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Abstract
Essays in Panel Data and Network Econometrics
by
Kevin Dano
Doctor of Philosophy in Economics
University of California, Berkeley

Professor Bryan S. Graham, Chair

This dissertation studies how to leverage the unique characteristics of panel and network
data, particularly repeated observations and symmetries, to recover the structural parame-
ters of three econometric models of theoretical and applied interest.

In Chapter 1, I study parameter identifiablility and estimation of dynamic discrete choice
models with strictly exogenous regressors, fixed effects and logistic errors. Specifications of
this kind are popular in Labor Economics and Industrial Organization to disentangle the
sources of serial persistence in agents’ decisions. The primary challenge lies in the nonlin-
earity of these models, making the treatment of fixed effects difficult in short panel settings.
I introduce a new method that exploits the structure of logit-type probabilities and elemen-
tary properties of rational fractions to derive moment restrictions in a broad class of models.
This includes binary response models of arbitrary lag order as well as first-order panel vec-
tor autoregressions and dynamic multinomial logit models. These moment restrictions are
free from the fixed effects and provide a natural way to estimate the common parameters
via the Generalized Method of Moments. I further establish the identification of a class of
average marginal effects which are often of importance in empirical work. The approach is
illustrated through an analysis of the dynamics of drug consumption amongst young people
in a nationally representative sample.

In Chapter 2, coauthored with Stéphane Bonhomme and Bryan Graham, we study identi-
fication in a binary choice panel data model with a single predetermined binary covariate
(i.e., a covariate sequentially exogenous conditional on lagged outcomes and covariates). The
choice model is indexed by a scalar parameter 6, whereas the distribution of unit-specific het-
erogeneity, as well as the feedback process that maps lagged outcomes into future covariate
realizations, are left unrestricted. This setup departs from Chapter 1 which imposed strict
exogeneity of explanatory variables, effectively ruling out any influence of past outcomes on



covariates. In this framework, we provide a simple condition under which 6 is never point-
identified, no matter the number of time periods available. This condition is satisfied in
most models, including the logit one. We also characterize the identified set of § and show
how to compute it using linear programming techniques. While 6 is not generally point-
identified, its identified set is informative in the examples we analyze numerically, suggesting
that meaningful learning about # may be possible even in short panels with feedback. As a
complement, we report calculations of identified sets for an average partial effect, and find
informative sets in this case as well.

In Chapter 3, I present an approach to address network endogeneity in a linear social inter-
action model. I consider a setting wherein individual-specific latent random effects influence
both outcomes and link formation modelled as a conditionally independent dyad process.
Using the exchangeability properties of the framework, I show that controlling or matching
individuals by degree-centrality can be sufficient to eliminate the omitted variable bias in-
duced by endogenous peer selection. I leverage this result and insights from Bramoullé et al.
(2009) for the case of exogenous friendships to present two simple strategies for the identifi-
cation and estimation of social effects. Asymptotic properties of the proposed estimators are
derived for clustered samples and I illustrate their performance in Monte Carlo simulations.



A mes parents, N'Déye Dano et Pierre Dano.
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Chapter 1

Transition Probabilities and Moment

Restrictions in Dynamic Fixed Effects
Logit Models

1.1 Introduction

The analysis of state dependence is a classic and important topic in many areas of eco-
nomics. Several discrete processes such as welfare and labor force participation manifest
strong serial persistence, and economists have sought various methods to unravel the un-
derlying factors. In this chapter, we reexamine the estimation of one notable set of models
employed for this purpose: discrete choice models with lagged dependent variables, strictly
exogenous regressors, fixed effects and logistic errors. We shall refer to this class of models as
dynamic fixed effects logit models (DFEL) throughout. Specifications of this kind are used
to discriminate between “structural” state dependence, i.e the causal effect of past choices
on current outcomes, and heterogeneity, i.e the serial correlation induced by unobserved in-
dividual attributes (Heckman (1981)). An example of this approach is the analysis of welfare
participation in Chay et al. (1999). There has been considerable interest in this family of
panel data models in econometrics, with a recent surge in attention following new develop-
ments reported in Honoré and Weidner (2020). One general reason is that DFEL models
stand out as a rare case of nonlinear dynamic panel data models for which solutions to the
incidental parameters problem (Neyman and Scott (1948)) and initial conditions problem
(e.g Heckman (1981)) have been known to exist in short panels'.

In the “pure” version of the basic model which abstracts from covariates other than a first
order lag, Cox (1958a), Chamberlain (1985b) and Magnac (2000) showed that the autore-
gressive parameter can be consistently estimated by conditional likelihood. This approach

IThe incidental parameters problem refers to the general inconsistency of maximum likelihood in short
panels. The initial conditions problem refers to the general difficulty of formulating a correct conditional
distribution for the initial observations given the fixed effects and covariates.



relies on the existence of a sufficient statistic linked to the logistic assumption to eliminate
the fixed effect. In an important subsequent paper, Honoré and Kyriazidou (2000) extended
this idea to a setting with strictly exogenous regressors and showed that the conditional
likelihood approach remains viable if one can further condition on the regressors being equal
in specific periods. This strategy was also found to be effective in dynamic multinomial logit
models (Honoré and Kyriazidou (2000)), panel vector autoregressions (Honoré and Kyriazi-
dou (2019)) and dynamic ordered logit models (Muris et al. (2020). At the same time, it has
also been noted that the necessity to be able to “match” the covariates imposes two limita-
tions for the conditional likelihood approach: it inherently rules out time effects and implies
rates of convergence slower than /N for continuous explanatory variables. Furthermore,
calculations from Honoré and Kyriazidou (2000) suggested that it does not easily extend to
models with a higher lag order. These shortcomings have motivated the search for alterna-
tive methods of estimation.

Recently, Kitazawa et al. (2013, 2016) and Kitazawa (2022) revisited the AR(1) logit
model - autoregressive of order one - of Honoré and Kyriazidou (2000) and proposed a
transformation approach that deals with the fixed effects without restricting the nature of
the covariates besides the conventional assumption of strict exogeneity. Their methodology
leads to moment restrictions that can serve as a basis to estimate the model parameters at
v/N-rate by GMM; even with continuous regressors. In parallel work, Honoré and Weidner
(2020) also derived moment conditions for the AR(1), AR(2) and AR(3) logit models in
panels of specific length using the functional differencing technique of Bonhomme (2012).
Their approach is partly numerical and relies on symbolic computing (e.g Mathematica) to
obtain analytical expressions but has a wider scope of potential applications, e.g dynamic
ordered logit specifications (Honoré et al. (2021)). In another recent paper, Dobronyi et al.
(2021), the authors analyze the full likelihood of AR(1) and AR(2) logit models with discrete
covariates under a new angle that reveals a connection to the truncated moment problem in
mathematics. Drawing on well established results in that literature, they derive moment
equality and new moment inequality restrictions that fully characterize the sharp identified
set.

In this chapter, we introduce a new systematic approach to construct moment restric-
tions in DFEL models with additive fixed effects, i.e when fixed effects are heterogeneous
“intercepts”. This class of models encompasses most specifications studied in prior work
but excludes models with heterogeneous coefficients on lagged outcomes and/or regressors
as in Chamberlain (1985b) and Browning and Carro (2014). Unlike some recent competing
approaches, we do not require numerical experimentation nor symbolic computing. Rather,
as we shall see in examples, we exploit the common structure of logit-type transition proba-
bilities and elementary properties of rational fractions, to obtain analytic expressions for the
identifying moments. We shall focus our attention on deriving valid moment functions for
AR(p) models with arbitrary lag order p > 1 as well as first-order panel vector autoregres-
sions and dynamic multinomial logit models (Magnac (2000)).

Our methodology exploits two key observations. First, the transition probabilities of
logit-type models can often be expressed as conditional expectations of functions of observ-



ables and common parameters given the initial condition, the regressors and the fixed effects.
We shall refer to these moment functions as transition functions. They have the important
feature of not depending on individual fixed effects. Second, as soon as T' > p + 2, where T
denotes the number of observations post initial condition, many transition probabilities in
periods t € {p+1,...,T — 1} admit at least two distinct transition functions. The combi-
nation of these two features motivates a two-step approach to obtain moment restrictions in
panels of adequate length. In the first step, we shall compute the model transition functions.
Then, the second step will simply consist in differencing two transition functions associated
to the same transition probability. We show that a careful application of this procedure
delivers all the moment equality restrictions available in the binary response case. We shall
further elaborate on these steps in examples and use the resulting moment functions to de-
rive new identification results. At a high level, the approach we advocate in this chapter
consists in solving a sequence of problems with identical structure period by period instead
of solving directly a large system of equations based on the model full likelihood as in Honoré
and Weidner (2020) and Dobronyi et al. (2021). As a consequence, our procedure remains
tractable when the number of time periods increases and in models with higher order lags.
Besides the aforementioned papers, our work also connects to a line of research studying
the identification of features of the distribution of fixed effects in discrete choice models.
One branch in this literature has focused on developing general optimization tools to com-
pute sharp numerical bounds on average marginal effects. This includes most notably the
linear programming method of Honoré and Tamer (2006), recently adapted by Bonhomme
et al. (2023) to the case of sequentially exogenous covariates, and the quadratic programming
method of Chernozhukov et al. (2013). A second branch in this literature has sought instead
to harness the specificities of logit models to obtain simple analytical bounds. In static
logit models, Davezies et al. (2021) exploit mathematical results on the moment problem to
formulate sharp bounds on the average partial effects of regressors on outcomes. In DFEL
models, Aguirregabiria and Carro (2021) are the first to prove the point identification of
average marginal effects in the baseline AR(1) logit model when 7" > 3. In related work,
Dobronyi et al. (2021) make use of their moment equality and moment inequality restric-
tions to establish sharp bounds on functionals of the fixed effects such as average marginal
effects and average posterior means in AR(1) and AR(2) specifications. We complement
these results as a byproduct of our methodology: average marginal effects and their variants
in AR(p) models, with arbitrary p > 1 are merely differences of average transition functions.
The remainder of the chapter is organized as follows. Section 1.2 presents the setting
and our main objective. Section 1.3 introduces some terminology and gives an outline of
our procedure to construct moment restrictions. Section 1.4 implements our approach in
AR(p) logit models with p > 1 and discusses identification of model parameters and average
marginal effects. The semiparametric efficiency bound for the AR(1) is also presented for
the base case of four waves of data. Section 1.5 discusses extensions to the VAR(1) and
the dynamic multinomial logit model with one lag, MAR(1) for short. In Section 1.6, we
present an empirical illustration on the dynamics of drug consumption amongst young people
and Section 1.7 offers concluding remarks. A complementary set of Monte Carlo simulations



showing the small sample performance of GMM estimators based on our moment restrictions
is available in Appendix Section 1.8.4. Proofs are gathered in the Appendix.

1.2 Setting, assumptions and objective

Let ©+ = 1,..., N denote a population index and ¢ = 0,...,7T be an index for time. We
study DFEL models which may be viewed as threshold-crossing econometric specifications
describing a discrete outcome Yj; through a latent index involving lagged outcomes (e.g
Yii—1), strictly exogenous regressors X;;, an individual-specific time-invariant unobservable
A; and an error term €;. The canonical example is the AR(1) model:

Yie = H{yoYi1 + X060 + A — € >0}, t=1,...,T

and we shall concentrate more broadly on cases where A; is additively separable from the
other explanatory variables. An initial condition that we will generically denote Y,” com-
pletes such models to enable dynamics. The common parameter 6, is one target of interest
and governs the influence of lagged outcomes and the regressors on the contemporaneous
outcome. Other quantities of interest include counterfactual parameters such as average
marginal effects.

Throughout, we leave the joint distribution of (Y,?, X, A;) unrestricted where
X; = (Xi, ..., Xir) and thus refer to A; as a fixed effect in common with the literature. The
schocks €;; are assumed to be serially independent logistically distributed, independent of
(Y, X;, A;), except for the MAR(1) model where they are instead extreme value distributed.
Finally, we shall assume that (V;, Y%, X;, A;) are jointly i.i.d across individuals.

The data available to the econometrician consists of the initial condition Y;?, the outcome
vector Y; = (Yj1,...,Yir), and the covariates X; for all N individuals. Interest centers
primarily on the identification and estimation of 6, in short panels, i.e for fixed 7. To
this end, the chief objective of this chapter is to show how to construct moment functions
Yy(Y;, Y2, X;) free of the fixed effect parameter that are valid in the sense that:

E [¢o,(Y;, Y}, Xi) | Y, X3, Ai] = 0 (1.1)
When this is possible, the law of iterated expectations implies the conditional moment:
E [0, (Y:, Y, X0) |V, Xi] = 0

which can in turn be leveraged to assess the identifiability of 6y and form the basis of
a GMM estimation strategy. This is the central idea underlying functional differencing
(Bonhomme (2012)) and was applied by Honoré and Weidner (2020) to derive valid moment
conditions for a class of dynamic logit models with scalar fixed effects. We borrow the same
insight but instead of searching for solutions numerically on a case-by-case basis, we propose



a complementary systematic algebraic procedure to recover the model’s valid moments 2.
In doing so, we flesh out the mechanics implied by the logistic assumption which in turn
suggest a blueprint to deal with estimation of general DFEL models. For example, we are
able to characterize the expressions of valid moment functions in AR(p) models for arbitrary
p > 1 which to the best of our knowledge is a new result in the literature. Furthermore,
our approach carries over to multidimensional fixed effect specifications: VAR(1), dynamic
network formation models and the MAR(1) in which searching for moments numerically is
cumbersome or intractable.

In what follows, we shall use the shorthand Ylif = (Yi,, ..., Ys,) to denote a collection of
random variables over periods t; to o with the convention that Y;ﬁ = () if t; > to. Likewise,
we may use the notation y;> = (v, ..., %,) to denote any (f» —t1)-dimensional vector of reals

with the convention yff = () for t; > t5. Elements 1,, and 0,, shall refer to the n-dimensional
vectors of ones and zeros respectively. The support of the outcome variable Y;; shall be
denoted ). We let A denote the first-differencing operator so that AZ;; = Z;; — Z;; 1 for any
random variable Z;; and make use of the notation Z;, = Z;; — Z;, for s # t to accommodate
long differences. We use 1{.} for the indicator function; Im(f), ker(f), rank(f) to denote
the image, the nullspace and the rank of a linear map f.

1.3 Outline of the procedure to derive valid moment
functions

Let T > 1. Given an initial condition y° € Y?, p > 1 being the lag order of the model,
and strictly exogenous regressors X; € RE=*T e denote the (one-period ahead) transition
probability in period ¢ > 1 from state (I,y°) € V! x JP to state k € Y as:

a5 (A, X)) = 7P (A X 00) = P(Yier = k| Y2 =0, Y4 =11, X3, Ay)

With p lags, the markovian nature of the models considered in this chapter imply that

t ,0
ﬂf by (A;, X;) will not depend on the entire path of past outcomes but only on the value of
the most recent p outcomes. For instance, in an AR(1) model where p = 1, we have:

t .0
T (A Xg) = P(Yan = k| Y0 = %, Vi = 18, Xi, Ap) = P(Yan = k| Ya = 1, X;, A)

and thus we will suppress the dependence on (y°,1;,...,l;_;) and write ﬂf e (A;, X;). We
shall proceed analogously for the more general case p > 1.

t ,0
We call a transition function associated to a transition probability Wf by (A;, X;) any

2Dobronyi et al. (2021) and Kitazawa (2022) also have an algebraic approach but our methodologies are
very different. The first paper uses the full likelihood of the model and focuses on the AR(1) and special
instances of the AR(2) model. The second paper has a transformation approach adapted to the AR (1) model.
Our emphasis here is primarily on developing an approach that is tractable for a large class of models.



t .0
moment function ¢z‘ll’y (Y;, Y2 X;) of the data and the common parameters verifying:

E [ gp (Y, Y2, X)) [ VP, X, Ay| = w0 (4;, X)) (1.2)

With these notions in hand, we are ready to describe our two-step approach to derive valid
moment functions in the sense of equation (1.1). In Step 1), we begin by computing the
model’s transition functions. Our procedure requires a minimum of 7" = p + 1 periods of
observations to accommodate arbitrary regressors and initial condition. In this case, we can
get analytical formulas for the transition functions associated to the transition probabilities
in period t = p and Theorem 1 and Theorem 3 below imply that they are unique. However,
this is not immediately helpful to get moment (equality) restrictions on 6. We require one
more period. As soon as T > p+2, we explain how to construct distinct transition functions
associated to the same transition probabilities in periods ¢t € {p + 1,...,T — 1}. The key
ingredient is the use of partial fraction decompositions for rational fractions adapted to the
structure of the transition probabilities. It is then a matter of taking differences of two
transition functions associated to the same transition probability to obtain valid moment
functions; we refer to this last step as Step 2). The ensuing sections demonstrate this
procedure in scalar and multidimensional fixed effect models.

1.4 Scalar fixed effect models

1.4.1 Moment restrictions for the AR(1) logit model

For exposition, we begin with the baseline AR(1) logit model with fixed effects introduced
above:

Y =1{vYi1+ X, fo+ A —ex >0}, t=1,....T (1.3)

Here, Y = {0,1}, 6y = (70, }) € R x R+ the initial condition Y;" consists of the binary-
valued random variable Y;y and A; € R.

1.4.1.1 The number of moment restrictions in the AR(1)

We start out by enumerating the moment restrictions implied by the model. This will
provide a means to assess the exhaustiveness of our approach. To this end, let &, , denote
the conditional expectation operator mapping any function of the outcome variable Y; to its
conditional expectation given Y;o = 39, X; = x and the fixed effect A;, i.e

Epa: RY — RE
¢(ay07$) — E [gb(}/;ayOax)D/;O = y())Xi = ZI),A,’ = ]

For example, for any y € Y7, &, . []1{ = y}} yields the conditional probability of observing
history y for all possible values of the fixed effect, i.e:

gyo,w []1{ = Z/}] = P(Y% = y|Y1;0 =, X; = x, A = )



where P(Y; = y|Yio = 40, Xi = 2, 4; = a) =[] enlon-1tofore) oy e R Then, we have

PL ST

the following result,

Theorem 1. Consider model (1.3) with T' > 1 and initial condition yo € Y. Suppose that
forany t,s € {1,....T =1} and y,§ € YV, vy + wfo # Wy + @ bo if t # s ory # 4.
Then, the family F,,r = {1, ol (), (w2, x),wi'l(.,m))tT:’ll} of size 2T forms a basis of

Im(€,,.) and dim (ker(&,,,)) =27 — 2T

Theorem 1 formalizes the intuition that the transition probabilities summarize the parametric
component of the model: 27 histories are possible yet only 27" basis elements are necessary
to fully characterize their conditional probabilities. This follows from the observation that
when the covariate index ? of each transition probability differ, the conditional probability
of each history y € V7 is a ratio of polynomials in e?, where the numerator has lower degree
than the denominator, and the later is a product of distinct irreducible terms. A sufficient
condition for this is that vy # 0 and that one regressor is continuously distributed with
non-zero slope. In turn, standard results on partial fraction decompositions ensure that this
ratio can be expressed as a unique linear combination of transition probabilities. To finally
conclude that F,, r is a basis of Im(&,, ,), we leverage upcoming results demonstrating that
the transition probabilities live in Im(&,, ) as expectations of transition functions.

Importantly, since ker(&,, ;) is the set of valid moment functions verifying equation (1.1),
Theorem 1 tells us that the AR(1) model features 27 — 2T linearly independent moment
restrictions in general. This is a consequence of the rank nullity theorem for linear maps
with finite dimensional domains. The fact that 27 — 27" moment conditions are available for
the AR(1) appeared initially as a conjecture in Honoré and Weidner (2020) and was later
established by Dobronyi et al. (2021) using different arguments from here. They do not
emphasize the role of the transition probabilities. Our ideas extend naturally to the case
of arbitrary lags which was hitherto an open problem. We discuss this extension in Section
1.4.4.1.

Remark 1 (Counting moments in logit models). The idea of decomposing the conditional
probabilities of all choice histories in a basis provides a useful device to infer a lower bound
on the number of moment restrictions in logit models. If one can further prove that elements
of this basis belong to the image of the conditional expectation operator, then this lower
bound coincides with the exact number of moment restrictions.

e In the static panel logit model of Rasch (1960), vy = 0 and we have
7rt1|1(.,x) =1- W?‘O(., x). Thus, provided that x5, # 2.5, for all ¢ # s, the family
Fr = {1, (m} |0(.,x))tT:_01} spans the image of the conditional expectation operator.

This implies at least 27 — (T + 1) moment restrictions. It turns out that 27 — (T + 1)
is precisely the total number of moment restrictions for this model. This follows from

3We refer to the quantity voy:_1 + 2} for a given period t.



Remark 6 below which characterizes the transition functions associated to each element

OfFT.

e In the Cox (1958a) model, 79 # 0 and Sy = 0 and the transition probabilities are:
7%%a) = = and 7' (a) = % (or equivalently 7% (a) = . See the next
section for further details. In this case, the family

. N\ T-1
Foor = {1, (ﬂow(.)],ﬂo‘l(.y) , oo ()T % which consists of powers of the time-

Trewe)

invariant transition probabilities spans the image of the conditional expectation oper-
ator. Since |F,, 7| = 2T, the model produces at least 27 — 2T linearly independent
moment restrictions.

Remark 2 (A matrix perspective). Since &, , is a linear map, it admits a unique 27 x
2T matrix representation A,, , where each row translates the conditional probability of a
choice history y € Y7 in terms of the transition probabilities of F,,r*. From this point
of view, valid moments correspond to 27-vectors 1 in the left nullspace of A,, ., meaning
Y’y = 0. Constructing A, , and then solving this 27 linear system of equations in 27
unknowns directly is straightforward using symbolic tools when 7" is “small” (e.g Dobronyi
et al. (2021), Honoré and Weidner (2020)) but is computationally impractical otherwise.
Instead, we propose a constructive approach to back out analytic expressions of the valid
moment functions that is tractable for arbitrary values of T

Having clarified the total count of moment restrictions in the AR(1) logit model, we next
discuss how to construct them with our two-step procedure.

1.4.1.2 Construction of valid moment functions for the pure model

In the absence of exogenous regressors, model (1.3) simplifies to:
Vie=MywYur+ A —€e >0}, t=1,....T (1.4)

which was first introduced by Cox (1958a) and then revisited in Chamberlain (1985b),
Magnac (2000). These papers established the identification of vy for 7" > 3 via conditional
likelihood based on the insight that (Y, tT;ll Yii, Yir) are sufficient statistics for the fixed
effect. Our methodology is conceptually different as we seek to directly construct moment
functions verifying equation (1.1).

For what follows, it is helpful to remember that the individual-specific transition proba-
bility from state [ to state k is time-invariant and given by:

" ek(rol+Ai)
(A = P(Yi = kY =1, A;) = T ool A V(l,k)e)Y

4Entries of this matrix may be found using for example the identities in Appendix Lemma 8 or any other
standard textbook tools for rational fractions.



Step 1). We shall begin by deriving the transition functions for 7°°(A;) and 7! (A;).
Observe that 71°(4;) and 7% (4;) are effectively redundant since probabilities sum to one.
A natural starting place is to investigate the case T' = 2, i.e 2 periods of observations after
the initial condition. Recalling definition (1.2), we search for gbg'O(Y;g, Y1, Yio), respectively

é‘l(Yig,Yil,Yio), whose conditional expectation given (Yjg, A;) yields 7%°(A;), respectively
7 (A;). For the purposes of illustration and to show the kind of calculations arising broadly

in DFEL models, let us derive qﬁgIO(Y;Q, Y1, Yi0). By Bayes’s rule:

E |95 (Via, Yaa, Yio) | Yio = o, As =

11
= Z Z P(Yie = yo|Yis = y1, Ai = a) P(Yir = y1[Yio = o, Ai = a)¢2lo(y2;y1ayo)

y2=0y1=0

“+a “+a
e"oyo ( e 0[0 1

= 0[0
= 1 i e'YOyO_HZ 1 + eﬁ/g—i-a 0 (17 17 yO) + 1 T 670_+a 0 (O, 1,y0))

1 et 1
< 2‘0<1707y0) + 0|0(0707y0>>

1 + eovota \ 1 4 e@ 14+er’?

where the second equality uses the logistic hypothesis. By quick inspection, we see that
the terms in the first parenthesis have (1 + ¢*%) in their denominator unlike 7°°(A,).

Because —e ™ is not a pole of 7°°(A;)°, we conclude that gbgm(l, 1,y0) = gbgm(o, 1,50) = 0.
This first deduction leaves us with

E [ 2'0(5@2,3@1,”0) | Yio = yo,Ai = a]

— 1 e o
1 4 enovota <1+6“ 0 (1>an0) +

g|0(07 07 ZJO))

1+ ea

Now, since 7%°(4;) does not depend on 1y, we must cancel the denominator (1 + evvo+a),
To achieve this, we must set: ¢2(|)0(1,0,y0) = C’oeVOyO,¢gLO(O,O,y0) = () for some constant
Co € R\ {0}. Then,
1

1+ e
and Cy = 1 is the appropriate normalization to obtain the desired transition function. Of
course, the exact same logic applies for Qb;(‘)l()/ig, Yi1, Yio) and 7wt (4;).

This short calculation provides a useful recipe for the general case T" > 2. We learned
that we can search for functions of three consecutive outcomes gbz'k(Y;tH, Yit, Yii—1) such that:

E [ 2(|)0(Y;2,K1,K‘0)‘Y;0 =9, A; = a} =C,

¢’;|k(Yit+17 }/;ta Y;t—l) == ]]‘{E/Zt — k}qslg‘k(}/it-&-l, k,}/it_l)
E ];(l)k(YitJrla Yit, Yier1) | Yio, Yitl_l, Ai] = Wklk(AZ»)

5A pole of a rational function is a root of its denominator. Formally, we are substituting « = e and we
are extending 7°/°(u) to the real line.
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The first restriction is a functional form that eliminates terms with inadequate poles after
taking expectations. The second restriction is a normalization condition to match the desired
transition probability. Following this argument, we arrive at the expressions in Lemma 1.

Lemma 1. In model (1.4) with T > 2 andt € {1,...,T — 1}, let
0 (Viesr, Y, Yier) = (1= Yy Moen¥ies

éll (}/;t"rh }/;h }/;t—l) = }/titery(l_}/it+1)(l—Yit71)

Then:
1
E {6y (Vi Yo, Yo [Yio, Vi A = 70(4) = -
11 -1 11 et
E {65, (Vierr, Yo, Yo [Yio Vi A = 7 (A) =

Remark 3 (Connection to Kitazawa). Interestingly, Lemma 1 is a reformulation of results
first shown by Kitazawa et al. (2013, 2016), Kitazawa (2022), albeit with a very different logic
than the calculations displayed above. We set out the connection between our respective
approaches in Section 1.4.3 where we also discuss the case with exogenous regressors.

Step 2). The second step in the agenda is the construction of valid moment functions.
Because the transition probability of the model are time-invariant, one trivial way to achieve
this is to consider the pairwise difference of qﬁlg‘k(YitH, Y, Yii—1) and qb];lk(Y;SJrl, Yis, Yis_1) for
any feasible s # t. This is the content of Proposition 1. We will need a minimum of four total
periods of observations, which coincides with the requirements of the conditional likelihood
approach.

Proposition 1. In model (1.4) with T > 3, let
o (Vi YD) = g (YViern, Yie, Yie1) = 65" (Yisy1, Vi, Yia 1)
forallke Y, te{2,...., T —1} and s € {1,...,t —1}. Then,
B [u (Vi Ve Y, Vi, A =0

is—1

Remark 4 (Efficient GMM). Given that the conditional likelihood is semi-parametrically
efficient for 7' = 3 (Gu et al. (2023), Hahn (2001)), it is natural to ask whether the approach
advocated here accounts for all the information in the model in that case. It turns out that

it does. Specifically, letting s§(#) denote the conditional scores when yy = 0 as in Hahn
(2001), we have:

c 1 0[0 11
81’(70) = (1—}—670)(6770 . 1) ( 9‘ (Y;?,Y;%,O) +¢9| (Y;?,K%,O))

where the right-hand side corresponds to the efficient moment for the moment restriction
E [vs(Y, Y3)IYio = 0] = 0, vV}, ¥7.0) = (4" (V. Y3, 00,4 (¥}, Y. 0)).
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1.4.1.3 Construction of valid moment functions with strictly exogenous
regressors

In this subsection, we move on to the AR(1) logit model with strictly exogenous covariates
characterized by equation (1.3).
Step 1). We employ the same shortcut recipe as in the “pure” case and begin by looking

for moment functions qbg‘o(.) and gbéll(.) verifying:

M Yipar, Yie, Yaer, X)) = 1{Ys = k}op " (Yirar, b, Vi1, X;)
E | ¢5" (Yiers, Yies Yio1, Xo)[Yio, YU, Xi, As| = 1M (AL, X)), ke d

where this time

ek(70l+X7€t+160 +AZ)

m(Ai, Xi) = P(Yiesr = k|Yi = 1, X5, Ai) = (k1) € V?

1+ eWol-l—X{Hlﬁo-l-Ai ’

The same simple calculations described just above lead to the expressions in Lemma 2. The
only (expected) change is the appearance of a new term +/ — AX/, ;8 which accounts for
the presence of covariates in the model.

Lemma 2. In model (1.3) with T > 2 andt € {1,...,T — 1}, let
g‘o(Y;t-i-la Yie, Yieo1, Xi) = (1 — Et)emt+1(7mt—1_AXz{t+1ﬁ)
é‘l(Yit—Ha Y;ta Yit—l, Xz) = Y;te(l_yiﬂ'l)(7<1_Kt—1)+AX4t+1B)

Then:

1
1+ et X
6"/0+X{t+150+14¢

E |: g(IJO(Y;t—l-lu Y;ta Y;Zt—lu XZ)|}/107 Yz‘tl_la Xi7 A2:| - 7T1[5)|0(AZ7 Xl) —

E |:(b;(|)1(yit+17 }/;Zh }/;Zt—la XZ)D/ZO? Yitlila Xi7 AZ] - 7T1§1|1<AZ7 Xz) — 1 I 670+Xl{t+160+14i

At this point, it is important to highlight that unlike previously, the transition probabilities
are covariate-dependent. The upshot is that the naive difference of qﬁl(j'k(YitH, Yie, Yiee1, Xi)

and qb'glk(Yisﬂ, Yis, Yis—1, X;) for s # t no longer leads to valid moment functions in general.
Indeed, while Lemma 2 ensures that

E |05 (VL X)) — op M (VS X)) [Yao, X, Ai| = m (AL Xo) — 7R (A, X5)

15—12

clearly, Wf‘k(Ai,Xi) — 7T§|k(z4i, X;) # 0 when X/, 5 # X/1100 °. Thus, a different logic is
required in the presence of explanatory variables other than a first order lag.

6 A matching strategy in the spirit of Honoré and Kyriazidou (2000) may still be applicable when in our
example X311 = X;s4+1. However, this is known to lead to estimators converging at rate less than /N for
continuous covariates and it rules out certain regressors such as time dummies and time trends.
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The key, as foreshadowed in Section 1.3 is that as soon as T > 3, it is possible to construct
transition functions other than qb]glk(Yliﬂ,Xl) also mapping to lk(Ai,Xi) in time periods
t € {2,...,7 — 1}. These new transition functions that we denote C;C'k(.) to emphasize
their difference have a particular form. They consist of a weighted combination of past
outcome 1(Y;s = k), 1 < s < t, and the interaction of 1(Y;s # k) with any transition
function associated to 7r£€ |k(AZ-,X,-) having no dependence on outcomes prior to period s,
e.g gblg‘k(}@iﬂ, X;). This property follows from a partial fraction decomposition presented in
Lemma 8 that exploits the structure of the model probabilities under the logistic assumption.
It relates to the hyperbolic transformations ideas of Kitazawa (2022). In the sequel, we shall
see that this insight carries over to the AR(p) logit model with p > 1. Lemma 3 below gives
the “simplest” additional transition functions that one can construct when T° > 3 for the

AR(1) model with exogenous regressors (the only ones when 7" = 3).

Lemma 3. In model (1.3) with T > 3, for all t,s such that T —1 >t > s> 1, let:

MS(H) =7Yis1 + Xz/sﬁ
’f?‘o(e) = Xl{t+1ﬁ> 53‘1(9) =7+ X£t+15
0|0 11

W00) = 1 — e O=0) - YUy — 1 e O-ma(0))

and define the moment functions:
JOVALYE LX) = (1= Yig) + w2 (0)Yiedy (Yieer, Yie, Yior, X;)
o (VAL Y1, X) = Vi i (0)(1 = Yi)@y (Yierr, Y, Y1, X0)
Then,

0[0 v t4+1 vrs
E [ 6o (Y;'tfl’y;s—lv

Xi)|Yz‘0,Y;-‘i_1,Xi,Az} = 771?|0(AiaXi)

11 s s— 11
E [Ce(l (Y1, Yis_, Xo)[Yio, Y3 1>Xi,Az} = (A, X))
When T > 4, it turns out that we can build even more transition functions from those
given in Lemma 3 by repeating the same type of logic based on partial fraction expansions;

Corollary 3.1 provides a recursive formulation.

Corollary 3.1. In model (1.3) with T > 4, for any t and ordered collection of indices s7,
J > 2, satisfying T —1>t>s1>...>5;>1, let

00y t+1 yrs1 sJ _ 0[0 010 vy t+1 /51 sJ-1
0 (Y;'t—l’ Y;'sl—l’ s 7YisJ—17 Xl) - (1 - Y;SJ) + Wi s, (G)YZ'SJCG (Y;'t—l’ Y;'sl—l’ s 7YisJ_1—17 XZ)
ULy 41 yrs1 57 _ 11 ULy el yrs1 s7-1
0 (}/it—lﬂ }/’isl—h cet 73/@‘5‘7—17 Xl) - )/;:SJ + wt,SJ (9)(1 - Y;:SJ) 0 (}/it—lﬂ }/isl—l? ce 73/@‘5‘771—17 XZ)

with weights w?"” (9),%17';(9) defined as in Lemma 3. Then,

t,sy

E G (Vi Yo Vi XY, Vi X A = w4, X)), Vh ey
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Step 2). Provided T' > 3, the difference between any transition functions associated to
the same transition probabilities in periods t € {2,...,T — 1} constitutes a valid candidate
for (1.1). One particularly relevant set of valid moment functions for reasons explained below
is presented in Proposition 2.

Proposition 2. In model (1.3), for all k € Y,
of T'> 3, forallt,s such thatT —1>t>s>1, let

|k s k|k k|k s
SV Y LX) = o (YL X)) — QYL YL X,

if T > 4, for any t and ordered collection of indices s{, J > 2, satisfying
T—1>t>s1>...>s8;2>1, let
oYL Yy Y X = g (VL X)) — GO Y YL X,

is1—1y - Tisy—1> it—19 “isp—10 isy—1

Then,

B [vh (Vi Yo,

i)|YioaY;‘i_17Xi,Ai} =0

B [Uh 0V Vi Y X0 Yo, Vi X A = 0

This family of moment functions has cardinality 27 — 27T which by Theorem 1 is precisely
the number of linearly independent moment conditions available for the AR(1). To see this,
notice that for fixed (k,Y;) € V?, and a given time period t € {2,...,T — 1}, Proposition 2

gives a total of:
t—1
(t—l) I
=1

valid moment functions. This follows from a simple counting argument. First, we get (t 1)
possibilities from choosing any s in {1,...,¢ — 1} to form Qﬂglk(Yiiﬂ,Yfiz_l,Xl). To that,
we must add another f% (tﬁl) possibilities from choosing all feasible sequences s{ with
t—1> s > 8 >...> 55 >1to form wk‘k(YtJrl v oo Y3, 0 X;). Summing over

it—1r “is1—1 isy—1»

t =2,...,T —1 and multiplying by 2 to account for the two p0581b1e values for k delivers
the result:

T—1 t—1 t—]_ T—
2 x < )_2 Zz“ =9oT _or
1

Furthermore, there is evidence that the family is linearly independent. It is readily verified for
T = 3 since the two valid moment functions produced by the model depend on two distinct
sets of choice histories. This can be seen from their unpacked expressions in equations (1.9)
and (1.10) in the Appendix. Unfortunately, this argument does not carry over to longer
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panels but we have verified numerically that the linear independence property of this family
continues to hold for several different values of T > 4. This suggests that our approach
delivers all the moment equality restrictions available in the AR(1) model with 7" periods
post initial condition 7.

Remark 5 (Symmetry). The transition functions and valid moment functions of the AR(1)
model share a special symmetry property. Indeed, by inspection the transition functions of
Lemma 2 verify

0 — Vi, 1= Y, 1 = Yoy, — X)) = ¢y (Yiewn, Yir, Yie1, X3)

It is not difficult to see that this symmetry, i.e substituting Y;; by (1 — Y};;) and X by
— X to obtain gbéll(Ygiﬂ, X;) from gbglo(Ygiﬂ, X;) transfers to the other transition functions
of Lemma 3, Corollary 3.1 and ultimately to the valid moment functions of Proposition 2.
This symmetry can be useful for computational purposes.

Remark 6 (Static logit). If 79 = 0, model (1.3) specializes to the static panel logit model
of Rasch (1960) and our two-step approach is still applicable. For that case, Lemma 2 gives
two moment functions for 7' = 2:

glo(YiQ, Y, Xi) = (1 - y;.l)e—YnAxg,B
éll(}/ﬁa }/il; Xz) - Ele(l_nz)sz{Zﬁ

such that £ [qﬁg(‘)o(}/g? , X)X, Ai] —— 1 andE [%LI(YQ%,XMX@ Ai] _ _KifotAi

1+€X£2,80+Ai 1+€XZ/.250+A1. .
follows that a valid moment function with two periods of observation is

Wo(Yia, Yir, X)) = p (Yia, Yir, Xi) — (1 — ¢ (Yig, Yiy, X3))
= (1= e 2% (Vi (1 = Vi) e — (1= i)Yo )

which is proportional to the score of the conditional likelihood based on the sufficient statistic
Y1 + Yie (Rasch (1960), Andersen (1970), Chamberlain (1980)).

1.4.2 Semiparametric efficiency bound for the AR(1) with
regressors

Honoré and Weidner (2020) gave sufficient conditions to identify 6y = (7o, 5)) in the AR(1)
model with 7" = 3. A natural follow-up question is to ask how accurately can 6, be es-
timated in that case, or equivalently what is the semi-parametric information bound. In
a corrigendum to Hahn (2001), Gu et al. (2023) confirmed that the conditional likelihood

"This is not all the identifying content of the AR(1) specification since we know from Dobronyi et al.
(2021) that the model also implies moment inequality conditions.
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estimator is semiparametrically efficient for 7 = 3 in the “pure” AR(1) model. However, the
characterization of the semiparametric efficiency bound and the question of what estimator
attains it remain unclear with covariates.

To answer these questions, let (Y3, Yid, Xo) = (40°(Vi, ¥, X,), w4 (Vi, Vi, X,))' where
the two components correspond to the valid moment functions of Proposition 2 for T' = 3.
Additionally, let D(X;, yo) = E [M Yio = 1o, XZ} and let
E<X17 yO) =E [¢90 (ng }/;%)7 Xi)weo (Yﬁ’? }/;%)7 XZ),D/%O = Yo, XZ] :

oo’

Assumption 1. In model (1.3) with T" = 3 and initial condition yo € {0,1}, the matriz
E [D(XZ-, Y0) (X4, o) 1 D(Xi, 1) | Yio = yo} exists and is nonsingular.

With these notations in hand and under the mild conditions of Assumption 1, Theorem 2
clarifies that the efficient score coincides with the efficient moment for the conditional mo-
ment problem: E [wg(l/;?{, Y, Xi)|Yio = yo,XZ} = 0. Put differently, the maximal efficiency
with which 6y can be estimated is Vo(yo) = E[D(Xs, v0)2(Xi, o) ' D(Xs, v0)'|Yio = yo] %
This result is in accordance with Remark 4 which noted that the score of the conditional
likelihood without covariates is precisely the efficient moment implied by our conditional
moment restrictions in this case.

Theorem 2. Consider model (1.3) with T = 3. Fiz an initial condition yo € {0,1} and
suppose that Assumption 1 holds. Then, the semiparametric efficiency bound of 6y is finite
and given by Vo(yo) = E[D (X, yo) E(Xy, yo) ™ D(Xs, yo)'[Yio = yo] ™"

The proof of Theorem 2 only involves careful bookkeeping of some tedious algebra and an
application of Theorem 3.2 in Newey (1990). Interestingly, Davezies et al. (2023) presented
analogous results in the static panel data case with three periods of observations.

1.4.3 Connections to other works on the AR(1) logit model

As indicated previously, there is a connection between our methodology and that of Kitazawa
(2022) for the AR(1) model. Indeed, after some algebraic manipulation, we can re-express
the transition functions of Lemma 2 (or Lemma 1 without covariates) as:

g‘O(Yiiﬂ,Xi) =1-Yy — (1 =Y5)Yiys + (1 - Y;t)Y;t-‘rle_AXl{H-I’B
+ 0Yi_1(1 — Yipq)Yipyre 2 NP
é‘l(}/ziti Xz) - YitY;t-i-l + Y;t(l — }/it—f—l)eAX;H'lﬁ + 5(1 . Yit—l)Y;t(l _ }/;‘t+1)6AXz{t+1ﬁ

where 0 = (¢? — 1). Thus, the moment conditions of Lemma 2 imply that we can write:

—~AX! —AX!
Yie + (1 = Yie)Yipsr — (1 = Yie) Yipne 2012 — 50Y5 1 (1 = Yigy) Yiggpe ™ 2N
€X£t+150+14i 0|0
= €it

1 _|_ €X£t+1BO+Ai
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YieYiesr 4 Yie(1 = Yipar)e2 X050 4 55(1 = Vi 1) Vi (1 = Yiggg e Niern o

/ .
eﬁ{0+Xit+1BO+A'L 1|1
+ €5

- 1+ e’Yo-&-X{tHﬁo-&-Ai

where E [e?tlo\ﬁo,Yfl_l,Xi,Ai} = 0 and E [e;t'l!Y;o,Y;'i_l,Xi,Ai] = 0. These expressions
are the so-called h-form and g-form of Kitazawa (2022) for model (1.3) and were originally
obtained through an ingenious usage of the mathematical properties of the hyperbolic tangent
function. The evident connection between the transition functions and the h-form and g-form

offers an interesting new perspective on the transformation approach of Kitazawa (2022) for
the AR(1) model. If we further define

Uit = Yit + (1 = Yi) Vi — (1 — Yit)YitH@_AX{“’lﬁ — Y1 (1 — Y;‘t+1)Yit+1)€_AXl{t+lﬁ
Yie = YieYierr + Yie(1 = Yippr)e2XenP 4 6(1 = Y1) Vig(1 = Yigyp )2 Xin?
the two moment functions of Kitazawa (2022) for the AR(1) model write

—Yie—a + (AXy + AXjppr)
VYi—a + ( 2t+ t+1) 5) (Uit + Yie—1 — 2Ui Y1)

—Yio) + (AXy + AXy)'B
2

hUy = Uy — Y1 — tanh <

1
hYy =7y — Y1 — tanh (PY( ) (Yit + Yieo1 — 203 Yo 1)

which can be formulated in terms of our own moment functions as
2
0[0
2 — w4 (0)
2

2 - th,‘th(e)

Uy = — S‘O(Yziﬂa Yii:év XZ)

Ky = S VLX)

Appendix Section 1.8.2 provides detailed derivations for the mapping between our two ap-
proaches. This last result indicates that our moment conditions essentially match those of
Kitazawa (2022) when T" = 3. However, for T" > 4, Proposition 2 imply that there are
further identifying moments than those based solely on AU;; and hY;; for the AR(1) model.
Interestingly, it turns out as we demonstrate in Appendix Section 1.8.2 that our moment
functions coincide exactly with those derived by Honoré and Weidner (2020) for the special
case T' = 3.

