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I. INTRODUCTION

The study of the response of a circular semi-infinite isotropically
elastic rod to time dependent conditions on its end has been intense,
almost exhaustive, over the period of the last fifteen years. But for
various ressons all of the predictions of the response’emerging from the
studies have been disappointing. Most of the contributors have chosen
to formulate the response in terms of integral transforms, and in each
of the cases the formulation in integral form is correct and ingenious.
The rub comes in the numerical analysis of the integrals. So far all
authors have had to settle for a very small fraction of the inférmation
contained in the integrals. They all resort to the method of steepest
descent which limits them to "large" values of the space variable, with
the result that they are only able to gtudy the response at gtations far
from the end of the rod. Even at the distant station, they are able to
get information only about the head of the impulse and no information
behind it.

The first study was made by Skalek [1] who formulated the problem
using the exact three—dimeﬁsional theory and found the regponse to a
step input of velocity on the end of the rod. He obtained an asymptotic
solution for the head of impulse by representing the frequency eguation
as the first two terms of a Taylor expansion about the origin of the
frequency-wave number plane.

Folk et al.[2] formulated the problem much the same as Skalsk except
that they used mixed-mixed conditions on the end of the rod including a |
step input of pressure. Their approximation of the integrals was also
much the same as Skalak. Their most valuable contribution was in sug-
gesting & possible method, using seddle point, for finding information

about the response at dlstences behind the head of impulse,



Kaul and McCoy [3] developed the problem differently in that instead
of the exact theory they used the approximate theory due to Mindlin
end McNiven [4].

Jones and Norwood [5] extended the method of Skalak by using ‘three
terms of the Taylor expansion for the frequency equation rather than two.
They claim that the additional term improves the solution for the head
of impulse.

There have been two previous studies that do not suffer the short-
comings inherent to the method of steepest descent. Both have used a
method that restricts finding the response close to the end of the rod
and have shown not only the head of impulse but the behavior behind the
head.

The first of these is due to Miklowitz [6]. He formulated his
problem in integral transforms but used an ingenious method for numericsal
integration that enabled him to find the response near the end of the
rod. His study is based on an approximate theory and unfortunately at
the time of the study the best theory available was due to Mindlin end
Herrmenn [7] so in using it his results reflect the shortcomings of that
theory. The Mindlin-Herrmenn theory takes into account the fundamental
mode of steady state vibration and one higher mode that is identified
as the radial mode. Later, a study of the same problem by Mindlin and
McNiven [4] showed that for realistic values of Poisson's ratio this
radial mode is strongly coupled to a third mode identified by them as
the first axial ghear mode. In éddition, this later study described a
critical value of Poisson's ratio and noted that for values of Poisson's
ratio below this value the second mode is indeed the radial mode but

that for values of Poisson's ratio above this critical value the radial



mode ig no longer the second but is the third mode. The influence of
the Mindlin-Herrmenn theory on the numerical results obtained by
Miklowitz is discussed in the section on numerical analysis.

The second study was made by Bertholf [8] who used the exact three
dimensional theory of elasticity and solved the equations using finite
differences. Our reservation about his work has to do with a methematical
weakness in his numerical anslysis. Bertholf did not take into account
the notion of the domain of defendence for hyperbolic equations which
puts a restriction on the selection of the time mesh size as a function
of the space mesh size.

In the method to be developed here we are able to exploit two cly-
cumstances. First, the equations governing the propagetion of waves in
an elastic rod are hyperbolic, and second, the lines on the time-gpace
pPlane that locate wave fronts coincide with characteristic lines. The
method of characteristics is really only practical in solving problems
with two independent variables and so we have used an approximate theory
instead of the three dimensional theory for the propagation of waves.
As we are dealing with circular rods, our choice is the theory due to
Mindlin and McNiven [4]. This theory allows for frequencies belbw the
cut-off frequency of the second axial shear mode and in the‘frequency
range permitted, the predictions from this theory match accurately the
predictions from the three-dimensional theory.

Using the method of characteristics one is able to reduce the
Mindlin-McNiven equations to two types of equations. The first type
is the decay equation which, is integrated directly on the space-time
plane, to find the behavior on the first wave front. We explore the

domain beyond the first wave front by means of the canonical form of



the governing equations. These are valid along characteristic lines
and are integrated using finite differences.

The method has many advantages. The conditions on the end of thé
rod can be any mixture of conditions including those that can be realized
experimentally and the time dependency can be arbitrary. The response is
found near the end of the rod where it is likely to be of most interest.
From what we can ascertain, short of doing our own experiments, the
responge is accurate. The Mindlin-McNiven theory is used to its full
capacity throughout the numerical analysis. We show that our numerical
analyses lis convergent, that is we show that as the mesh size goes to
zero, so does the error.

