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SCATTERING OF 310-MEV POSITIVE PIONS BY PROTONS: 
EXPERIMENTS AND ANALYSIS 

Ernest H, Rogers 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

March 19, 1962 

ABSTRACT 

The differential eros s section for elastic scattering of 310 -Mev 

positive pions on protons has been measured at 23 angles between 14 deg 

and 165 deg in the center-of-mass system, The fractional rms errors 

were typically 3o/o. A liquid hydrogen target was bombarded by a beam 

of 2 X 106 pions/sec. The scattered pions were detected by a counter 

telescope. The data at small angles clearly show constructive interfer

ence between nuclear and Coulomb interaction.s. A total cross section 

of 60.0 ± 1.4 mb was measured by attenuation. 

These data were combined with data on the polarization of the 

recoil proton, which were taken simultaneously with the cross-section 

measurements, and a phase-shift analysis was made. This analysis 

was hampered by the small angular region covered by the polarization 

data ( 114 deg .to 145 deg), but even this limited amount of information 

about the polarization proved .extremely valuable. It was impossible 

to obtain an adequate fit to the data in terms of only S- and P-wave 

phase shifts. However, a very satisfactory fit was obtained when D 

waves were also included. Moreover, this solution was unique. Only 

one set of SPD-wave phase shifts agreed with the data, This set was of 

the Fermi type. When F waves were also included in the analysis, the 

fit to the data was not improved significantly. However, the errors on 

the S-, P-, ·and D-wave phase shifts increased from about l/2 deg to 

around 2-l/2 deg, and additional sets of phase shifts that fit the data 

arose, The S-, P-, and D-wave phase shifts differ considerably among 

the various sets, even though the F -wave phase shifts are quite smalL 

Most of these sets rnay be discarded by theoretical arguments, but one 

is left with at least two possible Fermi -type SPDF solutions. 
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I. INTRODUCTION 

The investigation of the pion-nucleon interaction is of fundamental 

importance to the progress of nuclear physics. For example, the nucleus 

is thought to be held together by forces arising mainly f;rom phe e,xchange 

of pions between various nucleons. The investigation of the scattering of 

pions on nucleons is the most direct method of examining the pion-nucleon 

interaction experimentally. Any satisfactory theory of the pion-nucleon 

interaction, or any more comprehensive theory of strong interactions, 

must encompass .this data. At present neither theory nor experiment 

seems to be satisfactory. The purpose of this work was to give <;~.more 

accurate experimental description of pion-nucleon scattering in order to 

provide a more stringent test of pre sent and future theories, and perhaps 

to suggest lines of future theoretical development. 

Pion-nucleon scattering experiments are usually analyzed in terms 

of phase shifts. Each phase shift describes the scattering for a particular 

quantum-mechanical s~ate of orbital angular momentum iii, arid total 

angular momentum Jii, of the pion-nucleon system. These parameters 

provide the traditional meeting ground between theory and experiment. 

The motivation for this approach comes from the short-range character 

of the pion-nucleon fo:r:ce, which implies that·the first few angular-momen

tum states dominate the interaction. For example, viewing the. scattering 

classically, if the incident pion energy is 300 Mev, an im:pactparameter 

of 1 pion Compton wavelength corresponds to£ = 2. If, as we expect, 

1 pion Compton wavelength is a reasonable estimate of the range of the 

interaction, then the main contribution to the scattering will come from 

states of£~ 2. The contribution from higher-order terms (larger£ 

value) will become progressively smaller quite rapidly. Therefore, one 

expects to describe the scattering at this energy fairly accurately in terms 

of only S-, and P-, or S-P- and D-wave phase shifts. S, P, D etc., 

represent states of£ = 0, 1, 2, etc., in the usual way. There are two 

possible values of J for each value of£, namely J = 1£ ± 1/2 I· In our 

phase -shift notation, the firstsubscript is twice the isotopic s'pin. The 

isotopic spin'l,s always: 3/2. for Tr +pscattering, but "may be' either 1/2 or 

3/2. for rr-p scattering, The second subscript is 2J(e, g. P3, 3 is the phase 

shift 
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forP-=1, J =3/2) ·It is also.clear from this classical analogy that 

higher-order phase shifts are expected to become important when the 

scattering energy is increased. In order to obtain phase shifts from 

experimental data, e-one has to neglect the small phase shifts, i.e .• set 

all phase shifts equal to zero for £ greater than sorrie value £ • The 
- max 

nonzero phase shifts are then required to fit the experimental data. 

£ must be determined experimentally. ·We assume that the values max 
of the lar;ge phase shifts obtained from the analysis are not distorted by 

neglecting the small phase shifts. The earlier analyses ofpositive pion

proton scattering have generally been made in terms of only S- and P

wave phase shifts (f_ = 1 ). It was possible to obtain acceptable fits 
max 

to the experirnenta data iri terms of S- and P- waves, and the data were 

·not sufficiently accurate to obtain meaningful results if D waves were 

included(£ = 2). The data consisted entirely of differential and 
max 

total cross- se·ction measurements. Attempts to obtain phase shifts 

from cross-seCtion data were hindered by ambiguities. These ambiguities 

· are of several types, but all give rise to the same situation. That is, 

they give a prescription for taking a given set of phase shifts and producing 

another set which yields the same, or nearly the same, differential cross 

section as the first. Therefore, there are several sets of phase shifts 

that fit the differential cross section equally well. However, Fermi 

·r ·. p'ainted out that in general these various sets of phase shi:fts predict 

different values· of the polarization of the recoil proton. 1 So, in principle, 

these ambibuitie s cou.ld be resolved by rreasuring the polarization, but 

. pion:..beam fluxes were too low to make this experl.ment feasible. The 

various ambiguities are:(a) the Yarig, in which the sign~of (P
3

, 
3

-P
3

,
1

) 

is re;ersed;
2 

(h) a similar D-wave ambiguity first pointed out by 

C1ementeland Villi; 3 (c) the Minami ambiguity, in which all phase shifts 

of the same J and differ'ent £ are interchanged;4 (d) the sign ambiguity, 

in which the sigris of all the phase shifts are revers~d. 2 The Minami 

ambiguity has be·en resolved by comparing the energy dependence of the 

phase shifts at low energy with general theoretical predictions. 
2

• 5 

Fermi's choice of p:.;wave phase shifts has been generally accepted, 

mostly because they are strongly favored from a theoretical standpoint. 

'. There is also sorne indication that-the Yang-type solutions may not agree 

,, 
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with the requirements of the dispersion relations for the spin,-;fl:ip 

forward-scattering amplitude. 
6 

The sign ambiguity was resolved by 

observing the interference between nuclear scattering,and Coulomb 

scattering. 7 The knowledge about the phase shifts from earlier experi..., 

ments was then: 

P
3 3 

is large and postive. It rises rapidly and passes through 
' resonance (90 deg) at about 190 Mev. 

s3 l is negative. Its magnitude, which increases with energy, 
' was not well known above the resonance, where the inclusion of small 

D-wave phase shifts in the analysis can affect its value substantially. 

P 
3

• 
1 

is small. Its sign was not reliably determined. 

D
3

, 
3 

and D
3

, 
5 

were virtually undetermined. The D-wave phase 

shifts were thought to be less than 15 deg, because the _data could be 

adequately fitted in terms of only S and P waves. The most striking 

feature of this scattering is the resonance in the P 
3

, 
3 

state. This state 

dominates the cross-section data to such an extent that it has bee'n; 

difficult to determine the smaller phase shifts accurately. ·However, 

the polarization of the recoil proton, which comes from interference 

between phase shifts, is more sensitive to the values of the small phase 

shifts. 

In order to resolve these various ambiguities experimentally, and 

to obtain accurate values for the smaller phase shifts, an effort to 

measure the polarization of the recoil proton was clearly called for. 

However, in order to make use of the polarization data, it was also 

necessary to measure the differential eros s section more accurately 

than previous experimenters have done. For example, when the data 

of Mukhin et al., which were the best cross-section data before our 

experiment, were analyzed, several ambiguous sets of phase shifts 

were obtained. 8 Each set predicted quite different values for the 

polarization. However, the accuracy of these predictions was quite 

poor. In general, almost any value of the polarization was consistent 

with the cross-section data for all types of solutions. 

For these reasons, we have made some measurements of the 

polarization of the recoil proton and a relatively accurate measurement 

of the differenthi.l cross section of 'lT + -p scattering at an incident-pion 



-·4-

kinetic energy of 310 Mev in the laboratory system. The emphasis was 

placed on obtaining maximum accuracy and reliability at this one energy, 

rather than on obtaining data at several energies. This scattering energy 

was chosen for several reasons. The pion flux at 310 Mev was near to 

the maximum obtainable from the 184 -in. cyclotron. A small increase 

in energy would have brou,ght an appreciable loss in pion flux, which 

would have seriously hampered the polarization experiment. A reduction 

. in the scattering energy would have limited the angular region over which 

polarization data could be obtained even further, because this limit results 

from the fact that polarization could be measured only when proton energy 

was greater than 140 Mev. 

At this energy, inelastic scattering is negligible .. The cross 

section for inelastic scattering is about 1/2 mb, compared with 60 mb 

for elastic. This makes the measurements easier and also simplifies 

the phase -shift analysis, because the phase shifts .are restricted to 

real quantities in the case of pure elastic scattering. 

::.:..' 
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II. PION BEAM 

The relatively low flux of previous pion beams was the major 

factor both in limiting the accuracy of earlier cross-section experiments, 

and in discouraging any attempt to measure the polarization. Therefore, 

in order to carry out the proposed experiments, it was necessary to 

develop a very irttense pion beam. In addition to high intensity, there 

were certain other restraints to be imposed upon this beam. In order 

that the angle_ of scattering be well defined, the divergence and the size 

of the beam had t() be small at the hydrogen_ targ~t, where the scattering 

occurred., Th'e. energy spread:_of the beam had to be rather small so 

that the scatt'ering o~curred at a well-defined energy. The contamination 

(particl~"s othe·r_than pions in the, beaJ?) had to he minimized, and the 

region around the hydrogen target had to be suffic-iently free of stray 

radiation' so that th'e level ·of b~ckgr ound events in the counters was 

tolerable.· The beam which was developed met all ,these requirements 

fairly well. The intensity was 2 X 1 o6 pions/ sec, or about 1 o3 greater 

than the beams developed by previous experimenters. The beam covered 

an area about _2. in. in_ diameter)'at the hy~rogEm t_arget, and contained 

only a small ~ontami;ation of 4o/o ~UOils and 1/4o/o positrons. The 

energy of the beam was 31 0± 3 Mev at the center ofhydrogen target, 

and the rfn.senergy spread was ± 9 Mev. A de,script.t()n of the apparatus 

used to produce this beam is given in the next section. A modification 

of this system, in whic}1_ intensity ~as sacrificed in order to obtain 

smaller energy spread, beam size, and beam divergence, is described 

in Section IV -B. 

