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“At each level of complexity entirely new properties appear.”

— P. W. Anderson, More Is Different (1972)

v



Understanding Brain Structure as a Scaffold for Brain Function

Benjamin Snow Sipes

ABSTRACT

Understanding how white matter pathways in the brain, or the structural connectome (SC), shape

and constrain functional dynamics is a central problem in neuroscience known as the structure-

function problem. Using diffusion MRI and functional MRI from large publicly available datasets,

including the Human Connectome Project, I developed a framework for studying the graph Lapla-

cian of the SC and its relationship to brain function. First, I investigated the group-level properties

of graph Laplacian harmonics, including which are shared across subjects versus unique to indi-

viduals, and their relationships to resting-state brain organization. I found that these harmonics

form an integration-to-segregation spectrum, in which the ends of the spectrum are shared across

subjects and localize to sensory regions, whereas the center is more individualized and relates to

multimodal brain regions. Second, to better understand how observed brain function embeds an

underlying notion of SC, I developed a graph deconvolution method that models and removes the

effect of passive signal diffusion through the SC. I found that the deconvolved signals exhibit re-

modeled functional connectivity, decoupled resting-state networks, and a disruption of the typical

unimodal-multimodal functional divide. Finally, to investigate whether passive diffusion can be

used to recover information about the SC itself, I developed a model that parsimoniously param-

eterizes directed SC using gene gradients and fits this model to brain function. I found that this

directed SC model can estimate ground-truth directed SC across three non-human species—C. el-

egans, mouse, and macaque—and that the resulting human directed SC estimates are biologically

plausible and predict a directed net flow that reproduces the original unimodal-multimodal func-

tional divide. Together, these findings position the graph Laplacian of the SC as a scaffold for

brain function and offer a principled framework for studying brain function through the lens of

biological structure.
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Chapter 1

General Introduction

The brain is a complex dynamical system where cells, known as neurons, connect to each other

and propagate signals between one another. The aggregate firing of these neuronal networks gives

rise to the staggeringly intricate cognitive and behavioral features in animals. Understanding how

a network of neurons emerges into these rich cognitive and behavioral consequences is at the heart

of neuroscience research. Moreover, in principle, this understanding should illuminate how and

why the brain malfunctions in various pathological and psychiatric conditions with the hope to

reveal potential ways to address these health issues.

To guide our investigation into such complex phenomena, it is valuable to leverage two different

but complementary perspectives. The first approach describes the brain from a strictly biological

perspective, which builds new understanding of the brain from foundational principles in biology.

For example, it is important to recognize that neurons have a receiving end (the dendrites) and a

transmission end (the axon), and that generally signals travel from dendrites, to cell-body, to axon

in a directional flow of signal through the brain. Another important principle in biology is recog-

nizing that genes code for many guiding principles of biological organization, and therefore are

likely to be an important part of any description for that organization. The biological perspective

has the advantage of centering aspects of the brain that we have good reasons to believe are true,

but it is significantly limited when it tries to answer the complex questions about the brain.

1



The second perspective aims to describe the brain in the language of mathematics and theory.

For example, there is a mathematical object to describe things that are connected to each other–a

graph. Graphs can describe nearly anything, from networks of people interacting to networks of

neurons. When signals move through a graph, this opens yet another theoretical toolbox known

as Graph Signal Processing, which describes a graph based from the properties of its adjacency

matrix (see section below). Another critical mathematical framework involves understanding the

nature of signals and the system that instantiates them. After all, the brain is such a system full

of signals, but the mathematics is the language we must use to formalize our discussion of signals

and systems. Therefore, the computational perspective has an advantage in its ability to formally

address complex questions about what the brain does and how it works, but it becomes easy to get

“lost” in the mathematical theory when it is untethered to the underlying biology.

Thus, the field of computational neuroscience balances between these approaches: explaining

complex biology with elegant mathematical theory, yet not losing sight of simple biological mech-

anisms that constrain how elaborate the mathematics should be. Computational neuroscience aims

to merge these mathematical and biological perspectives to better describe how the brain as a net-

work transmits and transforms signals, and in turn leverage these principles to better understand

the biology that underlies them.

1.1 Motivation and Central Problem

While there are many ways to leverage principles in computational neuroscience to describe the

brain, among the most central and fundamental revolves around the structure-function problem.

Recall the basic foundation of neuroscience, that neurons transmit signals downstream to neurons

with which they connect. Given this simple rule, it would be intuitive that neurons, or parts of

the brain, that are connected should have similar activity. However, research has shown that this

relationship between the structural wiring and functional activation, even between neurons, is un-

clear and much more complicated than such a simple rule may imply [164]. This one example

2



is demonstrative of the deeper issue: the anatomy must constrain the dynamics we observe, but

the mapping between anatomy and functional dynamics is indirect, multiscale, and likely context-

dependent [92, 212, 63, 125]. Therefore, this structure-function problem in neuroscience seeks

to resolve this apparent biological contradiction using mathematics to describe how the observed

functional activity could emerge from a structural scaffolding.

Seeking answers to this central problem in neuroscience may further tell us about how the

brain malfunctions in disease. Specifically, the relationship between brain structure and function

are described in mathematical equations with free parameters that may have subject- and disease-

specific consequences. For example, recent work in Alzheimer’s Disease (AD) has shown that

a structure function model predicts the global time-scale of the brain (i.e., how long it takes for

signals to move through the network) to decrease in AD with a relationship to cognitive decline

[223]. Once we understand the structure-function relationship, we can try leveraging mathematical

formulations in Network Control Theory to help treat these medical conditions [82]. Therefore,

the structure-function problem in neuroscience is not only interesting from a theoretical view, but

could have consequences in the medical treatment of brain disorders.

1.1.1 Introduction overview

In the following, I describe the relevant and essential background necessary to understand the

advances in computational neuroscience that I articulate in later chapters. First, I review the fun-

damental principles of neuroimaging, particularly magnetic resonance imaging (MRI), and how

we obtain measures of brain connectivity from MRI. Second, I review how we represent the brain

as a graph and some of the major advances this perspective has delivered. Third, I transition to

describing one particular approach to resolving the structure-function problem, which centers on

a mathematical object known as the graph Laplacian matrix. Finally, I give a brief overview of

the three open challenges and my work to resolve them, which together constitute the three main

chapters of this dissertation.
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1.2 Neuroimaging and the Study of Brain Connectivity

To study the brain, especially the human brain, in vivo, we leverage Magnetic Resonance Imaging

(MRI) as a non-invasive imaging technique. MRI is powerful because it uses the magnetic proper-

ties of atoms and molecules, specifically hydrogen nuclei, to reconstruct images of soft tissues in

the body without the need for any ionizing radiation. Moreover, MRI does not merely represent a

single type of brain image, but in fact can be used to create many different kinds of brain images,

each sensitive to different properties or features in biological tissues.

A thorough treatment of MRI physics is out of scope for this General Introduction, but I will

give a brief description for completeness. Hydrogen is an atom within molecules, most notably

water and various lipids. An MRI is a very strong magnet, with a magnetic field over 60, 000 times

stronger than the Earth’s natural magnetic field. When hydrogen atoms throughout the body enter

the bore of an MRI, a small but significant fraction align with this powerful magnetic field along

a magnetic dipole moment associated with nuclear spin. Powerful secondary magnets, known as

gradients, allow us to define a type of coordinate grid within the larger magnetic field which we

can use to capture spatial information inside the magnet. A radiofrequency pulse then perturbs

this magnetization away from equilibrium, and as the spins relax back toward equilibrium, they

generate an echo that can be detected by receiver coils placed around the body. This echo is the

data from which we can reconstruct the soft tissue images within the body and brain. By varying

the pulse sequence and acquisition parameters, MRI can generate many different forms of contrast,

each sensitive to different tissue properties. For more thorough treatments on MRI physics, see

[199].

To obtain data related to brain networks, we use two main forms of MRI techniques: diffusion

MRI for structural networks and functional MRI for functional networks.
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1.2.1 Structural connectivity from diffusion MRI

Diffusion MRI (dMRI) is a type of MRI acquisition method that is sensitive to the diffusion of

water. The important aspect is that the strength of the MRI signal is sensitive to the molecular

diffusion within voxels. In essence, dMRI is acquired by using MRI gradients to define different

spatial directions and then observe how much of the signal from water molecules decays along each

of these directions. Within cells and biological tissues, water movement is constrained to specific

directions, and dMRI can discern which directions allow for more water diffusion than others,

known as anisotropy. This is highly relevant to the brain’s anatomy, since neurons are encased

in a fatty lipid layer known as a myelin sheath created by oligodendrocytes. These myelinated

neurons form macroscopic white matter axonal bundles that exhibit anisotropic diffusion due to

their tissue microstructure. Therefore, dMRI can be used to reconstruct a map of where water is

diffusing in the brain, and since that diffusion is constrained by the anatomy, that map becomes a

coarse-grained estimate of the white matter tracts between brain regions.

There are many data processing steps that take raw dMRI images and convert them into mea-

sures of structural connectivity between brain regions, but they can be conceptualized into three

main steps. The first step is denoising, where we aim to eliminate all potential artefacts that may

be present in dMRI images, such as motion and distortion from echo-planar imaging and air-tissue

interfaces. The second step is tractography, which estimates an Orientation Distribution Function

(ODF) reflecting which directions water is most likely to be moving, then probabilistically gener-

ates a tractogram, a collection of streamlines that follow these ODFs. The third main step takes

the tractogram, transforms it to become a biologically interpretable measure of fiber bundle capac-

ity [194], then consolidates all of the streamlines together based on a predefined set of N brain

regions. The end product is a matrix C P RNˆN where the element Ci,j denotes the estimated

structural connectivity strength between brain region i and region j.
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1.2.2 Functional connectivity from functional MRI

Functional MRI (fMRI) is a type of MRI acquisition method that is sensitive to hemoglobin in

blood. Specifically, fMRI measures the Blood Oxygenation Level Dependent (BOLD) signal

which senses the transition of hemoglobin from oxygenated to deoxygenated states because de-

oxyhemoglobin is paramagnetic and alters the local magnetic environment. Therefore, fMRI can

be interpreted as a measure of hemodynamics, which is a proxy measure for cellular metabolism,

since cells require oxygen from hemoglobin to stay alive and functioning. This proxy for cellular

metabolism is in turn a proxy for neural activation, since neurons that are actively firing action po-

tentials have increased metabolic load. Thus, the signal obtained with fMRI is a proxy of a proxy

of a measure for neuronal activity in the brain. Given its tangential and approximate relationship to

neural activity, it is striking that a significant amount of information about what the brain is doing

can be obtained from fMRI. I cover some of these headline results below.

There are also many processing steps involved in denoising fMRI, most of which are similar

to those described for dMRI above. The initial processing objectives are to remove artefacts due

to motion and distortion from the air-tissue interfaces, but since fMRI is such a proxy measure

of brain activity, there are other physiological concerns at hand. For instance, there are fMRI

signals within the brain’s cerebrospinal fluid (CSF), which is the watery fluid that encases and

protects the brain. Since this fluid is not innervated with arteries or capillaries, presence of an

fMRI signal in CSF is spurious and needs to be regressed out from the data. Since fMRI measures

blood oxygenation, there is also a concern about signal change that occurs from the heartbeat,

which at low sampling rates can fold itself (i.e., alias) into the data. Therefore, faster sampling

and low-pass frequency filtering on fMRI data is necessary to eliminate cardiovascular as well as

respiratory confounds. After averaging signals across a predefined set of brain regions, the end

product is a matrix X P RTˆN where the element Xt,i indicates a brain region i at time time t.

Commonly, the cross-correlation (or zero-lag covariance) of this matrix is taken as a measure of

functional connectivity between brain regions. That is, brain regions that are synchronizing their

activity across time are said to be functionally connected.
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There are two main types of fMRI analysis: resting-state and task-based. In resting-state anal-

yses, the research subject is asked to lie inside the MRI and do “nothing,” which means they are

really just thinking about anything. This paradigm is useful because it allows for some simplifying

assumptions during computational modeling, in particular that the brain is operating in some rest-

ing steady-state, but it has also come under significant critique since it is completely unconstrained

[13, 59, 1]. Conversely, task-based fMRI asks for research subjects to complete a specific task

during the scan such that we can observe changes in the brain related to the task being performed.

This paradigm is useful insofar as the task itself has interesting features relevant to different forms

of brain processing, but it prevents making simplifying assumptions during computational model-

ing. In general, it is useful to use both forms of fMRI, for each has strengths that complement the

other’s weakness.

1.3 Network Neuroscience

Once we have acquired and processed dMRI for structural connectivity and fMRI for a brain signal

or functional connectivity, the full suite of network science and graph theory become available.

1.3.1 Graph-theoretic representations of brain networks

Formally, a graph G is an ordered pair pNpGq, EpGqq consisting of a set NpGq of nodes and a

set EpGq, disjoint from NpGq, of edges, together with an incidence function ψG that defines how

nodes are connected by edges. Commonly, a graph is represented by a mathematical object known

as an adjacency matrix. Let A P RNˆN (where N “ |NpGq|) be such an adjacency matrix where

the elements Aij P EpGq correspond to an edge from the edge set, possibly with a real valued

weight.

There are two main graph objects under investigation from a network neuroscience perspective.

First is the structural connectivity (SC), which as described above is a matrix where Cij is the

adjacency matrix measuring the strength of white matter connectivity between regions i and j.
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Second is the functional connectivity (FC) calculated as FC “ 1
T
XJX , which is the covariance of

the fMRI brain signals X .

1.3.2 Resting-state networks

Among the most paradigm-defining results in network neuroscience was the discovery of resting-

state networks (RSNs). The earliest work on RSNs were in part described by Calhoun et al. [35],

who introduced group independent component analysis (ICA) to robustly identify spatially coher-

ent network patterns. The same year, the so-called “Default Mode Network” (DMN) was formally

characterized for the first time [161, 86]. The DMN and the more general idea of spatially dis-

tributed network patterns quickly took hold in network neuroscience. Ten years later, Yeo et al.

[236] used von Mises-Fisher clustering to show that 7 RSNs, including the DMN and others from

ICA, all lived coincident within resting-state FC. These RSNs show remarkable stability across

varying analytical techniques [181, 180]. Significant efforts have been made to standardize and

unify the nomenclature and analysis of these networks across studies and brain atlases [213, 113].

More recent work has emphasized that RSNs also show a subject-dependent organization across the

cortex and even fracture into parallel interdigitated networks [25, 26]. While most work on RSNs

has been in fMRI, they have also been shown in other non-invasive neuroimaging techniques,

including magnetoencephalography (MEG), electroencephalography (EEG), and functional near-

infrared spectroscopy (fNIRS) [36, 29, 241]. Some recent work suggests that these RSNs may

emerge from the underlying SC [6, 233], but no one framework has taken hold as a clean explana-

tion for how they arise. Their robust patterns across diverse imaging modalities have instantiated

RSNs as a pillar of network neuroscience analyses.

1.3.3 Cortical hierarchy

Another key idea in network neuroscience analysis is the idea that the brain has a hierarchical

organization. Classic works in the primate visual cortex were among the most prominent to ar-

ticulate this view, showing feedforward and feedback connections through the visual system [56].
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The concept of cortical hierarchy broadened to a more general conceptualization of a sensory-to-

fugal organizational axis [142]. However, it was not until nearly two decades later that a landmark

result from Margulies et al. [134] showed that the first principal gradient of FC in fact revealed

this sensory-to-fugal or unimodal-to-multimodal axis in the human brain. This principal gradient

spanned from the DMN to both visual and motor areas, clearly revealing a macroscale cortical

organization that crystallized the modern view of a unimodal-to-multimodal hierarchy in the brain.

Since then, many other works try to situate different features of brain networks in terms of these

principal functional gradients [128, 158, 88]. The notion of hierarchy in the brain is now viewed as

fundamental to its organization, yet it remains unclear how hierarchy in the structural organization

produces hierarchy in functional organization.

1.3.4 Integration and segregation

A third area of network neuroscience investigates how the brain balances integrating informa-

tion with segregated processing. Unifying integration and segregation in the brain has been a

fundamental puzzle in neuroscience ever since the conception of the “binding problem,” which

asks how an integrated experience arises from segregated sensory information [167]. This philo-

sophical question has been investigated in terms of brain function, where integration and segre-

gation are ends of a continuum from synchrony to asynchrony, respectively [208, 67, 198]. Yet,

purely functional accounts cannot explain how this integration-segregation balance emerges from

the underlying biological structure. It has been proposed that SC network topology subserves

the integration-segregation balance, with integration originating from signal convergence via the

rich-club and segregation originating from modularity [217, 197, 45]. However, graph metrics to

measure these network properties in SC are incommensurable to a single integration-segregation

continuum. Some recent work has noticed that graph harmonics (see section below) may also de-

scribe integration and segregation in the brain [177, 121, 93, 154, 158], yet so far these descriptions

have been largely qualitative and separate from the larger integration-segregation discourse.
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1.4 Addressing the structure-function problem

The structure-function problem in computational neuroscience is to determine how structural con-

nectivity C constrains or generates an observed functional organization FC. Often the problem is

approached through a mathematical model that expresses the observed brain activity as a function

of the SC with some set of k model parameters (Θ “ tθ1, θ2, ..., θku).

In general, there are two dominant approaches to formulating a structure-function model. One

is to build a neural mass model (NMM), which has some equation for local neuronal biophysics

within each node of a graph [179, 103]. Since these biophysical equations are aiming to model

neurons, they are typically nonlinear, and therefore the model cannot generally be solved directly,

instead requiring simulations to identify optimal model parameters.

My work uses a second approach, which builds a linear time invariant (LTI) model from clas-

sical dynamical linear systems theory, typically an equation of the form:

dxptq

dt
“ Axptq ` Buptq (1.1)

Here, xptq P RN is a vector specifying the state of the system’s signal across N nodes, A P RNˆN

is a state transition matrix (i.e., the system’s internal dynamics), uptq P RM is a vector specifying

the exogenous input into the system at M inputs, and B P RNˆM is an actuation matrix that

specifies how the input distributes through the system. In neuroscience, this equation is commonly

invoked when studying network control theory [109]. The internal system dynamics can be written

as A “ fpC,Θq which includes the SC directly, and then certain aggregate properties of B and/or

uptq are either assumed or estimated from the data [1, 73, 82, 109]. Since this class of model

is linear, they can often be solved in closed form, eliminating the need for simulating a large

parameter space as NMMs must do. Although the underlying behavior of neurons are highly

nonlinear, the success of these simple linear models has led some to argue that the brain may in

fact be macroscopically linear [151].

Therefore, LTI models represent a parsimonious and practical way to approach the structure-
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function problem in neuroscience. Yet, it remains unclear exactly what the function fpC,Θq should

look like. One common way to construct such a function of SC is to leverage the graph Laplacian.

1.4.1 The graph Laplacian and network diffusion

Passive diffusion is possibly the simplest way to describe something moving through a system.

Moreover, nature often uses passive diffusion along concentration gradients to do work for minimal

cost. Therefore, it is a reasonable starting assumption that some amount of the brain’s functional

connectivity may result from simple diffusion over the SC. When aiming to describe how a signal

propagates through a network by passive diffusion, the graph Laplacian naturally falls out [154].

To see how, recall the brain’s structural connectivity matrix (C P RNˆN ), where each row/column

represents a single brain region of interest (ROI) and the matrix entry (Cij) corresponds to the con-

nectivity strength between regions i and j. Then the way in which a signal can be expected to

change under passive diffusion is

dxiptq

dt
“ ´βpxiptq ´

1
?
Dii

ÿ

j

1
a

Djj

Cijxjptqq `
ÿ

j

Bijujptq (1.2)

Where Dii “
ř

j Cij corresponds to the amount of connectivity (degree) at a given region i.

Vectorizing this equation reveals the degree normalized graph Laplacian:

dxptq

dt
“ ´βpI ´ D´1{2CD´1{2

qxptq ` Buptq “ ´βLxptq ` Buptq (1.3)

The graph Laplacian (L P RNˆN ) is a graph analogue to the Laplace-Beltrami operator for mani-

folds [104].

However, note that the above case is in fact a specific linearized truncation of a more general

way to specify diffusion through a network. Instead of considering merely ´βL as the operator
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for diffusion, we can generalize this operator to be of the form

fpL; θq “

P
ÿ

p“0

θpLp (1.4)

Here, P is the order of the Taylor series approximation for a generalized higher-order network

diffusion (HONeD) operator, and θ P RP`1 is the vector of HONeD parameters. The notion of a

higher-order process based on SC is not entirely new, it has been explored in recent works as a way

to model polysynaptic signal pathways in the brain 1 [16, 39, 195].

1.4.2 Connectome harmonics

When one studies the properties of a network using the graph Laplacian, they are leveraging the

rich field of Graph Signal Processing (GSP) [121, 1]. At GSP’s heart lies the graph Laplacian

matrix and its decomposition into graph harmonics (eigenvectors or gradients [134]), reflecting

orthogonal spatial patterns (wave functions) of a signal in the network, with each harmonic associ-

ated with an eigenvalue reflecting its graph frequency [37, 47]. The harmonic decomposition of the

graph Laplacian is tantamount to a Fourier Transform; Laplacian harmonics form the Fourier basis

that describes how hypothetical brain signals would “resonate” in the structural network, thereby

linking structural graph topology to functional synchrony [121, 147]. Each harmonic is associated

with an eigenvalue, and conventionally harmonics are sorted by their ascending eigenvalues. Com-

monly these eigenvalues are associated with graph frequencies, and the eigenvectors are treated

analogously to a principal component analysis, where only the lowest graph frequencies are rele-

vant [6, 155]. However, my work here will seek to investigate this relationship to graph frequencies

more carefully.

1The matrix power of a graph’s adjacency matrix, Gp @p P N, encodes walks of length n on the graph.

12



1.5 Open Challenges and Specific Contributions

1.5.1 Connectome harmonics as the basis of integration and segregation

Integration and segregation in neuroscience is most commonly described in terms of graph metrics

such as measures for centrality, node hubness, or modularity [197, 45]. However, integration and

segregation are commonly discussed as two ends of a spectrum between which the brain is dynam-

ically balanced. Therefore, a limitation of conceptualizing and quantifying these different graph

metrics as measures of integration and segregation is that they are mutually incommensurable to a

single integration-segregation continuum. Moreover, lacking such a continuum inherently neglects

what features lie at the center of this continuum.

In Chapter 2: Integrative, Segregative, and Degenerate Harmonics of the Structural Con-

nectome, I argue that the graph Laplacian harmonics can be understood as describing such an

integration-to-segregation continuum. A central concept that unifies this framework is the no-

tion of the gap-spectrum, which is the spacing between graph Laplacian eigenvalues. The gap-

spectrum allows for a principled way to divide harmonics into integrative, degenerate, and seg-

regative regimes that I show each have distinct relationships to subject variability and functional

participation. Notably, reconstructing a low-rank SC limited to each of these regimes reveals that

the traditional graph theory metrics used to describe integration and segregation in fact map intu-

itively to these regimes. This result suggests that graph harmonics subsume these previous graph

theory notions of integration and segregation. Together, this work espouses a framework to under-

stand the graph Laplacian harmonics of SC which highlights the full eigenspectrum as relevant to

brain function and organization.

1.5.2 Deconvolving passive diffusion to reveal novel functional organization

A simple LTI model for brain function–the network diffusion model–can account for a substantial

amount of the observed functional covariance between brain regions. The network diffusion model

describes signal movement through the brain as a passive process along concentration gradients:
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if a brain region has high activation, its signal will diffuse to connected brain regions with low

activation. However, in neuroscience we typically aim to study active rather than passive signals.

Moreover, nearly all current work in neuroscience uses fMRI, which may contain both active and

passive signal components. From these observations, two natural questions arise: 1) how can one

remove the effect of passive network diffusion over the SC; and 2) what features of traditional fMRI

analyses, including RSNs, principal gradients, or task-activation maps, change after eliminating

this passive signal component?

In Chapter 3: HONeD-in on Brain Activity: Deconvolving Passive Diffusion on the Structural

Network from Functional Brain Signals, I present a method to obtain what I call the Higher Order

Network Diffusion-Innovation, or HONeD-in, signal. I calculate the HONeD-in signal in closed

form using a HONeD operator estimated from the functional data under stationarity assumptions. I

then thoroughly evaluate the resulting HONeD-in signal, showing several notable results. Specifi-

cally, HONeD-in signals 1) sparsified functional connectivity, 2) decoupled resting-state networks,

3) reorganized FC-gradients along with the RSN hierarchy, and 4) sharpened task fMRI activation

maps. Together, these results suggest that some of the conventional FC structure and its resulting

networks/principal gradients may in part arise from large-scale signal diffusion through SC. This

work therefore not only presents a method for transforming fMRI into a new signal for future re-

search to investigate, it also speaks to the underlying role of SC and network diffusion as a scaffold

for observed brain activity and network phenomena.

1.5.3 Estimating latent structural directionality from network diffusion

Neurons have a direction: they propagate signals from dendrites near the soma, down the axon,

and terminating on the dendrites of downstream neurons. Yet, a fundamental limitation with dMRI

tractography is that it lacks this directional information about white matter pathways. Despite this

limitation, recent work has shown that undirected structural connectivity can still reveal impor-

tant hints of directional organization. Specifically, diffusion-based models can reveal systematic

asymmetries in an otherwise undirected network [143, 195, 182, 73]. Meanwhile, parallel lines of
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work focus on the biological link between genes and structural directionality. Biologically, genes

create molecular gradients that guide axon growth [237], and genes have been shown to relate to

connectivity features in SC across various species [5, 66, 4, 71, 88, 115, 52]. Together, these ob-

servations raise the possibility that a structure-function network diffusion model parameterized by

gene co-expression may recover structural directionality from an undirected network.

In Chapter 4: Gene Gradients Reveal Directed Structural Connectivity Across Species, I

present such a diffusion model, based again on the HONeD operator, that incorporates gradients of

gene co-expression maps into SC via a similarity transform. I show that this approach accurately

estimates directed structural connections across three non-human species, C. elegans, mouse, and

macaque, using only a few genetic gradients. I then assess subject-specific directed structural

connectivity across 770 Human Connectome Project subjects and show that the inferred direc-

tionality exhibits biologically plausible organization in sensory and thalamic circuits. I conclude

by showing that the fitted directional HONeD operator admits a prediction for how brain signals

“flow” through SC, thereby providing a measure I term angular flow (AF). This AF correlates with

other directional functional connectivity estimates and its net flow reproduces the principal func-

tional connectivity gradient. This final result is especially interesting, since the HONeD-in signal

showed that the principal gradients were remodeled when network diffusion is removed, AF con-

versely reveals that these principal gradients appear as the predicted source-sink organization from

directional diffusion over SC. Overall, this gene-informed structure-function framework provides

a way to estimate and analyze both directed structural and functional connectivity in the brain.
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Chapter 2

Integrative, Segregative, and Degenerate

Harmonics of the Structural Connectome

2.1 Abstract

Unifying integration and segregation in the brain has been a fundamental puzzle in neuroscience

ever since the conception of the “binding problem.” Here, we introduce a novel framework that

places integration and segregation within a continuum based on a fundamental property of the

brain–its structural connectivity graph Laplacian harmonics and a new feature we term the gap-

spectrum. This framework organizes harmonics into three regimes–integrative, segregative, and

degenerate–that together account for various group-level properties. Integrative and segregative

harmonics occupy the ends of the continuum, and they share properties such as reproducibility

across individuals, stability to perturbation, and involve “bottom-up” sensory networks. Degen-

erate harmonics are in the middle of the continuum, and they are subject-specific, flexible, and

involve “top-down” networks. The proposed framework accommodates inter-subject variation,

sensitivity to changes, and structure-function coupling in ways that offer promising avenues for

studying cognition and consciousness in the brain.

16



2.2 Introduction

A central goal of systems neuroscience is to explain fundamental brain processes shared across

individuals. Perhaps the most important fundamental process involves the identifying mechanisms

to address the so-called “binding problem,” which asks how an integrated experience arises from

segregated sensory information [167]. This philosophical question has been investigated in terms

of brain function, where integration and segregation are ends of a continuum from synchrony to

asynchrony, respectively [208, 67, 198]. Yet, purely functional accounts cannot explain how this

integration-segregation balance emerges from the underlying biological structure. It has been pro-

posed that white matter “structural connectivity” (SC) network topology subserves the integration-

segregation balance, with integration originating from signal convergence or the “rich-club” and

segregation originating from modularity [217, 197, 45]. However, graph metrics to measure these

network properties in SC are incommensurable to a single integration-segregation continuum. Fur-

thermore, characterizing what occurs between integration and segregation–the missing-middle–has

not received sufficient attention. An integration-segregation continuum based on a fundamental

network property is yet to be conceived for structural brain networks.

Understanding how integrative and segregative functional activity arises from SC depends on

the “structure-function” relationship of brain networks–often described using graph theoretic and

statistical measures [30, 13, 238, 125]. Graph Signal Processing (GSP) extends graph theoretical

approaches, providing an elegant and concrete mathematical framework to describe brain function

as signal diffusion through the SC [121, 1]. At GSP’s heart lies the graph Laplacian matrix and

its decomposition into graph harmonics (eigenvectors or “gradients” [134]), reflecting orthogonal

spatial patterns (wave functions) of a signal in the network, with each harmonic associated with

an eigenvalue reflecting its graph frequency [37, 47]. The harmonic decomposition of the graph

Laplacian is tantamount to a Fourier Transform; Laplacian harmonics form the Fourier basis that

describes how hypothetical brain signals would “resonate” in the structural network, thereby link-

ing structural graph topology to functional synchrony [121, 147]. Each harmonic is associated

with an eigenvalue, and conventionally harmonics are sorted by their ascending eigenvalues.
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It is therefore natural to employ the harmonic “eigenspectrum” as the organizing principle for

integration and segregation, which may form the continuum we seek. This concept has recently

gained currency: lower harmonics have been interpreted as integrative since they capture patterns

of global synchrony, and higher harmonics have been interpreted as segregative since they capture

local synchrony [177]. Just as low spatial frequencies in Fourier space represent broad and smooth

gradients while high frequencies represent detailed, possibly localized, and noisy patterns, it has

been observed that low harmonics reflect the global network structure and hence represent inte-

grative activity while higher harmonics represent segregated network clusters [121, 93, 154, 158].