There are perhaps two shoritcomings of the method. First, if one
desired the response at stations far from the end of the rod, or at
distances far behind the head of impulse, a lot of computer time would
be needed. Not only because the response would be needed far from the
origin of the space-time plane where the numerical analysis originates,
but the mesh size would heve to be small to obtein accurate results.

The Mindlin-McNiven equations predict no decay of axial strain
elong the line representing the first wave front whereas intuition

tells us there will be decay.

II. METHOD OF CHARACTERISTICS FOR A SYSTEM OF LINEAR, SECOND~ORDER.,

PARTTAL DIFFE

TIAL EQUATIONS

The general method of characteristics is by this time classical
knowledge and so will not be reviewed here. Whaet will be studied is
a particular set of differential equations which accommodates equations
due to Mindlin and McNiven [4] which in tufn govern approximately the

axcisymmetric motione in isotropically elastic rods. The study will



show that these governing equations are substantially simplified when
put into canonicel form along characteristic lines, simplifications that
lend themselves to numerical analysis.

| The particular set of differential equations treated here has

been studied by P. C. Chou and R. W. Mortimer [9] and their canonical
equations are the same as those developed here. The same results could
have been arrived at using & general method by Courant and Hilbert [10]
who first reduces higher order equations to first order equations and
then establishes the canonicel form of the equations along characteristics
Of the alternatives our preference is for the method presented here as it
ig systematic apnd simple.

We consider a set of differential equations of the form

1 .
had = + ° = g ooo
Uy ;—5 U gt oy 54 ﬁijujgx (i =1, 5 1) | (1)
i

In Bq. (1) u; = ui(x, t) but the ULy Eij are continuous functions
of x only. The usval rules of indicial notation hold, i.e., u,x = %ﬁ
ete; and repeated indices indicate summetion except that there is no
sum on i.
Since ug = ui(x, t), we wil; consider the behavior of each w, over
the x ~ t plane. As the dependent variables in the Mindlin-McNiven
equations represent displacements, physical considerations dictate the
ui's themselves will be continuous. However, we allow all of the
partial derivatives of the uy to suffer finite discontinuities. The
lines across which these discontinuities occur will be called characterigtic

lines and will be designated as x = x(t). We will enclose a function by

squere brackets to denote the finite jump of the function across a



characteristic line, i.e. [f] designates the finite Jump of the function
(f) across x = x(t). The order of the discontinuity will match the
order of the derivative suffering the jump. We now proceed to establigh
the equations of the characteristics for each order of discomtinuity,
and begin with the second order as it is the simplest.

(2) Second Order Discontinuities

For this order

[u; ] = [ui,x] = [ui,t]

(2)
[u; d #05 [wy ¢ #0, [w ,1#0 olongx=3%t) .

On both sides of x = x(t), Eq. (1) is satisfied. If we write Eq. (1)
for both sides of x = x(t) and take the difference, we geb
7. L

T T2 [ui,tt]
4

=0 (3

[ui,xx

along x = x(t).

Here we use Hadamards' lemma which states "that [f£] = O along

a4

x = x(t) implies [f t] + g% [£ = 0," We apply the lemma to each of
3

sx]

the first derivatives to obtain:

2
dx
[os 4] =<E€ (o ) ()

Substitution of Eq. (4) in Eq. (3) gives

{1 - ;%(%%)2} [ui,mc] =0 . (5)
i .

But by definition, [ui,xx] # 0, so

(6)

&18,
B
H+
[e]



the equations for the families of lines along which second order dis-
continuities occur.
(b) First Order Discontinuities

For this order,

[ui] =0
(7)
[u; 41 # 03 [y ] #0
along x = x(t), and on both sides of x = x(t) Eq. (1) is satisfied.
As before we use Hadamards' lemma, this time with the dependent

variables themselves. The resulting equation is

Lad

[ui,t] = - %—f [ui’xl . (8)

As Eq. (1) is of second order, and we are dealing with first order

discontinuities, we put Eq. (1) in the form of an integral equation.
b 103
JZ‘ ui,xxdx h o R i tdx JF % u yax +Jf 513 J,x (9)
i

Equation (9) can be written

1L 9
ui,x(b,t) - ui,x(&,t) 5 Szb/ﬁ ui’tdx
i

(20)

b
=) gy by Jugex oy ey (5,8) - By (edu (et

We now suppose thet the interval [a, b) encloses x = E(ﬁ), i.e.,
a<x= g(t) < b, so that the interval may be divided into two parts
namely [a, X (t)] and [§+(t), bl.

