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Application of Generalized Classical Trajectories in

Nuclear Physics.

by

Herbert Massmann Leser

ABSTRACT

A new semi-classical method, the so-called uniform semiclassical
approximation; is described briefly and then applied to two nuclear
physics problems. The basic features of this method are that the dyné-
mics of the probleh is treated completely classically (that is, one
solves classical equations of moticn), but the quantum mechanical super-
position principle is retained by evaluating a phase along the classical
trajectory and adding probability amplitudes for indistinguishable.
processes rather.than piobabilities themselves.

~ The first problem considered is the backscattering from a deformed
nucleus and the excitation of rotational states in the target at energies
up to the Coulomb barrier. The mulitiple Coulomb excitation calculations
are in quantitative agreement with a very different method (the de Boer-
Winther code). A nucléar optical pectential is also considered and the
nuclear-Coulomb interference for heavy ions is studied.

- The secend problem considered is the tunneling through a two-
dimensional barrier. This problem (which is suppesed to simulate the
penetration through a two-dimensional fissi5n tarrier) is investigated
by a fully quantum-mechanical coupled-channel calculation and by the

uniform semiclassical approximation. A quantitative agreement is found.



I. Introduction

The main focus of this thesis will be on the application of the so-
called uniform semiclassical approximation (USCAj to some heavy-ion
nuclear physics problems. The USCA is a semi-classical method which was
developed in recent years by molecular theorists and has been applied to

molecular scattering and reaction problems.l'S

The appealvof semiclassical methods is that they usually lead to
simple models and intuitive physical pictures and also usually simplify
considerably the sometimes cumbersome quantum mechanicai calculations.

In nuclear physics, however, semi-classical methods have not been widely
used to describe collisions between nuclei. The reason is that until
recently only light nuclei were available as projectiles, and direct re-
actions with light projectiles could fairly accurately ﬁe described by
the distorted-wave Born approximation (DWBA) or its generalization; the
coupled-channel Born approximation (CCBA) where the coupling between some
channels is included. In recent years, increasingly heavier ions at
nuclear reséarch energies became available as projectiles, and soon the old
methods of describing the collision were pushed to their limits. Even
for one of the simplest problems, the Coulomb excitation of rotational
states in the scattering of a spherical nucleus on a deformed nucleus,
the most sophistic;£ed coupled-channelvcode évailable6 could only handle
cases for which the Sommerfeld parameter ‘7 is less than 30. Today,
with the heavy-ion beams available, Coulomb excitation experiments are
being performed for which the Sommerfeld parameter is of the order of

400; cases for which an exact coupled channel calculation is at this
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moment completely hopeless. For this reason the.application of classical
meéhanics and semiclassical methods to nuclear heavy-ion reactions have
become popular. ' ' ' | | _ )

.Pure classicél mechanics, with such classical concepts aS friction,
are being used to describe the fusion cross section and the energy-loss Qf
the projectile in heavy-ion collisions.7’8 In these calculétions the pro-
jectile moves in a potential according'to fhe classical equations 6f'motion
(including friction). The hope in this type of calchlatigns is that they
will reproduce the rdugh features of the problem consi&éred. However;
as shown by,Glendehningg, classical trajectories caﬁ also be used to pre-
dict the qualitative features of cross sections. Invordér to get a-quén—'
titative agreeﬁent one has to evaluate along the classical trajectories
a phase, which essentially measures the number of De Broglie Wavelengths
along thé trajectory. Only if this phase information is retained, and
‘the contribution from the various trajectories whichvlead to a given exit
channel are added éoherently, can quantitative agreément'bé expected. The
semiclassi§a1 methods differ from the'classical methods in that the phase
information along the trajectories is retained.

In the semiclassical calculations so far used for nuclear reactions,’

the restriction to real trajectories was made. Even in the case when the

s
o - . !
interaction potential used was a complex optical potential, the potential
was split‘into a real part giving the trajectories and an imaginary part - .
to give the attenuation along the trajectory,lo’ 11, The problem with

such classical real trajectories is that not all regions of space can be
reached by classical trajectories, that is, there are classically inac-

cessible shadow regions, whereas the quantal waves do reach into the
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“"shadow' region. In other words, when using only real classical trajector-
ies one finds such discontinuities like the caustics (which separate illumi-
nafed regions from shadow regions) which 'in turn pipduce singularities in
the cross—séctions; while, when using quantum mechanics, the transition
between the illuminated and shadow regions is smooth; producing no singular-
ity in the cross sections.

Almost simultaneously, semiclassical treatments using generalized
classical tfajectories (aliowing the classical trajectorie§ to be complex)
have been applied to several problems. The classical scattering with heavy
ions‘was considered by Malfliet12 and Koeling.and Malfliet13 using the ~
USCA (which was mainly developed by Millerl—sland by Knoll and Séhﬁffer14
who use a somewhat different approach. The agreement Eetween these seﬁi-
classical calculations and the exact DWBA results is impressive.

In this thesis we will in chépter'II first consider some of the theor-
.etical aspects of the USCA and then apply this method to two very different
problems. |

In chapter III we will apply it to the backscattering of heavy ions
from deforméd nuclei at energies below and up to the Coulomb barrier.

At energies very much below the Coulomb barrier, only the electromagnetic
interaction, which can Coﬁlomb excite rotational statés of the target,

is of importance. = At some higher bombarding energies, the complex nuclear
cal interaction potential between the projectile and the target cannot

be neglected and will also be included. The restriction to backscattering.
allows us tolreduce the problem to a two-dimensional one, which is much
easier to solve but still experimentally interesting and of importance.

For backscattering energies well below the Coulomb barrier, that is, for
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cases Qhere the nuclear force can be negleéted, we will compare our cal-
culations with results using the de Boér-Winther code for multiple Coulomb
e'xcitation,15 which is based on a very different sehi—classical approxi- ' -
mation. A short outline of this method is given in Appendix A.

In chapter IV we will apply the USCA to a simple two—dimensional fis-
sion barrier penetration model. It has been customary to estimate the
lifetimes ‘'of fissioning nuclei by using the one-dimensioﬁal WKB approxima- -
tion to evaluate the probability for the system to penetrate the fissibn
barrier. Since a complete dynamical'caiculation of a two-dimensional bar-
rier penetration has not been performed until now and -the USCA method
allows us‘to'do it, it is of intereét to perforﬁ such a calculation to
find out the effects of the additional approximations,usually made in
solving the multidimensional barrier penetration problem. Also, an exact
~coupled channel code was developed which solveé the same two dimensional
barrier pénetratibn problem, and this code allows us to compare the USCA
solution to exact results.

In chapter V the main conclusions regarding the application of the

USCA method to these nuclear physics problems will be summarized.

)



II. USCA Theory ' : . \

1) The Schrodinger Equation.

In this chapter the basic equations of the.uniformvsemi—classical
approximation (USCA) will be derived. These equations were first derived
by W. H. Milierl’2 and an excellent review is given in reference (3).

The derivation that will be presented here, however, is based on the
derivation given by R. A. Mércus,4 and by J. N. Conﬁor and R. A. Marcus.

The general problem that will be considered is that of a collision-
like system with N degrees of freedom for which there exists a classical
~analog to the quantum mechanical Hamiltonian. Of the N‘degrees of free-

dom one will be the relative translational coordinate R of the collision
partners, the remaining N-1 coordinates being '"internal' degrees of freedom
~which are quantized ‘in the asymptotic regions, that ié for R—> 00

The quantization is most easily achieved if one describes the "internal"
degrees of freedom in terms of action-angle variablés.17 Let q be the
angle variable for the ith in;ernal degree of freedom (i = 1, ..., N-1)

and Ji its.canonically-conjugate momentum, the so-called action variable.
Let P be the canonically conjugate variable of the coordinate R. If the
classical hamiltoﬁian for the system is H(Ji’ qi; P, R), then thé quantum-

mechanical hamiltonian operator in the coordinate representation is found

by making the following replacements in the classical hamiltonian

J, —— ik s 2mhi, ” ()
L _ 29c1. ¢

L
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- 2R | (1 b)

The Schrodinger equation we wish to solve is therefore

H(“'h@%‘ﬁzﬁu‘if"#g%ﬂ)yf?EQ{ )
The quantum mechanical action variable operator -'é¥52§27 differs froh
the classical action variable Ji by the quantity ;2ﬁ3;§[ , where

fi is a constant. In a WKB.approximation the constant f; is 0 or
1/2 depending on the type of the ith internal degree of freedom one is |
considering.

In the asymptotic region (R—» o0 ) we assume that all the degrees 
of freedom are uncoupled, and the 5ystem is in some internal state de-
iscribed by the qUantum numbers N (= Oﬁf""nN-l) ). Also, the hamilton-
ian does not depénd (in the asymptotic region) on the cbordinate_qi when

action variables are used, so the Schrodinger equation is:

Ho(“'ﬁ‘a%*z”fﬁfcr?ﬁg%ﬂ)ﬁ:) = E‘P;E)  (Row) ®)

<)

(o) ,
The wave function %2,5_ is periodic in the angle variables q with

o~

unit period, and one therefore has the solution:

N-1
g(__:t Ky R+ 27rJ§=:’ % nJ'_)

(o) £

LP!:!E (3fR) =)C(P\)€

4)

. + . :
where q represents (ql,...; qN-l)’ f(R) - e"lkgR is the radial

~
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wavefunction and the wave number = Rl/'f:, is determmed from energy
. . th
conservation. If g, is the internal energy of the j internal degree
J

of freedom (nj being a quantum number in the asymptotic region for that
degree of freedom), then one has:
2 2 :

h K |

T +2_ &, (5)
J J

where m is the reduced mass of the system. The * :in equation (4) refers
to an "outgoing' and "incoming’ wave respectively. In equation (4) nj is
an integer, the quantum number for the jtlLl internal degree of freedom.

The classical action variable Jj is related to the quantum number

'nj througﬁ the relation
JJ. = 2TT'E(V)J+§J) )

The value of } is known from WKB solutions for various standard
problems. If n represents the angular momentum of a planar rotor, then
§=O . if n corresponds to the quantum number of an harmonic oscil-
lator .or an angular morﬁentum of an orbital motion in three dimensions,

then ;’:—24- (for the z component of the latter §=0), etc..8

2) The WKB Ansatz

As in the one-dimensional case, we will make the ansatz

'Hf—-Aejﬁ’—é | |
- . (7)



~8-
and substitute this wavefunction into the Schrodinger equation (2) keeping
only the terms of the lowest order in h . Following Dirac,18 the lowest

order in #5 leads to

H(—g%ﬁzﬁ,fé,%,%%,fz)gg’. | B 8)

Introducing the function W defined by

W= +_Z 27T4r’zcl§ | 9)
I F o
equation (8) becomes:
( /9, ; QV R) E | o

Keeping the next higher-order term in 45 one finds an equation involving

the amplitude A

Sl e

2 ‘ '
R = 5‘;5‘ o (12a)

oH - o (12b)

249 -
I

3|

G
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Equation (11) is a conservation équation. The equation for W (equatién
(10) ) is identical to the Hamilton-Jacobi partial d'ifferelltial equation
for Hamilton's characteristic function W in classical ﬁlechalxics. The

total time dérivative of Hamilton's characteristic function is
dW _ op Z—_”"
— PR + J. (‘7’ . (13)
: J 1)
from which we find:

o t N-1 ,t S
. ’ 1 . )
W=C+/| PRdt' +) Jiq dt (14)
)T
t. A,
where the constant C 1is chosen so that for t<*t:0 (to is a time befpr.e
any interaction takes place) the phase of the wave functioﬁ is the same
as in the uncoupled case (see eq. (4)).

One finds

-t e T | (o) il ‘t ! .
-%W—— =‘/t.K(tf)R(f')clf - Kg‘/" R+ ZTTJZ;’__ j‘<r,lj(t)+§J)

.%.(t')d{:' + (”J () 4 §J) %" | (15? |

where qj(o) = qj (t=t_(;), R(O) = R(t=ti), and nJ. (t) 1is a continuous valt-
iable related to the classical action variable through'eq.(6)._ The super-
script /(, on n. indicates that it is the initial value (integer)
of n:i (t) in the asymptotic region (tvhat is for t —» = o9 )7 . There is
another condition that the phase ¢ has to satisfy19 and it is that when
P changes sign from negative to positive (i.be. if the radial coordinate

goes through a turning point), then the phase é/’ﬁ decreases by 7T/2. :
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The integrals in eq. (15) are line integrals, the integration being per-
formed along the.classical trajectories which the éyétem traces.
The amplitude A is determined by infegrating the conservaiion
equation (11) over a tube spanned by classicél paths Starting at a distance
R, going toward the interaction region and out to the distance R again.

Flux will enter and leave this tube only at the extremes of the tube and

rd

one has

. 2 ' | -
[#RTTdg ] + ARTTdg =0 w0
J Jogr J J - |
The first term is the flux entering the tube (the index S refers to
the initial situation; FE,L'< o ), the second term represents the

flux leaving at the other end. (Tqu_J) and ﬂ—(;}a are related by
J

a Jacobian:

TTC{? = ng‘(’;"’ C’l“(’“,)_ (Wda) o | S an
J J 2 af-/‘f-") a r{/tf) J J //L :
Substituting (17) into (16) one finds the ampl_itude-at the distance

R after the scattering in terms of the amplitude at R before the projec-

tile moves into the interaction region

W [ 2(90) Fued) ) |
A(R) = AZ(R) -wv{‘ 9((;(/4) lq:ly‘z) | (s

with UE!R‘

Since the incoming part of the wave function (7) has to go over into
[

the unpefturbed incoming wave function (eq. (4)) for t < to’ one finds
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(using 'eqs. (7), (15) and (4)) that Agﬂ)(R) = f(R). vFor the wave

function ﬁf in the asymptotic region, one finally finds

. ) _2& N
IY —~ ( ) _ V[‘)L‘;/‘) 9(?4:-“)3%1) )C(R)e-‘;¢ (19)

R—> o0 (/"E 9(3(/4 ()
N-4

4777

with

AR F2 - )Fz - TT {u) (3
. -t ) f ) | K (/‘ 81 ( +§ ) J +

' t
+§Jgfj+v[c,( t)+§) t)o/f'+i’2—r o

3) The integral expression of the S-matrix

The S-matrix can be found from the asymptotic form of the wave func-

tion (eq. (19)). The elements of the S-matrix are defined by:

(o) +

()"' ()
'q/',\_/ o _%)5%, v/ LPC*’)E (21)

C. ¥
where qp are the incoming and outgoing waves defined in eq. (4). Once
the S-matrix is known, the transition probabilities for the system from
P (pe) 3 , (v) . . :
an initial state N to a final state n is given on the usual way by
(22)

£ =’5%’

Ffom eqs. (19) and (21) one finds (since'the two asymptotic expres-

“

sions for the wave function must be equivalent)
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Multiplying both sides by exp(—ZTfiEllﬂ?dqj) and integrating over all
J

the internal degrees of freedom, using the fact that

j /GXF ZWLZ_H(”)a )eXF(ij-n 9; )ﬂ-o)g 5 (2»4)

one finds for the S-matrix | . :
A .
Z LA N1
= lim v(” 4/ )aN 1 4 -—_Ol . (25)
) 9(3(/" ) © Y
with |

t | ) v
_ ( /t KE)R(E)dE' - Ko R - kR | + T +

’ (26)

Nv-1 [ et | ‘-

' { (»)
v omy ]a.(un )clt+ g
J=1 t,J 3'J J k.
Equation (25), which expresses the S-matrix elements in terms of a multi-
dimensional integral, is not useful for practical calculations, and it is

only when the integrals in (25) are evaluated by asymptotic methods that

one obtains a useful expression for the S-matrix.

4) The USCA S-matrix

In this thesis we are studying semiclassical systems, that is systems
that can be described when keeping only the lowest terms in an expansion
of the Schrodinger equation in;terms of A . That is, we are interested
-in the case where 15 is small compared with the action that is character-

istic to the problem.
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If we let 45 go to zero, the term exp ([A/@;) , and therefore the
integrand of the infegral in eq. (25), will become.highly oscillatory.
Therefore, there will be contributions to the integral only for values
of q% for which the phase /\ becomes stationary, i.e. at saddle pcintsj

~

At the saddle points one has

g—%— =0 | - @7)
In order to find the saddle points, one has to find the roots of eq. (27).
The integration of eq. (25) by the saddle point method in thq general
multidimensional case, for which there are many roots to eq. (27) (several
of them could be lying 'close'" together or be multiple roots), is a very.
complicated problem, some aspects of which, however, have been well
.si.‘udied.'w’zo_22 Thé one-dimensional case is the simplest and since this
is the only case we shall need later, all our effort will be concentrated

on understanding this case in detail. In other words, the general inte-

gral we want to evaluate asymptotically is:

I= ] ge F( )dx | | (28)

where f 1is a function which, we shall suppose, has two saddle points
(x1 andlxz) in the region of interest. Even this very much simplified
problem has many aspects, which we shall now consider one by one beginning

with the simplest.
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a) f real, primitive approximation, classicélly- aCCessible case. When
the '"phase" funcfion f(x) is real, there méy occhr ‘two situations: either
the two solutiOns'of eq. (27) (i.e. _f’='%-g(i>=o , are real, or they
are complex, one being the complex conjugate of the other. The first
situatiéh is called, for reasons to be seen .later, the classically acces-
sible or allowed -case; the second situation is refei‘red to. as the classi-
cally. inaccessible or forbidden éase. For the classically accessible case

one has that x.; and X, (the two solutions of f’(x)-'——O in the inter-

1
val [O,i]) are real. Fig. I11 shows a sketch of how the phase f(x)

might look. At the stationary phase points X1, Xy, the second derivative
of the phase function will n'ecessérily have opposite signs (we assume
that f(x) is a continuous function), and without loss of generality we will

) ' '
assume that x, is the point for which ;f(x., )>0 and X, is the point for

1
which r"(Xz)<O . The so-called primitive approximation is obtained

’

when f 1is expanded as a quadratic around the points X and Xyt

) o Fo e £ e e
to X,

f) = £, = S (x-x)

X close |
to xa (29b)
: )y [ 2 _
Where the notation f. = f(x,), F'E (d f(x)/c!xz) , etc. has been used.
; 1 1 4 %

Remembering that in the limit H -0 the only contribution to ‘the integral
I (eq.. (28) ) comes from points near the stationary phase points X, and

x, we find (substituting the expansions eq. (29) into -eq. (28)):

2
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oL 1E o e Wl
i fﬂ(X)e T( X4Z;Jx +jg(X) éﬁ (ﬁ 2 e )dx (30)

The limits of integration should only include points close tq Xy in

the first integral (close to X, for‘the second), but since points x

far away from X, do not contribute to the integral, one can replace the
limits of integration by -00, +00 . From eq. (30) we fihd'

Lp ot 2 Lp H’ l
I gg(xd)*e“* r‘[ﬁe"' ) | zlw | c/u

i?’% 22ﬂf£¢5

~3E TR

(31)
This is thévso—called primitive approximétion to the integral I. The
physical meaning of the different terms in eq. (31) will become clear
in later chapters, when application of eq. (31) to specific exampies is
made. To further understand the structure of the saddle points let us
analytically continue the function f into the complex plane. The ex-

pansion of f(z) around the saddle point z; =X becomes (eq. (29a)):

1('(2) = F4 + % ‘ Fqnl [(X‘X4)Z'“ 72}"'2" (X"X1)7 (32)
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fi——-—

X

Fig. II-1 Sketch of the phase function £ () - XBL759-40
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where z = x + iy. The equipotential contours of the real and imaginary
part of ié;f(z) are shown in Fig. II2. When looking in the complex plane
for the path of steepest descent over tbe saddle point X, , one has to look
at the equipotenﬁial contours of Real(‘%“F(Z)) (Fig. I1I12a). The path of
steepest descent is drawn with a heavy line. When lobking for the path

in the complex plane for which the phase of the integral does not change
(the stationary phase path) when one goes over the saddle, then one has

to look at the equipotential contours of Imag(é&-f(z))v (Fig( 112b). There
are two stationary phase paths one could choose. One of the paths coin-
cides with the éath of steepest descent, and is, of course, the path one
has to choose. Fig. II3 shows a diagram of the equipotentials of Real (ér)
when the.two saddles ‘are considered. fhe path in the complex plane one

has to follow in integrating the integral in eq. (28) is also shown.

Both saddle points contribute to the integral.

b) f real, primitive approximation, classically inaccessible case.
As already mentioned, the classically inaccessible case (sometimes also

called the classically forbidden case) occurs when there are no real roots

to the equation f'(x) = 0, but only complex solutions. If zy is a

solution, then z, = zl* is also a solution. Since in this case also,
the second derivative has opposite signs for the two saddle points, and
in addition one is the complex conjugate of the other, one deduces that

they must be purely imaginary. The equations equivalent to eqs. (29) or

(32) in this case are:

f(z) = F« + “ﬁ'f'ﬁul{[(x—x,)z—.(% %)ZJ+2Z(X-X.)f7—z)} (33a)

chose foz,
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. . . . XBL759-4065
Equipotential contours of if(z)/h in the .

vicinity of a’saddle point for which 9%£/3x*>0:

a) shows the real part of %—f(z) with the path of steepest
descent shown by the arrow; b) shows the imaginary part of
if(z)h with the stationary phase path shown by arrows.
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Fig. II-3 Equipotentia_l' contours of Real %— f(z) 1in the presence of
the two saddle points for the classically. accessible case.
The integration path which goes over both saddle points 1is
also shown. '
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f(z)z ff ——é—!ﬂ “I [(x—x,)z—(7-%)2j+2£(x—xo)(°/'%)} (33b)

close fo 2,

where X and y, are defined by z,= X+ iyo. Fig. 114 shows a sketch
of the equipotentigls‘of /Qazl(fgfjin this case. It is clear that the
‘integration pafh in this case can only go over one saddle point (the one
which is lower), and so only one saddle point contributes to the integral.

