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Application of Generalized Classical Trajectories in 

Nuclear Physics 

by 

Herbert Massmann Leser 

ABSTRACT 

A ne\" semi -classical method, the so-c,alled tmifonn semiclassical 

approxlinatien, is described briefly and then applied to two nuclear 

physics problems. The basic features of this method are that the dyna­

mics of the problt?m is treated completely classically (tha.t is,· one 

solves classical equations of moticn), but the quanttml mechanical super':' 

position prL,ciple is retained by evaluating a phase along tIle classical 

trajectory and adding probability amplitudes for indistinguishable. 

l)rocesses rather than pj,'obabilities themselves. 

The first problem considered is the backscattering from a deformed 

nucleus and the excitatioa of rotational states in the target at energies 

up to the Coulomb barrier. The nr.iltiple Coulomb excitation calculations 

are in quantitative agreement with a very different method (the de Bocr­

Winther code). A nuclear optical potential is also considered and the 

nuclear-Coulomb interference for heavy ions is studied. 

lhe second problem considered is the tunneling through a two­

dimensional barrier. This problem (which is supposed to simulate the 

penetr.ation through a two-dimensional fission barrier) is investigated 

by a fully quantum-mechanical coupl(-d-channel calculation and by the 

Uj1ifonn semiclassical approximation. A quantitutive agreement is fotmd. 
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I. Introduction 

The main focus of this thesis will be on the application of the so-

called uniform semiclassical approximation (USCA) to some heavy-ion 

nuclear physics problems. The USCA is a semi-classical method which was 

developed in recent years by molecular theorists and has been applied to 

1-5 molecular scattering and reaction problems. 

The appeal of semiclassical methods is that they usually lead to 

simple models and intuitive physical pictures and also usually simplify 

considerably the sometimes cumbersome quantum mechanical calculations. 

In nuclear physics, however, semi-classical methods have not been widely 

used to describe collisions between nuclei. The reason is that until 

recently only light nuclei were available as projectiles, and direct re-

~ctions wi~h light projectiles could fairly accurately be described by 

the distorted-wave Born approximation (DWBA) or its generalization, the 

co~pled-channel Born approximation (CeBA) where the coupling between some 

channels is included. In recent years, increasingly heavier ions at 

nuclear research energies became available as projectiles, and soon the old 

methods of describing the collision were pushed to their limits. Even 

for one of the simplest problems, the Coulomb excitation of rotational 

states in the scattering of a spherical nucleus on a deformed nucleus, 
. 6 

the most sophisticated coupled-channel code available could only handle 

cases for which the Sommerfeld parameter '? is less than 30. Today, 

with the heavy-ion beams available, Coulomb excitation experiments are 

being performed for which the Sommerfeld parameter is of the order of 

400; cases for which an exact coupled channel calculation is at this 
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moment completely hopeless. For this reason the application of classical 

mechanics and semiclassical methods to nuclear heavy-ion reactions have 

become popular. 

Pure classical mechanics, with such'classica1 concepts as friction, 

are being used to describe the fusion cross section and the energy loss of 

h "1" h " 11"' 7,8 t e proJect1 e 1n eavY-10n co 1S10ns. In these calculations the pro-

jectile moves in a potential according to the classical equations of motion 
I 

(including friction). The hope in this type of calculations is that they 

will reproduce the rough features of the problem considered. However, 

as shown by.Glendenning9 , classical trajectories can also be used to pre-

dict the qualitative features of cross sections. In order to get a quan-

titative agreement one has to evaluate along the classical trajectories 

a phase, which essentially measures the number of De Broglie wavelengths 

along the traj ectory. Only if this phase information is retained,. and 

the contribution from the various trajectories which lead to a given exit 

channel are added coherently, can quantitative agreement be expected. The 

semiclassical methods differ from the classical methods in that the phase 

information along the trajectories is'retained. 

In the semiClassical calculations so far used for nuClear reactions, 

the restriction to real trajectories was made. Even in the case when the 

interaction potential used was a complex optical potentia~, the potential 
. 

was split into a real part giving the trajectories and an imaginary part 

. h . 1 h . 10 .• 11 Th bl . h to g1ve t e attenuat10n a ong t e trajectory, . e pro em W1t 

such classical real trajectories is that not all regions of space can be 

reached by classical trajectories, that is, there are classically inac-

cessible shadow regions, whereas the quantal waves do reach into the 
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"shadow" region. In other words, when using only real classical trajector-

ies one finds such discontinuities like the caustics (which separate illumi-

nated regions from shadow regions) which 'in turn produce singularities in 

the cross-sections; while, when using quantum mechanics, the transition 

between the illuminated and shadow regions is smooth, producing no singular-

ity in the cross sections. 

Almost simultaneously, semiclassical treatments using generalized 

classical trajectories (allowing the classical trajectories to be complex) 

have been applied to several problems. The classical scattering with heavy 

ions was considered by Malfliet 12 and Koeling and r-.1alfliet 13 using the "­

'USCA (which was mainly developed by Miller l - 3) and by Knoll and Schaffer14 

who use a somewhat different approach. The agreement between these semi-

classical calculations and the exact DWBA results is impressive. 

In this thesis we will in chapter II first consider some of thetheor-

etical aspects of the USCA and then apply this method to two very different 

problems. 

In chapter III we will apply it to the backscattering of heavy ions 

from deformed nuclei at energies below and up to the Coulomb barrier. 

At energies very much below the Coulomb barrier, only the electromagnetic 

interaction, which can Coulomb excite rotational states of the target, 

is of importance. At some higher bombarding energies, the complex nuclear 

cal interaction potential between the projectile and the target cannot 

be neglected and will also be included. The restriction to backscattering 

allows us to reduce the problem to a two-dimensional one, which is much 

easier to solve but still experimentally interesting and of importance. 

For backscattering energies well below the Coulomb barrier, that is, for 
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cases where the nuclear force can be neglected, we will compare our cal­

culations with results using the de Boer-Winther code for multiple Coulomb 

e~citation,IS which is based on a very different semi-classical approxi­

mation. A short outline of this method is given in Appendix A. 

In chapter IV we will apply the USCA to a simple two-dimensional fis­

sion barrier pene'tration model. It has been customary to estimate the 

lifetimes of fissioning nuclei by using the one-dimensional WKB approxima­

tion to evaluate the probability for the system to penetrate the fission 

barrier. Since a complete dynamical calculation of a two-dimensional bar­

rier penetration has not been performed until now and the USCA method 

allows us to do it, it is of interest to perform such a calculation to 

find out the effects of the additional approximations usually made in 

solving the multidimensional barrier penetration problem. Also, an exact 

coupled channel code was developed which solves the same two dimensional 

barrier penetration problem, and this code allows us to compare the USCA 

solution to exact results. 

In chapter V the main conclusions regarding the application of the 

USCA method to these nuclear physics problems will be summarized. 
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II. USCA Theory 

1) The Schrodinger Equation. 

In this chapter the basic equations of the uniform semi-classical 

approximation (USCA) will be derived. These equations were first derived 
, 1 2 

by W. H. Miller' and an excellent review 'is given in reference (3). 

The derivation that will be presented here, however, is based on the 
. 4 16 

derivation given by R. A. Marcus, and by J. N. Connor and R. A. ~Iarcus. 

The general problem thit will be considered is that of a collision-

like system with N degrees of freedom for which there exists a classical 

analog to the quantum mechanical Hamiltonian. Of the N degrees of free-

dom one will be the relative translational coordinate R of the collision 

partners, the remaining N-I coordinates being "internal" degrees of freedom 

which are quantized-in the asymptotic regions, that is for R---700 

The quantization is most easily achieved if one describes the "internal" 

d f f d · f' 1 . bl 17 L b h egrees 0 ree om ln terms 0 act'lon-ang e varla es. et q. e t e 
1 

I . bl f h' th .' 1 d f f d (. I N 1) ang e varIa e or tel Interna egree 0 ree om 1 = ,.~., -

and J. its canonically-conjugate momentum, the so-called action variable. 
1 

Let P be the canonically conjugate variable of the coordinate R. If the 

classical hamiltonian for the system is H(J., q.; P, R), then the quantum-
1 1 

mechanical hamiltonian operator in the coordinate representation is found 

by making the following replacements in the classical hamiltonian 

J 
(. 

> Cia) 
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p 
(1 b) 

The Schrodinger equation we wish to solve is therefore 

(2) 

The quantum mechanical action variable .operator -if, ~ differs from 
d~i 

the classical action variable J. by the quantity 2rrtit. ,where 
1 J' 

Ji is a constant. In a WKB approximation the constant 1~ is a or 

1/2 depending on the type of the ith internal degree of freedom one is 

considering. 

In the asymptotic region (R~ CO) we assume that all the degrees 

of freedom are uncoupled, and the system is in some internal state de-

scribed by the quantum numbers !J (= (nl ,··. ,nN_I ) ). Also, the hamilton­

ian does not depend (in the asymptotic region) on the coordinate q. when 
. 1 

action variables are used, so the Schrodinger equation is: 

HJi1i~+21r/it-if,~JR)~~) - E~:) (R-J> DO) (3) 

The wave function 
If. (0) 

!JE is periodic in the angle variables ~ with 

unit period, and one therefore has the solution: 

w-{ 
i (:t K!J R + 211 Z. <:f

J
. ~) 

where ~ 
...., 

- f( R) e J=1. 

represents feR) • ±ik R 
e !! 

--

(4) 

is the radial 

.. 
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wavefunction and the wave number K~ = I ~ 1/11 is determined from energy 

conservation. If C c;;;;.n· 
. h' 1· f h . th . 1 d 1S t e 1nterna energy 0 t e J 1nterna egree 

J 
of freedom (n. being a quantum number in the asymptotic region for that 

J 

degree of freedom), then one has: 

E;:: (5) 

where m is the reduced mass of the system. The ±. in equation (4) refers 

to an "outgoingll and "incoming" wave respectively. In equation (4) n. is 
J 

. h b f h' th . 1 d f f d an lnteger, t e quantum num er or t e J lnterna egree 0 ree om. 

The classical action variable J. is related to the quantum number 
J 

n. through the relation 
J 

(6) 

The value of Jj is known from WKB solutions for various standard 

problems. If n represents the angular momentum of a planar rotor, then 

1 =(). If n corresponds to the quantum number of an harmonic oscil­

lator or an angular momentum of an orbital motion in three dimensions, 

then 5'::: 1 (for the Z component' of the latter !=o), etc .. 
B

. 

2) The WKB Ansatz 

As in the one-dimensional case, we will make the ansatz 

(7) 
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and substitute this wavefunction into the Schrodinger equation (2) keeping 

only the terms of the lowest order in 1). Following Dirac,18 the lowest 

order in 11 leads to 

(8) 

Introducing the function W defined by 

• 

(9) 

equation (8) becomes: 

H ( ~V . q . 6)V R) - E (10) 
C>~i I ti I c)F\' I -

Keeping the next higher-order term in 1; one finds an equation involving 

the amplitude A 

where 

R _ ~H 
dP 

. dH 1-= -_ dJ 
,..., 

(11) 

(12a) 

(12b) 
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Equation (11) is a conservation equation. The equation for W (equation 

(10) ) is identical to the Hamilton-Jacoh''i partial differential equation 

for Hamilton's characteristic function W in classical mechanics. 17 The 

total time derivative of Hamilton's characteristic function is17 

c1V 
cit 

• N-1 

-PR +L Jq. 
J= 1 J rJ 

from which we find: 

where the constant C is chosen so that for t < t 
o 

(13) 

(14) 

(t is a time before 
o 

any interaction takes place) the phase of the wave function is the same 

as in the uncoupled case (see eq. (4)). 

One finds 

'v./ = r\(t') R(t') dt' kh'rl R (./ + 2rr f [1\ ~.(t')+ 5J 
1; Jt. - J =1 t. oJ 

.0 O({)dt' + (n.~' + 5') ~~O)] (15) 
tJ . J JJ 

wher'e q ~O) = q.(t=t) R(O) = R(t=t.) and n.(t) 
J JO ' 1 ' J 

is a continuous var-

iable related to the classical action variable through eq.(6). The super-

script)<- on indicates that it is the initial value (integer) 

of n. (t) in the asymptotic region (that is for t --+ - 00). There is 
J 

another condition that the phase ~ has to satisfy19 and it is that when 

P changes sign from negative to positive (i.e. if the radial coordinate 

goes through a turning point), then the phase ~/1i decreases by 7r/2. 
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The integrals in eq. (15) are line integrals, the integration being pcr-

formed along the classical trajectories which the system traces. 

The amplitude A is determined by integrating the conservation 

equation (11) over a tube spanned by classical paths starting at a dist~nce 

R, going toward the inte,raction region and out to the distance Ragain. 

Flux will enter and leave this tube only at the extremes of the tube and 

one has 

2. • 

A R. IT dCf· = 0 
J J 

(16) 

The first term is the flux entering the tube (the index ~ refers to 
• 

the initial situation; ~ < 0 ). the second term represents the 

flux leaving at the other end. (IT do.) and IT do. are related by 

a Jacobian: 

TTdq. = 
J tJ 

J. tJ fA- J tJ 

(IT dq.) 
J, tJ'1' 

(17) 

Substituting (17) into (16) one finds the amplitude at the distance 

R after the scattering in terms of the amplitude at R before the projec-

tile moves into the interaction region 
. _i 

A ( Q) = A(r'(R)VlJ-Y'J '( ~(Cf1)"') 'tN-1) .) 2. 

1\ '~~(q~~~ ... ) Q<r») 
t + W-1 

(18) 

with l/ == I RI 
Since the incoming part of the wave function (7) has to go over into 

I 

the unperturbed incoming wave function (eq. (4)) for t < to' one finds 

.. 
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(usingeqs. (7), (IS) and (4)) that AY<)(R) = feR). For the wave 

function :r in the asymptotic region, one finally finds 

(19) 

with 

3) The integra~ expression of the S-matrix 

The S-matrix can be found from the asymptotic form of the wave func-

tion Ceq. (19)). The elements of the S-matrix are defined by: 

(21) 

,.., 

where 4'+ are the incoming and outgoing waves defined in eq. (4). Once 

the S-matrix is known, the transition probabilities for the system from 

an initial state n Y-'} to a final state n (v) is given on the usual way by .-
(22) 

From eqs. (19) and (21) one finds (~ince the two asymptotic expres-

sions for the wave function must be equivalent) 
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~1ul tiplying both sides by exp( -2rrL r. h~~}Cf) 
J 

and integrating over all 

the internal degrees of freedom, using the fact that 

one finds for the S-matrix 

(25) 

with 

+ 2rr f. (1% . ({')n. (t')clt' + n.Y')'1-~.) - n M ql 
J=1 to J J J J J TJ) 

(26) 

Equation (25), which expresses theS-matrix elements in terms of a multi-

dimensional integral, is not useful for practical calculations, and it is 

only when the integrals in (25) are evaluated by asymptotic methods that 

one obtains a useful expression for the S-matrix. 

4) The USCA S-matrix 

In this thesis we are studying semiclassical systems, that is systems 

that can be described when keeping only the lowest terms in an expansion 

of the Schrodinger equation in, terms of 1; That is, we are interested 

in the case where 1; is small compared with the action that is character-

istic to the problem. 
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If we let -h go to zero, the term exp UA/"n), and therefore the 

integrand of the integral in eq. (25), will become highly oscillatory. 

Therefore, there will be contributions to the integral only for values 

of 't for which the phase b. becomes stationary, i. e'. at saddle points. 
,..,. 

At the saddle points one has 

-0 (27) 

In order to find the saddle points, one has to find the roots of eq. (27). 

The integration of eq. (25) by the saddle point method in the general 

multidimensional case, for which there are many roots to eq. (27) (several 

of them could be lying "close" together or be multiple roots), is a very 

complicated problem, some aspects of which, however, have been well 

t d · d 16,20-22 . s u Ie . The one-dimensional case is the simplest and since this 

is the only case we shall need later, all our effort will be concentrated 

on understanding this case in detail. In other words, the general inte-

gral we want to evaluate asymptotically is: 

(28) 

where f is a function which, we shall suppose, has two saddle points 

(Xl and,x2) in the region of interest. Even this very much simplified 

problem has many aspects, which we shall now consider one by one beginning 

with the simplest. 
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a) f real, primitive approximation, classically accessible case. When 

the "phase" function f(x) is real, there may occur two situations: either 

the two solutions of eq. (27) (i.e. [I=~£(X)=O , are real, or they 

are complex, one being the complex conjugate of the other. The first 

situation is called, for reasons to be seen later, the classically acce's-

sible or allowed case; the second situation is referred to.as the classi-

cally inaccessible or forbidden case. For the classically accessible case 

one has that xl and x2 (the two solutions of ['(x)=. 0 in the inter­

val (0,1]) are real. Fig. IIi shows a sketch of how the phase f(x) 

might look. At the stationary phase points xl' x
2

' the second derivative 

of the phase function will necessarily have opposite signs (we assume 

that f(x) is a continuous function), and without loss of generality we will 
I} 

assume that xl is the point for which t (X1 »0 and x2 is the point for 

Whl' ch r"(X.,,) < 0 t... The so-called primitive approximation is obtained 

when f is expanded as a quadratic around the points xl and x2: 

(29a) 

(29b) 

Where the notation fl" f(xl ). f:" (cff(x )/clx2t~ etc. has been used. 

Remembering that in the limit 1i~l/ the only contribution to ·the integral 

I (eq. (28) ) comes from points near the stationary phase points xl and 

x2 we find (substituting the expansions eq. (29) intoeq. (28)): 

i 
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The limits of integration should only include points close t~xl in 

the first integral (close to x2 for the second), but since points x 

far away from x
2 

do not contribute to the integral, one can replace the 

limi ts of integration by - 00, + 00 From eq. (30) we find: 

(31) 

This is the so-called primitive approximation to the integral I. The 
. 

physical meaning of the different terms in eq. (31) will become clear 

in later chapters, when application of eq. (31) to specific examples is 

made. To further understand the structure of the saddle points let us 

analytically continue the function f into the complex plane. The ex-

pansion of fez) around the saddle point zl = xl becomes (eq. (29a)): 

(32) 



-1Sa .. 

f 

~-------

----~----~--------~~----~--~--------x o 

Fig. 11-1 Sketch of the phase function f ex) XBL759-4068 
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where z = x + iy. The equipotential contours of the real and imaginary 

part of ~ fez) are shown in Fig. II2. When looking in the complex plane 

for the path of steepest descent over the saddle point Xl' one has to look 

at the equipotential contours of R:al (~ f( ~)) (Fig. II2a). The path of 

steepest descent is drawn with a heavy line. When looking for the path 

).n the complex plane for which the phase of the integral does not change 

(the stationary phase path) when one goes over the saddle, then one has 

to look at the equipotential contours of Imag(-~ fez)) (Fig. II2b). There 

are two stationary phase paths one could choose. One of the paths coin-

cides with the path of steepest descent, and is, of course, the path one 

has to choose. Fig. II3 shows a diagram of the equipotentials of Real (if) 
when the two saddles -are considered. The path in the complex plane one 

has to follow in integrating the integral in eq. (28) is also shown. 

Both saddle points contribute to the integral. 

b) f real, primitive approximation, classically inaccessible case. 

As already mentioned, the classically i~accessible case (sometimes also 

called the classically forbidden case) occurs when there are no real roots 

to the equation £1 (x) = 0, but only complex solutions. If zl is a 

solution, then z = z * 2 1 
is also a solution. Since in this case also, 

the second derivative has opposite signs for the two saddle points, and 

in addition one is the complex conjugate of the other, one deduces that 

they must be purely imaginary. The equations equivalent to eqs. (29) or 

(32) in this case are: 

Hz) ~ f, + t I f."1 {[ (X-Xl., I y- Yotj +2i{x-x.){ y-~ ) J 
c.lo~ 102{ 

(33a) 
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111\ 
111\ 
I , \ \ 

t\\\ Valley 
\ \ \ " 
\ \' ..... _--

---===-=::. 

Fig. 11-2 Equipotential contours of if(~)/h 

. 
Rea I (_l f) 

11 

x 

in the 
XBL759-4065 

It 

vicinity of a·sadd1e point for which a2 f/ax2>O: 

a) shows the real part of ~ fez) with the path of steepest 

descent shown by the arrow; b) shows the imaginary part of 

if(z)h with the stationary phase path shmoffi by arrows. 
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o ------

• 

Real (_L f) 
t 

---1-----­~- - -----
/ ,-----------

./ .­,..,. 
./ 

XBL759-4067 

x 

i Fig. 11-3 Equipotential contours of Real h fez) in the presence of 

the two saddle points for the classically. accessible case. 

