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Abstract: We study a model of mass-bearing coagulating-fragmenting planar Brownian
particles. Coagulation occurs when two particles are within a distance of order €. Our
model is macroscopically described by an inhomogeneous Smoluchowski’s equation in
the low ¢ limit provided that the initial number of particles N is of order | log ¢|. When a
detailed balance condition is satisfied, we establish a central limit theorem by showing
that in the low ¢ limit, the particle density fluctuation fields obey an Ornstein-Uhlenbeck
stochastic differential equation.

1. Introduction

One of the main purposes of statistical mechanics is to explain the macroscopic behavior
of various phenomena in terms of the statistics of their microscopic structures. Macro-
scopically we often have a PDE involving a small number of parameters. The microscopic
description however involves a large number of components that are evolving by either
deterministic or stochastic rules. Let us name three reasons to justify our interest in
understanding the connection between the microscopic and macroscopic descriptions.

As our first reason, we remark that historically the macroscopic equation is formally
derived from the microscopic description of the phenomenon under study. It is an impor-
tant task of statistical mechanics to justify such a derivation rigorously and verify the
validity of the macroscopic PDE.

For our second reason, we note that we often have simple dynamical rules for the
microscopic model and the main challenging feature of the model has to do with its
large size. On the other hand, the macroscopic evolution involves only a few variables
but is dictated by a rather sophisticated nonlinear rules. It is the case for many examples
that the macroscopic equation is not fully understood. Hopefully by exploring its rela-
tion with its microscopic counterpart we may discover new tools and techniques for the
macroscopic equation.

* This work is supported in part by NSF grant DMS-0707890.
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As our third reason, we should mention that even though the macroscopic equation is
preferred because of its dependence on a small number of variables, it is only a reduced
description of the microscopic phenomenon at hand and we would like to find practical
ways of recovering some of the lost information as we switch to the macroscopic world.
Since the passage from the microscopic details to macroscopic parameters can be recast
as a law of large numbers for some conserved quantities in many scenarios, probability
theory suggests some standard routes for going beyond the law of large numbers and
gain new information. The celebrated central limit theorem and large deviations for clas-
sical examples are guidelines for producing some vital information for the microscopic
model under study.

It is the latter reason which is the chief motivation for the present article. Our micro-
scopic model is a system of coagulating-fragmenting Brownain particles which is mac-
roscopically described by an inhomogeneous Smoluchowski equation. This equation is
derived as a law of large numbers. The main contribution of this article is a central limit
theorem for the aforementioned law of large numbers when the system is in equilibrium.

In our model, we start with N particles with each particle traveling in R? as a Brownain
motion. Each particle has asize m € Z and aradius r € (0, 0o). In fact our interpretation
of the location x of a particle is that x is the center of a ball of radius » and in some
sense only a small fraction of the ball is occupied by the true particle. It turns out that
in reality each particle is a cluster of smaller objects and the cluster is a complex fractal
like entity that is too complicated to be treated with the existing techniques. That is why
we simplify the model by replacing the cluster with a ball of radius r (m) = mX so that
when y > %, we are taking into account the fact that the mass of the particle comes from
a small portion of the ball which is occupied by the cluster. This may appear somewhat
native and not too realistic from a physical point of view. Nevertheless, as was explained
in [HR1-3] and [R2], the model does exhibit some expected features of the underlying
physics. For example, the condition x < dlj guarantees that no gelation occurs in finite
time. That is, no particle of size infinity is formed in finite time at the macroscopic level.
We also conjecture that an instantaneous gelation would occur if x > —

In fact the true radius of a particle is er with & very small. A calculation involving
Wiener sausages reveals that if N = ¢2~¢ whend > 3 and N =| loge | when d = 2,
then the expected value of the number of times a particle coagulates with other parti-
cles in one unit of time stays positive and finite as € — 0. This property allows us to
obtain the Smoluchowski’s equation for the evolution of cluster densities in the low &
limit. To further simplify the involved mathematical technicalities, we forget about balls
presenting each particle and regard each particle as a point. Now the coagulation occurs
stochastically only when particles of positions x and y and masses m and n, satisfy

| x —y |< coe(m* +n%),

for a constant cg. In the preceding works [HR1-2], [R2 and HRY], we were able to
derive the macroscopic equation as a law of large numbers; if we label the locations and
masses of particles as (x;, m;), i € I, then our law of large numbers asserts

1
X Zax,.u)(dx)u(mi(r) =n) = fu(x,)dx
iel
with f; solving Smoluchowski equation (2.6) of Sect.2. Here

2-d
_]e ifd > 3,
& [|log8| ifd = 2. (LD
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As a central limit theorem, we are interested in the limit of the fluctuation fields
& (dx, 1) = VK, (Ks‘ D s dx) Lmi(t) =n) — fu(x. t)dx) (12)
i

as ¢ — 0. In Sect.2, we state a conjecture regarding the evolution of & in low the &
limit. According to this conjecture, the limit & solves an Ornstein-Uhlenbeck stochastic
differential equation in an infinite dimensional setting with £ living in a negative Sobolev
space. The conjecture is formulated using the so-called fluctuation—dissipation princi-
ple of non-equilibrium statistical mechanics. In this article, we establish the conjecture
only when the dimension is 2 and the model satisfies a detailed-balance condition. Some
steps of our proof do not apply to higher dimensions. The case d > 3 is more challenging
and is left for a future investigation.

We continue this Introduction by mentioning some previous work related to our
model. Smoluchowski’s equation was introduced by Smoluchowski in the seminal work
[Sm]. The first mathematically rigorous derivation of Smoluchowski’s equation from a
model of coagulating Brownian particles was carried out by Lang—Nyugen [LN] when
d = 3 and all particles have the same diffusion coefficient. A related problem has
been studied by Sznitman [Sz] when d = 2. A completely different approach has been
employed in [HR1-2 and YRH] to treat the model in general. A thorough survey on
related models and their applications can be found in Aldous [A]. In fact Open Problem
16 in [A] is exactly our central limit theorem when there is no spacial dependence. We
refer to the monograph [Sp] for an introduction to related questions in statistical mechan-
ics and a discussion of the fluctuation—dissipation principle. An equilibrium fluctuation
result has been studied in [R1] for a model of the colliding particles associated with the
discrete Boltzmann equation.

We end this section with an outline of the paper. In Sect.2, we state a conjecture
for the macroscopic evolution of the fluctuation fields. In Sect. 3, a family of reversible
invariant measures for the microscopic model is constructed. In this section, the conjec-
ture is restated as the main result of this paper under the assumption that the model starts
from one of the reversible measures and that the dimension is 2. In Sect. 4, the strategy
of the proof is described. The first step of the proof is a regularity of the coagulation term
and is carried out in Sects.5—7. The proof of the main result is completed in Sects. 8
and 9.

