UC San Diego

UC San Diego Electronic Theses and Dissertations

Title
Optimal control for biological movement systems

Permalink
https://escholarship.org/uc/item/6gj9w535

Author
Li, Weiwei

Publication Date
2006

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/6qj9w535
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA, SAN DIEGO

Optimal Control for Biological Movement Systems

A dissertation submitted in partial satisfaction of the

requirements for the degree Doctor of Philosophy

n

Engineering Sciences (Aerospace Engineering)

by

Weiwei Li

Committee in charge:

Professor Emanuel Todorov, Chair
Professor Robert E. Skelton, Co-Chair
Professor Robert R. Bitmead
Professor Miroslav Krstic

Professor Jochen Triesch

2006



Copyright

Weiwei Li, 2006

All rights reserved



The dissertation of Weiwei Li is approved, and it is
acceptable in quality and form for publication on

microfilm:

Co-Chair

Chair

University of California, San Diego

2006

iii



TABLE OF CONTENTS

Signature Page . . . . . . ... iii
Table of Contents . . . . . . . . . . . . . . e iv
List of Figures . . . . . . . . . . . . e vii
List of Tables . . . . . . . . . . . . e xi
Acknowledgements . . . . . . ... xi
Curriculum Vitae . . . . . . . . . . . e xiii
Abstract . . . . . .. e XV
Introduction . . . . . . . . . . 1
1.1 Organization of Thesis . . . . . . . .. . .. ... ... ... ... 2
Background and Significance . . . . . .. ..o L 5
2.1 Optimality Principles in Motor Control . . . . .. .. .. ... ... ... 5
2.2 Properties of Biological Movement Systems . . . . .. ... .. ... ... 14
2.3 Relevant Approaches in Optimal Control Theory . . . . . .. .. ... .. 15
Modelling of Arm Dynamics and Behavior Movements . . . . . . .. ... ... 21
3.1 Planar Model of the Human Arm . . . . . . ... .. ... ... ...... 22
3.2 3D Musculo-Skeletal Model of the Human Arm . . . ... ... ...... 26
3.3 Representation of Different Behavior Movements with Cost Functions . . 30
3.4 Relevant Features of Human Movement . . .. .. ... .. .. ...... 32
3.5 Movement Analysis with Existing Optimality Models . . . . . .. .. .. 34
Tterative Linear Quadratic Design for Arm Movement . . . . . ... ... ... 40
4.1 OVEIVIEW . . . v v ot o e e e e e 40
4.2 ILQR Approach to Nonlinear Deterministic Systems . . . . ... .. ... 41
4.3 Application to Nonlinear System . . . . . ... .. ... ... .. ..... 45
4.4 Comparison with Existing Local Algorithms . . . . . . . . ... ... ... 48

iv



4.5 Summary ... e e 51

Iterative Stochastic Optimal Control and Estimation Design for Human Arm

Movement . . . . . . . ... 52
5.1 Motivation . . . . . . L 52
5.2 Problem Formulation . . . . . .. .. .. .. . o oo 56
5.3 Local LQG Approximation . . . . .. ... ... ... ... ... .. 57
5.4 Optimal Controller Design . . . . . . . ... ... ... ... ....... 64
5.5  Optimal Estimator Design . . . . . . .. .. ... ... ... ... ... 67
5.6 Application to 2-link Torque-controlled Arm Movements . . . . . .. . .. 71
5.7 Application to 2-link 6-muscle Arm Movements . . . . . .. ... ... .. 78
5.8 Summary . . ... .o e e 81
Hierarchical Optimal Control for Biological Movement Systems . . . . . . . .. 83
6.1 Introduction . . . . . . . . . . .. 83
6.2 Biological Motivation, and relation to Optimal Control . . . . . . . . . .. 85
6.3 General Hierarchical Control Approach . . . . . . . ... ... ... .... 88
6.4 Application to 2-Link 6-Muscle Arm Movements . . . ... ... ... .. 94
6.5 Application to 5-Link 24-Muscle Arm Movements . . . . . . ... ... .. 104
6.6 Summary . . . ... oL e 105
Estimation and Control Design via Linear Matrix Inequalities . . . . . . . . .. 107
7.1 Motivation . . . .. . L 107
7.2 System Model and Problem Formulation . . . . . .. ... ... ...... 108
7.3 State-feedback Controller Design . . . . . . . .. . ... ... ... ... 110
7.4 Filter Design . . . . . . . . 111
7.5 Numerical Example. . . . . . . . ... .. 118
7.6 SUmMmMAary . . . . ... e e e e e 122
Conclusions and Future Directions . . . . . . . . . ... ... ... ... ... 123
8.1 TIterative Optimal Estimation and Control Design . . . . . . . .. ... .. 123
8.2 Hierarchical Optimal Control Scheme . . . . . . . . .. ... ... ..... 124
8.3 Future Directions — Inverse Optimal Control Design . . . . . . . ... .. 125



Bibliography

vi



2.1
2.2

3.1

3.2
3.3

3.4

3.5

3.6

3.7

3.8

3.9

LIST OF FIGURES

Sensorimotor Closed-loop Control System. . . . . . . ... ... ... ... 10

Sensorimotor Hierarchical Control Structure. There are three levels in
this hierarchy: spinal cord, brain stem and the cortical motor area. They
are organized hierarchically and in parallel. The motor area of cerebral
cortex can influence spinal cord both directly and indirectly through brain
stem descending system. All these three levels receive sensory inputs and
are also under the influence of two sub-cortical system: basal ganglia and
cerebellum. Both basal ganglia and cerebellum act on cerebral cortex
through thalamus. . . . . .. ... ... o 13

(A) 2-link 6-muscle arm; (B) Joint torques; (C) Length-velocity-tension
curve; (D) Muscle activation dynamics. . . . . . . ... ... 24

Muscle paths of 5-DOF humanarm . . . . . .. ... ... ... ... ... 27

Elbow flexion moment arms for (A) biceps brachii, (B) brachialis, bra-
chioradialis and pronator teres ; and forearm pronation moment arms for
(C) biceps brachii, (D) brachioradialis and supinator. . . . . . . . ... .. 29

Typical trajectories generated by the minimum torque-change model for
free movements between two targets: (a) Hand paths (T1 < T3, T4 «
T2, T4 « T3, T5 < T2, T5 < T3. (b) Corresponding hand tangential
velocity profiles along the paths. . . . . .. .. .. ... o000 36

Typical trajectories generated by the minimum energy model for free
movements between two targets: (a) Hand paths and (b) Tangential ve-
locity profiles. . . . . . . . L 36

Typical trajectories generated by the minimum torque-change model for
free movements passing through a via-point P1 or P2 within 250ms: (a)
Hand paths (Circle — P1 — Star and Circle — P2 — Star). (b) Corre-
sponding hand tangential velocity profiles. . . . . . . . .. .. .. .. ... 37

Typical trajectories generated by the minimum energy model for free
movements passing through a via-point P1 or P2 within 250ms: (a) Hand
paths (Circle — P1 — Star and Circle — P2 — Star). (b) Corresponding
hand tangential velocity profiles. . . . . . . . ... ... ... ..., 37

Typical trajectories generated by the minimum torque-change model for
free movements passing through via-points PO, P1 and P2 respectively
within 250ms: (a) Hand paths. (b) Corresponding hand tangential veloc-
ity profiles. . . . .. 38

Typical trajectories generated by the minimum energy model for free
movements passing through via-points PO, P1 and P2 respectively within
250ms: (a) Hand paths. (b) Corresponding hand tangential velocity profiles. 38

vii



3.10 Typical trajectories generated by the minimum torque-change model for
free movements passing through a via-point P1 within different timing:
(a) Hand paths (Solid line: passing through P1 before 250ms; Dashed
line: passing through P1 before 150ms; Diamond line: passing through
P1 before 320ms). (b) Corresponding hand tangential velocity profiles. . .

3.11 Typical trajectories generated by the minimum energy model for free
movements passing through a via-point P1 within different timing: (a)
Hand paths (Solid line: passing through P1 before 250ms; Dashed line:
passing through P1 before 150ms; Diamond line: passing through P1 be-
fore 320ms). (b) Corresponding hand tangential velocity profiles. . . . . .

4.1 Optimal trajectories. (A) 2 Link torque-controlled arm; (B) 2 Link muscle-
controlled arm; (C) Inverted pendulum. . . . ... ... .. ... .. ...

4.2 Trajectories of 2-link 6-muscle arm for different iterations . . . . .. . ..

4.3 (a) Cost vs. Iterations for 2-link 6-muscle Model. (b) Comparison of
Cost vs. Iterations for 2-link 6-muscle Model based on 8 different initial
conditions. . . . . . ..

4.4 Trajectories of 2-link torque-controlled model (left) and 2-link 6-muscle
model (right) for different initial conditions (Black color describes the top
50% results, light color describes the bottom 50% results) . . . . . .. ..

5.1 Fully observable case: average behavior of the ILQG controller for reach-
ing movements, using a 2-link human arm model. (A) Hand paths for
movement in 8 directions; (B) Speed profiles. . . . ... ... ... ...

5.2 Partial observable case: average behavior of the ILQG controller and es-
timator for reaching movements, using a 2-link human arm model. (A)
Hand paths for movement in 8 directions; (B) Cost over iterations.

5.3 Hand paths for random 50 initial control laws (blue, inset) and optimized
paths (black) to 8 targets obtained by using those initial conditions. (A)
fully observable case; (B) partial observable case. . . ... ... ... ..

5.4  Average behavior of the ILQG controller and estimator for reaching move-
ment with obstacle avoidance, using a 2-link human arm model. Blue
curve: fully observable case; green dashed curve: partial observable case.
Note that obstacle circle radius r =0.02m. . . .. ... ... ... ....

5.5 (a) Comparison of movement behavior by choosing different weighting
coefficients k; on the obstacle cost rate (fully observable case). Magenta
diamond: k1 = le—7; Blue solid: k1 = 1e—8; Yellow dashdot: k1 = 1le—9;
Black dashed: k; = le — 10; Green dotted: ki = le — 11. (b) Compari-
son of movement behavior by choosing different movement duration (fully
observable case). Blue solid: 700msec; Red dashdot: 500msec; Black
dashed: 350msec; Green dotted: 200msec. The obstacle » = 0.02m.

viil

39

39

74



5.6
5.7

5.8

5.9

5.10

6.1
6.2
6.3

6.4

6.5

6.6

6.7

6.8

6.9

Comparison of control methodologies on a family of robotic manipulators. 77

Fully observable case: average behavior of the ILQG controller for reaching
movements, using a 2-link 6-muscle human arm model. (A) Hand paths
for movement in 16 directions; (B) Speed profiles; (C) Muscle activations. 79

Effects of control-dependent noise on hand reaching trajectories, under
different control laws. (A) open-loop control; (B) closed-loop control; (C)
closed-loop controller optimized for deterministic system. . . .. ... .. 79

Partial observable case: average behavior of the ILQG controller and esti-
mator for reaching movements, using a 2-link 6-muscle human arm model.
(A) Hand paths for movement in 16 directions; (B) Speed profiles; (C)
Muscle activations. . . . . . . . ... 80

The optimized hand paths obtained by using 50 different initial conditions
for each of 8 movement directions. (A) fully observable case; (B) partial
observable case. . . . . . ... Lo 81

Illustration of the hierarchical control structure . . . . . . .. .. .. ... 84
Experimental illustration of increased variability in redundant dimensions. 87

Trajectories in Cartesian hand space. Gray lines — trajectories obtained
by applying the high-level feedback controller to the virtual dynamics.
Black lines — trajectories obtained by applying the hierarchical control
scheme to thereal plant. . . . . . . . .. ... .. o oL 97

Optimal control sequences and trajectories of hierarchical control system
(results obtained after learning). Circle: start position. Star: target
position. . . . . ... L 98

Comparison of the muscle control sequences generated by our hierarchical
controller (dashed lines) vs. the non-hierarchical optimal controller (thick
gray lines). . . . ... 99

Effects of adapting the high-level dynamics to the plant dynamics. . . . . 99

Reaching trajectories in hand space obtained before and after learning
with y containing hand position, velocity and net muscle force. Dotted
lines — trajectories obtained by applying the high-level feedback controller
to the virtual dynamics. Solid lines — trajectories obtained by applying
the hierarchical control scheme to the real plant. Circles — target positions.100

Reaching trajectories in hand space for optimal controller and three hi-
erarchical controllers with y containing: hand position, velocity and net
muscle force; hand position and velocity; and only hand position. . . . . . 102

Muscle activation patterns for optimal controller and two hierarchical con-
trollers with y containing hand position, velocity and net muscle force; and
y containing hand position. . . . . . .. ... oo 0oL 103

X



6.10 Application of hierarchical control to 5-Link 24-Muscle arm movement:

shoulder flex to 30 degree, and elbow flexed to 90 degree. . . . . ... .. 104
6.11 Muscle activation patterns of deltoid, supraspinatus, infraspinatus and

subscapularis muscle for 5-Link 24-Muscle arm movement. . . . . . . . . . 105
7.1 Four mass mechanical system with springs and dampers . . . . . ... .. 118
7.2  Estimation error (from state 1 to4) . . . .. .. .. ... ... ... ... 120
7.3 Estimation error (from state 5to 8) . . . . ... ... L. 120
7.4 Estimation error for hand movement system . . . . . . . .. ... ... .. 122

8.1 Cost function q(x) for three different targets: x4rger = —4, 0 and 4. (Circle
describes the recovered q(x) based on inverse optimal control approach,
dark line describes the original q(x) function) . . . .. .. ... ... ... 128



3.1
3.2
3.3

4.1

LIST OF TABLES

Parameters of 2-link arm . . . . . . ... ..o 23
The tension T'(a,l,v) produced by amuscle . . . .. .. ... ... .... 25
Musculoskeletal model of the 5DOF upper limb . . . . ... ... ... .. 28
Comparison of four methods . . . . . . . ... ... ... ... 49

X1



ACKNOWLEDGEMENTS

I would like to first thank my advisors, Professor Emanuel Todorov and Professor
Robert E. Skelton, for giving me the chance to do this work, for the encouragement, and
for the guidance. Especially I would like to express my deepest gratitude to Professor
Todorov for the many helpful technical discussions and for his many useful suggestions
and advices on my thesis work. I am also very thankful to Professor Skelton, for teaching
me mathematical rigor, and for broadening my view and understanding of system and
control theory. Many thanks to Professor Robert R. Bitmead, Professor Miroslav Krstic
and Professor Jochen Triesch for taking the time to participate as committee members.

Above all I am also indebted to Professor Philip E. Gill for his guidance and support.

Many thanks go to my coworkers as well as my many good friends, in particular,
Waileung Chan, Faming Li, Jean-Paul Pinaud, Jun Yan, Jie Zeng at Dynamic Systems
and Control Group; Dan Liu, Xiuchuan Pan, Tom Sullivan, Nigel Singh and Dongsung
Huh at Natural Computation Group. My experiences at UCSD would not have been as

enjoyable and rewarding without them.

Last, but not least, I want to express sincere gratitude to my husband, Xiuchuan
Pan, for his patience, support and valued assistance during the course of my graduate

study. Thanks to my family for their love and continual support.

The text of Chapter 4, in part, was originally published in Proceedings of the 15
International Conference on Informatics in Control, Automation & Robotics. The thesis
author was the primary researcher and author in these works and the co-author listed
in this publication directed and supervised the research which forms the basis for this

chapter.

The text of Chapter 5, in part, has been submitted for publication in Automatica.
The thesis author was the primary researcher and author in these works and the co-
author listed in this publication directed and supervised the research which forms the

basis for this chapter.

xii



CURRICULUM VITAE

Education

1994 B.S. in Electrical Engineering
Xidian University, China

1997 M.S. in Electrical Engineering (Flight Dynamics & Controls)
Beijing Institute of Control Engineering, China

2006 Ph.D. in Engineering Sciences (Aerospace Engineering)
University of California, San Diego, USA

Publications

W. Li and E. Todorov, “Iterative Linearization Methods for Approximately Optimal
Control and Estimation Design of Nonlinear stochastic Systems,” submitted to Auto-

matica, 2006.

W. Li, E. Todorov and X. Pan, “Hierarchical Feedback and Learning for Multi-joint Arm
Movement Control,” in Proc. of the 27th IEEE Conference on Engineering in Medicine
and Biology Society, Sep. 2005.

W. Li, E. Todorov and R. E. Skelton, “Estimation and Control of Systems with Multi-
plicative Noise via Linear Matrix Inequalities,” in Proc. of American Control Conference,

June 2005, pp. 1811-1816.

E. Todorov, W. Li and X. Pan, “From Task Parameters to Motor Synergies: A Hierarchi-
cal Framework for Approximately-optimal Control of Redundant Manipulator,” Journal

of Robotic Systems 22(11), 691-710, 2005.

W. Li, R. E. Skelton and E. Todorov, “State Estimation with Finite Signal-to-Noise
Models via Linear Matrix Inequalities,” submitted to Journal of Dynamic Systems, Mea-

surement and Control, 2005.

xiil



E. Todorov and W. Li, “A Generalized Iterative LQG Method for Locally-optimal Feed-
back Control of Constrained Nonlinear Stochastic System,” in Proc. of American Control

Conference, June 2005, pp. 300-306.

W. Li and E. Todorov, “Iterative Linear Quadratic Regulator Design for Nonlinear Bio-
logical Movement Systems,” in Proc. of the 1st International Conference on Informatics

in Control, Automation & Robotics, Vol. 1, Aug. 2004, pp. 222-229.

W. Li, E. Todorov and X. Pan, “Hierarchical Optimal Control of Redundant Biome-
chanical Systems,” in Proc. of the 26th IEEE Conference on Engineering in Medicine
and Biology Society, Sep. 2004, pp. 4618-4621.

W. Li and Robert E. Skelton, “State Estimation with Finite Signal-to-Noise Models,” in
Proc. of the 42nd IEEE Conference on Decision and Control, Dec. 2003, pp. 5378-5383.

E. Todorov and W. Li, “Optimal Control Methods Suitable for Biomechanical Systems,”

in Proc. of the 25th IEEE Conference on Engineering in Medicine and Biology Society,
Sep. 2003, pp. 1758-1761.

Xiv



ABSTRACT OF THE DISSERTATION

Optimal Control for Biological Movement Systems
by
Weiwei Li
Doctor of Philosophy in Engineering Sciences (Aerospace Engineering)
University of California, San Diego, 2006

Professor Emanuel Todorov, Chair

Professor Robert E. Skelton, Co-Chair

Optimal control model of biological movement provides a natural starting point for
describing observed everyday behavior, and is so far the most successful model in motor
control. However, in their present form, such models have a serious limitation—they
rely on Linear-Quadratic-Gaussian formalism, while in reality biomechanical systems are
strongly non-linear, the disturbances are control-dependent, muscle activations are non-
negative, and performance criteria are rarely quadratic. In order to handle such complex
problems, we develop an iterative Linear-Quadratic-Gaussian method for locally-optimal
control and estimation of nonlinear stochastic systems subject to control constraints. The
new method constructs an affine feedback control law, obtained by minimizing a novel
quadratic approximation to the optimal cost-to-go function. It also constructs a modified
extended Kalman filter corresponding to the control law. The control law and filter are
iteratively improved until convergence. Finally, the performance of the algorithm is

illustrated in the context of reaching movements on a realistic human arm model.

The second focus of this thesis is on the integration of optimality principles with

hierarchical control scheme. We present a general approach to designing feedback control

p.q%



hierarchies for redundant biomechanical systems, that approximate the (non-hierarchical)
optimal control law but have much lower computational demands. This hierarchy has
two levels of feedback control: the high level is designed as an optimal feedback controller
operating on a simplified plant; the low level is responsible for transforming the dynamics
of the true plant into the desired virtual dynamics. The new method will be useful not
only for modelling neural control of movement, but also for designing Functional Electric

Stimulation systems that have to achieve task goals by activating muscles in real time.

Another contribution of this thesis is to present an estimation design method for
multiplicative noise system using linear matrix inequalities (LMIs) approach. Sufficient
conditions for the existence of the state estimator are provided; these conditions are ex-
pressed in terms of LMIs and the parametrization of all admissible solutions is provided.

We show that a mild additional constraint for scaling will make the problem convex.

xXvi



Chapter 1

Introduction

Movements like reaching for a glass of water, pressing the keyboard with the finger,
or hitting a tennis ball are generally accomplished without much difficulty. However,
controlling even the simplest movement such as picking up a glass of water, the brain
must take into account an enormous amount of information processing, including the
starting position and velocity of the arm, the force required in the fingers to hold the
glass, and the knowledge of target position, in order to signal the stimulation of muscle
and certain configuration of joints for the appropriate movement. During the past two
decades, many researchers have been making their efforts to study geometric properties of
movement trajectories, sequence of muscle activations, etc. in the field of motor control.
However, understanding how the brain integrates sensory information and generates the
motor command to produce coherent motor behavior remains a challenging problem

scientifically.

From an engineering perspective, the biological movement system can be considered
as a system whose inputs are the motor commands emanating from the controller within
the central nervous system (CNS), whose outputs are the sensory feedback signals that
is a function of the state variables. For example, considering a human arm model, the
motor command could represent the torques generated around the joints, the state vari-
ables could be the joint angles and angular velocities. Recently, computational models

are being used to simulate simple movement tasks and compare the outcomes with real



human behaviors, thereby testing ideas of how brain achieves all kinds of sophisticated
motor control. Consequently, theories of motor function assume that movement is con-
trolled in the best way — i.e. optimally. Transforming this idea into quantitative models
requires a good understanding of optimal control theory. But the results are well worth
the effort: such optimality models not only provide accurate accounts of many empirical
phenomena, but also elucidate fundamental questions in the field. While traditional em-
phasis has been on optimizing desired movement trajectories, recent work has focused
on optimal feedback control mechanisms which can accomplish complex behavior goals.
This approach provides an elegant theoretical framework for trying to explain why the
system behaves as it does, and to specify the control laws that generate the observed

behavior online.

Understanding the control of movement is not just a theoretical study. There are a
lot of people who suffer from paralysis around the world. They cannot make even the
most basic normal arm movement. Restoring motor function to impaired individuals is
very important for improving the quality of their life. This could be achieved through
functional electric stimulation (FES) of paralyzed muscles, or various robotic prostheses.
Recent technological advances such as implantable muscle stimulators hold great promise
for the restoration of motor function. These sophisticated devices will only become useful
if we can find appropriate methods to control them. Therefore, this thesis research makes

it possible to provide suitable control algorithms for those prosthetic devices.

1.1 Organization of Thesis

The goal of this thesis research is to develop a new theoretical framework for the
sensory-motor control and to advance our understanding how the brain controls the
movement. The main theme is to study and design some novel approaches for this
redundant movement system, and to increase the comprehension how the control com-
mands for generating the movements are implemented in the central nervous system and
how they are acquired via the optimal control strategy. Ultimately, the ideas gained from

these studies will be useful to provide a general framework for constructing computa-



tional models of biological movement, which could explain why the system behaves as it

does, and to specify the control laws most suitable for generating the observed behavior.

Chapter 2 contains the review of the literature. Some widely known background
material is elaborated here. Included reviews are in the area of computational models of
the motor control, properties of biological movement systems and some approaches for

the control of movement.

Chapter 3 describes a mathematical model for the 2-link human arm including 10
state dimensions and 6 muscle actuators. We then elaborate several cost functions rele-
vant to different tasks that we are interested in. These cost functions combine accuracy
and energetic efficiency, which can predict not only average behavior movement, but also
the task-specific sensorimotor contingencies that the central nervous system(CNS) uses
to make intelligent adjustments. Studying the optimal control problem for this complex
biomechanical system will be the main topic in the remaining chapters of this thesis

research.

Chapter 4 develops an iterative Linear Quadratic Regulator (ILQR) method, and
compares its performance with ordinary differential equation methods, conjugate gradi-
ent descent method and differential dynamic programming algorithm on the challenging
biological movement control problem. This method uses iterative linearization of the
nonlinear system around a nominal trajectory, and computes a locally optimal feedback
control law via a modified LQR technique. This control law is then applied to the lin-

earized system, and the result is used to improve the nominal trajectory incrementally.

Chapter 5 presents an iterative Linear-Quadratic-Gaussian method for locally-optimal
control and estimation of nonlinear stochastic systems subject to control constraints.
This method extends the efficient and well-developed LQG framework to the domain
of nonlinear control. Briefly, the iteration starts with some control law that is applied
to the nonlinear system — obtaining an average trajectory and control sequence. We
then linearize the dynamics and quadratize the cost in the vicinity of that state-control
trajectory, apply dynamic programming locally, and use the result to improve the initial

control law. The algorithm has quadratic convergence, similar to a Newton’s method.



The main contribution is that the new method constructs an affine feedback control law,
obtained by minimizing a novel quadratic approximation to the optimal cost-to-go func-
tion. It also constructs a modified extended Kalman filter corresponding to the control
law. We illustrate the application of this extended LQG methodology in the context of
reaching movements, and study the properties of the new algorithm through extensive

numerical simulations.

