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STATISTICAL HYPOTHESIS GENERATION: DETERMINING THE MOST
PROBABLE SUBSET

JOAKIM EKSTRÖM

Abstract. This article develops an axiomatic theory for statistical hypothesis generation
that is based on the ideas of Gauss’ Theoria Motus. At the core of the theory is Bernoulli’s
fifth axiom: Between two, the one that seems more probable should always be chosen.
Under supplementary assumptions well-known special cases appear, such as regression
analysis and principal component analysis. Through rigor, the abstracted theory provides
clarity as to how different statistical hypothesis generation methods are interrelated, how
they differ, and which method that should be used in a given situation.
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1. Introduction

The process of advancing science can be decomposed into two broad parts: hypothesis
formulation and hypothesis testing, the latter referring to verification and falsification.
The present article discusses the former: hypothesis formulation.

Scientific hypotheses can be formulated in countless ways. As an example, accord-
ing to Alexander Fleming’s own account he formulated the hypothesis that penicillium
has an anti-bacterial property through an accident. Fleming subsequently spent years
trying to verify the hypothesis. Members of the scientific community not seldom use
their own beliefs, intuitions and experiences as sources of inspiration when formulating
hypotheses. Falsification of a hypothesis often itself yields new hypotheses.

In Theoria Motus Corporum Coelestium (1809), Carl Friedrich Gauss developed an in-
triguing idea for a partially automated hypothesis formulation process. The proposed
hypothesis formulation process generates hypotheses through and by empirical observa-
tions of the phenomenon studied. Further, Gauss’ hypothesis generating process utilizes
the concept of probability and Jakob Bernoulli’s fifth axiom: Between two, the one that
seems more probable should always be chosen (1713). Because of the automated nature
of the method, and the use of empirical observations in combination with probability
theory, Gauss’ method is in the present article referred to as statistical hypothesis gener-
ation.

Based on the remarkable popularity of regression analysis in particular, there is seem-
ingly something about Gauss’ method that resonates immensely with the members of
the scientific community. Because of its semi-automated nature, the hypotheses gen-
erated are often viewed as more objective than, for example, hypotheses inspired by a
researcher’s personal beliefs. Additionally, the automation to an extent lessens both the
researcher’s workload and the researcher’s dependency on his or her ingenuity, and also
offers the enticing dream, or some would say mirage, of a scientific production line in
which data is fed into one end and knowledge comes out of the other.

Gauss’ method is built on the premise that each observation consists of two parts: the
true value of the observed phenomenon, and an accumulation of random errors. This
premise has been termed Gauss’ observation postulate (see, e.g., Ekström, 2011b). Ad-
ditionally, Gauss uses the Gauss-Pearson decomposition to decompose the observation
into the sum of its ideal and random parts, which correspond to the true value and
the observational error respectively. Given this premise, Gauss’ proposed course of ac-
tion is simply to choose as hypothesis that which is most probable, in accordance with
Bernoulli’s fifth axiom.
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In Theoria Motus, Gauss very specifically sought to determine the most probable Ke-
pler orbit given observations of a heavenly body. Under the assumption that the ob-
servations’ random parts are statistically independent and normally distributed, Gauss
derived that the most probable Kepler orbit under the density criterion is that which min-
imizes a sum of squares. During the nineteenth century, the method was principally used
in astronomy (see, e.g., Airy, 1875). In the late nineteenth century, Francis Galton and
Karl Pearson used the method when studying an observed phenomenon in hereditary
biology referred to as regression (see, e.g., Pearson, 1896), and as an indirect consequence
the method became known as regression analysis. Pearson (1901) modified the distribu-
tional assumption slightly, which led to another method nowadays commonly referred
to as principal component analysis. The popularization of Gauss’ statistical hypothesis
generation methods within the then-emerging discipline of statistics is often credited to
the textbook of George Udny Yule (1911), (see, e.g., Hill, 1984).

The present article develops an abstracted, axiomatic theory for statistical hypothesis
generation that builds on the ideas of Gauss’ Theoria Motus. By imposing supplemen-
tary assumptions, well-known special cases such as point estimation, regression analysis,
and principal component analysis appear. Regression analysis and principal component
analysis are treated in separate sections of this article.

2. The fundamentals of Gauss’ method

The present section aims to discuss the basics of the statistical hypothesis generation
problem, its terminology, and make some initial observations fundamental to Gauss’
approach (1809). The framework is generalized when appropriate; for example while
Gauss presumed real-valued observations this article allows observations of any topo-
logical space, and while Gauss considered graphs of Kepler orbits this article allows for
all possible collections of subsets.

Let x1, . . . , xn denote a set of observations of the phenomenon of interest. For ease
of notation the arrow accent denotes sequences of length n, e.g. �x = (x1, . . . , xn); the
sequence �x is often referred to as the sample point and is itself a multivariate observation.
The breve accent denotes sequences of length n of identical elements, e.g. ă = (a, . . . , a).
Further, the topological space of which the observations are elements is denoted by X.
The example X = Rp, the Euclidean space, is particularly common and was used by
Gauss (1809). Note also that �x ∈ Xn.

Fundamental to Gauss’ approach to statistical hypothesis generation is the assumption
that each observation can be decomposed into two parts: an ideal part that represents
the true nature of the observed phenomenon, and a random part that constitutes the
discrepancy between the observation and the ideal part, i.e. the observational error. This
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decomposition, which is also fundamental in the work of Karl Pearson, has been termed
the Gauss-Pearson decomposition and is discussed at length in Ekström (2011b). Assume
that the observations have a Gauss-Pearson decomposition, �x = �µ + �u, where �µ is the
ideal part, �u the random part, and + a binary operation such that (X,+) is a group; the
binary operation on Xn is defined component-wise.

