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Testing the concavity of an ordinal dominance curve

Brendan K. Beare and Jong-Myun Moon∗

Department of Economics, University of California, San Diego

April 2, 2012

Abstract

We study the asymptotic properties of a class of statistics used for testing the null hy-
pothesis that an ordinal dominance curve is concave. The statistics are based on the
Lp-distance between the empirical ordinal dominance curve and its least concave majo-
rant, with 1 ≤ p ≤ ∞. We formally establish the limit distribution of the statistics when
the true ordinal dominance curve is concave. Further, we establish that, when 1 ≤ p ≤ 2,
the limit distribution is stochastically largest when the true ordinal dominance curve is
the 45-degree line. When p > 2, this is not the case, and in fact the limit distribution
diverges to infinity along a suitably chosen sequence of concave ordinal dominance curves.
Our results serve to clarify, extend and amend assertions appearing previously in the
literature for the cases p = 1 and p =∞.

∗We thank Andres Santos for helpful comments.
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1 Introduction

Suppose we observe two samples of real valued random variables (X1, . . . , Xm) and

(Y1, . . . , Yn). Each sample is iid, and the two samples are independent of one another. Let

F denote the common cdf of the Xi’s, and let G denote the common cdf of the Yj’s. The

ordinal dominance curve (odc) for these two distributions is the map R : [0, 1] → [0, 1]

given by R(u) = F (G−1(u)), where G−1(u) = inf{y : G(y) ≥ u} is the quantile function

corresponding to G.

We are interested in testing the null hypothesis that R is concave. When the density ratio

dF/dG is well defined, concavity of R is equivalent to this ratio being nonincreasing on

the support of G. In this case we say that G likelihood ratio dominates F . Likelihood

ratio dominance is a stronger property than first-order stochastic dominance, and crops

up occasionally as a property of interest in statistical applications. For instance, in a

simple model of derivatives pricing, Beare (2011) showed that likelihood ratio dominance

between the risk neutral and physical measures associated with some asset is equivalent to

the nonexistence of derivative securities generating returns that first-order stochastically

dominate the return on a direct investment in the asset.

The problem of testing whether R is concave was considered in detail by Carolan and

Tebbs (2005, hereafter CT). CT considered two statistics for testing the concavity of

R. Let Fm(x) = m−1
∑m

i=1 1{Xi ≤ x}, Gn(y) = n−1
∑n

j=1 1{Yj ≤ y}, and Rm,n(u) =

Fm(G−1n (u)). The two statistics considered by CT were of the form

Mp
m,n = cm,n‖MRm,n −Rm,n‖p, (1.1)

where p = 1 or p =∞. Here, cm,n = (mn/(m+ n))1/2, ‖ · ‖p is the Lp-norm with respect

to Lebesgue measure, and MRm,n is the least concave majorant (lcm) of Rm,n. Loosely

speaking, MRm,n is the smallest concave function lying above Rm,n. A formal definition

of the lcm is given in Definition 2.1 below. CT write M
∗(12)
m,n for M1

m,n and D
∗(12)
m,n for M∞

m,n.

More accurately, M
∗(12)
m,n in CT is a computationally convenient approximation to M1

m,n

constructed using isotonic regression; the difference is, however, asymptotically negligible,

as noted on p. 168 of CT.
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Theorem 2 of CT makes two claims about the null asymptotic behavior of Mp
m,n as m∧n→

∞ with n/(m+ n)→ λ ∈ (0, 1).

1. When R(u) = u, we have Mp
m,n →d ‖MB − B‖p, where B is a standard Brownian

bridge on the unit interval.

2. If R is concave but not equal to the identity function, the limit distribution of Mp
m,n

is first-order stochastically dominated by ‖MB −B‖p.

Claim (1) provides the limit distribution of Mp
m,n at one particular point in the null:

R(u) = u. Claim (2) asserts that, at all other points in the null, a stochastically smaller

limit distribution is obtained. In this sense, R(u) = u is the least favorable point in the

null, and critical values yielding a test with the correct asymptotic size may be extracted

from the relevant quantile of ‖MB −B‖p at this point.