The integration path which goes over both saddle points is 

also shown. 

• 



-19-

(33b) 

where Xo and Yo are defined by z1= Xo + iyo· Fig. II4 shows a sketch 

of the equipotentials' of Real (i f) in this case. It is clear that the 

integration path in this case can only go over one saddle point (the one 

which is lower), and so only one saddle point contributes to the integral. 

If the saddle point at ,zl is the saddle which contributes to the integral, 

then the result (in the classically forbidden case) is: 

(34) 

There is also a physical reason, as we shall see later, why the other sad-

dIe point does not contribute. Let's note at this point that the lower 

saddle (that is, the saddle whose height is lower) is the saddle point 

• 
for which f(zl) = fl has a positive imaginary part. 

c) Uniform Airy Approximation. When the two saddle points Xl and 

x2 are close together, then the approximations leading toeq. (31) can 

not be made. That is, one cannot treat one saddle point as being completely 

independent of the other. When the saddle points move together, then 

1[// and I r:,'1 t~ become very small (zero in the limit that the two 

saddle points coincide) and eq. (31) is no longer a good approximation 

to the integral I. Also, from Fig. III it is clear that when the two 

saddle points come close together a quadratic expansion around the maximum 
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XBL759-4066 

Fig. 11-4 Same as Fig. 11-3 but for the classically inaccessible case. 

The saddle points are now in the complex plane and the in­

tegration path goes only over one saddle (the lower one). 

.. 
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and minimum is not adequate, and that a better expansion would be a cubic 

expansion around the turning point. A still better way16,20 is to map the 

phase f onto a cubic in such a way that the stationary points of f and 

the cubic cGlrrespond. In that case the mapping is uniformly analytic and 

one-to-one. The advantage of using the mapping procedure is that the re-

suIts so obtained are valid for all cases, when the two saddle points are 

close together and far apart, and also for the case where f(x) is a 

complex function. 

Let the new variable y be implicitly defined by 

(35) 

A are chosen so that the saddle points and The constants f and 

z~ of fez) correspond to the saddle points ul and u
2 

of heu), that is 

(36a) 
• 

(36b) 

one finds 

(37) 

(38) 
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After substituting eq. (35) into eq. (28) one finds for the integral 

(39) 

The symbol ~ is used because, as before, the limits of the integral were 

extended from -00 to r~. Only the region around the origin in u will 

contribute to the integral in eq. (39), so one may expand: 

dz Q(Z) ~ 0( + 0( U du J (>., 

Using eq. (36) we find 

(~~ ), 5, ~ 0(. + 0(, ff 
( ~~)2 92 rV 0(. - cX,yr 

from which 

• 

0(. = i [( ~~ ), 3, + (~~ )z 92 ] 

0(, =2Yr [( ~~)4 s. -(£-19,] 

(40) 

(4la) 

(41b) 

The value of the derivatives in eq. (41) can be found by differentiating 

eq. (35) twice 

f'Cz) ~ ( U z
_ !) ~ 

f"(z) - 2u(~~t+(U'-f)~}' 
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For Z = zl' or z2' one has from eq. (36) that (u
2 

- j ) = 0, therefore: 

(42a) 

(dz) =(-2ff)~ 
du r 1/ 

2. ;2. 
(42b) 

Substituting the expansion (40) into eq. (39), one has.for I 

(43) 

An integral representation of the regular Airy function is 23 

(44a) 

taking the derivative with respect to A' 'one has 
f 

(44b) 

Using eq. (44), eq. (43) becomes: 

(45) 

The final expression for I is obtained if 0(0 and 0(1 in eq. (45) are 

replaced by their expression eq. (41) together with (42) 
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(46) 

with (from eq. (38) 

(47) 

When using eq. (46), great care has to be taken to assure that one is on 

the correct branch when taking the square roots. 

The mapping used in this section is one of many possibilities and in 

some cases a different mapping can give a better approximation. In 

chapter IV a different mapping will be used. The more general case in 
• 

which three or more saddle points contribute to the integral (several 

of which could be close together or coinciding) has been investigated by 

20 Connor. For the asymptotic evaluation of the multidimensional integrals 

for the S-matrix we refer to reference. 21 

Let us now apply the general result obtained in c) to the evaluation of 

The S-matrix for the case of one internal degree of freedom (this is the 

only case we will need in the next chapters). From the integral expression 

of the S-matrix (eq. (25)) one has for only one degree of freedom: 
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( 48) 

with 

t ' 

f'1 - (1
0 

K(t')R(t')c1t' - Kn<t") R'O}_ k,,'vJ~+ J + 

t 

+ 27Y( l01 (t') n (f')dt' +nY)<t(O) - hCV)~) (49) 

Integrating by parts one finds: 

t 

f.:. = -] Kit') R(t')c1t I + (I'dt) - K..,(vI) R + ¥ + . 
. to 

+ 2rr ((hit) - n CY )) ~ - L: 1- (t ') ;"(t ') dt ') 
(SO) 

The saddle points are found from: 

- 2rr(h - n ()J)) = 0 (51) 

That is, only those trajectories for which the system after the interaction , 

is in an internal state with ~uantum number n(V) will c9ntribute. 

From eq. (SO) one then has that, for the trajectories that contribute to 

the S-matrix, the phase L1 is 
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The second derivative of IJ. can be found from eq. (51) 

- 2rr.deL 
dCf 

(52) 

(53) 

Applying the Airy Uniform Approximation (eq. (46)) to the S-matrix inte-

gra1 eq. (48) we find: 

S>y< = -{it' e i (t.!+ b.2
) { (iF,' + Y-if) 5 1/'1 Ai (-J) + 

+ (-L) (if: - f-i) ~ Ai'(-J) } 
where ~ and the "classical" probabilities 

p,. 
{ 

j = 1,2 . = 
(~7r')J J • 

5'1/2- ( t3 
= t(62 -6 1 ) 

p. are given by 
J 

(54) 

(55) 

(56) 

The excitation probability P • which gives the p'robability of 
. Vl1 

finding the system with internal quantum number n(V) after the interaction 

if initially it was n(l1~ is given by the absolute square modulus of the 

S-matrix element (eq. (54)). 

In two important special cases the excitation probability takes a 

simple form: 

; 
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i) If.t1 and its derivatives are real for the two traj ectories sat-

isfying the boundary conditions, one finds 

. ) 2 

~ = rr{f [(fP: + Fi/At(-jl+l€,- fRt Ait~) (57) 

If in eq. (57) Ai,2(_ 5 )/5 is replaced by Bi 2 (- 5 ), where Bi is the 

irregular Airy function, then one obtains the uniform approximation 

for the transition probability which was derived by Miller: l 

Only for large f does the second term in eq. (57) and (58) contribute 

significantly to the excitation probability (for small J the first terms 

dominate), but in this limit both expressions become equivalent. This 

can be seen from the asymptotic expressions for Bi (- 5) and Ai' (-1) taken 

for large values of S .23 

ii) If ~ and its derivatives are complex conjugate for the two 

trajectories satisfying the boundary conditions, one finds: 

(59) 

5) Summary 

In order to solve a problem using the USCA method one has to perform 
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the following steps (for the case of one "macroscopic" and one "internal" 

coordinate): 

i) Write down the Hamiltonian for the system using for the internal 

degree of freedom action-angle coordinates. 

ii) Integrate (numerically) the exact classical equations of motion, 

subject to proper boundary conditions also evaluating along the 

classical trajectory the phase f!l for a set of initial values of 

the angle variable .~ Y". Find the "quantum number function", 

that is the value ofl}(q(]..I)) (usually not an integer) obtained 

at the end of the integration as a function of the initial angle 

variable q (]..I) . 

iii) Find the initial orientations for which the quantum number 

function is equal to the final quantum number n(V). Find also 

the phase ~ and the derivatives dn/dq(]..I) for those trajecto-

ries. 

iv) Evaluate Sand P V]..I V]..I 

All these steps will become clear when this procedure is carried out for 

the specific applications in the next chapters. 

Let's summarize the main features of the USCA. In this semi-classical 

approximation the full classical dynamics of the problem is maintained 

(one is solving the exact classical equations of motion); that is, one 

does not introduce any explicit dynamical approximations. The quantum 

. mechanical superposition principle is also included in this theory. One 

keeps the information of phase along the trajectory, and the contributions 

to the S-matrix of different trajectories satisfying the same boundary 

condition are not added incoherently but coherently. In other words, 

• 

• 
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for indistinguishable processes one adds probability amplitude? rather 

than.pr.obabilities. Since many intrinsically quantum effects, like the 

quantization o~ interference effects are a consequence of the superposition 

principle, many of these phenomena are at least qualitatively included 

in this semiclassical limit. Also, since in this theory one has to find 

classical trajectories which satisfy certain boundary conditions, Heisen­

berg's uncertainty principle is not violated. Several additional features 

of the USCA will come to light in the chapters to follow. 
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II I BACKSCATTERING FRO~1 A DEFORMED NUCLEUS 

1) Introduction 

In this chapter the application of the USCA to heavy-ion backscat-

tering from a doubly even deformed target at energies below and up to 

* the Coulomb barrier will be considered. The type of collisions between 

a heavy-ion projectile (heavier than 0( particles) on a heavy deformed 

target range from elastic scattering and pure Coulomb excitation below the 

Coulomb barrier to one and multinucleon transfer and compound reactions 

for higher bombarding energies. At energies well below the Coulomb 

barrier, only the electromagnetic interaction between the two heavy-ions 

needs to be considered. At these low energies, the only important processes 

are elastic scattering and the Coulomb excitation of collective states of 

the target and projectile. In section 2 the Coulomb excitation of the 

rotational ground band of a doubly even deformed target win be considered. 

In later sections the modifications introduced by a nuclear potential 

will be included. 

To insure that the projectile does not penetrate into the nucleus 

(for energies below the Coulomb barrier), one has to demand that the wave 

length 9\ of the projectile be much smaller than the distance of closest 

approach in a head-on-collision, i.e. that: 

* For very heavy nuclei the Coulomb barrier does not always exist, since 

the Coulomb repulsion may be so strong that the nuclear force is not able 

to produce a Coulomb barrier. The energies we want to consider shall, in 

all cases, be low enough so that nucleon transfer and processes that occur 

at higher energies be neglibible. 
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7- (1) 

The parameter (' is the so-called Sommerfeld parameter. In eq. (1) ZT 

and ~f are the charge numbers of the target and projectile respectively, 

v is the relative velocity in the asymptotic region and a is half the 

distance of closest approach in a head-on-collision (for a pure monopole-

monopole interaction), i.e. 

(2)' 

where m is the reduce mass of the system. For heavy-ion collisions 

with bombarding energies such that the distance of closest approach is 

larger than the sum of the radii of the target and projectile, i.e. 

(3) 

one has that the inequality eq. (1) is always satisfied. N. Bohr25 has 

shown that if ~:>:> 1 . the collision may then be approximately de­

scribed by considering the system as moving along a classical trajectory. 

The parameter '? is a measure of the strength of the monopole-monopole 

irtteraction. If t'» 1 • the classical orbit will be very close 

to the hyperbolic orbit the system would follow if only the monopole-

monopole interaction were present .. . 
In this chapter we will restrict the analysis to backward scattering 
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only (this will introduce a great simplification in the geometry of the 

problem). This is not of pure academic interest, since in Coulomb excita-

tion experiments one usually measures at backw2rd scattering angles since 

at those angles the excitation p:-obability of high spin states is highest 

(as long as the center-of-mass is below the Coulomb barrier). Table III I 

hO\"s the exci tat ion probabil i ty P (I) for multiple Coulor.tb excitation of 

th~ ground·rotational band of 238 U \'lith the rear.tion 40 Ar + 238 U for the 

laboratbry bombarding energic~ of 170 MeV and 200 MeV. The calculations 

wc:!"e done using the se~i-classical de Boer-Winther cade lS for multiple 

Coulomb excitation (see Appendix A). The second and third column in 

Table III 1 show the results for the cases where the projectile is 

scattered to the center-of-mass scattering angles SCM = 180
0 and SCM = 

1650 rcspe·.:'tively. The difference between the excitation probability for 

these t\W angles is s!llall .compared to the variations of the excitation 

probabili ty with spin, and 'therefore excitation probabilities at 1800 are 

useful to interpret experimental results at backscattering angles. 

Figure III 1 shows graphically the excitation probability for the various 

final spin states of the target for the two scattering angles. A systemat-

ical improvement is obtained if the bombardjng energy is adjusted in such 

a \>lay that the classical turning point of the tTajecto:ries occur at the 

* same distance Column four in Table III 1 shmoJs the exci~ation prob-

ability at e = 16S" for an energy such that the trunjng point is the 
eM 

same as the turning point for the cal cu1ations at eCI1 = 1800 5hO\\'n in 

* TIle distance of closest appl'o,lCh fOJ' a hyperbolic orbit of excentricity 

e: is given by (see appendix A) r = a (1 .... E). Using the relation ca 
£ = l/sin (e /2) we fi!lu how the bombarding energi~s for the two tra­cn 

jectorics whose scattering angles are 18~ Jnd B have to be 
cn 

related to give the sane turning point: 
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Table III 1. Probability to excite a rotational state of angular 

momentum I calculated with the de Boer - Winther code 

for ,oAr + 238 U with Q(2)=11.12 eb and Q(4)= 0.0 eb 2. 
o 0 

E1ab " 170 MeV E1ab = 170 MeV E1ab c 170.733 MeV E1ab = 170 ~~V 

I e .. 1800 

em 

o 0.07407 

2 .. 0.17104 

4 0.05737 

6 0.17766 

8 0.29148 

10 0.16783 

12 0.05006 

14 0.009186 

16 0.001139 

18 0.000102 

20 0.000007 

e .. 1650 

em 

0.07654 

0.17089 

D.D6448 

0.10540 

0.29121 

0.15769 

0.04483 

0.007888 

0.000941 

0.000082 

0.000005 

0.07521 

0.17100 

0.05528 

0.18770 

0.29170 

0.16231 

0.04717 

0.008470 

. 0.001030 

0.000091 

0.000006 

e c 180
0 

em 

El c rotational 
formula 

0.07401 

0.17135 

0.05797 

0.18048 

0.29362 

0.16581 

0.04756 

0.008158 

0.000911 

0.000071 

0.000004 

E1ab .. 200 MeV E1ab = 200 MeV E1a~" 200.863 MeVElab = 200 MeV 

1 

o 
2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

0.08550 

0.05809 

0.14832 

0.06170 

0.08977 

0.23935 

0.20190 

0.08734 

0.02345 

0.00443 

0.000642 

e .. 1650 

em 

0.08434 

0.06134 

0.15158 

0.05305 

0.10628 

0.24745 

0.10286 

0.07877 

0.02017 

0.00364 

0.000508 

e '" 180
0 

em 

0.08456 

0.05967 

0.15037 

0.05642 

0.0~892 

0.24428 

0.19709 

0.08261 

0.02162 

0.00399 

0.000568 

e _ .. 1800 

em 

El .. rotational 
formula . 

0.08498 

0.05826 

0.14916 

0.06229 

0.09329 

0.24374 

0.22050 

0.08301 

0.02080 

0.00358 

0.000416 
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',. 40Ar +2.38U 
E'ob = 170 MeV 
--8 = 1800 

CM 
---G

CM 
= 1650 

4 8 
I 

• 

16 

XBL759-4135 

Fig. III-1 Probability to excite rotational states of angular momentum 

I, calculated with the de Boer-Winther code for ~oAr + 238U 

at E1ab = 170. ~~V, (~2) = 11.12eb2 , ~4) = o. Shown are 

the results at two different scattering angles 0~f = 1800 

(solid line) and 0~1 = 1650 (dashed line). The similarity 
is even more striking if the bombarding energy is adjusted 

so that for both calculations the turning points are the 

same (see Table III 1). 
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the second column. The agreement is now better by at least a factor two . 
. 

Since the scatter1ng angle, and therefore the exact initial orbital , 
angUlar momentum is not so critical in the heavy-ion scattering case (as 

long as the scattering angle is in the backward direction), we chose 

here the case for which the problem simplifies considerably; namely, we 

consider the case in which the projectile moves in on the target with 

zero impact paramete,r:' In this, case, classically the collision takes 

place in a plane (defined' by the projectile position and the symmetry 

axis of the target)" and only two degrees of freedom are relevant. There-

fore, one can use the USCA method to solve a much simpler problem, the 

backscattering from a planar rotor. Afterwards, by properly weighting 

the probability amplitudes (see section 1II2d), we then obtain the exci-

tation probabilities for the backscattering from a three dimensional 

rotor. 

Independently, a similar application to Coulomb excitation of the 

USCA method was done by Levit, Smilansky and Pelte. 25 However there are 

several significant differences between their and our approach which will 

be indicated in due time. 

2) The USCA applied to multiple Coulomb excitation 

a) The Hamiltonian and the classical equations of motion 

We will now follow the steps outlined in section II 5 in applying the 

.. USCA to the problem of backscattering problem from deformed nuclei .26 

As already mentioned in the introduction, we will consider only the case 

in which the projectile moves in on the target with zero impact parameter. 

In this case, the problem reduces classically to a two-dimensional prob-

lem. Figure III 2 shows the geometry of the problem. Let the z-axis 
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XBL7411-8214 

Fig. III~2 Diagram showing the geometry for the projectile-target system. 
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be the initial beam axis and let e and 8 be the azimuthal angles of the 

proj'ect'ile and the syrrunetry axis of the target respectively. It is con-

venient to introduce the angles (see Fig. III 2) 

X _(!J-e (22a) 

(22b) 

If r is the distance between the nuclear centers and 

are the canonically .conjugate momenta to the generalized coordinates r, 

x, y then we can write the classical Hamiltonian for the system as: 

. 2. 

H ( f', X j P .. , PZ ) = :;., + ~ 2 

( 2ml t-" 
+ _1_) + 

22 

Z 
'.z. Q(:1.) 

pe 0 

• 

(23) 

Here we have explicitly made use of the fact that ~. = 0 and that in~. 
In 

itially the rotational angular momentum of the target is zero (ground 

state of an even-even nucleus), i.e. that the total angular momentum of 

the system is zero. In the expression for the Hamiltonian, m is the 

reduced mass of the targe.t-projectile system, r:L is the nuclear moment 

of inertia of the target, ZT' 

projectile, res~ectively, and 

Zp are the charge numbers of the target and 

Q(2) is the intrinsic quadrupole moment of 
o 

the target. This Hamiltonian does not take into account any interaction 

between the target and the projectile due to the nuclear force nor any 

higher electric and magnetic multipole moments. Also we are not taking 
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into account any excitation of the projectile nor any excitation of the 

target besides the excitation of the coll~ctive rotational degree of 

freedom. The intrinsic electric moments Q(A) are defined by: 
o 

Q (~) = 1[]iiL J[(E~/O) 
o V2~.;.-y e 

(24) 

where J( (Ey) is given by 

(25) 

In writing the Hamiltonian (eq.(23)) it was also assumed that the 

target nucleus is a perfect quantum mechanical rotor. In Table III I the 

excitation probability is also shown for the case where instead of the 

experimental energy levels, the energy levels given by the rotational 

formula 

(26) 

(E
2 

being the experimental energy of the I = 2 member of the ground ro­

'tational band) are used in the de Boer-Winther code. Except for the 

highest spins, the difference is negligible. Still, when comparing the 

USCA results to the results using the conventional semiclassical method, 

we will use in the de Boer-Winther code the same energy levels as in the 

USCA, that is, the energy levels given by the rotational formula eq. (26). 

The Hamiltonian depends only on two coordinates (V, the'distance 

between the centers of the target and the projectile and X, the angle 
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between the projectile and the target's symmetry axis) and their canoni­

cally conjugate momenta. The canonic'ally conjugate variables X and Px 
actually are not action-angle variables for this problem, since the angle 

variable lies not in the interval [0 1 1] but [0 , 2 rr] . The action-

angle variables are proport.ional to- X 

·~=X/2rr , and the action variable 

and Px ' the angle variable being 

being J=..21TPx. We will however 

use X and P;t , because they are more convenient, keeping in mind the 

relations to the action-angle variables when using formulas from chapter 

* II. The four equations of motion are 

. 
fi-

(27a) 

(27b) 

(27c) 

(27d) 

If one is interested in the angles j3 and e , then the value of a is 

needed, and it can be found by integrating 

(27e) 

*The work of Levit et al. 25 differs at this point from our approach in 

that they constrain the projectile to move on a straight line, therefore 

in their work the total angular momentum is not conserved. 
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Another quantity of interest is the phase ¢. The phase ¢ is related to 

the phase 11 of (eq. II 52) through ~;a 1J. - 'fr'/.2 that 1s: 

(28) 

The differential 'equation for P is therefore 

~- (29) 

The eqs. (25) have to be integrated numerically with the initial 

conditions: 

R =0 Z· v 

The initial distance, 

(30a) 

(30b) 

(30c) 

(30d) 

(30e) 

(30f) 

r., was taken to be 40 times the distance of 
~ 
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closest approach. The quantity Px is the classical angular momentum 

ofth~ target; the rotational energy of the planar rotor is given (clas-

sically) by: . 

