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'J) Abstract: Renormalization group techniques are developed which, in 

0: 

o 

Q. 

contrast to those previously ~~scussed, do not involve expanding a 

massive field theory around its massless limit. The methods are 

useful in infrared problems. The validity of pertlirbative expan

sions of the renormalization group functions is examined in 

quantum electrodynamics. The technique is illustrated in quantum 

electrodynamics and in a a-type model of the pion. 

1. Introduction 

The methods of the renormalizatio~group have provided a 

technique for extracting information from field theories even in the 

. presence of strong coupling. Generally I the applications of these 

t Supported by the U. S. Atomic Energy Commission. 

tt Supported by the National Science Foundation. 
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methods have been restricted to kinematic regions where the scale of 

all or some of the momenta is much larger than aI:J' of the masses or 

dimensional couplings in the theory. If only some of the momenta are 

scaled to infinitYI Wilson's operator product expansion (1) must be 

used: to supplement the renormalization group. In the deep Euclidean 

region, particle masses are found to be ignorable, or capable of being 

treated by small correction terms to the solution for massless 

theories. As a result, one succeeds in reducing the problem to one 

where\there is essentially only.one mass scale. However, one is often 

faced with a problem where there are more than one intrinsically 

important mass scales, for example, in the infrared momentum region (2). t 

It is proposed in the present paper to solve a slightly different 

version of the renormalization group equation and indicate how the 

s'olution might be applicable to obtain information about the small 

momentum behavior of a field theory. There already exist formal 

solutions of renormalization group equations valid at arbitrary momenta 

(J,4,5),tt but they are useful in the deep Euclidean region where the 

effective masses can be expanded in the Taylor series around zero. 

Because of explicit inclusion of different scale parameters, the present 

solution is interesting in its own right as well as being more useful 

for application in the infrared region. 

The paper is organized as follows: In section 2 the arguments 

leading to the renormalization group equation are briefly reviewed and 

it is explained how the equation we solve is related to the "new 

t 

tt 

The effects of differing mass scales in the renormalization group 

are studied in ref. 2 from a different viewpoint. 

The relation between ref. 3 and ref. 4 1s explained in ref. 5. 
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renormalization group equation" (3,4,5) and the Callan-Symanzik 

equation (6,7). We then give the general solution to our renormaliza-

tion equation. In the Appendix, the proof is elaborated for the solu-

tion given in section 2. In Section 3 we examine under what 

circumstances a perturbative expansion is justified for the various 

characteristic functions of the renormalization group. Quantum electro-

dynamics is carefully examined in this respect. In section 4, the 

application of our approach is illustrated first in the infrared limit 

of quantum electrodynamics with the electron mass kept nonvanishing 

and then in a a-type model incorporating a partially conserved axial 

vector current (PCAC). .The last section contains a short summary and 

discussion of the results. 

2. Renormalization Group Equations and Their Solutions 

There are at least two different approaches to the derivation 

of renormalization group equations in field theory. In the first 

approach, the starting point is the scaling Ward identities of the 

unrenormalized cut-off theory (6). The second method, which is useful 

only for renormalizable theories, proceeds by examining scale changes 

in renormalization points of the renormalized Green's functions. 

Working in the unrenormalized theory has the advantage of being relevant 

to nonrenormalizable theories. For renormalizable theories, however, 

the second method tends to be more transparent and to lead to equations 

which are easier to solve for arbitrary nondeep-Euclidean momenta. We 

shall-use this latter approach exclusively. 

Following S. Weinberg (3), our starting point is the simple 

but fundamental equation expressing multiplicative renormalizability 

or Green's functions: 

-4-

(2.1 ) 

where Pi are the external momenta; 

the renormalized (unrenormalized) coupling constant and mass; A is 

some cutoff or regulator mass used to define the unrenormalized 

amplitude; ~ symbolizes any explicit dependence on the renormaliza-

tion point; r and ru are respectivelyrenormalized and unrenormal

ized Green's functions; and Zr is the wave function renormalization 

constant. Unless explicitly stated otherwise we will restrict our

selves generally in this section to theories with one mass and one 

dimensionless coupling constant. The rather straightforward general-

izations to more complicated situations will be mentioned later. 

Renormali za tion group equations are derived by varying (2.1) 

with respect to the scale of t~ renormalization point, ~, and 

noting that ru is ~ independent. Now different renormalization 

prescriptions will lead to different ~ dependences of Zr and r, 

and consequently to somewhat different renormalization group equations. 