We agree with Claim (1) of CT, but only half agree with Claim (2). Specifically, we will

show that R(u) = u is indeed least favorable when p = 1, but this is not the case when

p =∞. In fact, the limit distribution of M∞
m,n diverges to infinity along a suitably chosen

sequence of concave odcs. Consequently, comparing M∞
m,n to a critical value extracted

from its limit distribution at R(u) = u leads to a test with asymptotic size equal to one.

A primary contribution of this paper is to correctly describe the asymptotic behavior

of the statistic M∞
m,n proposed by CT. In addition, we extend the framework of CT by

considering the intermediate region p ∈ (1,∞). It turns out that the validity of Claim

(2) of CT in this more general setting depends critically on whether p ≤ 2 or p > 2. In

the former case, R(u) = u is the least favorable point in the null, while in the latter case

it is not. This indicates that it may be best to restrict p ∈ [1, 2] in practice.

Our results are organized as follows. In Section 2 we derive the limit distribution of

Mp
m,n for p ∈ [1,∞], when R is an arbitrary concave odc satisfying suitable smoothness

conditions. Our derivations are complicated by some subtleties relating to the differential

properties of the lcm operator, which we deal with using an extension of the functional

delta method due to Shapiro (1991). In Section 3 we demonstrate that R(u) = u is least

favorable when p ∈ [1, 2], but not when p ∈ (2,∞]. Mathematical proofs are gathered

together in the Appendix.
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2 Limit distribution of test statistics

Let us begin by formally defining the maintained, null, and alternative hypotheses for our

problem. Let Θ denote the collection of nondecreasing, twice continuously differentiable

maps θ : [0, 1]→ [0, 1] with θ(0) = 0 and θ(1) = 1. We maintain throughout that our odc

R ∈ Θ, and let R′ and R′′ denote its first and second derivatives. Our null hypothesis is

the set Θ0 = {θ ∈ Θ : θ is concave}, and our alternative hypothesis is the set Θ1 = Θ\Θ0.

In this section we establish the limit distributions of the test statistics Mp
m,n defined

in (1.1), with p ∈ [1,∞], at each point R ∈ Θ0. We first state a well-understood re-

sult concerning the weak convergence of the normalized empirical odc cm,n(Rm,n − R).

Let `∞ ([a, b]) denote the collection of uniformly bounded real valued functions on [a, b]

equipped with the uniform metric, and let  denote weak convergence in `∞([0, 1]).

Lemma 2.1. Suppose R ∈ Θ. Then as m ∧ n → ∞ with n/(m + n) → λ ∈ (0, 1), we

have cm,n(Rm,n −R) TR, where TR is a random element of `∞ ([0, 1]) satisfying

TR(u) = λ1/2B1(R(u)) + (1− λ)1/2R′(u)B2(u), u ∈ [0, 1],

and B1 and B2 are independent standard Brownian bridges on [0, 1].

Lemma 2.1 is a consequence of Thas (2009, Theorem 7.6), and results cited therein. Hseih

and Turnbull (1996, Theorem 2.2) establish a strong approximation for cm,n(Rm,n − R),

but weak convergence is sufficient for our purposes.

We have yet to give a formal definition of the operator M used in the definition of Mp
m,n

given in (1.1). Let `∞co ([a, b]) = {f ∈ `∞ ([a, b]) : f is concave}.

Definition 2.1. Given a closed interval [a, b] ⊂ [0, 1], the lcm over [a, b] is the operator

M[a,b] : `∞ ([0, 1])→ `∞ ([a, b]) that maps each f ∈ `∞ ([0, 1]) to the function

M[a,b]f(u) = inf{g(u) : g ∈ `∞co ([a, b]) and f ≤ g on [a, b]}, u ∈ [a, b].

