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Abstract 

The purpose of this work is to develop a method of 

sizing sub-micron particles using small-angle soft x-ray 

diffraction. Solid poly-styrene spheres of known sizes 

were used as scattering samples, with C-Ka (44.8A) and V

La (24.3A) radiation from a conventional x-ray source. 

Two devices were used to diffract the 

collimates the radiation using a series 

immediately preceding the sample, and 

unfocussed radiation onto film placed 

x-rays. One 

of pinholes 

directs the 

far from the 

sample. The other utilizes radiation from a single 

pinhole above the source onto the sample and a spherical 

multilayer mirror in series, so that the radiation passes 

twice through the sample and is focussed onto film 

immediately above the pinhole assembly to increase the 

effective sample area. Using. the latter device, two 

types of diffraction patterns were obtained: a sharp, 

relatively small pattern from spheres which form a 

hexagonal lattice structure, and a diffuse, larger 

pattern from an unordered, or random, array of spheres. 

Both patterns are presented in this work, along with the 

based upon calculations, 

uno rde red and an ordered 

scattering patterns. 

light scattering 

array of particles, 

1 

from 

of 

an 

the 



Introduction 

This work illustrates a method of observing sub-

micron particles (e.g. biological particles. such as 

zymogen granules) not only without destroying or altering 

the particles but also while allowing the particles to 

exist in a controllaqle or natural environment. Methods 

of sizing sub-micron particles have existed for years, 

using electron ,microscopy, ultra-violet light and x-ray 

scatteri,ng. The electron microscope produces fine. images 

of sub-micron samples, but, at the cost of altering the 

sample, to a significant or unknown extent, during 

preparation, while under vacuum, or while under electron 

bombardment. 
0 • 

Further, the requirement for a vacuum 

p r o h i b i t s the in t e r e s t in g ex p e r i men t s w h i c h c;o n t r o 1 t h e 

environment of the samp~e.· While the UV light scattering 

method allows such expe:t;"iments, 

alter the sample, it has the 

and generally 

difficulty 

does 

that 

.not 

for 

particles of sub-micron size and smaller, the scat~ering 

pattern subtends a wide angular range. Relatively 

complicated devices containing moving detectors must be 

utilized to obtain a pattern whose shape may not be very 

revealing. 

Diffraction patterns of radiation in the soft x-ray 

region are small enough that a single piece of 35mm film 

can record the pattern. The sample may be kept under a 

low vacuum, so that its environment may be controlled. 

Henke 1 presented several possible arrangements for 

detecting small angle scattering patterns . in the x-ray 

region, and these are shown in Figure 1. Figures l(a)-

(c) illustrate devices which allow detection of radiation 

scattered at 

particles 

wav:elertgth. 

of 

relatively large angles, that is, from 

s'izes on the order of the radiation 

Like the devices which detected UV scattered 

radiation patterns, these devices employ movable device • 
components (detector, crystal). Figures l(d) and (e) 

2 
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(a) (b) 

(e) 

I I _ ~~K 
~'~~ 

(d) 

(e) 

Figure 1: Four types of x-ray beam geometries used for the 
measurement of diffraction patterns. 
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illustrate the total reflection camera, which is the most 

similar of these devices to the device presented in this 

work in that unscattered radiation is focussed to a point 

at the detector (film, in both cases). Radiation is 

reflected at grazing incidence-- by. an ellipsoidal mirror 

onto a portion of a scattering sample. The radiation 

arriving at the film is focussed to a point in the 

absence of a scattering sample, only a small annular 

regio~ of the radiation is transmitted through the sample 

location, as shown in Figure l(e). Thus only the sample 

in that annular region contributed to the scattering 

pattern. But in addition to the general problem with 

using x-rays to size particles, i.e., that the extremely 

high energy flux of the x-rays may destroy a biological 

sample, the expo sure times necessary to obtain an 

observable scattering pattern even with the total 

focussing camera .are. extremely long (around 20 hours) 

because the area of sample which was illuminated by the 

radiation was relatively small. 

This work offers a solution to these prob.lems by 

using a pinhole to image an extended source onto a normal 

incidence multi-layer mirror. In addition to using x-

rays of relativeJy low energy, the diffracted beam is 
. 

broadened at the sample location, so that the flux of x-

rays at the sample is lower than at the source. Thus the 

particles are not necessarily subject to destructively 

high radiation fluxes. The low photon flux at ·the sample 

is accounted for by· the fact ~hat, since a large area of 

the sample is illuminated; many particles of the sample 

contribute to the 

in a 

observed scattering 

diffraction pattern 

of 

of 

radiation, 

measurable resulting 

intensity. To emphasize this, a device which illuminates 

only a small area of a sample 2 and fails to obtain a 

diffraction pattern, is presented in this work. 

This work utilizes polymer spheres of sub-micron 

4 



diameter. The size of the diffracting particles is known 

for calibration purposes, and the results are not 

affected by changes in the sample during the exposure. 

The next step in this work is to use a sample of 

biological particles (e.g. zymogen granules) in the 

apparatus and to size the granules. Ultimately, the 

method presented here may be modified to included a 

separate, low ~acuum, chamber for the diffracting sample, 

that allows the environment of the sample to be 

controlled. Calculations presented here may be extended 

to include non-spherical particles and particles of non

uniform size and density. Then, important information 

about many other biological particles, such as their 

size, shape, and internal structure, may be obtained. 

5 



Theory 

A: Scattering from a Single Particle 

The assumptions made in this experiment are that the 

particles are spherical, with uniform density and index 

of refraction very close to unity, and of radius very 

large compared to the wavelength ~f the radiation 3 . The 

first two assumptions determine the geometry of the 

problem~ the third permits neglecting re£raction effects 

within the particle; the last allows one to use 

geometrical optics within ~he particle. 

Consider the situation in Figure 2, of a sphere of 

radius a and complex index of refraction m 1 (6 + . ~;;.,.~ 

i {3) ' where 0 and {3 are real quantities. In the x-ray 

region both 0 and {3 are small and positive for' a 

vacuum/material interface. 

wave with disturbance 1/Jo . 

The initial wave is a plane 

Call k the wave number, i.e. 

k = 2~/A. A ray passing through the sphere at an angle r 

suffers a phase shift of 

¢ = o k (2a sinr) 

and an attenuation of 

exp - {3 k (2a sinr)] 

When refraction effects are neglected, the 

disturbance ~ in the plane immediately above the sphere, 

that is, within the geometrical shadow area of the sphere 

(see Figure 2) 

1/J 

is 

1/J 0 exp[2ka i (5 + i/3) sinr 

and 1/J = 1/J 0 outside of the geometrical shadow area. 