Th~ work of Weinberg (3) and 't Hooft (4) has shown that changing 

renormalization prescriptions can affect the ease of solution of the 

resulting equation and also its applicability. 

The essence of the Weinberg-'t Hooft approach is to renormalize 

the theory in such a way that the renormalization constants are 

independent of the masses. For example, in Weinberg's method, one 

renormalizes all vertices and propagators at external momenta 

characterized by the scale ''p'' and with all internal propagators 

massless. Mass renormalization is done multiplicatively.as 

m = me 2
e

- 1 , where Ze is the renormalization constant for a mass 

insertion on an internal line. As a result of this prescription, 
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eq. (2,1) becomes; 

The II independence of ru and naive dimension analysis of r 

together lead one to 

{ • ,: - B(g) .:,. 0-' y,(g») m .:. • Yr(g) - d} r(<p,g,m,") = 0, 

(2.3) 

where 

l3(g) 

(2.5) 

a -llru 1n ml 
II go'DUA fixed 

(2.6) 

and d is the canonical dimension of r. The fact that eq. (2.6) is 

homogeneous and that the functions 13, Yr, and Ye depend on only 

one var~able g make this equation easy to solve at arbitrary values 

ot te. Indeed, defining an "effective coupling constant and mass" by 

gel) = g I (2.7) 

mel) = m I (2.8) 

-6-

one observes that 

(2.9) 

satisfies eq, (2.3). Here the effective mass roCK) is related to 

the physical mass in a complicated manner. This is not a drawback 

if one wishes to analyze the solutions in the ultraviolet region where 

the effects of mass terms are small so that r may be expanded 

around Di(K) = O. However, if we want to apply the renormalization 

group in the infrared region, where masses are important, field 

theory should not be expanded around the corresponding massless 

theory. We1will develop below an alternative methOd of the renormali

zation group that is particularly suitable to studying the infrared 

limit of field theories involving nonvanishing masses. 

We first give our prescription of renormalization. 

(1) The coupling constant is renormalized at p/ 2 = -ll 

with II being an arbitrary value. All the results will remain valid 

even if the renormalization point is changed"to, for instance, 

22" Pi = -(ciP) where ci's are just nUllilers. 
22 (2) The mass is subtractively renormalized also at P =-ll 

Later we will study the case that the mass is renormalized on Shell. 

In either case, the prescription that the mass not be renormalized 

at a light-like point makes our solution useful not only in the ultra

violet region, but also in the infrared region. Renormaliiatlon 

constants are computed with conventional massive internal propagators. 

Now the Z factors are mass dependent 
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z·~ Z(g,m/A/~/A) (2.10 ) 

in contrast to that in Weinberg's prescription (3). 

The renormalization group equation follows in the standard 

manner. The ~ independence of ru in (2.1) gives us 

t ,~ · e( g,mI.) ,~ • Ym( g,mI.)m i. - Yr( g,mI" 1 r( <p,g,m,.) = a 
(2.11) 

where 

(2.12) 

(2.13) 

(2.14 ) 

As usual a, Ym, and Yr. are cutoff independent since they appear 

in equations for renormalized amplitudes. One can derive explicit 

formulas to express them in terms only of the renorma1ized r(2) and 

r(3) (or r(4») (6). Using standard dimension analysis of r trans-

-8-

This equation resembles closely that of Vieinberg (2,3),1 but the 

important difference is that S, Ym, and Yr are functions of two 

variables. This makes the equation more difficult to solve, and the 

t usual procedure is to go immediately into the ultraviolet region and 

assume that r(Kp,g,m,lJ) is well approximated in that region by 

some function r (Kp,g,~)/ where r s satisfies (2.15) with as a 

a(g,m/IJ) and Yr(g,m/~) replaced by S(g,O) and Yr ( g,O), 

respectively. However, we can show that with a certain minor technical 

assumption eq. (2.15) can also be solved at arbitrary momenta. 

We define an "effective" mass m(K) and an "effective" 

coupling constant g(K) through the solutions to coupled differential 

equations 

(2.16) 

(2.17) 

with initial conditions 

gel) = g and mel) = m • (2.18 ) 

The solution to eq. (2.15) is then given by 

forms (2.11) into r(KP~g,m,~) 

)( r(Kp,g,m,lJ) o (2.15) 't For a clear exposition of the relation of different renormalization 

procedures to different renormalization equations, see section V 

of ref. 3. 
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If one regards {-I + Ym(g,m!~»m as the function ~ for a 

"dimensional coup1ing'constant" m, eq. (2.19) looks very na.tural. 

