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Real-Space Quantification of Exciton Localization in Acene Crystals Using Wannier
Function Decomposition

Zui Tao,1 Jonah B. Haber,2 and Jeffrey B. Neaton3, 4, 5

1Department of Chemistry, University of California Berkeley, Berkeley, California 94720, USA
2Department of Materials Science and Engineering, Stanford University, Stanford, CA 94305, USA

3Department of Physics, University of California Berkeley, Berkeley, California 94720, USA
4Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

5Kavli Energy NanoSciences Institute, Berkeley, California 94720, USA

We introduce the Wannier function decomposition of excitons (WFDX) method to quantify exci-
ton localization in solids within the ab initio Bethe–Salpeter equation framework. By decomposing
each Bloch exciton wavefunction into products of single-particle electron and hole maximally local-
ized Wannier functions, this real-space approach provides well-defined orbital- and spatial- resolved
measures of both Frenkel and charge-transfer excitons at low computational cost. We apply WFDX
to excitons in acene crystals, quantifying how the number of rings, the exciton spin state, and
the center-of-mass momentum affect spatial localization. Additionally, we show how this real-space
representation reflects structural nonsymmorphic symmetries that are hidden in standard reciprocal-
space descriptions. We demonstrate how the WFDX framework can be used to efficiently interpolate
exciton expansion coefficients in reciprocal-space and outline how it may facilitate evaluation of ob-
servables involving position operators, highlighting its potential as a general tool for both analyzing
and computing excitonic properties in solids.

I. INTRODUCTION

When a material absorbs light, electrons are promoted
to higher-energy states, eliciting a collective response
from the remaining electrons. This excited many-body
system can often be mapped onto a bound quasi-electron
and quasi-hole pair, known as an exciton, stabilized by
Coulomb attraction. Quantitative characterization of ex-
citons is essential for understanding absorption spectra,
charge-separation efficiency, and other optoelectronic be-
haviors in many materials. Such excitonic properties un-
derpin the performance of devices ranging from photo-
voltaic cells and light-emitting diodes to emerging plat-
forms for optical information storage in transition-metal
dichalcogenides. Excitons are commonly classified by the
average spatial separation of their constituent charges:
Frenkel excitons [1], with electron and hole confined to
the same molecular or atomic site, and charge-transfer
excitons [2], in which electron and hole reside on dif-
ferent sites within or even across unit cells. The domi-
nant exciton type has a profound impact on excited-state
phenomena such as exciton dynamics [3]: Frenkel exci-
ton transport often proceeds via hopping between sites,
whereas charge-transfer excitons are more likely to dif-
fuse through the crystal lattice like a wave.

First-principles methods such as time-dependent den-
sity functional theory (TDDFT) [4–10], equation-of-
motion coupled-cluster (EOM-CC) [11–18], and the
ab initio GW–Bethe–Salpeter equation (GW–BSE) ap-
proach [19, 20] now enable quantitative prediction of ex-
citonic properties in both molecular and solid-state sys-
tems. These computational techniques have been suc-
cessfully applied to molecular crystals [21–26], covalent
semiconductors [27–30], two-dimensional materials [31–
33], and beyond [34–36]. Nevertheless, even with accu-
rate excited-state solutions in hand, precisely quantifying

the extent of electron–hole separation remains challeng-
ing, particularly in crystalline solids, where the position
operator suffers from an intrinsic gauge ambiguity.

Two widely used approaches to quantify exciton char-
acter are natural transition orbitals (NTOs) [37] and
exciton correlation functions [26]. In the NTO frame-
work familiar from quantum chemistry, one first builds
the transition density matrix by projecting the excited
state onto diabatic electron and hole orbitals, and then
performs a singular-value decomposition to extract the
dominant electron–hole pairs. If the leading NTOs local-
izes electron and hole at opposite ends of a molecule, the
exciton is classified as charge-transfer; if they coincide,
it is Frenkel-like. This method also readily provides an
orbital decomposition for excitons. However, as has been
pointed out in Ref. [38], while NTOs work exceptionally
well for molecular or asymmetric systems, they become
ambiguous in crystals (or any inversion-symmetric sys-
tem) because the underlying single-particle orbitals de-
localize across the periodic cell, obscuring the difference
between the Frenkel and charge-transfer limits. Exci-
ton correlation functions are more suitable for providing
real-space picture of electron–hole separation in solids.
One fixes the hole at various positions in the unit cell
and computes the corresponding average electron den-
sity, then visualizes three-dimensional cuts through the
resulting six-dimensional wavefunction to reveal spatial
separation patterns. This approach offers deep insight
but is computationally demanding, requiring sampling of
hundreds of hole positions in the unit cell, and a supercell
for subsequent analysis of exciton wavefunction. More-
over, although isosurface plots of electron–hole probabil-
ity are visually informative, they do not identify which
specific orbitals contribute most to the exciton as NTOs
do.

Here, we introduce a new method, the Wannier func-
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tion decomposition of excitons (WFDX), for quantifying
exciton character. WFDX is computationally cheaper
than exciton correlation function approaches and retains
orbital (like NTOs) and site resolution for crystalline sys-
tems. The idea is motivated by Wannier’s seminal paper
[2] in 1937 where he introduced a localized real-space ba-
sis for periodic systems, nowadays called Wannier func-
tions. In addition, he proposed the first application, ex-
panding exciton states in terms of Wannier functions. He
showed that one can map correlated electron–hole pairs
from reciprocal space into this localized basis, precisely
the original motivation for the Wannier functions. In
this paper, we build on Wannier’s idea in a modern ab
initio context. About sixty years after Wannier func-
tions were first written down, the concept was extended
to realistic materials with the introduction of maximally-
localized Wannier functions (MLWFs) [39, 40], providing
a practical, compact real-space basis for periodic solids
[41, 42]. Here, we use the MLWF concept to analyze ex-
citons obtained from ab initio many-body perturbation
theory, specifically the GW approximation (where G is
the one-electron Green’s function and W the screened
Coulomb interaction) combined with the Bethe-Salpeter
equation (BSE) approach [19, 20, 43–45] for excited-state
calculations, a standard predictive excited-state frame-
work for solid-state systems. Prior GW -BSE studies [46]
express exciton wavefunctions in a Bloch-function basis,
emphasizing their reciprocal-space character. WFDX re-
expresses the exciton wavefunction in an electron–hole
basis of MLWFs. This real-space formulation naturally
captures the character of excitons with high orbital and
spatial resolution, avoiding both large supercells and an
exhaustive sampling of hole positions.

The remainder of this paper is organized as follows.
In Sec. II A, we review exciton analysis for solids in re-
ciprocal space using the electron–hole Bloch-function ba-
sis. In Sec. II B, we introduce the WFDX formalism and
real-space exciton analysis for solids. Sec. III summa-
rizes the GW -BSE methodology and computational de-
tails. In Sec. IV, we apply WFDX to acene crystals: we
first examine orbital contributions (Sec. IVA), then ana-
lyze how the exciton spatial character (Sec. IVB) varies
with ring number (Sec. IVB1), spin state (Sec. IVB2),
and center-of-mass momentum Q (Sec. IVB3). We fur-
ther demonstrate how WFDX’s orbital and spatial res-
olution reflects the presence of nonsymmorphic symme-
tries (Sec. IVC). In Sec. V, we discuss potential future
extensions of WFDX, and in Sec. VI, we conclude.