The lowest harmonics appear to correlate with canonical functional resting-state Networks (RSNs)

[233, 236, 6] and were the most effective at predicting functional connectivity (FC) [2, 6]. Accord-

ingly, Preti and Van De Ville [158] suggested dividing harmonics into two classes based on their

participation in fMRI: the lowest harmonics were “coupled” to fMRI signal while all higher har-

monics were “decoupled.” Sometimes these two regimes are also called “illiberal” and “liberal”,

respectively [121]. Therefore an ascending harmonic eigenvalue ordering is a plausible means of

describing the integration-segregation continuum.

However, as we show here, many aspects of the structural harmonics’ eigenspectrum make the

desired integration-segregation (or “coupled-decoupled”) binary problematic and incomplete. The

relationship between Laplacian eigenvalues and spatial frequency has only partial mathematical

[97] and empirical [93] support. Higher harmonics in particular have been shown to break from

strict frequency expectations [93]. Mathematically, graph spectra may be reasonable analogs of

spatial frequencies for simpler graphs (e.g., rings and infinite or closed lattices) but not necessarily

for complex networks [97, 93], such as the brain [198, 30]. The notion of low harmonics being

exclusively coupled to function is also imperfect: higher harmonics also significantly contribute

to functional activity, such as in MEG spectra [222, 177] and in alignment with RSNs such as the

visual network [233]. Thus, both theoretical and empirical evidence suggests that the coupling-

decoupling dichotomy does not neatly align with the integration-segregation continuum.

Can the Laplacian harmonic spectrum serve as an integration-segregation continuum? Do the
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harmonics follow expectations for the integration-segregation continuum, such as reproducibil-

ity across individuals? What fundamental network property could distinguish integrative-versus-

segregative harmonics? What represents the “missing-middle” of the continuum, and what is its

relevance to the underlying biology and brain function?

In this study, we address these questions using a deep investigation of the structural harmonics’

eigenspectrum. First we develop a consensus SC to facilitate an ordering of harmonics across

subjects. We seek the most informative ordering of the harmonics that simultaneously addresses

the following criteria:

1. The ordering must place integration-like harmonics at one end and segregation-like harmon-

ics at the other.

2. The ordering must reproduce as much as possible notions of spatial smoothness and sparsity.

3. The ordering should be reproducible across individuals in a predictable manner.

4. Harmonics placed similarly along the spectrum must share more properties with each other

than those far apart.

We first show that the canonical ordering of harmonics by ascending eigenvalues only par-

tially succeeds in fulfilling the above criteria, but that SC harmonics which deviate from classi-

cal Fourier expectations are not reproducible across subjects with this ordering. Then, we show

that the above criteria can be met by aligning subject-specific harmonics to the group-level har-

monics from the consensus SC (the mean SC across individuals). This new ordering reveals an

underlying harmonic reproducibility related to the consensus “gap-spectrum,” a fundamental prop-

erty of the eigenspectrum derived from spectral graph theory. Further, the gap-spectrum naturally

partitions the harmonics into three distinct regimes: integrative harmonics have low eigenvalues

but high spectral gaps; segregative harmonics have high eigenvalues and high spectral gaps; the

“degenerate” harmonics have intermediate eigenvalues but low spectral gaps. The latter regime

is so-named in analogy to degenerate modes observed in many physical systems, both classical
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[186, 49, 138, 106] and quantum [99, 44]. This degenerate regime fills the “missing-middle,” has

not previously been defined in brain science and is endowed with distinct functional relevance.

Together, the three regimes faithfully account for key group-level harmonic properties in-

cluding spatial smoothness, sparsity, sensitivity to changes, similarity between individuals, and

alignment to functional networks. Hence, a more complete stratification of harmonics requires a

trichotomy–integrative, degenerate, segregative–instead of the popular integration/segregation or

coupled/decoupled dichotomies. The proposed harmonic trichotomy aligns with prior graph theory

accounts of integration-segregation while also revealing previously unreported structure-function

relationships by explaining resting and task functional networks in a manner that is not possible

within prior paradigms.

2.3 Results

Here, we present results that investigate whether SC harmonics may constitute an integration-

segregation continuum in the brain. We begin by showing that harmonics deviate from strictly

ascending frequencies and have an integration-to-segregation like structure. We then show that in-

tegrative and segregative harmonics are shared across individuals, which would indeed be expected

for any candidate brain mechanism to resolve the binding problem. Then, using the gap-spectrum,

we define integrative, segregative, and degenerate regimes precisely, and we further assess regime

relationships to graph frequency and graph theoretical metrics. We conclude by investigating the

functional relevance of the three regimes in multiple ways, including stability to changes, align-

ment with resting-state networks, task networks, and empirical resting-state time series.

2.3.1 SC harmonics’ spatial frequencies deviate from Graph Fourier intu-

itions

SC normalized Laplacian eigenvalues are similar across subjects and are close to those from the

consensus SC (Fig. 2.1A). We also show that the lowest harmonics in the consensus SC qual-
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itatively matched with those reported in prior works [228, 130, 17] and that higher harmonics

are increasingly localized (Fig. 2.1B). Quantitatively, we investigated properties of SC harmon-

ics related to classical Fourier intuitions, including sparsity and three spatial frequency measures:

zero-cross rate, network zero-crossings [93], and roughness. First, we show that the harmonics

with the highest eigenvalues are sparse (Fig. 2.1C). Next, based on Fourier intuitions, we may ex-

pect a monotonic relationship between harmonics’ eigenvalues and spatial frequency metrics, yet

all three measures show non-monotonic relationships, with the greatest deviation for the highest

eigenvalue harmonics (approximately when λ ě 1; Fig. 2.1C).

These results also replicated in our independent dataset with different MRI acquisition param-

eters and used a different SC generation pipeline (see Supplemental Material and Supplemental

Figure S11). For completeness, we also analyzed the temporal frequency characteristics of a

resting-state time series projections (Supplemental Material Figure S4), finding that higher har-

monics are not necessarily related to higher temporal frequency in fMRI.

Taken together, we find only partial support that SC Laplacian eigenvalues correspond to spa-

tial frequency. While there is undoubtedly a relationship, it is not monotonic. Instead, these results

suggest the presence of global “integrative” harmonics with low eigenvalues and sparse “segrega-

tive” harmonics with high eigenvalues. Additionally, this non-monotonic relationship implies that

sorting all subjects harmonics by their ascending eigenvalues could result in misalignment between

subjects.
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Figure 2.1: SC Harmonic Spectrum. (A) We show the normalized Laplacian eigenvalue spectrum for the SC network
with 214 regions. In rose is the eigenvalue spectrum from the consensus (group-averaged) SC, and overlain on top in
black is the median eigenvalue spectrum across all 50 subjects with shaded group percentiles. (B) We show several
harmonics from the consensus SC with their harmonic index labeled above each plot. Notice that the harmonics
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(top to bottom) sparsity, zero crossing rate, network zero crossings, and spatial roughness. The highest eigenvalue
harmonics show spatial frequency characteristics that are non-monotonically related to their eigenvalues.
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2.3.2 Integrative and segregative harmonics are similar across subjects

Next, we used a measure of inter-subject agreement (2.7) to test whether subjects had similar

harmonics for both whole-brain (integrative) and sparse (segregative) ends of the eigenspectrum.

When all subjects’ harmonics are sorted by their ascending eigenvalues, we only observe high

agreement for the first few harmonics (Fig. 2.2 A & B). However, matching harmonics to the

consensus SC revealed that many subjects indeed shared harmonics at both ends of the consensus

eigenspectrum (Fig. 2.2 C & D).

We found this result to be consistent across all Schaefer parcellation scales (Supplemental

Figure S5). This result also replicated in an independent dataset with different MRI acquisition pa-

rameters, a different SC generation pipeline, and a different brain atlas (see Supplemental Material

and Supplemental Figure S12). Furthermore, we evaluated the Bonferroni corrected significance

between the two agreement distributions and found that nearly all harmonics showed highly sig-

nificant agreement improvement after matching (Supplemental Figure S6). We then generated

null-model networks with randomized edge weights from empirical SC networks and found that

these randomized networks were unable to match. Empirical matching showed highly significant

agreement compared to randomized harmonics (Supplemental Figure S6).

We also sought to evaluate which regions had the most inter-subject variability across harmon-

ics, finding that sensory cortices and the orbitofrontal cortex had the least inter-subject variation

while trans-modal regions had the most inter-subject variation (Supplemental Figure S7). See the

Supplemental Material for other analyses on permutation length and distance (Supplemental Figure

S8).
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Figure 2.2: Harmonic Inter-subject Agreement. (A) Harmonics do not show a natural alignment to the consensus
SC, and (B) inter-subject agreement, measured as the harmonic similarity across all combinations of subjects, showed
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2.3.3 Eigenvalue gap-spectrum as a theoretical explanation for harmonic

properties

The harmonic inter-subject similarity analysis suggests there are at least three kinds of harmonics:

those with low eigenvalues and high inter-subject agreement, those with high eigenvalues and high

inter-subject agreement, and those with eigenvalues near λ “ 1 and low inter-subject agreement.

We hypothesized that change-points in the “gap-spectrum” curvature (see Methods) would nat-

urally partition harmonics into regimes that follow the empirical relationship with inter-subject

agreement while preserving relationships with harmonic frequency. We first found regime transi-

tion points for each subject individually, then we matched subject-level harmonics to the consensus

SC, and finally we determined a consensus regime assignment (Fig. 2.3A middle). We found the

lowest regime to span harmonic 1 to 26, the central regime to span harmonic 27 to 187, and the

highest regime to span 188 to 214.

Our results support the hypothesis that the gap-spectrum across subjects can indeed partition

harmonic inter-subject agreement in an intuitive fashion while preserving relationships to group-

level harmonic frequency (Fig. 2.3B; all p ă 0.05). Based on our harmonic frequency analysis,

we term the lowest regime as integrative since these harmonics show low-frequency whole-brain

spatial configurations, and we term the highest regime segregative since these harmonics form

segregated clusters. Now, based on the gap-spectrum analysis, we term the central regime “degen-

erate” to reflect that these harmonics have small spectral gaps characteristic to degenerate modes

of a system.
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Figure 2.3: Defining Three Harmonic Regimes. (A) We show the consensus SC Laplacian eigenspectrum in rose
and the analytical gap-spectrum in violet. Below this plot, we show the fraction of subjects who agree on each
harmonic regime assignment. We define the final regime boundaries based on the majority crossing point. The lowest
panel shows inter-subject agreement (same as shown in Fig. 2.2D) colored by the three regimes. (B) We show the
population median values for the four harmonic frequency measures compared to the gap-spectrum. All measures
show strong and significant correlations within the identified regimes and the gap-spectrum.
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2.3.4 Stability of harmonics relates to the gap-spectrum

We next sought to evaluate how SC harmonics change in response to small network changes,

expecting that different regimes would show different responses to perturbation. Degenerate har-

monics with eigenvalues close to λ “ 1 represent recurring network configurations (or “motifs”)

[42], and they have mathematical “flexibility” since linear combinations of degenerate harmonics

can produce another degenerate harmonic in the same eigen-subspace. Based on this theory, we

hypothesized that the stability of harmonics would be related to the gap-spectrum and that degener-

ate harmonics would be the least stable since small perturbations could easily change the network’s

motif structure.

We indeed found that degenerate harmonics were the most sensitive to perturbation while in-

tegrative and segregative harmonics were more stable (Fig. 2.4A). As perturbation σ increased far

beyond the mean network weight, we found that all regimes approximated an exponential decay

(Fig. 2.4A inset).

We then quantified the stability of harmonics (see Methods), and we found that stability in-

deed followed the same shape as the gap-spectrum (Fig. 2.4B). The stability of harmonics across

subjects was significantly correlated with the consensus gap-spectrum (mean r “ 0.66; all p ăă

0.001; Fig. 2.4C).
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Figure 2.4: Stability of Harmonics. We perturbed the natural SC network across subjects with Rician noise over
a wide range of σ (i.e., standard distribution). (A) We plot each regime-averaged intra-subject similarity between
the authentic harmonics and the perturbed harmonics. The black line represents the median, while the darker and
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stability, segregative harmonics show intermediate stability, and degenerate harmonics show the least stability. The
inset shows the same perturbation effect, but over a wider range of σ. (B) We quantify the stability of each harmonic
and show that the stability follows the same general shape as the consensus gap-spectrum. (C) A scatter plot with
data from all subjects and all harmonics, showing the overall relationship between the stability of harmonics and the
gap-spectrum. The inset shows the distribution of subject-specific correlations between the stability of harmonics and
gap-spectrum.
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2.3.5 Regime-specific SC accounts for integrative and segregative graph the-

ory metrics

We assessed whether regime-specific SC had graph theory metrics commonly related to integration

and segregation. Qualitatively, the integrative SC shows broad connectivity across regions, the

degenerate SC retains much of the connectivity structure from the native SC, and the segregative

SC is sparse but dense in small clusters. Quantitatively, each regime SC embodies different graph

metrics: 1-way ANOVAs showed significant regime-wise differences for all graph metrics (all

p ăă 0.01, Bonferroni corrected), and post-hoc two-tailed t-tests showed that most pair-wise

differences were highly significant (p ăă 0.01, Bonferroni corrected) (Fig. 2.5). Modularity was

greatest for the full network and equally large for degenerate and segregative regime SC, suggesting

that modularity emerges from both degenerate and segregative harmonics. Global efficiency was

greatest for the integrative SC, indicating that integrative harmonics facilitate efficient information

transfer through the network. Small worldness was largest for the full SC, and second largest for

the degenerate SC (the difference was small but still significant p “ 7.3 ˆ 10´17), suggesting

that degenerate harmonics account for much of the small-worldness observed in the full network.

Finally, coreness was greatest for the segregative SC, revealing that segregative SC is characterized

by highly clustered modules.
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2.3.6 Harmonics have diverse participation with RSNs and functional tasks

We next assessed how SC harmonics related to functional resting-state networks (RSNs) and meta-

analysis task activation maps. We found that RSNs show regime specificity across subjects (Fig.

2.6A&C). The ternary plot showed that the Control Network and the Salience Ventral Attention

Network participated most in the degenerate regime; the Subcortex, Visual, and Limbic Networks

participated most in the segregative regime; the Somatomotor and Dorsal Attention Networks par-

ticipated in a balance of the degenerate and segregative regimes; and the Default Mode Network

was balanced between all three regimes (Fig. 2.6C). RSN participation followed a similar rela-

tionship across Schaefer parcellation scales (Supplemental Material Figure S5). We further found

that whole brain task activation maps correlated with SC harmonics (Fig. 2.6B). The ternary plot

showed that tasks also had differential participation in all three harmonic regimes (Fig. 2.6D). For

example, Prediction and Learning was mostly integrative, while Inhibition was mostly degenerate,

and Emotion was mostly segregative. However, most cognitive tasks involved a balance of the

three regimes, such as Language and Decision Making, having approximately 50% integrative,

and between 20-30% degenerate and segregative.
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B. Task Meta-Analysis ParticipationA. Resting Network Participation

C. RSN regime participation
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Figure 2.6: RSN and Neurosynth Coupling. We evaluated which harmonics had spatial organization that coupled
with (A) resting-state functional networks (RSNs) and (B) Neurosynth task activation maps. All harmonics show
spatial patterns that aligned with known functional organization. Below (C & D), we show ternary plots representing
the above heat-maps as relative mixtures of each regime’s participation in (C) RSNs and (D) Neurosynth task activation
networks. Note that the vertices of a ternary plot represent full participation in the respective regime, and the axis ticks
are slanted to indicate the direction of the axis along dashed lines. Note that the DMN, for example, is nearly at the
center of the RSN ternary plot, meaning it has close to equal participation from all three regimes. Conversely, the
Limbic network showed almost exclusive participation in the segregative regime. The bubbles inside the ternary plot
are colored based on their proximity to each of the three vertices (cyan–integrative; yellow–degenerate; magenta–
segregative).
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2.3.7 Harmonic projection resting-state activity is different across regimes

Having found a relationship between harmonic regimes and known functional organizations, we

hypothesized that empirical resting-state activity would also show similar regime-specific differ-

ences and relative regime contributions. We evaluated the functional characteristics of the three

regimes in resting-state fMRI data projected onto the harmonic power vectors (Fig. 2.7 A).

We quantified three key properties of the functional projection: projection energy, temporal

diversity, and spatial diversity. The regime projection energy (L2-norm squared across time) grad-

ually decreases from low to high harmonics with no clear demarcation between regimes (Fig. 2.7

B). The blue triangle indicates the previously reported divide between coupled/decoupled harmon-

ics based on the reported eigenvalue [158]; this showed that the previously identified “decoupled”

regime is partially within our integrative regime and entirely within the degenerate and segregative

regimes. Quantifying the spatial energy distribution across brain regions showed that integrative

harmonics had a broad energy distribution across the cortex, with energy peaks located in sensory

cortices; degenerate harmonics had energy weighted highest in frontopariteal and inferior tempo-

ral lobes; and segregative harmonics had sparse energy, with clusters of high energy in sensory

regions, temporal poles, and ventromedial/orbitofrontal cortices (Fig. 2.7 C). Overall, each regime

had significantly different energies, with integrative having the most, segregative having the least,

and degenerate in-between (all p ăă 0.001; Fig. 2.7 D).

We next analyzed temporal diversity (sample entropy) and spatial diversity (harmonic entropy)

across regimes. The average temporal diversity contained in each harmonic regime projection

showed that the segregative harmonics contained the most temporal diversity compared to ei-

ther integrative or degenerate regimes (p ă 0.005; Fig. 2.7 E). Degenerate harmonics also had

significantly more temporal diversity compared to integrative harmonics (p ă 0.05). Regimes

also showed significantly different harmonic (spatial) diversity, with the degenerate regime hav-

ing the most diversity, followed by the integrative regime, and least in the segregative regime (all

p ăă 0.001; Fig. 2.7 F).

Finally, we analyzed dynamics in the relative participation between regimes. We found that
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resting-state function across subjects had a strong tendency to be around approximately 46.5%

integrative, 33.6% degenerate, and 19.9% segregative (Fig. 2.7 G). With principal component

analysis, we found that the degenerate regime formed the principle axis of temporal variation (Fig.

2.7 G inset).
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Figure 2.7: fMRI Projection. (A) We project the the resting-state functional MRI time series onto the harmonic power
vectors and show the regime-averaged projection for a single subject. (B) The projection energy (L2-norm across time)
across all SC harmonics. The blue triangle indicates the previously reported divide between coupled/decoupled har-
monics [158]. (C) The projection energy is mapped back to region space, showing region-wise resting-state functional
participation in each regime. (D) Quantifying the regime-wise projection energy showed that the integrative harmonics
have the most energy per harmonic, followed by the degenerate harmonics, and least for the segregative harmonics.
(E) Quantifying the harmonic signal’s temporal diversity (i.e., sample entropy) showed the opposite pattern, with
segregative harmonics carrying the most bits per harmonic, followed by degenerate and integrative regimes. (F) Quan-
tifying the harmonic diversity of each regime in the functional time series showed that many degenerate harmonics
are co-active, while integrative and segregative harmonics are more specific in time. (G) With a ternary plot, we show
that the brain spends most of its time in a state of 46.5% integration, 33.6% degenerate, and 19.9% segregation. The
upper-right inset shows the first principal component of this distribution, indicating that most functional variation is
along the degenerate axis.

2.4 Discussion

In this work, we have shown that an integration-segregation continuum in SC can be identi-

fied through its graph Laplacian harmonics and a novel feature we call the “gap-spectrum.” The

gap-spectrum represents a fundamental feature of SC that naturally divides harmonics into three
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regimes: integrative, degenerate and segregative. This harmonic trichotomy reveals distinct regime-

specific roles for inter-subject agreement, stability of harmonics, and functional relevance. As we

discuss below, this proposed integration-segregation continuum subsumes, refines, and expands

upon prior work on SC harmonics and integration/segregation in brain networks, therefore unify-

ing these previously disparate areas of network neuroscience research.

Research on the brain’s graph Laplacian harmonics is a recent but actively growing area of

computational network neuroscience [121]. Brain harmonics research encourages a conceptual

transformation from thinking of the brain in terms of individual regions to spatially distributed

patterns of structural connectivity. Indeed, this transformation has fundamental mathematical re-

lationships to the Fourier transform [37], and this motivates further borrowing intuitions from

Fourier theory, such considering SC Laplacian eigenvalues as “spatial frequencies” [121, 6, 130].

These high eigenvalue harmonics represent bipartite-like subnetworks [42, 14, 105], which could

be interpreted as a form of “high frequency” network oscillation. While these intuitions are well-

motivated, our results suggest that not all Fourier intuitions perfectly apply to brain networks.

Notably, we show that higher “frequency” eigenvalues don’t necessarily correspond to higher spa-

tial frequencies, but are instead smooth across large parts of the brain except for in small, localized

clusters, suggesting they are “segregative” in nature. Fourier intuitions may also suppose that these

higher harmonics are noisy, yet we have found that segregative harmonics are both preserved across

subjects and stable to perturbation, with both of these properties showing a relationship with the

gap-spectrum. Critically, we replicated our spatial frequency and inter-subject agreement results in

a separate independent dataset of 220 subjects with more diverse age demographics, imaged with

different scanning parameters, processed with a different connectivity pipeline, and parceled in a

different atlas, all of which strongly suggests that our findings have strong generalizability. To-

gether, this emphasizes the need for future work to carefully evaluate the extent to which intuitions

from Fourier theory apply to brain harmonics.

Despite some departures from conventional Fourier wisdom, this “graph Fourier transform”

still mathematically represents how signals would propagate though a network, therefore offering

35



a promising way to bridge our understanding of the brain’s structure and function. In general,

past work has implemented two different approaches with Laplacian harmonics to understand the

brain’s function. One approach emphasizes only the lowest eigenvalue harmonics [2, 134, 6, 171].

This can be motivated for a variety of reasons such as parsimony [18], the amount of explained vari-

ance [134, 6], or as the outcome of a model [2]. However, our present work suggests that much can

be gained from analyzing all harmonics, since the brain’s function across many representations–

RSNs, tasks, and empirical resting-state activity–can be understood as a balance of integrative,

degenerate, and segregative regimes. Interestingly, no functional networks were exclusively inte-

grative, and the only functional network to show a near-perfect balance of the three regimes was

the DMN. We speculate that this could be related to the DMN’s position at the top of the functional

hierarchy [134], thereby allowing the DMN to facilitate state transitions between regimes. RSNs

and tasks generally emphasize certain harmonic regimes more than others–functions related to sen-

sation, sociality, and memory were balanced between integrative and segregative harmonics, while

degenerate harmonics were related to complex “top-down” cognition, such as attention, inhibition,

and working memory.

A second approach divides all SC harmonics into two categories based on their participation

in resting-state fMRI time series (i.e., the equal energy split criterion) [158]. This framework

identifies the lowest frequency harmonics as “coupled” and all higher harmonics as “decoupled”

from function [158, 121, 94]. The coupled and decoupled components of the functional signal

are commonly synthesized into a single metric known as the Structural-Decoupling Index (SDI)

[158], which divides a given region’s decoupled participation by its coupled participation. SDI

has proven useful, demonstrating relationships with the mechanics of cognition and behavior [158,

129, 21, 239] and could serve as a bio-marker of development [57, 145] and disease [234, 242].

Our results affirm the success of the coupling versus decoupling work while additionally suggesting

a further refinement into the integrative, degenerate, and segregative trichotomy. From this new

perspective, the SDI would be a measure of how much of function across the brain is weighted into

degenerate and segregative harmonics versus integrative harmonics, with the effects likely driven
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by the degenerate harmonics since they occupy a significant majority of the decoupled modes.

Since the degenerate harmonics are also the most subject specific, SDI could be considered a metric

of subject-uniqueness in function, since it is effectively normalizing by the integrative harmonics,

which are most preserved across subjects. However, we emphasize that in our proposed framework

all harmonics “couple” with function in diverse ways related to the harmonic regime. A limitation

of the coupling/decoupling approach is that harmonic classification depends on their interaction

with brain function rather than on an inherent feature of SC, meaning that their functional relevance

is partially entangled with their classification. By defining harmonics based on the gap-spectrum

inherent to SC, we can study properties of harmonics and their functional relevance independent

of their classification.

Other research on the brain’s structure-function relationship seeks to explain how the structural

network facilitates integration and segregation through the lens of graph metrics. The brain’s inte-

gration is interpreted as efficient signal transmission combined with signal convergence to highly

connected regions, while segregation is interpreted in terms of the brain network dividing into

tight-knit communities or modules with specific functions [197, 45]. However, there are two limi-

tations with this view of integration and segregation. First, graph metrics often have an embedded

(though subtle) notion of time; network efficiency, for example, measures how easily a signal can

move between nodes to traverse full the network (i.e., greater efficiency implies less transmission

time). Therefore, graph metrics measuring signal transmission and convergence can only account

for integration in time, not in space, yet spatial integration is thought to be necessary to resolve

the binding problem [140]. Second, graph metrics for integration and segregation are defined sep-

arately, and therefore, they are incommensurable to a single integration-segregation spectrum–this

incommensurability is precisely the crux of the binding problem. The present work suggests an

alternative view of integration and segregation as represented through graph Laplacian harmonic

spectrum. These harmonics describe signal distributions in space, which resolves the first limi-

tation, and their continuum on the eigenspectrum resolves the second limitation. Our proposed

framework further reveals novel insights: integration and segregation in the human brain is similar
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across subjects, stable to network changes, and is related to unimodal sensory networks. More-

over, we show that harmonic regime SC recapitulates intuitions from graph metrics measuring

integration and segregation. Therefore, SC harmonics appear to subsume insights from the past

frameworks while overcoming their limitations.

Using SC harmonics to define an integration-segregation spectrum also provides a natural def-

inition for what lies between integration and segregation: the degenerate harmonics. Degener-

ate harmonics deviate from integration and segregation in many important ways: they are sub-

ject specific, they are sensitive to network changes, they embody the network’s small-worldness,

and they relate to top-down functional networks. Degenerate harmonics have a sense of “flex-

ibility” since they represent symmetries in the network [43], they are related to network syn-

chonizability [124], and they can form linear combinations to produce new degenerate harmon-

ics. This ties nicely into our finding that resting-state time series shows the greatest harmonic

diversity and temporal variability in the degenerate regime, meaning that multiple degenerate

harmonics are “co-active” and rapidly fluctuate on and off. This finding also aligns with recent

work suggesting that FC constructed from “decoupled” harmonics are highly variable in time

and may encode information in transient brain states [159]. We speculate that these functional

characteristics may correspond to creating flexible linear combinations that combinatorially en-

coded contextual and “top-down” information. Degenerate harmonics being related to subject-

specificity and frontoparietal networks also aligns with recent research on “brain fingerprinting,”

which has highlighted the frontal and parietal cortices as those most related to subject uniqueness

[60, 133, 216, 165, 100, 34, 33, 235, 148, 38, 116] and neural plasticity [235]. Most promis-

ingly, Griffa et al. [81] has shown that decoupled FC (representing mostly degenerate harmonics)

also contains highly unique features within frontoparietal networks useful for brain fingerprinting.

Degenerate harmonics being flexible in this way also makes them an ideal substrate for neural plas-

ticity when considering the brain’s frugal metabolic [31] and wiring cost [162] economy. These

results together raise exciting possibilities for future work to use degenerate harmonics to investi-

gate individual uniqueness and neuroplasticity.
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Putting everything together, we propose that SC harmonics provide a framework to study, and

perhaps help resolve, the long-standing binding problem in the philosophy of mind. In essence, the

binding problem seeks to explain how the brain can bind segregated sensory channels into an inte-

grated whole [166]. It has been shown that sensory cortices are more segregated from the rest of

the brain compared to other regions [183, 184], and yet some unification of integration and segre-

gation must be necessary to bring all senses into a single coherent precept [215]. The fundamental

puzzle in the binding-problem is to find a brain mechanism that can coordinate signal flow and

represent information at the global level while still leveraging regional/neuronal specializations.

Such a brain mechanism should be fundamental to the brain’s structure, shared across individuals,

and directly implicate sensory processing–our present work provides strong evidence that integra-

tive and segregative SC harmonics accommodate all of these properties. It is also expected that

candidate binding mechanisms should be related to states of consciousness [166]. SC harmonics

again fulfill this expectation, with recent work showing that SC harmonic repertoire diversity in

brain function increases while on psychedelics and decreases while sedated with propofol [130].

However, this raises a question: how do integrative and segregative harmonics interact to share

information and produce this binding effect? While this question deserves careful attention in fu-

ture research, we speculate that segregative harmonics may “activate” to incoming sensory stimuli,

and segregative harmonics’ spatial overlap with integrative harmonics allows the signal informa-

tion to spread between regimes and broadcast the newly “bound” information globally. We believe

future work studying harmonics through this framework could illuminate many mechanisms of

macroscopic brain function.