Since to our knowledge there has been no detailed explicit proof 

given for such a problem, however, the proof is elaborated in the 

Appendix for the sake of completeness. In the case that the mass m 

is renormalized on shell and therefore ~ independent, the renorma1-

ization group equation (2.15) is modified into 

K 'JK - B(g,m/~) rg + m am + Yr(g,m/~) - d r(Kp,g,m,~) 0, , 
{

a a a }' 

(2.15,) 

and the solution is given by (2.19) with m(K) = mlK. In this case 

eq. (2.16) is much easier to solve. We will study, quantum electro

dynamics in this method in sect~on 4. ' 

The generalization to more coupling constants and/or masses 

1s straightforward. One has to solve a set of more complicated 

differential equations. It helps in simplifying thelll to use the on

shell mass ren6rmalization whenever possible. Another simple and 

interesting generalization is to theories with two masses where 

external momenta 2 one of the particle masses m become very small 

as compared with the other mass M. With m renormalized on shell, 

there~ormalization group equation becomes 

{< ~ - ~(g,mI",I(/") f.- (1 + YJg,mI.,I(/.~ 

• II * + Yr( g, mi. ,1(/.) - d} , r( "" ,g, ... ,11,.) • 0 (2.l51f ) 
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and its solution is given by 

(2.19' ) 

where g(K) and M(K) are given by the solutions to 

<! 1«) " {-1 + y..(g«)'mI",II«)/0} 11«) (2.17') 

with gel) = g and M(l) = M. Later in section 4, we will use this 

method to study soft pion amplitudes in the limit of the pion mass 

being zero. 

J. Perturbation expansions of renormalization group functions 

We will want to use our expressions for the Green's functions 

in the infrared region. We would like to do this for theories which 

are infrared stable. For any practical application we have to 

calculate B and rls in perturbation expansion in the coupling 

constant g. The perturbation expansion in g is Justified in the 

conventional method of therenormalization group in which B and y's 

depend only on g, not on the mass m. If one has in mind applica

tions to ultraviolet problems, one may calculate B and yls "in the 

massless theory.' In the present method, however, B and yls are 

functions of two variables g and mill.' We must not expand B or 
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rIa around m!~ = 0 when we are trying to use our method in the 

infrared region. This difference is important and to be paid special 

attention to, when ~ and rls are calculated in perturbation 

expansion. In the infrared limit, m(K) increases indefinitely. We 

must examine in each theory whether or not the dependence on m1~ 

destroys the validity of the perturbation expansion in g(K), even 

if . g(K) ~ 0 as K ~ O. We choose here quantum electrodynamics as 

an example to show that the smallness of g( K ) does. justify the 

expansion even in the presence of mC K )!~ ( ~ co as K ~ 0). 

In quantum electrodynamics, the r's are the proper self-

energy parts, the proper vertex part, or else are Greens' functions 

to be calculated from them through skeleton diagrams. The function B 

is, for instance, expanded as 

a(e(K),m(K)!~) = ~ i-1n {1 -~ JI(q2) 
~ aq .2 2}l q =-J.l 

. O'UU,A fixed 

0.1 ) 

In order to retain only the first term in calculating e(K), one has 

to prove that fn(m(K)!J.l) is not so singular at K ~ 0 as to compen

sate higher powers of e(K). The asymptotic behavior of fn(m(K)!~) 

at m(K) ~ co with J.l fixed, or equivalently at ~ ~ 0 with m(K) 

fixed is obtained from that of JI(q2), the proper self-energy part of 

photon. JI(q2), viewed as a function of q2, is singular on the 

positive real axis starting at . q2 :0 0, The diagrams that contain 
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intermediate states consistinG cf only photons may give rise to a 

singularity at q2 = 0 1 while illtermediate states containine at least 

+ - . i 4 2 one e e pair contribute to singularlt es at or above m. The 

part of JI(q2) due to the latter class of intermediate states is 

regular at q2 = 0, and therefore, when it is substituted into-(3.1), 

it contributes to fn~(K)!~) terms like 

2 ( 4 
f I'm(K)!~\ = c(n) G ~ ) + c n)( ~ ) +... . (3.2) n ~ ') 1 iiitKT 2 iii'("K) 

The N photon intermediate states give rise to an absorptive part of 

the form of 

Im n(l) ""'-./ (q2)N-2 x IA(q2)12 9(q2) (N ~ 3) , (3.3) 

q2~ 

where (q2)N-2 comes from the N photon phase volume and A(q2) is 

the (y ~ Ny) amplitude. (See fig. 1.) If A(O) 10, this absorptive 

part for N = 3 would lead to a dispersive part for II( q2 ) like 

n(q2) r-I q2 1n q2 x IA(O>l2 • 
q2~ 

If this were the case, fnG:(K)!J.l) could be more singular than 

fl(m(K)!J.l), thus invalidating the simple perturbation expansion. 