1f the saddle point at N is the saddle which contributes to the integral,

then the result (in the classically forbidden case) is:

. . 'P1 .
. L — ‘ . , .
27ih + |
~ =hcr ‘
[ = 9, — € (34)
£,
There is also a physical reason, as we shall see later, why the other sad-
dle point does not contribute. Let's note at this point that the lower
saddle (that is, the saddle whose height is lower) is the saddle point

for which f(zl) = f. has a positive imaginary part.

1
c¢) Uniform Airy Approximation. When the two saddle points X, and

x, are close together, then the approximations leading to ‘eq. (31) can

2
not be made. That is, one cannot treat one saddle point as being completely

independent of the other. When the saddie points move together, then
I{:'I and ,;:q become very small (zero in the limit that the two
saddle points coincide) and eq. (31) is no longer a good approximation
to the integral I. Also, from Fig. II1 it is clear that when the two

saddle points come close together a quadratic expansion around the maximum
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Hill

XBL759-4066

Fig. II-4 Same as Fig. II-3 but for the'classically inaccessible case.
The saddle points are now in the complex plane and the in-
tegration path goes only over one saddle (the lower one).
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and minimum is not adequate, and that a better expansion would be a cubic

expansion around the turning point. A still better way16’20 is to map the

phase f onto a cubic in such a way that the stationary points of .f and
the cubic cerrespond. In that case the mapping is uniformly analytic and
one-to-one. . The advantage of usipg the mapping pfbcedufe is that the re-
sults so obtained are valid for all cases, when the two saddle points are
close together ahd far apart, and also for the case where f(x) 1is a

complex function.

Let the new variable y be implicitly defined by

f(z)=Eu>-tu+A = h(v) | )

The constantsvf and A 'are chosen so that the saddle points .Zl and

z, of f(z) correspond to the saddle points u, and u, of h(u), that is

2

Z,—> U, = V§ ~ (36a)
L, <> U, =- Vf | (36b)’

one finds

2A = f +f, | 6N

30 .
% § = ﬁz - 'Fq ‘ (38)
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After substituting ed. (35) into eq. (28).one finds for the integral
1 .3
- (A (”fu‘* =V ) S
I ~ e clu 9(2 - (39)

The symbol =< is used because, as before, the limits of the integral were
extended from -9 to +oQ 'Ohly the region around the origin in u will

contribute to the integral in eq. (39), so one may expand:

CJ . ' .

Z3(2._o<+<><u | (40)

Using eq. (36) we find

(g 9= =« <
,. ‘2%’)2 g, = & — d,V—F

from which

R

(41a)

K
I
VRN
| e |
lQ_
CiN
“\_/
9
+
—m—
&‘L
C N
N\_—’
NQD
| —

o« =7 [(42)9.()s.]

The value of the derivatives in eq. (41) can be found by differentiating

(41b)

eq. (35) twice

flz)=(v§) 9
[,)(Z Zu(du) +(U2—§)%}2
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For z = z_, or 2z one has from eq. (36) that (u2 - f ) = 0, therefore:

1 2’

o @w-EE)

(_dé) = —2]'/,}—’ 2 (42b)
2 .

du £
2
Substituting the expansion (40) into eq. (39), one has.for I

)ei(—fu+ % U3)

[l

- . +00 .
I = eL / O’U (°(°+°(4U
~-00

(43)
An integral representation of the regular Airy function is
+© 3
" 1 ((Av+ L) |
AL(D) = =— (442)
( ) 20 -_osz .CJL,_ | |
taking the defivative with respect to ;{'one has
" + . 1 3
) ¢ Do+ L0?) .
Ac(d) == ve > du (44b)
2w J ,
Using eq. (44), eq. (43) becomes:
(A ) . )
.. I-2me’ [ Aill) - i A'l-f)] -

The final expression for I is obtained if & and OQ in eq. (45) are

replaced by their expression eq. (41) together with (42)
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T—N-V?TTB%(FMFZ){(V% +V3_:_7>§ ( §)+

P | '3, 1 L)
- y; AL_
il N

with (from eq. (38)

.§4/2 _2{%({:1_;1)]4/3' » . | | '(47)

When using eq. .(46), great care has to be taken to assure that one is on

(46)

the correct branch when taking the square roots.

The mapping used in this section is one of many.p0551b111t1es and in
some cases a dlfferent mapping can give a better approx1mat10n In
chapter IV a different mapping will be used. The more general casé in
which th;ee or more saddle points contr;bute to the infegral (several
of which could be close together or coinciding) has been investigated by

2 L. . s . .
Connor, 0 For the asymptotic evaluation of the multidimensional integrals

for the S-matrix we refer to reference.

Let us now apply the general result obtained in c) to the evaluation of
The S-matrix for the case of one internal degree of freedom (this is the
only case we will need in the next chapters). From the integral expression

of the S-matrix (eq. (25)) one has for only one degree of freedom:
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"__.“4“ ) [ JZ‘IL?'A |
Sy | Yt (ﬁ?’) & do e

with

t | '
A = (/ KE)RE)DE = K00 R~ ko R)+ r.
¢ . |

. |
+27T('Lci(ﬁ’)n(t')o/t’+n(/‘)?_“'— h"”@) 49)

Integrating by parts one finds:

t
A =" R(t’) R(ﬁ')c{f/-f (K(‘é)- Kh(,,,)R + g +
) to ) .

+277’((h(f)— .”M)‘i -ft{:a(é’)é(£’) clﬁ)

(50)
The saddle points are found from:
d.é. — 277#_(‘,/) _ n(“)) =0 (51)

That is, only those trajectories for which the system after the interaction
is in an internal state with quantum number n(v) will contribute.
From eq. (50) one then has that, for the trajectories that contribute to

the S-matrix, the phase ZX is

4



-26--

o

At | -
A—*—‘%‘“J;(R(t’)k(é’)nL q(e)Al))dt’ e
" The second derivative ofv[X can be found from eq. (51)

I’B _ ord | o
oL 2rdan (53)
dgz da : , : S

Applying the Airy Uniform Approximation (eq. (46)) to the S-matrix inte-

gral eq. (48) we fipd: ,4
5, VT et (A A [(VE V) § a5+
O (17 -Fe) fm A )

where ; and the !''classical' probabilities pj are given by

(54)

,f
B = am
J (%‘?;,)J.

Jj=12 (55)

L

§4/2=(%(A2~A,))4é o . %9

The excitation probability Pvu? which gives ;hg probability of
finding the system with internal quantum number n(v) after the interaction
if initially it was n(uz is given by the absolute équare modulus of the
‘S-matrix element.(eq. (54)).

In two important special cases the excitatién probability takes a

simple form: '
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i) Ifzﬁ and its derivatives are real for the two trajectories sat-

. isfying the boundary conditions, one finds

' : )2
2 2 P AC(-f)
p -l (A RS A5 o
Vo §
If in eq. (57) Ai'z(-g )/§ is replaced by Biz(-§ ), where Bi is the
irregular Airy function, then one obtains the uniform approximation

for the transition probability which was derived by Miller:

T (g A L ey )

Only for large g does the second term in eq. (57) and (58) contribute
significantly to the excitation probability (for small § the first terms
dominate), but in this limit both expressions become equivalent. This

can be seen from the asymptotic expressions for Bi(-} ) and Ai' (-}) taken

for large values of g .23

ii) 1If ZX and its derivatives are complex conjugate for the two

trajectories satisfying the boundary conditions, one finds:
- _ P |
R arp VIR A (1)) | )

where p = |p | = |p,|.

5) Summary

In order to solve a problem using the USCA method one has to perform

7
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the foilowing steps (for the éase of one "macroscopic" and one "internal"
coordinate): |
i) Write down the Hamiltonian for the system using for the internal
degree of freedom action-angle coordinates.

ii) Integrafe (numerically) the exact classical equations of motion,
subject to proper boundary conditions also evéiuating along the
classical trajectory the phase A for a set of initial values of
the angle variable 'Q (/). Find the "quahtuﬁ number function",
that is the value of'g(q(u)) (usually not an integer) obiained

at the end of the integration as a function of the initial angle

()

variable q .

iii) Find the initial orientations for which the quantum number
function is equalxto the final quantum number n(v). Find also
the phase ZX and fhe derivatives dn/dq(U) for those trajecto-
ries. | - |

iv) Evaluate SVH and Pvu.
All these steps will become clear when thisvprOCedure is carried out for
‘the specific applications in the next chapters.

Let's summarize the‘main features of the USCA. In this semi-classical
approximation the-full classical dynamics Qf the problem is maintained
(one is solving the exact classical equations of mofion); that is, one
does not introduce any explicit dynamical approximations; The quantum
mechanical superposition principle is also included in this theory. One
keeps the information of phase along the trajectory, and the contfibutions
to the S-matrix of different trajeétories satisfying the same boundary

condition are not added incoherently but coherently. In other words,

€
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for indiétingdishable processes one adds probability amplitudes rather
than. probabilities. Since many intrinsically quantum effects, like the
q;antiiat;on oriinterference effects are a consequence of the superposition_
principfe, many of these phenomena are at least qualitatively included

in this semiciassical limit. " Also, since in this theory one has to find
classical trajectories which satisfy certain boundary conditions, Heisen-
Several additional features

berg's uncertainty principle is not violated.

of the USCA will come to light in the chapters to follow.
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IIT BACKSCATTERING FROM A DEFORMED NUCLEUS

1) Introdﬁction‘

»In this chaﬁter the application.of the USCA to heavy-ion backscat-
tering from a doubly even deformed target at energies below and up to
the Coulomb barrier* will_be.considered} The type of collisions between
a hcavy-ion projéctile (heavier than. particlés) on a heavy deformed
target range from elastic scattering énd pure Coulomb excitation below the
Coulomb barrier to one and multinucleon transfer and compound reactions
for higher bombarding energies. At enefgies weil below the Coulomb
barrier, only thé e1e§tromagneti¢ interaction between thé two heavy-ions
needs to be considered; At these low energies, the only important processes
are elastic scattering and the Coulomb excitation of collective states of
tﬁe target and projectile. In section 2 the Coulomb excitation of the
rotational ground band of a doubly eveh deformed target will be'cqnsidered.
In later sectiqns the modifications introduced by a nuclear potential
will be included. |

To insure that the projectile does not penetrate into the nucleus
(for ehergies‘below the Coulomb barrier), one has to démand that the wave
length X of thé.projectile_be much smaller than the distance of.closest

approach in a héad-on-collision, i.e. that:

>

* . .
For very heavy nuclei the Coulomb barrier does not always exist, since

the Coulbmb repulsion may be so strong that the nuclear force is not able
to produce a Coulomb barrier. The energies we want to consider shall, in
all cases, be low enough so that nucleon transfer and processes that occur

at higher energies be neglibible.
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7_:___ ___;L - ZIZE€Z>>1 (1)

- hv
The parameter 3? is the so-called Sommerfeld parameter. In eq. (1) Z.
and 22% are the charge numbers of the target and projectile respectively,
v is the relative velocity in the asymptotic region and a is half the
distance of closest approach in a head-on-collision (for a pure monopole-

monopole interaction), i.e.

Z . 2.e”
C(_::..___L_Ez_ ,(2)'
my
where m is the reduce mass of the system. For heavy-ion collisions.
with bombarding energies such that the distance of closest approach is

larger than the sum of the radii of the target and projectile, i.e.
"3 13 : .
2CL>K(-AT+AF) (};’—V-1.2Fn—,) (3)

one has that the inequality eq. (1) is always satisfied. N. Bohr25 has
shown that if IZ? > 4 » the collision may then be approximately de-
scribed by consideringvthe system as moving along a classical trajectory.
The parameter 3? is a measure of the strength of the monopole-monopole
irteraction. If 27_§> 4 , the classical drbit will be very close

to the hyperbolic orbit the system would follow if oniy the monopole-

monopole interaction were present.

In this chapter we will restrict the analysis to backward scattering
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only (this will introduce a great simplification invthe geometry of the
problem). This is not of pure academic interest, since in Coulomb excita-
“tion expcriments‘one usually measures at backwerd scattering angles since
-at those angles the excitation probability of high spin states is highest
(as long as the center-of-mass is below the Coulomb barrier). Table III 1
hows the excitation probability P(i) for multiple Couiomb excitatién of-
the ground.rotational band of ?3®U with the reaction *%Ar + 238 for the
laboratory bombarding energies of’170'MeV and 200 Mev. The calculations
were donc using the semi-classical de Boer-Winther codel” for mdltipié
Coulomb excitation (see Appendix A). The second and third column iﬁ
Table ITI 1 show the results for the céses where tﬁe projectile is
scattered to the center-of-mass scattering angles GLM = 180° and gcm =
165° respectiveély. The difference between the excitation probability for
‘these two éngles is small,compared to ;he variations of the excitation
probability with spin, and therefcré excitation probabilities at 180° are
useful to interpret experihentai results at backscéttering angles.

Figure III 1 shows graphically the excitation probability for the various
final spin states of the target for the two scattering éﬁgles; ‘A systemat-
ical improvemént is obtained if the bombarding energy is adjusted in such
a way that the ciassical turning poinf of the trajectories occur at the
same distance*.' Column four in Table III 1 shows the excitation prob-
ability at ELM = 165 for an eﬁergy such ihat the trqning point is the

same as the turning point for the calculations at ecﬂ = 180° shown in

*The distance of closest approach for a hyperbolic orbit of excentricity |

€ 1s given by (seg-appendix A) T, =2 (1 + €). Using the relation

€ = 1/sin (Gcn/2) we find how the bombarding energies for the two tra-
jectories whose scattering angles are 180° and 6., have to be

related to give the same turning point:

.
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Table III 1. Probability to excite a rotational state of angular

momentum I calculated with the de Boer - Winther code

for “%Ar + 2%%y with Q(§)=11.12 eb and Q(2)= 0.0 ebz.

Epap = 170 MeV E, =170 MeV E . = 170.733 MeV E . = 170 MeV

1 8., = 180° 8ep = 165° 0, = 165° 8ep = 180°

EI = exp. EI = exp. EI = exp. EI = rotational
formula

0 0.07407 0.07654 0.07521 ©0.07401

2 ..0.17104 0.17089 0.17100 0.17135

4 0.05737 0.06448 0.05528 0.05797

6 0.17766 0.10540 0.18770 0.18048

8 0.29148 0.29121 . 0.29170 0.29362

10  0.16783 0.15769 0.16231 0.16581

12 0.05006 0.04483 0.04717 0.04756

14 0.009186 ©.007888 0.008470 0.008158

16  0.001139 0.000941 © 0.001030 0.000911

18  0.000102 0.000082 0.000091 0.000071

20  0.000007 0.000005 0.000006 0.000004
Ep = 200 MeV E . =200 MeV E, . = 200.863 MeV E; . = 200 MeV

I e," 180° 8.y = 165° 0., = 180° 8.y = 180°

EI = exp. EI = exp. ' EI = exp. . E_ = ;dtational
ormula

0 0.08550 - 0.08434 0.08456 ~0.08498

2 0.05809 0.06134 0.05967 ' 0.05826

4 0.14832 0.15158 0.15037 0.14916

6 0.06170 0.05305 0.05642 ' 0.06229

.8 0.08977 0.10628 0.09892 0.09329

10  0.23935 0.24745 0.24428 0.24374

12 0.20190 0.10286 ‘ 0.19709 0.22050

14  0.08734 - 0.07877 0.08261 0.08301

16  0.02345 0.02017 0.02162 . 0.02080

18  0.00443 0.00364 ~0.00399 0.00358

20 0.000642 0.000508 0.000568 0.000416



-34-

. P(I)

0.0

1. .
ODOb, 4 8 12 6

. _ XBL759- 4135

Fig. III-1 Probability to excite rotational states of angular momentum

I, calculated with the de Boer-Winther code for “%Ar + 238Uy

= (2) _ 2 () _

at Elab = 170. MeV, (Q0 = 11.12eb”, Qo = 0. Shown are
the results at two different scattering angles M = 180°
(solid line) and O, = 165° (dashed line). The similarity
is even more striking if the bombarding energy is adjusted
so that for both calculations the turning points are the

same (see Table III 1).



-35- -

the second column. The agreemeﬁt is now better by-a; least a factor th.
Since the scattering angle, and therefore ghe exact initial orbipal
angular momentum.is not so critical in the heavy-ion scattering case (as
long as the scaftering angle is in the backward direction), we chose
here the case for which the problem simplifies considerably; namely, we
consider thevcase in which the projectile moves in bn.the target with
2ero impact parameter:- In this. case, cléssically the collision takes
place in a planei(defined'by'the projectile position‘and the symmetry
axis of the target)} and only two degrees of freedom ére relevant. There-
fore, one can use the USCA method to solve a much simpler problem, the
backscattering from a>p1anar rotor. Afterwards, by pfdperly weighting
the probability amplitudes (see section. II12d), we then obtain the exci-
tation probabilities for the backécattering from a three dimensional

rotor.

Independently, a similar application to Coulomb excitation of the

USCA method was done by Levit, Smilansky and Pelte.zs- However there are

several significant differences between‘their and our‘approach which will
be indicated in due time. |

2) The USCA applied to multiple Coulomb excitation

a) The Hamiltgniaﬁ and the classical equations of motion

We will now follow the steps outlined in section II 5 in applying the
- USCA to the problem bf backscattering problem from deformed nuclei..
As already mentioned in the introduction, we will consider only the case
in which the projectile moves in on the target with zero impact barameter.

In this case, the problem reduces classically to a two-dimensional prob-

lem. Figure III 2 shows the geometry of the problem. Let the z-axis
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st74|_|-82|4‘

~ Fig. II1-2 Diagram showing the geometry for the projettile—target system.
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be the initial beam axis and let 6 and B be the azimuthal angles of the
projectile and the symmetry axis of the target respectively. It is con-

venient to introduce the angles (see Fig. III 2)

X

[

/5~9 | - (22a)

l

4

va r is the distance between the nuclear centers and P.s BZ’ pY

/6+ e _\ o (22b)

are the canonically conjugate momenta to the generalized coordinates r,

X, Y then we can write the classical Hamiltonian for the system as:

2

- Pt - _
-H(k,%,-ﬂ,&)=2m +Evz(2m1rl * 21;‘L)+

Z. 2.2 Z.et QY
+ SR S R (cosx)

Here we have explicitly made use of the fact that Zin'i 0 and that in-.

(23)

itially the rotational angular momentum of the targef is zero (ground
state of an evén-even nucleus), i.e. that the total éngular momentum of
the system is iero. In the expression for the Hamiltonian, m is the
reduced mass of the target-projectile gystem, 22, is the nuclear moment
of inertia of.fhe tafget, ZT’ ZP are the charge numbers of the target and
projectile, respectively, and Q(Z) is the intrinsic quadrupole moment of
the target. This Hamiltonian does not take into account any interaction

between the target and the projectile due to the nuclear force nor any

higher electric and magnetic multipole moments. Also we are not taking



-38- | ,
into account any excitation of the projectile nor any excitation of the
target besides the excitation of the collective rotational degree of

freedom. The intrinsic electric moments Qék) are defined by:

/[ 1em MENO) N
Q.7 = Vanei e | o

where J‘{(Eﬁyu)xs given by
L/%(Egyu‘) %‘/‘kﬁ.xﬁ(e,y{)g(ﬂc‘[i o (25)

In writing the Hamiltonian (eq.(23)) it was also assumed that the
target nucleus is a perfect quantum mechanical rotor. In Table‘iII 1 the
excitation probability is also shown for the case where instead of the -

experimentalbenergy levels, the energy levels given by the rotational

formula

E =gl W
(E2 being the expérimental energy of the I = 2 member of the grqund ro-

‘tational band) are used in the de Boer-Winther code. Except for the
highest spins, the difference is negligible. . Still, when comparing the
USCA‘results to.the‘results using the conventional semiclassical method,
we will use in the de Boer-Winther code the same energyvleéels as in the
USCA, thét'is, the energy levels givén by the fotational formula eq.‘fé6).

The Hamiltonian depends only on two coordinates (V, the~distance.

between the centers of the target and the projectile and X , the angle
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between the projectile and the target'é symmétry axis) and their canoni-
cally conjugate momenta. The canonically conjugate variables X and f%r
actually are not action-angle variables for thi§~prob1em, since the angle
variéble lies not in the interval B9/1:] but [CL,ZTT] . The action-
angle variables are proportional to-;K and E% » the angle variable being
-C1== 25//£ZTT , and the action variable being :r:.ZTTf% . We will‘however'
use X and E%, , becausevthey are more convenient, keeping in mind the
relations to the action-angle variables when using formulas from chapter

. : .
I1. The four equations of motion are

o= R/m |  (27a)
d Exz Z:Ze* 23z 0% -

= TZp o , |
A R L O

y 11 |
A= (rm/’- N ;L)Pyp | o (27¢)
@)

. 2 ‘
a1

If one is interested in the angles /3 and é? , then the value of Zf' is

needed, and it can be found by integrating

y = (*mﬁ/z'{- ;,L)Px

*
The work of Levit et al.25 differs at this point from our approach in

(27¢)

that they constrain the projectile to move on a straight line, therefore

in their work the total angular momentum is not conserved.
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Another quantity of interest is the phase ¢. The pha_se ¢ is relatvéd to

the phase A of (eq. II 52) through & = A- /2 that ts:

@__thr o
g
The differential equation for @ is therefore

G- (riexs) e

The eqs. (25) have to-be integrated numerically with the initial

conditions:

}/L- = Iakﬁe (30a)
2, Z e?) | 30b

P = Q—M(ECH‘ rZe ) (300)

/5, | (_akbih’aky)_ o ‘ | (30c)

X, =
T e

E?: | ' | _ © (30e)

~.

