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A puzzle about conditionals and conditionalization

from the perspective of dynamic epistemic logic

Wesley H. Holliday

March 2, 2023

Abstract

Philosophers of language and formal epistemologists have discussed apparent violations of the rule of
Bayesian conditionalization involving indicative conditionals. We attempt to clarify this issue using an

analogy from dynamic epistemic logic.

Introduction

Recently there has been much discussion in the philosophy of language and formal epistemology of puzzles
like the following, drawn from Ciardelli and Ommundsen Forthcoming (also see, e.g., Goldstein and Santorio
2021; Khoo 2022; Fusco Forthcoming; McNamara and Zhang 2023). A fair six-sided die was rolled. After
learning that the die landed on an even number (Even), intuitively you should assign probability 1 to the
following indicative conditional: if the die landed on a low number, i.e., 1, 2, or 3, then it landed on 2
(Low > 2). Thus, we should have

Pregen(Low > 2) =1,

where Prgyen is your probability function on sentences after learning Even.! On the other hand, where Pr

is your prior probability function on sentences, we should also have

Pr((Low > 2) A Even) < Pr(Low > 2)
Pr(Even) ~  Pr(Even)

<1,

assuming that Pr(Low > 2) = % in line with Stalnaker’s Thesis (Stalnaker 1970) for simple indicative
conditionals. Thus, we have an apparent violation of the rule of Bayesian conditionalization, as usually
formulated using the ratio definition of conditional probability.? A similar puzzle arises for the epistemic
modal ‘must’ (O) if it is possible to have Pr(Even) = .5, Pr(OEven) < .5, and then Prgyen(CJEven) = 1.

To help resolve this puzzle, we will consider an analogy from dynamic epistemic logic (for introductions
to the field, see Pacuit 2013 and Baltag and Renne 2016). To keep things simple, let us restrict attention to

cases of learning non-conditional and non-modal sentence like Even.

1Below we will discuss probabilities of propositions instead of sentences.
20f course, one response is to say that it does not make sense to assign probabilities to indicative conditional sentences, but
for the purposes of this note, let us assume the position of those who think that it does make sense.



Dynamic epistemic logic
We need only consider the most basic dynamic epistemic system (known as Public Announcement Logic).

Consider a formal language £ generated by the grammar

pu=plopl(eAe) | Op | elp

where p belongs to a set Prop of propositional variables. The material conditional — and material bicondi-

tional <> are defined using — and A as usual. We interpret O as epistemic necessity and read [p]¢ as “after

”

information update with ¢, 9.
We define when a formula is true relative to a pair M = (W, V) of a nonempty set W and a valuation

V : Prop — p(W), a world w € W, and a set i C W of epistemic possibilities® with w € i, as follows:
1. Myw,iEpiff we V(p);
2. Myw,iE —p iff M,w,i ¥ ¢;
3. Myw,iEF oAy iff M,w,iE @ and M, w,iF ¢;
4. M,w,iF Oy iff for all v € i, M,v,i E ¢;
5. M,w,iE [p|y iff M,w,ikE ¢ implies M, w,iN [p] " E 4,

where [p]M¢ = {u € W | M,u,iF ¢}. Say a formula is valid if it is true relative to all such triples.

A basic exercise

One of the first facts that students of dynamic epistemic logic learn is that there is a valid law that allows

us to calculate what is known after information update in terms of what is true in the prior state:

[p]O

Students are asked to fill in the blank. The instructor expects that the first answer will be
NAIVE CONDITIONALIZATION: [p]0¢ <> (¢ — O — ).

However, this is not a valid principle for all ). The reason is that our language contains the modal operator
[ that is sensitive to the set ¢ that is modified by information update. For example, take ¢ to be p and
to be Op. Then the relevant instance of NAIVE CONDITIONALIZATION is

[p]0O0p < (p — O(p — Op).

But suppose that W = {w, v}, V(p) = {w}, and i = W. Then it is easy to see that at M, w, 1, the left-hand
side is true while the right-hand side is false, because M, w, i F p but M, w, i ¥ Op.
After appreciating the mistake of NAIVE CONDITIONALIZATION, students learn the answer of

CORRECT CONDITIONALIZATION: [¢][0¢) <> (¢ — O(¢ — [p]))).

3A more standard presentation in dynamic epistemic logic uses an accessibility relation R, so R(w) = {v € W | wRv}
appears in place of 7 in the truth definition, and information update changes R; but the presentation with 7 is just the special
case where R(w) = R(v) for all w,v € W, and this presentation is more familiar in the philosophy of language (Yalcin 2007).



It is not hard to see that this principle is valid for all ¥. In the example above, we have the instance

[pO0p < (p — O(p — [p]Op),

and while above we had M, w, i ¥ Op, now we have M, w,i E [p]Op, so M, w,: E O(p — [p|dp).