Of course, this work must be viewed in light of known limitations for SC harmonics. Noise,

low resolution, and artifacts are common in diffusion MRI. Tractography algorithms and their as-

sociated parameters can greatly affect quality of tracts, including turning angle, stopping criteria,

etc. These can have significant effects on connectome quality. Additionally, our choice of edge

weights and the associated impact on the networks degree distribution may contribute to our re-

ported results. While many prior studies have generally identified similar harmonics as shown
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here [228, 121, 17], the degenerate regime may be particularly affected by these choices. Another

limitation is our use of the consensus SC which was constructed from a cohort of 50 healthy young

adult subjects. Future work will benefit from constructing a consensus SC with larger healthy sam-

ples, and it is presently unclear whether our findings would extend to clinical or developmental

populations. With respect to our Neurosynth meta-analysis, the Neurosynth topic terms presented

here were averaged across the LDA-400 list where we selected the 146 terms related to cognitive

(but not illness or methodological) terms. We chose these to maximize similarity to previously

published work related to SC and functional network harmonics [134, 158]. We believed that aver-

aging correlations across many LDA terms and subjects would be more likely to eliminate findings

rather than cause spurious results. Finally, we want to acknowledge an inherent tension between

presenting SC harmonics as an integration-segregation continuum while also defining three dis-

crete regimes of that continuum. The three regimes depends entirely on defining the criteria for

the regimes’ cut-off. We show that defining regimes based on the gap-spectrum curvature provides

one way to distinguish different properties of SC harmonics, but this need not be the only effective

method. Future work using Laplacian harmonics to study integration and segregation in the brain

should define these regimes to fit the context of the particular scientific question being asked.

Ultimately, unifying integration and segregation into a single continuum is crucial to under-

standing systems-level processing in the brain. We propose a framework for this unification based

on the graph Laplacian harmonics, which we show can account for an integration-segregation

continuum along with a previously undefined center we term the “degenerate” harmonics. The

proposed trichotomy of graph harmonics reveals previously unreported structure-function rela-

tionships in a manner that is not possible within the previous integration/segregation nor cou-

pled/decoupled paradigms. This finding provides key biological and functional interpretations for

structural brain harmonics, bringing network neuroscience closer to understanding subject-specific

differences and a framework to resolve the long-standing binding problem.
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2.5 Methods

2.5.1 Dataset

Data in this study come from the publicly available MICA-MICs dataset of 50 healthy young adults

(23 women; mean age 29.54 years) [175]. This dataset was generated with the micapipe connec-

tivity pipeline, and a full description of the image processing steps can be found in their articles

[40, 175]. This dataset is not only of high quality, but it features cortical connectivity parcelled

in the Schaefer atlas [180] at 10 different spatial resolutions (from 100 to 1000 cortical nodes),

with each parcellation including an additional 6 bilateral subcortical regions and the bilateral hip-

pocampus (14 additional nodes total). We used networks weighted by classical streamline count

connectivity (hereafter “SC”) as well as the time series from resting-state functional magnetic res-

onance imaging (fMRI) scans (TR = 600ms, 695 time points). Most analyses were performed in

MATLAB while the Neurosynth analysis was performed in Python.

Replication dataset

To ensure that our main findings were replicable, we used another dataset of SC collected with 220

healthy subjects (ages 18-75; mean(std) “ 39.1 ˘ 16.8; 119 women). This replication dataset was

previously used as the healthy control sample for a recent study analyzing differences in tinnitus

[120]. Subjects in this replication dataset had more diverse age demographics, were imaged with

different scanning parameters, were processed with a different connectivity pipeline, and were

parceled in a different atlas, the Brainnetome atlas [102]. See Supplemental Material for more

details.
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2.5.2 Connectome harmonic analysis

For each subject’s SC, we first normalized their SC matrix to a unit Frobenius norm, then we

computed the degree-normalized Laplacian:

L “ I ´ D´1{2CD´1{2 (2.1)

where I is the identity matrix, D is a diagonal degree matrix of the SC matrix (C). We then

computed the eigen-decomposition of the resulting Laplacian matrix.

L “ UΛUJ (2.2)

In (2.2), U is the orthonormal matrix of harmonics in each column and Λ is the diagonal matrix of

eigenvalues associated with each harmonic. Additionally, we will henceforth use N to denote the

number of regions for the SC parcellation.

Harmonic frequency analysis

Determining the precise spatial frequency of each harmonic is not straightforward since the brain’s

harmonics live in the brain’s 3-dimensional space, and a 3D-FFT does not have an obvious single

feature representative of the full volume’s frequency content. We instead used four measures that

relate to spatial frequency and analyzed their relationship to eigenvalues. For the below measures

we first apply a modest threshold (T “ ˘0.001) to eliminate spurious low-amplitude fluctuations

around zero.

Harmonic sparsity. Harmonic sparsity is measured as the fraction of regions where the har-

monic’s amplitude is zero. In classical Fourier analysis, the sparsity of all harmonics in a Fourier

transform are zero (i.e., all frequencies have infinite support). Therefore, SC harmonics with high

sparsity defy Fourier-based intuitions for harmonics.

Harmonic zero cross rate. We used MATLAB’s zerocrossrate function to measure the
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rate at which the SC harmonic changes polarity (crosses zero), with high frequencies defined by

a high rate of polarity switching. This measure assumes an ordering of regions such that adjacent

regions are also adjacent across the harmonic’s indices. This assumption is generally appropriate,

as is clear in the Regional Adjacency matrix that regions close in space are generally adjacent in

the regional ordering (Supplemental Material Figure S1).

Harmonic network zero crossings. This measure of harmonic frequency was proposed by

Huang et al. [93], which accounts for Laplacian harmonics being graph cuts on the network:

Net Zero-Xpukq “
1

2

ÿ

i‰j

ci,jtukpiqukpjq ă 0 | ukpiq2, ukpjq2 ą T u (2.3)

Descriptively, the network edges between regions with opposite signs in the harmonic are summed

together, which is the graph cut weight described by the harmonic. This measure can be considered

a proxy for the “frequency” of the harmonic with respect to the underlying network since higher

frequencies will have less optimal (highly weighted) graph cuts. However, one known difficulty

to this approach is that the areas of low harmonic amplitude fluctuate spuriously around zero, and

therefore the above threshold (T ) is useful to show graph cuts between regions that meaningfully

participate in the harmonic. To see results across thresholds, see Supplemental Material (Figure

S2).

Harmonic spatial roughness. We propose a measure for a given harmonic’s frequency that

accounts for the 3-dimensional adjacency between regions. We term this measure “Spatial Rough-

ness,” and it uses a regional adjacency matrix (A), where the entry ai,j is a reciprocal function of

the distance between adjacent voxels in MNI space between regions i and j. Specifically,

ai,j “

K
ÿ

k

1

dpik, jkq
(2.4)

In this equation, the summation is over all K voxels on the boundary between regions i and j, and

dpik, jkq is the euclidean distance between the adjacent voxels ik and jk.
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Our formulation for Roughness then becomes:

Roughnesspuiq “ ||LAui||2 “ ||ui ´ Āui||2 (2.5)

where LA is the degree-normalized Laplacian of the regional adjacency matrix (A), ui is the ith

eigenvector of the SC Laplacian, Ā is the degree-normalized adjacency matrix Ā “ D
´1{2
A AD

´1{2
A ,

and (||¨||2) is the euclidean (L2) norm of the result. The term ||ui ´ Āui||2 captures roughness

by measuring how much the harmonic signal ui deviates from its weighted average based on the

regional adjacency, effectively quantifying local signal variability. Since A is defined only within

each hemisphere, we compute the Roughness separately for each hemisphere then average between

them. Spatial roughness is high when adjacent regions in the brain are dissimilar in both their

harmonic’s signal amplitude and polarity (i.e., sign).

Harmonic matching

We computed eigenvectors for each subject’s SC individually as well as for a consensus SC, which

was formed by taking the average across all subject’s networks, computing the normalized Lapla-

cian (2.1), then obtaining its eigen-decomposition (2.2). We then matched each subject’s eigen-

vectors to those of the consensus network with a bipartite matching max-flow algorithm [48] im-

plemented in MATLAB (the matchpairs function). Mathematically, this function finds a per-

mutation that maximizes the trace of |UTV |, where U is the subject’s eigenvectors, and V are the

consensus eigenvectors. Let us define a permutation vector p such that it maximizes:

max
p

N
ÿ

i“1

ˇ

ˇxuppiq, viy
ˇ

ˇ (2.6)

Where |¨| denotes an absolute value, and uppiq is the column in U corresponding to the ith index in

the permutation p. By matching individual subjects to the consensus SC, we retain an ordering of

ascending eigenvalues with respect to the consensus SC.

Note that others have recently performed eigenvector alignment using Procrustes [17]; how-
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ever, we refrained from this approach to preserve as much of the subject-specific features in the

harmonics as possible, since understanding the subtle harmonic variation across subjects is a key

question evaluated in this work.

Inter-subject agreement

To evaluate inter-subject agreement between both unmatched and matched harmonics, we com-

puted all possible combinations of subject-specific consensus-matched harmonic dyads psubjecti, subjectjq

and took the absolute value of each diagonal:

Agreementpsubjecti, subjectjq “ |diagpUJ
subjecti

Usubjectjq| (2.7)

Agreement between subjects i and j is a vector in RN , and we computed agreement for all pairs

of subjects in our dataset. Note that since these harmonics are orthonormal, subjects that share

identical harmonics will have an Agreement equal to 1 for those harmonics, and fully orthogonal

harmonics will have an Agreement equal to 0.

Separately from inter-subject agreement, we analyzed inter-subject variation within each region

across harmonics. After matching to the consensus SC harmonics, we re-scaled subject-specific

absolute-valued harmonics so that each was on the closed interval r0, 1s, then we took the variance

across all subjects followed by the mean across all harmonics.

We replicate our primary inter-subject agreement analysis in two complementary ways. First,

we replicate across parcellation resolutions with the Schaefer atlas (114-1014 parcels) in the same

MICA-MICs dataset (Figure S5). Second, we replicate in an entirely separate dataset with 220 sub-

jects processed with different MRI acquisition parameters, a different SC pipeline, and parcelled in

the Brainnetome atlas with 246 regions (210 cortex plus 36 subcortex) [102] (Figure S11 & S12).

This held-out dataset has been previously published here [120]. See Supplemental Material for

details.
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Eigenvalue gap-spectrum

In spectral graph theory, harmonic eigenvalues index different network topologies [42], and the

difference (or “gap”) between ascending eigenvalues can have specific meanings–for example, the

gap between the smallest and second smallest eigenvalues quantifies the network’s overall con-

nectivity [37, 58, 196]. In general, each harmonic captures dimensions of the networks structure,

and the closer two eigenvalues are to each other (i.e., the smaller their gap, the more they are

degenerate), the closer the associated harmonics are to describing the same type of network con-

figuration, i.e. network motifs [42] and symmetries [43]. More generally, the “gap” between any

two eigenvalues is:

Gappλiq “ min
j‰i

|λi ´ λj| (2.8)

Spectral gaps indicate the “degeneracy” between two harmonics, where harmonics with the same

eigenvalue (i.e., a gap equal to zero) are considered fully degenerate. Degenerate eigenvectors

have a sense of “flexibility” since they represent symmetries in the network [43], they are related to

network synchonizability [124], and they can form linear combinations to produce new degenerate

eigenvectors. Here, we analyzed the SC harmonic eigenspectrum through what we’ve termed its

“gap-spectrum,” which is analogous to the derivative of the ascending eigenvalues with respect to

their index, and which represents a measure of harmonic degeneracy. However, because derivatives

are known to amplify noise, to obtain a smooth gap-spectrum for all harmonics, we first fit an

order 10 spline with 3 knots to the SC eigenvalues and then computed the first analytical spline

derivative as the gap-spectrum. We hypothesized that the first-order gap-spectrum (measuring

harmonic degeneracy) would be related to various properties of harmonics.

Defining harmonic regimes

We sought to define regimes of harmonics to encompass empirical group-level features across sub-

sets of harmonics. Ideal regimes should group together integrative, degenerate, and segregative

harmonics in a way that retains relationships with harmonic spatial frequency and inter-subject
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agreement. Importantly, while past work has classified harmonics based on their participation in

empirical functional activity [158], we sought a classification feature agnostic to brain function

and instead based on a natural property of structural connectivity: the normalized Laplacian eigen-

spectrum.

Since the gap-spectrum accounts for harmonic degeneracy, it becomes a natural way to clas-

sify harmonics into three regimes: those with low eigenvalues and high gap-spectrum, those

with medium eigenvalues and low gap-spectrum, and those with high eigenvalues and high gap-

spectrum. The simplest approach is to set a threshold on the gap-spectrum, however this choice

would be somewhat arbitrary. In an attempt to impart some rigor and reproducibility, we instead

sought the natural points of inflection in the gap spectrum. Specifically, we set the lower and

higher bounds of the degenerate regime as the first local maximum and last local minimum in the

gap-spectrum derivative (Supplemental Material Figure S9).

While it may be sufficient to classify harmonics based solely on the consensus SC eigenspec-

trum, we sought to ensure the classification was appropriate for all subjects by first classifying each

harmonic based on the subject’s individual gap-spectrum, then we matched those subject-specific

harmonics to those from the consensus SC (Equation 2.6). Therefore, for each harmonic, there

was a “vote” from each subject for that harmonic’s regime classification. We defined the final

“consensus regimes” based on the majority vote. We used this regime assignment for all subjects

in subsequent analyses.

Stability of harmonics

We hypothesized that the stability of a harmonic to network changes would be related to the gap-

spectrum. We perturbed each subject’s natural SC matrix by adding a matrix of Rician noise

Rpσ, ν) [85] with ν “ 0, which reduces to a Rayleigh distribution [46], and with a scale parameter

σ, which is related to the distribution’s standard deviation. We chose this distribution given its
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relevance to MRI imaging [85, 46]. We then define our perturbed connectivity matrix as:

Cσ “ C ` Rpσq (2.9)

We then computed the Laplacian harmonics for eachCσ (i.e.,Uσ), matched Uσ to the same subject’s

unperturbed harmonics (U ) using Equation 2.6, and then computed their perturbation as:

Ppσq “ |diagpUJ
σ Uq| (2.10)

Thus, for each σ we obtained a measure of similarity for every harmonic across subjects. Drawing

inspiration from perturbation theory and sensitivity analysis [91, 23], we can find the stability of

harmonics as:

Stabilitypσq “
1

Ppσq

dPpσq

dσ
“

d

dσ
lnpPpσqq (2.11)

We evaluated this stability numerically in the range σ “ r0, 0.002s and step size dσ “ 2.5 ˆ

10´4 and finding the slope between dσ and lnpP pσqq. We computed stability separately for each

harmonic and then compared across subjects to the gap-spectrum.

Harmonic regime SC

Given our interest in how different SC features are reflected across harmonics, we sought to analyze

the graph theoretical properties of a low-rank network reconstruction of SC from a limited subset

of harmonics. We hypothesized that different subsets of harmonics would embody different graph

theoretical properties conventionally related to integration and segregation.

To accomplish this, consider the spectral decomposition of the graph Laplacian (2.2). To recon-

stitute a low-rank structural connectivity matrix, we first compute the following truncated spectral

decomposition:

L̃ “

k
ÿ

i“j

λiuiu
J
i (2.12)

Where the interval rj, ks is a subset of harmonics. Then reconstituting the underlying low-rank SC
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becomes:

C̃ “ D1{2
pD̃ ´ L̃qD1{2 (2.13)

Where here D is the original diagonal degree matrix of C, and D̃ “ diagpL̃q. However, since the

spectral summation is truncated, there will be negative weights in C̃ reflecting the connections that

were excluded from the truncation; therefore, we threshold all C̃ ă 0 to be zero. We also provide

a more detailed derivation of C̃ in the Supplemental Material.

To analyze the integrative and segregative properties of C̃ for different subsets of harmonics,

we used functions implemented in the Brain Connectivity Toolbox [176] to compute the following

graph theoretic measures for weighted undirected networks: efficiency, small worldness, modular-

ity, and coreness. We use the small worldness measure [12], which is defined as:

SmallWorldness “

ˆ

χ

χr

˙

{

ˆ

L

Lr

˙

(2.14)

In this equation, χ is the network’s clustering coefficient, L is the network’s characteristic path

length, and χr and Lr are the clustering coefficient and characteristic path length for a randomized

network, respectively. To produce randomized networks, we used the Brain Connectivity Toolbox

(null model und sign). Efficiency and small worldness capture more integrative network

topologies while modularity and coreness capture segregative network topologies[45]. To analyze

these network properties across regimes, we normalize each C̃ to give it a unit Frobenius norm,

||C̃||F “ 1 .

2.5.3 SC harmonics’ participation in function

To investigate how harmonics are related to the brain’s function, we define harmonic participa-

tion by how known functional resting-state networks, meta-analytic task networks, and empirical

resting-state time series align with each harmonic’s power, defined as:

ūi “
u2i

||u2i ||2
(2.15)
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Here, the ||¨||2 denotes the L2-norm. We then concatenate these vectors into the columns of a

matrix Ū .

We use Ū to analyze the spatial power distributions of harmonics (in analogy to the“Born rule”

[117]), and we analyze this “harmonic power” relationship to brain function. In other words, we

ignore harmonic polarity (i.e., sign) and instead analyze how the harmonic’s power relates to 1)

resting-state networks, 2) meta-analytic task networks, and 3) empirical resting-state time series.

We describe each of these three functional analyses below.

Alignment with resting-state Networks

Using the Schaefer atlas, each node in the network was labeled according to the 7 canonical resting-

state networks [236], with an additional label for the 14 subcortical regions (which we’ll consider

analogously to the other RSNs for this analysis). To evaluate harmonic participation with RSNs, we

first created a binary matrix Q with rows equal to the number of network nodes and eight columns

(one row for each RSN). For each entry in Q, qi,j “ 1 if node i belongs to RSN j, and qi,j “ 0

otherwise. We then computed RSN participation matrix for each subject’s matched harmonics (Ū )

as

RSN Participation “ ŪJQ. (2.16)

We are most interested in the relative participation between various RSNs, so we row-normalize

the RSN Participation matrix by the maximum value in each RSN. For the participation without

row-normalization, see Supplemental Material (Figure S3).

Alignment with meta-analytic task networks

To evaluate the correlation between SC harmonics with meta-analysis task activation maps, we

exported the power harmonics (Ū ) from the 214 node network for each subject into NIFTI files

in MNI space. We then used the NiMARE toolbox in Python to compute the correlation between

the eigenvectors and Neurosynth task activation maps for 146 Latent Dirichlet Allocation (LDA)

topics drawn from the LDA-400 set (Neurosynth version-7). We included topics related to cog-
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nitive processes while we excluded topics related to methodology or clinical conditions. We then

averaged subsets of the 146 topic terms to obtain 24 separate cognitive domains similar to those

applied in previous meta-analysis studies using Neurosynth [134, 158]. (For a full list of LDA

terms and their cognitive domain assignments, see Supplemental Material.)

Harmonic participation in resting-state fMRI time series

Finally, we analyzed the properties of harmonic power vectors in empirical resting-state fMRI time

series. This projection follows a similar procedure as previous works [141, 158, 6, 130], but we

instead use the power harmonics (Ū , Equation 2.15). Given a time series (sptq P RN ), we define

the projection:

ŝptq “ ŪJsptq. (2.17)

We refer to this as a projection “onto the harmonic power vectors.” Note that if we used U instead

of Ū this equation would be a graph Fourier transform. To study the functional properties of the

projected signals, we analyzed the signal’s energy, temporal diversity (sample entropy), spatial

entropy (harmonic diversity), and temporal dynamics.

The energy of a signal (ŝiptq) is defined as the L2-norm squared across time, which by Parse-

val’s theorem is equivalent to the integral of the signal’s spectral density [153]. We computed the

energy for each time series projection signal (ŝi) to compare across harmonic regimes. We further

assessed the regional distribution of harmonic energy by projecting the energy back into the region

space.

We used a measure of temporal entropy, known as Sample Entropy (SampEn, [168, 169]),

which measures the self-similarity of signal sub-sequences across time. Intuitively, this measures

the signal’s temporal diversity. We used the MATLAB function sampen to compute the signal’s

sample entropy [139]. Sample entropy requires defining a scale parameter m and a similarity

tolerance parameter r. For biological signals, it has been suggested that r “ 0.2 [169], which we

have followed here. There is no standard for choosingm, but largerm accounts for more dynamics

in the data, and it is recommended to be chosen to match the dynamic timescale of interest in the
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signal. Accordingly, we chose m “ 5 which corresponds to 5 TRs (i.e., 3-seconds) in the signal.

Each harmonic time series ŝi has one value of sample entropy, and we averaged sample entropy

across regimes to evaluate whether regimes differ in their temporal diversity.

Following the measure of repertoire diversity introduced in [130], we defined a similar measure

we call “harmonic diversity” for the projected time series:

Hptq “ ´

n
ÿ

i

ŝiptq
ř

i ŝiptq
log

ˆ

ŝiptq
ř

i ŝiptq

˙

(2.18)

Since this measure is influenced by the number of harmonics in a given regime, we normalized by

the maximum possible diversity for each regime logpnq, where n is the number of harmonics in the

regime. We compute this measure of harmonic diversity within each regime, then average across

time to compare across regimes.

Finally, we analyzed the dynamics of harmonics by analyzing the relative signal strength of

each harmonic regime, which can be visualized in a ternary plot. We analyzed these dynamics by

the mean relative contribution of each regime as well as by analyzing the first principle component

to show the main axis of dynamic fluctuation.

Ternary plot analysis

Since we used the gap-spectrum to identify three regimes of harmonics, we interpreted some of the

above analyses using ternary plots. Ternary plots are a visualization technique to show the relative

contributions of three different phenomena in a mixture [87]. We generate ternary plots in MAT-

LAB using the code provided here [132]. As such, the values displayed in a ternary plot are relative

“quantities,” and therefore each point represents a coordinate along three dimensions that sum to

1. In our work, the quantity is the amount of participation in each of our three harmonic regimes.

Importantly, the ticks on the axes of a ternary plot show the direction of the axes through the plot.

We have included labels for each axis in our plots to indicate which axis corresponds to which

harmonic regime, and we color data inside the ternary plot according to how close each datum is to
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a mono-regime vertex. To limit the influence of spurious correlations in this analysis, we applied

an 80th percentile thresholded (across all subjects) to both the RSN participation strength and Neu-

rosynth correlations, we then averaged across subjects to obtain group-level harmonic participation

maps for the RSNs and Neurosynth.

2.5.4 Statistics and reproducibility

In this study, we used three types of statistical tests: Pearson’s correlation, Analysis of Variance

(ANOVA), and two-sided t-tests. For comparing harmonic properties with the gap-spectrum, we

used a Pearson’s correlation and show the distribution in scatter plots with trend lines. When we

compared the gap-spectrum with harmonic properties in Fig. 2.3B, we correlated the median value

from across 50-subjects to the gap-spectrum, with the number of data-points in the correlation

equal to the number of harmonics in the regime. All R-values for correlations are shown as fig-

ure insets. When we compared the stability of harmonics to the gap spectrum, we computed the

Pearson’s correlation for each subject’s individual stability values compared to the gap-spectrum,

which has a sample equal to the number of harmonics (n=214). In Fig. 2.4C, we show the distri-

bution of R-values from that analysis as an inset, and a single scatter plot aggregating all values

together as the main visualization. In the analyses where we compared across regimes, we first

conducted a 1-way ANOVA to ensure group-level differences, then we used two-sided t-tests to

determine the between-group significance. These analyses compared the full sample of 50 sub-

jects represented by the indicated measures from different regimes. In the Supplemental Material,

we show some additional statistical tests that verify the significance of the matching, in which we

show the significance level as ´logppq as well as the Bonferroni-corrected significance level as a

red line in the Manhattan plot. The original data and MATLAB code is provided for all primary

analyses (https://github.com/Raj-Lab-UCSF/IntDegSeg), ensuring the complete reproducibility of

our results.
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2.6 Supplemental Material

2.6.1 Supplemental Section 1: Results Replication Analysis

Two of the principal findings in this work are: 1) that harmonics do not strictly correspond to spatial

frequency and 2) that harmonics with low and high eigenvalues have high inter-subject agreement.

To ensure that these main findings were replicable, we used another dataset of SC collected with

220 healthy subjects (ages 18 ´ 75; mean(std) “ 39.1 ˘ 16.8; 119 women), and tested whether

this dataset also showed the same relationships with harmonic spatial frequency and inter-subject

agreement. This replication dataset was previously used as the healthy control sample for a recent

study analyzing differences in tinnitus [120].

Our replication dataset has important differences compared to the MICA-MICs dataset:

1. The age demographics for our replication dataset are more diverse.

2. The replication dataset consisted of two different MRIs (one 3T Siemens scanner at the

University of Minnesota, one 3T GE scanner at UCSF). The replication dataset followed

the Human Connectome Project (HCP) protocol for structural and diffusion MRI, which is

detailed elsewhere [76]. The MICA-MICs dataset does not follow the HCP protocol.

3. The SC generation pipeline was developed in-house and has systematic differences to the

micapipe pipeline. The SC pipeline used for our replication dataset is described in detail

here [41]. While our in-house pipeline follows many of the same steps as micapipe, perhaps

the most important difference is that our pipeline is fully volumetric without mapping to the

cortical surface, while micapipe requires mapping to the cortex with Freesurfer [61] before

constructing connectivity. Another potentially important difference is in the streamline gen-

eration, where micapipe uses MRtrix3 [209] while our streamline generation uses DiPy [72].

Note however that both datasets used probabilistic tractography with SIFT-2 filtering.

4. The brain parcellation to define regions for SC is the Brainnetome atlas [102], which has

many differences compared to the Schaefer atlas used in the MICA-MICs dataset. The
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Brainnetome atlas has a total of 210 cortical regions and 36 subcortical regions, all defined

volumetrically. Conversely, the micapipe pipeline Schaefer atlases have many resolution

(although in the main text we focus on the 200-region parceled cortex), and it appends 14

subcortical regions defined separately from the atlas.

Despite these differences, our underlying conclusions remain unchanged: (1) SC Laplacian

eigenvalues do not directly correspond to spatial frequency, with the highest eigenvalues indicating

segregative harmonics (Figure S 2.8); and (2) harmonic matching shows that the integrative and

segregative harmonics are well preserved across subjects while the degenerate harmonics are most

subject-specific (Figure S 2.9).

Figure 2.8: Harmonic frequency analysis of the SC consensus network generated as the mean across all 220 healthy
subjects from the replication dataset.
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Figure 2.9: Inter-subject agreement analysis across all 220 healthy subjects from the replication dataset.
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2.6.2 Supplemental Section 2: Deriving Regime-specific (low-rank) SC

First, note that we have changed our notation from the main manuscript so that the standard Lapla-

cian is L and the degree normalized Laplacian is qL, which will help clarify the following derivation.