2. A Conjecture

We start with the description of our model. The configuration space €2 consists of pairs
w = (x, m) with x a subset of RY with no accumulation pointand m : x — N =
{1,2,3,...}1is a map that assigns a positive integer to each element of x. Throughout
this section we assume that d > 2. It is often convenient to write @ = (x;, m;);c; With
xi € R? and m; € N, where I = I (w) is a countable index set. We regard x as a collec-
tion of cluster positions in R¢ with no accumulation point and m assigns a size to each
such position. We may also identify @ = (x, m) as a discrete measure & = >, _; 8(x;.m;)
on R? x N. Using this identification we equip the space Q2 with the topology of vague
convergence.

We now describe the evolution of coagulating and fragmenting Brownian clusters as
a Markov process on the configuration space 2. For this, functions d : N — (0, 00),
o :NxN-— (0,00)and § : N x N — (0, co) are given which represent the diffusion
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coefficient, the coagulation rate and the fragmentation rate respectively. We assume that
both @ and B are symmetric. Also a parameter x € [0, 0o) and a continuously differ-
entiable function V : RY — [0, c0) are given for our model. We then define a Markov
process w(t) with infinitesimal generator A = Ay + A. + Af, where Ay represents
the “Brownian motion” part of the dynamics, and A, and A ¢ represent the coagulation
and fragmentation parts of the evolution. For the “Brownian motion” part, we use the
representation w = (x;, m;);cs to write

AoF (@) = D d(mi)A, F (o), 2.1)

iel

for any C? function F. Here A x; Tepresents the Laplace operator which acts on the x;th
variable.

As for the coagulation part, we write A, F (w) = A* F(w) — A_ F(w) with A* and
A given by

1 m
ATF@) = = > almi.m))Velx; — xjimi,mj) | ———F(S}
F(w) 2ijEIoz(ml mj)Ve(xj — xj;mi, mj) |:m,'+mj (S;;0)
i#j

m;j 2
+—L—F(Sio) |,
m; +mj

_ 1
AZF(@) = 5 z a(mi, mj)Ve(xi — xj; mi,m;)F(w).
i,jel
i#]
Here,

(i) & > 0is a small parameter that represents the range of interaction.
(i) The function V (x; m,n) = A(e)V (%;m, n), where

_[1loge|~te™? ifd =2,
Me) = [8_2 ifd > 3, (22)
and
) X
Vx;m,n)=r(m,n)"“V , (2.3)
r(m,n)

with r(m, n) = r(m) + r(n), for r(n) = nX, and V is a symmetric Holder con-
tinuous function of compact support and total integral 1.
(iii) We denote by Sl.lja) the configuration formed from w by removing x; from x and

assigning the size m; +m to the surviving cluster at x;. The configuration Sizja)
is defined in the same way, except that we remove x; from x and assign the size
m; +m  to the cluster at x ;. We note that the cluster at x; survives the coagulation
with probability —

mi+m;*

Before describing the fragmentation part of the dynamics, let us explain the form
of the function V. Note that V¢ (x; — xj;m;,m;) # 0 only if x; — x; is of order
e(r(m;)+r(m;)) with r(m) = m*. This means that we regard a particle of size m to be
roughly a ball of radius &7 (m) so that a pair of clusters of centers x; and x; coagulate
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when their corresponding balls overlap. If we assume that the mass of the i cluster is
distributed evenly in the ball B, (;,)(x;), then we expect to have y = %. However, in
reality a cluster is far from being a round ball and expected to be a fractal like object.
By allowing x € (0, co) we are hoping to have a more physically relevant model. In
particular, the case x < % represents a scenario in which the ball B, ;) (x;) contains the
true cluster and only a fraction of the ball is occupied with the cluster. We believe that
the case x > ﬁ corresponds to the occurrence of “gelation”. We refer to [HR1,HR3
and R2] for more discussions. (Note that no finite x can cause gelation when d = 2; we
guess that the radius must grow exponentially with the mass in order to have a gel in
this case.)

The occurrence of the factor A(¢) in the definition of V is to guarantee that when two
clusters collide, then they coagulate with a probability that stays away from 0 as ¢ — 0.
Indeed B = x; — x; is a Brownian motion that spends a time of order &2r(m;, mj)2
(respectively e2r(mi, m j )2| log €]) in the support of V, whend > 3 (respectively d = 2).
We also multiply the sum in the definition A, by 1/2 to ensure that the summation is
over unordered pairs {i, j}.

As for the fragmentation part, A ¢ F (w) = AJ}?F (w) — A;F (w), is given by

m,-—l

1 m
52 2 Bumm; —m)/ VE(xi = yimi —m, m)(F(S]"" @) — F(@))dy,
i m=1
with

m,-—l
A}F(w) = %z z B(m,m; — m)/ VE(xi —yimi —m,m)F(S;"" w)dy.

i m=1

Here,
Vea:m,n) =ev (g;m,n), (2.4)
&

and S;"" is that configuration formed from w by replacing (x;, m;) with a pair of clusters
of positions x; and y and sizes m and m; — m.

The central object to study is the cluster density of a given size. Microscopically we
are interested in the empirical measures

gh(dx, 1) =K' D" 84 (@d0)1(mi(1) = n),

where K, was defined by (1.1). If for example we select (x1(0), m1(0)), ..., (xn(0),
my (0)) randomly and independently with the law

P(x;(0) € A,m;(0) =n) = %/ f,?(x)dx, (2.5)
A

withZz =3 [ fnodx, then by the law of large numbers, g; (dx, 0) converges weakly
to f,? (x)dx provided that N = K.Z and ¢ — 0. Note that such a choice of initial
condition implies that on average there are K, f f,? (x)dx many particles of size n. A
Wiener Sausage calculation reveals that in average, each particle in our model experi-
ences finitely many coagulations per unit time. This explains our reason for choosing
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K. as above. The main result of [HR1,HR2 and R1] states that if ¥ < lez’ there is
no fragmentation, and « satisfies some technical conditions, then the empirical density
g:(dx, t) converges to f,(x, t)dx where f, is a solution to Smoluchowski’s equation,
subject to the initial condition f,(x, 0) = f,? (x). It is shown in [HR3] that this solution
is unique.