Substituting 

p -2ka(o + i/3) 2 ka ( m - 1) 

we can write 

1/J = 1/J 0 exp (- ipsinr ) 

inside the shadow area. Alternatively, the disturbance 

1/J 0 [exp (- ipsinr) 1] 

has b~en added to the initial plane wave disturbance. 

A plane in which the disturbance is ~o everywhere 

6 
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Geamtrical Shadow. Area 

~ - ~.•&p(-l,alar) 

• #. • #.[1 • a&p(-l,elar)J 

I ., - "'· __ ,_,A .... ---...,,.--,t///A ___ _,A .... ____ .... ~~---"'--

Scattered Vavefront 

laltlal Vavefront 

/ 

Figure 2: Radiation passing through a sphere 
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except for in the shadow area, where it is l/1, is 

conjugate to a plane in which the disturbance is zero 

outside of the shadow area, where it is l/1 0 • That is, if 

the disturbances of the two planes are added, the total 

disturbance is l/1
0 

According to Babinet' s principle 4 , 

the disturbance at any point resulting from the 

disturbance of the first plane is equal in magnitude and 

negative in sign to the disturbance from the second 

plane, if the pl-ane wave may be neglected. This is the 

case if the resultant wave is focussed so that the plane 

wave (unscattered) components are separated from the 

scattered components. 

Hence, using the Huygens-Fresnel principle 4 the 

disturban~e at a point P at position r arising from the 

differential area dA at position r' in the shadow area is 

dl/1 =- (ik/2:rrr) ~ (1 +cos(}) l/1 1 exp[-iklr- r'IJ dA 

In the region that r >> r', we can make the approximation 

lr - r' 1 - r - r·r' r' 

= r - (sin(} cos~ cos0 + sin(} cos~ sin0) r' 

where the angles (}, fp, and 0 are as shown in Figure 3. 

Thus the disturbance at P from dA is 

dl/J (ik/2:rrr) ~ (1 + co.s(}) exp(-ikr) [1- exp(-ipsinT)] 

* exp[ik sin(} cos~ (cos0 + sin0) r'] r' dr'd0 

The total disturbance at P is the integral of the 

disturbances from differential areas of the shadow area. 

From symmetry, the disturbance at p will have no 

dependance on ~. so that the cos~ terms may be ignored, 

and in the limit that (} is very small, the total 

disturbance is 

l/1 = ( i k / 2 :rr r) ex p ( - i k r) f { r ' d r ' d0 [ 1 - ex p ( - ips in T ) ] 

* ex p [ i k (} ( c o s 0 + s i n0 ) r ' ] 

Changing the variables 

X a COST COS0 

y a COST sin0 

such that 

8 



dx dy a z C 0 S T Sin T d T d!ZJ 

and defining 

z = kaB 

then the integral becomes 

~ = (ik~0 /2nr) exp(-ikr) J { [1 - exp(-ipsinT)] cosT sinT dT 

* J exp(-iz cosT cos¢) d¢ } 

The integral over 0 is equal to 2nJ 0 (z cosT), where J 0 is 

the Bessel function of order 0. Thus the integral• is 

equal to 

~ = (ik~ 0 /r) exp(-ikr) J [1 - exp(-ip sinT)] 

* J 0 (z cosT) cosT sinT dT 

In this experiment, the incident light passes twice 

through the sphere--before and after the light is 

reflected from the mirror (see experimental section). 

The above calculations still apply to this situation, but 

in the integral, p is replaced by 2p. The intensity at 

point P is ~*~, and this is calculated numerically. (See 

Appendix 1 for a P!int-out of this program which performs 

these calculations.) 

In order to obtain a scattering pattern 

qualitatively equal to that of a single sphere but 

greater in intensity, a scattering sample of a thin layer 

of many spheres in an unordered array should be used. 

When considering scattering by a random array of 

identical spheres, the amplitude function of every sphere 

is equivalent and, more importantly, incoherent of the 

other spheres. Hence the intensity pattern of scattered 

light from such an array of total N spheres will be 

approximately identical to that of a single sphere, with 

magnitude NI (r), where I (r) is the intensity at r of 

light scattered from a single particle. 

Rven if the sample contains spheres which vary 

slightly in diameter, the expected diffraction pattern 

from each sphere is still approximately the same, and the 

size of the total diffraction pattern should be the 

9 
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Gecrretrical ShaOOw Area 

Figure 3: Geometry of the diffraction of radiation by a sphere 
(distances grossly exaggerated). 
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average of the sizes of those from each sphere; hence for 

a sample which contains spheres of a small diameter 

distribution the diffraction pattern will be roughly the 

diffraction pattern of a single sphere whose diameter is 

that of the average diameter of the spheres. 

11 



B: Scatterin~ from an Ordered Array of Particles 

The effect of interparticle interference on the 

experimental results is significant, changing not only 

the size but the shape of the intensity distribution of 

the scattered light. While most experiments in 1 igh t 

scattering from small particles assume a random 

distribution of particles and hence a diffraction pattern 

of the same size and shape as a single particle 

scattering pattern, the probability of (unknowingly) 

producing an ordered array of particles is large enough 

to warrant discussion of the situation. 

The most probable lattice structure of a close

packed array of spherical particles is hexagonal, as 

shown in Figures 4, 5, and 6. Initially the array may be 

treated as a set of point sources 

of the spheres, and thought of 

diffraction gratings (ultimately, 

treated as a phase gratin~). 

located at the 

as a set of 

centers 

crossed 

however, it 

A set of 

must be 

crossed 

diffraction gratings will produce a pattern which is the 

interference pattern of the set of gratings; this pattern 

will be a set of sharp maxima which are discrete peaks 

rather that continuous. lines. With this in mind, 

consider that sets of single lines which contain particle 

centers spaced 2a apart, where a is the radius of the 

spheres, 

six-fold 

as illustrated 

symmetry, and 

in Figure 4. 

the distance 

The lines show a 

between any two 

parallel lines is 3~a, which is the furthest distance 

possible between any set of parallel planes. The axial 

angles at which maxima occur from diffraction from a 

parallel set of these lines is then 

() = >./(3~a)) , 

where the grating equation for small angles has been 

used, and () is the angle from the normal of the plane of 

the array. If the azimuthal angle ¢ is defined as shown 

in Figure 4, the maxima are expected to occur at 

12 



(a) 

• • 
• • 

(b) 

Figure 4 

a) Lines of spacing d = 2asin(7t/3) = 13a 

b) Corresponding primary and secondary maxima pattern (not 
to scale) 
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(a) 

• • 

• • 

{b) 

Figure 5 

a) Lines of spacing d = 2asin(7t/6) =a. 

b) Corresponding primary and secondary maxima pattern (not 
to scale) 
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Figure 6: Unes of spacing d == 2asin(1t/48) 
d • 2asin(1t/24) 
d == 2asin(1t/12) 
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fjJ = (2m+ 1) (1rj6) where m = 0, ±1, ±2 

as these are the angles perpendicular to the parallel 

lines· of spheres, because from symmetry arguments 

regardi~g the orient~tion of the other sets of parallel 

lines th~ maxima. must ,occur at such angles. 