Starting with the definition for the graph Laplacian of a network C and a diagonal matrix of

network degrees D:

L “ D ´ C (2.19)

The low-rank truncation of any matrix by its eigenspectrum can be given by:

L̃ “

k
ÿ

i“j

λiuiu
T
i (2.20)

Where the interval rj, ks is a subset of harmonics. Suppose we truncate the Laplacian into M ă N

subsets (where N is the total number of network harmonics), then:

L “ L̃1 ` L̃2 ` ... ` L̃M (2.21)

We’ll suppose that each L̃i has a Laplacian form L̃i “ D̃i ´ C̃i, therefore:

L̃1 ` L̃2 ` ... ` L̃M “ pD̃1 ´ C̃1q ` pD̃2 ´ C̃2q ` ... ` pD̃M ´ C̃Mq (2.22)

And then note that

C “ C̃1 ` C̃2 ` ... ` C̃M (2.23)

Next, we perform the degree normalization of L:

qL “ D´1{2LD´1{2
“ D´1{2

pL̃1 ` L̃2 ` ... ` L̃MqD´1{2 (2.24)
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And therefore

qL̃i “ D´1{2
pL̃iqD

´1{2
“ D´1{2

pD̃i ´ C̃iqD
´1{2

“ D´1{2D̃iD
´1{2

´ D´1{2C̃iD
´1{2 (2.25)

Recall that when we compute the low-rank degree normalized Laplacian from its harmonics, we

are computing qL̃i, and then qD̃i “ diagp
qL̃iq “ D´1{2D̃iD

´1{2. To find C̃, we must rearrange and

undo the degree normalization, giving us:

C̃i “ D1{2
p

qD̃i ´
qL̃iqD

1{2 (2.26)

Note that C̃i now can have negative off-diagonal entries where the original C has strictly non-

negative off-diagonal entries. These negative entries consist of network weights that must be can-

celed out in the full summation; therefore, they reflect a “negative image” of the network trunca-

tion. Our last step to recover the underlying graph representing the low-rank reconstruction is to

remove all negative entries in C̃i.
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2.6.3 Supplemental Section 3: Supporting Figures

Regional adjacency matrix

Figure 2.10: The Regional Adjacency matrix for the Schaefer 200 cortical parcellation. Entries of this matrix quantify
the extent of adjacency between regions i and j. Adjacency was computed by a summation of the inverse euclidean
distance between adjacent voxels. Subcortex (comprising the first 14 rows/columns) is defined to have zero adjacency.
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Network zero-crossings across thresholds

Figure 2.11: The Network Zero Crossings measure is sensitive to small fluctuations around zero (since it cares only
for the sign, not magnitude, of the harmonic). For completeness, we show how this measure changes across various
thresholds around zero.
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Gap spectrum derivative for regime identification

Figure 2.12: The Second-Order Gap-Spectrum, which was used to define the boundaries between the three regimes.
Regime boundaries for each individual SC were identified as the first maxima (Integrative to Degenerate bound)
and the last minima (Degenerate to Segregative bound). The final regime boundaries were based on the group-level
boundaries after matching harmonics to the consensus SC, shown with black dashed lines.
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Resting state network supplemental analysis

Figure 2.13: RSN participation without row-wise max-normalization.
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Statistical testing of matching performance
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Figure 2.14: (A) Significance testing between the unmatched and matched distributions for each harmonic. The red
line at the bottom of the Manhattan plot signifies the Bonferroni corrected significance threshold. All values above the
red line indicate a highly significant difference between the unmatched and matched distributions. (B) Harmonics from
a network with randomized edges matched to the original harmonics from the consensus SC network. The Manhattan
plot beneath shows the significance between this randomized matching and the empirical matching. All subject-
specific SC harmonics can match better to the consensus SC than harmonics from an edge-randomized network.
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Temporal frequency supplemental analysis

Eigenmode projections onto fMRI time series have similar frequency content across the eigenspectrum
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Figure 2.15: We compute measures for harmonic temporal frequency in relationship to the harmonics’ participation
in fMRI time series. We project the fMRI time series into the harmonic space (Graph Fourier Transform) and the
harmonic power space (Equation 18 in main text). We use Welch’s method to take the Fourier Transform of the
resulting harmonic time series to analyze its frequency content. For completeness, we show both the spectral power
for each harmonic projection using both the (A) bipolar as well as (B) power harmonic representations. (C & D) The
temporal frequency characteristics are largely equivalent across all harmonics for both projections.
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Inter-subject agreement across parcellation scales
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Figure 2.16: Inter-subject Agreement (left) and RSN participation (right) across all 10 Schaefer parcellation scales.
General relationships at coarse parcellations qualitatively hold for fine parcellations.
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Region-wise inter-subject variation

We examined which harmonics were most variable across subjects. We found that the segregative

harmonics were the least variable between subjects compared to other harmonics (p ăă 0.001;

Figure S2.17A). There was a general negative relationship between harmonic variation and mean

inter-subject agreement (r “ ´0.45; p ă 0.001; Figure S2.17A). We further found that the least

harmonic variation across subjects were in the visual, somatomotor, auditory, and limbic areas

(Figure S2.17B). Unexpectedly, the orbitofrontal cortex also showed low inter-subject harmonic

variation. The areas with the greatest inter-subject variation were trans-modal functional network

regions such as the bilateral parietal cortex and lateral prefrontal cortex (Figure S2.17B). Finally,

we show the least variable Integrative and Segregative harmonics (Figure 2.17C).
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Mean Region Harmonic Subject Variance
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Figure 2.17: (A) The relationship between Inter-subject agreement and the variance of each harmonic across subjects.
(B) Harmonic variance across subjects for each region. This shows that the sensory regions are the most similar across
subjects in their harmonic representation. (C) A visualization of the least variable (i.e., most consistent) harmonics
across subjects, selected from both the Integrative and Segregative regimes. (Note that the least-most variable Integra-
tive harmonic is the trivial harmonic with eigenvalue = 0, which is not shown.)
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Matching permutation distance

To further evaluate the harmonic matching, we computed the permutation length (defined as the

number of column switches) for each harmonic across subjects, finding that the central harmonics

required the longest permutations to match to the consensus ordering (Figure S2.18 top). We also

computed the Kendall’s Tau (KT) correlation, which is a measure of total permutation distance, for

each subject with respect to the consensus SC (Figure S2.18 bottom), finding that overall subjects

showed a matched harmonic ordering similar to the consensus SC (mean(std) KT = 0.90(0.015)).

Figure 2.18: (Top) The permutation length (number of column switches) required to permute the harmonics. Darker
regions denote the interquartile range (IQR) while lighter regions indicate the 5th to 95th percentile range. (Bottom)
Kendall’s Tau correlation between the permutation vector and an ordinal vector, which shows how far the permutation
is from the consensus SC harmonic ordering.
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Matching alignment with consensus

Figure 2.19: Subject-Specific eigenspectrum (left) and gap-spectrum (right) after matching compared to the consensus
SC.
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Chapter 3

HONeD-in on Brain Activity: Deconvolving

Passive Diffusion on the Structural Network

from Functional Brain Signals

3.1 Abstract

Brain regions perform distinct computations, and their signals propagate through the whole-brain

white matter network. Yet, mathematical models that describe this signal propagation via purely

passive diffusion can predict a considerable amount of the observed functional connectivity be-

tween regions. This raises a critical question: if so much functional connectivity can be explained

by a passive process, how can we isolate the active process? Here, we calculate in closed-form

an estimate for such an active signal in functional MRI by spatially deconvolving the effect of

passive signal spread over the brain’s structural connectivity using a higher-order network dif-

fusion (HONeD) model. Across 770 Human Connectome Project subjects, we show that the

resulting HONeD-innovation (HONeD-in) signal 1) sparsified functional connectivity while re-

taining a well-connected network, 2) restructured resting-state networks, fracturing the default

mode network into two subnetworks, 3) mixed the unimodal–multimodal hierarchical organiza-
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tion of networks into a circle with no clear hierarchy, and 4) sharpened the spatial profile of task-

activation maps. Together, our results highlight HONeD deconvolution as a generalizable way to

study resting-state and task fMRI brain signals.

3.2 Introduction

Neurons connected in a network integrate and transmit the signals they receive. When averaged

over large populations, these complex nonlinear dynamics blur into macroscopic signals that are

often well approximated by linear models [151]. This macroscopic signal is akin to a fluid traveling

through the structural pathways between brain regions. Yet, like a fluid, we may expect that if a

brain region exhibits high activity (i.e., a high ‘concentration’ of signal), then that signal should

passively ‘flow’ down a concentration gradient to connected regions with less signal. This is

the well-known physical process of passive diffusion. Therefore, in macroscopic brain imaging

signals, we may consider two coincident types of signal movement through white matter: (1) signal

moving according to purely passive network diffusion, and (2) signals that cannot be predicted by

passive diffusion, which could be interpreted as actively generated and transmitted signals. Is it

possible that our attempts to study brain activity and connectivity with macroscopic neuroimaging

are in fact confounded by an ‘undercurrent’ of passive network diffusion?

The presence of such a passive diffusion-based signal in macroscopic neuroimaging has been

reported in fMRI, where a significant amount of the brain’s functional connectivity (FC) can be

predicted from passive diffusion along structural connectivity (SC) [1, 2]. In magnetoencephalog-

raphy (MEG), related models based on network diffusion over SC are capable of predicting the

brain’s frequency power spectrum [163, 222]. Related ideas appear in linear time-invariant (LTI)

state-space models commonly used in network control theory, which explicitly model intrinsic lin-

ear dynamics over SC separate from external (‘exogenous’) system inputs [82–84, 109, 19]. In

other signal processing contexts, such a component unexplained by the model’s intrinsic dynamics

has been termed an “innovation” signal [144]. However, if passive network diffusion can explain
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much of the macroscopic brain signal we measure, then it may be contributing substantially to

canonical findings in neuroscience, including resting-state networks and task-related activations.

To what extent, then, are these phenomena driven by passive diffusion rather than an active inno-

vation signal?

The endeavor to recover these active sources of brain signal has been a long-standing pursuit

in neuroscience. Early on, independent component analysis (ICA) was proposed as a method

for blind source separation to recover the independent sources of brain activity [35]. ICA and

other techniques, such as von Mises-Fisher clustering [236] and InfoMap [173], have been used

to robustly identify whole-brain patterns of co-activation, commonly referred to as resting-state

networks (RSNs), which have been treated as intrinsic network-level sources in the brain. These

RSNs show remarkable stability across varying analytical techniques [181, 180] and neuroimaging

modalities [36, 29, 241]. Interestingly, several studies indicate that canonical RSNs are related to

and can emerge from the topology of SC itself [6, 2, 233, 192], raising the possibility that a process

over SC, such as passive diffusion, lies at the heart of RSN organization. Other prior work has tried

recovering innovation signals in the brain using spatio-temporal hemodynamic response function

(HRF) priors (e.g., “Total Activation” [108]) or dynamical modeling with Kalman filtering [89].

Overall, the goal to recover the brain’s innovation signal is critical since our interpretations of

both resting-state and task-based brain activity depend on the assumption that our neuroimaging

measurements relate to what the brain is actively doing.

However, previous approaches to recover active innovation signals in the brain are significantly

limited since they lack a physics-based model on SC. Without such a model, deriving an innovation

signal is not only ill-posed, with many possible parameterizations and solutions, but also divorced

from the underlying biology of white matter connectivity. What is needed is a model for passive

network diffusion over SC that can be inverted in such a way that performs a graph deconvolu-

tion, thereby recovering the brain signals that are not blurred out by spreading over the network

[55, 240, 191]. Such a graph deconvolution, grounded in the physics of passive diffusion on SC,

provides a biological interpretation for the recovered innovation signal: it corresponds to a mix-

72



ture of computations occurring within regions and to actively transmitted signals shared between

regions. A subtle but crucial point is that the recovered innovation signal can still be constrained

by the underlying SC since the graph deconvolution amplifies the contribution of SC modes that

are not related to passive signal spread governed by the physics-based model.

Here, we propose such a graph deconvolution approach using a physics-based higher-order

network diffusion (HONeD) model to predict the functional MRI (fMRI) signal component at-

tributable to passive network diffusion over SC. As we shall show below, the HONeD model fits

better to empirical data, and its use prevents exponential amplification of high-frequency SC modes

that arise when inverting simpler diffusion kernels. We used HONeD to deconvolve our model

prediction in closed-form to recover the HONeD-innovation (HONeD-in) signal underlying brain

activity. In the absence of ground truth, we thoroughly validate our HONeD deconvolution ap-

proach in simulation, showing that we can accurately recover « 80% of the original innovation

signal with robustness to noise. In empirical fMRI data, we show that HONeD-in signals (1)

sparsify FC and change its network topology; (2) fracture conventional RSNs into decoupled and

interdigitated networks; (3) reorganize traditional RSN hierarchies in FC gradients, transforming

the unimodal–multimodal divide into an organization without clear stratification; and (4) yield

deblurred activation maps in task-based general linear model (GLM) analyses. These findings to-

gether suggest that dominant network phenomena in fMRI may be deeply related to the brain’s

SC. HONeD deconvolution thus offers a technique to investigate brain activity in neuroimaging

and ensure that our findings are not confounded by passive diffusion over structure.

3.3 Results

We start with a Linear Time-Invariant (LTI) equation dxptq
dt

“ fpL; θqxptq ` zptq, where the

fMRI signal xptq propagates via passive diffusion over the structural connectome defined by a

Higher Order Network Diffusion (HONeD) model via the graph Laplacian operator fpL; θq with

HONeD parameters θ “ tα0, β, ξu. In closed-form, we show that we may deconvolve the effect
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of passive signal diffusion over structural connectivity and recover an fMRI innovation signal as

zk “ e´fpL;θq∆txk`1 ´ xk (Fig. 3.1). Our “HONeD-innovation” (HONeD-in) signal mathemati-

cally bundles together both exogenous system input with the system actuation, thereby reflecting

the most “active” component within the fMRI time course. See Methods and Materials for a thor-

ough derivation.

Below, we first validate our HONeD-in approach in simulation, then we estimate HONeD-in

signals for 770 Human Connectome Project (HCP) young adult subjects [219]. Both structural

connectivity and fMRI time series were parceled into the Schaefer atlas with 500 cortical regions

and an additional 14 subcortical regions [180, 157]. Model fitting performance and estimated

parameters are described in Supplemental Section 2. We analyzed whether HONeD-in signals

changed resting-state functional connectivity (FC) graph metrics, resting-state network structure,

and FC-gradients. We conclude by assessing how HONeD-in signals changed the hemodynamic

response function (HRF) and task-activation maps across six HCP fMRI tasks.

Figure 3.1: Active signals arising from exogenous and endogenous inputs mix from passive diffusion through the
structural connectome (left-to-right). The goal of our approach is to model this mixing from passive diffuion with a
higher order diffusion model (HONeD, fpL; θq) and then deconvolve the effect from functional time series to recover
an estimate for the original un-mixed signal (right-to-left).
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3.3.1 Model validation

We thoroughly evaluated how well HONeD deconvolution could recover a simulated “innovation”

time series and its FC after being diffused through a HONeD model (Supplemental Fig. S3.7).

We found that under ideal conditions with subject-specific SC and no noise HONeD deconvolu-

tion recovered 78% of the original innovation time series and 89% of the FC. Using the consen-

sus structural connectivity (SC) performed equally well for recovering the innovation signal, and

slightly worse for FC (« 88%). More impressively, HONeD deconvolution was highly robust to

SC noise, still recovering 63% of the innovation signal and 65% of the innovation FC even when

the SC edge-wise noise was double the network’s standard deviation. The degree-preserving ran-

domization, as expected, fared worse than noise, recovering only 43% of the innovation signal and

30% of the innovation FC, emphasizing how large-scale connectivity non-trivially shapes passive

diffusion-based signals. Together, these results affirm that our approach can significantly recover

the majority of underlying innovation signals and FC mixed through passive diffusion over SC.

3.3.2 HONeD-in FC is a sparse connected network

After computing the HONeD-in signal, we computed its FC and compared it with “natural” FC

(post-GSR) across several graph theoretical metrics. First, we found that HONeD-in FC sig-

nificantly restructured the FC, increasing connections between canonical resting-state networks

(RSNs) while decreasing connections within RSNs (Fig. 3.2a & b; edges thresholded by Bon-

ferroni correction). We next compared the consensus FCs (shown in Fig. 3.2a) by their degree

and edge distributions. We found that HONeD-in FC significantly decreased the overall degree of

all nodes, and resulted in a narrower distribution with a heavier high degree tail (Fig. 3.2c, left).

Conversely, HONeD-in FC had a significant, but subtle, increased edge distribution with most

edges being nearly zero, and a sparse set of non-zero edges (Fig. 3.2c, middle). In an edge-to-edge

comparison, we observe that the effect of deconvolution is to make negative edges closer to zero

while acting as a soft-threshold to many high-strength edges, even converting some moderate FC

connections to negative connections (Fig. 3.2c, right).
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Figure 3.2: (a) Resting-state FC with the natural FC in the upper-triangular, and the HONeD-in FC in the lower-
triangular. Black boarders inside the matrix denote boundaries between canonical RSNs. (b) A summary of mass
univariate t-tests on each edge of FC between HONeD-in and Natural. The upper-triangular shows significant increases
in HONeD-in FC compared to natural, whereas the lower-triangular shows significant decreases in FC (all Bonferroni
corrected). (c) Degree and Edge distribution statistics between the two networks. (d) Six graph metrics to compare
natural versus HONeD-in FC as well as randomized networks and a noise network. (*: pairwise comparisons are
significant after Bonferroni correction; ns: not significant.)

At the subject-level, we evaluated six common graph metrics to assess the group-level changes

in network topology. We found that all six graph metrics were highly significantly changed be-
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tween natural and HONeD-in FCs (Bonferroni corrected). In general, integrative graph metrics

including rich club AUC, betweenness centrality, and clustering coefficient decreased while two

segregative measures, eccentricity and characteristic path length, increased. Modularity, although

typically considered a segregative measure, also decreased. All measures were also highly signif-

icantly different from both randomized networks and the noise network.1 Overall, these results

highlight how both integration and segregation is altered in HONeD-in FC, with reduced hub-

based organization (lower rich club AUC and betweenness centrality), indicating less centralized

information routing compared to natural FC.

3.3.3 HONeD-in FC changes resting-state networks

Since HONeD deconvolution significantly remodels FC, especially pronounced within and be-

tween RSNs, we next sought to understand the new RSN structure in HONeD-in FC.

We found empirical RSNs using the original method described by Yeo et al. [236], with von

Mises-Fisher (VMF) clustering on both the natural and HONeD-in consensus (group averaged) FC

and assessing the RSN organization as well as the clustering stability as also previously defined

[236]. We found that 7 networks indeed offered the optimal clustering stability for both natural

and HONeD-in RSNs (Fig. 3.3d). However, HONeD-in also had equally good stability with eight

network clusters (Supplemental Fig. S3.11). At 7 networks, HONeD-in FC had slightly worse

clustering accuracy than natural FC (Natural = 81% versus HONeD-in = 76%, p ă 10´36).

The natural FC computed from our empirical data was similar to the canonical RSN defini-

tions, except for the Limbic network, which was temporal-lobe dominant in our clustering result

(Fig. 3.3a & b). Meanwhile, the HONeD-in RSNs were starkly different from the canonical orga-

nization. First, the Default Mode (DMN) and Dorsal Attention (DAN) networks appear to fracture

into two neighboring but distinct functional networks (Fig. 3.3c, DMN: Red & Pink, DAN: Light

& Dark Green), both of which show remarkable similarity to previous work reporting that these

1One exception being rich club AUC for deconvolution, which was expected due to the degree-preserving random-
ization.
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networks decouple with highly sampled data [25]. We’ve labeled these networks DMN-A/B and

DAN-A/B accordingly to align with this prior work. Next, the salience network remains intact

in its core areas, however it has also expanded to invade previous somatomotor areas as well as

more of the cingulate midline, dorsolateral prefrontal cortex, and both temporal poles (Fig. 3.3c,

Purple). The control network merges with primary visual areas, suggesting the formation of a new

“visual-control” network (Fig. 3.3c, Light Blue). The previous somatomotor network still partially

resides in its canonical location, but now also includes early visual and auditory areas, transform-

ing it into a “multi-sensory” network (Fig. 3.3c, Dark Blue). (For HONeD-in RSN visualizations

on separate brain surfaces, see Supplemental Fig. S3.10). When HONeD-in FC has 8 clusters,

all RSNs remain the same except for the primary visual regions along the calcarine fissure, which

becomes its own 8th network (Supplemental Fig. S3.11).

Overall, the HONeD-in RSNs are fractured and reorganized versions of the canonical RSN

structure. This significant remodeling suggests that network diffusion over structural connectivity

significantly contributes to the RSN organization in fMRI. Moreover, the changes in these net-

works indicate that HONeD-in RSNs merge together traditional unimodal regions with multimodal

regions.
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Figure 3.3: Clustering RSNs. (a) The canonical RSN definition provided by the Schaefer-500 atlas for reference,
(b) the most common (mode) clustering assignment for the natural FC, and (c) the most common assignment for the
HONeD-in FC. RSNs in the HONeD-in FC have a higher spatial frequency, with networks composed of semi-isolated
regions from across the brain. (d) The accuracy across clustering initializations for each of the K clusters. Overall,
HONeD-in RSNs are slightly but significantly less stable than natural RSNs. HONeD-in RSNs were equally stable
with either 7 or 8 clusters. For RSNs plotted separately, see Supplemental Fig. S3.10. For the 8-network HONeD-in
clustering, see Supplemental Fig. S3.11. (*: Bonferroni corrected significance; ns: not significant)
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3.3.4 HONeD-in RSNs reorganize around new FC-gradients

Given the significant changes HONeD deconvolution imposes on RSN structure, especially the

merging together of unimodal with multimodal regions, we next investigated whether these new

HONeD-in RSNs had a different relationship to HONeD-in FC-gradients.

First, we assessed how HONeD deconvolution changes the FC-gradients themselves. While

the natural consensus FC perfectly reproduces the original FC-gradients, the HONeD-in consensus

FC gradients are restructured (Fig. 3.4a). These HONeD-in gradients appear to have high spatial

frequency and are distributed throughout the brain with the first gradient qualitatively separating

the DMN from Salience regions. Interestingly, HONeD-in gradient 2 has some similarity to the

natural gradient 1, except regions are more heterogeneous in the HONeD-in gradient 2 and visual

regions decouple.

To better understand FC-gradient relationships to RSNs, we plotted each brain region in the

two-dimensional space spanned by the first two FC-gradients, and colored each region by its as-

signed RSN. The natural FC, as expected, reproduces the triangular hierarchy from previous work

[134], with the DMN at one extreme of the first FC-gradient, and the visual and somatomotor net-

works on the other points of a triangle (Fig. 3.4b left). Strikingly, HONeD-in FC-gradients reorga-

nized RSNs approximately around a circle, thus appearing to deconstruct the previous unimodal–

multimodal RSN hierarchy (Fig. 3.4b right). Within the subspace defined by HONeD-in gradients,

the DMN networks sit opposed to the Salience network, and the DAN and Multi-Sensory networks

sit opposed to the Visual-Control network. Together, these results provide a second line of evi-

dence that the previously-understood hierarchy of RSNs may arise from signal diffusion through

the structural connectome, and deconvolving this diffusion dismantles the prior RSN stratification.
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Figure 3.4: (a) The FC-gradients from natural (left) and HONeD-in (right) signals. (b) RSNs mapped onto FC-
gradients derived from the natural FC (left) and HONeD-in FC (right). While the natural FC-gradients place RSNs
within a hierarchy organized by a triangle, the HONeD-in FC-gradients instead map RSNs around a circle. The RSN
insets are reproduced from Fig. 3.3 for reference.
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3.3.5 HONeD-in deblurs regional task activity

We first assessed whether HONeD-in signals had a different hemodynamic response function

(HRF) compared to natural signals. We indeed found that the HONeD-in HRF had a stronger

peak and earlier decay compared to the natural HRF, but the time to peak was unchanged (Sup-

plemental Fig. S3.12). In the following GLM analyses, we used each signal’s respective HRF

set.

We expected that HONeD deconvolution could be useful in increasing the activity of task-

related regions while reducing the strength of signal in task-unrelated regions. However, since

much of what we know about different cognitive tasks originates with fMRI, motor and language

tasks represent the useful benchmarks given their well known regions of interest (ROIs) that are

studied outside of fMRI through electrocorticography (ECoG) [123, 160, 210, 204].

In the right-hand motor task contrast, we observed that the natural signal power showed a

strongly increased response in the hand regions of precentral gyrus (primary motor cortex) as well

as the postcentral gyrus (somatosensory cortex), extending through the inferior parietal lobe (Fig.

3.5a). The effect of deconvolution is especially apparent in this contrast, since the strength of

activity in the parietal cortex and postcentral gyrus decreases in some ROIs and eliminated entirely

in others; yet, the strength in the primary motor cortex remains. Interestingly, the HONeD-in

contrast also strengthens activity in the ipsilateral motor area (Fig. 3.5a), which has been shown

to activate during similar motor tasks in ECoG literature [123, 160].

Language is another task where we have strong a priori ROIs from ECoG, such as the superior

posterior temporal sulcus, the middle temporal gyrus, and the inferior frontal gyrus [210, 204] 2.

In the natural contrast, there is high activation in these language areas as well as throughout the

temporal lobe (Fig. 3.5b). The HONeD-in contrast eliminates much of this widespread activity

while retaining significant activity in regions aligned with previous ECoG literature [210, 204].

Interestingly, HONeD-in contrasts also preserve activity in the right hemisphere, suggestive of

2Historically, the inferior frontal gyrus has been associated with “Broca’s” area, and the posterior superior/middle
temporal gyrus has been associated with “Wernicke’s” area, although these divisions are now considered over-
simplifications [211].
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bihemispheric language recruitment (Fig. 3.5b).

While the other tasks are more challenging to interpret given their lack of ECoG as a refer-

ence, some overarching patterns persist. In general, the HONeD-in contrast represents a sparser

and more spatially distributed subset of regions compared to the natural signal contrasts. Some of

the regions retained in the HONeD-in contrast are suggestive: the right hand primary motor cortex

(relevant to responding to each task) and primary visual areas (relevant to visually relevant tasks).

Some qualitatively interesting differences include increased response in reward areas, the caudate

and putamen, during the Gambling task, the appearance of theory of mind areas, the dorsome-

dial prefrontal cortex, right angular gyrus, and anterior temporal lobe, during the social task, and

refinements in activity in ventral visual (“what”) areas during Relational and Working Memory

tasks (areas circled in Fig. 3.5c-f). However, given the qualitative nature of this analysis without

external reference, we refrain from too much speculation about these changes.

3.4 Discussion

Disentangling the role of passive signal diffusion from driving signals in the brain is critical to

interpreting macroscale neuroimaging recordings. Here, we developed a method to estimate such

a driving signal in closed-form using a higher-order network diffusion (HONeD) model over the

structural connectome (SC). The resulting “innovation” (HONeD-in) fMRI signals had signifi-

cantly altered correlational and hierarchical properties. Specifically, HONeD-in signals 1) spar-

sified functional connectivity (FC), 2) decoupled resting-state networks (RSNs), 3) reorganized

FC-gradients along with the RSN hierarchy, and 4) sharpened task fMRI activation maps. To-

gether, these results suggest that some of the conventional FC structure may be an epiphenomenon

of large-scale signal diffusion through SC.
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Figure 3.5: The GLM task contrast for six Human Connectome Project tasks. Task contrasts include (a) Motor (Right
Hand ą Rest) (b) Language (Story ą Math) (c) Gambling (Loss ą Rest) (d) Social (Theory of Mind ą Rest), (e)
Relational (Relational ą Rest), and (f) Working Memory (2-back ą Rest). In general, HONeD deconvolution appears
to “deblur” the activation maps across tasks. For example, the motor cortex activity becomes more restricted to right
hand and finger areas during the right finger-tapping motor task (a). Similarly for the language task (b), the HONeD-in
signal refines activity around the inferior frontal gyri (Broca’s area) and in well-known language areas in the temporal
lobe. The ability for HONeD deconvolution to elevate specificity in activated regions across tasks is nicely portrayed
by activity in the primary visual area (V1), where many of the tasks display a significant activity throughout the visual
cortex, but the HONeD-in signal tends to refine this signal to V1, with expanded activity during especially visually
demanding tasks–Gambling (c), Relational (e) and Working Memory (f). General areas of interesting differences are
circled in blue. The color bar is in terms of the test-statistic from the group-level analysis under a Student’s t-test.
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3.4.1 Passive signal diffusion through SC may confound fMRI

FC from fMRI and SC from dMRI are commonly treated as fundamentally distinct and chal-

lenging to reconcile; yet, recent structure-function modeling efforts have made great progress in

understanding how FC may arise from SC [63]. Since FC is a statistical measure of covariance

between functional time series across regions, SC-FC models are motivated by the hope of endow-

ing FC with biophysical interpretations related to classical neuronal signal propagation along SC.

These efforts are especially salient in the active research on complex and nonlinear neural mass

models in fMRI [179, 103, 170, 53]. However, the surprising success of simple linear SC-FC mod-

els at the macroscopic scale [151], such as the network diffusion-based models [1, 2, 163, 222],

suggests that the typical measurements of FC may be confounded by passive signal diffusion over

SC. Therefore, HONeD deconvolution seeks to recover an FC that reflects an ‘active’ innovation

signal covariance. Although there is no ground-truth to assess our method against, our simulation

analyses strongly support HONeD deconvolution as an approach that can recover an underlying

structured innovation signal blurred out by passive diffusion over SC (Supplemental Fig. S3.7).

This provides a principled basis for interpreting the following empirical changes we observed after

HONeD deconvolution.

3.4.2 HONeD deconvolution restructures FC and the unimodal–multimodal

divide

A pronounced effect of HONeD deconvolution was a global sparsification of FC. HONeD-in FC

showed decreased centrality metrics, including Rich Club and betweenness centrality, alongside

decreased modularity and increased eccentricity (Fig. 3.2d), suggesting a less hub-dominated

and less hierarchically centralized topology. The high network density of FC has been a known

challenge in the field of resting-state fMRI connectivity, and approaches to address this issue have

included global signal regression (GSR) [122], percolation thresholds [22, 149], or regularization

[243]. However, HONeD deconvolution’s advantage over these alternative approaches is that the
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sparsification arises from a biophysical description of the signal that is being eliminated, rather

than a statistical description (e.g. GSR) or a mere pruning of weak edges, which could themselves

be meaningful.

Consistent with this global reduction in signal covariance, we found that some of the tradi-

tional RSN structure breaks apart. Of particular note were the default mode (DMN) and dorsal

attention (DAN) networks, each decoupling into two interdigitated networks (Fig. 3.3). The newly

fractured DMN-A was generally posterior and inferior to DMN-B. Meanwhile, DAN-A occupied

more frontal areas while DAN-B involved occipital areas, with both interlocking in the superior

parietal cortex. We borrowed these A/B division labels from previous work showing remarkably

similar RSN decoupling when deeply sampling individual subjects [25, 26]. One difference from

this previous work is that we did not observe a specific language network–instead, language areas

belonged to DMN-B, which may be a result of our relatively large parcels and that the language

network and DMN-B are intermixed through the temporal lobe [26]. Together, our analysis sug-

gests that diffusion through SC may blur together these parallel networks in a way that can only be

decoupled with enough resting-state scan time. HONeD deconvolution may help pull apart these

parallel networks, providing a new way to study their relevance in fMRI with relatively less data.

Besides fracturing RSNs, HONeD deconvolution also deconstructed the traditional unimodal

and multimodal dichotomy in FC. The salience network invaded somatomotor areas seeming to

align with the recently proposed integrate-isolate model of the motor homunculus [79], which sug-

gests that the salience network may mediate their proposed action and body representations in a

fitting alignment to its role in interoception [111]. The control network reorganizing to include

primary visual regions has intriguing parallels with recent work showing a close relationship be-

tween control and visual areas during working memory [150]. Instead of a strictly somatomotor

network, a new “multi-sensory” network emerged, joining together somatomotor, auditory, and

peripheral visual regions (Fig. 3.3c). More than just merging unimodal and multimodal regions in

RSNs, HONeD deconvolution in fact dismantled the previous unimodal to multimodal hierarchy

along FC-gradients [134]. Instead, our new FC-gradients placed RSNs around a circle, with DMN
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opposed to the salience and DAN-A networks, and with the visual-control network opposed to the

multi-sensory and DAN-B networks (Fig. 3.4b). Together, these findings suggest that dominant

network phenomena in fMRI, including RSN organization and unimodal–multimodal dichotomies,

may be deeply related to the brain’s SC, highlighting HONeD deconvolution’s potential to investi-

gate these phenomena from a new perspective.