Accordingly we can write Eq. (10) as



1 (3 P¥ 3 P
uigx(b’t) - uisx(ast) - Z—é {55_/; ui’td}c + S’EL»{- ui’td.x} !
i

b
= | Gy = By g+ By (0D (0,8) - By (e (a8)

or

“~

1 e odxm. E
ug o (0,8) =y (a,8) - ;—-E-{ui,t(x,t) & +f& Uy gl
i
v b b
At d.}( - -
- iﬁt(x ,t) el o ui,ttd%} —b/; (mij ﬁij,x)ujdx (11)

+ 3ij(b)uj(b,t) - Bij(a)uj(a,t) .

We now assume that x =';(t) is a continuous and differentiable

o~ . o land
dx _ dx  dx .
curve on the x - t plane, so & Cat C &t We shrink the interval

[a, b] to a point so that "e" approaches x from the left end "b"

approaches from the right. For this case Eq. (11) reduces to

L ax _ '
[u; 3+ NE [, J&=0 - (12)
i
If we substitute Eq. (8) in Eq. (12) we find
1 [ax _
{ = c_2 Qd;> [uis}{] = O . (13)
i
AS [ui,x] # OD
dx
Pl + Cy e (14)

are the lines for flrst order dlzcontinuities.



(c) Comments on Characteristics

For the particular set of differential equations of Eq. (1) we see

that first and second order discontinuitiesg occur slong the same set

of lines called charscteristics. Indeed it is simple to show by the

method of part (a) that all higher order discontinuities, if they occur,

will do so along the same set of characteristics.

Examination of Eqs. (6) and (14) shows that when the c, are constants

the characteristics will be straight lines. It is also well known that

when‘the differential eguations are hyperbolic, as ours are, the c, are
real.

Corresponding to each differential equation there will be two
families of characteristics on the (x - t) plane, a family with the

slope ¢, and a family with the slope (=ck). Because of the nature of

k
the set of Egs. (1) the dependent variables u; will be coupled by the
lower order terms on the right side of the equaticons. One can also
observe from Egs. (5) and (13) that when a particular characteristic
line accommodates a jump in a number of derivatives of one dependent
variable, the lowest order derivative of those suffering a jump will
be uncoupled.
" {(d) Canonical Form of the Differential Equation

Along cheracteristic lines Egs. (1) are considerably simplified.
To get the simplified or canonical form we begin by writing Egs. (1)

in the form

1
LU, el =4 ¢ o, .U, AW
+ Ci% c; YiLtt cl(mlJuJ * ﬁiJqux)

and into this we substitute the equation of the characteristic either

Egs. (6) or (14), giving



10

ax . 4t - - dx
dt ui,xx * dax ui,tt *at (miduj + Bijuj,x) ° (15).

¥

BEqguation (15) can be written

_ax _ ’ at dx
o A + b = T e n
(f at i, ui,x@) (Figxt dx ui,t€> T (gt By )

which in turn can be written

_a a4 ;&
Tat () tam () =T g (g guy v Byguy )
or
1 ~
F d(uisx) - 5 d(ui»t) = F dx(mijuj + Bijuj,x) . (16)

Equation (16) is the canonical form of Egs. (1) along %% =% c;
respectively and in it i, j =1, ...; n, with no sum on i. To use this
equation the first derivative must be continuous and differentiable along
the characteristic but second and higher order discontinuities are per-
mitted. The equations are particularly useful as they lend themselves
to numerical analysis, a fact that will be displayed in a later section.
(e) Decay Equations for First Order Discontinuities

Since first order discontinuities are not permitted with the use
of Eqs. (16) and they are admitted in the theory there must be & special
method of dealing witﬁ them. For first order discontinuities we develop

decay equations. They are developed from Egs. (16) by recognizing that

even though the equations are not valid along the characteristic itself,
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they are valid on each side of it. The decay equations are used to
calculate the changes in the discontinuities of the first derivetives
from station to station. The decay will depend on both the initial and
boundary conditions.