By the nature of the hypothesis formulation problem, the ideal part �µ is not known.
Indeed, the end goal of Gauss’ method for statistical hypothesis generation is to for-
mulate a hypothesis with respect to the ideal part, i.e. the true nature of the observed
phenomenon. Note that the probability distribution of the random part, L(�u), is an
ideal form and the empirical distribution an observation thereof, with a Gauss-Pearson
decomposition of its own, and hence the determination of the most probable probability
distribution is easily accommodated within the present theory. Hypotheses with respect
to the ideal part, �µ, can very generally be written {µ1, . . . , µn} ⊂ A, for some subset
A ⊂ X, or equivalently �µ ∈ A

n. Hence Gauss’ method for statistical hypothesis genera-
tion aims to determine the subset A which, given observations x1, . . . , xn, most probably
satisfies �µ ∈ A

n. This fact constitutes the second fundamental piece of Gauss’ approach
to statistical hypothesis generation.

Direct evaluation of the probability of a subset is straightforward. Because of the
group structure of X, algebraic manipulation of the sample point’s Gauss-Pearson de-
composition yields �µ = �x − �u. Therefore,

Prob(�µ ∈ A
n) = Prob(�u ∈ −A

n +�x) = P(−A
n +�x),

where P : B(X) → R denotes the probability measure under L(�u). However, most com-
monly this expression is of little use because it is identically zero. Specifically, common
assumptions are that X = Rp, that the subset A

n is of lower dimension than Xn and
that the probability measure P is absolutely continuous with respect to the Lebesgue
measure, and then P(−A

n + �x) is identically zero. Consequently, determination of the
most probable subset through direct evaluation is typically not a viable option.

Gauss proposed using projection for the purpose of evaluating the probability of a
subset A ⊂ X. A projection is a function PA : X → A that restricted to its range
equals the identity function, i.e. PA|A = id. The collection of one-point subsets is well-
suited for illustration because PAν(x) = ν is the unique projection onto the one-point
subset Aν = {ν} ⊂ X. The projection yields the projection representation x = PA(x) + e,
where e is the projection representation residual. Hence there are two expressions for the
observation, the Gauss-Pearson decomposition and the projection representation, which
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when combined yields the system
�

x = µ + u, (The Gauss-Pearson decomposition)
x = PA(x) + e. (The projection representation)

(1)

An analysis of System (1) yields the following. If µ ∈ A holds, then PA(x) = µ and it
follows, through the group structure of X, that e = u and thus e ∼ L(u). Additionally,
if µ /∈ A, then PA(x) �= µ and e = a + u, for some non-identity element a ∈ X. Since
L(a+ u) = L(u) holds only if L(u) is uniformly distributed on X or if X is cyclic of order
a, two relatively uncommon occurrences, it is assumed that Prob(e �= u, e ∼ L(u)) = 0.
As a result, it follows that

Prob(µ ∈ A) = Prob(e ∼ L(u)), (2)

and consequently the probability of the subset, A, can be evaluated through the projec-
tion residual, e.

Identity (2) is the third fundamental piece of Gauss’ method for statistical hypothe-
sis generation. Given a collection of subsets, the most probable subset is determined
though determination of the most probable projection residual. While the probability
Prob(e ∼ L(u)) cannot be computed directly, there is a well-established methodology
for evaluating this probability though statistical criteria. Gauss (1809) applied the den-
sity criterion, originally proposed by Bernoulli (1778), and Pearson (1901) applied the
distance criterion, proposed in Pearson (1900).

3. Evaluation against statistical criteria

Throughout the history of statistics, the problem of evaluating the probability of the
statement x ∼ F , as Pearson (1900) put it: “whether x can be reasonably supposed to
have arisen from random sampling”, has occurred in a number of contexts. Through
Identity (2), this problem is central also to statistical hypothesis generation. Fortunately,
there is an accepted and well-established methodology for evaluating Prob(x ∼ F )
through the use of statistical criteria: the density criterion proposed by Bernoulli (1778),
which is the statistical criterion applied by Gauss (1809), and the distance criterion pro-
posed by Pearson (1900). For reference, the two statistical criteria are detailed below.

Proposition (The density criterion). Suppose x is a value and F a probability distribution

with density function f . If the density at x, f (x), is low, then the proposition x ∼ F is deemed

improbable.
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Proposition (The distance criterion). Suppose x is a value and F a probability distribution

with reference point m, and let d denote the Mahalanobis distance under F . If the distance

d(x, m) is great, then the proposition x ∼ F is deemed improbable.

The density criterion was proposed anew by Fisher (1912), and later Fisher started
referring to the density statistic by the term likelihood (see, e.g., Fisher, 1922). Fisher
(1928) contains a brief discussion on his choice of terminology; the motivation is related
to his rejection of inverse probability, also called Bayesian statistics. In other remarks,
originally Pearson (1900) proposed using his chi-distance which is a now obsolete special
case of the Mahalanobis distance (Mahalanobis, 1936). The two statistical criteria yield
equal results under unimodal elliptical distributions, (see Ekström, 2012, Theorem 8).

Both distances and densities map the space X into the non-negative reals, which is
a totally ordered set. Hence, the elements of X can be ordered in terms of how well
they fare under the statistical criterion. In statistical hypothesis generation, if a pro-
jection residual is determined most probable under a statistical criterion, then, through
Identity (2), its corresponding subset is accordingly determined most probable under
the statistical criterion. Note that it is not determined whether the projection residual
is probable per se; only whether the projection residual is relatively probable vis-à-vis
other projection residuals.

In some cases, the projection onto a subset A ⊂ X is uniquely given, for example
if A is a one-point set or under regression analysis, see Definition 1, Section 4. If the
projection is not uniquely given then the projection is defined as the most probable
projection under the statistical criterion at hand, in accordance with Bernoulli’s fifth
axiom. For this purpose, denote the least Mahalanobis distance between a projection
residual, e = −PA(x) + x, and the distribution reference point, m, given the subset A by

DA(x) = inf
y∈A

d(−y + x, m),

and denote the greatest density for a projection residual given A by

EA(x) = sup
y∈A

f (−y + x).