A. Magnet System 

A scale drawing of the apparatus used to make the positive -pion 

beam is shown in Fig. II-1. The external proton beam of the Berkeley 

184 -in. cyclotron was used to produce the pions. The intensity of the 

ex~ernal beam is only a few percent of that of the internal beam~ but 
) . l ': - • . . . .• • .., •. ';. • '; 

the increased solid angle, incr~ased effective target thickness, and the 

increase in yield due to 0-deg productioh tilaf one gains by using an 

external target more than make up for this loss in proton flux. The 

proton beam is steered through the main cyclotron shielding and 
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Pion beam 

no.2 

:.• . 
inch cyclotron 

. 6ft 

Physics cave 

(4-ft- thick concrete roof} 

MU-26550 

fig. II:-1. . Scale drawing (plan view) of pion spectrograph 
No. 1. A description of the components is given 
in Table III -1. 
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focused on a polyethlene target T 1 in the physics cave. The external 

beam at this point fell in an area about 2 in. square and had a maximum 

intensity of about 2 X 1 oll· protons/ sec. Its energy was 745 Mev with an 

rms spread of ± 8 Mev. The position and size of the proton beam were 

determined by exposing x-ray film in the beam. 

The pions were produced by the interaction of the. protoR beam 

with a polyethlene ( CH
2

) target T 1. The choice of -this material for the 

production target was, fortunately, very simple, because hydrogen was 

particularly valuable. The reaction p + p -+ iT++ d has a relatively high 

c~oss section, especially for pions produced in the forward direction. 1 

Because there are only two particles in the final state, the pions have 

a unique energy at any given angle, for a particular incident-proton 

energy. The really fortunate fact is that if one looks at the pions pro

duced in the forward direction hom a thick target, all the pions pro

duced by the p + p -+ 'ir + + d reaction are nearly monoenergetic upon 

leaving the target. This is because the mesons created in the front 

part of the target and slowed down in the target have approximately 

the same energy as the me sons produced by the moderated protons 'at 

the rear of the target. Of course it is very ~mportant that the target 

length be chosen to yield me sons of the same energy as the magnet 

system selects. In this case, the optimum target thickness turned out 

to be 19 in. Pions were produced by other reactions in the target, but 

, in these reactions the pions were produced over·a·wide range of energy, 

of which we accepted only a small slice. 9 • 10 Therefore, this type of 

production was less important. 

The magnet system selected positive mesons of the desired 

momentum from the debris at Tl and focused them on the hydrogen 

target T2. In order to gather as many useful pions as possible into 

the system, a quadrupole focusing magnet Ql was placed close to the 

production target. Useful pions that ente.red the first quadrupole were 

focused at the center of ql. A 11triplet"-type quadrupole was used at 

Ql, because a doublet type yields a lower effective solid angle for 

asymmetrical object and image distances. In this system, a doublet 

quadrupole of the same physical aperture as the triplet would have had 

only 1/2 the effective aperture. The beam was deflected 50 deg by 
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magnet Ml, which introduced a dispersion according to 

.b.P 
~e =- p-

. e 
2 tan Z, 

where P is the particle momentum for which the system is adjusted, 

e is the bending angle at the deflecting magnet, and .68 is the deviation 

in bending angle of a particle whose momentum is P+D.P, This caused 

a momentum dispersion of about 1% per in, at ql; L e., for a point 

source atTl, and therefore a point image at ql, all positive particles 

whose momentum was within ± 2% of the central momentum would 

enter the 4 -in.· aperture of ql, and all those whose momentum was 

more than 2% off would fall outside this aperture. The finite size of 

object and image smeared this selection somewhat, allowing a few 

particles whose momentum was off by 3% and preventing some ·whose 

momentum was off by only 1% to enter ql. The beam then passed 

through a second deflecting magnet M2 and quadrupole lens Q2, which 

we-re placed symmetrically-with Ol and Ml about ql. The second 8-in. 

quadrupole 02 bro11ght the beam to a second focus at T2. 

Because of the symmetry of this double spectrograph, the image 

at T2 was dispersion-free, and the size of the pion beam at T2 was 

about the same as the size of the proton beam at T 1, i.e., about 2 in. 

in diameter~.· The 4 -in, -diameter quadrupole ql acted as a field lens. 

The object and image planes of this lens were the exit end of 01 and the 

entrance end of 02, respectively. As ql was placed right at the first 

focus of the beam, this magnet could be turned on or off without affect

ing the position of the second focus at TZ.. The result of turning off 

ql was to cause some of the beam that passed through ql to miss the 

entrance of Q2. With this field lens turned on, almost all of the parti

cles that entered the aperture of ql also entered 02. The gain in flux 

at the final focus caused by the field lens was about 70%. However, 

because the particles that were saved by the field lens were either 

produced off the axis or off the central momentum, the image size at 

the final focus was increased somewhat by the presence of the field 

lens. Finally, it is clear that a field lens must always be of the trip

let type, because unit'magnification is required in both planes to focus 

the rear of one quadrupole onto the front of another. 
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' . 
A 2 -in. carbon absorber Al was placed just after ql. Because the 

beam is of rnop.orhomenturn after passing through ql, the carbon absorber 

stopped the proton compo~ent of the beam, as Vleil as deuterons,' a 

particles,· etc.,· while slowing the mesons only slightly. Just before 

this absorber there were roughly equal numbe·rs of p'l.ons and 'protons 

in the beam. B~caU:se this absorber was very nea} to the first focus, 

it did not increasethe siz~ Of the beam at the second focus appreciably; 

however, a f~w percent of the pions were scattered out of the beam. 

The entire beam channel from the productitn target to the final focus 

was enclosed by plastic bags filled with helium •. · The pui:pose of the 

·helium was to reduce multiple Coulomb scattering of the pion beam, 

hecause this multiple scattering tend~d to smear out the sfze-'6£ the beam 

-~t the final focus~ Ih fact,;the area of the beam was increased f~urfold 
·-· \Vli'en the helium bags were removed. The helium reduced the effect of 

th~ m~ltlple scattering to a point at which it was unimportant ~6rnpared 
'Withthe natural image size, so that the. use of a vacuum systernto further 

reduce multiple scattering was not necessary. 
I, ~. 

The production and momentum selectio~ of the beam took place 

inside the physic~ cave so that the prot~n beam that pas·sed through T 1 

and all the parti~le s produced at T 1, exdept the pions' in the be~m, 
would be contained in the cave. Therefore, the area around the second 

focus, where the experiments took place, was relatively free of back-

ground. 

Proper currents for the focusing a~d deflecting magnets were 

ca~c~lat~d a:pproximately and optimized by the s~spended-wire method . 

. This method inakei use 6f the fact that a current-carrying wire assumes 

the same orbit as a charged particle of momentum P, if the· tension in 

the wire, T, and the wire cu~'rent I ar~ chosen according to ' 

I (in amps)= 2.94 T (in·grams)/P(.in Mev/c}. 

By this method, the energy of the pion beam was fixed with an accuracy 

of better than 1 o/o, and the positions of the focuses were determined to 

within a few inches. The alignment of the entire system was checked 

by passing the wire throu,gh the system from Tl to T2 with the quadrupoles 

turned off and seeing that the wire passed through the centers of al.l the 
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quadrupoles. Finally the system was checked by measuring the acceptance 

.D.n .6.P/P of the system, using particles produced at Tl, and comparing 

this value with predicted values. The .6.0 is the effective solid angle and 

.6.P /P is the effective fractional momentum bite for particles produced 

a,t Tl to arrive at T2. The method usedto measure the acceptance is 

described in another paper. 
11 

The result for this beam was 

.6.Q .6.P/P = 1.3 X 10-4 sr. 

The pion beam exhibits a structure in time that reflects the accelera

tion characteristics of the 184 -in. cyclotron. The repetition rate of 64 

acceleration cycles per second gives 64 groups of pions per second, each 

of which is composed of fine-structure pulses of width 5 X 10-9 sec and 
-9 spaced 52 X l 0 sec apart~ corre spending to the final accelerating radio 

frequency of 19.2 Me/ sec. A schematic drawing of the tin-"e structure 

of the beam is given in Fig. II-4. The duration of the coarse groups was 

about 35 ~/sec, therefore each group was composed of about 700 rf pulses. 

The beam was contained in 40,000 rf pulses/sec., so there were, on the 

average, 50 pions in each pulse. Pions in the same rf pulse could not 

be resolved electronically,. so it was impossible to count the beam wi. th 

scintillation counters. Therefore the pion beam was monitored by an 

argon-filled ionization chamber. The chamber was similar to one des

cribed by Owen Chamberlain, Emilio Segr~, and Clyde Wiegand. 
12 

The 

ion-chamber current was measured by a standard electrometer and 

displayed on a recorder. The absolute conversion of ion-chamber 

current to meson flux was made by using the calib;ration by Chamberlain 

et al. It was necessary to assume that the average energy loss per ion 

pair formed was the same for 310-Mev pions as it was for 340-Mev 

protons. The relative energy loss in these two cases was taken from 

the tables of Rich and Madey. 13 The ion chamber was found to give 

results independent of the applied voltage over a wide range in voltage, 

and its drift was negligible (i.e., the current collected when the pion 

beam was turned off was < 0.1 o/o of the current due to the beam). 
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Fig. II-4. Time structure of the pion beam, showing (a) timing of the 
coarse groups, and (b) rf structure of the coarse groups. 
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B. Contamination 

The pion beam contained a small percentage of muons and a 

negligibly small fraction of positrons. It was necessary to correct the 

ion-chamber current for this contamination in order to obtain the true 

meson flux. There were two principal sources of muon contamination; 

one was the region of the production target Tl and the .other was the 

decay of pions in that section of the beam just before the ion chamber. 

The muons arising from these two sources had very different energy 

and spatial distributions and therefore were examined separately. 