However, gauge invariance demands that A(q2) must vanish with a 

2 certain power of q. The dangerous multiphoton diagrams, therefore, 

are less ~ingular than they might look at first sight so that the 

leading term of fn(m/J.l) at m/J.l ~ 00 is of the order of (J.l!m)2 for 

all n. The same method of exploiting gauge invariance can be 

useful to show that the infrared limit (with electrons far off shell) 

or the proper vertex function is regular when the scale of the external 

momenta approaches zero. The proper self-energy of the electron is 



o 

-1,3-

2 2 
regular at Pll = 0, since the singularity starts at pm. We 

have thus shown that the proper self-energy and vertex parts behave at 

K + 0 in the same way as their lowest orders. Validity of the 

perturbation expansion can be demonstrated for Ym and Yr in the 

same way as for S. It should be emphasized here that the applica-

bility of the perturbative expansion is proven through gauge invariance. 

In the problem of chiral symmetry breaking to be discussed in the 

following section, the PCAC condition or the Adler zero plays the role 

of gauge invariance. In theories without such a condition, perturba-

tive expansions must be treated with special caution. 

4. Applications 

We will :.illustrate our method of the renormalization group 

equation in two examples. The first example is the infrared limit of 

the quantum electrodynamics of a massless photon interacting with a 

massive fermion. Here the infrared limit means the limit in which all 

external four momenta approach zero, and therefore the fermion is 

off shell. We will see how the nonvanishing fermion mass affects the 

effective coupling constant e( K). The second example is the soft 

pion limit of pion amplitudes where the pion mass is scaled to zero 

as well as the external momenta. We will obtain some insight into 

:0 the corrections due to chiral symmetry breaking. 

1. Quantum electrodynamics 

We consider the infrared limit of the photon-electron system 

described by the Lagrangian 

(4.1) 
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Although this limit has little bearing on actual physical processes, 

it is a simple and illustrative exercise. For mO = 0 the theory is 

free asymptotically in-the infrared limit and the effective coupling 

constant e(K) is given by 

(4.2) 

But, here we will keep the electron mass nonvanishing to see how 

e(K) is modified near K = O. 

The electron mass is renormalized on the physical mass shell, 

or it is defined through a zero on the positive real axis of the inverse 

electron propagator, 

o 

With this mass renormalization the differential equation for m( K) is 

greatly simplified, as we pointed out in section 2, into 

and therefore 

1 = -m 
K 

The multiplicative renormalization Zl' Z2' and Z,3 is done at an 

arbitrarily chosen space-like point _ll2, 

Z -1 
~1 - 7; Tr( 'Y II q r v ) 2 . 2 I 1 v I 

. (p+q) =p2_11 

(4.6 ) 



(4.7) 

(4.8 ) 

where the right-hand sides are related to the unrenormalized proper 

vertex and inverse propagators through 

y rl + cr qV r
2 
+ p (yq)r + ... 

~ ~v . ~ 3· 

(4.10) 

(4.11) 

The vertex renormalization Zl is so chosen as to maintain gauge 

invariance. The Ward-Takahashi identity proves that Tr( y q v r ) is 
~ v 

a function only of (p + q)2 and p2, not of q2 and further that 

Zl and Z2 thus defined are related just as in the case of the on

shell renormalization, 

(4.12 ) 

A one-particle-irreducible Green's function satisfies the renormaliza

tion group ~quation given in (2.15'), 

o . . (4.13) 

The function S is calculated to the single loop order as 

(4.14 ) 

where 

In contrast to the case of mO = m = 0, the effective coupling 

e(K) is not expected to shrink to zero as K .... 0, but it approaches a 

nonvanishing finite value. The single loop approximation to B is 

Justified not simply.by going to a sufficiently small Kp, but rather by 

demanding, as an additional requirement, that the initiel value e2(1) 

can be chosen to be small enough to ignore higher-loop corrections . 

in e2(l). This requirement is expected to be met in real quantum 

electrodynamics with a = 1/137. 