The second larg~st spacing between two sets of 

parallel lines is d 2a sin(1rj6) a, for the set of 

lines shown in. Figure 5 ' 
"\ 

The maxima from these lines 

oy·cur at 

e A. I a 

and 2m 7r/2 = m1r where m = 0,, ±1, ±2 

. Many s e t s ·. , o 'f p a r a 11 e 1 1 in e s may b e d r awn , w i t h 

spacings of dn = 2a s.in(2-n (7r/3))., .where n ~· 0, as shown 

in.·, Figure 6. . Angles at which .the corresponding 

·maximi occur.are 

= IDA / ' 'd n. 

wh.ich shows that as the spacing between the parallel 

l·ine.s 'become· smal·l~'r;. th'e axial angle en 1 . of the first 

~aximum ~ecom~s greater. For 're~sons which will be 

d i s c us s e d 1 a t e r , b e c au s e they o c cur a t r e 1·a t i v e 1 y 1 a r g e 

values of e , , these __ maxima (and also .'the: secondary maxima) 

are attenuated so that they are ·no longer observable. 

This metho'd of ·approximation g~ves the angles at 
' which maxima are expected, but it fails to give the 

relative intensities of maxima. 

the array of spheres should be 

As mentioned earlier, 

treated as a phase 

grating. This treatment shows that the interisity of 

light scattered from the array is the intensity of a set 

of point sources, as considered in the ab'ove arguments, 

but modulated by the intensity function of light 

scattered by a single sphere. 

This is shown by first writing the disturbance at 

location r due to light scattered from a single particle 

at the origin as 

16 



'1/J(r) (ikl/J 0 /r) exp(-ikr) J { [1 - exp(-ipsinr)] 

* J
0 

(z cosr) cosr sinr dr 

l/J1(r, 0) exp(~ikr) 

which defines .,P 1 (r, 0) in this case. The expression is 

that from the previous section, but the equation 

'1/J(r) = ljJ1(r) exp(-ikr) 

holds generally for any disturbance '1/J(r). The desired 

quality of ljJ1 (r) is that it be almost invariant under 

small changes in r, unlike the exponential term which, 

because of the large value of k, may vary drastically 

with small changes in the magnitude of r. 

To find the disturbance at r frum light scattered by 

a particle at position r 1 which is not at the origin, 

the above equations is the coordinate system in 

translated by the position r 1
, 

at r is 

so that the disturbance ljJ2 

ljJ2(r) = '1/J(r- r 1
) = ljJ1(r- r 1

) exp( -iklr- r 1 1) 
Given that r 1 /r << 1, and the ljJ1 is roughly invariant to 

small changes in r, this can be written 

Next, lr - r 1 

which gives 

ljJ2(r)- ljJ1(r) exp(-iklr- r 1 1) 
may be expanded and approximated as 

I r - r 1 I - r - r · r 1 jr 

ljJ2(r) - ljJ1(r) exp(-ikr) exp(ikr·r 1 /r) 

= '1/J(r) exp(ikr·r 1 /r) 

The exponential expression is the disturbance at r 

arising from a point source at location r 1
• Considering 

an array of particles, each with an index i,j and located 

at the corresponding position rij, the total disturbance 

at r is the sum of the disturbances of each particle: 

l/J3(r) = '1/J(r) I exp(ikr·rij/r) = '1/J(r) L l/J 1 at 

But outside of a factor of a constant divided by r, this 

is just the disturbance of a single particle multiplied 

by the disturbance of a lattice .of point sources. Then 

ljJ2 (r) - '1/J(r) .,Plat (r) 

17 



... 

and the total intensity is 

I2 (r) = l/J 2 *l/J 2 - (l/J*l/J) (l/Jlat *.,plat) = I(r) Ilat (r) 

where I ( r) i s the s in g 1 e part i c 1 e in ten si t y pattern and 

Ilat(r) is proportional to the intensity pattern of a two 

dimensional lattice. If the intensity pattern from a 

lattice has very sharp maxima and· if., at these maxima, 

the single particle intensity varies slowly, the patte~n 

from the lattice dominates the resulting intensity 

pa tter.n. However, the peak value of the maximum 

intensities will be modulated by the intensity function 

of a single par.ticle so that the maxima will vary in 

intensity with the axial angle 0, generally decreasing as 

0 increases. 

To get a better idea of how the single ·parti<:le 

intensity distributiori modulates the lattite 

dis t rib u t ion , one can c a 1 c u 1 ate the fun c t ion I 1 a ~- ( r) . 

·Referring 'to Figure 6 and indexing the particles as xnm, 

where n refers to the horizontal position of the particle 

and m refers to the vertical position, the position of 

'any sphere is given by 

where n 

" na x + 2ma sin(7r/3) y 
= na x + 3~ma y 

0' 2' 4' 6' 

1 ' 3 ' 5 ' 7 ' 

if m is even 

if m is odd 

By substituting these values into the expression for the 

lattice intensity and performing the summatioh by using 

the identity 

.I exp(in5) = ~xp[i~(N-1)5] sin2 (~N5) I sin 2 (~5) 

and r = sinO cos~ x + sinO sin~ y + cosO z 
and substituting z = kasinO, one obtains the expression 

I 2 ( r) = I ( r) sin- 2 ( z cos~) sin- 2 ( z sin~ 3 ~ ) ) 

* sin2 [~(N+l) z cos~] sin2 [~(M+l) z sin~ 3~] 

* [1 + cos(z cos~ + 3~z sin~) 

where, in order to keep the expression simple, it is 

assumed that the array is rectangular, as in Figures 4, 5 

18 
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and 6, but N and M, the indices of the final (corner) 

sphere, are assumed to be odd (this is not the case in 

Figures 4, 5, or 6). 

The value of this expression can be calculated 

numerically for various angles. The intensity of first 

maximum at ¢ = ~/6 (8 = A/34a) is greater than that at ¢ 

0 (8 A/a) by approximately an order of magnitude. 

This maximum, in turn, is greater than the second maximum 

at ¢ (~/6) (0 2A/(34a) ) by approximately another 

order of magnitude. Subsequent maxima decrease rapidly 

in intensity as the single particle intensity drops in 

magnitude. 

The observed scattering pattern will be from a 

sample of many randomly oriented arrays. The observed 

pattern will be the sum of many patterns of discreet 

maxima at random angles¢ out. at specific angles e. Thus 

the observed scattering pattern will consist not of a set 

of discreet maxima.but of a set of ring-shaped maxima at 

the same angles e as the single array pattern maxima. 