II. THEORY AND METHODS

A. Exciton Analysis in Reciprocal Space

Each exciton state |SQ⟩ in a crystal is uniquely speci-
fied by its state index S and center-of-mass (COM) mo-
mentum Q. Its two-particle wavefunction ΨSQ(re, rh) =〈
re, rh|SQ

〉
gives the probability amplitude of finding the

electron at re and the hole at rh simultaneously.
A natural basis for excited-state calculations in pe-

riodic systems is the product of single-particle Bloch
functions. Each Bloch state is written as ψnk(r) =

1√
Nk
eik·r unk(r), where n labels the band and k is the

crystal momentum. These one-particle Bloch states can
be obtained from Kohn–Sham DFT, Hartree–Fock, or
any other electronic structure method suitably formu-
lated for periodic systems. In this basis the exciton wave-
function is expanded as

ΨSQ(re, rh) =
∑
cvk

ASQ
cvk ψck(re)ψ

⋆
v,k−Q(rh), (1)

where c and v index conduction (virtual) and valence

(occupied) bands, respectively, and ASQ
cvk are the exciton

expansion coefficients.
As shown in Fig. 1, one can analyze exciton character

in reciprocal space by examining the magnitudes of ASQ
cvk,

which indicate how the Bloch states |nk⟩ contribute to
a given exciton. However, because Bloch states extend
over the entire crystal, this analysis does not yield a di-
rect real-space picture of electron–hole separation. In the
next section, we introduce a localized basis transforma-
tion that enables quantitative analysis of excitons in real
space.

B. Wannier Function Decomposition of Excitons

The extended single particle Bloch basis ψnk(r) =
⟨r|nk⟩ and the localized Wannier basis wmR̄(r) =
⟨r|mR̄⟩ with orbital index m are related through a uni-
tary transformation, via

wmR̄(r) =
1√
Nk

NW∑
nk

e−ik·R̄Unm(k)ψnk(r) (2a)

and

ψnk(r) =
1√
Nk

NW∑
mR̄

eik·R̄U†mn(k)wmR̄(r). (2b)

Here R̄ is a lattice vector and labels the cell where Wan-
nier function is centered, Nk is the total number of k-
points, and W denotes the chosen subspace of bands
(dimension NW). The unitary matrices U(k) encode a
gauge freedom and in the MLWF framework, this gauge
is specified by minimizing the total spread functional

Ω[U ] =

NW∑
m

[
⟨m0̄|r̂2|m0̄⟩ − ⟨m0̄|r̂|m0̄⟩2

]
, (3)

following the procedure implemented in the open source,
post-processing software Wannier90 [47, 48]. In Eq. 3, r̂
is understood as the position operator with three com-
ponents and the notation Ω[U ] indicates that the spread
is a functional of the gauge, U .
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FIG. 1. Reciprocal-space decomposition of the lowest-energy zero-COM-momentum singlet exciton in crystalline naphthalene.
The size of the data point at each k is a reflection of the state’s contribution: for a valence state |vk⟩, size ∝

∑
c |A

SQ
cvk|

2; for a

conduction state |ck⟩, size ∝
∑

v |A
SQ
cvk|

2. The exciton expansion coefficients are computed on a uniform k-gird and interpolated
onto the selected high-symmetry k-path via Eq. 17, see Sec.V for details. The underlying electronic band structure shows GW
quasiparticle energies referenced to the valence band maximum (VBM = 0 eV). For clarity, each pair of bands is displayed in
a vertically zoomed window with its own energy scale; the y-axis is broken between windows.

Substituting Eq. 2b into the reciprocal-space expres-
sion in Eq. 1 and collecting terms yields the exciton wave-
function in the Wannier basis (see Appendix A 2), namely

ΨSQ (re, rh)

=
1√
Nk

∑
R̄

eiQ·R̄
[∑
ai∆R̄

ASQ

ai∆R̄
waR̄+∆R̄ (re)w

⋆
iR̄ (rh)

]
,

(4)
where the indices i and a label occupied (valence) and
virtual (conduction) Wannier orbitals, respectively, and
∆R̄ is the lattice-vector difference between the cell where
the electron and hole MLWFs are centered. We define the

electron–hole Wannier center difference, which measures
the separation between the MLWF centers of the electron
and the hole, as

∆R = ∆R̄+ τa − τi, (5)

with τa and τi the Wannier centers of the virtual (unoc-
cupied) and occupied orbital in the home cell labelled by
R̄ = 0. Analogous to reciprocal-space “dot plots” shown
in Fig. 1, one can visualize WFDX with arrow plots
(Fig. 6), where each arrow originates at the hole’s Wan-
nier center and points to the electron’s center. ∆R is the
separation between the electron-hole Wannier center. In

analogy to the reciprocal space exciton analysis, |ASQ

ai∆R̄
|2
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is the probability of having the transition from occupied
orbital i to the virtual orbital a with an electron-hole
spatial separation of ∆R for exciton state |SQ⟩. This
provides a corresponding real space analysis for excitons
in periodic solids, and we coin this as the Wannier func-
tion decomposition of excitons (WFDX) approach.

III. IMPLEMENTATION AND
COMPUTATIONAL DETAILS

The WFDX method can be applied to analyze any ex-
citon wavefunction within Tamm-Dancoff approximation
(TDA) [9, 49], standard within the ab initio GW–BSE
framework [20]; the key steps in the WFDX implemen-
tation are summarized below.

A. Implementation

Exciton coefficients ASQ
cvk are first obtained by solving

the BSE in reciprocal space within the TDA:(
εGW
ck − εGW

vk−Q
)
ASQ

cvk

+
∑
c′v′k′

⟨cvkQ|Keh |c′v′k′Q⟩ASQ
c′v′k′ = ESQA

SQ
cvk,

(6)

where εGW
nk are the GW quasiparticle energies andKeh =

−KD+2δSK
X is the electron-hole interaction kernel. KD

is the direct kernel capturing the screened attraction be-
tween electron and hole; KX is the exchange kernel in
analogous to the Hartree-Fock exchange interaction, and
it only exists for singlet excitons with zero exciton spin.
ESQ is the exciton energy.
In the WFDX method, the real-space exciton coeffi-

cients ASQ

ai∆R̄
are obtained from the reciprocal-space am-

plitudes via

ASQ

ai∆R̄
=

1√
Nk

NW∑
cvk

eik·∆R̄U†ac(k)A
SQ
cvk Uvi(k−Q). (7)

Here Uac(k) and Uvi(k−Q) are the unitary rotations that
generate MLWFs for conduction (electron or virtual) and
valence (hole) subspaces at each k-point, computed via
the standard single-particle wannierization in Wannier90
[47, 48]. For clarity we display the conduction and va-
lence rotations separately above; in practice a single uni-
tary U(k) rotates the entire composite manifold (valence
+ conduction) into the Wannier gauge, so the electron
and hole subspaces need not be treated separately. The
real-space exciton coefficients can then be written in the
compact form

ASQ

mm′∆R̄
=

1√
Nk

NW∑
nn′k

eik·∆R̄ U†mn(k)A
SQ
nn′k Un′m′(k−Q),

(8)

where m,m′ label Wannier orbitals, and n, n′ label Bloch
bands in the chosen composite subspace. ASQ

nn′k is the
zero-padded CV-block embedding of the usual TDA am-

plitudes: ASQ
nn′k = ASQ

cvk for n ∈ C(conducation), n′ ∈
V (valence), and zero otherwise.
Fig. 2 outlines the overall workflow. For the exci-

ton states valid under the one-shot GW approximation
(G0W0), the quasiparticle energies εGW

nk are corrected
to first order in perturbation theory and the quasipar-
ticle wavefunctions remain at zeroth order. One can
start the wannierization from the DFT eigenstates in
this case as shown in the workflows. This scheme can
be readily extended beyond one-shot GW ; for instance,
one may use quasiparticle energies and wavefunctions
from an eigenvalue or eigenvector self-consistent GW
scheme [50, 51], incorporating higher-order corrections.
These same quasiparticle states can be used directly as
input for wannierization and be employed as an elec-
tron–hole product basis for expanding BSE-computed ex-
citon wavefunctions.

ψDFT
nk (r), εDFT

nk

DFT

Quantum Espresso

Wannier90 BerkeleyGW

ASQ
cvk

(Eq. 6)

Uvi(k − Q), U †
ac(k)

(Eq. 3)

ASQ

ai∆R̄

(Eq. 7)

FIG. 2. Workflow for WFDX in the G0W0–BSE approach.
Left: wannierization of valence and conduction subspaces to
obtain U(k). Right: BSE solution for ASQ

cvk. Software used
in this work is indicated, but the workflow is independent of
codes.

