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ABSTRACT
In the context of the hypothesis of Pomeron-f

identity, it is shown that the rising pion inclusive
cross section can be explained over a wide range of
energiesvas a series of threshold effects. Rho thres-
holds are seen to be important. 1In order to understgnd
the contributions of high mass thresholds (flavoring),

a simple 2-channel multiperipheral model is examined.
The .analysis sheds light on the relation between thres-
holds and Mueller-Regge couplings. 1In particular, it is
_seen‘that inclusive and total cross sections may observe
différent thresholds. A quantitative model based on
vthis ides ‘and utilizing previous total cross section

fits is seen to agree well with experiment.
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.I. INTRODUCTION
Chiu and Towl have recently shown that the rise in the
inclusive pion cross section in the central region is consistent
with the increase expected from baryon-antibaryon (BB) productiop
at ISR energies. Using simple arguments and parametrizations of

the data, they conclude that the increase is primarily due to those

pions produced in events which also contain a B. The energy

dependence is thus a threshold effect, the BB threshold being
delayed until high energies because of the high BB mass and
because of multiperipheral kinematic effects. This explanation
is consistent with the Pomeron-f identity scheme proposed by Chew
and Rosenzweig (CR)Q, and can be contrasted to the standard
Regge _scheme3 which predicts an s_% approach to an asymptotic
limit.

Inclusive distributions present a significant challenge to

+

the CR scheme. If we consider the average of the g and n-

cross sections then only the vacuum trajectories contribute, and

" in the CR scheme there is only one vacuum trajectory. The con-

ventional Regge model assumes separate Pomeron and f trajectories,
and arrives at a rising inclusive cross section if the interference
term is negative3. In the CR approach, when high mass thresholds
are taken into account, the Pomeron (f) singularity consists of &
leading real pole and & series of complex poles. The threshold
effects have been termed "flavoring", and a detailed study of total
cross sections (4) has shown that strange particle and baryon
production (as KK and BB pairs) can explain the NN, xN and KN

amrlitudes at t = O cover a wide range of energies. At mclerale
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energies, below flavoring thresholds,-the Pomeron is well-

represented by a "bare" pole at &(0) = 0.85. If we use a Mueller-

Regge model to describe inclusive cross sections, then we will find,

at y =0, that %5 ns™ Y pelow flavoring thresholds in the
subenergy Sy w'jé . ‘In other words, if the threshold for BB
producﬁion is Spy 2 we don't expect a contribution to the inclusive
cross section until

)
>s which means s > STH-'(s) This means

52 Sy
we might expect flavoring tolcontribute to inclusive cross sections
at a much higher energy than it contributes to fotal cross sections.-
Experimentally, the inclusive plateau rises monotonically through
ISR energies, while total cross sections do not start rising
until s ® 40O Gev>, Chiu and Tow found flavoring to be important
at ISR energies. Thus we are faced with an apparent inconsistency.
We need flavoring'effects to explain rising total and inclusive cross
éections at about the same energies, yet Mueller-Regge tells us
flavoring should not contribute to inclusives‘until perhaps the
highest ISR energy.

We have been able to soive the above dilemma by showing
that thresholds in subenergies need not be the same as thresholds
in total energies. Specifically, since new flavors (or Baryon
number) must be produced in pairs of particles (KK, BB, DD), the
threshold for such production is roughly proportional to twice the
mass of the particle (21nk, cee) o (Kinematic effects in peri-
pheral models cause the effective thresholds to be higher than the
literal masses). However, when we consider inclusive pion pro-

duction, the threshold in the subenergy J;1 is only the mass

.
of a single parﬂicle (mK’ +++), since we can have strange particle
exchange wit? the pion emitted from this exchange. Thus, the thres-
hold in the subenergy is less than the corresponding threshold in the
total energy. We can see that flavoring will then contribute to
inclusive cross sections at very nearly the same total energy as it
contribﬁteg to total cross secfions..

At first glance the above description may seem still to con-
flict with the Mueller-Regge picture. This is nét the case, however.
We will show that the Regge poles are precisely the same in both in-
clusive and elasﬁic amplitudes, but that the Mueller-Regge couplings
are not simply related to the Regge - external particle couplings.
This difference reflects the different thresholds and allows consis-
tency of the flavoring scheme.