Solving the diff~rential equation for e(K), we obtain 

which reduces to (4.2) if ~« K« 1. As K approaches zero 
II 

(K « ~) , , 
l.l 

e
2
(K): r-!=-+~. . l e (1) 192n 

'. ~4.l7) 

The K dependence of e2(K) ia modified near K = 0 due to m~ 0, 

as is shown in fig. 2. 

.' '. 
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2. Soft pion ~plitudes at mn ~ 0 

We apply our method to the infrared asymptotic behavior of 

~-a systems in the limit of both the pion mass and external momenta 

scaled to zero. We first consider a system of TI and a in which all 

renormalizable coupling constants are treated as independent, but PCAC 

holds up to small corrections of order E. The asymptotic behavior is 

expanded in two independent small parameters, (in K)-l and E. The 

results are given in eqs. (4.4~), (4.43), and (4.47). We next study 

the a model in which the renormalizable couplings are related to 

each other through the pion mass, the a mass, and one independent 

coupling constant. Corrections to PCAC are related to the scale 

parameter K. The asymptotic behavior is now expanded in,a single 

parameter K. The results are given in the one loop approximation 

(see eqs. (4.33), (4.34), and (4:36)). They are compared with the 

previous results without the renormalization group. In both cases 

we search for solutions with specific asymptotic behavior in K, as 

postulated in (4.39), which the infrared stableness suggests. We will 

not discuss on whether or not those solutions are really chosen by 

nature, nor whether or not there is another solution with a nonzero 

fixed point in any of the coupling constants. 

The first problem is a boson system consisting of a light 

neutral "pion" and a heavy scalar meson (hereafter called a a-meson). 

The Lagrangian for this system is given by 

;[= 

(1.,18 ) 
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where ¢ and a stand for the fields of nand 0, respectively. 

This Lagrangian vrould reduce to that of :he simplest (truncated) a-model 

if the coupling constants were subject to the constraints, 

A' o 

g' o 

A" o (4.19) 

(4.20 

(4.21 ) 

But we will not impose these conditions here. The couplings are assumed 

to be independent and close to their values of the a-model of the 

massless pion. With this small deviation of couplings from their 

a-model values, PCAC theorems are valid up to corrections of order E, 

a small parameter related to the deviation from the a model. This 

_. fact will later be used to justify the single loop approximation to the 

function e of the renormalization group. 

We are interested here in the limitingbehaviorofN-point 

pion amplitudes when-the pion mass and external pion momenta 

both -go to zero in the a-like-model of (4.18) where PCACholds 

approximately. The pion amplitudes -are expanded in two parameters, 

the scale of the pion masl? and momenta, K, and the correction, £. 

to PCAC. We renormalize the masses and coupling constants as follows: 

(l r. The pion ma,ss m is renormalized on the phySical mass 

-l( 2) i . shell through lIlfF m = O. The pion wave function renormal zatJ.on 

2 
Z ~ done at an arbitrarily chosen space-time point -~, 3,'1\' 
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a -1 2 I :: 2 ~ F(q ) aq 1T 2 2 
q =-\.1 

(2) The 41T vertex is renorma1ized at the space-like 
2 

symriletric point (qi qj) = - T (4c5ij - 1) 

= r fq' 2 _ q 2 q 2 = 2 
41T~1 - 2 = J q4 

2 
-\.I , 

(4.22) 

(4.2) 

(J') The a-mass is renormalized at - 4 i . in line with (2) 

~bove, 

_2 -1 4 2 
1\ = Z"a flaF( - '3 \.I ).' 

In the lim! t of M» m, the a meson is highly unstable and the mass 

M as renormalized in (4.24) has little physical meaning. The a 

wa,ve function is renormalized at a light-like point, 

'(4) The a1T1T vertex is renormalized as 

-1 
~,amr 

(4.25) 

(5) The other vertices are renorma1ized at light-like points 

for simplicity, 
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0) , 

22.22 r4a(P1 = P2 = p) = P4 = 0, 

(Pl + P2)2 = (Pl + p)2 = 0) 

(4.27 ) 

(4.28) 

where p's and q's refer to the a and 1T momenta, respectively. 