B. Computational Details

In what follows, we use WFDX to study naphthalene
through pentacene (2–5 rings) crystals using experimen-
tal structures from the Cambridge Structural Database:
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NAPHTA31 [52], ANTCEN16 [53], TETCEN03 [54], and
PENCEN [55]. Acenes are linearly fused benzene rings,
and in solid state structures we study, they all adopt a
herringbone packing arrangement. Each acene crystal
unit cell contains two molecules oriented differently, one
at the corner (site A) and one at the face center (site
B) as shown in Fig. 3. All four acene crystals studied
possess both identity and inversion symmetries. Naph-
thalene and anthracene assume monoclinic lattices, in-
troducing two more glide mirror symmetries that inter-
change the A and B sublattices; tetracene and pentacene,
by contrast, crystallize in triclinic cells lacking these op-
erations, rendering their two molecular sites inequivalent.
We will show how our WFDX analysis reflects those ad-
ditional nonsymmorphic symmetries in Sec. IVC.

The starting point for all calculations is a ground-
state density functional theory (DFT) calculation to ob-
tain Kohn-Sham energies and eigenstates [56, 57]. We
use a plane wave basis set, the Perdew-Burke-Ernzerhof
(PBE) exchange-correlation functional [58], and norm-
conserving pseudopotentials taken from pseudo-dojo
[59, 60]. To converge the ground-state density we use an
70 Ry planewave cutoff and 8× 8× 4 k-mesh. All DFT
calculations are performed with Quantum Espresso [61].

On top of these Kohn–Sham states we perform one-
shot G0W0 and subsequently solve the BSE. Based on
prior benchmarks [22], for acenes up to five rings, G0W0

with a PBE starting point yields reliable quasiparticle
energies. In the random phase approximation (RPA) for
the dielectric matrix [62, 63], we include a total of 400
bands and use an 8 Ry planewave cutoff to compute the
susceptibility. Frequency dependence is treated with the
Hybertsen–Louie generalized plasmon-pole (GPP) model
[19]. The BSE kernel, Keh, employs static screening in
the direct term and is expanded over 16 conduction bands
and 16 valence bands. We solve the exciton COM mo-
mentum (Q) dependent BSE, constructing the electron-
hole kernel explicitly along selected Q-path without sym-
metry reduction or interpolation. All G0W0-BSE steps
are carried out with BerkeleyGW [46].

Details on the construction of the MLWFs are provided
in Appendix B.

IV. RESULTS

As a first demonstration, we apply WFDX to quan-
tify exciton localization in herringbone acene crystals
[21, 22, 26], a class of organic semiconductors [25] of great
interest where previous work have reported on the car-
rier mobility [64, 65], exciton transport [66, 67], singlet
fission [38, 68, 69] and other emerging phenomena [70–
72]. Accurate real-space characterization of exciton spa-
tial extent and orbital contributions in these systems is
essential for understanding their optoelectronic behavior.

A. Exciton Orbital Character

In what follows, we use the fact that ASQ
ai∆R ≡ ASQ

ai∆R̄
and express all amplitudes in terms of ∆R, since once i,
a and ∆R̄ are specified, ∆R is uniquely determined and
the probability amplitude interpretation is unchanged.
We retain the indices a and i to specify the exact electron-
hole transition and its localization site. This notation
preserves both clarity and conciseness. The orbital con-
tribution to an exciton from a transition between occu-
pied Wannier orbital i and virtual Wannier orbital a is
written as

PSQ
i→a =

∑
∆R

∣∣∣ASQ
ai∆R

∣∣∣2 . (9)

Fig. 3 illustrates the band structure of crystalline naph-
thalene, color-coded by MLWF character alongside the
isosurfaces of the MLWFs. Similar plots for the other
acenes are provided in Appendix B.

As mentioned in Sec. III B, because the acene unit
cell contains two inequivalent molecules (sites A and B),
each molecular orbital generates a pair of crossing bands
and corresponding Wannier functions on the two molec-
ular sublattices. We then group the site-specific Wannier
functions into molecular-orbital labels, denoted I for oc-
cupied groups (e.g. A HOMO and B HOMO are grouped
as HOMO) and A for virtual groups (e.g. A LUMO and
B LUMO are grouped as LUMO), so that

PSQ
I→A =

∑
i∈I, a∈A

PSQ
i→a. (10)

For the lowest singlet exciton at Q = 0, the dominant
transitions in solid naphthalene are HOMO−1→LUMO
and HOMO→LUMO+1, rather than the simple
HOMO→LUMO (Table I). This is consistent with a prior
excited state orbital transition study of the gas-phase
naphthalene molecule in Ref. [73]. In contrast, solid an-
thracene, tetracene, and pentacene exhibit nearly 100%
HOMO→LUMO character for singlets, and all triplet ex-
citons in these acene solids are essentially dominated by
HOMO→LUMO transitions.

TABLE I. Orbital contributions to the lowest singlet exciton
(Q = 0) in acene crystals.

Number of rings Transition Contribution (%)

2

HOMO-1 → LUMO 37
HOMO → LUMO 23

HOMO → LUMO+1 38
Total ≃100

3-5 HOMO → LUMO ≃100
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LUMO+1

A site

LUMO

HOMO

HOMO-1

B sitetop side

HOMO-2

LUMO+2

FIG. 3. Left: GW quasiparticle band structure of crystalline naphthalene, referenced to the valence band maximum (VBM
energy set to 0 eV). Curves are colored by MLWF sublattice character (dark: site A; light: site B). The near-midpoint colors
across the bands indicate that each Bloch state is approximately an equal-weight superposition of MLWFs on the A and B
sublattices. Right: Isosurfaces of the MLWFs for HOMO–2, HOMO–1, HOMO, LUMO, LUMO+1 and LUMO+2, columns
from left to right show A site, top, side and B site views.

B. Exciton Real-Space Character

The probability of finding the electron–hole pair sepa-
rated by ∆R in exciton |SQ⟩ is

PSQ
∆R =

∑
ai

∣∣∣ASQ
ai∆R

∣∣∣2 . (11)

We define the Frenkel character as the on-site weight

at zero separation, PSQ
F = PSQ

∆R=0; and the charge-
transfer character as the sum over all nonzero separa-

tions, PSQ
CT =

∑
∆R̸=0 P

SQ
∆R. This decomposition offers a

clear cut distinction between Frenkel and charge-transfer
excitons. In contrast, NTOs require examining the spa-
tial overlap of electron and hole orbitals, while exciton
correlation functions rely on an extra real-space integra-
tion to extract charge-transfer weight, introducing a de-
gree of arbitrariness to the metric. In WFDX, once the
electron and hole MLWFs are determined, the exciton
wavefunction admits a unique expansion in that local-
ized basis, and the Frenkel versus charge-transfer contri-
butions follow directly from the electron–hole Wannier
centers.

To quantify the exciton’s spatial extent, we compute

the root-mean-square (RMS) electron–hole separation,

√
⟨|∆R|2⟩ =

√∑
∆R

PSQ
∆R |∆R|2. (12)

WFDX is not limited to acenes but offers a general
real-space framework for quantifying exciton character
in any crystalline solid. In the Wannier–Mott limit of a
hydrogenic exciton, the RMS separation of Eq. 12 would
correspond physically to a Bohr radius; yet the same defi-
nition applies equally to non-hydrogenic excitons, making
it a universally valid measure of exciton size.

1. Dependence on Acene Length

Figure 4 shows the Frenkel and charge-transfer per-
centages (PF and PCT) on the left axis and the RMS
separation on the right axis for the lowest-energy singlet
and triplet excitons. We find that as the number of rings
increases from naphthalene to pentacene, the exciton be-
comes progressively more delocalized: both the charge-
transfer character and the RMS electron–hole distance
grow as physically expected. This is consistent with the
larger electronic bandwidth and therefore intermolecular
coupling as the molecules increase in number of rings, see
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Appendix B, C. In pentacene, the singlet exciton’s aver-
age separation is approximately 6 Å, in excellent agree-
ment with the 6.1 Å peak reported via correlation func-
tions in Ref. [26] (the small discrepancy reflects different
quantification schemes).