To the best of our knowledge, besides the AR(1) model and a few specific examples, the
structure of moment conditions in models with arbitrary lag order is not fully understood in
the literature. Building on Bonhomme (2012), Honoré and Weidner (2020) propose moment
functions for the AR(2) model up to 7" = 4 and the AR(3) model with 7" =5 but no results
are offered beyond these special instances. Yet, this is of general interest not only to better
understand the properties of DFEL models but also for practical modelling and estimation
purposes. For example, Card and Hyslop (2005) argue in favor of using higher order logit



17

specifications to better fit the behavior of a control group in the context of a welfare ex-
periment. Relatedly, there are few results available for multivariate fixed effect models and
existing methods developed for the scalar case are likely to be difficult to adapt in practice
due to computational barriers. In the remaining sections, we show that our two-step ap-
proach addresses these issues by providing closed form expressions for the moment equality
conditions of these more complex models.

1.4.4 Moment restrictions for the AR(p) logit model, p > 1

Allowing for more than one lag is often desirable in empirical work to model persistent
stochastic processes and to better fit the data (e.g, Magnac (2000) on labour market histories,
Chay et al. (1999) and Card and Hyslop (2005) on welfare recipiency). To this end, we now
discuss how to extend our identification scheme to general univariate autoregressive models.
We consider

P
K‘t:ﬂ{Z%mtT+X;tﬁo+A@-—eit20}, t=1,...,T (1.5)

r=1

for known autoregressive order p > 1 and vector of initial values

V2 = (Yiep-1),-- -, Yio1, Yio) € VP, with A; € R. Here, we let 0y = (v, 3y)" € RPHE+. The
corresponding transition probabilities are:

6k(2?r):1 70rl7'+X,£t+150+Ai)

1 + 622:1 70rlr+Xz{t+160+Ai

7T5|ll (Am X’L) - P(}/;H—l — k‘}/;t - ll) <. 7}/;t—(p—1) - lp; Xi? Al) —

and there will be moment restrictions attached to each of the 2”7 (non-redundant) transition
probabilities. Before detailing the specifics of their construction, we enumerate the moment
restrictions for this model as we did for the AR(1). This provides a way to ensure that we
are not leaving any information on the table.

1.4.4.1 Impossibility results and number of moment restrictions when p > 1

Based on simulation evidence, Honoré and Weidner (2020) conjectured that AR(p) models
possess 27 —(T+p—1)2? linearly independent moment conditions in panels of sufficient length.
We prove this claim in Theorem 3 and establish that no moment restrictions for the common
parameters exist when 7" < p + 1; that is with less than 2p + 1 periods of observations per
individual. To introduce the result formally, it is again convenient to consider the conditional

expectation operator mapping functions of histories Y; to their conditional expectation given
Y? =4° X; = x and the fixed effect, i.e

ED RY — RE

o( ) ) — E oV, 2)[V =0, X; = 2, A; = ]



18

so that for any y € YT, & @) []1{ = y}} yields the conditional likelihood of history y for all

YO,z

possible values of A; in the AR(p) model. That is,

T eyt<2f:1 'VOTytfr“l‘z:gBO“!‘a)

(p) _ _ - 0_ .0 yv. _ R
& ML=yl = PO =y =4/, X = i =) _QHH 1 & eXrms v0rve_rtaiBota

Then the following result holds:

Theorem 3. Consider model (1.5) with T > 1 and initial condition y° € YP. Suppose that

foranyt,s e {1,...,T—1} and y, 5 € VP, vy + x50 # 70+ .50 if t # s ory # 4. Then,
the family

p

t—1
y07p7T = 17 7T30|y0 (.7 x>’ { (ﬂ-éylllyl ’y(]’...’y_(p_t) (., x))) }
t—1-yt—1
Yy €Y

lyy !

yily

(e,
VIEY? ) i=pt1

forms a basis of Im (5(13) ) and therefore

t=2

Y-,z

1 IfT <p+1, rank (SZE’SQ — 27 gnd dim (ker (5@) )> _0

Yo,z

2. If T'> p+2, rank (8@%2) = (T —p+1)2° and dim <ker (5255):6)) =2T —(T—p+1)2r

Theorem 3 generalizes Theorem 1 for AR(p) logit models with p > 1. It confirms the basic
intuition that all the parametric content lies in the transition probabilities, no matter the
lag order. Specifically, the conditional probabilities of all choice histories are spanned by the

0
transition probabilities. In the basis Fyo , 1, elements Wgo‘y (.,z) and
P

{ (Wfilly : 1’yO’""y*(P*“(., x))) } correspond to transition probabilities that are af-
yiteyt-1 ),

fected by the initial condition 3°. In the AR(1) case, it reduces to 72" (. z) (sec Theorem

1). The remaining basis elements are free from the initial condition and correspond to the

collection of all transition probabilities in each period starting from ¢ = p.

Theorem 3 is an implication of partial fraction decompositions and of the fact that the
transition probabilities of AR(p) models admit transition functions. This property is set out
in the following section. If T' < p+1, 5§€?m is injective and no non-trivial moment conditions
can be found. Beyond this threshold, the rank nullity theorem which connects image and
nullspace of linear maps tells us that 27 — (7' — p + 1)2P moment restrictions exist. Under
weaker conditions on the parameters or regressors then those of the theorem, the model may
admit additional moment conditions even with 7' < p + 1.
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1.4.4.2 Construction of transition probabilities with p > 1

Having clarified that T = p+ 2 is the minimum number of periods required for the existence
of identifying moments, we are now ready to address the issue of their construction. The
blueprint generalizes that of the AR(1) model and can be summarized as follows:

1. Step 1)

a) Start by obtaining analytical expressions of the unique transition functions for the
transition probability in period t = p when T' = p + 1 8. Shift these expressions
by one period, two periods, three periods etc to get a set of transition functions
for period t € {p+1,...,T — 1} when T > p + 2.

b) Apply partial fraction decompositions to the expressions obtained in (a) for t €
{p+1,...,T — 1} to generate other transition functions mapping to the same
transition probabilities.

2. Step 2). Take “adequate” differences of transition functions associated to the same
transition probability in periods t € {p+1,...,7 — 1} to obtain valid moments that
are linearly independent.

Step 1) (a) is akin to how we started by getting closed form expressions for the transition
functions in period ¢ = 1 for T" = 2 in the one lag case and then deducted a general principle
for ¢t > 2 (see Section 1.4). From a technical perspective, this is the only part of the two-step
procedure that differs from the baseline AR(1). Indeed, Step 2) is fundamentally identical
and Step 1) (b) is also unchanged for the simple reason that the transition probabilities
keep the same functional form as before. That is, a logistic transformation of a linear index
composed of common parameters, the regressors and the fixed effect only. Hence, the same
partial fraction expansions apply. In light of those close similarities with the AR(1) and in
order to focus on the primary issues, we defer a discussion of Step 1)(b) and Step 2) to
Appendix Section 1.8.3.

Theorem 4 provides the algorithm to compute the transition functions for Step 1) (a)
for arbitrary lag order greater than one. It is based on the insight that we can leverage
the transition functions of an AR(p — 1) and partial fraction decompositions to generate
the transition functions of an AR(p). A simple example is helpful to illustrate those ideas.
Consider an AR(2) with 7" = 3 (i.e 5 observations in total) and suppose that we seek a
transition function associated to, say, the transition probability

1
1 + er02+XizBo+A

TN (A, X;) =

The first ingredient of the theorem is to view the AR(2) model as an AR(1) model where
we treat the second order lag as an additional strictly exogenous regressor. This change

8The fact that the transition functions in period ¢ = p are unique when T' = p + 1 is a direct corollary
of Theorem 3. Otherwise, the difference of two distinct transition functions mapping to the same transition
probability would yield a valid moment which is a contradiction.
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of perspective is advantageous since we already know how to deal with the single lag case.
In particular, Lemma 2 readily gives the transition function ¢9 ( i3, Yo, Yi1, Yio, X;) for the

transition probability 7r3|0 Y1(A;, X)) = P(Yis = 0]Yi, = 0, Y, X;, 4;) in the sense that it
verifies:

]E g(‘)o(}/;?n}/;%}/;l? 10 )|Y }/;laleA] glo’nl(AiaXi)

This is an intermediate stage since gba ( i3, Yo, Yi1, Yio, X;) does not quite map to the target

of interest; indeed 7'('3'0 Y1 (A;, X;) depends on the random variable Y;; unlike Wg‘o’l(Ai, X;). To
make further progress, one would intuitively need to “set” Y;; to unity to make the two transi-
tion probabilities coincide. We operationalize this idea by interacting ¢9 ( i3, Yio, Y1, Yio, Xi)
and Y;; to achieve the desired effect in expectation:

z1¢0‘0< 237 z27}/;17 10 )‘YU XlaAi| E |:1/217T(2)|01<A7,7XZ)|1/;07X17A7,

] @ - 18
6701 0oTYo2Yi—1 1~°0 %

1 + evo2+X[38+A4; | + e01Yio+v02Yi—1+X]; Bo+A4;

Here, the first equality follows from the law of iterated expectations. Then, the second in-
gredient of the theorem is a partial fraction expansion (Appendix Lemma 8) to turn this

product of logistic indices into WS'O’I(A,-,Xi). This last operation is analogous to how we
constructed sequences of transition functions in the AR( ) model. It ultimately tells us that

the solution is a weighted sum of (1 —Y;;) and Yllgzﬁe ( i3, Yio, Yi1, Yio, X;). Theorem 4 turns
this procedure into a recursive algorithm that computes the transition functions for any lag
order p > 1.

Theorem 4. In model (1.5) with T > p+ 1, for allt € {p,..., T — 1} and y} € Y? | let

p
kfl‘yl (6) = Z%yr + X/t+1ﬁ

k’—i—l

k+
kijl‘yl Z’YTy'f'—i_ Z fYT it—(r— 1)+ £t+1ﬁ) k:]-a"'7p_27 pr>2
r=k+2
ut—k<0) = Z%”Y;tf(rdrk) + Xi,t—k:/37 k=1,...,p—1
r=1

1-yk+1

it k“‘yl o 0 o ™ g 9
w!"(0) = 1 — el (0)—ui—(6)) P (0)—ue—r(6)) L k=1,....p—1
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and
| k+1
¢zl . (Y;t-i-la}/;ta}/;i %IH’IC)’X) =
r " " (1=y1) Y41
(1= Vi) + a7 @00 (Vi Vi il 1),Ximt_k} x
_ 1— 1—
—Y y1|y1 0 - ?J1|?J11C Y Y Yt 1 X —Y (=)o)
1 it—k — wt ( ) 1 /"] ( it+1, Lity (p+k—1)1 ) (1 ztfk> X
: wilyyt yilyy t—1 st
1 —
}/;t k + wt ! ( )(b 1( it+1, }/;'tu }/;t—(p-i-k—l)’Xi)(l - }/;tk‘):| X
I (1= Yies) — w7 0) (1= o0 (Vi1 Y, Y71 X)) Y e
it—k Wy 0 41, Lity L (p4-k—1)2 it—k )
k=1,...,p—1
where
gm(YitH,Y;t»Yﬁ b Xi) = (1 - Vi)Yt (nYiem1 =Xy wAYip1 1= A4 5)
o (Viern, Vi, Vi~ 0 Xi) = Yy Yirr) (1 (0= Ya o)+ E o A1 -1+AX, 1, 8)
Then,
E [ ém™ (Vies, Yao, Vil 1y, X0 | YO YE7, Ko, A = 7 (45, X))
and fork=0,...,p—2
k41 v, :
{Qﬁyl'yl (Vs Yies Vi {yapge Xo) [V, V70 X@,A} = e (4, X)

The remaining steps to complete the construction of valid moment functions are described
at length in Appendix Section 1.8.3. The end product is a family of (numerically) linearly
independent moment functions of size 27 — (T + 1 — p)2P. By Theorem 3, this implies that
our two-step approach recovers all moment equality conditions in the model.

Remark 7. (Extensions) While the exposition emphasized model (1.5), our methodology
applies more broadly to models of the form

Y;:t:]l{g(Yit—la"’?}/it—}HXit)gO)+Ai_Eit 20}’ = 17"'7T

where the lag order p > 1 is known and ¢(.) is known up to the finite dimensional parameter
fy. We can thus incorporate interaction effects which are often of interest in applied work.
For instance, Card and Hyslop (2005) model welfare participation as a random effect AR(2)
logit process of the form

Vie = 1 {y01Yie-1 +702Yir—2 + 00Yie1 Yo + X[ o+ As — € > 0}, t=1,....T
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where A; either follows a normal distribution or a discrete distribution with few support
points. In this case, minor modifications of the results in this section will deliver moment
conditions for 6y = (Y01, Y02, %0, B;)’ that are robust to misspecifications of individual unob-
served heterogeneity. The key is that A; enters additively in order to leverage the rational
fraction identities of Lemma 8.

1.4.5 Identification with more than one lag

This section discusses ways to leverage our methodology and moment restrictions to assess
the identifiability of common parameters. For ease of exposition, we concentrate on the
AR(2) logit model.

We start by briefly reexamining an identification result due to Honoré and Weidner
(2020). Using functional differencing, they proved (under some regularity conditions) that
0 is identified with 7' = 3 provided X;» = X;3 and that the initial condition Y, = (Y;_, Yjo)
varies in the population. Notice that this is not in contradiction to Theorem 3 since X;» = X;
and Y? “varying” constitute two violations of its key assumptions. It is therefore not un-
surprising that identifying moment exist in that case despite T' < 4. To understand why,
note that imposing X;,» = X3 effectively amounts to equate the transition probabilities
in period ¢t = 2 and in period t = 1 for adequate choices of the initial condition; e.g
W?'O%O(Ai,Xi) = WS'O’O(Ai,Xi) provided that Y;p = 0 and X;» = X;3. In turn, this im-
plies that differences of the corresponding transition functions in periods t = 2 and t = 1
deliver valid moment functions to estimate 6y in certain subpopulations. In Appendix Sec-
tion 1.8.10.1, we show that this is an interpretation of the moment conditions that Honoré
and Weidner (2020) use to show point identification.

Because this identification argument hinges on matching covariates as in Honoré and
Kyriazidou (2000), it breaks down in the presence of certain types of regressors like an age
variable or a time trend. In fact, Dobronyi et al. (2021) showed that there are actually
no moment equality conditions available in the model with such regressors. This finding is
consistent with the intuition that we cannot match the transition probabilities in periods
t =1 and t = 2 in that case. However, with one additional period, i.e T = 4, we can leverage
the moment restrictions of Proposition 4 which are valid for free-varying regressors and any
initial condition. This leads to two possible approaches to inference. The first is to consider
the “identified set” ©! of 6, based on the four conditional moment restrictions implied by
the model:

0" = {0 R, [y (g YL XV X =0, V) € 0.1

and construct confidence sets for 6, following e.g Andrews and Shi (2013). Instead, the
sharp identified set may be computed following the approach of Dobronyi et al. (2021) if
the covariates X; are discrete with finite support. Alternatively, a second approach which
we develop further here is to formulate sensible restrictions on covariates that secure point
identification in the spirit of Honoré and Kyriazidou (2000). Specifically, we consider the
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case where a continuous scalar component W;, of X, has unbounded positive support con-
ditional on Y| the other regressors, A; and has a non-trivial effect Sy of known sign to the
econometrician. This is the content of Assumption 2 in which Z; = (R}, W;1, Wis, Wiy), and
Xy = (Wi, Rl,) € RE= for all t € {1,2,3,4}. Dobronyi et al. (2023) used a similar device
to develop an alternative distribution-free semiparametric estimator to that of Honoré and
Kyriazidou (2000) that can accommodate time effects in the baseline one lag model.

Assumption 2. (i) The covariate Wi is continuously distributed with unbounded support
on Ry conditional on Y, Z;, A; and (ii) Bow is known to be strictly negative.

Besides being a technical convenience, Assumption 2 may be reasonable in some situations,
e.g in the context of our empirical application, the econometrician may have a confident prior
that drug prices affect individual drug consumption negatively. We point out that nothing
in the discussion that follows hinges critically on Sy < 0 and or W;, having support on the
positive reals. A set of perfectly symmetric arguments will deliver the same conclusions if
instead By > 0 and W;5 has unbounded support on R_.

Assumption 3. (Z) Oy = (’}/01,’702766)1 € Gy x Gy xB = 0, G,Gy,B compact. The
conditional densities of A; and Z; verify:

(i) lim plaly®, z,ws) = qlaly’,2), lim p(zly’,ws) = q(z]y")
(11i) There exists positive integrable functions do(a),dy(z),d2(z) such that

plaly’, z,wy) < do(a) for all a € R, di(2) < p(2]y°, ws) < da(2) for all z € RE=~1
(iv) wy — plaly®, z, ws), wy — p(2]y°, wy) are continuous in ws.

Assumption 3 are standard regularity conditions for an application of the dominated con-
vergence theorem that once paired with Assumption 2 are sufficient to establish that 6, is

tdentified at infinity. The outline of the argument is as follows. Under these assumptions,
by sending W;s to oo, the valid moment function wglo’o(iﬁ4,1@3,}§2_1,Xi) of Proposition 4

reduces to
2]250(3/}473/1;3,5/;2717 Z)=—(1-Yn)(1-Yp)Y;
X — 1] (1= Ya) (1 = Vi) (1 = Yig)Ys

+ 6—71Yio+W2(I—Yi_1)+X£31ﬂyﬂ(1 —-Y; )(1 _ Y;3)Y;4
4 6*713@0*723/¢71+X{415Y%1(1 — Yio)(1 — Yi3)(1 — Yiy)

(1.6)

which occurs because lim,,, o0 e2Pw = () and Y, = 0 with probability one conditional on the
regressors and the fixed effects. The key observation is that this “limiting” moment function
has a similar functional form to the valid moment functions of the AR(1) model with 7" = 3.
In turn, this implies monotonicity properties on certain regions of the covariate space that
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we can exploit to point identify 6y in the spirit of Honoré and Weidner (2020). To this end,
let (Z,z) € R?, such that Z > z and define the sets

Xy = {2 eRYZ>ap3 > 240 > 201 > 2O T > Tp3 > Tpa > Tpy > 2}

Xoo ={z e R™ |z <apg < mpu <y ST or 2 < apg < gy < wpy < T

for all k € {1,..., K,}. In words, X} 1 is the region of the covariate space in which values
of the k-th regressor in periods ¢ € {1,3,4} belong to [z,Z] and verify zy3 > T4 > T
with at least one strict inequality. Instead, A} _ is the region of the covariate space where
realizations of the k-th regressor obey the reverse ranking. With these notations in hands,
we have the following theorem,

Theorem 5. For T = 4, suppose that outcomes (Yi1,Yia, Yis, Yia) are generated from model
(1.5) with p = 2, initial condition y° € Y?, common parameters 0y = (v}, By) € R* = and

Ky

that Assumptions 2 and 3 hold. Further, for all s € {—, +}%=, let X, = (| Xy, and suppose
k=1

that for all 1° € Y?

lim P(Y? =19’ X;€X|Wip=mws)>0

w2 —00

Let

w0(0) = Tim B[00 (Via, Yig, Y21, X0) | V2 = o, X € X, Wiy = s

0
Sy w2 —00

Then, 6y is the unique solution to the system of equations

\110‘0’0(9) =0, Vse{—, +}%, wy'e)?

ERTS

Theorem 5 shows that point identification of 6 is achievable in higher-order dynamic logit
models in short panels. The main cost for this guarantee is Assumption 2 which pre-
sumes knowledge of the data generating process beyond the baseline setup. Addition-
ally, there should be sufficient variation in the regressors X;; as Wy — 0o to ensure that
limy, oo P (Y2 =14° X, € X, |Win=ws) > 0 for all s € {—,+}**. Our arguments are
easily generalizable to AR(p) models with lag order p > 3. Under natural extensions of
Assumptions 2 and 3, the model parameters 6y = (Y01, - - ., Yop, 5)) are identified at infinity
provided T" > 2 + p.

Remark 8 (Identification with time effects). Theorem 5 does not readily deals with time
effects but it is straightforward to adapt the argument for this case. Suppose for concreteness
that one covariate is a time trend. By further sending W3 to infinity, the limiting moment
function of equation (1.6) reduces to

090 (Yia, Yis, Y21, Zi) = —(1 = Y )(1 = Yia) (1 — Vi) Via
+ e—*nYio—szi_lJnguﬂyﬂ(l — Yio)(1 — Yi3)(1 — Yiy)
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For (Y;o,Y;—1) = (0,0), this valid moment function only depends on  and arguments anal-
ogous to those in Theorem 5 will point identify fy. Varying the initial condition is then
sufficient to point identify vy given the monotonicity of the moment function in (vq, 7).

1.4.6 Average Marginal Effects in AR(p) logit models

In discrete choice settings, interest often centers on certain functionals of unobserved het-
erogeneity rather than on the value of the model parameters per se. One particular family
of such functionals that are of interest from a policy perspective are average marginal effects
(AMEs) which capture mean response to a counterfactual change in past outcomes. It turns
out that these key quantities are simply expectations of our transition functions. To see
this, consider first the baseline AR(1) model with discrete covariates X;;. We can define
the average transition probability from state [ to state k£ in period ¢ for a subpopulation of
individuals with covariate /™ = (x,...,7,,;) and initial condition y, as

I (o, o77) = B |1 (X, A0) | Yio = 9o, X = 2" | = / 7t (@1, @)p(alyo, 25 da
—_———
_Wfll(X“Az)
where p(alyo, z™) denotes the conditional density of the fixed effect A given (yo,2}™). The
AME is deﬁned as the following contrast of average transition probabilities:

AME,(yo, 257 = T (yo, 2F1) = T (g, 271 = T (o, 271) — (1 =TI (1o, 271))

It is interpreted as the population average causal effect on Yj;,; of a change from 0 to 1 of Yj;
given (yo, 2}™). By Lemma 2 and the law of iterated expectations, we have that for 7 > 2

and ¢ > 1:
HO‘O(y07 x§+1> - |:¢0|0( it+1, Zt7 }/Z't717 Xz) |}/;0 = Yo, X'fl+1 - x§+li|
13 (o, 24%) = B[940 (Viear, Yae, Vi1, Xi) | Yio = o, X1 = a4

which implies that AM E,(yo, 2}™") is identified so long as 6 is identified. A sufficient con-
dition for that is 7" > 3 and X3 — X2 having support in a neighborhood of zero (Honoré
and Kyriazidou (2000)). Aguirregabiria and Carro (2021) were the first to highlight that
AMESs can be point identified in the AR(1) model. When the lag order p is greater than
one - which seems to be the case for persistent variables such as unemployment (e.g Magnac
(2000)) and welfare recipiency (e.g Chay et al. (1999)) - we can analogously define average
transition probabilities from states I € VP to state k € ) as:

k|IP k|IP

k|IP
Ht l(y()?xi—i_l) =E Zrt I(Xit-l-laAi) ’3/10 :yonthl _x?_l - /ﬂ-tl(xt—i-lv ) (aly()? H—l)da’

-~

=X, A;)
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This permits the consideration of more nuanced counterfactual parameters compared to
the AR(1). In the context of studies on long term unemployment, contrasts of the form

Hkll Ly, ottty — HkIU1 (y°, 2'™') may be especially relevant to measure more accurately the
relative effects of work histories spanning multiple periods. Again, these counterfactuals are
simply expectations of transition functions by Theorem 4 and will be identified whenever 6,
is identified (see Section 1.4.5 for examples of sufficient conditions).

Multiperiod analogs of average transition probabilities in AR(p) models

kS|P s

i (0, 2t)

=FK [P(Y;t—i-s = ksa ce it+1 = kl |}/;t = l17 s 7Yit7(pfl) = lp7Xfl+s - xt1+8; A’L)
Y0 =" X = ﬂftﬂ

may also be of interest to assess state-dependence. These quantities give the average prob-
ability of moving from states I € )P to future states ki € V¥, where s > 1 and the average
is taken with respect to the distribution of A; conditional on (yo, 24t"). The special case
ki1 = ko = ... = kg delivers a discrete version of the survivor function employed in duration
analysis, i.e the average likelihood to survive s consecutive periods in the same state after
experiencing a given choice history. Proposition 3 shows that they are also identified when
0, is identified under certain conditions.

Proposition 3. Consider model (1.5) with T > p+2, and initial condition y° € YP. Suppose
that 6y is identified and that for anyt € {p,..., T —2}, s€{l,..., T —1—t} and y,y € J?,
Yy + i fo # vy + x Bo - Then, fort € {p,..., T —2}, s € {l,..., T —1—t}, and any
L e YP, ki€ Y5, the quantity wal (y°, 287%) is identified.

The source of this result is the fact that the integrand of II, kil Yy, 24*) is a product of
transition probabilities. This entails that under appropriate condltlons on the regressors
and common parameters, we can turn this integrand into a unique linear combination of
transition probabilities by means of a partial fraction decomposition. It is then a matter of
taking expectations and invoking the fact that average transition probabilities are identified
from our transition functions.

Example 1 (Survivor function for an AR(2)). To illustrate Proposition 3, and in the spirit
of our upcoming empirical application, suppose that Y;; is an indicator for drug consumption
at time ¢ obeying an AR(2) logit process. Fix y° € V? and assume T = 5. One might be
interested in

I (5% 2) =E[P(Yis = 0,Yi = 0| Y = LY = LX; =, A)) | Y = °, X, = ]
=E [ngo’l(Ai, x)ﬂgll’l(Ai, o) | Y=y X; =2

which gives the average propensity of individuals with characteristics (°, #) who consumed
drugs in t = 2, 3 to stay drug-free over the next two time periods. A simple calculation using
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for instance the identities of Appendix Lemma 8 gives

0l0,1 0l1,1 1 1
w0 (A, o)ms (A, ) =
4 ( v ) 3 ( v ) 1 + ero2tasfotAi 1 4+ gro1+702+z,fo+Ai

et +a/y5 80

1
= (A )

1 — eYo1+ahsBo 4

my (A, )

] — enontEhsBo 3

and since Theorem 4 implies E[ 2'00’1(1/2-51’@) |Y?P =40 V3 X, =2, A;| = WZ'O’l(AZ-,x) and

» £l 7

E 2!}1’1(3/%, 2) | Y2 =40V, X; =z, Ai] = ﬂg‘o’l(Ai,x), we obtain

6701 +1‘ﬁl550

1 0/0,1 5
1 o e’YOl"'_xi;{,/BO ¢90 (Y;17 I‘)

0,0~

- 1 — evor+ais50

ng(‘)l’l(yiéﬂ x) |YzO = yoa X = J}]

1.5 Multi-dimensional fixed effects models

We now turn our attention to multi-dimensional fixed effects models. We show that the
general blueprint developed in the scalar case to derive valid moment functions carries over
to VAR(1) and MAR(1) models. We make no attempt at showing that our approach is
exhaustive in those cases and do not claim that it is. We leave these important questions
for future work. Readers uninterested in the details of the multivariate extensions can skip
directly to Section 1.6 where we discuss the empirical application.

1.5.1 Moment restrictions for the VAR(1) logit model

We begin with the analysis of VAR(1) logit models, variants of which have been successfully
used to study the relationship between sickness and unemployment (Narendranthan et al.
(1985)), the progression from softer drug use to harder drug use among teenagers (Deza
(2015)), transitivity in networks (Graham (2013), Graham (2016)) and more recently the
employment of couples (Honoré et al. (2022)). For a given M > 2, the model reads:

M
Y =1 Z%mjyj,z‘t—1+Xq/n,it50m+f4m,i—Em,z‘tZO , m=1....M, t=1,....T
=1

(1.7)

Welet Yy = (Yiit, - - ., Yari)' denote the outcome vector in period ¢ with support Y = {0, 1}
of cardinality 2. We let X; = (X{;;,..., X)) € R x ... x R¥M denote the vector of

exogenous covariates in period ¢t and A; = (Ay4,..., Ami) € RM . The initial condition is
now given by Yo = (Yi40,-..,Yumi0) € Y and the model transition probabilities are given
by:

M k (ZJ]VL1 'YOmjlj+X£n’it+160m+Am,i)

6 m
(A, Xi) = P(Vipyr = KV = 1, X, A) = []

m=1

1+ eZ;‘Vil Yomgli+X i1 Bom+Am,i



28

for all (k,l) e Y x V.

Building on Honoré and Kyriazidou (2000), Honoré and Kyriazidou (2019) use a condi-
tional likelihood approach to prove the identification 6y = (Yo11, Yo12, Yo21, Yo22, Bo1, Boz2) for
the bivariate specification when 7' = 3 and the regressors do not vary over the last two pe-
riods. As in scalar models, we show hereinafter that this strong restriction which can yield
undesirable rates of convergence is unnecessary to obtain valid moment conditions.

Step 1) in the VAR(1) logit model has a nuance relative to its scalar counterpart in
that the only transition functions that appear to exist are those associated to Wf |k(AZ~, Xi),
for k € Y, i.e the probabilities of staying in the same state. We can use the same heuristic
as in the baseline AR(1) model to derive their expressions, especially in the bivariate case.
Once all four transition functions are obtained for the case M = 2, it becomes clear that the
general functional form is as per Lemma 4. It is then a matter of brute force calculation to
verify that this is indeed correct.

Lemma 4. In model (1.7) with T > 2 and t € {1,...,T — 1}, let for allk € Y
’;lk<Yz’t+17Y;taY;t 1, X)) =1{Y; = k?}e =t (Vi1 =km) (751 Ymg (Vi i —1—kg) = AX] 5y 1 B )
Then:

[Qbk'k( it+1y zt7 )/it—h Xz)l}/”L07 YL§_17 Xi? Az] - ﬂ-flk<"417 Xz)

M km(z —1 '}/Om]k +Xm 1t+150m+Am 7,)

1 1 + ezj':l VOmjkj+Xm7it+1ﬁOm+Am,i
m=

Next, we can appeal to the second partial fraction decomposition formula in Appendix Lemma
9 to guide the construction of another set of transition functions when 7" > 3. These identities
may be regarded as a generalization of Kitazawa (2022)’s hyperbolic transformations to the
multivariate case. As is clear from Lemma 5, the resulting transition functions have a special
structure that generalizes those found in the AR(1) model.

Lemma 5. In model (1.7) with T > 3, for all t,s such that T —1 >t > s > 1, let for all
me{l,...,M} and (k1) € Y?

,um,s(e) = nymjy},isfl + X;n}is/Bm

j—l

k|k Z'ijk + X0 it+15m

and define the moment functions

k|k s k|k k|k
LR X)) = 1Y =k + Y w01V = ey (Vi X))
leY\{k}
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Then,

E Cg(lk(yiiﬂ, YL XY Vil X, A | = (AL X3)
Beyond T' = 4, more transition functions are available and can be derived sequentially from

those of Lemma 5. See Corollary 5.1 for their expressions.

Corollary 5.1. In model (1.7) with T > 4, for any t and ordered collection of indices sj,
J>2, satisfying T —1>t>s>...>s5;>1, let forallke)y

klk s s
SRV Y LY LX) = 1Y, = k)
k|k kl|k s Sj_
+ ) Wl (O, =0 (ALY Y X
ley\{k}

with weights wﬁlk (0) defined as in Lemma 5. Then,

SJ,Z

E G (VL Yo Yl L XY, Vi ™ X A = (44, X))

o 1s7—1?
Step 2). One can obtain a family of valid moment functions by adequately repurposing
the statement of Proposition 2 to the VAR(1) case, i.e by updating the expressions of qﬁlglk(.)

and Qg [k according to Lemma 4 and Corollary 5.1. To conserve on space and avoid repetition,
we leave this simple exercise to the reader.

Remark 9 (Network Extension). Similarly to Remarks 7, we emphasize that the tools
developed here can be modified to handle other interesting variants featuring more complex
interdependencies across the different layers of the model indexed by m = 1,..., M . To
illustrate the wider applicability of our two-step method, we show in Appendix 3.2 how one
can derive moment restrictions in the dynamic network formation model of Graham (2013)
and extensions thereof incorporating exogenous covariates.

1.5.2 Moment restrictions for the dynamic multinomial logit
model

Last, we cover dynamic multinomial logit models which have been utilized to measure state-
dependence in a range of economic contexts including: employment history in the French
labor market (Magnac (2000)), the impact of international trade on the transition matrix of
employment across sectors (Egger et al. (2003)) and consumer product choice (Dubé et al.
(2010)) amongst others.

We focus on the the baseline MAR(1) logit model with fixed effects.
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The model assumes a fixed number of alternatives C' +1 with C' > 1 and is characterized
by the following transition probabilities:

e’Ykl‘i‘X;ktJrlBk‘i‘Aik

i (An, X)) = P(Yir = k|Yi = 1, X, Ay) = t=1,....T (18)

C Y
Z e'Ycl +X7€ct+1 6] +A’LC

c=0

with (k,1) € ¥ ={0,1,...,C}. Here, Y;; € Y indicates the choice of individual ¢ in period
t, Xt denotes a vector of individual-alternative specific exogenous covariates and A4;; € R
is the fixed effect attached to alternative j for individual i. The initial condition is Y;p € Y
and in keeping with the fixed effect assumption, its conditional distribution given unob-
served heterogeneity and the regressors, (P(Yz‘o = k‘|XZ~,AZ-))kC:1, is left fully unrestricted.
Following Magnac (2000), we normalize the transition parameters and fixed effect of the
reference alternative “0” to zero ?. That is vjo = 79; = 0, 4g; = 0 for all j € Y leaving
0= ((’Ykl)k,zzl, (51)120) as the unknown model parameters.

This specification can be motivated by assuming that agents rank options according to
random latent utility indices with disturbances independent over time and across alterna-
tives. In this context, equation (1.8) is obtained if the best alternative is selected and the
error terms are Type 1 extreme value distributed conditional on Yy, A;, X;. Magnac (2000)
studies the “pure” case without covariates and shows that an extension of the conditional
likelihood approach proposed by Chamberlain (1985b) can be used to identify and estimate
the state-dependence parameters. Honoré and Kyriazidou (2000) show that this argument
carries over to the case with exogenous explanatory variables if one matches the regressors
across specific time periods. Here, we offer an alternative estimation strategy that circum-
vents the need for matching.

Step 1). Similarly to the VAR(1) model the MAR(1) appears to admit transition func-
tions only for the probabilities of staying in the same state, namely ﬂf ‘k(Ai, X;) for k e Y.
This feature appears to be a common trait of multidimensional fixed effects specifications.
To facilitate the derivation of the relevant transition functions, we follow our usual heuristic
of looking for gblglk(.), k € Y satisfying:

0" (Yieas, Yie, Yieor, Xi) = 1{Yy = k}eg " (Yirn, b, Vi)
E | (Vies1, Yie, Yieo1, Xi) | Yio, Vi, X, Ai| = " (4;, X5)
Upon obtaining their exact expressions for the simplest case with C' = 2, it is easy to

conjecture and verify by direct calculations that the general expressions of the C'+1 transition
functions of the MAR(1) model are as displayed in Lemma 6.

9The transition parameters of the reference state cannot be identified so a normalization constraint must
be imposed. Setting A;o = 0 is also without loss of generality since we can always redefine the fixed effect
as Ark = Azk — AiO-
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Lemma 6. In model (1.8) with T > 2 and t € {1,...,T — 1}, let for allk € Y
o (Vi X0) = 1{Yi = )

W E2aceV\{k} 1{}/1't+1:C}(Zjey(’YCj*'ij)n(Yit—lzj)+'Ykk*'YckJFAX;kH_lBk*AXZ{CtJrlBC)

Then:

Yk +X o1 B+ Aik
K|k t—1 |k e i

E |05t (YVieer, Yo, Yie1, X) [Yio, Vi, X5, A | = mi¥(44, X5) = 5

Z e'YckJ"X{C,H,lBjJFAic

c=0

Unsurprisingly, given the similarities shared between the MAR(1) and all other specifications
discussed in the chapter, so long as 7" > 3, one can again derive transition functions other
than qu'k(Yiiﬂ,Xi) also associated to Wflk(Ai,X,’) for k € Y in periods t € {1,...,7 — 1}.
The simple logistic identities of Appendix Lemma 8 imply that these transition functions,
that we keep denoting () % () have a similar form to those of the VAR(1) model as shown in

Lemma 7.

Lemma 7. In model (1.8) with T > 3, for all t,s such that T —1 >t > s > 1, let for all
(c, k) € ?

C
MC,S(Q> - Z ’)/Cj]}‘(YiS—l = j) + Xz{csBC - Xz{()sﬁo
j=1
klk o / /
Ket (9> = Yek + Xict+15c - Xi0t+150

W (0) = 1 — elreld O)mies @)=k 0=, s(0)

and define the moment functions
|k s |k K|k
oY LX) = 1Y =k Y wrn(O)1{Yi = By (i, X))
ley\{k}
Then,

K|k - K|k
E |G (Vi Yy, X0) Yo, YL X, A,} = 1" (Ai, X))
Additionally, if the econometrician has access to a dataset with more than four observations
per sampling unit - counting the initial condition - then, more transition functions associated

to the same transition probabilities are available per Corollary 7.1.

Corollary 7.1. In model (1.8) with T > 4, for any t and ordered collection of indices sj,
J >2, satisfying T —1>t>s1>...>s;>1, let forallk € )

g|k(yt+1 y st o 7}/‘SJ XZ) = ]]‘{-)/;;S‘] = ]{?}

it—17 “is1—1 157—17

k|k k|k s SJ—1
+ § : wt,LJ,l(Q)]l{YiSJ = Z}Cel (Y;jft%’ }/isi—h S 7Yisj-,1—17Xi)
ley\{k}
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with weigts wi'k (0) defined as in Lemma 7. Then,

SJ,l

klk v t41 vt
E |:C00 (}{it717}/125171’ °

Y X Yo, Y X, A = (4, X)

This completes Step 1) for the MAR(1) logit model. For Step 2), we recommend a
family of valid moment functions mirroring those of Proposition 2 for the AR(1) case to
ensure the linear independence of its elements.

1.6 Empirical Illustration

In this last section, we illustrate the usefulness of our methodology by revisiting the analysis
of Deza (2015) on the dynamics of drug consumption amongst young adults in the United
States.?

To provide context, multiple studies have documented that young individuals who ex-
periment with soft drugs have a tendency to continue using them and are at a higher risk
of transitioning to hard drugs. Such correlations are certainly concerning. However, the
empirical evidence of genuine causal links, in particular from softer drugs to harder drugs,
remains limited with Deza (2015) standing as a notable exception. Fundamentally, these
empirical regularities may be attributed to a causal effect (i.e. state dependence within and
between drugs) or alternatively to latent traits that make individuals more prone to using
illicit substances in general. Our primary concern is to untangle these two explanations to
inform the design of policies aiming to mitigate drug addiction . For example, if marijuana
consumption indeed serves as a gateway to later cocaine use, early educational interventions
cautioning against casual marijuana usage could potentially have enduring effects on the
population of heavy drug users.

To investigate these issues, we employ the restricted version of the National Longitudinal
Survey of Youth 1997 (NLSY97). This is a panel dataset of 8984 individuals surveyed on a
diverse range of subjects, including drug-related matters from 1997 to 2019. We concentrate
on a subsample of four waves, spanning from 2001 to 2004. This subsample provides insight
into the behavior of young adults between the age of 16 and 20 in 2001 to 19 and 24 in 2004.
We shall examine the statistical association between three binary outcome variables, namely
the consumption of alcohol, marijuana and hard drugs, derived from respondents answers’
during annual interviews. Upon retaining those providing answers in all four waves as well
as a valid state of residence, our cross section ultimately consists of N = 6317 individuals

10T his research was conducted with restricted access to Bureau of Labor Statistics (BLS) data. The views
expressed here are those of the author and do not reflect the views of the BLS.

See Heckman (1981) for insights on the implications of state dependence for the design of labor market
policies.
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12 Following Deza (2015), we then consider the trivariate VAR(1) logit model

3
Yot = ]I{Z Yom;j Yiit—1 + Bomageir + pom T EDS, it
=1
-+ V01]l{ageit Z 21}]1{771 = 1} —+ Am,i — Gm,z't Z 0}

m € {1,2,3} (1="alcohol”, 2=“marijuana”, 3=“hard drugs”), t = 1,2,3 where t = 0 corre-
sponds to the year 2001. The state-dependence coeflicients Yo, (within) and vo,,;, m # j
(between) are the principal coefficients of interest in the 16-dimensional vector of common
parameters 6,. We are most particularly concerned about the sign and the statistical sig-
nificance of 732, i.e the so called “stepping-stone” effect of marijuana on hard drugs. The
covariate age;; denotes the age of respondent 7 at time ¢. The regressors T'E'D.S,, ;; mea-
sure state-level deviations from national trends in treatment admissions for substance abuse
caused by drug m in year t in the state of residence of i'3. They are computed as the ratio
of the share of admissions to treatment centers due to drug m in the state of i in year ¢
against the country wide analog in year ¢. Intuitively, this may be interpreted as a measure
of exposure to substance m for each respondent in our sample.

Deza (2015) parameterizes both the latent permanent heterogeneity (A, ;)2 _; and the
initial condition Y;? to estimate the model by maximum likelihood. We leave these com-
ponents unrestricted and exploit the valid moment functions presented in Section 1.5.1.
We specifically use six of the eight valid moment functions available: g |k(Y£’, Yy, X;) for
k € {(0,0,0),(0,1,0),(1,1,1),(1,1,0),(1,0,1),(1,0,0)}. The other two corresponding to
states k € {(0,0,1),(0,1,1)} are null for over 99.5% of our sample and were dropped to
mitigate noise in estimation. Next, we (arbitrarily) select a constant, the initial condition
Y? age;; and the covariates TEDS,, in all periods t = 1,2,3 as instruments to form the

7 7
96 x 1 moment vector

00,0 0,0,0
000 yv3 v, X,

)( )( ) 1
(o,l,oﬂ(o,l@)(y;l), Yh X)) vy
(1,1,1)\(1,1 Diys yil /
0 %y _ (Y, Y, X) ages
me(Y;, YL, X;) = 1’1’0)‘(1’1’0)(3/;?{,}/;(1),)(1') ® TEDS} il
101)\(101)(}/;11,’}/;67)() TEDSQZI
100)‘(100)(3/? Y X)) TED5311

12We adapt the sample selection procedure described in Deza (2015) for the period 2001-2004.
13The variables TEDS,, ;; are constructed from the Treatment Episode Data Set-Admissions which
records admissions to substance abuse treatment facilities in the United States.
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With my(Y;, Y%, X;) in hand, we then consider the iterated GMM estimator of Hansen et al.
(1996). Starting from an initial candidate 6y'*, it can be described as
0 = lim és
S§—00

0, = arg min iy (0) W n (0,_1) "N (0)
0

where iy (0) = & SN mg(Y;, Y2, X;) and Wx(0) = & S8 mg(Y;, Y2, Xi)me (Y, Y2, X'
Under some regularity conditions (Hansen and Lee (2021)), this estimator is well defined

and asymptotically normally distributed with

V(6 — 60) = N (0, (MW ' M) ™)
where My =E [%eyox)] and Wy = E [mg, (Y;, Y, X;)me, (Y;, Y, X;)']. Our motivation
for focusing on this specific estimator originates mainly from Hansen and Lee (2021) who
advocate its use for two practical reasons. First, for a given set of moments, it eliminates the
arbitrariness in the choice of the initial weight matrix of 2-step GMM estimators (see also
Imbens (2002)). Second, because the iteration sequence is a contraction, each iteration is
approximately variance reducing in the sense that: Var(6,) ~ ?Var(f,_1) for some constant
¢ < 1 . Empirically, we also found in Monte Carlo simulations that the iterated GMM
estimator performs relatively well for this type of specification (see Appendix 1.8.4).

Table 1.1 presents the iterated GMM estimates for the trivariate VAR(1) logit model in
columns (I), (II), (III). For comparison, columns (IV), (V), (VI) report a random effect (RE)
estimator akin to Deza (2015) !¢ while columns (VII), (VIII), (IV) display the “naive” logit
maximum likelihood estimator (MLE) neglecting the presence of fixed effects.