In a recent work, Dash et al.(h) used a simple but detailed
multiperipheral model to describe elastic amplitudes at t =0 .

Flavoring effects were incorporated in the form of KK and BB pair

.production. In both this work and the paper by Chiu and Tow(l), it was

implicitly assumed that pions produced in conjunction with the

KK's (éﬁ's) weré emitted from the multiperipheral chain at a point
outside the KK pair (this was not crucial in Ref. 4). In Ref. 1, an
"overflap function", was used to smear out the pion distribution,
essentially convoluting the pion distribution with the BB inclusive
‘cross section. Our analysis has indicated that in fact K and B
exchanges must be important if one wishes to get the proper threshold,
as well as & realistic rapidity distribution. 1In the following section,
we describe a two-channel model which‘incorporates the effects dis-

cussed here, and illuminates the relation of flavoring thresholds to the
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Mueller-Regge modei. In Section III, we attempt a quantitative
description of the inclusive cross séction, adapting for this
purpose the model of Ref. 4, We must make some additional assump-
tions, based on the ideas presented in Section II, but.are stiil
able to find rough agreement with inclusive data without signifi-
céntly affecting the total cross section fits of Ref. k. We tlose
with some remarks on additional effects not considered here.

II. THRESHOLDS AND THE MUELLER-REGGE MODEL

We consider now & simple multiperipheral model which will

incorporate the effects described qualitatively in the Introduction.

We wish in particular to demonstrate that subenergy thresholds
need not be the same as total energy thresholds, and that this

is realized in the Mueller-Regge model aé new éontributions to the
Muéller-Reggé coupling. As discussed in the Introduction, one can
achieve these results by incorporating strange particle exchanges
in the model.

Our model therefore contains two input trajectories; one

carrying a heavy quark flavor (say, strangeness), called generically

K in this discussion. The non-strange trajectory will be célled
the p . We éoula as easily consider baryon exchange(6) instead
of (or in addition to) strangeness, but limit ourselves to the one
flavor for simplicity, as we are only concerned with qualitative
effects at this point. We will allow p production from either

a p or K exchange. It is here that the model differs from
that of Ref. 4., We will ignore considerations of}igospin and’ other

quantum numbers, except of course strangeness, which is crucial to

-6-

our discussion. Our amplitude can then be written in matrix form

(in the J-plane) as (we suppress J-dependence vhere it is obvious)

A(I) = V(J)P(J)V(J) + VPGPV + VPGPGPV + ...

- ¥l1-pc) v . i (1)
Here
Vp(J)
v(3) = - (2)
0
1
T8 °
P(J) = L o (3)
0 37512

angd

G(J) = ()
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V is the coupling to external particles, and we assume that only

the p exchange couples, for simplicity. - The derivation to follow
becomes more complicated if we allow a coupling vk (corresponding
to associated production), but the conclusions are not changed
qualitatively. P(J) represents the propagators, with

By =2 -1. The Eoupling;in G(J) are g =& and

& = gkfp’ assumed to be the same for Reggeons and particles, We

-b
include a threshold term e

for production of K's. On trans-
forming back to Y = #ns, we will get a tem proportional to
Q(Y-bK) from this exponential. Note that a term in the expansion
(1) vhich goes as gg does not imply production of N K's. Instead,
the term proportional to exp(-NbKJ) represents production of N
strange particles (N/2 X's and N/2 X's). Clearly, N must be
even. It is easy to verify that this will be the case, and that
in fact the expansion}(l) does incorporate strangeness conservation.
Figure 1 shows the four terms (diagrammatically) in the kernel
K = PG . Finaily, note that the overall threshold for strange
particle pfoduction is Zns ; 2 bK .

The.amplitude (1) will be determined in the s-plane by
its poles in the J-plane. fﬁese poles are the zeroes of the deter-
minant of (1-PG), and will have residues By w play). By will

1
be a matrix, of course, in our model, If we write

-1 Bs
(1-pG) "~ = = + nonpole terms, (5)
i
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then we find

A(Y) = j%% A()eY
(o]

- 3 oY
= Z (V(Gi) BiP(ai) V(Cti)> e . (6)

i

Since we allow only the p to couple at the end, the full coupling

of the ith pole is

[Bip(ai)]u Vo) m By (1)

where (BP)ll is thé pp component of the matrix pP .