The most probable projection under the distance and density criteria are those points in
the closure of A, ClA, that attain the least Mahalanobis distance and greatest density,
respectively, i.e.

PA(x) = {y ∈ ClA : d(−y + x, m) = DA(x)}

denotes the set of most probable projections under the distance criterion, and

QA(x) = {y ∈ ClA : f (−y + x) = EA(x)}
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denotes the set of most probable projections under the density criterion.
The closure of A is used so to ensure that the sets are non-empty. However, the sets

may contain more than one point, i.e. PA and QA may not be well-defined functions.
But for this purpose that fact does not constitute a problem, because by construction
whichever point of PA(x) or QA(x) is chosen the distance d(e, m) equals DA(x) and the
density f (e) equals EA(x). This yields the identities DA(x) = d(−y + x, m) for all y ∈
PA(x), and EA(x) = f (−y + x) for all y ∈ QA(x), which are concisely written DA(x) =
d(−PA(x) + x, m) and EA(x) = f (−QA(x) + x) since the risk of misunderstanding is
minuscule.

As a result, out of an indexed collection of subsets {Aθ}θ∈Θ, the most probable subset
under the distance criterion is that subset A

� ∈ {Aθ}θ∈Θ that satisfy

DA�(x) = inf
θ∈Θ

DAθ
(x),

and the most probable subset under the density criterion is that subset A� ∈ {Aθ}θ∈Θ

that satisfy
EA�(x) = sup

θ∈Θ
EAθ

(x).

The following theorem provides sufficient conditions under which a subset satisfy both
statistical criteria, i.e. when a subset that is most probable under one of the two statistical
criteria also is most probable under the other statistical criterion.

Theorem 1. Suppose A
�, A� ∈ {Aθ}θ∈Θ satisfy DA�(x) = infθ∈Θ DAθ

(x) and EA�(x) =
supθ∈Θ EAθ

(x). If the random part of the observation is elliptical and unimodal with density

function f , then

f (−PA�(x) + x) ≥ EA�(x),

where equality holds if A
�

is closed or if f is continuous, which additionally implies EA�(x) =
EA�(x) and PA�(x) ⊂ QA�(x). Furthermore, if the random part is elliptical and strictly uni-

modal, then DA�(x) = DA�(x) and QA�(x) ⊂ PA�(x).

Proof. Let B = ∪θ∈Θ Aθ and note that EB(x) = supθ∈Θ EAθ
(x) = EA�(x) and DB(x) =

infθ∈Θ DAθ
(x) = DA�(x). Since the distribution L(u) is elliptical and unimodal by as-

sumption, Theorem 8 of Ekström (2012) implies that f (−PA�(x) + x) = f (−PB(x) + x) ≥
EB(x) = EA�(x). Since PA�(x) ⊂ ClA� and it always holds that f (−y + x) ≤ EC(x) for all
y ∈ C, it holds that f (−PA�(x) + x) ≤ EClA�(x), and thus if A

� is closed or f continuous,
f (−PA�(x) + x) = EA�(x). Through the previous inequality, EA�(x) ≥ EA�(x), but since
A
� ∈ {Aθ}θ∈Θ and supθ∈Θ EAθ

(x) = EA�(x), the equality EA�(x) = EA�(x) holds. Ad-
ditionally, if y ∈ PA�(x), then y ∈ ClA� and f (−y + x) = EA�(x), and thus y ∈ QA�(x);
hence PA�(x) ⊂ QA�(x).
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If L(u) is elliptical and strictly unimodal, then by the same theorem d(−QA�(x) +
x, m) = d(−QB(x) + x, m) = DB(x) = DA�(x) and d(−QA�(x) + x, m) = DA�(x), where
d and m denote the Mahalanobis distance and reference point of L(u), respectively.
If y ∈ QA�(x), then y ∈ ClA� and d(−y + x, m) = DA� , thus y ∈ PA�(x) and hence
QA�(x) ⊂ PA�(x). �

In a sample of n observations, the defined concepts apply to the sample point, �x,
like they apply to any multivariate observation. In the common situation where the
observations are assumed to be statistically independent, the following useful theorem
holds.

Theorem 2. Suppose the observation �x has Gauss-Pearson decomposition �x = �µ + �u and the

random parts u1, . . . , un are statistically independent, then for any A ⊂ X the following equalities

hold:

DAn(�x)2 =
n

∑
i=1

DA(xi)
2

and PAn(�x) = ×n

i=1PA(xi),

and

EAn(�x) =
n

∏
i=1

EA(xi) and QAn(�x) = ×n

i=1QA(xi).

Proof. By statistical independence and the Pythagorean property, it holds d(−�y+�x, �m)2 =

∑n

i=1 d(−yi + xi, mi)2 from which the first equality is immediate. Further, it holds that
d(−�y +�x, �m) = DAn(�x) if and only if ∑n

i=1 d(−yi + xi, mi)2 = ∑n

i=1 DA(xi)2. By construc-
tion d(−y + x, m) = DA(x) if y ∈ PA(x), and d(−y + x, m) > DA(x) if y ∈ ClA � PA(x).
Thus for any y ∈ ClA the equality ∑n

i=1 d(−yi + xi, mi)2 = ∑n

i=1 DA(xi)2 is attained if
and only if (y1, . . . , yn) ∈ PA(x1)× · · ·× PA(xn), which shows the second equality. The
second pair of equalities are analogous to the first pair. �

If the projection is unique, then the most probable projection PA(x) is conventionally
interpreted as a point rather than as its one-point set, again because the risk of misun-
derstanding is minuscule. In such situations, therefore, the second equality of Theorem 2
can be written PAn(�x) = (PA(x1), . . . , PA(xn)), and the fourth equality similarly.