(30f).

HH
c.
I
o

The initial distance, T, was taken to be 40 times the distance of

¢



-41-

closest approach. The quantity plf is the classical angular momentum

of the target; the rotational energy of the planar rotor is given (clas-

sically) by:

E = £ - (31)

b) The excitation probability

Integrating the equations of motion with the initial condition
;¥L==/3, for several values of /3 ,'fhe "quantum number' function f(/S,)
is found, where ; is the value of Qx/@; after the integration.

Initially the target is in the ground state, I = O; we want to find
the excitation probability P(I) = pI+O’ that is, the probability of
finding the targef in a rotational state with angular momentum I after
the integration. 1In order to find the trajectories which coptribute to
the S—matri*, we have to find the trajectories for which, after the in-
tegration, the angular momentum of the target is I. In other words, we
have to find the‘orientations of the tafget before the interaction (the
so-called "initiai orientations'") which leave the target after the inter-

action with spin I. These initial orientations are found by solving for

the roots of the equation

f(,'@,,)=f__' o 32

For a typical case, “%Ar + 23°%Q at Elap = 170-0 MeV, the quantum number

function I(/&,) is shown in Fig. III 3. For ﬁ2= 0° and 90°, I(/i )

goes through zero, since for those initial orientations no torque will
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= T A

Eiob = 170MeV
Q®=1084b -
ol [ DEp=00449MeV o
@
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)
® (radians)
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A | A | - 1 :
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A

'Fig. I1I-3 Graphs of the quantum number function: .Ir(Bc) and the _
phase (B ) for the case “CAr + 23°%( at Eiéb = 170 MeV.
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act on the target (remember that the projectile is moving in with zero
impact parameter and that initially the planar rotér is not rotating).
Let's note also that f(,@o)is a periodic function with period 77 , since
the fbrce from a monopole-quad}upole potential has this periodicity.

Fig. IIT 3 also shows the final value of the phase & as a function of
the initial 6rientation angle (for convenience a large constant value &
was subtracted; this has no physical consequence since an overall phase

in the S-matrix is not observable). The function @(ﬁ,) is not a periodic

function. From eq. (28) we find

§(/3>°+7T)="%LL?<V& +(X+T)R )chf
3(p.) -4 ﬂP dt
-8B - F[R(B)-pla)]

f

Since the initial orientations 'ﬂ’ and/go+77' are physically equivalent,

one must have for the trajectories which contribute to the S-matrix that

the phases @-(ﬁo) and é(ﬂp%— ’IT) be equivalent, that is, they should
differ at most by an integer times 2. From eq. (33) one finds that

for the physically acceptable trajectories

:ZT(EZ;_EIQ) - Ii’ -1, = Al = even mféaer B

We find that the symmetry of the problem introduces selection rules.

Selection rules, as can be seen from this example, are naturally included
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in the USCA. :

Let I be the maximum of I(/i) , for ‘Il <I one has that

» max max
in the interval [O/ ﬂ'] there are always two real solutions to equation
(32). Let us call them /51 and /‘))z . Since I(/%') is periodic with

period 77 one also has that &JT and /@l-f-TT' '~ are also solutions.
The primitive semiclassical expression for the S—mat.fix is (see eq. II 31)
¢®; o

S = § A j e | (35)
where Aj is a preexponential factor; the index j goes over all the
solutions of equation (32) in the interval LO,QTTJ . There are two
pairs of solutions of eq. (32), (ﬁ4/ﬂ1 +7 ) and ( ﬁz/ /g2+77— ).
The solutions of each pair have the same pre-exponential factor A in the
expression for the S-matrix. One finds (using eq. (33) ):

S = A (eéé' +.ez(§,-m&1’)) + A, (eéél + ei(§2*”41))

_ (A1€L§1+ Azeééz)(4+ e;LTrAI) : -

Also from eq. (35) i.t is clear that AL has to be’ an even integer.

The func.tiqn ; .( ﬁ, )} has also the symmetry ’I\(ﬂ,) = -f(ﬂ,—ﬁf) ,
since the quadrupole potential has this symmetry. Therefore when finding
the roots of ;( ﬂo ) =1, wé also find the initial orientations ﬁ:, |

for which I( ﬂ. ) = -I. A negative value of I just means that the rotor

is turning in the opposite direction. In a three-dimensional symmetric
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rotor, the angular momentum quantum number I‘ is always zero or an

even positive integer; a rotation in the opposite direction manifests
itself through the fact that the projection M of I on the axis. per-
pendicular to the scattering plane has the opposité sign (that is, has a
different quantum number). In the two dimensional case one does not have
the quantum number M, and a rotation in the opposite direction manifests
itself by the change of the sign of I. Therefore, when evaluating the
excitation probability PI of finding the system in a state with angular
momentum I (I = O or positive even integer), one also has to include in
the analysis the roots of ; (/& ) = -I, but s%nce‘they correspond to

a different phyéical situation, their contribution to the excitation’ prob-
ability is not added coherently with the contribution from the roots of
;(f2 .) = I. In other words, we may restrict the analysis of the‘problem
to the interval [CL ﬂ?ﬁZ] and multiply the excitation probability at the '
end by 2, or the S-matrix by 'YEt This ][31 together with the factor
2»@ge to the reflection symmetry of the target (see eq. (36)) gives the
factor '{Eﬂ by which we have‘to multiély the S-matrix if we restriét
~ourselves to the interval [O,7KAZJ . In actual calculations the uniform
semiclassical S-matrix (eq. II 54) will be used, but in order to gain some
physical insight, the primitive semiclassical S-matrix is useful and will
be considered briéfly;

For IK Imax eq. (32) has two real solutions in the interval

[CD,TDéZJ . Let's call the two roots /31 and /9;. Since also the
phases ¢1 and @é corresponding to these roots are also real, we can
use the results of section II 4a to write the primitive expression for

the S-matrix (see eq. II 31):
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IO i) -

In deriving eq. (37) the relation between I and action variable J,

J=2mhl= ZTTf/’z , was used (see eq. II 6). The phase: ¢ is éiven by

eq‘. (26). Wri’ting it in a different form, we have

é*'%‘f VPC’t fwz | .

L

| From eq. (38) thé derivative _9@/91.‘. can be e\./aluatedi
28 _y .8 e
Introducing the 'aefinition _
o \_ 4 (( L [f21(8) |
= 4, 2 (40)
= 2m (QI QIP) TT(Q ) 9/5 ) (-
7R

one can write the. S-matrix in a more useful way

5. —L{Fe % Fe‘(é E} @

where the root 1 is the one for which /9/8 >0 For I = 0,

the evaluation of the S-matrix integral equatlon by the stationary phase

method (as in chapter II) has to be modified slightly. The problem is,
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that in this case the stationary phase points are at the extremes of the
interval of integration. As one might guess, in this case the result has
to be divided by 2. This is related closely to the fact that for a planar
rotor the "space' of initial orientations leading to I = 0 is half as
large than for I # 0. The meaning of this statement will become clearer
in the next section.

From the S-matrix (eq. (41)) one obtains the primitive excitation

probability for backward scattering angles:

P_{1)=] 5, (& eIl AT =in(188) oo

A@ = :{’2__* @1 , | (43)

If I > ;max’ then eq. (32) has no real solytions, and one says that the

spin I 1is classically inaccessible or }hat the transition is classically

forbidden. There are, of course, complex solutions of E(/Z) = I for

I> ;ma . All thevsolutions will come in pairs; if is a solution then
%5* will also be a solution. Let's consider only the pair ( /@H//ga’z/%*)

of solution§ which lie closest to the real axis. Since in this problem.

the interaction potential is a real potential, one alsb,has $, = ¢1* and

all its deriyati?es at the stationary phase points ﬁ% ,/@2 are com-~

plex conjugates of each other. We are therefore in the situation described

in section II4b. 1If the root 1 is the root for which Im(ﬁ.;i) = Im(;@«+i§1)

= @I is positive, one obtains for the primitive S-matrix -
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S, ME)=t]lple e - (44)
Since pi -and P, are‘complex.conjugates lpll = [pzl Z p . The
primitive excitation amplitude is then ) '

P.(I)=lple™?® : )

For vei‘y _forbidden trénsitions, ér will be very large énd from eq. (45)
it follows that tﬁe'excitation probability will be exponentially vanishing.
For this reason, cher pairs of roots with larger imaginary parts may
be igndred. In chapter II we found that only one saddle point coﬁtributes
to the S-matrix in the classically forbidden case. If_thé other would con-
tribute, it woﬁld give an expénentially increasing contribution tb the
S-matrix for more and more forbidden traPSitions. This, of course, would
be physically;unaccep;able. |

According to the theorykin ghaptergli; there is no reason to exclude
the cases where the stationary phase points are in the comﬁlex plane.
So there ére no réasons for not considering complex initial orientations.
According to general quantum mechanical principles, only observables:must
be real; all other variables may be complex. The.initial orientation of
the target is nbt'an observable and therefore may be complex. In order
to find the classically forbidden transitions, one has to start the

integration with complex initial orientations. Continuing analytically

the potential and the equations of motion into the complex plane, the
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now complex trajectory that the system fraées is found. All the variables
beéoﬁé-c;mpiex during the integration. Since one wiil observe the projec-
tile at a real distance from the target, ¢ should be real. This is eaéily“
achieved by moving the time path in the asymptotic region from the real
time axis into the complex plane, that is by using,‘after the interaction
has taken place, complex time increménts until ¥ becomes real. In the
asymptotic region, since there is no coupling bgtween-the two degrees
of freedom, the angular momentum I of the target.&ili be a constant of
motion and so.an excursion of the time path during ﬁhe integration into
the complex time plane will not affect it. |

As already mentioned in chapter II, the primitive expressions for the
excitation probabilities fail if the two stationary points are close to-

A

gether, i.e. if I is close to I or equivalently if A® is small.

max
In this case the uniform expressions have to be used. Using the results

‘ of section 11l4c we find

R = Y3 [ (Vied ) A+
AR Vec] reie
E""F(I) = LHT!P'WALZ(IH) 12 fmx | (47)

with f defined by

§ =(%1A§[ (48)

) 2/3
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If the transition is not too forbidden and if the function ;(ﬁi)
can be represented by a parabola around its maximum.‘;max‘, then it is
possible to sidestep all the complications of integrating complex trajec-
tories with complex initial orientations for the classicélly forbidden
traﬁsitions by Taylor expahding'aboﬁt the extremum.2  ApproXimating .;(/65)
as a quadratic and ¢ as 'a cubic about /Sr;ax , one finds the following

approximate expression for the excitation prdbability (for‘the classically

forbidden transitions)

| -2 I"fmtu
Al ( A )

en;p(l), 2 2](—_9_;51) l | (49)
, _ A Qﬁa ﬁ.’Pmax .
with A and")%‘v defined by '
. = A\ V3 |
A = 921(/‘2) 12 _Qjéﬁ : (50)
:9/3:?v : :9/30 /i ’/gmax
(51)

— r——— T, e ————

v _ 20 kI "
;X§7 - 4291;, | ,;L Fﬁ ; + ;I<F

c) Backscaftering froﬁ a three-dimensional rotor.

So far the:problem considered Aas been the backscattering from a
rotor in two dimesnions (:2D). In this .subsection we will show how to
| modify the previOQS’equations so that they correspond to the three dimen-

sional (3D) backscattering from a rotor, without integrating the full

three dimensional equations of motion.
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The energy levels of a quantum mechanical rotor in 3D are given by

2

EIV=’%I(I+1) | (52)

Using eq. (31), one would like to make the identification

B=4 1 I(I+1) 53

but this generates a small problem. From eq. (34) one has that the quantity
E%/Ch has to differ by an integer for different qﬁantum states. The

. identification eq. (53) does not satisfy this criter;on'and therefore has

to be abandoned. The next best suggestion, and the one adopted here, is

to make the usual semiclassical identification

B=%(1+%) (54)
which also gives the correct energy spacings when using eq.v(31). There-
fore, one of the modifications that has to be introduced in the general-

ization to 3D 1is to look for roots of the'equatioh
T 1
I(ﬁ’,) =[+% (55)

where 1 'is, as before, an even integer, and I(/ﬁ,) is the quantum .
number function of the 2D planar rotor.
‘Even though one uses the identification equation (54), we will use

equation (52), to find the moment of inertia 4 of the target, that is
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:1 — 2315 _ » | | | - : | (56)>'_

where E, is the energy of the first excited rotational state of the

target. _
In order to find out how to modify the p's (defined in eq. (40))

for the 3D case, it is’useful to conSider the‘éb césé in more detail.
In the Zﬁ case one has for I.# 0 that _

< > o ' _

= ’ 1'-/1A]. _ ' v (57)

Iar
2

5l = Fra
= ) «
© o Zl(ote)ae)
where /§< andvﬁi> are defined in Fig. III 4.. Now the physical meaniﬁg
of eq. (41) for the primitive expression of the excifation probability
é(I) becomes;ﬁery clear. The quantity Py has a geometrical meaning;
it is the probability that the initially randbmly oriented target has an
" initial orientation f&, such that the anéular momeﬁtum of thé target after
the interaction ;(/6,5 =E%/&5 is in the interval [ I-1, I+l ]. There
are two such groﬁps of initial orientations. The excitation probability'
is then given'by‘the probability that the initial oriéntation aﬂgle is
in one of the grbups, plus a term describing their interference.

In the 3D case, we will denote the p's with a bar on top. In an
analogous way to the 2D case, the p's in the 3D case will approximately
be the probébilitf that the initial azimuthal éngle of the rotor is such
that the angular momentum of the target fCﬁi)=f%/97 »after the interaction

be in the interval [I-1+% , 1I+1+% ] (see also eq. (54)). We find (see

+
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XBL759-4134

Fig. I1I-4 Graph of the quantum number function i(&a) versus R for
the backscattering from a planar rotor. The two roots B;

Bz of i(&,) = I are shown for I = 4. Note that the "initial
orientation space" leading to I = 0 is half as large as the

one leading to I # 0.
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fig. II 6)

|,3112<12T_!55h@,) fﬁ;/gf[ o v

2

— . —

< - > : . |
where %31 and}g1 are defined-in Fig. III 5, which is the analogous
figure to Fig.TIIi 4 but for the 3D case. Comparing eqs. (57) and (58),

one finds

~ 2‘sr'n)5‘ - | | SR |
po= e (k=12) (59)
(91 ) B |
Q_ o K
The sinp, - factor arises from a purely geometric argument (see Fig. III
6). The excitation probabilities for the 3D backscattering problem are
obtained when, in the expreésion of the previous section, thé'p's are re-
placed by the-ﬁ“s. For the forbidden transitions ék will be a cbmplex

angle; for those cases, in equatioh (59) the sine of a complex angle is

used.

P -

- One final aspect in converting the 2D equations to the 3D case con-
cerns the specihl case I = 0. In the 2D case, the p's for I = 0 had to
be divided By two. In the 3D éase, the stationary pbin;s are not quite
at the extremes of the integration interval (this because one looks for
solutions of ;(Bo) = 0 + %). From Fig. III-5 we find that in the SD
case the initial orientation épace le;ding to I = 0 is only 3/4 as large
as the one leading to I # 0. Therefore, for I = 0 one has to multiply P
by 0.75. |

As already mentioned, in reference 25 the USCA was also applied to

backscattering Coulomb excitation. The main differenceAbetween the work
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XBL759-4133

Fig. III-S Same. as Fig. III-4, but now looking for roots of E(Bo) =1+1/2
in order to make it correspondent to the backscatteriné from a
three-dimensional rotor. Note that now the "initial orientation .
space' leading to I = 0 is 3/4 as large as the one leading to
I#0.
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' - - XBL7411-8213

~ Fig. III-6 Diagram showing the initial configuration of the system.
The probability that the azimuthal angle of the symmetry
axis of the target lies between R and R + dR is clearly

proportional to sing in the 3-D case.
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by Levit et. al.25 is that they do not perform the modifications indicated
in this subsection, that is they only solve the problem of backscattering
from a planar rotor, although they compare their results to the 3D

de Boer-Winther code for multiple Coulomb excitation.

d) Numerical considerations.

In order to find the excitation probabilities of Coulomb exciting a
rotational band in a doubly even target, two computer codes were developed.

One computer code, let's call it code A, is very efficien; and eaéy
to use. In code A the quantum number function ;(&o) and the phase
®(B) are found by solving the classical equations of motion (eqs. (27)
and (29)) with the initial conditions eq. (30) (the initial orientation
B. was varied in steps of 5°). After finding the function ;(Bo) and
®(R) every 5°, a simple three-point quadratic interpolation between the
discrete points is used to find the roots of equation ;(&:) =1+ %4,

The derivatives (9[(/3:0)/9/@0 )k (and ;:herefore ;_)k) are also immediately
found by using the fitting coefficients of the function I(R ). For

~

I1+% < 1 the excitation probability.is evaluated using éq. (46) .
For I + % > Emax the procedure outlined in eqs. (49)-(51) is used to
find approximately the excitation probability'for the classically for-
bidden transitions. Code A also allows for the inclusion of an hexadecupole-
monopole potential. |

The.other computer code, code B, on the otﬁer hand is much more com-
plicated to use, but therefore relinquishes many approximations used.in

code A and also is applicable to more general potentials, for example, it

does allow for the inclusion of a complex optical nuclear potential. In



-58-

i A
code B the roots of equation I(%&) = I + % are found "exactly", that is
by running trajectories until, by an iteration procedure, a trajectory is

found very close to the root. The S-matrix (eq. (II53)) is then evaluated

By taking the absolute squére of the S-matrix, the excitation probabilities

for both the classically accessible and forbidden transitidns are found.

Since for forbidden transitions B is complex, code B is set up to solve

the classical equations of motion for ihe case where all the variables be-
come complex (including'fhe time). VA complex nuclear optical potential
of the Wood-Saxon type is also included in code B;. a more detailed dis-
cussion of this is presentéd in a later section. '

In both codes; the integration is started at a distance v equal to
40 times the distance of closest épproach and is stopped when 1r again,
after the integraﬁion,_is 40 times the distance of closest approach. At
T = 80 a_(a = half distante.of closest approach, see eq. (2)), the quad-
. rupole potential, which is the non-central potential'éf longest rénge we‘
will be dealing with and wﬁich goes tb zero as 1/r3, is negligible and
thereafter there will be no significant ;hange in the quantum number
function ;(Bo).__The.ldng range 1/r pure Coulomb interaction of course
still affects fhevtfajectory of the projectile and tﬁe phase ¢, for |
r > SOa,'but.it does not affect in any way the excitation probability.
This 1is so beéause it is not the absolute phase which is important in oui
zero impact»parameter calculation, but rather the phase difference A%
between the two trajectories, which have the same initial and final
asymptotic quaﬁtum numbers. For two such trajectories, which have the

same quantum numbers in the asymptotic region, there will be contribution

to Ad only as long as the non-central part of the interaction potential

\ N
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is non-negligible: For all practical purposeé, Tini = 80 a is a "safe"

distance to start the integration.

e) Example
When the classical equations of motion (eqs. (25)) are written in
terms of dimensionless quantities, one finds that the evolution of the

system depends only on the following dimensionless parameters: .

2 .
ZT Zf’ = . (Sommerfeld parameter) (60)

7:\ Hv.
§

E.

(Adiabaticity parameter) - (61)

7 2E.,
- ;lcz(z) :
ei = ZLpC ‘o , (Quadrupole- interaction - .
2 Ytv.a® (62)

strength parameter)

| where A ie the velocity of the incoming projectile ahd a is half
the distance of closest apbroach (eq.(2)). | - |

In a Coulomb field the Sommerfeld parameter 2? is a measure of how
classical the system is. The larger Z?( 2?‘;> 1), the more c1a551ca11y
the system will behave. ‘ |

The adiabaticity parameter ~§02vis a heasute efjhow sedden or adiabatic
the collision is with respect to the rotational period If .§ is small
(.§ <§ 1 the collision is more or less sudden, that is, the target does
not rotate appreciably durlng the time the pro;ectile is close to the

target. .g L 0 is the'sudden collision limit, this limit can be achieved
o .

for example by taking the moment of inertia as infinite, then E; and
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therefore goz will be zero. In the limit of large foz (§oz>>. 'I)

the collision is said to be adiabatic. In that lihit the target, if excited
to' I= 2, will rotate very fast, which has a conéequence the averaging to
iero of the quadrupole-monopolebinteractiqn; Consequen;ly higher spins

are very’uniikely.to be excited in the targetf'

The pafameter qz2- is a measure of the quadrupole-monopole interaction
strength. If'>a}<< 1 the target will remain'iﬁ its ground'state and no
rotational states will be excited. If q2>> 1 many rotation states will
be excited (unless the collision is extremely adiabétic). ‘A rough rule-
of-thumb is that the largest rotational angular momentum that will be
excited in tﬁé target is approximately 2q,. The ratio -a}/?? gives a
measurement of how much the orbit of the projectile, which is mainly a
pure hyperbolic orbif, is disturbed by the presence of the non-central
qpadrupole field.  If E}/?Z <<1 then the orbit is close to a hyperbolic
orbit. In reference 20 it is shown that the scattering angle of the
projectile, fdr zero impact péraﬁeter, can deviate at most by 2&}/27 from
. If 52/2»1 the ‘trajectory will be .yery' different from a hyperbola.
Figure II1 7 shows the values of the parameters zv‘and' q2 for various
target-projectile systems at several energies (in MeV).