The first observation is that, in line with conventional wisdom, GMM estimates for the
state-dependence parameters within drug, 711, 722,733, are all positive. As is apparent from
columns (I)-(I1I), they are statistically significant for alcohol and marijuana but surprisingly
not for hard drugs. In other words, there is no statistical evidence of a direct effect from
past consumption of hard drug to future usage of hard drugs once we account for unobserved
heterogeneity and the effects of other substances, at least in our four-wave sample!”. Notice
that the magnitude of the estimates for ~i1, 792,733 sharply contrast with the other two

14n practice, we used the GMM estimator putting equal weights on each moment as our starting candi-
date.

5Note that the limiting variance of the iterated GMM estimator and a 2-step GMM estimator will be
identical.

16We borrow the specification presented in Deza (2015). The heterogeneity distribution is discrete with
3 mass points and is independent of the regressors. The initial condition relates to the covariates through a
logistic regression.

1"The transition parameters for hard drugs are expected to be noisier given that a smaller fraction of
individuals consume these more lethal substances: approximately 15% of the respondents indicate having
consumed hard drugs at least once from 2001-2004. This contrasts with 86% for alcohol and 40% for
marijuana.
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estimators. The naive MLE largely overestimates the amount of within state-dependence,
yielding coefficients that are comparatively four to eight times larger. Intuitively, this can be
rationalized by the fact that this estimator misinterprets any serial correlation produced by
A; as evidence of state dependence. The RE estimator borrowed from Deza (2015) (see also
Card and Hyslop (2005), Chay and Hyslop (1998)) acts as an intermediate estimator between
the other two as can be seen in columns (IV)-(VI). This behavior is expected to the extent
that the additional parametric structure of this methodology will account to some degree for
the presence of unobserved heterogeneity. We note that the role of within state dependence
in the dynamics of drug consumption is nevertheless overstated by this approach.

Table 1.1: Parameter estimates of the trivariate VAR(1) logit

Iterated GMM Random Effects Naive MLE
A M HD A M HD A M HD
() (IT) (III) (Iv) (V) (VI) (VII) (VIII) (IV)
Yl 0.30 -0.04 -0.02 1.41 -0.36 -0.2 2.44 0.87 0.77
(0.12) (0.21) (0.32) (0.16) (0.22) (0.63) (0.06) (0.14) (0.37)
Yme2 -0.07 0.70 0.69 -0.52 1.48 0.16 0.72 2.55 1.43
(0.16) (0.14) (0.22) (0.12) (0.13) (0.25) (0.07) (0.07) (0.16)
Ym3 -0.20 0.26 0.32 -0.66 -0.17 1.59 0.22 0.74 2.12
(0.27) (0.22) (0.21) (0.19) (0.13) (0.13) (0.12) (0.09) (0.12)
age 0.06 -0.18 0.08 0.04 -0.14 -0.05 -0.08 -0.13 -0.21
(0.05) (0.06) (0.09) (0.6) (0.27) (0.32) (0.03) (0.02) (0.03)
age > 21 0.04 0.46 0.54
(0.11) (0.2) (0.07)
TEDS, -0.09 0.96 0.67
(0.09) (0.77) (0.50)
TEDS, -0.18 0.02 -0.13
(0.12) (0.48) (0.30)
TEDS; 0.42 0.15 -0.10
(0.32) (0.44) (0.40)
N 6317 6317 6317
Periods 2001-2004 2001-2004 2001-2004
# Iterations 12

NoOTES: The convergence criterion of our iterated GMM procedure is |01 — 0,|| < 107*. Estimated stan-

dard errors are reported in parenthesis.

Second and importantly, we observe in column (III) a positive and statistically significant
effect of marijuana on hard drugs. This supports the view that marijuana usage can be a
gateway to the consumption of harder drugs and accords with the key findings of Deza (2015).
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From a practical standpoint, this result corroborates that there may be scope for policies on
marijuana usage to indirectly curb the consumption of more lethal substances by teenagers
and young adults. The efficacy of such policies in the short and long run are important
questions that will intuitively depend on the distribution of heterogeneity in the population.
We do not explore those questions here but further research in this direction would be of
interest '¥. The other two estimators also agree on a positive influence of marijuana on the
consumption of harder drugs, albeit it is statistically insignificant in the RE case.
Otherwise, it is noteworthy that the between state dependence estimates can vary quite
significantly across specifications. Again, the naive MLE likely misinterprets spurious cor-
relation from the A; as state dependence which results in positive and inflated cross effects.
Column (IV) and (I) show disagreements of the RE and GMM estimates regarding the
strength of the impact of marijuana and hard drugs on alcohol. Overall, this comparative
exercise has showed that accounting for unobserved heterogeneity as flexibly as possible can
be essential to obtain an accurate picture of the patterns of state dependence in practice.

1.7 Conclusion

Dynamic discrete choice models are widely used to study the determinants of repeated deci-
sions made by individuals or firms over time. In this chapter, we have introduced a procedure
to estimate a family of such models with logistic (or Type I extreme value) errors and poten-
tially many lags while remaining agnostic about the nature of unobserved individual hetero-
geneity. This type of approach may be attractive when the risk of misspecifying the initial
condition and the unit-specific effects are important. We also provided general expressions
for average marginal effects in the binary response case which are often the counterfactuals
of interest in practice.

The list of discrete choice models covered in this chapter is of course not exhaustive and
it would be interesting to know if our two-step approach could be deployed in other settings
with “logit” noise. In ongoing work, we have found that this is one avenue to approach
estimation of dynamic ordered logit models, potentially of arbitrary lag order.

18 A natural idea to gauge the effectiveness of policy interventions would be to compute average marginal
effects. However, as mentioned in Section 1.5.1, we were unable to find transition functions for the transition
probabilities where the state switches in VAR(1) models. This leads us to believe that only the average
transition probabilities where the state remains unchanged are identified. In turn, this would imply that
average marginal effects are generally partially identified in VAR(1) models. In this case, it is possible that
ideas analogous to those in Dobronyi et al. (2021) and Davezies et al. (2021) could be used to characterize
and compute the identified set of average marginal effects; albeit some difficulties might arise due to the fact
that the fixed effects are now multidimensional. Computing outer bounds as in Pakel and Weidner (2023)
could be another plausible option.



1.8 Appendix: proofs, simulations and additional
materials

1.8.1 Partial Fraction Decomposition

Lemma 8. For any reals uy, ug, ..., ux, U1,V2, ...,V and ai,as,...,ax, K > 1 we have
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and
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Lemma 9. Fiz M > 2, let Y = {0,1}™. Then, for any k € Y and any reals uy, us, - . . , ups,
V1, Vo, ..., Uy and ai,as, ..., ay, we have

1]\_/[[ —km(var“m) + Z [1 —ezg 1 (b —kj) (uj— ”U])i| ﬁ plttan) glnvntan)
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and let Num denote the numerator of LHS. We have:

Num = Numy + Nums

M
Num1 _ H ekm(varam)(l +eUm+am)
m=1
Numg = Z [1 _ eril(lj—kj)(ua‘—vj)} ﬁ hm (Um+am)+lm (vm+am)
IGY\{k} m=1
_ H Em (um+am) Z H lm(vm=+am) _ Z erM:1 Ui (uj+as)+k;j(vj+aj)
ley\{lc}m 1 lEy\{k}
M
_ H ek’m Um+am) Z H em(vm—i—am H ekm m (Um+am) Z H elm m (Um+am)
leY\{k} m=1 ley\{k} m=1
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It follows that Num = [[)_, efn(um+am) (1 4 evmtem) and consequently

M km(um+am)(1 _|_ 6Um+am) M 6km(um+am)

L = Ln=i© =11

[T (14 emmtem) (1 eomtam) S8 1k etmien

1.8.2 Connection to Kitazawa and Honoré-Weidner

Recall from Proposition 2 that when 7" > 3, our simplest moment conditions for ¢, s such
that T'—1 >t > s > 1 write:

SOV Y1 X = 00 (Vi Yie, Yoo, Xi) — (P (VEL Y1 X))
}/;t+17 S/;lb 1/215717 Xz) - (1 - }/;S)
6)}/;5(?0‘0( zt+17 }/ih }/itfla X’L)

ULy t+1 s 11 1y t+1 s
o (Yili Y1, Xi) = % Yier1, Yie, Vo1, Xi) — G (Y1, Yis 1, Xi)

= &8 (Yieg1, Yar, Yiro1, X;) — Vi
— W 0)(1 = Vi) (Yiesn, Yar, Yie 1, Xi)

where we know from Lemma 3 that
W0(0) = 1 — ekt O=s0)
— 1 — eXitt1=Xis)" B=7Yis—1
will(@) = 1 — e (s O)=ns(0)

=1— 6—7(1—Yis—1)—(Xit+1—Xis)'ﬁ)

Now, note that:
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2 N 1 +e_('7(1_Yit—2)+(AXit+AXit+1)/ﬁ)
1|1
w0
2~ wyp (0)
tanh (—int_Q + (AX; + AXitH)’B) e W (AXutAXun)B _

2 e Wit (AXi+AXi41)'B 4 ]
0[0
wy—1(0)

and % ( Yitr1, Yie, Yiee1, X)) = Ty and 1 — % ( Yiiy1, Yie, Yiee1, Xi) = Uy. Thus, we have:
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(2 - wl(t),LEO—1<0))hUit

= (2 — W (0) (Uit — Y1) + w1 (8) (Uit + Yie1 — 2U3Yag 1)

=2 [Ui = Yiey + w1 (0)Yiea(1 = U

= 21 = 60" (Visn, Y, Y1, X0) = Yieos + 0 (0)Ya 169 (Yiwsn, Yo a1, X0)|
= =2 {6 Vs, Yo, Y1, X3) = (1= Yies) = w1 00V 169 (Yiers, Yies Vi1, X))
= _27102'0(}/;&%7 }/;i:§7 Xl)

(2 = w1 (0)) ATy

= (2= W (O)(Tir — Yaro1) — b1 (0) (Tat + Yaeo1 — 205 Yar 1)

=2 [Tit — Y1 — Wi‘tl_l(e)’rit (1 - Yit—l)

=2 [ o (Yiesrs Yies Yieo1, Xo) = Yier — w1 (0)83" (Yiesr, Yie, Yieor, Xi) (1 — Yier)
= 2¢é|1(Yi§t}7 Yii:%7 XZ)

To establish the connection to the work of Honoré and Weidner (2020), it is useful to re-write
the moment functions slightly differently. By re-arranging terms, one obtains the following

for T =3
0" (VY5 Xi) = (1= Ya) o (¥}, XG) + e 0y g0, X0) — (1= Vi)

— e(XiQ*Xz‘B),B(l — Y;l)(l - }/;2)}/;3 + (1 - Kl)(l - Y;2>(1 -Y; )
+ e(Xi2_Xil)//B+'Y(1_YiO)}/;1(1 _ }/;2)}/;
+ e(Xi3_Xil)//8_'YYiO}/i1<1 _ 3/,-2)(1 _ Y;3)
—(1-Yn) (1.9)
— (e(Xm*Xz‘s)'/J’ _ 1)(1 _ Yi1)<1 -Y, )YZ
+ e(Xm—Xil)’/B'i'W(l—Yio)Y;l(l _ }/;2)}/;
+ e(Xi:s—Xil)'/B—VYioy;l(l _ 3/,-2)(1 _ Y;3)
—(1-Yn)Y;

where the last line uses the fact that:

(1=Yq)=(1-Yu)Yie + (1 —=Y)(1 —Yi)Vis + (1 — Yir)(1 — Yiz)(1 — Yj3) to make some

cancellations. For the initial condition, Y;o = 0, equation (1.9) corresponds to their moment
function m$ which they express in an extensive form. For Yj, = 1, we get instead m}.
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Similarly,
o (Y3, Y, X0) = ,-1<z>2'10ﬁ,x> e UV (XamXalB) (1 — v gy (Vi X3) — Y
= X X2)By, Yo (1 — Yig) + Vi YiaVis
+ e(Xin— Xi2)! B+’szo(1 _ yﬂ)ym(l _ yz.?))
+ €(X¢1*X¢3)'ﬁ*’7(1*Yio)(1 _ }/;1»/;2}/;3
g (1.10)
= (ePs =X — 1)V, V(1 — Vi)
+ 6(X1-1—X1-2)’6+7Y¢o(1 _ yﬂ)ym(l _ yz.?))
+ €(X¢1*X¢3)'ﬁ*’7(1*Yio)(1 _ Y;1>Y;2Yi3
(1= Yi)
where the last line uses the fact that: Y;; = Y;1(1 —Yje) + Y1 YiaYis + Vi1 Yio(1 — Yi3). For the

initial condition Yo = 0, equation (1.10) gives their moment function m{ and for Y;y = 1,
we get m{. Our moments are thus identical, at least for the case T = 3.

1.8.3 The remaining steps for the AR(p) model with p > 1

As indicated in Section 1.4.4.2 | Step 1) (b) is now analogous to the AR(1) case since
the transition probabilities keep an identical structure. As soon as T" > p + 2, we can

construct transition functions other than ¢y1|y1 (Yit+1,th,Y;§ %Qp 1) , X;) also associated to
y1|y1 (A;, X;), for ¥ € VP in periods t € {p+1,...,T —1},. These new transition functions

that we denote Cy1|y1( ) take the form of a weighted combination of past outcome 1(Y;s = ),
s € {1,...,t — p} and the interaction of 1(Y;s # y1) with any transition function whose
conditioning set encompasses Yj, for it to map to 7 il (A;, X;). The simplest examples
which are also the only ones available when 7' = p + 2, are given in Lemma 10.

Lemma 10. In model (1.5) with T > p+2, for allt € {p+1,..., T =1}, s {l,...,t —p}
and y} € VP, let

p
= Z ’YﬂrYis—r + Xz/sﬁ
r=1

P
p
“?llyl (0) = Z YorYr + Xip1 B

r=1

1-y
W () = [1 N (9)—us(9))] 1 [1 e o)

Y1

t,s
and define the moment functions:

Sy 1y Vi X0) = 1 = i}l OV # b0 (i, Vi Vil X0

it—(2p—1)7 ~is— p7 it—(2p—1)°
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Then,

[Cyllyl (Yt+12p 1)’ Y;i P’ )|Y07 Yﬁ ! XZ7 Aj ] y1|y1 (AZ7 Xi )
Unsurprisingly, as in the AR(1) case, it becomes possible to construct iteratively more tran-
sition functions from those given in Lemma 10 when at least T' = p + 3 periods are observed

post initial condition. They are given in Corollary 10.1 below.

Corollary 10.1. In model (1.5) with T > p+3, for allt € {p+1,...,T —1} and collection
of ordered indices si with J > 2 satisfyingt—p > s, > ... > s; > 1, and for all 3 € VP, let

0 Yy Y2 Vi X0)
= (1= Ya,) @i (0) Yo, G (VAL Y, Y2 X))
o gy Yy ¥i X
= Vi, ol O = Vi, )G VLY, YT, X
with weights wzglﬁ(ﬁ) defined as in Lemma 10. Then,
Cyl\yl (Yt+12p " YO Y i)|YiO’Y7;iJ—17Xi’Aii| = 713;’1@1 (A;, Xi)

Step 2). Provided that T" > p+2, it is clear that the difference between any two distinct
transition functions associated to the same transition probability int € {p+1,...,T—1} will
yield a valid moment function. Proposition 4 hereinbelow presents one set of valid moment
functions that generalize those obtained previously for the one lag case.

Proposition 4. In model (1.5)
ifT>p+2, forallte{p+1,...., T —1}, se{l,...,t —p} and y} € Y?, let

gl‘yl (Yt+1 Ys X) Z’BJI|Z/1 (Yt-l—l X ) gl|y1 (Yt+1 YS X )’

(2p—1)° “is—p? it—(2p—1)’ it—(2p—1)7 " is—p?

if T >p+3, forallt € {p+1,...,T — 1} and collection of ordered indices si with J > 2
satisfyingt —p > s1 > ... > s; > 1, and for all y§ € VP, let

vy} 1 s s
61 1(Yzi+(2p 1)7Y181 —-prr Y%Sj p’X)
1|y} 1 vy} 1 s s
=0 (Vi lopo1y Xi) = G (Vi1 Yisi o0 Yis i X)
Then,
[¢y1\y1 (Yt+12p 1) Y;i —p? i>|Y;O’Y;i_17XivAi} =0
‘ s s syj—1
[wyl u (Yt+12p 1) Y;si p""?stj —p> i)’Y;Osz‘lJ ’Xi’Al} =0
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This family of moment functions features precisely 27 — (T + 1 — p)2P distinct elements
for any initial condition Indeed, fix ;" and a p-vector ¢} € {0,1}?. Then, for a given time

period t € {p+1,...,T —1}, there are (";”) moments of the form wyl‘yl (Y”ép 1 Yieps Xi)

corresponding to Ch01ces of s € {1,...,t — p}. Moreover, by choosing any feasible sequence

s{, J > 2, verifying t —p > s; > ... > s; > 1 we produce another ffé’ (tjp) moment

iyl (Y”ép 1 Yisipr -+ Yis)_py Xi). In total, for period ¢, we count

t—
()
l

=1

functions of the form v,

valid moments. Now, summing over all possible values for t € {p + 1,...,7 — 1} and
multiplying by the number of distinct values for 44, namely 27, we get:

33 () e ey -r (B )

t=p+1 I=1 t=p+1
=2T —(T+1-p)2°

Numerical experimentation for various values of 7" in the AR(1) and AR(2) cases suggest
that the moment functions of Proposition 4 are effectively linearly independent. Therefore,
Theorem 3 implies that they constitute a complete family of moment functions for AR(p)
models. From a practical standpoint, this shows that functional differencing at least in panel
data logit models can be broken down into a series of equivalent simpler subproblems period
by period that find all moment equality restrictions. Our procedure can be advantageous
in sophisticated models with a few lags where an analysis of the full likelihood, a high
dimensional object, can prove difficult.

1.8.4 Simulation Experiments

In this section, we report the results of a small set of simulations designed to assess the finite
sample performance of GMM estimators based on our moment conditions.

1.8.4.1 Monte Carlo for an AR(3) logit model

For our first example, we consider an AR(3) logit model with 7" = 5 periods (i.e 8 periods
in total with the initial condition) and a single exogenous covariate. We set the common
parameters to v = 1.0, Y02 = 0.5,703 = 0.25, 5y = 0.5 and use the following generative
model in the spirit of Honoré and Kyriazidou (2000):

Yio = 1{X] .00+ Ai — ;2 > 0}
Yiog =1{Yie + X{_ B0+ Ai — i1 > 0}
Yio = 1{701Yic1 + 102Yi-2 + Xjofo + Ai — €0 > 0}
Vie = 1 {701Yie-1 + 102Yir—2 + 703Yir—s + X, 00 + Ai —e >0}, t=1,...,5
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The disturbances €;; are iid standard logistic over time, X;; is iid N'(0, 1) and the fixed effects

are computed as A; = f Z Xit. To evaluate the performance of the estimators described
t=—2

below, we simulate data for four sample sizes : 500, 2000, 8000, 16000, and perform 1000

Monte Carlo replications for each design.

For T' = 5, we know from Proposition 4 that 8 valid moment functions are available,
each stemming from the 8 possible transition probabilities of the model (there are really
16 transition probabilities in total but 8 are redundant since probabilities sum to one).
We consider the interaction of all 8 valid moment functions with a constant, the 3 initial
conditions Y; o, Y; 1, Y; and the covariates X;; in each period t € {1,...,5} to construct the
72 X 1 moment vector:

0‘000(Y51 Yl2 Xz)
0 (YR Y, X))
Py Vi, X0 v
0\071,1 Y5 Yl X i—2
L N I e CY
i—1) L4—27 X0 Y;O
1‘101(}/1517}/;1 27Xz) X5/
IO Y, X)) '
1\111(Y51 Y12 Xz)

where ® denotes the standard Kronecker product. The choice of this particular set of
instruments is of course arbitrary and only motivated by simplicity. We also consider a
rescaled version of my(Y;, Y, X;) that we denote my(Y;, Y%, X;) where each of the 8 valid
moment functions are appropriately rescaled so that Vy3 € {0,1}3,

SUDy, v, 0 @/ng‘yl’yz’y3(}/;5’_1, Y!,, Xl)‘ < 0o. We do so by normalizing d}gllyl’yz’% (Y2, YV, X))
by the sum of the absolute values of all unique values it can take as a function over choice
histories Y;;. The rationale for normalizing the moments originates from Honoré and Weidner
(2020) who presented numerical evidence that a rescaling of this kind improved the finite
sample performance of their estimators in the one and two lags cases. Given, my(Y;, Y2, X;)
and my(Y;, Y, X;), we study the properties of two simple GMM estimators:

!
N

N
R 1 1
6% = arg max —E me(Yi, Y, X; —§ me(Yi, Y, X;
s | v 2l ) . !

/

~

=1
| XN | XN
b —~ - 0 - 0
0 = arg max N E: me(Yi, Y, X5) N gz o(Y;, Y X))

PER4
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which both put equal weight on their individual components (i.e the weight matrix is the
identity)'. Under standard regularity conditions, 6, 6° should be consistent and asymptot-
ically normal.

Table 1.2: Performance of GMM estimators for the AR(3)

N Pt 5 Ts g B

N =500

Bias -0.52 -0.50 -0.51 -0.50 -0.39 -0.32 -0.15 0.10

MAE 0.52 0.69 0.51 0.58 0.39 0.51 0.15 0.14
N = 2000

Bias -0.37 -0.10 -0.45 -0.12 -0.31 -0.04 -0.08 0.02

MAE 0.37 042 0.45 0.34 0.31 0.25 0.08 0.06
N = 8000

Bias -0.24 0.04 -0.32 0.01 -0.21 0.01 -0.04 0.00

MAE 024 0.17 0.32 0.15 0.21 0.11 0.04 0.03
N = 16000

Bias -0.18 0.01 -0.25 0.00 -0.16  0.00 -0.03  0.00
MAE 0.18 0.11 0.25 0.10 0.16 0.07 0.03 0.02

NoOTES: Bias and MAFE stand for median bias and median absolute error respectively. Reported results are
based on a 1000 replications of the DGP.

Table 1.2 presents the median bias and median absolute errors of the two GMM esti-
mators for each design N € {500, 2000, 8000, 16000}. Figure 1.1 plots their densities which
as expected resemble gaussian distributions for the larger values of N. Interestingly, a first
observation is that both estimators appear to suffer from a negative bias on the lag param-
eters at least up to N = 2000. And while this bias effectively vanishes for the “rescaled”
GMM estimators for the larger sample size N > 8000, it remains quite significant for all lag
parameters and also the slope coefficient for the “unnormalized” estimator. This is evident
from the sign of the bias in Table 1.2 and from the fact that all green densities are to the left
of the true parameters in Figure 1.1. This observation confirms the practical importance of
normalizing all valid moment functions in binary response logit models to obtain precise esti-
mates in small samples. Focusing on the “rescaled” estimator éb, we can see that it performs
relatively well for N > 8000 with very little bias. This is corroborated in Figure 1.1: the blue
densities are approximately centered at the true parameter values for N > 8000 . Estimates
for the slope parameter § are quite accurate even for N = 500 but precise estimation of
the transition parameters requires a larger sample size. In terms of median absolute bias, it

DIn a previous version of this paper we also considered a two-step “rescaled” estimator that uses a
diagonal weight matrix with the inverse variance of each component in the spirit of Honoré and Weidner
(2020). It performs very similarly to the equally-weighted estimator 6°.
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Figure 1.1: Densities of GMM estimators for the AR(3) with one regressor

Nos0  N—200  N—800  N= 16000
s .
A
" |
R U | N A\
o
A

L

Notes: The densities of estimates based on the first GMM estimator (i.e é“), the second GMM estimator
(i.e éb) are indicated in green and blue respectively. Reported results are based on a 1000 replications of the
DGP presented above with v91 = 1.0,7v92 = 0.5,v3 = 0.25, 89 = 0.5. True parameter values are indicated

with a vertical dashed line.

is interesting to note a ranking on the precision of estimates of the transition parameters:
the coefficient on the first lag is noisier than the coefficient on the second lag which itself
is noisier than the coefficient on the third lag for each N € {500, 2000, 8000, 16000}. In an
unreported set of simulations, we have found that this empirical pattern is robust to other
choices of the population parameters and initial condition and also applies to the AR(2)
model with a similar data generating process.
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1.8.4.2 Monte Carlo for a VAR(1) logit model

In our next example, we examine a bivariate VAR(1) logit model with 7" = 3 and scalar
regressors X, ; in each layer m € {1,2}. We set the common parameters to yo11 = Yo22 = 1.0,
Yo12 = Yo21 = 0.5, 81 = B2 = 0.5. The data generating process is:

Ym,z’O =1 {X;n’ioﬁom + Am,i —_ €m,it 2 0} R m = 1’ 2

Yoiu=1 {70m1Y1,it—1 + Yom2Y2,it—1 + X7, it B0m + Amyi — €mit > 0} , m=12 t=123

where the disturbances €, ;; are iid standard logistic, the covariates X, ;; are iid A (0,1) and
3
the fixed effects are computed as A,,; = \/LZ > Xonit. We consider sample sizes
t=0

N € {2000, 8000, 16000} with 1000 Monte Carlo replications per design.
We use all four valid moment functions implied by Proposition 2 when 7" = 3 for the VAR(1)
case, viz ¥ F (Y3, Y, X,), k € {(0,0), (0,1), (1,0), (0,0)} and form the 40 x 1 moment vector:

oV Vb Xo) 1

(01)I( S MAVEIR VS 0’

0 _ (Y;bY;OuXi) Y;
oYY ) = (10)'“’0)(32?,3%,)(0 o
VDV Y X Xz

Given the importance of rescaling the valid moment functions for better precision of GMM
in the context of the AR(3), we also consider a normalized moment vector mg(Y;, Y°, X;) in
which each 1/15 |k(Y£, Y, X;) is divided by the sum of the absolute values of their unique non-
zero entries as a 64-dimensional vector (64 possible choice histories Y;3 per initial condition).
With these moment functions in hand, we then compare the finite sample properties of three
estimators: 1) the VAR(1) analogs of % and 6" defined previously for the AR(3), ii) the
iterated GMM estimator 6¢ based on my(Y;, Y, X;) as in Section 1.6. The results of the
simulations are summarized in Table 1.3 and Table 1.4.

Similarly to the AR(3) example, both the transition parameters and the slope parameters
of 0 are negatively biased for the three sample sizes under consideration. This is particularly
true for the “between” state-dependence parameters 715?751 which maintain a small bias
even for N = 8000, 16000. By comparison, the rescaled GMM estimator 0® and the iterated
GMM estimator ¢ demonstrate better accuracy, especially for 715 and 79; which are really
the key parameters in our empirical application presented in Section 1.6. In this specific
simulation design, 6° slightly outperforms 0" for all N = 2000, 8000, 16000 in terms of median
bias and median absolute error for the transition parameters. The comparison is somewhat
less clear for the slope parameters 81, 32. 2°

20We also experimented with an iterated GMM estimator based on mg(Y;, Y%, X;) and found nearly
identical results to 6°.
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Table 1.3: Performance of GMM estimators for the bivariate VAR(1): transition parameters

71" 71117 71° V12" 71217 Y12° V21” ’Y§1b N V22" ’Y§2b Y22°

N = 2000

Bias -0.23 0.10 -0.05 -0.21 -0.04 -0.04 -0.20 -0.06 -0.05 -0.24 0.10 -0.05

MAE 027 0.23 0.16 0.29 0.24 0.19 0.27 0.23 0.19 0.27 0.23 0.16

Iter 5 5 5 5
N = 8000

Bias -0.07 0.03 -0.00 -0.08 0.00 -0.00 -0.09 -0.01 -0.01 -0.06 0.03 -0.00

MAE 0.13 0.11 0.08 0.14 0.12 0.09 0.15 0.12 0.09 0.12 0.11 0.07

Iter 4 4 4 4
N = 16000

Bias -0.04 0.01 -0.00 -0.05 -0.01 -0.00 -0.07 -0.01 -0.00 -0.03 0.01 0.00
MAE 0.09 0.08 0.05 0.11  0.07 0.06 0.11  0.08 0.06 0.08 0.08 0.06
Iter 3 3 3 3

NOTES: Reported results are based on a 1000 replications of the DGP. Bias and MAE stand for median
bias and median absolute error respectively. The convergence criterion for the iterated GMM estimator is
MAE for the iterated GMM are reported for replications where convergence is attained which is = 91% for
N = 2000 and ~ 100% for N = 8000, 16000.

éerl —0,|| <107 and Iter corresponds to the median number of iterations to reach convergence. Bias and

Surprisingly, when experimenting with a trivariate logit extension, we found that the
analog of ° performs very poorly for the same simulation design relative to the iterated
GMM estimator or even the naive equally-weighted GMM estimator 6. This is perhaps
due to the “large” rescaling factor applied to each valid moment function in that case which
pose problems for the optimization of the GMM objective. We have not investigated these
peculiarities - which could be design specific - further at this moment but a more thorough
analysis of the behavior of GMM in future work would be beneficial. The good performance
of 6¢ and this shortcoming of 6® in the trivariate case was one additional motivation for
concentrating on the iterated GMM estimator in our empirical application.
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Table 1.4: Performance of GMM estimators for the bivariate VAR(1): slope parameters

G A" B B B B

N = 2000

Bias -0.04 0.01 -0.01 -0.04 0.00 -0.01

MAE 0.06 0.06 0.06 0.06 0.06 0.05

Tter 5 5
N = 8000

Bias -0.01 -0.00 0.00 -0.01 0.00 0.00

MAE 0.03 0.03 0.03 0.03 0.03 0.03

Iter 4 4
N = 16000

Bias -0.00 0.00 0.01 -0.00 0.00 0.01
MAE 0.02 0.02 0.02 0.02 0.02 0.02
Tter 3 3

NOTES: Reported results are based on a 1000 replications of the DGP. Bias and MAE stand for median
bias and median absolute error respectively. The convergence criterion for the iterated GMM estimator is

éerl —0,|| <107 and Iter corresponds to the median number of iterations to reach convergence. Bias and

MAE for the iterated GMM are reported for replications where convergence is attained which is ~ 91% for
N = 2000 and ~ 100% for N = 8000, 16000.

1.8.5 Proofs of Theorem 1 and Theorem 3

We focus our attention on proving Theorem 3 since proving Theorem 1 would follow nearly
identical arguments. At each important step of the proof, we highlight where the arguments
for the AR(1) would differ.

Fix a history y € YT and consider the corresponding basis element 1{. = y} of RY T We
have:

ED [ =y} =PV =y =1 X; = 2,4, =)
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where by definition, for all a € R,

Nyl (e?)
P(Y; y|}/; y ? XZ ZL‘, A’L Cl) Dy|y0 (ea)
T e )
Nyl (e%) = H oYt (Z7 =1 v0rye—rtwifota
t=1
T
Dy\yo (ea> — H (1 + er::l ’YOryz—r+:c;,30+a>
t=1

Notice that N y|y0(ea) and Dy|y0(ea) are just polynomials of e® - with dependence on x sup-
pressed for conciseness - and that we always have deg <N yw(e”)) < deg <Dy|y0(e“)> with
strict inequality unless y = 1. Moreover, since by assumption for any t,s € {1,...,7 — 1}
and y, g € VP, vyy+xifo # vy+aiboift # sory # 7, Dy‘yo(e"’) is a product of distinct irre-
ducible polynomials in e®. Therefore, by standard results on partial fraction decompositions,
we know that there exists a unique set of coefficients (A§, \Y, ..., %) € RT™! independent of
the fixed effect such that:

1
+ 625:1 Yoryt—r+x}Bo+a

T
P(Yi=ylY) =4 Xi =2, A =a) = N+ DN/
t=1

= N + To(a) + Ti(a) + Ta(a)

To(a) = )\21/1 n ezf_lyo];yl_r+x/1,30+a
P 1

Ti(a) = Z A/ 1 + eXr—170ryt—r+a;fota
tZ; ,

T3(a) = Z )‘?1 4 eXro1 Yoryt—rtaifota

t=p+1

with AY = 0 unless y = 1. This decomposition breaks down the conditional probability
P(Y; = y|Y? = 4, X; = x, A; = a) into components that depend on the initial condition,
namely Ty(a),Ti(a), and components that do not, i.e Th(a). Notice that 7}(a) would not
appear in the AR(1) case. Starting with the first group, we can write:

To(a) = Nad¥ (a, z)

= M1 {yo = 037" (2, a) + N1 {yo = 1} (1 — bl (g, a))

0 (0]
= N1{yo = 1} + N1 {yo = 0}ms*" (2, a) — W1{yo = 1}7’" (z, )
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and

P
- 0175 W0y (p—
:Z/\ij Z Wyer =01,y = Gea }mpy 9 v Y(a, )

t=2 g’i*leyt—l

P
N 010,751 Y0 sy— (p—
:Z)\? Z Hye1 = 0,92 =02, .., 41 = e}, | y2 o=t “(a, )

gh2eyt—2
P 1
+ Z Y Z My =1L y2="02,..., 91 = U1} ( t1|11’y2 ’yo""’y_(p_t)(a, x))
t= g%—Qeyt72
p
:Z/\ty Z Wy =1L y2="0a, -, y1 = Ye1}
= gy

p

_ 010,35 40, sy— (p—t
+Z)\? Z Hye1 =092 = G2, -, 1 = Ye1 7 |y2 R )

=2 gl-2eyt-2

p

- LG5 Yoy (o
_ZA% Z Wyt =1Ly 2 =17, s 41 = G 1}7T‘ o t)(a,x)

t=2 gé*QGyt72

Then, for the second group,

T

Tyla)= Y NV S Wy =1 v = Gdmich (a,)

t=p+1 greyr

T
0 0[0,7
- Z ALY Z Hye-1= 0,902 =Y2, - s Ye—p = Up Ty o (a,z)

t=p+1 gheyr—1

T
0 1|1,y
MY Y Wy =Ly =12, Y = ) (1—7r‘ (avw)>

t=p+1 g teyr-1

T
0 ~
=+ Z A Z Hy1 =L y2="Y2, -, Y—p = Up}

t=p+l  gpleyr-

T
0 07
+ Z ALY Z Hy1 = 0,002 =Yz, -, Y—p = Z/p}ﬂ' & (a,z)

t=p+1 gheyr—1

T
0
=3NS g = Lyee = o iy = Gpdm (0 )

t=p+l  gpleyr-1
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The unique decompositions for each term make it clear that

t—1
‘Fyovva - 17 ﬂ-gO|y0 (‘7 x)’ { (ﬂ-flllyl ’yop..’y_(p_t) ('7 x))) }
t=1c-yt—1
y, €Y

lyy !

yily

{eercn),, )
VIEY? ) i=pt1

forms a basis of Im (5@5‘2)90) if we can show that the transition probabilities are elements of

p

t=2

Im (8@5@7):6). We now argue that it is indeed the case:

o First, Wé’o‘yo(.,x) € Im (5;3)33) since if 59 = 0

1
1+ er—1 Yoryi—r+a; fot+a

E[(1— Y)Y =4, X; =0, A; = a] = = " (a, )

and if yg =1

er=170ry1—r+z1 fota

Y0 =0 X, = —al = _ woly°
BYalY? =y’ X =2 4i=a] = 1 4+ eXiivoryi—rtaifota T " (a,7)
) T
e Second, {(Wfillyl (., :L')) } € Im (5;5):6) by Theorem 4. For the AR(1) model,
WEVP ) tmpi1 7

one would appeal to Lemma 2.

e Finally, one can easily adapt the proof of Theorem 4 to show that

t—1
{(Wfﬂlyl ’yo"“’y_(p_”(.,x))> } € Im (8?55)36). First, it follows immediately
yt_leytfl ’

=2
from Lemma 11 that:

(7_(?1;1|y17y0,~~,y—(p—2) (w x))>

Then, by inspecting the induction argument of Theorem 4, it is easily seen that the
result that for T >p+1andt € {p,..., T — 1}

Yo,z

€ Im <5(p) )

y1eyt—1

)

E |6 (Vior, Yo, Y,
0o it4+1, Laty Ly (p+k)? 0 44l

LX)V Y X AZ}

k+1
YUYt Y (k1) sees Yit— (p—
= 1 it—(k+1) it—(p 1)<Ai7Xi)
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for k=0,...,p— 2 can be generalized. It actually holds for t = k + 1 when
k=0,...,p— 2, yielding

E [ z(l)M (Y;t+17Y;t7Yt71 Xi)‘YiO,Xi,Ai} _ 7TIZ;/1|ZJ§7Y1‘0 ..... Yvitf(pfl)(Ai’Xi)

il—p?
t—1 P
This is the desired result. The terms (Wfilyl W=t (| x))) are not
vi eyt ) o
present in the AR(1) case which simplifies the argument.

Next, since 8;’07)1 is a linear

Thus, we have shown that Fy,7 is a basis of Im (52%))93).

mapping, we know by the rank nullity theorem that:

dim (ker(é‘éﬁ?ﬁ) = dim <R{0,1}T> _ rank (5(5) )

Y-,z

Therefore, we have the following implications:

T T-1
LT <p, |Fppr| =1+1+3270 =24+ 320 =24 2227 = 27, Hence,
t=2 t=1

rank (535%’)%) = 2T and the rank nullity theorem implies dim <ker(8§€)w)> =0
p
2. UT =p+1, |Fyopr|=1+1+5 2142 =2x2 = 201 Then, rank (535’32) = oT
t=2 ’

and the rank nullity theorem implies dim (ker(é’éﬁb) =0

p
3. UT >p+2, [Fppr|=1+14+> 214 2(T —p) =20+ 2°(T —p) = (T — p+ 1)27.
t=2

It follows that rank (557’)) — (T —p+1)2° and dim (ker(ggg?x)) —oT (T —p+1)2r

1.8.6 Proofs of Propositions 1, 2, 4

Propositions 1, 2 and 4 all follow from the same strategy proof based on the the law of iter-
ated expectations. We focus on Proposition 1 here and leave the other cases to the reader.
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Take any t, s verifying T'—1 >t > s > 1. For any k € ), we have
E [vh (Vi Yt Yo, Vi Al
= E qbk‘k( zt+17Y;t7 it— 1) ¢k|k( zs+17}/;57}/;s 1)|Y;07ij ! A}

= E E |: ];(ljk(}/;'tJrla }/;ta }/;tfl)’}/;m }/;tl_la AZ:| D/;Oa }/ﬁ_ly AZ:| - ,/Tk‘k(Al)

= E -7Tk|k<Ai>D/;0, }/;iil, A,L:| — Wklk(AZ>

. 7Tk|k<Ai) . Wklk(Az)
=0

The second and third equalities follow from the law of iterated expectation and Lemma 1.

1.8.7 Proofs of Lemma 1 and Lemma 2

Without loss of generality, we will COHSldeI‘ the case with covariates. The proposed functional
form for the transition function (;59 ( a1, Yie, Y1, X;) implies that it is null when Yj; # 0.
Hence

1

1 + er0oYie—1+X], fo+Ai

eXitr1Bo+Ai olo 1 o0
X 1 Te zt+1BO+A ¢0 (17 07 Ytit*l; Xz) + 1 I 6X£t+1BO+Ai ¢9 (O, O, Ytit717 XZ)

E 65 (Viewr, Yie, Yieor, X0)|Yio, Vi, X0, A =

Thus, to obtain the transition probability 7Tt (AZ, X;) = ———— at 0 = 0, we must set:

1o Sit+1P0tAs
00(1,0, Vy_y, X;) = Vi1 (XiemXin)'8
2|0(O7 0,Yi—1,X;) =1
2Ok, 1, Yt X)) =0, VEEY
This can be expressed compactly as: gbe ( a1, Yie, Yieo1, Xi) = (1 — }/Z.t)eyit+1(’yyz‘t71*AX{t+16)
leerse for ¢9 ( it+1, }/;tv }/;t 1, Xz) we have:

e'YOYitfl“!‘Xl{tﬁO"rA‘

1)1 t—1
]E’ |:¢9 (KtJrla}/ita}/itfla )’}/;07}/;1 XZ7A] 1+€70Y” 1+X1t60+A

670+X1{t+160+Ai 1|1 1 1‘1
X 1+ €VO+X1{t+1/30+Ai ¢9 (1’ LY, Xl) + 1+ e'yoJrX{tH/jOJrAi ¢9 (Oa 1,Y5 1, Xz)
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evo+X§z+1ﬁo+Ai
70 +Xz{t+1 Bo+A;

Hence, to get Wlfl‘l(Ai, X;) = at @ = 0y, we must set:

1+
W11, Y, Xo)
0,1, Yir, X3)
Wk, 0, Yoy, X5)

1

Y(1=Yie—1)+(Xit+1—Xit)'B

e

0, Vke)y

This can be written succinctly as: qﬁéll(YitH, Yie,Yiee1, Xi) = Y;te(l_y"t“)(A’(l_Yit‘l)’LﬁAX““)

1.8.8 Proofs of Lemmas 3,10 and Corollaries 3.1, 10.1

The proofs of Lemma 3, Lemma 10, Corollary 3.1, Corollary 10.1 all follow the same logic
based on the use of a partial fraction expansion. We prove Lemma 3 here and leave the other
cases to the reader.

The result hinges on the simple rational fraction identity provided in Lemma 8 that for
any three reals v, u, a, we have:

1 e evte 1
(1) _
1+ evta (1 + ev-i—a)(l + eu—l-a) (1 + eu-i-a)
vta uta u+a
(1 et € __ ¢
1+ evta (1+ e ta)(1 +ewra)  (1+ euta)

By construction for 7' > 3, and ¢, s such that T — 1>t > s > 1:
E [ (Vi Vi, XY, Vi X, Al
= | (1= Yis) + w0 (00) Y0 (Viesr, Yo, Va1, Xo) [Yio, Y™, X, A
= ; + w,?'so(eo)x

x E [YiSE 600 (Y, Yo, Yao, X0)[Yao, Vi, X, As| mo,ni‘l,Xi,Ai}

B 1 0[0 s—1 1
= 1 omteora; T Whs (6] [YislYio, Vi1, X, A 1 ext'*(00)+A;
1 eHs(60)+Ai

)
T 1 ene(O0)+A; + (1 — e Bo)=ns(bo))

1

1+ eme"(6o)+A;
0[0

=m (A, Xy)

(1 + ens(B)+4i)(1 + en?‘o(eo)mi)

The second equality follows from the measureability of the weight wg |50(90) with respect to
the conditioning set. The third equality follows from the law of iterated expectations and
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Lemma 2. The penultimate equality uses the first mathematical identity presented above.
Similarly,

E [ 0VaH, Vi, XolYie, Vi X, Al

= B | Vi + w2 (00) (1 = Yi) o3l (Yieea, Yar, Yaor, X0)|Yio, Vi X, A
etts(00)+A;

_ 1\1
14+ eus(90)+A (00)

xEkl—ngE[QREHMnunﬁhxmnmn?%xw&hnmKTRX;AJ

6#3(90)4‘147, 1‘1 0 o1 A

ot (B0)+A;

653'1(90)+A

eﬂs (00)+Az

_ e _ o (ry (B0)— s (60))
_1+€Hs(90)+Ai+<1 e~ (Oo)—p 0>

(1 + enso)+Ai) (1 + €n§'1(60)+,4i)
6”1‘1(90)+A‘

1 + elit (90)+A
_ l‘l(A“X)

The second equality follows from the measurability of the weight wg lf(@g) with respect to
the conditioning set. The third equality follows from the law of iterated expectations and
Lemma 2. The penultimate equality uses the second mathematical identity presented above.