Chapter 6 outlines a general approach to design feedback control hierarchies for
redundant biomechanical systems. The major goal here is to explore a new method for
modelling the neural control of movement, which is accomplished by cooperating the
multiple levels of sensorimotor system. Our hierarchy has two levels of feedback control:
the high level is designed as an optimal feedback controller operating on a simplified
virtual plant; the low level is responsible for transforming the dynamics of the true plant
into the desired virtual dynamics. This approach is then applied to the reaching task

using two detailed models of the human arm developed in chapter 3.

Chapter 7 begins by using linear matrix inequalities (LMIs) approach to design the
state feedback controller for linear discrete time systems with multiplicative noise. An-
other part of this chapter focuses on the state estimator design. The sufficient condi-
tions for the existence of the state estimator are expressed in terms of LMIs, and the
parametrization of all admissible solutions is also addressed. Finally the performance of

this estimator is examined by applying to a simple hand movement system.

Chapter 8 concludes the thesis with some final remarks and proposes some future

research directions.



Chapter 2

Background and Significance

2.1 Optimality Principles in Motor Control

Producing even the simplest movement involves an enormous amount of information
processing. When we move our hand to a target location, there are infinitely many pos-
sible paths and velocity profiles that the multi-joint arm could take, and each trajectory
can be achieved by multiple combinations of joint angles. Furthermore, since we have
many more muscles than joints, each arm configuration can be generated by an infinite
variety of muscle activation patterns. Biomechanical redundancy makes the motor sys-
tem very flexible, but at the same time requires a very well designed controller that can
choose intelligently among the many possible alternatives. Optimal control theory pro-
vides a principled approach to this problem — it postulates that the movement patterns

being chosen are the ones optimal for the task at hand.

2.1.1 Optimal Performance Criteria for Movement Planning

Optimality principles form the basis of many physical sciences. In the field of motor
control, optimality principles not only yield accurate descriptions of observed phenom-
ena, but are well justified a priori. This is because the sensorimotor system is the

product of optimization processes (i.e. evolution, development, learning, adaptation)



which continuously improve behavioral performance. Therefore, optimality provides an
elegant framework for trying to explain why the system behaves as it does, and to specify
the control laws that generate the observed behavior. When dealing with this optimal
control problem, a specific cost function has to be chosen in order to evaluate the per-
formance of the system under control, and the objective is to minimize the value of this

cost function.

Based on the observation that point-to-point movements are smooth in Cartesian
space, Hogan [42] proposed the minimum jerk model in which the cost function depends
on the squared first derivative of Cartesian hand acceleration or ‘jerk’. Such kind of
cost function depends on the kinematics of the motion, and the variables of interest
include the positions (e.g. joint angles or hand Cartesian coordinates), angular velocities,
accelerations and higher derivatives. Let z(t), y(¢) denote the Cartesian coordinates of

the hand position at time ¢, the minimum jerk model is based on the following cost

JZ%/:((?T;C)QJF(%Y)% (2.1)

where T is the duration of the movement. By assuming the movement to start and end

function:

with zero velocity and acceleration, the optimal trajectory is of the following:
3 P\ 4 \?
z(t) = 2o + (27 — T0) (10 (T) ~15 (T) 16 (T) )
£\ 3 P\ 4 \°
y(t) = yo + (yr — wo) (10 <T> —15 <T> +6 (T) ) (2.2)

where (29, yo) and (z7,yr) are the initial and final positions at time t = 0 and ¢t = T
respectively. From (2.2), one can see that the trajectory predicted by using this criterion
is a straight-line Cartesian hand path with bell-shaped velocity profile, which is consistent
with the empirical data for rapid movement made without the accuracy constraint. Since
x(t) and y(t) depend only on the initial and final positions of the hand and movement
time 7', the optimal trajectory is determined only by the kinematics of the movement and

is independent of the dynamics of musculoskeletal system which generates the motion.

By studying large range movements and the observation of significant curvature

(which is unable to be explained by the minimum jerk model) in the paths of the motion,



Uno et al. [125] proposed an alternative model — the minimum torque-change model
— in which the trajectories are selected to optimize a function that penalizes the rate of
change of torque. Such kind of cost function depends on the dynamics of the arm, and
the variables of interest contain torque change, muscle tension and muscle command. Let
dr;/dt denote the rate of change of torque at the iy, joint, the minimum torque-change

model is based on the following cost function:

1 rx dTi 2
J == =) at 2.3
;| g(dt) , (2.3

Because the minimum torque change criterion depends on the arm dynamics, it can
reproduce the gradually curved trajectory which cannot be explained by the minimum

jerk model.

Although the minimum jerk and torque-change models predict many aspects of tra-
jectories which are consistent with empirical data, and inspire a wealth of experimental
and theoretical work, they still have several features which can’t make them satisfy-
ing as models of movement. These models only consider the smooth trajectories, but
don’t propose any advantage for smoothness of movement. Moreover, there has been no
principled explanation why the central nervous system should have evolved to optimize
torque-change or jerk; and how the central nervous system could estimate such complex

quantities and integrate them over the duration of a trajectory is also unknown.

In an attempt to solve for these problems, Harris and Wolpert [38] in 1998 presented
a minimum-variance theory of eye and arm movement based on the assumption that the
neural control signals are corrupted by noise whose variance increased with the size of
the control signal. They proposed that in the presence of such signal-dependent noise,
moving as rapidly as possible requires large control signals, which would carry more noise
and cause the trajectories to deviate from the desired path. These deviations will be
accumulated over the duration of the movement, and finally would increase the variabil-
ity in the final position. Accuracy could be improved by having low amplitude control
signals, but the movement will be accordingly slow. Thus, signal-dependent noise inher-
ently imposes the speed-accuracy trade-off which is in agreement with the well-known

Fitt’s Law. By minimizing the variance of the final eye or arm position for a specified



movement duration, the minimum-variance solution can capture the important features
of natural saccadic eye movements or goal-directed arm movements. The encouraging
advantage of this approach is that the cost function they chose, such as the variance
of the final position or the consequences of this accuracy, are directly available to the
central nervous system and the optimal trajectory could be learned from the repeated

movements.

So far a number of hypothetical cost function for biological movement have been ex-
amined. How to choose an associated cost function which is more pertinent in predicting

the human movement is still one of the challenging issues in biological motor control.

2.1.2 Open-loop and Closed-loop Control

The majority of existing optimality models in motor control have been formulated
in open-loop (feed-forward), and plan a desired trajectory while ignoring the online
feedback. Actually open-loop control is used by motor system to control posture and
movement. For example, catching a ball is a visually trigged open-loop response. The
key principle of open-loop control is that it depends on the ability of the central nervous
system to predict the consequence of sensory events. The most popular approach has
been to optimize the sequence of muscle activation or limb state [30, 38, 125]. The
widespread use of optimization methods in open-loop trajectory planning creates the
impression that the optimal control necessarily predicts highly stereotyped trajectories.
These are based on the assumption that there is a separation between the trajectory

planning and trajectory execution for the completion of complex task.

However, the most remarkable property of biological movements (in comparison with
synthetic ones) is that they can accomplish complex high-level goals in the presence of
large internal fluctuations, noise, delays, and unpredictable changes in the environment.
For such kind of system, open-loop approaches can only yield suboptimal performance.
Optimal performance can be only achieved through an elaborate feedback control scheme
[73, 41, 60, 67, 116], that predict not only average behavior but also the task-specific

sensorimotor contingencies used to generate intelligent adjustments online. Such ad-



justments enable biological systems to “solve a control problem repeatedly rather than

repeat its solution, ” [8] and thus afford remarkable levels of performance.

Indeed, focus has recently shifted towards stochastic optimal feedback control models
(Fig. 2.1). This approach has already clarified a number of long-standing issues related
to the control of redundant biomechanical systems. Some of the most surprising results
show that, the optimal feedback controllers for such systems obey a minimal intervention
principle [116, 117]. By correcting only task-relevant errors, the model minimizes the
potential effects of the noise. An optimal feedback controller has nothing to gain from
correcting task-irrelevant deviations, because it only concerns the task performance and
by definition such deviations do not interfere with the performance. Moreover, generating
a corrective control signal can be detrimental, because, in the motor system, the noise is
known to be signal-dependent and therefore could increase, and the cost being minimized
most likely includes a control-dependent effort penalty which could also increase. If
this minimum intervention principle holds, and the noise perturbs the system in all
directions, the interplay of noise and control processes will result in larger variability
in task-irrelevant directions. At the same time, if certain deviations are not corrected,
it implies that certain dimensions of control space are not being used. This model
suggests that rather than specifying a desired trajectory, the motor system use the
optimal feedback control to deal with the deviations that interfere with the goal of the

task.

However, feedback control in biological movement systems is subject to potential
difficulties with stability, because there exist a significant amount of delay in the sensory
feedback. In robotics, almost all practical applications depend on feedback controls. This
is because feedback delays in artificial system can be made very small, hence, sampling
and control frequencies can be quite high. But, in the biological movement control,
such delays are very large compared with the movement duration of fast movement
(e.g.150ms). For example, the delay of visual feedback on arm movements ranges from
100-150ms, and relatively fast spinal feedback loop still requires 30-50ms time delay.
These delays can cause the system unstable when we try to make the rapid movement

under the feedback control [80]. Hence fast or smooth movement cannot be executed
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Figure 2.1. Sensorimotor Closed-loop Control System.

depending only on the feedback control.

Kalman filter plays a significant role in the history of statistical estimation theory
and is the greatest discovery in control and systems theory of the twentieth century. It
has enabled many things that could not have been done without it. It provides immediate
application for the control of complex dynamic systems. To control a dynamic system,
you must first know what it is doing. However, it is not possible to measure every variable
that you want to control, and the Kalman filter provides a means for estimating those
information from noisy measurement. Back to the biological motor systems, in order
to control our movements, the central nervous system needs to know the state variables
that it wants to control. With the combination of sensory feedback information and
forward model, [131, 132] claimed that the Kalman filter can be used in motor control
to compensate for the sensorimotor delays and to reduce the uncertainty in the state
estimate which results from noise inherent in both the sensory and motor signals. This
model has been supported by empirical studies investigating the estimation of hand

position [130] , posture [60] and head orientation.
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2.1.3 Motor Learning

Humans demonstrate a remarkable ability to generate accurate and appropriate mo-
tor behavior under many different and often uncertain environmental conditions. A lot
of researchers have recently shown increasing interests in understanding how we learn to
control our movements and predict the consequences of our actions under a predictably

or unpredictably varying environment.

Shadmehr [103] investigated reaching movements in an altered mechanical environ-
ment. This environment is a force field implemented by a robot manipulandum whose
end-effector is held by the subject while making the reaching movement. The experiment
results show that, with practice, the hand trajectories in the force field converged to a
path observed during unperturbed condition. They found evidence for the existence of a
desired trajectory for moving the hand along this desired path. They also indicated that,
during adaptation to a force field which significantly changes the dynamics of a reaching
movement, the motor controller achieved this desired performance through the updating
of the internal model which predicts the forces acting on the hand as it performs the

tasks.

There are three main computational approaches for motor learning: supervised, un-
supervised and reinforcement learning. In supervised learning, it requires a desired
output corresponding to each input. The error between the desired output and the ac-
tual output is computed and is used to adjust the parameters inside the learning system.
This process is mathematically formulated as an optimization problem in which the cost
function is one-half the squared error. The learning algorithm adjusts the parameters of
the system so as to minimize this cost function. While, for unsupervised learning, the
environment provides inputs but gives neither desired output nor any measurement of
reward. The main problem of the unsupervised learning is that there is no guarantee

whether the learning rules will be useful for the decision making and control or not.

Reinforcement learning differs from supervised learning by requiring significantly less
information to be available to the learner. Rather than requiring a performance error or

a desired target in the control space, reinforcement learning algorithms require only an
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evaluation of total future reward. The only objective of reinforcement learning is to max-
imize the total reward it receives in the long run. The reward function defines whether
the system is performing well or not; it does not provide any information about how to
correct an error. Sutton and Barto [109] have developed a variety of reinforcement learn-
ing algorithms and explained its relationship with optimal control theory. The problem

of this model is that it has only been applied to low-dimensional control problems.

Most recent study by Konrad P. Kérding and Daniel M. Wolpert [57] demonstrated
that the central nervous system employs probabilistic models during sensorimotor learn-
ing. If the brain works in the Bayesian way, it would optimally use the prior knowledge.
To use a bayesian strategy, the brain would need to represent the prior distribution and
the level of uncertainty in the sensory feedback. The experiments show that subjects
internally represent both the statistical distribution of the task and their sensory uncer-
tainty, combining them in a manner consistent with a performance-optimizing bayesian

process.

2.1.4 Hierarchical Control

Sensory-motor control occurs simultaneously on many levels [8, 73]. The pioneering
work of Sherrington has emphasized that biological control hierarchies are composed
of a large number of parallel feedback loops, understanding how the multiple levels of
the sensorimotor system cooperate to produce integrated movement has been a central
theme in neuroscience. The most thorough investigation of the levels of human mo-
tor control was undertaken by Bernstein [8] more than 50 years ago, by taking into
account evolutionary, anatomical, and a wide range of behavior evidence. The insight
of Berstein’s hierarchy involves four levels: posture and muscle tone, muscle synergies,
dealing with three-dimensional space, and organizing complex actions that pursue some
abstract goals. Computational modeling that aims to capture the essence of feedback
control hierarchies is still in its infancy [73, 68, 69, 119, 124]. In robotics, the idea of
hierarchical control [14, 54, 92] was popularized by Brooks [14], who constructed low-

level control circuits driving a mobile robot. These circuits were then coordinated by
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Figure 2.2. Sensorimotor Hierarchical Control Structure. There are three levels in this
hierarchy: spinal cord, brain stem and the cortical motor area. They are organized
hierarchically and in parallel. The motor area of cerebral cortex can influence spinal
cord both directly and indirectly through brain stem descending system. All these three
levels receive sensory inputs and are also under the influence of two sub-cortical system:
basal ganglia and cerebellum. Both basal ganglia and cerebellum act on cerebral cortex

through thalamus.

a high-level controller that achieved the reasonable locomotion. This work was an ex-
istence proof of the usage of hierarchical control, but it doesn’t point to general design

principles.

By studying optimal control for redundant system, Todorov and Jordan [116, 117]
proposed that the optimal feedback control laws for typical motor tasks obey a “min-
imal intervention” principle: deviations from the average trajectory are only corrected
when they interfere with the task goals. The hierarchical structure of biological system
(Fig. 2.2) and this minimal intervention principle give us a key insight that, most of

the human movements involves at least two levels of feedback control acting simultane-
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ously: a low level loop which provides various automatisms and corrections that help
the leading level; a high level loop which monitors progress and exploits many different
ways of performing goal-directed movement control. Since the low level presents the
intrinsic muscle properties, it has to transform the resulting commands into appropri-
ate muscle activations. Actually, by combining the optimality principle and hierarchical
control strategy, it is possible for us to develop a general method for feedback control
of redundant biomechanical systems, and discover a new framework for sensorimotor

control.

2.2 Properties of Biological Movement Systems

2.2.1 High dimensionality

Biomechanical systems have a number of characteristics that distinguish them from
the synthetic systems commonly studied in control theory. It is very important to un-
derstand those distinguishing characteristics in order to study the control of natural

movement and design control architectures to achieve complex behaviors.

One of most remarkable properties of biomechanical systems is that the state spaces
have unusually high dimensionality. For example, consider a 2-link, 6-muscle arm model
which is often studied in motor control, the state space includes 2 joint angles and 2 joint
velocities — since we are dealing with a second-order system. A realistic state description
should also include 6 muscle activations, because muscles act as low-pass filters of neural
activity, with non-negligible time constant. A similar count for a complete model of the
arm (excluding the hand) yields 20 dynamic states, and 50 muscle states. Such state

spaces cannot be discretized, which rules out all methods relying on discretization.

2.2.2 Uncertainties and Noises

Noise is a very important concept in modelling biological sensorimotor processing.
Back in 1954, Fitts [29] showed the possibility that rapid aimed movements are affected

by stochastic noise in neuromotor channels: the variability of motor errors increases
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with the magnitude of the movement. However, it only interpreted the effects of noise
in terms of mathematical information theory, and didn’t develop a detailed quantitative

account of the mechanisms responsible for random movement variability.

The substantial variability of biological movements indicates that the sensorimotor
system operates in the presence of large (mostly internal) disturbances. Noise exists
both in the sensory information and the motor commands. For example, noise in the
sensory input will result in uncertainty in the position at which the object is perceived,
and noise in the motor commands describes the uncertainty of actual force produced by

the muscle [79], which will lead to movement inaccuracy and variability.

Noise in the motor commands is signal-dependent — with standard deviation in-
creasing linearly with the magnitude of the motor command signal (control signal). This
is a very important assumption, which is consistent with the observation captured by
the empirical Fitt’s law, and supported by the empirical finding [79, 100]. Optimal con-
trol of such systems should obviously take this phenomenon into account, because an
appropriately chosen control signal can actually decrease the noise. Recently, this model

is widely used in studying biological movement [38, 116, 117, 118, 120, 121].

2.3 Relevant Approaches in Optimal Control Theory

Many theories in the physical sciences are expressed in terms of optimality prin-
ciples, which often provide the most parsimonious description of the laws governing a
system’s behavior. Optimality is also playing an increasingly important role in the field
of motor control. This is partly motivated by the parsimony and empirical success of
optimal control models of biological movement. Perhaps more importantly, such models
are appealing because all the processes that give rise to a specific motor system under
investigation are in a sense optimization processes, that over time cause the system to
perform better and better. It is therefore natural to use the limit of optimal performance
as the starting point for theoretical investigations of motor control. Such investigations
can only be productive, however, if we have efficient numerical methods that are suitable

for controlling biological movement systems. Here we present several of the most popular
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methods for solving optimal control problems. It will be very useful, in later sections,

for comparisons between our approach and currently used methods.

All the numerical algorithms provided in the subsequent sections are aimed at solving
the following problem. Consider a dynamical system with state variable z € R™ and
control signal v € R

z(t) = f(z,u,t), x(0) = xo, (2.4)

and the performance criterion to be minimized is expressed as

T
Jo = ®(2(T),T) + /0 L(x(t), u(t), t)dt, (2.5)

where [0, T} is the time interval of interest. The symbol ®(z(T), T') represents a final time
penalty and the integrand L(:L‘(t), u(t), t) dictates the nature of the optimizing solution.
The goal of optimal control problem is to find an admissible control v*(¢) that drives the
system to follow a trajectory x*(t) such that the cost function (2.5) is minimized. Here
we are concerned with comparing the existing algorithms only for deterministic control
problems, but we will include the stochastic case and develop our new algorithm in the

future chapters.

2.3.1 Linear Matrix Inequalities (LMIs)

A wide variety of problems arising in system and control theory can be reduced
to a convex and quasi-convex optimization problems involving matrix inequality. The
history of LMI goes back more than 100 years ago when Lyapunov showed that the
system &(t) = Ax(t) is stable if and only if there exists a positive definite matrix P
such that ATP 4+ PA < 0. The requirement P > 0, ATP + PA < 0 is called Lyapunov
inequality. The important breakthrough came in the early 1960’s when Yakubovich
introduced what we now call the positive-real Lemma, which provided certain ways
to solve LMIs by graphical methods. J.C Willems in 1971 transformed the quadratic

optimal control problem into the LMI

ATP+PA+Q PB+CT

(2.6)
BTp+C R
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and pointed out that it can be solved by studying the symmetric solutions of the Alge-

braic Riccati Equation

ATP4+PA— (PB+CTHRYBTP+C)+Q=0 (2.7)

The major advance was the observation that the LMIs that arise in system and
control theory can be formulated as convex optimization problems, and what the most
important is that many LMIs for which no analytical solution is likely to be found can

be solved numerically, such as using ellipsoid algorithm and interior-point methods.

2.3.2 Dynamic Programming

Dynamic programming was developed based on Bellman’s Optimality Principle.

Rather than considering a cost function (2.5), we consider the value function

T
V(z(r),7) = @(=(T),T) +/ L(z(t), u(t), t)dt, (2.8)

which tells us how much cost will accumulate if the system is initialized in state z(7) at
time 7, and controlled according to a certain control law until the end of the movement.

By defining the Hamiltonian H as

M= L(a(t).u(t),t) + - (2(0)” f(w(t).u(t).1) (29)

The optimality condition is
88‘/; (z(t)) = - m&nH(:{:(t), u(t), %(m(t)),t), (2.10)
V*(z(T),T) = ®(x(T),T). (2.11)

The partial differential equation (2.10) is known as the Hamilton-Jacobi-Bellman (HJB)
equation. It provides the rule for solving optimal control problems using dynamic pro-
gramming. Bellman’s optimality principle refers to V(¢,z(t)) and u*(t) at all possible
states x(t) , and therefore leads to global methods that compute an optimal control law.
Such methods typically represent the value function on a discrete grid, and use differ-

ence equations to compute the value function in a backward pass through time. On a
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finite grid, it is guaranteed to converge to the globally optimal solution in finite time.
But the problem is that one cannot discretize a high dimensional state space due to the
exponential growth of the number of grid points with dimensionality (i.e.“the curse of

dimensionality”).

2.3.3 Riccati Equations

Riccati equations were originally developed in order to theoretically deal with calculus
of variations problems. They are easily derived from linear quadratic programming

problems. Consider a linear system
&(t) = Az(t) + Bu(t), z(0) = o, (2.12)
and the quadratic performance criterion to be minimized is expressed as
1 T i T T
Jo = 50(T)7Qr o(T) + 5 (m(t) Qz(t) + u(t) Ru(t))dt, (2.13)
0

To use the HJB equation, we first define the Hamiltonian H as

H— %(;v(t)TQm(t) e Ru(r)) +

‘98‘;* (z(t)" (Ax(t) + Bu(t)). (2.14)

A necessary condition for u(t) to minimize H is that %—7; = 0, thus the optimal control u
is

u* = —RlBT%(x(t)) (2.15)

Assuming there is a symmetric matrix S(¢) such that V*(t) = 2z(¢)TS(t)z(t) for all
t < T, substitute it and (2.15) into HJB equation (2.10), we obtain

1

0= 2:CTS’:c + %xTQm - %SBR*BTSQ; + 2T SAx (2.16)

Since the above equation must be hold for all z(¢), so
—S=ATS+SA—SBR'BTS +Q, S(T) = Qr. (2.17)

This matrix differential equation is called the Riccati equation which could be solved
by the backward integration. Although the HJB equation is very difficult to solve, it

provides a straightforward solution for the linear quadratic-quadratic controller, and it
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gives insight regarding the nature of optimal solutions. In recent years, Riccati equations
are mainly used as a theoretical tool for the study of stability properties of feedback

optimal regulator systems.

2.3.4 Gradient Methods

Gradient methods are characterized by iterative algorithms for improving estimates
of the control history u(t) so that the optimality conditions and the boundary conditions
are satisfied. A particular appeal of this approach is that, the dynamic system equation
is solved exactly on each iteration, with the control being adjusted from step to step to
further reduce the cost. Take, for example, the general system (2.4) with the performance

index (2.5), the optimality conditions are

: OH 0D (x(t), t)
T _ Ty —
A== AT() - : (2.18)
t=T
OH
5 =0. (2.19)

where the Hamiltonian is H = L(z(t), u(t), t) + AT [f(z, u,t)], and X are lagrange mul-

tipliers.

The goal of gradient methods is to use the gradient information to obtain ug1q such
that uy converges to the optimal control solution as k — oo. General first-order gradient

methods that operate on the control variable typically assume the form:
g1 = up + e, Vo H(ug) (2.20)

where €, is a step size chosen by an appropriate line search, which is critical for the
speed of convergence to the minimizing control; and V,H(ug) is the gradient of the
Hamiltonian at ug, which defines the magnitude and direction of the local slope of the

function.

First-order gradient methods usually show great improvements in the first few it-
erations but have slow convergence near the optimal solution. While the second-order

gradient methods have fast convergence characteristics as the optimum is approached.
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The conjugate gradient method combines the advantages of both methods while elimi-
nating their disadvantages. It uses conjugate directions instead of the local gradient for
going downhill. For example, a sequence of directions p1,po,--- is generated which is

conjugate with respect to V., H, that is,

PIVuuHp; =0,  i#] (2.21)

The conjugate gradient method is one of the most popular and effective methods for
solving symmetric positive definite systems. It proceeds by generating vector sequences of
iterates, residuals corresponding to the iterates, and search directions used in updating
the iterates and residuals. In this method, each new residual is orthogonal to all the
previous residuals and search directions; and each new search direction is constructed

(from the residual) to be conjugate to all the previous residuals and search directions.



Chapter 3

Modelling of Arm Dynamics and

Behavior Movements

The major objective of this thesis is to explore efficient computational methods for
controlling complex biomechanical systems. While, the development and testing the new
algorithms require detailed biomechanical models. In this chapter, we first formulate the
kinematics and dynamics of a 2-link arm and then add realistic muscle actuators to
it. We then build a much more complicated musculo-skeletal model of the human arm
including 24 muscles which can potentially control 5 degrees of freedom. In addition, we
discuss a small family of motor tasks which will allow us to test those new algorithms
developed in the following chapters. Here we consider tasks such as moving the hand to a
specified target location, or possible passing through some intermediate targets — called
via points, or avoiding the obstacle during the movement. This family of tasks will allow
us to address significant features of human arm movement: the hand path tends to be
straight but slightly curved, the velocity profile of the hand trajectory is smooth and bell-
shaped; and speed-accuracy trade-offs. Finally we provide some numerical analysis of
human movements based on existing optimality models and explain those characteristics

of human movements described in section 3.3.