The muons produced near the production:target ( Tl) arr.ived at 

the second focus ( T2) with a d~finite ~omentum o{430±4 Mev/c, since 

they had been analyzed by the spectrometer. These muons had a greater 

· range than the pion~ of that momentum; therefore,· they stood out as a 

tail on the pion range curve. Figures II-2 and II;.3: 'show a range curve 

of the second qeam, with the muon tail clearly visible._ This curve was 

obtained with a setup similar. to that shown in Fig). V..;. f; except the 

hydrogen ta_rget was removed and counter S3 was place,d 13 inv downbeam 

from S3. ~variable -thickness copper absorber wa~. centered between 
... 

counters S~ and S3. The fraction of transmitted :P,ions S7, Cl, S8, S3)/ 

(S7, C 1, 58) was measured as a function of absor'ber thickness. An 

abs~rber tl?;ickness of 190 g/cm2 appeared to be greater than the range 

of vi:t:tually all the pior1.~ and l,es s tha,n the range of -~qst muons. The 

muons visible at this rangy c/i~pri~e .2:8o/o of the in~ident beam. How

ever, a calculation ba~ed ~n a pape~ by Sternheimer
14 

indicated that, 

for this geometry and absorber thickness, 28o/o of the muons were 

scattered out of the back-up counter (S3) by multiple Coulomb scattering. 

Therefore, this muon contamination comprised 3.9o/o of the beam. The 

multiple-scattering correction was checked qy redoing the range curve 

with the copper absorber moved 1 in. and 2 in. closer to the back -up 

counter.· Theappa~e~! .. muc;>I1 qn~t,an:::tination rose·t~; 3~3o/o and 3.6o/o, 

respectively; both are consistent with a true contamination of 3.9o/o. 

About 40~o ofthe pions in the beam decay into muons before they 

arrive at the hydrogen target. Some of these muons are counted in.the 

ion chamber. :rhe muons, which come from pions decaying before the 

first focus ql, must pass through the second spectrograph in order to 
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Fig. II-2. Pion beam range curve: semilog scale. 
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Fig. II-3. Tail of the pion;.beam range curve: standard scale. 
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reach the ion chamber. They must have the proper momentum, and 

therefore, show up in the range curve in the same way as muons pro

duced near the production target T 1 do. As for· the pions that decayed 

in the second half of the system, it was necessary to calculate what 

fraction of them: would send muons into the ion chamber. The kinematics 

of the decay and the beam geometry were wel_l known, so the calculation 

was straightforward. The probability P that a _pion will decay in an 

increment 

where T 
Tr 

of path length D.£ is 

P = t::,.£ / T (3-yc, · 
Tr 

is the mean life of a pion at rest ( 2.55 X l 0- 8 sec), and f3 and 

y are the usual relativistic functions of pion velocity in the laboratory. 

For pions in this beam the mean decay length is T (3-yc = 930 in. One 
Tr 

must also use the fact that the muons appear isotropically in the pion 

rest frame. Then in the laboratory system these muons fall inside a 

cone of half angle 5.3 deg with respect to the pion momentum vector, 

with most of the muons found near the edge of this cone. Therefore only 

pions that decay within a few feet of the ion chamber have an appreciable 

chance of yielding a muon that passes through the ion chamber. The 

result was that 6.lo/o of the particles passing through the ion chamber 

were muons of this kind. The momentum of these muons was uniformly 

distributed between 242 and 435 Mev/c, corresponding to a range in 

copper of 82 to 205 g/cm2 ; therefore it was impossible to identify them 

on the range curve. 

The number of positrons in the beam was expected to be smalL They 

originate frqm pairs produced by neutral pions. A great many neutral 

pions were produced along with the positive pions, but their number de-
. ' 

creased rapidly with increasing energy for energies greater than 350 Mev" 

The energy of a neutral pion had to be split four ways, between two 

positrons and two electrons; therefore, the relative probability of finding 

a 430~Mev positron was small. The fraction of positrons in the pion beam 

was measured by using a gas Cerenkov counter" 
15 

This counter had a 

threshold of f3 = 0" 99; thereJore,, it detected only ~he positron component 

of the beam. The positron contamination was found to be l/4o/oof the beam. 

This result was checked by taking a Bragg curve of the pion beam. Vari

able-thickness lead sheets were placedinfront of theionchamber, and the 

ion chamber 
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current was'plotted as a function of ab~orber thickness. If there had 

been an apprec_iable positron contamination in the beam, a typical 

shower curve would have been observed. That is, the ion-chamber 

currerit due to positrons in the beam would have increa~ed to about six 

times its initial value at 3/4 in. of lead, then dropped off, passing 

through its initial value at 2-1/2 in. of lead. 
16 

No such effect was 

observed; instead the ion-chamber current decreased smoothly through 

this range of absorbe.r. These data showed. that. the .positron contami

ncttion was definitely less than lo/o. This Bragg .curve .was also a very 

sensitive method of showing that no protons had sneaked into the beam. 

The fact that the ionization loss of protons is greater by a fac;:tor of 

3-1/3-than th'at for pions at the momentum of this beam, and the 

characte.ristic bump in the curve ju.st before .the end of the proton range, 

would have caused a small proton contamination ( 1 o/o or great.er) to 

stand out clearly on the Bragg curve. 

~ . '•. . 
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III.. DIFFERENTIAL CROSS-SECTION MEASUREMENTS 

For sufficiently thin targets, the differer{tial c'ross section 

~~ ( 8) is defined as . 

da( 8 )_I(8) 
dQ - I

0
nN ' 

f~ ·, 

where, for pion-proton· scattering, r0 is the number of pions incident 

on the target, and N is the thickness of the target in units of protons/cm
2

; 

I ( 8) is the riumber of pidris scattered into a counter, which subtends a 

solid angle n as seen from the target, and lies at an angle 8 with res-

p.ect to the inCident-beam direction. The method and results of differential 

cross-section measurements between 22.0 deg and 159.2 deg in the lab

oratory systetn are described in this section. A modified system, which 

allowed cross -section measurements to be made down to 10 deg in the 

laboratory frame, is de scribed in Section IV. 

A. Method and Apparatus 

The objective of this experiment was to obtain data significantly 

more accurate than had been obtained previously, by utilizing the 

relatively high intensity of this pion beam. The most obvious advantage 

came from the large number of scattering events that could be observed. 

Whereas previous experiments obtained about a hundred events at each 

scattering angle, thousands were obtained in .this experiment, ,and more 

scattering angles were examined. This resulted in a considerable gain 

in accuracy, because the statistical counting error is proportional to 

the square root of the number of events observed. However, in order 

for these smaller statistical errors to be meaningful, it was also 

necessary to reduce systematic errors in the apparatus propo,rtionately. 

This was accomplished in two ways. First, the .apparatus was designed 

so that the various corrections to the data were small. These corrections, 

due to telescope efficiency, plural scattering, finite target, and counter 

size, etc., could not be determined accurately. Therefore, to keep 

them from corrupting the data, it was necessary to make their effect 

small. Secondly, numerous checks of possible systematic errors wer~ 

made, e. g., range curves of the scattered beam, repeating the data

taking at lower beam levels, etc. All this was possible only because of 
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the high incident flux, and would have been too time""'consuming in 

earlier experiments. 

Figure UI-1 shows the setup used to obtain the major part of the 

data. Table III-I summarizes the specifications of the beam-forming 

and counting equipment. The incident pion beam I 0 , was monitored by 

the ion chamber as described in Section II. Pions which scattered 

from the .liquid hydrogen target were detected by the counter telescope. 

At some angles .it was also possible to detect the recoil proton in coin

cidence with the scattered pion. The bulk of the data, r'eferred to as 

run No. l, were taken by using the high-intensity pion beam described 

in Section II; the polarization measurements (see Section VI) were made 

simultaneously with an independent counter system around the same 

hydrogen target. Some data were taken with the lower,..intensity beam 

(beam No. 2) described in Section IV; these data are referred to as 

run No. 2 • 

. The liquid hydrogen was contained in a stainless steel cylinder 

5.51 in. in diam and 8.0 in. long. The walls of the cylinder were 0.005 

in. thick, and its axis was oriented in the up-down direction, perpen

dicular to the plane of scattering. The target was connected to a liquid 

hydrogen reservoir which was vented to the atmosphere. The vacuum 

jacket had 0.125 -in. aluminum walls with 3 -in. diam and 0.015 -in. 

thick Mylar windows for the entrance and exit of the beam.. In order 

to find the effective target length, N, it was necessary to average the 

length in beam direction over distance from center. target, using the 

beam profile as a weighting function. The effective length determined 

in this way was 4.82 in. For this purpose, the beam profile at the 

target positionwas taken accurately, and checked periodically during 

the experiment. This profile was measured by sweeping a counter 

telescope, consisting of two square scintillation counters 0.50 and 0.25 

in. on a side, through the beam. The density of liquid hydrogen was 

taken to be 0.0702 g/cm2 , giving N = 5.13 X1023 protons/cm2 • 17 

The pions scattered from the liquid hydrogen target were detected 

by a three -counter telescope Sl, S2, C l. S2 was the defining counter. 

It was a 2.25 -in. -diam scintillation counter at a distance of 68.25 in. 

from the center of the hydrogen target, corresponding to a solid angle 
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Fig. III-1. Scale drawing of the counter arrangements, including 
the hydrogen target used to measure the differential 
cross section. 
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Table III-I. Description of the components of the experi:rnental 

apparatus indicatedin Fig. II-1, III-1, IV-1, IV-3, and V-1, and 

de sc ri be·d in the text. ' 

Item Designation 

Counters Sl 

52 

S3 

S4 

S5 

S6 

S7 

S8 

S9 

Cl 

C2 

IC No.1 

IC No.2 

Targets Tl 

T2 

T3 

Magnets Ql and 02 

ql and q2 

Description. 

4-in. diamX 3/4-in. plastic scintillation 
counter 

2-1/4-in. -diam X 5/8-in. thick plastic 
scintillation counter 

5 -in. -'diam X 3/8-in. -thick plastic 
scintillation counter 

12:.-in. -square X l/2-in. -thl.ck plastic 
scintillation counter 

4--in. -diam X l/4-in. -thick plastic 
scintillation counter · 

2-l/4-in. -diam X 1/4-in. -thick plastic 
scintillation counter 

3-in. -diam X l/4-in. -thick plastic 
scintillation counter 

1.50-in. -diam X l/8-in. -thick plastic 
scintillation counter 

l 0 -in. ~diam X 1/2 -in. ""thick plastic 
scintillation counter 

4-in. -square X l-l/2-in. -thick water
filled Cererikov counter 

4 -in. -diam X 72 -in. -long SF 6 -gas -filled 
Cererikov counter 

4 -in. -diam X 2 -in. long Argop.-filled 
ionization chamber 

7 -in. _:diam X 2 -in. -long Argon-filled 
ionization chamber 

5 -in. -diam X 19 -in. -long polyethelene 
(CH

2
)target · 

5 -l/2 -in. -diam X 8- in. -high liquid hydrogen 
target 

6 -in. -diam X 12 -in. -long liquid hydrogen 
.target 

8 -in. -diam 3 -element quadrupole focusing 
magnets 

4 -in. -diam 3 -element quadrupole focusing 
magnets 



:Magnets (con 1t) . 