1.8.9 Proof of Theorem 4

We start by proving the following Lemma
Lemma 11. In model (1.5), with T > 2 and t € {1,...,T — 1}, let

0[0 : L _\Pp g _ /
9| (Yier1, Yar, iy, Xi) = (1 —Y;'t)ey”“(“y”*l 2z NAY 11— AKX 11 B)

it—p>
11 V. _V. P A /
9| (Y;t-i-la Yi, Y;i 11)’ X, ) Y'ite(l Yn+1)(71(1 Yie-1)+>] 5 ’YlAYnH—z-i—AXnHﬁ)

Then,

003/7,15 777,t P
E [ (Viewn, Yo, Vi, X0V, YT X A = )00 (4, )

it—p> 7
1

1+ erzg YorYit1-1+X{, 1 Bo+A;

11 — 1LYt -1, Yie— (p—
[Cb' ( it4+1, ztaYt ! i)|Y'O>Y;t1 17XiaAi:| = Ty o o 1>(AiaXi)

it—p> 7

eno1 +3 o0t Yitp1—1+X], 1 Bo+Ai

14+ 6701+Zf:2 Yo Yit+1-1+Xi; 1 Bot+A;
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Instead of verifying the result directly from the expression given in the Lemma, it is easier to
start from the heuristic idea, emphasized throughout the text, that we look for two functions
such that:

Vi1, Vi, Vi X)) = (1= Vi) ) (Yigr, 0, Y7L X))

it—p? it—p)
o (Yier1, Yie Yieo1, Xi) = Yoy (Y, 1, Y21, X5)
]E |:¢’9€(|)k(}/it+17 }/ity }/;72:11)7 Xl) |}/;07 }/;'tlilJ Xi? Al:| - 7T5|k’Yit717M7Yit_(p_1) (AZ7 XZ>7 \V/k c y

By definition, ¢g|O(Y;t+1, Yy, Y1 X;) is null when Yj, # 0. Hence

it—p>

1
1+ e2i=1 Yo Yit—1+X], Bot+Ai

E |:¢2|0(}/;t+17 }/;tv Yt_l Xl) ‘}/;07 Y;'tl_l, X, A:| =

it—p>

S L vorYier1—1+ X, 1 Bo+A;
e2a1=2 it1 010 B
x ( 01,0, X,)

1 + 625;2 'YOleit+17l+Xl{t+1BO+Ai o it—p>
! 0,0, X))
1 4 er02Yau—1 X[, Bo+A; 70 VD Titmpr

. VYi — 7"'7}/1' —(p—
Thus, to obtain 71'?'0 Thhe (A X)) = L at 0 = 6y, we must

1+e2?:2 Y01 Yitt1—1+t X}, 1 BotA;

set:

2|0(17 0, yi-1 Xz) — e’YlY'itfl_Z:lDZQ NAYi41-1—AX{, B

it—p?
0°00,0, Y7L, X,) = 1
00k, 1YL X)) = 0,Yk e Y

more compactly this writes,

0|0 — ; g _\P - o /
0‘ (Yz‘t+1, Yit, Y;i_;,, Xi) = (1 - Yz’t)ey“ﬂ(“y“—l 2 MAY it 11— AXGy 4 B)

Analogously, QS;“(Y;tH, Y, Y7l X;) is null when Y}, # 1. Hence

it—p>

erzl ~YouYie—1+X/, Bo+A;

11 t—1 0 yt—1 —
E [ 0 (Y;H_h Y;t’ Y;tfpj XZ))D/; ’Yi 7X’ A] o 1 —+ 62?:1 'YOl}/it—l+X,£t/BO+Ai

é‘l(la 17 Ytil X@)

it—p?

< eot +3 g vorYiep 11+ X}, 1 Bo+A;
X

1+ 101220 g YouYiep 114X, 1 Bot+Ai

1 11
1+€701+W02Yit—1+X{t+1ﬁo+Ai 0

it—p>

0,1,y X»)
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Consequently, to get 7rt1 L%

!
£701 o Y01 Yit1—i+ X 1 B0+ Az

e ”_(p_l)(AuXi) =

at 0 = 0y, we

1+e'¥01+2f’:2 YorYit41—1+X}y 1804,
must set:

1)1 t—1 .

0 (1 1 S/zt p7X>_1

1|1(0 1 Yzi ;,X) _ 6’71(1—Yit—1)+2f:2vaYitHfz—l-AthHﬁ

(k0,7 X)) =0,Vke Y

it—p>
This can be written succinctly as:

3 (Yier, Y2, Y71, X5) = Yipe( Ve (n (0¥ #2f, mAYieiorr A 19)

which completes the proof of the Lemma.

Now, for T > p+1fixt € {p,...., T — 1} and y = (v1,...,¥yp) = ¥} € {0,1}?. We will
prove by finite induction the statement P(k):

+1 +1
yilyt t—1 t—(k+1) yllyl Yit— (k1) Yit— (p—1)
¢ ! (}/tit-‘rl)}/;t)Y il X’La A - P (Aza X’L)

0
ok XYY

7

for k=0,...,p—2forp>2.

Base step:
P(0) is true by Lemma 11 which also deals with the edge case p = 2. Thus, let us assume
p > 3 in the remainder of the induction argument.

Induction Step:

Suppose P(k — 1) is true for some k € {1,...,p — 2}, we show that P(k) is true. Using the
law of iterated expectations, the induction hypothesis P(k — 1) and the identities of Lemma
8, we have:
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Ify1 =0,yp41 =1

0]0,y% 1 _ _
E |:¢9(|) . (Y;H‘l’ Y;t’ Y;i*%erk)’ X1)|Y;07 Y;tl (k+1)7 Xia Az

k k —
=E |:<1 - }/itfk) + w?|0’y271(90) g(‘)oyz (S/itJrla }/;ta }/;i:%erkfl)’ Xi)x/itfk‘}/;[% Y;,tl (k+1)7 Xia A’L:|
1

- 1 + ett—k(00)+A;
k
+ w§)|0,y2,1 (90)

00, 5 - — t—(k+1
x E {E[ o0 (Vier, Vi Vit 0, XYV YR X0 A | Yaoi| V2, Vi %Xi,A,}
1 00,5k 1 010,55 Yot proe Vi N
B 1+eut7k(eo)+Aiwt‘ H R {Wfl R (AL XYY, Yy (k+1)>Xi’AZ}
- 1
1 4+ eut—k(00)+A;

Oy ! Y oYV, Vi Y X, 4,
M (6o) 1 + eXr=a 10rYr+ g y1 Yor Yiem (rm1)+ X[y 41 Bot+As -k Vi e
B 1 1 (k?‘o’yg’l(Go)—utfk(Go)) 1 ett—k(00)+A;

1 4+ eut—k(00)+A; +(1—e )1 n ekglo,y§,1(90)+Ai 1 + ewt—r(6o)+A;
_ 1
o 00,51

1 + ekt (90)+A1

010,55, 1,Yss— (h1ysees Vit — (p—1
(A, XG)
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Ify; =0,9641 =0

k
E |op " (Yiurr, Y Y,

0 (2

-1 0 yt—(k+1)
2;f(p+k)")(i)|y; aY;I aXiaAi]

=E [1 - }/;tfk’}/;'oa }/;jtli(kJrl)a X’L'a Az]
0[0,y%,0 0/0,y% _ t—(k+1
—+ ]E |:_wt v (00) (1 - 9(|) Y (KtJrl; }/ita }{ii—%p—i-k—l)’Xi)) (1 - }/;:tfk)n/;()? 5/;'1 ( * )7Xi7 Al

ett—k(00)+A;

C ]+ ew—k(B0)+A;

k
—w""" (6)

XE E{(l— " Vi, Y Vit 0 X)) mo,m—’“,Xi,Ai}

it—(p+k—1)°

X (1 - }/;t—k:) |Y07 }/;tli(k+1)7 Xi7 A7,:|

(2

ett—k(00)+A;

- 1+ eut—k(00)+A;
kv .
O (1 A a0 Y Y, 4]

etk (00)+A;

1 + eut,k(90)+Az
erzz ’YOryr'i'Zg:k.H ’YOTY;,'tf(r—l)""Xl{t.;_lﬁO'Q‘Ai

— w090\ (1= Vi) Y2, Vi Y X, 4

1+ 625:2 Yoryr+ 21 Y0r Yie— (r—1)F X[, 1 Bo+A;

00,550

_1(00)+A; k 0o)+A;
S B SR T SN L
1 4+ evt—k(0o)+4i 14 ekf‘o’ylg’o(@o)-&-z‘h 1 + ett—k(00)+A;
e
—1—
14 etV o)+ A,
B 1
o 0l0,y%,0
1 + ekt (90)+Ai

0‘07yk,07y' —(k+1 7...,Y' —(p—1
=m0 e )(AiaXi)
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Ifyy=1,y,.1=0

, —(k+1
E |gg, " (Viusr, Yo Yo byony Xo) V2, V50, X5, 4,
—(k
=E |:}/zt T w 1|1’y27 (90> éL17y2 (}/itJrla}/ztaYt %erk 1) X)<1 - }/;tfk)‘}/;[%y;tl ( +1)7XiaA’i:|

1 (60)+A;
eut k( 0 i 1|1 yk70

] + eut—k(00)+Ai

E {E [0 Vi, Y, Vi

t—(k+1
k1) XYY : XuA} (1= Yai) [V, Vi )7Xi7Ai:|

ett—k(00)+A;

1 + eut—k(00)+Ai

ky. .
+ wtl|1,y§,0(90)]E |:7_‘_2~|17y27}/1t—k7”'7§/2t(p1) (A“Xl)<1 ’Lt k)‘YO t (k+1),Xi,Ai:|

70 Tl

e“tfk('go)‘i’Ai

1 + ett—k(00)+A;
k
+ 1w (6)

eot +3F . voryr +3 i1 Y0 Yi— () X[y Bot A

t k+1
x E k _ : (1= Y ) |Y2, Y0 X, A
1+ 6V01+Z,ﬂ:2 Yoryr+327 g1 Yor Yie— (r—1)+ X[, 1 BotA;
1I1,y]2€,0
_ i k (90)+A
elt & (60)+A; koo et 1
— ST + (1 —e (ky (6o) ut—k(90))) T 7 TN CEY
1 + etk i 14 ek 2 00)+a; 1 €
k
ek1|17y2 70(90)+Ai
- 1)1,
1_|_€k‘ vE0 (Bo)+A;

11, ,O,Y- _ v Yt (p—
. 7Tt| Y2 it—(k+1) it—(p—1) (A,“X)
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Iy =191 =1

[¢1|1,y2, ( zt—i—l;Y;taYt %erk )|Y~O, ztl (k-i—l),Xi’Ai}
= ]E |:1 - (1 - }/;tfk)‘}/;[% Y;jli(kJrl%Xia Az:|
k k _
+E l—wtlll,yg,l(eo) <1 — é(‘)lv% (KHhthaYi %p% 1)7)( )) }fmmfio’yfi (k—i—l)’Xi,A,'
1

1 + et—r(B0)+A;
k
—w" (6)

Ey. .
<E |E (1—wiL””*““”t@1%AEX»)|ERYZ*:X@Ai1@_AKQYﬁ*“*%X@Ai

1
1 + eut—k(00)+Ai

1
1 + 6'7014’2];:2 'YOryr‘i’Zf:kJrl 70TY;t—(r—1)+XZ{t+1ﬁ0+Ai

— " 0,)E Yies Y2, Vi, X, A,

=1- ! -+ (1 — e(’%m’yé’lwo)fut,k(90))) 1 eut,k(eo)JrA.
1 4 eue—k(00)+A; |4 okt LvE 1 (60)+ A 1 + et—k(B0)+A
o 1
|t eht M o)A
ek:“yz (60)+As

11,951
14 ek O0)+4;

11,05 1,Y5 ks, Yot — (p—
— 7Tt 2 it it—(p D(AZ,X»L)

Putting these intermediate results together, we have effectively proved that

\
|:¢y1 yl <Et+17 }/;b Yt 1p+k)’

k41
0 t—(k+1) o y1|y1 ’Y7.'t—(k+1)7""Yit—( -1)
Z>|Y; 7Y;'1 7Xi;Ai = Ty b (Az,X1>

which shows that P (k) is true and completes the induction argument.
Now, it only remains to show that

E [ " (Viewr, Yio, Vil 1y, XOIVD VS, X A = 7 (45, X))

(2p—1)

To this end, it suffices to perform calculations identical to those used in the induction argu-



64

ment but using this time

L p—1 vy,
{qbylyl (Yit+1,th,YZi %Qp 2 )|Y-°, ztl (p—1) XZ,A} yﬂyl ’th—(P—l)(Ai,Xi>
vy -

k{H(0) = Z V¥ + Xjy 13

ut_(p_l)('g) - Z%’Yit—(r-ﬁ-p—l) + Xz{tf(pfl)ﬁ
r=1
Y 1=y
w?llyl (0) — |:]_ J— e(kflyll)(e)_ut(pl)(e))] ’ |:1 —_ 6_(kty1|y119(9)_ut(p1)(9)):| !
This concludes the proof of the theorem.

1.8.10 Identification of the AR(2) with strictly exogenous
regressors

1.8.10.1 Identification for T'= 3 with variability in the initial condition
By Theorem 4, the transition functions associated to: wS'O’O(Ai, X)), 70 (4, X;),
A, X)), m (A, X)) are given by:

0 (Yia, Yo, Y1y, Xp) = YooYl (1 —yyy)

+ <1 _ eleioJr“/zYiqu{glﬂ) (1 _ Yz‘1)<1 _ }/;2>6Y¢3(72Y¢07X{325)

0" (Via, Yo, Vi1, Xi) = (1= Vi)

+ <1 _ 6—71Yi0+’72(1—Yz‘_1)+X{31ﬂ> Yi (1 _ Y2) Yiz(v1—2(1-Y50)—X/5,8)

lll’l(Y;& }/;27 Yl 1 X) = e’Yl(1—3/1'0)-5-72(1—%71)-"-.){{315}/;1

(1 e’Yl 1 YZO)+’Y2(1 Y- 1)+X1316> Y Y (1 YiS)('YQ(l_}/iO)JFXZ{gQﬁ)
o (Yis, Yoo, YLy, Xi) = Vi
+ (1 _ 6*71(1*1/7;0)4”}’2}/1‘71*)({31,8) (1 _ }/il)}/126(17%3)(717’72Y'710+X,£32/8)

Moreover, an application of Lemma 11 gives
3|0(}/i2, }/il, }/;0_1’ Xz) — (1 _ }/;1>6Yi2('YIYiO*'YQO/iO*Yifl)*X{le)

I (Yia, Vi, Y21, X) = Yigem¥ (n0-Yah 22 (oY) X0 )
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such that:
0[0 0 0/0,Y; 1
E |: /] (5/1'27 }/%17 }/7:'—17 Xi>|Y;l—17 }/‘%07 Ali| = T O(Aiv Xl) - 1 + 672)/1.04_)(1(264,_141-
ent2Yio+ X, 8+A;

1)1 0 _ ALY _
]E |: /] (}/ZQ?}/Z'M }/;—17Xi)‘}/;717 }/;'07 Ali| — 7T1 O(AMXZ) — 1 + e’Yl+’YQYiO++X£2,B+Ai

For wS'O’O(AZ-,XZ») and W?'O’Y"O(Ai,Xi) to match, we require both Y;p = 0 and X;3 = X;» in
which case:

OO0V, 0,Yi0, X) = Vo Ml — vy 4 (1= @Y M) (1 Ya)(1 - Vi)
OV20,YiL1, X;) = (1 — Yy)eXeteYir—Xiah)
= (1= Yiy)Ype ™ Xisd 4 (1= Vi) (1 — Vi)
Therefore,
g|O’O<Y;?£’ 0’ }/;71’ XZ) = 2|070<}/;?1)7 07 }/;717 XZ) - 2‘0(3/37 07 }/;717 XZ) =0

So there is no information about the model parameters in this moment function.

For W?'O’I(Ai,Xi) and W?'O’Y"O(Ai,Xi) to match, we require both Y;g = 1 and X;3 = X;» in
which case:

g|0,1 (Yfl’, 1,Y,_4, XZ) = (1 _ Yzl) + <1 _ 6—’71+“/2(1—Yi—1)+X§315> yﬂ(l i Yﬂ)eleig)
8|0(Y2 1 Y;—la Xz) = (1 - Y;1)63/"2(71_72(1_%*1)_)({31/3)

ily
Then, a valid moment condition that depends on all model parameters is:
o (VL Y, Xa) = 6 (VL LY, X0) — ¢ (V1 Yi, X))
_ (1 o 6—71+72(1—1€71)+X§316> eMYil(l _ Y;-Q)Y;-g
+ (1 — 6771+72(1*Y271)+X{315> Y;l(l _ }/;2)(1 -Y; )
— 671772(1*%71)7)({315(1 _ 67W1+72(17Y271)+X1{315)(1 — Y)Y

Rescaling this moment function by the factor

—1
<671772(17Yi71)7xl{31/8(1 — 6771+72(17Y7571)+X£315)> , one Obtalns

§ (VAL Y, X)) = @00 Xdy, (1 - Y)Y,
+ e Y KBy (1 - Vig) (1 — Vi) — (1= Ya)Yi
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Thus, for for the initial condition Y;o = 1,Y;_; = 1, we have

MY 1,1, X,) = X8V (1 — Yi)Yig + e T X18Y; (1 — Vi) (1 — Vi) — (1 — Y)Y,

which only depends on 7, and . In the notation of Honoré and Weidner (2020), this coincides
with their moment function m; ;). Clearly, it is strictly decreasing in «;. Furthermore, this
moment function is either increasing or decreasing in 3y depending on the sign of X3, — X1
Honoré and Weidner (2020) show that these monotonocity properties can be exploited to
uniquely identifies 1, 5. Instead, for the initial condition Y;o = 1,Y;_; = 0, we have

glo,l(yﬁ7 1,0,X;) = 672+X{31/6’yil(1 — Y;y)Yis + e_'Y1+'72+X1{31/B}/;1<1 — Yiy)(1 — Yis)
- (1 =-Ya)Y;
which Honoré and Weidner (2020) denote as m ). Provided that 7, 3 are identified, the
strict monotonicity of the moment functions in v, ensure that -, is identified.

Analogously, for w;‘l’O(Ai, X;) and W?'O’YiO(Ai) to match, we require both Y;y = 0 and

X3 = X2 in which case:
é‘lvo(}/;?’ 0,Y 1, X;) =Yy + (1 _ 6—71+72Yi71—X£316> (1— }/;1)}/;2671(1—%3)
yl(YﬁaOvY;bei) _ Yﬂe(l—Ym)(m—szi_ﬁX;glﬁ)
Then, a valid moment function that depends on all model parameters is:
o (VR 0,Yin, X0) = g (Y0, Y0, X)) — ' (V3 0, Vi, X0)
= (1= e ) 1 (1 - Vi) Ya (1 - Vi)
+ <1 - eﬂlﬂmflfx’(r’ﬁ) (1= Yi)YiaVis

_ 671—72%_1+X§315 (1 _ 6—71+721€_1—X{315> Yz‘l(l _ YzQ)

-1
Rescaling this moment function by the factor <671_72Yi1+X1{31ﬁ <1 — e_VlJFV?Yil—X{slﬁ)) 7

one obtains

—_~—

o VL0, Y, Xo) = 2 N (1 Y)Y (1 - Vi)
et (1 - Y)Y — Ya(l — Yi)

For the initial condition Y;o = 0,Y;_; = 0, we have

SOY30,0,X;) = e XnB (1 — Vi) Vip(1 = Vig) 4+ e " Xistf(1 — Y31 YipYis — Yir (1 — Vo)
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This moment function also only depends on 7, 8 and coincides with the moment function

P

Mmo,0) in Honoré and Weidner (2020). Similarly to glo’l(}ﬁ, 1,1, X;), the monotonicity

—_~—

properties of 1/15 ‘I’O(Yf{, 0,0, X;) can be exploited to uniquely identifies 7, 8 (see Honoré and

Weidner (2020)). Instead, for the initial condition Y;o = 0,Y;_; = 1, we obtain

oYV 0,1, X;) = e X (1= Vi) Vi (1 — Yig) 4 ¢ 12 NP (1 - ¥31)Yip Vg
—Yu(1—Y)
Provided that vy, 5 is identified, the strict monotonicity of this moment function in 5 implies

that it identifies 7, uniquely. This is m g1y in Honoré and Weidner (2020).
Lastly, for W%'l’l(Ai) and W%‘LYZ'O(AZ-) to match, we require both Y;g = 1 and X;3 = X;» in
which case:

VL Y, X) =m0ty g (1 0l ) v,
331V, X) = Vel (07 +400)
= Vi (1 = Yip)e? Vet Xl 4y v,
Then, a valid moment function
SR LY X)) = o (YL LYl X)) — oy (VR LY, X)
=0

is identically zero and hence contains no information about the model parameters.

1.8.10.2 Proof of Theorem 5

We recall from the discussion of Section 1.4.5 that 7" = 4 and K, > 2 so that there are at least
2 exogenous explanatory variables. We have X;; = (W, R.,) € RE= 8 = (B, Bp) € RE=
and Z; = (R, Wiy, Wiz, Wy)' € R*==1  Our goal is to prove Theorem 5 under Assumptions
2 and 3.

Specializing Proposition 4 to the AR(2) with 7" = 4 yields the valid moment function:

gloﬂ(YzA,Yz‘s, V2, X;) = <€WY$’O_X1{42[3 - 1) (1= Ya)(1 —Yi2)Vis

- {e”m‘xw - (1 - eWiO‘X@mﬁ) e usf — 1] (1= Yi)(1 = Ya)(1 - Y)Y
+ e (1=Yio)+72(Y; —1@,1)+ng15¥;1(1 — Y)Yy

4+ e~ mYio—nYimi+X(, 8 {evﬁrwi’io—X{Qﬁ + (1 _ 671+72Yio—X£42B> 672—X£435}

x Y (1 —Yie)(1 - Y)Y

+ 6—713’2-0—721’1-_1+X{415yﬂ(1 —Yio)(1 = Yi3)(1 — Yiy)
- (1-Ya)Y;
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Define, the “limiting” moment function, where we have taken W;, to +00

0o (Via, Yis, Y21, Zi) = —(1 = Yar) (1 — Y)Y
X 1] (1= Vi) (1= Ya) (1 - Y)Y
+ etV (1 - Vi) (1~ Yia)Yia
e LY (1 - Vi) (1 - Yia) (1 — Yaa)

(1.11)

For s € {—, +}%=, consider the moment objective

\Ifom’o(@) = lim E [ 2‘070(5@4,%37}2%1,)(1')‘}/;0 =y Xi € X, Wiy = wQ}

0
Sy w2 —00

We will show in two successive steps (a) and (b) that
w0(0) = Tim B 00 (Via, Ve, Y21 Z)IY =, Xi € Xy, Wip = | (a)

=K [ OJO’O(KZJL? }/137 }/;2_17 Zz)‘}/;o = yO,Xi c Xs; WiZ — OO:| (b)

To establish (a), we start by observing that the history sequence (1 — Y;1)Y;s featuring in

3'0’0 has expectation zero. To see this, note that by iterated expectations
Jim E (1= Yi)Yal Y = 4, Xi € &, Wiy = ws]
eo2yo+asrBot+a 1
= lim p<a7z|y07XS7w2)dadZ

Wo—300 1 + ero2votarfota 1 4 er01y0+702vi-1+71 fot+a

NOW7 p(CL, Z|y07 Xsy wQ) = p(a’|y0a Zs w2)P(Z|?JOa XS; w2) = p(a’y()? 2 w2)P(?|i/s(];l(1§|);0{j§;)€dfs

by part (iii) of Assumption 3, an integrable dominating function of the integrand is

13 Hence,

02050 +a 1 dg(z)
X,y w3) < do(a) — 2t
p(a, z|yo, wy) o(a) fxs d(2)dz

Moreover, by parts (ii)-(iii) of Assumption 3 and the Dominated Convergence Theorem,

2y 1{X; € X,
(2]y0)1{ b~ a2, )

1 + ero2yotasfo+4Ai 1 1 er01y0+7029i—1+2) fota

. q
lim p(a, z[yo, Xs, w2) = q(alyo, 2)
wz o0 Jx, a(zlyo)dz

Hence another application of the Dominated Convergence Theorem gives
lim E [(1 — Vi) YplV? =4°, Xi € X, Wip = wz}
w2 —00

eo2yo+asBota 1

N / p pla, 2|y, X, wo)dadz

wy—oo | 4 er02v0tTaf0+a 1 1 er0190+702yi-1+7 fo+a

- /0 X q(a, z|yo, Xs)dadz
=0
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where the third line follows from the fact that lim,,, ., €“2®" = 0 by Assumption 2. Apply-
ing the same arguments to each remaining summand of wg\o,o and collecting terms delivers
(a). To obtain (b), we note that by part (iv) of Assumption 2,
we — E [wmoo( Yia, Yis, Y21, Z)|YP = 40, X; € Xy, Wip = U)2i| is continuous with a well de-
fined limit at infinity in light of (a). As a result, we can work directly with its continuous
extension at infinity.

Let us focus on the initial condition yo = y_1 = 0. It is clear from Equation (1.6) that

\1/2,‘8;8 (f) does not depend on 7. Furthermore, by parts (i) of Assumption 3 we note that we
have the following integrable dominating functions for the derivative:

00,0 -
0,00 Yia, Yis, Y21, Zi) = P XEBY (1= YVig)(1 — Yig)Yia < sup  eo2r2max(elle bl
672 g2€G2,beB
3@/}0‘00( 147 137Y 1aZ)

= Xik,346X£34B(]- —Yi)(1 = Yi)(1 - Yi3)Yiu
OBk

+ Xik,316V2+X1{316Y;‘1(1 —Yio)(1 —Yi3)Yiu
+ Xik,41€72+X£31ﬁY;1(1 —Yio)(1 —Yis)(1 — Yiy)

I ! i
‘sz 34‘€Xi34'8 + ‘Xk 31‘6’72+Xi315 + ‘Xk 41|€’Y2+Xi315

< 2max(|z|, |z|) sup e2mx(LDIPli (1 4 9 sup e92)
beB 92€G2

Hence, by Leibniz integral rule, we get
AC)
072
awo‘oo( 147 237Y 17Z)
2

E

V.2 = (0,0), X; € X, Wiy = 00

[672+Xz31f8y (1 - }/;2)(1 — Y;S)Y;ZLIY;O = (07 O)a X; € Xs’ Wiz = OO}

=E
— E |:672 “I’X;glﬁ

X E [Yii(1 = Yio) (1 = Yig) Yu|Y," = (0,0), Z;, Wiz = 00, 4] [V = (0,0), X; € X, Wip = 00

~~
>0

>0
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Similarly,
ow0(0)
ZE
a 0|00 f ,S/z ,Y ’Z
_ g | o=l Bﬁs 1 )moz(o,omXieXs,Ww:OO
k

=E Xik,34€X’{34’8]E [(1 —Yi)(1 = Yio)(1 - 5@3)5@4’}/;0 = (0,0), Z;, Wiz = o0, Ai]

~-
>0

’Y;'O = (070)7X’L € st Wio = OO]
+E [Xik,BleerX'{Slﬁx

E |:Y;1(1 - KQ)(l - }/;3)}/14‘}/;0 = (070)7 Zia Wig = OO,AZ} ‘Y;O = (an)aXz € Xsa Wig = 00

~~
>0

+E | X ™57 E [Vi (1 - Yio) (1 — Yis) (1 — Yaa) [Y? = (0,0), Z;, Wiz = 00, A;]

~-
>0

’Y;O = (070)7Xz € stI/ViQ = OO]
00,0 0[0,0
The last display shows that a\pggf(e) > 0 if s, = + and 8\1’3%;(0)
appealing to Lemma 2 in Honoré and Weidner (2020), we conclude that the 2%+ system of

equations in K, + 1 unkowns given by:
Ulon(6) =0, Vs e {—+}©

< 0 if s = —. Therefore,

has at most one solution. It is precisely (o2, fo), since the validity of wo\o 0( Yis, Yis, Y21, X;)

for arbltrary X; directly implies the validity of the limiting moment @Z)e ( i, Y3, Y2 7))
at “W;y = 0o”. Then, notice that for any other initial condition y° € {(O 1),(1,0), (1,1)},

the objective ¥ |y (0) is strictly monotonic in 7;. Hence, given (72, fo), it point identifies
~Yo1- This concludes the proof of Theorem 5.

1.8.11 Proof of Proposition 3
We recall that by definition,
k1Y s
I (0, ) =
E |:P<}/;t+s - ks; s 7}/;t+1 - kl | }/;t - l17 s JY;t—(p—l) - lvaff»S - xi—FS, Al)
Y0 =y, X[ = af™]
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We have

NFIT (ea)

P(}/it+s = k87 D 71/;:15—{-1 = kl | }/%t == ll; o 7}/’it—(p—1) == lp7Xfl+S = ‘Tt1+s7Ai) == Dkfll—zf(cﬂ)

s|7P s|1P . . .
where N¥illi(e%), D¥illi (¢?) are polynomials in e?. There are two cases to consider.

Case 1: s <p
Then,

s—1
Nks‘lp( ) _ ekl (Zle ’YOTZT'+Z‘;+150+O’) H ekfj+1 (zi:l 70rkj+17r+2$:j+1 70rlr—j+x;+1+jﬁ0+a)

j=1

s—1
Dkf‘l?(ea> — (1 + 625:1 '70rlr+$;+1ﬁo+a> H <1 + 621:1 'YOrkj+1—7-+Zf:j+1 FYOTZT'fj+x;+1+]‘B0+a>
7j=1

We note that deg(N* 11 (e%)) < deg(D¥ 1 (%)) with strict inequality unless k% = 1,. Further-
more, since by assumption for any t € {p,..., T — 2}, se€ {1,..., T —1—t} and y,5 € J?,
Yoy + 40 # V4§ + 2, B0, DM (e) is a product of distinct irreducible polynomials in €.
Consequently, standard results on partial fraction decompositions entail that there exists a

unique set of known coefficients (p1, Mg, A1, ..., As_1) € R¥T! such that:
NHFIE (e2) \ 1
DFI (e) — Ao

(1 + 625:1 70rlr+332+150+a>

1
+ E :)\ P /
o 14+ 6 1'YOrk'j+1—r+ZT:]-+l Yorlr—j+xy 44 ;fo+a

with o = 0 unless k7 = 1,. We can rewrite this in terms of transition probabilities as:

Nkﬂlzf(ea) s—1 ok ,,khlll’*j
5@@757M+%m M, wn) + ) N (@, Tr414;)
e —
I
—,u+)\0(1—l )l (a xt+1)+)\0l1(1—7rl|1(a,xt+1))—l-
. s—1 .
Joj kigennrlir 1 Joj fogennrlir 12
Z >\ t-‘r‘J S (a’ xt+1+j) + Z )‘jkj( t—l-l] S (a’7 37t+1+j))

Jj=1
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This last result in conjunction with Theorem 4, implies that:
ks |IP s
" (0, 2™ =

l1l s lll s
+E [Ao(l—l) LI AT B WA (1—¢ Sy, ))

k |k ekt 10 i1 s
+ Z Ai( e (Yt+]'t(2p—1)a $§+ )

1+
kjlkj,....k1, 18~ t 1 s s
DRV (1— e

which shows that Hf i L(y?, 217%) is identified given that 6, is identified by assumption.

Case 2: s> p
Then,
p—1 ,
Dkl (e") = (1 + e2r=1 ’YOrlTJrIQHBOJra) (1 + =1 Y0rkj 13005 W0rlr—j+w;+1+jﬂo+a)

=1

.

s—1
X H (1 + =1 VOT’“J'“*T*%HHBOJJ)

Jj=p

p—1 ,
Nkﬂlzf (ea) — e’ﬁ(Zf:l ’YOTlT+a:;+1/BO+G/) H ek;j+1(ZZ‘:l 'Y()Tk?j+l—r+2i):j+1 'YOrlr—j+$2+1+j/30+a>

j=1
s—1
| | ki1 (P_y vorkjt1—rta,,y Bota)
X eIt r=1T10rRj+1—rTLy 145
J=p

Invoking identical arguments as in the case s < p, there exists a unique set of known
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coefficients (i, Ao, A1, ..., As_1) € R¥T! such that:
kS |12 s
I (40, ) =

A s P s
+E {Ao(l—ll)gbl' (Vi) 257) + Aol (1—¢1‘ (Vith, .t ))

k kj,....k ,l t 1
+ E :>\ | ' 1 (Y +7+ xiJrs)

it+j—(2p—1)’

Z )\ k? (1 o k |k37..4 ki 877 (Y;ii;—_’—%zp_l) x?i—l—s))

k |kj,..4 kj+1_p t+j+1 t+s
—i-g N(1—k (Y;tJrjf(prl)’xl )

k: kj,....k 1 s s s
+ Z}\ ks ( | JIRRLIERE p(}/;ii;—i—@p e t+ )) |YO _ y Xfl—i— _ xi—f—

k3§ |l ( t+s

which again shows that IT,*"™ (y”, 27"%) is identified given that 6, is identified by assumption.

This concludes the proof.

1.8.12 Proof of Lemma 4
Let

M
’;|k(}/;t+1aY;taY;t 1 ) ]l{yzt = k:}e m=1(Ym,it 41— km)(zyil7””'(1/39“*17kj)*AX;ﬂvif+15m)

We verify the claim by direct calculation.

E |64 (Viesn, Yie, Yies, Xl Vo, Vi, X3, Ai| = P(Yig = K{Yio, Vi7", X, As)

X Z P(Y;t—i-l == l’Y;Oa Y;tl_la Y;'t = kaXia A’L) ]g|k(l7 k? Y;t—in)
ley

M o (23 Yo Yiit -1+ X 0 Pont A )

1 1 + eZJle 'ijx/j,it71+X,/.mitﬁm+Am,i
m=

kij+X! Bm+Am.i)

3 1 Ymj it-+1 m,i

X E o eZ%:ﬂlm_kM)(ZjNil 'anj(iijitfl_kj)_AX;n,it-ylﬁm)
'Ym]k +Xm 1t+1ﬁm+Am i

11+e Zih

ley m=

I

1€y m=1 1+ ex

lm(z -1 ’Ym] jyit— 1+Xm Ztﬂm‘i‘Am z) ekm(zj']vil 'Ym‘jkj+X,/1L7it+1/8m+Am,i)

17mjkj+X£n,it+1Bm+Am,i 1 + erNil’ij}/j,it—l‘i‘X;n’“Bm‘i‘Am,i



ekm(zyl'ijk"f’X;n it+1/3m+Am 1) 1

M
H 1 + Z] 1'ij jyit— 1+sztﬁm+Amz 1 +€EJ 1'7m;k +Xm Zt+1ﬁm+Amz

m=1

M
§ H J 1 'Ym] Jyit— 1+Xm Ltﬁm+Am 7,)
ey m=1

Now, noting that

M
§ H elm(zjﬂil’ijYj,it—l-i-X;n’itﬂm-FAmz H 1"—6 = 1’Ym]Y]1t 1+X,m Zth-i-AmZ)
ley m=1 m=1

we finally get

B[4 (Viear, Yie, Vi1, X0)|Yio, Vi, X5, A

I
—=

1 + 62 1'Y'mJY] it— 1+Xm Zt5m+Am1 1 + ez lfym]k JrX,m 1t+15m+Am'L

m=1

M
M
X H (1 + er:1 'ijyj,itfl'*'X:n,ithm"'Amyi)

ekm (Z]Ail Ymj k] +X7{n’it+1ﬁm+Am,i)

M
1 1+ er:l ’ijkj—"_X;n,itJrl'Bm—i_Am:i
k|k
= Wt‘ (Ai, Xi)

which concludes the proof.

1.8.13 Proof of Lemma 5
By definition, for T" > 3, and for ¢,s such that T —1>¢ > s > 1:
E[ o (VALY i)’ﬁoaﬁ*laXmAz} = P(Yis = k[Yio, Vi1, Xi, A)
+ Y WROE [1{Y = e (G, XY, Vi X, A,
M e (s (0)+ A ) k|k

e kk s—
= H L& et @ Ams Z w1 (0 H(AL X)) P(Yis = 1Yi0, Y71 X0, A))
m=1 LY\ {k}

fat + ebm,s(0)+Am,;
+ [1 St =k )[ MOE uas(H)]] M (O Am) el (O)+A0n)
_ oi-
1EV\{k L 4 e O+ AR 1 etmes O+ Am
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1)

km, (’ﬁfrlkt (6)+Am,i)

M
[1—:
- ER (0)+ A,

The first line follows from the measurability of the weight wi [k (0) with respect to the

s,l
conditioning set and the linearity of conditional expectations. The second line uses the
definition of p;(6) and follows from the law of iterated expectations and Lemma 5. The
third line makes use of the definition of /ifnlkt(é) and wf’ Lkl

Appendix Lemma 9.

(f) and the penultime line uses

1.8.14 Dynamic network formation with transitivity

Graham (2013) studies a variant of model (1.7) to describe network formation amongst
groups of 3 individuals. This is a panel data setting where a large sample of many such
groups and the evolution of their social ties are observed over T' = 3 periods (4 counting the
initial condition). Interactions are assumed undirected and modelled at the dyad level as:

Dijy =1 {fYODijtfl + 0o Riji—1 + Aij — €550 > O} t=1,...,T
Riji—1 = Dij—1Djir—1

where 4, j, k denote the 3 different agents and D;;; € {0,1} encodes the presence or absence
of a link between agent 7 and agent j at time ¢. The network Dy € {0,1}® forms the ini-
tial condition. The parameter 7, captures state dependence while dy captures transitivity
in relationships, i.e the effect of sharing friends in common on the propensity to establish
friendships. Finally, A;; is an unrestricted dyad level fixed effect that could potentiall capture
unobserved homophily and ¢;;; is a standard logistic shock, iid over time and individuals.
While Graham (2013) establishes identification of (g, dp) for T' = 3 via a conditional like-
lihood approach in the spirit of Chamberlain (1985b), one limitation of the model is the
absence of other covariates, in particular time-specific effects. Controlling for such effects
can be essential to adequately capture important variation in social dynamics: think about
the persistent impact of Covid-19 on all types of social interactions. A relevant extension is
thus:

Dy =1 {’YoDijt—l + 00 Digt—1Djrr—1 + X,(jtﬁo +Aij — € > 0} t=1,...,T
Riji—1 = Dipr—1Djre—

Letting D = {0, 1}® denote the support of the network D; = (Dyji, Digs, Djkt), it is straight-
forward to see that the results developed for the VAR(1) case can be repurposed to suit
model (1.13) . For 7" = 3, an adaptation of Lemma 4 yields 8 possible transition functions
given by:

(1.12)

(1.13)

3'd(D3, D5, Dy, X) = 1{D; = d} exp Z(DijS — dijo)[v(Dij1 — dija) — ARij10 — AX;]’ZB]

1<j
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for all d € D. An adaptation of Lemma 5 implies that we can construct another 8 transition
functions given by

0(Ds, Do, Dy, Dy, X) = 1{Dy =d} + > wyy (0O)1{Dy = 1}¢;"(Ds, Dy, Dy, X)
d’eD\{d}

for all d € D where

pij1(0) = vDijo + 6 Rijo + X{jl/g

dld
Ki]lz(g) = yd;j + 0Ty + Xg?)ﬁ
wi\f@/(e) —1— ezkj(dzj* 2])[ ;iJ‘dQ(e)*ﬂij,l(e)]

Therefore, for T' = 3, 8 moment functions that all meaningfully depend on the model pa-
rameter are:

3“(Ds, D, D1, Do, X) = ¢*(Dy, Do, D1, X) = ¢(Ds, Dy, Dy, Dy, X), d €D
Their validity, in the sense of verifying equation (1.1), follows from the law of iterated

expectations.

1.8.15 Proof of Lemma 6
Let

SV X)) = 1Y = k)

W E2aceM\{k} I{Virp1=c}(X ey (Ves =163 L (YVit—1=0)+Vkk —Yeh +AX [y 4 1 Br—DX oy 1 Be)
We verify the claim by direct computation. We have:

]E' |: lglk(}/it-i-lu }/ita }/it—lu Xi)|}/7:07}/itl_17Xij| - P(}/zt - k|Yi07 }/itl_17Xi7 AZ)

E 0 t—1 k|k
X P(}/;t-i-l = ZD/; a}/;'l a}/;t = k:7XZaAZ) 0 (l7 kv}/;t—hXi)
ley
er 0 Ve L(Yit—1=¢)+ X/, Br+Aik e’Ylk+X{lt+151+Ail Kk
- 2% SRk, Yo, X))
Z e c= o'YJc Yit—1= c)+XZ]t/8]+AZ] ley Z e’YJkJ’_Xz]t-!—lﬂJ—"_A“
7=0

ezc=0 'chﬂ(ntfl—c)+X£kt/Bk+Aik

= X
O SO el (Yie1=c)+ XL i+ Ay
Z 626207‘70 ( 1t71—c)+ ijt/gj+ i




7

Wikt X1 Bt Aik

9
S eirt i BitAi
=0

Ykt X Bit+Aa )
€ ’ e(Zf:o(wj—ij)]1(Yz‘t71:J)'Hkk—Wk-f—AXéktHﬁk—AX{ltHﬁz)

p>

c
ek} S @kt Xien it Ay

Jj=0
@Zf:o Ve L(Yit—1=¢)+ X[}, Br+Aix Ykt X1 Bt Ak
_ > =
Z om0 Vel (Yiem1=0)+X [, 8+ Aij 3 ik T X1 B+ A
Jj=0
Vik+Xipe 1 BetAik
+ € ’ % 1 62]-0:0 Y W(Yie—1=7)+ X, Bi+Au
C o Z c
Z 620:0 ’ch]l(Yitflzc)"rX.fjt/Bj'i‘Aij ley\{k} Z e’ij+Xz{jt+1ﬁj+Aij
=0 =0
€7kk+X,£kt+1/Bk+Aik 1

_ o250 ML (Yiem1=5)+ X[ Bt A

Z ei—c= O’YJC Yig—1= C)+ngtﬁJ+A2J Z e’yjk+X1gt+lﬁJ+AW ey
7=0

e Vkk +X 1 BetAik

c
S ent i BitAi
j=0

_ k\k(A“X)

which concludes the proof.

1.8.16 Proof of Lemma 7

By construction for 7' > 3, and t, s such that T — 1>t > s > 1,
[CO‘()(Y;?FL YZZ 1s i)‘ﬁo; Y;le? Xiv Al}

— P(Ks — 0‘}/;07 Y;Li717Xi7 Al)

+ Y w(®) {1{1@ = 1JE [of (it X0 Yo, YA, X, A [Yio, Vi X, A
ley\{o}
L ol s—1 0[0
1 n Z ot (0) 1 Are + Zwtsl ]l{Y;s = l}|Y10>Y;1 XZ,A] (A;, X5)
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- ! + ( (7' (6) 1o ))) ettt A 1
1 —+ Zle e/»‘c,s(e)‘i’Aic 1 1 + Z eHe, s(0)+Aqc 1 + Z 6 2J$(9)+Aw
1
1+ 260:1 eﬁgj?(9)+Aic
= (Ai, Xi)

The first line follows from the measurability of the weight w) ‘fl(e) with respect to the
conditioning set and the linearity of conditional expectations. The second line uses the
definition of . 4(#) and follows from the law of iterated expectations and Lemma 6. The
third line makes use of the definition of /@'0‘0(9) w? ‘501(0) and the normalization
Yeo = Yoe = 0, Ag. = 0 for all ¢ € ). The penultime line uses Appendix Lemma 8.