2. Singlet vs. Triplet Excitons

We denote singlet states by S and triplets by T .
In Fig. 4(a), the lowest singlet in naphthalene is pre-
dominantly Frenkel-like, but from anthracene onward
it becomes charge-transfer dominated, with the charge-
transfer fraction increasing and reaching ∼ 10% in pen-
tacene. By contrast (Fig. 4(b)), all lowest triplet excitons
remain strongly Frenkel-like, with only a slight increase
in charge-transfer weight as the ring count grows. From
these results we can infer that in the acene crystals ex-
citon delocalization is driven primarily by the repulsive
exchange interaction and intermolecular coupling.

3. Q-Dependence of Exciton Character

By solving the BSE for different exciton COM mo-
mentum Q, we calculate the exciton dispersion along the
x direction at 5 equally spaced Q points from Γ to X.
We focus on anthracene as it is representative for study-
ing the exciton spatial character change with respect to
Q: it is the system with the least number of rings for
which the lowest four exciton bands start to cross, and
it preserves the nonsymmorphic symmetry, thereby ac-
centuating the monotonic evolution of exciton character
along the bands connected by maximizing the overlap of
eigenstates at adjacent Q-points. The analysis for other
acene crystals are given in Appendix D.

As shown in Fig. 5, the lowest four exciton bands of
crystalline anthracene are entangled but separated from
higher energy states. States S = 1, 3 and S = 2, 4 are
degenerate on the X point due to the nonsymmorphic
symmetry. Overall, all of the lowest-lying anthracene
excitons are charge-transfer-dominated, and S = 1, 3
have relatively more Frenkel character compared with
S = 2, 4. For S = 1, the average electron-hole distance
increases modestly with increasing charge-transfer char-
acter, and its counterpart S = 3 is the opposite.

Notably, exciton band dispersion does not directly cor-
relate with real-space localization. We attribute this to
the fast that our WFDX analyzes only the relative co-
ordinate ∆R via single-particle Wannier functions. By
contrast the more dispersive exciton bands are predicted
to correlate with localization of the exciton in the COM
coordinate, as defined in Ref. [74].

C. Orbital and Spatial Resolution

To combine orbital and spatial information, we intro-
duce arrow diagrams to plot the real-space amplitudes

ASQ
ai∆R from Eq. 4. Because the c axis is longer than a or

b in these acenes, nearly all electron–hole separations are
confined to the same ab plane, so we project each arrow
plot onto that plane.
Fig. 6 shows A → B and B → A HOMO → LUMO

transitions for the lowest-energy exciton at Q = 0 in
crystal naphthalene and pentacene; results for other tran-
sitons and acenes are in Appendix E. Each arrow repre-
sents a specific electron-hole transition i → a (e.g. A
HOMO → B LUMO), with its tail at the hole’s Wan-
nier center and its head at the electron’s Wannier center,
separated by ∆R. The number at each arrowhead de-
notes the percentage contribution of that transition to
the overall exciton state, namely

PSQ
ai∆R =

∣∣∣ASQ
ai∆R

∣∣∣2 . (13)

Table II summarizes the site-resolved excitation
weights and RMS distances, namely

PSQ
i∈X =

∑
a,i∈X;∆R

∣∣∣ASQ
ai∆R

∣∣∣2 (14a)

and
√
⟨|∆R|2⟩i∈X =

√√√√√∑a,i∈X;∆R

∣∣∣ASQ
ai∆R

∣∣∣2 |∆R|2

PSQ
i∈X

,

(14b)

for X = A or B at Q = 0, respectively. The sym-
metries of the four lattices are previously discussed in
Sec. III B. Naphthalene and anthracene yield identical
values on the A and B sublattices, reflecting their non-
symmorphic symmetry and consequent sublattice equiva-
lence. However, tetracene and pentacene, which lack this
symmetry, exhibit distinct A and B site values. The joint
orbital-spatial resolution of our WFDX approach enables
more accurate and detailed exciton post-processing and
uncovers real-space symmetries concealed by other anal-
yses. As an illustration, we demonstrate how WFDX
exposes the glide-mirror symmetry of the lattice, a prop-
erty that remains indirect in conventional Bloch-function
analyses.
In Fig. 6, the yellow boxes highlight identical per-

centage contributions paired by glide-mirror symmetry
in naphthalene, while the green boxes underscore their
disparity in pentacene. This behavior follows directly
from applying the nonsymmorphic glide-mirror operator
P = {σ|τ} to the exciton wavefunction in the Wannier
basis (Eq. 4), yielding:∣∣ASQ

mn∆R

∣∣2 =
∣∣ASQ

m̄ n̄, σ∆R

∣∣2, (15)

wherem,n ∈ {A,B}, m̄, n̄ are the complementary sublat-
tice indices (e.g. ifm = A then m̄ = B). Thus each A→B
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S = 1,Q = 0 T = 1,Q = 0(a) (b)

FIG. 4. Trends in lowest-lying singlet and triplet excitons in acene solids. Frenkel (PF, green bars) versus charge-transfer
(PCT, orange bars) character (left black axis) and root-mean-square electron–hole separation (red points and right red axis) for
the lowest-energy Q = 0 (a) singlet and (b) triplet excitons, plotted against the number of rings in the acene molecule making
up the crystal.

S = 2

S = 3 S = 4
(a) (b)

S = 1

FIG. 5. (a) Exciton dispersion for singlet in crystal anthracene. Connectivity of the bands are chosen to maximize the overlap
of eigenstates at adjacent Q-points. (b) The spatial character change for the lowest four exciton along the Q-path.

transition maps to its B→A counterpart, with the sepa-
ration vector reflected by the mirror operation σ, which

is exactly what we saw in Fig. 6. This is equivalent to
the more general statement that the magnitudes of the
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a

b

γ

a

b

γ

lattice structure

FIG. 6. HOMO→LUMO transition probabilities for the lowest-energy singlet exciton at Q = 0 in crystalline naphthalene (top
row) and pentacene (bottom row). Columns 1 and 2 show transitions originating from sublattice A→B and B→A, respectively;
pink dots indicate Wannier centers on sublattice A and blue dots those on sublattice B. For clarity, only nearest-neighbor
contributions are shown; full-range plots appear in Appendix E. In naphthalene, yellow boxes connect equal probabilities
related by the glide-mirror symmetry, whereas in pentacene green boxes highlight the inequivalent values that arise when
that symmetry is absent. The rightmost column gives each crystal’s ab-plane projection, with the arrow indicating the glide
translation τ and dashed lines denoting the mirror planes σ that together generate the glide-mirror operations.

TABLE II. Site-resolved excitation weight and RMS electron–hole separation for the lowest Q = 0 singlet in acene crystals.

Excitation weight (%) RMS distance
√

⟨|∆R|2⟩ (Å)

Number of rings Hole on A Hole on B Hole on A Hole on B

2 50 50 2.66 2.66
3 49 49 4.45 4.45
4 59 40 5.34 5.52
5 59 41 5.78 6.18

exciton amplitudes on the sublattice connected by non-
symmorphic symmetry are equal, and the electron-hole
Wannier center difference is mapped from one sublat-
tice to the other with the point group operation of the
nonsymmorphic symmetry. A full derivation appears in
Appendix F.

The nonsymmorphic symmetry may also be seen in
reciprocal space, but is manisfested as a phase rather
than a sublattice symmetry, as the single-particle Bloch
function transforms as

P ψnk(r) = eik·τ ψn, σk(r). (16)

Here τ is the vector form of translation operation τ ,
which enters only as a global phase, not as a coordinate
shift.