That is, M[a,b]f is the pointwise infimum of those functions g ∈ `∞co ([a, b]) that majorize

the restriction of f to [a, b]. We write M as shorthand for M[0,1], and refer to M as the

lcm operator.
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Suppose R ∈ Θ0. Since in this case MR = R, we may write

Mp
m,n = ‖cm,n (DRm,n −DR) ‖p, (2.1)

where D =M−I, and I is the identity function on `∞([0, 1]). In view of (2.1) and Lemma

2.1, an obvious approach to establishing the limit distribution of Mp
m,n when R ∈ Θ0 is to

apply the functional delta method to obtain weak convergence of the quantity inside the

‖·‖p in (2.1), and then invoke the continuous mapping theorem. Such an approach requires

consideration of the differential properties of the lcm operator. The following definition

is adapted from Shapiro (1990, 1991) and Bonnans and Shapiro (2000, Definition 2.45).

Definition 2.2. Let X and Y be topological vector spaces over the field of real numbers.

A map φ : X → Y is said to be Hadamard directionally differentiable at x ∈ X

tangentially to X0 ⊂X if there exists a map φ′x : X0 → Y such that

φ′x(z) = lim
n→∞

φ(x+ tnzn)− φ(x)

tn

for any sequences zn ∈X and tn ∈ R+ with zn → z ∈X0 and tn ↓ 0. φ′x(z) is referred to

as the Hadamard directional derivative of φ at x in direction z.

Hadamard directional differentiability is a weaker property than Hadamard differentia-

bility because in the latter case we require φ′x(z) to be a continuous, linear function

of z. Continuity in z follows automatically from Hadamard directional differentiability

(Bonnans and Shapiro, 2000, Proposition 2.46), but linearity does not.

In what follows, C ([0, 1]) denotes the set of continuous real valued functions on [0, 1].

Lemma 2.2. If R ∈ Θ0 thenM is Hadamard directionally differentiable at R tangentially

to C ([0, 1]). Given h ∈ C ([0, 1]) and u ∈ [0, 1], if R′′ is equal to zero in a left- or right-

neighborhood of u, then we have M′
Rh(u) =M[aR,u,bR,u]h(u), where

aR,u = inf{u′′ ≤ u : R′′(u′) = 0 for all u′ satisfying u′′ ≤ u′ ≤ u},

bR,u = sup{u′′ ≥ u : R′′(u′) = 0 for all u′ satisfying u ≤ u′ ≤ u′′}.

If R′′ is not equal to zero in a left- or right-neighborhood of u, then M′
Rh(u) = h(u).
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Lemma 2.2 establishes the existence and explicit form of the Hadamard directional deriva-

tiveM′
Rh when R ∈ Θ0 and h ∈ C ([0, 1]). The proof may be found in the Appendix. It is

not difficult to see that our directional derivativeM′
Rh is not in general a linear function

of h. For instance, let R(u) = u, h1(u) = u2 and h2(u) = −u2. Then M′
Rh1(u) = u,

M′
Rh2(u) = −u2 andM′

R(h1 +h2)(u) = 0, implying thatM′
R(h1 +h2) 6=M′

Rh1 +M′
Rh2.

In fact, M′
Rh is linear in h if and only if R is strictly concave. We will see shortly that

our test statistic Mp
m,n has a nondegenerate limit distribution only when R is concave

but not strictly concave. For this reason, it is critical to establish Hadamard directional

differentiability of M at points R ∈ Θ0 that are not strictly concave, rather than merely

relying on the Hadamard differentiability ofM at points R ∈ Θ0 that are strictly concave.

Standard versions of the functional delta method (see e.g. van der Vaart and Wellner, 1996,

Theorem 3.9.4) require the operator under consideration to be Hadamard differentiable.

However, Shapiro (1991, Theorem 2.1) established that, with no compensating loss in

generality, the functional delta method applies more broadly under Hadamard directional

differentiability. Applying Shapiro’s result in conjunction with Lemma 2.1 and Lemma

2.2, we deduce that, when R ∈ Θ0, as m ∧ n→∞ with n/(m+ n)→ λ ∈ (0, 1) we have

cm,n (DRm,n −DR) M′
RTR − TR. (2.2)

Here we have used the fact that D is Hadamard directionally differentiable at R tan-

gentially to C ([0, 1]), with D′R = M′
R − I. This is immediate from Lemma 2.2. The

random process TR, defined in Lemma 2.1, lies in C ([0, 1]) with probability one since R

is continuously differentiable and the Brownian bridges B1 and B2 are continuous with

probability one. Thus M′
RTR is well-defined.