3.4.3 Implications for task fMRI

Analyzing HONeD-in signals could be especially relevant to task fMRI, where the brain is receiv-

ing structured input and generating endogenous computations in response to specific tasks. We

found that the GLM-based activation maps from the HONeD-in signal were sparser than activa-

tion maps from the natural signal, suggesting that HONeD deconvolution helped to “deblur” these

activation maps (Fig. 3.5). It has long been understood that fMRI signals during tasks show strong

spatial autocorrelation resulting in large clusters of significant activity [68, 51]. One important

source of spatial autocorrelation could arise from passive signal diffusion through white matter,

thus blurring the signal effects across regions. HONeD deconvolution precisely aims to correct

for this blurring effect, and we indeed observe that the HONeD-in signal reduces large clusters

of activity to smaller, spatially separated clusters. In general, we found that regions remaining in

HONeD-in activation maps aligned well with the electrophysiology literature on finger movement

and language processing [123, 160, 210, 204]. Importantly, HONeD deconvolution did not just

sparsify activation maps, but also elevated the activity of important regions. One example was

during the theory of mind task where HONeD-in activity increased in the dorsomedial prefrontal

cortex and anterior temporal cortex, which are both known to be strongly related to theory of mind

[221, 200]. Given how HONeD deconvolution reweights the importance of different regions dur-

ing tasks, it may provide a useful tool for analyzing task fMRI and localizing task-relevant brain

regions.
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3.4.4 Relationship to prior approaches

Several approaches in computational neuroscience share conceptual similarities with HONeD de-

convolution. Independent component analysis (ICA) to perform blind source separation was among

the earliest methods to search for independent sources of brain activity [35]. Dynamic causal mod-

eling (DCM) takes a different perspective, aiming to find effective (directed) regional relationships

in the brain that depend on differences between time-steps [69]. Another approach aims to en-

hance high-frequency features in fMRI data by isolating the bottom “minor” components of task

fMRI time series, thereby creating a “connectome caricature” that improves fingerprinting accu-

racy [172]. These approaches, however, are statistical in nature and rely solely on the fMRI data

without explicit reference to the underlying SC. Network control theory overcomes this limitation

by incorporating SC directly to quantify the controllability of different regions and transitions be-

tween brain states, and it leverages the same mathematical framework that underlies our derivation

of the HONeD-in signal [84, 109]. Another SC-based approach uses graph filtering to extract the

high-frequency eigenvectors of the SC Laplacian [81], analogous to the connectome caricature, but

instead emphasizing high-frequency structural components. HONeD deconvolution nevertheless

stands out among these approaches because it provides a closed-form, physics-informed inver-

sion of diffusion on the SC, directly solving for an fMRI innovation signal. In this light, HONeD

deconvolution is analogous to the residual of an “interaction picture” in physics, where a sim-

ple and well-understood part of the system is removed to reveal more complex dynamics [127].

What remains after HONeD deconvolution is not necessarily a signal untethered from structure:

HONeD-in signals isolate the part of the signal that cannot be predicted by passive diffusion over

the SC, but whose subsequent propagation can still be mediated by that same connectome.

Limitations and future directions

One possible concern is that HONeD deconvolution rests in part on obtaining an accurate structural

connectome. There are many known limitations with estimating white matter connectivity [101],

yet we believe this is not as significant of a limitation as it may first appear. We showed that
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a consensus SC recovers the innovation signal with as much fidelity as the subject-specific SC,

which indicates that many of the highly detailed and subject-specific connections that may be

challenging to estimate are not as relevant to HONeD deconvolution. While small variations in

SC may not be a significant challenge, the number of brain regions defined for SC and fMRI

may prove to be more challenging. We used the Schaefer-500 atlas since it was high-resolution,

but still computationally tractable. Task fMRI typically analyzes regional activity at a voxel or

vertex level, so extending HONeD to high resolution data would be an important future direction.

Another theoretical limitation is that HONeD in its present form assumes that the innovation signal

is not correlated across harmonics. However, while harmonics are orthogonal in space, they may

not be independent from each other in time. Correlations between harmonics would erode the

ability for HONeD-in signals to capture the true innovation signal. Additionally, our HONeD-in

signal presently includes the actuation matrix (B) in the LTI equation. Using the HONeD-in signal

estimates to further recover such an “effective connectivity” matrix could be an interesting area for

future work. Finally, we acknowledge that while our results show evidence of HONeD-in signals

sharpening task-evoked activation maps, since all possible reference maps originate from previous

fMRI analyses inherently convolved with passive diffusion through structure, it remains an open

question whether the HONeD-in activation maps indeed reflect a “truer” description for the brain

regions relevant to any given task. Accordingly, we have refrained from making such a claim,

and in fact, the ground truth of any fMRI task-evoked activation map is generally not accessible

without intervention-based approaches.

3.4.5 Conclusion

Our HONeD-in approach reveals an underlying “innovation” signal that substantially remodels

fMRI signals. The HONeD-in signal has sparser but still well-connected FC, reorganizes resting-

state networks, mixes unimodal and multimodal regions, and spatially sharpens task-evoked ac-

tivity. Overall, HONeD deconvolution shows significant promise as a new approach to studying

cognitive neuroscience and diseases with functional MRI.
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3.5 Methods

3.5.1 Theory

In the following, we describe the theoretical foundation for estimating HONeD-in.

General linear time-invariant model for brain activity

In the study of Linear Time-Invariant (LTI) systems, a general state-space equation for how a signal

behaves in a system can be written as:

dxptq

dt
“ Axptq ` Buptq (3.1)

Here, xptq P Rn is a vector specifying the state of the system’s signal across n nodes,A P Rnˆn is a

state transition matrix (i.e., the system’s “internal dynamics”), uptq P Rm is a vector specifying the

exogenous input into the system at m inputs, and B P Rnˆm is an actuation matrix that specifies

how the input distributes through the system. In neuroscience, this equation is commonly invoked

when studying network control theory, where the internal system dynamics A can be taken as

the structural connectivity (SC), and certain aggregate properties of B and/or uptq are estimated

[82, 109].

Here, we leverage this framework to model intrinsic brain dynamics as diffusion over structural

connectivity.

The graph Laplacian and higher-order network diffusion

We construct the state matrix A using the graph Laplacian, making A a physics-based operator for

network diffusion. A full first-principles derivation and explication for the relationship between

the graph Laplacian and the physics of signal diffusion has been well documented [154, 1]. For

completeness, we will provide an abbreviated description here.

Consider the brain’s structural connectivity matrix (C P Rnˆn), where each row/column rep-
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resents a single brain region of interest (ROI) and the matrix entry (Cij) corresponds to the con-

nectivity strength between regions i and j. Then the way in which a signal can be expected to

change under passive diffusion is dxiptq
dt

“ ´βpxiptq´ 1?
Dii

ř

j
1?
Djj

Cijxjptqq`
ř

j Bijujptq, where

Dii “
ř

j Cij corresponds to the amount of connectivity (degree) at a given region i. Vectorizing

this equation reveals the degree normalized graph Laplacian:

dxptq

dt
“ ´βpI ´ D´1{2CD´1{2

qxptq ` Buptq “ ´βLxptq ` Buptq (3.2)

The graph Laplacian (L P Rnˆn) is a graph analogue to the Laplace-Beltrami operator for mani-

folds [104], and it is deeply related to the physics of diffusion over networks [154].

However, note that the above case is in fact a specific linearized truncation of a more general

way to specify diffusion through a network. Instead of considering merely ´βL as the operator

for diffusion, we can generalize this operator to be of the form

fpL; θq “

P
ÿ

p“0

θpLp (3.3)

Here, P is the order of the Taylor series approximation for a generalized “higher-order network

diffusion” (HONeD) operator, and θ P RP`1 is the vector of HONeD parameters. A key advantage

of this generalized form is that it accounts for multi-step pathways through the brain’s structural

network3 [16, 39].

It is relevant to note that L being diagonalizable (L “ UΛUJ) with orthogonal eigenvectors

(hereafter called “harmonics”) U and eigenvalues Λ means that any polynomial function of this

matrix can be written as a function of its eigenvalues4:

fpL; θq “ UfpΛ; θqUJ (3.4)

3The p-th power of any graph’s adjacency matrix, Gp @p P N, computes the movement through the graph after
p-steps.

4Note that fpΛ; θqkk “
ř

p θpλ
p
k becomes a scalar function.
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The graph Laplacian harmonics can be interpreted as standing waves sustained on the structure

of the network. Decomposing the Laplacian into its harmonics provides an intuitive and computa-

tionally useful way to fit the parameters (θp) of the HONeD operator, which we’ll describe in detail

below.

With our HONeD operator in hand, let’s return to the LTI model and derive the HONeD-

innovation (HONeD-in) signal. Henceforth, we specify A “ fpL; θq such that the internal system

dynamics is governed by the physics-based HONeD diffusion operator over SC.

Deriving the innovation signal

In this work, we seek to estimate a signal zptq “ Buptq, since B and uptq are not individually

identifiable, and therefore our estimate bundles together the exogenous system input u with the

system actuation B. Hence, our differential equation takes the form:

dxptq

dt
“ fpL; θqxptq ` zptq

The solution to this inhomogeneous ODE is:

xptq “ efpL;θqtx0 `

ż t

0

efpL;θqpt´τqzpτqdτ (3.5)

Here, we assume that the innovation signal behaves like a Dirac delta function of the form zptq “

ř

k zkδpt´tkq with tk “ k∆t, which is a sparse signal in time, and where we assume the convention

where each pulse is the beginning of each TR. Assuming the innovation signal behaves like a delta

function is aligned with previous work on estimating innovation signals in fMRI [108] 5. Using

this formulation, we show that we can calculate the HONeD-in signal in discrete time as:

zk “ e´fpL;θq∆txk`1 ´ xk (3.6)

5Note that this assumed structure of the innovation signal may not be valid across all neuroimaging modalities.
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For a thorough mathematical derivation, see Supplemental Section 1. However, this closed-form

equation requires knowing the correct parameterization (θ) for HONeD fpL; θq. Hence, we next

show how we estimate the HONeD parameters under a homogeneous passive diffusion model.

Estimating HONeD parameters

To approximate the effect of homogeneous passive diffusion, we take the general LTI equation, but

without any specific exogenous drive: dxptq
dt

“ fpLqxptq, which has the solution xptq “ efpLqtx0 “

UefpΛqtUJx0. 6 Importantly, this model makes a different assumption about the initial condition of

the system–the homogeneous HONeD model treats the “initial condition” as an independent and

identically distributed (i.i.d.) Gaussian random variable such that Erx0x
J
0 s “ I . 7

We use this homogeneous HONeD model to predict the covariance of fMRI signals during

resting-state:

xxptqxptqJ
yt “ UefpΛqUJErx0x

J
0 sUefpΛqUJ

“ Ue2fpΛqUJ (3.7)

We wrote this model prediction in terms of the Laplacian’s harmonic decomposition to highlight

how HONeD also predicts the shape of harmonic power. Specifically, let us defineXiptq “ UJ
i xptq

as the projection of the time series to the space of the ith graph harmonic (Supplemental Section

3.8) and graph harmonic power as xXiptq
2yt “ UJ

i xxptqxptqJytUi. Then our model, equation (3.7),

can be evaluated as a scalar function:

xXiptq
2
yt “ e2fpλiq (3.8)

To fit HONeD to empirical fMRI, we solve a constrained least-squares regression problem

on the log-transformed harmonic power: fpλi; θq “ 1
2
logpxXiptq

2ytq. Since least-squares fitting

to polynomials is a convex quadratic optimization problem with globally optimal solutions, this

model formulation is both fast to solve and comes with minima guarantees [24]. Additionally, we

6Note that the homogeneous diffusion time (t) becomes absorbed within the HONeD parameters θ .
7This statistical expectation is because HONeD describes a stochastic processes driven by a random input x0,

meaning we define its theoretical average properties rather than an exact signal. This is justified by the ergodic
hypothesis and the assumption that the underlying process is stationary (i.e., statistically stable).
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fit the HONeD model with a constraint that the polynomial be non-decreasing at the largest eigen-

value (λmax), meaning that its derivative is non-negative. This constraint ensures that inverting the

HONeD kernel does not overly amplify the highest eigenvalue harmonics. Thus, we use the fol-

lowing optimization function to estimate the subject-specific HONeD parameters (θ̂) in harmonic

space:

θ̂ “ arg min
θPRP`1

n
ÿ

i“1

˜

P
ÿ

p“0

θpλ
p
i ´ 1

2
logpxXiptq

2
ytq

¸2

We constrain the optimization so that
řP

p“1 p θp λ
p´1
max ě 0. So far, we have kept the form of

HONeD general, but in practice we must choose a polynomial order. For the current work, we

chose to limit HONeD to two steps (P “ 2) through the network, since previous work has shown

that two steps through SC nearly saturate SC’s ability to predict functional connectivity [16], and

we verified that two-step diffusion was also optimal for HONeD in this dataset (Supplemental Fig.

S3.9). Therefore, the HONeD operator for the present work becomes

fpL; θq “ α0I ´ βL ` ξL2 (3.9)

We denote the terms from the Taylor expansion θ0 “ α0, θ1 “ ´β, and θ2 “ ξ for ease of

referencing. Since empirical work has shown that θ1 ă 0, we reference θ1 “ ´β to make θ1’s

empirical negativity clear and to align terminology with previous network diffusion model work

[1, 2, 158]. By fitting the HONeD model to the empirical harmonic power, we estimate subject-

specific parameters θ̂ “ tα̂0, β̂, ξ̂u, which we describe in detail below. An overview of the study

theory is provided in Supplemental Fig. S3.8.

Estimating the HONeD-in signal

Having inferred the parameters of the homogeneous HONeD model, we finally estimate the HONeD-

innovation (HONeD-in) signal as

ẑk “ e´fpL;θ̂q∆txk`1 ´ xk (3.10)
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In words, at each fMRI sample, the HONeD-in signal is obtained by “unwinding” the system

defined by our HONeD operator, then comparing with the previous state. As such, ẑk is estimated

as a graph-deconvolution.

3.5.2 Dataset and processing

We used 770 subjects from the Human Connectome Project (HCP) Young Adult dataset in this

study [219] 8. We included all HCP subjects that had both diffusion and functional MRI, and

excluded subjects with quality control issues. Unprocessed HCP data were downloaded and or-

ganized into BIDS format. Anatomical scans were collected with an MPRAGE T1-weighted se-

quence. Functional MRI (fMRI) data included four 15-minute rest sessions and two task sessions

for six tasks (Motor, Language, Gambling, Social, Relational, and Working Memory), all with a

repetition time (TR) of 720 ms. Additionally, we used the pre-processed diffusion tensor imaging

(DTI) data made available by HCP, which includes merging high fidelity directions across mul-

tiple multi-shell DTI acquisitions (b = 1000, 2000, & 3000) and correcting for phase-encoding

polarity distortion [77]. We applied a state-of-the-art image processing pipeline, micapipe [40],

which processes the anatomical, functional, and diffusion MRI data in a coherent framework to

produce subject-specific structural connectivity and functional regional time series in the Schaefer

atlas with 500 cortical regions [180], each with connectivity to an additional 14 subcortical regions

[157].

The structural connectivity was computed using MRtrix3 and probabilistic tractography, gen-

erating 10 million streamlines throughout the gray matter white matter interface (maximum tract

length = 400, minimum length = 10, cutoff = 0.06, step = 0.5, angle curvature = 22.5˝) using

the iFOD2 algorithm and 3-tissue anatomically constrained tractography [40]. Tractograms were

filtered using SIFT2 [194], reweighting streamlines by cross-sectional multipliers to provide con-

8Data were provided by the Human Connectome Project, WU-Minn Consortium (Principal Investigators: David
Van Essen and Kamil Ugurbil; 1U54MH091657) funded by the 16 NIH Institutes and Centers that support the NIH
Blueprint for Neuroscience Research; and by the McDonnell Center for Systems Neuroscience at Washington Univer-
sity. Ethical approval was not required as confirmed by the license attached with the open access data.
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nection densities that are biologically valid measures of fiber connectivity.

The fMRI underwent image re-orientation, motion and distortion correction, and nuisance sig-

nal regression (white matter, cerebrospinal fluid (CSF), and frame-wise displacement spikes). Vol-

umetric time series were mapped to the native FreeSurfer space using boundary-based registration

[80]. Vertex-level time series were averaged into parcels defined by the Schaefer atlas with 500

cortical regions [180]. Parcel-level time series were bandpass filtered to be less than 0.1Hz, then

underwent global signal regression (GSR). We computed the FC as the Fisher Z-transform of Pear-

son correlations between parcel-level time series [62, 218].

3.5.3 Simulation analysis

We evaluated our HONeD deconvolution method by creating a “ground-truth” innovation signal

by randomly permuting region order in empirical fMRI time series following GSR. Since HONeD

is based on propagation over SC, we randomly shuffle fMRI time series to destroy its spatial

correspondence with SC but retain all natural fMRI statistics and correlations between signals,

making it a structured innovation signal. Then, we run this innovation signal through the LTI

equation using the HONeD operator, equation (3.9), and Euler integration to generate a simulated

“natural” signal 1000 times. Since network diffusion imposes a global signal9, we perform GSR

on the simulated “natural” signal and then fit our HONeD model to the post-GSR “natural” time

series to estimate the innovation signal.

We determined how well HONeD deconvolution recovered the ground-truth innovation signal

by computing two complementary metrics of signal recovery, normalized by the HONeD simu-

lated “natural” signal. In the following, z̃true is the ground-truth innovation signal entered into the

HONeD ODE, x̃“natural” is the simulated signal after running the ground truth signal through the

HONeD ODE, and z̃deconv is the estimated deconvolved innovation signal.

9This global signal is generated by the first eigenmode (λ0 “ 0), which is the ‘DC’ mode and related to the SC’s
degree distribution.
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First, we computed a normalized mean squared error (MSE) as:

Recovered Signal % “
MSEpx̃“natural”, z̃trueq ´ MSEpz̃deconv, z̃trueq

MSEpx̃“natural”, z̃trueq
ˆ 100

Second, we computed an analogous measure for FC:

Recovered Innovation FC % “
Rd ´ Rn

1 ´ Rn

ˆ 100

where Rd “ corrpFCtrue, FCdeconvq and Rn “ corrpFCtrue, FC“natural”q, where again FCtrue is the

functional connectivity computed from the ground-truth innovation signal z̃true. We also evaluated

how well HONeD parameters were recovered and how optimal HONeD deconvolution behaves

around the ground-truth parameters.

We leveraged this simulation to thoroughly evaluate the performance of HONeD deconvolution

across a variety of conditions. To assess the optimal performance, we used the subject-specific SC

in both the simulation and the HONeD filter estimation. To test generalizability of HONeD in cases

where subject-specific SC may not be available, we estimated the HONeD filter using a consensus

SC (i.e., mean across all 770 HCP subjects). To evaluate HONeD deconvolution’s robustness to

SC estimation error, we added random Rician noise to subject-specific SC. We scaled the stan-

dard deviation of the Rician distribution to the standard deviation of the original SC edge weight

distribution. We evaluated Rician noise at the following scales: σ “ t0.25, 0.5, 1, 2u (e.g., when

σ “ 1, the Rician standard deviation matches the empirical SC’s standard deviation). Similarly,

we evaluated HONeD deconvolution’s robustness to additive Gaussian noise by first z-scoring the

HONeD-generated “natural” fMRI signal then adding Gaussian noise with the same noise scales:

σ “ t0.25, 0.5, 1, 2u. We also evaluated how HONeD deconvolution performed using a random-

ized SC, which rewired empirical SC edges at least 5 times, only preserving the network’s binary

degree distribution and connectedness [176]. Since HONeD introduces a global signal into the

data, meaning also that HONeD deconvolution performs a type of GSR, we compared the ground

truth innovation signal and FC to the simulated post-GSR “natural” signal , thereby testing whether
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GSR recovers any innovation signal or FC structure.

3.5.4 Graph theoretical analyses

Recall that HONeD predicts the amount of fMRI signal governed by passive diffusion driven by

i.i.d. Gaussian white noise. If passive diffusion with uniform actuation (B “ I) is all there is to

brain connectivity, the HONeD-in signal should have an FC that approximates the identity matrix

with no structure in its network connectivity. Therefore, to evaluate whether the HONeD-in signal

does in fact have meaningful network structure, we analyzed the graph theoretical properties of

the “HONeD-in FC” and compared them to the same graph metrics from the post-GSR “natural

FC,” as well as network randomized versions of the empirical networks and a network composed

of only Gaussian noise. To align with traditional network neuroscience approaches, we computed

the Pearson correlation between each region’s time series, then performed the Fisher Z-transform

to obtain FC [62, 218]. For all graph theoretical analyses, we used only the positive FC edges,

discarding all negative connections.

We compared natural to HONeD-in FC across traditional graph metric properties using the

brain connectivity toolbox [176]. These metrics were modularity, mean clustering coefficient,

mean betweenness centrality, mean eccentricity, the rich club (area under curve), and characteristic

path length (CPL). These measures index a wide array of graph topological properties, especially

the integrative and segregative network topology. Broadly, rich club AUC, betweenness central-

ity, and clustering coefficient indicate more integration while modularity, eccentricity, and CPL

indicate more segregation [45]. Since HONeD deconvolution suppresses the integrative harmonics

[192], we predicted that HONeD-in FC should show decreases in measures of network integration,

resulting in a sparse network.

3.5.5 Resting-state network and FC-gradient analyses

Functional resting-state networks (RSNs) have become a cornerstone of neuroscience research.

RSNs have previously been identified using von Mises-Fisher clustering on consensus FC [236,
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180]. Therefore, we also evaluated the effect of HONeD deconvolution on the identification of

these networks. We replicated this previous approach by performing von Mises-Fisher clustering

with 7 clusters on the natural and HONeD-in consensus FCs with only positive edges across 10,000

initializations [98, 9, 110]. In this study, we are using the HCP dataset, which was the original

dataset used to identify these networks in the Schaefer atlas [180]. Although the pre-processing

differences may result in variation, we expect the natural FCs to align well with the canonical

organization. We assessed the clustering performance with cross-validation [236]. That is, we

identified RSNs using randomly selected half of the brain’s regions, then we predicted the RSN

assignment using the Euclidean distance to the nearest centroid. We re-ran this cross-validation

1000 times for each clustering order (K). This yielded an accuracy distribution which we used as

our measure of clustering stability.

Moreover, there has been much work investigating the properties of “functional gradients,”

which are the Laplacian diffusion map eigenvectors of FC originally described by Margulies et al

[134]. This seminal work showed that these gradients intimately relate to RSNs: the first principle

gradient organized a multimodal to unimodal hierarchy from the default-mode network (DMN)

to visual/motor areas; the second gradient further separated the visual and motor cortices. To

assess whether HONeD-in signals alter this hierarchy, we computed two FC-gradients for both the

natural and HONeD-in consensus FC and evaluated whether FC-gradients were left unchanged

by removing the effect of passive signal diffusion through SC. Then, we investigated how brain

regions and RSNs derived from the HONeD-in FC organized around HONeD-in FC Gradients.

3.5.6 Task-contrast analysis

We assessed how HONeD deconvolution influenced the activity across different HCP tasks. We

followed a traditional approach taken in task fMRI studies by convolving a canonical hemody-

namic response function (HRF) with the time-wise binary vector indicating task-blocks of interest.

The form of the HRF was estimated for each subject directly from the data using the resting-state

time series using the rsHRF package [232]. Since HONeD deconvolution may change the shape of
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the HRF, we estimated these HRFs separately for the natural and HONeD-in signals. We then used

a general linear model (GLM) to compute the association between each parceled region’s time se-

ries and the HRF-convolved response time series with 1-step autoregressive prewhitening, which

controls for temporal autocorrelation [68]. We computed region-wise contrast in the regression

weights from the GLM for each subject as a first-level analysis (i.e., ∆b “ btask ´ brest) 10, followed

by a second-level analysis as a univariate t-test across all beta weight contrasts across subjects, us-

ing Bonferroni correction for multiple comparisons [50]. This produced test-statistic maps that we

used to evaluate the differences in “regional activity” between the natural and HONeD-in signals.

Note that, unlike traditional fMRI task-based analyses, we assessed the task activations using the

post-GSR signal to ensure an appropriate comparison with other results.

10This ‘b’ is unrelated to the diffusion depth parameter (β) in the HONeD model.
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3.6 Supplemental Material

3.6.1 Supplemental Section 1: Deriving the HONeD-innovation Signal

The solution to our LTI system inhomogeneous ODE is:

xptq “ efpLqtx0 `

ż t

0

efpLqpt´τqzpτqdτ (3.11)

Recall that our higher-order network diffusion (HONeD) model is represented by fpLq, corre-

sponding to the brain’s internal dynamics. Here, we assume that the innovation signal behaves like

a Dirac delta function of the form zptq “
ř

s zsδpt ´ tsq with ts “ s∆t such that our sampling

interval is ∆t “ ts`1 ´ ts @ s, which is the signal TR on a uniform sampling grid and where s

is a dummy index for the summation. Substituting this impulse train into the solution gives the

following:

xptq “ efpLqtx0 `

ż t

0

efpLqpt´τq
ÿ

s

zsδpτ ´ tsqdτ

xptq “ efpLqtx0 `
ÿ

s

ż t

0

efpLqpt´τqzsδpτ ´ tsqdτ

xptq “ efpLqtx0 `
ÿ

s:0ďtsďt

efpLqpt´tsqzs (3.12)

Next, we can write the above equation (3.12) in discrete time using the following update rule:

xk`1 “ efpLqptk`1´t0qx0 `

k
ÿ

s“0

efpLqptk`1´tsqzs (3.13)

Because an impulse train input zptq “
ř

k zkδpt ´ tkq generally induces jump discontinuities

in the state xptq at the impulse times ttku, the value xptkq is ambiguous unless a left/right limit

convention is specified. Throughout, we define the sampled state at time tk to be the left-limit

xk :“ xpt´k q,
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i.e., the state immediately before the impulse at tk. Under this convention, the impulse produces

an instantaneous jump

xpt`k q “ xpt´k q ` zk “ xk ` zk,

and the state then evolves homogeneously over the interval ptk, tk`1q. In other words, we assume

that the sampling of xk happens just before the following innovation signal zk in the pulse train at

time tk. Without loss of generality, we take t0 “ 0. In the following, we will evaluate this update

rule for the first two cases and then provide the closed form expression.

Let k “ 0:

x1 “ efpLqpt1´t0qx0 ` efpLqpt1´t0qz0

x1 “ efpLq∆tx0 ` efpLq∆tz0

x1 “ efpLq∆t
px0 ` z0q

z0 “ e´fpLq∆tx1 ´ x0

Let k “ 1:

x2 “ efpLqpt2´t0qx0 ` efpLqpt2´t0qz0 ` efpLqpt2´t1qz1

x2 “ efpLq2∆tx0 ` efpLq2∆t
pe´fpLq∆tx1 ´ x0q ` efpLq∆tz1

x2 “ efpLq2∆tx0 ` efpLq∆tx1 ´ efpLq2∆tx0 ` efpLq∆tz1
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x2 “ efpLq∆tx1 ` efpLq∆tz1

x2 “ efpLq∆t
px1 ` z1q

z1 “ e´fpLq∆tx2 ´ x1

This pattern continues such that the closed form expression for the HONeD-innovation signal

at any time tk is:

zk “ e´fpLq∆txk`1 ´ xk (3.14)
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3.6.2 Supplemental Section 2: HONeD model Fitting and Simulation

HONeD fitting performance

We found that an order-2 HONeD operator provided the best improvement on harmonic prediction

given our model constraints (Supplemental Figure 3.9). The homogeneous HONeD model fit well

to the empirical harmonic power across subjects in both mean squared error (MSE “ 0.14p˘0.03q)

and Pearson correlation (R = 0.85p˘0.02q). HONeD passive diffusion parameters across all 770

HCP subjects were β “ 2.98p˘0.26q and ξ “ 1.07p˘0.11q (Supplemental Figure 3.6).

Figure 3.6: Empirical HONeD Parameter Fits.The estimated HONeD parameters, and model performance metrics
(Pearson’s R and MSE) between the predicted and empirical graph harmonic power, across the 770 HCP subjects
included in this study.

104



HONeD deconvolution simulation

We found that HONeD deconvolution was well-posed under simulations following the HONeD

model. Our method for estimating HONeD parameters predicts close to the ground-truth simulated

parameters on average (True β “ 3, Estimated β̂ “ 2.88p˘0.20q; True ξ “ 1.2, Estimated ξ̂ “

1.29p˘0.11q; Figure 3.7a & b). We also evaluated whether the true parameters were indeed the

optimal parameters for the deconvolution. We found that there was a range of ideal deconvolution

parameters, and that the true parameters were indeed near the center of this range (Figure 3.7c).

Since β and ξ can create similar deconvolution filter shapes when they change together, it makes

sense that a range of correlated parameters can identify equally good deconvolution estimates.