V. DISCUSSION AND OUTLOOK

The WFDX method introduced here adds both or-
bital and spatial resolution to the analysis of excitons in
crystals, revealing sublattice symmetries obscured in the
Bloch-basis and in other existing methods. Moreover,
WFDX offers a direct route to study phase-dependent
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excited-state phenomena in real space. For example,
interaction-driven topological effects in excitons are en-
coded in the phase of their envelope functions. As noted
in Ref. [75], prior work focusing solely on reciprocal-space
phases treats this information indirectly; more recently,
there has been a push to understand such phase-related
properties, so-called “shift excitons”, in a real-space pic-
ture. Drawing on the use of Wannier functions in single-
particle topology, such as the modern theory of polariza-
tion, where electronic Wannier centers shift under an ap-
plied field [76], and the bulk photovoltaic shift current, in
which light drives coherent displacements of charge cen-
ters [77], WFDX promises to enable ab initio studies of
shift excitons in real materials.

We anticipate that WFDX arrow plots will serve as an
efficient tool for real-space exciton analysis in solids, com-
plementing exciton correlation functions and NTOs much
as band-structure “dot” plots for reciprocal-space anal-
ysis. At its core, WFDX rotates the exciton expansion
from delocalized Bloch functions into a localized Wan-
nier basis. Similar Wannier-based strategies have already
accelerated excited-state calculations [42, 78], including
implementations of the BSE in an electron-hole Wannier-
product basis [79], and we similarly expect WFDX to
open new avenues for computing excitonic properties.

One immediate application is fine-grid interpolation of
exciton amplitudes. By solving the BSE on a coarse mesh

kco to obtain A
SQ
cvkco

and converting to real space via Eq. 7

to extract ASQ

ai∆R̄
, one can exploit the rapid decay of these

real-space coefficients to reconstruct amplitudes on any
fine mesh kfi:

ASQ
cvkfi

=
1√
N∆R̄

NW∑
ai∆R̄

e−ikfi·∆R̄ Uca(kfi)A
SQ

ai∆R̄
U†iv(kfi −Q) ,

(17)
thereby greatly reducing computational cost. Here N∆R̄

is the number of real-space points for the electron-hole
Wannier center separation; in pracetice N∆R̄ = Nk be-
cause the two grids are Fourier conjugates. Indeed, this
procedure was employed to interpolate exciton coeffi-
cients in Fig. 1 across the bandstructure, demonstrating
its practical effectiveness.

Beyond interpolation, WFDX also streamlines the
evaluation of position-operator–dependent properties.
For example, it gives a direct, gauge-invariant expression
for the average electron–hole separation in Eq. 12. An-
other key observable is the ground-to-excited transition
dipole, which in the conventional Bloch basis is written
as

⟨0 |r̂|SQ⟩ =
∑
cvk

ASQ
cvk ⟨v k−Q |r̂| ck⟩ . (18)

Because independent phase choices for valence and con-
duction Bloch states can arbitrarily shift this dipole’s

phase, it is more convenient to express it in the Wannier
basis, namely as

⟨0 |r̂|SQ⟩

=
1√
NR̄

∑
R̄

eiQ·R̄
[∑
ai∆R̄

ASQ

ai∆R̄

〈
iR̄
∣∣ r̂ ∣∣aR̄+∆R̄

〉]
,

(19)
which is inherently gauge-invariant, guaranteeing consis-
tent and unambiguous dipole evaluations. HereNR̄ is the
number of real-space lattice vectors (Fourier-conjugate to
the k-mesh), so in practice NR̄ = Nk. In practice, the
dipole approximation assumes long-wavelength light with
negligible crystal momentum, it is standard to evaluate
Eq. 18 and 19 only in the Q→ 0 limit. Detailed deriva-
tions appear in Appendix A 3.

VI. CONCLUSIONS

In this work, we introduced the Wannier function de-
composition of excitons (WFDX) method as a unified,
real-space framework for analysis of excitons in periodic
solids. By mapping the GW–BSE exciton expansion in
products of extended Bloch functions onto products of
maximally localized Wannier functions, WFDX achieves
high-fidelity orbital and spatial decomposition at mod-
est computational cost. We demonstrated its effective-
ness on herringbone-packed acene crystals, uncovering
systematic trends in exciton delocalization with increas-
ing ring number, differing spin multiplicities, and vary-
ing center-of-mass momentum. Moreover, the combined
orbital-spatial resolution afforded by WFDX reveals non-
symmorphic symmetry effects that remain obscured in
reciprocal-space treatments. As discussed in Sec. V,
WFDX promises to be a powerful tool for both analyzing
and computing excited-state properties in solids. We en-
visage that it will become a standard complement to nat-
ural transition orbitals and exciton correlation functions,
enabling more efficient post-processing and deeper in-
sight into excited-state phenomena across a broad range
of semiconducting and insulating materials.
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Appendix A: Definitions and Conventions

1. Center-of-Mass and Relative Coordinates for Exciton States

For an exciton with COM momentum Q, one enforces ke − kh = Q, ke = k, kh = k −Q. The combined Bloch
phases can then be recast as ke·re−kh·rh = Q·R+krel·rrel, where R = α re+β rh, rrel = re− rh, krel = β ke+αkh,
with α+ β = 1 determined by the electron and hole effective masses. Here R is the exciton COM coordinate and rrel
the relative coordinate [74]; correspondingly, Q is the COM momentum and krel is the relative momentum.

2. Transforming Exciton Coefficients from Reciprocal to Real Space

We now convert the exciton expansion from the delocalized single-particle Bloch electron–hole product basis to the
localized single-particle Wannier electron–hole product basis. Specifically,

ΨSQ(re, rh)

=
∑
cvk

ASQ
cvk

 1√
Nk

NW∑
aR̄+∆R̄

eik·(R̄+∆R̄) U†ac(k)waR̄+∆R̄(re)

[ 1√
Nk

NW∑
iR̄

e−i(k−Q)·R̄ [U†iv(k−Q)]⋆ w⋆
iR̄(rh)

]

=
1√
Nk

∑
R̄

eiQ·R̄
∑
ai∆R̄

[
1√
Nk

NW∑
cvk

eik·∆R̄ U†ac(k)A
SQ
cvk Uvi(k−Q)

]
︸ ︷︷ ︸

ASQ

ai∆R̄

waR̄+∆R̄(re)w
⋆
iR̄(rh)

=
1√
Nk

∑
R̄

eiQ·R̄
[∑
ai∆R̄

ASQ

ai∆R̄
waR̄+∆R̄(re)w

⋆
iR̄(rh)

]
.

(A1)

The final line shows explicitly that the exciton is expanded in the localized electron–hole Wannier product basis (terms

in brackets), while the outermost sum over R̄ with phase eiQ·R̄ restores the Bloch character of the exciton at COM

momentum Q. The coefficients ASQ

ai∆R̄
are the real-space exciton amplitudes used throughout; their normalization is

verified in Sec. A 4 b.

3. Transition Dipole in Wannier Basis

The ground-to-excited transition dipole can be recast in the Wannier basis by inserting the Bloch–Wannier trans-
formations (Eq. 2b) in Eq. 18,

⟨0 |r̂|SQ⟩

=
∑
cvk

ASQ
cvk

(
1√
Nk

∑
iR̄

e−i(k−Q)·R̄Uvi(k−Q)
〈
iR̄
∣∣) r

 1√
Nk

∑
aR̄+∆R̄

eik·(R̄+∆R̄)U†ac(k)
∣∣aR̄+∆R̄

〉
=

1√
Nk

∑
R̄

eiQ·R̄
∑
ai∆R̄

[
1√
Nk

NW∑
cvk

eik·∆R̄ U†ac(k)A
SQ
cvk Uvi(k−Q)

]
︸ ︷︷ ︸

ASQ

ai∆R̄

〈
iR̄
∣∣ r̂ ∣∣aR̄+∆R̄

〉

=
1√
NR̄

∑
R̄

eiQ·R̄
[∑
ai∆R̄

ASQ

ai∆R̄

〈
iR̄
∣∣ r̂ ∣∣aR̄+∆R̄

〉]
.