In view of (2.1), an application of the continuous mapping theorem to (2.2) delivers us

Mp
m,n →d ‖M′

RTR − TR‖p (2.3)

as m∧n→∞ with n/(m+n)→ λ ∈ (0, 1), whenever R ∈ Θ0. Our next result establishes

an alternative, more easily interpretable representation for the limit distribution ‖M′
RTR−

TR‖p. Its statement requires some additional notation. Given an odc R ∈ Θ0 that is not

strictly concave, there is a unique way to construct a finite or countable union of disjoint

closed intervals [ak, bk], k ∈ K, such that the restriction of R to each [ak, bk] is affine, and

6



such that R is strictly concave over any convex subset of [0, 1] \ ∪k∈K [ak, bk]. For each

k ∈ K, let dk = bk − ak, and let hk = R(bk)− R(ak). We suppress the dependence of ak,

bk, dk, hk and K on R in our notation.

Theorem 2.1. As m ∧ n → ∞ with n/(m + n) → λ ∈ (0, 1), if R ∈ Θ0 is not strictly

concave then we have

Mp
m,n →d

(∑
k∈K

(
λhkd

2/p
k + (1− λ)h2kd

(2−p)/p
k

)p/2
‖DBk‖pp

)1/p

if p ∈ [1,∞), or

M∞
m,n →d sup

k∈K

(
λhk + (1− λ)h2kd

−1
k

)1/2 ‖DBk‖∞,

where {Bk : k ∈ K} is a mutually independent collection of standard Brownian bridges

on [0, 1]. If instead R ∈ Θ0 is strictly concave, we have Mp
m,n →p 0.

The proof of Theorem 2.1 may be found in the Appendix. If we set R(u) = u in Theorem

2.1, we find that Mp
m,n →d ‖DB‖p. Theorem 2 of CT established this result for p ∈ {1,∞}.

Our result extends theirs by allowing p ∈ (1,∞), and by allowing R to vary over Θ0. In

fact, CT also provided some results concerning the behavior of M1
m,n and M∞

m,n for other

choices of R. Lemma A1 of CT asserts that M1
m,n →p 0 and M∞

m,n →p 0 when R is strictly

concave, consistent with Theorem 2.1. Lemma A2 of CT states limit distributions for

M1
m,n and M∞

m,n in the case where R is concave and piecewise linear. The distribution

given for M1
m,n is consistent with Theorem 2.1, but the distribution given for M∞

m,n is

not, and appears to be incorrect. CT do not provide a proof of the limit distribution

given for M∞
m,n. We will see in the following section that the limit distribution of M∞

m,n

diverges to infinity as one moves along a particular sequence of concave odcs. This result

contradicts Theorem 2 of CT, which states that the limit distribution of M∞
m,n at R(u) = u

first-order stochastically dominates the limit distributions achieved at other concave odcs.

The source of this inconsistency appears to be the incorrect limit distribution given for

M∞
m,n in Lemma A2 of CT.
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3 When is the 45-degree line least favorable?

In Theorem 2.1 we established the limit distribution of Mp
m,n at each point R ∈ Θ0. To

obtain a valid critical value for testing Θ0 against Θ1, we would like to be able to say that

the limit distribution of Mp
m,n is stochastically largest at one particular point in Θ0, in

the sense of being first-order stochastically dominant over the limit distribution of Mp
m,n

at any other point in Θ0. In this case, the point in Θ0 at which the limit distribution of

Mp
m,n is stochastically largest is said to be least favorable. If we set our critical value c

equal to the 1− α quantile of the limit distribution of Mp
m,n at this least favorable point,

and reject Θ0 when Mp
m,n > c, then our limiting rejection probability is no greater than

α at any point in Θ0.