At first read these theoretical concepts may well appear abstract and therefore, to
some extent, inaccessible. In an attempt to mitigate this undesired phenomenon, the
determination of the most probable subset is illustrated through examples. Sections 4
and 5 discuss the common special cases regression analysis and principal component
analysis, but both sections are to an extent technical and therefore a few examples of the
very simplest kind are provided: determination of one-point subsets, or point estimation.
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Example 1 (Single observation). Let x = 0 be an observation with Gauss-Pearson de-
composition x = µ + u, where the distribution of the random part, L(u), is stan-
dard normal. For elliptical distributions the reference point is typically the median,
i.e. m = 0. Let further the indexed collection of subsets be {Aν} = {{ν}}ν∈[1,2]. Then,
DAν(x) = infy∈Aν d(−y + x, m) = d(−ν + 0, 0) = |ν|, since the Mahalanobis distance un-
der the standard normal distribution equals the Euclidean distance. Also, EAν(x) =
sup

y∈Aν
f (−y + x) = (2π)−1/2 exp(−ν2/2). Consequently, infν∈[1,2] DAν(x) = 1 and

supν∈[1,2] EAν(x) = (2πe)−1/2, bounds which are attained for D{1}(x) and E{1}(x). Hence
the most probable subset, under either criterion, is Aν = {1}, and the hypothesis gen-
erated is µ ∈ {1}, i.e. the hypothesis generated is that the ideal part of the observed
phenomenon is one, µ = 1.

In Example 1 the generated hypotheses are identical under both criteria, in the normal
distribution case a fact easily seen since the density function is a decreasing function of
the Mahalanobis distance. More generally, whenever the distribution of the random part,
L(�u), is a unimodal elliptical distribution it holds that the hypotheses generated under
the two statistical criteria are identical (see Ekström, 2012).

Example 2 (Biased observation). Suppose that the distribution of the random part in
Example 1 were N(−2, σ2), some σ > 0. Then m = −2 and DAν(x) = d(−ν + 0,−2) =
σ−1|ν− 2|, and thus the most probable subset out of the indexed collection Aν = {ν}ν∈[1,2]
is {2}. Since the distribution is unimodal elliptical, the same subset is most probable also
under the density criterion. Consequently, the hypothesis generated is that the ideal part
of the observed phenomenon is two, µ = 2.

In Example 2, notably, the most probable subset is not equal to that which is yielded
by the so-called method of generalized least squares. By Gauss’ least squares conjecture
(see Ekström, 2012, Corollary 11), the method of generalized least squares yields the
subset most probable under the density criterion if and only if the distribution is median
zero elliptical and unimodal.

Example 3 (Multiple observations). Let �x = (x1, x2, x3) be three real-valued observa-
tions of one phenomenon, thus µ1 = µ2 = µ3 = µ, and whose random parts are
statistically independent and standard normally distributed. Then the joint distribu-
tion of the random parts is L(�u) = N(0, I), where I is the identity matrix, a dis-
tribution which is median zero elliptical and unimodal. Suppose the indexed collec-
tion of one-point subsets is Aν = {ν}ν∈R, and thus the generated hypothesis satisfies
�µ ∈ A

3
ν = {ν}× {ν}× {ν} = {ν̆}, some ν ∈ R. By Theorem 2 the least distance satisfies

DA3
ν
(�x)2 = ∑3

i=1 DAν(xi)2 = ∑3
i=1 d(−ν + xi, 0)2 = ∑3

i=1(−ν + xi)2 = ��x − ν̆�2.
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Legendre (1805) showed that the sum of squares is minimized when ν equals the solu-
tion of his system of normal equations, and as a result when ν equals the arithmetic mean
x̄. Hence A

3
ν = {x̄}3 is determined to be the most probable subset out of the indexed col-

lection. In a historical remark, this fact is used by Gauss (1809) to reversely, through the
density criterion, motivate a normal distribution assumption. The hypothesis generated
is that the ideal part of the observed phenomenon is x̄, i.e. µ = x̄.

Example 4 (Bernoulli (1778)). Suppose that the random parts in Example 3 are statisti-
cally independent and identically distributed but have the semi-circle distribution, i.e.
the density function of each random part is f (z) = c [−r,r](z)(r

2 − z
2)1/2, where c is

a normalizing constant, B the indicator function of the set B, and r the greatest pos-
sible observational error. Then the joint distribution of the random parts, L(�u), is
supported on the cube [−r, r]3 and hence not elliptical. The greatest density satisfies
E{ν}3(�x) = ∏3

i=1 f (−ν + xi). In general, E{x̄}3(�x) < supν∈R E{ν}3(�x) and thus x̄, the
arithmetic mean, does not yield the most probable subset under the density criterion.
Bernoulli (1778) concluded that the arithmetic mean is inferior in this situation. In an
editorial comment, L. Euler noted that for large sample sizes n, optimizing the greatest
density, E{ν}n(�x), for ν by hand is unreasonably tedious, and Bernoulli’s method, there-
fore, practically unfeasible. In our time, needless to say, polynomials are effortlessly
optimized through computer assisted numerical optimization. For a numerical example,
if �x = (0, 2, 3) and r = 3, then the hypothesis generated under the density criterion is
µ ≈ 1.87, while the arithmetic mean is 5/3. The hypothesis generated under the distance
criterion is µ ≈ 1.59.

The existence of two statistical criteria that can yield different results all but certainly
raises the question: Which is better? Unfortunately, the question does not have a sim-
ple answer; both the distance and the density criterion have some properties that are
desirable and some that are undesirable. Ekström (2012) contains a discussion on the
properties of the two statistical criteria.

