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IMPORTANCE OF MOMENTUM DEPENDENT TERMS IN RADIATIVE PION CAPTURE+
J. D. Vergados and H. W. Baer
',Lawfence Berkeley Laboratory
University of California

Berkeley, California 94720

August 1972

The contribution of the momentum dependent terms in radiative pion cap-

‘ture from bound atomic orbits is investigated. A shell model calculation for

6Li shows that the momentum dependent terms represent ~ 2% of the 1s capture

rate and up to LO% of 2p capture rates.

. Radiative pien capture has been found [1] to provide an interesting new
probe for obtaining nuciear'etructure infbrmation. HoweVer, before the detailed
comparison between theory and experiment can be relied npon, an-important
point needs to be clarified. This concerns the role of the te?ms,in the
effective interaction f2] responsible for radietive pion capture which depend

on the pion momentum. Estimates by Delorme and Ericson [3] based on a nuclear

'Fermi gas modei indicated that such terms make‘only very small contribution to

the capture rates from 1ls, 2p and 3d pionic Bohr orbits. = Thus nearly all sub-

‘'sequent authors have neglected such terms. Skupsky [4], however, has suggested

thet-for 2p captﬁre in 12Cvthe momentum dependent terms_make a sizable contri;
bution. »Unfortnnately'ffom his_published resulte it is not clear exactly how
big such constributions are. ”Since it is now known [6] that pion absorption
even in light nuclei occurs predOminantly from the 2p_afomie orbit, the settle-

ment of this question is of great importance for nuclear structure investigations.

rWurk supported by the U.S5. Atomic Energy Commission.
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Fﬁrthermore, it is important for underétanding thé rélationship_of radiativéf"
'pién capture té other weak and electromagnetic interactions such as B—decay,

Y—décay; eleéﬁrdn scattering and muéﬁ captﬁre{ With tﬁe @bove motivation ih_.

mihd we have performed'a calculation fﬁr 6Li. The 6Li(g.s) to '6He(g.s) tran- -
sition was choéen since the recent measurements 6f the Berkeley group [5] hafe
isolated this transition thereby permittiné’an unambiguéus comparison with e#-
periment.b Our résults support.the conclusion that thé momenfuﬁ_dependeht tefms
are important. | |

The effective‘Hamiltonian responsible for piqn»éapture was taken tb_bev

the nonrelativistic feduction éf the pion photoproduction amplitude known aéT 
CGLN (Chew-Goldberger-Low-Nambu) interaction [2] which in the impulée approx%f

imation can be written as follows [3]:

> > :
A -—ik-rj n, ., R _ o
Hopp = ) e B(3) ¢, (r) _ . ‘ (2a)
J=1 ? : ' .
n .
.+ .
onm (r) is the wave function for a pion bound in an atomic orbit and

‘H(;)x = 2mi £ (3)[A oy-8, + B(OJ‘--é‘)\)(E'ﬁ) + 0o, KNT8) ()

+ 5D g (ix8))16(FF))
where Uj and ;5 are the Pauli spin and coordinate of the jth nucleon and.t+(j) |
is the Qrdinary isospiﬁ raisiné operator, which tranSformsfa_proton into a -
neutron. The_bhoton polarization and propagation vectors are denoﬁed by éA and
E and the pioﬁ momentum and coordinate are denoted by‘E and ;;v The effective'
coupling constants A,'B, C, D, which are functions of-fhé fpﬁr-momentﬁm trangfer;
are related to the various multipoie amplitudes in photoproduction at fhreshpid 1 ‘f
[2,3]. Values of these constants have been given by Delorme and Ericson [3];.