Likewise, for all k € Y\ {0},

E [V, Yo, XolYie, Vi, Xo, Al
- P(Ks - k|}/7;07 Y;j_17X’L'7 Az)

+ > W) ﬁm E |65 (Vi3 X0 Yao, Y78 X, A Yo, Vi X A,
leY\{k}

_ el Ot A + Z wk|kl( 0)E []I{Yis = l}|Yi0,Yi_1,Xi,Ai] k‘k(A“X>
1+ chzl ehe,s(0)+Aic b Z

leY\{k}
e#k,s(e)-i-Aik
B 1+ ZCC:I ehe,s(0)+Aic
) K 9 Az
4 Z < (nl v(0)- m,s(9))—(,{;[’;(9)_,%,5(9))) euz $(0)+Aq i ( Hklkk
c, s Azc P

euk,s (6)+Azk

‘ 1 e“k t (6)+Azk
L Yo et @b 1+ 300 eres@+Aic ] L §°C ol O+ A

et s (0)+Ai SR (0)+ A

C
klk klk
N (1 e <e>—m,s<e>>—<nk,t(e)—uk,sw)))
; 1+ Z ehe, s(0)+A;c 1+ E e Ct (9)+A1c

I#k

k
ot O+ A

1_|_ Z e st 0)+Azc
= Wf‘k(AiaXz‘)

The first line follows from the measurability of the weight wf Lkl(G) with respect to the
conditioning set and the linearity of conditional expectations. The second line uses the
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definition of 4 5(0) and follows from the law of iterated expectations and Lemma 6. The

third line makes use of the definition of Kjljtk (f) and wrlk (0). The fourth line uses the fact

t,s,l
that mé}f(@) = tig,s(#) = 0 due to the normalization v, = Yo, = 0, Ag. = 0 for all ¢ € J. The

penultime line uses Appendix Lemma 8.

1.8.17 Proof of Theorem 2

In what follows, we will drop the cross-sectional subscript ¢ to economize on space. To avoid
excessive repetition, we will detail the argument for the initial condition Yy = 0. A set of
completely symmetric arguments will deliver the result for Yy = 1 and can be provided upon
request. For conciseness, we will further omit the conditioning on the initial condition Yy = 0
in conditional expectations.

A) Preliminary calculations
The conditional density of history (Y1, Y2, Y3) of the AR(1) model given initial condition Yy,

3
regressors X and fixed effect A is f(Y1, Y2, 5|0, X, A4;0) = []

t=1

Yt (VY 1+X{B+A)
<1+6’YY,5_1+X£B+A

) . This implies

3 3
In f(Yi, Y2, YalYo, X, 4:60) = 3 Vi(y¥ia + X[+ A) = > Vi yIn (14 77 ¥04)

=1 =1
3
— Z(l —Y, 1) In (1 + eXéBJ’A)
t=1

and hence

(Vs Vs YalYe X, A:0) < e
Oln f(Y1,Ya, Ys|Yo, X, ’):ZYlt(Y%—l . )

vy — 1 et XiBtA
dln f(Y1,Ys, Vs|Yy, X, A; 0) :iX vy HXIB+A vy XA
86 — t t t711+€7+X218+A t—1 1_|_6X£ﬁ+A

Our candidate for the efficient score is the efficient moment based on the conditional
moment restriction: E [¢(Y}?, Y, X)|Yo = 0,X] = 0. By Chamberlain (1987), it is given
by,

YT (YR, X) = —Q(X)we (Y, Yy, X)

where Q(X) = D(X)X(X)™ ! (recall that we are omitting the dependence on the initial
condition Y = 0 here). The following expressions for D(X), X(X), Q(X) are useful for the
derivations ahead:

Dy (X) = eXélﬁﬂplOl(X)



80

Doi(X) = X157 Py (X)

Dy;(X) = X23,j—1€X536P001(X) + X21,j—1€X515+7P101(X) + X31,j—1€X‘4’15P100(X);
j=2. . K+1

Dyj(X) = X32,j—1€Xé26P110(X) + X12,j—1€X{2ﬂP010(X) + X13,j—1€X13B_7P011(X),
j=2,.. . K+1

Y(X) = (€X£3B —1)*Poor (X) + eHXnft I p, (X) + 62Xé15P100(X) + Po1(X)

Yoo (X) = (eX328 — 1)2P1(X) + X128 By (X) 4 X572 By (X) 4 Pro(X)

Y19(X) = 391 (X)
= = (P Pt (X) + X7 Pog (X) + X127 Pyyo (X) + X551 By (X))

det (3(X)) = 211(X)8a2(X) — Eia(X)?

1 .
1 .
Q5(X) = e (500) (=Dy(X)S12(X) + Do (X)S11 (X)), j=1,.... K+1

were I use the shorthand P, , (X)=PY1 =uy1,...,Y, = y,|Yo =0, X)

B) Scores and nonparametric tangent set
With T' = 3, the conditional likelihood of history (Y7, Ys, Y3) given X = x, Y, = yo writes:

£(0) = / (Y, Y, Viluo, o, a: 0)(alyo, «)da

where 7(.|yo, x) denotes the conditional density of A given X = z,Yy = yo. Consider a scalar
parametric submodel for the heterogeneity distribution 7(.|yo, z;7) such that
(.o, ) = 7(.|yo, ;m0). Then, the conditional likelihood of the parametric submodel is

L£(6,n) = / (Vi Yo, Yalyo. . a: 0)(alyo, 2 n)da

Define

Cy1y2y3 (.th) =E

T oAl =yl»Yz=yz»Yé=y3»X=w]

ea:;ﬁ—i—A
Bways(xt) =E WDG =y YYo=y, Ys=y3, X =z
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Careful bookkeeping yield the following scores for v and

O £(6, n) O1n f (Y1, Ya, Yi|Yo, X, A; )

_InAGN)
0y oy

= (1= Ci(za) + 1 = Ciia(z3)) Y1YaYs + (1 — Ciip(w2) — Chio(zs))YiYa(l — Y3) (1.14)

- 0101($2)Y1(1 - YQ)Yg - 0100(!102)1/1(1 - YQ)(l - Yé)

+ (1 = Coni(x3))(1 = Y1)YaY3 — Coro(w3) (1 — Y1) Ya(1 — V3)

Sy

m,YQ,Yg,sz}

and
Oln f(Y1,Ys, Y3|Yy, X, A;0)
B

_ dlnL(0,n) [
)+ 22(1 = Cinn(2)) + 23(1 — 0111(5103))) Y1YsYs
)
)
)

9B

I
&=

Sg

IYl,Yz,Y&X—w}

The score for the nuisance parameter is
- K Ol m(Alyo, z;10)

o Oln /3(9, 770)

S on on

Y1,Y5,Y3, X =2

Following Hahn (2001), this implies that the nonparametric tangent set is given by
T = {E[K(A, x)|Y1,Ys, Y3, z] such that E[K (A, x)|z] = 0}

To prove that @Z);f 7 is semiparametrically efficient, we will verify the conditions for an appli-
cation of Theorem 3.2 in Newey (1990). Noting that £(6,n) is differentiable in 6, that 7T is

linear, and that by Assumption 1, E [quff V3, X)ws' (v X)'} —E [D(X)S(X)'D(X)] is
non singular, all that remains to check are: 1) 5’/ (Y3, X) € T+ and ii) Sp—ve/ (V3, X) e T.

C) Verification of condition i) ¥§T (Y3 X) e T+

To verify condition i), let us characterize the orthocomplement of 7 which will also be useful
to verify condition ii). By definition, any g(Y1,Ys, Y3, ) € T+ is such that for any element
of T, E[K (A, x)|Y,Ys, Y3, x], we have

0=E [g(Y1,Y2, Y3, 2)E[K (A, 2)[Y1, Yo, V3, z][2]
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— [ K(a,0)E g%, Y2, Ya. ). o] nlale)da

because this equality must be valid for any K (a,x) verifying E[K (A, z)|x] = 0, it must be
the case that V (E [g(V1, Y5, Y3, 2) |z, A] |:L‘> = 0 or equivalently that

E [g(YI,YQ,Y}),xHx,A] =K [g(Yl,YQ,Y}),x)M. Conversely, this short calculation makes it
clear that any ¢ function such that F [g(Yl, Ys, Vs, )|z, A} is constant will be an element of
T+. We conclude that,

TJ_ - {g(le’Yv%Yv?’?x) ’E |:g(Y'17§/27Y237x) —E [9(5/1,}/'2,36,,:6)|$} ‘ZL',A] = 0} :R+7;J_
T = {g.(¥1, Y2, Y3,2) | E [g. (Y1, Y2, V3, 7) |z, A] = 0}

At this stage, an important observation is that 7% coincides with the set of valid moment
functions in the AR(1) model with 7" = 3. By Theorem 1, this is a 2-dimensional space when

T = 3 with basis elements @Dglo(Yﬁ’, Y, Xi), ;‘1(1/;31’, Y3, Xi). As aresult, we further conclude
that 7,5 = span ({1&3'0(}@?{,}%,X¢), éll(Yﬁ,Yié,Xi)}) Hence, /7 (Y2, X) € T* since it
is a linear combination of ¥ (Y3, Y, X;) and v, (Y3, Y}, X;). Finally since T+ C T+,
G X) e T

D) Verification of condition ii) Sy — ¢/ (Y3, z) e T

To check condition ii) Sy — @Z)gf ! (Y?,x) € T, we will verify the equivalent condition that for
any element g € 7+, E |:<Sg — @/Jgff(Yf‘, :1:)) g(Y1,Y5, Y3, 93)|{B:| = 0. Given our characteriza-
tion of T, it is equivalent to verify that Vk € {0,1},

B | (50— 45/ 07,0) w07, ¥ o)l =0

D)1) S, — o/ (Y, x) L vy (V3 Yy, )

Let AJ0 = (3, — YT (VP Y, @) 03, Y, z). Tt is tedious but straightforward to show
that

A0 = A%+ A%+ A%+ Al 4 TS
A% = (1 = O (22)) "Y1 (1 — Y3)Ys — Cugo(m2)e™ 1P Y1 (1 — Ya) (1 — V3)

1T
AU = —(1 = Con(ws))(1 = Y1) YaYs + Corolars) (1 — Y1) Ya(1 — Vi)
AN = Q@) (€7 = 1)°(1 = Y1) (1 = Ya)Ys + Qi (2)e* 5727V, (1 = Vo) Yy
+ ()XY (1 = V3) (1 = Y3) + Qui(2)(1 = Y1)Yz
AU} = —Quy ()Y (L - Y)Y — Qua(w)e™ Y (1 - Ya) (1 - Ya)
)

— Qpo(x)e™27(1 — Y1) Ya(1 — Ya) — Qua(2)e®3P 77 (1 — Y7) Y, Y5



Aglg = —eX§1ﬁ+VY1(1 —Y2)V3

We then note that

. [ 0|0 1 eT1B+a 1 eTsBta

"8 (a2 da

1+ evtasBta | + er1B+ta | + eYtasB+a | + exsBta

te| = [
y+ahB+a x| B+a 1 1 ,
_ / e e : __e®Pr(alz)da
=0

1 + evtaefta] 4 enifta ] 4 ertasfta] 4 eryfta
eyteafita 1 1 evsfta

m(alx)da

1 4 evteafta ] 4 ewifta ] | evtayfta ] | erifta
g1 tehBta 1 1 R

7(alr)da

1+ eYtzhBta + eTiBta + eYtzsfta + ersBta

and by a similar calculation E |2|x} = 0. Next, we immediately have

A

E 0|O|l’- = Qn(l')zu(x)
E 0|O|l‘ —912(x)212(x)
E

A0|5‘l’ = —eXéIBJr’YPlQl (x)

and hence,
Agm = 00 (2) 211 (X) 4 Qua(2) Sra(x) — €077 Py () = Dia(2) — Dia(x) =0

D)2) S, — s (VP x) Loy (V7,5 2)
Let AN = (3, — V(YR Y, x)) JH(V3, Y, 2). Tt can be decomposed as follows

AN = AT AL AT AT Al

Al = — (X527 — 1)C1p(22) V1 Ya(1 — Y3)
+ Cro1(22)Y1(1 = Y2)Y5 + Chroo(z2)Yi(1 — Ya)(1 — Y3)

AL = (557 —1)(1 — Cy10(23))YiYa(1 — Y3) — €72°C 1 0(3) (1 — Y1) Ya(1 — Y3)
— e"13h- TCo1(x3)(1 —Y7)YaYs

Ay = =Qu(@)e™ V(1 - Y2)Ys — Qu()e Yi(1 - Ya)(1 - V)
— Qu(2)eX2? (1 = Y1)Ya(1 — Y3) — Qui(2)e™P 77 (1 — 11)YaYs

Ay =+ () (%7 — 1V (1 - Ya) + Qua(2) (1 - Y)Y (1 - Vi)
+ Qua(2)e*13772 (1 = V1) YaYs + Qua(2) Vi (1 — Y2)

83
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Alll = 951 - V)VaYs

First, we have

Alll eyteafita e¥1fta ertrahta 1 '8
— T _
E [ ’QJ] o / 1+ eytaabta ] 4 erifta ] 4 evtapfta ] 4 ey tasfta <€ ” 1)7r(a|:1:)da

eYtraB+a eT16+a 1
* / 1+ 67+x’25+a 1+ ex’lﬁ—i-a 14+ 67+x’2ﬂ+a7r(&‘$)da

1 etibta  pytabfta pytaifta
- / 1+ erteebta ] 4 ezifta ] 4 ertapfta] 4 evtazfta
/ 6’7+m’2ﬁ+a 6m’lﬁ+a efy+z’2,8+a 1

m(alz)da

_|_

1 4 ertzafta] 4 erifta] 4 evtasfta] evﬂéﬁﬂw(a'x)

+

7(alx)da
67+m’2ﬂ+a 61’1,8+a e'er:):’QBJra 1
/1+w”wﬂ1+ﬂwﬂl+wﬂwﬂl+wﬂwﬂﬁww

€7+x’26+a ex’lﬁJra 1
/ 1+ eYtasB+a | + eriB+a | + evtasBta

Il
_|_

e’y+x’26+a ex’lﬁ—i-a 1 1

+

1+ eYtaaB+a | + eTiB+a | + eYtzsfta | + ew—i—xgﬁ—l—aﬂ-(a’x)da
— B[V Ya(1 - Y3)|Yo = 0,4]

By a very similar calculation, E [Aig@] = —E[Y1Y2(1 — Y3)|Yy = 0,z]. Then,
1|1

E |[L’ = Qll(l')Elg(QT)

E 1|1‘l‘ = ng(l')zgg(m)

E lll |I’ - +€x/135_7P011(CL’)

It follows that
E [A,ly|1|$i| = QH(I)212<I> + ng($)222($) + 6ml13ﬁ_’yp()11($) = D21<I‘> - Dgl(.’lf) =0

D)3) S5 — v5 (VP x) Lyy (Y2, Yy, 2)

Fix j € {2,..., K + 1} Let A)° = (Ss_, — o5 (v, Y}, 2)ug (v, ¥, 2). Tedious
calculations and rearrangements lead to the followmg decomposition:

0]0 0[0 0[0 0[0 0]0 QOO
ﬁﬁlj _ Aﬁ‘ o 4 A | L + Aﬁ‘ l(xl) + AﬁL’—l(x2> + 5|j71($3)
where

AP (1) =AY (@) + AY ()



Ago () = — (€% — 1)y ;1 Boor (1) (1 — Y1)(1 — Y3)Y3
— ey 5 Big (z) Vi (1 — Y2)Y3
— 6rglﬁ$1,j—13100(3§1)yl(1 - Y2)(1-Y3)
+ 211 B (1) (1 — Y1) YaYs + 21 j—1 Boio(21)(1 — Y1) Y2(1 — Y5)

AL () = Py (Vi1 - Ya)Ya + ey, 1 Yi(1— Ya)(1 - Vi)
and
Ag';{l(xg) :Aolﬁ (x2)+Aﬁ 12(x2)+Aﬁ ' (@)

AN () = €1 (1 = B (w))(1 — Yi)(1 — Ya)Ys

+ 29 ;1B (22)(1 — Y1)(1 — Ys)Ys
— T2,j— 1(1 - Bo11($2))(1 - Yl)Y2Y3 - iU2,j—1(1 - Bom(xz))(l - Y1)Y2(1 - Y3)

A%w N 2<x2) “+e 215-1-"11;2 (1 _ 0101(x2))yv1<1 . }/Q)YE),
— e3Py ;1 Cho0(2) Y1 (1 — Y2)(1 — Y3)
s(@2) = =™y 1 (1 - V1)(1 = Vo)V — €5y ;1 V(1= Ya)Ys

A () = A (ws) + AL y(ws) + A ()
=" = 1)y 1 Boos (3) (1 = Y1) (1 = Y)Y — 3,1 (1 = Y1)(1 = Y2) Vs

0[0
A ()

+ e 5 51 (1 — Bioi(z3))Yi(1 — Y2) V3
+e"1%5 51 (1 = Bgo(s))Ya(1 — Y2) (1 — )
Ag\JO 1, o(23) = —23;-1(1 — Cor(3)) (1 = Y1)YaY3 + 25 ;_1Coro(3) (1 — Y1)Yo(1 — Y3)
A%‘fo—lv?’(m?’) - exl%ﬁx?”j*l(l - V)1 -Y2)¥s — 6xl315953,3>1y1(1 —Y5)(1 - Y3)
and last
AY 1=+ (@) (e — 131 = Y1) (1 = Y2)Y5 + Q ()Y (1 - ) Ys
+ Qﬂ(fﬁ) Y (1= V) (1 = Y3) + Quu(2)(1 = Y)Y
AP )= —Qp(2)e™ Y1 - Ya) Vs — Qpp(a)e™ 7Y (1 — V) (1 — V)
— Qp(x)e"2? (1 — V1) Ya(1 — Y3) — Qja(2)e"5° 77 (1 — Y1)V V3

Starting first with the terms in “z;”, we have:
1 ex’l,ﬁ—i-A

T1,5—-1

——E[AY° 1 (21)]2] =E =0

1

E[-od°0, Y @)z, A] o

1+ emh+A

85
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E[Aglo_lg(%”x] = exIQIBJr’yxl,jflPlOl (z) + emélﬁxl,jflplodx)

Next, for the terms in “x,”, we have:

1+ evtasBta | + ex1Bta | + eYtayBta | + exsB+a

YV e Py JU SN R W
xQ,j*l 8,1 To)|X| = 1 + ez’2,8+a 1 + ezllﬂ—l-g, 1 + BZIQB—HI 1 + 61’3/3+ae mia|xr)aa
etaBta 1 1 etsB+a
" / 1+ em2fta] 4+ eriBta] 4 eryfta ] 4 emgﬁ+aﬂ(a‘$)da
B / 1 4 emaBta] 4 eriBta] 4 62/25+a7r(&‘$)da
1 1 eThBta
= / 1 + ezéﬁ+a 1 + exll/nga 1 + 6x125+a7T(a|x)da
1 1 61/26"“1
- 7 ; —(alx)da
1+ emaBta ] 4 eriBta ] 4 ersBta
=0
1 1 e¥iBa 1 ethite
= 218+7
1‘2,];1E [A,B,2(332)‘33} / 1+ er+abBra ] 4 gvift+a | 4 er+abfta] | exéf”“e m(alx)da
€7+$,2ﬁ+a edfllﬁ-‘ra 1 1 xglﬁ d
| 1 ertabBta] 4 eriBra] 4 prtabfta ] 4 ez’3,8+ae m(alr)da
1 1 eYTaaB+a ethB+a
N / 1+ evteabta ] 4 erifta ] 4 ertasfra] 4 exg5+a7r(a|x)da
evtasfta 1 1 eTsh+a
B / 7(a|z)da
0

E [Agﬁl,s(@)m] = —exl235$2,j—1poo1(37) - 6xl215+7x2,j—1P101<$>

By the same token, for the terms in “x3”, one arrives at
0[0 0/0
E [Aﬁﬁl(mg)m] ~E [Aﬁjflg(@)u} — 0 and

E [Agljo_hl(xg)]x] _E [Ag'f_lg(xg)\x —0
E [AOIO (x )|9U] — "0, .| P (x) — e®18ps . | P (x)
Bj—1,3\3 3,j—147001 3,j—147100
Finally, E[Ag‘jo_hﬁx] =Q,1(2)X1(2), E[Ang_lg\lU] = Q,2(x)X12(x). Collecting terms, we get

E [Ag‘jo_l\x} = "My 5 Pioy(2) + "7y ;1 Pioo ()
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— "%y 51 Poi () = €7 0y 5 Py (@)
= —Dyj(x) + Dyj(x)
=0

This is of course valid for all slope parameters f3; and hence S —wzf TYE, o) Ly (YR, Y, @)

D)4) S5 — v (VP x) Ly (Y2, Yy, 2)

Fix j € {2,..., K + 1}. Let ijl_l = (S8,_, — w;fi(Yf’,Y;é,x)) JHY3 YL @), Alast set of
lengthy calculations and rearrangements lead to the following decomposition:

1)1 11 11 11 111 11
Aﬂ!‘fl = Aﬁ‘jflyl + AﬂL‘q,? + A5L71(1’1) + Aﬂ!‘q('rQ) +A L’—l(x?’)
where
11 1)1 11
A () = AL (@) + AL (@)

AELI_I,l(xl) = +(e"2% — 1)zy ;1 (1 = Buao(w1))Y1Ya(1 — Y3)
+ €20 51 (1 = Bow (1)) (1 = Y1)Ya(1 — Y3)
+ 6:6,136_7%,]'_1(1 — Bon(21))(1 — Y1)YaY3
—21j-1(1 = Biou(21)) Y1 (1 = Y2)Y3 — 21 j_1(1 — Bioo(71)) Y1 (1 — Y2)(1 — Y3)

A (1) = —e™Pry (1 - Y)Ya(l - Ya) — ™9 70y 1 (1 - V))YaYs

Bj—1,2
and
11 11 11 11
AR () = AR ((m2) + AL (@) + A ()
Am (1752) = —61:{”2’3352,]'710110(%2)5/13/2(1 - Y?s) - $2,j71<1 - 0110(1’2))5/15/2(1 - st)

Bj—1,1
+ 22,-1C101(22)Y1(1 = Y2)Y5 + 2 j_1Cioo(22) Y1 (1 — Y2)(1 — Y5)
A;L{lz(@) = —"120 25 ;1 Boig(m2) (1 — Y1) Ya(1 — Y3)
+ 693’13’677%2,3'71(1 — Boi(22))(1 — Y1)Y2Ys
Allgljl_hg(ﬂfz) = 61{32&1172,3'715/15/2(1 - Y?s) + 696/126952,3‘71(1 - Yl)Y2<1 - Y3)

and

A (ws) = AN () + AL (as) + ALY ()
AP (23) = +e2Pag 5 1 (1 — Criglas))YiYa(1 — Y3) + 2351 C110(x3) Vi Ya(1 — Ya)

Bji—1,1
— 6m/12ﬂ$3,j—1C010(I3)(1 - Y)Y5(1-Y;) — 6:”335_”%3,]'—10011(963)(1 —1)YoY;
A;L.{lg(xii) = —w3;-1(1 = Bio1(3))Y1(1 — Y2)Y3 + 231 B100(w3) Y1 (1 — Y2) (1 — Y3)



AY (ws) = e Ty 51 (1= V1) YaYs — %P2y, Y1 Y5(1 — i)

Bi-1,3
and last
I = @)Y (1 = Ya)Ys — Qi (@) Y3 (1 — Va) (1 - Va)
(re)eW(l — Y1)Ya(1 = Y3) — Qu(2)e"777(1 = Y1)V Ys
A;'j,l, +Qa(2) (72 — 1)2Y1Ya(1 — ¥3) + Qja(2)e* 2P (1 — V) Ya(1 — Y3)
+ Q)13 (1 = V1) YoV + Qo (2) Vi (1 — Y3)

Starting first with the terms in “x;”, we have:

11 B 1
E [Aﬂ] 1 1($1)|$} =E [W

E [ijl,lz(hﬂx} = —e"2%y j_ Poro(x) — €13° ey ;g Popy ()

1

B [ (2 Xk 4]l =0

For the terms in “xy”

1

1 6’y+:c’2ﬁ+a e:r:'l,é’-i-a 67+x’2ﬁ+a 1
B3] (w2)le] = _/ L+ (Tt 1 1 oFiBte | erteaita |+ ertehite

x 20 (a|x)da
1 pTiBta  prtahBta 1
/ 1 & evtashia | 1 eahBta | + ertagBra | 1 e'y+xgﬁ+aﬂ—<a‘x>
Qrtabfta  oahBta 1
T / 11 e tehBta | 1 gahBta | 1 €'y+z’2,3+a7r(a'|$)da
/ e’y+z’26+a ez’15+a 1 e'y—l-z’gﬂ—l-a

1 4 evtasfta ] 4 exifta | | evtasfta ] | pvtasBta
e'y+x§6+a ex’16+a 1 e'y+xgﬂ+a
T / 1+ eytzabta ] 4 eriBta ] 4 evtmpfta ] 4 gy tasfta

7(a|x)da

=0
ex’2,3+a 1 e’y—i—:r:'?/o’-‘,—a 1

1 11
E|A x x] =— ; ; - -
x2,j71 Bi-1, 2( 2)’ 1 + 6x2ﬁ+a 1 + exlﬁ—i-a 1 + 67+m2,8+a 1 + e*y+x3ﬁ+a

1 1 eYtaB+a eV tspta
/ 1+ emBta ] 4 eriBta] 4 evtayfta ] 4 eyt+asfta

I enlBre el 1

o / 1 4 em2bta ] 4 erifta ] 4 evtaafta] 4 ertazhta

1 ezllﬁ'HL 67"!‘15'254-(1 1
/ 1+ em§ﬁ+a 1+ ex’l,b’+a 14+ €7+x/2f8+a 1+ e,y+zéﬁ+a77'(a|$)da

m(alx)da

=0

m(alz)da

88

1287 (alx)da

"3V (a|z)da
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= [Ayl : 3(“:2)’:[] = "0y ;1 Pro(x) + €127y ;3 Poo ()

Similar calculations for the terms in “z3” yield E |A ‘,7 1(x3)|x] =E [A;L:Q(xgﬂm] =0
and E [AEL{L?,(%)W] = "0 g 5 Pon () — e52P5 ;1 Pryg(x). Finally,

E [A;}Ll_l,ﬂx} = — Q1 (2)e" 7T Py (z) — Q1 (2)e"51° Prgo ()
J1<x)€x125P010( ) — le(l’)exl“’ﬁﬂpon(x)
Qj1(z)Er2(2)

E [ijl,l,ﬂx} +Qja () (€527 — 1)2Pryg(x) + Qja(2)e*12° Py ()

Qo ()19 Py () + Qo () Pro ()

= Qo () ()

Putting the different pieces together, we ultimately obtain

+

11 ! 138~
E |:A/BL—1|‘I;| = —e"27gy ;1 Pyio(x) — €5 Vmy iy Pon ()

(
+ €520y ;1 Prig(x) + €128y j_y Poro()
+ 627336_7133,3’—1]3011(%) — €mg25x3,j_1P110(x)
+ Q1 (2)X12(x) + Qja(2)Xoa(x)
= —Dy;(x) + Dyj(x)
=0

This is of course valid for all slope parameters /3; and hence Sﬁ—@bgff(Yf’, x) L @/J;H(Yf’, Y}, )

E) Conclusion

Having verified all the conditions of Theorem 3.2 in Newey (1990) for the initial condition
Yy = 0, we conclude that in that case 15/ (Y, X) is the efficient score of the AR(1) model.
The semiparametric efficiency bound is given by E [D(X)'S(X)™'D(X)] ~!. Symmetric re-
sults can be shown to hold for the case Yy = 1.
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Chapter 2

Identification in a Binary Choice
Panel Data Model with a
Predetermined Covariate!

2.1 Introduction

Empirical researchers utilizing panel data generally maintain the assumption that covariates
are strictly exogenous: realized values of past, current, and future explanatory variables are
independent of the time-varying structural disturbances or “shocks”.? In many settings this
assumption is unrealistic. If the covariate is a policy, choice or dynamic state variable, then
agents may adjust its level in response to past shocks (as when, for example, a firm adjusts
its current capital expenditures in response to past productivity shocks).

When strict exogeneity is untenable, sequential exogeneity — sometimes called predeter-
minedness — may be palatable. A predetermined covariate varies independently of current
and future time-varying shocks, but general feedback, or dependence on past shocks, is al-
lowed. Assumptions of this type play an important role in, for example, production function
estimation (Olley and Pakes, 1996, Blundell and Bond, 2000).

In two seminal papers, Arellano and Bond (1991) and Arellano and Bover (1995), Manuel
Arellano and his collaborators presented foundational analyses of questions of identification,
estimation, efficiency and specification testing in linear panel data models with feedback.
Today such models are both well-understood and widely-used (see Arellano (2003) for a
textbook review).

In contrast, the properties of nonlinear models with feedback are much less well-understood.
In this chapter we study binary choice. Most existing work in this area focuses on the case
where the covariate is either strictly exogenous or a lagged outcome. Under strict exo-

IThis chapter is joint work with Stéphane Bonhomme and Bryan Graham.
2Dependence between the covariates and the time-invariant heterogeneity — the so-called “fixed effects”
— is, of course, allowed.
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geneity, Rasch (1960) and Andersen (1970) show that the coefficient on the covariate is
point-identified using two periods of data when shocks are logistic. Chamberlain (2010) pro-
vides conditions under which the logit case is the only one admitting point-identification with
two periods (Davezies et al. (2020) provide extensions of this result to the case of T > 2).
In the dynamic case, where the covariate is a lagged outcome, Cox (1958b), Chamberlain
(1985a) and Honoré and Kyriazidou (2000) derive conditions for point-identification of the
coefficient on the lagged outcome in the logit case, while Honoré and Tamer (2006) show
how to compute bounds on coefficients for probit and other models.

Results for binary choice panel models with predetermined covariates are limited. Cham-
berlain (2022) studies identification and semiparametric efficiency bounds in a class of non-
linear panel data models with feedback; he provides both positive and negative results. In an
hitherto unpublished section of an early draft of that paper (Chamberlain, 1993), he proves
that the coefficient on a lagged outcome is not point-identified in a dynamic logit model when
only three periods of outcome data are available. Arellano and Carrasco (2003a) and Honoré
and Lewbel (2002) study binary choice models with predetermined covariates. Arellano and
Carrasco (2003a) assume that the dependence between the time-invariant heterogeneity and
the covariates is fully characterized by its conditional mean given current and lagged co-
variates. Honoré and Lewbel (2002) assume that one of the covariates is independent of
the individual effects conditional on the other covariates. In a recent contribution, Pig-
ini and Bartolucci (2022) show that one can accommodate specific forms of feedback while
maintaining point-identification in binary choice models with pretermined covariates.?

In what follows we pose two questions. First, under what conditions is the coefficient
on a predetermined covariate in a binary choice panel data model point-identified? Second,
when the coefficient is only set-identified, how extreme is the failure of point-identification;
i.e., what is the width of the identified set?

Our analyses leave the dependence between the (time-invariant) unit-specific hetero-
geneity and the covariates unrestricted. We focus on the special case of a single binary
predetermined covariate, leaving the feedback process from lagged outcomes, covariates and
the unit-specific heterogeneity onto future covariate realizations fully unrestricted. This is a
substantial relaxation of the strict exogeneity assumption.

Regarding point-identification, we provide a simple condition on the model which guaran-
tees that point-identification fails when 7" periods of data are available (and T is fixed). The
condition is satisfied in most familiar models of binary choice, including the logit one. This
finding contrasts with the prior work on logit models cited above, where point-identification
typically holds for a sufficiently long panel. As a notable exception, the exponential binary
choice model introduced by Al-Sadoon et al. (2017) does not satisfy our condition. In fact,
point-identification holds in that case.

Regarding identified sets, we first show that sharp bounds on the coefficient can be

3In this chapter we focus on panel data with a fixed number T of time periods. The large-T literature has
also considered models with dynamics and feedback, see for example Carro (2007), Hahn and Kuersteiner
(2002), and Ferndndez-Val (2009).
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computed using linear programming techniques. Our method builds on Honoré and Tamer
(2006), however, in contrast to their work, we allow for heterogeneous feedback. While the
regressor coefficient is our main target parameter, we also derive the identified set for an
average partial effect. This set can be computed using linear programming techniques as
well.

Second, we numerically compute examples of identified sets. We find that, relative to
the strictly exogenous case, allowing for a predetermined covariate tends to increase the
width of the identified set. However, our calculations also suggest that the identified set can
remain informative under predeterminedness, even in panels with as few as two periods, for
both the coefficient and the average partial effect. Finally, as is true under strict exogeneity,
the widths of the identified sets decrease quickly as the number of periods increases. These
observations are based upon sets computed under a particular data generating processe
(DGP). It is possible that identified sets may be larger under certain types of feedback.

The outline of the chapter is as follows. In Section 2.2 we present the model. In Section
2.3 we provide a condition that implies that the common parameter in this model is not
point-identified when 7" = 2. In Section 2.4 we show that our condition implies failure of
point-identification for all (finite) 7. In Section 2.5 we show how to compute identified
sets on coefficients and average partial effects, and we report the results of a small set of
numerical illustrations. In Section 2.6 we describe potential restrictions one could impose
on the feedback process. These restrictions may restore point-identification or shrink the
identified set. We conclude in Section 2.7. Proofs are contained in the appendix. Lastly,
replication codes are available as supplementary material.

2.2 The model

Available to the econometrician is a random sample of n units, each of which is followed for
T > 2 time periods. We focus on short panels, and keep T fixed. The sampling process
asymptotically reveals the joint distribution of (Xi,..., Xp,Yy,..., Y7).

For any sequence of random variables Z; and any non-stochastic sequence z;, we use the
shorthand notation Z"** = (Z], ..., Z],,) and 2"""* = (2], ..., 2, ,)". In addition, we simply
denote Z! = Z'* and 2! = 2'* when the subsequence starts in the first period.

Let Y; € {0,1} and X;; € {0,1} denote a binary outcome and a binary covariate,
respectively. We assume that

Pr(Yy =11V X}, a;;0) = FOXu + o), t=1,...,T,

where o; € § C R is a scalar individual effect, F(-) is a known differentiable cumulative
distribution function, and ¢ € © is a scalar parameter.

Let m,, () denote the distribution of heterogeneity given the initial condition X; = z1;
i.e., the distribution of «; | X;;. We leave this distribution unrestricted on §. When § is
a discrete subset of the real line, 7, (a)) belongs to the unit simplex on &, however it is
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otherwise unrestricted. We denote as II the collection of all 7, («), for all z; € {0,1} and
aes.
For each t > 2, let

Pr(X;=1|V/ =y X =02 oy =0a) = Gl (), t=2,...T,

denote the feedback process through which lagged outcomes, past covariates and hetero-
geneity affect the current covariate. We leave this distribution unrestricted as well. We
denote as G € Gr the collection of all G, , . (a), for all t € {2,...,T}, v~ € {0,1},
271 e {0,1}7! and a € S.

The (integrated) likelihood function conditional on the first period’s covariate is

Pr(YT_y XF = 2T\X1—:c1 /HF Ox; + o) [1 — F(Oz; + o)
s

t 1

vV
outcomes

T
) J] Grors (@)L = Gl s ()]
=2

fee;gack
X T (@) du(a), (2.1)
——

heterogeneity

for some (discrete or continuous) measure p on S.

A key feature of a model with predetermined covariates is the dependence of the feedback
process on lagged outcomes, as reflected in the dependence of G* on y'~! in (2.1). When
this dependence is ruled out, the covariate is strictly exogenous, and the likelihood function
simplifies.* Dynamic responses of covariates to lagged outcome realizations are central to
many economic models, including those where X;; is a choice variable, policy, or a dynamic
state variable.

For any (0, 7,G) € © x I x Gy, and any (yT,2*T) € {0,1}*771, let Q,, (y*, 2*T; 0,7, Q)
denote the right-hand side of (2.1). Moreover, let Q,, (0,7, G) denote the 2*7~! x 1 vector
collecting all those elements, for all (y,2*7) € {0,1}*/~1. Finally, let Q(0, 7, G) denote
the 22T x 1 vector stacking Q1(0, 7, G) and Q(#, 7, G). For a given (population) (6,7, G) €
O x II x Gy, we define the identified set of 6 as

ol = {56 ©: 37 C) el xGr: Q0,7 G) = Q(Q,W,G)}. (2.2)

4Under strict exogeneity, the likelihood function factors as

Pr (Y;T =T, XZT = 22T | X} = a:l = [/ HF (02 + @) [1 — F(Oz; + )] Yemyr (a)du(a)}
S =1

x Pr (XE:T = 22T | X1 = 331) )

where 7,7 () denotes the distribution of heterogeneity given all periods’ covariates z1, ..., Zr.
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The set in (2.2) includes all 6eo where, for that 5, it is possible to find a heterogeneity
distribution 7 € II, and a feedback process G e Gr, such that the resulting conditional
likelihood assigns the same probability to each of the 227~! possible data outcomes as the
true one (given both X;; =0 and X;; = 1).

In the first part of the chapter, we provide conditions on the model under which ©7 is
not a singleton. This corresponds to cases where 6 is not point-identified. In the second part
of the chapter, we report numerical calculations of ©! under particular DGPs.

Our focus on # is motivated by the extensive literature on the identification of coefficients
in binary choice models. However, in applications, average effects may also be of interest. In
the second part of the chapter, we will also report numerical calculations of identified sets
for an average partial effect associated with a change in the binary predetermined covariate.

2.3 Failure of point-identification in two-period
panels

We first present an analysis of point-identification in the two-period case, since this leads to
simple and transparent calculations. In the next section, we will then generalize this result
to accommodate T > 2 periods.

2.3.1 Assumptions and result

To keep the formal analysis simple, in this section and the next we assume that «; takes a
finite number of values, with known support points.

. K
Assumption 4. S = {qy,...,ar}, where ay, ...,y are known, and =), o, , where 0,
denotes the Dirac measure at c.

Assumption 4 makes the model fully parametric. However this is not a limitation as our
aim in this section and the next is to derive conditions under which point-identification fails.
The conditions we provide will require sufficiently many support points.®

We rely on the parameterization given by the 2(K —1) x 1 vector m = (7}, 7()’, where, for
K-1
all x1 € {0,1}, 7y, = (M, (@), -+, Moy (@) and 7w, (ag) =1 — > 7y (o). The vector
k=1
7 € II is unrestricted, except for the fact that 7, («), for a € S, belongs to the unit simplex.
This parameterization handles the fact that probability mass functions sum to one.

We next impose the following assumption on the population parameters.

Assumption 5. § € ©, 7 € 11, and G € Gr are all interior, and F(0x + «) € (0,1) for all
re€{0,1} anda € S.

5The analysis is essentially unchanged if one instead assumes that y = Zszl Ak0q, , for some Ay > 0.
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Assumption 5 places restrictions on the underlying parametric binary choice model and
heterogeneity distribution. It rules out heterogeneity distributions that induce a point mass
of “stayers” (i.e., units with such extreme values of o that they either always take the binary
action or they never do).® Assumption 5 also rules out the “staggered adoption” design com-
mon in difference-in-differences analyses. Exploring the implications of non-interior feedback
processes is left for future work.

Finally, we assume that the parameter point is regular in the sense of Rothenberg (1971).

Assumption 6. (0, T, G)js a regular point of the Jacobian matriz VQ,7,G), in the sense
that the rank of VQ(0, 7, G) is constant for all (6,7, G) in an open neighborhood of (6,7, G).

The assumption of regularity is standard in the literature on the identification of para-
metric models (Rothenberg, 1971). If F(-) is analytic, the irregular points of VQ(0, 7, G)
(i.e., the points (0, 7, G) such that Assumption 6 is not satisfied) form a set of measure zero
(Bekker and Wansbeek, 2001). Thus, Assumption 6 is satisfied almost everywhere in the
parameter space in many binary choice models, including the probit and logit ones.

We aim to provide a simple condition under which point-identification of # fails when
T = 2. We start by observing that, when T = 2, the 227~! = 8 model outcome probabilities
given X;; = x; are

PI‘(Y;QZLXZQ:LY:“—1|Xi1:l'1;0,7T,G)
Prgnz =1,Xp=1Y;=0 ‘ X1 = 1’1;9,77(;)
PI‘Y;QZLXZ'Q:O,Y;l—1|XZ‘1:I1;6),7T,G)
Pr}/;2:1,X7;2:0,Yi1—0|Xi1:x1;9,7r,G
@, (0,7, G) = Prgyz2 0X2_1,m1_1\x,-1:x1;9,7r,G§ ’
PI‘(Y;Q = 0 ng 17}/;1 = 0|X11 :xl;é’,w,G)
Pr(Yi = 0, Xj» 071/;1:1‘)(11:1’1;9777(;)
PrgY;g—OXZQ—OY;1—0|Xi1:x1;6’,7T,G)

which, given the structure of the model, coincide with

J5 F(0+a)G2,, (a)F(621 + a), ()dp(a)

)
Js F( ¢o) )G (@)1= F(01 + )], (o)
[ e et e )
o 1 011 1 1+ o)y, (o o
2 0m) = | TR G @R iy | 29
[s[1-F 9+a>] G} ()1 — F(0z1 + a)]ms, (a

Js 1= F(@)][1 = Gi, (a)]F (0 +a)7rx1 a)dp(e)
Js[1=F(e)] [1 -G8, (a)]l1 -

With this notation in hand we present the following lemma.

6In some microeconometric datasets a substantial fraction of units never alter their value of X;. For
example, in Card (1996) few workers join or leave a union during the sample period.
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Lemma 12. Let T = 2. Suppose that Assumptions 4, 5 and 6 hold, and that 6 is point-
identified. Then, there exists x1 € {0,1} and a mnon-zero function ¢,, : {0,1}> — R such
that:

(i) for all « € S and y; € {0, 1},

5" o D+ )1 = PO+ ) = 3 6, O P01 = Pl

y2=0 y2=0

(2.4)
(11) for all a € S and x5 € {0,1},

Z Z Qb:vl (y17y27x2> (25)

y2=0y1=0

X F(Ozy + a)2[1 — F(0xy + )] 2 F(0z, + o) [l — F(0x, + )] 7% = 0.

The proof of Lemma 12 exploits the fact that, if 8 is point-identified, then it is also locally
point-identified. Together with the assumption that the parameter is regular, this allows us
to apply a result of Bekker and Wansbeek (2001) regarding the identification of subvectors,
which guarantees the existence of some z; € {0, 1} such that Vg @Q,, does not belong to the

range of the matrix [V@lel Vgglem]. We then show, using (2.3), that this implies the

existence of ¢,, # 0 such that (2.4) and (2.5) hold.

When the population parameter 6 is point-identified, Lemma 12 suggests a method-
of-moments approach to estimation. In such settings, ¢x,, (Y1, Yie, Xi2) will generally be a
non-trivial function of 6. Let ¢x,, (Yi1, Yia, Xio; 0) be this function. Next, note that condition
(2.4) in Lemma 12 corresponds to the conditional moment restriction

[¢X21( il 127X2279) ‘X117X127Y;15a2} = [¢X21( il 127X2279) ‘leayvzlaal} ) (26)

while — continuing to maintain (2.4) — equation (2.5) implies the additional requirement that

[ng“( il 127X1270) |Xz17051} =0. (27)

Analog estimators in point-identified models with feedback, based on these observations, are
explored in our companion paper (Bonhomme et al., 2022).

This formulation clarifies that a necessary condition for point-identification of 6 is the
existence of a non-zero moment function, ¢x,, (Y1, Yie, Xi2;6), with a mean that is invariant
to X;2 given «; and the past (i.e., the first period’s covariate and outcome). Such a moment
function is “feedback robust”, in the sense that it remains valid across all possible feedback
processes. This is the content of condition (2.4) in Lemma 12, while (2.5) imposes a similar
invariance to the distribution of unobserved heterogeneity.

To show that point-identification fails, our focus here, we need to show that no such
non-zero moment function exists. It turns out that there is a very simple condition for this
in our model. Specifically, from Lemma 12 we obtain the following corollary.
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Corollary 12.1. Let T = 2. Suppose that Assumptions 4, 5 and 6 hold, and that 1, F(«),
and F(0 + «), for a« € S, are linearly independent, then 0 is not point-identified.

