pj〉. Since r is the rank of E(pk), there are r generators for the
free part of E(pk)(K). The regulator of E(pk) is the determinant of the matrix whose (i, j)th

entry is 〈Pi, Pj〉, so it is a homogeneous polynomial of multidegree r in the 〈Pi, Pj〉, and
similarly for E(pn+k). Since the regulator of E(pn+k) is the determinant of the matrix whose
entries are each precisely pn times the equivalent entry of the equivalent matrix for E(pk), we
see that R(E(p(n+k))) = pnrR(E(pk)).

3.2 Tamagawa Number Comparison
In this section, we wish to understand the relationship between the Tamagawa numbers τ(E)
and τ(E(pn)). To begin with, we will compare cν(E) with cν(E(pn)). Recall that when E has
split multiplicative reduction at ν, E has Kodaira type Icν and the local Tamagawa number
can be computed by cν = ordν(∆E) where ∆E is the minimal discriminant of E at ν.

Lemma 3.2.1. For every place ν of K, cν(E(pn)) = pncν(E) if E has split multiplicative
reduction at ν and cν(E(pn)) = cν(E) = 1 otherwise.

Proof. By the semistable reduction theorem, E(pn) has the same reduction type as E at all
places. If E has good reduction at ν then cν(E(pn)) = cν(E) = 1. If E has split multiplicative
reduction at ν then cν(E) = ordν(∆E) = ordν(∆ν) where ∆ν is the minimal discriminant of
Eν := E ×K Spec(Kν).

Fix a minimal Weierstrass equation for Eν :

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 (3.1)

Claim 3.2.2. The equation

y2 + ap
n

1 xy + ap
n

3 y = x3 + ap
n

2 x
2 + ap

n

4 x+ ap
n

6 (3.2)

is a minimal Weierstrass equation for E(pn)
ν .
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Proof. By definition of minimality, if equation (3.2) was not minimal, there would be some
change of variables of the form

x = u2x′ + r

y = u3y′ + u2sx′ + t

after which all the coefficients would still be integral in Kν and the order at ν of the dis-
criminant of the new equation would be strictly smaller than that of the original. Since
the discriminant of the new equation is 1/u12 times that of the old, this is possible only if
ordν(u) > 0. But ordν(c4) = 0 in equation (3.1) since E has multiplicative reduction and
hence ordν(c4) = 0 · pn = 0 in equation (3.2). If we make the above change of variables, the
value of c4 of the new equation would be 1/u4 times that of the old, and since ordν(u) > 0,
this means that the order at ν of c4 of the new equation would be at most −4. Since c4

is a polynomial in the ai, we must have ordν(c4) ≥ 0 for any minimal equation. This is a
contradiction, so there is no such change of variables and equation (2) is minimal.

Now ∆ν is a polynomial in the ai and K has characteristic p, so ∆ν(E
(pn)) = ∆ν(E)p

n .
Thus ordν(∆E(pn)) = pnordν(∆E) and the proof is complete.

The next step is to compare δ(E) with δ(E(pn)). Recall that δ := deg(L ) where L =
π∗(ωE/C). To begin with, we need an explicit way to compute δ.

Lemma 3.2.3. We have
δ =

1

12

∑
ν∈Mbad

cνdeg(ν),

where Mbad is the set of places at which E has bad reduction.

Proof. Suppose C is a curve over an algebraically closed field k. Then from [16], lecture
3, prop 1.1, there exists a surface X over k and a morphism π : X → C such that X is
smooth, absolutely irreducible, and projective over k, π is surjective and relatively minimal,
and the generic fiber of π is isomorphic to E. Thus X satisfies exactly the conditions
needed to apply Lemma 5 of [6], and we get that χ(X,OX) = deg(ω) where ω := e∗XΩX/C .
From [11], Theorem 6.10 and Corollary 6.11, we get χ(X,OX) = 1