As there are two families of characteristics g% = o4 ci and

T each will be treated separately.
dx _
(1) along 3 = %
We begin by using Eqs. (16) with the choice of the lower sign on
each gide of the equations. We assume that LY. and u; . ere continuous
» 3

and differentiable on both sides of a characteristic, and write BEqa. (16)
on either side of a characteristic line and take the difference. We

obbain

Ty J-r2
dx “Ti,x cidx i

,t] = ﬁii[ui,xl y (27)

In this equation and in all of what follows there is no summation on

the i's. Since [ui] = 0 along the characteristic we have from Eg. (8)

dx
[og,6d = = G Dug,pd = - oilyg 0 (18)
Substituting (18) into (17) glves
-, de .
d 1/1 %% ' _
EL%ﬂJ+EQi& - By ) Ty =0 (19)
Integrating Eq. (19), we find
-3 3/ By
fu, 1=XKe (20)
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The Ki's are constants to be determined from the boundary and initial
conditions. Employing Eq. (18) in this same way we find the decay

equations for the discontinuity of LI
2

1
2 [ Byyax

2. along %% =-cy

In a similar way, the decay equations for the discontinuities of

ui,x and ui,t can be cobtained. They are

. x
] =K. c, 2 e

o
o
W

&

[ui,x
(22)

[ui,t] =8% .

ITI. FORMULATION OF THE PROBLEM

Our study is of a semi-infinite, cylindrical rod, of circular cross
section, made of an isotropically elastic material. The rod is referred
to a cylindrical coordinate system (r, ©, z) within which the center of
the end of this rod is located at the origin and positive z is measured
along the axis of the rod. We are concerned with axisymmetric motions
of the rod and since our theory must involve only one space and one time
varieble we resort to an approximate theory. Our choice is the theory
developed by Mindlin and McNiven [U4] as it embraces a comparatively large
frequency range and within that range duplicates the exact theory very
closely. As it will be necessary to constantly refer to it we reproduce

the essence of that theory here,



The theory is contained in the three equations

2 2, 2 2 o
dxe (duaxx - ”*,x) - BKl (k¥ - L)u - hxi(k - 2)6w’x + . R = K3 é U

2 2 28
4 - o= =
ok w; 2K (k 2)u, + o Z dw’TT (23)
22 6a

2 _ 2. 2
8k ¢’xx + 6K2 (du’x - hy) - Z = 6Ky, wsrr .

W
InEqgs. (23); R =0, 00 2= T 10y

gé s & dimensionless distance

i

and X

]
il
Qa
(<2
N
=,
H
~
n

s & dimensionless time

d: a known constant

t: time

as radius of the rod

p: shear modulus of elagticity

p: mass density

vs Poisson's ratio

The Ki's (i = 1-k) are adjustment factors introduced in the theory
to make the three spectral lines of the theory match more closely the
lowest three branches of the exact theory. They are functions only of

Poisson's ratio, and have been extensively tabulated by Kaul and McCoy

31



1h

The generalized displacements u, w and  in Egs. (23) are related

to the radial and axial displacements u, and u, according to

u & ou(x, )
(2k)
w, = wlx, t) + (1 - 2%)u(x, 1) ,

where o0 = r/a; r is the radial distance.
The constitutive equations relating these generalized displacements

and generalized forces are

/e o 2.2 2
K§> P = le (° - L)u + dKl(k - 2)w,x

2 (ﬁ) P, = dkaw’x + 2Kl(k2 - 2)u

(25)
a 2
" (u) P, = K20 - 1)
a o 2
6 <H> Py = ok wpx R
where the generalized forces are defined by
| [ )
P = c_ + 0, )odu
r Jo r 6
~ L
Pz =L/ szdm
0
(26)

L 5
Prz =L/- R% o

0
1 5
P, = ¢ (1L - 200" )ordex .
g o Z
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Finally, the streins are given in terms of the generalized displacements

according to

. u
& = Kl a
ox B
€0 = K1 a
e =S (v +(1-29 ) (27)
Z oa - ,x X

o
€., = K 53 (Gu’x - Ly)

oz = Epo = O

The authors of the approximate theory have shown that a unique solution
will result when we specify
(i) throughout the rod, the initial values of u, w,  and U, W,
(ii) throughout the rod one member of each product of two products
Ru and Z(w = ¢)
(iii) At the end of the rod, one member of each of the three products
Pzw, wa and Przu°
We now proceed to formulate the problem in the context of the method

of characteristics. Equations (23) take the form of Eqs. (1) when

0 0 0
) 2uK22 (28)
(x..) = |0 0 28,
i 212
8 °(x° - 1)
0 0 55
0K,




16

~2K1(k2 - 2)
0 0 5
ok~
,.6}{22
(ﬁij) - 0 0 > (28)
dk (cont'd)
uxl(ka - 2) L
62 § °
2
The (ul, Uy u3) = (w, §, u) and
2
1 ’ 2 K 2° 3 K 2 *
k. 3

e."> e > e . (29)

We note that = = k is the dimensionless form of the dilatational wave

N ks

velocity p .