We next evaluated how well HONeD deconvolution could recover the original time series and

FC across a range of conditions (Figure 3.7d & e). Unsurprisingly, subject-specific SC with no

noise performed best, recovering 78% of the innovation time series and 89% of the FC. Using

the consensus structural connectivity (SC) performed equally well for recovering the innovation

signal, and slightly worse for FC (« 88%). More impressively, HONeD deconvolution was highly

robust to SC noise, still recovering 63% of the innovation signal and 65% of the innovation FC even

when the SC edge-wise noise was double the network’s standard deviation. The degree-preserving

randomization, as expected, fared worse than noise, recovering only 43% of the innovation signal

and 30% of the innovation FC. HONeD deconvolution was moderately robust to additive white

noise: noise at half the signal’s standard deviation still recovered 58% of the innovation signal and

75% of the FC. The innovation signal was not recoverable when time series noise was twice the

signal’s standard deviation. We finally evaluated how well only performing global signal regression

(GSR) contributed to recovering the innovation signal. We found that GSR only recovered 30% of

both the ground truth innovation signal the ground truth innovation FC.

Together, these results affirm that fitting HONeD can closely estimate the diffusion coefficients

arising from signal propagation through SC, with robustness to noise sources, and significant re-

covery of underlying innovation signals and their covariance.
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Figure 3.7: HONeD Simulation Results. (a & b) The distributions of estimated β̂ and ξ̂. The dashed black line
indicates the sample mean while the dashed yellow line indicates the simulated ground-truth value. (c) A heatmap
showing how variations around the ground truth parameters influence the recovery between ground truth innovation
FC and the deconvolved innovation FC. (d) Violin plots showing the Recovered Innovation Signal (%) across different
simulation conditions, and (e) shows the Recovered Innovation FC (%). For visualization, we set all negative recovery
values to zero. Both showcase HONeD deconvolution robustness to noise and clear improvement over GSR alone. We
labeled all pair-wise comparisons that were non-significant (ns) under a Student’s t-test. Where violins are not labeled,
pairwise distributions are significantly different after Bonferroni correction.
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3.6.3 Supplemental Section 3: Supplemental Figures

Figure 3.8: Technical HONeD-in Overview. (a) A depiction of the Graph Fourier Transform taking signals in region
space and projecting them into the harmonic space. (b) The graph frequency spectrum (i.e., Laplacian eigenvalues),
which are used to compute the HONeD model prediction. (c) The HONeD model fits to the empirical harmonic signal
power. This prediction is inverted to create the HONeD filter which is subsequently applied to the original time series
to obtain the estimated HONeD-innovation signal ẑk. (Notation: bold denotes time series signals, lower-case denotes
region space signals, and upper-case denotes harmonic space signals.)
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Fit Improvementpkq “
ϵk´1 ´ ϵk
ϵk´1

ˆ 100 (3.15)

Where ϵk is the mean squared error for the kth model order’s fit to harmonic power.

Figure 3.9: Choosing the Model Order. We show the empirical HONeD model fitting improvement in the HCP
dataset across varying model orders. Fit improvement is measured in percent and is given by equation 3.15. The
HONeD order = 2 offered the greatest improvement.
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Figure 3.10: HONeD-in RSNs Shown Individually. The HONeD-in RSNs shown in Figure 3c plotted on separate
brains, with the lateral views rotated 10˝ for a view of RSN arrangement around gyri.
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Figure 3.11: Eight RSN Solution.The 8-network solution for von Mises Fisher clustering on HONeD-in FC, which
was equally stable to the 7-network solution (shown in Figure 3d). RSNs are identical to the 7-network case except
for regions around the primary visual areas in the calcarine fissure, which form their own network. Note that the new
visual-control network still occupies primary visual areas at the posterior-most end of the visual cortex.
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Figure 3.12: HONeD-in HRF Changes. (a) The subject mean estimated hemodynamic response function (HRF)
for the natural signal (blue) compared to the HONeD-in signal (orange). (b) The difference between the HONeD-
in and natural HRFs, showing that HONeD-in HRF has both a stronger peak and earlier decay compared to natural
HRFs. The differences in HRFs were highly statistically significant using cluster-based analysis at all time points
(ppermutation “ 0). (c) We evaluated whether region-specific HRFs were more heterogeneous for HONeD-in signals
by computing the Euclidean distance between each region-specific HRF and the global mean HRF. HONeD-in HRFs
were significantly more heterogeneous than natural HRFs (Student’s t-test: p ă 10´22).
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Chapter 4

Gene Gradients Reveal Directed Structural

Connectivity Across Species

4.1 Abstract

Diffusion MRI (dMRI) tractography is widely used to estimate structural connectivity (SC) be-

tween brain regions in vivo, but it cannot determine the direction of white matter pathways. Here,

we introduce a structure-function computational model that combines dMRI-derived SC, gene

co-expression gradients, and functional activity data to infer structural directionality. Our model

accurately predicts ground-truth directionality in C. elegans (r “ 0.70), mouse (r “ 0.57), and

macaque (r “ 0.46). We then inferred directionality across 770 healthy young adults from the Hu-

man Connectome Project. Predicted directionality reproduced established asymmetries between

the primary sensory areas and the thalamus and revealed distinct gene ontologies associated with

network sources and sinks. Finally, we show how directed SC implies a model-based measure

of directed functional connectivity, termed “angular flow” (AF). Regional AF net flow recapitu-

lated the principal gradient of functional connectivity, suggesting that the canonical unimodal–

multimodal hierarchy may arise from a source–sink organization of signal flow across the brain.

This computational framework linking gene expression, structural directionality, and brain func-
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tion enables future studies on gene-structure-function interactions in both health and disease.

4.2 Introduction

Mapping whole-brain structural connectivity (SC) is a central goal in neuroscience. The first com-

pletely mapped “connectome” was in the nematode, Caenorhabditis elegans, comprising 302 neu-

rons [229]. Critically, this connectome is directional—it establishes which neurons transmit to oth-

ers. Highly detailed directed connectomes have enabled computational models that provide deep

mechanistic insights into brain processing and support large-scale in silico simulation of brains and

behavior [189]. In mammals, however, whole-brain single-cell wiring diagrams remain inacces-

sible. Instead, invasive tract-tracing studies have been used to map regional directed connectivity

in mice and non-human primates [152, 8], but these techniques are not suited for mapping human

connectivity. As a result, present efforts to map human SC rely largely on diffusion magnetic

resonance imaging (dMRI) tractography, which can measure the strength of connections between

regions, but not the directionality. Therefore, neuroscience is in need of a framework to estimate

structural directionality by other means.

A biological link between genes and SC suggests their potential utility for estimating direc-

tionality. Molecular gradients are well known to guide axon development [237], and regional

gene-expression patterns are systematically related to macroscale brain connectivity [5]. Early

work in rodents found that brain regions with similar gene expression profiles tend to have sim-

ilar connectivity profiles, and that connected regions tend to exhibit greater co-expression than

unconnected regions [66]. Gene expression also relates to structural hub organization: studies in

C. elegans and mouse have identified distinctive transcriptional signatures of hub connectivity and

elevated gene expression similarity between hubs [4, 71]. Similar relationships have been observed

in humans, where regional gene expression and inter-region co-expression are significantly associ-

ated with both structural and functional connectivity [78, 88, 224]. Gene-expression topographies

also mirror large-scale cortical network organization, consistent with a role in long-range cortic-
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ocortical connectivity [115]. Importantly, studies in mouse have identified relationships between

gene-expression and cell-type distributions and the direction of source-target axonal connectiv-

ity [52, 203]. Together, these findings suggest that gene co-expression maps may also contain

latent information about directed SC.

Network diffusion models over the SC have also shown potential to reveal hints of latent direc-

tionality. Asymmetric communication emerges when signaling is modeled as a diffusive process

on the network [143, 176]. Extending this idea to the whole-brain, decentralized communication

measures including diffusion efficiency were used to infer group-level sender–receiver asymme-

tries from undirected structural connectomes [182]. More generally, network diffusion models

relate correlations between brain signals to passive signal propagation through SC [1, 2, 63, 73].

Simulated asymmetric, afferent-normalized diffusion over structural networks has been shown to

better constrain effective connectivity than conventional anatomical connectivity alone [195]. Sim-

ilarly, noise-diffusion models often leverage the Lyapunov Equation, which describes the stationary

covariance of a linear stochastic differential equation and has been used to infer directed effective

connectivity from time-shifted functional covariance [73]. Therefore, network diffusion may also

reflect latent directional information embedded in the way brain signals propagate across structural

networks.

Together, these observations raise the possibility that combining gene expression and network

diffusion models into a single genetically informed structure-function model could provide a more

robust biophysically constrained scaffold for estimating the brain’s directed SC. Here, we introduce

such a gene-structure-function model based on two hypotheses: 1) gene co-expression patterns can

provide a parsimonious parameterization for directionality, and 2) there exists latent directional in-

formation contained in the undirected covariance of brain signals. Specifically, we construct a

node-level metric from a parsimonious linear combination of gene expression principal compo-

nents that together impose edge-level directionality throughout SC. We then learn the weights of

these gene gradients by minimizing the Lyapunov Equation, which fits the model under the as-

sumption that empirical zero-lag functional connectivity is stationary. The result of our model
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fitting provides a prediction for the directed SC.

We found that our genetically informed structure-function model accurately estimates directed

structural connections, using only a few gene gradients, across species where ground-truth directed

connectivity is available (C. elegans, mouse, and macaque). In humans, since we lack ground-truth

directionality, we used test-retest reliability to identify the optimal number of gene gradients. We

then predicted subject-specific directed SC across all 770 Human Connectome Project subjects

and analyzed both the predicted gene ontology relationships and directed structural pathways. We

assessed the overall directional bias of structural connections, finding local directional motifs in

each primary sensory area. Interestingly, our gene-structure-function model implies a functional

directionality that recapitulates the traditional unimodal-multimodal functional gradient [134], sug-

gesting that this gradient may originate from signal flow through SC. Together, our results establish

a biologically constrained framework for recovering directed SC in vivo, linking gene expression,

anatomical directionality, and large-scale functional hierarchy within one unified model.

4.3 Results

To infer structural directionality, we developed a model that constrains regional source–sink orga-

nization to a low-dimensional basis of gene co-expression gradients (Fig. 4.1). A weighted linear

combination of these gradients defines a latent source–sink bias for each brain region, which trans-

forms an undirected structural connectome (SC) into a predicted directed SC. We infer the gradient

weights, together with three higher-order network diffusion parameters, with by fitting the model-

implied steady-state covariance to the empirical zero-lag functional connectivity matrix through

the Lyapunov equation (see Methods). Thus, the model estimates structural directionality from

gene-expression gradients and symmetric structural and functional connectivity, without fitting to

an empirical measure of functional directionality.

We first validated our directionality inference approach against ground-truth connectomes from

three species: C. elegans, mouse, and macaque. We then applied the same approach to infer
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human structural directionality in the Schaefer-400 atlas with 14 subcortical regions [180, 157],

using test–retest fingerprinting to identify the optimal number of gene gradients. We examined the

model-predicted human directed SC in terms of regional sinks/sources and directional relationships

between resting-state networks. Using the estimated directed SC, we then derived angular flow

(AF), a model-implied directed functional connectivity constrained by SC. We compared AF with

lagged-FC, regression dynamic causal modeling (rDCM), and Granger causality (GC) estimated

from human fMRI [69, 10]. Finally, we assessed the relationship between AF net flow and the

principal gradient of undirected functional connectivity [134].

Figure 4.1: Method Overview. We estimate a node-level asymmetry metric using a linear combination of gene
gradients (Gw). This asymmetry metric is assembled into an asymmetry matrix (A), which is used in a similarity
transform on the undirected structural connectivity (C) to produce our directed SC (C̃). We estimate the optimal
model parameters (tθ,wu) by fitting a higher-order network diffusion model to functional connectivity (Σ) using the
residual of the Lyapunov equation. The final predicted SC uses the optimal gene gradient weights: C̃pŵq. Throughout,
we follow the convention that network sinks are blue while sources are red.
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Figure 4.2: Cross-Species Validation. Comparison of directionality model predictions against ground-truth directed
connectivity from three species: C. elegans (a & b), Mouse (c & d), and Macaque (e & f). For each species, we
show the correlation between observed and predicted skew edges (a, c, e), and the corresponding skew connectivity
matrices to the right of the scatter plots. For C. elegans, we color each connection by whether the neuron function is
sensory (red), motor (blue), an interneuron (green), or of mixed-identity (white). When connections linked neurons
of different types, we colored that connection as an intermediate color between the base colors. For mouse and
macaque comparisons, we colored ipsilateral edges purple and contralateral edges dark green. We additionally show
the skew degrees (b, d, f), which are the row-sums of the skew connectivity matrix (Dskew “ Dout ´ Din), both as
a scatter plot and plotted in brain/body spaces on the right. For each scatter plot, we provide both the Pearson r and
Spearman ρ correlations, all highly significant (p ! 0.001), as well as the linear regression best fit lines with a shaded
95% confidence interval. We show the skew edge correlation results across different numbers of gene gradients in
Supplemental Fig. S 4.6. We also show the empirical SC and FC used to fit the model in Supplemental Fig. S 4.7

4.3.1 Gene co-expression gradients predict directionality in non-human species

To validate against our three non-human species, we symmetrized the empirical ground-truth di-

rected connectomes, Csym “ pCemp ` CJ
empq{2, and entered this symmetric matrix, species-specific

gene gradients, and the symmetric functional connectivity data into our model. We then com-

pared only the skew (i.e., purely directional) components of the empirical and predicted structural

networks, Cskew “ pC ´ CJq{2.

117



Model-predicted directionality significantly correlated with ground-truth directed edges in all

three species. Our model-predicted directionality correlated with neuron-to-neuron synaptic direc-

tionality in C. elegans (r “ 0.70), tracer-based directionality in mouse (r “ 0.57), and tracer-based

directionality in macaque (r “ 0.46) (all p ! 0.001, Fig. 4.2 a, c, & e). This correspondence re-

mained significant under rank correlation and when evaluating network skew-degrees (Fig. 4.2 b,

d, & f, see Supplemental Section 1 for exact statistics). We found that our model predicted edge-

level directionality similarly well within and between hemispheres in C. elegans (ripsi “ 0.64,

rcontra “ 0.57) and in mouse (ripsi “ 0.57, rcontra “ 0.59). However, for macaque directionality,

only ipsilateral connections were accurate while contralateral connections, which were far fewer in

number, were predicted in the opposite direction ( ripsi “ 0.64, rcontra “ ´0.55). We note that the

macaque data may have significant limitations, including poor spatial resolution and very few gene

expression maps (see Methods), which together may influence the observed results [131]. Never-

theless, these cross-species validations provide strong evidence that the model recovers substantial

directional structure under favorable data conditions, while highlighting possible limitations in

estimating contralateral directionality from sparse or incomplete data.

In our cross-species study the optimal number of gene gradients differed across species (C.

elegans: k “ 3; Mouse: k “ 5; Macaque: k “ 1; Supplemental Fig. 4.6), each correspond-

ing to different amounts of explained variance (C. elegans: 13%; Mouse: 44%; Macaque: 36%;

Supplemental Fig. 4.6).
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Figure 4.3: Human Estimated Structural Directionality. (a) The skew component of the group-averaged predicted
SC. (b) Significant skew connectivity between resting-state networks. (c) Group-level skew out-degree of each RSN.
(d) Select rows from the skew connectome for the primary sensory areas and thalamus showing directional bias be-
tween primary and higher-order processing areas. The yellow ROI indicates the exact region(s) we evaluated. The
inset shows the group-level weights from each primary sensory area to the thalamus. All distributions were signifi-
cantly positive, indicating net anatomical feedback connectivity to the thalamus. (HG: Heschl’s Gyrus) (e) The overall
degree imbalance for each brain region from the group-averaged SC. The color map is on a log2 scale reflecting a
multiplicative difference in out- versus in-degrees. Statistical tests were evaluated with a t-test, where *:p ! 0.01,
Bonferroni corrected. We show the fingerprinting and external dataset robustness results in the Supplemental Figs.
S 4.8 and S 4.9, respectively.

4.3.2 Model-inferred human structural directionality

Because human structural directionality lacks direct ground-truth, we chose the number of gene

gradients based on test-retest fingerprinting analysis on the predicted asymmetry metric (Gw).

This implicitly hypothesizes that our model should yield directed SC estimates that are both repli-

cable within subjects and discriminative between subjects. We evaluated test-retest fingerprinting

for both 34 HCP test-retest subjects, each with two separate visits, and 724 HCP subjects, each

with resting-state fMRI scans split into two equally sized « 30-minute blocks. We found that

human asymmetry parameters had the overall best test-retest reliability (ICC “ 0.51 ˘ 0.03, Dis-

criminability “ 0.77, Supplemental Fig. S 4.8) when using k “ 5 gene gradients, which together

explained 59% of gene co-expression variance (See Supplemental Section 1 for details). Our model
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predictions at k “ 5 gene gradients also replicated in an external dataset (r “ 0.63, p ă 0.01, Sup-

plemental Fig. S 4.9) [175]. Therefore, our subsequent results report the model with k “ 5 gene

gradients.

We show in Fig. 4.3a the group-averaged skew-directionality inferred by our model. We first

investigated directionality between resting-state networks (RSNs). We found that many RSNs—

Control, Salience, Dorsal Attention, Somatomotor, and Visual—were all strongly directed toward

the subcortex (Fig. 4.3b); conversely, the subcortex had the strongest inter-RSN directionality to-

ward the Limbic network. We evaluated the overall skew out-degree for each RSN across subjects.

This showed that the Somatomotor and Salience Ventral Attention networks were the most promi-

nent RSN-level sources, with the Visual and Control networks also showing a slight but significant

group-level bias toward being net-sources (Fig. 4.3c). In contrast, the Limbic and Default net-

works were net-sinks, with the Limbic network having the most decisive directionality across all

subjects (Fig. 4.3c). The Subcortical and Dorsal Attention networks did not show a significant

source or sink bias at the group level, although subcortex directionality varied considerably across

subjects (Fig. 4.3c). Since these networks tend to have both source- and sink-oriented connectivity,

averaging across them negates the network-level bias.

Significant work in animal models has suggested that anatomical feedback connectivity from

primary sensory areas to the thalamus largely outnumbers anatomical feedforward pathways from

thalamus to sensory cortices [28, 3]. Therefore, we sought to evaluate and quantify our model-

inferred directionality in each of three primary sensory cortices: visual, somatosensory, and audi-

tory. Our model’s predictions align with this previous work, showing group-level bias in anatom-

ical pathways from all three primary sensory areas to the thalamus (Fig. 4.3d, p ! 0.001). Ad-

ditionally, each primary sensory area had distinct patterns of connectivity to other nearby areas.

Primary visual areas showed both feedback and feedforward connectivity to distinct areas of both

dorsal and ventral visual streams (Fig. 4.3d). Primary visual areas also showed significant incom-

ing connections from the hippocampus (Fig. 4.3d). Within the somatosensory cortex, the model

predicted general incoming connectivity from nearby motor areas and outgoing connectivity to
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more distant higher-level attention areas (Fig. 4.3d). The primary auditory cortex on Heschl’s

Gyrus (HG) showed nearly the reversed pattern: stronger outgoing connectivity to nearby regions,

and more distant incoming connectivity from higher-level areas (Fig. 4.3d). Finally, the thala-

mus displayed strong directional preferences throughout the cortex and subcortex, which appear

suggestive of corticothalamocortical (CTC) circuits [188].

While the above analyses assess the skew connectivity, measuring each node’s degree imbal-

ance is a way of quantifying the overall multiplicative difference between connections leaving

versus entering the region. Across the brain, we found that most regions varied in their degree im-

balance within a factor of 2, with some regions, including the hippocampus and pallidum, having

as much as a 4-fold degree imbalance (Fig. 4.3e). Here, the thalamus showed a slight sink-bias,

indicating that while its connectivity with sensory areas is significantly sink-like, its connectiv-

ity in general may be more balanced. The strongest network sinks included the hippocampus,

temporoparietal junction, anterior cingulate, and posterior cingulate while the strongest network

sources were the pallidum, temporal poles and ventromedial prefrontal cortices (Fig. 4.3e). Al-

though the magnitude of directionality differed, there remained a distinct qualitative symmetry

between homologous regions.

4.3.3 Sinks and sources suggest distinct gene ontologies

To assess the biological plausibility of our model-inferred directed human SC, we investigated

whether our model-predicted asymmetry metric implicated genes with interpretable ontologies.

We calculated the cosine similarity between our consensus-fit asymmetry metric and each of the

15, 633 gene expression maps. Using the top 1, 000 genes aligned with sinks or sources, respec-

tively, we evaluated their gene ontologies with statistical comparisons to both our pool of 15, 633

genes as well as to a null distribution defined by a spatial-autocorrelation (SA) preserving random

rotation of the empirical map [32, 112] (see Methods for details). We calculated the “Enrichment

Ratio” as the empirical number of genes related to the gene ontology term normalized by the mean

number of genes across all SA-null maps associated with the same term.
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We found that genes aligned in the sink-direction and genes aligned in the source-direction

were associated with different gene ontology terms. Sink-aligned genes were enriched for on-

tologies related to protein synthesis, translation, and endoplasmic reticulum (ER) processing and

quality control (Fig. 4.4c). The sink-axis was also enriched with genes related broadly to neural

development and axon guidance, including regulation of SLIT and ROBO expression, as well as

immune and broad disease- and infection-associated pathways (Fig. 4.4c). In contrast, source-

aligned genes showed significant enrichment for ontology profiles related to the cellular structural

constituents, including filaments and keratinization, as well as chemosensory receptor activity and

G protein-coupled receptor signaling (Fig. 4.4c). Together, these results suggest a model-informed

hypothesis in which sink-biased regions are enriched for molecular programs related to protein

processing and developmental guidance cues, whereas source-biased regions are enriched for cy-

toskeletal and receptor-related programs that may support cellular responsiveness to such molecu-

lar landscapes.
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Figure 4.4: Model-Predicted Gene Ontologies. (a) The model-predicted gene gradient weights across all subjects
(gray) and the weight parameters for the model fit to the consensus SC and FC (dashed red line). Each gene gradient
used in the model is shown as an inset on the respective histogram. (b) The model-predicted node-level asymmetry
metric for the consensus fit (i.e., the linear combination of gene gradients, Gw). Regions colored blue are biased
toward receiving connections whereas regions colored red are biased toward sending out connections. We used the
cosine similarity between this asymmetry metric and each gene map to extract the 1000 most sink- and source-aligned
genes for input to g:Profiler. (c) A gene ontology enrichment analysis, corrected for spatial autocorrelation. We show
all FDR-corrected significant gene ontology terms for the sinks (blue) or sources (red). Subsequent statistical testing
compared these terms against a spatial-autocorrelation (SA) preserving null models. The “Enrichment Ratio” for a
term is the empirical number of genes related to the term normalized by the mean number of genes across all SA-null
maps associated with the same term (Equation 4.12). Gene ontology terms with a „ were statistically significant (FDR
p ă 0.05) under the g:Profiler general ontology analysis, but trending (0.05 ă p ă 0.1) under the SA-null distribution;
all other terms were significant under both.

4.3.4 Angular flow relates directed structure to directed function

Combining the previously fit directed SC operator with empirical functional covariance implies a

model-based measure of directed functional flow, which we term “angular flow” (AF). We assessed

whether AF offers complementary directional information to conventional causal discovery met-
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rics in humans by comparing with lagged-FC, regression dynamic causal modeling (rDCM), and

Granger causality (GC). To keep these metrics well-posed and tractable, we ran our comparisons

in the Schaefer 100 atlas with 14 subcortical regions.

We found that all three causal discovery methods significantly correlated with AF (Lagged-FC:

r “ 0.34; rDCM: r “ 0.11; GC: r “ 0.22; all p ! 0.001; Fig. 4.5b), and these results remained

significant under rank correlation (see Supplemental Section 1). This provides convergent evidence

that AF captures a broad directional bias shared, albeit weakly, by other causal discovery methods,

but not reducible to any of them.

Figure 4.5: Angular Flow. (a) The AF equation, which emphasizes its relationship to both flow through the network
and the brain’s angular momentum. (b) The comparisons between AF and (left-to-right) the human lagged-FC, rDCM,
and GC, respectively (all in the Schaefer-100 atlas). (c) The angular flow (AF) during resting-state fMRI, averaged
across subjects. (d) The sum along each row of AF to obtain the network’s net flow. (e) The first principal gradient
of the group-averaged functional connectivity. (f) A scatter plot comparing (d) with (e), showing a highly significant
correlation (r “ 0.8, pspin ! 0.001). The null-distribution for the spin test is shown in Supplemental Fig. 4.11; the
underlying diffusion operator is shown in Supplemental Fig. 4.12.

AF during resting-state fMRI showed distinct sink/source relationships between RSNs. Source

RSNs consisted of the visual, somatomotor, dorsal attention, and salience/ventral attention net-

works; meanwhile, sink RSNs consisted of the default, control, limbic, and subcortical networks

(Fig. 4.5c-e). Moreover, AF had regional net flow that strongly correlated with the principal func-

tional connectivity gradient (r “ 0.80, pspin ! 0.001; Fig. 4.5f) [134]. This correspondence could

not be trivially reduced to the underlying diffusion operator (r “ 0.04, Supplemental Fig. 4.12),
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which suggests that the emergence of the principal gradient was a synergistic interaction of the

diffusion operator acting on the empirical signal covariance. We also found that subject-specific

AF calculations with directed SC outperformed the same calculation with undirected (symmetric)

SC and the empirical lagged-FC (p ă 0.001; Supplemental Fig. 4.13), highlighting the primacy of

the directed SC in mediating this structure-function relationship.

4.4 Discussion

Inferring directed structural connectivity (SC) at the macroscale remains a central challenge in

network neuroscience. Here, we constrain directionality to a low-dimensional basis of gene co-

expression gradients and fit their contributions using a structure-function model. The model re-

covered significant directional organization across three non-human species (Fig. 4.2), and, in

humans, produced reliable subject-specific estimates with biologically interpretable sink-source

organization and gene ontologies (Figs. 4.3 & 4.4). The model operator also implied a measure

of functional “angular flow” (AF) through SC that recapitulates the principal gradient of func-

tional connectivity (Fig. 4.5). Together, these findings link regional gene expression, anatomical

directionality, and large-scale signal flow within a unified framework.

4.4.1 Gene gradients constrain structural directionality

A central implication of these results is that gene co-expression gradients define a low-dimensional

biological manifold for network directionality. Although prior work has suggested links between

genes and structural connectivity, it has generally lacked a model to relate them [66, 115, 5, 52,

203]. Here, we provide such a genetically informed structure-function model, which suggests

that genes impose a directional bias at both neuronal and regional levels. Past work on structure-

function modeling has argued that lagged functional connectivity is necessary for SC directionality

to be identifiable [73]. However, our results point to gene expression as a parsimonious and biolog-

ically plausible constraint from which directional properties can emerge even for zero-lag covari-
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ance. This constraint collapses an otherwise underdetermined n2-dimensional edge-direction prob-

lem into a low-dimensional node-level parameterization, making directionality estimation tractable

and empirically testable.

4.4.2 Model predictions align with biological evidence

Our model’s ability to estimate non-human directed SC across C. elegans, mouse, and macaque

suggests that the relationship between gene gradients and structural directionality is conserved

across both phylogeny and brain scales. However, given a lack of ground-truth in humans, it is

important to approach interpreting the human directed SC with caution. The discussion below

should be considered as an exploration of model-driven hypotheses rather than definitive results

on white matter directionality as such.

One way to biologically interpret our model prediction is to assess how it relates to well-

studied anatomical pathways in non-humans. There is considerable scientific discussion on the

role and quantity of feedback versus feedforward connectivity between sensory areas and the tha-

lamus [28, 3]. While corticothalamic connectivity is generally reciprocal, evidence suggests a

bias toward more corticothalamic projections across sensory modalities [146, 220, 230, 174]. Our

model similarly showed corticothalamic bias in primary sensory areas, and is therefore broadly

consistent with prior non-human anatomy literature (Fig. 4.3). Feedback connectivity from higher-

level sensory areas to primary sensory areas is also well documented [137, 114], and was also

observed in our model predictions (Fig. 4.3). At the network level, subcortical and cortical limbic

systems were prominent sinks, which aligns with previous hypotheses that these regions are tar-

gets of top-down allostasis-driven predictions [11]. However, our model did not simply predict the

thalamus as a global sink, but instead predicted patterned bidirectional connections throughout the

cortex, suggestive of corticothalamocortical circuits [188]. While it is reassuring that the model

appears generally aligned with previous research, it is crucial not to over-interpret model predic-

tions and instead recognize that these predictions are merely hypotheses to guide future empirical

work.
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Another way to biologically interpret our model prediction is to assess what it implies about

the underlying gene expression ontologies related to directionality. Our model predicted sink-

biased regions that were enriched for genes involved in protein synthesis and neural development

and source-biased regions enriched for cellular intermediate filaments and chemosensory recep-

tors (Fig. 4.4). One especially interesting result was the model-predicted enrichment for SLIT and

ROBO gene regulation, which are genes well documented to code for molecular gradients that can

either attract or repel growing axons in the brain [206, 126, 190, 178, 135]. Meanwhile, inter-

mediate filaments are broadly involved in cell and tissue mechanics, contributing to mechanical

stability, cytoarchitecture, cell-shape regulation/remodeling, and cell migration [96, 118], which

is biologically appropriate for source-biased regions. Chemosensory olfactory receptor (OR) en-

richment was also significantly related to source-biased regions, which aligns with previous work

showing that OR expression helps guide axon growth in olfactory circuits [202, 54] and have

significant ectopic expression [107]. Contextualized by this literature, our model therefore sug-

gests the hypothesis that sink-biased regions may contribute molecular guidance landscapes, while

source-biased regions may be enriched in receptor and cytoskeletal programs that support sensing

and responding to such landscapes.