Absorbers. an:d 

Collimators 

_, __ : 

.·· .. I. 
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.Ml. Deflecting magnet" 36 X 18.;-ip. pole tips, 
7 ~in. ·gap · · · ·· · ' · 

'< • ~ ; ,. • ' . . ~: .. ·--~ ' 

M2 DeflectiTI:g rnag~et. 36X"lB.:.in~ _pole tips, 

.. Al. 

A2 

8-in. gap 

8 -in. -square_ X z'-~n. -thick. carbon absorber 
2 . -. . 

6-in. -square 80~17-g/cm -thickcopper 
absorber 

· C · 2 -in. -square by 18 -in. long lead 
. collimator 

. '· 
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of Q = 0.855 X 10- 3 sr. The Cerenkov counter Cl had a threshold :ji 

f3 = 0.75. It rejected recoil protons and a large fraction of the very 

small number of inelastic pions (see Section V). Sl increased the 

angular definition of the telescope, thereby eliminating most of the 

background that was not target-derived. Counters S3 and S4 were used 

to search for possible systematic errors, as described later in this 

section. The apparatus used in run No. 2 was different only in that 

thinner counters S5 and S6 replaced Sl and S2. 

The scattering angle f3 was measured with the aid of a surveying 

transit, which was located in the center. of the pion beam at a distance 

of 216.7 in. from the hydrogen target. To determine G, both the dis

tance between the transit and S2 and the angle between S2 and the 

hydrogen target (as seen by the transit) were measured. Either 

measurement fixes B, but the two methods are complementary, since 

the former is more accurate for f3 around 80 deg and the latter is 

better for forward and backward angles~ The error in the angle 

measurements probably does not exceed 0.2 deg. · 

All counters were viewed by 68JO..,.A photomultiplier tubes. The 

pulses from the Cerenkov counter Cl were amplified by a Hewlett

Packard 460-A wide -band amplifier. Pulses from all counters were 

fed into a multi -input coincidence circuit of the Garwin type. 
18 

, Output 

pulses from the coincidence circuit were fed into conventional scaling 

units. The resolving time of the system was about 20X lo-9 sec. The 

appropriate counter voltages and cable lengths were determined ex

perimentally by optimizing the coincidence rate as a function of these 

variables. When properly set, the coincidence rate was independent 

of counter voltage and delay over a wide range in these quantities. At 

a few angles the cross section was measured at normal voltage, + 100 

volts, and -100 volts on all counters. All three values were found 

to agree. 

Accidental coincidences were measured at several angles by 

delayingvarious counter pulses 52 X 10-9 sec (the separation in rf 

pulses of the 184 -in. cyclotron). They were found to be negligible. 

The accidental rate, which was ·almost independent of whether the 

hydrogen target was full ~r empty; was about 0.5% of the scattered 

pion rate. At a .few angles, the cross section was measured at full 
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_ c:rclotrOI). beam, ·· l/2Jull beam,. and ·1/ 4•full beam; 'i:md it was found 
' 

. to be independent of bea~ leveL The .r.e st of the data were taken at 

a level of 1/2 full beam. 
·.· ' '~ 

Some of the incident mesons .were scattered into the ·'counter 

telescope by the hydrogen container and the vacuum jacket. This 
~ . . . . ··' 

background was measured by counting the number of pions scattered 

into the teles<>ope when the hydrogen target was empty. The true 

scattering rate from 'the hydrogen was taken as the ·target-full rate 

mint~s the target-empty rate,. 

I(e)/r0 =, [ 1(8}/10 ] full ~ [1(B}/Iolempty· 

The target-empty rate was generally.about 25o/o of the fpll rate, and 
. ' . . 

for the most forward points it 'reached almost 50o/o. This effec.t was 

so large that a great deal of ti~e and effort was spent to make, sure

that the background was subtr.acted correctly. 

A powerful method for eliminating this background was to count 

the recoil proton in coincidence with the scattered pion, This p1·oton 

comes off at a ~ell:..defined angr'e for elastic pion-proton scattering. 

Unfortunat'ely, the recoil proton could be counted with confidence over 

only a small range of-pion scattering angles, around 90 deg. For 

larger pion angles, the proton recoiled more forward, causing the 

p!oton counter S4 to be j~rrimed by the incident pion beam. For 

smaller pion angles, the proton energy was reduced to the extent that 

some of the protons were stopped in the target and target walls. The 
. ' 

i1nportant fact was that the recoil protons could be reliably counted in 

coincidence with the scattered pions at ~8 deg, and the result verified 
~. . '. i . .:; 

·the data obtained when only the pions· were counted. In the latter case, 

the target-empty 'count w~s 25o/o of target-full coupt; and in th_e former 
l 

it was about 3o/o, but the hydrogen effect (target-full minus target-empty} 

·was the·same in both cases. This result indicated that the b~ckgr.ound was 

subtracted reliably at this angle. 

Range curves of the_ scattered pion beam were taken at three 

scattering angles for_ both target full ~nd t~rget empty. These curves 

.were obtained by n?-easuring the fourfold coincidence (Sl, S2, S3, Cl} 
'\ . . . . 

per unit incident ~pi Of?- beam as a function of ~bsorbe r between C 1 and 

· .... 
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S3; see Fig • .III-1. Figure III-2 shows the result for. target empty 

and for "hydrogen effect" (target full minus .target empty) at an angle 

of 141 deg. The results at 41 deg and 88 deg were similar. No 

systematic error was suggested by these range curves. The ''hydrogen· 

effect" curve behaved precisely as one would expect the curve to behave 

for pions elastically scattered from protons. The background appeared 

to be mainly pions:. their energy was not well defined, because they 

·had scattered from a. complex :nu'Cleus. It is important to notice that 

the background rate decreased rather slowly with absorber thickness. 

Thi:·; '-'Yl.eans it was not seriously affected by .the presence or absenc.e of 

hydrogen in the targe·t. 

Finally, the background subtraction was checked by artificially 

increasing the target-empty rate by placing thin aluminum foil at the 

target entrance and exit windows. Even when the empty rate was 

doubled, the measured full-minus -empty rate remained the same •. 

B. Corrections to the Data 

There were many corrections to be made in the raw data in 

order to. obtain the true cross sect.io.n. The experiment was designed 

to keep these corrections small, so that .their unce.rtainties introduced 

only small errors into the final results. 

The counter telescope (Sl, ~2, Cl) was not .100% efficient, A 

few pions scattered toward the defining counter S2 did not register 

. a coincidence in the telescope. This was caused by an interaction in 

one. of the counters that scattered the pion so.that it did not pass throp.gh 

. all three counters of the teie scope. The counter. telescope was, however, 

essentially 100% efficient in counting pions that were. not scattered 

out of .the. telescope. 

This efficiency varied with scattering angle, primar.ily because 
• • 4 •• • ....... • •• , • ~ •••••.•. 

of the. variatio~:~:bf. pion. ~~~~~y with. ·sc:q.t~eriD:g·angle. In.this experiment 

·the energy of the scattered pions vai"ied.·between 295 Mev and 115 Mev. 

It would have been virtually i~possible to measure this. efficiency 

accurately,_ because it was impossible to construct ·a known . .flux of 

::Jions whose energy and spatial distributio~s matched those of the 

scattered pion .beam. The efficiency was calculated by using published 
. 8 f9 20 21 

d.?-ta .on .the interaction of pions with hydrogen and carbon. ' ·' ' 
~ 
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Fig. III-l. Range curve of the scattered pion beam at 141 deg, 
showing background (hydrogen target empty) and the 
"hydrogen effect" (target full-target empty). 
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This efficiency varied from 90 to 9 3.5o/o in run No. 1. and from 9 7 to 

98.5o/oin run No. 2. The calculated values of the telescope efficiencies 

for run No. 1 (E 1) and run No. 2 (E2) are plotted as functions of scat

tering angle in Fig. III-3. In the first run the major contribution to the 

inefficiency was the scattering of pions .from the first counter Sl. The 

calculation of this scattering was experimentally checked by fastening 

various thi:ckne sses .. of·additional plastic scintallator to counter Sl, and 

observing the effect on the telescope coincidence rate. This was done 
' at several-scattering angles •. The results confirmed the calculations. 

This method. wa·s reliable, since the actual scattered be~m was used, 

but for the same reason the· counting· statistical error s'were significantly 

large, ·i.e. about 1/3 the effect. 

Some of the scattered pions undergo a second scattering before they 

are clear of the hydrogen target. This plural scatte.ring distorts the 

angular distribution slightly, so that it was necessary to correct the data 

to remove this distortion. The correction is plotted as a function of 

scattering angle in Fig. III -3, and was obtained as follows. The total 

solid angle, a·s ·seen from the hydrogen target, was broken up into 144 

sectors of .6.8 = 15 deg and .6.cp = 30 deg. The polar axis was taken .in the 

direction of the incident pion beam, and <P = 9 0 deg was up. By use of 

data from this experiment, and neglecting the plural scattering correc

tion as a fi;r st approximation, the number of pions scattering into each 

. sector N:·.'.·was calculated. The result was, of course, independent of cp. 
1 . 

All particl'es scattering into a certain sector were assumed to have a 

single energy and direction, corresponding to the central value .for that 

sector. Next, the probability for a scattered particle to be re scattered 

into .the center ~£the ith sector was calculated for. all 144 choices of the 

fir.st scattered direction. The contribution from all sectors was summed 

to give Ni ','in~ which is the total number'. o(_p~o~s scattered into the ith 

sector via double scattering. Of course, it was necessary ~o use. pub

lished data on positive pi~n-proton differential cross sections for pion 

energies of 10.0 to 300 Mev. ,8• 20• 21 The. energy of the first scattered 

beam depended, only on. the .polar scattering angle, but the average 

amount of hydr~gen tr~vers·ea d~pended on: cp. The number of pions .that 

were originally scattered into .the ith sector and then scattered out again 

by a second scattering N. 11 was also computed. The quantity 
1, out · 
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Fig. HI-.i. ·-· Th~ _cor-rections applied to ,the counter telescope 
coincid~nc·~ rate [I( ~)/!0 ] to compensate for plural 
scattenng ln the target, p (e), and for the telescope 
efficieney in run No .• 1, E 1 (e), an~ run No. 2, EZ (e), 
as a function of pion scattering angle, e. The corrections 
-ar·e giveti inthe sen:se [I(e)ji0 ] ' ·d =El(e)[I(e)/I

0 
t , 

. . measure rue 
and s1m1la:dy for EZ and P. . . . . 
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P. = (N, 11 . .., N." )/N.' was computed for all sectors of cj> = 0. A 
1 1, 1n 1, out 1 

smooth curve was drawn through the value of P obtained at these 12 angles. 