Skupsky [2], Kawaguchi, etal. [7], and others, with no two sets being alike. Since
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these constants have not'been'gniquely determined, we performed our calculations

employing the coefficients of Delorme and Ericson [3] (I) and of Kawaguchi, et

al. [7] (II)=_
| I. A= (-.034 % .003) M2, B = 019’M*h' Cc = -.017 M_h'
. . —_ .0 .‘ '" bl '. ,n. " o\ .n. 9
D= -.010 M;h (in units of h = ¢ = 1)
. o o _2. .— —h. _ ._)4. _ _)4
I;. A= f'032 M5B -‘.0975 M C= —.O3T.Mn ; D= -.o;h MW._

. n n
J . . . e ) AN ) N

The pion wave function is written onm (r) = Rlo(r) Yi(r), where Yi(r) is the
e > X : , :

spherical harmonic of rank %£. In the present calculations pure hydrogenic wave
functions are used. It is well known that the radial part Rko(r) is distorted

- due to strong interactions and the finite nuclear size. However, as discussed

later, this distortion can be taken into account by a multiplicative‘conétant

applied to the computed capture rates. But even the Krell-Ericson wave funec-

tion [8] obtained by solving the Klein-Gordon equation.in an optical potential

can‘be‘expanded in the basis of hydrogenic wagve functions and incorporated into

our formalism; if necessary.-
- The nuclear wave functions were obtained by‘diagonalizing the'ﬁﬁclear
Hamiltonian within the p~shell. The recent realistic‘Kuo—Lée [9] energy de-

pendent matrix elements_&ere used, while the single particle energies were taken

fromlexperiment (e =0, € = 6.24 MeV). The wave functions thus obtained
' P P . :
3/2 1/2
are: ) o -
6 . m_ o+ 2 : 2
| He(g.s) o8 =o', 1 1 ) = 9784 |p3/2 '+ .20670 |p1/2.
6 m_ o+

CLi(g.s): |J

]
=

T=0) = .79955 [py,, ) - 02580 [p) ),
- .6qoh1 [p3/2 P35 ) : ,

It is instructife to write these wave functions in the IL-S coupling scheme..

One gets:
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[
i
o
hd .
’a .
"
'._J
N
I

=0 91821 |L =0, §=0) -.39612 |L =1, 8=1)
|97 =1, 7=0) = .93347 |L=0,8=1) +.01840 |L =2, 5 =1)
+ .30093 |L =1,5=0)

This model space is identical with_the,oﬁé'émplbyed by Cohen and Kurath [10];

It is interesting to note'ﬁhat the Kuo-Lee interaction [9] mi#es the $patialiy
syﬁmetric and antisymmgtric states’appreciably. |

| 'Perhaps the ébové modelvspéce is rather-resfrictéd in the.senée fhati
it.ignorés.coreiexcitations. The latter mlght be 1mportant in determlnlng
precisely how the capture strength is dlstrlbuted among the dlfferent states.:‘
But for the'purposes_of the present investigation, Which is to study the_effects
of phe momén£um dépenden£ terms on the pion‘capture‘rate;'the b;shell model i

6

space should be adeqﬁateg evg., for the B—deCay (6He - Li), the ML tfansitién

0" r=1) » 1t 1= 0 >,and the g.s. magnetlc moment Of 6Li one obtains HJ

f,t =1030sec, ~  BOM) = 16.9 ('—“) »u (17) = 788 —E . These

eh
2me !

compare very well with the experlmental values [11] of 802sec, 17.2 (———)2;vénd'

2me

.822 —— h . respectlvely
The effective Hamiltonian given by Egs. (2a) and7(2b)'is'decompoéed‘iﬁto

irfeducible spherical tensors in the usual way. Firsﬁ_the retardétion factor:

s
-ik-r
e

cal harmonic is coupled with the polarization vector to yield akveétor sphekiéal

: ' ) -> - oo .
harmonic of rank U.. The momentum operator (i.e., -iV) operates on the pion wave -

" function and yields a spherical harmonic of rank 2'. Then the following coup-

‘ling scheme was used:

£

N

is expanded into spherical harmonics (rank denoted by u'). This spheri- -

TN
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Once the operators are written in the above form the matrix element between the

nuclear states can be calculated applying the Racah'techniques. "The transition

probability (capture rate) in units of h = ¢ = 1 is given by
v 5 o

o 2k 1 ,

= 7 [& - 2 8 | |
Sisf = mzs flm €95 g Here lJiMi Y o (hb)‘

In the above summatidn care must be taken so that the polarization and propa--

gation vector for the photon are perpendicular. So the formulas are first de-

‘rived in a frame in which the Z-axis coincides with the direction of the photon

momentum‘(then A=+ 1). Thevresulte are generalized in an arbitrary'frame'by
a mere'rotation of the coordinate system.

| The photon €lergy is EY = 135 MeV and its mementum in natural units is
k = .9677. Since this momentum is fairly high, the multi?ole expansion of the

retardation term converges rather slowly. So all u-multipoles were‘retained.,

- Also the long wavelength approximation is no longer applicable and the spheri-

" cal Bessel functions must be used.

The impbrtanee of the momentum dependent terms comes partly from the
nuclear structure and the geometry. In addition it depends'crucially on the

radial integrals involved. The radial integrals are of two types:
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- . -
(1) ¢ NL]y, (kr) R°(r)|WLt ) (in tern A)
i n . ) .
(11) € NL]g (k) dlfz(r)lN'L'>) " (in terms B, C, D)

where |[NL), |N'L') are the harmonic oscillator single particle states, Rgo(r)
. : n o

is the radial part of the pion wave function-and dz?z is given by
. H)
0 ) . o
4 _ & po T
. _ (dr - r) 32 (r) : ' =4+ 1
o) - ' : '
Trg(r) = . |
d__ 2+ 1 (e} . 't —
(7 + =) R (r) L= -1

ng + % = n, £ =0,1,2,...,n = 1

-n is the principal quantum number specifying the énérgy of the Bohr orbit.

One easily obtains

n ' ‘ . n ' n
o _ 2 4 o - ' ) o
dm’z(r) = E;—:—E (a)_[ [no +4 -1 +‘a(g )] Ry (u)/u - 1/2 R, (u)
: 1 42 e n © (i)
- (1 e 7) v (o +20)(n - 1) .”sz (u)/u]
' | ' h2 27 .r' . |
where Z is the atomic number, a = —— , u = ——— (=) and
n_ + % 'a
me o "
-, ' =24+ 1

a(f') =

The important terms are those which contain the»radial.integfal divfdéd
by-g, 'We_note that for sphgrical_orbits (nO = 1) the lastvﬁerm vanishes."?he
first term is also absent whén no =1 and &' = 2 + 1 (which is always the case for
ls—pions). Thié is the reason why fqr 1ls absorption the momentum.dependeht terms

are negligible.
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. ‘ for 2p absorption
To see why the momentum dependent terms. are importanth5two points must

be considered: Fifst the contribution to every term of the CGLN Hamiltonian of
each individu&l_operator eharacterized by the set of quantum numbers {p',n,2,%',
£,0,J};' secend, the interference between euch contributions. E.g., for 2p absorp—
tion the moet important contribution to the ,Alg comes ffom ut=1, p=1, Qél, L=0,
J=1, while the most iﬁportant contribution to. the |C|2'ariees from u'=1l, p=0, 2'=0,
2=1, L=0, J=1..v(The £=0 term dominates in both cases because the nuclear wave
functiené are characterized by i=0,) Hencé, both terms are characterized by the
same "angular" nucleef matrix element. The ratio of the radial integrals involved

satisfies ,RCIRA]2 = 5.49 mi, while the geometrical factors, resulting after the

m-sums in ‘Eq. (4b) have been performed, yield QC/QA = 2/9. So the two terms, apart

- from the values of the coupling constants, contribute equally. Sinee the éboVe4
» _ _ : v = 5 v ‘@ 0 Ray2s
contributions are the dominant ones in the ]AI and ,Cl terms, we get ~= == |z=| ¥ 1
. AQ QA RA