21
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3.1 Planar Model of the Human Arm

3.1.1 The dynamics of a 2-link arm

Consider an arm model with 2 joints (shoulder and elbow), moving in the horizontal

plane (Fig. 3.1A). The inverse dynamics is
M(0)G+C(0,0) + B = T, (3.1)

where 6 € R? is the joint angle vector (shoulder: 0y, elbow: 63), M(6) € R?>*? is a positive
definite symmetric inertia matrix, C(6, 0) € R? is a vector centripetal and Coriolis forces,
B € R?*2 is the joint friction matrix, and 7 € R? is the joint torque. Here we consider
direct torque control where 7 is the control signal. In (3.1), the expressions of the

different variables and parameters are given by

92(01 02 )Tv T:(Tl T2 )T’ (3.2)

dy + 2docosty  ds + dacosts

_ , (33)
d3 + d200892 d3
—05(26, + 6. biy b
_ 2( o 2) dosindy, B=| ' 7, (3.4)
01 ba1  boo
di=1+1,+ mgl%, do = moly 83, ds = I, (35)

where b1 = byo = 0.05,b12 = bo; = 0.025, m; is the mass, [; is the length of link i, s;
is the distance from the joint center to the center of the mass for link ¢, and I; is the

moment of inertia. See Table 3.1 for detail.

Based on equations (3.1)-(3.5), we can compute the forward dynamics
b= M(@)_l(T—C(G,é) —39‘), (3.6)

and write the 2-link human arm system into a state space form with the state variable

x € R, control input u € R? as
MODEL 1 : & = F(z)+ G(z)u, (3.7)

. .\T
1':(91 92 91 92) , U:T:(Tl 72)T7
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Table 3.1. Parameters of 2-link arm

Symbol | Value | Unit
mi 1.4 kg
mo 1.1 kg
l1 0.3 m

Iy 0.33 m
S1 0.11 m
S9 0.16 m
I 0.025 | kg m?
I 0.045 | kg m?

In (3.7), the vector functions F'(z), G(z) are given by

T
F(2) = (Fi(@) Fa@) Fy(z) Fi)) (3.8)
where
Fi(z) = x3, Fy(x) = x4, (3.9)
1
Fs(z) = m{ — dads(x3 + $4)28im:2 — d%x%sinmcosm — da(ba1x3 + bagwy)cosxa
2
+ (dsbi1 — dzbai)xs + (dgbia — d3b22)954}, (3.10)
1
Fy(z) = M {d2d3x4(2x3 + x4)sinze + dldgxgsinxg + d% (x5 + $4)23inx2008x2
2
+ds [(21?21 —bi1)zs + (2022 — 512)564} COST2
+ (diba1 — d3bi1)x3 + (d1baz — d3b12)x4}, (3.11)
0 0
1 0 0
2) ds —(d3 + dacoszs)

—(ds + dacosxs)  dy 4 2dacoso

note that d(w2) = dids — d3 — (dacoszo)? is the determinant of inertia matrix M.
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Figure 3.1. (A) 2-link 6-muscle arm; (B) Joint torques; (C) Length-velocity-tension

curve; (D) Muscle activation dynamics.

3.1.2 A model of muscle actuators

There are a large number of muscles that act on the arm in the horizontal plane. But
since we have only 2 degrees of freedom (Fig. 3.1A), these muscles can be organized into
6 actuator groups: elbow flexors (1), elbow extensors (2), shoulder flexors (3), shoulder
extensors (4), biarticulate flexors (5), and biarticulate extensors (6). The joint torques
produced by a muscle are a function of its moment arms (Fig. 3.1B), length-velocity-

tension curve (Fig. 3.1C), and activation dynamics (Fig. 3.1D), which is given by

T = M(0) T(a,1(0),v(6,0)). (3.13)

The moment arm M (#) € R?*6 is defined as the perpendicular distance from the
muscle’s line of action to the joint’s center of rotation. Moment arms are roughly constant
for extensor muscles, but vary considerably with joint angle for flexor muscles. For each
flexor group, this variation is modelled with a function of the form a + b cos(c ), where

the constants have been adjusted to match experimental data. This function provides
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Table 3.2. The tension T'(a,l,v) produced by a muscle

T(a7lﬂv):A(avl)(FL(l)FV(lvv)+FP(Z>)

a Ne(l)
Afa,1) =1 —exp (‘ (W) )

1
Ni(l) = 2.11 4 4.16 (— - 1)

l
1.87)

l1A93 -1
1.03
—5.72 —v v <0
—5.72+ (1.384+2.09 1) v’ —
0.62 — (—3.1244.21 1 —2.67 1?) v
0.62 + v ’
Fp (1) = —0.02exp (13.8 — 18.7 1)

Fy, () = exp <—

FV (l,’l)) =

a good fit to data — not surprising, since moment arm variations are due to geometric
factors related to the cosine of the joint angle. It can also be integrated analytically,

which is convenient since all muscle lengths need to be computed at each point in time.

The tension produced by a muscle obviously depends on the muscle activation a,
but also varies substantially with the length [ and velocity v of that muscle. Fig. 3.1C,
based on the publicly available Virtual Muscle model [15], illustrates that dependence

for maximal activation. We will denote this function with T'(a,l,v).

Mammalian muscles are known to have remarkable scaling properties, meaning that
they are all similar after proper normalization: length [ is expressed in units of Ly, where
Ly is the length at which maximal isometric force is generated, and velocity v is expressed
in units of Ly/sec. The unitless tension in Fig. 3.1C is scaled by 31.8N per square
centimeter of physiological cross-sectional area (PCSA) to yield physical tension 7. The
PCSA parameters used in the model are the sums of the corresponding parameters for
all muscles in each group (1: 18cm?; 2: 14cm?; 3: 22em?; 4: 12em?; 5: 5em?; 6: 10em?).
Muscle length (and velocity) are converted into normalized units of Ly using information
about the operating range of each muscle group (1: 0.6 — 1.1; 2: 0.8 — 1.25; 3: 0.7 — 1.2;
4: 0.7—1.1; 5: 0.6 — 1.1; 6: 0.85 — 1.2).
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Muscle activation a;(i = 1,--- ,6) is not equal to instantaneous neural input u;, but
is generated by passing u; through a filter that describes calcium dynamics. This is

reasonably well modelled with a first order nonlinear filter of the form

a; = <(1 + oue)u; — ai>/t(ui,ai), (3.14)

where
tdeact + W (t(zct - tdeact)7 Ui > @y,
t(ui, ai) =
tdeacts otherwise.
The input-dependent activation dynamics t,; = 30msec is faster than the constant

deactivation dynamics tg4eqt = 66msec. Fig. 3.1D illustrates the response of this filter
to step inputs that last 300msec. Note that the half-rise times are input-dependent,
while the half-fall times are constant (crosses in Fig. 3.1D). The neural inputs u are
disturbed by multiplicative noise, whose standard deviation is 20% of its magnitude —
which means o, = 0.2 in (3.14), while ¢ is a zero-mean Gaussian white noise with unity

covariance.

We notice that adding muscles to the dynamical system results in 6 new state vari-
ables. Combining the forward dynamics (3.6) and muscle actuator model (3.14), we
could write the system into a state space form with the state z € R'° and control v € RS

as follows

MODEL 2: &= F(x)+ G(x)(1 + oue)u, (3.15)

x:(01929192a1---a6)T, u:(ul---uﬁ)T.

3.2 3D Musculo-Skeletal Model of the Human Arm

A large number of research and studies has reported on developing biomechanical
models of human upper limb, including three chained mechanisms — the shoulder girdle,
the elbow and the wrist. The proper description and simulation of the musculoskeletal
structure of the upper limb is necessary to predict realistic human movement. Engin et
al. in 1987 presented a shoulder model with quantitative descriptions of the individual

joint sinus cones [28]. Hogfors et al. in 1987 applied the optimization techniques to
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Figure 3.2. Muscle paths of 5-DOF human arm

predict muscle forces as functions of the static arm position and the external loads,
which provided an improved description of the shoulder model [43]. A dynamic shoulder
model was proposed by van der Helm et al. by means of the finite element method [40],
where the bones were modelled as rigid segments connected by ball and socket joints; all
muscles and ligaments were modelled as straight or curved lines of action between their
connections on the bones. Based on the high resolution images obtained from Visible
Human Project (VHP) dataset, in 2001, Garner and Pandy [34] developed a complete
biomechanical model of the arm, which included the three-dimensional movements of
all the bones of the upper limb. The model enclosed seven anatomical joints from the
shoulder girdle down to the wrist, and used thirteen degree-of-freedom to describe the

relative position and orientation of seven upper-extremity bones.

To simplify the problem, we approximate the arm segments (upper arm, forearm and
palm) by rigid cylinders. Our model (Fig. 3.2) uses five degree-of-freedom to describe
the relative movements of the segments: the shoulder is modelled as a three degree-of-

freedom joint (only the glenohumeral joint was taken into account here), with flexion-



28

Table 3.3. Musculoskeletal model of the 5DOF upper limb

shoulder | shoulder | shoulder | elbow | elbow
92 03 94 95

pectoralis major clavicular
pectoralis major sternal
pectoralis major ribs
latissimus dorsi thoracic
latissimus dorsi lumbar
latissimus dorsi iliac
deltoid clavicular
deltoid acromial

deltoid scapular
supraspinatus
infraspinatus
subscapularis

teres minor

teres major
coracobrachialis

triceps brachii long
triceps brachii medial
triceps brachii lateral
biceps brachii short
biceps brachii long
brachialis
brachioradialis
supinator

pronator teres

SN N N N N N N N N N N [
D N N N N N N NN NN
D NN NN NN NN NN

<

<

<
L

L <<

extension, abduction-adduction and external-internal rotation; the elbow is modelled
as a two degree-of-freedom joint (humeroulnar joint and radioulnar joint), with flexion-
extension and pronation-supination movements. The inverse dynamics of 5-DOF arm
model is

M(0)0+C(0,0) + BO =, (3.16)

where § € R® is the joint angle vector (shoulder: 61, 6, f3; elbow: 04, 05), M(6) € R?*®
is a positive definite symmetric inertia matrix, C(6, 9) € R® is a vector centripetal and

Coriolis forces, B € R5*? is the joint friction matrix, and 7 € R® is the joint torque.

This 5-DOF arm model contains 24 muscles (Table 3.3 & Fig. 3.2), and most of
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Figure 3.3. Elbow flexion moment arms for (A) biceps brachii, (B) brachialis, brachio-
radialis and pronator teres ; and forearm pronation moment arms for (C) biceps brachii,

(D) brachioradialis and supinator.

muscles in the upper limb potentially control many degrees of freedom, i.e., triceps brachii
long spans glenohumeral and humeroulnar joint (6,--- ,604), which together accounts
for 4 degrees of freedom in the model. Muscle activation dynamics a; (i = 1,---,24)
is modelled as a nonlinear low-pass filter (Eq. 3.14) as described in section 3.1.2. The
geometry of muscles that wrap around a skeleton in 3-dimensional is rather complex. The
Muscle Wrapping Toolbox developed in our lab can compute musculoskeletal geometry
based on the obstacle-set method [33]. The toolbox computes the shortest muscle paths
that satisfy all obstacle constraints, which then yields the posture-specific moment arms
(i.e., Fig. 3.3) and muscle lengths needed for dynamic simulation. While the dynamic

simulation of serial-link upper limb is implemented using Matlab Robotics Toolbox.
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3.3 Representation of Different Behavior Movements with

Cost Functions

Most existing optimal control models [30, 38, 42, 60, 72, 84, 115, 125] in arm move-
ments, eye movements and some other body movements predict average movement tra-
jectories or muscle activity, by optimizing a variety of cost functions. For example,
smoothness optimization introduced in the minimum-jerk model [30, 42] successfully
predicted the average trajectories in arm movement, where it accounts for the straight
paths and bell-shaped speed profiles of reaching movements. Ideally, the performance
criterion assumed in an optimal control model should correspond to what the sensori-
motor system is trying to achieve. But how could this be quantified? One can simply
optimize whatever subjects were asked to optimize, under the constraint that each mus-
cle can produce limited force in order to satisfy the energy consumption requirement.
However, in many cases, the cost function that is relevant to the sensorimotor function

may not directly correspond to our intuitive understanding of “the task”.

Computational modelling here aims to construct the feedback control strategy that
yields the best possible performance when motor noise as well as sensory uncertainty
and delays are taken into account. In the following section, we illustrate several cost
functions relevant to different tasks that we are interested in. These cost functions will

take into account accuracy and energetic efficiency.

3.3.1 Reaching task

All tasks considered here are spatial. Spatial accuracy is defined in terms of hand
position and sometimes its derivatives. The task we study first is a reaching task, where
the arm has to start at some initial position and move to a target in a specified time
interval. It also has to stop at the target, and do all that with minimal energy con-
sumption. There are good reasons to believe that such costs are indeed relevant to the
neural control of movement [116]. For the 2-link arm model shown in Fig. 3.1A, the cost

function for reaching task will depend on the vector of joint angles [f; #2]7 only through
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the forward kinematic function e(#), where e and ¢é are the 2D vectors of Cartesian hand

coordinates computed as the following

11 cosbi + 15 cos(61 + 6
e@=| "7 102) ) (3.17)
l1 sinfy + la sin(01 + 62)

: 0
é (9, 9) - '], (3.18)
02
—ly sinfy — Iy sin(0; + 02) —lg sin(6 + 6
r— 82(:) _ 1 stnby — la sin(6y + 62) 9 sin(01 + 62) ’ (3.19)

l1 cosby + lo cos(01 + 62) Iy cos(61 + 02)

where [; is the length of link ¢. Then the cost function is defined as
2 . 2 1 (T )
Iy = lee(Q(T)) - eH + wQHé(H(T), 0(T)> H + 5/ rllul? dt, (3.20)
0

where e* is the desired target position defined in Cartesian hand coordinates, the second
. 2

term Hé (H(T), H(T)) H enforces stopping at the target. The two constants wq, ws specify

the importance of positional versus velocity accuracy, and r is the weight of the energy

term.

3.3.2 Reaching with obstacle avoidance

The second task is to implement the reaching and to avoid an obstacle during the
movement. The obstacle is defined as a circle with a certain radius rgpstqcie, and has
fixed location. The arm starts from rest at some initial position, and has to reach the
specified target and avoid the obstacle during the reaching, with minimal control energy.

The cost function is

2
Jo = lee(H(T)) et

. . 2 1 T )
+’w2He<9(T),6(T))H + §/ 7llull” dt + qobstabie;  (3.21)
0

—2
k1 fOT (Z(G(t)) - Tobstacle) dt whenl >r

Gobstable =
00 otherwise

where the target e* is defined in Cartesian hand coordinates; £ = /|| e(0(t)) — €obstacte |
is the distance between the hand position and the center of the obstacle center, where
eobstacle 1S the Cartesian coordinates of the center of the obstacle; wi,ws,r and ki are

the weighting coefficients.
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3.3.3 Hitting task

The task of hitting will be modeled by specifying a target position e and a desired

velocity é at the end of the movement. The cost function now becomes

2 2 1 (T 5
nglee(o(T))—e*H +ws +§/ rllul? dt, (3.22)
0

é(Q(T), e(T)) e

where e* is the desired target position defined in Cartesian hand coordinates, é* is the
desired velocity at the end of movement, r is the weighting coefficient of energy term;
the two constants wy,ws specify the importance of positional versus velocity accuracy.

Note that the final velocity is non-zero, and so the hand cannot stay at the target.

3.3.4 Via-point task

*

n, and passage times

The task of passing through via-points, with positions ej ---e

ti-- -ty , can be encoded with the cost

7

2 1 (T
Jy = wi|e(6(t)) — e +—/0 rllull? dt, (3.23)

2

If in addition we want the hand to stop at the final target, or to hit the final target with

specified velocity, the corresponding cost can be added.

3.4 Relevant Features of Human Movement

Considering unconstrained point-to-point reaching movement in the horizontal plane,
humans tend to generate roughly straight hand trajectories with single-peaked, bell-
shaped speed profiles. Several models have been proposed to explain these characteristics
[30, 84, 125, 126]. Slightly curved hand path does occur, depending on the area of the
workspace in which the movement is performed. When subjects were instructed to move
while avoiding an obstacle or through an intermediate point, the hand path appeared
to be curved and the speed profile had often several peaks. In this case, the minima
between two adjacent speed peaks correspond to distinct curvature peaks in the curved

path.
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In moving the arm from one target to another, one usually has to make some com-
promise between the duration and the precision of the movement. This speed-accuracy
trade-off phenomenon, known as Fitts’ law (3.24), states that the faster the movement,

the less accurately will reach the target [29]:

T=a+b (log2 (%) ) (3.24)

In (3.24), T is the movement time, a and b are regression coefficients, A is the distance
of movement from starting point to target center, and W is the target width correspond-
ing to “accuracy”. The quantity logs (%) is called the index of difficulty (ID) which
describes the difficulty of the motor tasks. Fitts’ law has been applied to hundreds of
subsequent studies in human-computer interaction(HCI) and graphical user interfaces.
Its first HCI application was a major factor leading to the mouse’s commercial introduc-
tion. Often, a relatively fast inaccurate movement will be followed by short corrective
movement in order to bring the limb back to the target. This trade-off has also been

extensively studied for a variety of goal-directed reaching movements in the literature.

Another important aspect of human movement is an inverse non-linear relationship
between the velocity and the curvature of its trajectory during the movement, widely
referred to as the two-thirds power law [49]. This relationship is formalized by the
following;:

w=ck’ (3.25)

Equivalently,
v=cr ™’ (3.26)

In (3.25), w is the angular velocity of the hand, x is the instantaneous curvature of the
path, c is a proportionality constant, and the accepted value of the exponent 3 = % In
(3.26), v is the tangential velocity, r is radius of curvature (1/k). It has been shown
to exist not only in hand movement, but also in eye-motion, locomotion and was even
demonstrated in motion perception and prediction. People argue that the two-thirds
power law can be derived from smoothness or smoothness inducing mechanisms or to

the result of noise inherent in the motor system.
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A majority of computational models that seek to capture these features are based
on the assumption that they arise from the optimization of some criteria by the sensori-
motor system. In the following section, we will provide some general analysis of human
arm movements and explain those characteristics described so far based on existing op-
timization models: minimum control energy, minimum torque-change (Eq. 2.3) and the

well-known minimum jerk models (Eq. 2.1).

3.5 Movement Analysis with Existing Optimality Models

Figure 3.4 shows hand paths and velocity profiles for ten unconstrained horizontal
movements produced by the minimum torque-change model with 2-link 6-Muscle Arm.
Compared with the results of minimum jerk model—whose hand trajectory are strictly
straight [42] and lack the typical curvature of human movements, the trajectories of
minimum torque-change model are closer to those produced by humans than that of the
purely kinematic minimum jerk model: they are not completely straight but are instead
slightly curved as shown in Fig. 3.4(a); the associated speed profiles (Fig. 3.4(b)) were
single-peaked and bell-shaped. For the minimum control effort model, the simulation
trajectories and velocity profiles shown in Fig. 3.5 are the same as those of the minimum
torque-change model. These predicted trajectories were consistent with the experimental

data reported in [82].

Figures 3.6 and 3.7 describe results from simulation of free movements between two
targets passing through a via-point P1 or P2. Both the minimum torque-change model
and the minimum energy model predict gently curved hand paths with double-peaked
speed profiles. In this group of movements, we consider two subcases, with identical
starting point (shown as circle) and the target (shown as star), but with mirror-image
via-points (see Fig. 3.6(a) and Fig. 3.7(a) shown as cross). That is, the two via-points
P1 and P2 are located symmetrically with respect to the line connecting the common
starting point and the target. Both models generate two different shapes of trajectories
corresponding to the two subcases; for the movement passing through the via-point P1,

a convex curved path is formed; in contrast, for the movement passing through the via-
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point P2, a concave path is formed. In particular, the convex path and the concave path
are not symmetric with respect to the line connecting the starting point and the target.
The associated speed profile has two peaks as illustrated in Fig. 3.6(b) and Fig. 3.7(b),

which are consistent with experimental data shown in [84, 125].

Furthermore, we notice that changing the location of the via-point results in either
a single-peak or double-peak hand speed profile (Fig. 3.8 and Fig. 3.9). Here the
trajectories are generated by moving the hand between two targets and passing through
via-points PO, P1 and P2 respectively within 250ms. In both the models, if the via-
point PO is located near to the line connecting the initial and the final targets, the hand
path is roughly straight, and the hand speed profile is single peaked (shown as dotted
line); on the other hand, if the via-point P1 or P2 is located further away from the
line connecting two targets, highly curved movements are produced and the hand speed

profiles are double-peaked (shown as solid and diamond curves).

Finally, we illustrate another kinematic feature related to the depth of velocity valley
and the height of the curvature peak. It is easy to see that both the hand paths and
velocity profiles are identical for the minimum torque-change model (Fig. 3.10) and
the minimum energy model (Fig. 3.11). Here three movements with the same 500ms
duration are simulated, the only difference is the timing to pass through the via-point
P1: one is 150ms (dashed curve), and the other two are 250ms (solid curve) and 320ms
(diamond curve) respectively. We notice that the resulting three trajectories are clearly
different (Fig. 3.10(a)). Since the via-point P1 is located symmetrically between the
starting point and target, when the passing time is 150ms, the first part of the movement
(from starting point to via-point P1) has to be faster than the other two cases; hence
the corresponding speed profile has the highest peak (yellow dashed curve), while the
hand path is less curved. After passing through the via-point, there is plenty of time left
(350ms) to reach the target, therefore this slower movement results in much more curved
hand path compared with the other two cases. And we can conclude that, for the highly
curved movements with double-peaked speed profiles, the speed valley is temporally
associated with the curvature peak. The larger the curvature of hand path, the deeper

the valley in the double-peaked speed profile (Fig. 3.10(b)).
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Figure 3.4. Typical trajectories generated by the minimum torque-change model for free

movements between two targets: (a) Hand paths (T1 < T3, T4 « T2, T4 « T3, T5 <

T2, T5 < T3. (b) Corresponding hand tangential velocity profiles along the paths.
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Figure 3.5. Typical trajectories generated by the minimum energy model for free move-

ments between two targets: (a) Hand paths and (b) Tangential velocity profiles.
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Figure 3.6. Typical trajectories generated by the minimum torque-change model for free
movements passing through a via-point P1 or P2 within 250ms: (a) Hand paths (Circle

— P1 — Star and Circle — P2 — Star). (b) Corresponding hand tangential velocity
profiles.
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Figure 3.7. Typical trajectories generated by the minimum energy model for free move-
ments passing through a via-point P1 or P2 within 250ms: (a) Hand paths (Circle — P1
— Star and Circle — P2 — Star). (b) Corresponding hand tangential velocity profiles.
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Figure 3.8. Typical trajectories generated by the minimum torque-change model for free
movements passing through via-points PO, P1 and P2 respectively within 250ms: (a)

Hand paths. (b) Corresponding hand tangential velocity profiles.
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Figure 3.9. Typical trajectories generated by the minimum energy model for free move-
ments passing through via-points PO, P1 and P2 respectively within 250ms: (a) Hand
paths. (b) Corresponding hand tangential velocity profiles.
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Figure 3.10. Typical trajectories generated by the minimum torque-change model for free
movements passing through a via-point P1 within different timing: (a) Hand paths (Solid
line: passing through P1 before 250ms; Dashed line: passing through P1 before 150ms;
Diamond line: passing through P1 before 320ms). (b) Corresponding hand tangential

velocity profiles.
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Figure 3.11. Typical trajectories generated by the minimum energy model for free move-
ments passing through a via-point P1 within different timing: (a) Hand paths (Solid
line: passing through P1 before 250ms; Dashed line: passing through P1 before 150ms;
Diamond line: passing through P1 before 320ms). (b) Corresponding hand tangential

velocity profiles.



Chapter 4

Iterative Linear Quadratic Design

for Arm Movement

4.1 Overview

The majority of present optimality models in motor control have a serious limitation
— they rely on the Linear-Quadratic-Gaussian formalism, while in reality biomechanical
systems are strongly non-linear. In this chapter we restrict our attention to developing
an iterative linear quadratic regulator method for optimal feedback control of nonlinear
biomechanical system. This method uses iterative linearization of the nonlinear system
around a nominal trajectory, and computes a locally optimal feedback control law via a
modified LQR technique. The control law is then applied to the linearized system, and
the result is used to improve the nominal trajectory incrementally. We then apply the
new algorithm on a realistic 2-Link 6-Muscle biomechanical model of the human arm,
as well as two simpler dynamical systems: 2-Link torque controlled arm and inverted
pendulum. Comparisons with three existing methods (Ordinary Differential Equations,
Conjugate Gradient Descent and Differential Dynamic Programming) demonstrate that

this method converges substantially faster and finds slightly better solutions.