4.4.3 The structure-function relationship reveals latent directionality across

scales

The present work adds to a growing literature showing that structural information can impose

strong constraints on functional organization, especially within linear models [1, 2, 16, 195, 151].

That our model can approximate ground-truth directed SC by fitting to undirected functional con-

nectivity supports the broader view that a directed SC provides a macroscopically linear scaffold

for brain function with observable consequences.

Somewhat surprisingly, we found that our linear graph diffusion model was effective in fitting

to C. elegans data and accurately recovering the underlying synaptic directionality (Fig. 4.2). This

suggests that even a relatively small network of neurons with highly nonlinear dynamics may
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still have a form of macroscopic linearity that our model can observe. This is especially notable

because previous work studying signal propagation in C. elegans showed that SC poorly predicted

functional signaling when using a neural mass model [164]. Although this current work does not

yet fully resolve the SC-FC misalignment tension in C. elegans, these findings suggest the potential

for linear structure-function relationships in the brain to remain relevant even within relatively

small neural populations.

4.4.4 Angular flow as a natural extension of a directed SC

Modern directionality estimates in human neuroscience typically estimate a notion of causality

either by the predictability of signals between brain regions, such as in Granger causality [185, 10],

or by model-based approaches such as dynamic causal modeling [65]. However, estimating these

measures is computationally challenging and increasingly ill-posed with large networks [65], and

they generally are not informed by the biophysics of the underlying SC. Even DCM, which has the

potential to be constrained by SC, does so only in a binary fashion without SC weights.

Here, we introduce angular flow (AF) as a complementary measure for directionality. AF has

the key advantage of being based on a generative model leveraging all the information contained

in SC to predict the net flow of signal between two regions. While prior methods aim to estimate a

pairwise causality between brain regions, AF analytically calculates the aggregate observed signal

movement through SC and across time. In humans, our AF measure somewhat correlated with

lagged-FC, rDCM, and multivariate Granger causality, suggesting that they share some directional

information despite their differences (Fig. 4.5). AF also complements our view of directionality

from purely anatomical connectivity. For example, while the thalamus is only slightly sink-biased

in the modeled SC (Fig. 4.3), once we factor in the dynamics of empirically observed function, the

thalamus becomes the strongest network sink of the brain (Fig. 4.5). This example highlights an

important distinction between a purely pairwise directional scaffold and the total dynamical flow

through that scaffolding.

AF may also explain the emergence of the unimodal-multimodal principal functional gradient
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in undirected functional connectivity. Since its first description by Margulies et al. [134], much

work has emphasized the primacy of this unimodal-multimodal gradient in the brain [95]. Pre-

vious work has related this principal gradient to the brain’s structure-function relationship, even

when SC-FC coupling is defined in several distinct ways [156, 158, 15, 226]. AF extends and

refines these insights by suggesting that the unimodal-multimodal gradient arises from the net flow

of brain signals through the directed SC from unimodal to multimodal cortical areas (Fig. 4.5).

Importantly, lagged-FC failed to recover this relationship (Supplemental Fig. 4.13), emphasizing

the role of the structure-function model in revealing this correspondence. This result dovetails

with our prior work on network deconvolution [193]: when passive network diffusion over SC

is removed from fMRI, functional gradients become remodeled; when directional diffusion is es-

timated on empirical brain signals, the functional gradient reappears as the pattern of net flow

through structure.

4.4.5 Limitations and future work

These results should be interpreted with appropriate caution. Human directed SC here remains a

model prediction rather than a directly observed anatomical measure. The non-human validations

are limited by the availability of only one consensus ground-truth per species, and those ground-

truth datasets differ in completeness, scale, and biological meaning. The model also depends on

how regional gene expression maps are estimated, including which parcellation is chosen, which

genes are available, and how missing tissue is interpolated. These ground-truth limitations were es-

pecially relevant for the macaque data, where directionality was consolidated by CoCoMac across

many separate studies and both the gene spatial coverage and diversity were highly limited. We

speculate that these issues may explain why the macaque model only used one genetic gradient,

and why the prediction itself was the weakest of the three ground-truth analyses.

Methodologically, our directionality parameterization is effective but still bespoke: a diagonal

similarity transform is mathematically convenient and biologically suggestive, yet it is not itself

a mechanistic developmental model of axonal targeting. Likewise, the fitted diffusion operator
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is linear and stable, which likely restricts the space of recoverable directed dynamics even as it

guards against overfitting. Our AF measure inherits these assumptions and introduces an additional

interpretational caveat: an inhibitory influence between two regions may be partially conflated

with a reversed directionality. Future work should therefore consider testing alternative generative

mechanisms for genetically influenced asymmetry and assessing the behavioral relevance of task-

based changes in AF.

4.5 Conclusion

We introduced a genetically informed structure-function model for recovering directed structural

connectivity and validated it against ground-truth connectomes in C. elegans, mouse, and macaque.

Applied to humans, the model revealed biologically interpretable source–sink organization and

enabled a structurally informed measure of directed functional flow, termed angular flow (AF).

AF recapitulated the principal functional connectivity gradient, linking molecular organization,

anatomical directionality, and large-scale functional hierarchy within a unified framework. Overall,

this framework provides a fundamentally new way to estimate and analyze both directed structural

and functional connectivity in the brain.

4.6 Materials and Methods

4.6.1 Theory

Here, we describe the structure-function model used to predict directed structural connectivity. In

essence, our model predicts that resting-state functional covariance is close to a stationary covari-

ance, which we formalize using the Lyapunov Equation within a multivariate Ornstein–Uhlenbeck

(MOU) process. The model operator that governs the brain’s internal dynamics over the struc-

tural connectome is a higher-order (i.e., polysynaptic) network diffusion model. Our goal is to

find a node-level directionality bias, parameterized by gene gradients, that optimizes this station-
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ary structure-function alignment. In the following, we construct this structure-function model by

first parameterizing structural directionality with gene gradients, then introducing the higher-order

graph Laplacian operator, and finally relating the resulting dynamics to stationary empirical co-

variance.

Parameterizing directionality with gene gradients

We first obtained gene expression maps (E P Rmˆn) for all n brain regions (or neurons in the

C. elegans case), z-scored each map, then calculated the principal components as the eigen-

decomposition of the gene expression covariance matrix (EJE “ GΛEG
J). Hereafter, we term

these principal components “gene gradients”. Using the gene gradients associated with the k

largest eigenvalues (Gpkq P Rnˆk), we imposed directionality by constructing a node-wise asym-

metry metric as a linear combination of genetic gradient basis vectors with weights (w P Rkˆ1):

Gpkqw. This asymmetry metric is built into a diagonal positive-definite matrix A “ diagpeG
pkqwq

which induces a similarity transform on our undirected structural connectivity matrix C P Rnˆn:

C̃pwq “ ACA´1 (4.1)

Element-wise, this is C̃ij “
Aii

Ajj
Cij “ Cije

pGpkqwqi´pGpkqwqj , making it clear that each entry in C is

multiplied by an asymmetry factor given by the diagonal of A1. This means that our model pre-

serves all non-zero edges, and the model will not add new edges that were not present in the original

connectome. Throughout, we follow the convention that C̃ij indicates a directed connection from

node i to node j. In the directed network C̃, we may calculate the out-degree (Dout “ diagp
ř

j C̃ijq)

and the in-degree (Din “ diagp
ř

i C̃ijq) representing how strongly that region transmits or receives

connections, respectively.

1This parameterization is invariant under a constant shift (i.e., the metric has an invariant geometric mean).
Proof : Consider the transformation A ÞÑ Â ” sA for any scalar s ą 0. Then ÂCÂ´1 “ psAqCpsAq´1 “

psAqCps´1A´1q “ ACA´1. Equivalently in log coordinates, Â “ diagpseGwq “ diagpeplog sq`Gwq, and
C̃ij “ Cije

log s`pGwqi´log s´pGwqj “ Cije
pGwqi´pGwqj .
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Directed graph Laplacian

The graph Laplacian is a graph analogue to the Laplace-Beltrami operator for manifolds [104]. It

is critical to modeling how signals move through networks, and it is the heart of graph diffusion

models. Here, we chose to use the column-stochastic Laplacian:

Lpwq “ I ´ C̃pwqD´1
in (4.2)

The graph Laplacian normalizes each node by the network’s in-degree, thereby assuming that each

brain region changes its signal based on the weighted average of all incoming signals. We chose

this specific Laplacian normalization based on previous work demonstrating that in-degree nor-

malized networks outperform other normalization strategies when predicting directed functional

connectivity [195].

The higher-order network diffusion (HONeD) model

Prior work, including our own, has generalized the network diffusion model on networks to ac-

count for multi-step connections through SC [193, 16, 195]. Here, we again leverage higher-order

network diffusion (HONeD) as our structure-function model operator to identify SC directionality.

We define our diffusion operator as:

fpLpwq; θq “

P
ÿ

p“0

θpLp (4.3)

Here, P is the order of the Taylor series approximation, and L is the directed graph Laplacian of

structural connectivity. As in past work, we chose to limit the network diffusion model to two

steps (L2) through the network2 [193, 16]. Therefore, the HONeD operator for the present work

becomes

fpLpwq; θq “ ´κI ´ βL ` ξL2 (4.4)

2The matrix power of a graph’s adjacency matrix, Gn @n P N, encodes walks of length n on the graph.
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Here, we denote the terms from the Taylor expansion θ0 “ ´κ, θ1 “ ´β, and θ2 “ ξ for ease of

referencing. Written in this way, κ, β, and ξ are all constrained to maintain model stability and

identifiability. In the following, we use fpLq as a shorthand for this parameterized function of the

graph Laplacian.

Predicting structural directionality with HONeD

Network diffusion may be well-suited to identifying directionality since its influence on brain

signal covariance should remain stable across long time scales. HONeD can be expressed as the

drift operator of a structurally constrained multivariate Ornstein–Uhlenbeck (MOU) process, or

equivalently a linear time-invariant (LTI) graph-diffusion system driven by stochastic input [73,

75, 1, 214]. In this model, we consider a brain signal xptq P Rn with an actuation matrix B P Rnˆℓ

and a stochastic driving signal ϵptq P Rℓ: dxptq
dt

“ fpLqJxptq ` Bϵptq3.

This MOU process can be shown to have a relationship to the change in the instantaneous signal

covariance Σptq “ xptqxptqJ (whose expectation approximates a stationary covariance) with the

Lyapunov equation [7]:

fpLq
JΣptq ` ΣptqfpLq ` Q “ 9Σptq (4.5)

Commonly, the Lyapunov equation is solved at steady state where 9Σptq “ 0 denotes the time

derivative of instantaneous covariance [73]. At steady state, this derivative is zero. We approxi-

mate the stationary covariance with the sample covariance Σ “ ErxptqxptqJs “ 1
T

řT
t“1 xptqxptqJ,

and with the noise covariance Q “ B ErϵptqϵptqJsBJ9I . For a thorough derivation, see Supple-

mental Section 2. By estimating the sample covariance of brain signals as Σ, we can leverage the

Lyapunov equation to define a cost function for our model:

pθ̂, ŵq “ argmin
θ,w

||fpLq
JΣ ` ΣfpLq ` Q||Fro (4.6)

With this cost function, we acknowledge that the brain is not fully stationary, so we instead find the

3For ease of notation, we abbreviate the model fpL; θ;wq ” fpLq. While we include the mathematical details
with the actuation matrix (B) for completeness, the properties of B are neither explored in nor relevant to this work.
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optimal model parameters (tθ̂, ŵu) that bring the system as close to a stationary state as possible.

When fitting the model, we chose Q to be the diagonal of the empirical covariance (Σ). Using

these optimal values, we constructed a directed fpLq that best describes the observed stationary

diffusion process in the brain.

Predicting functional directionality with structural directionality

Once our directed HONeD operator has been fit to empirical data, we can then leverage that same

operator with the same parameters to better understand the directionality of functional brain sig-

nals.

We approach this notion of functional directionality using a conceptual framework similar to

previous work by considering the time lags in the system. More precisely, our model predicts that

xpt ` τq “ efpLqJτxptq ` ητ ptq, where ητ ptq “
şτ

0
efpLqJpτ´sqBdϵpt ` sq is the future white noise

accumulated after time t. This yields a prediction for the time-lagged covariance:

Σ̃pτq “ Erxptqxpt ` τq
J

s “ ΣefpLqτ
` Erxptqητ ptqJ

s (4.7)

Then Σ̃pτqij quantifies how fluctuations in region i at time t covary with region j at time t ` τ . 4

Here, we assume that the white noise is independent of the current state, causing the second term

to vanish: Erxptqητ ptqJs “ 0. Now we will define the total flow (F ) of functional signals through

all paths in the structural connectome as the integral across all lags:

F “

ż 8

0

Σ̃pτqdτ “ Σ

ż 8

0

efpLqτdτ “ ´ΣfpLq
´1 (4.8)

This uses the identity
ş8

0
efpLqτdτ “ ´fpLq´1, which holds whenever fpLq is Hurwitz.5 The ma-

trix ´fpLq´1 is the time-integrated evolution operator for the system, and it bears some similarity

4To keep our directionality convention homogeneous across networks, we used the transpose of the traditional
dynamic causal model (DCM) framework where Σpτqij “ Erxpt ` τqxptqJs implies a directed connection from j to
i.

5Note that in our HONeD model, fpLq is constrained to be Hurwitz.
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to previously defined measures of flow based on a different framing for a linear dynamical MOU

process [74]. Therefore, F can also be viewed as a form of “flow” in the sense that it casts the

empirical covariance (conventionally known as “functional connectivity”) through the directed SC

operator integrated across all time, reflecting the aggregate flow of signal from any region i to

region j across all possible network paths.

Deriving the brain signal’s angular momentum

In this section, we show that this hybridization between the empirical brain function and the model

operator has a fundamental relationship to a form of angular momentum in the brain. To show this

relationship, first consider the purely directional, anti-symmetric component of F :

Ω “ F ´ FJ
“ pfpLq

´1
q

JΣ ´ ΣfpLq
´1 (4.9)

When we factor out the time-integrated operator from both sides, it reveals a relationship to an

angular momentum-like bivector of the brain signal’s state space:

Ω “ pfpLq
´1

q
JΣ ´ ΣfpLq

´1

“ pfpLq
´1

q
J

pΣfpLq ´ fpLq
JΣqfpLq

´1

“ pfpLq
´1

q
J

xxptq 9xptqJ
´ 9xptqxptqJ

yt fpLq
´1

“ pfpLq
´1

q
J

xx ^ 9xyt fpLq
´1

(4.10)

Here, x ^ 9x can be interpreted as an angular momentum bivector, analogous to classical angular

momentum in physics.6 We take 9xptq “ fpLqJxptq to be the fully deterministic drift without

noise. Given its origin as the antisymmetric component of covariance-weighted integrated flow,

and its formal relationship to a state-space angular momentum bivector, we refer to this quantity as

6The wedge symbol (^) denotes the exterior product, also called the wedge product. Given two vectors, it produces
an antisymmetric matrix that encodes the oriented area spanned by those vectors. In classical mechanics, angular
momentum can be written as L “ r ^ p, where r is the position and p “ m 9r is the momentum. In three dimensions,
this bivector is equivalent via the Hodge-dual to the more familiar angular momentum vector r ˆ p.
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angular flow (AF). Therefore, AF has the interpretation of transforming the net state-space angular

momentum through the time-integrated system dynamics.

Using AF, we may calculate the net flow for each brain region as
ř

j Ωij “
ř

j Fij ´Fji, which

is positive if there is net flow moving out of a region, and negative if there is net flow into a region.

In this sense,
ř

j Ωij is analogous to the graph divergence of an antisymmetric edge-flow field,

where Ω can be viewed as a discrete 1-cochain on the network.

It is worth emphasizing again that AF is not purely an SC-based prediction for functional

connectivity, nor is it a trivial reproduction of the original signal covariance (Σ). Instead, it is an

object that hybridizes the prediction of a directed structural operator governing brain signal flow

and the empirically observed signal covariance itself. Since it is derived from the HONeD operator,

it inherits the constraints imposed by diffusion through SC when calculating the asymmetric flow

between regions. AF also does not imply a notion of pairwise causality; rather, it implies a whole-

brain ‘tilt’ of signal flow through the entire network between any two brain regions across time.

4.6.2 Non-human datasets and processing

Caenorhabditis elegans dataset

We leveraged the publicly available C. elegans dataset provided by wormatlas, which includes

recordings from 300 neurons imaged from 113 individuals [164]. In particular, it includes a di-

rected neuron-to-neuron structural connectome [229, 231], single-cell transcriptomics for 13, 669

genes [205], and neuron-level Ca2` fluorescence imaging time series where optogenetic stimu-

lation was applied to single cells [164]. The final C. elegans connectomes reflected structural

synaptic connectivity between 296 cells, where 4 cells were excluded since they lacked any em-

pirically observed synaptic connections. We took the empirical ground-truth neuron-to-neuron

structural connectome and symmetrized it as Csym “ pC ` CJq{2, thereby destroying all direc-

tional information, before entering it into our directionality model. For an approximation of the

signal covariance between neurons, we used the empirical preprocessed Ca2` imaging time series

across all 113 individuals and calculated Σij “ xxiptqxjptqyt @t |xiptq,xjptq ‰ 0. Since each cell
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had its own transcriptomic profile, we calculated the principal components of the full matrix and

used the first k largest principal components in our model (see Theory section for mathematical

details).

Mouse dataset

The Allen Mouse Brain Connectivity Atlas, the first whole-brain mouse connectome, was pub-

lished and made publicly available in a landmark study by the Allen Brain Institute [152]. They

used an anterograde tracer with 469 image sets to identify directed structural connections between

213 regions across the entire mouse brain. Each region was assessed for either ipsilateral or con-

tralateral connectivity, meaning that left and right homologs were used together in directional es-

timations. Therefore, to construct a whole-brain connectome with 426 regions to serve as ground-

truth, we assumed that left-right homologous regions had equivalent ipsilateral/contralateral direc-

tionality. Region-level gene expression data came from the coronal series of the in situ hybridiza-

tion (ISH)-based Allen Gene Expression Atlas (AGEA) with 4083 genes [119].

Preprocessed functional MRI data were obtained from nine mice (age: 9 ˘ 0.05 months) with

a total of 40 minutes of resting-state fMRI scan time for each mouse [207]. Preprocessed fMRI

and anatomical images were provided already registered to the Australian Mouse Brain Mapping

Consortium (AMBMC) MRI template. We then registered the Allen Brain structural template at

10 µm to the AMBMC mean fMRI volumes using Advanced Normalization Tools (ANTs) with

linear interpolation in Python. We then used this transform between spaces to map the Allen Brain

atlas with 426 regions to the AMBMC space with generic label interpolation. With the atlas in

AMBMC space, we used nilearn to calculate the mean time series for all regions.

Macaque dataset

For the non-human primate dataset, we used an OpenNeuro macaque dataset that includes fMRI

time series from nine macaques (eight Macaca mulatta, one Macaca fascicularis) and a dMRI-

derived consensus SC parceled in the RM atlas with 82 cortical brain regions [187]. Notably, the
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SC was directed, with directionality coming from aggregating results from tracer-based studies

in the CoCoMac dataset [201]. This tracer-based directionality was treated as a ground-truth to

which we compared our model performance. When entering this connectome into our direction-

ality model, we symmetrized the macaque connectome (CM ) as CM,sym “ pCM ` CJ
Mq{2. The

preprocessed fMRI time series were obtained in a standardized F99 volumetric space after con-

found regression, and we parceled the time series by averaging all voxels in each region using the

macaque volumetric RM atlas. Macaques were lightly anesthetized before their scanning session,

and anesthesia was maintained using 1–1.5% isoflurane during image acquisition [187]. For full

acquisition and processing details, see Shen et al. [187]. Region-wise transcriptomics was obtained

from a publicly available dataset with 131 genes [131].

Statistical comparisons to ground-truth connectomes

When comparing model predictions to the ground-truth in the above non-human species, we cal-

culated the Pearson correlation between the empirical and predicted skew connectivity matrices,

Cskew “ pC ´ CJq{2, as well as empirical and predicted skew degrees, Dskew “ Dout ´ Din.

We used only non-zero edges since the absence of an empirically reported directed edge does not

necessarily reflect a true absence of directed connectivity between observed brain regions. When

p-values were below computer precision, we denoted them as p ! 0.001.

4.6.3 Human dataset and processing

We used 770 subjects from the Human Connectome Project (HCP) Young Adult dataset in this

study [219] 7. We excluded all HCP subjects that had documented quality control issues. Un-

processed HCP data were downloaded and organized into BIDS format. Anatomical scans were

collected with an MPRAGE T1-weighted sequence. Functional MRI (fMRI) data included four

7Data were provided by the Human Connectome Project, WU-Minn Consortium (Principal Investigators: David
Van Essen and Kamil Ugurbil; 1U54MH091657) funded by the 16 NIH Institutes and Centers that support the NIH
Blueprint for Neuroscience Research; and by the McDonnell Center for Systems Neuroscience at Washington Univer-
sity. Ethical approval was not required as confirmed by the license attached with the open access data.
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15-minute rest sessions and two task sessions for six tasks (Motor, Language, Gambling, Social,

Relational, and Working Memory), all with a repetition time (TR) of 720 ms. Additionally, we

used the pre-processed diffusion tensor imaging (DTI) data made available by HCP, which in-

cludes merging high-fidelity directions across multiple multi-shell DTI acquisitions (b = 1000,

2000, & 3000) and correcting for phase-encoding polarity distortion [77]. We applied a state-of-

the-art image processing pipeline, micapipe [40], which processes the anatomical, functional, and

diffusion MRI data in a coherent framework to produce subject-specific structural connectivity and

functional regional time series in the Schaefer atlas with 400 cortical regions [180], each with con-

nectivity to an additional 14 subcortical regions [157]. Regional expression maps for 15, 633 genes

were obtained using the abagen toolbox in our same parcellation space with linear distance-based

interpolation for any missing regions [136, 90].

The structural connectivity was computed using MRtrix3 and probabilistic tractography, gen-

erating 10 million streamlines throughout the gray matter white matter interface (maximum tract

length = 400, minimum length = 10, cutoff = 0.06, step = 0.5, angle curvature = 22.5˝) using

the iFOD2 algorithm and 3-tissue anatomically constrained tractography [40]. Tractograms were

filtered using SIFT2 [194], reweighting streamlines by cross-sectional multipliers to provide con-

nection densities that are biologically valid measures of fiber connectivity.

The fMRI underwent image re-orientation, motion and distortion correction, and nuisance sig-

nal regression (white matter, cerebrospinal fluid (CSF), and frame-wise displacement spikes). Vol-

umetric time series were mapped to the native Freesurfer space using boundary-based registra-

tion [80]. Vertex-level time series were averaged into parcels defined by the Schaefer atlas with

400 cortical regions [180]. Parcel-level time series were low-pass filtered to be less than 0.1 Hz.

We computed the functional connectivity (FC) as the Pearson correlation matrix between parcel-

level time series.

To estimate directed SC, we first ran our fingerprinting analyses (see below) to identify the

optimal number of gene gradients. We fit subject-specific parameters in a hierarchical fashion.

First, we fit a single model to the consensus SC and functional covariance to determine which sign
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each gene gradient should take. Since it is biologically implausible that gene gradients should

operate with opposite polarity across brains in the same species, we fit subject-specific direction-

ality models where gene gradient weights were constrained to have the same sign as the consensus

result.

As an additional robustness analysis, we ran our model on an external public dataset, the

MICA-MICs dataset [175]. This dataset is high-quality, and it uses the same processing pipeline

we implemented on the HCP data, helping to ensure comparability between data processing.

4.6.4 HCP fingerprinting analysis

We used test-retest fingerprinting analysis to optimize the number of gene maps for directionality

prediction. That is, we sought the fewest gene maps that produced an asymmetry metric (Gw)

with the best overall test-retest performance across three metrics: Intraclass Correlation Coeffi-

cient (ICC), Discriminability, and Top-1 Identification [60, 27]. For this purpose, we used two

complementary approaches with the HCP dataset. First, we evaluated these metrics on n “ 34

subjects from the HCP Test-Retest dataset; both test and retest have subject-specific SCs and 1

hour of scan time with the separation between scans being approximately 4 months. Second, we

evaluated these metrics by splitting the fMRI time series into two « 30-minute blocks using the

full HCP dataset in subjects with the full 1 hour of scan time n “ 724.

We estimated feature-wise ICC (one-way, single-measures): for each feature, theNˆ2 subject-

by-session matrix was input to a variance-components ICC:

ICC “
MSb ´ MSw

MSb ` MSw

(4.11)

Here, MSb and MSw are the between-subjects and within-subjects mean squares, respectively.

Uncertainty was quantified by nonparametric bootstrap resampling of subjects (1000 samples, with

replacement) and was calculated as the 95% confidence interval for each feature’s ICC.

Second, we quantified multivariate discriminability between test and retest datasets. For each
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subject, we formed the Euclidean distance between that subject’s feature vector in the test (session-

1) and retest (session-2), which corresponds to the “same-subject” distance, and compared it to the

distances between that session-1 vector and all other subjects’ session-2 vectors, which correspond

to the “different-subject” distances. Discriminability is defined as the proportion of pairwise com-

parisons in which the same-subject distance was smaller than the different-subject distance (i.e.,

the probability that a subject is closer to themselves than others across the two sessions). Statisti-

cal significance was assessed by a label-permutation test that randomly permuted subject indices in

session-2 (5000 permutations) to generate a null distribution of the discriminability statistic. The

permutation p-value was obtained as the proportion of the null distribution that was more than the

observed discriminability across subjects.

Third, we quantified Top-1 identification accuracy following a connectome fingerprinting frame-

work [60]. Let Y p1q, Y p2q P RNˆP denote the subject-by-feature matrices from session 1 and

session 2, respectively. We computed the Pearson correlations between all subject pairs across

sessions and, for each subject, identified the single best-matching subject in the opposite session

as the one with the maximal correlation. Identification accuracy was computed in both directions,

and the final Top-1 score was defined as the average proportion of correct identifications across

the two directions. Statistical significance was assessed with a label permutation test (5000 per-

mutations), in which subject labels in one session were randomly permuted to generate a null

distribution of Top-1 accuracy. To estimate feature importance for identification, we additionally

computed a Finn-style differential power for each feature, based on the extent to which within-

subject cross-session products exceeded between-subject cross-session products after feature-wise

z-scoring across subjects in each session [60].

4.6.5 Human gene ontology analysis

After settling on the number of gene gradients (k) to use in our analysis, we used the asymmetry

metric obtained from fitting the consensus (group-averaged) structural connectome to the consen-

sus functional connectome: g˚ “ Gpkqw. We then calculated the cosine similarity between each
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gene expression map Ei P Rn and the identified asymmetry metric g˚ as xEi,g
˚y

||Ei||2||g˚||2 P R. That

is, for every gene, we obtained a measure of how well that gene is aligned (or anti-aligned) with

the asymmetry metric. When the gene expression is aligned (anti-aligned) with g˚ we classified it

as source-biased (sink-biased), since the expression is high (low) where the asymmetry metric is

positive (negative).

To evaluate the distinct gene ontologies of source- and sink-biased genes, we extracted the top

1,000 source- and sink-biased genes, respectively, and entered them into the g:Profiler web-based

interface [112]. We specified the gene universe “background” to be precisely the full list of genes

within the Allen Human Brain Atlas (i.e., 15, 633 genes in our dataset). This provides a list of

significant (p ă 0.05, after FDR correction) gene ontology terms where the significance is based

on a random sampling of our background. For interpretability, we limited our database search

to the “GO” databases and the “Reactome” database. For each significant gene ontology term,

g:Profiler provides an intersection, which is the number of genes from our empirical input gene set

that was part of the term. Let the cardinality of the term intersection be denoted |S|.

Since brain maps tend to be spatially autocorrelated (SA), it is imperative to run another level of

statistical analyses on the g:Profiler results based on a SA-null distribution [32]. Therefore, we used

a Moran spectral randomization spin-test on the cortical map with 1, 000 permutations [225, 227],

and entered each of these maps into g:Profiler while exporting all results (including non-significant

results) to compare against our empirical map results. Therefore, for each SA-null map, we have

another measure of the gene ontology term intersection. Using these SA-null distributions, we

can then calculate for each empirical term a SA-corrected p-value and a measure of SA-corrected

enrichment:

Enrichment Ratio “
|S|true

1
1000

ř1000
j |S|pjq

null

(4.12)

That is, the enrichment ratio calculates how many more genes, on average, appear in our true

expression map compared to a SA-null-corrected background. In our results, we showed all terms

that were significantly enriched relative to the background as determined by g:Profiler and we
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plot their Enrichment Ratios compared to the SA-null distribution. Some terms were significant

according to the generic background but only trending (0.05 ă pspin ă 0.1) after calculating the

SA-corrected p-value. We label these terms with a tilde („).

Since many terms are not independent of each other (i.e., both terms may describe closely

related gene ontologies with nearly the same sets of genes), we grouped terms together based on

a biological category after carefully evaluating each term’s biological relevance. This grouping

should be considered an interpretive step and is not itself an outcome of the g:Profiler analysis.

4.6.6 Network source and sink analysis

To explore the source and sink organization of our estimated directed SC, we first assessed the

skew connectivity, defined as C̃skew “ pC̃ ´ C̃Jq{2. We used the rows of C̃skew to visualize and

qualitatively assess skew connectivity (i.e., the outgoing versus incoming structural relationships)

within primary sensory areas and the thalamus. To summarize these skew edges across resting-state

networks, we calculated C̃pRq

skew “ RJC̃skewR, where R “ rr1, r2, . . . , rms given ri P t0, 1uNˆ1.