Smoluchowski’s equation has the form

0 n +,c —,C +, )
8—C(x, 1) =dn) Ay fu(x, 1)+ QP (E) — QB+ 05/ (1) — 0, (F).  (2.6)

where f = (f,, : n € N), and
n o0

0P 0 = 5 3 @t n—m) fufome OO = 3801 fn

m=1 m=1

o0 n—1
. A _ L
ol @) = D" Bm.n) frem. 0, (f) = 5 2 Blm.n—m)f,

m=1 m=1
with
a(m,n) =n(m,n)a(m,n), 3(m, n) = n(m,n)B(m, n). 2.7

The function n(m, n) is calculated in terms of the microscopic details of the model.
We start with the case d = 2. In this case 7 is independent of the function V and the
parameter y, and is simply given by

. 2w (d(m) +d(n))
T 27(d(m) +d(n)) +a(m, n)’

The formula for n(m, n) is more complicated when d > 3 and does depend on both V
and x. Here is the recipe for n: First we find the unique solution to the equation

dm) +dm)Auy n(x) = a(m,n)V(x;m,n)(1+up ,(x)) 2.9)

n(m,n)

2.8)

with u(x; m, n) = u,, ,(x) satisfying u,, ,(x) — 0, as |x|] — oo. Then we set
n(im,n) = / Vx;m,n)(1 + up ,(x))dx. (2.10)

Remark 2.1. e For the purposes of this section, we have assumed that ), f fnod X < 00,
which implies that there are finitely many particles almost surely. However in Sect. 3
when the main result of this article is discussed, the density f,? is constant and the
system involves infinitely many particles. The existence of such a particle system is
no longer obvious, and in Remark 3.5 we will explain how such a particle system is
constructed.

e Note that we deliberately choose a mechanism for the fragmentation that is, in some
sense, dual to the coagulation mechanism. This allows us to easily construct reversible
invariant measures for the process w(¢). In other words the fragmentation is defined
in such a way that if we reverse time after a coagulation, we obtain a fragmentation.
For the kinetic limit however, we can use a kernel W for the fragmentation that is
different from V, or even choose two new locations y; and y, near x; for the locations
of new clusters of a fragmented cluster. However, for this fragmentation mechanism,

the macroscopic coagulation and fragmentation rates read & = an, ,é = Bn’ with
possibly n # 7.
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o Letuswrite O, = 07 — 05+ 07 — 0,7/ We then have the following useful
formula: For any sequence (J, : n € N),

1 ~
Z«]nQn = E Z(&(m’ n) fm fn — B, 1) finsn) (man — I — Jn).

n,m
O
The main goal of this article is to derive an equation for the evolution of the density
fluctuations about the solution to Smoluchowski’s equation.

To this end, recall the fluctuation fields & (dx, t) that was defined by (1.2). Let us
assume that x < (d —2)~! and that the total mass [ >, nf dx is finite.

Conjecture 2.1. As ¢ — 0, the process &, converges to &,, where &, is the unique
solution to the Uhlenbeck—Ornstein equation

9&n
ot .
En(x,0) = &, (x),

where £ = (§, : n € N), and

= d(n)Axky + LE + L1E + v, 2.11)

co=cc—coc ol =ch -y (2.12)
with
n—1 o0
‘C;’Cf = &(man —m) fmbn—m., AC;’Cé :22&(””’ m)(fmén + fu€m), (2.13)
m=1 m=1
oo R 1 n—1 R
Cole =" e mewm.  LilE =5 fon.n —mé,, (2.14)
m=1 2 m=1

and vy, is a space-time white noise with variance given by

<(2// Jnyndxdt)2> = 2//Zn:d(n)fn|VJ,,|2dxdt

l A~
+5 //%:a(m,n)ﬁzfm(lnm — T, — J,)dxdt

+% // mzl;ﬁ(mv 1) foem (Jnam — Jn — -Im)dedt
(2.15)

for any smooth test function J = (J,, : n € N) of compact support in R¢ x (0, 00).

In fact y belongs to a suitable negative Sobolev space and the integral of J,,, must
be understood as the value of the distribution y;,, at the smooth test function J,. See the
next section or the beginning of Sect.8 for the precise definition of £ and y and the
meaning of Eq. (2.11).

The main result of this paper asserts that Conjecture 2.1 is valid if the initial distri-
bution of the cluster is chosen according to a reversible equilibrium state and d = 2.
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3. Equilibrium Fluctuations

We start with constructing reversible invariant measures for the process w(¢). For this
we take a collection of positive numbers A = (A, : n € N) such that 3" 4, < oo, and

a(m, n)Ayhy = B(m, n)Apim 3.1

for every m, n € N. Note that for such a collection, the functions f, (x, t) = A, do solve
Smoluchowski’s equation because by (2.7) and (3.1),

&(m’ mApAm = B(ma ) Apm s (3.2)

and this in turn implies

0 =0, ), 0, = ol . (3.3)

Given such A, we construct a reversible invariant measure w) for our process w(#): Let
x" be a Poisson point process with intensity K A,. Assume that (x"*, n € N) are inde-
pendent and define ® = (X, m) by x = Uzozl x" and m(a) = n for a € x". In words,
particles of size n form a Poisson point process of intensity of KA, and these processes
are independent for different choices of n. We note that if A is a bounded subset of RY,

then
[ Madin = 181K 3 20
n

where

oo
M%(w) = M (x,m) =#{a ex:a € A,m(a) =n}, My = ZMX.
n=1
Hence, if we assume that Zn An < 00, then there are finitely many clusters in a bounded
domain almost surely with respect to ;.

We now assert that i, is indeed reversible. To explain this, let us take two bounded
local C? functions F, G : Q@ — R. By a local function F we mean that there exists a
positive constant c¢( such that ' depends only on particles (x;, m;) such that |x; |, m; < co.
We then have

/G AF duy, =/F AG dpu;,. (3.4)
Indeed,

/G AoF dpy = —/Zd(mi)VXiF V., G du, (3.5)

/GA:F duy Z/F.AJ_CG duy, /G.AC_F duy =/F.A}G duy. (3.6)

Note that (3.6) is the microscopic analog of (3.3), and together with (3.5) imply (3.4).
The proof of (3.5) follows from an integration by parts. As for (3.6), observe that for
any bounded set A,

o [ Ln (K )Ln
,ui\(de) = Z H |:H L(m,; =n, x,; € A)dxm-:| rlL S' ef)nanlM,
i=1

Li,Lp,...n=1 n
3.7)
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where w, is the configuration in the set A and uf is the law of wa under u; . Here we
have labeled particles of sizen by nl,n2,...,nL,and L, = M f‘\ is the number of such
particles. Using the representation (3.7), one can readily verify (3.6).

Let us write P2 and [E? for the probability and the expectation with respect to the pro-
cess w(-) subject to the initial condition w (0) = w. When w(0) is distributed according
to an invariant measure (), we write P¢? and E¢? instead. Given w(-), we define

1
HONEVI (K— DI ) Umi (1) =n) — Ay / J(x)dx) (3.8)

for every smooth J : R? — R of compact support. Let D denote the space of smooth
functions of compact support and let D’ denote the space of distributions (the dual of
D). We regard & as an element of the Skorohod space D = D([0, T], (D’ YN). The
transformation w(-) — &° induces a probability measure P° on D. We regard &/ (¢, J)
as the value of the distribution &7 (¢) at J.