40
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4.2 ILQR Approach to Nonlinear Deterministic Systems

Consider a discrete time nonlinear dynamical system with state variable z; € R™

and control u; € R™
Tpr1 = f(zp, ug). (4.1)

The cost function is written in the quadratic form
1 (V-1
Jo = 5(:51\/ — )T Qp(zn — ) + 3 Z (:E%Qﬂj‘k + u%Ruk), (4.2)
k=0

where zy describes the final state (each movement lasts N steps), z* is the given target.
The state cost-weighting matrices ) and @y are symmetric positive semi-definite, the
control cost-weighting matrix R is positive definite. All these matrices are assumed to
have proper dimensions. Note that when the true cost is not quadratic, we can still use

a quadratic approximation to it around a nominal trajectory.

Our algorithm is iterative. Each iteration starts with a nominal control sequence wug,
and a corresponding nominal trajectory x; obtained by applying ui to the dynamical
system in open loop. When good initialization is not available, one can use ug = 0. The
iteration produces an improved sequence uy, by linearizing the system dynamics around
ug, ¢ and solving a modified LQR problem. The process is repeated until convergence.

Let the deviations from the nominal wug, 2 be dug, dxg. The linearization is
0xk+1 = Axdzy + Broug, (4.3)

where Ay = D, f(zk,ux), Bx = Duf(zk,ur). D, denotes the Jacobian of f(-) with
respect to z, D,, denotes the Jacobian of f(-) with respect to u, and the Jacobians are

evaluated along xj and uy.

Based on the linearized model (4.3), we can solve the following LQR problem with

the cost function
1 *\T *
J = i(xN—i-(SxN—x) Qf (xn + oy — )

+ = Z { T + (5.’Bk Q (.Z‘k + (Sxk) + (uk + (5uk)TR (uk + (5uk)} (4.4)
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We begin with the Hamiltonian function

1 1
H, = §($k + 5:Uk)TQ (z + dzp) + §(uk + 5uk)TR (u + duyg)

+ 6M 41 (Ardmy, + Bibuy), (4.5)

where 0\, 1 is Lagrange multiplier.

The optimal control improvement duy is given by solving the state equation (4.3),
the costate equation

e = ALoN 1 + Q(0xy + ), (4.6)

and the stationary condition which can be obtained by setting the derivative of Hamil-

tonian function with respect to duy to zero

0 = R(up + dug) + BE X1 (4.7)
with the boundary condition

AN = Qf(xn + by — ™). (4.8)
Solving for (4.7) yields

Sup = —R'BISN 1 — up. (4.9)

Hence, substituting (4.9) into (4.3) and combining it with (4.6), the resulting Hamilto-

nian system is

(5ack+1 B Ay —Bkalng 0Ty n —Brug (4 10)

Ok Q AT OAk+1 Qg

It is clear that the Hamiltonian system is not homogeneous, but is driven by a forcing
term dependent on the current trajectory zp and ug. Because of the forcing term, it
is not possible to express the optimal control law in linear state feedback form (as in
the classic LQR case). However, we can express duy as a combination of a linear state

feedback plus additional terms, which depend on the forcing function.

Based on the boundary condition (4.8), we assume

O = Sioxy, + vg (4.11)
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for some unknown sequences S and vg. Substituting the above assumption into the
state and costate equation, and applying the matrix inversion lemma yields the optimal

controller.

Theorem 1 Given the system xy11 = f(xk, ux) and its linearization around the nominal
trajectory 0xg+1 = Ardxy + Brouy with the performance index given in (4.4), the optimal

controller is given by

our, = —Kézp— Kyvpyrr — Kyug, (4.12)

K = (B}Sy1By+R)'BIS, 1Ay, (4.13)

K, = (BI'S,.1By+R)™'BI, (4.14)

K, = (BISks1Br+ R)'R, (4.15)

Sk = AfSky1(Ar — BrK) + Q, (4.16)

Vp = (Ak - BkK)TUk_H — KTRuk + Qxp (4.17)

with boundary conditions

Sy = Qy, oy = Qp(rn — 7). (4.18)

Proof 1 In order to find the equations (4.12)-(4.17), use (4.11) in the state equation
(4.3) to yield

dxprr = (I + BkR_lBkTSkH)_l(Akéa:k — BkR_lB,{U]H_l — Brug). (4.19)
Substituting (4.11) and the above equation into the costate equation (4.6) gives

Sipoxy + v =Qx) + A%Sk_;_l(f + BkalB]{Sk_H)*l

(Ak(sﬂjk — BkR_lBgvk_H — Bkuk) + A{U;H_l + ka.
By applying the matriz inversion lemma ' to the above equation, we obtain

Sy = ALS 1 [T — By(BY Sy 1By + R)“1BY s,m} A+ O,

YA+BCD) ' =A"' - A'B(DAT'B+C™ ) "'DATL.



44

and

Vk :A%U;H_l — A;{SkH [I — Bk‘(B]?Sk—HBk: + R)_lBgSk_H] BkR_lBg’U}H_l

— A%Sk+1 [I - Bk(BgSk+1Bk + R)ilB]Z—’Sk-Jrl] Brup + Qxy.

By using (R + BFSg41Br)™t = R™! — (R + B} Sg41Br) ' B} Spy1BrR™Y, the second

term in v becomes
—A{ Sy11By(R + Bl Sk41Bi) ' Bf vg i1,
while the third term in v can also be written as
—AL'S 1 Bir(R + Bl S 1 Bi) ' Ruy.

Therefore, with the definition of K in (4.13), the above Sk, v can be written into the
forms as given in (4.16) and (4.17).

Furthermore, substituting (4.11) and (4.19) into (4.9) yields

oup = — (R + Bgsk+1Bk)ilBgSk+1Ak5{L‘k — (R + BgSkHBk)*lBkTka

— (R + B,fSkHBk)*lRuk.

By the definition of K, K, and K, in (4.13)-(4.15), we can rewrite above duy as the
form in (4.12). [

With the boundary condition Sy given as the final state weighting matrix in the
cost function (4.4), we can solve for an entire sequence of Sy, by the backward recursion
(4.16). It is interesting to note that the control law duy consists of three terms: a term
linear in dx; whose gain is dependent on the solution to the Riccati equation; a second
term dependent on an auxiliary sequence v which is derived from the auxiliary difference
equation (4.17); and a third term dependent on the nominal control u; whose gain also
relied on the Riccati equation solution. Once the modified LQR problem is solved, an

improved nominal control sequence can be found: uj = uy + duy.
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4.3 Application to Nonlinear System

4.3.1 Optimal control problems to be studied

We have implemented a 2-DOF torque controlled model and a 2-DOF 6-muscle model
of the human arm in the horizontal plane at chapter 3. Here we also include an inverted

pendulum problem often used for numerical comparisons.

2-link Torque-controlled and 2-link Muscle-controlled arm

Using the standard equation of motion for a 2-link arm given in (3.6), the dynamics

of this arm model can be rewritten here in a state space form
&= F(x)+ G(x)u,
For the torque controlled arm model (MODEL 1), the state and control are given by
x = (01 02 6, ég)T, u=(m TQ)T.

while for the 2-link 6-muscle arm model (MODEL 2), because muscles have activation
states, the state vector is 10-dimensional and the control vector is 6-dimensional

1‘2(01 02 91 92 al---ag)T, u:(ul---u6)T.

The task we study is a reaching task, where the arm has to start at some initial position
and move to a target in a specified time interval. It also has to stop at the target, and

do all that with minimal energy consumption. The cost function is redefined as

— —(6(T) — ") (0T 0*1TTd 4
Jy = 5 (00T) %) (0(T) - )+§/0 ruu dt, (4.20)

where r = 0.0001 and 6* is the desired target posture. In the definition of the cost func-
tion, the first term means that the joint angle is going to the target 6* which represents

the reaching movement; the second term illustrates the energy efficiency.

Inverted Pendulum

Consider a simple pendulum where m denotes the mass of the bob, [ denotes the

length of the rod, 6 describes the angle subtended by the vertical axis and the rod, and



46

w is the friction coefficient. For this example, we assume that m = 1lkg, | = 1m,g =

9.8m/s?, = 0.01. The state space equation of the pendulum is

i1 = a9, (4.21)
1
miz"

(4.22)

To = %sinl‘l — #xz +

where the state variables are z; = 6, 2o = . The goal is to make the pendulum swing
up. The control objective is to find the control u(t), 0 < t < T and minimize the

performance index

1

Jo = (acl(T)2 + ZL‘Q(T)2) + = /OT ru?dt, (4.23)

DO | =

2

where r = le — 5.

4.3.2 Optimal Trajectories

Here we illustrate the optimal trajectories found by iterating equations (4.12)-(4.18)
on each of the three control problems. Fig. 4.1A and Fig. 4.1B show the optimal
trajectory of the arm joint angles 6; (shoulder angle) and 2 (elbow angle). We find that
the shoulder angle and the elbow angle arrive to the desired posture 61 = 1rad, 0y =
1.5rad respectively. Fig. 4.1C shows a set of optimal trajectories in the phase space, for
a pendulum being driven from different starting points to the goal point. For example,
S2 describes a starting point where the pendulum is hanging straight down; trajectory

2 shows that the pendulum swing directly up to the goal.

For the 2 link muscle-controlled arm model, Fig. 4.2 illustrates how the current joint
space trajectory converges with the number of iterations. Although the iteration starts
from poor initial control — which produces an arbitrary movement (it 0), it has the

rapid improvement and the ILQR method can find a good control in about 5 iterations.
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Figure 4.1. Optimal trajectories. (A) 2 Link torque-controlled arm; (B) 2 Link muscle-

controlled arm; (C) Inverted pendulum.
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4.4 Comparison with Existing Local Algorithms

Existing algorithms for nonlinear optimal control can be classified in two groups,
based respectively on Bellman’s Optimality Principle and Pontryagin’s Maximum Prin-
ciple [16, 63]. The former yields globally optimal solutions, but involves a partial dif-
ferential equation (Hamilton-Jacobi-Bellman equation) which is only solvable for low-
dimensional systems. While various forms of function approximation have been explored,
presently there is no known cure for the curse of dimensionality. Since the biological con-
trol problems we are interested in tend to have very high dimensionality (the 10 dim arm
model is a relatively simple one), we do not believe that global methods will be applicable

to such problems in the near future.

Therefore we have chosen to pursue local trajectory-based methods related to the
Maximum Principle. These methods iteratively improve their estimate of the extremal
trajectory. We compare: (1) ODE solves the system of state-costate ordinary differen-
tial equations resulting from the Maximum Principle, using the BVP4C boundary value
problem solver in Matlab; (2) CGD is a gradient descent method, which uses the Max-
imum Principle to compute the gradient of the total cost with respect to the nominal
control sequence, and then calls an optimized conjugate gradient descent routine; (3)
differential dynamic programming (DDP) [45] performs dynamic programming in the

neighborhood of the nominal trajectory, using second order approximations.

All algorithms were implemented in Matlab, and used the same dynamic simulation.
Table 4.1 compares the CPU time and number of iterations for all algorithms on all three
problems. Note that the time per iteration varies substantially (and in the case of ODE
the number of iterations is not even defined) so the appropriate measure of efficiency is
the CPU time. On all problems studied, the new ILQR method converged faster than
the three existing methods, and found a better solution. The speed advantage is most
notable in the complex arm model, where ILQR outperformed the nearest competitor

by more than a factor of 10.

Figure 4.3 illustrates how the cost of the nominal trajectory decreases with the

number of iterations for 8 different initial conditions. Compared with CGD and DDP
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Table 4.1. Comparison of four methods

Method | Time | Iteration
(sec)

ODE 11.20 N/A
Torque control | CGD 8.86 17
arm DDP 2.65 15
ILQR 0.41 6
ODE >400 N/A
Muscle control | CGD 91.14 14
arm DDP 181.39 15
ILQR 8.31 8
ODE 6.33 N/A
Inverted CGD 4.95 9
pendulum DDP 1.61 20
ILQR 0.26 5

method, the new ILQR method converged faster than the other methods, and found a
better solution. Also we have found that the amount of computation per iteration for
ILQR method is much less than the other methods. This is because gradient descent
requires a line search (without which it works poorly); the implementation of DDP
uses a second-order approximation to the system dynamics and Levenberg-Marquardt
algorithm to compute the inverse matrix — both of which take a significant amount of
time to compute. But we also need Levenberg-Marquardt method to achieve stable

iterations.

Trajectory-based algorithms related to Pontryagin’s Maximum Principle in general
find locally-optimal solutions, and complex control problems may exhibit many local
minima. It is useful to address the presence of local minima. Fig. 4.4 shows how the
cloud of 100 randomly initialized trajectories gradually converge for the muscle-controlled
arm model by using the ILQR method. The black curves describe the top 50% results
where the shoulder angle and elbow angle arrive to their desired posture respectively,
while the light curves show the bottom 50% results. There are local minima, but half
the time the algorithm converges to the global minimum. Therefore, it can be used with

a small number of restarts.
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Figure 4.3. (a) Cost vs. Iterations for 2-link 6-muscle Model. (b) Comparison of Cost

vs. Iterations for 2-link 6-muscle Model based on 8 different initial conditions.
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Figure 4.4. Trajectories of 2-link torque-controlled model (left) and 2-link 6-muscle
model (right) for different initial conditions (Black color describes the top 50% results,

light color describes the bottom 50% results)
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4.5 Summary

Here we developed a new Iterative Linear Quadratic Regulator (ILQR) algorithm for
optimal feedback control of nonlinear dynamical systems. We illustrated its application
to a realistic 2-link, 6-muscle arm model, as well as simpler control problems. The
simulation results suggest that the new method is more effective compared to the three

most efficient methods that we are aware of.

While the control problems studied here are deterministic, the variability of biological
movements indicates the presence of large disturbances in the motor system. It is very
important to take these disturbances into account when studying biological control. In
particular, it is known that the motor noise is control-dependent, with standard deviation
proportional to the mean of the control signal. Such noise has been modelled in the
LQG setting before [117]. Since the present ILQR algorithm is an extension to the LQG
setting, it should be possible to treat nonlinear systems with control-dependent noise

using similar methods. And we will do that in the next chapter.

Furthermore, the present formulation assumes that all of the state variables are
available, which is not the case in the real world. Therefore, the method developed in
the future should be extendable to situations that we can design the filter to provide
state estimate for the optimal feedback control purpose. However, the difficulty is that
the separation principle of estimation and control is violated in the presence of signal-
dependent noise (which is one of characteristics in our biological movement models). The
related work in [120] only showed the result for the linear dynamical system. In the next
chapter, we will discuss iterative optimal control and estimation design for nonlinear
stochastic systems, which will extend the ILQR setting as much as possible, and adapt

it to the online control and estimation problems that nervous system faces.

This chapter, in part, was originally published in Proceedings of the 1 Interna-
tional Conference on Informatics in Control, Automation & Robotics. The thesis author
was the primary researcher and author in these works and the co-author listed in this

publication directed and supervised the research which forms the basis for this chapter.



Chapter 5

Iterative Stochastic Optimal
Control and Estimation Design

for Human Arm Movement

5.1 Motivation

Solving complex optimal control and estimation problems with stochastic uncertainties—
that do not fit in the well-developed Linear-Quadratic-Gaussian (LQG) formalism—
remains a challenge in many fields of science and engineering. Most existing numerical
methods has followed two different approaches. Global methods based on the Hamilton-
Jacobi-Bellman (HJB) equations and the powerful idea of dynamic programming can
yield globally-optimal feedback control laws for general stochastic systems. While, such
methods involve discretization of the state and control spaces — which makes them in-
applicable to high-dimensional problems, due to the curse of dimensionality. Given the
large number of variables needed to capture the state of the biomechanical system (e.g.
joint angles, joint velocities, muscle activations), we believe that global methods are not
well suited for Motor Control problems. Local methods based on Pontryagins Maxi-
mum principle avoid the curse of dimensionality, by solving a set of ordinary differential

equations (ODEs) — via shooting, relaxation, collocation, or gradient descent. But the

52
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resulting locally-optimal control laws are open-loop, and stochastic dynamics cannot be

taken into account.

By taking the advantage of both local and global methods, Jacobson and Mayne
[45] introduced Differential Dynamic Programming (DDP) — a successive approxima-
tion technique for solving nonlinear dynamic optimization problems. This method finds
a local minimizing solution by applying the principle of optimality locally, in the imme-
diate neighborhood of the current nominal trajectory. The improvement does not rely
on the calculus of variations, but is based on dynamic programming. DDP is known to
have second-order convergence and numerically appears to be more efficient [64] than
efficient implementations of Newton’s method [91]. We recently applied iterative Linear-
Quadratic Regulator design (ILQR) to study the biological movement, it turns out to be
significantly more efficient than DDP: by a factor of 10 on reasonably complex control
problems [67]. This ILQR method uses iterative linearization of the nonlinear dynamics
around the current trajectory, and improves that trajectory via modified Riccati equa-
tions. It yields feedback control law — which is a major advantage compared to open-loop
methods. However, this method is still deterministic. Another shortcoming is that, un-
like open-loop methods, it cannot deal with control constraints and non-quadratic cost

functions. Our goal here is to remove these limitations.

While the new algorithm should be applicable to a range of problems, our specific
motivation for developing it is the modelling of biological movement. Such modelling
has proven extremely useful in the study of how the brain controls movement [115]. Yet,
progress has been impeded by the lack of efficient methods that can handle realistic
biomechanical control problems. The most remarkable characteristics of such problems
are: high-dimensional nonlinear dynamics; control constraints (e.g. non-negative muscle
activations); multiplicative noise, with standard deviation proportional to the magni-
tude of control signals or state variables; complex performance criteria, that are rarely

quadratic in the state variables.

Before deriving our new iterative Linear-Quadratic-Gaussian (ILQG) method, we

give a more detailed overview of what is new here:
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1. Most dynamic programming methods use quadratic approximations to the optimal
cost-to-go function. All such methods are “blind” to additive noise. However, in many
problems of interest the noise is control-dependent, and such noise can easily be captured
by quadratic approximations as we show below. Our new ILQG method incorporates
control-dependent and state dependent noise — which turns out to have an effect similar
to an energy cost. In practical situations, the state of the plant is only available through
noisy measurement. When the state of the plant is fully observable, optimal LQG-like
solutions can be computed efficiently as shown by several authors [6, 36, 78, 129, 96].
Such methodology has also been used to model reaching movements [41]. Most relevant
to the study of sensorimotor control, however, is the partially-observable case, our goal

here is to address that problem.

2. Quadratic approximation methods are presently restricted to unconstrained prob-
lems. Generally speaking, constraints make the optimal cost-to-go function non-quadratic.
But since we are approximating that function anyway, we might as well take into account
the effects of control constraints to the extent possible. Our new ILQG method does
that — by modifying the feedback gain matrix whenever an element of the open-loop

control sequence lies on the constraint boundary.

3. Quadratic approximation methods are based on Riccati equations: define a
quadratic optimization problem that the optimal controls satisfy at time step ¢, solve it
analytically, and obtain a formula for the optimal cost-to-go function at time step t — 1.
Optimizing a quadratic is only possible when the Hessian is positive-definite. This is of
course true in the classic LQG setting, but when LQG methods are used to approximate
general nonlinear dynamics with non-quadratic costs, the Hessian can (and in practice
does) have zero and even negative eigenvalues. The traditional remedy is to “fix” the
Hessian, using a Levenberg-Marquardt method, or an adaptive shift scheme, or simply
replace it with the identity matrix (which yields the steepest descent method). The
problem is that after fixing the Hessian, the optimization at time step ¢ is no longer
performed exactly — contrary to what the Riccati equations assume. Instead of mak-
ing this invalid assumption, our new method takes the fixed Hessian into account, and

constructs a cost-to-go approximation consistent with the resulting control law. This is
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done by modified Riccati-like equations.

Of course, many techniques are already available for solving non-linear optimal con-
trol problems. You could find a detailed description of early techniques through [16]. Rel-
evant iterative method has also been described by Luus [75], who used the dynamic pro-
gramming in an iterative fashion. This chapter presents an iterative Linear-Quadratic-
Gaussian method for locally optimal control and estimation of nonlinear stochastic dy-
namical systems subject to control constraints. The main contribution of the new method
derived in the current research is that it constructs an affine feedback control law, ob-
tained by minimizing a novel quadratic approximation to the optimal cost-to-go function.
It also constructs a modified extended Kalman filter corresponding to the control law.
The key important thing is that the two results together provide an iterative coordinate-
descent algorithm, which is guaranteed to converge to a filter and a control law optimal

with respect to each other.

The organization of this chapter is as follows. Section 5.2 formulates the original
optimal problem we want to solve. In section 5.3 and 5.4 we present an LQG approxi-
mation to the original optimal control problem and compute an approximately-optimal
control law under the assumption that state estimates are already obtained by unbiased
linear filter. Section 5.5 designs the optimal filter corresponding to the given control law.
The control law and filter are iteratively improved until convergence. Finally, section 5.6
illustrates the application of this extended LQG methodology in the context of reaching
movements and obstacle avoidance, and explores numerically the convergence proper-
ties of the algorithm on a complex biomechanical control problem involving a stochastic

model of the human arm.
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5.2 Problem Formulation

Consider the nonlinear dynamical system described by the stochastic differential

equations

dxP = f(xP,uP)dt + F(xP, uP)dw, (5.1)

along with the output equation
dyP = g(xP,uP)dt + G(xP,uP) dv, (5.2)

where state variable xP € R"#, control input uP € R™*, measurement output yP € R",

and standard Brownian motion noise w € R™, v € R™ are independent of each other.

Let ¢(t,xP,uP) be an instantaneous cost rate, h(xP (7)) be terminal cost incurred at
the end of the process, T' a specified final time. Define the cost-to-go function v™ (¢, xP)
as the total cost expected to accumulate if the system is initialized in state xP at time

t, and controlled until time T" according to the control law 7w
T
v (t,xP) 2 F [h(xp(T)) —|—/ (7, xP(7), m(1,xP(7))) dr (5.3)
t

The expectation is taken over the instantiations of the stochastic process w. The admis-

sible control signals may be constrained: uP € Y.

The objective of optimal control is to find the control law 7*(¢,xP) that minimizes
v™(0,xP(0)). Note that the globally-optimal control law does not depend on a specific
initial state. However, finding this control law in complex problems is unlikely. Instead,
we seek locally-optimal control laws: we will present an LQG approximation to our
original optimal control problem and compute an approximately-optimal control law.
The present formulation in this chapter assumes that the state of system is measurable
through delayed and noisy sensors, therefore we will also design an optimal filter in order

to extract the accurate state information from noisy measurement data.
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5.3 Local LQG Approximation

5.3.1 Linearization

In this section the locally-optimal control law is computed using the method of
dynamic programming. Time is discretized as k = 1,--- , N, with time step At =
T/(N —1). Our derived algorithm is iterative. Each iteration starts with a nominal
control sequence UP, and a corresponding nominal trajectory XP obtained by applying

p

@” to the deterministic system %P = f(x”,uP) with XP(0) = x;. This can be done by

Euler integration )‘(ZH =X + At f(xF, ).

By linearizing the system dynamics and quadratizing the cost functions around
(XP,uP), we obtain a discrete-time linear dynamical system with quadratic cost. Im-
portantly the linearized dynamics no longer describe the state and control variables, but
instead they describe the state and control deviations xj, = x} — X}, up = uf — @}, and
yi =y} — ¥,. Written in terms of these deviations — state variable x; € R"*, control
input ug € R™, measurement output y; € R™, the modified LQG approximation to

our original optimal control problem becomes

X1 = ApXp + Bruy + Crp(xk, ug) &g, (5.4)
Vi = Fipxi + Epuy + Dy(xp, ug)ni, (5.5)
1 1
costy = q1 + xqu + §X;‘5Qkxk + u;‘grk + iu;‘nguk + u;;Fkak, (5.6)
where
of of dg dg
A =1+ At—— By = At—— Fp = — B, = — .
k + At P’ k t P B = A F= S (5.7)
Cr(xp, ) £ [01,1@ + CTpxk + Clpug, -+ sCny ke +COp p Xk + C&,k“k}» (5.8)
Dy (x, u) = [dl,k + DY pxk + DY jug, - dp,x + Dy, p Xk + D;,,kuk} ; (5.9)
, oFlil Byt
o/ (4] x A 2 u _ A 2T
CZ,kI = At F 5 ik — At 8Xp 5 CZ,kJ = At aup 5 (510)
1 . 1 (4] 1 (4]
dip = ——= Gl Dy 99 D}, = 96 (5.11)

VN ok = AL OxP bk /AL dur’
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and
o 0*¢
q = At £, qr = At 5P’ Qr = At o(xP)2 (5.12)
ol 0%¢ 0?¢

are computed at each (X}, u}).