This is analogous to a powder diffraction pattern in 

x~ray diffraction. As discussed ~arlier, the angles 

which will give the most intense maxima will be at 

A/(3.\a) and A/a radians. The observance of any more 

maxima will depend on the sensitivity of the 

measurements. 

19 



Experimental 

A: Calculation of the Index of Refraction 

In .this work the wave· number k and the sphere 

diameter 2a have already been given. The final 

parameters are the indices of refraction, neccessary in 

de·termini ng the scattering pattern 

of the sph~rical mirror (next 

and the reflectivity 

section) and mass 

absorbtion coefficients, neccessary in determining the 

proper windo~ material (next section) 

The complex index of refraction m 

determined by the formula 

a.rid 

where ro is 

0 

f3 
the 

(r 0 /2~) A2 ¢ I xpflp 

(r 0 /2~) A2 ¢ I xpf 2 P 

classical electron 

l (8 + i/3) is 

radius, the 

radiation wavelength, ¢ the number of molecular groups 

per unit volume, with xP atoms of t:Ype p per molecular 

group. 

components, 

and 

respectively, 

are th~ real and imaginary 

of the atomic scattering factor 

of an atom o£ type p. 

To talculate the iridex of refraction of polystyrene 

(of specific gravity 1.05 

(C 6 H5 CHCH 2 )x) consider that the number of 

and formula 

carbon atoms 

equals the number of hydrogen atoms and hence the number 

density of either atom is 

¢xc = ¢xH = NA (1.05 g cm- 3 ) / (l2.0lg + l.OOg) 

= 4.86 x 10 22 atoms cm- 3 

where NA is Avogadro's number. Using the values of the 

scattering coefficients 5 for C-Ka radiation (A= 44.8A), 

f 1 H = 1.01 

f2H = 3.06 X 10- 3 

f 1 c 0.99 

f 2 c 0.186 

one obtains the values 

0 8.75 X 10- 4 

j3 8.27 X 10-S 

20 



Similarly, given that the density of 

multilayer system is around 2.2 g/ cm 3 , the 

carbon atoms in the carbon layers in the 

mirror is 

<f>xc NA (2.2 g cm- 3 ) I 12.01 g 

1.10 x 10 23 atoms cm- 3 

carbon in a 

density of 

multi-layer 

Using the same values of the s~attering coefficients, the 

index of refraction of carbon is obtained: 

5c 9.73 x 10- 4 

f3c 1.83 x 10- 4 

The density of Tungsten in a multilayer system is around 

16.3 g cm- 3 and the atomic weight is 183.85. 

of the scattering coefficient are: 

f 1 w 19.36 

f 2 w 22.70 

which give the index of refraction of tungsten: 

5w 9.29 x 10- 3 

f3w 1.09 x 10- 2 

21 
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B: Window Material and its Effects 

The ratio T of the transmitted intensity to the 

incident intensity of light through a layer of substance 

of thickness t, mass density p and mass absorption 

coefficient p is 

T exp(-ppt) 

Since optimally T is as near unity as possible, the 

factor ppt should be as small as possible, so attention 

should be paid to the values p of the materials used as 

windows. 

The atomic absorption coefficients PA (cm 2 /g), where 

A is the atomic mass, are tabulated. The absorption 

coefficient of a material which contains nA ·atoms of 

'atomic mass A and mass absorption coeffiecient PA is 

P - <I AnA PA)/(L AnA) 

where the summations are over the A values. At the C-Ka 

line, the values of the atomic absorption coefficients of 

Hydrogen, Carbon and Oxygen are 3 : 

Pa 4.62 x 10 2 cm 2 /g 

Pc 2.35 x 10 3 cm 2 /g 

Pa 6.04 x 10 3 cm 2 /g 

which for Formvar (C 5 H7 0 2 ) gives 

p- (7p 8 A8 + SpcAc + 2p 0 A0 )/(7A8 + SAc + 2A 0 ) 

- 3.41 x 10 3 cm2 /g 

_ and similarly for Kimfol gives 

p - 2.94 x 10 3 cm 2 /g 

Since the densities of Formvar and Kimfol are 

approximately equal (around 1.0 g cm- 3 ), their factors of 

pp are approximately equal, also. Other window materials 
. 

exist, such as poly-propylene and carbon, a'nd their 

coefficients of absorption and mass densities are not 

significantly different from those of Formvar and 

Kimfol. But Formvar can be made into a film which much 

thinner than than the sheets of Kimfol, poly-propylene, 

or carbon, so that its factor of ppt is much closer to 0 

and its transmission factor is much closer to unity. So, 
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in this work, Formvar windows were used in order to 

provide maximum flux at the sample~ 

Window material also acts as a selective filter of 

the incident radiation; the factor JJ, and hence the 

transmitted intensity, is a function of the wavelength of 

the incident radiation. Figure 14 shows the calculated 

value of the mass absorption coefficient of Formvar as a 

function of radiation wavelength 4 • This figure shows 

that some of the incident radiation in the lower energy 

range will be filtered out of the beam through the 

Formvar, which provides nearly monochromatic C-Ko: 

radiation, and removes radiation from impurities such as 

oxygen on the anode. However, since the frequency 

distribution of the incident radiation is small and the 

Formvar is thin, this effect is not extreme. 
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C: Film Characteristics 

Several types of film may be used in the x~ray 

region. Two types of film were used in this experiment: 

Kodak SB-392 and Kodak 101-07 film. The .sensitivities of 

these films have been reported 7 as a function of the 

energy of the incident light. For V-La radiation, 101-07 

film is approximately 10 times more responsive than 

SB-392. However, it is only about twice as responsive as 

SB-398 film to C-Ka radiation. 101-07 is difficult to 

handle because it lacks a protective overcoat of gelatin; 

merely bending or touching the surface of the unexposed 

film results in a dark mark in the developed film. In 

this respect it is preferable to work with SB-392 film, 

which does not have these limitations. So SB-392 film 

was used for the C-Ka radiation and 101-07 for V-La. 

A significant feature of film is that the magnitude 

of its response does not increase linearly with the 

exposure time or intensity. The optical density D of an 

exposed and developed piece of film is defined as 

D=log10 (1/r) 

where is the ratio of the intensity of light 

transmitted through the film to the intensity of the 

light incident upon the film. Approxi~ately 6 

log D = A(log I) 2 + B log I + C 

where I is the intensity in photons per unit area 

incident upon the exposing film and A, B and C are 

constants. Unless the intensity of exposing light is 

known it is not possible to predict the time neccessary 

to increase the exposure darkness by a given amount, 

although this can be determined experimentally. So that 

one does not waste time on pointlessly long exposures, it. 
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is importaJ;J.t to realize that it is entirely possible to 

have to increase the exposure time by a factor of 10 in 

order to increase the exposure darkness by a fa"ctor of 

two. 
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D: Reflection from a Multi-layer Mirror 

An integral component of one of the devices used in 

this experiment is the periodic mult,i-layered mirror, 

which serves as a focussing device of the x-rays. 