BEven though the method of characteristics is general and could be
used to handle & large variety of boundary and initiel conditions, we
are concerned here with a specific problem, namely the response of &
rod, initially at rest whose cylindrical surface is free of traction, and
subjected to a uniform pressure on the end of the rod that has an

arbitrary dependence on time. The boundary conditions take the form;

R=2 =20

0,0, ©) = - £(v)H(z) (30)

rrz(o, ) =0 .
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In Egs. (30) H(t) is the usual Heaviside step function and f£(x)
ig a prescribed, continuous function of time.
In terms of the generalized forces the boundery conditions on the

end of the rod can be writiten:

Pz(O, 'b) - “f!TZHST)

2
Py(0, t) =0 (31)
Prz(o, t) =0 .
Using Eq. (25) these conditions can be expressed in terms of the
generalized displacements according to
Pw,x(os T) + qu(O, T) = g(T)H(T)
g x(o’ t) =0 (32)
9
du X(Os t) - k{0, t) =0 ,
2
where
2
ok 2 af(t
p=9 qer(f-2); o) =- (33)
The initial conditions sere
u(x, 0) = u,T(x, 0) =0
w(x, 0) = W,T(xs 0) =0 (34)
U(x, 0) = ¢’T(xs 0) =0 .
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The general problem is one of finding solutions of Egs. (23)
subject to the boundary end initial conditions given by Egs. (32) and
(34).

The rod behavior we are seeking is the response to an input of
normal stress on the end of the rod. As the resulting disturbances will
move down the rod, the behavior is best understood if it is described
using the notion of wave fronts. The first wave front is defined as
the boundary between disturbed and undisturbed regions of the rod,
while second, third etc., wave fronts are related to the notion of the
arrivel of the additionel disturbances to an already disturbed material
roint. When the material at a point becomes suddenly disturbed from an
undisturbed state or when an @lready disturbed material point has some
additional disturbance; it cen only do so if some derivatives of the
displacement vector suffers a finite jump at the point. On the x - T
plane, a wave front can be represented by a line and by definition that
line will be a characteristic. In our problem the initisl conditions
are all zero vwhich means that of a family of characteristic lines, it is
the ones emenating from the origin of the x - T plane that will be the
wave fronts. The order of discontinuity of the characteristic lines
describing the wave fronts will depend on the boundary conditions on the
end of the rod, specifically the dependence on time in the neighborhood
of T =0.

Since Eqs. (23) represent three equations, there will be three wave
fronts, Sl’ 82 and 53’ shown in Fig. 1. In the boundary conditions
Egs. (30), £(t) is an arbitrary continuous function of t. If £(0) # O,
we will show shortly that along Sl the first derivatives of W will suffer

a finite jump, higher order derivatives of u and § will have a finite
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Jump end that along 82 and S3 the discontinuities will be of order’two
or higher for all three generalized displacements. As Sl ig a cheracteristic
line of first order discontinuity in w, it is necessary to use decay
equations to find W,x and w,T along Sl immediately behind the wave
front.

We turn to the decay equations themselves, Egs. (20), (2L) and (22)
as they apply to Sl, Sa, and 83, and note from the second of Eqs. (28)

that Bll = 322 = ﬁ33 = O, The decay equations sre therefore,

1
=

[w ]

Jx 13 [w,T] = - clAl along S

1

(v, =4y, [ 1=-cp, alogs, (35)

[u,x] = AS’ [u’T] = = c3A3 along S3 .
The Ai's are constants obtained from the behavior of the boundary

and initial conditions in the neighborhood of the origin of the (x - T)

plane. Using boundary conditions Egs. (32) and initial conditions

Eqs. (34), and noting that [u] = [w] = [¥] = O everywhere in the (x - T)

plane one obtalns

v (0, 0)] = &)
[4 (0, 0)] =0 (36)
[u,x(o, 0)l=0 .
Comparing Egs. (35) and (36) we can identify
=50
(37)
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Accordingly the decay equations are

(o)
[w 1 - &(0) [w_]1=- a8 along S

s X b ? 5T b 1
v =0 [y 1=0 along S, (38)
[ugx] = Q 5 [u,r] =0 along 83 .

’It is worth noting that the Mindlin-McNiven theory indicates no decay
of the first derivatives of the generalized displacements.