(in agreement with the exact result of Table 1, II). In some cases, however, inter-

v . _ : ' % o
ference becomes important. 'The small value of the term A C of Table 1 is the re-

sult of destructive interference, while the large value of the A*B term is the‘re—

sult of constructive'interference. We have not been able to understand the physical

reasons for these interference results. | |
Since the pion wave-function is more or less ﬁniform inside the nucleus,

the following approximation is usually made [3], »
e . 2 o5 2 | 2
(NLlju(kr)Rx (r)]uL) < = (R, (r)) )(NL[ju(kr)INL) . (5b)
With hydrogenic wave functions, this approximation is good to within 10%. The
abo&e approximation is the equivalent of the Konopinski-Uhlenbeck approximation used’
in B-decay and allows one to take care of the distortions of the pion'wave—function
in an average way [3,4 ]. This approximation is expected to hold for all nd,:i.e.,

even for the Krell-Ericson [8] weve functions. It might be questionable, however,

when off diagenal nuclear radial integrals are encountefed.
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Our results are presented in Table 1, columns I and II correspoﬁdihg
to the two sets of coefficients I and II described above. If one defines the
fraction f as the ratio of the momentum dependent to the momentum indepenﬁ

dent terms, i.e.,

2 2 IR ST T Y T JNEEY SRR SN N T Y SRR 3
f(ng) = ABI7#[c|7+|D|"+A B+B A+A C+C A+A DD A+B C+C B+B D+D B+C DD C
| 2
4]

one gets

£ (1s) = - .026 £ (2p) = - .269

fiI(ls) = - ,015 fII(zp):= . 666

Thus we see that the contribution of the_moméntum dependent terms for 1s abséfp—
tion is small (in agreement with‘reference [3]) bﬁt imbértant for 2p absorptibn.
This depends cfﬁciaily on the choice of A,VB, C, D coefficientsA(there is eyeﬁ
a éién»change'inlf(2p) between I and II). ¢
In thg radiative capture experiments performed to date, the capture-l
rates from isolaied pionic,orbits.aie not measured. Rafher; the measuredvqﬁén—
tity RY (in %_of‘ﬂfatoms.formed) represents the summedléontribution-of photoﬁé
from all capture'orbits,' Thus RY forvany finél nucleér state or group of stéfes
is related to the computed transition rates by o o
A (ng) R | 8
RY = IZIQ' | K:TJ; w(ng) _ ' . (7)
whéré AY(nl) aﬁd Aa(nZ) are the fadiative and total absorptionvrates,'respeéf}
tively, for the nf orbit. The w(nl):are'the probabiiities that the pion iS"f:

absorbed into the nucleus from orbit nf. The capture schedules for light

.t.

In- our notation IAl2 means the contribution to Egs. (la) and (4b) resultingfi

from the first term of the CGLN Hamiltonian, etec.

8]

T
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nuclei [6], which are deduéed from_the pionic X—réy intensity data, show that
only 2 = 0 and 1 orbits make appreciable»contributions‘to.the above sum. How-
ever;_éeQeral.Values’of n for each % contribute. Wé make the assumptipﬁ .that
AY(nZ)/Aa(nQ) is indépenéent of n. This reduces Eg. 7 to

A (1s) A (2p) .
RY —_Aa oy Ot Aa o wy o o (8)

where w_ = ) w(ns) and w
s & D

= Z w(np). The values obtained by Sapp et al. [6]
n ' . .
for 6Li are w_ = 0.40 * 0.09 and wp = 0.60 * 0.09. The measured total level -

- width are for the 1s state [12] 0.15 + 0.05 keV (2.3 x 1017 sec-l) and for the

2p state [6] .0.015 % 0.00L eV (2.3 x 1013 sec_l). InSerfing these values into

Eq. 8 together with the calculated values, we obtain
R (I) = .515% and R (II) = .505%
_ Y : Y
The Berkeley experiments [5], which will be reported in detail elsewhere, yield

-R§ = 0.39 * 0.10%. Deutsch et al. [13] reported a value RY = 1.0 + 0.1%.