To state our assumptions, take a nondecreasing function @ > 1, such that o’ (m, n) =
a(m,n)/(d(m) +d(n)) < a()+a(m), and set B’ (n) = Zz;ll B(n —m,m).

Hypothesis 3.1. The function d(-) is bounded. Moreover for some 6 > 1/2,

lim 7(e) = lim K > amir, =0, (3.9)
2er(n)>4§(e)

where §(¢) = |loge| ™%, and

Z[a(n)(r(n) + B/ (n) logn) + a(n)z(a(n) +logn)]A, < oo. (3.10)

n

Remark 3.1. Note that by detailed balance, we have that 8(n, m) = a(m, n)ApAm /[ rm+n-
Hence, if o and A are known, then S is determined. As an example, consider the case
with X, decaying like e™“", as n — oo. In this case, we can readily see that if a(n) is
growing at most like a polynomial as n gets large, then both (3.9) and (3.10) are satisfied.

Theorem 3.1. Assume Hypothesis 3.1 and that the dimension d = 2. Then the finite
dimensional marginals of the sequence P*® converges to the finite dimensional mar-
ginals of P, where P is the distribution of a stationary Ornstein—Uhlenbeck Gaussian
process with covariance

/ / > 6(t, J)En (0, Hy)P(d$) = / S T Ha@hadx.  (B.11)
n=1 n=1

Here J,, H, € D for n € N and T; is the semigroup generated by the linear Smolu-
chowski’s operator

[ee) n—1
~ 1 ~
(T = d) ATy + 3 BOn, ) Jusm = 5 D" Bn,n —m).Jy
m=1 m=1
n—1 [e%e)
+ Z G(m, n —m)Jy—mim — Z &(m, n)(Jnhm + Imhn). (3.12)

m=1 m=1
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Remark 3.2. Note that the macroscopic coagulation and fragmentation rates @ and ,3
are strictly smaller than their microscopic counterparts o and . We refer the reader to
Sect. 4 for a heuristic explanation and how a fundamental auxiliary function u® would
allow us to switch from the microscopic rates « and S to macroscopic rates & and ,3 .
Note also that even though the “strengths” of the noises associated with the coagulation
and fragmentation are given by « and f, the corresponding macroscopic “strengths’ are
given by & and ﬁ as the expressions (2.15) and (2.15) indicate. In fact this reduction in
the strength happens in a very curious way:

— The auxiliary function u® corrects the original noises coming from the coagulation
and fragmention by reducing their strengths to @ = an? and f = An?. (See formulas
(8.33) and (8.37) and the definitions of A and A yo which are given right after (8.26)
and (8.34).)

— The Brownian part of the dynamics uses the corrector #® and produces some noise
which enhances the reduced strengths @ and f to their final values & and ,3 (See
formula (8.24), expression Agz121111 Which is defined right before (8.23), and the
final step of the proof of (8.4).)

Remark 3.3. In fact what we can prove is somewhat stronger than what has appeared in
the statement of Theorem 3.1. We will show that the process &% = &’ — &” with both &’
and £ stationary processes in time, where the law of &’ under P;? converges to P, and

lim ES9|€" (1, J)| =0
e—0

for every ¢, n € N, and test function J. We refer the reader to Sect. 9 for the details.

An alternative description of the law P is the martingale formulation of Holley and
Stroock [HS] that will be defined in Sect. 8. It is this formulation which we use for the
proof of Theorem3.1.

Remark 3.4. The intuition behind (3.11) is the standard dissipation-fluctuation princi-
ple. This principle is used to predict the form of the diffusion coefficient once the drift
and the invariant measure for the fluctuation fields are known. In fact (3.11) is equivalent
to saying that the process & is a solution to the stochastic differential equation

dE = T&dt + BdAW,, (3.13)

where dW; = dWi;,...,dWy;,...) with (dW, : n € N) independent space-time
white noises and the operator B is determined by

/Z(B{)H(BH)ndx = 2/2)\,,va,1 - Vi Hydx
n=1

n=1
00
1 .
+§/ E a(m, m)dprm (Jpam — Jn — Jn) (Hpom — Hy — Hyp)dx

m,n=1

1 .
+§/ Z B, m)Apam (Jnam — In — In) (Hppm — Hy — Hy)dx.

m,n=1
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Indeed if we start with the ansatz that £ satisfies an Ornstein-Uhlenbeck equation of the
form (3.13), then we have an obvious guess for the linear drift I'§, namely the lineariza-
tion of the right-hand side of the macroscopic equation (2.6). We also have a candidate
for its invariant measure, namely the measure P given by (3.11) at r = 0;

/ / D ENUE) (H)P(dE") = / D Jn () Hy () hndx.
n=1 n=1

We then select the diffusion operator 5 to be compatible with what we have for the drift
and the invariant measure of the process &.

Remark 3.5. As our final remark, we comment that it is not obvious that our Markov
process w(-) exists because we are dealing with infinitely many interacting diffusions.
However, since we are only interested in the process w(-) at equilibrium, its existence
can be shown by rather standard arguments which we now sketch.

(i) Observe that if initial macroscopic densities (f) : n e N) satisfy >l 19
dx < 0o, then we can construct our process by starting from N independent par-
ticles (x1,my), ..., (xny, my) satisfying (2.5), where N and ¢ are related by the
equation N = K. Y, [ fOdx. In other words, if the total density is finite macro-
scopically, then initially we are dealing with finitely many particles almost surely
and the existence of the process w(-) is obvious. However, since at equilibrium
f,? = A, is not integrable, we need to consider a Poisson point process with
infinitely many particles.

(il) We now argue that we can construct our process if we make two assumptions:

Z/ nf(x)dx < oo, (3.14)
o JIxI=r
a(m,n)=pBm,n)=0 if m+n>¢, (3.15)

for every r > 0 and some ¢ > 0. In other words, we assume that locally the
total mass is finite macroscopically but now we assume that no interaction occurs
if particles are large. To construct w(-) in this case, we first replace f© with
FOl(|x| < k). Our process exists for such an initial macroscopic density by (i).
The corresponding process is denoted by wy (-). We now want to send & to infin-
ity and show that the sequence (wy : k € N) is tight and that any of its limit
point w is a solution to the martingale problem associated with the generator .A.
That is, F(w(t)) — fot AF (w(s)ds, is a martingale for every C? local function
F. This can be readily achieved by establishing a control on the total number of
particles in a ball {x : |x| < r}. Here is a way of establishing such a control
uniformly in k: Pick a positive smooth function J which equals to exp(—|x|)
for large x, and set H(x) = — fly\sl log |y|J(x — y)dy. We can readily show
that H > 0 and that AH < coH for a constant cy. Then use the martingale
M(t) = F(wi (1)) — [y AF (i (s)ds for F(w) = > ; H(x;)m; to show

supE sup F(wk(1))? < oo, (3.16)
k  t€[0,T]

for every T. This can be used to establish the tightness of wy and the existence of
our process provided that (3.14) and (3.15) are true.
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(iii) It remains to relax the restriction (3.15). We now would like to take advantage
of the fact that we only need to consider f,? = An. More precisely, by (ii), we
know that P¢? exists if we assume that (3.15) is true. Let us write w® for our
process when « and g are replaced with ay(m,n) = a(m,n)l(m +n < f),
Be(m,n) = B(m,n)l(m +n) < £). Again, we need to show the tightness of ot
and pass to the limit in the martingale formulation of our process. For this, we need
to show something like (3.16) for the sequence w*. This can be readily achieved
by bounding various terms that appear in the martingale M (-), using the fact that
the process e’ is stationary in time.