Corollary 12.1 shows that a necessary condition for identification of 6 is that 1, F'(«), and
F(0 + «), for a € S, are linearly dependent. This condition arises directly from condition
(2.4), which requires the existence of a moment function that is robust to unknown feedback.
Indeed, one can show that 1, F'(«), and F(0 4 «) are linearly dependent if and only if there
exists a non-constant function ¢ such that

E [¢(Yie, Xit) | Xit, ] = E [¢(Yie, Xir) | cvi] - (2.8)

However, the condition that 1, F(«), and F(6 4+ «) be linearly dependent is restrictive,
as we show in the next subsection.”

Remark 10. Despite the negative result of Corollary 12.1, the sign of 6 is identified provided
that Assumption 5 holds and F(+) is strictly increasing. Specifically, we show in Appendix
2.8.3 that

2.3.2 The logit model

Consider the logit model with a binary predetermined covariate, which corresponds to

F(u) = liu In this case, the linear dependence condition of Corollary 12.1 requires that,

for some non-zero triplet (A, B, (),

6€+oz «

e
A1—|—69+0‘+Bl+ea+020’ for all « € S.

However, this implies
Ae?e®(14 ) + Be®(1 + e%e®) + C(1 +e*)(1 +e%e*) =0, foralla €S,

which is a quadratic polynomial equation in e®. Therefore, provided that there are K > 3
values in &, this implies

A’ + Be? + 0 =0, A+ B+ (1+)C =0 C=0,
which, provided that 6 # 0, entails
A=B=C=0,

contradicting the assumption that (A, B, C') is non-zero.
We have thus proved the following corollary.

"While here we focus on a discrete S under Assumption 4, note that, when § # 0 and F is strictly
increasing on R, 1, F(a), and F(0 + «), for @ € R, cannot be linearly dependent. If that were the case,
then for some non-zero triplet (A, B,C) we would have AF(0 + ) + BF(a) + C = 0 for all « € R. This
would imply, by taking o — +oo that C' =0 and A + B = 0, which would then imply A = B=C =0 and
contradict the assumption that (A4, B, C) is non-zero.
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Corollary 12.2. Consider the logit model with T = 2. Suppose that Assumptions 4, 5 and
6 hold, that 0 # 0, and that S contains at least three points, then 0 is not point-identified.

A precedent to Corollary 12.2 is given in the unpublished working paper by Chamberlain
(1993) mentioned in the introduction. In the model he considers, X;; = Y;; 1 is a lagged
outcome, and T = 2 (hence, outcomes are observed for three periods). His model also
includes an additional regressor: an indicator for period t = 2.

2.3.3 The exponential model

Suppose now that, for v > 0, F(u) = 1 — e~*. This corresponds to the exponential binary

choice model of Al-Sadoon et al. (2017). Note that here the support of F(-) is a strict subset
of the real line. In this case, letting

A=¢’, B=-1,C=1-¢°,

we have
Al —e "9 £ Bl —e ] +C =0.

Hence the non point-identification condition of Corollary 12.1 is not satisfied in the expo-
nential binary choice model.
In fact, in this case (2.4) and (2.5) are satisfied for

Gy (Y1, Y2, 02, 0) = (1 — y2)e?™ — (1 — yy)e?™1,
and 6 satisfies the conditional moment restriction
El¢px,, (Y, Yo, Xi2;0) | Xia] = 0,

that is,
E[(1 — Yip)e?Xz — (1 — Y;))e 1 | X;1] = 0. (2.9)

See Wooldridge (1997) for several related results. Furthermore, one can show formally that
0 is point-identified based on (2.9), see Appendix 2.8.4.

2.4 Failure of point-identification in 7T-period panels
for T' > 2

In this section we generalize our analysis to an arbitrary number of periods and state our
main result.
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2.4.1 Main result

The arguments laid out in the previous section extend to an arbitrary number of time
periods, T' > 2. Indeed, using a similar strategy to the proof of Lemma 12 and proceeding
by induction, we obtain the following lemma.

Lemma 13. Let T' > 2. Suppose that Assumptions 4, 5 and 6 hold, and that 0 is point-
identified. Then, there exists x1 € {0,1} and a non-zero function ¢, : {0,1}*771 — R such
that:

(i) foralla € S, s € {0, ..., T — 2}, yT=06+1) € {0, 1}7-(+D) | gT=(s+1) ¢ [0, 1}7-(+D),
T
Y 6 ) [ F0+ ) [1 - F(fz, + o) (2.10)
yT=sTe{0,1}s+1 t=T—s

does not depend on x=57;

(ii) for all « € S and z*T € {0,1}771,

> " P [ F b+ ) [L — F(0z, + )] =0. (2.11)

yTe{0,1}T

Similarly to Lemma 12, Lemma 13 implies the existence of a moment function, with
(generally) non-trivial dependence on 6, which is “feedback robust”, in the sense that, for
all s € {0,...,T — 2},

|:¢X11 (YT XQT ‘9) |XT s Y (s+1) O£:| |:¢X11 (YT X2T 9)|X (s+1) YT_(S+1)7OZZ' ;

7

while also requiring that
E |:¢Xi1 (Y;'T7 Xz?:T; 9) | Xit, O‘ii| = 0.

From Lemma 13 we obtain the following corollary, which we also prove by induction.
This is our main result.

Corollary 13.1. Let T' > 2. Suppose that Assumptions 4, 5 and 6 hold, and that 1, F(«),
and F(0 + «), for a € S, are linearly independent, then 6 is not point-identified.

2.4.2 Logit model

Using that, when 6 # 0, 1, F(«), and F(0 + «), for a € S, are linearly independent in
the logit model, Corollary 13.1 implies that in the logit model with a binary predetermined
covariate, 6 is not point-identified irrespective of the number of time periods available.

Corollary 13.2. Consider the logit model with T > 2. Suppose that Assumptions 4, 5 and
6 hold, that 0 # 0, and that S contains at least three points, then 6 is not point-identified.
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This non point-identification result contrasts with prior work on logit panel data models.
Under strict exogeneity, Rasch (1960) and Andersen (1970) have established that 6 is point-
identified under mild conditions on X;; whenever T' > 2. In the dynamic logit model when
Xit = Yit—1, Chamberlain (1993) shows that 6 is not point-identified when 7" = 2 (a result
also obtained as an implication of Corollary 12.1). However, Chamberlain (1985a), and
Honoré and Kyriazidou (2000) in a model with covariates, show that € is point-identified
under suitable conditions whenever T > 3.® By contrast, Corollary 13.2 shows that, when
the feedback process through which current covariates are influenced by lagged outcomes is
unrestricted, the failure of point-identification is pervasive irrespective of T', despite the logit
structure.

2.5 Characterizing identified sets

The previous sections show that point-identification often fails in binary choice models with
a predetermined covariate. In this section, we explore the degree of identification failure by
presenting numerical calculations of the identified set © for specific parameter values. In
the last part of the section we present calculations of the identified set for an average partial
effect.

2.5.1 Linear programming representation

We show that the identified set ©7, defined by set (2.2) above, can be represented as a set of
f values for which a certain linear program has a solution. This characterization facilitates
numerical computation of the identified set.

To present our construction, let us first focus on the T' = 2 case, and suppose that

Assumption 4 holds, so «; has discrete support. For any hypothetical values
(0,7,G) € © X II x Gy, we define

wzl(@,yl,a) = Pr(XiQ =29,V = Y1,0; = \ X = 551;57 777 é) (2~12)

The right-hand-side of (2.12) is determined by the unknown heterogeneity distribution, the
parametric likelihood for Y (given X and «), and the unknown feedback process for X,.
Finding ©; essentially involves repeatedly asking whether, for a given 5, there exists a
valid feedback process and heterogeneity distributions consistent with the observed data
distribution (and the parametric part of the model).

Specifically we first require that v, (z2,y1, @) is a valid probability mass function:

%1 (JIg?yl,Oé) > 07 Z Z /5%1 <I2ay1>a)d:u(a) =1 (213)

z2=01y1=0

8Since in the dynamic logit model X;; = Y;;_1 is a lagged outcome, T > 2 (respectively, T > 3) requires
that individual outcomes be available for at least three (resp., four) periods.
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Second, we check that it is consistent with the parametric likelihood model for Y; given X;
and o

1 1

> oy (@2, 41,0) = F(Or1 + ) [L— F(y + )™ > Y "y, (22,51,0). (2.14)

xo=0 zo=01y1=0

Finally, we conclude that 6 € ©! if and only if

Qu (Y2, Y1, 22, 0,7, G) = /SF(&@ + )21 = F(0x + )] 74y, (2,51, a)dp(a),  (2.15)
for some vectors 1), also satisfying (2.13) and (2.14) for z; € {0, 1}. Condition (2.15) ensures
compatibility with the likelihood contribution for the period 2 outcome, Y5.

Since all of the equalities and inequalities in (2.13), (2.14) and (2.15) are linear in 1),,,
it follows that one can verify whether g € of by checking the existence of a solution to
a finite-dimensional linear program.® We provide details about computation in Appendix
2.8.8.

The characterization of ©f in (2.13), (2.14) and (2.15) remains valid when Assumption
4 does not hold, and «; has continuous support. In that case, one needs to interpret ¢,, in
(2.12) as the product between the density of a; conditional on (X2, Y;;) and the probability
of (Xj2,Y;1), both of them conditional on X;; and for hypothetical parameter values. The
resulting linear program is infinite-dimensional in that case.

The linear programming representation of ©! extends to any number T' > 2 of periods.
To see this, let, for some (0,7, G) € © x II X Gr,

wl‘l ('TZ:TJ yT_17 Oé) =Pr (XET - x2:T7 }/iT_l = yT_17 a; =« | Xil = T, 57 %7 é)a

with a similar definition when the support of «; is not discrete and Assumption 4 does not

hold. In Appendix 2.8.7 we derive the following characterization of the (sharp) identified set
o.

Proposition 5. (IDENTIFIED SET) 0 c ol iof, and only if,

T 2T 0. 0. - T T—
Qu(y",2*":0,m,G) = / F(Orr + ) [1— F(Orr + )] 7, (27, y" 7 a)du(a), (2.16)
S
9Note that, to compute the identified set under the assumption of strict exogeneity, one can simply
modify this approach by adding to (2.13), (2.14) and (2.15) the additional restriction

1
wivl (1‘2, 70&) — ¢a:1 (IQ,0,0&) for all (.1727.'15]_,Oé>,

Fzy +a) 1—F(fz; +a)

which is also linear in 1,,. The fact that, under strict exogeneity, ©! can be computed using linear pro-
gramming was first established by Honoré and Tamer (2006).
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for some integrable functions v,, : {0,1}*772 x S = R, z; € {0, 1}, satisfying

Pay (¥, T ) 20, > > /S%I(QJZT’ yTLa)du(a) =1, (2.17)

IZ:Te{O’l}T—l nyle{Ojl}T—l

and, for all s € {2,...,T},'° also satisfying

Z Z Uy (22T 471 @)

mS:TE{O,l}T_S+1 ys:T—le{O’l}T—s

= F(rs1 + )" 1 = F(fz,y + o) 0t Y > Uo, (22T YTt ).
$5:T€{0’1}T75+1 ysflinle{Oyl}Tf.s«l»l

(2.18)

Proposition 5 shows that one can verify whether g € o by checking the feasibility of
a (finite- or infinite-dimensional) linear program. In a setting with lagged outcomes and
strictly exogenous covariates, Honoré and Tamer (2006) provided an analogous linear pro-
gramming representation of the identified set. By contrast, in Proposition 5 we characterize
the identified set of € in the general predetermined case where the Granger condition fails;
i.e., when G-1 4e-1 () may depend on y'~!, a situation that Honoré and Tamer (2006) did
not consider but anticipated in their conclusion.

2.5.2 Numerical illustration

In this section we compute identified sets ©7 in logit and probit models for a set of example
data generating processes (DGPs). In the DGPs, X;; follows a Bernoulli distribution on
{0,1} with probabilities (3, %), independent over time, and «; takes K = 31 values with
probabilities closely resembling those of a standard normal (a specification we borrow from
Honoré and Tamer, 2006), and is drawn independently of (X1, ..., X;r). In the logit case,
F(u) = %, and in the probit case, F'(u) = ®(u) for ® the standard normal cdf. Lastly, we
vary 6 between —1 and 1. Note that X}, is strictly exogenous in this data generating process.
We characterize identified sets in two scenarios: assuming that X;; are strictly exogenous,
and only assuming that X;; are predetermined.

In Figure 2.1 we report our numerical calculations of the identified set ©! for the logit
model (in the left column panels) and for the probit model (in the right column panels).
The three vertical panels correspond to the T' = 2, 3,4 cases, respectively. In each graph,

we report two sets of upper and lower bounds: those computed while maintaining the strict

OFor s = T, restriction (2.18) should be read as

1 1 1
Z wam (xQ:T’ yT—1’ a) _ F(§$T71 + a)nyl [1 _ F(’éfol + a)]l—nyl Z Z %»1 (x2:T7yT—1’ a).

z7=0 zr=0yr—-1=0
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exogeneity assumption (in dashed lines) and those computed maintaining just predeter-
minedness (in solid lines). We report the true parameter 6 on the x-axis. To compute the
sets, we assume that a; has the same K = 31 points of support as in the DGP. We also
experimented with fewer and additional support points, as we report below.

Focusing first on the logit case, shown in the left column of Figure 2.1, we see that the
identified set ©! under strict exogeneity is a singleton for any value of § and irrespective of
T. This is not surprising since # is point-identified in the static logit model. In contrast,
the upper and lower bounds of the identified set do not coincide in the predetermined case,
consistent with our non point-identification result. At the same time, the identified sets
appear rather narrow, even when 7' = 2, and the width of the set tends to decrease rapidly
when T increases to three and four periods. This is qualitatively similar to the observation
of Honoré and Tamer (2006), who focused on dynamic probit models and found that the
width of the identified set tends to decrease rapidly with 7.

Focusing next on the probit case, shown in the right column of Figure 2.1, we see that the
identified set ©f under strict exogeneity is not a singleton. Moreover, allowing the covariate
to be predetermined increases the width of the identified set. However, as in the logit case,
the sets appear rather narrow, even when 7' = 2, and their widths decrease quickly as T
increases. Of course, these observations are specific to a particular data-generating process
and the corresponding bounds may be wide for other DGPs.

The results in Figure 2.1 are obtained by assuming that the researcher knows the (finite)
support of «;. This approach is similar to the one in Honoré and Tamer (2006). Alternatively,
one may wish to characterize the identified set in a class of models where «; is continuous,
e.g., when § = R and p is the Lebesgue measure. Doing so, as noted earlier, requires
approximating an infinite-dimensional linear program. In Appendix Figure 2.3, we go take a
heuristic step in this direction by reporting numerical approximations to the identified sets,
for T' = 2, obtained by taking K = 5, K = 50, and K = 500 points of support for «,
respectively, where the points of support are equidistant percentiles of a standard normal
distribution. We find very minor differences compared to the case K = 31 that we report in
Figure 2.1. While we do not provide a formal analysis of numerical approximation properties,
this suggests that identified sets under continuous a; may not be markedly different from
the ones in Figure 2.1.

Overall, these calculations suggest that, while relaxing strict exogeneity tends to increase
the widths of the bounds, the identified sets under predeterminedness can be informative
even when the number of periods is very small. To reiterate, these conclusions are based on
a particular set of example DGPs.

2.5.3 Average partial effect

Although our focus in this chapter is on the parameter €, in applications researchers are
often interested in average partial effects such as

A=EPr(Yy=1|Xy=10a) = Pr(Yy =1| Xy = 0,4)], (2.19)
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Figure 2.1: Identified sets in logit and probit models
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Notes: Upper and lower bounds of the identified set ©1 in a logit model (left column) and a probit model
(right column), for T = 2,3,4. The identified sets under strict ezogeneity are indicated by the dashed lines,
the sets under predeterminedness are indicated by the solid lines. The population value of 0 is given on the

T-QTiS.
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where the expectation is taken with respect to the distribution of «;.

The identified set for A can also be characterized as the solution to a linear program.
Indeed, it follows from Proposition 5 that A is in the identified set of A if and only if there
exists 0, 1y and 1y such that (2.16), (2.17), and (2.18) hold, and

ﬁ—/S[F(aJr a) — F(a)] Z Gz, Z Z Do (27, 4T @) dp(a), (2.20)

I1€{0,1} w2:T€{0’1}T—1 yT_1€{0,1}T_1

where ¢,, = Pr(X;; = x;). For any given 0 c ©!, we can therefore compute the set of
A parameters in the identified set by solving a linear program. We provide details about
computation in Appendix 2.8.8.

In Figure 2.2 we report our computations of the identified set for the average partial
effect A, relying on the same parameter values and DGP as before. Focusing first on the
logit case, shown in the left column of the figure, we see that the identified set under strict
exogeneity is not a singleton, except when the true 6 and A are equal to zero. This is not
surprising, since average partial effects generally fail to be point-identified in binary choice
models, even when covariates are strictly exogenous. Yet, the sets seem rather narrow, even
when 7' = 2. Allowing the covariate to be predetermined increases the widths of the sets,
however the increase is relatively moderate. Moreover, the sets under predeterminedness are
very tight whenever T' > 3.

Focusing next on the probit case, shown in the right column of Figure 2.2, we see that
although the sets appear wider than in the logit case, relaxing strict exogeneity only mod-
erately increases the widths of the sets, especially when T > 3.

Lastly, while we compute the sets in Figure 2.2 under the assumption that «; has the same
K = 31 points of support as in the DGP, in Appendix Figure 2.4 we report approximations
of the sets, for T' = 2, obtained using K = 5, K = 50, and K = 500 points of support for «;.
The sets appear very similar to the ones based on K = 31 points of support shown in Figure
2.2. However, in this case as well, we do not formally analyze the numerical approximation
of the identified sets under continuous «;.

2.6 Restrictions on the feedback process

Our analysis suggests that failures of point-identification are commonplace in binary choice
models with a predetermined covariate. In this section we describe possible restrictions on
the model that can strengthen its identification content. We focus on restrictions on the
feedback process, since restrictions on individual heterogeneity are rarely motivated by the
economic context.
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Figure 2.2: Identified sets for average partial effects in logit and probit models
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2.6.1 Homogeneous feedback

In some applications one may want to restrict the feedback process to not depend on time-
invariant heterogeneity; that is, to impose that

PI' (X’Lt — 1 ’ )/;tfl — ytfl,Xitfl — Z'til, o = a) = G/thljmt—l (221)

is independent of «. For example, in structural dynamic discrete choice models, researchers
may be willing to model the law of motion of state variables such as dynamic production
inputs as homogeneous across units. Kasahara and Shimotsu (2009) show how this assump-
tion can help identification in these models. Here we study how a homogeneity assumption
can lead to tighter identified sets in our setting.

To proceed, we focus on the case where 7' = 2. Given (2.21), the likelihood function
takes the form

Pr (Yiz = Yo, Xip = T2, Yoy = 41 | Xy = $1)
- {/ F(0xy + a)®2[1 — F(0zy + )] 2 F(0x, + )" [1 — F(fz, + a)]lylml(a)du(a)}
S
X [Gf/l,am]gw[l - an,:pl]lifma

where the likelihood factors due to the fact that the feedback process does not depend on a.
Hence, under Assumption 5 (which avoids division by zero) we have

Pr (YiQ = Yo, Xio = T, Yir = 41 | Xix = 361)
[G2 ]{L’Q [1 _ G2 ]1—1’2

Y1,21 Y1,T1

- /3 F(0zy + a)?[1 — F(0zy + )" 2 F(0z, + o) [1 — F(0zy + o))" ' 7y, (a)du(a).
(2.22)

A key observation to make about (2.22) is its right-hand-side coincides with the likelihood
function of a binary choice model with a strictly exogenous covariate (where in addition o
is independent of X5 given X;1). In turn, the left-hand side is weighted by the inverse of the
feedback process. This is similar to the inverse-probability-of-treatment-weighting approach
to dynamic treatment effect analysis in Jamie Robins’ work (e.g., Robins, 2000), with the
difference that here we focus on panel data models with fixed effects.

The similarity between (2.22) and the strictly exogenous case directly delivers point-
identification results and consistent estimators. For example, suppose that F is logistic.
Given that the left-hand side of (2.22) is point-identified, it follows from standard arguments
(Rasch, 1960, Andersen, 1970) that @ is point-identified. Moreover, a consistent estimator
of 0 is obtained by maximizing the weighted conditional logit log-likelihood
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Z@il{yﬂ + Yo =1}
i=1

exp <§Xi1)
exp (5Xﬁ> + exp <§Xi2>

exp <§Xi2)
exp <§X¢1) + exp (gXiQ>

x < YiIn + Yo ln

with weights
-1

w; = {[G%I,Xﬂ]xﬂ[l - G%fﬂ,xﬂ]l_xm} ;

a consistent estimate of the homogeneous feedback probabilities.!!

for CA}'Z

1,21

2.6.2 Markovian feedback

Another possible restriction on the feedback process is a Markovian condition, such as

Pr (Xit =1 Yit*1 = yt_l,Xf*1 =zl a; = a) = Gztiwtil(a) (2.23)
is independent of (y*~2,27%). Such a condition may be natural in models where Xj; is the
state variable in the agent’s economic problem (as in Rust, 1987 and Kasahara and Shimotsu,
2009, for example).

In order to characterize the identified set ©! with the Markovian condition (2.23) added,
we augment the restrictions (2.16), (2.17) and (2.18) with the fact that, for all s € {2,...,T'},

ZxSJrl:TG{O,l}T*SH ZQS:T’IG{OJ}T*S 1%1 <$2:T7 yT_1, Oé)

ZxS:TG{OJ}T—sle Zys:Tfle{OJ}Tfs ?/)xl (I‘QZT, yT_l’ a)

8—2, s—2>'12

does not depend on (y°~% x

A difficulty arises in this case since this additional set of restrictions is not linear in 1, .
As a result, one would need to use different techniques to characterize the identified set in
the spirit of Proposition 5, and to establish conditions for (the failure of) point-identification
in the spirit of Corollary 13.1. Given this, we leave the analysis of identification in models
with Markovian feedback processes to future work.

HUThe analysis in this subsection is not restricted to the binary covariate case. However, when X;; are
continuous, demonstrating /n consistency of § would generally require imposing rate-of-convergence and
other requirements on the first-step estimation of the &; weights.

2:7 [ T—1
12When s = T, this requires that <21 o))

T—2 . T-2
Z“IUT=0 wzl (IQ:T,yT—17a) )

does not depend on (y , T
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2.7 Conclusion

In this chapter we study a binary choice model with a binary predetermined covariate. We
find that failures of point-identification are widespread in this setting. Point-identification
fails in many binary choice models, with apparently only a few exceptions (such as the expo-
nential model). At the same time, our numerical calculations of identified sets suggest that
the bounds on the parameter can be narrow, even in very short panels. This suggests that,
while the strict exogeneity assumption has identifying content, models with predetermined
covariates and feedback may still lead to informative empirical conclusions, both for the
coefficients of the covariates and for average partial effects.

Our analysis of models with a binary covariates can easily be extended to handle general
discrete covariates with finite support. In particular, for € to be regularly point-identified
there need to exist x; # x5 in the support of X;; such that 1, F'(6'x; + «), and F(0'zo + «),
for a € S, are linearly dependent. This condition fails in many popular specifications such
as the logit. In turn, when X;; has finite, non-binary support, the identified set can still
be computed as a solution to a linear program, analogously to Proposition 5. However, the
extension to continuous covariates is not straightforward in our setting, in particular since
the notion of regularity maintained by Assumption 6 no longer applies.

Finally, although we have analyzed a binary choice model, our techniques can be used to
study other models with stronger identification content, such as models for count data (e.g.,
Poisson regression, Wooldridge, 1997, Blundell et al., 2002) and models with continuous out-
comes (e.g., censored regression, Honoré and Hu, 2004, and duration models, Chamberlain,
1985a). Deriving sequential moment restrictions in such nonlinear models was considered
by Chamberlain (2022) and is further explored in our companion paper (Bonhomme et al.,
2022).

2.8 Appendix: proofs and additional materials

2.8.1 Proof of Lemma 12

For any m x n matrix A, we will denote as
R(A) ={Au : v e R"}

the range of A,
N(A) ={ueR" : Au=0}
the null space of A, and A" the Moore-Penrose generalized inverse of A.

We now proceed to prove Lemma 12. Since @ is point-identified, it is locally point-identified.
Since (0,7, G) is a regular point of VQ(#, 7, G) by Assumption 6, it follows from Theorem
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8 in Bekker and Wansbeek (2001) that

v7r’ Ql vG’ Ql 0 0
Vo R 1 1 . 2.24
Q@ ¢ [ 0 0 Vi Qo VG{)QO] (2.24)

Therefore, there must exist x; € {0, 1} such that

VoQu, ¢ R ([V%@zl vG;lexl]) | (2.25)

and in the rest of the proof we will fix this x; value.
Let ¢,, denote the projection of Vy(Q),, onto the orthogonal complement of the vector space

spanned by the columns of [Vw;“ Qz Ve ) Qgcl]; that is,

)
Gz, = Vo Qqy — [Vnglexl Vchlel} [Vnglexl Ve, Quy| VoQu,.

It follows from (2.25) that 55;1 # 0. Moreover, since ¢'Q,, (0,7, G) = 1, where ¢ denotes a
conformable vector of ones, we have

'VoQay =0, V'V, Qo =0, 'V, Qu, = 0. (2.26)

It follows that «/ ;5331 = 0, implying that gzl cannot be constant.
Now, since U’qul =0forallveR ([nglel VGngxl] ), we have

gz;xl S N(Vﬂ'zl Q/.’El) N N(VGzl lel)
Next, let Py(xy1, ) be the 8 x 1 vector with elements
PT(YQ =y, Xig = 20, Yis = 41 | Xoy = 71,04 = Oé)a

for (y2, e, y1) € {0,1}>. Since (le e N(V ' ), we have, for all « € S,

Ty a1

5;1139(:1:1,04) = a;lpg(xl,gl() =C,,,

K-1
where we have used the fact that 7, (ax) =1 — > 7, ().
k=1

Let us define the following demeaned version of ¢, :*3

(bfl‘l = é;xl - Cle-

13The 8 x 1 vector ¢,, represents a function ¢, : {0,1}® — R. With some abuse of terminology we
sometimes refer to ¢,, as a vector and sometimes as a function.
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Note that, since &El is not constant, it follows that ¢,, # 0. Moreover, using (2.25) and
(2.26) we have

¢x1 € /\/'(V,%Q;l) mN(VGlegcl)a

from which it follows that

(l) vﬂwl Qibl ¢$1 = 07 (11) vGacl lelgbil?l = O

We are now going to use (i) and (ii) to show (2.4)-(2.5). From (ii) we get, for all @ € S,
Ty (1) (gbxl(l, L)F(O + a)F(0x1 + o) — ¢r, (1,1,0) F(a) F (021 + a)

+ ¢, (1,0, 1)[1 — F(6 + a)|F(0z1 4+ a) — ¢4,(1,0,0)[1 — F(a)|F(0z1 + a)) =0,

T (1) (% (0,1, )F(0 + a)[l — F(fz1 + )] — ¢,,(0,1,0)F()[1 — F (01 + )]

+ ¢2,(0,0,1)[1 — F(0 + a)][1 — F(0z1 + @)] — ¢4, (0,0,0)[1 — F(a)][1 — F(0zq + a)]) =0.

This implies, using Assumption 5,

¢z1(17171)F(0+ )_Qsm(l?l?o)F o
+¢w1(17071)[1 F(0+a)] - ¢$1( )
(
)

O —

Ot = F(e)] =0,

~—

a (
- 1
$2,(0, 1, 1)F (0 + ) — ¢, (0,1,0)F(a
+02,(0,0, 1 = F(0 + )] = 62, (0,

e

01 = F(a)] =0,

which coincides with (2.4).
Lastly, from (i) we get, for all @ € S,

O, Po(11, @) = &3, Py(1, )

= ¢;1P9($17QK) - Cy, L/PB(mlagK)
——_———

=1

= ¢ Py(z1,ax) — &, Po(1, o)
— 07

which can be equivalently written as

111
Z Z Z Gy (Y1, Y2, 22) Pr(Yio = yo, Xio = 22, Yoy = y1 | X = 1,05 = 0, 0) = 0.

y2=022=0y1=0

Now, using (2.4), this implies that, for all zo € {0, 1},
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1 1
Z Z Qb:vl (yh Y2, x2>

y2=0y1=0

X Pr(Y}z =1 | Xio = T2, = 9) Pl”(Yil =y | Xag=21,0; = 04;9) =0,

which coincides with (2.5).

2.8.2 Proof of Corollary 12.1

The proof is by contradiction. Suppose that 6 is point-identified. Then by (2.4) we have, for
some x; € {0,1}, and for all y; € {0,1} and o € S,

Go (41,0, 1)[1 = F(0 4+ )] 4 ¢a, (31,1, 1) F (0 + )
= ¢$1 (yl,0,0)[l - F(O‘)] + ¢$1 (yh l,O)F(Oé).

Since 1, F(«), and F(0 + «), for a € S, are linearly independent, we thus have, for all
Y1 € {Oa 1}7
¢x1 (y17 Oa 1) = ¢x1 (y17 17 1) = ¢CL‘1 (yla 07 0) = ¢z1 (y17 17 O) (227)

Next, using (2.5) at zo = 1 we have

Gu (1L, 1L, 1) F(0 + o) F(0x1 + ) + ¢, (0,1, 1) F(0 + «)[1 — F(0x1 + )]
+ ¢4, (1,0, 1)[1 — F(0 + )| F(0x1 + ) + ¢4,(0,0,1)[1 — F(0 + «)][1 — F(0x; + «)] = 0.

Using (2.27) then gives
G2y (L L 1) F (01 4+ o) + ¢4, (0,1,1)[1 — F(6z1 + )] = 0.
Now, since 1 and F(0x; + «), for a € S, are linearly independent, it follows that
¢z (1,1,1) = ¢,,(0,1,1) = 0.
Using (2.27) then also gives
¢z, (1,0,1) = ¢,,(0,0,1) = 0.
Lastly, repeating the same argument starting with (2.5) at x5 = 0 gives
$2,(1,1,0) = ¢,,(0,1,0) = ¢5,(1,0,0) = ¢,,(0,0,0) = 0.

It follows that ¢,, = 0, which leads to a contradiction.



2.8.3 Proof of remark 10 (sign identification of 0)
Note that
B [Yi — Y| X =0
_E [E Yoo | Xin, Vir, Xi = 0,05] — B [Yiy | Xiy = 0,0] | Xy = 0}
=E[F(0Xi2 + o) — F(a;) | Xip = 0]
=E [(F(0 + o) — Flaw)XioYaa + (F(0 + o) — Fl0i)) Xio(1 = Yar) [ Xia = 0]
/Z (0 +a) — F(a)) Gy, o(@) F(a)" (1 = F(a))' ™" mo(a) dpu(er).

O Vv d
= >0 by Assumption 5

(2.
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28)

If & = 0, (2.28) implies that E [}/z'g — Y| X = 0} = 0. Moreover, since F(-) is str1ct1y
0]

increasing, it follows that 6 > 0 (respectively, < 0) and E [Y;» — Y;1 | X;1 =

> 0 (resp.,

< 0) are equivalent. This implies that sign(f) = sign (E [Yio — Yy | X = O]) A similar

argument applied to X;; = 1 implies that sign(0) = sign (E [Yil — Y| X1 = })

2.8.4 Identification in the exponential model

Let

— def X, ax,
¢z1( ) = E[¢$1 (}/17 }/27 X27 ) ’Xll - ‘Tl] = E[(l - Y;:2)69X12 - (1 - }/ﬂ)eGXZl

We show that 6 is the unique solution to the equation

Xil = Il].

Since ¢,,(f) = 0, the result will follow if one can show that, for any x; € {0,1}, &, is

strictly monotonic.
Let (6,0) € ©% with 6; > 6,. For z; = 0, we have

Bo(01) — P(6-)
[(1 = Yig)e" ™2 — (1 = Ya) | X = 0] = E[(1 = Yip)e™ ™2 — (1 = V;1) | Xo1 = 0]
[(1 = Yip) ("2 — %) | Xy = 0]
= (" — e™)E[(1 — Vi) Xiz | Xi1 = 0]
(" — e™)E[(1 — F(0 + ;) X2 | X = 0]

J/

= ("~ )/SZ F(0+ )Gy, o(a)F(a)" (1 = F(a))' ™" mo(e) dp(er)

>0 Y >0 by Assumption 5
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> 0,

which shows that ¢, is strictly increasing. If 2; = 1, then

61(61) — 1 (62)
= E[(1 — Yig)e" ™2 — (1 = Yip)e™ | Xig = 1] = B[(1 — Yip)e™ ™ — (1 = Yiy)e™ | Xiy = 1]
=E[(1- zz>( X Xy — (1= Vi) (" — ) | Xy = 1]

= (" — e?)E[(1 — Yi2) Xip — (1 — Ya1) | Xiy = 1]
(691 —e™E[(1 - F(0+ )1 — Xip) | Xi1 = 1]

>0
/S Y (L=F(0+a)(1— G} ((a)F(@+a)" (1 - F(0+a)m(a)du(a)
_ 07 y Assumption

which shows that ¢, is strictly decreasing.

2.8.5 Proof of Lemma 13

In what follows we assume 7" > 3, having already proved the validity of the claim for T' = 2
in Lemma 12.

Since 6 is point-identified it is locally point-identified. Additionally, since (0, 7, G) is a regular
point of VQ(0, 7, G) by Assumption 6, we can appeal to Theorem 8 in Bekker and Wansbeek
(2001) and follow the same line of arguments as in the proof of Lemma 12 to conclude that
there exists 7; € {0,1} and a 22T~ x 1 vector ¢,, # 0 such that

(1) Vﬂzl Q;1¢$1 = O’ (11) VGzl Q;1¢z1 - O

We will now prove (2.10) and (2.11) using finite induction.
Let us start with (2.10). Given s € {0,...,T —2}, let P(s) denote the statement that, for all
y —(s+1) c {0 1}T (s+1) and 1: —(s+1) c {0 1}T s+1)

S 6" 2T [ FOz+ )1 = F(0x + o))

nys:Te{()’l}s#»l t=T—s

does not depend on 77,

Base case:
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Condition (ii) implies that

0Q. ) .
<8G§T1’$T1 (O-/)> (bm B 07

or equivalently that

1 1
S 6 (v &) F(bxr + )T [1 = F(bxy + a)]' 7 (—1)' "7
yr=027=0
T-1
< T P60, + ) [1 = P, + o) Gl s(0) [~ Gls s (0]
t=2

x F(0x, + o) [1 — F(fz, 4+ a)]' ¥ = 0.

Using Assumption 5, this simplifies to

Z Z ¢z, (y", 2" ) F (027 + )" [L = F(0zr + )] 77 (=1)17"" =0,

yr=0x7=0

which implies that

Z 6 (y", 2*T)F (027 + )V7 1 — F(02r + o)V

yr=0

does not depend on x7.
Thus, P(0) is true.

Induction step:
Suppose that P(0),...,P(s) are true for s € {0,...,7 — 3}. We are going to show that
P(s+1) is true.
Condition (ii) implies that
/

Qs

(s+1
aG T (ss+2)) xT (s+2)( )

¢$1:0

If s < (T — 3), this corresponds to

Z Z o, (y7, 22 T)

yT_(S+1):T€{O,1}s+2 wT—(s+1)tT€{O,1}s+2
T
X H F(0x + )" [1 — F(0x, + o) Gl (@)™ [L = Gl o ()]

t=T-s
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X F(0x7—(s+1) + @)Y= [1 — F(xr_(s41) + )] V7040 (=1)1 77750

T—(s+2)
X H F(eﬂft + Oé)yt[l — F(@xt + Oé)]liththlwt—l(Oé)mt[l — G2t71’$t71 (Oé)]lizt
t=2

x F(0z; + a)*[1 — F(0x; +a)]' % = 0.

While if s = (T" — 3), this corresponds to

Z Z ¢x1 (yT7 ZC2:T)

y2:T6{071}T71 $2:T6{071}T71

X H F(0xy + )" [1 — F(0x, + )] Gl o (@)™ [L — Gl e ()]

yt,xt
t=3

x F(0zy + a)?[1 — F(0xy + o)) 7¥2(—1)' 2
x F(0z; + a)'[1 — F(0x, + )] % = 0.

Using Assumption 5 this gives, for all s € {0,...,T — 3},

Z Z Py (Z/Ta xQ:T)

yT7(5+1):T6{071}s+2 IT—(s+1):Te{0’l}s+2
T
< T Fr+ a1~ F(6r, + )]Gl a(@)™[1 — )]
t=T—s
X F(0xr— (1) + )76 [1 = F(Qrr—(sp1) + )] 706 (=1)170m-60 = 0. (2.29)

Let Lgyq denote the left-hand side of (2.29). Exploiting successively the fact that
P(0),...,P(s) are true, alongside the property that, for all t € {T' — s, ..., T},

1
D Gl (@)L= Gl o)) =1, (2.30)

x:=0
it is easy to see that

1

Loy = > > bn "2 [ FlOz+ a)[1 = F(0z, + )]

yT_(S+1):T€{O,1}s+2 xT_(S+1):O t=T-s

% F(Q$T—(s+1) + a)¥T-+[1 — F(Q$T—(s+1) + a)]l—ny(erl)(_1)1—1‘T—(s+1) =0.

Recalling that P(s) is true, this implies that

T

Z Guy (y", 2*T) H F(0x; + a)¥[1 — F(x, + a)]' %

yT=(s+1):T {0, 1}s+1 t=T—(s+1)
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does not depend on x7~C¢+YT Hence, P(s + 1) is true. This concludes the proof of (2.10).

Finally, we show (2.11). As in the proof of Lemma 12, Condition (i) implies that

Z Z ¢J31 (yT, xQ:T)

yTe{0,1}T z2Te{0,1}T—1
T
X H F(0x; + a)¥[1 — F(Ox; + oz)]l_thZt7 (a)™[1 — Gy ()]

x F(0x; + a)'[1 — F(fz, + )" ¥ = 0.

Using (2.10) and (2.30), it follows that

T
Z ¢x1 7 H F th + Ck yt 1 — (el't + a)]lfyt — O’
t=1

yTef{0,1}T

which coincides with (2.11).

2.8.6 Proof of Corollary 13.1

In what follows we assume 7" > 3, having already proved the validity of the claim for T' = 2
in Corollary 12.1.

The proof is by contradiction. Suppose that 6 is point-identified. We will show that this
necessarily leads to ¢,, = 0, which will contradict Lemma 13. To that end, we will first
prove via finite induction that ¢,, must be a constant function.

For s € {1,...,T — 2}, let P(s) denote the statement that there exists a function
T=s:40,1}*7725=! — R such that, for all y* € {0,1}7 and z*T € {0,1}7~!, we have

Guy (Y 2¥T) = oL (y" 0, 2P,

Base case:
By (2.10), the quantity

> b (y" 2TV (Oxr + a)'[1 = F(Oxr + )] V7 (2.31)

yr=>0

does not depend on x7. Hence
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Gu (y" T LT DF(0 + a) + ¢, (y" 0,27 D[ - F(6 + o)
= du, (y" L L2 0)F(a) + 6uy (y" 10,2777, 0)[1 = F(a)].

By linear independence of 1, F(«), and F(6 + «), this implies that ¢, (y”, z*T) does not
depend on (yr,zr). Hence P(1) is true.

Induction step

Suppose that P(s) is true for s € {1,...,T — 3}. Let us show that P(s + 1) is true.

Since P(s) is true, we know that there exists a function ¢.~* : {0,1}*77*~! — R such
that

¢x1 (yTny:T) — ngl_s(yT_s,fEQ:T_s)-
Thus, by (2.10), the quantity:

T
Z ¢az1 7 H F th -+ Oé yt [1 — ((9[[’15 + Oé)]l_yt
yT—sTe{0,1}s+1 t=T—s
1 T
= > ot Y Il Fz+ )1 — F(0z + o))
yr—s=0 yT—(s=1):Te{0,1}s t=T—(s—1)

X F(@xT s+ )21 — F(Qzp_s + )] Y7
Z L= (47, a¥ T ) F(Owp—y + )71 — F(fr_s + )] 47—
Yyr— 5_0
does not depend on z?7 =7, Therefore,
:70’175(ny3717 LxQ:Tfsfl7 1) ((9 4 a) T s(nysfl,O’xQ:Tfsflj 1)[1 o F(@ + &)]
i“;s(nysfl7 171,2:Tfs 1’ O)F( ) + ;.Ic‘l s(nysfl’ O, x2:Tfsfl7 0)[1 - F(Oé)]

Since 1, F(a), and F(0 4+ «) are linearly independent, this implies P(s + 1).
It follows from the previous induction argument that there exists a function ¢2 : {0,1}* — R
such that, for all (yT, z*7),

Py (yTa xQ:T) = 9201 <y27 '732)'
Using (2.10), the quantity

T
Z ¢l’1 7 HF Q:Ut + O( yt 1 — (Ql-t + a)]l—yt
t=2

y2:T€{0’1}T 1



119

1

— Z 02 (Y7, 22) F (03 + )2 [1 — F(fz + )] ¥

y2=0

does not depend on #*?. Therefore,

o2 (y1, 1L,1)F(0 + a) + ¢2 (41,0, 1)[1 — F(0 + )]
= ¢2 (y1,1,0)F(a) + ¢2, (y1,0,0)[1 — F(e)].

Since 1, F(a), and F(0+ ) are linearly independent, this implies that there exists a function
! :{0,1} = R such that, for all (37, 227),

Gu (y", 2*T) = ¢n, (1)
Lastly, (2.11) implies

T
Z ¢$1 y L HF th + Oé yt 1 — (91315 + a)]lfyt
t=1

yTe{0,1}T

T
- Z $1 yl HF ext + Oé yt 1 — (th + a)]lfyt
t=1

yTe{0,1}T
1 T
=D bnl) D [[FOzn+a) 1= FOm +a)
y1=0 y2Te{0,1}7 t=1

B Z by, (Y1) F (01 + @) [1 = F(f) + )]

y1=0

= 0.
Linear independence of 1, F/(«), and F(6 + «) thus implies

Therefore, ¢,, must be the null function, a contradiction.

2.8.7 Proof of Proposition 5

It is immediate to verify that, if § € ©7, then (2.16), (2.17) and (2.18) are satisfied.
Conversely, suppose that (2.16), (2.17) and (2.18) are satisfied. Let

pa, (YT, %7 Q) = F(ng + )1 — F(ng + a)]l_ywal(xQ:T, yT 1 a). (2.32)

Using (2.17) we have

oy (0T, 22T 0) > 0, Z Z /p,,:1 22T a)dp(a) = 1,

yTe{0,1}T z2T¢{0,1}T-1
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SO pg, 1s a valid distribution function (conditional on X;; = ).
Next, using (2.16) we have

/ por (57, 27 ) dpu()
S

- / F(ng + )71 — F(§$T + a)]l_yTwwl(ﬁ:T, y' L a)du(a)
S
= Qu (y",2*";0,7,G),

SO Py, is consistent with the conditional distribution Q,, (y”, z*T; 0, m, G) of (Y;"', X?7T) given
X1
Next, using (2.18) we have, for all s € {2,..., T},

Z Z Pay (yT7 [E2:T, Oé)

xs:Te{O}l}Tfs+1 yS:TE{O,l}T75+1

- Z Z Z F(§$T + Oz)yT[l — F(ng + a)]l—yT U, (:EQZT, yT_l, a)

ms:T€{071}T75+1 ys:Tfle{()’l}Tfs yT:O

- > R G TE)

xs:T€{071}T75+1 ys:Tfl 6{0,1}T75

= F(0z,y + 0) 1= F(fz, oy +a)) 7 > > Uy (27, 4" )
CES:TE{O,l}T_S+1 ys—lzT—1€{071}T—s+1
= F(0z,_1 4 )" [1 — F(fz,_y + a)] ¥ Z Z pa, (¥ YT @),

"ES:TE{O,l}T75+1 ysfliTe{O’l}Tf&l»Q

so, for all t € {1,...,T— 1}, the conditional distributions of Y;; given (Y;' ™, X!~! «;) induced
by p., coincide with the ones under the model; i.e., with F(0z; + a)¥%[1 — F(0x; + )] ¥
Lastly, using (2.32) we have

Pay (7 2T a) = F(fr + )" [L — F(fzr + o)) "1y, (2*7 4" )
1
= F(0zp + )’"[1 — F(Bzp + )] 47 Z pe, (yh, 2*7 @),
yr=>0
so the conditional distribution of Y7 given (Y;' ™' X!~ ;) induced by p,, also coincides

with the one undez the model.
This implies that § € ©7.