A multilayer mirror consists of many alternating layers 

of material with indices of refraction n 1 and n 2 where 

both indices 

incidence, 

structure is 

are very close 

if the optical 

equal to A/2, the 

to unity. For normal 

path of the multilayer 

total reflected wave is 

the constructive interference of many waves reflected 

from the layer interfaces. Thus it is much more intense 

than the reflected wave from a single interface. 

The tungsten-carbon multilayered mirror with 2d 

44.8 A was made by magnetron sputtering onto an optically 

flat curved surface (radius 50 mm) to reflect C-Ka 

radiation (). = 44.8 A) at normal incidence. 
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E: The Diffracting Samples 

The samples we used were polystyrene [(C 6 H5 CHCH 2 )xl 

spheres from Duke Scientific 8 . A broad spectrum of 

diameters was obtained, but the sizes we used were .of 

diameters 

d 895nm ± 8nm 

d 597nm ± 5nm 

d. 4 9 6 nm ±. 4 nm 

d 398nm ± 4nm 

The quoted specific gravity of the spheres was 

1 . 0 5 g c m- 3 , and they we r e in an H 2 0 s o 1 u t i on· o f 1 0 % 

solids .. We also had a bottle of poly methyl methac~ylate 

spheres o£ diameter 300 500 nm, which were used 

primarily in the pinhole collimation device. 

To support the spheres we used l(imfol ·(Ci 6 Hi 4 0 3 .) in 

the pinhole collimation device, and Formvar (C 5 H7 0 2 ) in 

both devices. We used vacuum grease as an adhe·sive 

between the Kimfol/Formvar and the windo~ frame. 

To distribute the spheres onto the window, several 

methods were tried. First we simply dropped the spheres 

in the original solution onto the Kimfol, but no wetting 

took place so. that the sphere-solution did not distribute 

itself onto the Kimfol but held itself in a drop 

formation. If the spheres were dropped onto a drop of 

photo-flow or distilled water which was already on the 

formvar, they could be distributed. After a single coat 

of spheres. was on the window, subsequent coats did riot 

require a 

using the 

wetting agent to facilitate 

pinhole-diffraction device, 

spreading. 

we varied 

When 

the 

number of c~ats of spheres 

thickness. When using 

distilled water onto the 

to achieve samples of varying 

Formvar, we again dropped 

window before dropping the 

sphere solution into 

and occasionally a 

about the Formvar. 

the water, 

cotton swab 

and used a tilting action 

to spread the solution 

The Formvar is much thinner than the 
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Kimfol, so that it wrinkled from the water placed over 

it. This allows the spheres to clump into the wrinkles, 

and combined with the long drying time of the water, 

allows ordered arrays to form on the Formvar. The last 

method used was to place the spheres in alcohol and place 

some drops of this solution onto the Formvar. Alcohol 

reduces the surface tension of the sphere solution and 

dries quickly to reduce probability of packing; it also 

dissolves Formvar. We found that a sample could be made 

by placing a drop of the alcohol solution onto the 

Formvar, tilting the Formvar film, and allowing the 

alcohol solution to diffuse across the Formvar. Th e 

Formvar was unable to wrinkle as it was in a semi-fluid 

state, so clumping was minimized. Thicker samples are 

made by successive applications of the sphere-alcohol 

so lution . 

Figures 8(a) and 8(b) are electron micrographs of 

low and high magnifications, respectively, of samples 

which were made using an aqueous solution of 597nm 

diameter spheres on Formvar. They show very distinct 

hexagonal lattice patterns. As e x plained in th e theory 

section, these samples will produce sharp diffraction 

patterns, which are smaller than the patterns expected 

from a single sphere of the same radius. Figures 9(a) 

and 9(b) are such pictures for a single application of an 

alcohol solution of 597nm diameter spheres on Formvar. 

They show that while there is clumping of spheres, there 

is no ordered pattern in the sample . Again, these 

samples will produce diffuse diffraction patterns which 

are approximately equivalent to the diffraction pattern 

from a single sphere. As stated earlier, since in most 

experiments one expects a scattering pattern of a sing le 

sphere, these are the samples which are of primary 

interest in this work . 
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XBB 884-3025 

XBB 884-3029 

Figures 8(a),(b): Scanning electron micrographs of 597 nm 
diameter spheres from a H20 solution. 
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Figures 9(a),(b): Scanning electron micrographs of 597 nm 
diameter spheres from an alcohol solution . 
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F: The X-Ray Source 

Figure 10 is a schematic of the simple conventional 

x-ray source which we used in this experiment. As shown 

in the figure, electrons are ejected from the filament, 

which is at a relatively low voltage. They are focussed 

by the walls of the system, which are also at a 

relatively low voltage, onto the anode, which is at a 

relatively high voltage. 

The current through the filament was set at 20 rnA. 

In order to verify that the radiation produced was C-Ka 

(or V-La) a diffraction grating was inserted over the top 

pinhole of the pinhole diffraction device (later section) 

and a short exposure was taken. The first maxima 

showed that C-Ka radiation was definitely observed 

obtained. When using a vanadium anode, however, it was 

found that the anode must be well cleaned of surface 

impurities arising from the 

produce strong V-La radiation. 

of C-Ka radiation was present. 

vacuum system, in order to 

Otherwise a strong source 

Figure 11 is a photograph of the lower section of 

device used in this work. 

diagrammed 

micrometer 

in 

and 

This section 

Figure 10. 

the leads 

is in 

to 

On 

the 

the 

On top is the source 

bottom are 

water 

bottom 

cooling 

of a 

a tuning 

circuit . 

(coaxial) 

cylinder. Figure 

showing the open 

held 

12 is a top view of this arrangement, 

cooling 

center. 

circuit, 

cylinder, 

and the 

another section 

top of the anode 

of 

in 

the 

the 

water 

lower 

The devices which were used in this work were 

connected to the cylinder via a large flange (plexi-glass 

or aluminum) which was bolted onto the top section of 

this cylinder . The entire system was kept under a vacuum 

of around 10- 6 torr . 