4. A Sketch of the Proof

We aim to show that the expression

Xe(w(®) = K727 T (xi(0), mi(1)), 4.1)

with J(x, n) = J,(x) satisfying f Judx =0, 1s close to >, &,(t, J,), with the distri-
butions (§, : n € N) solving (3.13) in the weak sense. To derive (3.13), we use Markov
property of the process w(¢) to write

t t
Xe(w(n) = Xs(w(O))+Z/O AoXa(w(S))dS+/O AcXe(w(s))ds

t
+/ ArXe(w(s))ds + M (1) 4.2)
0

=Y+ Y2(0) + Y2 (1) + YA(0) + M. (1),
with M, a martingale for which
t
Ne(t) = M (1) — / (AX? —2X. AX.)(w(s))ds, (4.3)
0

is a martingale.
The identity (4.2) should be compared to what we have as the weak form of (3.13),
namely

t
S 6 ) = an<1n,0>+/0 > A (A, 5)ds
t
+/ Z&(m’ n))\mé:n(-]n+m - Jm - Jnv s)ds (44)
0 m,n

t
+/ Zﬁ(ma n)$n+m(-]n+m - Jm - Jn, S)ds + M(t)
0 m,n

=Y'+ Y2+ Y () +Y*) + M),
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where the process M (t) is a martingale for which

N(t) = M(1)* — z/zzd(n))\nwjn(xnzdx

_%/Z&(m,n)kmkn(Jn+m — Ty — T2 (x)dx

m,n

/ > Bm. )k (Jnsm — T = J)* (X)dx,

m,n

t
2

is a martingale.
To establish Theorem 3.1, we may try to show

Y/ > Y/, M,— M,

fori =1, ..., 4. It turns out that this is not what is going on! Firstly, it is rather straight-
forward to show that Y, 81 — Y! by the classical central limit theorem with Y a Gaussian
random variable with variance Zn An f andx. Also, virtually by definition, we have that
if €% converges to &, then Ys2 — Zn d(n) fot &,(AJy, s)ds. This stems from the fact
that Yg2 corresponds to the “non-interacting” part of the evolution, namely the Laplacian
operator A. However we need to split the “interacting” part of the microscopic evolution
into 3 distinct parts of completely different natures. Indeed, we have a decomposition

Y2 =y eydray?d, (4.5)

where Y1 — Y3 as e — 0, the term Y2 contributes to the fragmentation term so that
Y232+Y* — ¥4 and Y23 contributes to the martingale part. Thatis, Y>3 + M, — M. 1t
is as if a part of the microscopic “drift” becomes some type of “white noise” as ¢ — 0.
Perhaps this is the most surprising aspect of the present work and is in complete contrast
with some earlier works on the equilibrium and non-equilibrium fluctuations on models
with diffusive scaling [CY,C] and a stochastic model with kinetic scaling [R1]. This
ramification of the diffusion coefficient by the “drift” is reminiscent of a similar phe-
nomenon for the tagged particles in the exclusion processes (see Kipnis-Vardhan [KV]).
In our setting however, the ramification of the noise happens in a rather curious way as
we explained in Remark 3.2.

To explain the decomposition (4.5), and sketch our method of proof further, we need
to recall how Smoluchowski’s equation has been derived from our microscopic model
in the articles [HR1,HR2,R2 and HRY]. For this derivation, we need to understand
how the microscopic coagulation (respectively fragmentation) rate o (m, n) (respectively
B(m, n)) leads to the macroscopic coagulation rate &(m, n) (respectively ﬁ(m, n)).

For the derivation of (2.6), we start from the expression

Xe(@®) = K7 X (@) = K. D7 T (i), mi(1)),

and study the corresponding (4.2) which we obtain by multiplying both sides of
4.2) by K, "% Since K, '/>M, — 0, we only need to concentrate on K, /*¥}

and K. '/?Y*. The term K '/>Y?* is in some sense linear and all challenges come

from K; '/2¥3. 1t turns out that there is a splitting K; /*¥3 = Zz! + 72 with
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Z! converging to f(;fzn Ju(X) QS (F)(x, H)dx and Z2? + KQI/ZY;‘ converging to

f(; > In(x) Q,{(f)(x, t)dx. This splitting is not hard to justify; when a fragmen-
tation occurs, a pair of particles are produced which are within a distance of order O (¢)
and prone to coagulate. Of course such a coagulation undoes the fragmentation that has
just been occurred. Indeed Zg is negative which results in a macroscopic fragmentation
/§ strictly less than 8.

To describe the decomposition (4.5), let us observe

1

V2= K2 Y almimp)Ve(xi = xjimiom )T (iomi. xj.my) - (4.6)
i,J
1 _ N
= K 2D almi, mp)VEC = xjzmi,mp)J (xi,mi, xj,m;),

ij
where V¢ = K.V, and f(xi, m;, xj,mj) is given by

mi

mi
J(xi,mi+mj)+ J ](Xj,mi+Mj)—](xi,mi)—J(Xj,mj).(4.7)
mi+mj mi+mj

Our goal would be a decomposition of the form

t ' t
/ Yg(s)ds = / Bg(a)(s))ds +/ Ce(w(s))ds + Dy(t) + Error, 4.8)
0 0 0
where

1 -
Biw) = 5K 3 almimp)We (i = xj o+ zsm.m)J (ximi xjom ), (49)
6]
for a suitable function W¢ which will be defined shortly, and Error represents a term

that will go to zero as ¢ — 0 and |z| — 0. The form of W¢ would allow us to replace «
with its macroscopic counterpart &. The term C is given by

mi—1

/K;”Z > Bn,mi —m)VE(xi — yim,mi —m)

i m=1
ut (xj — yim,mi —m)J (xi,m, y, mi —m)dy,
and the term D, (¢) is a martingale. It is the decomposition (4.8) that leads to the decom-

position (4.5).
To achieve the decomposition (4.8), fix z and start from the expression