The theoretical developments of the previous sections will now be
illustrated with an example. We wil;.consider the backscattering of
“Oaor from 2%°U with bombarding energies between 150 and 210 MeV in the -
laboratory. Table III 2 shows the relevant parameters for the eXample
at the various energies. We will for the moment neglect,the hexadecupole
moment of the target; it will be included in a later subsection.

In figure IIT 8 the quantum number functions for the bombarding
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Fig. III-7 The value of the dimensionless parameters n and q. are
shown for various target-projectiile systems at several
laboratory energies (in MeV). The crosses indicate the

~ places for which 2a = distance of closest approach

= 1.4 (Af: + A‘)
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Fig. III-8 The quantum number function I(g) vs. Bo is shown for the
backscattering of “°Ar on **°U at E;, = 170 and 200 MeV.
The parameters for this example are shown in Table III-2.
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Table III 2. Value of several parameters for the scattering of “’Ar on 2%y

for several bombarding energies.

Elab q2 n 02 Bmax Im'ax A(?m)
(MeV)
150 4.739  135.2 0.0236  38.05 8.911 9.284
155 4.978  133.0 0.0225  38.05 9.346 8.985
160 5.221 = 130.9 0.0215  38.05 9.786 8.704
165 5.467  128.9 0.0205  38.05 10.231 8.400
170 5.718  127.0 0.0196  38.05 10.681  8.192
175 5.972  125.1 0.0188 - 38.06  11.136 7.960
180 6.230 123.4 0.0180  38.06 11.595 7.737

185 6.491  121.7 0.0173  38.06 12.058 7.528
190 6.756  120.1 0.0166  38.06 12.526 7.330
195 7.024  118.6 0.0159  38.06 12.999 7.142
200  7.296  117.1 0.0153  38.05 113.473 6.963
205 7.571  115.6 0.0148  38.05 13.952 6.793
210 7.850  114.2 0.0143  38.05 14.434 6.632
) 21112 e
(] .

Q™ = 0.0 ev?
-0

mc2 = 3.21377 104 MeV

= 0.0449 MeV

§ = 802G, =0.112
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energies Elab = 170 and 200 MeV'are shown. For a target with an infinite
moment of inertia, or in other words, if the target would not rotate during
the time the collision takes place, one would expect that Bmax (the value

A

of B for which ;(&i) = Imax) occurs at 45°. However, since the collis-
ion is not éompletély'sudden, the value of Bmax iS shifted to.smaller,
values. The value of Bmax is quite independent of energy (see table iII—Z).
The reason for this is easy-to find. For higher energies the céllision

will occur fastér, but also higher spins will be excited and the target

will rotate faster; the ratio between the collision time and the period

of rotation of thé-target'is roughly independent ofvenergy. ‘A parameter

which should describe much better than ‘g whether a colliﬁion is adiabatic

02

or sudden is the parameter j defined by

= = : v : : : 3
§=5,9, | @
Rembmber that I 5'255 will roughly be the largest angular momentum that

can classically be transferred to the target (see also subsection'IfI £)).

From eqs. (61) and (62) we find ‘ - :
_s(el)/ (2 | |
S =2 =)/ o) S

that is, S is independent of energy. Table III 3 shows the value of
; for the target-projectile systems shown in Fig. III‘7. If “§'<< 1
then the collision is sudden; if ; < 1 then the coliision is.more or
less adiabatic. _

In Fig. 11 9, A® and V/Eﬁ are plotted for,thé classically allowed

values of the final angular momentum of the target I. Figures III 10 and
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Fig. III-9 Graphs of A9, Jﬁl and4f p2 versus 1 for the
same examples shown in Fig. III-8.
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- Table III 3. Vaiue of the parameter S_ for several target-projectile systems.

System | ' ' 3;
169 4 152gp . 0.1010
“OAp + 152gp 0.2209
169 4 238y ©0.0485
HO0Ar + 238y 7 0.1108
Bhgr + 238y | 0.2008
132xe + 238y, | 0.2746

208 4 23%y 0.3589
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IIT 11 show the excitation probabilitiés obtaiﬁed for these examples. The
USCA resﬁlts are shown by the black dots. For comparison, the result using
the conventional semiclassical de Boer-Winther code for multiple Coulomb
excitation is also shown (by open circles). The agreement is very reason-
able. In Fig. III 10 also éhownj(by open squares) is the so called clas-

sical excitation probability

. _ A
R(1)=7+F (for To5<fn) @
The classical excitation probability Pcl(I) shows no interference sfruc-
ture (i.e. is a smooth function of I) and goes only up to spin I = 8,
which is the largest spin allowed by classical dynamics for this energy
(see Fig. 'III 8). For I = 0 the excitation probability is roughly 3/4 of
what it is for.I = 2; this is not related to an interference effect but
rather has to do with the fact that the space of initial orientations‘
leading fo I = 0 is about 3/4 as large as the one‘leading to I = 2,

In Fig. III 11 also the 2D-USCA resu1£s are shown (crosses); thesSe
are the'results obtained if the modifications described in section III 2e
are ignored. Note that the interference pattern in the 2D-USCA is much
larger for low spins, in disagreement with the de Boer—Winther code.

In table III 4, all.the different ways of evaluating the excitation
probabilities for the bombarding energiesvﬁlab = 170 and 200 MeV are
shown; namely‘the classical, primitive semiclassical, USCA-2D and USCA-3D
results, (compare aléo with éable III 1).. The main features of the
interference pattern of the 3D-USCA calculations can be understood by

)

using Fig. III 9 and remembering that for I not too close to Imag  the
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Fig. III-10 Calculations of Coulomb excitation probabilities to
excite members of the rotational ground band in 23%U

(target) with the backscattering of “°Ar at Eyab =

170.0 MeV. The parameters for this example are shown in
Table III-2. In addition to the USCA results (solid line)
and the results using the de Boer-Winther code (dashed'
line), the classical results (dotted line) which shows

no interference is shown.
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Fig. III-11 Same as Fig. III-10, but at By, = 200 lleV. Also, instead
of the classical excitation probability, the results obtained
if the modification discussed in section III-1lc are not in-

cluded, i.e. the 2D-USCA results are shown (crosses).:
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primitive semiclassical approximation (eq. (42)) gives almost the correct
result. From eq. (42) one finds that if 4¢ is in the interval
[2nT, (2n+1)w] the interference is constructive and if Ad® is in the
interval [(Zn;l)n, 2nm ], the interference is destructive. In Fig. III 9.
the regions where the interference is constructive or destructive are indi-
cated. For E . = 170 MeV and I = 4, for example? A® is in a‘region of
deﬁtructive interference. Hence,_Puni(I = 4) is much smaller than PCI(I‘= 4).
For I = 6 (Elab = 170 MeV), Ad 1is only slightly into a region of construc-
tive interference} therefore pﬁhi is a little larger than'Pél. The fact:
that ][321 goes to iero_for small I + % in the 3D case (due to the sin B,
in eq. (59)) has the consequence that the interferenéé'pattern becomes
progressively weaker going to small I. 1In the 2D USCA 'VE:' does not
tend to zero for low I (as a matter of fact the grapﬁs of MrE:‘ and \f;;ﬂ
are fairly similar and lie between the graphs of ]{g:‘_and V_gzﬂ.in =
Fig. III 9); this expiains why the ihteffefence pattern is much stronger
for the 2D-USCA. | | | \

In figure IIT 12 the.excitation'probability for a few selected states
(I = 4,6 and 10) of the rotatibnal band in 238U ‘in the backward scattering
of *%Ar jons With'Elab = 150-210 MeV islshown. The agreément.ﬁetween tﬁe
USCA and the cbnventional semicalssical approximation is very reasonable,
although thére seems to be a small systematic shift. The agréement is
less good for the higher energies. It is not clear which of the two semi-
classical methods would be closer to an exact quantum mechanical calcula-
tion if such a calculation couldvbe performed. If the difference of the
two semiclassicai éalculatioﬁs were solely due to the fact that in the

USCA the dynamics-of the problem is included correctly, but in the
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Fig. III-12 Calculations of the probability to excite the rotational -
states I = 4, 6 and 10 of ?3®U in the backscattering of
“%Ar are shown versus the laboratory bombarding energy.
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Table I1I 4. The probabilities of excitation of rotational states calcu-

lated in different ways for the reaction “°Ar + 238y with

bombarding energies Elab = 170 and 200 MeV.

2D
o Pcl : Pprim Punif Punif ‘ Elab_
0 0.0900  0.0743 0.00570 0.0743
2 0.1260  0.1797 0.2311 0.1783
4 0.1356  0.05%2 0.04596 0.0566
6 1 0.1535  0.1920 0.1300 0.1960
8 0.1968  0.3128 0.3315 0.2992
10 0.6306  0.6asC 9.1999 . 0.1548 - 170
12 ce= " 0.0552  0.05676  0.0457
14 - 0.00755  0.00910 0.00694
16 --- 0.00071  0.00092 0.00067
18 --- ~ 0.00006
0 0.0713  0.0818 0.1401 0.0815
2 0.0985  0.0633 0.00656 0.0635
4 0.1033  0.1578 0.1785 0.1571
6 0.1110  0.0576 0.07035 0.0532
8 0.1243  0.1131 0.05554 0.1177
10 0.1513  0.2785 0.2588 0.2600 200
12 0.2483  0.3163 0.2247 0.1876
14 --- 0.1045 0.08901 0.0747
16 --- 0.0178 0.01996 0.0158
18 --- 0.00233  0.00288  0.00219

20

- 0.00022 0.00029 0.00021
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conventional semiclassical approximation it is not (see Appendix A}, one
would exﬁect‘that the disagreement at Elab = 210 MeV be twice as large than

for Elab = 170 MeV since at Elab = 210 MeV be twice as large than for Elab—

170 MeV ssince ét Elab” 210 MeV the ratio aﬁez (which is a measure of how
mucﬂ the tfajectory differs from a pure hyperbola) is twice as lérge as
at Elab = 170 MeV (see table III 3).

f) The sudden collision limit and the limit

We will now consider the sudden collision limit ( g 02.= K = 0).
This limit corresponds to the case where the period of rotation of the tar-
get is much larger than the time during which thé_interaction fakes place.
In the conventional seq}classical approach one has that the backscattering
excitation probability depends only on the parameters qQ2 and ;fvoz.
For _?oz = 0, the excitation probability P(I) depends then only on the
parameter a}, this § 02 = 0 limit has been studied by Alder and Winther17

In the USCA approach one has that the excitatioﬁ probabilities not
only depend on q2 and. g 02, but also on the ratio. 55/27- As alre;dy
mentioned, 55/27 is a measure of how much the trajectory differs from g
pure hyperbola. If we take %%9:0 in the USCA method, the trajectories
will also be "pure hyperbolas'". In the conventional semiclassical meéhod,
problems with fixed a} and g o2 but different 27 have all thg same
excitation probability (for backscattering); in the USCA the resulting ex-
citation probability is not .the §ame for all the different 27 . From all
this set of different USCA results, the one that would correspond clbsest

to the conventional semiclassical result is the one with Z——? 0 |

A nice feature of the USCA method is that the goz = O,Z?-sﬁoo limit
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for backscattering can be solved analytically. The result for the quantum

-

number function and the phase is

f(ﬁo) = 2?,_ sin(20,) | (66)

3((.) = 2, (sirifo, B sin(2.)) N

From eqs. (66) and (55) we find that in this limit 2q, -% is the largest
angular momentum that can be classically transferred. In the §'02 =0
limit, as expec#ed, Bmax = n[z.

From er. (66) and (67) the phase difference Ad vand the p's can

I ) e I 2 B
A8 =29 ) [YFT ~f Log (fVF7)| £51
R = (f“ T S1o) s:’n(%Arcsin](’) - | o

-—

R /

22{-—:[ 1+ ¢ N (69b)

where f is defined by

T4
'F" 29 -

2

(70)
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Substituting eqgs. (69) and (68) back info eqs. (46) and (47) we find the
excitation probabilities in the - g 02 = 0, Z?—auo limit. Let's note
that in this case we are using the "exact" expressién (47) for the clas-
sically forbidden transitions‘(that is for £ > 1).énd not the approximate

expression (49). For the special case f = 1 the excitation probability

is:

| 2/3
2 2.
- =[=] A (0)

T,

In Fig. III 13 the phase difference Ad vs. q, for f < 1 is~plofted'for

(71}

the 5 02 = O,Z?—a»MD limit.v The regioné of the constructive and dé?truc—
tive interference are also indicated. ‘With this figure one readily un@er-
stands the features of the excitation probability in this limit‘which, for
some spins I, i§ tabulated in table III-5 andlplottéd in Fig. III-14. For
compérison, the results obtaine@yby Alder énd Winther27 are also shown.

The agreement is excellent; this gives an iﬁdication that the systematic
deviation one observed in Fig.vIII 12 is really due té'the fact that the
USCA method treats the dynamics of the problem exactly, while the conventional
semi-classical approximation does not. Fig. III 15 shows the backscattering
excitation amplitude for 5;1= 0 and aé = 9.0 yersuSVIOO/??. In experi-
mental situation (for which a}_= 9.0) 100/2? will always be between 0.2 aﬁd
0.5, and in this interval the excitation probability doesn't differ very
much from its value in the 2?-> o0 1limit. By varying 2? froﬁ S0 to

350 the phase difference A® increases for the various states between

0.3 and 0.7 radians; with this fact and Fig. III 13 we can rationalize the

variations of the excitation probability with zf in Fig. III 15. For
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Fig. III-13 Graph of the phase difference A® versus q, for the 552 =0,

n > limit. Shown are the results for all spins up to
'I =18, but only for f < 1.



Table 111-5

The probabilitics for oxcitation of rotational states in an

" even-even ﬁUcIeus in the limit '3 = 0 and f? =00, Tabu-

lated are the results of tho USCA and the traditional semi-

classical approximation (ref. 27),

_ USCA AW USCA AW USCA AW USEA AW UscA A-Y  USCA A-H
e Py Py Py Py - P Fe Pie Pie - Pis Piv  Pus Pre

1.0 0.0339 0.6045  0.2518 0.2850 0.0003  0.0006

1.5 0.3830 0.4300  0.4917 0.4812 0.0039  0.0057

2.0 0.1940 0.2152 ° 0.5733 0.5587 0.0205  0.0260  0.0000 0.0001

2.5 0.0988 0.1021  0.4892 0.4812  0.0650  0.0750  0.0004  0.0006

3.0 0.0842 0.0835  0.3084 0.3098 0.1485  0.1572 ° 0.0022 0.0029

3.5 0,067 0.1108  0.1362 0.138 0,2568  0.2563 ~ 0.0034 0.0104 0.0001

4.0 0.1227 - 0.1317  0.0509 0.0514 0.3385  0.3354  0.0247 0.0286  0.0003  0.0004

4.5 0.1115  0.1214  0.0622 0,0600 0.3571  0.3555  0.0581 0.0634  0.0011 0.0014

5.0 0.0320 0.0881  0.1193 0.1158 0.2099  0.3006  0.1127 0.1171  0.0038 0.0046

5.5  0.0553  0.057L  0.1569  0.1540 0.1911  0.1932  0.1829 0.1831  0.0107 0.0124 0.0002

6.0 0.0461 0.0463  0.1427 0.1412 0.0828  0.0848  0.2451- 0.2436  0.055 0.0283  0.0006  ©.0007
6.5 0.0530 0.0547  0.0921 0.0917 0.0242  0.0250 0.2768 0.2757  0.0523  0.0558 0.0018  0.0022

7.0 0.0630 0.0671  0.0462° 0.0459 0.0317 ' 0.0M2  0.2615 0.2016  0.0933  0.09%1 0.0050  0.0058

7.5 0.0637  0.0687  0.0352 0.0343 0.0809  0.0790  '0.2004 0,204 °0.1452 0.1455 0.0120  0.0134

3.0 0.0532 0.0570  0.0568 0.0552 0.125I  0.1242  0.1160 0.1174  0.1946 0.1938 2.0255  0.0274"

8.5  0.0306 0.0413  0.0836 0.0819 0,123  0.1202  0.0436 0.0446  0.2266 0.2258 0.0478 2.0503

9.0 © 0.0324- 0.0329  0.0892  0.0879 0.0925  0.0930  0.0124 0.0128  0.2277 0.2275 0.0508  0.0828
9.5 0.0345  0.0355  0.0692 0.0685 0.0442  0,0447  0.0290 0.0286  0.1930 . 0.1935  0.1221  ©.1225
10.0  0.0409 0.0632  0.0412 0.0403 0.018%°  0.0189  0.0725  0.0719  0.1316 0.1326 0.1627  0.1622

_LL-
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Fig. III-14 Graphs showing the excitation probability to excite selected
rotational states in the collision of a spherical nucleus
on a deformed nucleus in the limit &4, = 0, 7> *, versus
‘the quadrupole strength parameter a}..iThe agreement between
the USCA results and the results using the conventional semi-
classical method (see ref. 27) is excellent. See also
Table III-5. |
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Backward scattering excitation probabilities to Coulomb
excité members of a ground rotational band of a doubly
even target. Results are shown versus 1 for 50 2 =0
and qz = 9.0. The 7 » e~ was evaluated using the analyt-

ical formulas derived in section III-1f.
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example for I = 6, A$ moves away from the region of eonstructive inter-
ference with increasing z? ; therefore the excitation probability decreases.
For I = 8, A% moves into a region of constructlve 1nterference the exci—
tation probability increases with i? . The variation of Ad w1th /?7
is the main contribution to the change in the excitation probability with

%? ; the ﬁ“s also vary with *z? (the larger the spin I, the greater the
variafion). For T = 14, A® moves deeper into the conetructive interfer—
ence region and the excitation probab111ty should 1ncrease with 27 but
this is cancelled by the decrease of the p's with 1ncrea51ng z? SO tHe

excitation probablllty actually goes down a little.

g) Inclusion of the electric hexadecupole mohent._

One of the advantages of the USCA method is the_ease ef includingv
other terms in the interaetion potential; Here we will consider the elec-
tric hexadecup01e potential

.ZZEGE?LCQ(%)}:)((xjs,xf) -
y (72)

Hexa 2 '

where the intfinsic hexadeeupolevmoment Q(g) is defined by the equation
(24). VWe will show here the effect the inciusion of a hexadecupole moment
has for the example studied in section 3), that is, “%Ar + 238y at bom-
bardihg energy Elab = 200. MeV. In Fig. 111 16 the QUantumvnumber function
is shown for this example for three cases which are Q£4)¥ b and Q£4) = *
3.0 eb2 (the true hexadecupole moment for 23%U is closer to the value Q£4)

= 1.96 ebz, but in order to show its effect more clearly the caleulations

were performed with a larger value and also with both signs). Fig. III 17
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Graph of the quantum number fumction I(R) versus R
“%Ar on 23%U at Ejp = 200 MeV
The three curves correspond three

for the backscattering of
with Q(") = 11.12 eb.
different values of the electric hexadecupole moment of
the 238y; Qég) = 0.0 eb and Qgg) = 3.0 eb?.
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Fig. III-17 Graphs of A%, JEI and \/ p2 versus I for the same

4
example shown in Fig. III-16. (For the case Qé ) . 0,

see Fig. III-9).
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shows a graph of the function p;, p, and Fhe phase difference A% versus
| spin I. For a negative Q£4) the difference between p; and p, is
smaliei'than fof positive Q£4) (for Q£4) = 0 the yalues of p1, p: and
AP lie in between, see Fig. III 9). This haigz consequence that the inter-.
ference pattern for negative Q£4) will be more pronounced than for pbs—
itive Q§4) . This can be observed in Fig. III 18, which shows a plot of
the excitation probability vs. I for this example.

In Fig. IiI 19 the excitation probability for é few selected states
(I = 4, 6 and 10) of the rotational band of 23°U in the backscattering of
“®Ar ions are shown for the bombarding energies betwéen 150 and 210 MeV.
One finds the éame quantitativé agreement witB the conventional semiclassi-
cal approximatioﬁ (de Boer-Winther) as for the case Q£4) = 0 (Fig. III 12).
(4)
0

Also one observes here more clearly that for negative Q the inter-

(@)

ference pattern is larger than for positive Qo

The next step in the development of the backscattering problem of
~ heavy ions will be the inclusion of an optical nuclear potential, to

which we devote the next section.
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Fig. III-18 Excitation probabilities, using the USCA, of exciting rota-
tional states in 2*°U for the same example as Fig. III-17.
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Fig. ITI-19 Same as Fig. ITI-12, but including the hexadecupole inter-
action with a) Q{*) = + 3.0 eb?, b) Q") = -3.0 b2,
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3) Nuclear Coulomb Interference with Heavy Ions.

a)y The optical potential

In view of the success in applying the USCA methéd to backscattering
éoulomb excitation, we will now goIOne step furtﬁef and include the nuclear
potential.28 In the USCA method this implies changing somewhat the equa-
tion of motioh fhe system has to follow. With this relatively minor change
it is hoped that we will be able to say something about the Coulomb;nuclear
interference effect in deformed nuclei with very heav} ions, a problem for
which as yet no other method seems applicable. The nuclear force will be
included by represénting the interaction between targef and projectile
'through a complex optical potential. As in the prévious sections, the'
only phenomenon we will be studying here will be the excitation of rota-
tional bands 'in the target (by means of the Coulomb and nuclear force)
and therefore the bombarding energies considered will be not higher than
the Coulomb barrier.