Let us next consider the inclusive cross section. We are
interested in p production in the viecinity of flavoring thres-
holds. The first term of interest will be that containing a
single produced o, and a KK pair. If we are interested
in central p production, the pertinent diagram is that in which
the p is produced between the K and K , as shown in figure 2.
We see that this term will have a threshold at ‘ns = EbK, and

lnsl = bK’ (There is no threshold for p production in this model ).



Thus, the subenergy threshold is less than the corresponding
’ A -jl(Y-y) -j2y
threshold in the total energy. In the models considered in Ref. 1 F( Jl’ 32) = € e F(x-y, ¥) d(Y-Y) dy
- » and 4, the XK and X (or B and B) had to both be produced »
on one side of the 5, so the subenergy threshold would be the
s : . . - =10 -1 '
same as the flavoring threshold in the total cross section. If the .= V(qp(l-PG(%)) K (jl)(l-PG(je)) P(JQ)V(JQ) _ (10)
inclusive cross section is written (at y = 0 in the center of mass)
as )
: where
£ D .
- o Kig = (F0)iy0yy ' (11)
e, . Y X Y ’ ’
T=sA (¥/2) & (¥/2), (8)
e
i . represents the p-production components of the kernel PG.. Note
then the threshold for K producti in A is at : e X - -
—_— production in A(y) is that F(Ji, 32) has the same poles as A(J), since the kernels are
Yy=>o not = 2b . . -
~ g y K _ identical. Equivalently, A(J), whose transform appears in (8),
i . has the same poles as A(J).
& The inclusive cross section is determined by an amplitude s s poles as A(J)
e have alr seen explicitly that the pertinent thres-
[ (in Mueller's generalized optical theorem) which depends on two W e eady xplicitly ep e res
' ’ hold i a t. h
o, angular momentum variables in the J-plane. If we let ol s‘in Aly) and. A(Y) are differen’ We now wish to show
.. . how this is reflected in the pole decomposition of these amplitudes.
-3 ' :
) In this model there will be in general two real poles
do the f and f' and assoclated complex poles arising from
F(Y-¥, ¥) = s g5 (¥) » ) ( ) prex e
- the threshold exponentials. The detailed pole structure is
" then unimportant for our present considerations. Since the poies'in

A and A are the same, differences in thresholds must arise from
residue effects. Referring to equation (5), we can write the

inclusive amplitude F as



- o, (Y-y) ay
Z Wa;) BKPloy) ppla)e e

i,j

F(Y'y’y) :

Z [(‘51‘(“1)>11 (B.%P(aj)) ut (éixg )12 (ij(aj)) 21}

i,J

X Vo(ai)vp(aj)e e

The important aspect of equation {12) is the preseénce of the
off-diagonal terms in the residues (the second term in the brackets).
The first term is Just gpA(Y-y)A(y), since (BKp)ll = gp(BP)ll .
The second term, however, represepts the contribution from events
where the p is emitteﬁ from § K exchange. This term is the
manifestation in the Regge pole expansion of the different thres-
hold structures for the total and inclusive amplitudes. The
vsignificant feature is that the Mueller-Regge residues are not
simﬁly related to the ordinary Regge residues. If there were just
a single poie, of course, the difference in residues would not
changé the energy dependence. In the presence of thresholds, the
energy dependence of the amplitude is determined by both real and.
complex poles, and it is easy to see how the different terms can

combine to give us the threshold effects we have described. In

.- (12)
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particular, since the threshold for o production with concurrent
KK production is .s z-sz, wé see that flavoring will affect the
inclusiﬁe cross section at about the same total energies as the
total cross section.