From Egs. (38) and from the fact that f(t) is a continuous function
of Tt we conclude that in the disturbed reglon behind the wave front Sly
all of the first derivetives of the generalized displacements are con-
tinuous so that the canonical form of the equations are appropriate,
Within the framework of the approximate theory these equations, Egs. (16)

have the form,

i}

%l

1 _ dx _
d(w’x) - e d(ng) ¥ dxﬁl3u’x along ‘&= = F ¢

i

&}

ae ) - ;i— a(¥ ) = F ol +Bygu ) alog Fewe,  (39)

dx
¥ dx(a33u + ﬁSlw,x + ﬁ32w,x) along = = ¥ ey -

i

=+

d(u’x) - é; d(u”T)

Along with the six equations of Egs. (39) we exploit the fact that
the displacement field is continuous and differentiable, so that along

any line on the x - T plane
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i

dw = w xdx + w dr

s 5T

i

au q:’xdx + lp’TdT (40)
du =’u dx + u dr
sX sT

giving us nine working equations.

IV. NUMERICAL ANALYSIS

We seek the generalized displacements u, y and w and their first
derivatives at a station x and at a time T, and having these we can
calculate the strains and stresses. We refer to Figure 1, which shows

the (x - 1) plane. In this plane, the line Sl(x - ¢,t = 0) divides the

l’l.'

space~time domain into two parts, the domain D, representing undisturbed

1

particles and D, representing particles of the rod which are in motion.

2
The part D2, which is the part that interests us, is subdivided by means
of one primary and two secondary grids. The primary grid shown by fine
solid'lines is formed by two sets of parallel lines. The first set
(x - ¢yt = const) is parallel to the line Sl’ and second set (x + ¢t =
const) has equel but opposite slopes. BEach diamond shaped element has
diagonals measuring 2Ax and 2At. The secondary sets of grid lines are
members of the families x * CyT = constant and x * c3r = constant. They
are shown dotted in Figure 1, end are used when analyzing an individual
element. As the dotted lines fall within the element, the domain of
dependence of a point is conserved.

In what follows the nine quantities u, u»x, u’T, 1/ wsx, wsT’
W, ng, W,T are considered; for convenience, to be the nine elements

of the vector vy To establish Y5 in the region Dz, we start at the

origin and along Sl’ where it is known, and fan out into the region
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element by element. To be more explicit, we know vy at the points O and
1 in Figure 1, and using a technique %o be explained shortly, we find

vy at the point 2. Having ¥y at the points 1, 2 and 3, we use the same
technique to find y, &t the point k, and so forth.

In expleining the technique we refer to element M shown in Figure 1,
and to its detached enlargement. 5 is known at points Al’ A7 and A2
and is sought at the point A. As there are nine unknowns, we need nine
equations to establish them.

The boundary lines AA, and AA. are the characteristic lines

1 e

X o-oeT = constant, and x + c¢,t = constant respectively. Through the

1
point A we draw the characteristic lines AA3 and AAh with slopes % Cps
and characteristic lines AA5 and AA6 with slopes * c3. _The values of
Yy are calculated at AS and A5 by interpolating the values at Al and

and at Ah and A6 by interpolating the values at A7 and A Six of

Ags o
the nine equations come from using six canonical equations, Egs. (39),
one each along the six characteristic lines per element converging on A.
The three remaining equations are equations (40). As these are
valid for eny line in tke (x - T) plane, we choose to use them along
the dlagonal line AA7 (x = constent). The nine elements of y; are found
at A by solving the nine equations by the method of finite differences.
For an element L adjacent to the line x = 0, the procedure is the
same except that the three equations along the three lines x - c;T =

constant (i = 1, 2, 3) must be replaced by the end boundary conditions

at x = 0, Egs. (32);

pw (A) + qu(a) = g(A)
v (a) =0 (k1)
du X(A) - ky(A) =0 .
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When one is dealing with numerical methods of this kind, convergence
must be considered. In Appendix A we show that for a fixed point (x*,
T#) on the (x - T) plane, the error becomes zero as the mesh size At

goes to zero.

V. NUMERICAL RESULTS

Qur choice is to calculate and exhibit three guantities; the radial
strain Er and the axial force PZ for comparison with other published
results and the axial strain € which can be checked against future
experiments. For an input on the end of the rod we choose f(t) = a
constant PO“ With the method of characteristics f(r) cen be an arbitrary
function and this perticulsr choice was made for two reagons; first,
so that we could compare the results with those obtained by Bertholf [8]
and second, because of the limitations of the approximate theory. As
the Mindlin-McNiven theory is limited to frequencies less than that of the
cut~off frequency of the second axial shear mode, it is advisable to
choose an input function for which the megnitude of its Fourier transform
decreases with increasing frequency. The Fourier transform of PO de-
creases a8 (1/w) with increasing frequency.