The optical potential will be assumed to have a Wood-Saxon type form

factor, that is

o | \-1
Re[U(V,/i')] = -V, ( 1+ exp V——%‘fﬂ)  (73a)

IM[U(V,ﬁ)} = -, (1-& @(P(—’—/'—giié))_{ (73b) |

where the nuclear radii are given by



‘R.((IB)- o‘,(/\}{3 K T(I +B3. % (,@)/3 M(/Z) ) (74)

The parameters B, and B, are deformation parameters, specifying the shape
dependence of mass distribution of the target (the angle £ being measured
from the symmetry axis of the target). The nuclear potential, according
to eqs. (73) and (74), is fhefefore specified by 6 parametérs: V., W,
a.a , K; ahd ¥, ; The imaginary part of the nuclear potential is nec-
essary in order to account for the incoming flux which ddes not end up
in the "quasielastic'" channels. Two very differeht sets will be used in
- this section and are shown in Table III 6. Both sets of parameters have
been used successfully to fit the elastic scattering of heavy ions, but
at energies above the Coulomb barrier. The set A was used by Vandenbosh
33_51329 to fit the elastic scattering of %“Kr on 2°5Pb'at Elab = 494 . MeV.
while set B, the so-called RAMM potentialso, was used to fit the elastic
scatteriﬁg of “%Ar on 238U at E ap = 284. and 340.MeV. Here we will apply
both sets of.parameters to the backscattering of “°Ar on 23%U, even though
the parameter set A was derived fdr another system and both sets were used
to describ? elastic scattering at much higher energies. But since there
is no better knowledge of what the nucléar potential for heavy ion collisions
is for energies around the Coulomb barrier, we use both sets of parameters
and study how the results will differ in both cases.

The equations of motion, when including the nuclear potential, will

be complex, and therefore even if the integration is started with real

initial conditions, all variables will become complex as soon as the
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Table III 6. Potential parameters for the calculations described in the text.

The potentials are defined by eqs. (73) and (74).

Parameter Set A | Set B
Vo (MeV) 50.0 1300
W (MeV) 2.0 80.3
a; (Fm) \ 0.950 ' ~ 0.624
ap (Fm) 0.280 , 0.624
r g (FM) 1.167 o 1.131

roI(Fm) 1.305 : - ~1.131
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system moves into the region where the nuclear potential cannot be neglected.
: . ’
In particular, after the integration the quantum number function I(&)

will be complex. The roots of the equation

a .
H)= I+ 1 - o
will be complex; that is, in order to satisy the boundary conditions{ the
integration has to be started with complex initial érientations.. As al-
ready mentioned in section III 3b, the initial orientation of the target
is not an observable and therefore may be complex. The roots of.equation
t7S) in the complex initial orientation plane are plotted in Fig. III 20
for the backscattering of 200 MeV “°Ar ions on 2°8U, using for the nuclear
potential parameters the set A. For I < 10, the initial orientations are
mainly reali(iﬁ the pure Coulomb excitation case these would cérréSpond
to the classicaily allowed case) and fbr I > 12 the roots of eq.l(75)
are essentially complex conjugates of each other (in the pure Coulomb
excitation case these would correspond to the'clagsicélly inaccessible
case). It is élear from Fig. III 20 that one cannot make generally a
distinction between classically allowed anA forbidden transitions since
bdth limits go over into each other in a continuous manner, not as in the
case of pure Coulomb excitation, where thére existed absingular point.

We therefore have to use ‘a formalism in which the classically allowed and
forbidden cases are treated on .the same footing. This is fortunately

possible by using the expression II-(52) fo? the S-matrix:
Speom Y X E B A
OlfE VE Ay
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Fig. IT11-20 The complex roots of the equation I() = I + 1/2; I()
' being the quantum number function for fhe_ backscattering
of 200 MeV “°Ar ions on.23°%U.
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with ‘f and ';S given by
J

elge) e

= 2 sip ﬂ[ | =12

! ‘ : (78)

In eq. (78) /GEZ are the roots of eq. (75). The»roots with the subindex
1 will be Fhosé belonging to the branch in Fig. III 20‘for which, when

I =0, Re (Qf(ﬁ,)/Qﬂ,) >0 . In applying eq. (74) one has to
assure that one chooses the correct branch when taking the square root.

For the pure Coulomb excitation case, the phase difference A® is purely
real for the allowed transitions and purély imaginary for the forbidden
transitions. When the nuclear potential is included téis is no longer
true, since one cannot even make the distinction betweénvallowed and for-
bidden transitiéns. The behavior of A¢ for the same case considered in
Fig. III 20 i§ shown in Fig. III 21. The phase éf A9 changes between

the mainly classically allowed transitions (I < 8) and the mainly clas-
sically forbidden (I = 12) in a continuous manner by approximately 3m/2;
therefore ~§ (éccording to eq. (77)) déscribes a continuous path in the
complex plane starting from mainly positive real vélues_for the classigally
allowed transitions and ending up with mainly'negative feal values for

the classically forbidden transitions.
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Fig. III-21 The phase difference A¢ for various values.of I. The case
' considered is the same as the one in the previous figure.



-93- .

b) Examples

The effect of the nuclear force is t&o—fold; it modifies the quantum
.number function (see fig. III 22) and also shifts the phase difference
Ad  (see fig. fII 23). Of course, both, ;(Ba) and A® will be complex,
but if the bombarding energy 'is such thaf the nuclear force is only a
small peréurbation, then ;(Bo) ‘and Ad will be almost real. Figs. 111 22
and III 23 correspond to such a case and only the real parts are plotted.
Even though the nuclear interaction is very weak for the case shown in
Figs. III 22 and IIT 23 (that is “%Ar + 238y at Elab = 180.0 MeV aﬁq
with the nuglear potential parameter set A) and reduées the quantum
number function by only 5%, the effect on the excitation probabilitydcan
be very large (see Fig. I1I 24). For I = 6 for example,-the'excitation
probability P changes by more than 50%. The nuclear force introduces,
for the example considered, an additional phase shift of approximately
0.5 radians (see Fig. IITI 23) which is enough to change the intefferenée
pattern. The changes in P(I) therefore come mainly.from this additional
phase shift. |

In Fig. III 25 the summed probabilities %EEID(I) (which is what
‘is experimentally more accessible) are plotted for‘Io =4, 6, 8, 10 versus
the laboratory bombarding energy. Shown are the results with no nuclear
force (pure Coulomb excitation) and using the nuclear potential parameter
sets A and B. The two sets of parameters give very different predic-
tions for the excitation probabilities P(I). It is hoped theiefore,
that by measuring carefully the excitation probabilities one may be able

to find a nuclear optical potential parameter set which reproduces the

experimental data.
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Fig. III-22 The real part of the quantum number function I(R) is
plotted versus Real(R ) for the backscattering of “*°Ar from
238y at E

excitation (full line) and the case where a nuclear potential

1ab = 180 MeV. Shown are the cases of pure Coulomb

(with parameter set A) ‘is also included.
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Fig. III-23 The real pért of the phase difference A¢ 6 is plotted versus
Real (i(&)), for the same cases considéréd in the previous
figure. The regions where the interference is constructive
and destructive are also indicated.
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Fig. ITI-24 Plot of the excitation probability‘fdr exciting rotational
‘states with even spin I for the cases considered in the
previous figure. '
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Fig. III-25 The summed probabilities ( }E: P(I)) are plotted for IO =.4,6,8
. . =L, '
and 10 versus Elab' The case considered is the backscattering

of “°Ar on 2%%J. Shown are the result with no nuclear force
and also including a nuclear potential with the parameter sets

'A and B.
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In Fig. III-26 the backscattering of “®Ar on 2°°U at Ejap-195-

MeV was considered. A purely real nuclear potential was used with
pafametets'V=SO MeV, W=0, a=0.75 Fm and T, was varied between 1.13 and
1.23 Fm."Fig. III-26 shows the strong dependence of P(I) on T, A
similar strong dependence of P(I) is found when T, is kept fixed and
some other parameter is varied. By cafefully'fitting the theoretical
to the experimental excitation probabilities to vgrious rotational
states I, it might be'poésible to choose one of the many nucleaf
optical potentials now being ﬁsed for heavy ion collisions, all of which
reproduce'the elastic scattering data. | |

' At higher bombarding energies, close to the barrier top, some
additional features ccme in. In Fig. III-27 the potentials are sho&n
for “%4ar + 23%y uSing for the nuclear optical potential the paramcter

set B. For E; , =205 MeV (<178 MeV in the center of mass frame) and

1lab
for the case where the target nucleus points its tip toward the beam
(Bo=«0, one would expect, frdm looking'at the real part of the poten-
tial, that they system should go over the bartier'ﬁntil Real(f) is
approx. 9.5 Fm. For various time paths'in“the complex time plane
(Fig. III-ZS) the complex trajectories that r traces are shown in

Fig. III-29. The nucléar'optical potential is éingular for a certain
set of valués of r, some of these poles are shown in Fig. IV-29. To
these §ingulérities in the complek 1 plane correspond branch points in
the conplex time plane. Time ffajectories'WhiCh are topologically
equivalgnt and have the same end points give always the same phase

A®. Trajectories which go around different branch points correspond
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Fig. III-26 TFigure showing the strong dependence of the excitation prob-
ability P(I) on the parémeter.ro keeping all other parameters
constant (see text).
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Fig. III-27 The total potential for the head-on collision of “°Ar on
1238 ysing for the nuclear potential the parameter set B

s shown for the initial orientations on the target g = (°
(dash-dotted line) and B = 90° (dashed line). Also shown

are the Coulomb potential (assuming point charges) and the

pure nuclear potential.
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Fig. III-28 Several time paths in the complex time plane are shown. The
case considered is the head-on-collision of “°Ar on 238U at
E1ab = 205 MeV nuclear potential parameter set B and initial
orientation of the target @ = 0. For this case the branch

points in the complex time plane are indicated.
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Fig. III-29 Shown are the trajectories in the complex r-plane_for the
various time paths shown in the previous figure. In the
complex r-plane, the total potential has poles; these poles
are also indicated. -
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to different proces;es and do not. give the same.phase Ad. Fig; I111-28
shows also the imaginary phase Im($) (which is a measure of how much

the particular trajectory is absorbed). The trajectories which penétrate
into the nucleus (trajectories III, IV and V) are almost completely .
absorbed and therefore there contribution to tﬁe quasi-elastic

scattering is negligible.
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IV TWO DIMENSIONAL TUNNELING OF A FISSION BARRIER MODEL.
1) The problem and conventional approaches.

a) Introduction
The usual proceﬁure in studying the nuclear fission process is to
- parametrize tﬁe shape of the fissioning nucleus by a set of coordinates
and then study how the potential energy and the mass parameters for the
various degrees of freedom change when the shape parameters are changed.
Before fissioning the nucleus usually sits in a well in this potential
| energy surface and in order to figéion, has to tunnel through a barrier
to reach a region in the coordinate space where the coordinates describe
two separate nuclei. |

Presently, nearly all the fission barriers are calculated by the so-
called macroscopic-microscopic method. In this method the smooth trends.
of the potential énergy (with respect to particle numbers and deformation)
are taken from é macroscopic model, the liqﬁid drop modél, and the local
fluctuations, also called shell corrections, are taken from a micfoscopic
model. Prior tb'the S'trutinsky:,’1 method of applying theishell correc-
tions to the liquid drop potentiél surfaces, the fission barrier heights
and shapes weré.simply not at all understood, but since then much progress
has been made in the determination of the collective Hémiltonian'describing

32-38  ave made careful application

the fission process. Several groups
of the Strutinsky method and now one has confidence that the main aspects
of the potential landscape along the fission trajectories are well known.

In all but the heaviest end of the region where spontaneous fission rates
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are known there seems to be a two-humped barfier, with the notable fission
iisuﬁer discovered by Polikanov et al. 39, béing a shape-isomeric metastable
state in the minimum between thé two barriers. It also appears that the
innermost saddle may often be unstable with respect to gamma deformation40),
i.e. deviations from cylindrical symmetry, while the outer éaddle may be
unstable with respect to the reflection symmetry41. It would appear that
the asymmetry in the fission fragment mass distribufion derives from thisv
vinstability at the second barrier.

In order to describe the deformation energy surfaces for the fission
process 6ne needs at least two or three deformation parameters to define
the nuclear shape. .These generalized coordinates, which are usually
strongly coupled, give the generalized forces acting on the fissioniﬁg
nucleus. For a complete dynamical description of the fission.process,
however, it is not enough to have a good knowledge of the potential sur-
"face, but also a knowledge of the inertial tensor is needed in order to
find out how the nucleus will react to the generalized forces. The
inertial tensor, of such great importance to ﬁhe barrier penetration cal-

_ culations, is only poorly known.

R. Nix42 has carried out extensive derivations and calculations of
irrotational flow hydrodynamical inertial tensors for fiésion trajectories.
The inertial tensor so obtained is, however,_too small by a factor of
approximately five, i.e. the flow during the barrier penetration is not
irrotational. Now it is generally assumed that the first stage of the
fission process, the penetration through the barrier, occurs adiabatically
and that the cranking model can be used to eyaluate thevinertial tensor.

43

The Pauli-Strutinsky groupsz’ and others44 have extensively been
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exploring cranking calculations for the inertial tensor. vThgse calculations

show that the inértial tensor depénds stf;ngiy on tﬁe generalized coordi-

nates, i.e. also the inertial tensor couples the different degrees of free-

dom. In the one-dimensional case however, the coordinate depgndeﬁce of

the inertia intréduceS‘no new difficulty since it can be transformed away.

H. Hofmann and K. Dietrich46 have shown how to transform the Schrpdinger

equation w;th variableimgss m(q) into one with cdnstant mass mo' by

*
modifying the potential. The one-dimensional Schrodinger equation is

2

HW(3)=[~-§W%W%+V(3) Yo)-EV() o

Performing the following transformation
x(q) = 1/-’213-’ da’ | | @
| m. 1 o g |

where m is-an arbitrary constant mass, one obtains the Schrodinger

{‘ zim: G;ijﬁ V(x] ' @(X) = EV(x) . @

where V(x) = V(x(q)) = V(q) and QPTX) = lyﬁ(x(q)) = ?éf(q). _This trans-
formation corresponds to a stretching of the poteﬁtial in such a way that

the mass becomes constant. For the more general case of several coupled

degrees of freedom, however, it is not possible to find such a

* . .
The general expression for the kinetic energy with variable inertia in

curvilinear coordinates for many degrees of freedom has been described

by Hofmanfi46
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transformation.

Another aspect of the fission problem that has recently been stressed
by L. Moretto and R. P. Babinet47 is that besides the coordinafes de-
scribing the surface configuration, one should also consider thé pairing
correlation parameters. as dynamical variables.

To summarize, the fission process is a challenging multi-dimensional
barrier penetration problem, a problem that has been tackled by many
groups introducing more or less drastic approxihations. Some 6f these

approaches we will now describe briefly.

b) One-dimensional WKB method.

The first calculations of fission lifetimes33 after the Sttutinsky
prescription was introduced, took into account as coordinates only &£,
and éf* (that is, quadrupole and hexadecupole deformations):to define
the nuclear shape. In order to calculate the penetrability the pfoblem
was simplified to a one-dimensional barrier penetration problem; construc-
‘ting a path on the energy surface by minimizing the potential energy with
respect to £, for each £, and then projecting this path into the &,

axis. The penetrability *) is then obtained by using the one-dimensional

WKB approximation:

- . |
Ems = &XP ‘lf 1/5,;52 (W(a)— ET de { = e:—ZK (4)

6‘

An improved expression which does not lose its validity when the penetra-

bility P becomes small, was shown by P. Froman and N. Fr6man48-to be:

- :
)The penetrability P .is roughly related to the spontaneous fission half-life

T by ’Z::/O_ZB'OQ/P (years)
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p = f (5)

B 2K L
1+ ™

In these early calculations the inertial mass' B aSéociated with fission
was taken as a constant or in some casesvpérametrized as.a function of
E’ in some simple manner. In eq. (4) E is the initial energy of the
ﬁucleus in the fission direction and ‘W(E ) represents the barrier as ob-
tained from the potential energy surface jﬁst as deséribed above. - The
points Ei' and 'EZ”-represent the entrance and exit points of fhe'v
tunneling regioﬁ,'that is WQS’) = W(E") = E and for £ between

5' and £”  WE)>E. Later essentially the same type of calculations
were performed Evaandrup'gg_gl.49 to predict the fission half-lives

of heavy elements, 'including not only P,{ces8) and P, (cos &) distortions
of the nucleus but also P3j(ces8), Pslces @) distortions.and the gamma_deéree

of freedom.

c) The stationary action path method.

The next refinement in the fission penetration problem was introduced
by the Pauli-Strutinsky group (see Brack et. al 32). The two shape coordi-
nates used in their calculations to describe the shape of the fissioning
nucleus were a sepération or elongation coordinate ¢ and a necking-in
coordinate h. The potential energy surfa;e was found using the Strutinsky
prescription; the inertial tensor was calculated usiﬁg the qranking model.

A strong shape dependence of the inertial tensor was found; in particular

the component corresponding to the elongation coordinate generally exhibits .
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a large maximum at the saddle. It seems likely that the fission trajec-
té;y for barrier ﬁenétratioﬁ might avoid ghe high-inertial regioﬁ by
avoiding the saddle, even at the cost of a higher potential barrier. As
J. Griffin50 pointed out, if the inertial tensor has nonzero'off-diagonal
components or if the components depend on the coordinates, then one's
intuition of the fission trajectory based on fhe-potential map may be
cohpletely wrong. In other words, to assume that the fission trajectory
follows along the bottom of the valley may not be adequate. In order to
find the path one resorts to classical mechanics by invoking the least
action principle.

In classical mechanics the action is defined by:

T2

: %
S =[ >_ Rt =] > pchy | ®)
t ¢ .

poc E¥
Here . are the coordinates describing the system and .+ are the
94 Pj

corresponding canonically conjugate momenta. The principle of least

action state551’17, that in a system for which the Hamiltonian H is

conserved (i.e. if H (q,p) = E =const) one has

AS=0 | Q)

where the variation A does not include all the virtual displacements
of the system, but only those for which the energy is conserved along the

varied path. One has:

— e
—_—

=55 %, %Bv(?)?}%‘wm) " ®
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also
1 d9. da; | -
- 50 Bi(g) SE 2% +\aq) S
from thch dt can be found:
dt = 1/%:/__ Bﬂ(?)c/%c/%

Substituting (10) and (8) in eq. (6) we find:~

(Z(E—mc;))) | (10

or : "

S = (E u/(cr))ZB _ELJ o ay
where'ovkis some arbitrary parameter along the’traje;tbry and Bij is the
inertial tensor which may also depend on 0 . During the tunneling process
W > E, and the integrand in eq. (11) is purely imaginary. The tunneling

probability is given in the usual way by:

s -2|s] :
'l = @ o : (12)

P-|e
The way Brack 93_31332 proceedéd to find the trajectory which makes |S]
smallest was by fOrcing the trajectory through several points between the
endpoints o; and g,. These intermediate points wéré-then varied until
the smallest action |s| was obtained. The trajecfory so obtained usually
did not follow the steepest descent of the potential and did not lead
through the extremal points of the deformation energy. It should still

be noted that the entrance (0;) and exit (0:) points in eq. (11) should
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be determined in such a way that éhe action integral is also stationary
against variation of these endpoints. The entrance point o1 1s usually
chosen to lie 0.5 MeV (zero point energy) above the bottom of the well
(which is a local minimum of the total deformation energy surface); o2
then has to lie on the energy contour with the same energy E.

T. Ledergerber and H. C. Pauli44 using the same method (as the one
described»in ref. (32), have done calculationé usiﬁg three deformation
parameters; an elongation coordinate, a constriction or necking-in-
coordinate and a parameter describing the left-right asymmetry. .The
lifetimes obtained from those calculations are in order-of-magnitude agree-
ment with the experimental data; they also show that mass asymmetric fis-
sion is favoréd and that the most\probable mass division (peak-to—péak
ratio) agrees with the experimental data.

In this multidimensional approach32’44, however, one still ignores
the kinetic energy tied up in the motion orthogonal to the fission path
(which may change along the path). The question of inclusion of zero-point
energy for the fission degree of freedom depends on how .the potential sur-
face was derived. It has been customary in shell-corrected liquid drop
model work (Strutinsky method) to ignore all zero—poinf vibrational energy
corrections, since they would reQuire assumptions about an inertial |
tensor. Thus, liquid drop model parameters are adjusted to fissioﬁ bar-
rier'heights. With such a surface it is clearly incorrect simply to add
zero-point energies. On the other hand is it impossible to do correct
quantum mechanical dynamics in more than one dimension without taking into
accéunt zero-point corrections. A solution to this dilemma haS been

proposed by Maruhn and Greinerszz they readjust the three liquid drop
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parameters a;,.az and L appearing iﬁ the Myers—SWiaféckigformul353 to
lower the gfoundstate potential energy (and that ;f the final fragments)
by the zero-point energy, which was obtained from the first 2° state
experimentélly obéerved. The third parameter is used to keep the barrier
height at its éxperimentally determined value. By'this proced?re it is
possible to get the right penetrabilities and to allow an inclusion of
the.zerOQPOihtbhofion, which is important for dynamical calculations;
However, it is not clear if the change of the zero-point energies along

the fission valley is reproduced by this fit in the right way. This

point needs further investigation.

d) Tunneiing and the inverted potential energy surface.