32 



Electron 

\ ~ 
\ I 
\ \ 
\ I 
\ I 

' \ 
\ I 

\ 
\ I 

I 
~ I 
I I 
I I x-ra:ys 
I I ~ 
I I ~ 
I I 

trajectories ~~, ~---

t 
Axis of 

rotational 
symmetry 

Courtesy of Ralph Feder, IBM 

Figure 10: The simple conventional x-ray source. 
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Figure 12: Top view of the x-ray source while inside the coaxial 
cylinder. 
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G: The Pinhole Collimation Device 

Figure 13 is a schematic of the first device we 

used . Under Pinhole 2 is the Latex disk which was bolted 

to the top of the cylinder of the x-ray source (see 

section B). Two pinholes of diameters 13/1000 inch, 

located above the source, collimate the x-rays . With no 

diffracting sample in its path, radiation from the second 

pinhole will image the first pinhole onto the film, which 

is mounted 50 ern from the second pinhole. The size of 

this spot may be determined by geometrical optics, since 

the ratio of the pinhole diameters to the radiation 

wavelength (7 x 10 4 ) is much greater than unity . By 

using simple ray-tracing techniques and the known 

diameters (0 . 033 ern) and spacing (19 ern) of the pinholes, 

the maximum a x ial a ngle of the undiffracted light is 

Bmax = (0 . 033 crn)/(19crn) = 1 . 7 X 10- 3 radians 

so the diameter of the image of the first pinhole through 

the second pinhole is 

d 2 Bmax(SO ern) = 0.17 ern 

These values are approximate, since there is significant 

uncertainty in the diameters of the pinholes, but they 

allow an estimate of how large a diffraction pattern must 

be in order to be observed ; the angle of the diffracted 

light must be at least 1. 7 x 10- 3 radians, which is true 

for the secondary ma xima of diffraction patterns of C-Ka 

radiation from sub-micron diameter spheres . Also, the 

spot size of undiffracted light shows how focussed the 

diffraction pattern will be. The centers of diffraction 

patterns of radiation incident in different directions 

will be distributed about the spot area; if the image of 

the first 

from the 

pinhole is very 

s a mple will be 

small, the diffraction pattern 

ver y focussed . The inverse is 

also true. However, even if the spot area is relatively 

large , if the radius of the first s 'econdary maximum is 

much greater than the radius of the spot size (as it is 
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Figure 13: The pinhole collimation device. 
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for this device), the locations of secondary maxima of 

any pattern should roughly coincide and the diffraction 

pattern will be reasonably focussed. 

A sample of spheres is mounted a few millimeters 

above the second pinhole on a rectangular piece with a 

large circular aperture, resting on the allen screws 

which hold the pinhole assembly to the central flange. 

Any scattering of light is detectable if the light is 

scattered sufficiently far from the unscattered path and 

if it is of sufficient intensity. 

As explained in the theory section, the intensity of 

scattered light when using the pinhole collimation device 

is severely limited by the area of the sample which is 

illuminated. That this area is the relatively small area 

of the pinhole explains the lack of observed diffraction 

patterns when using this device. 'We used C-Ka: (44.8 A) 

and V-La: (24. 3 A) radiation, and samples of thickness 

ranging from approximately a single layer of spheres to 

an entirely opaque (to visible light) coat of spheres, on 

both Kimfol and Formvar. Exposure times of up to 24 

hours were tried, resulting only in diffraction from the 

pinhole. Figure 14 shows the film from an exposure with 

an opaque sample and C-Ka: radiation. The exposure time 

was 24 hours. Figure 15 is film from another exposure 

with an opaque sample and V-La: radiation, of exposure 

time 4 hours. This figure incidently shows the size of 

the pinhole image at the film (around 2mm in diameter) 
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Figure 14: Resulting intensity distribution from a 24 hour 

exposure using C-Ka radiation . 

N 

... 

Jl 

..,. ., ... ... 
XBB 893-1565 

Figure 15: Resulting intensity distrubution from a four hour 
exposure using V-Ka radiation . 
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H: The Multi-layer Mirror Device 

Figure 16 is a schematic of the second device we 

used, and Figure 17 is a photograph of the actual device. 

Again, the l a rge disk at the center of the device, shown 

in both figures, connects to the top of the cylinder of 

the x-ray source. Figures 18 and 19 show the lower 

flanges of the device, which include the pinhole and the 

visible light filter . The film is taped onto the side 

not shown in Figures 18 or 19 of the anodized lower 

flange. A hole is punched in the film so that the 

radiation passes through the hole and not the film; the 

hole eliminates not only attenuation of the radiation by 

the film but also saturation of the film by the source. 

Figure 20 shows the upper flange, which contains the 

mirror and the sample. Figure 21 shows the upper flange 

and the related components: the sample, the mirror and 

the ring which holds the mirror inside the cavity of the 

flange. Incidentally, the colors which appear on the 

sample assembly are from constructive 

visible light from the Formvar thin film. 

interference of 

The T-section, the upper cylinder 

of the device are made of stainless 

and uppe r flange 

steel, while the 

middle and lower flange, the lower cylinder, the shutter 

and the ring which secures the mirror to the upper flange 

are made of aluminum. To avoid fogging of the film 9 due 

to the "Russel Effect", the lower aluminum components of 

the device were anodized. 

Again the diameter of the pinhole shown in Figure 16 

is 13/1000 inch, but the light from the (extended) source 

is not collimated, so that the image of the source on the 

mirror is determined primarily by the size of the source 

rather than diffraction. At any rate, the area of the 

mirror illuminated is much greater than the area of the 

pinhole--if the distance of the pinhole from the source 

is 30 em and the source is Smm in diameter, the image of 
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Figure 16: The multilayer mirror device. 
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Figure 17: The multilayer mirror device. 
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Figure 18: The lower flange 
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Figure 19: The lower flange, separated. The small black piece 
holds the visible light filter. 
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Figure 21: The upper flange and its components: the sample, 
the mirror and the mirror ring . 
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the source at the sample will be of diameter 

d 2(48 cm)(0.5 cm)/(30 em) = 1.6 em , 

compared to the diameter of the illuminated area of the 

sample in the pinhole collimation device, 0.033 em. Thus 

the effective sample area increases by a factor of around 

2000 when the multi-layer mirror device is used instead 

of the pinhole collimation device. 

The radius of curvature of the mirror is 50 em. 

Accordingly 

the film is 

present the 

the pinhole is 

48 em from 

light from the 

52 em from the mirror, and 

the mirror . If no sample is 

pinhole is focussed onto the 

film as a point whose size is determined by the diameter 

of the pinhole and the distances from the mirror to the 

film, and the mirror to the pinhole. 

the pinhole is again much greater 

wavelength, diffraction effects are 

Since the size of 

than the radiation 

negligible, and the 

diameter d of the focussed pinhole image on the film is 

d = (0.033 cm)(48 cm)/(52 em) 0.030 em 

Light which is scattered at an angle B will make an im a ge 

a distance 

r = (48 em) B 

from the central focussed spot on the film. 