2.8.8 Computation of identified sets

In this section we describe the practical implementation of the linear programming approach
for the computation of identified sets for two types of target parameters: 6, and average
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partial effects. For simplicity of exposition we discuss the case T' = 2, but the construction
is analogous for larger 7.

2.8.8.1 Parameter §

In Proposition 5, we established that a candidate parameter 0 lies in the identified set ©f
if and only if one can find functions 1y, verifying equations (2.13), (2.14) and (2.15).
A useful observation is that these conditions can be viewed as the constraints of a linear
program. Thus, determining whether § € O is equivalent to determining the feasibility of a
linear optimization problem. In the numerical illustration, we specifically consider:

1;351/ Z q$1 Z Z wh Z2,Y1, du( )

z2=01y1=0

where the constraints are that v, 1 satisfy equations (2.13), (2.14) and (2.15). The addi-
tional constraints for the strictly exogenous case are that 1, also verify the relationship
presented in footnote 5.

2.8.8.2 Average partial effect A

In addition to 6, a quantity of interest is the average partial effect

A=E[Pr(Yp=1[Xp=10a) — Pr(YiQ =1| X =0, ;)]

- [FO+0) = F@)] 3 dumafo)duto)

xle{O 1}

which is generally not point-identified. Yet, for a given g c o , one can compute a lower
bound A(6) and an upper bound A(6) on the range of possible average partial effects as
solutions to the following linear optimization problem:

é(é) = inf /[ (9—|—Oz E qxy E E %1 T2, Y1, )d:u( )
Yo,P1
xle{O 1} 22€{0,1} y1€{0,1}

A()) = sup/[ (9+a Z Gy Z Z Yy (T2, Y1, @) dp(ar),

Yo, 1€{0,1}  22€{0,1} y1€{0,1}

subject to 1,1, satisfying equations (2.15), (2.13), and (2.14). Under the assumption of
strict exogeneity, ¥y and ; have to satisfy the additional constraint discussed in footnote
5. The sharp bounds for A are then obtained as

A = inf A(6),
gco!
A = sup A(H).

geol!
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Figure 2.3: Approximate identified sets for logit and probit models with T" = 2
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Notes: Approzimate upper and lower bounds of the identified set ©F in a logit model (left column) and a probit
model (right column) with T = 2 based on a discretization of unobserved heterogeneity with K = 5,50, 500
support points respectively. The true identified set is depicted by the solid lines while the approximations are

indicated by the dashed lines. The population value of 0 is given on the x-axis.
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Figure 2.4: Approximate identified sets for average partial effects in logit and probit models
with T'= 2
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Notes: Approximate upper and lower bounds of the identified set for average partial effects in a logit model
(left column) and a probit model (right column) with T = 2 using a discretization of unobserved heterogeneity
with K = 5,50,500 support points respectively. The true identified set is depicted by the solid lines while the

approrimations are indicated by the dashed lines. The population value is given on the z-axis.



124

Chapter 3

Identification and estimation of
random effects linear social
interaction models with endogenous
peer selection

3.1 Introduction

Most studies on peer effects treat friendships between individuals either as fixed or as exoge-
nous random variables in a linear social interaction model for individual outcomes. There
are reasons to be doubtful of this convention; namely the possibility that unobserved indi-
vidual traits such as personality type or sociability level may influence both peer selection
(e.g Selfhout et al. (2010)) and individual outcomes (e.g Golsteyn et al. (2021) in the context
of academic achievement). A concrete example is helpful to flesh out the econometric prob-
lem. Suppose as in Manski (1993) that a researcher is interested in measuring the effects of
an educational intervention providing tutoring program to some students and not to others
on, say, student GPA. Let ¢ = 1,..., N index students in the school and assume that the
researcher observes an undirected sociomatrix D, where the ij" entry D;; € {0,1} denotes
a potential friendship between students ¢ and j. The binary treatment X; is randomly as-
signed amongst students and a simple linear-in-means specification is considered to account
for potential spillover effects of the treatment on the outcome of interest Y;:

Y;‘ :(Io-l—’)/oXl—l-(S()ZGjo-f-Ul (31)
JFi

Here, G' = (Gj;)};—, is the row-normalized version of D:

Dij : )
Gl] _ Diy if DH— >0
0 otherwise
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with D;p = > i Dij denoting student i’s degree centrality, i.e his number of friends. The
error term U; can be regarded as a latent sociability level of student . By virtue of random
assignment, X; is an exogenous covariate but the fraction of friends treated, ) i G;; X, is
not due to the potential correlation between the latent sociability of individual i, U;, and
the identity of her friends. To see this, observe the following:

COU(Ui, Z GZ]X])

i

= Z Cov(U;, Gi;X;)

i
= E(UiG;;X;) — E(U))E(G;;X;) (by linearity)

i
= Z (U;Gij) — E(Uy)E(G;)) E(X;) (by random assignment)

JF
= E(X1) | E(U; ) Gyy) — E(UDE() | Gyy)

i i
=E(X)) |E| U Di; 1{Diy >0} | ~E(UE | Y Di; 1{D;; > 0}
G Do s

D;;
=E(X,) |E UZ Diy >0 | —E(U)E | Y+~
i D i

=1 =1

= E(X) (E(U|Diy > 0) — E(U)) P(Dys > 0)

Di-i- >0 P(DH_ > O)

Generally, we will have E(U;|D;; > 0) # E(U;) as we expect positive degree-centrality to be
indicative of sociability level in networks of finite size. In turn, a standard regression will
lead to biased estimates of the spillover effect dg, the size of which will depend on the precise
features of the model.

This chapter presents an approach to deal with this issue. Our work fits in the grow-
ing literature initiated by Goldsmith-Pinkham and Imbens (2013) that aims to formally
account, for network endogeneity in peer effect models by jointly modelling link formation
and individual outcomes. Motivated by the above example, we assume that individuals have
latent attributes that influence outcomes and exclusively determine friendships according
to a conditionally independent dyad model in the spirit of Auerbach (2019), Johnsson and
Moon (2015) and Shalizi and McFowland IIT (2016). However, our methodology and as-
sumptions are substantially different from these papers which focus on estimation in “large”
networks while we focus on the more empirically motivated “small” network setting wherein
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the researcher observes several independent clusters of moderate size, e.g. classrooms, teams,
schools. In that respect, our framework is closer to Jochmans (2020) and we develop com-
plementary approaches, though to our knowledge, we are the first to address the additional
complication of correlated unobservables and latent exogenous effects in this setup. Other-
wise, whereas Jochmans (2020) analyzes directed networks, and uses stochastic restrictions
of the link formation process to build instrumental variables, we study undirected networks,
and exploit inherent symmetries of the model to formulate a different solution to the prob-
lem of network endogeneity. Specifically, leveraging the exchangeability of the link formation
model and an independence assumption between observable and latent characteristics, we
show that controlling or matching individuals by degree-centrality is sufficient to eliminate
the omitted variable bias induced by endogenous peer selection. We combine this result and
insights from Bramoullé et al. (2009) for the case of exogenous friendships to propose two
simple strategies for the identification and estimation of social effects. Finally, we draw on
the recent work of Hansen and Lee (2019), to show that our estimators are consistent and
asymptotically normal under standard assumptions for clustered samples.

The remainder of the chapter is organized as follows. Section 3.2 introduces the model
and our working assumptions. Section 3.3 further discusses the complications arising from
endogenous peer selection. In Section 3.4, 3.5 and 3.6 we introduce our estimators and
characterize their properties. We present Monte Carlo results in Section 3.7 and Section 3.8
concludes. Proofs are gathered in the Appendix.

3.2 The econometric model

Our focus is on the estimation of linear social interactions models subject to endogenous peer
selection when the researcher observes data from ¢ = 1,...,C distinct clusters (e.g schools,
classrooms) of finite size. To that end, we hypothesize a common data generating process
for each cluster that we detail below.

3.2.1 Data generating process

A cluster ¢ comprises a finite population of N, agents labelled by the integers in {1,..., N.}.
Each agent i in the cluster is endowed with a pair, (X;,U;) € RE x R known to her. The
K-dimensional vector X; captures observable individual specific characteristics while Uj is a
scalar agent-level attribute unobserved by the econometrician. We collect these features in
the vector U, = (Uy,...,Uy,) and the matrix X, = (Xj,..., Xx,) - the cluster subscript ¢
will be omitted when doing so causes no confusion. Aside from the primitives X, U, cluster
variables include an undirected network D and a vector of individual outcomes Y generated
in two consecutive stages.

First, we posit a peer selection stage producing the symmetric adjacency matrix D.
Specifically, we assume that agents form friendships according to the following non-strategic,
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non-parametric dyadic network formation model:
Dy = 1{(U;,U;) = Vi > 0} 1{i # j} (3.2)

Vij ~ [(.), Vi; independent of U

Here, h(.,.) is a symmetric function in the latent attributes (U;, U;) called a graphon and
Vij = Vj; are idiosynchratic shocks. In this setup, the existence of a dyad ij (i.e D;; = 1)
depends on whether the total surplus of forming a friendship, h(U;, U;) —V;;, exceeds the zero
threshold. Observe that the link probability: P(D;; = 1|U; = w;, U; = u;) = (F o h)(u;, u;)
is an increasing function of (u;,u;) when the graphon is increasing in its arguments. In this
case, agents with a comparatively “high” wu; will tend to have a comparatively higher number
of friends, i.e a higher degree centrality, and thus we will generally interpret U; as a latent
popularity. Note the important restriction that observable characteristics X; do not enter
link decisions.

In a second stage, given (X, U, D), we assume that all agents in the cluster play a linear-
quadratic game resulting in a pure strategy Nash equilibrium Y. We consider two possibil-
ities: the linear-in-means specification and the local-aggregate specification. In the former,
the utility from an action profile y takes the form:

1
where ¥, = > ki Gi;Y; denotes the average action i’s friends in the network D. Here,
UZ‘(D, U, X) = Oy + XZ/’)/O + X;,L(z)(SO + AD + Uz + )\0071(1)

where Xn(i) = Z#i Gij X, Un(i) = Zj# G;U; capture the average observable (respectively
unobservable) characteristics of i’s peers and Ap is a scalar network effect. Solving for the
best response behavior leads to:

Y; = ag + BoYuu + Xivo + X000 + Ap + Ui + XoUngsy (3.4)

Equation (3.4) corresponds to what is widely known as the linear-in-means model. As is
common in the literature, we impose || < 1 to ensure the uniqueness of the pure strategy
Nash equilibrium of the game.

The local-aggregate model is a variant focusing on aggregate quantities rather than averages.
In this model the utility function is:

) 1
J#i

!/

J#i i
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Then, the first order condition for optimality imply a linear best reply of the form:

/

Y; :CY()‘FB()ZDUY}—FX{’}/O—F ZDUXJ 50+AD+UZ+)\02D”UJ (36)
J#i J#i J#i

Similarly, we will assume (N — 1)|5y| < 1, a sufficient condition to ensure the uniqueness of
the pure strategy Nash equilibrium (Ballester et al. (2006)).

Arguably less popular than its counterpart the local-aggregate model has nevertheless
been the subject of several studies in game theory (Ballester et al. (2006), Calv-Armengol
et al. (2009), Ushchev and Zenou (2020)), in econometrics (Liu and Lee (2010), Liu et al.
(2014)) and in the education literature (Calvé-Armengol et al. (2009), Liu et al. (2014)). The
two models can serve to emphasize different facets of peer influence. For instance, the linear-
in-means model has commonly been employed to represent social conformity in a group of
individuals. To understand why, observe that the utility function (3.3) is isomorphic to:

/ 1 _

In this reformulation an individual’s utility is affected by the deviation of her action from
that of her reference group. If (5 > 0, the agent will try to mimic the mean action of her
friends to maximize utility. In contrast, the utility function of the local-aggregate model
(3.5) highlights the complementary of actions between connected individuals. For this rea-
son, the model has traditionally been used to analyze the role of spillovers in education
(Calvé-Armengol et al. (2009), Ushchev and Zenou (2020)). For our purposes and from an
econometric viewpoint, the critical difference between the two models is that one employs
the row-normalized adjacency matrix while the other uses the adjacency matrix.! We will
see that this difference has important implications for identification and estimation.

For ease of exposition, we will focus on the scalar case (K = 1) and to facilitate the joint
treatment of the two specifications, we will work with the following notation:

Y; = Qg + 50 ZWZ](DZ)YJ + ’YOXi + 50 ZWW(DZ)XJ + AD + Uz + )\0 ZWZJ(DZ)U] (37)
J#i J#1 J#i
where it is understood that w;;(D;) = G;; for the linear-in-means and w;;(D;) = D;; for the
local-aggregate model. Note the rich structure of the composite error term: ¢; = Ap + U; +
Aoy, i w;;(D;)U;, which allows for complex forms of dependence within each cluster going
beyond the simple correlation induced by network fixed effects 2.

I Another more subtle difference of the linear-in-sums is that the equilibrium outcome will be proportional
to the Katz-Bonacich centrality of the agent in the network (Ballester et al. (2006), Calvé-Armengol et al.
(2009)). This feature is absent in the linear-in-means model due to the row-normalization of the adjacency
matrix.

2Suprisingly, a very few number of papers entertain the possibility of latent exogenous effect; Graham
(2008) and Graham et al. (2020) being notable exceptions. This common asymmetric treatment of observ-
ables and unobservables covariates effectively adds restrictions to the model that are rarely mentioned.
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This data generating process produces a tuple {Y, D, X, U, Ap} for each cluster from
which only {Y, X, D} are observed by the econometrician; U and Ap being latent by defini-
tion. Our goal in this chapter is to provide identification conditions and discuss methods to
estimate the common vector of (observable) social effects: 6y = (g, Y0, 00) € R+ 3. We
follow the terminology of Manski (1993) and refer to 3y as the endogenous effect and dy as
the exogenous effect. We point out that the fact that U enters linearly in equation (3.4) or

(3.6) is for expository purposes and is inconsequential for the subsequent discussion 2.

3.2.2 Discussion of the network model

A key characteristic of network formation model (3.2) that we will exploit throughout is

that links form independently conditionally on the vector of agent-specific latent attribute
U with:

D;;|U;, Uj ~ Bernouilli ((F o h)(U;, Uj))

for every dyad {i,j}, ¢ < j. Models that feature this property are called Conditionally
Independent Dyad Models (see Graham (2020)) - henceforth CID - and are ubiquitous in
the network-related literature: the Erdés—Rényi random graph model (Erdés and Rényi
(1960)), the S-model (Chatterjee et al. (2011)) and the Stochastic Block Model (Holland
et al. (1983)) being notable special cases. Prior work in economics that employ these models
are Auerbach (2019) and Johnsson and Moon (2015) in a similar context to ours.

Note that in its present form, our link formation model (3.2) does not accommodate
assortative matching on observable characteristics. This turns out to be a facilitating element
for identification of the social effects. However, we discuss how the model may incorporate
this behavioral dimension if we impose that covariates entering links decisions are distinct
from those featuring in the outcome equation in Section 3.5. This generalization requires a
distributional exclusion restriction (Powell (1994), p. 2484)) to preserve the identification
of the social effects but has the advantage to allows for some degree of correlation between
the latent attributes and the observable characteristics. Finally, we point out that the
network modelling approach pursued here has two limitations: strategic considerations (e.g
reciprocity, transitivity) are absent, though they may be critical in certain contexts, and we
rule out the possibility of a feeback effect of outcomes on link formation.

3.2.3 Sampling and main assumptions

As in Jochmans (2020), we follow the conventional sampling view in the peer effect literature
and assume that the researcher has a sample of independent networks of finite size. In
the language of network inference, we cast our identification and estimation strategies in

3The parameter ag cannot be identified due to the presence of network fixed effects
4The crucial assumption common to all conventional peer effects models is that all terms enter in an
additive separable way.
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the many networks asymptotics. As detailed in Section 3.2.1, we assume the econometrician
observes a collection of C' clusters/networks (we use the terms interchangeably), potentially
of different sizes, with observations {Y., X, D.}&_; produced by the same data generating
process. Importantly, this entails that each adjacency matrix is generated according to a
CID process of the form (3.2) and that outcomes are generated with the same social influence
vector: 0y = (5o, V0, 00) in either the linear-in-means model or the local-aggregate model.
Our asymptotic framework involves C' — co.

The following assumptions are assumed to hold for each individual cluster:

Assumption 7. (IID-ness)

{XZ-,UZ-}?;1 are independent and identically distributed with finite second moment. The
density of U; denoted fy(u) = f(u) is continuous with support U C R. The covariates X;
may be discrete or continous and are non degenerate random variables.

Assumption 8. (Random Effect)
Vie{l,...,N}: X; and U; are independent

Assumption 9. (Correlated Unobservables)
The network fixed effect Ap is arbitrarily correlated with X ,U.

Assumption 10. (CID network model)
1. The graphon h : U x U + [0, 1] is symmetric, measurable and non-degenerate

2. {Vij}1<i<j<N follow a standard uniform, are independent across dyads {i,j}, and in-
dependent of (Ap,U, X).

Assumption 8 is arguably restrictive but a fixed effect assumption for U; is likely to be too
demanding in our context. Indeed, since we are working with a cross-section of networks as
opposed to repeated observations of the same network over time, differencing out the fixed
effect as in linear panel data is problematic. Thus, the alternative is to treat the latent
attributes as additional parameters to be estimated from the data. However, we know by
analogy with the panel data literature on the incidental parameter problem that this would
be equally inadequate in common economic applications where clusters have a relatively
small size. This is of course a lesser issue for very large networks and when working within a
large network asymptotics framework (Johnsson and Moon (2015)) since the effective number
of observations (i.e links) per individual is increasing with the sample size. Our restrictions
on unobservables would be particularly fitting in the context of a randomized experiment
where a treatment X would be randomly assigned and thus independent of unobserved
heterogeneity U. We will discuss how Assumption 8 can be relaxed to some extent in
Section 3.5. Assumptions 7, 9 and 10 are otherwise standard.

A word on notation and conventions. Hereafter, a lower case letter will denote a spe-
cific value of the random variable denoted by the corresponding upper-case letter. We use
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the generic notation fy(y), fv,x(y,z), fyix(y|z) to denote a density, a joint density and a
conditional density. We also use the standard notation X ~ Y to indicate that the random
variables X and Y are identically distributed. Finally, to conserve on space, we introduce
D, = (D“, o 7Di(z'—1)7 D,-(H_l), o 7DiN) and G; = (G“, R Gi(z’—l); Gz’(z‘+1), o 7GiN) as the
1th row of the adjacency matrix D and the row-normalized adjacency matrix G representing
a network of size N. We use agent(s), individual(s), node(s) and vertex/vertices interchange-
ably and likewise for link(s) and edge(s).

3.3 The issue of endogenous peer groups

To understand the complications that arise when individuals self select their peers, we start
by considering a trimmed down version of the linear-in-means with no network effect and
that only features exogenous social effects

}/z' = Qg + ’}/on' + 50 Z Ginj + UZ (38)
J#

We refer to Equation (3.8) as the baseline linear-in-means model. We are interested in the
identification of 6y = (70, d)" € R?%X. To help with interpretation, reconsider our introduc-
tory example wherein a researcher is interested in the effect of an educational intervention
providing tutoring program to certain students on student GPA. He employs a random as-
signment procedure and uses model (3.8) to account for potential spillover effects. In this
case, we can view (3.8) as a linear regression model explaining the GPA of student ¢ in
terms of his treatment status X, and the fraction of his peers participating in the tutoring
program, » i G;X; . While X, is an exogenous covariate in this context (i.e Assumption
8), a priori, it is unclear if this is also the case for the fraction of her friends in the tutoring
program, » i Gi; X, due to the direct relationship between the latent attribute U; and the
friends of student ¢. Indeed, we previously established that:

Cov | Ui, Y Gy X; | =E(Xy) (E(U;|Diy > 0) — E(U;)) P(Djy > 0)
J#
suggesting an endogeneity bias in general if degree-centrality is indicative of sociability, i.e if
E(U;|D;y > 0) # E(U;). Yet, a special edge case is if Assumption 11 holds which precludes

isolated individuals and enforces that Cov(Us, ), ,; GijX;) = 0 (see Bramoullé et al. (2020)
for a similar observation).

Assumption 11. (No Isolated Individuals)
P(Diy >0) =1

Under such conditions, the fraction of treated friends becomes an exogenous regressor and
under appropriate regularity conditions, the social interaction effects 6y can be consistently
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estimated via least squares for cluster samples (Hansen and Lee (2019)). This identification
result crucially hinges on Assumption 11 which is often explicitly or implicitly made in
applied work but would be inadequate for any network dataset in which the fraction of
isolated individuals is non-negligible: 23% in the Add Health dataset of Dieye and Fortin
(2017) for example. Importantly, note that Assumption 11 is incompatible with CID models
such as (3.2) given any finite set of individuals unless the graphon is degenerate; Assumption
10 excludes that possibility. Generally, we will have E(U;|D; > 0) # E(U;) which in turn
will lead to inconsistent estimates of the social effects as illustrated in Figure 3.1. The size
of the bias will depend on the choice of the graphon, the distribution of latent attributes
and importantly on the size of the network. The latter is illustrated in panels a, b and ¢
of Figure 3.1 where the reduction in bias is clear as N increases. Note that this is little
surprising since we are using a graphon-based model also suited to the modelling of dense
network graphs. In Appendix 3.9.1, we show that standard methods to estimate Spatial
Autoregressive models and the full linear in means (3.4) are also valid under Assumption 11.

(a) dors with N = 20 (b) dors with N = 40 (C) dors with N = 80

Figure 3.1: Contextual effect in the baseline linear-in-means model

NoTES: The figures represent histograms of the least squares estimates for the contextual effect §g in model
(3.8) for M = 5000 Monte Carlo iterations. Each iteration considers C' = 200 independent clusters with

identical networks size N = 20,40, 80. The link formation model is kept constant with U,V ~ N(0,1) and
hiz,y) =2 (%), where ®(.) denote the CDF of a standard normal. Finally, the parameters of the outcome

equation are ag = 0.2, = 0.5,5p = 2.0 and the covariates X; ~ Bernouﬂli(%). The vertical dashed line

in red indicates the true parameter value §p = 2.0 while the vertical dashed line in blue shows the average
value of least squares estimates.

It is worth highlighting that the same logic would not apply in a model that considers a
different weighting scheme for the terms capturing peer influence even under our Assumption
11, a fact first pointed out in Bramoullé et al. (2020). Indeed the above derivations leveraged
both the absence of isolated individuals and the fact that G is row-normalized. In the
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corresponding baseline local-aggregate model we have:

Y; = ag + ’}/0_)(Z + 50 Z Dinj + UZ (39)
J#

If the graphon is increasing in its arguments, then the link probability is monotonic in the
unobserved heterogeneity. Thus, popular agents, i.e agents with a high U; will mechanically
have more friends assigned to the tutoring program which implies Cov(U;, > i Di X ;) >0
and in turn an upward bias for estimates of the exogenous effect. Interestingly, Figure 3.2,
shows that the same CID process as in Figure 3.1 produces biases that are much more
significant in the local-aggregate model, even for networks of relatively large size (N = 80 in
panel ¢ Figure 3.2 ).

(a) dors with N = 20 (b) dors with N = 40 (C) dors with N = 80

Figure 3.2: Contextual effect in the baseline local-aggregate model

NoOTES: The figures represent histograms of the least squares estimates for the contextual effect g in model
(3.8) for M = 5000 Monte Carlo iterations. Each iteration considers C' = 200 independent clusters with
identical networks size N = 20,40, 80. The link formation model is kept constant with U,V ~ N(0,1) and
hiz,y) =2 (%), where ®(.) denote the CDF of a standard normal. Finally, the parameters of the outcome
equation are ag = 0.2,v9 = 0.5,09 = 2.0 and the covariates X; ~ Bernouilli(%). The vertical dashed line
in red indicates the true parameter value o = 2.0 while the vertical dashed line in blue shows the average
value of least squares estimates.

Taking stock, these results show that standard models used in economics to analyze peer
influence are subject to a potentially severe endogeneity bias when the self-selection of peers
is not properly addressed. Under the condition of no isolated individuals, the baseline linear-
in-means is unaffected but this restriction will be ruled out in several real cases of interest.
Therefore, alternative strategies dealing with network endogeneity are necessary to identify
and estimate the parameters of peer influence.
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3.4 Identification with network endogeneity

3.4.1 Symmetries of CID models

In this section, we present key symmetry properties of CID models that will help us address
the problem of endogenous peer selection and motivate our identification and estimation
strategies. The main result is that the latent attributes of any pair of automorphic nodes in
a graph generated by a CID process are identically distributed conditional on the graph. To
establish and clarify the meaning of this property, we require the introduction of a few graph-
related concepts and it will be convenient to switch momentarily to the graph representation
of a network instead of working through the adjacency matrix. That is, an undirected
network of order N is a double G = (V(G), E(G)), where V(G) = {1,..., N} denotes the set
of all nodes in the network and E(G) is the set of edges across these nodes, i.e unordered pairs
of vertices. For our purposes, it will also be useful to let £(G) record the set of non-edges
so that we can equivalently represent G as the triplet (V(G), E(G), E(G)).

Definition 1. (Partial-edge subgraph). A partial-edge subgraph S of a graph G, is a triplet
(V(S), E(S), E(S)) where V(S) C V(G) is a subset of the vertices of G,

E(S) C E(G)NV(S) x V(9) is a subset of the edge set of G, and E(S) C E(G)NV(S)x V(S)
is a subset of the non-edge set of G.

In the sequel, we will focus on the set of links of pairs of agents ¢ and j in a network, i.e
the ™ and j*® rows of the adjacency matrix, which constitutes an important example of a
partial-edge subgraph. Figure 3.3 provides an illustration for the case of a tetrad network.
In panel (b), the partial-edge subgraph S of network D depicted in panel (a) represents the
friendships of agents 1 and 2 and is characterized by: V(S) = {1,2,3,4}, E(S) = {13,24}
and E(S) = {12, 14,23}. Importantly, note that S is silent about the connectivity of agents
3 and 4 as indicated by the dotted line between the two nodes in panel (b).

Figure 3.3: Subgraphs of a tetrad network

11 11 1]

(a) Network D (b) Partial-edge subgraph (c) Partial subgraph S of D
S = (Dl,DQ) of D

NOTES: A dotted line between two nodes indicates that their connectivity is unspecified by the subgraph.

_ (Vi)
- 2

As a result, it may generally be the case that: |E(S)| + |E(S)| . This feature

of a partial-edge subgraph reflects the fact that in our leading estimation strategy, there will
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be pairs of vertices whose connectivity we simply do not need to condition on.

We stress that our notion of a partial-edge subgraph is conceptually distinct from that
of a partial subgraph (see Graham (2020)). The latter does not require “consistency” of
the non edge set: E(S) ¢ E(G) NV(S) x V(S) as illustrated in Panel (c) of figure 3.3
where 34 € E(S) though agents 3 and 4 are originally connected in the network D of panel
(a). Thus, a partial subgraph can modify the original topology while we can think of a
partial-edge subgraph as providing a faithful but incomplete description of the underlying
graph.

Definition 2. (Graph automorphism). Given a partial-edge subgraph
S = (V(S),E(S), E(S)) of a graph G, a relabelling (i.e permutation) of the vertex set
o :V(S) — V(S) is an automorphism of S if it maintains structure, that is if:

1. it preserves adjacency: V(i,7) € V(95),ij € E(S) = o(i)o(j) € E(5)
2. it preserves non-adjacency: V(i,j) € V(9),ij € E(S) = o(i)o(j) € E(S)
We let Aut(S) denote the set of automorphisms of S.

With these definitions in hand, we can formally restate the assertion at the beginning of this
section as follows: given a partial-edge subgraph S of an underlying graph G and o € Aut(S),
U;|S ~ Uy(y|S. To show this result, we will prove the stronger fact that for any A, B C V(5),
AN B =, such that 0(A) = B,o(B) = A for some o € Aut(S), we have Uu|S ~ UglS.
First, we must clarify the source of any potential symmetry, which of course lies in the
exchangeability of CID models.

Lemma 14. For any partial-edge subgraph S = (V, E, E) and o € Aut(S), we have
P<S|UV = u) =P (S’Ua(v) = u)

Proof.
P(S|Uy = u) H h(u;, u;j) (1 — h(u;,uj)) (by Assumption 10)

(i,4)eE (.5)eE

= H ( ) H (1 — h(ug(i), ug(j))) (by def of J)

(o=1(@),071(4))€E (071 (0),01(5))EE

H h(to (), Uo(s)) H (1 — h(Ue(s), ug(j))) (by def of o)

(i.9)eE (i,j)€E

= P (S|Usv) = u)
O

Now, Bayes theorem allows us to swap the conditioning variables to obtain the following
corollary:
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Corollary 14.1. For any partial-edge subgraph S = (V,E,E) and o € Aut(S), we have
fov1s(ulS) = fu, s (ulS)

Proof.
P(S’UV = U)fUV(U,)

fUV\S(u|S) =

(by Assumption 7)

u
= (by Lemma 14)

= fUG(V)|S<u|S
m

Corollary 14.1 shows a rather rich form of exchangeability in CID processes that we can now
apply to prove the promised distributional identity:

Corollary 14.2. For any partial-edge subgraph S = (V, E, E) and o € Aut(S), VA,B C V,
AN B =0, such that 0(A) = B,o(B) = A, we have fu,s(ulS) = fuys(ulS). In particular
for A= {i} and B = {o(i)}, i € V, we have fy,s(ulS) = fu,s(ulS), i.e, automorphic

nodes in S are identically distributed conditional on S.

Proof.
fUA,UB|S<uaaub) :/I A IfUA,UB,UV\AuB\S(UayubauV\AUB>dUV\AUB
Z/[V B

= / J04(4),04(B).Us 0 aumy 18 (Uas Wby U\ aup ) duv aup
UIVI-1AI-1B]

(by Corollary 14.1)

/ Ug, UA,UG(V\AUB)|S(Ua> Up, UV\AUB)dUV\AUB

U114~ \B|

/ JUp.Ua0 a0518 (Uas Up, U\ aUB) 1) AU\ AUB) -1
o(UIS1-1AI-1Bl)-1

/ Up,Ua, UV\AUB\S(Ua, Up, UV\AUB)dUV\AuB
IvVi-lal- \B|
- fUB,UA|S<ua7ub)

We conclude that U and Ug are exchangeable conditional on .S and consequently identically
distributed conditional on S. m

Corollary 14.2 is a simple, yet powerful exchangeability result that will be essential to
deal with network endogeneity and identify the social effects 6, . We defer the discussion of
how to leverage this result in linear social interactions models to section 3.4.2.2.
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3.4.2 The baseline model with contextual effect

3.4.2.1 Observed control function: adjusting for degree centrality

This section introduces a simple observed control function procedure to deal with network
endogeneity that we present in the baseline model that only features exogenous effects. The
stragegy is a natural starting point and though it is considerably limited, we will see that it
carries valuable insights on how to approach the problem of endogenous peer selection more
systematically (Section 3.4.2.2). Consider the following specification

Y;‘ = Qg + 'VOXi + 5() ZWZJ<D1)X] + Uz (310)
J#

Recall that w;;(D;) = Gj; for the linear-in-means and w;;(D;) = D;; for the local-aggregate
model. In light of Assumption 8, we know that X; is an exogenous covariate but the char-
acteristics of friends > ki w;j(D;)X; are generally not due to the endogeneity of the peer
group: U; and D; are correlated. One possible solution to address this problem is to proceed
as follows. By Assumptions 7,8 and 10 we have: E[U;| X, D;] = E[U;|D;]. Furthermore, since
D;; are dummy variables, we recognize a saturated regression model entailing that E[U;|D;]
is a polynomial in the D;;. For example, with a triad network, N = 3, we can write:

E[U1|D12, Dlg] =a+ bD12 + CD13 + dD12D13

In general, this decomposition adds 2V=1 parameters to estimate but this can be reduced
in our context by exploiting a symmetry property of the network formation model (3.2)
referenced in Lemma 15. This useful feature harks back to the work of Altonji and Matzkin
(2005) who studied the implications of exchangeability for identification in nonseparable
panel data settings with endogenous regressors.

Lemma 15 (Permutation Invariance). The conditional density of U;|D; = d; is invariant to
permutations in d;.

fUi\Di (Uz’|di1, e 7di(j71)7 dz’(j+1)7 s 7diN) = fUi\Di (U¢|dia(1), s ;dia(jfl)a dw(jﬂ)’ e 7dia(N))
Vo a permutation of {1,..., N} \ {i}

By definition:
E[U1|D1g = di2, D13 = di3, ..., Diy = din]| = /ufU1|D12,D13,...,D1N(U|d127 diz, ..., dyn)du

and since fy,|p, (u|d;) is permutation invariant in d; by Lemma 15, it follows that
E[U1|D; = di] is a symmetric polynomial in dy = (dy2,d13,...,d1ny). Returning to the
example of 3 agents, this symmetry implies:
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E[U1| D12, D13] = a + bD1s + ¢D13 + dD1a D3
= E[U1| D13, D12] = a + bD13 + ¢D12 + dD13D1o

this entails b = ¢, so:
E[U;| D12, D13] = a + b(D12 + D13) + dD12 D13

which leaves us with only N nuisance parameters instead of 2V =Y. Finally, since E[U;|D;]
is a symmetric polynomial, we can succinctly express it in terms of degree centrality of the
agent. In the simple case of a triad, we have:

E[U;| D12, D13] = a + b(D12 + D13) + dD12 D13
=a+ bD1+ + dD12D13
d

1
=a+ (b — id)DlJr + §D%+

And more generally with N agents, it is not difficult to see that we will obtain:

N-1

E[U;|D)) = cen Dy
k=0

Intuitively, this expression says that the degree centrality of an agent acts as a “sufficient
statistic” to approximate it’s unobserved heterogeneity. We can write:

Y: = a0 + 70Xi + do Zwij(Di>Xj + Ui
i#i
= ap + 70X + 60 ¥ _ wi;(D;)X; + E[Ui|X, D] + (U — E[U3| X, Dy))
i#i
N-1
= + 'VOXi + 50 Zwij(Di)Xj + Z ijNDﬁ_ + ‘/z
i k=0

with V; = U; —E[U;| X, D], the reduced-form error satisfying E[V;| X, D;] = 0 by construction.
Under this alternative formulation of equation (3.10) that controls for the degree centrality
of the agent - an observable quantity for the econometrician - 3 i w;j(D;)X; is no longer
endogenous. Therefore, under standard rank conditions, the identification and consistent
estimation of the social effects becomes possible when the data consists of a collection of
networks of the same size and generated by the same DGP. These strong conditions are
necessary to ensure that the coefficients of the control function: (cj n)Y_, are identical across
networks. One caveat of course is that in practice the researcher is likely to observe networks
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of varying sizes which invalidates this approach.” Another weakness of this method is that
it requires the distribution of latent attributes, the distribution of dyadic schocks and the
graphon to be identical across networks. We introduce the degree-matching approach in the
ensuing section to overcome some of these limitations.

3.4.2.2 The degree-matching approach

The reduced-form expression of specification (3.10) featuring the observed control function
suggests taking pairwise differences of agents having identical degree centrality to eliminate
the network fixed effect and the counfounding effect of latent attributes; a strategy reminis-
cent of Honoré and Powell (1994), Aradillas-Lopez et al. (2007). We refer to this approach as
degree-matching. The logic is simple: since degree centrality approximates the latent individ-
ual characteristic U; well, and since it is observable, degree-matching should approximately
remove these sources of endogeneity from the estimating equations. This is similar in spirit
to how first-differencing removes individual heterogeneity in a linear panel data setting. To
illustrate, let us consider an extended version of the baseline model with both network fixed
effect and latent exogenous effect:

Y; = ag + 70X; + o Zwij(Di)Xj + €
J#i
J#i

Naturally, the added complexity of the error term in the outcome equation exacerbates the
problem of peer group endogeneity. The intuition described above for the validity of degree-
matching as an identification strategy can be formalized through the conditional moment
restrictions of Theorem 6. Before stating its content, we need a few more exchangeability
results that we discuss at length below.

Corollary 15.1. Consider N agents. V(d;,d;) € {0, 1} - d;y = dj 4, we have:
L. U\D; = d;, D; = d; ~ U,|D; = di, D; = d
2. V(k, 1) e{l,...,N}\ {i,7}:
) dpp=1,dy=0,dp=0,dy=1 = U|D, =dy, D; = d; ~ U|D; = di, D; = d

b) dik = 1, dil = 1, djk = O, djl =0 —= Uk|Dz = di,Dj = dj ~ Ul|Dz = dl‘,Dj = dj

SSimilar assumptions have nonetheless antecedents in the literature: Moffitt et al. (2001) discusses ver-
sions of the linear-in-means model where the researcher observes multiple groups of the same size
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Corollary 15.1 is merely an implication of Corollary 14.2 and follows from noticing that
S ={D; = d;;D; = d;} is a partial-edge subgraph of network D, and that the restriction
d;+ = d;; imposes that: 1) ¢ and j are automorphic nodes in S, 2) the “exclusive friends”
of i and j are exchangeable within and across groups.

The conclusions can be easily grasped in the case of a triad network. Consider for example
the event in which agent 1 and agent 2 have identical degree centrality when N = 3:

{D14 =Dy} ={D12=0,D13 =0,D93 =0} U{D12 =1,D13 =0, Dy3 = 0}
U{D12=0,D13=1,Dy3 =1} U{D12 =1,D13 =1, Dy3 = 1}

Figure 3.4: Triads with {D;. = Day}

@
@ O,

a) D1, = Dy =0 (b) D1y = Doy =2

@/@ ®
(¢) D1y = Doy =1

NotEs: This figure depicts all triad configurations consistent with the event {D14+ = Doy }.

Figure 3.4 depicts all four triad configurations consistent with the latter. Notice the evident
symmetry of each subgraph with respect to vertices 1 and 2. Since the U;’s and Vj;’s are iid,
in the absence of node specific covariates, node labels are meaningless so agent 1 and agent
2 are exchangeable in each triad configuration of Figure 3.4. This observation implies part
1 of Corollary 15.1; part 2 is equally intuitive.

Importantly, note that the distributional statements of Corollary 15.1 are conditional
on the observed links of two agents only and not on the full network of interactions as the
results would not generally hold otherwise. To understand why, consider the pentad wiring
displayed in Figure 3.5. There, agent 1 and agent 2 both have degree 1 but are linked to
agents that differ in gregariousness: agent 1 is friend with agent 3 with degree 3 while agent
2 is friend with agent 5 with degree 2. Thus, they cannot be permuted in contrast to agent
1 and agent 4 who are automorphic. Intuitively, the level of popularity of an individual is
not solely reflected by her number of friends but also by her position in the network. From
a mathematical vantage point, the reason is that with a CID model such as (3.2), indirect
connections (Dy)y ; are informative for U; and U; because D;; and Dj; are correlated to Dy,
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through U;. As a result, in this example, with d representing the pentad wiring of Figure
3.5, we have U1|D1 = dl,Dz = d2 ~ U2|D1 = dl,DQ = dg but U1|D =d 7[4 U2|D =d.

Figure 3.5: Asymmetric pentad wiring relative to nodes 1 and 2

Theorem 6. Let g(.) be a measurable function of (D;, D;, X') such that
E Dg(Di,Dj,X)ﬂ < co. Then

E [g(Di, D;, X)(€; — €)| X, Diy = Dj ] =0 (3.11)

The proof of Theorem 6 follows from two observations. First, for a network of order N, the
law of total expectations in conjunction with Assumptions 7,8,10, allow us to express the
moment condition (3.11) as:

g di,d',X
P, =Dy I )

E[g(D;, Dj, X)(ei — )| X, Dy = Dy ] = >
(di,dj):dip=d;4
x E [gz — g]|.l)Z = di,Dj = d]}

Second, €; — €; involves two types of quantities: U; —U; and Uy, — U; where k and [ are exclu-
sive friends of ¢ and j respectively. Therefore, by Corollary 15.1, it follows that conditional
on Dl = dz‘, Dj = dj where di_;,_ = dj+, ]E[Ez - €3|Dz = dz‘, Dj = dj] =0.

Theorem 6 is a very useful result for linear social interaction models; it says that by
matching individuals on degree centrality we have the guarantee that any statistical char-
acteristic involving their links and the covariates of interest X is exogenous. In particular,
this is true for the difference in friends characteristics by setting

9(Di, Dj, X) =3 win(Di) X — 325 wi(Dj) Xi.

To operationalize the degree-matching idea, let Z; = (X, Z#i wij(D;)X;),i=1,...,N, be
the vector of explanatory variables and consider the objective function:

Q) =E (Y~ Y; — (Z ~ %)0)" |Dis = Dy |, 0€R®

Additionally, suppose that the following rank condition for the regressors holds:
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Assumption 12. (Rank condition)
E [(Z; — Z;)(Z; — Z;)'|Diy = Djy] is non singular

Assumption 12 is an identification condition analogous to the standard full rank assumption
on the regressors in linear regression models. It is implied by Assumption 7-10 when K = 1.

Lemma 16. In the baseline linear-in-sums and linear-in-means model with
dim(X;) = K =1, Assumption 7-10 implies Assumption 12.

Then, the following result holds:

Proposition 6. Suppose Assumptions 7-10 and 12 hold. Then Q(0) is uniquely minimized
at 00.

Proposition 6 shows formally that matching agents on degree centrality is a fruitful approach
to identify the social effects 6. Conceptually, the method first deals with network endogene-
ity through matching and then exploits covariate variation in subgraphs with identical degree
sequence to identify 8y in the same way that variation in group size in a setting where in-
dividuals interact in groups helps identify the social parameters (Davezies et al. (2009)). A
convenient by-product of this approach is that it automatically deals with the problem of
correlated effects. Heuristically, when N = 2, identification of the social parameters via
degree-matching comes down to comparing the reduced-form coefficients for connected and
disconnected pairs and a similar logic applies when N = 3. For larger networks N > 4, the
identification of 6, is helped by the presence of network wirings in which two agents have
identical degree centrality but do not share exactly the same set of friends. Such network
configurations, at least in the case K = 1, guarantee that Assumption 6 is verified (see
Lemma 16).

Remark 11.

In light of the results of section 3.4.1, another strategy to identify the social effects in the
same vein as degree-matching would be to match symmetric agents in the full network:
orbit-matching. Consider the shorthand, i ~¢ 7, to denote two nodes of a graph G that are
automorphic and let Og(i) = {j ~¢ 1,5 € V(G)} = {o(i)|lc € Aut(G)} denote the G-orbit
of 7. Orbits partition the vertex set into disjoint equivalence classes. Then, it is natural to
consider the criterion function:

SO) =E|(Yi - Y5 (Zi - 2,0)"|j € 0s(i)|, 0 R

S(0) and Q(#) are similar and in fact coincide when N < 3. In general however, the two
criteria will be different as i = j = D;; = D;; but

D,y = Djy #= i~ j. The pentad wiring of Figure 3.5 is an illustration of the latter.
In practice, from an estimation perspective, this approach is likely to be less tractable than
degree-matching as it will require to first determine the automorphism group of G to charac-
terize the G-orbits and make the pairwise difference approach feasible. Generally, this initial
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step is a non trivial task called the “graph isomorphism problem” and is a well known compu-
tational problem in discrete mathematics. However, in our setting of many small networks,
the computational considerations are likely to be less important which makes orbit-matching
a potentially viable strategy 6. I leave the investigation of this idea for future work.