(A2)

The algebra and final structure mirror Eq. A1; the underbraced term on the second line is precisely the real-space

(Wannier-basis) exciton amplitude ASQ

ai∆R̄
.
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4. Normalization

a. Single-particle Bloch and Wannier functions

We adopt Born-von Karman boundary conditions with Nk k-points (equivalently, Nk unit cells). The single-particle
Bloch states are written as

ψnk =
1√
Nk

eik·runk(r), (A3)

where the cell-periodic part unk(r) are orthonormal in the unit cell of volume Vuc, namely∫
Vuc

dru⋆nk(r)un′k(r) = δnn′ . (A4)

With this convention the Bloch functions ψnk(r) are orthonormal over the crystal volume Vk = VucNk:∫
Vk

drψ⋆
nk(r)ψn′k′(r) = δkk′δnn′ . (A5)

Using Eq. 2a and the Bloch orthonormality, the Wannier functions are also orthomormal over the crystal volume
VR̄ = Vk: ∫

VR̄

drw⋆
mR̄(r)wm′R̄(r)

=

∫
VR̄

dr
1

Nk

(
NW∑
nk

e−ik·R̄Unm(k)ψnk(r)

)(
NW∑
n′k′

eik
′·R̄′

U†m′n′(k
′)ψ⋆

n′k′(r)

)

=
1

Nk

NW∑
nn′kk′

ei(k
′·R̄′−k·R̄)U†m′n′(k

′)Unm(k)

[∫
VR̄

drψ⋆
nk(r)ψn′k′(r)

]
︸ ︷︷ ︸

δkk′δnn′

=
1

Nk

NW∑
nk

eik·(R̄
′−R̄) U†m′n(k)Unm(k) =

1

��Nk
��Nk δR̄R̄′

[
U†(k)U(k)

]
mm′

= δR̄R̄′δmm′ .

(A6)

b. Exciton wave function in Wannier basis

With the Bloch state normalization of Eq. A3, the exciton eigenvectors are orthonormal in the Bloch product basis.
We now show that the real-space (Wannier-basis) amplitudes are likewise orthonormal, namely∑

ai∆R̄

ASQ ⋆

ai∆R̄
AS′Q′

ai∆R̄

=
∑
ai∆R̄

(
1√
Nk

NW∑
cvk

e−ik·∆R̄
[
U†ac(k)

]⋆
ASQ⋆

cvk U⋆
vi(k−Q)

)(
1√
Nk

NW∑
c′v′k′

eik
′·∆R̄U†ac′(k

′)AS′Q′

c′v′k′Uv′i(k
′ −Q′)

)

=
1

Nk

∑
∆R̄ k k′

ei∆R̄·(k′−k) ∑
cvc′v′

[
NW∑
a

Uca(k)U
†
ac′(k

′)

]
ASQ⋆

cvk A
S′Q′

c′v′k′

[
NW∑
i

Uv′i(k
′ −Q′)U†iv(k−Q)

]

=
1

��Nk

∑
kk′

�
��N∆R̄︸ ︷︷ ︸

Nk

δkk′

∑
cvc′v′

[
U(k)U†(k′)

]
cc′
ASQ⋆

cvk A
S′Q′

c′v′k′

[
U(k′ −Q′)U†(k−Q)

]
v′v

=
∑
cc′

δcc′
∑
vv′

δvv′ δQQ′

∑
k

ASQ⋆
cvk A

S′Q′

c′v′k

= δQQ′

(∑
cvk

ASQ⋆
cvk A

S′Q′

cvk

)
= δSS′δQQ′ .

(A7)
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It immediately follows that exciton state expanded in the Wannier basis are also orthonormal:

〈
SQ|S′Q′

〉
=

1

Nk

∫
Vk

dre

∫
Vk

drh

[∑
R̄

e−iQ·R̄
(∑

ai∆R̄

ASQ⋆

ai∆R̄
w⋆

aR̄+∆R̄(re)wiR̄(rh)

)]
[∑

R̄′

eiQ
′·R̄′

( ∑
a′i′∆R̄′

AS′Q′⋆

a′i′∆R̄′wa′R̄′+∆R̄′(re)w
⋆
i′R̄′(rh)

)]

=
1

Nk

∑
R̄R̄′

ei(Q
′·R̄′−Q·R̄)

∑
aia′i′∆R̄∆R̄′

ASQ⋆

ai∆R̄
AS′Q′

a′i′∆R̄′

[∫
Vk

drew
⋆
aR̄+∆R̄(re)wa′R̄′+∆R̄′(re)

]
[∫

Vk

drhwiR̄(rh)w
⋆
i′R̄′(rh)

]
=

1

Nk

∑
R̄R̄′

ei(Q
′·R̄′−Q·R̄)

∑
aia′i′∆R̄∆R̄′

ASQ⋆

ai∆R̄
AS′Q′

a′i′∆R̄′ δaa′δR̄R̄′ δ∆R̄∆R̄′δii′

=
1

Nk

∑
R̄

ei(Q
′−Q)·R̄ ∑

ai∆R̄

ASQ⋆

ai∆R̄
AS′Q′

ai∆R̄

=
1

��Nk
�
�NR̄︸︷︷︸

Nk

δSS′δQQ′ = δSS′δQQ′ .

(A8)

Consequently, expressing the exciton in the Wannier basis preserves orthonormality: the Wannier-basis exciton eigen-
vectors remain orthonormal exactly as in the Bloch basis.

c. Fine grid reciprocal space coefficients

We verify that the interpolation formula Eq. 17 produces properly normalized exciton coefficients at any k-point
and introduces no spurious phase. Inserting Eq. 7 into Eq. 17 gives

ASQ
cvkfi

=
1√
N∆R̄

NW∑
ai∆R̄

e−ikfi·∆R̄ Uca(kfi)A
SQ

ai∆R̄
U†iv(kfi −Q)

=
1√
N∆R̄

NW∑
ai∆R̄

e−ikfi·∆R̄ Uca(kfi)

[
1√
Nk

NW∑
c′v′k

eik·∆R̄ U†ac′(k)A
SQ
c′v′k Uv′i(k−Q)

]
U†iv(kfi −Q)

=
1√
N∆R̄

1√
Nk

∑
k

[∑
∆R̄

ei(k−kfi)·∆R̄

]∑
c′v′

[
NW∑
a

Uca(kfi)U
†
ac′(k)

]
ASQ

c′v′k

[
NW∑
i

Uv′i(k−Q)U†iv(kfi −Q)

]

=
1

���N∆R̄

∑
k

���N∆R̄δkkfi

∑
c′v′

[
U(kfi)U

†(k)
]
cc′
ASQ

c′v′k

[
U(k−Q)U†(kfi −Q)

]
v′v

=
∑
c′v′

δcc′A
SQ
c′v′kfi

δv′v = ASQ
cvkfi

.

(A9)

Hence no additional normalization factor or phase is introduced by the interpolation.

Appendix B: MLWF Construction and Band Structure Characterization

To obtain MLWFs that faithfully reproduce isolated molecular orbitals, we define separate energy windows for
each subspace of crossing bands, and perform wannierization in each using symmetry-adapted technique [80]; we then
assemble the subspaces into the full manifold to construct U .

Given the single-particle energy, εnk, and the corresponding Wannier rotation matrices, Unm(k), on a uniform grid
of k-points, we first Wannier-Fourier transform to obtain hopping matrix elements

Hmm′(R̄) =
∑
nk

e−ik·R̄U†mn(k) εnk Unm′(k), (B1)
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and subsequently Fourier transform to an arbitrary kfi-point to find

Hmm′(kfi) =
∑
R̄

eikfi·R̄Hmm′(R̄). (B2)

Diagonalizing H(kfi) yields eigenvalues and eigenstates |nkfi⟩ expanded in the Wannier basis
{∣∣mR̄

〉}
. Assigning a

distinct color to each Wannier function, we construct a colormap from the weights
∣∣⟨mR̄|nkfi⟩

∣∣2, and plot the Wannier
contributions to every Bloch state on the selected k-path. In this work, we supply GW quasiparticle energies as inputs
to the interpolation. The k-path is L(−0.5, 0.5, 0) → X(−0.5, 0, 0) → Γ(0, 0, 0) → Y (0, 0.5, 0) → L(0.5, 0.5, 0), with
coordinates given in fractional reciprocal-lattice units.