E- (31) 

b) The excitation probability 

Integrating the equations of motion with the initial condition 

Xc: = {30 for several values of f3.". the "quantum number" function 

is found, where I is the value of P;r./-l1 after the integration. 

"-1((3 .. ) 

Initially the target is in the ground state, I = 0; we want to find 

the excitation probability PCI) = PI+O' that is, the probability of 

finding the target in a rotational state with angular momentum I after 

the integration. In order to find the trajectories which contribute to 

the S-matrix, we have to find the trajectories for which, after the in-

tegration, the angular momentum of the target is I. In other words, we 
• 

have to find the orientations of the target before the interaction (the 

so-called "initial orientations") which leave the target after the inter-

action with spin I. These initial orientations are found by solving for 

the roots of the equation 

(32) 

For a typical case, It°Ar + 23 aU at Elab = 170.0 MeV, the quantum number 

function i(~o ) is shown in Fig. III 3. For 130= 0° and 90° , i(/3,,) 
goes through zero, since for those initial orientations no torque will 
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4 OAr +238U 
E10b = 170 MeV 

Q~) = 10.84b 
~E2 =0.0449 MeV 

20 

10 

-(I) 

c 
0 

0 "'0 
0 
~ -
e 

-10 

-20 

180 

.,. XBL7410-4417 

. Fig. 1II-3 Graphs of the quantum number ftmction 1((30) and the 

phase~(So) for the ca~e 4°Ar + '238U at E
1ab 

= 170 MeV~ 
" .. 
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act on the target (remember that the projectile is moving in with zero 

impact parameter and that initially the planar rotor is not rotating). 
~ . 

Let's note also that I (~D) is a periodic function with period 1T , since 

the force from a monopole-quadrupole potential has this periodicity. 

Fig. III 3 also shows the final value of the phase ~ as a function of 

the initial orientation angle (for convenience a large constant value ~o 

was subtracted; this has no physical consequence since an overall phase 

in the S-matrix is not observable). The function ~ ((30) is not a periodic 

function. From eq. (28) we find 

(33) 

Since the initial orientations /30 and ~trr are physically equivalent, 

one must have for the trajectories which contribute to the S-matrix that 

the phases <P ((30) and cp (ft" + 1T) be equivalent, that is, they should 

differ- at most by an integer times 21r. From eq. (33) one finds that 

for the physically acceptable trajectories 

(34) 

We find that the symmetry of the problem introduces selection rules. 

Selection rules, as can be seen from this example, are naturally included 
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in the USCA. 

" " '" 
Let I be the maximum of I( ~o) , for III < I one has that 

max max 

in the interval [0, rr ] there are always two real solutions to equation 
'" 

(32) . Let us call them f-;1 and (6t 
period 1( one also has that (6,,+ IT 

Since ICf3.) is periodic with 

and ;6:z. + 11 are also solutions. 

The primitive semiclassical expression for the S-matrix is (see eq. II 31) 

5 -L 
J 

i g2. 
A.e J 
J 

(35) 

where A. is a preexponential factor; the index j goes over all the 
J 

solutions of equation (32) in the interval [0/211] . There are two 

pairs of solutions of eq. (32), C (6" I /31 rlt ) and (132. / 12 f 11 ). 

The solutions of each pair have the same pre-exponential factor A in the 

expression for the S-matrix. One finds (using eq. (33) ): 

(36) 

Also from eq. (35) it is clear that ~I has to be an even integer. 

The function I ((30 ) ",' " 
has also the symmetry 1({3,,) = -r(~o-TT) , 

since the quadrupole potential has this symmetry. Therefore when finding 

the roots of i ((60 ) = I. we also find the initial orientations po. 
for which i (p. ) = -1. A negative value of I just means that the rotor 

is turning in the opposite direction. In a three-dimensional symmetric 
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rotor, the angular momentum quantum number I is always zero or an 

even positive integer; a rotation in the opposite direction manifests 

itself through the fact that the projection M of I on the axis per-

pendicular to the scattering plane has the opposite sign (that is, has a 

different quantum number). In the two dimensional case one does not have 

the quantum number M, and a rotation in the opposite direction manifests 

itself by the change of the sign of I. Therefore, when evaluating the 

excitation probability PI of finding the system in a state with angular 

momentum I (I = 0 or positive even integer), one also has to include in 

the analysis the roots of I (foil) = -I, but since they correspond to 

a different physical situation, their contribution to the excitation'prob-

ability is not added coherently with the contribution from the roots of 

i (PI ) = I. In other words, we may restrict the analysis of the problem 

to the interval [0, 0/2] and multiply the excitation probability at the 

end by 2, or the S-matrix by 12. This 1{2 together with the· factor 

2 due to the reflection symmetry of the target (see eq. (36)) gives the 

factor by which we have to multiply the S-matrix if we restrict 

ourselves to the interval [O,1r/2]. In actual calculations the uniform 

semiclassical S-matrix (eq. II 54) will be used, but in order to gain some 

physical insight, the primitive semiclassical S-matrix is useful and will 

be considered briefly. 

For I < I eq (32) has two real solutions in the interval max . 

[0/ 1r/2J. Let I s call the two roots #1 and (52· Since also the 

phases ~ I and ~2 corresponding to these roots are also real, we can 

use the results of section II 4a to write the primitive expression for 

the S-matrix (see eq. II 31): 
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(37) 

In deriving eq. (37) the relation between I and action variable J, 

J = 21'T1; I = 21T~, was used (see eq. II 6). The phase 

eq. (26). Writing it in a different form, we have 

~ is given by 

(38) 

From eq. (38) the derivative d~/dli can be evaluated 

'd.g? X /J. 
dI. = ~ = IUa 

L 

(39) 

Introducing the definition 

= ~ ( 6J2~ ) _ 4-_ 4- f( di(PoJ)1 r1 (40) 

~ - 2rr dIe: ~Jf k -rr( ;;>If ) - 1T \'2ft- ~ 6(-1,2) 
;)(30 K 

one can writethe.S-matrix in a more useful way 

(41) 

where the root 1 is the one for which ('di (foJ /"dfto» o. For I = 0, 

the evaluation of the S-matrix integral equation by the stationary phase 

method (as in chapter II) has to be modified slightly. The problem is, 

.. 



-47-

that in this case the stationary phase points are at the extremes of the 

interval of integration. As one might guess, in this case the result has 

to be divided by 2. This is related closely to the fact that for a planar 

rotor the "space" of initial orientations leading to I = 0 is half as 

large than for I F O. The meaning of this statement will become clearer 

in the next section. 

From the S-matrix (eq. (41)) one obtains the primitive excitation 

probability for backward scattering angles: 

where 

(43) 

If I > I ,then eq. (32) has no real solutions, and one says that the 
mo, .. 

spin I is classically inaccessible or that the transition is classically 

forbidden. There are, of course, complex solutions of I()?o) = I for 

I > I max All the solutions will come in pairs; if J3 is a solution then 

A* (~ will also be a solution. Let I S cons ider only the pair ( 161 I ft.2. == A *) 

of solutions which lie closest to the real axis. Since in this problem 

* the interaction potential is a real potential, one also has ~2 = ~l and 

all its derivatives at the stationary phase points 

plex conjugates of each other. We are therefore in the situation described 

in section II4b. If the root I is the root for which I..,.,(9?) = Ir'J1(~{{-ti.~I) 

- ~I is positive, one obtains for the primitive S-matrix 
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S () . 10
1 

I i g?R. - ~I 
I~OE-LVIPle e (44) 

Since and P2 are complex conjugates p The 

primitive excitation amplitude is then 

(45) 

For very forbidden transitions, ~I will be very large and from eq. (45) 

it follows that the excitation probability will be exponentially vanishing. 

For this reason, other pairs of roots with larger imaginary parts may 

be ignored. In chapter II we found that only one saddle point contributes 

to the S-matrix in the classically forbidden case. If the other would con-

tribute, it would give an exponentially increasing contribution to the 

S-matrix for more and more forbidden transitions. This, of cpurse, would 
• 

be physically .unacceptable. 

According to the theory in chapter.II, there is no reason to exclude 

the cases where the stationary phase points are in the complex plane. 

So there are no reasons for not considering complex initial orientations. 

According to general quantum mechanical principles, only observables must 

be real; all other variables may be complex. The initial orientation of~ 

the target is not an observable and therefore maybe complex. In order 

to find the classically forbidden transitions, one has to start the 

integration with complex initial orientations. Continuing analytically 

the potential and the equations of motion into the complex plane, the 
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now complex trajectory that the system traces is found. All the variables 

. become complex dUTing the integration. Since one will observe the projec-

tile at a real dis~ance from the target, V should be real. This is easily' 

achieved by moving the time path in the asymptotic region from the real 

time axis into the complex plane, that is by using, after the. interaction 

has taken place, complex time increments until V becomes real. In the 

asymptotic region, since there is no coupling between the two degrees 

of freedom, the angular momentum I of the target will be a constant of 

motion and so an excursion of the time path during the integration into 

the complex time plane will not affect it. 

As already mentioned in chapter II, the primitive expressions for the 

excitation probabilities fail if the two stationary points are close to-

gether. i.e. if I is close to I max or equivalently if.6.~ is small. 

In this case the uniform expressions have to be used. Using the results 

of section 114cwe find 

. e.r ( I) = 1T if [ (fIP.i + l{IfJ) 2 Al
2 

( - 5 ) + 

(46) 

(47) 

with 5 defined by 

(48) 
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A 

If the transition is not too forbidden and if the function I ( 1>,,) 
can be represented by a parabola around its maximum I , then it is , max 

possible to sidestep all the complications of integrating complex trajec-

tories with complex initial orientations for the classically forbidden 

transitions by Taylor expanding about the extremum. 2 Approximating ,icj3o) 
as a quadratic and ¢ as a cubic about j6,.".,CU( , one finds the following 

.. 
approximate expression for the excitation probability (for the classically 

forbidden transitions) 

(49) 

(50) 

(51) 

c) Backscattering from a three-dimensional rotor. 

So far the problem considered has been the backscatt'ering from a 

rotor in two dimesnions (20). In this .subsection we will show how to 

modify the previous-equations so that they correspond to the three dimen-

sional (3~) backscattering from a rotor, without integrating the full 

three dimensional equations of motion. 
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The energy levels of a quantum mechanical rotor in 3D are given by 

2 

E =~I(I+1) 
I 2.r;L 

(52) 

Using eq. (31), one would like to make the identification 

but this generates a small problem. From eq. (34) one has that the quantity 

has to differ by an integer for different quantum states. The 

identification eq. (53) does not satisfy this criterion and therefore has , 

to be abandoned. The next best suggestion, and the one adopted here, is 

to make the usual semiclassical identification 

(54) 

which also gives the correct energy spacings when using eq. (31). There-

fore, one of the modifications that has to be introduced in the general-

ization to 3D is to look for roots of the equation 

/I 

I( ~ . .) - 1+% (55) 

where I is, as before, an even integer, and I(;8~) is the quantum 

number function of the 20 planar rotor. 

Even though one uses the identification equation (54), we will use 

equation (52), to find the moment of inertia '1 of the target, that is 
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(56) 

where E2 is the energy of the first excited rotational state.of the 

target. 

In order to find out how to modify the p'S (defined in eq. (40)) 

for the 3D case, it is' useful to consider the 2D case in more detail. 

In the 2Dcase one has for I .,. 0 that 

I ~I (57) 

f1.<p.,> 
where ~ and I~ are defined in Fig. III 4. Now the physical meaning 

of eq. (41) for the primitive expression of the excitation probability 

PCI) becomes very clear. The quantity PI has a geometrical meaning; 

it is the probability that the initially randomly oriented target has an 

initial orientation (3. such that the an~lar momentum of the target after 

the interaction lCft.) =&/-t; is in the interval [ 1-1,1+1). There 

are two such groups of initial orientations. The excitation probability 

is then given by the probability that the initial orientation angle is 

in one of the groups, plus a term describing their interference. 

In the 3D caSe, we will denote the p'S with a bar on top. In an 

analogous way to the 2D case, the p'S ,in the 3D case will approximately 

be the probability that the initial azimuthal angle of the rotor is such 
1\ 

that the angular momentum of the target I ((3J= Pz/-17 after the interaction 

be in the interval [I-I+~ w I+I+~ J (see also eq. (54)). We find (see 
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Fig. III-4 Graph of the quantum munber fmction l(So) versus So for 

. the baclGcattering from a planar rotor. The two roots Bl 
" B2 of 1 (So) = 1 are shown for 1 = 4. Note that the "initial 

orientation space" le~ding to 1 = 0 is half as large as the 

one leading to I r O. 
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fig. II 6) 

(58) 

-(-> 
where (31 and fo1 are defined in Fig. III 5, which is the analogous 

figure to Fig. III 4 but for the 30 case. Comparing eqs. (57) and (58), 

one finds 

_ 2 SIn §k 
(9J{tl) K 

(K== 1,2) (59) 

The sin~1( factor arises from a purely geometric argument (see Fig. III 

6) . The excitation probabilities for the 30 backscattering problem are 

obtained when, in the expression of the previous section, thep's are re-

placed by thep:' s. For the forbidden transitions 13k will be a complex 

angle; for those cases, in equation (59) the sine of a complex angle is 

used. 
• 

One final aspect in converting the 20 equations to the 3D case con-

cerns the special case I = O. In the 20 case, the p's for I = 0 had to 

be divided by two. In the 3D case, the stationary points are not quite 

at the extremes of the integration interval (this because one looks for 

solutions of I (So) = 0 + ~). From Fig. III-5 we find that in the 3D ",. 

case the initial orientation space leading to I = 0 is only 3/4 as large 

as the one leading to I "f o. Therefore, for I = 0 one has to multiply p 

by 0.75. 

As already mentioned, in reference'25 the USCA was also applied to 

backscattering Coulomb excitation. The main difference between the work 
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Fig. III-5 Same as Fig. III-4, but now looking for roots of ICf?,) = I + 1/2 
" in order to make it correspondent to the backscattering from a 

three-dimensional rotor. Note that now the "initial orientation 

space" leading to I = 0 is 3/4 as large as the one 1eadirig to 

I f O. 
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XBL7411-8213 

Fig. 111-6 Diagram showing the initial configuration of the system. 

The probability that the azimuthal angle of the symmetry 

axis of the target lies between So and So + dSo is clearly 

proportional to sinSo in the 3-D case. 



-57-

b· L' 1 25. h· h d f h d'f' . Y eVlt et. a. IS t at t ey 0 not per orm t e mo 1 lcatl0ns indicated 

in this subsection, that is they only solve the problem of backscattering 

from a planar rotor, although they compare their results to the 3D 

de Boer-Winther code for multiple Coulomb excitation. 

d) Numerical considerations. 

In order to find the excitation probabilities of Coulomb exciting a 

rotational band in a doubly even target, two computer codes were developed. 

One computer code, let's call it code A, is very efficient and easy 

to use. In code A the quantum number function I (So) and the phase 

tl>(So) are found by solving the classical equations of motion (eqs. (27) 

and (29)) with the initial conditions eq. (30) (the initial orientation 

So was varied in steps of S°). After finding the function I (So) and 

tl>(So) every S° , a simple three-point quadratic interpolation between the 

discrete points is used to find the roots of equation I (So) = I + ~ • 

. 
(and therefore P

k
) are also immediately 

found by using the fitting coefficients of the function I(So). For 

I + ~ ~ 

For I + ~ 

I max the excitation probability. is evaluated using eq. (46). 

> I 
max 

the procedure outlined in eqs. (49)-(51) is used to 

find approximately the excitation probability for the classically for-

bidden transitions. Code A also allows for the inclusion of an hexadecupole-

monopole potential. 

The other computer code, code B, on the other hand is much more com-

plicated to use, but therefore relinquishes many approximat:lons used in 

code A and also is applicable to more general potentials, for example, it 

does allow for the inclusion of a complex optical nuclear potential. In 



-58-

" code B the roots of equation I(fo.) = I + ~are found "exactly", that is 

by running trajectories until, by an iteration procedure, a trajectory is 

found very close to the root. The S-matrix (eq. (II53)) is then evaluated. 

By taking the absolute square of the S-matrix, the excitation probabilities 

for both the classically accessible and forbidden transitions are found. 

Since for forbidden transitions Bo is complex, code B is set up t~ solve 

the classical equations of motion for the case where all the variables be-

come complex (including the time)~ A complex nuclear optical potential 

of the Wood-Saxon type is also included in code B; a more detailed dis-

cussion of this, is presented in a later section. 

In both codes, the integration is started at a distance r equal to 

40 times the distance of closest approach and is stopped when ragain, 

after the integration, is 40 times the distance of closest approach. At 

r = 80 a (a = half distance of closest approach, see eq. (2)), the quad-

rupole potential, which is the non-central potential of longest range we 

3 will be dealing with and which goes to zero as llr , is negligible and 
• 

thereafter there will be no significant change in the quantum number 

function I(Bo). The long range llr pure Coulomb interaction of course 

still affects the trajectory of the projectile and the phase ¢, for 

r > 80a, but.it does not affect in any way the excitation probability. 

This is so because it is not the absolute phase which is important in our 

zero impact parameter calculation, but rather the phase difference ~¢ 

between the two trajectories, which have the same initial and final 

asymptotic quantum numbers. For two such trajectories, which have the 

same quantum numbers in the asymptotic region, there will be contribution 

to ~¢ only as long as the non-central part of the interaction potential 
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is non-negligible. For all practical purposes, r. . = 80 a is a "safe" 
Inl 

distance to start the integration. 

e) Example 

When the classical equations of motion (eqs. (25)) are written in 

terms of dimensionless quantities, one finds that the evolution of the 

system depends only on the following dimensionless parameters: 

t E.z. 
, )02. = Z 2 E 

G~ 

Z 2.Q(2) 
pe Q 

(Sommerfeld parameter) (60) 

(Adiabaticity parameter) (61) 

(Quadrupole interaction 
(62) 

strength parameter) 

where v is the velocity of the incoming projectile and a is half 
o 

the distance of closest approach (eq.(2)~. 

In a Coulomb field the Sommerfeld parameter ~. is a measure of how 

classical the system is. The larger l ( Z» 1), the more classically 

the system will behave. 

The adiabaticity parameter ~ is a measure of. how sudden or adiabatic )02 

the collision is with respect to the rotational period. If t is small 
)02 

(3= oZ ~ 1) the collision is more or less sudden, that is, the target does 

not rotate appreciably during the time the projectile is close to the 

target. t = 0 is the ~udden collision li~it, this limit can be achieved 
)02-

for example by t~king the moment of inertia as infinite, then E2 and 
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therefore S 02, wi 11 be zero. In the limit of large Jo£ ( gO.2.:» 1) 
the collision is said to be adiabatic. In that limit the target, if excited 

to I = 2, will rotate very fast, which has a consequence the averaging to 

zero of the quadrupole-monopole interaction. Consequently higher spins 

are very unlikely to be excited in the target. 

The parameter q2 is a measure of the quadrupol~-monopole interaction 

strength. If q2« 1 the target will remain in its ground state and no 

rotational states will be excited. If q2» 1 many rotation states will 

be excited (unless the collision is extremely adiabatic). A rough rule-

of-thumb is that the largest: rotational angular momentum that will be 

excited in the target is approximately 2q2' The ratio q2/~ gives a 

measurement of how much the orbit of the projectile. which is mainly a 

pure hyperbolic orbit, is disturbed by the presence of the non-central 

quadrupole field. If q2/~ «1 then the orbit is close to a hyperbolic 

orbit. In reference 20 it is shown that the scattering angle of the 

proj ectile. for zero impact parameter. can deviate at most by 2q2i ~ from 
• 

'IT. If q2/~ »1 the trajectory will be very different from a hyperbola. 

Figure III 7 shows the values of the parameters C and q2 

target-projectile systems at several energies (in MeV). 

for various 

The theoretical developments of the previous sections will now be 

illustrated with an example. We will consider the backscattering of 

.. OAr from 238U with bombarding energies between 150 and 210 MeV in the· 

laboratory. Table III 2 shows the relevant parameters for the example 

at the various energies. We will for the moment neglect the hexadecupole 

moment of the target; it will be included in a later subsection. 