The rod is assumed to have a Poissons ratio of 0.29. The numericel
analysis was carried using a mesh size dictated by Ax = O;lO. The
response was evaluated at two stations; the first at x = 7.60, about one
dismeter, and at x = 15.20, about two diameters from the end of the rod.
The responses are in Figures 2-5. The spproximate theory accommodates
a distribution of this axial strain across a rod cross section and so
Figures 3a and 3b show a prediction of this strain at the center of the

rod as well as on iLs lateral surface. It should be noted from the
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Figures that at any station, Er, Ez and Pz asymptotically approcach their
static values as time increases indefinitely, which ensures the stability
of the numerical procedure.

We have attempted to evaluste the numerical results three separate
ways, with verying degrees of success. The first way is comparison with -
published results of experiments. The best experiments were carried
out by Miklowitz and Nisewanger [11] though the best report of the
experiments appears in the paper by Bertholf [8] no doubt after private
communication with the authors. However, comparison with the experi-
mental results is questionable because we feel that the time dependency
of the actual input is subject to questicn.

The authors claim a step input of pressure, which would match our
input, but it is difficult to see how this can be produced experimentally.
The slightest lack of suddeness of the input would seriously affect the
response as 1t is very sensitive to the early time character of the
input. |

The second comparison is with the numerical results presented by
other authors. Comparison is velid with only two of these becsuse all
of the others formulated their thecry using integral transforms, found
it necessary to use the method of steepest descent in their numerical
analysis, and so calculated the response at stations far from the end
of the rod, whereas ours was calculated close to the end.

Of the two that calculated the response close to the end of the rod;
the earliest work was by Miklowitz [6]. His work differed from ours in
three respects; he used different values of Poissons ratio (0.2kk, 0.325),
he adopted mixed-mixed conditions on the end of the rod, and based his

work on the theory due to Mindlin and Herrmenn [7] rather than Mindlin
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and McNiven [L4] which came later. Because we were interested in making
a comparison with Miklowitz we ran a computation using his Poisson's
ratios and end conditions for the quantitity PZ. For the case v = 0.2k
the match over & limited time range is good. The first amplitude and
half period match exactly. For the case v = 0.325 the match of the same
quantities is just fair. We speculate that the difference in matching
is due to the shortcomings of the Mindlin-Herrmann theory. When v =
0.24k it is less than v _ = 0.2833, the "eritical” value, so that the
second mode is the radial mode the only higher mode in the Mindlin-
Herrmann theory, whereas when vV = 0.325 the second mode is not the radial
mode meking the theory less appropriate for this case.

The second comparison is with the results of L. D. Bertholf [81.
He used the three-dimensional theory of elasticity, solving the equati@ns
by finite differences. The numerical analysis, while appropriate, seems
to us to have a mathematical weakness. Bertholf apparently did not take
into account the notion of the domain of dependence for hyperbolic egua-
tions which puts restriction on the selection of the time mesh size asg
a function of the space mesh size. In spite of this/réservaticn con-
cerning his results and the slight difference in the two Poisson's ratios
(he used v = 0.3125), we compared the numerical results for the.radial
strain €n and the axisl strain EZ. The periods of oscillations and the
locations of the peaks for these two quantities match closely, although
the megnitudes of the first peak differ by about five per cent.

The third method used for appraising the results is one developed
by the authors and will be presented in detail in a forthcoming paper.
The method consists of using the same approximate theory, the same con-

ditions on the end of the rod and initial conditions, but of expanding
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the solution in terms of a power series in time about the wave fronts.
Here,it is used to appralse the radial strain at the end of the rod,

x = 0. The series has the form

N (42)

where all the Agn's are positive. The method makes a powerful tool for
Judgment because the series converges very quickly and for é particular
truncation one is able to judge closely how the succeeding term would
improve the answer. If we examine Figure 5 we see first the radial
strain response if we use two terms of the expansion. We also know that
the third term in the expension is positive and if it is used we get
higher wvalues of Er also showm. We also know that if the fourth term
were used it would be negative and smaller than the third so that, if
included, the strain would be lower than that for three terms but closer
to the three term curve than to the two term curve. As the series con-
verges quickly one can conclude that the radial strain response using
the method of characteristics is very close to where it would be if a
large number of terms of the expansion were used, the correct response

within the limits of the spproximate theory.



Fig. 1
Fig. 2a
Fig; 2b
Fig. 3a
Fig. 3b
Fig. ha
Fig. Wb
Fig. 5

CAPTIONS FOR FIGURES

Description of characteristic lines and wave fromts on the
(x - ) plane.

Radial strain for the station z = 1 diam.

Radial strain for the station z = 2 diam.

Axial strain for the station z =~ 1 diam.

Axial strain for the station z = 2 diam.

Axiel generalized force for theastation z & 1 diam.