Before considering a quantitative model for the inclusive
plateau, let us consider the rapidity distribution one might expect
from the présent model, Without going into detail, we can see that
the inclusive o distribution will be roughly flat in y, typical
of multiperipheral models. This will be true both below and above
flavoring thresholds, since the p can be emitted from any part
of the multiperipheral chain. (Quantitatively, this statement
depends on the relative gizes of gp and gK). In contrast, if
the p must be produced outside the KK or BB peir (as in Ref.
1 and 4), then p production will be excluded from the central
region in those events containing a KK(BB), near the corresponding
flavoring threshold. This exclusion will lead to a bowl-shaped
rapidity distribution, and is directly connected to the threshold
effects we have been discussing. For example, Chiu and Tow find

a rapidity distribution incorporating flavoring which is of the form

L u)e 1-hemtny)

Such a distribution conflicts with experiment, and gives us added

incentive to take seriously the model described in this section.
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We turn now to a quantitative look at inclusive cross -sections.
ITI. A QUANTITATIVE MODEL
Our model is adapted from that of Ref. L, with two important

changes. First, since the model in that paper assumed all pions

3had beep summed, we need to reinstate pion production. Secondly,

as described in Section II, we will need to reinterpret KK .and
BB production mechanisms to allow pion prodﬁction bgtween the
K and X (B and B) .

) Using notation analogous to that of Section IT (except that
now we have a one-channel model), we write the imaginary part of

theﬁ NN - elastic amplitude in the J-plane as
A(J) = V?(J)P(J)/(I-K(J)) . - (13)

In the present form of the model, we let

K(J) = c(I)P(3),

G(J)

%ﬂ+%M+%m, . (14)

representing p, KK, and BB production, respectively. We will

assume that all pions come from o decay, though we will find later

-

that this will not be sufficient phenomenologically. The propagsator

P(J) is

P(3) = (3-85)7F | | (15)

where B; =20, -1~0 . Summing over pions (o's) (i.e.
summing the power series in Gp) yields fhe bare Pomeron,
a(0) ~ 0.85 . fhe renormélized.Pomeron, the.singﬁlarity in the full
amplitude A(J), is a .real pole around oa{0) ~ 1.08, accompanied
by a series of complex poles which result from the KK and BB
thresholds. When all nonQdiffractiQe thresholds have been taken
into account, the fully flavored Pomeron is considered to be the
Gribov bare Pomeron, input to Reggeon' Field Theory.
Now we wish to identify our amplitude with- that of Ref. k,

to take advantage of the extensive phenomenology there. This

will givé‘us a quantitative prediction of flavoring effects in in-

clusive cross sections. The identification can be made if we let

v2(3) = N(J)

(Q-x() ) /2(3) = D) , (16)
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in the notation of Ref. (4). Recall that N(J) and D(J) are will have to approximate it as one when we extract V(J) .

written as Now, if Gp(J) = gp, the inclusive p distribution in
rapidity yp is given by
b.JI b7 SRS S
_ 0" NP D" /s )2
N(J) = Be [1 +gpe " /(3-0,)"- gpe T /(3-07) ] (16a)
. . 8
o g d.yad 18
d\‘/p s s A (2 yp)A(2 + yp)} ( )
-b J -b_J
K B where
D(J) = J 8- ge ° /(I-5) gge /(3-95) . (16b)
The notation is that_of Ref. 4. The second and third terms in . : A(3) £ V() / D(9) * (19)

N(J) refer to associated production and inelastic diffraction,

respectively. The diffractive (cut) term is negative in the full (Note that we are using center of mass rapidities.) If there is a

" amplitude, due to absorption.(7) It is shown in Ref. (7) that this threshold associated with p production, we will have (for example)

cut does not contribute to inclusive cross sections in the central
region, so we omit it in oﬁr calculation. The last two terms

in D(J) - correspond to KK and BB production. The reader ¢ (J) =g e-pr, , (20)
is referred to Ref. b for further details. With the identifications ° °

(16), we then have

and

A(3) =x(7) / D(3) . (17)
g _ Y-b _ Y
%_=;2A(_é_e_yp“(_§_a+yo) . (21)

0
The total cross section is given by the first line of Eq. (6).

Note that N(J) in (16a) is not strictly a complete square, so we
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In order to explain the rising pion plateau at moderate energies we

will have to assume a p threshold effect. Equation (21) will then

form the basis for our calculation. We will need an estimate of

bp and gp‘, but since we will be comparing to data at fixed trsns-
verse momentum we will end up normalizing the model to data at a
particular energy, and gp will be unimportant. Furthermore, we use
the specific form (20) of ‘GO(J) only to illustrate the dependence

on bp . The actual calculations use Eq. (21) and incorporate the

-exact D(J) from Eq. (16b).