The location of the focal point is slightly off 

center (that is, it does not coincide with the hole . in 

the film and the pinhole), so that the center of the 

pattern will not be lost in the punched hole. The sample 

is mounted on a narrow ring which is mounted onto the 

mirror assembly. 

diffracted light is 

As in the 

detectable 

previous 

if it 

device, any 

is scattered 

reasonably far from the unscattered path . However, since 

in this geometry many more spheres are illuminated than 

before, the scattered intensity is much greater than in 

the previous set-up so that observing a pattern after a 

reasonable time (about five hours) is much more likely 

than before. 
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The calculated relative intensities of diffracted C

Ka radiation from a lattice of 597 nm diameter spheres , 

whose corner sphere has indices 7 and 9 (notation 

discussed in theory section), for the azimuthal angles~ 

0 and ~ 

respectively. 

1rj6, are presented 

These figures give 

in Figures 22 and 23, 

the radii of the first 

and second secondary maxima and it is seen that the 

angular shift of the maxima of a pure lattice is barely 

noticeable when the lattice intensity is modulated by the 

single particle intensity . The first maxima occurs at 8 

slightly less than A/(3~a), and the second at 8 slightly 

less than A/a. It is thus sufficient to use the formulas 

8 Aj(3~a) and 8 Aja for the positions of the first 

and second maxima. 

Several samples made with H2 0-sphere solutions (that 

is, samples which consist primarily of lattice structures 

of spheres) were exposed with C-Ka radiation , and 

diffraction patterns were observed. Reproductions of the 

photographic plates are presented in Figures 24 and 25. 

The large divisions of the scales are centimeters. Table 

1 presents the locations of the first and second maxima, 

and the corresponding calculated values. 

Again using C- Ka radiation, diffraction patterns 

from samples which were made from an alcohol-sphere 

solution were obtained . Figures 26 29 are plots of 

the calculated relative intensities of diffracted C-Ka 

radiation from spheres of radii 398 nm, 496 nm, 597 nm, 

and 895 nm, respectively, as a function of axial angle 8. 

Reproductions of the exposures are presented in Figures 

30 32. Again, the large divisions of the scales are 

centimeters. Absent from these reproductions is the 

exposure made with 496 nm diameter spheres, as the first 

secondary maxima was too faint to reproduce. Table 2 

presents the measured locations of the first secondary 

maxima, and the corresponding calculated values. The 
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Figure 22: Calculated intensity distribution vs. axial angle 1} for a 
close-packed array with dimensions 7x9 of 597nm 
diameter spheres and radiation wavelength A.= 44.8A 
at azimuthal angle <1> = n/6 (line spacing d = {3a). 
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Figure 23: Calculated intensity distribution vs. axial angle 1'} for a 
close-packed array with dimensions 7x9 of 597nm 
diameter spheres and radiation wavelength 'A= 44.8A 
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uncertainty in each of the measurements is around 0.1 em. 

Both the calculated and observed scattering patterns 

show that radiation scattered by a lattice structure of 

spheres forms a pattern which is significantly smaller 

and sharper than that scattered by an unordered array of 

identical spheres. In analyzing experimental data one 

should be aware that sharp diffraction patterns arise 

from lattice structures, since confusing such diffraction 

patterns with the larger patterns arising from random 

arrays of particles will lead to the determination of the 

incorrect particle size. 
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XBB 893-1566 

Figure 24: Resulting intensity distribution from a 2.5 hour 
exposure with C-K radiation and 597nm diameter 
spheres. 

XBB 893-1567 

Figure 25: Resulting intensity distribution from a 2.5 hour 
exposure with C-K radiation and 895nm diameter 
spheres. 
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Figure 26: Calculated intensity distribution vs. axial angle 1'} for 
an unordered array of spheres of 895nm diameter. 
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Figure 27: Calculated intensity distribution vs. axial angle 1'} for 
an unordered array of spheres of 597nm diameter. 
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Figure 28: Calculated intensity distribution vs. axial angle 1'} for 
an unordered array of spheres of 496nm diameter. 
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Figure 30: Resulting intensity distribution from a 5.0 hour 
exposure with C-K radiation and 398nm diameter 
spheres. 
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Figure 31: Resulting intensity distribution from 
a 2.5 hour exposure with C-K~ 
radiation and 597 nm diameter spheres 
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Figure 32: Resulting intensity distribution from 
a six hour exposure with C-K « 
radiation and 895 nrn diameter spheres 
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Table 1: Measured and calculated 
radii of first and second secondary 
maxima of diffraction patterns from 
lattice structures of spheres of 
different diameters. 

Diameter Radius of Calculated 
of S:Qheres Maxima Radius 
597 nm 0.4 em 0.42 em 

0.7 em 0. 73 em 

895 nm 0.3 em 0.28 em 
0 . 5 em 0 .4 9 em 

Table 2: Measured and calculated radii 
of first secondary maximum of 
diffraction patterns from unordered 
arrays of spheres of various diameters. 

Diameter Radius of Calculated 
of S:Qheres Maximum Radius 

398 nm 1.0 em 0.98 em 

496 nm 0.8 em 0. 78 em 

597 nm 0.6 em 0.65 em 

895 nm 0.4 em 0 . 42 em 
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Conclusion 

This work illustrates that small angle soft x-ray 

scattering allows the observation of structures whose 

size is intermediate between that observable in a light 

microscope (> 1 micron) and those determined by other x-

ray techniques (- 10 A) Using polystyrene spheres, two 

methods of diffracting x-rays were used. One had a 

relatively low effective sample area and hence did not 

produce an observable pattern. The other method, which 

used a C-W multi-layer mirror of spacing 44.8 A to focus 

the radiation, imaged the x-ray source onto the sample. 

This method results in an effective sample area of 

approximately 2000 times the first effective sample area. 

Because of large number of spheres which were 

diffracting 

the 

the radiation, diffraction patterns were 

observed with this method. Patterns arising from lattice 

structures of spheres and also from random arrays of 

spheres were measured, and compared well with the 

calculated pattern shapes and sizes. 

The success of second method indicates the 

development of a novel technique of sizing particles. 

Specifically, since large samples areas may be 

illuminated with low intensity radiation, biological 

particles may be sized and their structure determined 

without extensive radiation damage to the particles, and 

under practical conditions integral to small angle 

scattering. Combining this technique with high flux 

from proposed 1-2 GeV synchrotron radiation sources, 

dilute concentration of biological materials and changes 

in periodic structures like muscle tissue can be studied. 