Axial generalized force for the station z = 2 dlam.
Comparison of radial strain found using the methods

characteristics and series expansion.
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APPENDIX: CONVERGENCE PROOF FOR THE NUMERICAL METHOD

The proof ig modeled after a more general proof due to R. Courant
et al. [12], concerning the finite difference method as it applies to
the candnical form of quasilinear hyperbolic equations along the cherac-
teristics using rectangular and curvelinear networks.

The proof begins by letting

u; = (sts W’T: w’x, ¢,T’ u,x’ u,Ta w, U, u) . (A-1)

The equations along the characteristics then have the form

aij = = bijuj (A-2)
where:

i =1, 2 along characteristics Xy c

T g dtr = T 1
. . dx
i = 3, 4 along characteristics w-%c
. - . dx
i = 5, 6 along characteristics 3t = * c3

i =17, 8, 9 along characteristics .0

and aj_'j and bij are constants.
We discretize the (x - t) plane with the network shown in Figure 1
so that the point (k, £) corresponds to the point with coordinates

x = kAx, T = LAr. Let v be the finite difference solution of Eq. (A-2),
i.e.,

. - y.\A,
. yJ(A) ya( ;)
1iJ siAr

= bijyj(A) (no sum on i) (A-3)

where 1 = si s 2.




Using interpolation, yj(Ai) is expressed in terms of yj(A7) and yj(Al)

or yj(AQ) (Fig. 1), i.e.,
yj(Ai) = miyJ(A7) + ﬁiyj(Al or A) (A-k)
where o, Bi are interpolation constants with
@ +B; =1, @20, B, 20

Substitution of Eq. (A-4) into Eq. (A-3) gives:

aijyj(A) = siArbijyj(A) + aij(miyj(A7) + Biyj(Al or AQ)) .

(no sum on i)

(4-5)
Let p, be the exact solution of Eq. (A-2); i.e.,
p,(4) - p.(4;)
8 5 Y + Oi(AT) = bijpj(A) (A-6)
_ with
= 2
pj(Ai) = mipj(%) + Bipj(A]‘ or Az) + OJ‘(AT ) ° (Aa.?)

Substitution of Eq. (A-7) into Eq. (A-6) gives:

aijpj(A) = siATbij<A) + aij(uipj(A7) + Bipj(Al or AE)) + Oi(ATZ) .

(no sum on 1)

(A-8)

Taking the difference of equations (A-5) and (A-8), one finds:

2 yv5(8) = s,07b; v (4) + a; 5oy v (a) + Byv (A or A)) + oi(ma)

(nc sum on i)

(4-9)

where Vv, = D. = ¥..
J PJ yJ



Or,
k.0 _ k, k,£~-2 k-1 or k+l,f-1 2
i5V3 siATbi.vj aij(alv5 + ﬁiVS ) + Oi(AT )
(no sum on i)
(a-10)
where
K, 4 .
vi© o= vj(kAx, LAT) (Fig. 1).
From Eq. (A-10), one finds
laijvj |s siArlbijvj l+la&j(mivj + By )l+loi(AT )
(no sum on i)
(a-11)
Let us introduce the measure of error as
~E§ = max |a, vk’zl . (a-12)
i
Then, from Egs. (A-11) and (A-12) one obtains
X k =1l or k+l 2
s -
EE S ﬁlATEﬁ + asa.lElgm2 + aEE;:-l + [SZAT R (a-13)

where Bl, 62, a,, &, are positive constants with & + a8, = 1.
Equation (A-13) is the governing equation for the growth of the error.
Using Eq. (A-13), together with the boundary and initial conditions,

one obtains:

2  p-1
k _ BAT 1
B <1 Far Ez n
e - BlAT)
or
R Y
| BoAT (v - BlAT)
E, <
£ 1= BAt 1
1-B,At

or



Sl

Al

Putting At =

wjq
A d
0
5
®
)
[
k-

| -
Elz < - Ef!&— [1 - L ] . (a-14)

Now, we let

Hﬁ Byt [l ) <} - : ﬁ)ﬂ ] ) (4-15)

For fixed values of (x, T), and taking limit of Eq. (A-15) as £ goes

to infinity (this is equivelent to letting At - 0), one finds:

2 ) )
£ L0 = (} Bl %)
= \ (A-16)
Byt 1 |
Lim Hk = o~ Lim 1l = ~—~—-] =0 .
£ plz [ -ﬁlt
£—00 L0 e

Therefore, we conclude that for a fixed point (x%, t*) on the (x ~ T)
plane; the error becomes zero as the mesh size At goes to zero. Hence,

the convergence of the numerical procedure used in this paper is established.
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