4. Example: Regression analysis

Regression analysis is a prominent special case of statistical hypothesis generation in
which subsets are restricted to graphs of functions of one or more observation-components
that are one-point distributed. These restrictions yield uniqueness of the projection,
which simplifies evaluation under the criteria considerably. Gauss (1809) made these
assumptions because Kepler orbits can be represented as graphs of functions of the time
variable, and the measurement error in time was in Gauss’ astronomy context considered
negligible relative to the errors in the measurements of the angles on the celestial sphere.
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The term regression analysis is the result of a quite unfortunate misunderstanding.
Regression originally referred to a certain observed phenomenon in hereditary biology,
and in the late nineteenth century Francis Galton and Karl Pearson used the method of
least squares in the study of this phenomenon (see, e.g., Pearson, 1896, for a review).
However, at some point people started using the term regression analysis as a reference
to the method employed rather than the phenomenon studied. Regression analysis,
in the modern sense, has applications far beyond hereditary biology; in fact it is at
present likely one of the methods most frequently used by the members of the scientific
community.

For the purpose of formalism, regression analysis is defined below.

Definition 1. Regression analysis is the determination of the most probable subset under
the supplementary assumptions that subsets are graphs of functions of one or more
observation-components that are one-point distributed.

From the assumptions of Definition 1, it follows that the space X is a product of
two spaces, one of which contains the one-point distributed observation-components,
and one that contains the other observation-components. Without loss of generality,
the observation-components are assumed ordered such that the one-point distributed
observation-components are first in order. Specifically, let X = D×R, and g be a func-
tion of the observation-components that are one-point distributed; then the domain of g

is D and the range is R, hence the notation.
Throughout this section, the bullet superindex is used to denote projection onto D,

e.g. x
• = π1(x) ∈ D, and the circle superindex used to denote projection onto R, e.g.

x
◦ = π2(x) ∈ R, where π denotes natural projection. Note that the spaces D and R

inherit group structure from X; specifically X is the direct sum of the normal subgroups
D × {0◦} and {0•} ×R where 0 is the identity element of X. The concrete example
X = Rp is common.

Because the component x
• is one-point distributed, it holds that the projection onto

the graph of g, G(g), is unique. Moreover, the projection is equal under both criteria
and has a very simple representation. These facts constitute the combination of wide
applicability and mathematical simplicity that makes regression analysis so attractive.
In the following paragraphs, these results are established in detail and summarized in
Theorem 4.

Projection under a one-point distribution is mathematically challenging because its
Mahalanobis distance does not exist. However, a standard mathematical technique is
to study limits, and if possible use them as a means to circumvent problems such as
division by zero. The following lemma is of interest.
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Lemma 3. Suppose {Fn} is a sequence of univariate absolutely continuous distributions con-

verging in law to a one-point distribution δ, then

lim
n→∞

dFn
(y, z) =

�
0 y = z,
∞ y �= z,

where dF denotes the Mahalanobis distance under the distribution F .

Proof. Let Fn denote the distribution function of Fn and F the distribution function of δ.
Since Fn is univariate and absolutely continuous,

dFn
(x, y) = �Φ−1 ◦ Fn(x)− Φ−1 ◦ Fn(y)�,

where Φ is the standard normal distribution function. First note that for all n, dFn
(x, x) =

0 by algebraic cancelation, hence the limit is zero. By assumption, limn Fn(x) = F(x) at
each point x where F is continuous, and F has only one point of discontinuity. Thus
if x �= y then at least one of Φ−1 ◦ Fn(x) and Φ−1 ◦ Fn(y) goes to ±∞, and the lemma
follows. �

Since every such sequence of Mahalanobis distances converges to the same limit, the
Mahalanobis distance for univariate one point distributions, dδ, is simply defined as that
limit. In the multivariate case, by statistical independence and the Pythagorean property
(see Ekström, 2011a) it follows

dδ(y, z) =

�
0 y = z,
∞ y �= z.

The distance is similar to the discrete distance in the sense that every pair of distinct
elements are equally distant. One interpretation of the distance dδ is that every two
distinct elements are infinitely dissimilar.

Let the Gauss-Pearson decomposition of the observation be written (x
•, x

◦) = (µ•, µ◦)+
(u•, u

◦), where µ and u denote the ideal and random parts respectively. By Definition 1,
u
• ∼ δ and u

◦ ∼ F for some non-degenerate distribution F . The least Mahalanobis
distance DD(x

•) is, through an application of the definition,

DD(x
•) = inf

y•∈D
dδ(−y

• + x
•, m

•),

which equals zero if y
• = x

• − m
• and infinity otherwise. Consequently, the least Ma-

halanobis distance DG(g)(x) satisfies, by statistical independence and the Pythagorean
property,

DG(g)(x) = dF (−g(x
• − m

•) + x
◦, m

◦).

Since the one-point distribution is elliptical, the distribution reference point, m
•, is typ-

ically the median, and most commonly the median is presumed to equal the identity
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element. Put differently, x
• is most commonly presumed an unbiased, or bias-corrected,

observation of µ•.
By an application of the definition, the most probable projection under the distance

criterion satisfies PG(g)(x) = (x
• − m

•, g(x
• − m

•)). In particular, if x
• is assumed to be

an unbiased observation of µ•, and m
• consequently to equal the identity element, then

PG(g)(x) = (x
•, g(x

•)), an expression likely familiar to many.
The results under the density criterion are identical. Since the one-point distribution

is discrete, its density function is defined with respect to the counting measure, and the
density function is {m•}. By statistical independence, the density function of the random
part u, fu, satisfies fu(y•, y

◦) = {m•}(y
•) fu◦(y◦), where fu◦ is the density function of

u
◦ ∼ F . Consequently, it follows that the greatest density satisfies

EG(g)(x) = fu◦(−g(x
• − m

•) + x
◦),

and that the most probable projection under the density criterion is QG(g)(x) = PG(g)(x).
The most probable projection, identical under both criteria, is sometimes referred to

as the fitted value, and denoted x̂ when the subset G(g) is clear from the context. The
projection residual satisfies e = −x̂ + x = (m•,−g(x

• − m
•) + x

◦), and if m
• is the

identity element and the binary operation is commutative then the expression reduces to
the familiar e

◦ = x
◦ − x̂

◦ = x
◦ − g(x

•).
The discussion thus far is summarized in the following theorem.