Ge(w) = K2 (e — xjimi,mp) T (xio mi, xj.mj), (4.10)
iJ
where ¢ (a;m,n) = u®(a + z; m,n) — u®(a; m, n), with u(a; m, n) satisfying the
equation
(d(m) +d(m) Au (x; m,n) = a(m, n) [Ve(x; m, n)u®(x;m,n) + VE(x;m, n)].
“4.11)
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(The functions V¢ and V. were defined by (2.4) and right before (2.2) respectively.) We
then apply the martingale decomposition as in (4.2) to assert

t
Ge(w (1) = Ge(w(0)) +/ AGe(w(s) + Ec (1), (4.12)
0

with E.(t) a martingale. This involves various terms as we apply the operators Ay, A,
and Ay on G,. As it turns out, the first term G.(w(0)) and many other terms on the
right-hand side of (4.12) are small if |z] is sufficiently small. However, the choice of u®
results in a component in (Ap + .A.)G,, which is exactly our 2(B? — Y, 53 ) in (4.9), and
a component in A ¢ G, which is exactly C,. The function W¢ in (4.9) is given by

Wé(a;m,n) = Vg(a;m,n)(l+Kg1u8(a;m,n)). (4.13)

Of course we need to show that all other components in (Ag + A.)G,, and ArG, are
small if € and |z| are small. This can be achieved by rather straightforward reasoning if
we require
K z|llog |zl — 0, K. '*|loglz]| — 0. (4.14)
(In higher dimension, the second condition is replaced with K, I 2|z|2_d — 0, which
is inconsistent with the first condition if d > 3.) These two conditions are satisfied if
lz| = |loge|™?, for some & > 1/2. At this stage, we simply use the smallness of i
for z satisfying ¢ << |z| << 1. In other words, we do not take advantage of the fact
that J is of 0 average and do not apply any central limit-type arguments. (For higher
dimensions, this line of reasoning is not applicable and we really need to establish a
central limit-type theorem to show that the error term in (4.8) is small.) Of course we
may try to square the error term and take advantage of the fact that J is of 0 average and
that particles are independent at equilibrium. This turns out to be rather technical and
challenging and will be dealt with in a future publication.
So far we have learned that the expression Y’ 83 can be replaced with the right hand-side

of (4.8). Once this is achieved, we take a smooth function ¢ of compact support, set
¢%(a) =879¢ (%), and define

[, =K' i) = 0 Lmi () = n).

We think of this as an approximation of the density of particles of cluster size n. We
choose 8 = 8(¢) = |loge|~? with & > 1/2. The outcome :f(x, 1) = f,?(g) (x,t) con-
verges weakly to A, as ¢ — 0. So far we have not carried out any CLT. We know that if
|z2 — 21| = (), then

t t t
/ Y3(s)ds = / B2 (w(s))ds + / Co(w(s))ds + D, () + Error! (¢) (4.15)
0 0 0

with lim,_, o Errorl(¢) = 0 and D, (¢) a martingale. We multiply both sides of (4.15)
by ¢ 3(2]){ 3(z5) and integrate with respect to z; and z». After a change of variables
71 > 21 — X, 22 > 22 — X, we obtain

1 [! _ ~
5/ //K 2" i, mp)WE (21 — 20 mi,mp)J (i, mi. xj, m))
0 ij

2@ (x; — 212 (x; — z2)dz1dzads,
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for the first term of the right-hand side of (4.15). Since J is smooth and ¢ is of compact
support, we may replace J (x;, m;, x;, m;) with J(z1, m;, z2, m;) for an error of order
O (8(e)). We then carry out the summation over i and j to obtain

t
%Za(m,n)/o // Kgl/zf,?(g)(m,S)f,i(g)(zz,S)

We(zi — z2;m, n)J (z1, m, 22, n)dz1dzads.
Since J is of zero average, the integrand
A= KO @19 0 @208) = dada) WE @1 = 225 mum) T (21, m, 22, ),
can be written as
A=A+ A+ A3, (4.16)
where

A= K2 (21, 5) = ) Am WE (21 — 225 m, n)J (21, m, 22, 1),
Ay = K23 (21, 5) = hm)Aa WE (21 — 225 m, n)J (21, m, 22, 1),
Az = KPLE D1, 8) — ) (£ (22, 8) = M) IWE (21 — 223 m, n) I (21, m, 22, ).

To achieve our goals, we wish to show that A3 is small in average. Formally, if A is
a bounded quantity, then A3 is smaller than A because of the additional small term
f,fl(e) — A This turns out to be wrong; the term f,‘; — Ay 1s small only in a weak sense
and its product with £ — A, is no longer small. This is not surprising at all because
8 = §(¢) is not sufficiently large enough for a central limit theorem to take place. Indeed
the support of £ is a set of volume O (89) and as a result, the particle density ,f involves
O (K:8%) many particles in average. For a CLT taking place, we need a density which
deals with a large number of particles. In other words, we expect A3 to be small only
when K89 — oo ase — 0. This would not be the case if § = | loge|~f fora® > 1/2.

In order to figure out a successful way of going beyond | log ¢| =% and reach a density
£ with § satisfying K,8¢ — oo, we need to review what has been achieved so far and
what to learn from it.

Basically our goal is a central limit theorem (CLT) for the particle density (4.1) and
for this we need to perform some type of CLT for the time average of (4.6). Note that
YS is in some sense singular because the function V? is a delta-type expression. That is,
in a region of volume 0(e?), V& is of order O (s~4). In fact if we calculate E¢ Ys3 (w)?,
we get an expression that blows up as ¢ — 0. All this ultimately stems from the fact that
the coagulation occurs when particles are microscopically close. We wish to replace V¢
with a smoother kernel and this is exactly what purpose (4.8) serves. We try to replace
x; —x, the argument of V*, with x; —x; +z. That s, we try to figure out the coagulation
rate when particles x; and x; are not microscopically close but only macroscopically
close, ie., x; — x; = z + O(g) with |z] — O after sending ¢ — 0. (For example |z|
could be as “large” as | log £ ~?.) However there is a price to pay for such a replacement;
we need to replace V¢ with W® and modify the fragmentation term (we are referring
to the term C,), and even the noise is modified (the term D;). To carry this out, we
encountered various additional terms which are presumably small. We have a relatively
easy ride, if |z| << |loge|~!/2. Even though we have not reached our ultimate goal
|z| >> |loge|~'/2, we have already achieved three important tasks:
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(i) The correctors C, and D, would modify the fragmentation and martingle terms
as required in the proof of the main result Theorem 3.1.
(ii) Theterm W¢ would allow us to replace « with & because lim f W¢é =nase — 0.
(iii) We have been able to replace the singular term V¢ (a; m, n) with a less singular
term Wé(a; m,n) = f We(a + z;m, n)¢%® (2)dz, where 8(g) = |loge|~? for
some 0 > 1/2.