In figure III 8 the quantum number functions for the bombarding 

,. 
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18 

Fig. 111-7 The value of the dimensionless parameters n and q2 are 
shown for various target-projectile systems at several 

laboratory energies (in MeV). The crosses indicate the 

places for which 2a = distance of closest approach 

= 1.4 (A\ + A\). '[ P 
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10 
E'ob = 200 MeV 

E'ab = 170 MeV 

-
<H 

5 

XBL759-4131 
" 

Fig. III-SThe quantum munber flU'lction I (80 ) vs. So is shown for e{e 

backscattering of .. 0 Ar on 23 aU at E1ab = 170 and 200 I·-1eV. 

The parameters for this example are shown in Table III-2. 
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Table III 2. Value of several parameters for the scattering of It 0 Ar on 23 8 U 

for several bombarding energies. 

E1ab q2 n 02 amax I . a max (fill) (MeV) 

150 4.739 135.2 0.0236 38.05 8.911 9.284 

155 4.978 133.0 0.0225 38.05 9.346 8.985 

160 5.221 130.9 0.0215 38.05 9.786 8.704 

165 5.467 128.9 0.0205 38.05 10.231 8.400 

170 5.718 127.0 0.0196 38.05 10.681 8.192 

175 5.972 125.1 0.0188 38.06 11.136 7.960 

180 6.230 123.4 0.0180 38.06 11.595 7.737 

185 6.491 121. 7 0.0173 38.06 12.058 7.528 

190 6.756 120.1 0.0166 38.06 12.526 7.330 

195 7.024 118.6 0.0159 38.06 12.999 7.142 

200 7.296 117.1 0.0153 38.05 ·13.473 6.963 

205 7.571 115.6 0.0148 38.05 13.952 6.793 

210 7.850 114.2 0.0143 . 38.05 14.434 6.632 

Q(2) = 11.12 eb 
0 

Q(4) 2 
= 0.0 eb 

0 

2 3.21377 104 MeV me = 

E2 = 0.~449 MeV 

~ - ~ q = 0.112 
) - ) 02 t2. 
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energies Elab = 170 and 200 MeV are shown. For a target with an infinite 

moment of inertia, or in other words, if the target would not rotate during 

the time the collision takes place, one would expect that S (the value max 

of 80 for which 1(80) = I ) occurs at 45°. However, since the collis-
I max 

ion is not completely sudden. the value of Bmax is shifted to smaller 

values. The value of Smax is quite independent of energy (see table 111-2). 

The reason for this is easy· to find. For higher energies the collision 

will occur faster. but also higher spins will be excited and the target 

will rotate faster; the ratio between the collision time and the period 

of rotation of the target is toughly independent of energy. A parameter 

which should describe much better than 102 whether a collision is adiabatic 

or sudden is the parameter 5 defined by 

(63) 

Rembmber that I - 2q2 will roughly be the largest angular momentum that 

• 
can classically be transferred to the target (see also subsection III f)). 

From eqs. (61) and (62) we find 

(64) 

that is, is independent of energy. Table III 3 shows the value of 

for the target-projectile systems shown in Fig. III 7. If J « 1 

then the collision is sudden; if 5 « 1 then the collision is more or 

less adiabatic. 

In Fig. III 9, 6~ and Yp are plotted for the c1assical1y allowed 

values of the final angular momentum of the target I. Figures III 10 and 
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20 40Ar + 238 U : : 0.5 
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Fig. III-9 Graphs of ~~, F. and~ P2 ' versus I for the 

same examples shown in Fig. III-8. 
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Table III 3. Value of the parameter) for .several target-projectile systems. 

System ) 
160 + 152Sm 0.1010 

40 AI-' + 152Sm 0.2209 

160 + 238U .. {).O485 

4°Ar + 238U 0.1108 

84 Kr + 238U 0.2008 

132Xe + 238U· 0.2746 

208pb + 238
U 0.3589 
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III 11 show the excitation probabilities obtained for these examples. The 

USCA results are shown by the black dots. For comparison, the result using 

the conventional semiclassical de Boer-Winther code for multiple Coulomb 

excitation is also shown (by open circles). The agreement is very reason-

able. In Fig. III 10 also shown (by open squares) is the so called clas-

sical excitation probability 

8 (I) Pi + P2. ( foY" 1+1 < f rnQX ) 
(65) 

The classical excitation probability P cl (I) shows no interference struc-

ture (i. e. is a smooth function of I) and goes only up to spin I = 8, 

which is the largest spin allowed by classical dynamics for this energy 

(see Fig. 'III 8). For I = 0 the excitation probability is roughly 3/4 of 

what it is for I = 2; this is not related to an interference effect but 

rather has to do with the fact that the space of initial orientations 

leading to I = 0 is about 3/4 as large as the one leading to I = 2. 

• In Fig. III 11 also the 2D-USCA results are shown (crosses); these 

are the results obtained if the modifications described in section III 2e 

are ignored. Note that the interference pattern in the 2D-USCA is much 

larger for low spins, in disagreement with the de Boer-Winther code. 

In table III 4, all the different ways of evaluating the excitation 

probabilities for the bombarding energies Elab = 170 and 200 MeV are 

shown; namely the classical, primitive semiclassical, USCA-2D and USCA-3D 

results, (compare also with table III 1). The main features of the 

interference pattern of the 3D-USCA calculations can be understood by 

using Fig. III 9 and remembering that for I not too close to lroax t'he 
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40Ar + 238U 
Elab = 170 MeV 

• USCA 
--o--de Boer-Winther 
·······o .. ·M·Classical 

8 
I 

16 

XBL759-4130 

Fig. 111-10 Calculations of Coulomb excitation probabilities to 
excite members of the rotational ground band in 238U 

(target) with the backscattering of 40 Ar at Elab = 
170.0 MeV. The parameters for this example are shown in 

Table 111-2. In addition to the USCA results (solid line) 

and the results using the de Boer-Winther code (dashed 

line), the classical results (dotted line) which shows 

no interference is shown. 
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x 

40Ar + 238U 
E1ab = 200 MeV 

x USCA 2D 
--<>-- de Boer-Winther 

• USCA 

I 

\ 
\ 
\ 
\ 
20 

XBL759-4121 

Fig. III-ll Same as Fig. III-IO, but at El:ab = 200 HeV. Also, instead 

/ 

of the classical excitation probability ,the results obtained 

if the modification discussed in section III-Ic are not in­

cluded, i.e. the 2D-USCA results are shown (crosses). 
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primitive semiclassical approximation (eq. (42)) gives almost the correct 

result. From eq. (42) one finds that if 6¢ is in the interval 

[2nn, (2n+1)nJ the interference is constructive and if 6¢ is in the 

interval [(2n-1)n, 2nn ], the interfeTence is destructive. In Fig. III 9 

the regions where the interference is constructive or destructive are indi-

cated. For Elab = 170 MeV and I = 4, for examp1e,6¢ is in a region of 

destructive interference. Hence, P . (I = 4) is much smaller than Pc1(I = 4). un1 

For I = 6 (E1ab = 170 MeV), 6¢ is only slightly into a region of construc­

tive interference, therefore P . is a little larger thanP 1. The fact-un1 . c 

that lfPl' goes to zero for small I + ~ in the 3D case (due to the sin Sl 

I 

in eq. (59)) has the consequence that the interference pattern becomes 

progressively weaker going to small I. In the 20 USCA yP; does not 

tend to zero for low I (as a matter of fact the graphs of ~ and yp; 
are fairly similar and lie between the graphs of 1Pl' and 1 P2 I in 

Fig. III 9); this explains why the interference pattern is much stronger 

for the 20-USCA. 

In figure III 12 the excitation probability for a few selected states 

(I = 4,6 and 10) of the rotational band in 238U in the backward scattering 

of ~oAr ions with E1ab = 150-210 MeV is shown. The agreement between the 

USCA and the conventional semicalssical approximation is very reasonable, 

although there seems to be a small systematic shift. The agreement is 

less good for the higher energies. It is not clear which of the two semi-

classical methods would be closer to an exact quantum mechanical calcula-

tion if such a calculation could be performed. If the difference of the 

two semiclassical calculations were solely due to the fact that in the 

USCA the dynamics of the problem is included correctly, but in the 
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40Ar + 238U 
0.3 ---- de Boer-Winther 

--USCA 
...... 
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E1ab (MeV) 

XBL759-4129 

Fig. III-12 Calculations of the probability to excite the rotational 

states I = 4, 6 and 10 of 238U in the backscattering of 

4°Ar are shown versus the laboratory bombarding energy. 
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Table III 4. The probabilities of excitation of rotational states calcu-

lated in different ways for the reaction ~oAr + 23B Uwith 

bombarding energies Elab = 170 and 200 t>leV. 

20 
I Pel P prim 

p 
un if P unif E1ab 

0 0;0900 0'.0743 0.00570 0.0743 

2 0.1260 0.1797 0.2311 0.1783 

4 0.1356 0.05~2 0.04596 0.0566 

6 0.1535 0.1920 0.1300 0.1960 

8 0.1968 0.3428 0.3315 0.2992 

10 0.6306 0.6<18C I) .1999 0.1548 170 

12 0.0552 0.05676 0.0457 

14 0.00755 0.00910 0.00694 

16 0.00071 0.00092 0.00067 

18 0.00006 

0 0.0713 0.0818 0.1401 0.0815 

2 0.0985 0.0633 0.00656 0.0635 

4 0.1033 0.1578 0.1785 0.1571 

(. 0.1110 0.0576 0.07035 0.0532 

8 0.1243 0.1131 0.05554 0.1177 

10 0.1513 0.2785 0.2588 0.2600 200 

12 0.2483 0.3163 0.2247 0.1876 
.~ 

14 0.1045 0.08901 0.0747 

16 0.0178 0.01996 0.0158 
~' 

18 0.00233 0.0028S 0..00219 

20 0.00022 0.00029 0.00021 
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conventional semiclassical' approximation it i~ not (see Appendix A), one 

woui.c;l expect that the di sagreement at Elab = 210 ~leV be twice as large than 

for E
lab 

= 170 ~1eV since at Elab = 210 MeV be twice as large than for Elab ::. 

170 MeV 'Since at Elab = 210 MeV the ratio ~/l (whi ch is a measure of hm" 

much the trajectory differs from a pure hyperbola) is twice as large as 

at Elab = 170 MeV (see table III 3). 

f) The sudden collision limit and the limit 

We will now consider the sudden collision limit ( ~ 02 = ) = 0). 

This limit corresponds to the case where the period of rotation of the tar-

get is much larger than the time during which the interaction takes place. 

In the conventional semiclassical approach one has that the backscattering 

excitation probability depends only on the parameters q2 andJ 02. 

For J 02 = 0, the excitation probability P (I) depends then only on the 

parameter q2, this ~ 02 = 0 limit has been studied by Alder and Winther l7 . 

In the USCA approach one has that the excitation probabilities not 

only depend on q2 and 5 02, but also on the ratio q2/~' As already 

mentioned, q2/~ is a measure of how much the trajectory differs from a 

pure hyperbola. If we take 7~~ in the USCA method, the trajectories 

will also be "pure hyperbolas". In the conventional semiclassical method, 

problems with fixed q2 and ! 02 but different (' have all the same 

excitation probability (for backscattering); in the USC~ the resulting ex-

citation probability is not the same for all the different ,:?' From all 

this set of different USCA results, the one that would correspond closest 

to the conventional semiclassical result is the one with Z~~ . 
A nice feature of the USCA method is that the S 02 = 0, 'Z. -j> 00 limit 
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for backscattering can be solved analytically. The result for the quantum 

number function and the phase is 

(66) 

(67) 

From eqs. (66) and (55) we find that in this limit 2q2 -~ is the largest 

angular momentum that can be classically transferred. In the k 02 = 0 

limit, as expected, S = rr/2. max 

From eqs. (66) and (67) the phase difference ~~ and the pIS can 

be found 

~ }= (1- ~ $10) 

2c:t~ Yf-f 2
' 

where f is defined by 

[

sin ( 1 Al'Csin f ) 
co s (t AY"C.Sin f ) 

(68) 

f<1 (69a) 

f > 1 (69b) 

(70) 
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Substituting eqs. (69) and (68) back into eqs. (46) and (47) we find the 

excitation probabilities in the 5 02 = 0, l-? t:t:J limit. Let's note 

that in this case we are using the "exact" expression (47) for the clas-

sically forbidden transitions (that is for f > 1) and not the approximate 

expression (49). For the special case £ = 1 the excitation probability 

is: 

IT ( 2 )0/3 2. P -=---=-- '0 
vnif 1(2 ~2. A ( ) (71) 

In Fig. III 13 the phase difference ~ct> vs. q2 for f < 1 is plotted for 

the 5 02 = 0, (-? 00 limit. The regions of the constructive and destruc­

tive interference are also indicated. With this figure one readily under-

stands the features of the excitation probability in this limit which, for 

some spins I, is tabulated in table 111-5 and'plotted in Fig. 111-14. For 

comp~rison, the results obtained by Alder and Winther27 are also shown. 

The agreement is excellent; this gives an indication that the systematic 

deviation one observed in Fig. III 12 is really due to the fact that the 

USCA method treats the dynamics of the problem exactly, while the conventional 

semi-classical approximation does not. Fig. III 15 shows.the backscattering 

excitation amplitude for S02= 0 and q2 = 9.0 versus lOO/~. In experi-

mental situation (for which q2 = 9.0) 100/~ will always be between 0.2 and 

0.5, and in this interval the excitation probability doesn't differ very 

much from its value in the 2 --7 00 limit. By varying r from SO to 

350 the phase difference ~ct> increases for the various states between 

0.3 and 0.7 radians; with this fact and Fig. III 13 we can rationalize the 

variations of the excitation probabil i ty with z.. in Fig. II I 15. For 
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20.0~----------~----------~-----------------, 
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c: 

15.0 

o 10.0 
~ ~--~--~----~~--~~~----~~---7~--~~--r----i-----­o ... 

5.0 _______ _ 

XBL 7410-4538 

Fig. III-13 Graph of the phase difference fl~ versus q2 for the ~02 = 0, 

11 -+·00 limit. Shown are the results for all spins up to 

I = 18, but only for f ~ 1. 
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1 

Toblo lU-S Tho prohnbl1it1e, (OT excitation of rotational stotoS in on 

~ even-even nucleus in tho limit ~ , • 0 and. '7 .00. Tabu-

1ated arc the results of tho USCA and the traditional semi-

elossical approximotion (ref. 27). 

USCA A-W USCA A-W USCA A-11 USCA A-Ii USCA A-W USCA A-W 
ql 

p,' F, PI" Pu PIt Po Po Pz Pz PIe PH PH 

1.0 0.bl39 0.694S 0.2518 0.2850 0.0003 0.0006 

1.5 0.3830 0.4300 0.4917 0.4812 0.0039 0.0057 

2.0 0.1940 0.2152 . 0.5733 0.5597 0.020l 0.0260 0.0000 0.0001 

2.S 0.0988 0.1021 0.4r.n 0.48<\2 0.0650 0.0750 0.0004 0.0006 

3.0 0.0842 0.0835 0.3084 /).3098 0.1485 0.1572 0.0022 0.0029 
I 

3.S 0.lU67 0.1108 0.ll62 0.1389 0.2568 0.2563 0.0084 0.0104 0.0001 "'-l 
"'-l 

I 

4.0 0.1227· 0.1317 0.0509 0.0514 0.3385 0.3354 0.0247 0.0286 O.OOOl 0.0004 

4.5 0.1115 0.1214 0.0622 0.0600 0.3571 0.3555 0.0581 0.0634 0;0011 0.0014 

S.O 0.O!l20 0.0881 0.1193 0.1158 0.2999 0.3006 0.1127 0.1171 0.0038 0 .• 0046 

5.S 0.0553 0.0571 0.1569 0.15"'0 0.1911 0.1932 0.1829 0.1831 0.0107 0.0124 0.000: 

6.0 0.0.:61 0.0463 0.1427 0.1412 0.0828 0.1)848 0.2451 . 0.2436 0.0155 0.0283 0;0006 0.0007 

6.S 0.0530 0.0547 0.0921 o .0!l17 0.0242 0.02$0 0.2768 0.2757 0.0521 0.0558 0.0018 0.0022 

7.0 . 0.0630 0.0671 0.0462' 0.0459 0.0317 0.0312 0.2615 0.2(,16 0.0933 0.0961 0.0050 0.00S8 

7.S 0.0637 0.0687 0.0352 0.0343 0.0809 0.0798 0.2004 0.2014 '. 0.1452 0.1455 0.0120 O. ° 134 

3.0 0.0~32 0.0570 0.0568 0.05~2 0.1251' 0.12/12 O.IH,O 0.1174 0.1946 0.1938 0.0253 0.0274 
-

8.5 0.03% 0.0413 0.0836 0.0819 0.1293 0.1292 0.0436 0.0446 0.2266 0.2258 0.04711 0.0503 

9.0 0.0324 . 0.0329 0.0892 0.0879 o.ons O.0~30 0.0124 0.0128 0.2277 0.2275 0.01S08 0.0828 

!l.S 0.03·15 0.0355 0.0692 0.061\5 O.O~tT2 0,0~47 0.0290 0.0236 0.19.10 0.1935 0.1221 O.12H 

10.0 0.01009 0.0432 0.0412 0.0408 0.0188 0.0169 0.0725 0.0719 0.13 i6 O.B26 0.1(,27 0.1622 



-78-

0.4 
--USCA 
----- Alder-Winther 

0.3 

PCl) 
0.2 

0.1 

4 8 10 

X B L 7 59 - 41 28 

Fig. 111-14 Graphs showing the excitation ~robability to excite selected 

rotational states in the collision of a spherical nucleus 

on a defomed nucleus 1n the lirni t ~ 02 = 0, ." ~ 00, versus 

the quadrupole strength parameter q2 .. The agreement between 

the USCA results and the results using the conventional semi­

classical method (see ref. 27) is excellent. See also 

Tqb1e III-S. 

" .0 
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1.0 

100/ r; 

14 

1.5 2.0 

XBL 7410-4540 

Fig. III-IS Backward scattering excitation probabilities to Coulomb 

excite members of a ground rotational band of a doubly 

even target. Resul ts are shmVIl versus 7] for ~ 02 = 0 

and q2 = 9.0. The 71 + 00 was evaluated using the analyt­

ical formulas derived in section III-If. 
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example for I = 6, ~~ moves away from the region of constructive inter-

ference with increasing ? therefore the excitation probabi li ty decreases. 

For I = 8, ~~ moves into a region of constructive interference; the exci-

tation probability increases with The variation of with 

is the main contribution to the change in the excitation probability with 

'? ; the pI s also vary with t (the larger the spi!! I, the greater the 

variation). For I = 14, ~~ moves deeper into the constructive interfer-

ence region and the excitation probability should increase with t?' but 

this is cancelled by the decrease of the pIS with increasing z ' so the 

exci tat ion probability actually goes down a little. 

g) Inclusion of the electric hexadecupo1e moment. 

One of the advantages of the USCA method is the ease of including 

other terms in the interaction potential. Here we will consider the elec-

tric hexadecupo1e potential .... . 

V Hexa (72) 

where the intrinsic hexadecupo1e moment Q(4) is defined by the equation 
o 

(24). We will show here the effect the inclusion of a hexadecupo1e moment 

has for the example studied in section 3), that is, ~oAr + 238U at bom-
, 

barding energy E1ab = 200. MeV. In Fig. III 16 the quantum number function 

is shown for this example for three cases which are Q(4)= 0 and Q(4) = ± 
00· 

3.0 eb2 (the true hexadecupo1e moment for 238U is closer to the value Q(4) 
o 

= 1.96 eb2, but in order to show its effect more clearly the calculations 

were performed with a larger value and also with both signs). Fig. III 17 

/ 



10 

-
<H 

5 

-81-

40Ar + 238U 
Elab = 200 MeV 

~o 
XBL759-4127 

A 

Fig. III-16 Graph of the quantum mnnber flDlction 1(60) versus So 

for the ~ackscattering of .. 0 Ar on 23 BU at E
1ab 

= 200 MeV 

with ~) = 11.12 eb. The three curves correspond three 

different values of the electric hexadecupole moment of 

the 23BU; ~ .. ) = 0.0 eb and ~4) = 3.0 eb 2 • 
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40Ar + 238U 
0.5 20 E lob = 200 MeV :: 

__ -0~4) = 3.0 eb2 :: 

15 

10 

-'"-----0(4) = -30 eb2 :: o . . I , 
5 I , 
~~ ________ ~ ____________ ~/~'~ __ -, ____ ~0.4 

2~ 

I 

0.3 

__ construction 0.2 
. interference 

destructive -- --- -- -- --
interference o. I 

constructi ve ------
interference 

XBL 759 -4136 

jP 

Fig. III-17 Graphs of /),~, ~ and ~ P2 'versus I for the same 

example shown in Fig. 111-16. (For the case ~4) = 0, 

see Fig. III -9)". 