Theorem 4. Suppose x ∈ X = D×R is an observation with Gauss-Pearson decomposition

x = µ + u, g : D → R a function, and let x = (x
•, x

◦) ∈ D×R. If the random part of x
•
, u

•
,

has a one-point distribution with median m
•
, then the most favorable projection onto the graph

of g, G(g), under either the distance criterion or the density criterion is (x
• − m

•, g(x
• − m

•)).
Furthermore, if the random part of x

◦
, u

◦
, has distribution F with reference point m

◦
and density

function f , then the least Mahalanobis distance satisfies

DG(g)(x) = dF (e
◦, m

◦),

and the greatest density satisfies

EG(g)(x) = f (e◦),
where e

◦ = −g(x
• − m

•) + x
◦
.

Graphs are often a suitable class of subsets when there is an assumed functional rela-
tion between the ideal parts µ• and µ◦, i.e. µ◦ = g(µ•) some g : D → R. Kepler’s laws
is a good example of such a relation, in which the angles on the celestial sphere are as-
sumed function values of time. Sometimes, the function is referred to by the term model,
and the process of selecting a collection of functions {gθ}θ∈Θ and determining which
graph thereof is most probable by modeling. An element of {gθ} is sometimes referred
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to as a model candidate. If the collection of functions is a subset of the linear (monotonic,
logistic, polynomial, spline, et cetera) functions, then the determination of the most prob-
able subset is commonly referred to as linear (monotonic, logistic, polynomial, spline, et
cetera) regression. The method referred to as Analysis of Variance is also a special case
of Definition 1.

Example 5 (Elliptically distributed random part). Suppose that the sample point �x ∈ Rpn

has a random part �u◦ = (u◦
1, . . . , u

◦
n) that is elliptically distributed, L(�u◦) = F , with

median �m◦ = 0 and variance Σ. A common example of an elliptical distribution is the
normal distribution. Let � · �� = �Σ−1/2(·)�, where � · � denotes the Euclidean norm,
and note that ğ = (g, . . . , g) : Dn → Rn. By Gauss’ least squares conjecture (see Ekström,
2012) it holds for any function g0 in the collection {gθ}θ∈Θ that if

��x◦ − ğ0(�x
•)�� = inf

θ∈Θ
��x◦ − ğθ(�x

•)��

then
dF (�x

◦ − ğ0(�x
•), 0) = inf

θ∈Θ
dF (�x

◦ − ğθ(�x
•), 0),

and hence the method of generalized least squares, i.e. minimizing � · ��, yields the most
probable subset G(g0) under the distance criterion. If the functions gθ are linear, then
infθ∈Θ ��x◦ − ğθ(�x•)�� is attained by the solution of the normal equations, as shown by
Legendre (1805).

If the distribution F of the random part �u◦ also is unimodal, then by Gauss’ least
squares conjecture the same subset, G(g0), is also most probable under the density crite-
rion. Gauss’ determination of the most probable Kepler orbit (1809) is an example of the
present set of assumptions.

Example 6 (Independent and identically distributed random parts). A common assump-
tion is that the random parts u

◦
1, . . . , u

◦
n are statistically independent and identically dis-

tributed. By Theorem 2 the least distance DG(g)n(�x) satisfies

DG(g)n(�x)2 =
n

∑
i=1

dF (−g(x
•
i
− m

•) + x
◦
i
, m

◦)2,

where F denotes the identical probability distribution of each of the random parts
u
◦
1, . . . , u

◦
n, and m

◦ denotes the reference point of F . Through the equality, which fol-
lows from the Pythagorean property, the convenience of the independence assumption
is evident. Similarly, the greatest density EG(g)n(�x) satisfies

EG(g)n(�x) =
n

∏
i=1

f (−g(x
•
i
− m

•) + x
◦
i
),
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where f denotes the density function of F . Given a collection of functions {gθ}θ∈Θ,
the right-hand sides of the two equalities can be optimized through computer assisted
numerical optimization.

Example 7 (Interdependent random parts). Suppose that the random parts u
◦
1, . . . , u

◦
n are

interdependent with joint distribution L(�u◦) = F and density function f . An application
of Theorem 4 yields that the least Mahalanobis distance satisfies DG(g)n(�x) = dF (−ğ(�x•−
�m•) + �x◦, �m◦), and the least density satisfies EG(g)n(�x) = f (−ğ(�x• − �m•) + �x◦). Given a
collection of functions {gθ}θ∈Θ, optimization of the expressions yield the most probable
graphs under the distance criterion and the density criterion, respectively.

Because of the lack of modern computers in year 1809, Gauss was limited to cer-
tain collections of subsets, notably graphs of linear functions, and certain distributions,
such as the normal distributions. Present day members of the scientific community, in
contrast, are not subject to those constraints, and can freely determine the most proba-
ble graph given any collection of functions and any random part distribution through
straightforward application of Gauss’ method. For example, the monotonic functions
constitute a superset of the linear functions.

5. Example: Principal component analysis

Karl Pearson (1901) noted that in many applications Definition 1 is unsuitable because
all observation-components are subject to observational errors. As an example, Pearson
studied the stature of fathers versus that of their sons, an application in which Pearson
felt that it was difficult to argue that the measurements of the fathers are infinitely much
more accurate than those of their sons, or vice versa. As a result, Pearson proposed a new
method which is nowadays referred to as principal component analysis. For formalism,
principal component analysis is defined below.

Definition 2. Principal component analysis is the determination of the most probable
subset under the supplementary assumptions that the subsets are affine spaces and that
all observation-components are non-degenerate.