Although the effective Hamiltonian given by Eqs. (2a) and (2v) is most

commonly used,for more precise calculations up to order mﬂ/mN [14], eq. (ha) must

be.mulfipiie& by 1 + mﬂ/mN. Furthermore, if realistic pion wafe funétions are
used, this will'effectively réauce the contribution of the ls state and increase
the contribution Qf the 2p state. If we take this intd account by multipli— 
catiﬁe'factors of .65 (1s) and 1.10 (2p) and include the factor Of:l + mﬂ/mN,
we obtain RY (I) = .407% and RY (11) = .419%. - Both of these compare very weil
with the results of the Berkeley group [5] but are in disagreement with the
resultsvof Deuﬁséh gﬁ_g;,.[l3]. V |

Oné additional point must.be mentioned. Light'nuclei are.characteriZed

by a diffuse surface, consequently the energy of the hafmonic oscillator, which
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provides‘the single particle wave functiong, isinot Weliﬂdefinedé' Eﬁergy cal;
culations are consistent with hw =,i5 MeV, while rms radius’qf 2;5h fm obfainéd
by.elastic elebtron scattering on 6Li [15] is best fitfed ﬁith a siée pérametér

a = 1.94 fm for the p-shell harmonic oscillator, i.e., hw = ll'MeV} Our resﬁlfs :
given above wére'obtained uéing the.firét of the above éﬁergies ﬁHich corréspand b
to a size parameter of 1.66 fm. Hence the whole célcuiatidn, including the |

nuclear eigenvectors, was repeated with hw = 11 MeV. The results obtained are:

fl.s(I): -.032 | F(I1) = =012
f2.p(1) = -.237 : fep(;l) = .28; ‘
R, (I) = .307% R (1) = .317%

These values Qf RY, which inclﬁde both.corrections mentioned above,aére in as
good an agreemeht.with the Berkeley éxperiment as the earlier ones:“The quantity
R. does not seem to be as sensitive to the variations considered here as thé;g
individual tranSition probabilities.. But this may be a speéial feature of 6Li.
In conclusion, we can say that the momentum dependent terms contribute:
significantly‘to the radiative pion capture rate from the: 2p orbit, the domih;°
ant caéture orbit fqr light nuclei. Also'a.precise detefﬁination of‘the valuéé
of the A; B, C, D.coefficients is in order if detailed agreement with experi- -

ment is to be sought .

The authors wish to thank Professor Kenneth M; Crowe for his interest in

this problem.
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Calculated_ Radlatlve Capture Rates for the

. Table 1.

T +6L1->Y+6He(gs)

I II
| Delorme and Ericson ..Kawaguchi,-gz_gi. o
a) ‘ :
RM A 2
TE y(1s) A (2p) AY(lS)_ A, (2p) .
lO15 sec lOlO sec'-l lOls sec"l ‘lolo’sec-l K
22 2.788336 | 2.012230 | 2.469908 | 1.782k33
B° .000523 | .138319 .000081 .021550
? 0 .29370k ) 1.391276
D2 I v S v -
A'B -.037461 | -.526845 [ -.013917 | -.195723
A'c .000978 040071 .002003 | .082081
Y _
7N > T [ IR [ ——— m——
B )
B C ~.000013 000071 | =-.000011 .000061
BD | a0 e e
* .
o S ——
TOTAL 2.71587 1.47085 2.434139 | 2.968097

Columns I and II correspond to the sets of coeff1c1ents I and IT

a)

* *.
Since A B = , ete.

. as defined in the text.

digits appearing in this table are significant.

cluded to FlVe an idea of the order of magnitude of each term.

, terms such as AB , etc., are not listed. Not all

‘Many figures were in-
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