,w 
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shows a graph pf the function PI, pz and the phase difference M) versus 

spin .I. For a negative Q(4) the difference between PI and pz is 
0 

smaller than for positive Q(4) (for Q(4) = o the values of PI, pz and 
0 0 

6~ lie in between, see Fig. 

ference pattern for negative 

III 9). This ha~ consequence that the inter­

Q(4) will be more pronounced than for pos-
o 

itive Q(4) . This can be observed in Fig. III 18, which shows a plot of 
o 

the excitation probability vs. I for this example. 

In Fig. III 19 the excitation probability for a few s'elected states 

(I = 4, 6 and 10) of the rotational band of Z38U in the backscattering of 

~OAr ions are shown for the bombarding energies between 150 and 210 MeV. 

One finds the same quantitative agreement with the conventional semiclassi-

cal approximation (de Boer-Winther) as for the case o (Fig. III 12). 

Also one observes here more clearly that for negative the inter-

ference pattern is larger than for positive Q(4) . 
o 

The next step in the development of the backscattering problem of 

heavy ions will be the inclusion of an optical nuclear potential, to 

which we devote the next section. 
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I 
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/ 

40Ar + 238U 
E'ab = 200 MeV 

-- O~) = 3.0 eb2 

(4) 2 
---- 0

0 
= -3.0 eb 

8 12 
I 

16 20 

XBl759- 4126 

Fig. 111-18 Excitation probabilities, using the USCA, of exciting rota- ,~ 

tional states in 238U for the same example as Fig. 111-17. 
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-- - de Boer-Winther 40Ar + 238U 
-- USCA O~) = 11.12 eb 

0(4) = +3.0 eb2 

-- - de Boer-Winther 
--USCA 

1=6 

40Ar + 238U _ 

O~) = 11.12 eb 

0b4) = -3.0 eb
2 

OL-~~J-~~~~~~~~~ 

150 160 170 180 190 200 210 
E1ab (MeV) 

XBL 7510-8"*0"* 

Fig. 111-19 Same as Fig. 111-12, but including the hexadecupo1e inter­

action with a) ~4) = + 3.0 eb 2 , b) ~4) = -3.0 eb 2
• 
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3) Nuclear Coulomb Interference with Heavy Ions. 

a) The optical potential 

In view of the success in applying the USCA method to backscattering 

Coulomb excitation, we will now go one step further and include the nuclear 

. I 28 potentla . In th:e USCA method this implies changing somewhat the equa-

tion of motion the system has to follow. With thi~ relatively minor change 

it is hoped that we will be able to say something about the Coulomb-nuclear 

interference effect in deformed nuclei with very heavy ions, a problem for 

which as yet no other method seems applicable. The nuclear force will be 

included by representing the interaction between target and projectile 

through a complex optical potential. As in the previous sections, the 

only phenomenon we will b~ studying here will be the excitation of rota-

tional bands in the target (by means of the Coulomb and nuclear force) 

and therefore the bombarding energies considered will be not higher than 

the Coulomb barrier. 

The optical potential will be assumed to have a Wood-Saxon type form 
• 

factor, that is 

(73a) 

(73b) 

where the nuclear radii are given by 

... 
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The parameters 82 and 81t are deformation parametersj specifying the shape 

dependence of mass distribution of the target (the angle 8 being measured 

from the symmetry axis of the target). The nuclear potential, according 

to eqs. (73) and (74), is therefore specified by 6 parameters: ~, w.., 
The imaginary part of the nuclear potential is nec-

essary in order to account for the incoming flux which does not end up 

in the "quasielastic" channels. Two very different sets will be used in 

this section and are shown in Table III 6. Both sets of parameters have 

been used successfully to fit the elastic scattering of heavy ions, but 

at energies above the Coulomb barrier. The set A was used by Vandenbosh 
~ I 

et al. to fit the elastic scattering of 8lt Kr on 208Pb at E = 494.MeV. 
-- lab 

while set B, the so-called RAMM potential30 , was used to fit the elastic 

scattering of It°Ar on 238U at E
lab 

= 284. and 340. MeV. Here we will apply 

both sets of parameters to the backscattering of It°Ar on 238U, even though 

the parameter set A was derived for another system and both sets were used 

to describe elastic scattering at much higher energies. But since there 
I 

is no better knowledge of what the nuclear potential for heavy ion collisions 

is for energies around the Coulomb barrier, we use both sets of parameters 

and study how the results will differ in both cases. 

The equations of motion, when including the nuclear potential, will 

be complex, and therefore even if the integration is started with real 

initial conditions, all variables will become complex as soon as the 



-88-

Table III 6. Potential parameters for the calculations described in the text. 

The potentials are defined by eqs. (73) and (74). 

Parameter Set A Set B 

V (MeV) 50.0 73.0 
0 

W (MeV) 2.0 80.3 
0 

a I (Fm) 0.950 0.624 

aR (Fm) 0.280 0.624 

r oR (Fm) 1.167 1.131 

roI (Fm) 1.305 1.131 
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system moves into the region where the nuclear potential cannot be neglected. 

" In particular, after the integration the quantum number function I(~) 

will be complex. The roots of the equation 

(75) 

will be complex; that is, in order to satisy the boundary conditions, the 

integration has to be started with complex initial orientations. As al-

ready mentioned in section III 3b, the initial orientation of the target 

is not an observable and therefore may be complex. The roots of equ~tion 

(75) in the complex initial orientation plane are plotted in Fig. III 20 

for the backscattering of 200 MeV 40Ar ions on 238U, using for the nuclear 

potential parameters the set A. For I ~ 10, the initial orientations are 

mainly real (in the pure Coulomb excitation case these would correspond 

to the classically allowed case) and for I ~ 12 the roots of eq. (75) 

are essentially complex conjugates of each other (in the pure Coulomb 

excitation case these would correspond to the classically inaccessible 

case). It is clear from Fig. III 20 that one cannot make generally a 

distinction between classically allowed and forbidden transitions since 

both limits go over into each other in a continuous manner, not as in the 

case of pure Coulomb excitation, where there existed a singular point. 

We therefore have to use a formalism in which the classically allowed and 

forbidden cases are treated on the same footing. This is fortunately 

possible by using the expression 11-(52) for the $-matrix: 

5r - o = - y;r e1-(<p, +V {( ff, -t fi) f'/lf Ai(-f) + 

+(-i) (fi,'-{i) J'/~ AL'H)] (76) 
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Fig. 1II-20 The complex roots of the equation I (So) = I + 1/2; I (So) 

being the quantum number function for the backscattering 
of 200 ~~V 4°Ar ions on 238U. 
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with .5 and p: gi ven by 

J 

- U(P
1
-p,J]1/3 (77) 

and 

-
2 sin f) 

J== 1,2 (78) 

In eq. (78) (3,,2 are the roots of eq. (75). The roots with the subindex 

1 will be those belonging to the branch in Fig. III 20 for which, when 

In applying eq. (74) one has to 

assure that one chooses the correct branch when taking the square root. 

For the pure Coulomb excitation case, the phase difference 6¢ is purely 

real for'the allowed transitions and purely imaginary for the forbidden 

transitions. When the nuclear potential is included this is no longer 
t 

true, since one cannot even make the distinction between allowed and for-

bidden transitions. The behavior of Mil for the same case cons idered in 

Fig. III 20 is shown in Fig. III 21. The phase of 6¢ changes between 

the mainly classically allowed transitions (I ~ 8) and the mainly clas-

sically forbidden (I ~ 12) in a continuous manner by approximately 3n/2; 

therefore.5 (according to eq. (77)) describes a continuous path in the 

complex plane starting from mainly positive real values ,for the classically 

allowed transitions and ending up with mainly 'negative real values for 

the classically forbidden transitions. 
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Fig. 111-21 The phase difference ~~ for various values· of I. The case 

considered is the same as the one in the previous figure. 
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b) Examples 

The effect of the nuclear force is two-fold; it modifies the quantum 

number function (see fig. III 22) and also shifts the phase difference 

b~ (see fig. III 23). Of course, both, I(So) and b,~ will be complex, 

but if the bombarding energy 'is such that the nuclear force is only a 

small perturbation, then I (So) 'and b~ will be almost real. Figs. I II 22 

and, III 23 correspond to such a case and only the real parts are plotted. 

Even though the nuclear interaction is very weak for the case shown in 

figs. III 22 and III 23 (that is ~oAr + 238U at Elab = 180.0 ~1eV and 

with the nuclear potential parameter set A) and reduces the quantum 

number function by only 5%, the effect on the excitation probability can 

be very large (see Fig. III 24). For I = 6 for example, the excitation 

probability P changes by more than 50%. The nuclear force introduces, 

for the example considered, an additional phase shift of approximately 

O.S radians (see Fig. III 23) which is enough to change the interference 

pattern. The changes in P(I) therefore come mainly from this additional 

phase shift. 

In Fig. III 25 the summed probabilities (which is what 

is experimentally more accessible) are plotted for I = 4, 6, 8, 10 versus 
o 

the laboratory bombarding energy. Shown are the results with no nuclear 

force (pure Coulomb excitation) and using the nuclear potential parameter 

sets A and B. The two sets of parameters give very different predic-

tions for the exc~tation probabilities P(I). It is hoped therefore, 

that by measuring carefully the excitation probabilities one may be able 

to find a nuclear optical potential parameter set which reproduces the 

experimental data. 



--. -of -<H 
~ 

0 
CD 
0:: 

12 

10 

8 

6 

4 

-94-

40Ar + 238U 
[lab = 180 MeV 

-. --With Nuclear Potential 
(Set A) 

-- Without Nuclear Potentia I 

XBL 751 0-8-1- I I 

"'-

Fig. III-22 The real part of the quantum number function I (So) is 

plotted versus Real (So) for the backscattering of '+ 0 Ar from 

23 eU at Elab = 180 MeV. Shown are the cases of pure Coulomb 

excitation (full line) and the case where a nuclear potential 

(with parameter set A) is also included. 
" 
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40Ar + 238U 
Elab = 180 MeV 

--Without Nuclear Force 
---- Wi th Nuclear Force 

(Parameter Set A) 
Destructi ve 
Interference 

Constructive 
Interference 
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Interference 
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Fig. III-23 The real part of the phase difference ll~, is plotted versus 
-", 

Real (1 (So)), for the same cases considered in the previous 

figure. The regions where the interference is constructive 

and destructive are also indicated. 
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0.01 
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--Without Nuclear Force 
-~- With Nuclear, Force, 

Parameter Set A 

14 

XBL 7510-8408 

Fig. III-24 Plot of the excitation probability for e.xciting rotational 
states with even spin I for the cases considered in the. 

previous figure. 
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Fig. 1II-25 The summed probabilities (L PCI)) are plotted for I = 4,6,8 
o . I~lo 

and 10 versus Elab . The case considered is the backscattering 

of It oAr on 23 8U. Shown are the result with no nuclear force 

and also including a nuclear potential with the parameter sets 

A and B. 
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In Fig. III-26 the backscattering of 4°Ar on 23BU at Elab -195. 

MeV was considered. A purely real nuclear potential was used with 

parameters V::::50 i'~V, \\':;.0, a::::0.75 Fm and ro was varied beb~een 1.13 and 

1. 23 Fm. Fig. III -26 shows the strong dependence of PCl) on r. A 
o 

similar strong dependen~e of PC!) is fOUi1d when ro is kept fixed and 

some other pararneter is varied. By carefully fitting the theoretical 

to the experimental excitation probabilities to various rotational 

states I, it might be possible to choose one of the many nuclear 

optical potentials nmi being used for heavy ion collisions, all of which 

reproduce the elastic scattering data. 

At higher bombarding energies, close to the barrier top, some 

addi tional fEatures ccme in. In Ffg. II I - 27 the potentials are shmm 

for ,. oAr + 23 BU using for the m~clear opti~al potential the paraJ110-::€:J.' 

set B. For Elab =205 t-1eV (:'178 MeV in the center of mass frame) and 

for the case where the target nucleus points its tip tmvard the beam 

(Bo=~)' one would expect, from looking at the real part of the poten­

tial, that they system should go over the barrier until Real(r) is 

approx. 9.5 Fm. For various time paths in. the complex time plane 

(Fig. III- 28) the complex trajectories that r traces are shmm in 

Fig. 111-29. The nuclear optical potential is singular for a certain 

set of values of r, some of these poles are shown in Fig. IV-29. To 

these ,singularities in the complex r plane cOITespond branch points in 

the,complex time plane. Time trajectories 'which are topologically 

equivalent and have the same end points give ahvays the same phase 

A~. Trajectories which go arolUld different branch points correspond 

... 

i: 
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1.17 -1.19 
ro (Fm) 

o 

XBL 7510-8406 

Fig. 111-26 Figure showing the strong dependence of the excitation prob­

ability P(I) on the parameter r keeping all other parameters 
-0 

constant (see text). 
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Fig. 111-27 The total potential for ~~e head-on collision of ~oAr on 

238U using for the nuclear potential the parameter set B 

is shown for the initial orientations on the target So = 0° 

(dash-dotted line) and 8 = 90° (dashed line). Also shown 

are the Coulomb potential (assuming point charges) and the 

pure nuclear potential. 
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Fig. 1II-28 Several tir:le paths in the complex tline plane are shown. The 
case considered is the head-on-co11ision of ~oAr on 238U at 

E1ab = 205 MeV nuclear potential parameter set B and initial 
orientation of the target So = O. For this case the branch 

points in the complex tline plane are indicated. 
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Fig. 111-29 Shown are the trajectories in the complex r-plane for the 

various time paths shown in the previous figure. In the 

complex r-plane, the total potential has poles; these poles 

are also indicated. 

.' 
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to different processes and do not-give the sa~ phase 6¢. Fig. 111-28 

shows also the imaginary phase Im(¢) (which is a measure of hO\\' much 

the particular trajectory is absorbed). The trajectories which penetrate 

into the nucleus (trajectories III, IV and V) are almost completely 

absorbed and therefore there contribution to the quasi-elastic 

scattering is neglieible~ 
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IV TWO DH1ENSIONAL TUNNELING OFA FISSION BARRIER NODEL. 

1) The problem and conventional approaches. 

a) Introduction 

The usual procedure in studying the nuclear fission process is to 

parametrize the shape of the fissioning nucleus by a set of coordinates 

and then study how the potential energy and the mass parameters for the 

various degrees of freedom change when the shape parameters are changed. 

Before fissioning the nucleus usually sits in a well in this potential 

energy surface and in order to fission, has to tunnel through a barrier 

to reach a region in the coordinate space where the coordinates describe 

two separate nuclei. 

Presently, nearly all the fission barriers are calculated by the so-

called macroscopic-microscopic method. In this method the smooth trends 

of the potential energy (with respect to particle numbers and deformation) 

are taken from a macroscopic model, the liquid drop model, and the local 

fluctuations, also called shell corrections, are taken from a microscopic 

model. P . h S . k 31 r10r to t e trut1ns y method of applying the shell correc-

tions to the liquid drop potential surfaces, the fission barrier heights 

and shapes were simply not at all understood, but since then much progress 

has been made in the determination of the collective Hamiltonian describing 

the fission process. 32-38 Several groups have made careful application 

of the Strutinsky method and now one has confidence that the main aspects 

of the potential landscape along the fission trajectories are well known. 

In all but the heaviest end of the region where spontaneous fission rates 
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are known there seems to be a two-humped barrier, with the notable fission 

iSdmer discovered by Polikanov et"~. 39, being a shape-isomeric metastable 

state in the minimum between the two barriers. It also appears that the 

innermost saddle may often be unstable with respect to ga.rnrna deformation40 ) , 

i. e. deviations from cylindrical symmetry, wh.i.}e the outer saddle may be 

41 unstable with res.pect to the reflection symmetry It would appear that 

the asymmetry in the fission fragment mass distribution derives from this 

instability at the second barrier. 

In order to describe the deformation energy surfaces for the fission 

process one needs at least two Dr three deformation parameters to define 

the nuclear shape. These generalized coordinates, which are usually 

strongly coupled, give the generalized forces acting on the fissioning 

nucleus. For a complete dynamical description of the fission process, 

however, it is not enough to have a good knowledge of the potential sur-

face, but also a knowledge of the inertial tensor is needed in order to 

find out how the nucleus will react to the generalized forces. The 

inertial tensor , of such great ·importance to the barrier penetration cal-

culations, is only poorly known. 

R. Nix42 has carried out extensive derivations and calculations of 

irrotational flow hydrodynamical inertial tensors for fission trajectories. 

The inertial tensor so obtained is, however, too small by a factor of 

approximately five, i.e. the flow during the barrier penetration is not 

irrotational. No~ it is generally assumed that the first stage of the 

fission process, the penetration through the barrier, occurs adiabatically 

and that the cranking model can be used to evaluate the inertial tensor. 

32 43 44. The Pauli-Strutinsky group' and others have extensively been 
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exploring cranking calculations for the inertial tensor. These calculations 

show that the inertial tensor depends strongly on the generalized coordi-

nates, i.e. also the inertial tensor couples the different degrees of free-

dom. In the one-dimensional case however,the coordinate dependence of 

the inertia introduces no new difficulty since it can be transformed away. 

H. Hofmann and K. Dietrich46 have shown how to transform the Schrodinger 

equation with variable mass m(q) into one with constant mass m by 
o 

modifying the potential. The one-dimensional Schrodinger equati?n is 

Performing the following transformation 

* 

(2) 

where m is-an arbitrary constant mass, one obtains the Schrodinger 
o 

equation: 

{- (3) 

/"J' 

where Vex) = V(x(q)) = V(q) and 1J!'(x) 

,..... 
= 1f'(x(q)) = ?i!(q) . This trans-

formation corresponds to a stretching of the potential in such a way that 

the mass becomes constant. For the more general case of several coupled 

degrees of freedom, however, it is not possible to find such a 

* The general expression for the kinetic energy with variable inertia in 

curvilinear coordinates for many degrees of freedom has been described 
. -'46 

by Hofmann • 
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transformation. 

Another aspect of the fission problem that has recently been stressed 

by L. Moretto and R. P. Babinet47 is that besides the coordinates de-

scribing the surface configuration, one should also consider the pairing 

correlation parameters, as dynamical variables. 

To summarize, the fission process is a challenging multi-dimensional 

barrier penetration problem, a problem that has been tackled by many 

groups introducing more or less drastic approximations. Some of these 

approaches we will now describe briefly. 

b) One-dimensional WKB method. 

The first calculations of fission lifetimes 33 after the Strutinsky 

prescription was introduced, took into account as coordinates only 6 2 

and c~ (that is, quadrupole and hexadecupole deformations) to define 

.the nuclear shape. In order to calculate the penetrability the problem 

was simplified to a one-dimensional barrier penetration problem, construc-

ting a path on the energy surface by minimizing the potential energy with 

respect to c~ for each 62 and then projecting this path into the Cz 

axis. The penetrability *) is then obtained by using the one-dimensional 

WKB approximation: 

(4) 

An improved expression which does not lose its validity when the penetra-

b . .. d .. 48 i11ty P becomes small, was shown by P. Froman an N. Froman to be: 

*)The penetrability P is roughly related to the spontaneous fission half-life 
-28. 0 11-1 L by ,-:= 10 / P (years) 
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(5) 

In these early calculations the inertial mass' B associated with fission 

was taken as a constant or in some cases parametrized as a function of 

E in some simple manner. In eq. (4)E is the initial energy of the 

nucleus in the fission direction and \'I(c) represents the barrier as ob-

tained from the potential energy surface just as described above. The 

. c' dell h f p01nts ~ an ~ represent t e entrance and exit points 0 the 

tunneling region, that is 1'1(£') = W(C:u
) = E and for £. between 

c' and ell WeE) > E. Later essentially the same type of calculations 

49 were performed by Randrup et ~. to predict the fission half-lives 

of heavy elements, including not only P2 (c0 58) and p .. (cos 8) distortions 

of the nucleus but also P3 (cos 8). Ps (c.o.!> 8) distortions and the gamma degree 

of freedom. 

c) The stationary action path method. 