Fig. 7 - 9, together with Fig. 3 in the main text, present the interpolated GW band structures and their character
of MLWFs. Left: GW quasiparticle band structure of crystalline acenes, referenced to the valence band maximum
(VBM set to 0 eV). Curves are colored by MLWF sublattice character (dark: site A; light: site B). Right: Isosurfaces
of the MLWFs for (HOMO–2,) HOMO–1, HOMO, LUMO, LUMO+1 (and LUMO+2), columns from left to right
show A site, top, side and B site views.

LUMO

HOMO-2

HOMO-1

HOMO

LUMO+2

A site B sitetop side

LUMO+1

FIG. 7. Band structure character of MLWFs in crystal anthracene. The near-midpoint colors across the bands indicate that
each Bloch state is approximately an equal-weight superposition of MLWFs on the A and B sublattices. The red-circled region
highlights mixing between LUMO+1 and LUMO+2; the rightside color bar quantifies their contributions.
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HOMO-2

LUMO

HOMO-1
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FIG. 8. Band structure character of MLWFs in crystal tetracene. The pronounced color variation indicates that each Bloch
state comprises an inequivalent superposition of A- and B-sublattice Wannier functions, with clear mixing between HOMO-2
and HOMO-1 as well as between LUMO+1 and LUMO+2. For clarity, four vertically stacked, zoomed panels are shown for
the bands forming HOMO-2/HOMO-1, HOMO, LUMO, and LUMO+1/LUMO+2, each with its own energy scale; the y-axis
is broken between panels.

LUMO+1

A site

LUMO

HOMO

HOMO-1

B sitetop side

FIG. 9. Band structure character of MLWFs in crystal pentacene. The pronounced color variation indicates that each Bloch
state comprises an inequivalent superposition of A- and B-sublattice Wannier functions.
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Appendix C: Intermolecular Coupling in Acene Crystals

As shown in Table III, the bandwidths of the two highest valence bands (forming HOMO-like Wannier functions)
increase with the number of rings in the acenes, indicating stronger intermolecular coupling.

TABLE III. Bandwidth of the two highest valence bands in acene crystals.

Number of rings Bandwidth (meV)

2 28
3 54
4 505
5 507

Appendix D: COM Dependence of the Exciton Spatial Character

In practice, we identified the smoothest connection of exciton bands by maximizing the overlap between exciton
wave functions at adjacent Q-points (which sometimes required denser sampling along the Q-path) [74]. At each
step, the state S at Q is connected with the state S′ at the next Q′ having the largest overlap, yielding a continuous
tracking along the path. The resulting continuous, often monotonic, evolution of the exciton spatial character provides
an internal consistency check on the assignment. Small deviations from monotonic behavior observed for the third
and fourth singlet branches in tetracene and pentacene may be physical or may stem from incomplete convergence of
the exciton dispersion. Achieving fully converged dispersions in acene crystals is nontrivial; a systematic convergence
study is left to future work.

Fig. 10 - 16 together with Fig. 5 in the main text show: (a) Exciton dispersion for singlet or triplet in acene crystals.
(b) The spatial character change for the lowest four excitons along the Q-path.

S = 1 S = 2

S = 3 S = 4
(a) (b)

FIG. 10. Q-dependence of singlet exciton spatial character in crystal naphthalene.
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(a) (b)

T = 1 T = 2

T = 3 T = 4

FIG. 11. Q-dependence of triplet exciton spatial character in crystal naphthalene.

(a) (b)

T = 1 T = 2

T = 3 T = 4

FIG. 12. Q-dependence of triplet exciton spatial character in crystal anthracene.
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S = 1 S = 2

S = 3 S = 4
(a) (b)

FIG. 13. Q-dependence of singlet exciton spatial character in crystal tetracene.

(a) (b)

T = 1 T = 2

T = 3 T = 4

FIG. 14. Q-dependence of triplet exciton spatial character in crystal tetracene.
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S = 1 S = 2

S = 3 S = 4
(a) (b)

FIG. 15. Q-dependence of singlet exciton spatial character in crystal pentacene.

(a) (b)

T = 1 T = 2

T = 3 T = 4

FIG. 16. Q-dependence of triplet exciton spatial character in crystal pentacene.
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Appendix E: WFDX Arrow Plots

Fig. 17 - 24 present WFDX arrow plots for the lowest excitons at zero Q momentum (Q = 0), both singlet and
triplet, across the acene crystals. Summing all annotated probabilities for having specific orbital transitions and
electron-hole separation within one figure yields ≈ 100%, confirming normalization. These plots also provide quick
consistency checks: they reveal the growth of real-space exciton delocalization with increasing number of rings and
repulsive exchange, and they expose A ↔ B sublattice relations enforced by the crystals’ nonsymmorphic symmetry.

(a) (b)

FIG. 17. Arrow plots for singlet in crystal naphthalene.

(a) (b)

FIG. 18. Arrow plots for triplet in crystal naphthalene.



21

(a) (b)

FIG. 19. Arrow plots for singlet in crystal anthracene.

(a) (b)

FIG. 20. Arrow plots for triplet in crystal anthracene.

(a) (b)

FIG. 21. Arrow plots for singlet in crystal tetracene.
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(a) (b)

FIG. 22. Arrow plots for triplet in crystal tetracene.

(a) (b)

FIG. 23. Arrow plots for singlet in crystal pentacene.

(a) (b)

FIG. 24. Arrow plots for triplet in crystal pentacene.
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Appendix F: Transformation of Exciton Expansion Coefficients under Glide-Mirror Symmetry

We start from the Wannier basis expansion of the exciton wavefunction,

ΨSQ (re, rh) =
1√
Nk

∑
R̄

eiQ·R̄
[ ∑
mn∆R̄

ASQ

mn∆R̄
wmR̄+∆R̄ (re)w

⋆
nR̄ (rh)

]
, (F1)

where m,n ∈ {A,B} label the two sublattices. The two nonsymmorphic glide mirror operations are

P⊥b = {σ⊥b | τ}, P∥b = {σ∥b | τ} (F2)

σ⊥b, σ∥b denote the mirror lying perpendicular and parallel to the b axis, with matrix form

←→σ ⊥b =

1 0 0
0 −1 0
0 0 1

 ,←→σ ∥b =

−1 0 0
0 1 0
0 0 −1

 . (F3)

τ is the translation operation, and it can be written as a vector in fractional coordinate τ = (−1/2,−1/2, 0). Non-
symmorphic operation acts on real space coordinate give,

r′ = {σ|τ}r =←→σ · r+ τ . (F4)

Because the exciton is eigenstates of the Hamiltonian describing the electron and hole interactions in crystals,
the exciton wavefunction must inherit all of the system symmetries. The space group of crystal acene structure
with nonsymmorphic symmetry is P21/c, which contains only one-dimensional irreducible representation for all the
k-points, so the exciton wavefunction must be transformed under nonsymmorphic operation P as

PΨSQ(re, rh) = ±ΨSQ(re, rh). (F5)

Since the exciton wavefunction lives in the configuration space tensored by the electron and hole real space coordinate,
P must act on both re and rh. The basis vector for the two sublattices A and B in the home unit cell are τA = (0, 0, 0)
and τB = (1/2, 1/2, 0). The A site centered electron Wannier functions transform under P⊥b as:

P⊥b wA,R̄+∆R̄(re) = P⊥b w(re − R̄−∆R̄− τA) = ±w(r′e − [←→σ ⊥b · (R̄+∆R̄+ τA) + τ ])

= ±w(r′e − [←→σ ⊥b · (R̄+∆R̄) + (−1,−1, 0) + τB])

= ±wB,←→σ ⊥b·(R̄+∆R̄)+(−1,−1,0)(r
′
e).