A linear space V is a set that is algebraically closed under addition and scalar multi-
plication. A linear space equals the set of all linear combinations of certain subsets of its
elements, and those subsets can be reduced to a specific number of linearly independent
elements, the number of which is referred to as the dimension of the space, dim(V). The
set of linear combinations of elements a1, . . . , ap ∈ X is denoted span{a1, . . . , ap}, and if
a1, . . . , ap are linearly independent and span{a1, . . . , ap} = V, then {a1, . . . , ap} is called
a basis of V. If W is a linear space included in V then W is called a linear subspace of
V. All finite dimensional linear spaces can be identified with Rp, some p.
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An affine space refers to a translated linear space {a0}+ V, where a0 ∈ X. Of course,
if a0 ∈ V then {a0} + V = V. Zero, one and two dimensional affine spaces are often
referred to as points, lines and planes, respectively, and in general an affine subspace is
often conceptualized as a hyperplane. If the observation x is an element of {a0} + V,
then it holds by the group structure of X that −a0 + x ∈ V. Thus if the most probable
one-point space {a0} is determined firstly, then the most probable linear subspace V

given the translated observations −a0 + xi, i = 1, . . . , n, can be determined secondly, and
hence theory of linear spaces can be leveraged.

Suppose x ∈ X = Rp is an observation with Gauss-Pearson decomposition x = µ + u

where the random part u has an elliptical distribution. The elliptical distribution is
assumed to have the zero element, denoted 0, as median, which can be assumed without
loss of generality since subtraction of the median yields an elliptical distribution with
identical parameters except for the median. Subtraction of the median of the random
part is in statistical settings sometimes referred to as bias correction. The following
theorem is of interest.

Theorem 5. Suppose the observation x has a Gauss-Pearson decomposition and that its ran-

dom part has a median zero elliptical distribution with density function f , then a most probable

projection under the distance criterion onto a linear subspace V ⊂ X = Rp
is given by

PV(x) =
q

∑
k=1

�
x

tΣ−1
ak

�
ak,

where x
t

is the matrix transpose of x, Σ the covariance parameter of the elliptical distribution,

and {ak}
q

k=1 an orthonormal basis of V. If x ∈ Int(supp( f )) then most probable projection is

unique.

Proof. Define �x, y� = x
tΣ−1

y, then (Rp, �·, ·�) is a Hilbert space and V a closed lin-
ear subspace thereof. The theorem then follows by Gauss’ least squares conjecture and
elementary Hilbert space theory (see, e.g., Kreyszig, 1989, Theorem 6.5-2). �

By Theorem 5, if the distribution of the random part is elliptical then the most proba-
ble projection under the distance criterion satisfies an explicit expression. Evidently, this
distributional assumption simplifies determination of the most probable subset consid-
erably. As a historical remark, Pearson (1901) assumed the standard normal distribution
which is median zero elliptical. Given any basis, an orthonormal basis can easily be de-
termined through the Gram-Schmidt process. Additionally, it holds that the projection
residual, e = −PV(x) + x, is orthogonal to V = span{a1, . . . , aq}. The following theorem
is useful.
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Theorem 6. Suppose the observation x has a Gauss-Pearson decomposition, that its random part

has a median zero elliptical distribution with a density function, and that V and W are orthogonal

linear subspaces, then

PV⊕W(x) = PV(x) + PW(x),

and

DV⊕W(x) = DW(−PV(x) + x),

where V ⊕ W denotes the direct sum of V and W.

Proof. Suppose {ak} is an orthonormal basis of V and {bl} an orthonormal basis of W,
then because the two subspaces are orthogonal {ak} ∪ {bl} is an orthonormal basis of
V ⊕ W. The statement then follows by Theorem 5, orthogonality and simple algebraic
substitution. �

The following theorem makes explicit the fact that under a median zero elliptical dis-
tribution assumption, the most probable affine subspace can be determined sequentially,
basis vector by basis vector. The orthonormal complement to a linear subspace is the
intersection of the orthogonal complement and the unit sphere, both with respect to the
inner product �x, y� = x

tΣ−1
y.

Theorem 7. Suppose the observation x has a Gauss-Pearson decomposition and that its random

part has a median zero elliptical distribution with a density function, then the most probable affine

subset under the distance criterion Aq = {a0}+ span{a1, . . . , aq} satisfies

d(−a0 + x, 0) = inf
a∈X

d(−a + x, 0),

and for k = 1, . . . , q

Dspan{ak}(−PAk−1(x) + x) = inf
a∈X

Dspan{a}(−PAk−1(x) + x),

where the latter infimum without restriction can be taken over the orthonormal complement of

span{a1, . . . , ak−1} = −{a0}+ Ak−1. Hence the elements a0, . . . , aq can be determined sequen-

tially.

Proof. Per definition, DA(x) = infy∈A d(−y + x, m). Since the distribution by assumption
is median zero elliptical, the reference point is zero by convention, and if A is a one-
point set the definition translates into D{a}(x) = d(−a + x, 0). The one-point sets can
be indexed by their one element a ∈ X, and hence the most probable one-point set
A0 = {a0} satisfies the first equation.

If A0 = {a0} is the most probable zero-dimensional affine space with respect to x, then
V0 = {0} is the most probable zero-dimensional affine, and linear, space with respect
to the projection residual −PA0(x) + x = −a0 + x. The second equation then follows
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by Theorem 6. The fact that the latter infimum without restriction can be taken over an
orthonormal complement follows by Theorem 5. �

Example 8 (Independent and identically distributed elliptical random parts). Suppose
that �x ∈ Xn = Rpn is a sample of n observations with Gauss-Pearson decomposition
�x = �µ + �u and the random parts u1, . . . , un are statistically independent and identically
elliptically distributed with median zero, variance Σ, and some density function. Let the
most probable q-dimensional affine space be denoted Aq = {a0}+ span{a1, . . . , aq}.