The next refinement in the fission penetration problem was introduced 

by the Pauli-Strutinsky group (see Brack et. a1 32). The two shape coordi-

nates used in their calculations to describe the shape of the fissioning 

nucleus were a separati0n or elongation coordinate c and a necking-in 

coordinate h. The potential energy surface was found using the Strutinsky 

prescription; the ine~btl tensor was calculated using the cranking model. 

A strong shape dependence of the inertial tensor was found; in particular 

the component corresponding to the elongation coordinate generally exhibits 
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a large maximum at the saddle. It seems I ikely that the fission traj ec-

to~y for barrier penetration might avoid the high-inertial region by 

avoiding the saddle, even at the cost of a higher potential barrier. As 

J. Griffin SO pointed out, if the inertial tensor has nonzero off-diagonal 

components or if the components depend on the coordinates, then one's 

intuition of the fission trajectory based on the potential map may be 

completely wrong. In other words, to assume that the fission trajectory 

follows along the bottom of the valley may not be adequate. In order to 

find the path one resorts to classical mechanics by invoking the least 

action principle. 

In classical mechanics the action is defined by: 

5 = l-t2L".. Pi i dt . r '124- P,; d.:tc 
t t- }q (. 

1 11 

(6) 

Here {qi} are the coordinates describing the system and {Pit are the 

corresponding canonically conjugate momenta. The principle of least 

. . 51 17 act10n states ' , that in a system for which the Hamiltonian H is 

conserved (i.e. if H (q,p) = E =constJ one has 

IJ5=O (7) 

where the variation ~ does not include all the virtual displacements 

of the system, but only those for which the energy is conserved along the 

varied path. One has: 

,(8) 
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also 

1'J3()~d!li E = 2~ c.j <t dt cie +\J(~) 
LJ 

(9) 

from which dt can be found: 

(10) 

Substituting (10) and (8) in eq. (6) we find: . 

(11) 

wherea is some arbitrary parameter along the'trajectory and B .. is the 
1J 

inertial tensor which may also depend on a During the tunneling process 

W > E, and the integrand in eq. (11) is purely imaginary. The tunneling 

probability is given in the usual way by: 

-215/ 
e (12) 

32 The way Brack et al. proceeded to find the trajectory which makes lsi 
smallest was by forcing the trajectory through several points between the 

endpoints 01 and 02. These intermediate points were then varied until 

the smallest action lsi was obtained. The trajectory so obtained usually 

did not follow the steepest descent of the potential and did not lead 

through the extremal points of the deformation energy. It should still 

be noted that the entrance (01) and exit (02)· points in eq. (11) should 
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be determined in such a way that the action integral is also stationary 

ag~inst variation of these endpoints. The entrance point 01 is usually 

• chosen to lie 0.5 HeV (zero point energy) above the bottom of the we 11 

(which is a local minimum of the total deformation energy surface); 02 

then has to lie on the energy contour with the same energy E. 

T L d b d H C P 1 ·44 . h "h d ( h . e erger er an . . au ~ uSlng t e same met 0 as t e one 

described in ref. (32), have done calculations using three deformation 

parameters; an elongation coordinate, a constriction or necking-in· 

coordinate and a parameter describing the left-right asymmetry. The 

lifetimes obtained from those calculations are in order-of-magnitude agree-

ment with the experimental data; they also show that mass asymmetric fis-

sion is favored and that the most probable mass division (peak-to-peak 

ratio) agrees with the experimental data. 

32 44 In this multidimensional approach ' ,however, one still ignores 

the kinetic energy tied up in the motion orthogonal to the fission path 

(which may change along the path). The question of inclusion of zero-point 

energy for the fission degree of freedom depends on how the potential sur-

face was derived. It has been customary in shell-corrected liquid drop 

model work (Strutinsky method) to ignore all zero-point vibrational energy 

corrections, since they would require assur.lptions about an inertial 

tensor. Thus, liquid drop model parameters are adjusted to fission bar-

rier heights. With such a surface it is clearly incorrect simply to add 

zero-point energies. On the other hand is it impossible to do correct 

quantum mechanical dynamics in more than one dimension without taking into 

account zero-point corrections. A solution to this dilemma has been 

d b M h d G . 52 propose y aru n an re~ner : they readjust the three liquid drop 
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aI, a2 and r appearing in the Myers-Swiatecki-formulaS3 to o 

lower the groundstate potential energy (and that of the final fragments) 

by the zero-point energy, which was obtained from the first 2+ state 

experimentally observed. The third parameter is used to keep the barrier 

height at its experimentally determined value. By this procedrre it is 

possible to get the right penetrabilities and to allow an inclusion of 

the zero-point motion, which is important for dynamical calculations. 

However, it is not clear if the change of the ~ero-p'oint energies along 

the fission valley is reproduced by this fit in the right way. This 

point needs further investigation. 

d) Tunneling and the inverted potential energy surface. 

Consider a system which moves toward a potential barrier and let time 

be the parameter in the equations of motion parametrizing the evolution 

of the system. If the time increments are kept real, the system will 

move toward the barrier and then reflect at the barrier and move back. 

If, however, one takes purely imaginary time increments when the system 

is at the turning point, the system will start tunneling. In other words, 

during the tunneling process the system follows the classical equations 

of motion but with purely imaginary time increments (see also Fig. IV 3). 

If at the classical turning point of the fission degree of freedom 

also all other degrees of freedom ~~e at a turning point or, in other 
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3 : 
2 

XBL159-3811 

Fig. rv-l Schematic representation of a contour map of a potential energy 

surface turned around to study the classical motion below the 

barrier. The entrance and exit points, 01 and 02, lie on the 

same equipotential. The bill at the left side corresponds 

to the potential well in which the nucleus sits before fissioning 

and the mountain range at the right represents the fission valley. 
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* w.ords, if the system when it reaches the barrier is at rest , then the 

tunneling precess can be visualized by a very simple picture. If the 

system is at rest at the turning p.oint and if .one uses purely imaginary 

time increments thereafter (until the tunneling is cempleted), all the 

c.o.ordinates will remain real, all quantities related to .odd pewers .of 

the time (fer example vel.ocities, m.omenta, angular m.omenta, etc.) will 
. 
be purely imaginary; quantities which depend .on the square .of mementa 

(fer example the kinetic energy, centrifugal f.orce, etc.) will change 

sign. It is new easy t.o see that the system can equivalently be described 

by using .only real time increments and changing the sign .of (V-E). That 

is, the tunneling traject.ories can be .obtained by finding hew the system 

m.oves .on the inverted p.otential surfaceS4 . Fer the fissi.on example, the 

entrance p.oint 01 will new be cl.ose t.o the t.op .of a hill and the fissi.on 

valley will be a m.ountain ridge starting s.omewhere clese t.o the hill 

(see Fig. IV I fer a simple illustrati.on .of this idea). The system new 

has t.o "r.oll" d.own the hill and up the m.ountain ridge (f.oll.owing the 

classical equati.ons .of m.oti.on) in such a way that it dees net fall .off 

the ridge t.o either side but reaches the exlt p.oint 02, where the vel.ocity' 

* This is .one .of the basic hyp.otheses .of the least acti.on path meth.od; 

.one assumes there that at the entrance and exit p.oints (01 and 02) the 

system is at rest. This hyp.othesis will be c.onsidered later in seme 

detail. In an actual multidimensi.onal tunneling precess this hyp.othesis 

is actually never fulfilled, since all the coordinates .ortheg.onal te 

the c.o.ordinate al.ong the fissi.on traject.ory are mere .or less harmenic 

and even all these "harm.onic" degrees .of freed.om are in their "gr.ound" 

state, there still remains the zer.o p.oint energy, and s.o it bec.omes very 

unlikely that the system will find itself at rest .on the p.otential surface 

at any time. 
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is zero again (at this point, if one wants to follow the system into the 

fission valley, one would switch to the ordinary potential surface again). 

If, after the system reaches cr2, the time increments are kept purely 

imaginary (or equivalently, using real time one keeps the inverted pot en-

tial surface), the system will move toward crl again. Finding the tun-

neling trajectory then (in the least action sense, as described in the 

previous subsection) is equivalent to finding the periodic orbit on the 

inverted potential surface. In the example shown in Fig. IV I there is 

only one point (in the general case it can be one or more intervals) on 

the entrance and one point on the exit energy contour which are connected 

through classical equations of motion; therefore, when looking for the 

trajectory with the minimum action 151 in the least action path method, 

one also has to vary the endpoints crl and cr2 until the minimum is 

achieved. 

Another example of tunneling and motion on the inverted potential 

surface is given in appendix B . . 
It is clear that in the stationary path method, once the "tunneling" 

trajectory is found, that the tunneling probability depends only on the 

trajectory and not on the features adjacent to the fission path, that is, 

it does not include zero-point energy effects of the degrees of freedom 
'. 

orthogonal to the fission path. If, for example, the width of the "har-

monic" potential of the orthogonal coordinates to the fission path narrows, 

the zero-point energy will become higher and as a consequence the energy 

available in the fission direction will diminish, reducing the tunneling 

probability. If the tunneling is viewed as the classical motion on the 
, 

inverted potential surface, the narrowing of the harmonic po~ential reflects 
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itself by making the ridge steeper in Fig. IV 1, that is, it will be more 

difficult to reach the exit point 02 (easier to falloff to either side), 

and consequently the tunneling probability will be smaller. 

It seems natural to assume that if one wants to know whether, during 

a tunneling process, the system behaves adiabatically or non-adiabatically, 

one looks at how fast the system would move on the inverted potential 

surface. Contrary to what is occasionally stated, during the tunneling 

stage of the fission process the system would be least adiabatic at the 

saddle point. 

e) Quantum mechanical DWBA approach 

The two-dimensional Schrodinger equation has the form: 

ij where g are the. contravariant components of the inertial tensor (g .. ) 
1J 

and 0 = ,{ det (g .. ) J; V(q 1, q2) is the potential energy, a function of r 1J 

the curvilinear coordinates ql, q2. 

In Appendix A of ref. 55, H. Hofmann describes a method for finding 

a coordinate transformation x = x (q l, q2), Y = y (q l, q2) which has the 

following properties: i) that the off-diagonal components of the in-

ertia~ tensor expressed in the new coordinates vanish (i.e. if m .. repre-
1J 

sent the convariant components of the inertial tensor in the new coordi-

nate system, then m = m = 0), ii) that the trajectory y = 0 defines xy yx 

a path of minimal potential energy (i. e. (~V(X, 'J )/ay) '1= 0 =:. 0 ). After 

performing such a coordinate transformation the Hamiltonian eq. (13) becomes: 
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where the notation B = m and B = m was introduced. x xx y yy 

H~fmann55 also introduced a harmonic approximation for the potential .. 
perpendicular to the fission path and with the additional assumption that 

the mass tensor components do not depend on the coordinate y, reduced the 

Hamiltonian eq. (14) to: 

(15) 

··and solved it approximately in what can be called the first truly two-

dimensional quantum mechanical dynamical treatment of the fission process. 

In eq. (15) 6)(x) is defined by 

(16) 

The Hamiltonian is then separated into an adiabatic Had and a non-

d · b . Hnad If h ... . a 1a at1c part. t e system 1S 1nit1ally in an osc1llator state 

n, then Hnad = H - Had can produce transitions to other oscillator states 

m. The probability amplitudes A of finding the system after the barrier 
mn 

penetration in a state m satisfies an integral equation for which Hoff-

mann uses the Born approximation (DWBA) to get an approximate solution. 

This use of the DWBA however, as we see later, is probably only good 
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when considering transitions which start from the ground state before 

fission. When starting from an excited state, the transition probabilities 

to the ground state are usually higher by some orders of magnitude than 

the one to excited states (even in the case where the coupling between the 

two degrees of freedom is quite small). The reason is that the system can 

penetrate much easier within the ground state. 

f) A two-dimensional fission barrier model. 

In order to investigate the full two-dimensional dynamics and test 

various approximations it is of value to study a simple model system for 

which also a quantum mechanical solution can be given. In section IV 2 

we will describe how to carry out such a fully quantum mechanical calcu­

lation by the method of coupled channels. In section IV 3 we will study 

an example where we take a Hamiltonian with a potential giving a Gaussian 

barrier in the x direction (x being the fission coordinate) and an harmon­

ic potential in the y direction. The mass ,tensor is taken to be diagonal 

and constant; the width of the valley however is variable (it changes when 

going over the barrier) which introduces a coupling of the two degrees of 

freedom. This problem will be solved using the USCA and a comparison to 

the exact quantum mechanical solution and the other approximate methods 

described in this section will be made. 

2) Quantum mechanical solution to the two,:",dimensional fission barrier 

penetration problem56 
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a) The SChrodinger equation. 

We will consider a Hamiltonian of the form eq. (14), which can be 

written as: 

(17) 

where (see section IV Ie) y = 0 defines the path of minimal potential 

energy; y therefore represents the coordinate which describes the motion 

in the direction perpendicular to the fission path. The potential along 

the fission valley has in a typical case a shape like the one shown in 

Fig. IV 2. Before fissioning the system sits in the local minimum at 

x = xo; x = xsc shall be the scission point (that is, the place where the 

nucleus breaks up into two fragments). The system, in order to fission, 

has to penetrate the potential barrier from x = Xo to x
t

. Let's remem­

ber that Fig. IV 2 shows only one dimension of the barrier, the barrier 

along the fission valley~ 

In order to be able to solve the problem we will introduce the 

following simplification: That for x < x and x > x the components of o sc 

the mass tensor and the potential go asymptotically toward constant values. 

That is, we will assume the asymptotic behaviour: 

Bx (X'I) Bt ( inciere",delr]f of )( a.nc/ / ) > 
X~±oO )c 

Br (xII) )- B7 t. ( 1) 
)(~'!oo 

V (X'I) 
x~:too 

~ v± (7) (18) 
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Fig. IV-2 Schematic representation of a fission barrier .. Shown is the 

potential along the fission valley. 
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For the potential this condition means that for x < x the potential will 
o . 

be more like the dashed line in Fig. IV 2. 

The Schrodinger equation we wish to solve is (using the Hamiltonian 

eq. (17)): 

Let's expand the wave function ~ in terms of harmonic oscillator wave 

functions of oscillator length 0( : 

(20) 

where Cf..., (7) are the harmonic oscillator wave functions 

10 ( ) __ 1 h (L) -~~ 
T. '1 - f1' h\Q( e (21) 

where hn satisfies the recursion relation 

(22) 

and is related to the Hermite polynomials by 

(23) 
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Substituting the expansion for ~ (eq. (20)) in (19) we get 

2 . ~ 

~ ~,('f) C)~2 ujx) = ;; (- ~ Jig LtXj~) <e,(y) 1x U"' (x) + 

+ L -[ ~ ~:+ 1 (~ g~) g~ + ~~(V-f)]cr:.(1) un.(x) ~ 0 
n' 'J / I 7 / .. . (24) 

Multiplying eq. (24) from the left by £P",* (Y). integrating over y. and 

using the orthonormality of the wave functions ~ . (j 'e.--CR.. := a,.,...,) one 

finds 

(25) 

or with V .... (x) == 'd Un (X) one finds the system of coupled equations: 
'dX 

(26a) 

(26b) 

or in a more compact way 

d ( u) (0 1)( u) 
dx V = B A V (27) 
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The matrices A and B are given by 

(28) 

and 

(29) 

b) Evaluation of the matrices A and B. 

Let Y('1) be an arbitrary function of y. There are three types of 

matrix elements needed for the evaluation of the matrices A and B, 

they are: 

(30) 

Using the relation 
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(31) 

which the harmonic oscillator functions satisfy, one finds 

(32) 

For the evaluation of matrix elements of this type see iii) 

(33) 

Using the relation 

(34) 

one finds 

For the evaluation of the matrix elements of this type see iii) 

(36) 

Using eq. (21) this can be written as 
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2 2 

M3 = ~f:hj~)e-P J(y)hj~)e-ii> J,/ 

J t h)Z) h)Z) e -2'-( :{(o(Z) + (-1 rtn'-:f(_o(z V c1z 
o 

(37) 

Integrals of this type must be evaluated numerically (unless the function 

;;(0(2) is of a particularly simple form). The numerical integrat.ion of 

integrals of the type eq. (37) is most conveniently carried out using the 

so-called Hermite integration method, the results being 

(38) 

where the value of the abscissas z. and the weight factors w. for the 
1 1 

Hermite integration are tabulated in reference 23. 

c) The boundary conditions 

Usually the more difficult part in solving the Schrodinger equation 

numerically is not to find a solution but rather to find the solution 

which satisfied the correct boundary conditions. 

In the asymptotic region the x-motion decouples from the y motion 

and the Hamiltonian can be written as 

(39) 

where 

('f-Oa) . 

(4-0 b) 
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The eigenstates of tp ± (y) define the ingoing and outgoing channels 

(4la) 
.-

(4lb) 

One can express the asymptotic eigenstates cp;,~. in the oscillator 

basis {CP..,} the same basis used to expand 1J! (eq. (20) 

(42a) 

(42b) 

+ . 
The matrices dy. are unitary matrices, i.e. 

(43) 

Using (42) and (43) one finds for the wave function 

(44a) . 

(44b) 

We want a wave function ~ which fulfills the following boundary conditions: 
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i) for X --'J- -00 has in all open channels only outgoing waves, 

except in the channel )) where one also has an incoming wave 

with amplitude 1 (for the closed channels only exponentially 

decreasing waves (x ~ - (0)) . 

ii) for X-7 +- 00 has in the open channels only outgoing waves and in 

the closed channels only exponentially decreasing waves. 

To assure that one has only outgoing waves for x-++ oO , one integrates the 

coupled equations starting from x = + 00 with an outgoing wave in some 

channel ~ in the asymptotic region +CO If the channel is closed, one 

starts with an exponentially decreasing wave (instead of the outgoing wave). 

Let ~ (x, y) be a wave function which has the boundary condition 
~ 

that for x~ +bO , there are no components in the channels ~' F ~, and 

in the channel ~ there is an outgoing wave with amplitude 1. In the 

region x-?+oO, 1:l!'~ (x, y) is therefore given by: 

t,KrX e 
~(XIY)< -~X 

()(~ +(0) e 
where k and X are given by 

~ ~ 

(45) 

For ~> E 

(46a) 

(46b) 

The integration is 

.equations (26) for 

therefore performed by solving the coupled differential 

u(~)(x) starting at x = +00 with 
n 
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(47) 

(48) 

The numerical integration of the differential equations yields then 

U~r)(x) and v.}r)( x) == U~ lr) (x) for X """'7 - t>O. Using eq. (40) one can 

write 

~ ( -X IX X. x) d -+ ~ Q,l)l..u,. e )J + bl.>~ e v' . ",),)1· (SOa) 
v' (clo~ed) I /. 

and 

.. 
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-* 
Multiplying these eqs. by d and summing over n one finds 

nlJ 

(51) 

if )) is dosed 

and 

i( ).) is c.losed 

From eqs. (51) and (52) one can solve for the complex coefficients 

a'fA.' b,t<-. One finds for the case that V is an open channel ". 

-1 e- iKvX
(' s~)()() + J- sJ0)(x)) 

a~ - 2 lJ L-Ky).> 

(S3a) 

If }J corresponds to a close channel, then 

(S3b) 
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d) The final solution. 

The final solution of the Schrodinger equation we are looking for is 

a linear superposition of the ~ 

(54 ) 

where the coefficients 7-v" are determined by the conditions 

i) outgoing waves 

ii) 
. y(lJo )( ) i( K'v,.X -1- 0( ) (() ( ') 

. X --? - oa = e I. l-t + outgoing waves 
. ).J" / 

The condition i) is fulfilled (by construction), since all the 'Y!. contain 
11 

only outgoing parts for x -7+00. At x ~ -1)0 one has (using 49)): 

In order to fulfill condition ii)- one has to have: 

(56) 

that is, one has to solve the complex linear system eq. (56). 

This is equivalent to a matrix inversion: 
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(57) 

fJ/()CY,,) 
Once the final solution ~ is known, one can evaluate the transmis.sion 

and reflection probabilities T and R. For x -.., it><? (eqs. (54) and 

(45)) one has: 

1jP(V')_~> 
><~ toe 

L ~ k X (() +() ~ -z. X to +( ) 
Cj-J-J.,) e .'j-'- I)N 1 +L- GUy"e ~ T .... '! 