The initial state has known mean X; and covariance 1. All the matrices Ay, By, Fy,
Ek,ci’k,ka,ka,dj,k,D;fk,D;"k (t=1,---,ny,and j = 1,---,n,) are assumed to be
given with the proper dimensions. The independent random variables £ € R™ and
nr € R™ are zero-mean Gaussain white noises with covariances Q¢ = I and Q7 = I
respectively. Note that F [l and Gl denote the it" column of matrix F € R7% Xnw
and G € R™*™ respectively. At the final time step k& = N, the cost is defined as

2
av + x5ay + 3x5Qnxy, where gy = h,qn = 2%, and Qy = 8(6,(532-

Here we are using a noise model which includes control-dependent, state-dependent
and additive noises. This is sufficient to capture noise in the system — which is what we
are mainly interested in. Considering the sensorimotor control, noise in the motor output
increases with the magnitude of the control signal. Incorporating the state-dependent
noise in analysis of sensorimotor control could allow more accurate modelling of feedback
form sensory modalities and various experimental perturbations. In the study of esti-
mation and control design for the system with control-dependent and state-dependent
noises, the well-known Separation Principle of standard LQG design is violated. This
complicates the problem substantially, and forces us to develop a new structure of re-

cursive controller and estimator.

5.3.2 Computing the cost-to-go function (Partially observable case)

In practical situations, the state of the controlled plant are only available through
noisy measurement. While the implementation of the optimal control law depends on
the state of the system, we have to design an estimator in order to extract the correct
information of the state. Here we are assuming that the approximately-optimal control

law is allowed to be an affine function of x;, — the unbiased estimate of state x;, and
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the estimator has the form
Xpt1 = ApXg + Brwy, + Ky (yr — Fiexy — Epuyg), (5.14)

where the filter gains Kj are non-adaptive, i.e., they are determined in advance and
cannot change as a function of the specific controls and observations within a simulation
run. Detailed derivation for computing the filter gain K} will be presented in section

5.5.

The approximately-optimal control law for the LQG approximation will be shown to

be affine, in the form
uk:ﬂ'k(f(k) =l + Lpxy, k=1,---,N, (5.15)

where [, describes the open-loop control component (it arises because we are dealing
with state and control deviations, and is needed to make the algorithm iterative), Ly, is
the feedback control gain. The control law we design is approximately-optimal because
we may have control constraints and non-convex costs, and also because we use linear
Gaussian approximations. Let the cost-to-go function v (xg, X)) be the total cost ex-
pected to accumulate if the system (5.4) is initialized in state xj at time step k, and

controlled according to 7y, for the remaining time steps.

Lemma 1 Suppose the control law m for system (5.4)-(5.5) has already been designed
for time steps k+ 1,--- ,N. If the control law is affine in the form (5.15), then the

cost-to-go function vy (X, Xg) has the form

1 ) ) )
~xFS¥%p + xE S5 %y, + xFsF + %L sE + 5, (5.16)

—X{S]):Xk + 5

U (Xp, Xpp) = 5

where the parameters S,’:,S’A‘, ,fx,sk,sk, and s can be computed recursively backwards

i time as
T T 1T T
Sk =Qrt+A Sk+1Ak + Fp K, Sk-i—lKka +2A Sk—l—lKka
+ Z(ka)TSZ(H ik T Z TKk Sk+1KkD SN = Qn, (5.17)

SF¥ = (Ap — KrFy) " S¥,  (Ap — Ky Fy) + LEHLy, + LEG* + (GX)T Ly, S% =0, (5.18)

S¥* = FLKEFSE,  (Ax — KiFy) + AL SES (A — KipFy) + (G¥)T'Ly, S =0, (5.19)
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=t ATy FLETSE (G4 S (O8)TSE
i=1
+ Z X K SE  Kyd, g, sX =aqu, (5.20)
st = (A — KpFp) sty + LEH + LEg + (G, s =0, (5.21)
Sk = Qk + Skp+1 + l{g + %l%Hlk + % (Z c; kSkHcZ L+ ; dZ kKk Sk+1dez k)
sy =qn. (5.22)

and

Nw
H £ Ry + BIFEF(S;:{H + Sl);cﬂ + 251)3;{1)Bk + Z(ka)TSi:{HCEk

i=1
+ Z 2 KL SE Kk DYy (5.23)
g2+ Bl(sk +spy) + Z )T SECik + Z ) KSR Kedig,  (5.24)
i=1 i=1
G* £ P+ B{(SE1 + S350 Ak + B (Sk1 + Si5) Kk Fre + Z ) SEA O
i=1

+ Z SOTKF SR, Kp DXy, (5.25)
G* £ B (Sky1 + S5 (Ag — Ky Fy). (5.26)
Proof. Consider the control law which has been designed for time steps k +

1,---,N, and at time step k is given by uy = m(Xx) = lp + LxX) (note that in the
later derivation we will use the shortcut 7y, in place of the control signal 7 (X)) that our
control law generates). Let vg(xg, Xy) be the corresponding cost-to-go function, then the

Bellman equation is

Vg (X, Xg) = immediate cost + E [Ugp11(Xk+1, Xgt+1) | Xks X, Tk (5.27)

Based on the dynamics function (5.4) and (5.14), the conditional mean and covariance
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of x11 and X1 are

E [Xpq1|Xp, Xps, 7| = Apxy, + By, (5.28)
E [Xpg1|Xk, Xp, 7] = (Ap — KpFi)Xi, + By, + K Fixg, (5.29)
Nw
N T
Cov [Xpi1|Xk, X, Tk = Z (Ci,k + C;kak + kaﬂk) (C@k + C’kaxk + Cil,lkﬂk) , (5.30)
=1

Nvy
N N T
Cov [Xk+1‘xk, Xk, TFk] = Kk E (di,k + kaxk + kaﬂ'k) (di,k + Dzkxk + Dzlfkﬂ-k‘) K];F

=1
(5.31)
Since
E [Xp1 X1 [Xbs X, 1] = C0 [Xpoy 1 [Xps, X, 7]
R . T
+ E [Xpop1 [Xks Xpo, 7] (B [Xbo1 X, Xie 78] ) (5.32)
E [Xpp1Xf gy [Xpo X, 5] = Cov [Rppp1 [Xp, X, 75
R R R R T
+ E [Xpq1 %k, X, ©r] (B [Keg [Xn, Xe, 78] ) (5.33)

E [Rps1X) | %k, %Ki, 73] = (A — KpFi)%p, + KpFixp, + By ) (Apxi + Bymy) T,
(5.34)

applying the formulation of cost-to-go function defined in (5.16), substituting (5.28)-

(5.34) into the conditional expectation in Bellman equation, it yields

E (Vg1 (Xpg1, Xigt1) | Xko» X, Tk
Nw

1

i=1

1 EE
+ 5757“5';:_’_1 Z(Akxk + Bpmy) (Arxy + BkTrk)T]
Li=1

1 R i Ny T
+ §tr5’,’c‘+1 Ky Z (di,k + Dl’-kak + D:kﬂ'k’) (d@k + Dz)'szxk + Dzlfkﬂ'k:) Kg]
=1

1 N

I - N T
((Ak — K Fy)xi + K Fpxp + Bkﬂ'k) ((Ak — K Fy)xi + K Fpxy, + Bkﬂk) }
+ trSp [((Ak: — Ky Fy)Xy, + K Fixy + Bmy) (Apxy + Bkﬂ'k)T]

X S T %
+ (Aka + Bkﬂ'k)TSkJrl + ((Ak — Kka)Xk + K Fpxy, + Bkﬂ'k) Sk+1 T Sk+1
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Using the fact that ¢tr(UV) = tr(VU) in the above equation, and substituting the
immediate cost (5.6) and the above equation into (5.27), the resulting cost-to-go function
becomes
Ok (Xps, X))

1 o
= 5%k [Qk + ALSE Ak + FUKE SR KiFr + 247 S35 Kk Fr + Z(C;fk)TSl)c(JrlC;fk

i=1
Ny
NN A
1 % .
5 T(Ak - Kka) S]z{+1(Ak - Kka>Xk
1
+ 57";‘5 [Rk + B (S5 + Sip1 +2555) B + Z ) SE Ol

i=1
YD) KL ST D i
Xt [FFKLSE A (A — KiFy) + ALSES (A, — KpFy)| %

Nw
+ g [Pk +B{ (Sk41 + Sk+1)Ak + BIFEF(S/)@(H + Spi ) Kk Fy + Z(ka)TS?HCka
i=1

+Z Kk Sk+1Kszk:|Xk
+ mh BE(Si + Si) (Ak — K3 Fi) %

Ny
+ i (ax + Z 50 SEcin + Y (D)KL Sk Kidi g, + ALsE + FiKG, Sk+1]

i=1 i=1

+ X, (A — KipFy) s

+ 7 T+ Z k) TS ik + Z )V KL SE 1 Krdig + B (sfq + Sk+1)]
=1 =1
1
+aktSp g (Z ClpSTCik + Z; i) K S Kids, k:) (5.35)
= K3

Substituting (5.23)-(5.26) into the above equation, the 7j-dependent terms in (5.35)
becomes

1 X
§7T;€H7rk + 7l(g + G*xp + G*%y) (5.36)

Since we assume that the control law has the general form given in (5.15), replacing 7y,
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with I + LiXp, it yields

1. .
551 (Lk HLj, + LTG* + (GX)TLk> 5+ x7 (G Ly,
+

TGl + % (Lk Hi, + LTg + (G*)Tzk) +1Tg + —zTsz (5.37)
Now the cost-to-go function v (xg, X;) becomes

Ug(Xk, Xk)

1
= 5%k [Qk + ALSE A+ UKL ST Ky + 241 S350 K Fi + Z %) St O

+ Z )T K Sk Ki Dy k] X
1 % N
+ 2Xk {(Ak — K Fy)" S§ 1 (Ay — KpFy) + L HLy + L G* + (GX)TLk] X
+x7 {Fg KT SE, (A — KpFy) + AV SE (A — KipFy) + (GX)TLk} X

+ X, [QkJFZ i) Sk+lclk+z 5K Sk Kadi e + ALsT
=1 =1

+ FIKE st + (G")le]
+ &L (A = KiFl) sk + LEHU + Lg + (G5l
1
+ Qe + She1 4 = (Z L SECin + Zd I KFSE,  Kid; k) +iFg+ ngfnk

(5.38)

By applying the defined formulation of cost-to-go function given in (5.16), we could ob-

tain (5.17)-(5.22) immediately which completes the proof.

5.3.3 Computing the cost-to-go function (Fully observable case)

Suppose the state of system (5.4) are available in the implementation of the optimal

control design, Lemma 1 readily leads to the following corollary.

Corollary 1 Suppose the control law v for system (5.4) has already been designed for

time steps k+ 1,--- ,N. If the control law is affine in the form g = I + LiXy, where
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k=1,---,N, then the cost-to-go function vi(xy) has the form
1
O (Xk) = §X;‘551’§Xk + X 8% + 5 (5.39)
where the parameters S}, s¥, and s, can be computed recursively backwards in time as

Nw
Sy =Qr+ ALSEL A+ ) (C) SECl + LEHL, + LG+ GT Ly, S¥ = Qn,
=1

(5.40)

Nw
st =ap+ ALsy + > (O SE e+ LEHY + Lig + GTl, sy =aq, (541)

=1
1 1
Sk = qk + Sky1 + 3 Z cZkS,’;Hci,k + §Z£Hlk +1lg, sN =qn, (5.42)
=1
and
Nw
H £ Ry + BLSE Be+ Y _(Cl) TSk Cy (5.43)
=1
Nw
g2+ Blst, + ) (CR)TSEcin, (5.44)
=1
Nw
G2 Pp+ B{SE Ap+ Y _(Cr) TS5 Ce (5.45)
=1

5.4 Optimal Controller Design

As we saw in (5.35), the cost-to-go function vy (xy,X%) depends on the control uy =
7k (Xg) through the term

. 1 e
a(Xp, Xg, k) = §7r£H7rk + 7l(g + G*xp + G¥xy,)

This expression is quadratic in 7t and can be minimized analytically, but the problem is
that the minimum depends on xj while 7y, is only a function of X;. To obtain the optimal
control law at time step k, we have to take an expectation over x; conditional on X,
and find the function 7rj that minimizes the resulting expression. Since F [xj|Xx| = X,
we have

R . . 1 .
(X, k) £ F [a(Xp, Xk, k) | Xi] = §7T£H7l'k + W;;F(g + Gxy) (5.46)
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where G = G* + G*. Ideally we would choose ), that minimizes (X, ) subject to
whatever control constraints are present. However, this is not always possible within the
family of affine control laws 7y (xx) = I + LipX that we are considering. Since the goal
of the LQG stage is to approximate the optimal controller for the nonlinear system in
the vicinity of X}, we will give preference to those control laws that are optimal/feasible

for small xi, even if that (unavoidably) makes them sub-optimal/infeasible for larger x;.

5.4.1 Second-order methods

If the symmetric matrix H in (5.46) is positive semi-definite, we can compute the

unconstrained optimal control law
= —H g+ Gxyp), (5.47)

and deal with the control constraints as described below. But when H has negative
eigenvalues, there exist 7} s that make a arbitrarily negative. Note that the cost-to-go
function for the nonlinear problem is always non-negative, but we are using an approxi-
mation to the true cost, we may encounter situations where a does not have a minimum.
In that case we use H to resemble H, because H still contains correct second-order in-
formation; and so the true cost-to-go decreases in the direction —H (g + GXy) for any

positive definite matrix H.

One possibility is to set H = H + (€ — Anin(H))I where Apin(H) is the minimum
eigenvalue of H and ¢ > 0. This is related to the Levenberg-Marquardt method, and
has the potentially undesirable effect of increasing all eigenvalues of H and not just
those that are negative. Another possibility is to compute the eigenvalue decomposition
[V, D] = eig(H), replace all elements of the diagonal matrix D that are smaller than e
with e (obtaining a new diagonal matrix D), and then set H = VDVT. The eigenvalue
decomposition is not a significant slowdown, because we have to perform a matrix inver-
sion anyway and we can do so by H~' = VD~'VT. It is not yet clear which of the two
methods works better in practice. Note that we may also want to use H instead of H
when the eigenvalues are positive but very small — because in that case H~! can cause

very large control signal that will push the original system outside the range of validity
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of our LQG approximation.

Lemma 2 The optimal control law is computed as

u, =l + LiXg, (5.48)
where

I, = —H 'g, L, =-H'G, (5.49)

H+ (e — Apin(H)) I, e>0 Method 1
H = ( ( )) ( ) (5.50)

VDV, [V,D] = eig(H) (Method 2)

H £ Ry + By (5541 + Si1 + 25551) B + Z ) SEC
+ Z 4OTKFSE, Ky DYy, (5.51)
g—rk+Bk (Sk+1+sk+1 +Z Sk+lclk+z Kk Sk+1deZ k> (552)
=1 =1

G £ P+ Bl (Sko1 + Sy + 2555 A + Z(Cil,lk)TSI)c(+l
=1

+ Z n T KSR, KDY, (5.53)

where S,’C‘H,SX S,’C‘fl,sz‘ﬂ,siﬂ,skﬂ can be obtained through (5.17)-(5.22) backwards

k+1°

n time.

5.4.2 Constrained second-order methods

The problem here is to find the control law u; = 7p(Xg) = I + LgX minimizing
(5.46) subject to constraints uy + ﬁi € U, assuming that H has already been replaced
with a positive definite H (see the above section). Given that xj is unconstrained, the
only general way to enforce the constraints U is to set Ly = 0. In practice we do not
want to be that conservative, since we are looking for an approximation to the nonlinear
problem that is valid around x; = 0. Either way we can ignore the Lpx; term in the
constraint satisfaction phase, and come back to the computation of Lj after the open-

loop component [ has been determined.
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The unconstrained minimum of u;‘gg + %ugHuk is uj, = —H~lg. If it satisfies the
constraint uj, + ﬁﬁ € U we are done. Otherwise we have two options. The more efficient
but less accurate method is to backtrack once, i.e. to find the maximal e € [0; 1] such
that euj, + ﬁi € U. This is appropriate in the early phase of the iterative algorithm when
the nominal trajectory X} is still far away from ii*; in that phase it makes more sense
to quickly improve the control law rather than refine the solution to an LQG problem
that is an inaccurate approximation to the original problem. But in the final phase of
the iterative algorithm we want to obtain the best control law possible for the given
LQG problem. In that phase we use quadratic programming. When the constraint set is
specified by a collection of linear inequalities, and given that H is positive definite, the
active set algorithm (which is a greedy quadratic programming method) can be used to

quickly find the global constrained minimum.

Once the open-loop component [ is determined, we have to compute the feedback
gain matrix Lg. If [ + @} is inside U, small changes Ljx) will not cause constraint
violations and so we can use the optimal L, = —H 'G. But if I, + ﬁi lies on the
constraint boundary oU, we have to modify Lj so that Lpx; can only cause changes
along the boundary. This is not only because we want to avoid constraint violations.
The fact that Iy + @ is on OU means that the unconstrained minimum uj is actually
outside U, and so a change Ljxy, orthogonal to the boundary 0l cannot produce a better

feasible control.

Modifying Ly is straightforward in the typical case when the range of each element
of uy, is specified independently. In that case we simply set to zero the rows of —H 'G

corresponding to elements of Iy + ﬁz that have reached their limits.

5.5 Optimal Estimator Design

It is well known that, for models with control-dependent and state-dependent noises,
the optimal filter is very difficult to compute in practice. For this kind of models,
the construction of suboptimal filters that approximate the optimal one becomes very

important.
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So far we computed the optimal control law for any fixed sequence of filter gains Kj.
In order to preserve the optimality of the control law obtained in the previous section
and attain an iterative algorithm with guaranteed convergence, we need to compute a
fixed sequence of filter gains that are optimal for a given control law. Thus our objective
here is the following: given the control law wuy,--- ,uny_1 (which is optimal for the
previous filter K1, ..., Ky_1), compute a new suboptimal filter evaluated by minimizing
the magnitude of its estimation errors, in conjunction with the given control law. Once
the iterative algorithm has converged and the control law has been designed, we could

use an adaptive filter in place of the fixed-gain filter in run time.

Lemma 3 With the definition of the unconditional means m§ £ E [e], m¥ £ E [Xy],
and the unconditional covariances X, =) [ekeﬂ , 27;‘ =) [f{k&ﬂ, and 27;‘6 =) [ﬁckeﬂ,

the optimal filter gain for system (5.4)-(5.5) is computed as

X1 = ApXyp + By + Ki(yx — FiXi — Exmy), (5.54)
Ky = A FT (RSSEL +P) (5.55)
mi 1 = (Ax + BrLp)m + K Fym§, + Blg, m¥ =%y, (5.56)
mg ., = (Ap — KipFy)my, m§ =0, (5.57)
5% = (Ap + BrLp)SE (A + BrLy)" + Kp By S5 AL + (A + BiLy) Sy R KL
+ K F S5 (Ay + ByLy)T + ((Ak + ByLy)m* + Kkamz)l;{B,{
+ Byl ((Ak + ByLy)m* + Kkamz)T + Byl BT, % = ,%7, (5.58)
¥ = (A — KpFp) XS AT + My, ¥¢ =%y, (5.59)

X = (A + BrLp) S5 (A — KipFr)' + Brlp(m§)T (A — KipFy)™, ¥ =0, (5.60)

and
Ny . . R

Pr= 3 (sl +m) (DX + D+ m)dl + dinlls + Lm)T (D)
i=1

+ DYty + Lem)aly + digdly, + DX ((m + mi)if + (5% + S LT ) (D)7
+ D (e +mf)" + L(S5 + £E) ) (DF0)T + D(S5 + TF + 3 + 2 (05"

o+ D (Wl + ()T LE + LymIL + DSELT ) (D)), (5.61)
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Nw
M= [ein(mi +mg)T ()T + it + mi)el + ol + Limi)T (C)T
=1
+ Ol + Dymi)el + copely, + O (m + mi)l + (55 + )LL) (C)”
+ O (e + )T + LS + 2§ ) (C1)7 + OX(5F + B8 + 2 + 20(CR)”

+ O (WIE + W)L + Do + LeSELT ) (C2) T (5.62)

Proof. Rewrite the system dynamics and state estimator as the following

X1 = Arxi + Bruy + Cr(Xp, ug) &,
Vi = Fixi + Epuy + Dy (Xp, ug) 0,

X1 = ApXi + Brug + Ky (yr — Fixi — Epuy),

where uy = 7 (Xg) = I+ LipXg, (k = 1,--- , N —1), note that we will use the shortcut 7
in place of the control signal for the convenience, and K, is the filter gain that minimizes
the functional

J=FEl[ef Texs1], T >0, (5.63)

where the estimation error eyy; = Xg11 — Xgr1, and the estimation error dynamics is
given by
ext1 = (Ax — K Fy)er, + Cr(Xp, )& — KDy (Xp, Tr) M- (5.64)

Based on the estimation error dynamics (5.64), the conditional mean and covariance

of ex41 are
E lept1|Xk, Xi, 7] = (Ar — K F}) ey, (5.65)

Cov [egs1|Xk, Xp, 1] = Cu(Xp, k) Cr(xp, k)T + Ky Dy (xp, 71) Di(xp, 70) KL,

(5.66)
By applying the properties of conditional expectation, we obtain
. . . . T
E (e +1€4 41 Xk Xpes 1] = C0v g1 |Xpy Xiy W] + B [eger1|Xns Xi, m) (B et |Xns Xe, ] )
(5.67)

E [exsrefn] = E[E [exrel i ki me] | (5.68)
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The terms in E [ekHe;{H\xk,f{k,ﬂk} that dependent on K} are
(Ap — KipFy)exer (Ax — KpFy)' + KDy (x, i) Di (X3, mi) T KL
With the definition of 3 £ F [ekeﬂ and
Pr = E [Dy(xk, 1) DE (xp, k)] (5.69)
the unconditional expectation of the Kj-dependent expression above becomes

(Ak — Kka)Ez(Ak — Kka)T + Kk,Png,

Using the fact that F [6£+1T€k+1] = tr(E |:€k+1€£_,’_1j| 7T), it follows that the Kj-

dependent terms in J becomes
B(Ky) = trT(Ay — K F) S5 (A — KipFy) T + trTK PR, (5.70)

the minimum of ((K}) is found by setting the derivative with respect to K} to zero.
Using the matrices identities J5-tr(XA) = AT and &tr(AXBXT) = ATXBT + AXB,
we obtain

9B (Kk)
0K},

- T(Kk (S5 FE +Py) — AkzszT) —0, (5.71)

hence

Ky, = A8 F (B L +P) (5.72)

To complete the proof of the lemma, we need to compute the unconditional covari-
ance. By substituting the control law uy = 7 (Xg) = I + LiXk, we can rewrite the state

estimator as
Xpr1 = (Ak + BkLk)f{k + Bl + K Frep, + Kk'Dk(Xk, ﬂ'k)nk, (5.73)

With the definition of the unconditional means my,, mﬁ;‘, the unconditional covariances

Z};‘, E};‘e and the additional definition

Mp=F [Ck(xk,ﬂ'k) C,{(xk,ﬂ'k)] , (5.74)



71

given in lemma 3, using the fact that X = (£3)7 and ¥ = E [(%y, + ex) (X, + ex)T] =
X+ XX+ XX+ 3¢ and the equation (5.64) and (5.73), the updates for the unconditional

means and covariances are

miyy = (A + BpLg)mj + K Fym§, + Bly,
M1 = (A — KiFy)my;,
S¥01 = (A + BeLy)SE(Ag + BrLy)' + Ky By SeFL KL + K PLKj
+ (Ag + BRLp)SXFU KT + Ky Fi S (Ag + BLy)?
+ ((Ap + BeLy)mi + Ky Fymf, ) [ B
+ Byl <(Ak + BLy)mE + Kkamz>T + BlylT BT, (5.75)
fo1 = (Ak = KpFr) S (A — KpFy)" + Ky PLK]L + My, (5.76)
SXC = (Ap + BeLp) 3 (Ag — KpFy)T 4 Brle(m$)T (A — KpFr)”

+ KpFpX8 (A — KpFi)T — Ky PuKY (5.77)

By substituting (5.72) into the above equations and combining the term KkaEngKg—}—
KiPpK}, we can rewrite the update equations (5.75)-(5.77) into forms (5.58)-(5.60)

which are exactly the same as what we obtain in lemma 3.

Furthermore, based on the definition of Py, and My, given in (5.69) and (5.74), and all
the definitions of the unconditional means and unconditional covariances, P and M}, can

be computed using (5.61)-(5.62) which completes the proof. O

5.6 Application to 2-link Torque-controlled Arm Movements

We have thus far tested the algorithm on the reaching movements for a 2-link arm
model as described in section 3.1.1. However, what the most important here is that
we take into account the disturbance existed in the motor system — in particular, the
motor noise is modelled as control-dependent, with standard deviation proportional to

the mean of the control signal. Rewrite the dynamics of system as following

&= F(x)+ G(x)(1 + oyue)u, (5.78)
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where the state and control are given by x = (0 6 6, ég)T, u=1=(r )T The
control inputs u is disturbed by the multiplicative noise, whose standard deviation is
20% of its magnitude — which means o, = 0.2 in (5.78), while ¢ is a zero-mean Gaussian

white noise with unity covariance.

The sensory feedback carries the information about position and velocity
y = (61 02 61 62)" + ¢, (5.79)

where the sensory noise ¢ has zero-mean Gaussian distribution with unity covariance.