The telescope counting .rate was corrected for double scattering by 

The correction due to triple scattering was negligible. 

About 1 Oo/o of the scattered pions decay·into muons before they are 

counted in the telescope. These muons generally continue in approxi

mately the same direction and are counted in the telescope. There are 

two very small corrections to the data due to this decay. First9 there 

is a correction much like the plural-scattering corrections, since the 

muon comes off at a:b. angle with respect to the pion direction. This is 

calculated in much the same way as the plural scattering and is found to 

be negligible (less than 0.3o/oL because the difference between muon and 

pion direction is small (less than 8 de g). The second correction is in 

the efficiency of the telescope. The efficiency for counting muons is not 

the same as for pions. Muons do not suffer nuclear attenuation in the 

counters as do pions. The directional properties of the telescope dis

card a very few of the muons that pass through the telescope in a skew 

direction. When the efficiency curves are corrected for these effects 

the results are changed by less than l o/o. 
The angular resolution of this system was good. The rms spread in 

scattering angle due to finite counter. and target sizes varied between 

1.2 deg and 2.1 deg, depending on the scattering angle.. The p·ion-beam 

divergence was l. 8 deg for beam No. l and 0.6 deg for beam No. 2. The 

data were corrected to account for this finite angular spread. However, 

this correction was significant only for scattering angles near 70 deg, 

where the curvature of the plot of the differential cross sect~on vs 

scatter:lng angle is large, and even here it amounted to less than l o/o. 
The Cerenkov counter C l. was not perfect in rejecting recoil protons; 

a few ofthese protons evidently produced engugh scintillation light to 

register a coincidence~ Fortunately, the ra~ge ofprotons recoiling at 

angles greater than 45 deg was ~ot sufficient to pass out of the target 

'a:nd 'thr.ou.gh the tele sc~pe to the la~t counter. Therefore, only the data 

. 'at laboratory""'system scattering angles less than 45 deg 
;.; . :·· 
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had to be corrected for the proton contamination in the telescope 

coincidence rate. This. proton contamination was measured ,by putting 

the big conjugate counter S3 in coincidence with the telescope at the 

appropriate angle to count the pions conjugate to the protons in the 

telescope. The contamination was found to vary between 1 o/o and 1.5o/o 
(i.e., the Cerenkov counter was about 3o/o efficient in counting protons, 

and the ratio of pions to protons in this angular region varied from 

3:1 to 2:1 ). 

C. Re suits and Errors 

The results of the measurements de scribed in this section are 

given in Table III-II, and are plotted in the laboratory frame in 

Fig. III-4. At small angles the background increased rapidly as the 

scattering angle decreased. No data are reported for scattering angles 

less than 22 deg, where the target-empty rate was 1/2 target full, 

because the large subtraction may have introduced a significant error. 

Further results at smaller angles obtained with a more favorable 

arrangement are given in Table. IV -1. 

The errors associated with these measurements fall naturally 

into three classifications. First, the counting statistical errors, 

which are uncorrolated and presumably normally distributed. These 

errors are listed with the data points. The rms error in telescope 

counting rate for "hydrogen effecti' was calculated as 

- . 2 . 2 1/2 
L!.[I(B)/Iol - { [I(B)/Io ] full+ [I(B)/Io ]empty} • 

The second type of error is the error in the absolute cross-section 

scale, due to uncertainties in the number of protons in the target, the 

uncertainties· in muon contamination, etc. The absolute -scale parameter 

.E was introduced to express this class of errors. The data are pre

sented as ( 1 + e) ( da/ dQ), where the same e is common to all eros s

section points, and the most likely value of e is 0. The error in E 

is estimated to be about 6o/o. This comes from the uncertainty in the 

absolute calibration of the ion chamber, 4o/o, and the uncertainty in the 

muon contamination, 3o/o •. (This rather large error is assigned because 

the momentum-analyzed muon contamination was measured with a counter 
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Table III -II. ResuLts of the differential eros s -sect~on measurements 

described in Section III. Additional data, between 10.0 deg and 32.0 

deg (lab) are given in Table IV -I. The absolute normalization 

parameter, E = 0.00± 0.06. 

Pion laboratory- Ce.nter-of- Differential Differential 
system scatter- mass scatter- cross section cross section 
ing angle ing angle in the labor a- in the center-

TT 8
lab 

(de g) 

22.0 

24.9 

26.2 

32.0 

32.0 

38.0 

41.9 

44.5 

52.2 

52.8 

57.2 

62.7 

77.8 

85.0 

88.2 

102.1 

119.0 

125.7 

131.0 

140.9 

146.5 

15 8.1 

159.2 

e em 

(de g) 

30.6' 

34.6 

36.3 

44.0 

44.0 

51.8 

56.8 

60.0 

69.4 

70.1 

75.3 

81.6 

97.8 

105.0 

1 08.l 

120.9 

135.2 

140.6 

144.7 

152.2 

156.4 

164~6 

165.5 

tory system of-mass 
system 

(l+e )(da/dr2)
1
TT b (l+E)(da/dn). 
a em 

(mb/ ster) 

23.99± 0.63 

22.34± 0.51 

21.34± 0.64 

16.94±0.17 

16.94±0.19 

14.08± 0.42 

11.91±0.46 

10.11± 0.22 

6.66± 0.15 

6~71±0.24 

4.83± 0.12 

3.466± 0.102 

1. 728± o. 076 

.. 1.44± 0.06 

1.486± 0.059 

1.65 7± o. 061 

1.919± 0.093 

2.07± 0.08 

2.214± 0.086 

2.25± 0.11 

2.39± 0.09 

2.47± 0.09 

2.43± 0.09 

(mb/ster) 

12.94±0.62 

12.28±0.27 

11.84± 0.35 

9.82±0.10 

9.82±0.11 

8.59± 0.26 

7.54± 0.28 

6.58± 0.22 

4.71±0.11 

4. 78± 0.18 

3.62±0.09 

2. 771±0.081 

1.663± 0.073 

1.51± 0.06 

1.623± 0.065 

2.083± 0.077 

2.934± 0.142 

3. 36± 0.12 

3.76±0.15 

4.1 0± 0.21 

4.51±0.17 

4.91±0.17 

4.85± 0._1 7 

Run 

2 

1 

1 

2 

l 

'2 

1 

1 

1 

2 

. 1 

1 

1 

2 

1 

1 

1 

2 

1 

1 

1 

2 
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Fig. III-4. Differential cross-section data given in Table III-II 
plotted in the laboratory frame. 
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telescope, whereas the beam was monit~rE<d,with an ion chamber with 

an area different from that of the defiriiii"g··caunter of th~ telescope. If 

these muons had a spatial distributibn at. the second focus different 

from that of the pions, which is not unlikely, the muon contamination 

could have differed somewhat in the two cases.) There was also 

uncertainty in the number of protons in the target, 2o/o(due to uncertainty 

in the target size,) the density of liquid' hydrogen and 'poss'ible error in 

folding in the beam profil-e); and uncert;:tinty in the solid angle subtended 

by the counter telescope, . 1 o/o. Because ;Of this rather large error in the 

. ·absolute scale, one angle, _elab = 32_ deg, was measured wi,th very 

small statistical counting errors (about 1 o/o) in each ,run, in,cludirtg the 

small-angle data described in Section IV. The data from the different 

runs were then normalized tQ_a_g_r_e_e_aL.thi.s~angle. The absolute values 

of the cr;ss section.at 32 deg differed by 3o/o betw~en run No. 1 and 

run No. 2. This was as close as could be e)Cpected~ The average 

value of the two .runs was used to present the data in Table III-2. 

The third class of errors were those associated with the 

various corrections that were mad~ in the data. The uncertainty in the 

data r(:!sulting;}rom er:rors,of thi-s type was small ·compared with_ the 

counting ··_sta~i stic•al _err:)r s. 

The errors in the efficiency and the plural-scattering cor

rections are primarily due to the uncertainty in the cross- section data 

used in the calculations.· This means that the deviation from unity 

in the efficiency curve has a fractional error of about ± 20o/o. This 

leads to an absolute uncertainty of about 2o/o in the cross section. 

However, the relative efficiency at various angles is in error by less 

than 1 o/o. The deviation from unity of the plural-scattering correction 

has a fractional error of about 45o/o. This relatively high error occurs 

because the plural.-.scatte ring correction is the difference between two 

terms, the number scattered in and the number scattered out. 

The following equations were used to transform the data from the 

laboratory system to the center-of-mass system. 
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sin elab 
. Tan e = ---'--'----'------

em / Yo (cos Blab -(30 (3) 

where 130 is the velocity of the center-of-mass frame with respect to 

the lab frame, and is given in terms of the incident pion momentum 
TT 

P lab, and the total relativistic energy E of the pion plus proton in the 

lab system as 

(3 0 = Pl:b c/E = 0.30795 for this eriergy, 

Yo =(1/1 
2 J/2_ . 

(3 0 ) .- LOSll. 
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IV. DIFFERENTIAL CROSS-SECTION MEASUREMENTS 
AT SMALL ANGLES 

It was important that the differential cross section be measured at 

smaller angles ( 10 to 20 de g) in order to observe the interference between 

. nuclear and Coulomb scattering, because, if the signs of all the phase 

shifts a.re reversed, the computed differential cross section is unchanged 

except in the region of small angles where nuclear and Coulomb scattering 

interfere. Hence, an analysis of data given in Table III-2 would determine 

only relative and not absolute signs for a given set of phase shifts. The 

absolute sign was determined by measuring the interference between the 

nuclear scattering and the Coulomb scattering, which was known to be 

repulsive in this case •. 

In principle, this sign ambiguity could be resolved by the polarization 

data, since the sign pf the polarization is reversed when the signs. of all 

phase shifts are reversed •. In practice, it~was b~tt~r- to establi:sh the: 

absolute> sign of the phase 'shifts by measuring the differential cross 

section at smalLangle s and use the polarization data to resolve the vari

ous other ambiguities. 

This interference had been observed at 113 Mev by 

Orear, using the nuclear emulsion technique. 22 It had not been observed 

previously above the resonance or in a counter experiment, where high 

statistical accuracy could be obtained. 

A. Experimental Arrangement 

The experimental arrangement used in measuring the differential. 

cross section at small angles was similar to that used a:t large angles, 

which was described in Section III. Some changes were necessary, 

however, and they are discussed in this section. 