By independence and Theorem 2 it holds that DAn
q
(�x)2 = ∑n

i=1 DAq
(xi)2 and for all

k = 1, . . . , q,

Dspan{ak}n(−PAn

k−1
(�x) +�x)2 =

n

∑
i=1

Dspan{ak}(−PAk−1(xi) + xi)
2.

The right hand side of the above expression can be written more explicitly through the
identity DA(x) = d(−PA(x) + x, m) and the expression for PAk

(x) given by Theorems 5
and 7, i.e.

PAk
(xi) = a0 +

k

∑
l=1

((−a0 + xi)
tΣ−1

al)al ,

where a1, . . . , ak are orthonormal with respect to the inner product �x, y� = x
tΣ−1

y. In
particular, DAn

0
(�x)2 = ∑n

i=1 d(−a0 + xi, 0)2.
Through Theorem 7, the most probable affine space Aq = {a0} + span{a1, . . . , aq}

is then determined sequentially, from a0 through aq, where a0 satisfies ∑n

i=1 d(−a0 +
xi, 0)2 = infa∈X ∑n

i=1 d(−a + xi, 0)2, and for k = 1, . . . , q, ak satisfies
n

∑
i=1

Dspan{ak}(−PAk−1(xi) + xi)
2 = inf

a∈X

n

∑
i=1

Dspan{a}(−PAk−1(xi) + xi)
2,

where the latter infimum advantageously can be taken over the orthonormal complement
of span{a1, . . . , ak−1}. The elements a1, a2, a3, . . . are often referred to as the first, second,
third, and so forth, principal components.

Example 9 (Independent and elliptical random parts). Let the assumptions of Example 8
be relaxed so that the random parts are not identically distributed, but merely each
median zero elliptical with variances Σ1, . . . , Σn. Let di be the Mahalanobis distance
under L(ui), i.e. the probability distribution of ui. Relative to Example 8, the details are
similar with the differences that DAn

q
(�x)2 = ∑n

i=1 di(−PAq
(xi) + xi, 0)2, and

PAq
(xi) = a0 +

q

∑
k=1

((−a0 + xi)
tΣ−1

i
ak,i)ak,i,
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where the sequence (a1,i, . . . , aq,i) is orthonormalized, through e.g. the Gram-Schmidt
process, so that it is orthonormal with respect to the inner product �x, y�i = x

tΣ−1
i

y.

Example 10 (Standard normal random parts (Pearson, 1901)). Under the standard nor-
mal distribution, which is median zero elliptical, the Mahalanobis distance equals the
Euclidean distance, a fact which simplifies determination of the most probable affine
space quite considerably. Consequently, DAn

q
(�x) = � − PAn

q
(�x) + �x� and PAn

q
(�x) =

(PAq
(x1), . . . , PAq

(xn)) satisfies

PAq
(xi) = a0 +

q

∑
k=1

((−a0 + xi)
t
ak)ak,

where a1, . . . , aq are orthonormal with respect to the dot-product, �x, y� = x
t
y.

In this case, Hotelling (1933) discovered that the elements a1, . . . , aq can be determined
through the eigenvectors of the sample covariance matrix. In the same article, Hotelling
introduced the term principal component analysis.

Under the additional assumption that the distribution of the observation’s random
part is unimodal, Theorem 1 applies, yielding the following practical result which is
worthy of elevation into a theorem.

Theorem 8. Suppose the observation x has a Gauss-Pearson decomposition and that its random

part has a unimodal elliptical distribution with a density function, then the most probable affine

subset under the distance criterion, Aq, is also most probable under the density criterion, and

PAq
(x) ⊂ QAq

(x). If the random part has a strictly unimodal elliptical distribution, then the

most probable affine space under the density criterion is also most probable under the distance

criterion, and PAq
(x) = QAq

(x)

Proof. Every finite dimensional linear subspace Vq ⊂ Rp is closed, and therefore also the
affine space Aq = {a0}+ Vq. The result then follows by Theorem 1. �

6. Discussion

Hypothesis formulation is typically the easy part of the scientific process. As an exam-
ple, Alexander Fleming formulated his penicillium hypothesis in an instant, but subse-
quently had to spend many years trying to verify it. Testing hypotheses is often tedious,
technically difficult and not seldom very expensive.

The fact that a hypothesis has been formulated does not by itself constitute evidence
that the hypothesis holds true. This truism applies also if the hypothesis has been gener-
ated through Gauss’ semi-automated method. Bernoulli (1713) discussed this in detail,
and elevated the point into his eighth axiom: Something that is more probable than an
alternative should not be considered a certainty.
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While strictly an original contribution, the axiomatic theory developed in the present
article is built on time-tested ideas: Bernoulli’s fifth axiom, the Gauss-Pearson decom-
position, and Bernoulli and Pearson’s statistical criteria. Its lineage goes back to Gauss’
Theoria Motus, abstracting existing ideas into a more general theory. Its principles are
simple, understandable and sensible; yielding a theory that is self-contained and concep-
tually beautiful.

The hypothesis generated, which can be written on the form �µ ∈ A
n, is determined

by exactly four parts: a sample, �x, a Gauss-Pearson decomposition, �x = �µ + �u and
L(�u), a statistical criterion, and a collection of subsets, {Aθ}. Nothing more is needed
and nothing more is desired; those four parts determine which subset A ∈ {Aθ} most
probably satisfies �µ ∈ A

n. As a consequence, the theory is parsimonious in terms of
assumptions and thus relatively free of arbitrariness.

Even though the standards for scientific hypothesis formulation, by its very nature,
need not be as rigid as those for hypothesis testing, the scientific community can still
benefit from a theory of statistical hypothesis generation that is clear, coherent and un-
derstandable. If a method is understandable, then risks of misunderstandings and unin-
tentional errors are reduced. A theory that is clear and coherent, as opposed to one that
is unstructured and inconsistent, can also be of value in the teaching environment.
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