When our odc is the 45◦ line R(u) = u, Theorem 2.1 implies that Mp
m,n →d ‖DB‖P . The

following result states that, when p ∈ [1, 2], this odc is least favorable.

Theorem 3.1. Suppose p ∈ [1, 2] and R ∈ Θ0. The limit distribution of Mp
m,n given

in Theorem 2.1 is first-order stochastically dominated by ‖DB‖p, where B is a standard

Brownian bridge on [0, 1].

The proof of Theorem 3.1 may be found in the Appendix. Theorem 2 of CT established

this result for p = 1. Our proof extends their arguments to allow p ∈ [1, 2].

Our next result is perhaps more surprising. It implies that, for Mp
m,n with p ∈ (2,∞],

the 45◦ line R(u) = u is not least favorable. In fact, the limit distribution of Mp
m,n can

be made arbitrarily large with an appropriate choice of R ∈ Θ0. This means that there

cannot be any point in Θ0 that is least favorable.

Theorem 3.2. Suppose p ∈ (2,∞]. For any c ∈ (0,∞) and ε ∈ (0, 1), we may choose

R ∈ Θ0 such that the limit distribution of Mp
m,n given in Theorem 2.1 assigns probability

of at least 1− ε to the region (c,∞).

Theorem 3.2 contradicts Theorem 2 of CT, which states that R(u) = u is least favorable

when p = ∞. The proof may be found in the Appendix. The practical implication of

Theorem 3.2 is that Mp
m,n should not be used for testing Θ0 against Θ1 when p > 2,

because there is no finite critical value that will control asymptotic size everywhere in Θ0.
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Figure 3.1: Quartiles of the limit distribution of Mp
m,n, with p = 1, 2,∞. The horizontal

axes track the index i of the sequence of concave odcs defined in (3.1). At i = 0 we have
R0(u) = u, the 45◦ line.

To illustrate the content of Theorem 3.1 and Theorem 3.2, we computed the 0.25, 0.5 and

0.75 quartiles of the limit distribution of Mp
m,n for p = 1, 2,∞ along a particular sequence

of concave odcs. For i = 0, . . . , 199, we let Ri be a piecewise linear function with a single

kink at the point (1/2− i/400, 1/2 + i/400) in the unit square. That is,

Ri(u) =

{
200+i
200−iu for u ∈

[
0, 1

2
− i

400

]
200−i
200+i

u+ 2i
200+i

for u ∈
[
1
2
− i

400
, 1
]
.

(3.1)

R0 is the 45◦ line, and should be least favorable for p = 1, 2, but not for p = ∞. As

i increases, the graph of Ri contracts towards the upper left corner of the unit square.

The quartiles of the limit distribution of Mp
m,n under each odc Ri are displayed in Figure

3.1. Each panel corresponds to a different value of p. The horizontal axes track the

index i for the sequence of odcs. In panel (a) we see that the limit distribution of M1
m,n

does indeed appear to be stochastically largest at R0. As i increases, the quartiles of

the limit distribution shrink toward zero. In panel (b) we see that the quartiles of the

limit distribution of M2
m,n appear to be roughly constant, or slightly decreasing, as we

move along our sequence of odcs. This pattern is consistent with p = 2 being the largest

value at which R0 is least favorable. In panel (c) we see that the quartiles of the limit

distribution of M∞
m,n diverge toward infinity as i increases, consistent with Theorem 3.2.
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Strictly speaking, the odcs defined in (3.1) do not fit within the framework of our the-

oretical results because they are not twice continuously differentiable. We expect that

Theorem 2.1 remains valid in the absence of smoothness conditions on R, but have not

been able to formally establish that this is the case. The difficulty lies in generalizing

Lemma 2.1 to allow for nondifferentiable R. In the case of piecewise linear R, the kinks in

R correspond to discontinuities in the limit process TR. This makes weak convergence to

TR in `∞([0, 1]) troublesome to establish, if indeed it holds. Nevertheless, one may closely

approximate a nondifferentiable odc using a twice continuously differentiable odc, so the

technical difficulties associated with nondifferentiable odcs seem likely to be of limited

importance in practice.