The pion spectrograph was altered .to give a more suitable beam • . , 
A diagram ofthe modified magnet system, called pion spectrograph No. 2, 

is shown in Fig. IV -1. One significant change was that this beam was 

more nearly parallel than beam No. 1; the rms angle of divergence was 

0. 7 deg, compared with- 1.9 deg for the first beam. This was accomplished 

by increasing the distance between the final quadrupole and the final focus, 

and by using smaller -aperture quadrupole magnets. This change was made 
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Fig. IV -1. Plan view of pion spectrograph No. 2. A 
description of the components is given in Table III-I. 
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so that the counter telescope could be brought in to smaller angles 

without encountering the incident beam. A plan view of the last quadru

pole, the hydrogen target, and the telescope set at 10 deg is shown in 

Fig. IV -2. Note the lead wall which serves to hide the counter telescope 

from the exit aperture of the final quadrupole. This wall was essentially 

out of the incident beam, but it stopped that very small fraction of the 

incident pions which diverged sufficiently from the beam center line to 

pass through the telescope. Such stray particles were a very small 

fraction of the incident beam, but were comparable to the number of 

pions scattered into the telescope by the _!lydrogen target. 

The eros s -sectional area of this pion. beam at the hydrogen target 

was reduced to 1/4 of that of the first beam. (Figure IV -3) This was 

accomplished by taking great care to minimize the size of the proton 

beam at T 1, and by reducing the fractional momentum bite accepted by 

the magnet system from ± 2.5o/o to ± l.Oo/o. Reducing the momentum bite 

improves the final image, since "chromatic 11 aberration was. the most 

important aberration in the magnet system. It was accomplished by 

using a small 2 -in. -square collimator at the first focus in place of the 

field lens. This decrease in beam area was an important improvement, 

because it increased the fraction of the beam that passed through the thin 

windows on the hydrogen target, and therefore cut down target back

ground. This scattering from the target walls, which was. very strongly 

forward-peaked, presented the biggest obstacle to measuring the cross 

section at small angles. These improvements in beam size and diver

gence cost a factor of ten in intensity. However, this was not serious 

because the cross section was large in the forward direction , so that 

the counting rate stayed high. 

The counter telescope was modified in one respect. The Cerenkov 

counter was replaced by a copper absorber, of thickness 80.17 g/cm2 , 

backe~ up by a scintillation counter (see Fig. IV -3). The absorber 

stopped recoil protons and inelastic pions. For small-angle work this 

telescope was somewhat superior to the one involving the Cerenkov 

counter for two reasons. First, it was less sensitive to -background 

scattering from the target walls, since its threshold was higher. Second, 

it allowed a more correct treatment of the target-empty subtraction. 

This subtraction assumes. that the background. rate' is· irideperident Of 



-35-

Pb. 

=-===----

Ionization chamber, 

I C no. 2 

MU-26557 

1--'------l 
12 in. 

MU-26556 

Fig. IV -3. Scale drawing of the hydrogen target and counter telescope 
(13 = 10 deg) used to measure the differential cross section in 
the. region of Coulomb interference. A description of the 
components is given in Table III-L 
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whether the 'target is full or empty. Let us consider the reasons why 

this may not be true. First, the background produced in the front of the 

target undergoes some scattering by the hydrogen. Second, the incident 

beam is attenuated by the presence of hydrogen in the target, so that 

less background is produced in the rear walls of the target when the 

target is full. Fortunately, these two effects were found to be small, 

because less than 3o/o of the pions interact in the target, the scattering 

-was almost entirely elastic, and it was strongly forward-peaked. Hence, 

the amount of background produced in rear walls in essentially unchanged, 

and about as much of the background produced in the rear walls is 

scattered into the telescope as is scattered out by the presence of hydrogen 

in the target. There was a third effect, which was the degrading of back

ground by the hydrogen. Some of the background that was just above 

the threshold of the telescope when the target was empty was slowed to 

below the.threshold when the target was full. To compensate for this 

effect, the target-empty rate was taken in two ways: first, with the 

telescope exactly as when target-full data were taken, and second, with 

2.29 g/cm2 of copper added to the absorber, to compensate for the. stop

ping power of the hydrogen. Nei.ther of these measurements was correct. 

The first one ignored the degrading effect of the hydrogen, and thus gave 

a value of the background that was too large. The second measurement 

incorrectly assumed that all background was degraded by the hydrogen, 

and the extra absorber also scattered some pions out of the telescope, 

so it gave a value of the background that was too small. However, the 

measured background rate differed by only about 2 .5o/o between .these 

two methods, so that it was possible to use the average value without 

introducing significant error in the results. 

There are strong objections to using a telescope of this type over 

the entire angular region, because it would be necessary to change the 

absorber thickness from several inches of copper to a small fraction 

of an inch as the scattering angle was varied. Hence, the telescope 

efficiency would vary drastically-with scattering angle. It would be 

nearly impossible to measure this efficiency to better than 3 to 5o/o 

accuracy, so the data would be subject to a rather large systematic 

error. However, this telescope was used for scattering angles of only 
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10 deg to 32 de g •. In this angular region, the energy of the scattered 

b~am and the apparent target size were almost constant, so it was 

possible tous.e the same thickness of absorber at all angles and to assume 

that the telescope efficiency was constant throughout this angular region. 

Thisefficiency was determined by normalizing these data to those ob

tained with the high-efficiency telescope at 32 deg {see Section III), and 

was found to be 0.55'1± 0.008. The efficiency was also calculated by 

. bl" h d d . . . . l 9 • 2 3 Th 1 us1ng pu 1s e ata on p1on cross sections 1n copper. e ca -

culated efficiency varied le·ss than 0.5o/o ·between 10 deg and 32 de g. The 

calculated value of 0.518 agrees well enough with the measured value to 

indicate that the calculations have some validity. The cross section 

was also measured with both telescopes at 22 deg. The two measure

ments are found to agree, if the efficiency at 22 deg is assumed to be 

the same as that measured at 32 deg. Finally, the inc.ident pion beam 

was sufficiently similar to the scattered beam at zero deg for the effi

ciency at zero deg to be measured by using the unscattered beam. The 

ratio S5, S6, S3/SS, S6 was measured. After corrections .for attenuation 

in S5, for the muon contamination in the incident pion beam and for the 

fraction of .scattered pions that decay into muons befor.e reaching the 

telescope; an efficiency of 0.564± 0.17 was obtained at zero deg. Thus, 

it is thought that the error introduced by. assuming the efficiency constant 

between 10 deg and 32 deg was negligible. 

The differential eros s section was measured for both left and right 

scattering at all angles and found to agree. Accidental coincidences 

were negligible, and the cross section was found to be independent of 

both beam level and counter voltages. 

B. Results and Errors 

The data are given in Table IV-I. Theerrors quoted are statis

tical errors orily and repire sent the standard deviation of the measure

ment. These data are plotted in Fig. IV -4, along with the predicted 

shape of the cross section-for both constructive and destructive inter-

ference. These curves were predicted on the basis of the cross section 

data at c·~ m. scattering angie s greater than 44 deg (Table III -2). by the 

method described in the Section VI. The uncertainty in either of these 

cu'rve S lS small· COmpared with the separation between the two •. 

i. 
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Table IV-I. Results ofthe differential cross-section measurements at 

small angles. The errors given are standard deviations and are 

independent. 

E = 0.00± 0.06 

arr e ( 1 + e )(da/dO)lab ( 1 + e) [I ( e)/Io] empty lab em 
(da/dn) [I< e)/I0 ] ·- em 

full 

10.0 14 .• 0 36.59± 1.17 18.71±0.60 0.60 

14.0 19.6 30.97± 0.90 16.05,± 0.46 0.30 

18.0 25.2 26.19± 0.59 13.82±0.;31 0.18 

22.0 30.6 24.18± 0.64 13.05± 0.34 0.12 

26.0 36.0 20.61± 0.69 11.42± 0.38 0.09 

32.0 .44.0 16.94±0.17 9.82±0.10 0.07 

• • • .I 
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Fig. IV -4. Differential cross section in the region of the 
Coulomb interference. The experimental points are 
from Table IV -I. The two curves show the behavior 
predicted by the data for 44 deg to 165 deg (Table II-II) 
in the case of constructive interference (solid line) and 
destructive interference (dashed line). 
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The results are satisfactory •. The data seem to rule out destructive 

interference between nuclear and Coulomb forces, and agree quite well 

. with the cross section predicted under the assumption of constructive 
\ 

interference. Constructive interference is in agreement with the accepted 

description of low-energy pion-nucleon scattering. That is,. thatthe 

cross section is dominated by the P 
3

, 
3 

phase shift, which is positive 

and passes through 90 deg around !'90 Mev. 

There were two principal sources of possible systematic error. 

One of.these was the assumption.that the efficiency of the telescope was 

constant for scattering angles between 10 deg and 32 deg in the labora

tory system. The other was the large target-empty subtraction at small 

angles. Both of these subjects 'were discussed in the preceding section, 

and the case was made that probable errors arising from these sources 

were smaller than the quoted statistical errors. 



-42- ' 

V. TOTAL CROSS~SECTION MEASUREMENT 

The total cross section a'T for 310 -Mev pions on protons was 

measured by attenuation. The purpose of this measurement was. to 

check the absolute SCale factor E of the differential CrOSS-Section data, 

and to reduce the uncertainty in this factor. In the approximation that 

elastic scattering is the only channel through which 310 -Mev positive 

pions and protons interact, we have 

da 
dQ (e) sin e de, 

where e is the cutoff angle (see Fig. V-1); pions that scatter at an 
c 

angle less thane are detected in the back-up counter and appear as if 
c 

no scattering had occurred. The upper limit on the integral is nece
i 

s sary because pions that are scattered at an angle greater than ec pro-

duce protons that recoil at an angle less than e . These protons are .c 

detected in the back-up counter, so here too the event appears as if no 

scattering had occurred. 

The approximation that elastic scattering is the only interaction 

is not exactly true. Two other reactions are known .to take place at this 

energy. They involve pion production: 

1T + + P - 1T + + 1To + p, 

+ + 1T + p __.., 1T + 1T + n. 

We are interested in the total inelastic cross section ai' which is the 

sum of the total cross sections for these two reactions. There are 

almost no experimental data on a
1 

at 310 Mev. However, a reasonable 

estimate of the value can be made. Willis has measured a
1 

= 2.85±.5 mb, 

and the ratio a( 1r + + p -+ 1r + + 1ro + p )/a( 1r + + p -+ 1r + + 1r + + n.) = 1.5 + 1.5 - 0.5 

mb at 500 Mev. 
24 

In a theoretical paper, which uses experimental data 

on 1r-+ p-+ 1r++ 1TO+ n at energies near 310 Mev, Rodberg predicts 

a
1 

( 1T + + p -+ -IT++ 1r 0 + p);:::; 0.4 mb at 310 Mev. 25 If we accept this value 

and assume Willis 1 s ratio holds at 310 Mev, we have a
1 

;:::; 0.6 mb at 

310 Mev. Theories of the energy dependence of ai' coupled with . 
26 27 

Willis's measurement at 500 Mev, predict a
1 

;:::; 1/2 mb at 310 Mev. • 
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Thus, a reasonable value of ai appears to be 0,5± .5 mb. Since the total 

elastic eros s section is about 60 mb, the inelastic scattering is almost 

negligible. 