Consider a system which moves toward a potential barrier and let time
be the parameter in the equétidns of motion parametrizing the evolution
of the system. If the time increments are kept real, the systenm wiil
move toward the barrier and then reflect at the barrier and move back.

If, however, one takes purely imaginary timé increments when the system

" is at the turning point, the system will start tunheling. In other words,

during the tunneling process the system folléﬁs the classical eQuations

of motion but with purely imaginary time increments (see also Fig. 1V 3).
If at the classical turning point of the fission degree of freedom

also all other degrees of freedom are at a turning point or, in other
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Fig. IV-1 Schematic representation of a contour map of a potential energy
surface turned around to study the classical motion below the
barrier. The entrance and exit points, ¢, and o,, lie on the
same equipotential. The bill at the left side corresponds
to the potential well in which the nucleus sits before fissioning
‘and the mountain range at the right represents the fission valley.
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words, if the system when it reaches the barrier is at‘rest*, then the
tunneling process can be visualized by a very simple picture. If the
system is at rest at the turning point and if one uses purely imaginary
time incréments thereafter (until the tunneiing is éompletéd),.all the
coordinates will remain real, all quantities relatéd‘to odd powers of

tﬁe time (for example velocitieé,vmoménta; angular momenta, etc.) will

be purely imaginary; quantities which depend on the squaré of momenta

(for example tﬁe' kinetic energy, centrifugal force, etc.) will change
sign._ It is now-eésy to see that the system can equivalently be described
by using only real time increments and changing thevsign'of (V—E)? That
is, the tunneling‘trajectories can be obtained by finding how the system
moves on the invefted potential surface54. For the fission exaﬁple, fhe
entrance point 0; will noﬁ be close to the top of a hill and the fission
valley will be a mountain ridge starting somewhere close to the hill

(see Fig. IV 1 for a simplé illustration of this idea). The system now
has to '"roll" down the hill and up the mountain ridgé (following the .'
classical equations of motion) in such a way that it'dées no£'fa11 off.

the ridge to either side but reaches the exit point o, where the velocity

* - : '
This is one of the basic hypotheses of the least action path method;

one assumes there that at the entrance and exit points>((;,and<jé) the
system is at rest. This hypothesis will be considered later in some
detail. In an actual multidimensional tunneling process this hypothesis
is actually never fulfilled, since all the coordinates orthogonal to

the coordinate along the fission trajectory are more or less harmonic

and even all these "harmonic'" degrees of freedom are in their '"ground"
state, there still remains the zero point energy, and so it becomes vefy
unlikely that the system will find itself at rest on the potential surface

at any time.
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is zero again (at this point, if one wants to follow the system into the
fission valley, one would switch'to the ofdinéry potential surface again).
1f, after the system reaches 0., the time increments are kept purely
imaginary (or equivalently, using real time one keeps the inverted poten-
tial surface), the system will move toward o) again. Finding the tun-
neling trajectory then (in the least action sense, as described in the
previous subsection) is equivalent to finding the periodic orbit on the
inverted poténtial surface. In the example shown in Fig. IV'1l there is
only one point (in the general case it can be one or more intervals) on'
the entrance and one point on the exit energy contour which are connected
through classical equations of motion; therefore, when looking for the
trajectory with the minimum action |S] in the least action_path method,
one also has to vary the endpoints ¢; and ¢z wuntil the minimum is

achieved.

Another example of tunneling aﬁd motion on the inverted potential
surface is given in appendix B.

It is clear that in the stationary path method, 6nce the '"tunneling"
trajectory is found, that the tunneling probability depends only on the
trajectory and not on the features adjacent to the fission path, that is,
it does not include zero-point energy effects of the degrees of freedom
orthogonal to the fission path. If, for example, the width of the 'har-
monic" potential of the orthogonal coordinates to the fission path narrows,
the zero-point energy will become higher and as a consequence the energy
available in the fission direction will diminish, reducing the tunneling
probability. If the tunneling is viewed as the classical motion on the

inverted potential surface, the narrowing of the harmonic pogential reflects
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. itself by haking the ridge steeper in Fig. IV 1,'thét is, it will be more
difficult to.reach the exit point 0, (easier to fall off to.ei;her side),
and consequeﬁtly the tunﬁeling probability will be smaller.

It seems natural to assume that if one wants to know whether, during
a tunneling process, the system behaves adiabatically or'non-adiabatiéally,
one looks at how fast the system would move on thevinverted potential
surface. Cont;ary to what is occasionally stated, during the tunneling

stage of the fission process the system would be least adiabatic at the

saddle point.

e) Quantum mechahical DWBA approach

The two-dimensional Schrodinger equation has the. form:

5 ) 9 L . N '

where giJ are the contravariant components of the inertial tensor (gij)
and D = V det(gij) 3 V(ql, qz) is the potential energy, a fpnction of
the curvilinear coordinates q', q%. |

In Appendix A of ref. 55, H. Hofmann describes a method fof finding
a coordinate tfansformation x=x(q', ¢,y =y (Ql, q?) which has the
following properties: i) that the off-diagonal components of the in-
ertial tensor expressed in the new coordinates vanish (i.e. if mij repre-
sent the convariant components of the inertial tensdr‘in the new coordi-
nate system, then‘mxy = myx = 0), 1ii) that the trajéctory y = 0 defines
a2 path of minimal potenti-al‘ energy (i.e. (QV(X,7)/97)7=0_= O ). After

performing such a coordinate transformation the Hamiltonian eq. (13) becomes:
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where the notation B = nm and B = m was introduced.
X XX y Yy .

__#
H=-7

55 . ; o :
Hofmann > also introduced a harmonic approximation for the potential
perpendicular to the fission path and with the additional assumption that

the mass tensor components do not depend on the coordinate y, reduced the

Hamiltonian eq. (14) to:

2

B, 4, 2 o\, Bow® 2

H=- + .| + Vo)t 5 Y (15)
2 y 'Qx v OX 87 97

--and solved it approximately in what can be cailed the first truly two-

dimensional quantum mechanical dynamical treatment of the fission process.

In eq. (15) W (x) is defined by

J Vx -
wix) = — - 2(2.1) | (16)
The Hamiltonian is then separated into an adiabatic H*® and a non-
adiabatic Hnad part. If the system is initially in an oscillator state
nad ad . .
n, then H = H - H can produce transitions to other oscillator states
m. The probability amplitudes Amn of finding the system after the barrier
penetration in a state m satisfies an integral equation for which Hoff-
mann uses the Born approximation (DWBA) to get an approximate solution.

This use of the DWBA however, as we see later, is probably only good
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when considering-;ransitions which start from the ground state before
fission. When starting fromlan excited state, the transition probabilities
to the ground state are usually higher by some orders pf magnitudé than

the one té excited states (even in the case where fhe coupling between the

twovdegrees of freedom is quite small). The reason is that the system can

penetrate'much easier within the ground state.

f) A two-aimensional fission barrier model.

In order to investigate the full tﬁo-dimenSionél dynamics and test
various approximations it is of value to study a simple model system for
which also a quantum mechanical solution can Be given. In section IV 2
we will describe how to carry out such a fully quantum mechanical calcu-
iation by the method of coupled channels. 1In section IV 3 we will study
an exaﬁple where we take a Hamiltonian with a potential giving é Gaussian
barrier in the x direction {x being the fission coofdinate) and an harmon-
ic potential in the y direction. The mass tensor is taken to be diagonal
and constant; the width of the valley however is variable (it chahges when
going over the bafrier) which introduces a coupling‘of the two degrees of
freedom. This problem will be solved using the USCA and a'comparison to

the exact quantum mechanical solution and the other approximate methods

described in this section will be made.

2) Quantum mechanical solution to the two-dimensional fission barrier

penetration problem56
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~a) The Schrodinger equation.
We will consider a Hamiltonian of the form eq. (14), which can be

written as:

D S - I A NI
H=-3 B, 9X2+(9X LOﬁLBX ox | T

P L 272 iuﬂf: Vi)

where (see section IV le) y = 0 defines the path of minimal potential

Q7)

energy; y therefqre represents the coordinate which describes the motion
in the direction perpendicular to the fission path; The potential along
the fission valley has in a typical case a shape like the one shown in
Fig. IV 2. Before fissioning the system sits in the local minimum at’
X = xo; X = xsc shall be the scission point (that is, the place where the
nucleus bfeaks up into two fragments). The system, in order to fission,
has to penetrate the potential barrier from x = X, to x,. Let's remem-
ber that Fig; IV 2 shows only one dimension of the barrier, the barrier
along the fission valley.

In order to be able to solve the problem we will introduce the
following simplification: That for x < xo' and x > X o the components of

the mass tensor and the potential go asymptotically toward constant values.

That is, we will assume the asymptotic behaviour: _ -

B, i) sz By (bt of ¢ )

By(X'7) X>tw Byt(ﬂ

(X7) X~9+x,>‘Vi(7) o (18)
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|
|
o
1

X, X
XBL759—-4122

Fig. IV-2 Schematic representation of a fission barrier. . Shown is the

o

potential along the fission valley.
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For the potential this condition means that for x < X the potential will

be more like the dashed line in Fig. IV 2.

The Schrodinger equation we wish to solve is (using the Hamiltonian
eq. (17)):

{;7)9(2 < LO?F) [27 (97 VB 97]
v [E W} -0 _

Let's expand the wave function Qkoin terms of harmonic oscillator wave

functions of oscillator length & :

W(Xﬂ) TTZ; U, (x) (70,,(7) | | (20

where (Rﬂ(7> are the harmonic oscillator wave functions

‘3(7)=%,<—h(%)€7‘z"_2 : @

where ;L, satisfies the recursion relation

En(2)=]/2,;~:2 L),,_,(é)~1/;——;77"7n_1(2) (22)

and is related to the Hermite pdlynomials by

{ H, (=)

l’l,, (2) = %—v W (23)
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Substituting the expansion for 7?[/) (eq. (20)) in (19) we get

> 9 l) k=T 2B o9 8 0) Zr vt

{52458 Brdlope-

Multiplying eq (24) from the left by ('p (7) mtegratmg over 7 and

24)

using the orthonormallty of the wave functions (70 (j(P (P 5,,,-,) one

finds |
9?(22 Un<X)=;{Ahn:(X);§<‘+Bnn'(x)} Un'(%) (25)

or with v, (X) = —g—)—( Un (X) one finds the system of coupled equations:

LU, (x) =V, (x) | | (264
;,Cl; Vi(x)=) [ A ) (%) + By Uy (x)} (26b)

nl
) | (27)

or in a more compact way

cfu)‘01)u
d—xvzg/\lv
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The matrices A and B are given by

Aol E'«%—"J (g ))]%'(‘/)47
10|55 Loy Br [m) a8

A

(29)

b) Evaluation of the matrices A and B.
Let 317) be an arbitrary function of y. There are three types of
matrix elements needed for the evaluation of the matrices A and‘ B,

they are:
i) M1 =<hl 3’(7)—99—;2fh> | | ‘ (30)

Using the relation
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2 | :
o 4 2 > 2( 4') >

-+ — == (h+5 )N

( 272+ o(“7 }h 2\FZ I

which the harmonic oscillator functions satisfy, one finds

2

Pﬂ <h!?’ (i%_ i%(n+ ))b1>
~ For the evaluation of matrix elements of this type see iii)
i) M, =<n| Fly) ;107

Using the relation

In> —Zn> “2(”*7 [he1)

one finds

Ll Fr)yly- "“””u:r 1n+4>

For the evaluation of the matrix elements of this. type see iii)

1w M, =<n| Fly)[n)

Using eq. (21) this can be written as

(31)

(32)

(33)

(34)

(35)

(36)
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-1 j L [£)e 7@ Hyh,[2le 2 a

1’),, (Z)/qh,(z)e_zz(?(o(z) +(_ 1)”"’ O(Z )cfz (37)

Integrals of this type must be evaluated numerically (unless'fhe function
J:GXZ) is of a particularly simple form). The numerical integration of
integrals of the type eq. (37) is most conveniently carried out using the

so-called Hermite integration method, the results being

3w bz (o) [Fz e ) 2]

where the value of the abscissas z5 and the weight factors W, for the

Hermite integration are tabulated in reference 23.

c¢) The boundary conditions

Usually the more difficult part in solving the Schrodinger equation
numerically is not to find a solution but rather to find the solution

which satisfied the correct boundary conditions.

In the asymptotic region the x-motion decouples from the y motion

and the Hamiltonian can be written as

TN, -

where
2 2
L -
H“ =~ 55 o | (40a) .

I

gt Gf'__ Y N i \
y 25;(7)[971 B;(7)( 7 7 ) }*’V( (40b)
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' + + : '
The eigenstates of H;, lP"(y) define the ingoing and outgoing channels

H; @ly) = en Ly e

) = 5. 1

_ ‘ : - +
One can express the asymptotic eigenstates (’Dv s lfw in the oscillator

basis. {(Pn} ; the same basis . used to expand /l_[ﬁ (eq. (20)) |
¢ =\¥ d., P, | - (42a)

LP+ —_ Z cl+ LP ' | : ' (42b)
pe A Gnptn |
The matrices dn— are unitary matrices, i.e.
+ % ' :
d c! | | (43)
/*/* |
“Using (42) and (43) one finds for the wave function o

 [pdeedy) e
q{/»__:; Un(x)(‘f,),(x) =4 . |

Z CJ;: U, (x) (P,,—( 7)_ (44b)

We want a wave function ;_w‘which fulfills the following boundary conditions:
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i) for X-—*~f°0 has in all open channels only outgoing waves,
except in the channel ) where one also has an inéoming wave
with amplitude 1 (for the closed channels only exponentially
decreasing waves (x— -02))}.

ii)  for x~»+ %2 has in thé'opén channels only outgoing waves and in
the closed channels only exponentially decreasing wéves.
To assure that one has only outgbing waves for x —+02, one iﬁtegrates the
coupled equations starting from X = +0° with an oufgoing wave in some
channel u in the asymptotic region +o ., If the channel is closéd, one
starts with an exponentially de@reasing wave (instead of the outgoing wave).
Let .%ﬂu(x, y) be a wave function which has the boundary condition
that for x— +62 , there are no components in the channels ' # u, and-
in the channel u there is an outgoing wave witﬁ amplitude 1. In the

region x—»>+00 , Qéﬂu(x, y) is therefore given by:

YV )/’eéwfjm for c.<E
D\

_XX (p* (4%
/4.
(X~ +02) < LEM'<7) for ‘S/,“>E
where k and,kL are given by
K. = 21—5-’2(5—5 ) : (46a)
/ Hh* /” |
=12 (e —E)' | | (460)

The integration is therefore performed by solving the coupled differential

equations (26) for u(z)(x) starting at x = +00 with
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(1) + ik X
Un/u (+00>.‘: %e e ,{' g
(OPSV) cchmme )
e ' Fo T X e
Vh ( ) = ( K/“Cj% =
(e =X | o
U ) = 017‘6 fe>E
4 | | (closed chamnels)  (48)
\/(/*)(m - - C/ e
\
After the integration, at x =.-00 the wave function 1#0 has the form
(KX kX )
Z: Q,, e + b,.e ) (4)+
%( /7))(_, it D(o)oen)( JjU- ’ / : LP)J 7)
ZX. AR - |
15 (aye +he )apv )
12(c/osecﬂ) ‘/f‘ : | |

The numerical integration of the differential equations yields then
U’S/“')(x) and \/h(/‘)(x).—_-u.:(/‘)(x) for x — -o2 . Uéing eq. (40) one can

write

U(/“) : (a v,xf E/‘ :,K x)c)m))% |

X —>-0 (Ofen)
§ ” X Z’,X T |
+ ( + E )O/n y
' (closad) ”/“' /* ' y 02

(/“)(X E (LK ap, e v’. k E %K’X)cjm),'f

X—> = 62 (Ofew

> Z" A AN
+ (ZQ e’ +x.b, e )Cln ’ (500)
i (c/o,sgd) /u » ))/4,8 p3) |
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e

Multiplying these eqs. by CJ;M and summing over n one finds
. _X v
s =2 d,,, v (x)
~ny - =KX ) -
O%QL + E%e g 1,( V s open
=) (51)
-X X A
C137A62 v -+'£Dtyb€2 Y ' if v is closed
and
( ) (
| HuX | -CH, X ‘
(,KCL e - Hy %8 ,‘f v is oreen
= a (52)
' X
| —%ya%@ b Q;L/ /',[7 v is closed

From eqs. (51) and (52) one can solve for the complex coefficients

33%4 s ﬁyu_. One finds for the case that )’ is an open channel -
-tk X
a =ieb”<s(/‘)<x)+4 ’/‘)(>
vy 2 »
(53a)
X [ oy A () ))
bv/u":%e (550{) C»S x

If )V corresponds to a close channel, then

__2_ %X( (/4)() X,, )(/* (x)) | -
17» _ _g ~ XX ( Y x)+ - 5(/~>(x))
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d) The final solution.

The final solution of the Schrodinger equation we are looking for is

a linear superposition of the ?ﬁ;c

(.) S ' _
W = ZC v, @y) (54) ]
e | | }

where the coefficients f;u}é are determined by the conditions

i) - ~W<))°><.X'—?f°0)
| [ p2) |
ii) QF (x— —oo')

The condition i) is fulfilled (by construction), since all the @PL contain

outgoing waves

e"(h’vX-#d) LPVO<7)

+ outgoing waves

only outgoing parts for x—>+00 . At x—9-4x7one has (using 49)):
(V) (’KVX —LKv -
Y (x—s - w) Z:C | b ©(x)+
v(ofen) :

+Z /‘“’(a/*e +B S X)Sp ) _(55)'

v (c/o>ecf )

In order to fulfiil condition ii)  one has to have:

2 Gy Qo= Suw, | e
- | | - |

that is, one has to solve the complex linear system eq. (56).

This is equivalent to a matrix inversion:
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C/“Vo =(C’“v7u>—i | o 67

()

Once the final solution ,q/’ is known, one can evaluate the transmission
and reflection probabilities T and R. For x - 4 (eqs. (54) and

(45)) one has :

) CRuX 1t | _;ZXY+'
Voo 2o gme T B I e RT)

/d‘
(or_,/g;,,> ' : (cfaéed)

and the transmission probability.z;té_La is'thgn given by

2 ) -1 2
T lenl= (e, )] e
Vb Ve s -

For x—-00 (from eq. (55) and (58))

Aq/)()))”*“) Z //«)J /«- —L LP ( )+Z /4»

p¥ (Of?eva) ¥ ( closed )
- Ky X (D
XY, (x) + e ™ (10”. (x)

One finds fof the reflection probability R))é_;lt

/(éa’f)m )2

Rvey,zl(bc)w),

(59)

e) Summary

, Here we summarize the steps one has to follow in order to solve the

two-dimensional barrier penetration within the coupled channel method just
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described. _
-' ) +
i) Diagonalize the asymptotic Hamiltonians H;/ (y) within the basis

4& , that is, solve the following system of linear equations

> H,. (7)0{,,} =£..cl..

n!

S H. (g =endn

l

+

where ||~ (7) _—_<h[ H;}V:'>

nn)

ii) Solve the coupled differential equations (26) for u and v starting

at x = x_ (—+w) with

UV,(/‘)(XJ:o/,;AeUyX* o 0/71:6-79)()

) = * .”y‘x* - T
ﬂxév/f.<)(+) = C}gu-Cijtfz (C”/ %;fcf?ﬁéég )

This has to be fepeated for all wu's.

iii) After the integration, at x = x_(—> -o2) one evaluates

() X G,y
\ SV/& = Z. .dn b Un/“ (X- )
and

¥ .
5, =2 ey V()

iv) Ev#luate the matrices a,, and b? using eqs. (53) and (54).'
| S |
Using the matrix b and the inverse matrix of a, find the transmission

and reflection probabilities using eqs. (58) and (59).
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A computer code was developed which follows the steps just outlined.

An application to a simple example will be shown in the next section.
3) USCA solution of the two-dimensional barrier penetration problem.

- a) Tunneling and complex time.