The same point again with probability

To make essentially the same point with probability, we add to our model M a probability measure p on
propositions, i.e., u : (W) — [0,1]. This can be lifted to a probability function p** : £ — [0,1] on
sentences by pi(y) = p([12]**). Now suppose that when learning a proposition £ C W with u(E) # 0,
we update p by standard Bayesian conditionalization: pgp(A) = u(ANE)/u(E). Then in the spirit of NAIVE
CONDITIONALIZATION, one might think that one’s probability function for sentences should update similarly:

MY A )

Mii _
R

But it is easy to see this is a mistake. Add a measure p to the example above so that u({w}) = p({v}) = .5.
Then initially the probability of Op is 0, whereas after updating with p, the probability of Op should be 1,
so the ratio equation above for the probabilities of sentences after update is incorrect. The correct equation

with its derivation is

(o) = ()™ (@)
= uwwwww”“ﬁﬂMv
p([MNI™ 0 [p] M)
([l M)
w([[elw A @]M)
u([e]™M)
M ([@le A o)
pMi(p)

: (1)

As in the previous section, the correct equation replaces ¥ in the naive equation with [p]1.

A non-contextualist presentation

Above we explained dynamic epistemic logic in a “contextualist” style, where the set of worlds at which [Cp
is true before update with p (namely, @) is different than the set of worlds at which Op is true after update
with p (namely, W). But there is a mathematically equivalent non-contextualist presentation, developed in
Holliday et al. 2012 and Wang and Cao 2013. In this approach, information update is modeled by transitions
within a model rather than by updating an information state . A model is now a tuple N' = (W, f, R, V)
where W is a nonempty set, f is a partial function such that for all w € W and A C W, if f is defined
at (w, A), then f(w,A) € W,* R is an equivalence relation on W, and V : Prop — @(W) as before. Of

course, f is reminiscent of Stalnaker’s (1968) selection function semantics for conditionals. Given w € W,

4In fact Holliday et al. 2012 and Wang and Cao 2013 use a formula ¢ in place of the proposition A, but this is immaterial;
we can set f(z, A) to be undefined in their models if A is not definable by a formula.



R(w) = {v € W | wRwv} is the set of epistemically accessible worlds from w. Now the key fact is that one
can impose constraints on such models (see Definition 33 of Wang and Cao 2013) so that we get precisely

the same logic for L as before but with the following alternative semantic clauses for O and [p]:
o N,wk Oy iff for all v € R(w), N,v FE ¢;
o N,wE (gl iff N'yw F ¢ implies NV, f(w, [¢]V) F 1.

Since we get precisely the same logic, the correct answer to the fill-in-the-blank question is still CORRECT
CONDITIONALIZATION rather than NATVE CONDITIONALIZATION. But this approach is non-contextualist in
the sense that there is just one set of worlds where p is true, namely [Op]Y = {v € W | N,v & Op},
which does not change pre- and post-update by p.° As a consequence, when we bring probability into the
picture, we can no longer use Bayesian conditionalization on propositions: for if there is just one proposition
expressed by Up, and we initially assign that proposition probability 0, then we can never move to assigning
it probability 1 by Bayesian conditionalization. We again lift u : (W) — [0,1] to u : £ — [0,1] by
N () = u([¢]?Y). But now suppose that when learning F, we update our probability measure by what we

will call f-conditioning:®

_m{we E| f(w,E) € A})

Then we obtain precisely the same equation for updating the probabilities of sentences as before:

W )e@) = ()Y (%)
= pgar ([WIY)
p({w € [l | fw, [e]V) € [WIV})
u([e]V)

(e A fo]e]™)

1([e]N)
1N ([l A o)

Np)

Thus, regardless of whether we give a contextualist treatment of our language with Bayesian condition-

(2)

alization to update probabilities of propositions or a non-contextualist treatment of our language with f-
conditioning to update probabilities of propositions, we get the same result for updating probabilities of

sentences, which is not the naive result.

Completing the analogy

Let us return to the initial puzzle. The point of our analogy with dynamic epistemic logic is that thinking
that the probability of an indicative conditional after updating with (non-conditional and non-modal) ¢

should be given by

5Yet we can still give this approach a contextualist spin. Given an equivalence class C' of the relation R, define [[ElpﬂN’c =
{w € C | N,w E UOp}. Then we can think of Up as expressing ﬂDpﬂN’R(“’) pre-update and ﬂDp]]N’R(f(w*[[P]]N)) post-update.

6This differs significantly from Lewis’s (1976) imaging. For us, w € E does not imply f(w,E) = w, as it would with
Stalnaker’s (1968) selection functions used for Lewisian imaging. In particular, we may have w € [[pﬂN but w ¢ ﬂDp]]N, but we
always have f(w, [p]V) € [Op]" in the framework of Wang and Cao 2013, § 4, in which case w # f(w, [p]V).