A Mathematical appendix

Proof of Lemma 2.2. Our task is to show that t−1n (M(R + tnhn) − R) → M′
Rh for

any sequences tn ↓ 0 and hn → h ∈ C[0, 1]. Marshall’s lemma (Robertson et al.,

1988, ch. 7) states that sup |Mf − Mg| ≤ sup |f − g| for any f, g. Consequently,

t−1n sup |M(R + tnhn) −M(R + tnh)| ≤ sup |hn − h|, and so it suffices for us to show

that, for any h ∈ C[0, 1], t−1n (M(R + tnh) − R) → M′
Rh. We will do this by estab-

lishing pointwise monotone convergence t−1n (M(R + tnh)(u) − R(u)) ↓ M′
Rh(u) at each

u ∈ [0, 1], which implies uniform convergence by Dini’s theorem. In what follows, let

M′
R,nh = t−1n (M(R + tnh)−R), and let u be a fixed point in [0, 1].

Suppose first that R′′ is zero in a left- or right-neighborhood of u. In this case there exists

a unique affine function ξu ∈ C([0, 1]) satisfying ξu(u′) = R(u′) for all u′ ∈ [aR,u, bR,u],

and ξu(u′) > R(u′) for all u′ /∈ [aR,u, bR,u]. We seek to show that

M′
R,nh(u) ↓ M[aR,u,bR,u]h(u). (A.1)

A basic property ofM is thatM(f + g) =Mf + g for any f, g with g affine (see e.g. CT

p. 168). We therefore have

M′
R,nh(u′) = t−1n M(R− ξu + tnh)(u′) ∀u′ ∈ [aR,u, bR,u]. (A.2)

10



Combining (A.2) with the fact thatM is positive homogeneous of degree one, we obtain

M′
R,nh(u′) =M

(
h+ t−1n (R− ξu)

)
(u′) ∀u′ ∈ [aR,u, bR,u]. (A.3)

Now, in view of the definition of ξu,

h(u′) + t−1n (R(u′)− ξu(u′)) = h(u′) ∀u′ ∈ [aR,u, bR,u]

and

h(u′) + t−1n (R(u′)− ξu(u′)) ↓ −∞ ∀u′ /∈ [aR,u, bR,u].

Since h ∈ C([0, 1]) and u ∈ [aR,u, bR,u], it follows that

M
(
h+ t−1n (R− ξu)

)
(u) ↓ M[aR,u,bR,u]h(u). (A.4)

(A.3) and (A.4) jointly imply (A.1).

Suppose next that R′′ is not zero in a left- or right-neighborhood of u. We seek to show

that M′
R,nh(u) ↓ h(u). In this case we may let ξu ∈ C([0, 1]) be an affine function

satisfying ξu(u) = R(u) and ξu(u′) > R(u′) for all u′ 6= u. With this choice of ξu we have

h(u) + t−1n (R(u)− ξu(u)) = h(u)

and

h(u′) + t−1n (R(u′)− ξu(u′)) ↓ −∞ ∀u′ 6= u.

Since h ∈ C([0, 1]), it follows that

M
(
h+ t−1n (R− ξu)

)
(u) ↓ h(u). (A.5)

The arguments used to establish (A.2) and (A.3) in the previous paragraph may be used

here to show that M′
R,nh(u) =M (h+ t−1n (R− ξu)) (u). In view of (A.5), it follows that

M′
R,nh(u) ↓ h(u), as claimed.