A one-partic1e-irreducib1e Green's function satisfies the renorma1iza-

tion group equation given in (2.15), 

. (4.)0) 

where f i stands for dimensionless couplings AI A' I A", l M, and 

. g '2 fJl-, and N1T and Na are the numbers of external 1T and a 

lines with Y 1T and Ya being the anomalous dimensions of 1T and a 

fields. Because of the off-shell a-mass renorma1ization (4.24), we 

have the an<?malous dimension term of the a-mass, 

(4.)1) 
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With the renormaliz~tion prescription given above, we obtain 

for the effective maS3 and couplings, 

< ~ 0 - {2 -27 (~ )pcm,"}t 

< ~ • 2~2 fA2 -12A~ ) + 4($ 5 }pcm'"1 

d~' 
KdiC 

d~" 
K-dK 

dg' 
K die 

a 

a 

a , 

where P(m,ll) is a positive definite function given by 

p(m,}!) -

1 4 2 

L 
J II x(l - x) 

2 4 2 dx 
a m +)ll x(l - x) 

(4.32 ) 

(4.35) 

(4.37) 

In writing these equations WI:! keep in mind that we are looking for 

solutions with the following asymptotic behavior 

-2 
K 

-22-

up to log K 

(4.39 ) 

Equations (4.32)-(4.34) have been calculated up to one loop, and the 

terms of O(m2,/) in (4.32) and of O(m2;iZ, i;ri-) in (4.33) IUld 

(4.34) are suppressed as well as the contribution from high loop 

diagrams. In general, higher loops give O~(1n K)-2) and 

oCI? e:( 1n K ,-1) to (4.32), and O~ in K) - 3) and 0Ce:( 1n K'-~ to 

(4.33) and (4.34). It is noted here that the higher loops do not 

accumulate a power of 1n I? in the right-hand sides of (4.32)-(4.34) 

.if PCAC is exact, and that if PCAC is approximate, a power of 

1n y2 enters therewith a coefficient of O(e:). These statements can 

be proved through arguments exactly parallel to those used in the case 

of quantum electrodynamics (see section 3). The "dangerous" multipion 

intermediate states are softened by the PCAC condition in the soft 

pion region just as the multiphoton intermediate states are softened 

by gauge invariance in the infrared region. Equations (4.35)-(4.37) 

are true to all orders according to our prescription of renormalization 

(5). They are solved trivially to be independent of K. 

Equations (4.33) and (4.34) can be combined into 

(4.40) 
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We must be careful about the higher loop corrections suppressed in 
2 

(4.33) and (4.34) since A - ~ is of the order c of the PCAC 

corrections. The right-hand side of (4.40) may have the corrections 

of the order of (in K)-3. The solution to (4.40) is given by 

(4.41) 

where e: -[A( 1) - l( l)/~( 1 )]. Our real interest is in the region 

where e: is much smaller than (in K)-l, since the PCAC corrections 

are expected to be typically of the order of the squared pion mass. We 

can now solve for l( K )/~( K) from (4.34) and (4.41) in the region 

of €« (1n K)-l, and then A(K) through (4.41). The solutions are 

given by 

(4.42 ) 

(4.43) 

where the terms of o~ 1n K)-2) and OCe:< 1n K ,-1) are suppressed in 

.the right-hand sides. From (4.32) the solution to Mf(K) is obtained 

as 

From (4.37) and (4.44), we find that g'2(K)/~(K) ~ in K. These 

asymptotic behaviors are consistent with our assumption (4.39). 
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We now look into the asymptotic behavior of N-point pion 

amplitudes. One finds from our renorrr.alization prescription (4.22) 

and (4.25) that the anomalous dimensions of the pion and a fields 

are given by 

g x 0 m II 2 ~2 2) ;Jl -;!'Mf 
(4.45) 

Y = 0 
o ' (4.46 ) 

in the one-loop approximation. The one-loop approximation is justified 

by the same argument as for the B's. We can then calculate the 

one-particle-irreducible Green's functions through our general 

formula (2.19'), It can be shown by the study of perturbation diagrams 
2 2 . .2 

that in the limit of m, ~ , and, (~,qJ)« Nr of N-pion amplit~es, 

in general, the couplings A ~, A", and g' 2/2Ji. enter with an extra 

suppressing power of M-2 as compared with A and i/~; each 

time that the a011'lT, 0 4 , or 0 3 coupling enters, it brings more 

o propagators in than the ~4 or C111'IT coupling doe~. Therefore, 

the leading asymptotic behaviors of the N-pion amplitudes expanded 

in the two parameters € and (in K)-l are obtained from the 

.corresponding tree diagrams that contain only A and g2/2M. One 

can calculate in this way that the· 4~ amplitude is . 