The way of describing a tunneling process within the framework of the
USCA S-matrix theory is by an analytical continuation of classical mechén-
ics. The first question tﬂat comes to mind is how can tunneling be
achieved with classical trajectories. In order to find oﬁt how one has
to proceed, it is convenient to study a simple, anélytically solvable, one-
dimensional example: the barrier penetration thrdugh a symmetrical

\
Eckard potential barrier 2. The symmetrical Eckard potential is given by

V(x) = —Lo (60)
h* (%)

51\

The classical trajectory of a particle with mass m and energy E moving

on this potential is given by (for E < Vo)

)(('(‘,} =—-Q AVCSIP)L? (Q cosL) (’\‘/d_t)) » | (;1)

where v 1is the velocity in the asymptotic region (i.e. v = VZmE)

and A is given by

Ve _
A= &1 | (62)
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Initi#llyvthe particle is to the left of the barrier (i.e. x(t =-00 ) =

— o ); the time origin t = 0 occurs when the partiéle reaches the clas-
sical tuning point on the barrier. For t > 0 the particle has reflected
from the barfier and is moving back toward x = -00 . If however, starting

from t = 0 we take imaginary time increments, that is, we take

.

t=-cr (7T real »0) | (63)
and analytically éontinue' x(t) into the complex t plane, we find

: Y . -
x(t):—. - AVCSIV)L‘) (9\ 605('\(55")) - (64)

The particle will now move into the barrier and reach tﬁe turning point

on the other side for 2:= +:Q}2 .' If at that time we switch again to

real time increﬁents, the particle will emerge on thé'right side of the
barrier; tunneling has beén achieved. It is cleaf that the behaviour of
the solution x(t) will be related to the analyti; propérties of the multi-
valued function'.Afcsinhbﬁwhich has branch points at ;?=it£ (joined by

a cut between them). In the complex time plane one will therefore find

branch points when

ﬂcos(%):gc&\é“ét) ==‘—”:_' | (65)

From eq. (65) one finds that the branch points in the complex t-plane are

at

4= i%—A;'fcfamevg-*L(“fiz‘)FT% (E<V) (66)
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with n an integer.
Fig. IV 3 shows the complex time plane with its branch points and
cuts. Also illustrated is what happens to the particle trajectory if one
. takes varibus different time paths in the complex time plane. Because
of the analyticity, the results do not depend on the path in the t-plane
as long as one does not go around different branch points.
Let's remember here that (see section IV 1d) solving the classical
equations of motion with purely imaginary time increments is eduivalent
to using real time increments, but on the '"inverted" potential surface.
Now let's consider the phase ¢ which, ih the USCA, one evaluates
along the classical trajectories. Since this example here_is.a one-dimen-
sional problem (there is no internal degree of freedom), the USCA equations
simplify and the probability to find the particle on the righf side is

simply given by

2
l (66)

NN
=&
where ¢ is given by

A ) (et
$ = 7 Jto p(t)x (')t

ﬁj \/Zm E- V(x))c/x | N e

where x and X, are some large distances away from the barrier on either

side. It is clear from eq. (66) that only the imaginary part of ¢ is
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se~~x  COmplex

time plane
M

a >

| I
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: d >
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XBL755-2885

Fig. IV-3 Diagram showing on tﬂe right hand side the different time paths
one has to follow in order to obtain the trajectories shown on
the left hand side. The crosses represent the branch points -
and the wiggly line corresponds to the cuts joining them.
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interesting. The phase § acquires an imaginary component only while

the particle tunnels and we have

1

Im@’-—;‘[ti/z;fn(\/(x)—&’) ox B | (68)

where tx,, are the two classical turning points on either side of the

barrier. For the tunneling probability we therefore find

| Xo ] |
P = exp *ZJ-X ]/Zm(\/(x) - E) ‘o/X ' (69)

which is exactly the one-dimensional WKB approximation for ﬁﬁe tunﬁeling
probability already mentioned in section IV-1b. In the one-dimensional
case we find then that the USCA tunneling probability reduces exacfly_to
the WKB limit.

Additional results concerning the symmetricai Eckard potential eq.

(60) are given in Appendix B.

b) An unsolved problem.
Let's compare the penetration probability adding coherently together
all the possible trajectories as shown in Fig. IV 3. One has

~K

| 3K K s K
S=e -e Qe

2K e (70)
re . i

~ fie

with

X ' -
i f Vorlv-E) o
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where x; and x; .are the classical turning points. The first term in
eq. (70) correspohds'to'the trajectory which reaches the first tgrning
point, then penetrates the barrier and reaches the second turning point

and then leaves the barrier on the right side. This term, unless the
incident energy is close to the barrier top, is the only important term

in the series_and is identical to fhe WKB result (see previous subsection).
The second‘term in eq. (70) corresponds to a trajectory which is reflected
twice inside the barrier (seg trajectory IV in Fig. IV 3).v Remembering
that a reflectioﬁ introducgs a phase change of ﬂ/2'(19j, (see also section
IT 2), the alternatiﬁg signs in eq. (70) are explained. From eq. (70) oﬁe.

-

finds for the penefration probability

. o | D
P=IS} =(4+€;2K)2 | | - D

This expression differs from the expression given by Froman and Froman 48

Jbeen
eq. (5), which has'shown to be correct for various limiting cases. For

the particular case that the energy is equal to the barrier top ((.e. K= 0),

equation (71) giveé for the penetrability P = % while the correct result
is P = 1. | | |

Even thougﬁ much effort has.been done to solve this difficulty, it
still remains 3t this stage an unsolved prpblem.

If the fission probability is low, lét;s say less than 0.1, which is
the case for many practical applications, then only the lowest order term
in the seriesieq. (70) for the S-matrix contributes, and to this lowest
order the expression fbrlihe penetration probability ‘P (eqs. (71) and

(5)) do coincide.

PR
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c) A simple fission barrier model system56

As already announced in section IV-f, we will now study the penetra-
tion through a simplé two-dimensional fission barrier using the USCA
method and then compare the fesults one obtains with other methods. The
simple model we will study has a Hamiitonian with potential giving a
Gaussian barrier in the x direction (x being the fission coordinates) and
an harmonic potential in the y direction. 'The ﬁass tensor will be taken
to be diagonal and constant; the.ﬁidth of the valley, howevér, will be

variable. The Hamiltonian is:

2 2
X X
2 2 -2 (2%
p: . A, G, 4 2)),-
= +4—+V e +2Cll+xe 72
H 2mx 2m7 ) 2 N 7 '
A non-zero value of the '"coupling constant" o allows the width of the

valley to vary over the saddle, and by doing so cduples the two degrees

of freedom. The numerical values were chosen so as to correspond to a
typical fission case: m, = 500 Mevnl, V) =7 MeV, m, = 4.7 MeV-l,
a=0.185, C=5.1MeV, E_ =6.0MeV. This choice of C and m, gives a

. frequency of about 1 MeV, typical of say a gamma vibrational mode. The
coordinates x and y are dimensionless and cérrespond, for instance, to the
deformation parameters €2 and €,

In the asymptotic region (thdt is, for |x] > o) the two degrees of
freedom are uncoupled and the system will find itself in a definite quan-
tum state in the transverse harmonic degree of freedom. If initially |
(i.e. for x-»-—aDj the system is in a state in the téansverse degree of
freedom specified by the oscillator quantum number nu, let us determine

what the probability Pv‘_ is to find the system after the tunneling
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(i.e. for x »+02) in a quantum state n, Let's ihfroduce for the model
problem in the asymptotic regions, that is for |x|—»e , the action angle
bariables (J, q) for the transverse collective degree of freedom; since

it is J which is related by the correspondence priﬁciple to the 'quantum

number" of‘the harmonic oscillator through
J=2r6(nt+d) | (73)

The angle variable q is related to the phase ¢ of the oscillator

through
. Q£ , | .
1= 27 | o (74)

The transformation between the action angle variables and the cartesian

coordinates is given by:

( = . __(f_)g_l | os (21T
7=V C ° ( I?) (75a)
4 S . - : |
_ o, : '
| T "y @) 7 C sin(2mq) (75b)
and . .
g = - A —EL) __ L (mr,wf,y--cp/, (76a)
1° Arctan (V”’7CJ.,7 4T Oﬁ m;&)‘,7+-1;p;
3 :B:' 2 2 o (76b)
' ;r T o (jC:;/ * —éé?; ) o '
where
_ _S;_' | )
w, = /= | | :
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The‘transformation to action angle variables is only of practical use in
the asymptotic region where the width of the transverse valley does not
change. It is possible to transform all the classical equations of motion
into action angle variables (J, q) using the transformation equation (76),
and then integrate these equations in the action angle coordinates; however,
this introduces some problems as soon as the valley changes width, because
of the multivaluedness of the transformation. It is much more convenient
to integrate the equations of motion using the cartesian coordinates.
If‘Fu(py,_J) is one of the genergting functidns17 of the canonical

transformation relating the coordinates (py, y) and (J, q) then the phase
| | / £, o |

| - 5 78
@(‘Ip,gw) %j (xp +9J)dt (78)

'9“

which is the phase along the classical trajectories needed in the USCA

expression for the S-matrix can be obtained from the phase

ty
y . |
@(Py,,'_/jy/w) == 7 . (xp+ 7/37)dt (79)
/4

using the relations’ 17

ty . :
g,J) (80
77 e
, 2

The generating function Fg(py, J) of the transformation relating (py y)

B(1.,9.) =88, .B,)- = Fil

and (J, q) is for the harmonic oscillator (see Appendix D)
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RRy) = Tley)aley)- 4 v o

and so we find for the phase q)_(Jv, Ju) which we will denote by.

é(f’)y,l’}“)

- ¢,
& (1, 1) = ‘%‘(J?“é‘ﬂ) -

1‘7&

The next step in applying the USCA method is to find the quantum num-

6

A4 e -

et o
7 .

ber function ;’/‘(ao) . To find i.t, one specif'ies' the initial conditions
for-fh'e integration, that is, starting. ét t—=-00 with the transverse .oscil—
lator on a quantum state )7_ and with some '"phase" q,- Then one chooses_

a time path in the complex time plane such that the system tunnels once
(for the examp.le considered here, multiple tunneling trajectories are
.complet'ely-negligiblle). After the integration, (that is for t-—+00),

the degrees of freedom are uncoupled and from the energy in the transverse

o A
degree of freedomlh/‘(?) can be found using the relation

E =i¢;w(r3( )+—4—)——4—C 2—!———}71—2—'
trans ‘.’/“(‘7"2—2 / 2, ' (83)

In order to find the classical trajectories with the_i_correct boundary

conditions, one has to solve for the roots of the equation

ﬁ/‘(g,)=m' | | | )
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that is, to find the initial orientations a,» for which after the tun-
neling the system is found in a quantum state, specified by the_ (non-
negative integer) quantum number [7,. In Fig. IV 4 the quantum number

A
function N (3')15 shown for //4= 3 versus Real (qo) for several values

/4(
of Imag (qo).

Due to the symmetries of the problem, only.transitions for which
AV7==C}L—P1v is an even integer are possible (conservation of parity).

For. An=0, in the case of Fig. IV 4, that is, for//(=)J=,3, the roots
of equation (84) are found. for valugs of Im(qo) =~ 17 * 0.6 and for these
cases the_quantum number function r%#(qo)'vs. Reall(qo) is rather flat -
(it does not even reach to the adjacent states n =5 or n = 1). If the
quantum number function is flat, the Airy uniform semiclassical approxi-
mation to the S-matrix, as used in the‘Coulomb excitation example, does

not give accurate results. The integral expression for the S-matrix (eq.

IT 25) is of ;he type
+TT Lf(U) . |
I,__if glv)e olu . (5)
2T

In section II 4c the phase f was mapped onto a cubic in such a way that
the stationary phase points of f and the cubic correspons. Another pos-

sibility is to map the phase f into the following function57

)()(u)r——} cos (27)—-K7+A (86)

If the quantum number function is flat, the phase f(u) can be approximated

well by a function of the type -§ CO_S(ZU)-W(H-A and therefore the error
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intrgduced by the mapping eq. (86) is small. ' Using the mapping eq. (86)
instead of mapping f onto.a cubic, one finds for the S-matrix (see

Appendix E) the so-called Bessel uniform semiclassical approximation:

LU

Y w )
+ A - A 'J
e e -

where ;’ and K are given by

$(6.-8,) <} () - 5 reeesl(Zg)

.

(89)

The expression for the S-matrix (eq. (87)) shows explicitly the selection

rule that, for a transition to be possible, ln -n has to be an even

ol
integer.

Once the S-matrix is known, the transition probabilities Pv+u=
2 ¢ . '
|Sv+u |2 follow directly.
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4) Results and Comparison.

We will now present the reéults for the tunneling problem with the
Hamiltonian given by eq. (72), using thé different methods diécuésed in
this chapter. |

| Fig.‘IVvS shows in its upper part the shape of the Gaussian barrier,
together witﬁlthe adiabatic translational energies in the x direction
for the three y-vibrational channels n = 0, n = 2 and n = 4. Let's
remember that thé'problem we are solving is typi;al of sub-barrier fission,
with ~ 4.5 MeV of excitation andi ~ 1.5 MeV pelow the classical barrier
threshold. Highér n channels ‘are obviously closed, and odd n channels

are not coupled for parity reasons.

-

The lower part of Fig. IV-5 shows the square of. the wavefunction for
an incident wave from the left in channel u = 2 (i.e,{{sz()<);2 ).
These are results one obtéins using the exact coupled-channel quantum
mechanical code developed for this problém and described in section IV 2.
In the coupled-channel code, three open channels and one closed channel
were included. Taking along the fourtﬁ (closed) channel changed the results
only in the fourth significant figure. We note the standing wave in the
channel u = 2 on the left side of the barrier, as most of the flux is
elastically reflected. About_.lo_s is ineiastically reflected in channel

H = 4 and 10_8 in channel u = 0. To the right 6f the barrier v = 0,

2 and 4 waves are transmitted at the 10-10, 1071%  and 107% probability
levels, respectively. 1In Fig. IV 6 the lines show tﬁe penetrabilities
Puv for different values of the coupling constant a between 0 and 0.15.

These values of a  correspond to a small coupling between the two degrees

of freedom. Larger values for the coupling constant o were not considered
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X8L785 - 2883

“Rig. IV-5 Fission barrier and the square of the quantum mechanical
channel function qu(x) ior an incoming wave in the channel
U= 2.0
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(even though in realistic surfaces the coupling is probably much larger),

since in order to expand the wavefunction eq. (20), many more channels

have to be included. This not only involves more computer time, but also )
closed chénnéls with-higher energy require a special handling. From

Fig. IV 6 we find that there is a vibrationai "cooling" effect on the
passage through the barrier, with v =0 tranSmi;ted waves dominating re-
gardless of the vibrational state incident on the barrier. Only in the
case of o very closéAto zero, a constant yélley width, will thé "cooling"
feature nét appear.

An ob&ious approximation to be tested by fhe coupied—channel solution
is the so-called vibrationally adiabatic approximation (QMVA), where one
assumes that during the fission process the system always stays in the same
oscillator state 1y, that is, consider the approximation in which the y-
direction wave function adiabatically adjusts its width as the valley
changes along the path. In this case the coupled—chahnel calculation
reduces to a one-dimensional calculation, taking into account only the
change of the oscillator’energy._ Table IV 1 éhows the diagonal transition
probabilities for no coupling (a = 0), obtained Qith the exact quantum
mechanical program (QM) and for a coupling. a=0.1, 6bfained with the
quantuﬁ>mechanical code (QM) and for the vibrationally adiabatic approx-
imation (QMVA). Let's note that since for the model studied here the
inertial tensor is coordinate-independent and diagonal, 6ne’has that the
one-diménsional WKB approximation and the least action path method
(described in section IV-1b and c respectively) give the same result
(also shown in Table IV 1) and are independent of a.

For o = 0.1 (let's remember that o« ='0.1 represents a small coupling),
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Fig. IV-6 Penetrabilities Puv for different values of the coupling con-

stant o. The lines correspond to the QM coupled channel cal-

culations (solid line for the diagonal and broken lines for

the off-diagonal penetrabilities) and the dots correspond to

the USCA calculations.
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Comparison between the QM, QMad and WKB calculations

Table IV 1.
of the diagonal transitions.
a =0 a=0.1
QM QM My WKB
0-+0 1.67 107 ° 1.40 10°° 1.40 107° 1.60 1073
2+2 .5.48 10713 2.67 107! 2,42 10013 5.21 10 }?
A >4 1.44 10™ 22 4.66 10023 3,62 10723 1.34 10722
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one finds that the QMVA calculation is quite good; considgrably_better

" than the one-dimensional WKB resdlt.‘~1n.other words, the main reason why
the WKB and least action path method gives. larger penetrability probabil-
ities is because they neglect phe incfease of the zero pbint energy in the
y-motion, which increases around the barrier (for positive a the valley
becomes narrower on the top of the barrier), leaving less energy available
in the fission degree of freedom to penetrate thé barrier.

Neither the WKB nor the least action path method permit the evalua-
tion of off-diagdnal transitions (that is{ cases for which the final quan-
tum number is different than the initial quantum number). This, however,
is no difficulty in the USCA method and Table IV 2 shows a comparison'be—
tween USCA and the exact QM calculations. For o = 0, the USCA results
are identical to the WKB results and are shown in Table IV 1 (only the
diagonal transitions are non-vanishing for a = 0). In Fig. IV 6 the
USCA results are shown by dots. The agreement between these USCA cal-
culations and the exact quantum mechanical coupled-chaﬁnel calculations

is very good, even though the model here considered is highly non-classical.



Table IV 2. Comparison between the QM and USCA transition probabilities.

a=0.1 . : o = 0.01
00 02 04 252 244 050 02 O«rd
QM 1.40 10°°  9.30 107'!  1.03 107'% 2.67 10°'® 9,86 107!° | 1.64 10°°  1.22 107!2 1.49 10°2°
USCA 1.44 100°  9.49 107'!  0.97 107'® 2,52 107'* 9.15 107!° 1.56 107°  1.30 10°'% 1.42 1072°

- -781-
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V  CONCLUSIONS AND OUTLOOK

Ih.this thesis we have applied a new semiclassical method (USCA) to
some nuclear physics problems. This semicalssical method incorporates
into classical dynamics the quantum mechanical principle of superposition.
Many typica} quantum effects like the quantization, interference, resonances,
tunneling, selection rules are naturally contained in this semiclassical
prescription. The USCA method, besides simplifying the calculations (as
compared to a full quantum mechanical calculations), also gives, at least
in some instan;es, considerable'insight into the nature of the quantum
effects in the problems. For example, in the case of backscattering Coulomb
excitation one understands now the reason for the interference maxima and
minima, their dependence on the bombarding energy and other parameters.
One should not give up trying to find simple methods and models just be-
cause cdmplicated computer codes can fit the data well. To really under-
stand a subject, simple methods and models are of great importance. The
USCA does not only satisfy this criterion, but also gi?éé often a quanti-
tative description of the problem.

There are several other problems, outgrowth of the problems considered
in this thesis, where the USCA might be applied or at least give a quaii-

tative desciiption of the problem.

One of these problems is the sub-barrier nucleon transfer on a deformed
nucleus. The orbitals most involved in transfer will.be high-lying
Nilsson levels, which have a certain spatial distribution within the target
nucleus. In very simple terms, transfer would only occur when the nucleus

is oriented in such a way as to place a major lobe of the involved Nilsson

wave functions on the beam axis, see Fig. V 1. Thus transfer will be



 -154-

XBL 759-3879

Fig. V-1 Schematic view of a deformed even-even target before a neutron
transfer. 3 represents the angular momentun of the Nilsson
orbital, involved in the transfer A7, is the rotational angular
momentun transferred to the target and the shaded area repre-
sents the position of the maj or lobe of the Nilsson wave function.
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correlated with particular orientafions of the deformed nucleus relative

to the incoming beam and hehce with the excitation of particular rotational
states of the product nucleus. This is, of cdurse, an oversimplification
of the problem, the actual situation being slightly more complicated.

In a quite analogous way to that of the transfer reactions, one could
investigate the excitation of rotational states built on the K = 0 octupole
vibrational mode in the backscattering from a heavy deformed nucleus. Here
one also expects that certain orientations of the deformed target (relative
to the beam axis) to be more susceptible to octupole excitation than others.
The octupole vibration has nodes at certain places (see Fig. V 2). If
those nodes were presented to the incoming projectile, little octupole exci-
tation is expected. Thus, just as in the transfer case, there is an orienta-
tion-dependent form factor associated with this excitation. In this model,
therefore, one expects a selective population of certain states in the

'K = 0 octupole band. Both of these problems, the subbarrier nucleon transfer
and the excitation of the K = 0 octupole band in deformed nuclei, are cur-
rently being investigated.

Now a few words about the experimental prospects. Usiné Y-ray spectro-
scopy in coincidence with the backscattered heavy-ion projectiles, one éould
gain experimental insight into these areas, thét is, investigation of the
Coulomb-nuclear interference effect with heavy ions and the study of the
selective excitation of particular high-spin rotational states in correlation
with heavy ion one- and two-nucleon transfer and excitation of the octupole
vibrationss.“ Setting energy'gates on the Back—scattered ion spectrum, one

can gain information about all the processes mentioned as a function of

energy in a single experimentsg.



-156-

XBL759 - 4123

Fig. V-2 Schematic representation of an octupole vibration on a prolate
deformed target.
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Another problem which can be studied with- the USCA andnis‘a general-
ization of a problem studied in this thesis, is to cénsider the full three-
dimensional Coulomb excitation (not only backscattering) problem. This
problem isbalso currently being considered69 A full three-dimensional
calculation for Coulomb excitation is considerably more complicated
than the backscattering case considered in Chapter III. In the thfee—
dimensional case, the system is specified by two quantum numbers, and
two coordinates éré necessary‘in.ordef.to spécify the orientation of the
target. After finding the two quantum number functions, a two-dimensional
root search has to be performed in order to find the initial orientations
leading to a given final state. ‘In general there will be four roots and
more general uniform'expressions for the S-matrix have to be consideredZI.