5.6.1 Center-out reaching task

In order to demonstrate the effectiveness of our design, we applied ILQG method
to the human arm model described above. Note that, in this model, we introduce a

signal-dependent noise whose standard deviation is 20% of the control signal magnitude.

Here we use the center-out reaching task which is commonly studied in the Motor
Control — the targets e* (shown as stars in Fig. 5.1A) are arranged in a circle with 0.1m
radius around the starting position. The arm starts from rest at (6 = 7/4,02 = 7/2),
and has to reach a specified target in 0.5s, with minimal control energy. The cost function
is defined as

"4 0.001Hé(0(T), o(T)) H2 + % /T 0.0001u|?dt,  (5.80)

Jy = He(e(T)) et 0

where e(f) and é(6,0) is the forward kinematics transformation from joint coordinates

to Cartesian hand coordinates.

Figure 5.1 shows average behavior for the fully observable case: hand paths in (A),
tangential speed profiles in (B). We find out that the movement kinematics share many
features with experimental data on human arm movements — nearly straight movement

paths and bell-shaped speed profiles.

Now we look at the partial observable case where the states of system are obtained by
the estimator. Although the state of the controlled plant are only available through noisy

measurement, the movement trajectories shown in Fig. 5.2A illustrates that the hand



73

(A) Hand Trajectories (B) Velocity Profile
0.55¢ 0.3}
0.45¢
0.35¢
L L " " O n
-0.1 -0.05 0 0.05 0 ) 500
Time (ms)

Figure 5.1. Fully observable case: average behavior of the ILQG controller for reach-
ing movements, using a 2-link human arm model. (A) Hand paths for movement in 8

directions; (B) Speed profiles.

could still arrive to the desired target position accurately. Another encouraging result is
that in terms of CPU time. Fig. 5.2B shows how the total cost decreased over iterations
of the algorithm, for reaching in 8 different directions. On average, ILQG found a locally-
optimal time-varying feedback control law in about 8 seconds (on a 2.8GHz Pentium 4

machine, in Matlab).

Trajectory-based algorithms related to Pontryagins Maximum Principle in general
find locally-optimal solutions, and complex control problems may exhibit many local
minima. Finally, we explored the issue of local minima for the arm control problem. We
used 50 different initializations, for each of 8 movement directions. The final trajectories
are given in Fig. 5.3, where Fig. 5.3A shows that, for the fully observable case, all the
optimization runs converge to a solution very similar to the best solution we find for the
corresponding target direction. Fig. 5.3B shows how the cloud of 50 randomly initialized
trajectories gradually converge for the partial observable case by using ILQG method.
There are local minima, but half the time the algorithm converges to the same result.
Therefore, the derived algorithm is relatively very robust, and a small number of restarts
of ILQG are sufficient to discover what appears to be the global minimum in a relatively

complex control problem.
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(A) Hand Trajectories (B) Cost over Iterations
0.55} ‘
158
0.45} g
o

o 2.5

fs)
0.35¢

‘ -3.5
0.1 0.05 0 0.05 0 12

CPU Time (sec)

Figure 5.2. Partial observable case: average behavior of the ILQG controller and esti-
mator for reaching movements, using a 2-link human arm model. (A) Hand paths for

movement in 8 directions; (B) Cost over iterations.

@ ®

elbow angle (rad)
elbow angle (rad)

05 1 .

shoulder angle (rad) shoulder angle (rad)
Figure 5.3. Hand paths for random 50 initial control laws (blue, inset) and optimized
paths (black) to 8 targets obtained by using those initial conditions. (A) fully observable

case; (B) partial observable case.

5.6.2 Reaching task with the obstacle avoidance

The second task is to implement the reaching task and to avoid the obstacle during
the movement, while the obstacle is defined as a circle with a certain radius ropstacie =
0.02m, and is arranged in the fixed position. The distance between the starting position
and the target is about 0.15m. The arm starts from rest at §; = w/4,60y = w/2, and has

to reach the specified target and avoid the obstacle during the reaching, with minimal
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Hand Trajectories

0.48

0.45
-0.02

Figure 5.4. Average behavior of the ILQG controller and estimator for reaching move-
ment with obstacle avoidance, using a 2-link human arm model. Blue curve: fully
observable case; green dashed curve: partial observable case. Note that obstacle circle

radius 7 = 0.02m.
control energy. The cost function (3.21) is rewritten here as

2 . 2 1 (7T
ngHe(H(T))—e* +0.001Hé(0(T),9(T))H +§/ 0.0001|[ul|? dt + Gobstabie,
0

—2
k1 f(;T (g(e(t)) - 7qobstacle) dt whenl > r

Gobstable = (581)

00 otherwise

where the target e* is defined in end-point coordinates; the weighting coefficient k; =

le — 8, the obstacle radius rypsacie is equal to 0.02m.

Figure 5.4 shows the movement trajectories and illustrates how the hand avoid the
obstacle circle (marked as dark) and arrive to the desired target position (marked as
red star) as close as possible. The blue curve is obtained under the condition that
the state variable of the controlled plant is available; while the green dashed curve
illustrates the hand movement trajectory tying together the optimal feedback control and
estimation design. In the later case, the state of the controlled plant are approximately
computed, because of the existence of estimation error, we found out that the green
curve becomes more curved at the beginning of the movement compared with the result

on fully observable case.

Here the optimal control problem is solved for minimizing a performance criterion.
Fig. 5.5(a) shows the behavior of movement trajectories by changing the penalty weight-
ing k1 on the obstacle avoidance in the objective function (5.81). The bigger the weight
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Figure 5.5. (a) Comparison of movement behavior by choosing different weighting coeffi-
cients k1 on the obstacle cost rate (fully observable case). Magenta diamond: k; = le—7,;
Blue solid: k1 = 1e — 8; Yellow dashdot: k1 = 1le —9; Black dashed: k1 = 1le — 10; Green
dotted: k1 = le—11. (b) Comparison of movement behavior by choosing different move-
ment duration (fully observable case). Blue solid: 700msec; Red dashdot: 500msec;
Black dashed: 350msec; Green dotted: 200msec. The obstacle r = 0.02m.

penalty k; is, the hand movement trajectory is further away from the obstacle, and Fig.
5.5(a) exactly explains this phenomena. Another interesting result in behavioral experi-
ments shows that a longer movement duration can be predicted to cause a more curved
trajectory. Our simulation result Fig. 5.5(b) quantitatively supported those previous

studies with an enormous amount of data.

5.6.3 Comparison on a family of robotic manipulators

Our method was compared on a family of robotic manipulators (Fig. 5.6a), which
were simulated with the Matlab Robotics Toolbox [20]. The manipulators had between
2 and 7 hinge joints and moved in the plane. The kinematics were scaled so that all links
of a given manipulator were equal in length, and the end effector (filled circle) was 1 m
away from the base in the shown configuration. The dynamics were also scaled, so that
all links had the same mass and the sum of all link masses was 1 kg. Material density

was kept constant, and set so that a 1 m cylindrical link with diameter 0.1 m had mass
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Figure 5.6. Comparison of control methodologies on a family of robotic manipulators.

1 kg. The link diameter for each manipulator was computed given the constraint on
total mass and the fixed material density. Link inertia was then found assuming uniform

density.

We defined an optimal control problem with the following total cost:

Js = [p(m) =

2 2 1 (T )
+0.001Hp(T)H +§/ 0.0001[ul|? d, (5.82)
0

where p* is the target (in cartesian space) of a reaching movement executed with the
manipulator, N = 50 is the number of time steps, step duration is At = 0.01s (resulting

in a T'= 0.5s movement). Target is 0.1m away from the starting position.

We compared two indices of performance for each manipulator. The first index is
movement trajectories (Fig. 5.6b). In the non-redundant case (degree of freedom (DOF)
= 2), the movement trajectory is almost straight, but as redundancy increases we see

clear difference, the movement path is getting curved. The second index is the efficiency
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of the derived algorithm. Fig. 5.6c illustrates how the cost of the nominal trajectory
decreases with the number of iterations. Compared with the 2DOF manipulator, the
more complicated manipulator will take longer time to converge and find the optimal

solution.

5.7 Application to 2-link 6-muscle Arm Movements

Now we applied iLQG method to the 2 link 6 muscle arm (MODEL 2) given in
(3.15). Note that this model is stochastic: we include signal-dependent noise in the
control signal, with standard deviation equal to 20% of the control signal. Again we
test the algorithm on the center-out reaching task — where the targets are arranged in
a circle with 0.1 m radius around the starting position. The arm starts from the rest

position at (61 = /4,02 = w/2), and has to reach a specified target in 350ms.

Figure 5.7 shows average behavior for the fully observable case: hand paths in (A),
tangential speed profiles in (B), and muscle activations in (C). We find out that both the
movement kinematics and the muscle activations share many features with experimental
data on human arm movements — but a detailed discussion of the relevance to Motor
Control is beyond the scope of this thesis. Another encouraging result is that in terms of
CPU time. On average, the algorithm can find a locally-optimal time-varying feedback
control law in about 12 seconds (on a 2.8GHz Pentium 4 machine, in Matlab) on the
arm reaching task in the absence of noise, and 16 seconds when multiplicative noise is

included.

Figure 5.8 illustrates the robustness to noise: open-loop control in (A), closed-loop
control in (B), and closed-loop control optimized for a deterministic system in (C).
Closed-loop control is based on the time-varying feedback gain matrix L generated by the
ILQG method, while open-loop control only uses the final u constructed by the algorithm.
As the endpoint error ellipses show, the feedback control scheme substantially reduces
the effects of the noise, and benefits from being optimized for the correct multiplicative

noise model.
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Figure 5.7. Fully observable case: average behavior of the ILQG controller for reaching
movements, using a 2-link 6-muscle human arm model. (A) Hand paths for movement

in 16 directions; (B) Speed profiles; (C) Muscle activations.

(A) (B) (C)

Figure 5.8. Effects of control-dependent noise on hand reaching trajectories, under dif-
ferent control laws. (A) open-loop control; (B) closed-loop control; (C) closed-loop

controller optimized for deterministic system.
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Figure 5.9. Partial observable case: average behavior of the ILQG controller and esti-
mator for reaching movements, using a 2-link 6-muscle human arm model. (A) Hand

paths for movement in 16 directions; (B) Speed profiles; (C) Muscle activations.

Now we look at the partial observable case where the state of the controlled plant
are only available through noisy measurement. Using the optimal estimator designed in
section 5.5, Fig. 5.9A shows that the hand could still reach the target position (shown
as red stars in Fig. 5.9A) as accurately as possible. Fig. 5.9B shows tangential speed
profiles, for reaching in 16 different directions, and they remain in bell-shaped. Fig. 5.9C
shows the muscle activation patterns for elbow flexor, elbow extensor, shoulder flexor,

shoulder extensor, biarticulate flexor and biarticulate extensor.

To test for the presence of multiple local minima on this arm control problem, we
initialize the ILQG algorithm with 50 random control sequences, for each of 8 movement

directions. Fig. 5.10 illustrate the final optimal movement trajectories. For the fully
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Figure 5.10. The optimized hand paths obtained by using 50 different initial conditions

for each of 8 movement directions. (A) fully observable case; (B) partial observable case.

observable case, Fig. 5.10A shows that, Over 97% of the optimization runs (10 out of
400) converge to a solution very similar to the best solution we find for the corresponding
target direction. Fig. 5.10B shows how the cloud of 50 randomly initialized trajectories

gradually converge for the partial observable case.

5.8 Summary

Linear quadratic Gaussian (LQG) control is one of the most fundamental and widely
used tools in modern engineering. However, the most problematic assumption of classi-
cal LQG control theory for stochastic linear systems is that the stochastic disturbances
are additive and not control or state dependent. Motor noise in biological movement
systems that we are interested in has been found to be multiplicative [38, 116], with
standard deviation proportional to the magnitude of the control signal. And it is be-
coming increasingly clear that some extensively studied phenomena, such as trajectory
smoothness, speed-accuracy trade-offs, task-dependent impedance, and structured vari-
ability, are closely related to the multiplicative nature of motor noise. For the real control
system design, feedback is based on delayed and noisy sensors that may not measure all
the state variables, it is therefore desirable to extend the algorithm to the partially ob-
servable case by combining it with an extended Kalman filter. This results in a coupled
estimation-control problem, which is more complicated in the presence of multiplicative

noise.

This chapter presents an iterative Linear-Quadratic-Gaussian method for locally-
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optimal control and estimation of nonlinear stochastic dynamical systems subject to
control constraints. The new method constructs an affine feedback control law obtained
by minimizing a novel quadratic approximation to the optimal cost-to-go function. It
also constructs a modified extended Kalman filter corresponding to the control law. The
control law and filter are iteratively improved until convergence. Although our work
is motivated by studying biological movement control, the present results could be of
interest to a wider audience. The most important is that our approach yields a numer-
ical algorithm with stable convergence achieved through backtracking line search; and
convergence in the vicinity of a local minimum is quadratic. Finally, the application of
the algorithm is illustrated in the context of reaching movements and obstacle avoidance
on a complex biomechanical control problem involving a stochastic model of the human

arm.

The text of this chapter, in part, has been submitted for publication in Automatica.
The thesis author was the primary researcher and author in these works and the co-
author listed in this publication directed and supervised the research which forms the

basis for this chapter.



Chapter 6

Hierarchical Optimal Control for

Biological Movement Systems

6.1 Introduction

Neural control of movement is accomplished by a complex hierarchy of recurrently
connected brain regions. Understanding how the multiple levels of the sensorimotor sys-
tem cooperate to produce integrated action has been a central theme in Neuroscience
since the pioneering work of Sherrington. Perhaps the most thorough investigation of
the levels of human motor control was undertaken by Bernstein [8], who concluded that
every motor skill involves at least two levels of feedback control: a leading level that
monitors progress and steers the biomechanical plant towards the achievement of the
task goals, and a background level that provides various automatisms and corrections
that help the leading level. More recently, recordings in a variety of motor areas have
revealed a progression of increasingly abstract (and increasingly hard to describe) neu-
ral representations. The development of the so-called hierarchical control has also been
extended to large-scale control systems [46, 65, 105]. Through multilevel methodologies,
a large-scale control system’s complexity can be relaxed by solving a family of subprob-
lems which are of smaller dimensions and are more easily handled. But despite this

long standing interest and the wealth of relevant data and intuitive notions, quantita-
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Figure 6.1. Illustration of the hierarchical control structure

tive theories of hierarchical sensorimotor control are surprisingly rare [73]. Indeed, the
computational ideas that can provide a solid foundation for such theories have emerged
only recently. The objective here is to synthesize these ideas into a general approach to
hierarchical feedback control, and illustrate the approach with a specific model of arm

movement control.

The structure of biological movements examined in this chapter involves two-level
feedback control hierarchies (Fig. 6.1): a low-level controller is responsible for transform-
ing high-level commands into appropriate muscle activations, and also for transforming
the dynamics of the real plant into the virtual dynamics assumed by the high level.
The high-level controller performs goal-directed movement control, but is partly isolated
from the complexity of the physical plant. As shown in Fig. 6.1, the low-level controller
receives information about the plant state z, as well as a high-level control signal u,, and
generates appropriate muscle activations u,. It also produces a more abstract state rep-
resentation y that is sent to the high-level controller. The high-level controller receives

y and generates abstract control command u, to coordinate the low-level unit.

Here we focus on the study of hierarchical optimal control for human arm move-
ments. The optimal feedback controller on the high-level will be designed using an iter-

ative Linear-Quadratic-Gaussian (iLQG) method derived in the previous chapter. The
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simplified virtual model assumed on the high-level may not be a perfect model of the
augmented plant, therefore, an identification process is also included which can continu-
ously calibrate the expectations on the high level. The low-level has to activate muscles
so as to accomplish desired effects in the task-relevant space. Since there are more mus-
cles than task variables, the low-level faces a redundancy problem which will be solved
using static optimization. The control of biological movement systems is a very com-
plex problem, because such systems have nonlinear dynamics and high-dimensionality,
preventing the use of many traditional methods for controller design. The goal of this
chapter is to combine the optimality principle and hierarchical strategy in order to de-
velop a new framework for the sensorimotor system, which hopefully could better reflect

the real control problem that the brain faces.

This chapter is organized as follows. In section 6.2 we introduce the biological mo-
tivation of hierarchical control scheme and its relation to optimal feedback control. In
section 6.3 the general hierarchical feedback control framework for the nonlinear system
is formulated. Section 6.4 presents the numerical results for a realistic human arm model,

in the context of reaching task.

6.2 Biological Motivation, and relation to Optimal Control

6.2.1 Minimal intervention principle

The recent theory of motor coordination [116, 117] has revealed a somewhat sur-
prising fact about the optimal way to control redundant systems. They have shown
that optimal feedback controllers obey a “minimal intervention” principle: rather than
correcting all deviations from a desired trajectory, such controllers only act in the task-
relevant subspace and leave task-irrelevant deviations uncorrected. Loosely speaking,
this is done by extracting a small set of task-relevant features (through a set of sensory
synergies), performing feedback control in that feature space, and mapping the result-
ing abstract controls into control signals for the real actuators (through a set of motor

synergies). The difficulty with optimal feedback controllers for complex systems is that
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they are extremely hard to design — perhaps even for the brain.

The minimal intervention principle suggests a natural approximation to optimal feed-
back control in redundant tasks, using a two-level feedback control hierarchy. The basic
idea (see Fig. 6.1) is to design optimal feedback controllers that optimize the true cost
function, but for a simpler virtual plant with state y(z). This corresponds to Bernsteins
leading level of control, where the brain monitors a small number of task parameters
y instead of the full state x, and generates an abstract control signal u, interpreted as
desired change in y. The background level then has the job of transforming the dynamics
of the actual plant into that of the virtual plant, i.e. computing the real control signal
Uz (2, uy) such that the desired change in y(x) is accomplished, with minimal control

effort.

6.2.2  Structured motor variability

A signature of both optimal feedback control and hierarchical control schemes is
selective control of task-relevant parameters, which implies increased variability in task-
irrelevant parameters. This phenomenon has been observed in a wide range of behaviors,
and has been quantified via the “uncontrolled manifold” method for comparing task-
relevant and task-irrelevant variance [101]. It is also illustrated here with data from the
following experiment. Six subjects were asked to move repeatedly between three targets
attached to their body (one target on each leg, and one on the left upper arm). Subjects
held a 25 cm wooden pointer in their right hand, and always used the same tip (TIP 1) to
touch the center of the targets. We measured the position and orientation of the center
of the pointer with a Polhemus Liberty sensor (240 Hz sampling rate), which allowed us
to calculate the positions of both TIP 1 and TIP 2. The experimental setup is shown in
Fig. 6.2(a). The goal of the experiment was to quantify the positional variance of the

movement paths.

The data were analyzed as follows. The start and end times of each movement were
found using a velocity threshold, applied when TIP 1 was within 10 cm of a target.

Outlier movements, that failed to reach within 10 cm of their target, were eliminated.
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Each movement was resampled in space, at equal intervals with length 2% of the total
path length for that movement (this resampling is needed to suppress temporal misalign-
ment). The mean and covariance for each sample point were computed, separately for
each subject and movement target. Positional variance was defined as the trace of the
covariance matrix. The means and covariances were then averaged over subjects, and

plotted in Fig. 6.2(b) (%1 standard deviation ellipsoids are shown at 25% intervals).
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Figure 6.2. Experimental illustration of increased variability in redundant dimensions.
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To facilitate comparison, we further averaged over the three targets and plotted the

positional variances of the two tips of the pointer in Fig. 6.2(c).

The main result shown in Fig. 6.2(c) nicely illustrates the typical structure of motor
variability. The position of the task-relevant TIP 1 is less variable than the task-irrelevant
TIP 2. Furthermore, both variances are smaller in the task-relevant portions of the
movement (when the pointer approaches the target) compared to the middle of the

movement. The latter effect is much stronger for the task-relevant TIP 1.

These observations make it clear that the nervous system is not using the classic
robotics approach — which is to plan a trajectory in joint space, and then execute that
trajectory using some combination of computed torque and servo control. Since a joint-
space trajectory plan contains no information regarding task relevance, the execution
system would have no choice but to track faithfully all details of the plan — including
the irrelevant ones. This would result in increased energy consumption, and increased

errors due to control-dependent noise.

6.3 General Hierarchical Control Approach

Consider a continuous nonlinear dynamical system with state z(¢) € R™ and control

signal u,(t) € R™=  whose dynamics is
i =a(z(t)) + B(z(t))ug(t), z(0) = xo. (6.1)

Let £(x(t),u(t),t) = q(x(t)) + r(x(t), uy(t)) be the instantaneous cost rate, h(z(T)) the

final cost and T a specified final time, then the performance index is defined as

T
J = h(z(T)) + /0 U (t), ug(t), t)dt, (6.2)

Our goal is to design controllers for the dynamical system (6.1) that minimize the above
performance criterion. Here we focus on hierarchical control approach to solve for this
general nonlinear optimal control problem. Fig. 6.1 shows that the decision making of

this problem could be divided into two levels which are coordinated each other.
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6.3.1 High-level dynamics model

Let x € R™ be a state vector of a redundant biomechanical plant (representing joint
angles, joint velocities, muscle activation states, and relevant aspects of the environment),
and ¢(x) be a cost function that quantifies the notion of a “task”. Redundancy means
that the function g(x) depends on the state x only through a reduced set of (more
abstract) variables p(x), i.e. ¢(x) can be written as ¢(p(x)). In the task of reaching, for

example, performance depends only on the position of the hand relative to the target.

We propose the following principles for designing the task features and the desired
high-level dynamics. First, it should be sufficiently simple, so that optimal control
methods become feasible; second, it should be sufficiently close to the true dynamics, so
that the transformer does not have to guess blindly (recall that the transformer does not
know what the task is); third, it should contain p(x) as state variables, so that the true

cost q(p(x)) can be measured and optimized by the leading level.

We emphasize that setting the high-level state vector y = p(z) will most likely
violate the principle. Instead, we include in the virtual dynamical state y both p(z) and
its derivatives, so as to match the order of the differential equations governing the true
dynamics. In the task of reaching, the virtual state will include hand position, velocity,
and net muscle force (expressed in hand space); the virtual control signal will specify

desired change in force.

The high-level state vector y € R", n, < ng, is a static function of the plant state:

y = o(z) (6.3)

The function ¢ defines the mapping between the plant state x and the high-level state
y, and it is supplied by the user. For example, if z is joint angle and angular velocity, y
is end-effector position and velocity, the mapping function could be easily defined using

the transformation between joint space and end-effector coordinates.

Now the question here is how to define high-level dynamics. Of course we can choose
whatever high-level dynamics we desire. But what should we desire? One possibility is

to choose a linear y dynamics. However we believe that the y dynamics should mimic
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the x dynamics to the extent possible, so that the high-level controller can exploit the
natural plant dynamics while operating on a lower-dimensional system. Differentiating

(6.3) with respect to ¢t and using (6.1), the actual dynamics of y becomes

§ = () (ale) + Bla)u, ) (6.4)

where ®(x) £ 8—‘5 is the Jacobian of the function ¢.

Our design method seeks to create a desired high-level dynamics

y=9y)+Gy) uy, (6.5)

where u, is the high-level control signal, g, G are assumed to be some known functions

for now. Therefore, matching the passive dynamics in (6.4) and (6.5) yields

9((z)) = (z)a(z), (6.6)

Matching the control-dependent terms in (6.4) and (6.5) yields
G(2)) iy, 102) = B(2) Bz, (6.7)

where @, (z,u,) corresponds to the desired high-level control signals, and should be
chosen using physical intuition. For example, if u, is joint torque and y is end-effector

position and velocity, @, (z,u,) could be either end-effector acceleration or force.

In addition to this standard technique for designing the high-level dynamics, the
hierarchical framework here allows another novel method. In this method, the passive
dynamics is no longer modeled explicitly on the high level, instead, it is obtained through
the online estimation. Initially, we could use a linear model to describe the high-level

dynamics followed by the learning of high-level dynamics.

6.3.2 High-level controller design

What we provide here is a way to generate control law u, which affects = in such
a way that the corresponding changes in y are as desired. Of course, optimization of

the high-level controller will be facilitated if the cost function can be captured on the
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high level. At the beginning, we have already assumed that y should contain enough
information to compute the state-dependent cost g(x). Therefore, given y = p(z), we

could easily compute the high-level state-dependent cost term

9(p(z)) = q(x). (6.8)

However, the control cost r(z,u,) cannot be represented exactly on the high level, be-
cause it typically contains independent contributions from all components of u,. This
is the reason why the proposed hierarchical scheme is only an approximation to optimal
control. But still we would like an approximation to the control energy term r(z,uy).

This requires a function 7 such that
H(p(x), uy) = 7(2; ug). (6.9)

The objective of the high-level is to find the control u, that minimizes the following

performance criterion

T
J=h (gp(m(T))) —i—/o [q(cp(:):(t))) + 7(p(x), uy)}dt. (6.10)

The optimal feedback controller on the high level will be designed using an iterative
Linear-Quadratic-Gaussian (iLQG) method that we have developed in the precious chap-
ter. This method extend the efficient and well-developed LQG framework to the domain
of nonlinear control. Briefly, the iteration starts with some control law that is applied
to the nonlinear system — obtaining an average trajectory and control sequence. We
then linearize the dynamics and quadratize the cost in the vicinity of that state-control
trajectory, apply dynamic programming locally, and use the result to improve the initial

control law. The algorithm has quadratic convergence, similar to a Newton’s method.