Proof of Theorem 2.1. When R is strictly concave, Lemma 2.2 implies thatM′
RTR = TR,

and so from (2.3) we have Mp
m,n →p 0, as claimed. Suppose instead that R is concave but
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not strictly concave. For u ∈ [ak, bk], we know that R(u) = R(ak) + hkd
−1
k (u − ak) and

R′(u) = hkd
−1
k . Therefore, recalling the definition of TR in Lemma 2.1, we have

TR(u) = λ1/2B̄1

(
R(ak) + hkd

−1
k (u− ak)

)
+ (1− λ)1/2hkd

−1
k B̄2(u) ∀u ∈ [ak, bk],

where B̄1 and B̄2 are independent standard Brownian bridges on [0, 1]. Let W̄1 and

W̄2 be independent Wiener processes on [0, 1] such that B̄1(u) = W̄1(u) − uW̄1(1) and

B̄2(u) = W̄2(u)− uW̄2(1). We define T ∗R, T
+
R ∈ `∞([0, 1]) as follows. For u ∈ [ak, bk], let

T ∗R(u) = λ1/2W̄1

(
R(ak) + hkd

−1
k (u− ak)

)
+ (1− λ)1/2hkd

−1
k W̄2(u)

T+
R (u) = λ1/2

(
R(ak) + hkd

−1
k (u− ak)

)
W̄1(1) + (1− λ)1/2hkd

−1
k uW̄2(1).

For u /∈ ∪k∈K [ak, bk], let T ∗R(u) = TR(u) and T+
R (u) = 0. By construction, TR(u) = T ∗R(u)+

T+
R (u) for all u ∈ [0, 1]. Note that T+

R is affine over each interval [ak, bk]. Consequently,

for u ∈ [ak, bk] we have M[ak,bk]TR(u) =M[ak,bk]T
∗
R(u) + T+

R (u), and so

M[ak,bk]TR(u)− TR(u) =M[ak,bk]T
∗
R(u)− T ∗R(u) ∀u ∈ [ak, bk]. (A.6)

For k ∈ K and u ∈ [0, 1], define

W̄1,k(u) = h
−1/2
k

(
W̄1 (R(ak) + hku)− W̄1 (R(ak))

)
W̄2,k(u) = d

−1/2
k

(
W̄2 (ak + dku)− W̄2 (ak)

)
.

The self-similarity property of Wiener processes implies that W̄1,k and W̄2,k are themselves

Wiener processes. Moreover, the collection of Wiener processes {W̄j,k : j ∈ {1, 2}, k ∈ K}
is mutually independent. It follows that the random functions Wk, k ∈ K, defined by

Wk(u) =
λ1/2h

1/2
k W̄1,k(u) + (1− λ)1/2hkd

−1/2
k W̄2,k(u)√

λhk + (1− λ)h2kd
−1
k

∀u ∈ [0, 1],

also form a mutually independent collection of Wiener processes. We may now write

T ∗R(u) =
(
λhk + (1− λ)h2kd

−1
k

)1/2
Wk

(
d−1k (u− ak)

)
+ γR,k ∀u ∈ [ak, bk],

where γR,k = λ1/2W̄1(R(ak)) + (1 − λ)1/2hkd
−1
k W̄2(ak). Since γR,k does not depend on u,
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and M[ak,bk] is positive homogeneous of degree one, we conclude that

M[ak,bk]T
∗
R(u)− T ∗R(u) =

(
λhk + (1− λ)h2kd

−1
k

)1/2DWk

(
d−1k (u− ak)

)
(A.7)

for all k ∈ K and u ∈ [ak, bk].

In view of (2.3), it suffices for us to show that ‖M′
RTR−TR‖p has the distribution stated

in Theorem 2.1. Suppose first that p ∈ [1,∞). From the form of the directional derivative

M′
R given in Lemma 2.2, we see that

‖M′
RTR − TR‖p =

(∑
k∈K

∫ bk

ak

(
M[ak,bk]TR(u)− TR(u)

)p
du

)1/p

.

(A.6), (A.7), and a simple change of variables may be used to show that∫ bk

ak

(
M[ak,bk]TR(u)− TR(u)

)p
du =

(
λhkd

2/p
k + (1− λ)h2kd

(2−p)/p
k

)p/2 ∫ 1

0

DWk (u)p du

for each k ∈ K. Let Bk(u) = Wk(u) − uWk(1), a standard Brownian bridge. Since

DWk = DBk, this completes our proof for the case p ∈ [1,∞). Suppose next that p =∞.