Additionally, we investigated the overall degree imbalance of each node as the log ratio of out

versus in degrees:

Dimbalance “ log2pDoutq ´ log2pDinq (4.13)

A positive degree imbalance indicates that the node has stronger outgoing connections than incom-

ing connections, while a negative degree imbalance suggests the reverse. This measure reflects a

multiplicative relationship in the out-versus-in relationship that can emphasize the sources or sinks

that may have relatively few connections but are highly biased in their directionality.

4.6.7 Angular flow analysis

Our directed SC and HONeD model imply a way to augment zero-lag functional covariance into

a measure of functional “flow” through SC, which we term “angular flow” (AF). We compared

AF against traditional directed/effective connectivity metrics in the Schaefer-100 atlas with 14
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subcortical regions [180, 157]; namely lagged-FC, regression dynamic causal modeling (rDCM),

and multivariate Granger causality (GC) [70, 10]. SC directionality for the 114-region atlas was

identified for every subject using k “ 5 gene gradients to keep the results homogeneous with the

rest of the analyses. We calculated lagged-FC as the average sample (lagged) covariance across 10

lags. For rDCM and GC, we used established toolboxes [70, 10]. We statistically compared AF to

these other directed functional connectivity metrics with both Pearson and Spearman correlations,

reported together. When p-values were below computer precision, we denoted them as being

p ! 0.001. When running comparisons, we used only the upper-triangular entries of the respective

measure’s skew matrix.

When assessing resting-state connectivity, we evaluated the net flow for each node:
ř

j Ωij

8. Meanwhile, the resting-state functional connectivity principal gradient was calculated as the

first non-trivial eigenvector of the Laplacian diffusion embedding in the same way as previous

work [134]. We correlated these two maps with a Pearson correlation, then we evaluated its sig-

nificance using a distance-dependent Moran spectral randomization spin-test on the cortical maps

with 100, 000 permutations [225, 227].

We also assessed whether this alignment between AF and the principal FC gradient was greater

when calculating AF using a directed SC compared to a symmetric (undirected) SC. We also

sought to compare whether simple lagged-FC had net flow that significantly aligned with the same

principal FC gradient across subjects. Alignment was calculated using a Pearson correlation. We

compared each of these distributions with a two-sample t-test.

8Taking the sum of the AF along each row is equivalent to calculating the difference between the out-degree and
in-degree of the flow connectivity F “ ´ΣfpLq´1.
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4.7 Supplemental Material

4.7.1 Section 1: Extended Results and Figures

Extended Statistics of Cross-Species Validation

To ensure results were not entirely driven by outlier edges, we also computed the Spearman’s ρ

as a non-parametric correlation, which also showed robust positive correspondence between the

model prediction and ground truth skew connectivity (C. elegans: ρ “ 0.36; Mouse: ρ “ 0.20;

Macaque: ρ “ 0.14; all p ! 0.001). We found similarly promising results when correlating the

skew degree of empirical versus predicted networks (Pearson’s r — C. elegans: r “ 0.67; Mouse:

r “ 0.60; Macaque: r “ 0.54; Spearman’s ρ— C. elegans: ρ “ 0.54; Mouse: ρ “ 0.36; Macaque:

ρ “ 0.31; all p ! 0.001).
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Identifying the optimal k in Cross-Species Validation

Figure 4.6: We evaluated the correlation between model-predicted and ground-truth directed (skew) connectivity with
different numbers of gene gradients (k) ranging from 1 to 10. (a) C. elegans showed the best alignment with ground-
truth at k “ 3; (b) mouse showed the best alignment at k “ 5; (c) macaque showed the best alignment at k “ 1. The
main results for the cross-species analysis are shown in Fig. 4.2.
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Figure 4.7: We visualize the structural connectivity and functional covariance matrices used to fit the directionality
model for each species. The main results for the cross-species analysis are shown in Fig. 4.2.

147



Human Fingerprinting and Replication

For the 34 test-retest dataset (Supplemental Fig. S 4.8a), k “ 5 gene gradients showed a peak

in ICC (0.46 ˘ 0.11), significant Discriminability (0.73 pperm “ 0), and significant Top-1 Identi-

fication (28%, pperm ă 0.001). For the 724 split fMRI subjects (Supplemental Fig. S 4.8b), we

similarly found that k “ 5 gene gradients had high ICC (0.51 ˘ 0.03), significant Discriminability

(0.77, pperm ă 0.001), and a modest but significant Top-1 Identification (3%, pperm ă 0.001) (Sup-

plemental Fig. S 4.8b). The most subject-specific identifiable regions in both datasets involved

cingulate regions, left ventral prefrontal cortex, left inferior temporal gyri, and the hippocampus.

Figure 4.8: Human Asymmetry Test-Retest Fingerprinting. Fingerprinting on the fitted asymmetry metric for the
(a) HCP Test-Retest dataset (n “ 34), and (b) HCP split fMRI dataset (n “ 724). We show (left to right) Intraclass
Correlation Coefficient (ICC) with the 95% confidence interval shaded around the mean, the Discriminability score
(all significant pperm “ 0), the Top-1 Identification metric (%), and the Top-1 Identification regional-importance map.
The main results for the human analysis are shown in Fig. 4.3.
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Figure 4.9: Human Directed SC Replication Dataset. We evaluated our model on the consensus connectome
from the MICA-MICs dataset as an external validation. We evaluated the correlation between the predicted skew
connectivity in the Schaefer-400 atlas for each dataset as well as the identified asymmetry metric. The main results for
the human analysis are shown in Fig. 4.3.
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Extended Angular Flow Results

Statistical Comparison to Causal Discovery Methods: Lagged-FC significantly correlated with

AF (r “ 0.34, p ! 0.001, Spearman ρ “ 0.34, p ! 0.001; Fig. 4.5b). We observed that GC

had the strongest non-parametric relationship with AF (r “ 0.22, p ! 0.001, Spearman ρ “

0.43, p ! 0.001; Fig. 4.5b) while rDCM showed more moderate but still significant correlations

(r “ 0.11, p ! 0.001, Spearman ρ “ 0.13, p ! 0.001; Fig. 4.5b). Interestingly, GC and rDCM

were negatively correlated by Pearson correlation but not by Spearman correlation, suggesting

little monotonic relationship despite the Pearson association (r “ ´0.21, p ! 0.001, Spearman

ρ “ ´0.0037, p “ 0.77; Supplemental Fig. 4.10).

Figure 4.10: A comparison of the consensus rDCM skew-connectivity versus GC skew-connectivity. The main results
for the AF analyses are shown in Fig. 4.5.
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Spin Test for AF Net-Flow and Principal Gradient:

Figure 4.11: Spin-test results comparing the first principal gradient of undirected connectivity to the AF net-flow. The
main results for the human AF analyses are shown in Fig. 4.5.
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Graph Laplacian Flow Operator:

Figure 4.12: The net flow of the modeled diffusion operator in isolation. The main results for the AF analyses are
shown in Fig. 4.5.
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Comparing Alignment with FC Gradient Across Cases:

Figure 4.13: We statistically compared the predicted AF net-flow when calculated with the directed SC versus the
original symmetric SC (p ă 0.001), as well as against the net flow from the conventional lagged-FC. All comparisons
were performed in the Schaefer 400 atlas. The main results for the AF analyses are shown in Fig. 4.5.
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4.7.2 Section 2: Derivation of the Lyapunov Objective for Predicting Struc-

tural Directionality

Linear stochastic dynamics

We begin with a continuous-time linear stochastic model for the evolution of brain activity

dxptq “ Axptq dt ` B dϵptq, (4.14)

where xptq P Rn is the vector of regional brain activity, A P Rnˆn is the linear dynamics operator,

B P Rnˆr maps stochastic inputs into the observed state space, and dϵptq is a vector of Wiener-

process increments satisfying

Erdϵptqs “ 0, E
“

dϵptqdϵptqJ
‰

“ Qϵ dt. (4.15)

In our case, the deterministic dynamics are specified by the HONeD operator, so that

A “ fpLq
J, fpLq “ ´κI ´ βL ` ξL2, (4.16)

where L is the directed graph Laplacian and θ “ tκ, β, ξu denotes the diffusion parameters. The

transpose appears because we write the state equation in the column-vector convention 9xptq “

fpLqJxptq. For ease of notation, we abbreviate fpL; θ;wq ” fpLq, where w denotes the parame-

ters controlling structural directionality.

The effective covariance of the stochastic drive is

Q “ BQϵB
J. (4.17)

In the analyses below, we use an isotropic innovation model,

Q9I, (4.18)
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which assumes that unresolved local fluctuations inject variance into each region without imposing

a preferred large-scale covariance structure. This choice is useful because the goal is to test whether

the directed structural operator itself can explain the observed covariance structure, rather than

allowing a flexible noise covariance to absorb that structure.

From state dynamics to covariance dynamics

The empirical functional covariance is modeled as the expected second moment

Σptq “ E
“

xptqxptqJ
‰

. (4.19)

Since the data are mean-centered, this second moment is equivalent to the covariance. We now

derive the differential equation governing Σptq.

First, define the instantaneous outer product

Sptq “ xptqxptqJ. (4.20)

Using the stochastic product rule, also known as Itô’s product rule,

dSptq “ dxptqxptqJ
` xptq dxptqJ

` dxptq dxptqJ. (4.21)

Substituting the stochastic dynamics from Eq. (4.14) gives

dSptq “ pAxptq dt ` B dϵptqqxptqJ

` xptq pAxptq dt ` B dϵptqq
J

` pB dϵptqq pB dϵptqq
J . (4.22)
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Expanding the first two terms,

dSptq “ AxptqxptqJdt ` B dϵptqxptqJ

` xptqxptqJAJdt ` xptqdϵptqJBJ

` B dϵptqdϵptqJBJ. (4.23)

Taking expectations, the terms that are linear in dϵptq vanish because the Wiener increments have

zero mean and are independent of the present state. Therefore,

ErdSptqs “ AE
“

xptqxptqJ
‰

dt ` E
“

xptqxptqJ
‰

AJdt

` B E
“

dϵptqdϵptqJ
‰

BJ. (4.24)

Using the definitions of Σptq and Q “ BQϵB
J, we obtain

dΣptq “ AΣptq dt ` ΣptqAJ dt ` Qdt. (4.25)

Dividing by dt gives the continuous-time differential Lyapunov equation

9Σptq “ AΣptq ` ΣptqAJ
` Q. (4.26)

Substituting A “ fpLqJ, Eq. (4.26) becomes

9Σptq “ fpLq
JΣptq ` ΣptqfpLq ` Q. (4.27)

This is the Lyapunov equation used in our structural directionality objective.
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Steady-state covariance constraint

If the linear dynamics are stable, meaning that the eigenvalues of A “ fpLqJ have negative real

part, then the covariance converges toward a stationary covariance Σ. At stationarity,

9Σptq “ 0, (4.28)

so Eq. (4.27) reduces to the algebraic Lyapunov equation

fpLq
JΣ ` ΣfpLq ` Q “ 0. (4.29)

This equation expresses a balance between two contributions. The terms

fpLq
JΣ ` ΣfpLq

describe how the deterministic network dynamics dissipate, redistribute, or amplify covariance,

whereas Q describes the covariance injected by stochastic innovations. At steady state, the ob-

served covariance is one for which deterministic dissipation and stochastic injection are balanced.
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Chapter 5

Conclusion

Understanding how a relatively unchanging white matter network facilitates a dynamic repertoire

of brain function is a central problem in computational neuroscience. Resolving this structure-

function problem is critical because it bridges underlying neuronal biology and the emergent prop-

erties of the brain as a whole. Insights into this relationship may therefore reshape our understand-

ing of the neural mechanisms underlying cognition, behavior, and disease.

In this work, I have described three investigations into the structure-function problem, each

of which illuminates a different aspect of how brain structure and function are related. Together,

these works offer a perspective on what a unified structure-function mechanism might look like

and demonstrate how structure-function models can integrate imaging modalities to recover in-

formation unavailable from any single modality in isolation. Below, I summarize and synthesize

these works, demonstrating how they braid together to form a larger argument about the structure-

function relationship in the brain. Then, I conclude by considering what future work can be done

using these insights.

5.1 Synthesizing across results

Chapter 2 shows that the graph Laplacian harmonics of the structural connectome (SC) exhibit a

consistent organization across subjects and map onto an integration-segregation spectrum in the
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brain. Harmonics belonging to different parts of this integration-segregation spectrum display dif-

ferent properties related to their group-level agreement, spatial alignment, graph-theoretical met-

rics, and functional relevance. Importantly, this work urges us to consider the functional and

behavioral relevance of all harmonics rather than merely considering them as a means for dimen-

sionality reduction, as if they reflected a form of principal component analysis. Instead, Laplacian

harmonics can define distinct structural subspaces that may support different forms of network-

level computation in the brain.

Chapter 3 introduces a way to estimate an “innovation” signal in fMRI data based on ampli-

fying the brain signal’s energy in higher spatial frequency harmonics by inverting a higher-order

network diffusion (HONeD) model. This analysis revealed extensively reorganized HONeD-in

functional networks that nevertheless retained rich, nonrandom structure. This analysis again em-

phasized the relevance of considering the full harmonic spectrum, showing how even harmonics

with disproportionately low signal power in the original fMRI time series may nevertheless con-

tain rich and non-random functional organization. Moreover, HONeD-in signals remodeled the

organization of resting state networks (RSNs), functional gradients, and task activation, thereby

demonstrating how these network- and region-level features in fMRI may be at least partially in-

fluenced by passive diffusion through SC.

Chapter 4 takes the reverse approach, where instead of removing the passive diffusion signal

in fMRI, I leverage it to estimate directional information in the original structural connectivity.

This analysis again highlights the mutual interplay between structure and function, but critically

it also introduces a third modality: transcriptional gene expression. Thus, this work presents a

gene-informed structure-function framework in which region-wise transcriptional heterogeneity

can be parameterized inside the model to learn about gene-brain relationships. The model received

support from analyses across three nonhuman species and, in humans, produced relatively stable

subject-specific phenotypes with biologically plausible gene-ontology associations. These analy-

ses therefore complement HONeD-in, showing the power of leveraging the brain’s signal diffusion

to learn about other biological features that may be generalized across both spatial and phylo-
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genetic scales. The directional connectomes estimated by this approach can then be leveraged

in a variety of future studies that aim to understand how directionality influences brain function,

controllability, and disease progression.

Taken together, these chapters support a common view: the graph Laplacian of the struc-

tural connectome provides a mathematically coherent language for describing how anatomy con-

strains functional organization. The graph Laplacian articulates this language in the form of its

harmonics–the standing waves that live on the scaffolding of the brain. These harmonics reflect

the physics of signal movement through the system, and the full harmonic spectrum may be lever-

aged to understand the brain’s structure-function relationship. Harmonics organize across humans

who generally share both the lowest and highest frequency graph harmonics and tend to dispropor-

tionally involve sensory/unimodal brain regions. While the lowest-frequency integrative harmon-

ics are most related to passive diffusion in the brain, the intermediate-frequency degenerate and

high-frequency segregative harmonics carry components of activity related to the brain’s innova-

tion signal. This innovation signal can be estimated by inverting a HONeD model, and it may be

interpreted as the endogenous and exogenous signals produced within the system.

Studying this HONeD-in signal reveals how conventional RSNs may partly reflect the diffusion-

mediated blurring of endogenously generated networks that combine unimodal and multimodal

processing. Functional gradients, too, may be a reflection of signal movement through an under-

lying structural network. When the passive diffusion over SC is removed, functional gradients

remodel in a way that eliminates their apparent hierarchy–all RSNs become balanced around a cir-

cle defined by the deconvolved HONeD-in gradients. This hypothesis, that functional gradients are

shaped by flow through SC, is further supported by identifying the net flow through a directed SC.

This net flow reveals that the principal functional gradient can be reconceived as the flow of signal

from traditionally unimodal networks to multimodal networks. Thus, the unimodal-multimodal di-

vide can be described in terms of a source-sink relationship mediated by passive diffusion through

SC.

More generally, this work suggests that passive diffusion through SC may be a consistent as-
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pect of brain function, extending even to small-scale brains and across different species. The

finding that synaptic directionality in C. elegans can be partially recovered by its functional con-

nectivity suggests that the strongly nonlinear microscopic neural dynamics may nevertheless give

rise to emergent macroscopic linearity described by the graph Laplacian. These results together

demonstrate the utility of structure-function models to relate different imaging modalities and pro-

vide insight into how macroscopically observed emergent activity may arise from simple physical

processes constrained by brain structure.

5.2 Future work

These results ultimately argue in favor of analyzing the brain’s function through the lens of its

structure, using the SC graph Laplacian and its harmonics as a language to define connectivity that

may offer deeper insights than the correlation of brain signals alone.

First, future work should not treat graph harmonics like a form of principal component analy-

sis or as a mere dimensionality reduction technique. Although certain regimes of harmonics may

be more relevant than others when answering different scientific questions, all harmonics have an

interpretability endowed by their topological organization, consistency across subjects, and funda-

mental relationship to the physics of the system. For example, work focusing on response to sen-

sory stimuli may benefit from a careful investigation of the behavior of the segregative harmonics,

while work focusing on cognitive control and attention-oriented tasks may benefit from assess-

ing the collective dynamics of degenerate harmonics. Since these harmonics have an embedded

notion of SC, studying the functional dynamics of these harmonics allows for a form of connec-

tivity analysis that moves from purely statistical descriptions of brain connections to a description

instantiated in the underlying biology. Indeed, some recent work has leveraged our approach to

investigate brain dynamics during cognitive tasks in precisely this way, showing that all harmonics

have dynamical responses to various tasks that depend on whether harmonics are integrative, seg-

regative, or degenerate [20]. I believe this reflects the beginning of a rich area of harmonics-based
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analyses, privileging the dynamics of different harmonic families from across the full spectrum

rather than viewing Laplacian harmonics as merely a form low-dimensional embedding.

Future work that aims to investigate relationships in correlation-based functional connectivity

should carefully evaluate whether reported results hold after deconvolving the effect of passive

diffusion over SC. For instance, some work has suggested that tauopathies in AD may propa-

gate along functional connectivity networks [64], yet the work I have presented here motivates a

reassessment of how such relationships should be interpreted. It is possible that some apparent

relationships between FC and brain pathology arise because FC reflects passive diffusion through

SC, rather than because correlation-based FC independently defines the relevant propagation path-

ways. This ties back to the dichotomy of perspectives I introduced at the very beginning of this

dissertation–computational neuroscience is at its best when it is both theoretically rich and bio-

logically grounded. How exactly functional correlations could relate to the spread of molecules

through the brain remains unclear; more specifically, this highlights a potential mismatch between

what a computational or statistical description of the system can say in isolation (i.e., FC alone)

versus what a hybridized SC-FC framework can say when it more directly unifies computational

theory with biology.

Another, more general, future direction in this same vein is to carefully evaluate situations in

which the functional dynamics observed in neuroimaging appear to blur together. This is espe-

cially relevant for fMRI analyses that aim to identify task-related brain regions. As I’ve shown

with HONeD-in signals, task contrasts using the HONeD-in signal can both eliminate and elevate

significance in different brain regions, depending on the context. One important next step for the

HONeD-in framework is to extend and validate the method on high-resolution brain imaging so

that HONeD-in signals need not be entangled with arbitrary parcellation choices. This may further

allow for new brain atlases based on local HONeD-in signal features, since current parcellations

may also be partially blurred by the fMRI signals from which they are derived.

Finally, there is significant potential to leverage an estimated directed SC in future work. Po-

tential applications include studying how directionality changes across the lifespan; characterizing
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white-matter pathways such as the arcuate fasciculus; determining whether directionality changes

under various forms of medical or therapeutic interventions; and testing whether a directed SC bet-

ter predicts the spread of pathology in dementia and other network-mediated diseases. Although

appropriate caution is warranted given that ground-truth estimates of directionality in humans are

still inaccessible, there remains potential for even an approximate directional SC to influence the

study of the brain. Moreover, a directed SC mathematically motivates a new form of functional

connectivity based on angular flow through the network, representing another step toward an FC

measure rooted in the underlying biology rather than defined purely by statistical association. It

also provides a way to decouple notions of directionality from implications of causality–the flow of

signal through SC is a physical description of signal behavior that need not imply casual inference.

This will help future work articulate brain-behavior relationships not in terms of pairwise relation-

ships between regions, but in terms of the net flow of signals through the biological network.

Taken together, this dissertation argues that the structure-function problem is not merely a

question of linking anatomy to activity, but of learning to read brain function in the language

written by the structural connectome itself.
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[177] J. Rué-Queralt, V. Mancini, V. Rochas, C. Latrèche, P. J. Uhlhaas, C. M. Michel, G. Plomp, S. Eliez,

and P. Hagmann. The coupling between the spatial and temporal scales of neural processes revealed

by a joint time-vertex connectome spectral analysis. NeuroImage, 280:120337, 2023.

[178] C. Sabatier, A. S. Plump, L. Ma, K. Brose, A. Tamada, F. Murakami, E. Y.-H. Lee, and M. Tessier-

Lavigne. The divergent robo family protein rig-1/robo3 is a negative regulator of slit responsiveness

required for midline crossing by commissural axons. Cell, 117(2):157–169, 2004.

[179] P. Sanz Leon, S. A. Knock, M. M. Woodman, L. Domide, J. Mersmann, A. R. McIntosh, and V. Jirsa.

The virtual brain: a simulator of primate brain network dynamics. Frontiers in neuroinformatics, 7:

10, 2013.

[180] A. Schaefer, R. Kong, E. M. Gordon, T. O. Laumann, X.-N. Zuo, A. J. Holmes, S. B. Eickhoff,

and B. T. Yeo. Local-global parcellation of the human cerebral cortex from intrinsic functional

connectivity mri. Cerebral cortex, 28(9):3095–3114, 2018.

[181] V. Schöpf, C. Windischberger, C. H. Kasess, R. Lanzenberger, and E. Moser. Group ica of resting-

state data: a comparison. Magnetic Resonance Materials in Physics, Biology and Medicine, 23(5):

317–325, 2010.

[182] C. Seguin, A. Razi, and A. Zalesky. Inferring neural signalling directionality from undirected struc-

tural connectomes. Nature communications, 10(1):4289, 2019.

[183] J. Sepulcre. Functional streams and cortical integration in the human brain. The Neuroscientist, 20

(5):499–508, 2014.

[184] J. Sepulcre. Integration of visual and motor functional streams in the human brain. Neuroscience

letters, 567:68–73, 2014.

[185] A. K. Seth, A. B. Barrett, and L. Barnett. Granger causality analysis in neuroscience and neuroimag-

ing. Journal of Neuroscience, 35(8):3293–3297, 2015.

[186] W. H. Shaffer. Degenerate modes of vibration and perturbations in polyatomic molecules. Reviews

of Modern Physics, 16(3-4):245, 1944.

[187] K. Shen, G. Bezgin, M. Schirner, P. Ritter, S. Everling, and A. R. McIntosh. A macaque connectome

for large-scale network simulations in thevirtualbrain. Scientific data, 6(1):123, 2019.

180



[188] G. M. Shepherd and N. Yamawaki. Untangling the cortico-thalamo-cortical loop: cellular pieces of a

knotty circuit puzzle. Nature Reviews Neuroscience, 22(7):389–406, 2021.

[189] P. K. Shiu, G. R. Sterne, N. Spiller, R. Franconville, A. Sandoval, J. Zhou, N. Simha, C. H. Kang,

S. Yu, J. S. Kim, et al. A drosophila computational brain model reveals sensorimotor processing.

Nature, 634(8032):210–219, 2024.

[190] T. Shu, V. Sundaresan, M. M. McCarthy, and L. J. Richards. Slit2 guides both precrossing and

postcrossing callosal axons at the midline in vivo. Journal of Neuroscience, 23(22):8176–8184,

2003.

[191] D. I. Shuman, S. K. Narang, P. Frossard, A. Ortega, and P. Vandergheynst. The emerging field

of signal processing on graphs: Extending high-dimensional data analysis to networks and other

irregular domains. IEEE signal processing magazine, 30(3):83–98, 2013.

[192] B. S. Sipes, S. S. Nagarajan, and A. Raj. Integrative, segregative, and degenerate harmonics of the

structural connectome. Communications biology, 7(1):986, 2024.

[193] B. S. Sipes, F. Arab, S. S. Nagarajan, and A. Raj. Honed-in on brain activity: Deconvolving passive

diffusion on the structural network from functional brain signals. bioRxiv, pages 2026–01, 2026.

[194] R. E. Smith, J.-D. Tournier, F. Calamante, and A. Connelly. Sift2: Enabling dense quantitative

assessment of brain white matter connectivity using streamlines tractography. Neuroimage, 119:

338–351, 2015.

[195] A. A. Sokolov, P. Zeidman, A. Razi, M. Erb, P. Ryvlin, M. A. Pavlova, and K. J. Friston. Asymmetric

high-order anatomical brain connectivity sculpts effective connectivity. Network Neuroscience, 4(3):

871–890, 2020.

[196] D. Spielman. Spectral graph theory. Combinatorial scientific computing, 18:18, 2012.

[197] O. Sporns. Network attributes for segregation and integration in the human brain. Current opinion in

neurobiology, 23(2):162–171, 2013.

[198] O. Sporns, D. R. Chialvo, M. Kaiser, and C. C. Hilgetag. Organization, development and function of

complex brain networks. Trends in cognitive sciences, 8(9):418–425, 2004.

[199] P. Sprawls. Magnetic resonance imaging: principles, methods, and techniques. Medical Physics

Publishing Madison, 2000.

181



[200] R. N. Spreng and J. R. Andrews-Hanna. The default network and social cognition. Brain mapping:

An encyclopedic reference, 3(December 2015):165–169, 2015.

[201] K. E. Stephan, L. Kamper, A. Bozkurt, G. A. Burns, M. P. Young, and R. Kötter. Advanced database

methodology for the collation of connectivity data on the macaque brain (cocomac). Philosophical

Transactions of the Royal Society of London. Series B: Biological Sciences, 356(1412):1159–1186,

2001.

[202] J. Strotmann, O. Levai, J. Fleischer, K. Schwarzenbacher, and H. Breer. Olfactory receptor proteins

in axonal processes of chemosensory neurons. Journal of Neuroscience, 24(35):7754–7761, 2004.

[203] S. Sun, J. Torok, C. Mezias, D. Ma, and A. Raj. Spatial cell-type enrichment predicts mouse brain

connectivity. Cell Reports, 42(10), 2023.

[204] J. Swift, W. Coon, C. Guger, P. Brunner, M. Bunch, T. Lynch, B. Frawley, A. Ritaccio, and G. Schalk.

Passive functional mapping of receptive language areas using electrocorticographic signals. Clinical

Neurophysiology, 129(12):2517–2524, 2018.

[205] S. R. Taylor, G. Santpere, A. Weinreb, A. Barrett, M. B. Reilly, C. Xu, E. Varol, P. Oikonomou,

L. Glenwinkel, R. McWhirter, et al. Molecular topography of an entire nervous system. Cell, 184

(16):4329–4347, 2021.

[206] M. Tessier-Lavigne and C. S. Goodman. The molecular biology of axon guidance. Science, 274

(5290):1123–1133, 1996.

[207] X. V. To and F. A. Nasrallah. A mice resting-state functional magnetic resonance imaging dataset on

the effects of medetomidine dosages and prior-stimulation on functional connectivity. Data in Brief,

42:108279, 2022.

[208] G. Tononi, O. Sporns, and G. M. Edelman. A measure for brain complexity: relating functional

segregation and integration in the nervous system. Proceedings of the National Academy of Sciences,

91(11):5033–5037, 1994.

[209] J.-D. Tournier, R. Smith, D. Raffelt, R. Tabbara, T. Dhollander, M. Pietsch, D. Christiaens, B. Jeuris-

sen, C.-H. Yeh, and A. Connelly. Mrtrix3: A fast, flexible and open software framework for medical

image processing and visualisation. NeuroImage, 202:116137, Nov 2019. ISSN 10538119. doi:

10.1016/j.neuroimage.2019.116137.

[210] V. L. Towle, H.-A. Yoon, M. Castelle, J. C. Edgar, N. M. Biassou, D. M. Frim, J.-P. Spire, and M. H.

182



Kohrman. Ecog gamma activity during a language task: differentiating expressive and receptive

speech areas. Brain, 131(8):2013–2027, 2008.

[211] P. Tremblay and A. S. Dick. Broca and wernicke are dead, or moving past the classic model of

language neurobiology. Brain and language, 162:60–71, 2016.

[212] A. Tsang, C. A. Lebel, S. L. Bray, B. G. Goodyear, M. Hafeez, R. C. Sotero, C. R. McCreary, and

R. Frayne. White matter structural connectivity is not correlated to cortical resting-state functional

connectivity over the healthy adult lifespan. Frontiers in aging neuroscience, 9:144, 2017.

[213] L. Q. Uddin, B. Yeo, and R. N. Spreng. Towards a universal taxonomy of macro-scale functional

human brain networks. Brain topography, 32(6):926–942, 2019.

[214] G. E. Uhlenbeck and L. S. Ornstein. On the theory of the brownian motion. Physical review, 36(5):

823, 1930.

[215] M. Ursino, C. Cuppini, and E. Magosso. Neurocomputational approaches to modelling multisensory

integration in the brain: a review. Neural Networks, 60:141–165, 2014.

[216] D. Van De Ville, Y. Farouj, M. G. Preti, R. Liégeois, and E. Amico. When makes you unique:
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