6.3.3 Low-level controller design

In section 6.3.1, we define that the high-level state vector is a static function of the
plant state (6.3), and obtain the actual and the desired high-level dynamics. The key
of low-level controller design is the following: choose uy(z,u,) so that the desired y

dynamics (6.5) and the actual y dynamics (6.4) are identical; when multiple solutions
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exist, use the control cost (z, u,) to resolve redundancy. Setting “desired y = actual y”
yields
() B(z)ue = g(y) + G(y)uy — ®(z)a(x)

Hence the low-level control law u, is obtained by solving the following constrained

optimization problem:

Given u, and , find u, that minimizes

1 (T
5/ r(x,uy;) dt subject to
0

®(2)B(x)uz = g(y) + G(y)uy — ®(z)a(z). (6.11)

In addition to the above equality constraint, we can incorporate inequality constraints on
uy. The latter are particularly important in biological movement control where muscle

activations are always nonnegative.
Generally the control energy term has the quadratic form as the following
r(z,uz) = ul Ruyg, (6.12)

where R is symmetric positive definite. When r(z, u,) is in the above form, and control
inequality constraint is absent, by assuming that ®(x)B(x) has full row rank, the low-

level controller can be uniquely computed as
f
u; = (2@)B(@))  (9(9) + G)u, - 2(a)a(a) ). (6.13)

One can transform the above constrained optimization problem (6.11) into an un-
constrained one, and use a mixed cost that absorbs all constraints. Then the low-level

control law u, is obtained by solving the following unconstrained optimization problem:

Given uy and z, find u, that minimizes

T 2
/ (r(x,u@«) + )\1Hg(y) + G(y)uy — P(x) (a(x) + B(w)uz) ’ + A2 c(t, ux)> dt. (6.14)
0

The constants A1, Ao set the relative importance of satisfying constraint versus minimiz-

ing energy.
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6.3.4 Dynamic compatibility between levels of control

A potential problem of the above method is lack of “dynamic compatibility” between
the two levels. This occurs when ®(z)B(z) = 0. For example, suppose y is end-effector
position, u, is end-effector velocity, and w, is joint torque. This is problematic be-
cause torque cannot affect velocity instantaneously. However torque has a predictable
effect when applied over time, in the following, we will present a method for computing

temporal prediction &, B in place of “instantaneous” a and B.

Consider the discrete-time representation of system (6.1) with time step A:
2(t+A) = 2(t) + A(a(x(t)) + B(x(t))ugc(t)) (6.15)

We now analyze this system within a single step, from time ¢ to time ¢ + A. Define x, =
x(t+7), 7 €[0,A], so that g = z(t). Assuming that the control term b = B(z) u,(t)

is constant in the single time step, the changes of a(x) can be obtained by

a(z:) =~ a(xg) + A(xr — x0), A= 82;(;) (6.16)
z=1x0
Then, we have continuous dynamics
By = Ar + (a(a:o) +b— Amo) (6.17)
The solution of the above ordinary differential equation is
za = 20 + A T(AA, ) (a(wo) + b) (6.18)
where
1 X X\n-1
T(X) = lim — <I+ (I+ 5) Fot ([+ Z> ) - (exp(X) _ I)X”

Switching back to continuous notation, we have the following modified integration

scheme

2(t+ A) = 2(t) + AT(AA, 00) (a(x(t)) + B(w(t))ux(t)) (6.19)

which differs from Euler integration (6.15) only by 7. This motivates the construction

of the “predictive” dynamics &, B from the following condition: Euler integration (6.15)
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with &, B should be equivalent to the modified scheme (6.19) with the original a, B. This

condition is satisfied by

a=T(AA, o) a(z) (6.20)

B =T(AA, ) B(x) (6.21)

6.4 Application to 2-Link 6-Muscle Arm Movements

6.4.1 The two levels

The approach outlined above will now be applied to the problem of reaching with
a realistic arm — 2 links, 6 muscles arm model. The high-level dynamics is defined in
end-effector space (hand Cartesian space), and modelled using end-effector equations of
motion. Initially, we use a linear model to describe the high-level dynamics by choosing
y = [pv f]T, where the high-level state variable y € RS and control signal u, € R?,
and the construction of this end-effector linear model is achieved by expressing the
relationships of hand position p, velocities v, as well as the net muscle force f acting on

the hand:

p=u, (6.22)
b= f/m, (6.23)
f = —alf - mg) +uy, (6.24)

where m is the average hand mass, « is the muscle decay constant. Since the model
(6.22)-(6.24) is only an approximation, we need to use some learning processes in the
hierarchical control architecture, which can estimate those unknown quantities iteratively

online before a successful implementation can be achieved.

The control signal u, is the output of the high-level loop which specifies a desired
change of force in the end-effector space. The objective is to find the control u, that

minimizes the performance criterion

1

T
V= 5/0 [rilluy (8)2 + s(2) [p(t) — p"[|?] dt, (6.25)
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where p* is the target, 71 = le — 6, and s(¢) is 0 when the hand is allowed to move,
and 1 when the hand is required to be at the target. The optimal feedback controller is

designed using the iLQG method developed in chapter 5.

The forward dynamics of the arm can be expressed as
6 = M) (Tynus — C(6,6) — G(6)), (6.26)

where 6 € R? is the joint angle vector (shoulder: 0y, elbow: 63), M(6) € R?*2 is a positive
definite symmetric inertia matrix, C(6, 9) € R? is a vector centripetal and Coriolis forces,

G(0) is the gravity, and T,,.s € R? is the joint torque.

The tension T'(a,l,v) produced by a muscle obviously depends on the muscle activa-

tion a, but also varies substantially with the length [ and velocity v of that muscle
T(a,l,v) = aF,(1(0),v(0,0)) + F,(1(9)). (6.27)
The joint torque generated by the muscles is given by
Tinus = M(0) T(a,1(0),v(0,9)), (6.28)
Muscle activation a is modelled as the following
a = a(uy —a), (6.29)

where « is the muscle decay constant. Combining (6.26)-(6.29), the low-level dynamic
system can be obtained with state x = (61 02 91 92 ap - aG)T € R'9, and control
uy € RS,

Based on the characteristics of the transformation from the joint space to the end-
effector space [54], the mapping y = ¢(z) —between the state of low-level dynamic model
x and the high-level state y (containing hand position p, velocity v, as well as the net

muscle force f in hand space)—can be written specifically as
p=K(0), (6.30)
v=J(9)d, (6.31)
‘]T(Q)f = Tmus, (6.32)
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where K is the transformation of position 6 from joint space to the end-effector space
(hand space) as described in (3.17); the Jacobian matrix J(0) = 9K /00 transforms
velocities in joint space, 0, to Cartesian velocity v of the end-effector expressed in hand

space, as given in (3.19).

Here we use additional assumption and wrote this problem in an analytical formu-
lation. Equation (6.32) represents the fundamental relationship between the net muscle
force f and the joint torque 7,,,s consistent with the end-effector and arm dynamic
equations. With (6.27), (6.28), (6.32) and the assumption a > 0,0, we can derive
f=JNO)M(0)Fy(6,0) a, where JT(0) denotes the pseudo inverse. Based on (6.29) and

the assumption f = —a(f — mg) + uy,, we obtain
u, = aQuz, Q= J(O)M(O)F,(0,0). (6.33)

And the low-level controller for 2 Link 6 Muscle arm movement can be obtained by

solving a constrained quadratic optimization problem

Ug

T
1
min/ iufHux + b ugdt (6.34)
0

subject to

0<uy <1, (6.35)

where H = o?QTQ + R, b = —aQTuy. The diagonal matrix R has entries proportional
to PCSAI (given in section 3.1.2)—because larger muscles generate more force per unit
activation, and therefore consume more metabolic energy. Eq. (6.35) explains that the
allowed range of muscle control signals is between 0 and 1. Therefore we can find the
low-level control u, which activates the muscles in a way that achieves the specified

change of force acting on the hand.

The low-level has to activate muscles so as to accomplish desired effects in the task-
relevant space. Since there are more muscles than task variables, the low-level faces a
redundancy problem which will be solved using static optimization. At each point in
time, we will obtain a linear relationship between muscle activations and task variables,

and then find the minimal feasible muscle activations via Quadratic Programming.
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Before Learning After Learning
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X (m)

Figure 6.3. Trajectories in Cartesian hand space. Gray lines — trajectories obtained
by applying the high-level feedback controller to the virtual dynamics. Black lines —

trajectories obtained by applying the hierarchical control scheme to the real plant.
6.4.2 Application to Arm Movements

The task we study here is reaching: the arm starts from rest position and has
to reach a specified target with minimal control energy. We chose different pairs of
starting postures and targets, and applied the hierarchical control scheme described
above. POSTURE 1 : 6 = 1.5rad, 0> = 1.05rad; POSTURE 2 : 6; = 1.3rad,fy =
1.5rad; TARGET 1 : p* = [0.05m; 0.5m]; TARGET 2 : p* = [0.1m; 0.4m]. Hand tra-
jectories are shown in Fig. 6.3. The black curves are the actual trajectories of the hand,
that result from the coupling of the two-level hierarchy with the detailed arm model.
The gray curves are the trajectories that would have resulted from applying the feed-
back control law to the virtual dynamical system. Note that before learning the ”virtual
trajectories” are straight, because we do not have nonlinearities in the initial virtual
model. However, after the system identification stage the virtual model is improved,
and it now contains nonlinear terms. As a result, both the virtual and real trajectories

become curved, and more importantly, they get closer to each other.

Figure 6.4 illustrates the high-level optimal control commands u, which were sent
to the low-level loop, and the low-level optimal control sequences u, that were used
to activate the muscles. It also shows optimal hand trajectory (high level trajectory) in

Cartesian space, and shoulder and elbow angle movement trajectory (low level trajectory)
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Figure 6.4. Optimal control sequences and trajectories of hierarchical control system

(results obtained after learning). Circle: start position. Star: target position.

in joint space. We found that hand arrives to the desired position X = 0.05m,Y = 0.5m
respectively. Additionally, the cost achieved by the hierarchical control system after

learning was 21% lower compared to its value before learning.

Furthermore, we compared the behavior of the hierarchical control scheme to that
of an optimal (non-hierarchical) controller designed for the real plant. Note that the
plant we are studying, although quite complex, is still amenable to iterative methods
for nonlinear optimal control. We used the control sequences generated by our control
scheme as an initial control law, and then improved that control law via gradient descent
on the performance criterion. Both before and after learning, we found that the controls
generated by our method are close to a local minimum of the unconstrained problem
(see Fig. 6.5). After learning, the distance to the nearest local minimum was about 50%

less than it was before learning.
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Figure 6.5. Comparison of the muscle control sequences generated by our hierarchical

controller (dashed lines) vs. the non-hierarchical optimal controller (thick gray lines).

before learning

0.6 —— after learning
- p///\—\
) 4
-0.17 -0.02 0.13

Figure 6.6. Effects of adapting the high-level dynamics to the plant dynamics.

Finally, we applied this hierarchical control scheme to the center-out reaching task
which is commonly studied in the Motor Control — the targets are arranged in a circle
with 15c¢m radius around the starting position. Note that the high level dynamics y
here is a 6-dimensional vector containing the hand position, velocity and net muscle
force. Results are shown in (Fig. 6.6). For the trivial dynamics in the high level (before
learning) the end-effector paths were straight as expected, because we did not include
nonlinearities in the initial high level virtual model, and we assumed that it was linear.
For the adapted dynamics (after learning) the paths became systematically curved. As

a result of this strategy, the total cost was reduced by 23%.

Figure 6.7 illustrates the reaching trajectories in hand space both before and after
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Figure 6.7. Reaching trajectories in hand space obtained before and after learning with
y containing hand position, velocity and net muscle force. Dotted lines — trajectories
obtained by applying the high-level feedback controller to the virtual dynamics. Solid
lines — trajectories obtained by applying the hierarchical control scheme to the real

plant. Circles — target positions.

learning. The solid lines are the actual trajectories of the hand, obtained by applying the
two-level hierarchy to the real detailed arm model. The dotted lines are the trajectories
that would have resulted from applying the feedback control law to the virtual dynamical
system. We notice that, in Fig. 6.7, the “expected trajectories” before learning are
straight. However, after the system identification stage, the virtual model is improved,
and it now contains nonlinear terms. As a result, both the virtual and real trajectories
become curved, and more importantly, they get closer to each other. Therefore, the
high-level dynamics model that was learned is a good approximation to the dynamics
of the real plant. Furthermore, the comparison of hand trajectories (solid blue curves)
shows that, after learning the hand can reach the target positions (green circles shown

in Fig. 6.7) as accurately as possible.

6.4.3 Different Representation of High-level Feature Space and Com-

parison to Optimal Control

The key to our hierarchical framework for redundant biomechanical systems is to

design the high-level and low-level controllers, as well as the construction of high-level
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dynamics that approximately mimic the plant dynamics. How to choose appropriate
high-level parameters is a hard question, so we seek that the high-level state contains
task-related parameters that enter in the computation of the performance index, and
perhaps other closely related parameters. The following simulation will reveal a benefit
of including velocity or net muscle force as high-level parameters for the application of

reaching movements, even though the state-dependent cost is only a function of position.

Here we designed three hierarchical controllers for different representations of high-
level dynamics. In the first case, y is a 6-dimensional vector containing the hand position,
velocity and muscle force y = [p; p; f]. In the second case, y is a 4-dimensional vec-
tor containing the hand position and velocity y = [p; p]. In the third case, y is a
2-dimensional vector containing only the hand position ¥y = p. The control inequality
constraints (the range of muscle control signals is between 0 and 1) made the explicit
solutions inapplicable, and therefore, the low-level controller used Quadratic Program-
ming at each time step to compute ug(z,u,). In addition to the three hierarchical
controllers, we also computed the optimal feedback controller in each case, using our
iterative linear-quadratic-Gaussian (iLQG) method derived in chapter 5. Furthermore,
the variability of biological movements indicates the presence of large disturbances in
the motor system. In particular, it is known that the motor noise is control-dependent
[38, 116, 117, 118, 120], with standard deviation proportional to the mean of the control

signal. Hence it is also very important for us to take these disturbances into account.

Figure 6.8 shows deterministic and stochastic hand paths for each controller. Stochas-
tic trajectories were simulated by corrupting each control signal with 50% control-
multiplicative noise. The differences on the level of kinematics are small among optimal
controller and another two hierarchical controllers (y = [p; p] and y = [p; p; f]), and the
reaching trajectories shown in Fig. 6.8 are similar to the experimental data of human
movement. While for the y = p controller, the high-level dynamics only includes the
information of hand position, which can’t approximate the real plant dynamic very well.
Therefore comparing with the other two hierarchical controllers, the performance of the

y = p controller is poor, and the hand is hard to reach the targets accurately.

Figure 6.9 shows the muscle activations. Each subplot is one muscle-controller com-
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bination. The horizontal axis corresponds to movement direction, while the vertical axis
is time during the movement (increasing downward). Dark means higher activation. We
now see a much more clear distinction between the three hierarchical controllers. The
muscle activations found by the y = [p; p; f] controller are quite similar to the optimal
muscle activations, and furthermore resemble many features of experimentally observed
muscle activations. On the other hand, the y = p controller misses the elaborate tem-
poral pattern of muscle activation, although it still activates the appropriate muscles.
The relatively poor performance of the y = p controller suggests that controlling hand
position through instantaneous velocity commands is not a good idea—Dbecause such
commands are too far removed from the muscles that have to carry them out. In con-
trast, high-level commands related to hand force rather than velocity afford hierarchical
control that is much closer to optimal. Overall we conclude that our hierarchical control
scheme is reasonably close to the behavior of the optimal controller when the high-level

state contains hand position and force.

optimal y=[pos, vel, force] y=[pos, vel] y=[pos]
v 06
-
£
£
g
(]
©03

-0.2 0 0.2

optimal y=[pos, vel, force] y=[pos, vel| y=[posg]|
R
7
©
e
|9}
O /
i

Figure 6.8. Reaching trajectories in hand space for optimal controller and three hierar-
chical controllers with y containing: hand position, velocity and net muscle force; hand

position and velocity; and only hand position.
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optimal y=[pos, vel, force] y=[pos]
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Figure 6.9. Muscle activation patterns for optimal controller and two hierarchical con-
trollers with y containing hand position, velocity and net muscle force; and y containing

hand position.
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6.5 Application to 5-Link 24-Muscle Arm Movements

Now the hierarchical control approach outlined above will be applied to a much
more complicated and realistic arm. This arm model contains 5 links and 24 muscles with
varying moment arms, muscle length-velocity-tension curves based on the Virtual Muscle
model, and activation dynamics modelled as a nonlinear low-pass filter. The detailed
model is given in section 3.2. In this case the state of the high-level virtual dynamics is
6-dimensional, which contains hand position and velocity expressed in Cartesian hand
space. We use an initial linear model of the y dynamics, where the velocity is the
derivative of position, and the control signal w, is the derivative of velocity. The high-
level controller is designed to implement the goal of the movement: flexing the shoulder
to 30 degree and the elbow to 90 degree from the neutral position (where the upper arm
is adjacent to the torso, the elbow is fully extended, and the palm of the hand is facing
anteriorly). Fig. 6.10 illustrates how the shoulder flexion angle and elbow flexion angle
converge by applying the hierarchical control scheme to this complicated 5DOF arm.
While the low-level controller is designed to activate the appropriate muscles, and Fig.
6.11 shows the reasonable temporal muscle activation patterns for deltoid, supraspinatus,

infraspinatus and subscapularis muscle.

=
N
o

Joint Angles (deg)
(o]
o

shoulder flexion
elbow flexion

Time Steps

Figure 6.10. Application of hierarchical control to 5-Link 24-Muscle arm movement:

shoulder flex to 30 degree, and elbow flexed to 90 degree.
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Muscle Activation

Time Steps

Figure 6.11. Muscle activation patterns of deltoid, supraspinatus, infraspinatus and

subscapularis muscle for 5-Link 24-Muscle arm movement.

6.6 Summary

Here we present a general approach to approximately-optimal hierarchical feedback
control of redundant systems, and illustrate its application in the context of reaching
with a realistic model of the human arm. The design of the proposed control hierarchy
involves: (i) specifying a set of task-relevant parameters for constructing the desired
high-level dynamics that mimic the plant dynamics but has reduced dimensionality;
(ii) designing a low-level feedback controller which yields an augmented plant with the
specified input-output behavior; (iii) designing a high-level feedback controller that solves
the original control problem but operates on a simplified system. The resulting control
hierarchy makes it possible to solve the optimal control problem without running into the
curse of dimensionality. Imposing any predefined control structure is likely to result in
suboptimal performance. However, our simulations demonstrate that the suboptimality
due to the hierarchical structure is negligible (especially after learning). At the same
time, the computational demands are much lower than what is required for designing an

optimal feedback controller.

While this may be the first comprehensive approach to hierarchical sensorimotor

control, the main computational ideas underlying it are not entirely new. Feedback
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transformations that create easier-to-control virtual plants have been used in robotics
[14]; the Operational Space Framework [54] and Virtual Model Control [92] are particu-
larly relevant. The new computational aspects of our work are: (i) application of optimal
feedback control to the virtual plant; (ii) principles for designing the virtual model that
make it suitable for optimal control; (ii) continuous improvement of the internal model

of virtual dynamics, compensating for unavoidable transformation errors.



Chapter 7

Estimation and Control Design

via Linear Matrix Inequalities

7.1 Motivation

The filtering and control problem for the systems with multiplicative noise has re-
cently received a great deal of attentions, and has found applications in many fields of
sciences and engineering. Different from the traditional additive noise, multiplicative
noise is more practical, since it allows the statistical description of the multiplicative
noise be not known a prior but depend on the control and state solution. Such models
are found in many physical systems, such as signal processing systems [35], biological

movement systems [38, 116, 117, 118, 120] and aerospace engineering systems.

One important benefit of the multiplicative noise in a linear control problem is that
the controllers for multiplicative systems appear robust. This is in contrast to LQG
theory, where the minimum variance occurs at infinite control gain, which renders the
solution of problem unstable. Therefore, the multiplicative noise system has a significant

effect on the robustness of the overall control system [36, 74, 89, 114].

So far, many researchers have been working on various kinds of analysis of filtering

and control in systems with multiplicative noise, and there have been several approaches

107
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for dealing with this problem, including the linear matrix inequality approach [35, 36,
the Riccati difference equation method [93, 96, 117, 120, 133], and the game theoretic ap-
proach [94]. Since this model reflects more realistic properties in engineering, a complete

theory which includes control and estimation should be developed.

Here we focus on the study of estimation problem for multiplicative noise system us-
ing LMIs. Reference [36, 74] devised an LMI approach to the robust control of stochastic
systems with multiplicative noise. In [66] we study the state estimation with signal-
dependent noise model for the continuous time systems. The contribution here is to pro-
pose an LMI method to cope with the estimation problem for the discrete time systems
with multiplicative noise. We shall show that a mild additional constraint for scaling
will make the problem convex. The basic problem solved is to find a state estimator that

bounds the estimation error below a specified error covariance.

This chapter is organized as follows. In section 7.2 the filtering and control problem
for discrete time system subject to multiplicative noise is formulated. The design of
the state feedback controller is developed in section 7.3. In section 7.4, the sufficient
conditions for the existence of the state estimator are given, and an algorithm for the
filtering design is derived which guarantees the performance requirement. Section 7.5

presents two numerical examples, and some concluding remarks are drawn in section 7.6.

7.2 System Model and Problem Formulation

Consider the following discrete time system with state space representation

Try1 = (Ag + As ki) ek + (By + B peg)ug + Dywy,
2z = (Hp + H j,Ci) g + vk (7.1)
Yk = Cray,
where xp € R"™ is the state variable, zp € R™ is the measurement output; yi €
R™ is the output of interest for performance evaluation; wp € R"™ and v, € R™

are the process and measurement noises; 7, € and (i are the multiplicative noises;

Ay, As 1, Bi, Bs i, Dy, Hy,, Hy ), and Cj, are constant matrices which have proper dimen-
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sions. The independent random variable wy, vk, Nk, € and (i have zero-mean gaussian

distributions with covariances W, V, and Q7 = Qf = Q¢ = T respectively.

Here we consider the following problems. First, we look for the state feedback control
law u = Kz, such that the closed loop system (7.1) is mean square stable. And we will
determine if there exists a control gain K such that eoo{ylyr} < p is satisfied for the

given L.

Second, we consider (7.1) where By and Bjj, are zero. The objective is to design a

linear filter with the state space representation

Trr1 = ApZk + F(Zk - Hk:ik), (7.2)

Uk = Crly, (7.3)

where Zj, is the unbiased estimate of the state zj, F is the filter gain to be determined
such that (Ay — F'Hy) is asymptotically stable, and the estimation error has covariance
less than a specified matrix. The estimation error is Z = xp — ), and the estimation

error system is given by

Thy1 = (Ak - FHk).fk + Wi, (74)
Ui = CrpZp, (7.5)

where
W = Dywy, + Ag gz — FHg pGoxy — Fog, (7.6)

and ¢ denotes the estimation error of particular interests. We will explore the existence
condition of the state estimator. And we will be able to provide the sufficient conditions
for the existence of the state estimator based on Linear Matrix Inequalities (LMIs).
The key idea of this filtering problem is to find the estimate #j; of xj such that the

performance criterion e {gxJi } < €2 is satisfied for the given (2.
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7.3 State-feedback Controller Design

Consider the system (7.1) where zj, is excluded, the state-feedback control law is the

form uy = Kx, now the closed loop system is the following

Ty = (Ag + BrK)xp + (A ok + B p Keg)zy, + Dywy,

Yk = Crxg. (7.7)

Definition 1 (Mean Square Stable) The system (7.7) with multiplicative and
additive noise inputs is mean square stable if the state covariance matrix associated with

this system exists and is positive definite.

We first find the state feedback control gain K such that the closed loop system is
mean square stable. Assuming that the upper bound of state covariance matrix associ-
ated with system (7.7) exists, which is described as X > eoo{zg2] }, it should satisfy the

following Lyapunov inequality
(Ar + BrEK)X (A + ByK)" — X + Ay, X AL, + B, KXK"B], < 0. (7.8)
Theorem 2 There exists a state feedback controller gain K such that the closed loop

system (7.7) is mean square stable if, and only if, there exist a symmetric positive definite

matric X and a matriz L such that

X A X + BiL AS,kX BSJCL
XAl 4+ LTBF X 0 0
F ; F > 0. (7.9)
XAT, 0 X 0
LB, 0 0 X

And the corresponding feedback control gain is given by K = LX 1.

Proof 2 With the change of variable L :== KX, (7.8) can be written as
(ApX + BL)X '(Ap + BeL)" — X + Ay, X AL, + B x LX 'L"BI, < 0.