12

∑
ν∈Mbad

cν , so we have
deg(ω) = 1

12

∑
ν∈Mbad

cν .
Now X smooth over k and therefore flat and regular, so X is the minimal regular model

of E. Thus the Néron model of E over C is the open subscheme of smooth points of X. Let
ι : E ↪→ X denote the open immersion of E into X, and let eE and eX denote the identity
sections C → E and C → X respectively. Then eX = ι ◦ eE so

e∗X(ΩX/C) = (ι ◦ eE)∗ΩX/C

= e∗E(ι
∗(ΩX/C))

= e∗E(ΩE/C)
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Let πE denote the structure morphism πE : E → C. Since πE∗(ΩE/C) = e∗E(ΩE/C) ([10],
Proposition 3.15), we have L = ω. Thus deg(L ) = 1

12

∑
ν∈Mbad

cν .
Now consider our case, where k = Fq is not algebraically closed, and consider C̄ := C×k k̄.

The pullback of L to C̄ has the same degree as L , so deg(L ) = 1
12

∑
ν∈M̄bad

cν where M̄bad

is the set of places of C̄ lying over the places of C at which E has bad reduction. Since there
are deg(ν) places of C̄ lying over each place ν of C, and for each place ν ′ of C̄ lying over ν
we have cν = cν′ , we obtain

δ =
1

12

∑
ν∈Mbad

cνdeg(ν),

as desired.

Now we are ready to complete the comparison of τ(E) and τ(E(pn)).

Corollary 3.2.4. τ(E(pn)) = q(1−pn)δ(E)pnmτ(E) where m is the number of places of bad
reduction and δ is computed as defined above for the elliptic curve E.

Proof. This is a simple computation from the definitions. Recall that E and E(pn) have the
same places of bad reduction. We have

δ(E(pn)) =
1

12

∑
ν∈Mbad

cν(E
(pn))

=
1

12

∑
ν∈Mbad

pncν(E)

= pn(
1

12

∑
ν∈Mbad

cν(E))

= pnδ(E)

so

τ(E(pn)) = q1−g−δ(E(pn))
∏
ν∈MK

cν(E
(pn))

= q1−g−pnδ(E)
∏

ν∈Mbad

pncν(E)
∏

ν∈MK\Mbad

cν(E)

= q1−g−pnδ(E)pnm
∏
ν∈MK

cν(E)

= q(1−pn)δ(E)q1−g−δ(E)pnm
∏
ν∈MK

cν(E)

= q(1−pn)δ(E)pnmτ(E)
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3.3 Proof of Main Theorem
Let E be an elliptic curve over K of rank r with good or split multiplicative reduction
everywhere and m places of bad reduction. Recall the BSD conjecture

1

r!
L(r)(E/K, 1) =

|X(E)|R(E)τ(E)

|E(K)tors|2
.

It is well known that L(E/K, s) = L(E ′/K, s) if E and E ′ are isogenous, thus we have
L(E/K, s) = L(E(pn)/K, s).

Now by Lemma 2.3.11, we can find a k such that E(K1/pn+k) = E(K1/pk) for all n ≥ 0. In
particular, we have E(K1/pn+k)tors = E(K1/pk)tors so E(pn+k)(K)tors = E(pk)(K)tors. Putting
everything together, we have

|X(E(pk))|R(E(pk))τ(E(pk))

|E(pk)(K)tors|2
=
|X(E(pn+k))|R(E(pn+k))τ(E(pn+k))

|E(pn+k)(K)tors|2

=
|X(E(pn+k))|pnrR(E(pk))q(1−pn)δpnmτ(E(pk))

|E(pk)(K)tors|2

Thus |X(E(pk))| = |X(E(pn+k))|pnrq(1−pn)δpnm. Recall that q = pe so this yields

|X(E(p(n+k)))| = peδ(p
n−1)−n(m+r)|X(E(pk))|.

The proof of the main theorem is now complete.
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