/ 0 / ~ / / 

(OJ:Vl) . (d05ec1 ) . 

and the transmission probability ~+--)}" is then given by' 

(58) 

For X-7- 00 (from eq. (55) and (58)) 

One finds for the reflection probability R)J <- )/0 

'. , 

(59) 

e) Summary 

, Here we summarize the steps one has to follow iIi. order to solve the 

two-dimensional barrier penetration within the coupled channel method just 
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described. 
+ 

Diagonalize the asymptotic Hamiltonians H 7 (y) wi thin the basis 

LP~ • that is, solve the following system of linear equations 

i) 

where 

ii) Solve the coupled differential equations (26) for u and v starting 

at x = x (-:;H'ua) with 
+ 

UV)(r) (x+) = 
+- ei~X+ (or J + -~x) el
j je . 

VV7~) (x ~ ) -
. c1 + (," '7X+ 
l-k'r r e (or- d of -,)J+) 

-~re 

This has to be repeated for all ~'s. 

iii) After the integration, at x = x_ ( ~ - c<J) one evaluates 

5 (r-) == ~ . I - * u (r)(x ) 
,~ ~ Onv . " -

n 

and 

iv) Evaluate the matrices a ~ and b~ using eqs. (53) and (54). 

Using the matrix b and the inverse matrix of a. find the transmission 

and reflection probabilities using eqs. (58) and (59). 
\ 
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A computer code was developed which follows the steps just outlined. 

An application to a simple example will be shown in the next section. 

3) USCA solution of the two-dimensional barrier penetration problem . 

. a) Tunneling and complex time. 

The way of describing a tunneling process within the framework of the 

USCA S-matrix theory is by an analytical continuation of classical mechan-

ics. The first question that comes to mind is how can tunneling be 

achieved with classical trajectories. In order to find out how one has 

to proceed, it is convenient to study a simple, analytically solvable, one-

dimensional example: the barrier penetration through a symmetrical 

2 Eckard potential barrier The symmetrical Eckard potential is given by 

V(x) - (60) 

The classical trajectory of a particle with mass m and energy E moving 

on this potential is given by (for E < v ) o 

x(t) - - a AVCSlh~ (~ cosh (-¥f)) (61) 

where v is the velocity in the asymptotic region (i.e. v; 1 2mE) 

and? is given by 

(62) 
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Initially the particle is to the left of the barrier (i.e. xCt = - ()O ) = 

- 00 ); the time origin t = 0 occurs when the particle reaches the clas-

sical turning point on the barrier. For t > 0 the particle has reflected 

from the barrier and is moving back toward x = ...: cO. If however, starting 

from t = Owe take imaginary time increments, that is, we take 

(~ 

and analytically continue x(t) into the complex t plane, we find , 

(63) 

(64) 

The particle will now move into the barrier and reach the turning point 

on the other side for ~= f I~. If at that time we switch again to 

real time increments, the particle will emerge on the right side of the 

barrier; tunneling has been achieved. It is clear that the behaviour of 

the solution x(t) will be related to the analytic properties of the multi­

valued function Arcsinh(z)which has branch points at Z= ± l.. (joined by 

a cut between them). In the complex time plane one will therefore find 

branch points when 

. 
+L (65) 

From eq. (65) one finds that the branch points in the complex t-plane are 

at 

(66) 
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with n an integer. 

Fig. IV 3 shows the complex time plane with its branch points and 

cuts. Also illustrated is what happens to the particle trajectory if one 

. takes various different time paths in the complex time plane. Because 

of the analyticity, the results do not depend on the path in the t-plane 

as long as one does not go around different branch points. 

Let's remember here that (see section IV ld) solving the classical 

equations of motion with purely imaginary time increments is equivalent 

to using real time increments, but on the "inverted" potential surface. 

Now let's consider the phase ~ which, in the USCA, one evaluates 

along the classical trajectories. Since this example here is a one-dimen-

sional problem (there is no internal degree of freedom), the USCA equations 

simplify and the probability to find the particle on the right side is 

simply given by 

(66) 

where ~ is given by 

cf _1-J1:- p(t') X(t') cit' 
11 -Co 

(67) 

where x and x are some large distances away from the barrier on either 
+ 

side. It is clear from eq. (66) that only the imaginary part of i is 
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Complex 
time plane 

~ 
a 
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n t Imaginary 
time n 

c .. m Real 
time 

d 

~ III 

X B L 755 -2885 

Fig. IV-3 Diagram shmving on the right hand side t..i.e different time paths 

one has to follow in order to obtain the trajectories shown on 

the left hand side. The crosses represent the branch points 

and the wiggly line corresponds to the cuts joining them. 
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interesting. The phase ~ acquires an imaginary component only while 

the particle tunnels and we have 

(68) 

where ±x are the two classical turning points on either side of the o 

barrier. For the tunneling probability we therefore find 

(69) 

which is exactly the one-dimensional WKB approximation for the tunneling 

probability already mentioned in section IV-lb. In the one-dimensional 

case we find then that the USCA tunneling probability reduces exactly to 

the WKB limit. 

Additional results concerning the symmetrical Eckard potential eq. 

(60) are given in Appendix B. 

b) An unsolved problem. 

Let's compare the penetration probability adding coherently together 

all the possible trajectories as shown in Fig. IV 3. One has 

-K -31< . -5K -7k -k 

5 e - e ·-e +e e + - (70) 

1 -2K +e 

with 

(71) 
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where Xl and X2 are the classical turning points. The first term in 

eq. (70) corresponds to the trajectory which reaches the first turning 

point, then penetrates the barrier and reaches the second turning point 

and then leaves the barrier on the right side. This term, unless the 

incident energy is close to the barrier top, is the only important term 

in the series and is identical to the WKB result (see previous subsection). 

The second term in eq. (70) corresponds to a trajectory which is reflected 

twice in~ide the barrier (see trajectory IV in Fig. IV 3). Remembering 

that a reflection introduces a phase change of rr/Z (19), (see also section 

II 2), the alternating signs in eq. (70) are explained. From eq. (70) one 

finds for the penetration probability 

-2K 
e 

(71) 

f
.. .. 48 

This expression dif ers from the expression given by Froman and Froman 
been 

eq. (5), which h~wn to be correct for various limiting cases. For 

the particular case that the energy is equal to the barrier top (i.e. K= 0), 

equation (71) gives for the penetrability P = ~ while the correct result 

is P = ~. 

Even though much effort has been done to solve this difficulty, it 

still remains at this stage an unsolved problem. 

If the fission probability is low, let's say less than 0.1, which is 

the case for many practical applications, then only the lowest order term 

in the series eq. (70) for the S-matrix contributes, and to this lowest 

order the expression for the penetration probability P (eqs. (71) and 

(5)) do coincide. 
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56 A simple fission barrier model system 

As already announced in section IV-f~ we will now study the penetra-

tion through a simple two-dimensional fission barrier using the USCA 

method and then compare the results one obtains with other methods. The 

simple model we will study has a Hamiltonian with potential giving a 

Gaussian barrier in the x direction (x being the fission coordinates) and 

an harmonic potential in the y direction. The mass tensor will be taken 

to be'diagonal and constant; the width of the valley, however, will be 

variable. The Hamiltonian is: 

H (72) 

A non-zero value of the "coupling constant" a allows the width of the 

valley to vary over the s"addle, and by doing so couples the two degrees 

of freedom. The numerical values were chosen so as to correspond to a 

typical fission case: -1 -1 
mx = 500 MeV , Vo = 7 MeV, my = 4.7 MeV , 

a = 0.185, C = 5.1 MeV, Etot = 6.0 MeV. This choice of C and m gives a 
y 

frequency of about 1 MeV, typical of say a gamma vibrational mode. The 

coordinates x and yare dimensionless and correspond, for instance, to the 

deformation parameters 

In the asymptotic region (that is, for Ixl~OO) the two degrees of 

freedom are uncoupled and the system will find itself in a definite quan-

tum state in the transverse harmonic degree of freedom. If initially 

(i. e. for x ""'7 -.00) the system is in a state in the transverse degree of 

freedom specified by the oscillator quantum number n , let us determine 
~ 

what the probability P is to find the system after the tunneling ))+-t-
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(i.e. for x~toO) in ~ quantum state nv' Let's introduce for the model 

problem in the asymptotic regions, that is for Ixl~~, the action angle 

bariables (J, q) for the transverse collective degree of freedom; since 

it is J which is related by the correspondence principle to the "quantum 

number" of the harmonic oscillator through 

J - 211+7 ( n -+ i ) (73) 

The angle variable q is related to the phase ~ of the oscillator 

through 

~- (74) 

The transformation between the action angle variables and the cartesian 

coordinates is given by: 

tI :=' I Wo J' C.OS (2.lIQ) 
/ V 1TC . 1 (7Sa) 

(7Sb) 

and 

where 

(77) 

.. 
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The transformation to action angle variables is only of practical use in 

the asymptotic region where the width of the transverse valley does not 

change. It is possible to transform all the classical equations of motion 

into action angle variables (J, q) using the transformation equation (76), 

and then integrate these equations in the action angle coordinates; however, 

this introduces some problems as soon as the valley changes width, because 

of the multivaluedness of the transformation. It is much more convenient 

to integrate the equations of motion using the cartesian coordinates. 

If FIt(p ,J) is one of the generating functions l7 of the canonical 
y . 

transformation relating the coordinates CP
y

' y) and (J, q) then the phase 

(78) 

which is the phase along the classical trajectories needed in the USCA 

expression for the S-matrix can be obtained from the phase 

3 17 using the relation ' 

/~)dt (79) 

(80) 

The generating function FIt(Py' J) of the transformation relating (Py, y) 

and (J, q) is for the harmonic oscillator (see Appendix D) 
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cp(nlJ/~) 
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J ) which we will denote by 
II 

(81) 

(82) 

The next step in applying the USCA method is to find the quantum num-
1\ 

ber function~ (cq.o). To find it, one specifies the initial conditions 

for the integration, that is, starting at t-)-oO with the transverse oscil-

1ator on a quantum state ~ and with some "phase" qo. Then one chooses 

a time path in the complex time plane such that the system tunnels once 

(for the example considered here, multiple tunneling trajectories are 

completely negligible). After the integration, (that is for t 40+ 00), 

the degrees of freedom are uncoupled and from the energy in the transverse 
, " 

degree of freedom J nr(~) can be found using the relation 

(83) 

In order to find the classical trajectories with the correct boundary 

conditions, one has to solve for the roots of the equation 

(84) 
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that is, to find the initial orientations qo' for which after the tun­

neling the system is found in a quantum state, specified by the. (non-

negative integer) quantum number nv' In Fig. IV 4 the quantum number 

function ~ (~.) is shown for )A- = 3 versus Real (qo) for several values 

of Imag (q ). o 

Due to the symmetries of the problem, only transitions for which 

An = ~ - n)) is an even integer are possible (conservation of parity). 

For 6.h=-O, in the case of Fig. IV 4, that is, for j--<-::;))= 3, the roots 

of equation (84) are found. for values of Im(qo) ~ 17 ± 0.6 and for these 

" cases the quantum number function ~(qo)' vs. Real. (qo) is rather flat 

(it does not even reach to the adjacent states n = 5 or n = 1). If the 

quantum number function is flat, the Airy uniform semiclassical approxi-

mation to the S-matrix, as used in the Coulomb excitation example, does 

not give accurate results. The integral expression for the S-m'atrix (eq. 

II 25) is of the type 

+/t if(u) 
I = ~J ~(u)e du 

21r -'iT . 
(85) 

In section II 4c the phase f was mapped onto a cubic in such a way that 

the stationary phase points of f and the cubic correspons. Another pos­

sibility is to map the phase f into the following function57 

(86) 

If the quantum number function is flat, the phase feu) can be approximated 

well by a function of the type - 5 cos (2u )-h'U + A and therefore the error 
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function n
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= ('10) versus Real ($0) = Real (27Tqo). The 

various curves are labelled by the value of Im(<Po). 



-145-

,. 
introduced by the mapping eq. (86) is small. Using the mapping eq. (86) 

instead of mapping f onto·a cubic, one finds for the S-matrix (see 

Appendix E) the so-called Bessel uniform semiclassical approximation: 

where f 
(88) 

(89) 

The expression for the S-matrix (eq. (87)) shows explicitly the selection 

rule that, for a transition to be possible, In~ - nv l has to be an even 

integer. 

Once the S-matrix is known, the transition probabilities pv+-~= 

Is 12 follow directly. 
v+-~ 
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4) Results and Comparison. 

We will now present the results for the tunneling problem with the 

Hamiltonian given by eq. (72), using the different methods discussed in 

this chapter. 

Fig. IV 5 shows in its upper part the shape of the Gaussian barrier, 

together with the adiabatic translational energies in the x direction 

for the three y-vibrational channels n = 0, n = 2 and n = 4. Let's 

remember that the problem we are solving is typical of sub-barrier fission, 

with - 4.5 MeV of excitation and - 1.5 MeV below the classical barrier 

threshold. Higher n channels are obviously closed, and odd n channels 

are not coupled for parity reasons. 

The lower part of Fig. IV-5 shows the'square of the wavefunction for 

an incident wave from the left in channel II = 2 (i.e. (U2.» (x) /2. ). 

These are results one obtains using the exact coupled-channel quantum 

mechanical code developed for this problem and described in section IV 2. 

In the coupled-channel code, three open channels and one closed channel 

were included. Taking along the fourth (closed) channel changed the results 

only in the fourth significant figure. We note the standing wave in the 

channel II = 2 on the left side of the barrier, as most of the flux is 

elastically reflected. About 10-5 is inelastically reflected in channel 

-8 . 
II = 4 and 10 in channel II = O. To the right of the barrier v = 0, 

-10 -15 24 2 and 4 waves are transmitted at the 10 , 10 and 10- probability 

levels, respectively. In Fig. IV 6 the lines show the penetrabilities 

P
llV 

for different values of the coupling constant a between 0 and 0.15. 

These values of a correspond to a small coupling between the two degrees 

of freedom. Larger values for the coupling constant a were not considered 
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(even though in realistic surfaces the coupling is probably much larger), 

since in order to expand the wavefunction eq~ (20), many more channels 

have to be included. This not only involves more computer time, but also 

closed channels with· higher energy require a special handling. From 

Fig. IV 6 we find that there is a vibrational "cooling" effect on the 
• 

passage through the' barrier, with v = 0 transmitted waves dominating re-

gardless of the vibrational state incident on the barrier. Only in the 

case of CL very close to zero, a constant valley width, will the "cooling" 

feature not appear. 

An obvious approximation to be tested by the coupled-channel solution 

is the so-called vibrationally adiabatic approximation (Qt-1VA)' where one 

assumes that during the fission process the system always stays in the same 

oscillator state ~,that is, consider the approximation in which the y-

direction wave function adiabatically adjusts its width as the valley 

changes along the path. In this case the coupled-channel calculation 

reduces to a one-dimensional calculation, taking into account only the 

change of the oscillator energy. Table IV 1 shows the diagonal transition 

probabilities for no coupling (CL = 0), obtained with the exact quantum 

mechanical program (QM) and for a coupling CL = 0.1, obtained with the 

quantum mechanical code (QM) and for the vibrationally adiabatic approx-

imation (QMyA). Let's note that since for the model studied here the 

inertial tensor is coordinate-independent and diagonal, one has that the 

one-dimensional WKB approximation and the least action path method 

(described in section IV-lb and c respectively) give the same result 

(also shown in Table IV 1) and are independent of CL. 

For CL = 0.1 (let's remember that CL ='·0.1 represents a small coupling), 

i. 
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Table IV 1. Comparison between the Q~1, QMad and WKB calculations 

0 t e lagona f h d· 1 transItIons. 

(l = 0 (l = 0.1 
\ 

QM Ql-1 QMad WKB 

--
o -+ 0 1.67 10- 5 1.40 10- 5 1.40 10- 5 1.60 10- 5 

2 -+ 2 5.48 10- 13 2.67 10- 13 2.42 10- 13 5.21 10- 13 

4 -+ 4 1.44 10- 22 4.66 10- 23 3.62 10- 23 1. 34 10- 22 

.. 
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one finds that the QMyA calculat.ion is quite good; considerably.better 

. than the one-dimensional WKB restilt .. 'In other words, the main reason why 

the WKB and least action path method gives. larger penetrability probabil­

ities is because they neglect the increase of the zero point energy in the 

y-motion, which increases around the barrier (for positive a the valley 

becomes narrower on the top of the barrier), leaving less energy available 

in the fission degree of freedom to penetrate the barrier. 

Neither the WKB nor the least action path method permit the e~alua­

tion of off-diagonal transitions (that is, cases for which the final quan­

tum number is different than the initial quantum number). This, however, 

is no difficulty in the USCA method and Table IV 2 shows a comparison be­

tween USCA and the exact QM calculations. For a = 0, the USCA results 

are identical to the WKB results and are shown in Table IV I (only the 

diagonal transitions are non-vanishing for a = .0). In Fig. IV 6 the 

USCA results are shown by dots. The agreement between these USCA cal­

culations and the exact quantum mechanical coupled-chaimel calculations 

is very good, even though the model here considered is highly non-classical. 



Table IV 2. Comparison between the QM and USCA transition probabilities; 
-

a. = 0.1 a. = 0.01 

0+-+-0 0+-+2 0+-+4 2+-+2 2+-+4 0+-+0 0+-+2 

QM 1.40 10- 5 9.30 10- 11 1. 03 10- 16 2.67 10- 13 9.86 10~19 1. 64 10- 5 1. 22 10- 12 

USCA 1.44 10- 5 9.49 10- n 0.97 10- 16 2.52 10- 13 9.15 10- 19 1. 56 10- 5 1.30 10- 12 

" 

! 

0+-+4 

1.49 10- 20 

1. 42 10- 20 

.. 

I 
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V CONCLUSIONS AND OUTLOOK 

In this thesis we have applied a new semiclassical method (USCA) to 

some nuclear physics problems. This semicalssical method incorporates 

into classical dynamics the quantum mechanical principle of superposition. 

Many typical quantum effects like the quantization, interference, resonances, 

tunneling, selection rules are naturally contained in this semiclassical 

prescription. The USCA method, besides simplifying the calculations (as 

compared to a full quantum mechanical calculations), also gives, at least 

in some instances, considerable insight into the nature of the quantum 

effects in the problems. For example, in the case of backscattering Coulomb 

excitation one understands now the reason for the interference maxima and 

minima, their dependence on the bombarding energy and other parameters. 

One should not give up trying to find simple methods and models just be­

cause complicated computer codes can fit the data well. To really under­

stand a subject, simple methods and models are of great importance. The 

USCA does not only satisfy this criterion, but also gives often a quanti­

tative description of the problem. 

There are several other problems, outgrowth of the problems considered 

in this thesis, where the USCA might be applied or at least give a quali­

tative description of the problem. 

One of these problems is the sub-barrier nucleon transfer on a deformed 

nucleus. The orbitals most involved in transfer will be high-lying 

Nilsson levels, which have a certain spatial distribution within the target 

nucleus. In very simple terms, transfer would only occur when the nucleus 

is oriented in such a way as to place a major lobe of the involved Nilsson 

wave functions on the beam axis, see Fig. V 1. Thus transfer will be 



A 

Z 

-154-

. ' ,1\ I 
-----·-----lZ 

eN I 
----- I 

I 
I 
I 
I 

1\ 

X 

XBL 759-3879 

Fig. V-I Schematic view of a defomed even-even target before a neutron 

transfer. j represents the angular mor..entur.l of tlle ;~ilsson 
orbital, involved in the transfer tlL is the rotational aIlgular 

momenturn transferred to the target and the shaded area repre­

sents the position of the maj or lobe of the Nilsson wave fWlction. 
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correlated with particular orientations of the deformed nucleus relative 

to the incoming beam and hence with the excitation of particular rotational 

states of the product nucleus. This is, of course, an oversimplification 

of the problem, the actual situation being slightly more complicated. 

In' a quite analogous way to that of the transfer reactions, one could 

investigate the excitation of rotational states built on the K = 0 octupole 

vibrational mode in the backscattering from a heavy deformed nucleus. Here 

one also expects that certain orientations of the deformed target (relative 

to the beam axis) to be more susceptible to octupole excitation than others. 

The octupole vibration has nodes at certain places (see Fig. V 2). If 

those nodes were presented to the incoming projectile, little octupole exci-

tation is expected. Thus, just as in the tr,ansfer case, there is an orienta-

tion-dependent form factor associated with this excitation. In this model, 

therefore, one expects a selective population of certain states in the 

K = 0 octupole band. Both of these problems, the subbarrier nucleon transfer 

and the excitation of the K = 0 octupole band in deformed nuclei, are cur-

rently being investigated. 