A, Experimental Ar x.ange ment 

The arrangement of the counters and the hydrogen target used to 

measure .the total section is shown in Fig. V -1. A description of the 

counters is given in Table III-I. The second pion beam (described 

in Section IV) was used with the circulating beam of the. cyclotron cut 

to approx 10-4 of maximum, The number of incident pions, I 0 ,. was 

defined by the triple coincidence rate S7 -C2 -S8. The number of incident 

mesons that passed throl!gh the target unscattered, I. was given by· the 

quadruple coincidence S7 -C2 -S8 -S9. The position of S9 was varied to 

change the cutoff angle fJ c. Figure V -1 shows the two extreme positions 

of S9 corresponding to,.tJ,c = 8.3 deg and 15.2 deg. The total cross 

· · sect~qn,is given as 
I I 

fV • 
. 0 

where primed quantities are the target-empty measurements. and the 

unprimed quantities are target-full data; N is. thy t~rget thickness in 

protons/cm2 •. The rms statistical counting er.ror is 

1 1 1 1 1 . 112 
.6.aT (f) ) = N ( I- I + [i - r I ) • 

c 0 . . 0 

The total cross section was measured with two targets designated T2 

and T3, which were·5.5 in. and 12 in. thick. respectively. Typi:Cally, 

I/I
0

::::: 0.914 and I' /I
0

'::::: 0.976 for the long target, and I'/I
0

'::::: 0.948 

and I/I
0 

::::: 0. 9 77 .for the short target~ 

The incident pion beam was corrected for muon and positron 

contamination, as described in Section II. The same number was sub

tracted frpmi a~.from 1
0

, a:.s esseJ:1.tially all of tl1e muon contamination 

passes through the. target without ·scattering out. ''The fraction of the 

meson beam thaLwas scattered out by multiple Coulomb scattering in 
14 

counter S8 and the hydrogen target was negligible for this geometry. 

The muons that come from pions that decayed between the beam-defining 

counter S8 and the back-up counter S9 passed through the back-up 
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counter. Henc-e, these decays were not confused with scattering events. 

The cutoff angle was corrected to account for the finite target length~ 

This correction amounted to ab~ut 1/2 deg. Accidental coincidences 

were completely negligible; c;r.oss-section measurements were made at 

normal beam level, 3 times normal, and 1/3 normal for e .· = 10.5 de g. . c 
All these measurements agreed. Finally, the data at several angles 

were also taken with the coincidence circuits switched. The results 

were found to be independent of which circuit counted triples {:I
0

) and 

which circuit counted quadruple coincidences (I). 

B. Results and Errors 

The results of the total cross-section measu:rements are given 

in Table V-I, and are plottedin Fig. V -2. The errors listed are 

independent counting-statistical errors only. There is also a 2o/oerror 

common to all points that arise from uncertain_ties in target thickn~ss, 

muon contamination, and cutoff angle. 

There are several items to note. concerning the intel"nal consistency 

of these r~sults. First, .the data from the two different targets agree 

quite well., Ne~t, the variation of aT(ec) with ec agrees with the 

dependence predicted by the differential cross section(see Fig. V -2). 

Tht1s, if one uses these total eros s- section data to compute the scale 

factor e, the value obtained is independent .of the cutoff angle chosen. 

The. yalue of e obtained from these data also agreed with: the differential 

cross -section data. The value obtained from the total eros s section was 

e =-.018±. 025, compared with the value 0.00± .06 given with the differential 

cross-section data· in Table III-11. This total cross. section also looks 

.reasonable when compared_to existing rr + -p total c.ross sections in this 
. 28 29 30 

energy reg1on. ' ' 
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Table V-I. Results of the total eros s -section measurements de scribed 

in Section V. The errors listed .are standard deviations and are due to 

counting statistics orily. Each point also contains a 2% systematic 

error due primarily to uncertainty in target thickness, muon contami

nation, and cutoff angle.; 

a 

Cutoff angle, 

e 
c 

,(de g) 

8.3 

10.5 

12.9 

15 .• 2 

10.1 

14.3 

Total cross section, 

a ( e ) . c 

(mb) 

59.8± 1.2 

56.9±0.8 

54.2± 0.8 

52.4±0.8 

57.5±1.0 

52.6±1.0 

Target numbera 

T3 

T3 

T3 

T3 

T2 

T2 

Target T3was 12 'in. thick and Target T2 was 5.5.in. thick. 
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VI. THE PHASE SHIFT ANALYSIS 

A. Search Program 

A phase-shift analysis of these data was made with the aid of an 

IBM-709 computer. The computer made a least-square fit to the 

experimental data using the grid search method. It computed the usual 

quantity, x2 = ~ [(:X:ic·- xiE)/EJ 
2

, where xiE is the experimental 

value of xi• Ei iJ the experimental error, and xi c is the value of xi . 

calculated from a given set of phase shifts. The summation .. is over 

all experimental data. These data consistof the differential cross

s.ection data given in Table VI-I, which is a summary of those given in 

Tables III-II and IV -I, the measurements of the polarization of the recoil 

proton that were made simultan-eously with the cross -section measure-
31 ments (Table VI-IlL and the value of the total cross section. at 

ec = 10.5 deg from Table V-L Starting from a given set of phase shifts, 

the computer varied each phase shift by small increments until x2 was 

minimized. It_ cy~led through all phase shifts several times until it 

-reached a minl~um x2 at which a small change in any phase shift 

caused x2 to increase. This minimum was not necessarily the abs.olute 

minimum, but only a depression in the hyperspace in which x2 is plotted 

as a function of the phase shifts. There may be several such minima. 

Which one the computer finds depe.nds upon the set of phase shifts it 

starts from. In making our search, we started at several hundred 

different random sets of phase shifts in an effort to find all these minima. 

In order to relate experimentally observable quantities with phase 

shifts, the non- spin-flip scattering amplitude f( 8). and the spin-flip 

amplitude g(B) are expanded in terms of partial waves: 32 

00 

f(8)=}t L {(.Q+l)exp(b5£+)sino ++P. exp(io£-)sinc£-}P£(cos8) 
£ =0 £ 

00 

g(tl) = }-;. L {exp (io£ +)sin Op_ +- exp (io£ -)sin 0£-} P..e 1 {cos e) 
£ =1 

where o/ is the phase shift for the state J = £ ± 1/2, where P. denotes 

orbital angular momentum. The phase shifts are real quantities in the 

absence of inelastic scattering. The }-;. is the center -of -mass wave-

.-
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Tabfe VI-L ·Summary of the di1ferentiai eros s '-section data given in 

Tables III-II. and IV -I that were used in the phase -shift analysis. 

e = 0.00± 0.06. ··.,,· 

Center- of-mass sca,ttering 
angle e 

,em 

(de g) 

14.0 

19.6 

25.2 

30.6 ' 

34.6 

36.2 

44.0 

51.8 

56.8 

60.0 

69.6 

75.3 

81.6 

97.8 

105.0 

108.1 

'120. 9 

135.2 

140.6 

144.7 

152.2 

156.4 

165.0 

Differential cross section, 
0 · +. e ) ( cia/dn)1T 
·. em 

(mb/ sr) 

18.71±0.60 

16.05± 0.46 

13.82±.0.31 

12.99± 0.25 

12.28± 0.2 7 

1 1.65± 0 •. 4 7 

9.82±0.15 

8.59± 0. 26 

7 .54± 0.28 

'6.5 8± 0.22 

4. 73± 0.10 

3.62± 0.09 

2.77± 0.08 

1.66± 0.07 

- 1.51±0.06 

1 .62:!:: 0.07 

2.08± 0.08 

2_.93±0.14 

3.36± o. 12 

3.76±0.15 

4.10±0.17 

4.51±0.17 

4.88± 0.12 
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Table VI -II. Experimental ,mee1.surements of the polarizatio!l P of the 

recoil proton. The sign qf the polarization is positive when a prepon

derance of the protons have their spin pointing in the direction 

·pi X Pf~ ~here Pi and Pfar~ initial and final pion-momentum vectors. 

Center -of-mass scattering 
. angle, e em 

(de ) 

114.2 

124.5 

133.8 

145 .• 2 

Polarization P of the 

recoil proton .. 

+0.044± .062 

-0.164± .• 057 

-0.155± .044 

-0.162±.037 

. · .. '·. 
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length (over 2'Tf) of the pion; P£ and P£ lare associated Legendre 
. 1£ polynomials of degree and order 0 and 1, r'espectively. The differential 

cress section dajdQ arid the polarization P of the recoil proton are 

expressed in terms of£(8) and g(8): 

The polarization is taken in the direction of P 1X P f' where Pi and P f 

are pion momentum v~ctors before and afte~ scattering. The effects 

of Coulomb scattering were included in the analy"sis. The method used 

was essentially that of Stapp, Ypsilantis, and Metropolis. 33, 34 

B. Results and Errors 

The first thing that was apparent from this analysis was that we 

could not adequately f1t our dati using only S and P waves (£ = 1). 
. ' m~ 

but that the data could be fitted with S,.., P-, arid D-wave phase shifts 

(£ = 2), We also found that there is only one set of S-,P-·, and max 
D-wave phase shifts that fit the data. Other solutions were found, but 

none had a x2 low ~nough to have more than a 2 or 3o/o chance of being 

a valid solution. Table VI-III lists the phase shifts and the x2 for the 

SPD solution (SPD-Fermi IL and the b_est SP fit (SP-Fermi}. The 

large x2 of the SP-Fermi set indicates that it is a very poor fit to the 

data. Each solution is designated by a name designed to show the 

position that this solution takes with regard to the va.rious ambiguities, 

e. g. Fermi or Yang. I and II refer to the n:..wave ambiguity. 3 I indicates 

the type of solution for D
3

, 
3 

- D
3

i 
5 

> 0. 

Figure \'I-1 shows: the cross-section data on the center-or-mass 

frame. The dottedline represents the SP-Ferrni soluti~n which does 
. . 

not fit the data adequateiy in the backward direction •. The solid line 

represents the SPD-Fermi-I fit which does fit the data. Figure VI-2 

shows the. experimental polarization data and the calculated values from 

SP-Fermi and SPD-Ferrni L This clearly shows how poor the best 

SP fit is. 