(F6)

Here the phase changes of the Wannier function under the space group operation is related to the corresponding
molecular orbital symmetry; one can determine this explicitly using the irreducible representation of the molecule’s
“local group”. An overall ± sign holds and we keep it in this way for simplicity and universality of orbital type. The
phase doesn’t matter since at the end we care about the magnitude of the probability amplitude. Similarly, we have

P⊥b wB,R̄+∆R̄(re) = ±wA,←→σ ⊥b·(R̄+∆R̄)+(0,−1,0)(r
′
e); (F7a)

P∥b wA,R̄+∆R̄(re) = ±wB,←→σ ∥b·(R̄+∆R̄)+(−1,−1,0)(r
′
e), (F7b)

P∥b wB,R̄+∆R̄(re) = ±wA,←→σ ∥b·(R̄+∆R̄)+(−1,0,0)(r
′
e); (F7c)

P⊥b w
⋆
A,R̄(rh) = ±w⋆

B,←→σ ⊥b·R̄+(−1,−1,0)(r
′
h), (F7d)

P⊥b w
⋆
B,R̄(rh) = ±w⋆

A,←→σ ⊥b·R̄+(0,−1,0)(r
′
h); (F7e)

P∥b w
⋆
A,R̄(rh) = ±w⋆

B,←→σ ∥b·R̄+(−1,−1,0)(r
′
h), (F7f)

P∥b w
⋆
B,R̄(rh) = ±w⋆

A,←→σ ∥b·R̄+(−1,0,0)(r
′
h). (F7g)

The space operation P acts on electron-hole Wannier center difference ∆R as

P ∆R =←→σ ·∆R̄+ (←→σ · τm + τ )− (←→σ · τn + τ ) =←→σ ·∆R. (F8)

Checking this relation using the result in Eq. F6 and F7: for m = A, n = A, P⊥b acts on ∆R can be evaluated using
Eq. F6 and F7d

P⊥b : ∆R = (R̄+∆R̄+ τA)− (R̄+ τA) = ∆R̄

7→ ∆R′ = [←→σ ⊥b · (R̄+∆R̄) + (−1,−1, 0) + τB]− [←→σ ⊥b · R̄+ (−1,−1, 0) + τB]

=←→σ ⊥b ·∆R̄ =←→σ ⊥b ·∆R.

(F9)
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For m = A, n = B, P⊥b acts on ∆R can be evaluated using Eq. F6 and F7e

P⊥b : ∆R = (R̄+∆R̄+ τA)− (R̄+ τB) = ∆R̄+ τA − τB = ∆R̄+ (−1/2,−1/2, 0)
7→ ∆R′ = [←→σ ⊥b · (R̄+∆R̄) + (−1,−1, 0) + τB]− [←→σ ⊥b · R̄+ (0,−1, 0) + τA]

=←→σ ⊥b ·∆R̄+ (−1/2, 1/2, 0) =←→σ ⊥b · (∆R̄+ τA − τB) =
←→σ ⊥b ·∆R.

(F10)

Similarly for others.
Define ∆R′ =←→σ ·∆R, m̄ = P m = P A(B) = B(A), n̄ = P n = P A(B) = B(A); new symbol Rn and Rn̄ = P Rn

indicating the Wannier center coordinate of the hole on sublattice n and n̄. The subscript n,m, n̄, m̄ is still kept
to emphasize on the sublattice where the Wannier center lies. We can get a general form for Wannier functions
transformed under P as

P wn(r− R̄n) = ±wn̄(r
′ − R̄n̄), (F11a)

P wm(r− R̄n −∆R) = ±wm̄(r′ − R̄n̄ −∆R′). (F11b)

Applying P to the exciton wavefunction yields:

PΨSQ(re, rh) = P
1√
Nk

∑
R̄

eiQ·R̄
[ ∑
mn∆R̄

ASQ

mn∆R̄
wmR̄+∆R̄ (re)w

⋆
nR̄ (rh)

]

= P
1√
Nk

∑
R̄

eiQ·R̄
[ ∑
mn∆R

ASQ
mn∆Rwm

(
re − R̄n −∆R

)
w⋆

n

(
rh − R̄n

)]

= ± 1√
Nk

∑
R̄

eiQ·R̄
[ ∑
m̄n̄∆R′

ASQ
mn∆Rwm̄

(
r′e − R̄n̄ −∆R′

)
w⋆

n̄

(
r′h − R̄n̄

)]

= ± 1√
Nk

∑
R̄

eiQ·R̄
[ ∑
mn∆R

ASQ
m̄n̄∆R′wm

(
re − R̄n −∆R

)
w⋆

n

(
rh − R̄n

)]

= ± 1√
Nk

∑
R̄

eiQ·R̄
[ ∑
mn∆R

ASQ
mn∆Rwm

(
re − R̄n −∆R

)
w⋆

n

(
rh − R̄n

)]
,

(F12)

where line 3 to line 4 results from relabeling m̄ as m, n̄ as n, R̄n̄ as R̄n and ∆R′ as ∆R. The final line is a reform
of Eq. F5. We therefore proved that ∣∣∣ASQ

mn∆R

∣∣∣2 =
∣∣∣ASQ

m̄n̄,←→σ ·∆R

∣∣∣2 . (F13)
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A. Grüneis, and M. Scheffler, J. Chem. Theory Comput.
21, 1865 (2025).

https://doi.org/10.1103/PhysRev.37.17
https://doi.org/10.1103/PhysRev.52.191
https://doi.org/10.1146/annurev-physchem-052516-050703
https://doi.org/10.1146/annurev-physchem-052516-050703
https://doi.org/10.1103/PhysRevLett.52.997
https://doi.org/10.1103/PhysRevLett.52.997
https://doi.org/10.1103/PhysRevB.54.4484
https://doi.org/10.1103/PhysRevB.54.4484
https://doi.org/10.1103/PhysRevLett.76.1212
https://doi.org/10.1103/PhysRevLett.76.1212
https://doi.org/10.1016/S0009-2614(99)01149-5
https://doi.org/10.1016/S0009-2614(99)01149-5
https://doi.org/10.1063/1.1508368
https://doi.org/10.1063/1.1508368
https://doi.org/10.1103/RevModPhys.74.601
https://doi.org/10.1103/RevModPhys.74.601
https://doi.org/10.1021/cr0505627
https://doi.org/10.1021/cr0505627
https://doi.org/10.1063/1.464746
https://doi.org/10.1063/1.464746
https://doi.org/10.1063/1.474000
https://doi.org/10.1063/1.474000
https://doi.org/10.1103/RevModPhys.79.291
https://doi.org/10.1103/RevModPhys.79.291
https://doi.org/10.1146/annurev.physchem.59.032607.093602
https://doi.org/10.3389/fmats.2019.00123
https://doi.org/10.1063/5.0035425
https://doi.org/10.1063/5.0035425
https://doi.org/10.1063/5.0139716
https://doi.org/10.1063/5.0139716
https://doi.org/10.1021/acs.jctc.4c01451
https://doi.org/10.1021/acs.jctc.4c01451


25

[19] M. S. Hybertsen and S. G. Louie, Phys. Rev. B 34, 5390
(1986).

[20] M. Rohlfing and S. G. Louie, Phys. Rev. B 62, 4927
(2000).

[21] M. L. Tiago, J. E. Northrup, and S. G. Louie, Phys. Rev.
B 67, 115212 (2003).

[22] T. Rangel, K. Berland, S. Sharifzadeh, F. Brown-
Altvater, K. Lee, P. Hyldgaard, L. Kronik, and J. B.
Neaton, Phys. Rev. B 93, 115206 (2016).

[23] M. Arhangelskis, D. B. Jochym, L. Bernasconi, T. Frǐsčić,
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