To conclude this section, let us highlight that degree-matching also presents some draw-
backs: its inability to identify the “own-effect” =~y when the dependence between X; and
U; is unrestricted - a general limitation of pairwise difference procedures (Aradillas-Lopez
et al. (2007)). In Section 3.5, we show that while it is possible to relax the independence
assumption between X; and U;, salvaging the identification of the entire parameter vector
Oy requires a type of exclusion restriction.

3.4.3 SAR and the full model

Extending the degree-matching approach to identify the social effects in Spatial Autore-
gressive (SAR) models is relatively straightforward. The SAR model, popular in spatial
econometrics posits the following relation:

Y=o+ 5o Zwij(Di)Yj + 70X + € (3.12)
J#
JFi

It is obtained by setting dy = 0 in specification (3.7). In other words, the model assumes away
(observable) exogenous effects. Commonly, \g = 0 but in line with our previous discussions,
we will consider the possibility of latent exogenous effect: Ay # 0. This constitutes a system
of simultaneous equations which even in the absence of endogenous peer selection would
pose an endogeneity problem due to the correlation between the outcome of peers and the
error term, i.e the reflection problem (Manski (1993)). The traditional approach to identify
and estimate 6y = (5o, 70)" without correlated effects when the covariates and the network
are exogenous is to instrument peer response » 2 wij(D;)Y; by the characteristics of peers
> i w;j(D;)X;. Of course, this is not directly applicable in our setting with endogenous
peers as »_ i, wij(D;)X; is correlated with the latent individual attributes and potentially
with the network fixed effect. To identify the social effects, we propose combining the IV
approach with the degree-matching procedure discussed previously for the baseline models.
A heuristic rationale is that since degree-matching jointly deals with network endogeneity
and correlated effects; upon matching individuals by degree centrality we are free to use
the remaining exogenous variation from the instrument to solve the reflection problem and
identify 6.
Let Z; = (X;, >, wij(Di)Y;)" denote the vector of regressors and

SThere are efficient algorithms such as Nauty (No AUTomorphisms, Yes?) that can compute the auto-
morphism group of graphs with less than 100 nodes in under a second.
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Wi = (Xi, >4 wij(Di)X;)" denote the vector of instruments. Under degree-matching the
instruments satisfy the exclusion restriction:

E [(Wi = W))(&i — €)|Diy. = Dji | =E |E[(W; = Wj)(ei — )X, Dis = Dy ] [Diy = Djy

~
=0 by Theorem 6

=0

which combined with Assumption 13 hereinafter can be leveraged as a basis for the identifi-
cation of 6.

Assumption 13. (Instrument relevance)
E [(W; = W;)(Z; — Z;)'|Diy. = Dj] is full rank

Indeed, it follows that:

0o = E (Wi — W))(Z; — Z))'|Diy = Dji] E [(Wi — W))(Y; — Y;)|Dix = Dy]

The treatment of the full linear social interaction model is more challenging and it will be
useful to cover the linear-in-means and the linear-in-sums separately. Let us begin with the
linear-in-means specification (3.4) assuming temporarily the absence of network fixed effect.
Rewriting the equations in matrix form, we have:

Y = gl + ﬁoGY + "YOX + 50GX +U + )\0GU
— (I = BoG)Y = agt + (ol + 6G)X + (I + NG)U
—————

=€

where ¢ is a conformable vector of ones. Given our primitive assumption that |5y| < 1, the
matrix (I — 5yG) is diagonally dominant, thus invertible with (I — 8,G)™* = >",2, BYG*.
Therefore:

Y = Oéo([ - ﬁOG)ilb + (’70[ + (SoG)X -+ ([ - ﬁoG)il([ + )\0G>U

= ap(I = BoG) "t + 70X + (0B + 60) D BEGH X + (I = BoG) ™' (I + XG)U
k=0
and hence
GY = agG(I = BoG) '+ %GX + (1050 + 60) Y BEGH?X + G(I = BoG) ™ (I + XG)U
k=0

This last expression suggests that under the usual assumption of network exogeneity:
E[U|X,G] = 0, and provided that (yo80+d) # 0, G>X, G3X ... may be used as instruments
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for GY (Bramoullé et al. (2009)). However, in our model, the exclusion restrictions for the
conventional instruments generally fail as:

Vk >0, E(G"2G(I - ByG) I + XG)U) # 0

Thus an alternative methodology is required. In the specific case of the linear-in-means
specification, we can show that as in SAR models, IV-degree-matching offers a potential
solution. This is motivated by the following moment conditions:

Lemma 17. Vm € N, E ((GmX)l — (GmX)]) (Ei — 6]')

D = Dj+] =0

Lemma 17 shows in particular that the friends’ friends’ average characteristics, the base-
line instrument under network exogeneity remains viable after matching individuals by de-
gree centrality. Interestingly, this result hinges again on the fact that the matrix G is
row-normalized and thus does not carry over to the local-aggregate model. Note that the
result is also unaffected by the presence of network fixed effects. Utimately, the validity
of this strategy will rest on the relevance of the set of instruments which may be prob-
lematic depending on network size in contrast to the simpler models discussed previously.
To illustrate this point, let Z; = (X;,(GX);, (GY);)" denote the vector of covariates and
W; = (X;, (GX);, (GX);) its corresponding vector of instruments. In a population of net-
works of size N = 2, we will not be able to pin down the social effects having more parameters
than equations per cluster. For N = 3, the set of network wirings such that two individuals
have the same degree centrality (see Figure 3.4) exhibit such symmetry that the friends’
friends’ average characteristics will be colinear to own characteristics and friends’ average
characteristic. Similar difficulties occur for the case N = 4,5. Starting at N > 6, there
are network configurations where two individuals have the same degree centrality and have
friends whose friends do not fully overlap. Hence, there will be variation in (G*X); — (G*X);)
unrelated to that in X; — X; and (GX); — (GX);. In turn, this means that in most net-
works of modest size the combination of IV and degree-matching in linear-in-means models
provides a way to pin down the social effects.

Unfortunately, as hinted above, there is no equivalent of Lemma 17 for the local-aggregate
model although, the model has a similar reduced form motivating the use of DX, D?X ,... as
instruments under network exogeneity (Liu and Lee (2010)). The underlying reason is that
form > 2, (D™X); — (D™X), involves links outside the partial-edge subgraph {D;, D;} that

must be integrated over in quantities such as: E [((DmX)Z — (D™X);) (6 — €;)

Dy = Dj+] -

Integrating the product of (D™X); — (D™X); and €; — ¢; over the linking decisions of agents
different from ¢ and j necessarily involves computations of this integrand over network con-
figurations that are asymmetric with respect to 7« and j - even though they have the same
degree centrality - which in turn prevents the use of an exchangeability argument in the
vein of Corollary 14.2 to obtain an orthogonality condition. The fact that the linear-in-
means model is immune to this issue is an artificial product of the row-normalization of
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the adjacency matrix. As a concluding remark, note that this issue would not arise with
orbit-matching as the conditioning event {j € Og(i)} requires a symmetry over the entire
graph in contrast to {D;y = D, }.

3.5 Adding homophily on observable characteristics

We now briefly discuss how to generalize our identification strategy to the case of a CID
model that accommodates homophily on observables. Let R; denote an observable individual
attribute distinct from X; entering the following link formation process:

with the graphon A(.) symmetric in (U;, R;), (U;, R;). For simplicity, we will focus on the case
where R; is a discrete random variable with finite support R = {ry,...,r.}. Nothing that
follows essentially hinges upon this restriction 7. These observable attributes partition the
population into |R| = L categories that we will call types. Here, we relax the assumption
of independence between U; and X; and assume instead that the following distributional
exclusion restriction (Powell (1994), p. 2484)) holds:

Assumption 14. (Distributional exclusion restriction)
Joaxor(wili, i) = for: (wilr:)

with the joint distribution of (X;, R;) left unrestricted. This kind of assumption is familiar
from the work of Blundell and Powell (2004) on semiparametric binary response models with
endogenous regressors. In the present context, it corresponds to a redundancy condition:
X, cannot have any predictive power over U; conditional on R;. Then, a straightforward
adaptation of the previous methodology is to match agents on: degree centrality, their type,
and the types of their friends. The intuition for that is similar to before: if agent ¢ and
agent j are of the same type and have an identical number of friends of the same type, then
conditional on this sole information, agent i and agent j are exchangeable (in a partial-edge
graph sense). A formal proof is omitted for brevity but would be a straightforward variant
of Corollary 15.1.

Following this logic, the identification of 6 in, say, the baseline model could be established
from the criterion function:

2
Q(0) =E [(K ~Y; —(Zi = Z;)'0)" |Diy = Djy, Ri = Ry, Ri—j) = Ry

where we use the shorthand R;_j;) = {rx € R|k € {1,...,N}\ {j} : dix = 1}, i.e the
types of i’s friends that are not j. The form of Q(f) makes it clear that in general any
component of X; that overlaps with R; will be wiped out in the objective function which in
turn compromises the identification of the associated parameters. The role of Assumption 14
is precisely to guarantee that there remains identifying varation from X; after the matching
step to pin down 6.

“The continous case can be tackled with an appropriate choice of bandwidth and kernel.
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3.6 Estimation

3.6.1 Baseline models

For ease of illustration, we start by presenting the estimators based on the observed control
function approach and the degree-matching strategy for the baseline peer effect models fea-
turing only exogenous effects, i.e equations (3.10).

Following Section 3.2.3, we consider a collection of C independent networks with size
Ny, ..., N¢g respectively. Let n = Zcozl ne, where n, = (]\;C) corresponds to the number of
unique dyads in cluster c. As discussed in Section 3.2.3, although we allow networks to be of
varying sizes, it is assumed that friendships are generated according to the same CID model
(3.2) and that the same outcome equation (3.10) applies to each cluster. In this setting, the
degree-matching estimator Opas for our baseline peer effect model takes the form:

C Ne—1 N

Opm = argmm— Z Z Z 1{Dj, = D5, } (Yc Y= (Z - Z;)’9>2

c—l =1 j=i+1

with a closed form solution conveniently given by: Opu = Q; 1S, with

C N.—1 N.
Qn = — Z > > YD, = DS YAZGAZ
c—l =1 j=i+1
C Ne—1 N.

S, == Z > Y 1{Dg, = D5 YAY;AZ;

clzl]H-l

where A = & — &

where Z; denotes the vector of explanatory variables: Z; = (X;, Z#i D;;X;) for the local-
aggregate model and Z; = (X;, > i G;X;) for the linear-in-means. Observe the normal-
ization by n here rationalized by the fact that each cluster ¢ contributes precisely a total of
n. unique pairs of observations.

We draw on the work of Hansen and Lee (2019) on asymptotic theory for clustered sam-
ples to prove the consistency and asymptotic normality of our estimators. It is helpful to
express Qn and S, in matrix form to establish a clear connection to their work. To that
end, we introduce the boldface indices i = 1,2,... as an index for dyads in each cluster
c¢=1,...,C and abusing notations, we let i also denote the set {i;,is} where i; and i, are
the agents comprising the dyad i. With these notations in hand, let us introduce:

AZ,; = ]l{D“Jr = Df2+}AZCZ-1i2 the 2K x 1 vector of individual regressors and

AZ, = (Ach, . Ach )’ the n. x 2K matrix of regressors for the cth network. Analo-
gously, let AY, = (AY,q, ... ,AYCDC) AU, = (AUcl,.. AUCn )’ be the n, x 1 matrix of
outcomes, respectively errors in the cth network, with AY; = {D; = D;  }AY,4, and
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AU, = {D§ | = D§, }AUc,;,. Then, we can write:
O, =+ ZC: AZ'AZ,
=
5 - Ly Azav
e

and thus Opy = Q; 1S, has the natural interpretation of the least squares estimator of &Yd
on AZ,. Alternatively, noting that we also have:

C
1 ~
n=— E AZ'NZ,
Q n c=1 ‘

c
1 ~
S, = =S AzAY,
n ; ¢
where A¢. = (A, ..., AYem,)

we can view éD m as an IV estimator at the dyad level that uses &Zic as an instrument. To
derive consistency, let us make the following additional assumption:

Assumption 15. Cluster sizes are fized

Observe that, Assumption 15 is stronger than the original condition of Hansen and Lee
(2019) which permit each cluster to grow in size so long as they remain asymptotically
negligible: max.<c % —— 0 (see Assumption 1, p23, Hansen and Lee (2019)). We impose

n—oo
this stronger condition to ensure that the covariates capturing peer influence remain bounded

in the local-aggregate model. Assumption 15 can be relaxed to match that of Hansen and Lee
(2019) in the linear-in-means model due to the row-normalization of the adjacency matrix.

Theorem 7. Suppose Assumptions 7-10, 12 and 15 are satisfied, sup,; E(|Y|") < oo and
sup,.; E(|| Z||*) < oo for some k> 2. Then Opr 2 by

Theorem 7 follows directly from Theorem 8 of Hansen and Lee (2019) (see Appendix Section
3.9.8 for a brief discussion). Next, we discuss the asymptotic distribution of §. Define:

C
1 -
Qn = ﬁ ZE[AZCAZC]

c=1
18
_ ' /
O = c§:1:E[AZCAUCAUCAZC]

V, =Q,',Q,"
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Let &Uc = (ZUCI, e ,Affcnc) denote the n. x 1 vector of residuals where
AUg = 1{D§ , = D5, , }(U; = Uf,) and U, =Y — Z¢ "0pyr. Define:

1 o

0, ==Y AZAUAUAZ,

n c=1
The robust variance estimator is then:

Vn = Q;lQnégl
The proof of asymptotic normality of our estimator is an adaptation of Theorem 9 in Hansen

and Lee (2019) applicable for OLS and 2SLS. It requires stronger conditions than for Theorem
7 regarding the size of the clusters that we collect in Assumption 16 below:

Assumption 16. Cluster sizes are fized and for some 2 < kK < 00

(chzl nﬁ) :

n

n
max — —— 0
r<R N n—oo

<M<

Theorem 8. Suppose Assumptions 7-10, 12 are satisfied and 16 holds for some
2 < k <71 <o00. In addition, suppose that Supcyi]E(]Yic\%) < 00 and sume(HZfH%) < 00
and Apin(Qn) > A > 0 where A\pin(A) denotes the minimum eigenvalue of A. Then:

Vo2 /n (éDM - 90> 45 N(0, Ig)
the robust covariance matriz V,, is consistent in the sense that Vn_l/sznVn_l/2 Ly L so
VU2 /n (éDM — 90> s N0, L)

Finally, when all networks are of the same size, éCF the estimator associated with the
observed control function approach is given by:

-1
C N

%) 1 c qc! 1 o cy el
Ocr = N_C’Z S5 N_CZZSiY;

e=1 i=1 e=1 i=1

where S¢ is the vector of explanatory variables: Sf = (X;, Z#i D;ijX;,Diy, ... ,Dﬁr_l)’ for
the local-aggregate model and S = (X;, >~ .; Gij X, Di, .. , DX~ for the linear-in-means.
Since Ocp is a conventional least squares estimator for clustered samples, its asymptotic

properties can be directly deduced from Theorem 8 and Theorem 9 of Hansen and Lee
(2019). We refer the interested reader to their paper for more details.
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3.6.2 SAR and the full model

In SAR (3.12) and the full model (3.7), the degree-matching strategy takes the form of a
two-stage least squares procedure. To see this, let W; denote a vector of instruments as in
Section 3.4.3. Then,

1 -1

C C C
O = | Y AZIAW, | Y AWAW,. | Y AW!AZ,
c=1 c=1 c=1
c c e L
< | Y AZIAW, [ > CAWAW, | Y AW/AY,

c=1 c=1 c=1

The asymptotic behavior of Opar can once again be derived from Hansen and Lee (2019).
We provide a theorem below for completeness but we first require a few additional notations.
Now, let:

c c c
1 IO 1 I 1 IO
Qn = — g E[AW!AZ H, == E E[AW! AW Q, == E EIAW!AU.AU' AW
n n [ c C]’ n n [ c C]’ n [ c c c C]

c=1 c=1 c=1

S

Vi = (Q;Hngn>_lQ;Hr:lQan_lQn(Q;Hngn)_l
1 < 1 & 1 &
==Y AW!AZ., H,==Y AW/AW, Q,=-Y AW/AUAU'AZ,
Vi = (Q%HJIQH)_IQ;FIEIQTLFIJIQH(Q;ﬁglén)_l
Theorem 9. Suppose Assumptions 7-10, 12 are satisfied and 16 holds for some
2 <Kk <7 <o00. In addition, suppose that supc7iE(|Yic|2T) < 00,

supc,iE(HZfHZT) < 00, supCJ]E(HVVfHQT) < 00 and Apin(2n) > A > 0 where \yin(A) denotes
the minimum eigenvalue of A. Then:

VU2 /n (éDM . 90> s N0, L)
the robust covariance matrix Vn 18 consistent in the sense that anl/QVnanl/Q SN Irx so
YN (éDM - 90> s N0, i)

The proof is omitted as it is identical to that of Theorem 8.

3.7 Monte Carlo Simulations

We examine the properties of our estimators in Monte Carlo Simulations.
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Links are generated according to the CID model of Equation (3.2) with graphon

h(z,y) = ® (%) and with unobserved attributes and dyadic innovations drawn from a stan-

dard normal and a standard uniform respectively. This graphon yields an unconditional edge
probability of: 50%. For the observed individual covariate, we choose X; ~ Bernouilli(%).
Outcomes Y; are then generated according to one of our baseline models: Equations (3.8)
for the linear-in-means and Equation (3.9) for the linear-in-sums with identical parameters:
apg = 0.2,7 = 0.5,9p = 2.0 and no latent exogenous effects, \g = 0. This data-generating
process is replicated for C' = 200 independent clusters of size N = 20, 40, 80 to produce data
that we then use to compute estimates of the social effects. We evaluate the performance of
our estimators by repeating this procedure over 5000 Monte Carlo iterations.

Table 3.1: MC Simulation: estimates of 6y = (79, dy)’ in the baseline linear-in-means model

OLS PCF DM vVJ
Y d v J Y J v J
N =20
Bias -0.000 0.199 0.000 0.029  -0.000 0.002 -0.000 -0.002
MAB 0.025 0.203 0.012  0.048 0.018  0.068 0.025 0.106
Size 0.050 0.409 0.052  0.095 0.051  0.056 0.052  0.055
N =40
Bias -0.000  0.099 0.000 0.021 0.000 -0.000  -0.000 -0.000
MAB 0.018 0.136 0.006 0.046 0.009  0.053 0.018 0.102
Size 0.051 0.113 0.049 0.071 0.046  0.051 0.051  0.055
N = 80
Bias -0.000 0.042  -0.000 0.011  -0.000 -0.000  -0.000 0.003
MAB 0.013 0.136 0.003  0.046 0.004 0.038 0.013  0.102
Size 0.054 0.062 0.055 0.054 0.046  0.052 0.054  0.054

NotEes: PCF stands for the proxy control function estimator, DM for the degree-matching estimator, IV.J
for the instrumental variable strategy proposed in Jochmans (2020). MAB stands for mean absolute bias

and Size indicates the fraction of draws that fall outside the asymptotic 95% confidence interval

In Table 3.1, we compare the performance of OLS, a proxy control function estimator ad-
justing only for degree centrality (i.e we omit the higher order powers), the degree-matching
estimator and the IV estimator of Jochmans (2020) (henceforth IVJ). The IVJ corresponds
to an estimation procedure whereby the average peer characteristics, i Gi; X is instru-
mented by Z#i(Qﬂinj, with:

(Ql)ij = ﬁ Z(Gfi)kj
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G_; is the N by N row-normalized adjacency matrix after excluding the links of ¢

Each matrix entry (¢));; encodes the probability of arriving at j in the network in one step,
ruling out any path starting from 4. By construction, (Q;);; is independent of U; and since it
is correlated with G;; through U;, the weighted average of peer characteristics ) | i #(Ql)in f
is a valid instrument. We refer the interested reader to Jochmans (2020) for more details on
this approach to estimate the social effects.

The left-most columns of Table 3.1 show that the least squares estimates of the exogenous
effect suffer from a systematic upward bias, particularly noticeable for N = 20, but that
recedes with network size. Remarkably, the proxy control function estimator is able to
eliminate this bias almost entirely simply by adjusting for degree centrality. The degree-
matching and IVJ estimates are unsurprisingly the most accurate with nearly no average
bias while displaying appropriate size in accordance with theoretical expectations. We note
a slight advantage for the degree-matching estimator in terms of mean absolute bias in the
specific context of this DGP. More generally, it would be interesting to conduct a theoretical
comparison of these estimators and determine which one may be more efficient 8. It is also
worth mentioning that estimates of 7, are all unbiased, consistent with the fact that X; is
immune to the endogeneity of average peer characteristics by Assumption 8.

In line with our discussion in Section 3.3, Table 3.2 shows that the OLS bias in the local-
aggregate model is relatively more severe. Indeed, the upward bias of the exogenous effect
represents close to 14% of the true parameter value for N = 20 and still as much as 5%
for N = 80. By comparison, the proxy control function and especially the degree-matching
approach show almost perfect accuracy.

While the simulation results are concordant with the theory for the degree-matching
estimator, it is interesting to notice that just controlling for degree-centrality in the baseline
models does a remarkable job when individuals form links according to a CID process. In
practice, this should provide a very easy-to-implement check for applied researchers interested
in measuring peer effects when endogenous selection of peers is of potential concern. For
networks of moderate size, a significant difference between conventional methods and the
proxy-control function approach would be indicative of network endogeneity. To test the
latter formally, a Hausman-Durbin-Wu test statistic based on either the degree-matching
estimator of the control function estimator appears conceivable but I leave the investigation
of this question for future work.

8Perhaps one advantageous feature of the degree-matching procedure within our framework is that it
can flexibly accommodate correlated effects and latent exogenous effects while there does not appear to
be immediate ways to generalize the approach of Jochmans (2020) to those cases. At the same time, the
IVJ estimator is more flexible on other dimensions. For example, it also works for directed networks and
could accommodate homophily on observable attributes without requiring the kind of exclusion restrictions
imposed in Assumption 14.
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Table 3.2: MC Simulation: estimates of 0y = (9, d9)’ in the baseline local-aggregate model

OLS PCF DM

Bias 0.001 0.271 0.000  0.000 -0.000  0.000
MAB 0.021 0.271 0.012 0.006 0.018 0.009
Size 0.057 1.000 0.052 0.055 0.053  0.049

Bias 0.001 0.175 0.000 -0.000 0.000  0.000
MAB 0.013 0.175 0.006 0.003 0.009  0.003
Size 0.062 1.000 0.050 0.051 0.046  0.048

Bias 0.000 0.103 0.000 -0.000 0.000 -0.000
MAB 0.007 0.103 0.003 0.001 0.004 0.001
Size 0.056 1.000 0.050 0.057 0.047  0.052

NoTESs: PCF stands for the proxy control function estimator, DM for the degree-matching estimator. MAB
stands for mean absolute bias and Size indicates the fraction of draws that fall outside the asymptotic 95%

confidence interval

3.8 Conclusion

In this chapter, we analyze leading peer effect models in the presence of network endogeneity
and correlated effects. When the existence of isolated individuals is precluded, identification
of the linear-in-means model is unaffected by these complications. However, this result
crucially hinges on the use of the row-normalized adjacency matrix and is thus not verified
in the local-aggregate model. Assuming that friendships form according to a CID model,
we argue that standard estimation strategies relying on network exogeneity produce biased
estimates of the social interaction effects. To address this issue, we introduce two simple
methods and derive their asymptotic properties: a control function approach that essentially
adjusts for degree centrality in the reduced form outcome equation, and the degree-matching
approach which takes pairwise differences of agents with identical degree centrality. The
common theme of these approaches is that network symmetries can be fruitfully exploited to
account, for endogenous peer selection and recover the social effects. Finally, results from a
Monte Carlo study demonstrate the effectiveness of our estimators and highlight the severe
estimation bias that can arise, especially for small networks, when friendship endogeneity is
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unaddressed.

3.9 Appendix: proofs and additional materials

3.9.1 SAR(in-means) and the full linear-in-means model with
no isolated individuals

In this section, we show that under Assumption 11, the spatially autoregressive model (SAR)
and the full linear-in-means model (Equation (3.4)) are immune to network endogeneity. The
SAR model, popular in spatial econometrics posits the following relation:

}/Z' = + 50 Z GZ])/J + ’YoXZ' + Uz (315)
J#
This is a simultaneous-equation model which even in the absence of endogenous peers would
pose an endogeneity problem due to the correlation between the average outcome of peers
and the unobserved individual attribute, i.e the reflection problem. The standard approach
when the covariates and the network are exogenous is to instrument average peer response
by the average characteristics of peers. In light of the previous derivations for the baseline
linear-in-means model, this instrumental variable strategy remains valid under approriate
rank conditions if Assumption 11 is verified:

COU(Z Gin]’, Uz) =0
J#i

COU(Z Gi;Y;, Z G X;)

J#i J#i
The full linear-in-means model constitutes a more challenging case as we have to deal both

with simultaneity and the issue of endogenous peers contaminating the two covariates of
peer influence. Rewriting the equations in matrix form, we have:

Y = apt + BoGY + %X + 060GX +U = (I — [oG)Y = apt + +7%X + 60GX + U

Given our primitive assumption that |3y| < 1, and ruling out isolated agents (Assumption
11), we can re-express the system as:

YV = ———=1+ %X + (7060 + do) ZﬁgGkHX + Zﬁ(’ka
(1_60) k=0 k=0
— GY =5 6 T gy T WCX + (b + o) Z 5§Gk+2x+z BEGHU
-0 k=0 k=0

In a context where the network and the regressors are exogenous, Bramoullé et al. (2009)
suggests using G2X, G3X ... as possible instruments provided that (vo8y + do) # 0. It
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turns out that these instruments remain valid in our more complicated setting. When,
(7080 + do) # 0 the reduced-form expression hereinabove shows that GY and the peers peers
characteristics G2X are correlated so relevance of the instrument is satisfied. To confirm the
exogeneity of the instrument, observe that since D;, > 0 with probability one, we have the
following:

CO’U((GZX)i, Ul>
= COU(Z Gij Z ijXk, Uz)

J# k#j
JFi k#j JFi k#j

J#i k#j J#i k#j

g Tk +

Di; < Dy
RS 2L 1Dy > 0, Dys > 0} | E(U3) | x E(X)
; Dy ; Dy " *

(E (Ui Diy > 0, Dy > 0) — E(Ui)) P(Diy > 0, Dy > 0)E(X)
= (E(Ui) — E(Uy)) E(X)
—0

Consequently, the usual moment restriction holds:
E[t G°X X GX) (Y —ao—BGY — X —§GX] =0

It follows that the methodology developed in Bramoullé et al. (2009) is also applicable in
a setting with endogenous friendships if the network formation model precludes isolated
individuals. Because this assumption is violated in a wide class of link formation models,
we suggest novel approaches to estimate social effects in Sections 3.4-3.6 that do not rely on
Assumption 11.

3.9.2 Proof of Lemma 15

In this part of the Appendix, we prove Lemma 15. First, by the law of iterated expectations:

P(Dl == dl) == /P(Dl == d1|U1 = ul)fUl(ul)dul
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Furthermore, given Assumptions 7 and 8, conditional on U;: D;; and D, k # j are inde-
pendent. Consequently:

P(D1 = d1 /HP Dl] = d1]|U1 = Ul)fUl(ul>dU1
J#1

With the notation g( ) ( 1= 1]U1 = up) we can write:
P(Dyj = dy;|U; = wy) )% (1 — )1=4i . Tt follows that:

D) (1= g(ur)' ™M | o, (ur)duy
J#l

/g uy) J;ﬂdlj _g(ul))N*“Z#ldljfUl (uy)duy

g(u) ™ (1 = g(ur))N 7 fy (ug)duy

which makes it clear that P(D; = d;) is permutation invariant in its argument as it is a
function of the degree of centrality of the agent. In proving the latter, we have also shown
that P(D; = d1|U; = wuy) is symmetric in d;. Therefore, via Bayes rule, the joint density
also inherits this property:

fui,py (w1, dr) = P(Dy = di|Uy = uy) * fu, (u1)
which in turn implies

Jou o, (u1|dy) = Joi,pi (w1, di)

P(D, = dy)
is permutation invariant in d; = (dy2,dy3,...,d1y). In other words, the conditional density
of Uy given agent 1’ connections in the network: fu,p.s,pis,...0yn (U1 |di2, dis, ..., din) is a

symmetric function of (dis,dy3, ..., diy).

3.9.3 Proof of Corollary 15.1

Fix any set of links for nodes i and j, (d;,d;) € {0,1}¥~! : d;, = dj,. We can naturally
reformulate this network data in terms of a subgraph S = (V, E, E) with
V {1,...,N}, E={(m,k)jm € {i,j},k € V(S) : dpr = 1}, and

= {(m k)|m € {i,j},k € V(S) : dnr = 0}. Now, let us partition the set of nodes V' as
follows V ={i,j} UCF,; U EF;UEF; U NF;; where

o CF;; ={k € V|dy =1 and dj;, = 1}, that is the common friends of i and j

o LF, ={k e V|dy, =1and dj, =0}, EF; = {k € V|dj; =1 and d;; = 0}, that is the
exclusive friends of ¢ and j respectively. Note that since ¢ and j have the same degree
centrality, |[EF;| = |[EF;| = m
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o NFj; = {k € V|dix = 0 and dj; = 0}, i.e the set of agents that are not linked to ¢ nor
7.

It will be convenient to adopt an arbitrary labelling of individuals in FF;, EF} as follows:
EF; = {i1,...,im}, EF; = {j1,...,Jm} - this is just a technical device. Define ¢ : V = V
by:

1. o(i) =17
2‘ VkECF;]UNFlJ,O'(k):k

In words, o swaps ¢ and 7 and their exclusive friends and fixes all other agents. By construc-
tion, o € Aut(S) and i,j are automorphic in S. Therefore by the previous corollary

Ui\Di = dz’yDj = dj ~ Uj‘Di = di>Dj - dj
Likewise Y(iy, ji) € EF; X EFj}, i, ji are automorphic in S, thus
U, |D; = di, D; = d; ~ Uy, | D; = di, D; = d
Finally, fix (k,1) € EF; x E'F;, and consider ¢’ : V +— V defined by:
1. o'(k) =1
2. Vm e V\{k,1}:0'(m)=m

By construction ¢’ is an automorphism and we have shown that £, [ are automorphic. Con-
sequently:

Us|Di = di, D; = dj ~ Uy D; = di, D; = d;
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We will show that (3.11) holds in two steps. First, observe that in a network of order N, we

have:

E[g(D;, DJ7X)(€1 - 6j)l)(v Dy = Dj+]
= Elg(D;, Dj, X)(& — &)|X, Diy = D]
_ Elg(Di, Dj, X)(& — &)1{Diy = D; 1 }|X]
P(Dy = Dy, JX)
Elg(Di, Dj, X) (& — &)1{Diy = D, }|X]

= (by Assumptions 7,8,10)

P(Diy = Djy)
B 1
P(Diy = Dj4)

(di,dy):diy=d; 1
D I e o (Y
(di,dj):diy=dj+ ’ a
X E[gl — g]’Dl = di, Dj = d]]
(by Assumptions 7,8,10)

This identity is simply a variant of the law of total expectations that we use repeatedly in
this chapter. Next, fix (d;,d;) € {0,1}"~! : d;; = d;;. Appealing to Corollary 15.1, it

suffices to show that:
Case 1: diy =d;y =0
=0 (by Corollary 15.1.1)

Case 2: dip. =d; >0
By definition, conditional on d;, d; we have:

G—&=U—Uj+ x> win(di)Ux — o Y _wi(d;
k#i 1#j
= (1= Awig(d)) (Ui = Uj) +Xo Y win(di)Ux — Ao > win(dy)Uy
k#{i,j} 1#{i,5}

since (d = dﬂ, dH— = dj+ — ww(dz) = Wji(dj))

= (1= Awii(d)) (Ui = Uj) + X0 Y wis(di)(1 — dig)Ux — Xo Y win(1 = da)Uj

k#{i.5} 1#4{i.5}
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-+ )\0 Z (wzm(dl)Djm — wjm(dJ)Dlm)Uk
m#{i,j}
= (1= Awig(d)) (Ui = Up) + Xo Y win(di)(1 — dig)Us — Xo Y wjn(d;) (1 — day)U,
k#£{i,j} 1#{4.5}

the last line follows from the fact that the terms involving common friends of ¢ and j cancel
out.

Define the sets of “exclusive friends” for ¢ and j respectively:

EF;, = {]C € {1,7N}|dlk =1 and djk = O}, EF] = {k S {1,,N}|djk =1and d; = 0}
Note that since i and j have the same degree centrality, |EF;| = |EF]‘ = m. By Corollary
15.1.1: E [(1 — Awi;(d:))(U; — U;)|D; = d;, Dy = d;] = 0. Hence,

= NE Z wzk 1— ]k Uk— Z le 1_ zl)Ul

kA {5} 1#{i.3}

D di,Dj - dj

In the linear-in-means framework, we have

E[gl - €J|Dl — di, Dj - dj]

1 1
= > E[UW|D; = d;, D; = dj] - > E[Ux|D; = d;, D; = d}]

“ keEF, It keEF;

1 1
) J

=0
where the penultime line follows from Corollary 15.1.2a, the fact that d;; = d;; and

|EF;| = |EF ’ = m and the last line is a consequence of Corollary 15.1.2b. The derivations
are analogous for the local-aggregate version - substitute 7— by 1.

3.9.5 Proof of Lemma 16

Without loss of generality, let us focus on the baseline linear-in-sums model - the derivations
are completely analogous for the baseline linear-in-means model. Start with N = 2 and let
p=P(Dy=1).

E[(Zi — Zj)(Zi — Z;)| Div = Dy ]

=pE [(Zi — Zj)(Zi - Z;)'|Dy; = 1]

+ (1 =pE[(Z — Zj)(Zi - Z;)|Dyj = 0]

= pE [(X;: — X;)*(1, =1)'(1, =D)] + (1 = p)E [(X; — X;)*(1,0)'(1,0)]
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=2Var(X) [—119 _pp ] (by Assumption 7)

By Assumption 10, the graphon is non-degenerate which rules out p € {0,1}. Thus, the

matrix is non singular.
. P(D;;=0,D;1,=0,D;,=0)+P(D;;=0,D;,=1,D,,=1
With N = 3, let p = PPu=0Dum0Du0tPD520.Di=LDik=1)

PO =D,) Then, similar calculations

yield:

E[(Z;i — Z;)(Z; — Z;)'|Diy. = Djy] = 2Var(X) [—1]9 _pp] (by Assumption 7)
By Assumption 10, we conclude again that the matrix is non-singular. When N > 4, there
always exist network wirings such that agent ¢ and agent j have the same strictly positive
degree and do not share exactly the same set of friends. For instance, in the case of a tetrad,
T ={D;; = 0,Dy, = 1,Dy = 0,Dj, = 0,D;; = 1} is such an event and a subset of
Dy = Dj. Observe now that

10

E[(Zi — Z;)(Zi — Z;)'|T] = 2Var(X) [0 .

] (by Assumption 7)
so B [(Z; — Z;)(Z; — Z;)'|T] is positive definite which immediately implies that
E [(Z; — Z;)(Z; — Z;)'|Ds = Dj4] is positive definite as well. This follows from the fact

that the latter is a convex combination of positive semi-definite matrices with some of them
being strictly positive definite such as E [(Z; — Z;)(Z; — Z;)'|T].

3.9.6 Proof of Proposition 6
The method of proof is standard and follows from expanding the squared term in Q(0):

Q) =E [(Ez — &= (Z;— Z;)(0 — 6))" | Dy = Dj+}

/
=E[(e— )’ D = Dy | +E (= )(Z — Z)|Diy = D;.](0 - 00)+

~~ Vv
=T1 =12

(0 — 60)'E [(Z; — Z;)(Z — Z;)'|Diy = Dy ] (6 — 6p)

J/

NV
=T3

Ty is always positive and does not depend on 6.
By Assumption 12: E [(Z; — Z;)(Z; — Z;)'|Dsy = Dj4] is positive definite, thus T3 is mini-
mized at 6 = 6. Finally,
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E [(ei — €)(Zi — Z;)|Diy = Djy]

=E |E [(Z - Zj)(ei — )| X, Di, Dj, Dii. = D] |Diy = D,

N /

=0 by Theorem 6

=0
Therefore: 6, = argmin, Q(6)

3.9.7 Proof of Lemma 17

By symmetry, it suffices to show that

Ym € N, E (GmX>Z(€z - Ej) D”H— = Dj+ =K (GmX)l(gz — gj)

Dz‘+ - Dj+] - 0

Recall that ¢, = Ap + €, = Ap + U; + Z#i Gi;U;. The cases m = 0 and m = 1 follow from
Theorem 6 so suppose m > 2. By the law of total expectations, for a network of order IV,
we have:

E[(G™X)i(& — &)|Diy = Djy]

— €
Z P(.DZ = di, Dj = dj)
P(Djy = Djy)

E[(G"X)i(& — &)|D; = d;, D; = d;]

(di dj):dip=d;+
Thus, it suffices to show that V(d;, d;) € {0, 1}¥ =1 x {0, 1}V : d;y = dj,

To facilitate the derivations, it is helpful to proceed as in the proof of Theorem 6 and
decompose the difference of error terms in two subcomponents:

k#A{i,j} 1#{i,5}

We will start by showing that E | (G™X);(U; — U;)

D, =d;,D; = dj] = 0. The mathemati-

cal treatment of the second term will be similar.
Fix (d;, d;) € {0,1}V71 x {0,1}~! : d;, = d;; and for notational convenience let
1= {Dz = d“D] == d]} Then:

E | (G"X)(U; — U))|T I

=E Z Gik, Z Griky - - - Z Gl 1l Xt (Ui — Uj)

kl?éi k27ékl kmfl7ékm
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Case 1: if di-i— = dj_|_ = O, then E (GmX)l<Uz — U]) 1 =0

Case 2: if diy = d;y > 0, then:

1
E |(G"X)(U; - U)|T| =E(X) ) —E > Gikeoo Y, Cry (Ui =Up)|T
klidiklzl o k27ék1 k7n717ékm

(by Assumptions 7-8)
Abusing notations, define the following sequence of information sets:

I’ﬂ = I? ‘Fk‘le = {Dk1k2 = 1} UIk1
Ikle =0 (Dkl(fkg)afklkg) ) ]:klekg =0 (Dk2k3 = 1>Ik1k2)

where I use the standard notation o(WW) to denote the o-algebra generated by W. By
repeated applications of the law of iterated expectations, we can see that the term wuy, has
the following recursive structure:

1
Uk = Z P(Dlﬁkz = 1|Ik1)E D—u/ﬁkz ‘Fklkzl
k)g;ékl kl+
Ukky = Y P(Digky = 1Tk, )E Uy kg }"k:lkzk;;]
k‘g;ék‘g k2+

Uky,..km—2 = Z P(Di sk = Uy, oo ) E
km717£km72

Examining the last term of this sequence more closely, we have:

D
Uyt =E | ) 1Dy > OHU; = Up) Ty
k’m,?ékm—l kmfl"!‘
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Since we are conditioning on the event Zj, ., we are in particular conditioning on

-----

Dy, .k, , = 1 and because, the network is undirected, we know that
Dy, ks = Dk, ok, , = 1 which implies 1{Dy,, ,+ > 0} = 1. Therefore:
D
Uty Jom—y = E > D e N (Ui = Up) [Ty,
k‘m?ékm—l km_1+
I =1 |
=E (Ui - U)) Ikl,...,kmll
Going back one step in the sequence, we get:
Uk, kom—2
1
= Z P(ka—ka—1 = 1|Ik1,--~,km—2)E Uky,...okm—1 Fk17-~-,km—1
Dk _2+
km—l#km—Q L m
1
= Y P(Dry sk = Tty »)E D E |(U; - Uj) Ikl,...,kmll ‘fkl,...,kml
kmflikm72 | km71+
=E Z ka—zkm—l (UZ - Uj) Ik1,..-,km—2
kmfl7ékm72
I -1 ]
=E | (U - Uj) Ikl,...,km_2]
and successively
Uky .. ks = E | (Ui = Uj) Ikl,...,kmsl
kiky = B | (Ui = Uj) Loy ey
U, = E (Uz — U]) Ikl
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Thus,

E | (G"X)(U; — U)|Z| = E(X)E |(U; — U))|T

=0 (see Theorem 6)

Now, all that remains to show is:

E[(G"X)i | Y. Gall=Djp)Us — Y Gu(l— D)l 0

k#{i.5} 1#{i.5}

’z

Case 1: if d;1 = d;4+ = 0, this equality is trivially satisfied

Case 2: d;jy =d;j > 0.

Define the sets EF; = {k € {1,...,N}|dy = 1 and d;; = 0}, and

EF; ={k € {1,...,N}|dj, = 1 and d;, = 0}, i.e the sets of exclusive friends of 7 and j
respectively. Note that since ¢ and j have the same degree centrality, |EF;| = ‘EFJ| =m.

Then, we equivalently want to show that

1

“+ keEF;

E

(G"X);Uy

A

1

It 1eER,

E

(GmX),U|T| =0

By repeating exactly the same arguments as above, we get:

E |(G"X);Ux|Z;k € EF;
E (GmX)ZUl Ile EF]
Consequently,
1
Y E|(G"X)Ui|T
+ LeEF,
E(X) 3 ‘
di kEEF,
E(X)

1

> E

IEEF;

Y E

It 1eER;

U

U.|Z:k € EF,

Uy

T;l € EF;

(G™X),U)|T

T

m (E[Ux|Z; k € EF) — E[U)|T;1 € EF}])
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The penultimate line follows from Corollary 15.1.2a and the fact that d;,y = d;. The last

line is a consequence of Corollary 15.1.2b. Putting these intermediate derivations together,
we have V(dl, d]) € {O, 1}N_1 X {0, 1}N_1 tdiy = dj+

E[(G™X)i(& — &)|D; = d;, D = dj]
= (1 — )\ogij)EE [Uz - U]|Dz = div Dj = djl+

=0
k#{i.5} 1#4{i,5} ]
=0

=0

Hence, E[(G™X);(& — €;)|Diy = Dj;] = 0, which concludes the proof

3.9.8 Proof of Theorem 7

From Assumption 12:

1 C
== Z E[AZ'AZ,]
n

1Y R X Y 0 - ppg - 2 - 4

:%chE[ﬂ{Di — D5, 7 - 292 - 25|

is positive definite. Furthermore:

E Um | =E[1(D,, = D)y - ve["]
<E||vg - vgl]
B |3z~ (1D, - D)2 - 2]

<E[]|z -z

From the triangle inequality and the ¢, inequality (convexity), we further have:

E Um } < 21 (E(|Y, "] + K|, ))
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E M&Zci

} < 251 (B[ Z,, ] + B[ Zs, )
It follows that:

sup E “ﬁYci

} < 2"sup E[|Y|"] < 00

sup B[[|AZ:i|") < 2% sup E[[| Z7[|"] < oo
Therefore by Theorem 8 of Hansen and Lee (2019), 6 % 6.

3.9.9 Proof of Theorem 8

As in the proof of Theorem 7 we have that (), is positive definite from Assumption 11 and
similarly:

sup E[|AY,;[*7] < 27 SUPEHY;C‘%] <00

sup E[|| AZes 7] < 277 sup E[[| Z{]|”7] < o0

Therefore by Theorem 9 of Hansen and Lee (2019), we have the desired conclusion.
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