Now a few words about the experimental prospects. Using y-ray spectro-

scopy in coincidence with the backscattered heavy-ion projectiles, one could 

gain experimental insight into these areas, that is, investigation of the 

Coulomb-nuclear interference effect with heavy ions and the study of the 

selective excitation of particular high-spin rotational states in correlation 

with heavy ion one- and two-nucleon transfer and excitation of the octupole 

.b . 58 VI ration . Setting energy gates on the back-scattered ion spectrum, one 

can gain information about all the processes mentioned as a function of 

energy in a single experiment59 
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Fig. V-2 Schematic representation of an octupo1e vibration on a prolate 

deformed target. 
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Another :pTob-lem wR·ich can be studied with the USCA and is a general-

iz~tion of a probl~m.studied in this thesis, is to consider the full three-

dimensional Coulomb excitation (not only backscattering) problem. This 

bl . lIb' . d d60 pro em IS a so current y elng conSl ere . A full three-dimensional 

calculation for Coulomb excitation is considerably more complicated 

than the backscattering case considered in Chapter III. In the three-

dimensional case, the system is specified by two quantum numbers, and 

two coordinates are necessary in order to specify the orientation of the 

target. After finding the two quantum number functions, a two-dimensional 

root search has to be performed in order to find the initial orientations 

leading to a given final state. In general there will be four roots and 

l 'f . f h S . h b 'd d2l more genera unl orm expressIons or t e -matrIx ave to e consl ere . 

In Chapter IV the penetration through a two-dimensional fission 

barrier model was considered. The very good agreement of the USCA with 

the exact quantum mechanical results gives confidence that the semiclassical 

method may also be applied to more 'realistic cases with stronger coupling, 

where the numerical effort does not change very much and where a quantum 

mechanical calculation would be unfeasible. Since coordinate-dependent 

inertial parameters introduce no additional difficulty, the USCA could be 

a useful tool to investigate the full dynamics of the coupling between the 

fission coordinate and other degrees of freedom, such as hexadecupole 

deformations, mass asymmetries and degree of pairing correlations. There 

are other problems of similar nature, to which barrier penetration within 

the USCA might be possible to apply. There is the penetrability problem 

61 of anisotropic barriers in alpha decay. It was also recently suggested 

that the USCA might be used to study the inverse to the fission'problem, 
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that is, the zero impact parameter heavy-ion collision forming a compound 

nucleus and splitting up again. The two aegrees of freedom would be r, 

the distance between the two heavy ions and J a coordinate measuring 

the mass asymmetry_ The potential surface and the inertial tensor com­

ponents as a function of the coordinates rand 5 are available for a few 

systems. It should still be noted that in applying this semicalssical 

method one needs the analytical continuation of the equations of motion 

into the complex plane. For this to be possible one has to have an analyti­

cal function in the region of interest. 
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APPENDIX 

A. Conventional semiclassical treatment of multiple Coulomb excitation. 

In the conventional semiclassical picture lS , 27, the Coulomb exci-

tation is caused by a well defined time-dependent electromagnetic field 

acting on the nucleus as the projectile moves along the classical hyper­

b~la one obtains by considering only the monopole-monopole part of the 

interaction potential. The intrinsic wave function satisfies the Schrod-

inger equation: 

(1) 

where H is the Hamiltonian of the free target and Vet) is the time­o 

dependent electromagnetic interaction: 

(J() t'A 

V(t) = L r. 
A=<1 r=-'). (2) 

with 

(3) 

... 
~(r) being the nuclear charge density operator. The kinetic 7nergy of 

the center-of-mass, as well as the monopole-monopole interaction, was 
. 

included in the determination of the classical motion of the projectile 

and therefore does not appear in the Hamiltonian of eq. (1). Let {~1 

be the complete set of eigen-states of H : 
o 
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(4) 

We can expand ~ in terms of t . 

(5 ) 

The coefficients a (t) are the time,,-dependent excitation amplitudes. 
m 

Att = - ~ the target,nuc1eus is in its ground state and therefore: 

(6) 

I 

At t = +~ the values of a m are the excitation amplitudes after the 

collision, and the excitation probabilities are thus given by: 

(7) 

Substituting the wave function (5) into the Schrodinger equation (1) 

one finds, after multiplying both sides by ~~and integrating over the 

intrinsic variables (using < y{: /1/.,..., )=5 ) the system of first-order ,., ri">7/ ~,.., J 

coupled equations: 

For the matrix element <~ I V(t) I ~> one has: 

1?~ (f!e, r"L <~II U(E)1 ) J '}/;') lr;, "-t 1 ~ tJ~ 1 r;., 

(8) 

(9) 

." , 
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The nuclear states are specified by the spin quantum numbers I and M: 

<'!i:.Ij{(EyJ/ 1) = <r..,I1~ltft(E?;r) I In M.,) 

= (_1r·-M~~I~'A I~ )<I~Jltf{(EA)fJ I
h

) 

\-11",; M., .. 

Substituting eqs. (10) and (9) into eq.' (8) one finds: 

(10) 

) I ... -11.... (1 "I ) d (-1 ~ /I ., 

it; d-t a l M (t) = If.1TZ,eL L .2At-1 -M fA. M II 

. ., .., /.IJ< 1 ... 11.... ""'/'" 
A¥" . 

A convenient parametric representation of the hyperbolic orbit is, in 

the focal system of the hyperbolic orbit, given by62 

x~ ;::: a ( cos h w + c.) (12a) 

(l2b) 

':7 -= 0 ' 
~r . (l2c) 

(12d) 

t ;::. ~ (£ 51vh w + w ) 
. (12e) 
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The focal coordinate system here considered is the coordinate system in 
A. 

which the z axis is perpendicular to the hyperbola and the X axis is 

the bisector of the hyperbola. In Eq. (12), C is the eccentricity of 

the hyperbola, v is the velocity of the projectile in the asymptotic 

region and a represents half the distance of closest approach. The 

values of C, v and a one takes are the ones obtained by symmetrizing 

the hyperbolic orbit, that is, they are some average of the initial and 

final values. We will denote them with a bar on top. The eccentricity 

c of the hyperbolic orbit is related to the final scattering angle 

by: 

£ -

Using Eq. (12) one finds: 

( cosh w + £. + L ~ E 2._ 1' Sfh" hi' ) f'" 

1f (£- cosh IN + 1) ?"7 

Substituting (1~) a~d (15) into (11) and using the definitions: 

(13) 

(14) 

.-
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(17) 

where the notation I == Y 21 + 1 was used, the coupled differential 

equations become: 

( I -. 1/-~ I I)r 
~ COSnW -t S + (... V E- -1 S;V?hlN· a () 

( e. CO.5hw+ -1) "t;?- I..,M ... W (18) 

In reference 14 the so-called Winther-de Boer code for multiple 

Coulomb excitation is described; this code numerically integrates the 

coupled first order differential equations (20). 

For a perfect quantum mechanical rotor, the matrix elements are 

given by the rotational formula 

2A+1 i i (I~ A 1.-..) 
/b IT ., MOO 0 

where Q(2) is the intrinsic quadrupole moment of the target. 
o 

(19) 

Let's note that in first order the transfer of energy between target 

and projectile is included by using the average quantities v, a, E , 2 
etc. This is sometimes referred to as symmetrization with respect to 

energy transfer. During the collision however the projectile also trans-

fers angular momentum to the target. A procedure to account at least 

.. 
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approximately for the transfer of energy and angular momentum has been 

d I d · f 63 eve ope ln re erence . Unfortunately,"the improvements of the semi-

classical calculations, expected to occur when the transfer of angular 

momentum is approximately accounted for, have not been convincingly 

achieved. 

Once the final amplitudes aIM(t = +00) of the states with spin I 

and quantum number M are known, the quantities which are important for 

the experiments may easily be obtained. The total excitation probability 

of a level of spin I is given by 

(20) 

The differential cross-section is obtained by multiplying PI+O with 

the Rutherford cross section, i.e. 

dctr.~o 
clIL 

(21) 

.. 
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B. Tunneling along a circular valley64. 

Letis consider a particle of mas ~, moving in a circular valley given 

by: (see Fig. A-Ia) 

~2,. A 4· 2. 
V(r) =- - + -C'r-

'~ j--"2.. 2 

with (l. »1. The minimum of the valley occurs for 

y. = y f;; I A '1~ = a A'A 
o jUW 

where C ;UW.2. and a:: yrtL'. One also has V(ro) = 1A f1LJ. The 

Schrodinger equation we have to solve is: 

Th~ solution to this equation is: 

where Rn~ is solution of the radial equation: 

(1) 

(2) 

(4) 

The solution of this equation has acceptable boundary conditions only 

when En~ is given by: 
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(6) 

where n is an integer. The solution to eq. (5) can be expressed as 

where the Laguerre functions are defined by 

eZz.-o( d~( -2 n+o<) - e z n! cJZI'I .. . 

(7) 

A quantity measuring the average radial distance of a particle which moves 

around along the valley with angular momentum ~ and whose energy is En~ 

is given by 

V. == -Y<r~>' = {fOR,,~ (-&:V~cJr-J 1/z 

( ,/ ') 1/z = 0- 2n+1 + vAtL2 (8) 

We want to study a tunneling process, that is, a case where the energy 

in the angular direction is negative. This is obtained when one takes 

imaginary ~ values (see eq. (6)) 
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Let us also consider the n = 0 case (for n # 0 the reasoning is similar). 

From eq. (4) one sees that the wave function for imaginary i is not a 

wave function corresponding to a stationary state, but to a state which 

is exponentially damped out \\'hen the system tunnels around (the angular 

part of the wave function is exp (- 20 ¢ ) ). For r I we have then (assuming 

1A')PL) 

(9) 

We find that the particle moves more on the inner side with respect to the 

bottom of th~ valley; that is, in this "tunneling process: the system 

"cuts the corner". 

The same result can also be understood from a more classical point 

of view, by finding the minimum TI of the effective potential: 

(10) . 

(11) 

r
l 

essentially agrees with r
l

; that is, the minimum of the effective 

potential is further inside than the minimum of VCr). 

This ties in with the idea that the tunneling process can be under-

stood by using classical equations of mot,ion on the inverted potential. 

The problem becomes now to find the stable orbit of a system moving on a 
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circular hill (with angular momentum t)1 see Fig. 8-lb. The faster it . 0 

moves, the more inside it must be. Equating the centrifugal force to 

the force acting on the system by the potential Chi 11) we find: 

--... 

2V" -t-,l A i\ 

fro+ - -_._,..., - (Cr---· )Y 
C}y r r3 

(cr--

To summarize, for a system moving along a valley which turns a corner, 

for positive kinetic energies the centrifugal force pushes the system out-

wards (bobsled effect), for negative energies the centrifugal force is 

negative and during this tunneling process the system cuts the corner. 

A quantity measuring the amount of corner cutting is f = (r -rl)/r . o 0 

Let us now express f in terms of C' (the "spring" constant of the 

circular valley), r (the curvature of the valley turning a corner) and 
. 0 

E (the energy in th~ tunneling direction). We find ang 

with C' given by 

(13) 
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(oQ) 

( b) 

X8L759-3878 

Fig. B-1 A circular valley with the valley floor at ro is shown in 

a); if the potential shown in a) is inverted, one gets a 

circular hill as shown in b). 
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C. The symmetrical Eckard potential 

Let's consider a particle of mass m and energy E moving in a 

symmetrical Eckard potential. The Hamiltonian for the system is then 

If E <V and the particle is initially on the left side of the barrier, o 

in order for the particle to be found on the right side it has to tunnel 

.through the barrier. 

The WKB transmission probability TWKB is given by 

-2k 
T =e 

WI(B 

where 

x is the coordinate of the classical turning point: 
o 

Equation (3) can be written as 

(2) 

(3) 

(4) 

(5) 
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where f is 

. Itr~Sh (~) 

f(o<) '" J {1- 0(2 Cosi/ (:.J J :':t,Cf) 
o 

(6) 

one has 

therefore 

(7) 

from eqs. (2), (5) and (7) we finally find 

(8) 

For the symmetrical Eckard potential it is also possibl~ to evaluate 

the exact quantum mechanical transmission probability which is given by65 

. .l ( 7r ,1 . ..,) _ swJ, K' 2h-7E 0.. . 
- ) (9) 

sinh 2(! -V2~E'a)+ C.OSh 2 (f 12mVo - ~2'Q. 

Expanding eq. (9) in terms of 11 and keeping only the lowest order term 

one has 
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(lOb) 

and therefore one finds for the transmission probability 

1 
(11) 

Note that eq. (11) is the "improved" WKB result according to the rule 

. b .. d" 48 ( g1ven y Froman an Froman see also eqs.(IV 4) and IV-S)). 

The equations of motion of a particle moving in the symmetrical 

Eckard potential can be integrated exactly, the result being: 

for E >~ 

wheye ? = V ~ -1 I and ? = Y 1- f I 

The potential energy has poles when COSh (~J=o, this occurs for 

This value of x is obtained (see eq. 12)) if t is such that a 

tO~ E < ~ 

(12a) 

(12b) 

(13) 

(l4a) 

''I 
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or 

F>Vo 

The function Al"C.sin 2. has branch points at .e. = ± L 

Let's consider a complex Eckard potential 

V= 
\/ (,0( 
Vo e 
. 2(X) cosh a: 

(14b) 

(IS) 

one finds that the branch points in the complex time plane for E < V are o 

given by 

. [ .. IE', 0<]]' . 2V~-· Sln- . 
+(-i.) Art:tat1 Vo E -2 + ZQ. [,11' (2n + 1) (16) 

. 1- V; 1/0 

When a = 0, that is the potential is purely real, then the branch points 

form two parallel columns of points with cuts parallel to the real time 

axis joining pairs of them (see Fig. IV 3). When a ,. 0, that is the 

potential· has an imaginary component, then the branch points are shifted; 

they still form two columns of points but the cuts are not apraUel to 

the real time axis. It should be noted, however, that for this potential 

the branch points on the time plane will never shift in such a way that 

a cut crosses the real time axis. 

It is generally true, and it can be verified for the Eckard potential, 
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that branch points in the time plane correspond to coordinates for ~hich 

·the potential or some of its partial derivatives are divergent. For a 
X

2 

potential having a Gaussian shape 'Ioe - one has that the only place h'herc 

it is divergent is for x~:tio? In the complex time plane however, the 

Gaussian potential has branch points at finite values of t. 
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D. The F,.(p, J) generating function. y . 

It will be shown in this Appendix that the generating function for 

the canonical transformation between the cartesian coordinates (p , y) 
y 

and the action-angle variables (J .q) for an harmonic oscillator is 

(1) 

The generator of the F,. type is related to the generator of the F2 type 

by 17 

(2) 

We will now show that F2(y,J) is given by 

(3) 

.. 

Using the transformation equations (eq. IV 75)) one can write eq. (3) 

as: 

from which one can easily prove that 

(Sa) 

and 
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(Sb) 

but eqs. (Sa) and (Sb) are the necessary and sufficient conditions the 

generating function of type F2 has t~ satisfy17, thereby proving that 

F2 is given by eq. (3). 
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E. Bessel Uniform Approximation. 

Let's consider the integral expression for the S-matrix (see eqs. 

11-25) and (11-26)): 

17' 
2 

(1 ) 

(2) 

Let's consider now the specific case of the fission barrier penetration 

model considered in section IV-3c. That example has the followingsyrn-

metry: if initially the phase <p = 2TI<:I of the harmonic oscillator is 

changed by TI, then y and p change sign, but since the Hamiltonian 

depends only on the square of those quantities Ceq. IV 72)) one obtains 

the same physical situation back. 
cUso </>., + rr is Q. 

In other words, if ~o is Q root/Then 

root. Even though the problem is the same if the phase of the oscillator 

is changed by TI, the phase ~ is not periodic. Analogous to equation 

(II 33) one has: 

(3) 

where n is related to J by eq. (IV 73) and the subindices i and f 

refer to the value of the designated quantities at the·starting and 

concluding points of the integration respectively. 

From everything said so far one has that the integral equation for 
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the S-matrix is for the fission model of the form 

1 J fl(. if(x) 
I - 211' . 3 (x) e . c1x 

-1/ 

(4) 

where f(x) has two stationary points in the interval [-71,0], let's denote 

them by x and x+, and the two stationary points. in the interval (0,17] 

being x_ + TI and x+ -TI. 

In section II 4 a similar problem was considered; there the phase 

f(x) was mapped onto a cubic which lead to the Airy uniform approximation 

expression for the S-matrix. Here we will consider a different possibi·lity 

and map the phase f into the following function (the following derivation 

is slightly modified and generalized from the one given by Stine and 

Marcus57 ) : 

(5) 

According to eq. (3), 1<. is to be associated with n
f 

-ni . The other 

constants, A and S ' have to be chosen so that the stationary phase points 

of f(x) in the interval -Tr<X~1r correspond to those of the new 

function in the new domain -1]'< y <: 1/ ; the mapping is then one-to-one 

and uniformly analytic. The stationary phase points occur when 

(6) 

The correspondence between the st~tionary points is therefore 
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X =x+ <---? Y= '(..= 1 Arcsin(2J ) = 8 

X=X ~ <.{=lI = 17'-8 
- I /- 2 

(7a) 

(7b) 

the other two saddle points being displaced by TI. Using eq. (5) and (7) 

one finds 

t+ =f(X+) = - fV1-(:zJi + A + k9 

L = fk) ~V1-(21 y-' - ~7T +Kty +A 

from which one gets 

+ ~krr 4-

Expanding * 3(X) as: 

one finds for the coefficient·p and q 
. 0 0 

(8a) 

(8b) 

(9a) 

(9b) 

(10) 

(lla) 
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(11b) 

The value of the deri vati ves at the stationary points (dx/dy)t. can be found 

by differentiating equation (5) twice and using the stationary phase con-

dition eq. (6): 

(12) 

Substituting eqs. (10) and eq. (5) into eq. (4) one finds for the integral 

I: 

A J21r( . ) -i(! C05U + ¥ -A) 
= - Po cosu + to SlnU e du 

4-11' -2IT . 

(13) 

Let's make a change of variables in the first and third integral; one 

finds 

-ff -i ( ~ COs U +- ~u - A) J (p. cosu + 1- sin u)e c1u -
-2~ : 
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1T . _ i ( ~ Co~ u t ~ - A ) ( K Tr 

= f (P. cos U -r'1. SIV"JU) e e c1u 
o 

1
2 'jI - Js. CoS U + 1ff -A ) 

(Po CO.5U + C4,o si~ u ) e \5 elu = 
/( 

( ~ KU)' ;0-

J 
0 ..) - ~ 5 cos U + 2: - A. - U-( "cJ 

.= ( po CDSU + ~o SIVJue e w 
-T( 

Since K is an ·in.teger··.o.ne .ca.n l::=-i.te 
I _ 

of If • 1D.L) 
1 K iAJ ( ) -t-(JCOSU+ 2 

I .= -r;- (1 +(-1) )e 8 cosu+ 905inu e (14) 
ITT ,..; -II . 

Eq. (14) shows explicitly the "parity" selection rule: the S-matrix is 

non-vanishing only when k =\nf-nil is an even integer. 

From the integral expression of the Bessel functions of integer 

order 

. - h j7r i z c.oS e 
I (z) = L 110 e cos (Y18) de (15) 

and the recursion relations one can find the following expressions: 

.1- J t-ir . ~L (~ COS U + ~U) 
~ J: ( t) = _L _ SWi u e . 'cJu 
2~ 2:.) 2Tr-Tr 

(16a) 

K 1+11 . (t ' kU) i T - £, ) cos u + 2:"" I 
J ~ ( t) = -. cos u e CfU 

2" 5 ;zrrL_Tr 
(16b) 
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Using eq. (16) one has for I 

Substituting into (17) the expressions for 

using eq. (9a) one finally finds 

q and 
o 

(17) 

Po (eq. (11)) and 

For the S-matrix we have from eq. (1) and performing the change of 

variables 

+Tr .~ 

S - A J ~~ du 
))~!'" ~Tr d Uq CuJ 

-1T ell . U. . ~ 

(19) 

Eq. (19) is of the form of eq. (4) with the identifications 

(20a) 

f(x) = ~ (20b) 

The stationary phase points are found from 



• 
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We. have 

- ~(e) 
-. 21r oI~r ± 

Using eq. (22) one finds that 

For the S-matrix one has therefore 

where 
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(21) 

(22) 

-
(23) . 

(24) 
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. (25) 

(26) 

and ~ is defined implicitly by eq. (9b), i.e. 

1( ~--Pr) = ~ V1-(-!r(- ~ Arccos (21 ) 

. ~ V 1- (21 t -i} loj(21 ± V(.?1r- 1) (27) 
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