NAIVE BAYESIAN CONDITIONALIZATION:

Pr((¢y > x) A g)
Pr(p)

Pry(¢ > x) =

is committing a mistake analogous to that of the student of dynamic epistemic logic whose first guess above
is NAIVE CONDITIONALIZATION. Like [, the indicative conditional > is sensitive to information update, so
of course NAIVE BAYESIAN CONDITIONALIZATION could not be correct.

The analogy also points the way to a solution to the initial puzzle. In the dynamic epistemic case, to
work out what is known after information update in terms of what is the case beforehand, we need to think
not about the pre-update truth of ¢ but rather about the pre-update truth of [¢]y. Similarly, to work out
the probability of an indicative conditional after information update in terms of pre-update probabilities, we
need to think not about the pre-update probability of ¢ > x but rather about the pre-update probability of
@ > (¢ > x). In particular, we should have

CORRECT BAYESIAN CONDITIONALIZATION:

Pr((e > (¢ >x))Ayp)
Pr(y) ’

Pro(¥ > x) =

as an instance of the following more general law (again for non-conditional and non-modal ¢) that McNamara

and Zhang (2023) call CONDITIONAL CONDITIONALIZATION, which is perfectly analogous to (1) and (2):

Pr((p>x) Ay) 3)

Preb) = =)

Applying this to the initial puzzle, intuitively we should have
Pr(Even > (Low > 2)) =1, and

Pr((Even > (Low > 2)) A Even) = .5,

S0
Pr((Even > (Low > 2)) A Even)

Pr(Even)

Preyen(Low > 2) = = —2 =1,

as desired. Of course, if (¢ > (¢ > X)) A ¢ were equivalent to (¢» > x) A ¢, then there would be no
difference between CORRECT and NAIVE BAYESIAN CONDITIONALIZATION. But the case of the die is
precisely the kind of case that motivates the denial of that equivalence (McGee 1985, Santorio 2022, § 4.2):
while Pr(Even > (Low > 2)) A Even) = .5, we have Pr(Low > 2) = %, so Pr((Low > 2) A Even) < £. On the
other hand, most authors agree that when ¢ and y are non-conditional and non-modal, then (p > x) A @
is equivalent to x A ¢, in which case standard Bayesian conditionalization drops out of CONDITIONAL
CONDITIONALIZATION as a special case for non-conditional and non-modal sentences.”

If a conditional is probabilistically independent of its (again non-conditional and non-modal) antecedent,

"But when ConpITIONAL CONDITIONALIZATION deviates from standard Bayesian conditionalization, is an agent who follows
ConpITIONAL CONDITIONALIZATION susceptible to Dutch books? McNamara and Zhang (2023) prove that such an agent is
in fact immune to Dutch books provided we understand information update in a particular way. They also observe that
ConpiTioNAL CONDITIONALIZATION leads to violations of conglomerability, the requirement that min{Pr,(x), Pr-,(x)} <
Pr(x) < max{Pry(x), Pr-4-(x)}. But from the point of view of dynamic epistemic logic developed above, conglomerability
cannot be right for probabilities of sentences. A simple counterexample takes ¢ to be p and x to be Op vV O—-p. Then
min{Pr,(Op V O-p), Pr—,(0Op V O-p)} = min{1,1} = 1 even if Pr(0p Vv O-p) =0.



in the sense that Pr(¢ > x) = Pr(¢ > x | ¢) := Pr((¢ > x) A¢)/Pr(y), then CONDITIONAL CONDI-
TIONALIZATION is equivalent to what Goldstein and Santorio (2021) call the UPDATE THESIS from McGee
1989, p. 504: Pry(x) = Pr(yp > x). However, there are apparent counterexamples to such probabilistic in-
dependence and to the UPDATE THESIS (McGee 2000; Kaufman 2004). Here is a simple version of such
a counterexample:® Urn A contains 10 marbles, 8 of which are red and all of which are spotted; Urn B
contains 10 marbles, 2 of which are red and none of which are spotted. You choose an urn by flipping a
fair coin, and then you randomly pick a marble from the chosen urn. Thus, Pr.q4(spotted) = .8, but one
can reasonably have Pr(red > spotted) = .5, since red > spotted is true if and only if Urn A is chosen. If
this is correct, then it is a counterexample to the UPDATE THESIS. But it is consistent with CONDITIONAL
CONDITIONALIZATION. Since plausibly (red > spotted) A red is equivalent to spotted A red, we have

Pr((red > spotted) Ared) _ Pr(spotted Ared) .4
Pr(red) B Pr(red) 5

Pred(spotted) = — 8
so there is no contradiction with CONDITIONAL CONDITIONALIZATION.

Though our analogy with dynamic epistemic logic falls far short of a proof that CONDITIONAL CONDI-
TIONALIZATION is correct, hopefully it at least suggests that philosophers of language and formal epistemol-
ogists may benefit from considering the lessons learned about information update in the context of dynamic

epistemic logic.”
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