We are now in a position to explain the central role of Eq. (4.11). Because of the time
average in fé YS (s)ds, we are dealing with an expression which is almost as smooth as
A7y, 83 . Of course A~ is too complicated to use. The message behind Eq. (4.11) and its
use is that we only need to consider 2-particles dynamics. Namely, the fact that x; — x;
is a diffusion with generator (d(m;) + d(m;))A, and that once a coagulation occurs
with rate a(m;, m ;) between the i th and J th particles, (x;, x;) as a pair no longer exists
and hence the dynamics of x; — x; has an infinitesimal generator of a killed Brownian
motion:

= (d(m) +dm)A —a(m,n)Ve(:;m, n),

with m = m; and n = m ;. Now the function u® = ', V? is smoother than V¢ and this
allows us to perturb its argument by a small vector z and obtain (4.8). By (iii), we are
now dealing W¢ in place of V2. We note that W& = O(8(e)~¢), and has a support of
diameter O (8(¢)). To replace W*¢ with We(a; m,n) = f Weé(a+z;m, n)g“s/(s) (2)dz, for
some §’ (¢) >> |log 8|_1/ 2 we almost repeat the formula (4.12) where V¢ is replaced
with W¢, and u?® is replaced with v¢ which now solves

(d@m) +dn) Ave (x; m, n) = a(m, ) WE(x; m, n). 4.17)

This time we can show that various terms that appear in AG, are small provided that
|z| < &'(e) for &', that is, now can be chosen as large as | log log |~ for any 6’ > 1/2.
For this step of the proof we show that all the error terms have small second moments,
in other words, a CLT is taking place and the errors have small variances. (see Sect. 7).

As a consequence of the main result of Sect.7, we have the decomposition (4.15)
where 8(¢) is replaced with 8'(¢). We can now rigorously show that A3 is small by
ignoring the time integration and showing that the integrand has a small second moment
with respect to the equilibrium measure. As for A, we first carry out dz, integration
and use the fact that limf WEé(a; m,n)da = n(m, n), as ¢ — 0. (This was proved as
Theorem 3.2 in [HR2].) After some straightforward manipulations,

/ //A1 dzidzpds = [/ &, (t, J)ds:| n(m, n)A, + Error? ().

As for Aj, we first replace J (z1) with J (z2) for a small error because |71 — z2| = O(¢).
We then integrate with respect to z; and repeat our reasoning for A to obtain

t '
/ // Ay dzidzpds = [/ En (s, J)dsi| n(im, n)A, +Err0r3(£).
0 0

In summary

/ Y2 (s)ds = Za(m n) / En (s, I)hn +En(s, Nhp)ds
0

m,n

+ D, (t) + Error(e) (4.18)

for an error Error(e) that goes to 0 on ¢ — 0.
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5. Regularity of the Coagulation Term, Part I

As we mentioned in Sect.4, the main ingredient for the proof of Theorem3.1 is the
statement (4.18). In this section this statement is partially established and the full proof
of (4.18) will be achieved in Sect.7.

We now prepare for the main result of this section, which will appear as Theorem 5.1
at the end of the section. The proof of Theorem 5.1 will be given in Sect. 6. Note that the
function J in (4.1) is of compact support and satisfies f J(x,n)dx = 0, for every n. In
fact we only need to consider J (x, n) = J ()1 (n = m) with f J(x)dx = 0. Evidently
for such a function J, we have f J(x, n)dx = 0 for every n. Note that J of (4.7) is not

of compact support. However, for some positive /, we have that J (x,m,y,n) =0, if
either m,n > [ or |x;], |x;| > [. Because of the V, term in the definition of Y€3, we may

replace J with

J(xi, mi,xj,m;) = J(xi,mi, xj,m) K@ —x;),
for a smooth symmetric function K (a) of compact support which is 1 whenever |a| < 1.
The advantage of J to J is that the former is of compact support in the spatial variables.
Note however, the term V; only implies that |x; — x;| < coer(m;, m ) for a constant
co. Hence such a replacement is valid only if coer(m;, m;) < 1. This causes an error
that can be readily handled with the aid of our hypothesis (3.9). (See the first step of the

proof of Theorem 8.1 in Sect.8.)
Recall that u® (x; m, n) solves

dm) +dn))Au®(x;m, n) = a(m, n)[Ve(x; m, n)u(x;m, n) + VE(x; m, n)],

where V& (x;m,n) = 8_2V(x/£;m,n), and Vo (x;m,n) = Ks_ls_zV(x/e;m,n).
Given such a function u?, we define

G(w; 2) = G(w) = K.3/? Z[ﬁ(xi —xjimi,mp)J(xj,mi, xj,m;),  (5.1)
iJ

where i (a; m,n) = u(a +z; m,n) — u®(a; m, n). We have
t
Gw()) = G(w(0)) +/ AG(w(s))ds + M;,
0
where M, is a martingale. We write
AG =A0G+ACG+AJ‘G =: Hi + H, + H3. (5.2)
We now study various terms which appeared on the right-hand side. We write Jy and fy

for the derivatives of J with respect to its first and second spatial arguments. We then
write

Hy = Hy1 + Hiz + Hy3,



Equilibrium Fluctuations of Coagulating-Fragmenting Planar Brownian Particles 787
with

Hin(@) = K237 i G — xjsmi, m I m) Ay +d m A )T (i mi, xj,m ),

iJj
—3/2 n ) ~
Hiz(w) = K2 dm)at (i — xjsmi, my) - Jy(xi,mi, xj,m )
iJj
—3/2 . , 5
—-K; / Zd(mj)ui(x,-—xj,mi,mj)'Jy(xi,mi,xj,mj)
i,j

=: Hjp1 () — Hinz(w),
Hiz(@) = K3 (d0m;) +d(m ) Ai® (x; — xj:mi,mj)J (xiomi, xj, mj)
)
=: Hiz(w) — HYy () — Hip (o).

where
Hiy(w) = K;3/2Za(mi,mj)W8(x,~ —xj+zmi,m)J (xi,mi, xj,mj)
ij
with Wé(a; m,n) = u(a; m,n)Ve(a;m,n) + V¢(a; m,n), and
H (o) = Kg_3/22a(mi,mj)u€(x,- —Xj;mi,mj)
i,J
Ve(xi — xjsm,mp)J (xi,mi, xj,m;),
Hy (0) = Kg_3/zzd(mi,mj)Vs(xi —xjimi,mj)J(xi,mi, xj,m;).
ij
We also write
Hy = Hy + Hy, Hy = Hj — Hy).

with H3, (w) given by

1
-3/2 .
—5 K2 ami,m)Ve(xi = xjimy, mj)
i,j
[ue(x,-—Xj +zymi,mj)J(xXi, mi, Xj, m;)
+M8(xj—xi+Z;mi,mj)f(xj,mj,xi,mi)]
= _K3/? . NVo(x: — X m: .
= & a(ml,m]) e (X x],mz’m])
i,

u®(xi —xj+z3mi,mj)J (xij, mi, xj,mj).
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Moreover,