Subsequent work will finally allow observation of 

biological particles in controlled environments, and thus 

a better understanding of biological processes. 
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APPENDIX 1 

A Printout of the Program which Numerically 

Calculates the Normalized Intensity 

Distribution of Radiation Scattered From a 

Sphere 
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Program Amp 

2-May-1988 14:03:36 
26-Apr-1988 17:51:49 

C This program calculates the value of the intensity 
C function of light scattered by a sphere. 

c version E (4/26/88) 

* 

d 

complex sum, im2, im, ro, index 
real dtau, tau, zmin, zmax, dz, dxi, lambda, dist, diam, rad 

,aint 

pi 4.0 * atan(l.O) 
im (0., 1.) 
im2 = ( 1. , 0 . ) 

type * 
type * 

' PROGRAM AMP: This program calculates the ' 
' intensity of the scattered light 1 

type*, ' ' 
type*, ' Enter the complex value of the index of refraction ' 
type*, ' n = (Re, Im) ' 
read (5,*) index 

type*, ' Enter the diameter of the spheres ' 
read(S,*) diam 

type*, 1 Enter the wavelength of the incident light ' 
read(S,*) lambda 

type*, ' Enter the distance from the mirror to film ' 
read(S,*) dist 

x = pi*diam/lambda 
ro = 2*x*(index- 1.) 
type*, ro, x 

type*, ' Enter the m~n~mum and maximum values·of theta ' 
read(S,*) thetamin, thetamax 

type*, ' Enter the distance between theta points on this range ' 
read(S,*) dtheta 

type*, ' Enter the number of steps in the tau integral ' 
type*, ' [0 to pi/2] ' 
read(S,*) ntpnts 

type*, ' Enter the number of steps in the Bessel function integral ' 
type*, ' [0 to 2pi] ' 
read(S,*) nbpnts 

zmin = x*thetamin 
zmax = x*thetamax 
dz - x*dtheta 

nzpnts = nint ( (zmax - zmin)/dz ) 
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* 
* 

* 
* 

dtau- O.S*pi/ntpnts 

2-May-1988 14:03:36 
26-Apr-1988 17:51:49 

open (unit- 7, file= 'Intensity.dat', status= 'new') 

do 10 i - 0, nzpnts 

z = zmin + i * dz 

sum = 0. 
do 20 j = 1, ntpnts 

taul = j * dtau 
tau (J - l)*dtau 
sum- sum+ 0.5 *dtau * sin(tau) * cos(tau) * 

bessel (O,nbpnts,z*cos(tau)) * 
(1.0 - cexp( -im*2* ro*sin(tau) ) ) 

sum = sum + 0.5 *dtau * sin(tau1) * cos(tau1) * 
bessel (O,nbpnts, z*cos(tau1)) * 
(1.0 - cexp( -im*2* ro*sin(taul) ) ) 

20 continue 

d type*, sum 

rad - z*dist/x 
aint = sum * conjg (sum) 
write (7,*) z/x, aint 
type*, z, zjx, rad, aint 

10 continue 

close (unit = 7) 

stop 
end 
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Real Function Bessel (m, nsteps, vo) 

2-May-1988 14:04:06 
26-Apr-1988 17:52:17 

C This program calculates the Bessel function for a set of 
c data points, of INTEGER order m. 

real dv, vo, pi 
integer m 

pi 4.0*atan (1.0) 
dv pi/nsteps 

bessel - 0. 

dci 20 j 1, nsteps 

a = j * dv 
al = (j - l)*dv 
f = cos(m*a - vo*sin(a)) 

20 continue 

bessel 

return 
end 

fl = cos(m*al - vo*sin(al) ) 
bessel ;.. bessel + 0.5* (f + fl) * dv 

bessel/pi 
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APPENDIX 2 

A Printout of the Program which Numerically 

Calculates the Normalized Intensity 

Distribution of Radiation Scattered From a 

Lattice of Spheres 
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c 
c 
c 
c 

c 

78 

c 
c 

PROGRAM ARRAY 

This program calculates the modulating function 

8-May-1988 00:4 
8-May-1988 00:1 

on a single particle intensity for a hexogonal array, 
and multiplies it by the single particle function, 
which should be calculated using the program "amp". 

version G (5/7/88) 

character*30 filel, file2 

pi - 4.0*atan(l.O) 

type*,' Enterphi (INDEGJ' 
read(5,*) phi 

phi - phi*pi/180. 

type*, Enter the indices of the corner sphere ' 
type*, ' Nl, M1 (BOTH ODD--see paper) 
read(5,*) nred, mred 

type*, Enter the wavelength of the incident light ' 
read(S,*) wlambda 

wnumber - 2 * pi / wlambda 

type*, ' Enter the diameter of the spheres ' 
read(5 •.*) diam 

type*, ' Enter the name of the file containing the 
type*, single particle function ' 
read (5,77) filel 

type*, ' Choose the output file name ' 
read(5, 77) file2 

open (unit - 8, fi1e-filel, status-'OLD' ,readonly) 
open (unit- 7, file-file2, status-'NEW') 

write(7,,*) 'PHI~', PHIMIN 

write(7,*) ' DIMENSION- ' nred, mred 

continue 

r e ad ( 8 , * ·' end -1 ) the t a , s fun c 

z - 0.5*wnurnber * diam * sin(theta) 

argl 
arg2 

z * cos(phi) 
~ z * sin(phi) * sqrt(3.0) 

The computer cannot take the limit sin(x)/x ~ 0 as 
x goes to 0, so set up the conditions so that 
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-, 

c 

c 
c 

2 

1 

it does not have to. 

if (sin(argl) .eq. 0 .and. sin(arg2) .eq. 0) then 

function~ 2*( 0.5*(nred + 1)*0.5*(mred + 1) )**2 

8-May-1988 00:4 
8-May~l988 00:1 

else if(sin(argl) .eq. 0 .and. sin(arg2) .ne. 0) then 

function- 0.5* nred *sin( 0.5*(mred+l)*arg2) I 
* sin(arg2) 

function- (function**2)*(1 + cos(arg2)) 

else if (sin(argl) .ne. 0 .and. sin(arg2) .eq. O)then 

function- 0.5* mred *sin( 0.5*( nred+l) *argl) 
* lsin(argl) 

function- (function**2)*(1 + cos(argl)) 

else if (sin(argl) .ne. 0 .and. sin(arg2) .ne. 0) then 

function= sin(0.5*(nred+l) *argl) * sin( 0.5*(rnred+l) *arg2) 

function- function I (sin(argl)*sin(arg2)) 

function- (function**2)*(1 + cos(argl + arg2)) 

end if 

multiply this "lattice" intensity by the "single 
particle" intensity 

function = function * sfunc 

type*, ' THETA = ' THETA, ' PHI == ' 

continue 

write(7,*) theta, function 

goto 78 

continue 

close (UNIT-7) 
close (unit-8) 

stop 

PHI, ' FUNC ',FUNCTION 

77 format (a30) 

end 
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