We could estimate gp and bp by attempting to simultaneously
fit (n ) and Otot
to generate a ?qmeron and get the proper value for (n)/fns with just
p-prodqction. We are not concerned with these difficulties here,
since our results would be unchanged qualitatively if the p were a
3 or 4 pion pluster. Of course, parametrizing the decay distribution
of such a cluster is considerébly more difficult than that of the p .
We will usé in our calculation of %% the value bp = 0.6 , but
the results are insensitive to the precise value of bp .

We are, however, interested in the effects of flavoring on
the energy dependence of (nn) , since it has been predicted(s) that
the slope of (n)/fns ought to oscillate. Setting bp =0 for

the moment, we can calculate (nn) from the model of Ref. (U4), using

o )=

e 3 (£no) . (22)

3
p e,

Wi

. However, it is well-known that it is difficult

-18-

One such fit to (nﬂ_), using 8, = 1.6, 1is shown

in Fig. 3. Note that (nn_) is virtually linear in fns - through
the available energies, so that threshold effects have not had
much influence on it. It is easy to see that these effects ought
to make (nﬂ_) turn concave downward (or, in fact, develop an
oscillating slope, beginning with a decrease in slope ) ), since
Kf. and BB events will initially be at low pion multiplicities.
These high mass clusters wﬁll contribute to Utot’ but will -

, so {n ) will increase
n 14 .

bé insignificant in the sum z; no
less rapidly. This statement can be made more precise mathematically
in the context of our model; but it happens that the effect is

not noticeable until £4ns ~ 10 .

Having fixed our parameters, we now wish to extract the

pion distribution from Eq. (21). We need first to incorforate

the p — 2x decay distribution into our model. Then we will also
need to adapt the model to the ideas of Section II. As it stands,
the model excludes p emission froma K or B exchange,

and will predict a rapidity distribution (above the KK threshold)
that is concave upwards. From our discussion in Sectiqn 11, we
know that this is unrealistic; the distribution above flavoring
thresholds ought to be similar to those without flavoring, if we
"allow p emission fromthe.flavoréd (K or B) exchange. Since

the model of Ref. . does predict the right total cross sections,
-and (using clusters) the proper pion multiplicity, we conclude

that its normalization is correct, but that it merely predicts

the wrong shape for the rapidity distribution above KK threshold.
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Our procedure will therefore be to assume that the shape of the
rapidity distripution at any energy is just what we would get in
the absence of flavoririg. The magnitude of t_he distribution .
is determined by the model. This amounts to reinterperting the
model of Ref. (4) in the manner of Section II, and should in
no way change the résults of Ref. L. _

The p. rapidity distribution predicted by Eq. (21) is
actually a plateau of width (Y -bp) , whose height falls like
s-'l5 . This may be approximately valid for the p, but is
certainly not true for pions. When we incorporate the p decay.
distribution, the pion distribution is seen to be reasonable. Pions
resulting from é.v p. a‘t rapidity yp can have a range of rapidities
yo -n< yn < yp + 7 .. Convolutipg this decay distribution with

;To' provides an enhancement of the central region in yﬂ which

riges in nice agreement with experiment.

We will assume the p decay distribution is isotropic in
the overall center of mass. Although this is certainly not true °
for individual decays, it is reasonable to assume it is approximately
valid as an average of many p decays of varying transverse

momenta. With this assumption, we find that the pion rapidity dis-

tribution from a single p decay is (normalized to unity)

. (23)

1
2

ER RV

av_ . 2 2,
F(yp Yn)aas,:~ {tanh®n - tanh (yp yﬂ)J
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For p —2x, 7= 1.6 We then have

E

f F(Y - Yﬂ) dyp . (24)
~o

With this formulation, the inclusive rapidity distribution

(n+ and g  averaged) is as shown in Fig. 4. We include d.a,ta.(g)
at B = 0.4t Gev/c at one energy, for comparison, (10) Remember
that the shape of T has been determined by the unflsvored dis-
tribution - the magnitude comes from the full model. We show in
Fig. 5 the energy dependence of the central plateau, also compared
to date at p ._—_l 0.4 Gev/c. 1In each case we see that the model 1is
in approximate agreement with the data. Since the model has no
P dependence , we have normalized to Alper's data at
\/_s =53 GeV and y =0 . Although the inclusive cross section
does have an energy dependent p, distribution, this dependence 1is
primarily at large B where the cross section is small. We would
expect only small corrections if we were to plot % integrated
over p . .
Due to the displacement by —% in the argument of Eq. (21),
thresholds in 4o are delayed somevwhat relative to the éorresponding‘

ay

thresholds in o The reason, of course, is that we are not

tot °
interested in the KK threshold_but rather the KKp threshold.
1)