In Chapter IV the penetration through a two-dimensional fission
barrier model was considered. The very good agreement of the USCA with
the exact quantum mechanical results gives confidence that the semiclassical
method may also be applied to more realistic cases with stronger couﬁling,
where the numerical effort does not change very much and where a quantum
mechanical calculation would be unfeasible. Since coordinate-dependent
inertial parameters introduce no additional difficultf, the USCA could be
a useful fool to investigate the fﬁll dynamics of the coupling between the
fission coordinate and other degrees of freedom, such as hexadecupole
deformations, mass asymmetries and degrée of pairing correlations. There
are other problems of similar nature, to which barrier penetration within
the USCA might be poséible to apply. There‘is the penetrability problem
of anisotropic barriers in alpha decay. It was also recently suggested

that the USCA might be used to study the inverse to the fission problem,
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that is, the zero impact parameter heavy-ion collision forming a compound
nucleus and splitting up again. The two degrees of freedom would be r,

the distance between the two heavy ions and 3 , a coordinate measuring
the mass asymmetry. The potential surface anﬂ the inertial tensor com-
ponents as a function of the coordinates r and g are available for a few
systems. It should still be noted that in applying this semicalssical
method one needs the analytical continuatién Qf the equations of motion
into the complex plane. For this to be possible one has to have an analyti-

cal function in the region of interest.
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APPENDIX

A. 'Conventiohal semiclassical treatment of‘multipie Coulomb excitation.
In the conventional semiclassical picturels’ 27; the Coulomb exci-
tation is caﬁsed by a well defined time-dependent electromagnetic field
acting on the nucleus as the projectile moves along the classical hyper-
bola one obtains by considering only the‘monopole—mdnopole part of the

interaction potential. The intrinsic wave function satisfies the Schrod-

inger equation:
‘-Lﬁ%W%(HﬁWt))“{” ' W

where H_ is the Hamiltonian of the free target and V(t) is the time-

dependent eléctromagnetic interaction:

2P e | Yo (800), Alt)
| e
V(t)= ;;9 “2‘7;%‘ (E / e )2+4 - @)

JZ(E)#)EfV“K/(9¢)f(F)d3V - RS

‘ :?(?) being the nuclear charge density 6perator.. The kinetic energy of
the center-of-mass, as well as the monopole-monopole interéction, was
included in the determination of the classical motion of the projecti1e<
and therefore does not appear in the Hamiltonian of eq. (1). Let {}é}

be the complete set of eigen-states of HO:
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HY =E.% (4)
We can expand Qi/) in terms of %‘

ﬂy Z i)%eLEt e

The coefficients am(t) are the time-dependent excitation amplitudes.

At 't = - @ the target.nucleus is in its ground state and therefore:
am(t=-w)'=50m | o (6)

)
At t = +°0 the values of a are the excitation amplitudes after the

collision, and the excitation probabilities are thus given by:

= e ()]

Substituting the wave function (5) into the Schrddinger equation (1)

(7N

one finds, after multiplying both sides by % and integrating over the
'1ntr1n51c"varlab1es (using <%/%)=5nm)l the system of first-order

coupled equations:

- (E.-E,,)¢t

h%‘-‘-@@ Z<% >e"’ cn(t)  ®
For the matrix element <?é/l/(ﬁ)}%,,> one has: |

Flvely-T AELS %;;(fg"ﬁ)@”l(/‘z(fzﬂ/;)]}@ o

)>4
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The nuclear states are specified by the spin quantum numbers I and M:

LI = Ll

=(~1)I,,,—M,,,(L. 2 1., )(I ”/{(55\”1 >

“H.-./A M., (10)
Substituting eqs (10) and (9) into eq.’ (8) one f1nds
(-1 ) I. 2 1.,
Lf;)O[ IM (t)= LFTZ@Z‘ZM 22_{,4 (M/“M)
AY/1 LA
Yy (0,8) 5 (EE |
{1, ][(/‘Z(Eﬂ > m‘k?*" 62 thMn(t_) (11)

A convenient parametric representation of the hyperbolic orbit is, in

the focal system of the hyperbolic orbit, given by62

x,,:va'(cvﬁsl’) W+ 5) | ' (12a)

| %D = C Vgl— 1" sinhw . EE | (12b)

Z,p:o.‘ (12¢c)
._._a,(gw_sﬁ;w+’/) - | (12d)
a .WL’ ) . .
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The focal coordinate system here considered is the coordinate system in
which the ; axis is perpendicular to the hyperbola and the X axis is
the bisector of the hyperbola. In Eq. (12), &£ 1is the eccentricity of
the hyperbola, v 1is the velocity of the projectile in the asymptotic
region and a represents half the distance of closest approach. The

values of £ , v and a oné takes are the ones obtained by symmetrizing
the hyperbolic orbit, that is, they are some average of the initial and
final values. We will denofe fhem' with a bar on top. The eccentrici‘ty

€ of the hyperbolic orbit is related to the final scattering angle

by:
4
E=—"7&7 | (13)
s () ,

Using Eq. (12) one finds:
-

(14).

%x (9,¢) \/ (1 (coslﬂw+§+é Véi-1 Sinh w
_7¢LL__L
'?21-4 g/u.( 0) }? <5C05L)W+ ,1)g.7u

_é_(E;,—vEm)t zL(7m—z)(€51'nkw+w)z—if(gsihlﬂ“” W) (15)

Substituting (14) and (1s) into (11) and using the definitions:

Q) _ 4rZe (A-1)1 4 L6
% 2% ,1 <,,,”M(E’))MI >+’)2KF 2 ” a') .... (16)
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T _Mm I,., ) In

(A, u) -
W, =}FI Gy e,

T ,0)
(—/O (17)
M 1M, >;/,¢ 2
V21 + 1 was used, the coupled differential

” ny

~

i

where the notation 1

equations become:

| _ A\ () Lg(é—sin%vww)
adh-/- Ay (w)==-i 4:1 X1 Wi, € .
. 51

"

/-4.
( L? €+ C 1/.—2—1 me) -
. Cosnw + ¢ /e S h/) Clq: ” (H/)

(€ coshn+ 1)At4

- (18)

In reference 14 the so-called Winther-de Boer code for multiple
Coulomb excitation is described; this code numerically integrates the
coupled first order differential equations (20).

For a perfect quantum mechanical rotor, the matrix elements are
given by the rotational formula

l 2 AA In 2..[». .
(LNHEDILY e QYL L 0 09)

where Q(z) is the.intrinsic quadrupole moment of the target.

Lef's note that in first order the transfer of energy between target
and projegtile is included by using the average quantities v, a, é;, é?,
etc. This is sometimes referred to as symmetrization with respect to
energy transfer. During the collision however the projectile also trans-

fers angular momentum to the target. A procedure to account at least
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approximately for the;transfer of energy and angular momentum has been
developed in feference63. Unfortunately,-the improvéments of the semi-
classical calcdlations, expec;ed to occur when the transfer of angular
momentum is approximately accounted for, have not been convincingly
achieved.

Once the final amplitudes apy(t = +20) of the states with spin I
and quantum number M are known, the quantities which are important for
the experiments may easily be obtained. The total excitation probability

of a level of‘spin I is given by

ZI [ ,v'.(20)

PI <0 ZI+'{

The differential cross-section is obtained by multiplying PI+O with
the Rutherford cross section, i.e.

—45-/5_(—1‘:9— = Pn—o (g.%_ ) Rutherford

2

—

I . .
© 2 sk -gz : (21)

W
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B. Tunneling along a circular valley .

 Let's consider a particle of mas W, moving in a circular valley given
4 by: (see Fig. A-1la)

2.

V(r) = /_i ’:\ +—CV - (1)

with VGZ)>1. The minimum of the valley occurs for

— oy " |
}1,=‘/a/—%/\/4=a/\“ @

where C =/Lw1and a= !//—2—) . One also has V(ro) =VZ-"["7&J . The

Schrﬁdinger equation we have to solve is:

ﬁ(49( J { 2°), #A
{%PQVV +k29¢1+2/w/2 Zkr—lf/’ )=0 ©
The solution to this equation is:

o (4
7{/9("—2; &e W

vhere an is solution of the radial equation:

(g 5 45+ (355" 500

The solution of this equation has acceptable boundary conditions only

9\&

when Enl is given by:

= f;(,{) (.ZVH- 44-(— W)
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= Eoov+ Emd + Ean

A

= %w.\/x + frw.(zrw 4)+f—;w(]/A+Z’--]/7\_7) (6; |

where n 1is an integer. The solution to eq. (5) can be expressed as

2
‘-‘:g_‘ Jate:

R.,(8)=N (Va+£?)

[_n | ( SZ) (_7)

where the Laguerre functions are defined by

' Z_ - n :
L@y, ez d (o2 "+°<)
L, (z)= e =

A quantity measuring the average radial distance of a particle which moves

around along the valley with angular momentum % and whose energy 1is Enl -

is given by

e - { [ Raterarf”

VATZ® 1o s
(2m+4+ Afé) . ®

We want to study a tunnellng process, that is, a case where the energy
in the angular direction is negative. This is obtalned when one takes

imaginary £ values (see eq. (6))

) (4, veal >0)
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Let us also consider the n = 0 case (for n # O the reasoning is similar).
From eq. (4) one sees that the wave function for imaginary £ 1is not a
wave function corresponding to a stationary state, but to a state which

is exponentially damped out when the system tunnels around (the angular

part of the wave function is exp (—Zegf ) ). For r, we have then (assuming
TA'>2)

V«’-Q{HVA-?.’}%’:C«—“A—Zf ’-"—K,(ﬁ %—2) (9)

We find that the particle moves more on the inner side with respect to the
bottom of the valley; that is, in this "tunneling process: the system

""cuts the corner'.

The same result can also be understood from a more classical point

of view, by finding the minimum ;i of the effective potential: '

Vip = V(V),+ Vii(r) : | a0

%?“ pz 2 - ;;/4 2
_ 4 2 . , _ .
}/1 = A-'Zo (11)
?i essentially agrees with rl; that is, the minimum of the effective

potential is further inside than the minimum of V(r).
This ties in with the idea that the tunneling process can be under-
stood by using classical equations of motion on the inverted potential.

The problem becomes now to find the stable orbit of a system moving on a
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circular hill (with angular momentum 20), see Fig. 8-1b. The faster it
moves, the more inside it must be. Equating the centrifugal force to

the force acting on the system by the potential (hill) we find:

| . -
r IV 4 __t’_. A Y~
fr"* T T ot = (Ck Ve ka)‘/
- 2

-, e A s

To summarize, for a system moving along a valley which.turns a corner,
for positive kinetic energies the centrifugal force pushes the system out-
wards (bobsled effect), for negative energies the centrifugal force ié'
negative and during this tunneling process the system cuts the cérner.

A quantit} measuring the amount of corner cutting is f = (ro-rl)/ro.
Let us now express -f. in terms of C' (the '"spring'" constant of the

circular valley),vr0 (the curvature of the valley turning a corner) and

Eang'(the energy in the tunneling direction). We find
](‘____ BIEa | (12)

with C' given by

LA

Cza_"l. o | (13)




(b)

XBL759~3878

Fig. B-1 A circular valley with the valley floor at Yo is shown in
a); if the potential shown in a) is inverted, one gets a
circular hill as shown in b).
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C. The symmetrical Eckard potential

Let's consider a particle of mass m and energy E moving in a

’

symmetrical Eckard potential. The Hamiltonian for the system is then

, |
P> . Ve
= + o
H 2m .  cosh*(£) | |

If E<(V° and the particlé is initially on the left side of the barrier,
in order for the particle to be found.on the right side it has to tunnel

.through the barrier.

The WKB transmission_prbbability TWKB is given by

-2k : L.
kab =€ | | | - (2)
where |
o y
K= ’_fx {2m(wsxl( X) E)}QJX

1/ |
2
=_.]/ ’f {4———@% (——)} O/X 3
cosh (%)
x, is the coordinate of the classical turning point:

V.
o = E ) A .
cosh*(Z) | o : (4)

Equation (3) can be written as

-2 () ©
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where f is

Akccosh(g?)
(«) E[ 2 (6)
f o {4—0( CO‘SA ECO.SL)Z_
one has
AkchL(;{_() — -
_d_ﬁ@= _ cash (%) ij:_J oy . _ I
dx ) Vi-eosh? (8) ) Virx0? *
. therefore B
_ _ ':D: _ | o
P) = (4-x)
from eqs. (2), (5) and (7) we finally find
Tove = oxp (- 222 Y21 (- )

For the symmetrical Eckard potential it is also possible to evaluate

the exact quantum mechanical transmission probability‘which is given by

T = 5i”L'2(%‘ . a) (9)
.QM .5,'”}, ( Va—_’a)wtcoslv (—L'VZM\/ ' )

Expanding eq. (9) in terms of 1; and keeping only the lowest order term

one has

A FTT) o LA FE) o

-0
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2 77f.v/ £z 4 [214f;
4L V- B a)_.'z —expl 7= 2mV, 10b
COS")A({;’ ZmV, La? N y F + o CL - (10b)
and therefore one finds for the transmission proBability

Tan = 1+ exp{%’}c—l 2mV, (’Y-VVE)} 0

Note that eq. (11) is the "improved" WKB result according to the rule

given by Froman and Fr6man48 (see also eqs.(IV 4) and IV-S)).
The equations of motion of a particle moving in the symmetrical

Eckard potential can be integrated exactly, the resuitbbeing:

~

x(t)=a Arcsinh (% cosh(E(¢-2)))  for BV 4

X(t) = Akcsinf«-;(asin}v(%(t%a))) for- E>V, )

where ﬁ"éi/.‘)z‘/’""j and 5:@

The potential energy has poles when C115L7(£%)=CZ this occurs for

Il

X _ri(2n+) L o D

This value of 2» is obtained (see eq. 12)) if t is such that

p) cosh(—g‘l(t ~t.) = £i for EXV (14a)
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or

%5/7’7!?7(%({‘{:«)) =t Fd’_. E>V,  (14b)

The function ArtsSin z has branch points at 2z =1¢

Let's consider a complex Eckard potential

. Veéo( | | | '
VT e (X | o9

one finds that the branch points in the complex time plane for E<:Vo are

given by

T o R

o Sin 5
+(_(:)A‘¢C_+an 2 }/: —\g/. 2 + — 2‘0_ LTr(Zh-f-’I) (16)

When o = 0, that is the potential is purely real, then the branch points
form two parallel columns of points with cuts parallel to the real time
axis joining pairs of them (see Fig. IV 3). When a # 0, that is the
potential has an imaginary component, then the branch points are shifted;
they still form two columns of points but the cuts are not aprallel to
thelreal time axis. If should beé noted, however, fhat for this potential
the branch poinfs on the time plane will never shift in such a way that
a cut crosses the real time axis.

It is generally true, and it can be verified for the Eckard potent1a1
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that branch points in the time plane correspond to coordinates for which

the potential or some of its partial derivatives are divergent. For a
-XZ

potential having a Gaussian shape Voe one has that the only place where

it is divergent is for x—=>100. 1In the complex time plane hokever, the

Gaussian potential has branch points at finite values of t.
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D. The F“(py’ J) generating function.
It will be shown in this Appendix that the generating function for
the canonical transformation between the cartesian coordinates (py’ y)

and the action-angle variables (J,q) for an harmonic oscillator is

5.3) = 30,9 £ (5.7

The generator of the F, type is related to the generator of the F, type

by 17

F(R.J) = Rly.J)-y¢p, | 2)

We will now show that Fz(y,J) is given by

E(%J)=J§t+—42-f7f;. | N | 2

-

Using the transformation equations (eq. IV 75)) one can write eq. (3)

Rl4.7) - 2 A*CCOS(‘/ Z,fy)‘"z’z% croat AN

2w

from which one can easily prove that

M) = F o | | (5a)
| 97 7

and
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QFQ?JJ - ?’ | o (5b)

but eqs. (5a) and (5b) are the necessary and sufficient conditions the
generating function of type F2 has to satisfy17, thereby proving that

F, is given by eq. (3).

<a
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E. Bessel Uniform Approximation.

Let's consider the integral expression for the S-matrix (see egs.
II1-25) and (II-26)):
1 A

Sv*ﬁzl@ g ‘ - ,'(1)

with

i - . |
A -7 (VF+3J)CIJC+(Ji‘-Ju)?r‘*'(a‘”Pv)k{-‘"
t | o

Let's consider now the specific case of the fission barrier penetration

MR

(2)

model considered in section IV-SC.: That example has the following sym-
metry: if initially the phase ¢ = ZKq pf the harmonic oscillator is
changed by T, then y and p change sign, buf since the Hamiltonian
depends only oh the square of those quantities {eq. IV 72)) one obtains
the same physical situation back. In other words, if ¢ s G_kcci/fhen
also g+ isa | °

Toot. Even though the problgm is the same if the phage of the oscillator
is changedvby_ m, the phase A is not periodic. Analogous to equation

(I1 33) one has:

A(%E)‘A(zﬁ) Tire=n. 3
where n is_related to J by eq. (IV 73) and the subindices i and f
refer to the value of the designated'quantities at the-starting and
concluding points of the integration respectively.

From everything said so far one has that the integral equation for
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the S-matrix is for the fission model of the form

+1T cL(x)
I=2—%_ﬁ 3(x)eﬁ ox o @

where f(x) has two stationary points in t‘he.in'terval [~77,0], let's denote
them by X_ and X, » and the two stationary points. in the interval [0,77]
»bei.ng x_+m and x_ -T. ' '

In section II 4 a similar problem was considered; there the phase
f£(x) was mapped onto a cubic which lead to the’ Ai-fy uni‘formv approximation
expression for the S—'métfix. Here we will consider a different poésibi?lity
and map the phase f into the following funcﬁiori' (the following derivation
is siightly‘modified and generalized from the one given by Stine and

MarcusS7) :

‘F(X) = -—% cos(27) -—K7+ A f | ' )

According to eq. (3), K is to be"a;s_ociatedrwi'th ng -n,. T}.le other
constants, A and g , have to be chosen so that the stationary phase points
of f(x) in the interval '-_7T<'Xé m corr‘espond .tb those of the new
function in the new domain -—7T<7<TT ; the mappirig'_ is then one-to-one

and uniformly a’nalytic. The stationary phase points occur when

2§s,*h(27)=K' | | | - ®

The correspondence between the stationary points is therefore
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X=X ¢ Y=y = iAI’CSim<2—K§-) =06 (7a)
(7v)

X = Xv———>7 y=%—@

the other two saddle points being displaced by m. Using eq. (5) and '(7)_

- one finds

f =r<x+) =-§1/4—(z§~)2 LA KO e
H/ 2} KT w0 + A (8b)

from which one gets

4(7C ]C) 4}(77’ (92)
1/§ — —- - kK Akccos (T) | (b)
dx

Expanding a—- 3(x) as:

(10)

AX S(X) FJ cos(27)+g sm(24/

one finds for the coefficient P, and Q,

Fe =Zsin4(2@) Rg;)ﬂ (j; } 3] o aw
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S D

The value of the derivatives at the stationary points (clx/dyL can be found
by differentiating equation (5) twice and using the stationary phase con-

dition eq. (6):

(12)

Substituting eqs. (10) and eq. (S) into eq. (4) one finds for the integral -
N . | -

I = 4 ( (27)+<1 5m(27> (-§w5(27)~K7+A>A
- Z’T

ﬁcosu#—’—'{- A)

j PCO.SU-#-? SIHU) dU

]MT 2T ' - |
47{ =27 =7 m } : (13)

Let's make a change of variables in the first and third integral; one-

finds
T (§cosu+ KU -A)

du =

()oo cosy/ +<19 Sin u)e

=21
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_é<§w§;u+ %U—A)QCKWOJU

—_—

T
(Po cosu tq, Sf'nu) e

/_\§? Q\\

g —c’& cosu + *—_‘;Q*A)O/
}9 co.su+07(o 51’nu)e v =
o ,
KU _ s
§c05u+ - ) — kK

SO ,
:f (Pocosu+c¥°5mu).
Zr '

Since K 1is an iazegeruone‘can write
+7

1= %(ﬁ Aj /’Jcosu+95mu

—H

- (§CO$U + Kz’g’)
) (14)

Eq. (14) shows explicitly the '"parity" selection rule: the S-matrix is

non-vanishing only when k =lnf-ni, is an even integer.

From the integral expression of the Bessel functions of integer

order

-—hj (z cos O (0) 019
o e cos (n
J.(z) ) (15)
and the recursion relations one can find the following expressions:
Kt ((§cosu+BE)
- 2z ’
’Z%J-%(g) == ) sinu e clu (16a)
kKu
) ECOSU-F ) .
J'%(ﬁ) znf cosu e ol (160
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Using eq. (16) one has for I

K (AT Y
T = 2260 e(A V){qoz’-g—%(é)“f%%@)} an

Substituting into (17) the expressions for q and P, {eq. (11)) and

using eq. (9a) one finally finds

For the S-matrix we have from eq. (1) and performing the change of

. ' A
variables 277'3 -7 = Ur

S, .~ f Ty '
Ve 21 u ) | (19)

Eq. (19) 1is of the form of eq. (4) with the identifications

(20a)

1(,(") = A | | | “ o)

The stationary phase points are found from
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dA = 2m(np-n,) =0 (21)

| | ‘
T (da})i ‘ (22)

9. < 1 )4/2 2 1
n oo = o 23) -
i‘)(t A, Z’%‘E ( (ag{)t) (23) ~

For the S-matrix one has therefore

A1) ok $(8.48) [ ,
Sv<——/u~ \2,‘ cos (26) = COS‘(Z@)

1 + ! —== +
e
e rEm

wher



-184-

K= h/“_n"I " (25)

CoS(Z@):.V,,_ (i’?‘)z] - (26)

and § is defined implicitly by eq. (9b), i.e.

488, - § 1-(5)" -.—E—Amws(_z%) ‘
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