Besides resolving tll.e ambiguities, the polarization data reduced 

the errors on the small phase shifts to 1/2 or 1/3 the values obtained 



Table VI-III. Phase-shift solutions to 310-Mev 1T+- p scattering data when 
all data are included (differential cross -section data of Table VI-I, polarization 
data of Table VI-II, and thee = 10.5 deg total cross-section measurement 
given in Table V-I). c 

Phase Shifts (deg) 
Solution 

s3, l(a.3) p3,1(a.31) P3, 3(n33) D3, 3 D3, 5 F 3, 5 F3, 7 

SP-Fermi -22.3 -8.1 136.1 a a a a 

SPD-Fermi I -18.5± 0.6 -4.7±0.6 134.8±0.6 1.9±0.4 -4.0± 0.4 a a 

SPDF-Fermi I -17 .2± 2.6 -2.9±4.0 135.0±0.6 3.1±2.6 -4.9±2.1 0.5± 0.6 -0.6± 1.4 

SPDF-Fermi II -35.5±0.7 -16.1±0.7 151.4±0.8 -11.4± 0.5 13.1±0.5 -1.1±0.5 -1.8± 0.3 

SPDF-Minami-Yang I 12 3.1 -22.4 3.1 158.6 0.2 -2.8 -0.1 

SPDF-Yang II -32 142.2 160.4 17.8 -6.4 -1.7 -1.3 

a . 
Held at zero throughout the analysis. 

2 
X 

found expected 

92 24 
I 

15.8 22 U'1 
N 

20 
I 

14.1 

18.3 20 

17.6 20 

26.6 20 

-. 
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Fermi I fit 

0 30 60 90 120 150 180 

ec.m~ deg) 
MU-20558 

Fig. VI-1. The experimental differential cross-section data 
given in Table VI-I. The dashed line shows· the cross 
section calculated from the S:c:> -Fermi set of phase shifts 
given in Table VI-III. The solid curve corresponds to 
the SPD-Fermi;,.I set. 
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0.6 

SP fit 

0.2 

-0.2 

-0.8 

-1.0 L-----.....L.---~-----L--___J---.1...------J 
0 30 60 90 120. 150 180 

Bc.m.(deg) 

MU-20552 

Fig. VI -2. The experimental recoil polarization data given in 
Table VI-II. The solid curve is obtained from the SPD
Fermi -I set of phase shifts and the dashed curve is from 
the SF-Fermi set (see Table VI-III). 
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when only our cross-section data were used in the analysis. These 

e.rrors (from our c.ross-section data only) were, in turn, only 1/2 to 

l/3 as large as errors in previous arialyses. · 

At this point, the original goals seemed to have been reached. 

The S-, P-, and D-wave phase shifts were uniquely determined wi.th 

very small errors purely on the basis of these experiments. These 

er:vors were, in fact, so small than an investigation of the effects of 

F waves was called for, as it was feared that their inclusion mi~ht 

well cause.changes of greater than 0.4 degree in the D-wave phase shifts. 

Two very surprising things happened when a search was made 
.. 

for SPDF solutions. As expected, the Fermi-I solution turned up with 

small F waves, approx 1/2 deg, and with the S-, P-, and D-wave phase 

shifts essentially unchanged fr.om. the SPD solution, but .the errors on 

the phase shifts had increased by a factor of 5. These large errors are 

very disturbing! Secondly, those old ambiguities, which the polariza

tion data had resolved in the SPD analys_is, reappeared. F-wave phase 

shifts of only land 2 deg allowed Fermi II to become a good fit to the 

data. Other types of solutions also became good fits to the data (Yang 

II and the Minami-Yang I). The solutions to the SPDF analysis are also 

given iri Table VI-III. We certainly- no longer ha.ve a unique set of phase 
. . . ' 

shifts if the data are analyzed in SPDF waves. The data were not fitted 

significantly better when F waves were allowed to be nonzero, but this 
. - . . 

is to be expected because the SPD fit was already very good. Even 

though we reject the two Yang-type SPDF solutions for the usual reason 

(Yang-type solutions do not seem to agree with dispersion relations). 
6 

we are left with two Fermi-type SPDF solutions. We have two Fermi 

. solutions because we are unable to resolve .the D-:wave ambiguity if 

F -wave phase shifts are allowed to be nonzero. It is worth noting that 

the phase shifts of the SPDF-Fermi I solution are strongly correlated. 

That is to say, fixing the value of one of them substantially reduces 

.the uncertainty in the rest, or the phase shifts can change substantially 

while remaining a reasonably good fit to the data ifthey change in a cer

tain way. For example, SPDF-Fermi-I.can be distorted to. a point where 

s3, 1· = -2LO, P3, 1 = 
still only 18 .6. 

-10.2, D
3 3 

= -3.0 and D
3 5 

= +LO with an M value . . . 
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VII. DISCUSSION OF RESULTS 

This investigation indicates that it is difficult to obtain a meaningful 

set of phase shifts by using this method of analysis. It is very depressing ,. 

to see that, by allowing small F -wave phase shifts ( 1 or 2 de g), we have 

introduced a new solution (Fermi II), which-differs by 13° to 18° inS-, 

P-, and D-wave phase shifts from .the original Fermi-I solution. This 

is precisely the kind of thing that we had assumed would not happen. We 

know of no a priori reason to. limit the values of the F -wave phase shifts 

.to less than those obtained in the SPDF solutions given in Table VI-3. 

Therefore, these SPDF sets must be considered as legitimate solutions. 

We have not found a valid reason for discarding either of the two 

Fermi-type SPDF solutions. The D-wave phase shifts of the Fermi-I 

solution seem to show some agreement with the values predicted by Chew, 

Low, Goldberger, and Nambu from dispersion relations (D
3 3 

= + 0.3, 

n
3

, 
5 

= -2.5 deg at 310 Mev). 35 However, these predictions do not include 

the effect of the pion-pion interaction. We had hoped to determine the 

D-wave phase shifts accurately enough to obtain some information about 

the pion-pion interaction by comparing the experimental phase shifts with 

the predicted values. of Chew et al., but,. we have not yet' reached .this p6int. 

It seems that we are unable to determine accurately even the larger 

phase shifts at this time, although ours are the most extensive and most 

accurate 1r + -p scattering data available. At this time, .there does not 

appear to be any theoretical method of simplifying the analysis. However, 

this kind of help may appear in the future. 

There is some reason to hope that these difficulties can be cleared up 

purely on the basis of the experimental data. The fact .that we have four 

SPDF solutions instead of one is probably due to the very limited angular 

region of our polarization data. Figure VII-1 shows the behavior of P 

vs 8 predicted by the various SPDF solutions. As expected, they differ 

violently at angles at which no experimental data tie them down. One 

or two measurements in this region may well result in a unique SPDF 

solution, depending, of course, on where these additior:al points fall. It 

is even possible that if enough points were measured so that P were well 

determined as a function-of scattering angle a meaningful SPDFG fit could 

be obtained. We hope that after including polarization 
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-I.O OL---3.L0 ___ 6.J._0 ___ 9..~..0 ___ 1...J...2-0--....1.15-0-__;___jl80 

Bc.m. (deg) 
MU-20553-A 

Fig. VII-I. Variation of the polarization with scattering angl~ 
predicted by the four SPDF solutions given in Table VI-III. 
The experimental data are also shown. 
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data taken over a wide angular region, one may still obtain an adequate 

fit to the data by using only a few phase shifts (1 max = 2 or 3). and that 

the results of the analysis will remain essentially unchanged when .11 
max 

is increased by one. Although it has been impossible to measure the 

polarization P for i3 < 114 deg, it does not seem unlikely that these 
em 

data may be obtained in the near future. For instance, a heliurp. analyzing 

target could be used in place ofthe carbon target to analyze the polar

ization of low-energy protons. The counting rate would be the problem 

here, because this helium analyzer would be less efficient by an order 

of magnitude than the carbon analyzer which gave approx 1 count/min 

for 1 o6 pions incident per sec. Another method would involve starting 

. with a partially polarized hydrogen target. Then a measurement of 

the azimuthal asymmetry in the differential cross section for scattering 

from this target would yield P· PT, where PT is the polarization of the 

target. There is no inherentlimitation to the angles at which P could 

be measured by this method; however, no such tar get is available at 

pre sent. 

Another way of attacking this difficulty might be to repeat these 

same experiments at other scattering energies. With data at several 

energies one might use dispersion relations to rule out some ·sets. 

Dispersion relations relate the real part of a scattering amplitude to 

an integral over the imaginary part as. a function of energy, and thus 
' restrict the energy dependence. of a possible set of phase shifts. The 

most familiar dispersion re1ation deals with the forward scattering 

amplitude. In this case the imaginary part is related to the total cross 

section by 

The energy dependence of the total cross section is reasonabLy well 

known, therefore the integral, and thus a prediction of the real part of 

the forward scattering amplitude, can be made. This is of very little 

use, however, because all the various sets of phase shifts given in 

Table VI-III yield the same value of the real part of the forward scattering 

amplitude, namely Re f( 0) = -0.686± .012 in units of the pion Compton 

wave length 11/f.lc. This value is, incidentally, in good agreement with 

the predicted values. 36 • 3 7 The reason that all the phase shift solutions 

give the same value of Re f(O) is that it has a physical significance in 
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terms of the cross section, 
l/2 

Re f(O) = { [da/dn(O)]- [aT/4rr7t]
2 

} • 

Thus it is essentially fixed by the differential-cross-section data •. 

Another dispersion relation that has received some attention deals 

with the forwp.rd spin-flip amplitude g(O). This is, of cour:se, identically 

zero, therefore one uses the quantity@. g( ~)/d ·sin f) ]fJ=O • which i-s 

nonzero. ·Davidon and Goldberger have employed the dispersion re-

lation of this quantity in an attempt to show that the Fermi type of solution 

is favored over.:the Yang type. In this case neither the real nor the 

imaginary part has any simple physical interpretation. :This' is· likely/ 

to be. a. good test of the: phas.e. shifts, .. however. ' 

it .is very difficult to apply. be~ause one must know 'the phase shifts as 

a function of energy in order to carry out the integral. Therefore 

data at other energies that are comparable to these results at 310 Mev 

. are needed to make use of the dispersion relation for the spin-flip 

forward-scattering amplitude. 

This was intended t~ be a decisive experiment,. but it seems .to 

have merely extended the horizon into a region of new difficulties; how

·ever, it is hoped that this work has been a significant step in the study 

of pion-nucleon scattering. 
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