A similar displacement effect has been noted by chew and Koplik,

using a realistic multi-Regge model. The flattening of the energy
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dependence of the central plateau is due to KK contributions,
and the subsequent rise results from BB events. If flavoring

=15 gbove s % 15 gev ,

is omitted, the plateau falls like s
and does not rise as high in absolute magnitude. The KK
contribution to the inclusive cross section is about 20% at
Vs = 15 Gev. |

The model is only qualitatively correct, as one can see
by examining Figure 5. For example, we are low at low energies,
indicating we have missed important contributions from single
pion emission. In ;ddition, there is evidence that 3- and k-
pion clustgrs play an important role in non-diffractive events(lg).
However, in general our parametrization in terms of- p production
can be generalized to clusters, without changing our basic results.

Of greater concern is the high energy regidn, where the
modei predicts onl& a 10% rise in the inclusive cross section.
Alper's data(a) sho& 8 20% rise of the central piateau between
Vs = 23 gev and Vs = 53 Gev, for all values of p < 0.5 gev/e.
Assuming this data is the most reliable, the present model falls
short. We believe we have realistically calculated the contributions
expected from thresholds within the context of this model, and that
the incresase gxpected from pions produced in conjunction with K's
and baryons cannot be much greater than calculated here. This means
that additional mechanisms must exist to explain the remaining
increase observed at ISR. One mechanism not included in this

calculation is high mass resonance production (X*, N*) . our

model has assumed only multiperipheral pion prodquction. If a

~22-

significant percentage of K's and N's are actually resonances,
we will get additional pions produced. This would in no way alter
the cross section fits of Ref. U4, nor the calculations of this
section, since the nature of the K's and N's has never been
specified. A crude calculation based on the results of Ref. U shows
that if one x is emitted, on the average, from each KK and
BB pair, then we will get an additional 7% contribution to the
inclusive cross section at J; = 63 GeV . This is close to what
is needed to bring agreement with Alper's data.
IV. CONCLUSIONS

The principal result of this investigation is.the demon-

stration of a specific and reasonable mechanism whereby threshold

effects can influence both total and inclusive cross sections at
about the same energy. This mechanism is consistent with the
Mueller-Regge picture, and indicates that strange particle and
baryon exchanges are likely to'play an important role at high
energies. Our numerical example has shown how a detailed model
incorporates threshold effects. We have shown that p, KK, and

BB thresholds all must be taken into account in order to understand
the overall energy behavior of the central region. Due to p
threshold effects, the high mass thresholds - (KK and BB) are
somewhat higher in the inclusive than in the total cross sectionm,

but still much lower than would be expected naively. This effect,

a result of our use of p production explains in part the difference
between our results and those of Chiu and Tow.(l) Qur results

indicate that resonance production (K*, N*) is also important

for producing pions in the central regléi, rinally, we observe no
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effects of flavoring on the pion multiplicity, in agreement with
the prediction of Chew and Koplik(s).
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FIGURE CAPTIONS
The four terms in the kernel GP, diagrammatically. Dashed
lines are p's, solid lines K's.
The lowest order term in the expansion of Eq, (1) which contains
flavoring effects and contributes to p production in the
centrgl region.
Negative pion multiplicity dist?ibution. Da£a from Ref. 6.
The single particle inclusive g~ distributions at various
values of £ns, as describedin text. Tﬁe data are from Alper
et al., (solid) and Capiluppi et al., (open), Ref. 9, for
J; =53 and p‘L = 0.4 GeV/c. .Note the apparent disagreement
in normalization of the data.
The single particle inclusive g~ .distribution ét y=0,
plotted vs. Vs . Data are at p = 0.4 Gev/c, except for

Bromberg's. The latter was normalized assuming the same Pl

distributionat Vs = 13.9 Gev and Vs = 19.7 GeV.
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