Lemma 2.2 implies that

‖M′
RTR − TR‖∞ = sup

k∈K
sup

u∈[ak,bk]

(
M[ak,bk]TR(u)− TR(u)

)
.

It is immediate from (A.6) and (A.7) that

sup
u∈[ak,bk]

(
M[ak,bk]TR(u)− TR(u)

)
=
(
λhk + (1− λ)h2kd

−1
k

)1/2 ‖DWk‖∞.

for each k ∈ K. Since DWk = DBk, our proof is complete for the case p =∞ also.

Proof of Theorem 3.1. If R is strictly concave then Mp
mn →p 0 by Theorem 2.1, and we

are done. Suppose R is concave but not strictly concave. For k ∈ K, define

lk =
(
λhkd

2/p
k + (1− λ)h2kd

(2−p)/p
k

)p/(p+2)

.

13



We need to show that ‖DB‖pp first-order stochastically dominates
∑

k∈K l
(p+2)/2
k ‖DBk‖pp.

Begin by observing that

lk = h
p/(p+2)
k · d(2−p)/(p+2)

k · (λdk + (1− λ)hk)p/(p+2) .

The three exponents on the right-hand side of this equality satisfy

p

p+ 2
+

2− p
p+ 2

+
p

p+ 2
= 1.

Therefore, since p ≤ 2, the well-known inequality between weighted geometric and arith-

metic means implies that

lk ≤
p

p+ 2
hk +

2− p
p+ 2

dk +
p

p+ 2
(λdk + (1− λ)hk) .

Consequently, we have

∑
k∈K

lk ≤
∑
k∈K

(
p

p+ 2
hk +

2− p
p+ 2

dk +
p

p+ 2
(λdk + (1− λ)hk)

)
=

p(2− λ)

p+ 2

∑
k∈K

hk +
2− p+ λp

p+ 2

∑
k∈K

dk

≤ 1, (A.8)

since
∑

k∈K hk ≤ 1 and
∑

k∈K dk ≤ 1. The inequality (A.8) ensures the existence of a

collection of closed intervals [a∗k, b
∗
k] ⊂ [0, 1], k ∈ K, such that the intersection of any two

intervals contains at most one point, and such that b∗k − a∗k = lk for each k ∈ K. Let W

be a Wiener process with B(u) = W (u)− uW (1). Recalling that DB = DW , we have

‖DB‖pp =

∫ 1

0

(MW (u)−W (u))p du ≥
∑
k∈K

∫ b∗k

a∗k

(
M[a∗k,b

∗
k]
W (u)−W (u)

)p
du.

Since W is self-similar with independent increments, we may define a mutually indepen-

dent collection of Wiener processes {Wk : k ∈ K} such that∫ b∗k

a∗k

(
M[a∗k,b

∗
k]
W (u)−W (u)

)p
du = l

(p+2)/2
k

∫ 1

0

(MWk(u)−Wk(u))p du = l
(p+2)/2
k ‖DWk‖pp

14



for each k ∈ K. Consequently, we have ‖DB‖pp ≥
∑

k∈K l
(p+2)/2
k ‖DWk‖pp. Letting Bk(u) =

Wk(u)− uWk(1), we obtain the desired first-order stochastic dominance.

Proof of Theorem 3.2. Suppose p ∈ (2,∞). In view of Theorem 2.1, it is clear that the

limit distribution of Mp
m,n may be made to assign arbitrarily small probability to [0, c] if

we can choose R ∈ Θ0 to make h21d
(2−p)/p
1 sufficiently large. But since p > 2, this can

always be achieved by making R linear and sufficiently steep near the origin. Similarly,

we can make the limit distribution of M∞
m,n assign arbitrarily small probability to [0, c] by

choosing R ∈ Θ0 to make h21d
−1
1 sufficiently large, and this too is always possible.
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