-25-

which reduces to ~C + O(~n K)-2) in the region of c« (~n K)-l. 

In the present approach to PCAC corrections, where c is taken as 11 

parameter independent of K, the big disadvantage is that the higher 

loop contribution is, in general, of O(~n K)-~ and therefore that 

the usefulness of our result (4.47) is limited to the region of 

(in K)-2 « c «1. _ 

In the real a-model the five coupling constants and the two 

masses are related to each other through the three independent 

parameters, the chiral symmetric coupling, the bare a-mass, and t~e 

bare pion mass as a chiral symmetry breaking term. In such a model 

only one of the five couplings is to be chosen as independent, and 

~ the other four are to be calculated from it. Let us choose A as 

•. ,0 the independent coupling together with the two independent mass 

'·-0 

C') 

) 

'''''~ 

o 

parameters if 2 and m. Calculating up to one loop, with the same 

renorma1ization prescription as before, we have found that g2/~ 

is related to A through 

(4.48) 

where no power of ln ~ is multiplied with (m2~)A nor 

(i ~)A 2 • A factor of In ~ could appear in the next higher 

order. For the other couplings, we have found to the same order 

(4.49 ) 

(4.50) 

g'2/~ = A + A x 0(1) 
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where 0(1) stands for the zeroth order in Nt and ~n Nt. The 

next order correction is of the order of (m2;Nt)in ~ and 

(~2;Nt)ln Nt. It is plausible that (4.48)-(4.51) are valid to all 

orders in the perturbation expansion of the a-model. Beyond a 

p1asubility argument, we have been unable to prove this to all orders. 

We therefore restrict the res: of the argument to the one loop 

approximation improved by the renormalization group. The independent 

coupling A satisfies 

1 22· m ~ (J 2 2) 
Ie ~~ = 21r2 p(m,~)A + A x 0 Ii' li-

where ~he next higher order correction is A2 x O(M-4 ln li-). This 

leads us to the solution 

. and 

If we apply this result to the 4~ amplitude, we find that 
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where turns out to vanish linearly in the three 

variables with the higher order corrections of - 0(M-4 in~) as 

the variables approach zero. Combining (4.48) and (4.52) with (4.55), 

we find that as K ~ 0 

(4.56) 

where c is a K-independent number. The leading correction term due 

to the chiral symmetry breaking is O( K2 ) without any R.n K factor. 

This is in agreement with the single loop calculation by Guralnik et 

al. (8) who investigated a more complicated version of a-model, but 

our result contains more information because it is derived from the 

renormalization group, admittedly with the assumption that the 

renormalization group functions can be approximated by their one-loop 

expansions. Note that in our expre~sion the logarithmic factors 

from A( K ) and if( K ) are exactly cancelled to give _ 0(K2 ) ( the 

pion mass squared). However, we may have to expect logarithmic 

factors in .higher order because the typical in K factors of the 

renormalization group may no longer be cancelled away. This logarithmic 

." ~rrection may be regarded as the type of PCAC corrections that Ii 

and Pagels have been emphasizing (9). 

5. Summary 

The techniques of the renormalization group developed here are 

straightforward generalizations of those already known. Inultra

violet problems, they lead to the same results as the known techniques. 

Our method is particularly useful in infrared problems since the field 

theory need not be approximated by nor expanded around the corresponding ". 
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massless theory. However, the validity of the usual perturbation 

expansions is by no means autl'matic even if a theory is infrared stable 

in the ordinary sense. If log M, with M being a mass scale much 

larger than external momenta, accurnulatesin power, one can not use 

perturbation expansions to calculate the relevant functions. This will 

happen in theories where the infrared behavior becomes more and more 

singular in higher order perturbation diagrams. This would be the case 

in a scalar meson theory in which the scalar meson mass is much lighter 

than other mass scales; there is no PCAC or the like in such a theory. 

In general, the coupled differential equations for the effec

tive coupling constants and masses are not easy to solve. The on-shell 

mass renorma1ization makes the differential equation for the effective 

mass decouple from the rest, so that the rest of the differential equa

tions will become less formidable. In the a-type model we have examined 

in this paper, we have been guided by PCAC to choose the renormalization 

prescription so as to decouple a certain linear combination of the 

coupling constants from the rest. Such symmetry consideration helps in 

simplifying the differential equations. 