Utilizing the Schur complement formula, the above inequality can be immediately written

as (7.9).
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Theorem 3 For a given scalar p > 0, if there exist a symmetric positive definite matriz

X and a matriz L such that (7.9) is satisfied and
trace[CLXCY] < p, (7.10)

then there exists a state feedback controller gain K such that the closed loop system (7.7)
s mean square stable and 5oo{y,zyk} < . And the corresponding feedback control gain

is given by K = LX 1,

Proof 3 The result follows from Theorem 1 and
cooltlyr} = trace[Ceso{zpal YCT] < trace[Cy X CY) < u,

which concludes the proof.

7.4 Filter Design

7.4.1 Existence Condition

To solve the filter design, we will consider the augmented adjoint system. Combining

the filter (7.2) and the estimation error dynamics (7.4), it yields

X1 = Axg + Nnpxy, + HCexi, + Dwy, (7.11)
where
T w
= "1, w.=[""], (7.12)
Ty VE
A, — FH, 0
A= = Ay + By FCy, (7.13)
FH, Ay
A As
N = R (7.14)
0 0
—FHgp —FHgy
M= ’ *) = BoFGo, (7.15)
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D, —
D= =Dy + ByFEy, (716)
0 F
A, O -1
Ao = , By = , (7.17)
0 A I
D, 0
COZ(Hk 0), Dy = 0 o) (7.18)
Go=(Hye Ho ) Bo=(0 1) (7.19)

We start by defining the upper bound of the state covariance matrix of system (7.11)
as

X > eoo{xpx} ), (7.20)

if it exists, it should satisfy the following Lyapunov inequality:

0> AXAT — X + NXNT + HXHT + DWDT, (7.21)
W 0

where W = is symmetric and positive definite. Substitution of (7.13),
0 Vv

(7.15)-(7.19) into the above inequality, yields

0 > (.AU + BQFC())X(.AO + B(]FC())T - X+ (B()FG())X(B()FG())T

+NXNT + (Do + BoFEo)W(D(] + B()FE(])T (7.22)

Lemma 4 The inequality (7.22) can be rewritten in a form
IFA+ (TFA)T +0 <0, (7.23)

where

—X+NXNT 0 AyX DyW
0 X 0 0
0= , (7.24)
X AT 0o -x 0

wDl 0 0o -w
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By
0
T , (7.25)
0
0
A=(0 Gox X Bow ). (7.26)

Proof 4 We start by using the Schur complement, the inequality (7.22) can be written as

~X +NXNT (ByFGo)X AX DW

X(BoFGy)T -X 0 0
<0,
X AT 0 X 0
wDT 0 0o -Ww

where A is defined in (7.13), D is defined in (7.16). Utilizing the structure of the above

matriz and substituting (7.24) into the above inequality, it obtains

0 (BoFGo)X (BoFCo)X (BoFEo)W
X (BoFGo)T 0 0 0
O+ (Bo 0) < 0.
X (BoFCo)T 0 0 0
W(ByFEy)T 0 0 0

With the use of I' and A given in (7.25)-(7.26), the above condition can be equivalently
written as (7.23).

It is important to notice that the filtering design problem has been converted into
looking for the solution of F' in the inequality (7.23). In order to find the existence con-
ditions of the state estimator and the parametrization of all the solutions, the following

lemma will be introduced from [108].

Lemma 5 (Finsler’s Lemma) Let z € R?, © = 0T € RV™, ' € R™™ and A €

RF*" . Let T be any matriz such that T+T = 0. Let AT be any matriz such that
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AT AT = 0. The following statements are equivalent:

(i) 270z <0, VITz =0,Az =0z #0. (7.27)
(i) rtert” <o, (7.28)
AT* O™ < 0. (7.29)

(iil) Jui,pe € R: O — iy I'TT < 0, (7.30)
0 — uaATA < 0. (7.31)

(iv) 3F e R™* . TFA+ (TFANT+0 <0. (7.32)

Note that Finsler’s Lemma can be applied to obtain LMI formulations in control and

estimation theory. By applying the Finsler’s lemma, we obtain the following theorem.

Theorem 4 The condition (7.28) and (7.29) are equivalent to the following statement:

there exist symmetric positive definite matrices X, P € R?"=*2" that satisfy

XP=1I, (7.33)
B (AX AL — X + NXNT + DowDI)BE" <0, (7.34)
1 LT
0 —P+PNXNTP 0 PAy PDg 0

GF 0 -P 0 0 GT
<0.  (7.35)

cr ATP 0o -P 0 cr

EF DEP o o0 -w El

Proof 5 According to Lemma 1 and Finsler’s Lemma, we substitute the following matrix

1
By B& 0 0 0
| o o100
0 0 010
0 0 00 I

and (7.24) into (7.28), it yields
BEH(—X + NYNTBE" 0 Bi(AgX) BEDow
0 —X 0 0
XATBE 0 —X 0
WDIBL" 0 0 W

< 0.
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B (Ao X AT — X + NYNT + DoWDT) B

0
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0
-X

<0,

which is equivalent to (7.34) and X > 0. Furthermore, noting that

1
0 Xt oo 0
AT _ GT 0o !t o0
ct 0 0o X!
El 0 0 0

0
0
0

W—l

defining X~1 = P, and substituting (7.24) and the above matriz into (7.29), the inequal-

ity (7.35) can be verified which completes the proof.

The previous theorem provides the existence condition for the state estimator, and

the characterization given in Theorem 3 is necessary and sufficient. However, we intro-

duce a nonconvex constraint X P = I, which makes the problem more difficult to solve.

The next theorem shows how to rewrite these conditions into convex constraints by using

Finsler’s Lemma again.

Theorem 5 There exists a state estimator gain F to solve (7.21) if there exist a sym-

metric matriz P € R?%>? gnd uy; < 0,z < 0 € R that satisfy

P >0,

-P PAy PN PDy PByj
AYP —P 0 0 0
NTP 0 —-P 0 0
DEP 0 0o -w1t o0
Bfp 0 0 0 'l

(7.36)

<0, (7.37)
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P 0 PAy PDy 0 PN

0o —-P 0 0 GE 0
Atp 0 -pP 0 ¢ o

0 0 <0. (7.38)
pfp o o -w?t EI' o0

0 Go Co Ey [L;lf 0
NTP 0 0 0 0 -P

Proof 6 According to Theorem 3 and Finsler’s Lemma, we notice that the inequality

(7.34) holds if and only if there exists a uy € R such that
Ao X AL — X + NXNT + DoWDE — 11 BoBE < 0.
Applying the congruence transformation yields
XN AXAL — X + NXNT + DoWDE — nBoBiHx 1 < 0.

With the definition P :== X~ > 0 and the assumption p, < 0, the above condition can

be equivalently written as (7.37) by using the Schur complement.

Similarly, if the inequality (7.35) holds, it is equivalent to the existence of a pa € R

such that
—-P+PNXNTP 0 PA, PD, 0
0 —P 0 0 GT
p e N ( 0 Gy Co Eo ) <0.
DI P 0o 0 -wt ET

By assuming ps < 0 and applying Schur complements twice on the above inequality,

it obtains (7.38) which is the desired conclusion.

Since the inequality (7.37) and (7.38) are LMIs, the existence of a feasible solution
for the state estimator is a convex problem which can be solved with the use of many

available algorithms.

7.4.2 Filter Design

In the previous section, a sufficient LMI condition for checking the existence of state

estimator has been given. Here it is dedicated to provide the conditions that guarantee
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the additional closed loop system performance. We will determine a state estimator
F such that the performance criterion, e {713} } < €2, is satisfied. The fundamental
algorithm that enables us to solve the filtering problem is derived from the following

theorem.

Theorem 6 There exists a state estimator gain F such that Eoo{gjkg];{} < Q if there exist
a positive definite symmetric matriz P € R*=>? gnd pu; < 0, us < 0 € R that satisfy

(7.87), (7.38) and
QG

. > 0, (7.39)
Cy P
where
C_k:Ck[I o]. (7.40)
All the solutions F are given by
F=—RITTOAT(ASAT) ™ + S12L(ASAT) /2, (7.41)
where
S=R1'-RT[® - dAT(AGPAT)'ABITR™. (7.42)

L is an arbitrary matriz such that |L|| < 1 and R is an arbitrary positive definite matriz
such that
= TR 'TT-0)"!'>0, (7.43)

and

—P '+ NPINT 0 .AQP_1 DoV

0 —p1 0 0
0= ,
PiAT 0o —-P1 0
WD 0 0 -W
Bo
0
I'= 5 A - < 0 Gop_l COP_l E(]W ) .
0
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Proof 7 We know that
Eoo{gk;ng} = Ck Eoo{jkig} CE = ékXékT < Q,

where the state covariance matriz X is defined in (7.20) and Cy, is given in (7.40). With
the definition P := X~ > 0, the inequality (7.39) can be manipulated by using the Schur

complement. And the proof for solving F follows a similar approach in [108].

We observe that the optimization approach proposed in this theorem is a convex

programming problem stated as LMIs, which can be solved by efficient methods.

7.5 Numerical Example

In order to determine the applicability of the method, two examples to solve for the

system design are presented next.

7.5.1 Four Mass Mechanical System

Consider the four mass mechanical system with springs and dampers depicted in Fig.

7.1. The discrete-time system dynamics is described in the following state space form

I AT 0
Tht1 = Tp + Wi, (7.44)
—AM-IK IT-AM-1G AM~1D
with the measurement
2z, = (H + HsCp)wy + vg, (7.45)
and the desired output
yr, = Cuy, (7.46)

Figure 7.1. Four mass mechanical system with springs and dampers
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where
(i 0 0 0 (5, 00 0
0 me O 0 0 0 0 O
M = 5 G= )
0 0 mg O 0 0 0 O
i 0 0 0 mu i 0 0 O b5_
[ 0 0 | (1 0|
- —ky ko + k3 —k3 0 ’ D= 0 1 7
0 —ks3 ks + k4 —ky 0 0
i 0 0 —ky k‘4+k‘5_ _0 0_
1 0 0 0 0 00 0
H = k katk b ’ ¢=4,
+ks 5
|00 of —%a 000 =5
05 00 00OO OO
Hs: 5
0O 00O0OO0OOO0OD O
and

m1:m2:m4:1, m3:2, b1:5, b5:2,

ki=ks=hki=1, ko=2 ky=4d

Note that wg, v and (i are uncorrelated zero mean Gaussian white noise sequences
with unity covariance. And A is the time step (0.01sec). The performance criterion for

the filter design is [ecc{k¥i" }ii < © where Q = 0.01.

Figure 7.2 and 7.3 demonstrate the performance of the filter introduced in this chap-
ter, where the error of each state variable is plotted. The simulation result shows that the
output covariance of the estimation error are [goo {Uk¥k” }1.1 = 0.001, [eoo{¥a ¥k’ 2.2 =

0.0005, which satisfy the design requirement, since both of 0.001 and 0.0005 < 0.01.

7.5.2 Biomechanical Hand Movement System

Consider the hand modelled as a point mass (m = 1kg) whose one-dimensional

position at time ¢ is p(t), and the velocity at time ¢ is v(¢). The combined action of all
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Figure 7.2. Estimation error (from state 1 to 4)
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Figure 7.3. Estimation error (from state 5 to 8)

muscles is represented with the force f(¢) acting on the hand. The control signal u(t) is
transformed into force by adding control-dependent noise and applying a second order

muscle-like low-pass filter

T f(t) + (1 + 1) () + (1) = u(t),

where 71 = 75 = 0.04sec. We know that the above filter can be written as a pair of

coupled first-order filters

ng+g=u, nf+f=g
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The sensory feedback carries the information about position, velocity and force. The

discrete-time system dynamics is described as following

Tp1 = Az + B(1 + oceg)ug + wy,

2, = (H + Hs()xp, + v, (7.47)
yr = Hxy.
where
T T
xk:(l% v Sk gk) . yk:(}% Vg fk) ;
(1A 0 0 | [0 ]
01 A/m 0 0
A= , B= ,
0 O 1—A/7‘2 A/TQ 0
00 0 1-A/7 | 2]
[ 1 0 0 O 0 0 0 0
H=|01001|, Hs=|0 0 0 01,
i 0 01 0 0 0 0125 0

and wg, vy, €, (. are independent zero-mean Gaussian white noise sequences with covari-

ance

Q¥ = (diag[0.01,0.001,0.01,0.01))%,  Q° =1,

QY = (diag[0.01,0.1,0.5])%, Q=1

Note that . = 0.5 is a unitless quantity that defines the noise magnitude relative to the

control signal magnitude. And the time step A = 0.01sec.

Given a controller uy = [ ~1.6032 —3.0297 —0.3361 —2.7793 | x; such that the

system (7.47) is mean square stable, the objective is to find a state estimator that bounds

the estimation error below a specified error covariance: [eoo{yng]kT}]i,i < 0.1.

Figure 7.4 illustrates the performance of the filter introduced here, where the error
of each state variable is plotted. The simulation result shows that the output covari-
ance of the estimation error are [exo{Uk¥k’ H11 = 0.0198, [coo{¥Uk¥i’ }2.2 = 0.0037,

[eoo Uk }3,3 = 0.0018 < 0.1, which satisfy the design requirement.
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Figure 7.4. Estimation error for hand movement system

7.6 Summary

Multiplicative noise models are more practical than normal additive noise models,
since they allow the statistical description of the multiplicative noise be not known a
prior but depend on the control and state solution. Such models are found in many
physical systems, such as signal processing systems, biological movement systems, and

aerospace engineering systems.

An LMI based approach is examined in this chapter for the design of the state esti-
mator with multiplicative noise systems. The proposed approach provides the sufficient
conditions for the existence of state estimators and a parametrization of all admissible
solutions. By adding a mild constrain, the original filtering problem is solved as a convex

problem. The simulation results demonstrate the convergence of the system design.



Chapter 8

Conclusions and Future

Directions

8.1 Iterative Optimal Estimation and Control Design

Optimal control theory plays a key role in the study of biological movement. One
major goal of this thesis is to provide efficient computational methods for optimal control
of complex biomechanical system. Given a realistic model of a biomechanical system,
and a task goal specified as a quantitative performance criterion, our tools will attempt
to design the control strategy that optimizes the performance. Here we present an it-
erative Linear-Quadratic-Gaussian method for locally-optimal control and estimation of
nonlinear stochastic dynamical systems subject to control constraints. The main con-
tribution is that the new method constructs an affine feedback control law obtained by
minimizing a novel quadratic approximation to the optimal cost-to-go function. It also
constructs a modified extended Kalman filter corresponding to the control law. The
control law and filter are iteratively improved until convergence. What the most impor-
tant is that our approach yields a numerical algorithm with stable convergence achieved
through backtracking line search; and convergence in the vicinity of a local minimum
is quadratic. Finally, the application of the algorithm is illustrated in the context of

reaching movements and obstacle avoidance on a complex biomechanical control prob-

123
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lem involving a stochastic model of the human arm. Although our work is motivated by
studying biological movement control, the present results could be of useful to a wider

audience.

8.2 Hierarchical Optimal Control Scheme

Sensorimotor control occurs simultaneously on multiple levels, and involves a large
number of parallel feedback loops. Here we present a new framework to designing feed-
back control hierarchies for redundant biomechanical systems, that approximate the
(non-hierarchical) optimal control law but have much lower computational demands.
This feedback control hierarchy has two levels: the high level is designed as an opti-
mal feedback controller operating on a simplified virtual plant, which is partly isolated
from the complexity of the physical plant; the low level is responsible for transforming
high-level commands into appropriate muscle activations, and also responsible for con-
verting the dynamics of the true plant into the desired virtual dynamics assumed by the
high level. The resulting control hierarchy makes it possible to solve the optimal control
problem without running into the curse of dimensionality. Besides its engineering ap-
plications, the new hierarchical control framework addresses a key unresolved problem
in modelling the neural control of movement, and its performance is demonstrated on
the task of reaching movement, using two detailed models of the human arm: 2-Link
6-Muscle arm model including 2 degrees of freedom; and 5-Link 24-Muscle arm model

which includes 5 degrees of freedom.

The present approach is also related to the idea of simplifying feedback transforma-
tion combined with high-level optimal control [119]. Those feedback transformation was
“extracted” from the plant dynamics using unsupervised learning, rather than being de-
signed to capture the task-relevant variables as we did here. As a result they were forced
to use inefficient policy-gradient methods for controller optimization, rather than the ef-
ficient model-based ILQG method we employed here. Both approaches have advantages,
and it is possible to combine them together in the future work. The basic idea is to make

the low-level itself hierarchical: starting with a task-independent virtual model that cap-
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tures the properties of the plant (and is acquired via unsupervised learning), and then
creating higher-level virtual models suitable for specific tasks. Furthermore, it will be
particularly interesting to examine the behavioral differences between the present hierar-
chical control scheme and the (unstructured) optimal controller in light of experimental

data.

8.3 Future Directions — Inverse Optimal Control Design

When we are examining the human movement, such as reaching, throwing, orienting,
it is usually hypothesized that natural control systems may be implicitly optimizing an
objective function. However, it is not known what this performance criterion might be.
In order to establish the correspondence between the natural and the artificial systems,
we need to ascertain what it is that the natural control system is optimizing. Surprisingly,
the novel inverse optimal control approach gives us a clue to determine the cost function

by fitting the mathematical model to real behavior in a variety of circumstances.

Over the last few years, great interest has been achieved in optimal control of
stochastic nonlinear system. One way of approaching these problems involves solving
the Hamilton-Jacobi-Bellman (HJB) partial differential equation, which turn out to be
an infeasible task. However, the inverse optimal control approach circumvents the task
of solving HJB equation, whenever the optimal cost-to-go function is known (i.e. in-
ferred from the data), it becomes an explicit formula and results in a meaningful cost

functional.

The viewpoint of inverse optimum control problem was originated in the early 1960s
by Kalman [50]: ”Given a control law, find all performance criteria for which this control
law is optimal.” Kalman considered a precise formulation of this problem for determin-
istic linear systems and derived a beautiful conclusion for linear quadratic regulators.
Given a feedback control u = —kx for the system & = Fx + gu, which is known to yield
an asymptotically stable closed-loop system, then a necessary and sufficient condition
for this control law to be optimal with respect to a performance index J;ZO(UQ +2TQx)dt

is that the return difference condition is hold for all real frequencies.
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The inverse optimal control approach was introduced into nonlinear control in [83,
113, 134], while the main results of [113] are restricted to system processing an optimal
performance that is quadratic in the state, and [83] establishes a certain nonlinear return
inequality which implies robustness to some input nonlinearities. To our knowledge,
this method has not been well-studied until it was recently revived for the design of
robust nonlinear controller [102]. The main task of that inverse design method is the
construction of control Lyapunov function as optimal value function for some meaningful
cost functionals. And this approach has been applied to construct optimal feedback
control laws for rigid spacecraft [59] and some other stochastic nonlinear systems [23,

24, 112].

The main goal is to address the problem of inverse optimal control to the biolog-
ical movement systems, that is, the problem of extracting the objective function that
can explain the observed, optimal movement behavior. Such a goal is possible because
of significant experimental advances in our understanding of motor control systems in
humans, and because of the increased knowledge in computational models for control
learning. It will create a new way not only to analyze the natural movement phenomena,
but also to derive much more effective methods in modelling all kinds of purposive(or

skilled) behavior.

8.3.1 Preliminary Results

Investigations of general optimal control problems assume that the performance cri-
teria are known. Based on this performance criterion and a given dynamic system, an
optimal feedback control law is derived to satisfy the HJIB equation. The inverse problem
of optimal control, on the other hand, solves for the coefficients of cost function for which
a given control law is optimal. Consider the problem of minimizing the discounted cost

function subject to the nonlinear dynamic system

T = f(x) + G(x)u, (8.1)

V(z(0)) = /Ooo e /T [q(aﬁ(s)) + %u(s)TRu(s) ds, R>0. (8.2)
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where ¢(z) and R are unknown, f(z) and G(x) are known nonlinearities, and 7 is the
time constant for discounting future cost. A necessary and sufficient condition for a

control law

ut(t) = —R7IG(2) TV (2(1)) (8.3)

to be an optimal control law is that it satisfies the following optimality condition

1 1
—Vie() = min g(x (1)) + u(t)" Ru(t) + V7 (f(2) + G@u®) . (84)
where V*(x(t)), known as the optimal value function (optimal cost-to-go), is the accu-
mulated expected cost if the system is initialized in state x at time t, and the optimal

control law u*(t) is applied until the end of optimal control history. By substituting (8.3)

into the above equation, we obtain the HJB equation as

LV (a0) = ala) + VT F @)~ VTG R GT@)Vy (35)

Given the dynamic system (8.1) and a control law u(t), the objective here is to
recover the cost function (including ¢(x) and R) for which the control law is optimal.

By using some form of function approximation
m
V(z(t) 2> widi(z) = w d(x), (8.6)
i=1
and

r — C; 2
O, (x) = exp (_M) , (8.7)
(z) = (1(x) -+ P(z)",  w=(wiwg o wp)', (8.8)

where w; are weights of Gaussian Basis Function ®;(x), ¢; and r; define the center
and width of the ¥ Gaussian basis function. Actually the basis function ®(-) plays
an important role in traditional neural networks. The linear parameters w; can be
determined by the linear regression method. By choosing R as a positive definite matrix,

the cost function can be recovered by computing

g(z) = —wh@(z) + (W' @s(x)) f(2) + %(WT%(IC))TG(HJ")R*IGT(@(WT%(SC)), (8.9)

T

where ®,(z) defines the derivative of ®(x) over z.



128

Here we will give a simple example to demonstrate the feasibility of the above idea.
Consider a scaler system

T =—x+u, (8.10)

and the performance criterion

V(x(0)) = /000 e /™ [q(x(s)) + %TU(S)Q ds, r > 0. (8.11)

where the discounted factor 7 = 5, and ¢(z) and r are unknown. Given a control law u
under a quadratic cost function where ¢(z) = %(x—mtwget)Q and r = 1, the main objective
here is to find ¢(x) and 7 for which this control law u is optimal, which means, we would
like to know whether the estimated g(x) can recover the original quadratic performance.
Fig. 8.1 illustrates the cost function ¢(x) for three different targets: ziqrger = —4, 0 and
4. Black line describes the original function, circle describes the recovered ¢(x) based on
inverse optimal control approach. The simulation demonstrates that, by changing the

targets, the cost function can still be recovered very well.

100

— a(x)
O recovered q(x)

80t

60

a(x) a0l

20

-20

Figure 8.1. Cost function q(x) for three different targets: Z¢grger = —4, 0 and 4. (Cir-
cle describes the recovered q(x) based on inverse optimal control approach, dark line

describes the original q(x) function)
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8.3.2 Future Work

1. Currently we only show the preliminary results on the inverse optimal control
problem of the deterministic linear system under the quadratic cost assumption, how
about the nonlinear stochastic system? Given a nonlinear stochastic system and a control
law under a non-quadratic cost function, the main objective is to find whether the
estimated cost function can recover the original non-quadratic performance for which this
control law is optimal. Actually our proposed method used the general HJB equation
which can deal with nonlinear dynamic cases, and our approximation to cost function
uses Gaussian basis functions which do not assume a quadratic form. However it will
be very useful to study how well this inverse optimal control approach works on some

specific nonlinear problems.

2. When we apply the inverse optimal control approach to the biological movement
system, there are at least two sources of error which can affect the performance of the
final result: (a) the data we obtained is noisy (or the biological control system is not
entirely optimal); (b) our function approximation has limited capacity which cannot
describe the real cost function very well. In both cases, the inferred optimal cost-to-go

function will be somewhat inaccurate. How severe are those inaccuracies numerically?

3. To control a dynamic system, you must first know what it is doing. However, it is
not possible to measure every variable that you want to control. Back to the biological
motor systems, in order to control our movements, the central nervous system needs to
know the state variables that it want to control. Suppose there exist an state estimator
which provides a means for estimating those information from noisy measurement, there-
fore, controls will depend on the state estimate Z rather than the true state z. Another
interesting question is: could we formulate the inverse optimal control problem in this

kind of setting?

4. In our proposed work, combining (8.3) and (8.6), and fixing R, the weights of
Gaussian basis function is determined by solving the following equation using linear
regression method: u*(t) = —R7'G(2)" Mw, where M is the function of ®,(x). What

happens if the matrix R~!G(x)T M is rank deficient? We will obtain a family of solution
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for w. In this case it is very hard to infer the optimal cost-to-go function from data.
Perhaps we can infer a whole family of optimal cost-to-go functions that are all consistent

with the data, and that leads to a family of costs.

5. In the actual psychophysical experiments, one usually records movement kinemat-
ics (which could infer the dynamics), but the muscle activations (which are real control
commands) are hard to record. Can we formulate the problem so that the control are in-
ferred from motion rather than being measured? Probably we have to infer a probability

distribution (or family) of plausible controls, rather than a specific set of controls.

6. In order to evaluate the effectiveness of the inverse optimal control approach, we
will design some motor psychophysics experiments where this approach can be validated.
For example, we ask the subjects to make planar arm movements through sequences of
targets. In condition A, we use five widely spaced targets, whereas in condition B,
we include additional targets chosen to fall along the average trajectory produced in
condition A. The goal here is to investigate whether the inverse optimal control approach

can distinguish these two different task goals with similar average movements.
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