We have chosen the two applications to illustrate our method in 

relativistic quantum field theory. Considering its special usefulness 

in infrared problems, we expect that the present method of renorm-

allzation group will turn out to be relevant to· those problems outside 

of relativistic quantum field theory that are formulated in different 

field theories (10) or even to those not fOTmulated in any field 

theory (11). t 

t Reference 11 reviews various applications of renormalization group 

techniques to problems in Solid state phySics. All of them are, in 

our language, infrared problems. 
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Appendix 

We prove here that r given in (2.19) of the text is really a 

solution to eq. (2.15). Our problem is in mathematical structure very 

similar to that of a massless theory involving two coupling constants, 

one dimensionless and the other dimensional, if we regard (-1 + Y )m m 

as B for m. Although our solution looks almost obvious from this 

viewPoint, the proof is by no means trivial. So we give it below. 

Let us substitute our solution 

• e"{-Lin< y,.(.(.' ),m(<'i)d 10 .-) (A.1 ) 

. into the renormalization group equation 

{
a a 

. Ie aK - S(g,m/lJ) ag + 

x r(Kp,g,m,J.l) = 0 . (A.2 ) 

We obtain 

{V') ,.fd • Fm(·) J., · F.<.)} r(?,g(.),m«),") o ,(A.3) 

with 
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Fg(K) - B(g(K),m(K)/~) - B(g,m/~) ag
;; )1 

K,m fixed 

+ (1 - Ym( g,m/~ »)m aga<: )1 ' 
K,g fixed 

(A.4 ) 

Fm(K) - (-1 + Ym(g(K),m(K)/~m(K) - B(g,m/~) amJgK)\ 

K,m fixed 

+ ~ - ym(g,m/ll»m a1:> \ ~ 
K,g fixed 

(A.5 ) 

aYr(K ' ) 

age K I) m( K I ) 

_ (1 _ Y (g,m/ll»m am~I)1 _ }-_3y.-r(_IC'_) 
m Ie',g am(Ie') 

(A.6) 

-32-

We first show that F (K) and F (K) are identically equal to zero 
g m 

(at least in the region of K analytically continued from the point 

K = I), by showing that F (K), F (K), and all of their derivatives . g m . 

vanish at K = 1. To this end, we note the initial condition that 

since gel) = g and m(l) = m imply: 

ag(K )1 -ag 
m fixed,K=l 

ag(al>j. 'ixed;""" 

~ 
ag 1m fixed,K=l 

am(K) 
--am-

g fixed,K=l 

1 , 

o , 

= 0 I 

::; 1 • 

(A.7) 

(A.S-) 

(A.9) 

(A.IO) 

(A.ll) 

Next, taking the logarithmic derivative in K of Fg(K) and Fm(K), 

we find after a little algebra, 

(A.12) 



o 
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and 

Evaluating (A.12) and (A.l]) at K = 1 by use of the initial condition 

(A.7) and the assumption that the four coefficients of F (K) and g 

Fm(K) on the right-hand sides of (A.12) and (A.l]) exist and are 

finite at K = 1, we conclude that 

= 0 . (A.14) 

By taking further logarithmic derivatives of (A.12) and (A.l]) and 

making the assumption that the ~th derivatives of these four coeffi

cients are finite for arbitrary n, we can conclude that Fg(K), 

Fm(K), and all of their derivatives vanish at K = 1 and hence that 

at least in some neighborhood OfK = 1, both F (K) and F (K) g m 

vanis~!dentically. The technical assumption made on the four 

coefficients above is satisfied if they are regular at K = 1. This . 
is the case in the applications that we will discuss later in section 

4. If not, g{ K ) and m( K ) themselves would be, in general, non

analytic in K at K = 1. 

Having shown that Fg(K) = Fm(K) = 0, it is now straightforward 

to show Fd(K). 0: 
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.. 0 

3Yr(Kt) 

aiD(K') 
g(IC t

) 

(A.15 ) 

We have used here eqs. (2.16) and (2.17) and the fact that 

Fg(IC) = Fm(K) = O. This completes the demonstration that at least in 

the region of K where g(K) and m(K) .are regular, eq. (A.l) is 

a solution of eq. (A.2). In the case that m is renormalized on shell, 

.the proof remains valid with YM =0. The generalization to more 

renormalized coupling constants and masses is straightforward. 
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Figure Captions 

Fig. 1: A dangerous diagram of rr(q2) in perturbation expansion. 

Fig. 2: The effective coupling e(K) versus K. The solid curve is 

the case of m t 0 as given in (4.16), while the broken 

curve is the case of m = O. 
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This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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