1
~3/2
Hop(@) = 5 > oclmi mj)Ve (i — x5 mi, mj) K/
ij
m; . o
D A" (i — xxs mi +m, mi) T (ximi +m, xi, my)
B m;+m;j

L (g — Xz e, mg +m )T (X, m, xi, mi +m ;)]

ni; N A
+———[0 (xj — xgymi +mj,mp)J (xj, mi +mj, X, my)
m; +mj

+® (xg — Xxj3 mg, m; +mj)f(xk, mi, Xj, mi +m;)]
—[a° (xi = xi; mi, ma)J (xi, mi, e, my)

+E (0 — i mye, mi)J (X, my, x;,m;)]

—[u® (x; —xk;mj,mk)f(xj,mj,xk,mk)

+ 0° (xg — xjymg, mj)J (xg, mg, xj, mj)]} .

The expression H»; arises from the changes in the function G when a coagulation occurs
due to the influence of the appearance and disappearance of particles on other particles
that are not directly involved. The expression Ha; represents those terms in G that are
absent after a coagulation. Note that for our formula for Hj,, we used the fact that K is
symmetric and since V is symmetric, the function u° is also symmetric.

As for the fragmentation part of dynamics, we have

H3 = H3) + H3p + Hzs,

where H31 = H311 + H3pp, with

m,-—l

Hs (o) = %/K;WZ > Blm,mi —m)VE(x; — y;m, m; —m)

i,j m=1
[ﬁe(xi —xjsm,m;)J(x;j,m,xj,mj)
— 0 (x; —Xj;miamj)J(xi,mi,xj»mj):I dy,

mj—l

1
Hi31z(w) = E/ngzz Z Bm,mj —m)V*(x; —y,m,mj —m)

ij m=1
I:ﬁg(xi —xjymi, m)J(x;, m;, xj,m)

—i (x; _xj§mhmj)](xi,mi,xj»mj):l dy.
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We carry out dy integration and use symmetry to obtain that H3z; = 2H311, where

mi—1

1
i) =3 [ K223 ponom —m)

i,j m=l1
[ﬁa(xi —xjim,mj)J (xi,m,x;,m;)
—uf(x; — xj; mi,mj)J(x,-,mi,xj,mj)] .
Also, H3» = H3p1 + H3po, with

mi—1

1 _
Ha) (o) = E/Ks Y2202 Bl mi =V (i = yim,mg = m)
i,j m=l1
it (y —x.,';m,mj)f(y,m,xj,mj)dy,
1 m_,~7]
Hin(w) = Q/KEMZ D Blmmj —m)V(x; = yim,mj—m)
ij m=l

af (xi — ysmi, m)J (xi, mi, y, m)dy,
and H33 = Hy; — H303, with

m,-—l

Hj(0) = /K;”Z > B, mi —m)VE(xi — y; m,mi —m)

i m=1

u®(x; —y+z;m,m; — m).i(xi, m,y,mi —m)dy.
Note that H %1 + H201 = 0. We may rewrite (5.2) as
AG +[HY, — HY + H31 = (Hyy + Hyo) + H, + (Hap + Hy + Hy) + H. (5.3)
We are now ready to state the main result of this section.

Theorem 5.1. Let J be as above and assume that Ve < |z| < 1. Then

eq
Ee

/Ot AG(w(s))ds +/Ot[H1032(a)(s)) — Hi(w(s)) + H303(a)(s))]ds
< Cot [ K}zl og 21| + K/ log |21 | . (5:4)
We establish Theorem 5.1 by examining various terms that appeared on the right-hand
side of (5.3). Indeed we show
E7|G(@(0)]|G(@(0))] < CoK, [z, (5.5)

ES |Hy((s))] < CoK )z, (5.6)

E |Hiz(w(s))| < CoK M |z|[log 2], (5.7)
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E |Hy(w(s)| < CHK Lzl (5.8)
B¢ |Hz(w(s))| < CHK Lzl (5.9)
E¢ |Hz(w(s))| < CHK Lzl (5.10)
E | Hj (o(s))| < CoK,; '/ [log Izl (5.11)
EY |HE(w(s)| < CHK, /2 [log Iz]]. (5.12)

Theorem 5.1 is an immediate consequence of (5.5-11). The bound (5.5) will be used for
the proof of Theorem 3.1.

As we mentioned in Sect.4, our method of proof can be used to establish a law of
large number (LLN) for the expression fot KSl / 2YE3 (s)ds with YS as in (4.4). This can
be achieved as in [HR2] by using the regularity of the coagulation term and this time
z can be chosen to be any small vector. Moreover for J, we may choose any smooth
function of compact support. Note that since we are at equilibrium, the proof of LLN is
much easier than what we have in [HR2] because all the correlation bounds needed for
the proof are trivially true. This would allow us to find the limit of fo K !/ 2Y3 (s)ds as
& — 0. Since this limit is not random, the limit can be calculated by passing to the limit

in B [1 K:PY3(s)ds = 1B K/2Y3(0). Tn summary,
Lemma 5.1. Let K (x, m, y, n) by any smooth function of compact support. Then
t
hmOqu / Z% (w(s))ds — tZ‘ =0, (5.13)
E—> 0

where
Z8 () = K2 ) almi,mp)VE(xi = xj3mi,mp)K (xi,mi, xj, mj),
iJ

7= Z)»m)una(m,n)/K(x,m,x,n)dx.
m,n

Lemma5.1 will be needed in Sect. 8. In Sect. 8 we also need another LLN which can
be established with a similar argument. This time our Z¢(w) is given by

K2 domy) (K;1|w€(x,~ —xjimi, m‘,)|2)
i

TCxiomi, xiom ) 1(|x; — x| < 1). (5.14)
As we will see in Lemma6.1 of Sect. 6, the function
W (a; m,n) = K. |Vu® (a; m, n)[* 1 (la] < 1),

is almost as singular as V¥ (a; m, n) because W¢(a; m, n) = 0(8_2K8_1) when |a| < ¢.
However [ W¢da stays bounded as ¢ — 0. We will calculate y = lim,—,o [ W®da in
Sect. 8 (see the final step of the proof of (8.4).) We have,
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Lemma 5.2. Let Z°¢ be as in (5.14). Then (5.13) is true for

7= kaknd(m)y(m,n)/f(x,m,x,n)zdx.

This lemma can be proved in a similar way. This time we start with a function
w® (x; m, n) that now solves

d(m) +dm)Aw® (x;m, n) = a(m, n)Ve(x; m, n)w’(x; m, n) +dm)We(x; m, n),
and define

G(w) = K2 D 0 (x; — xjimi,mp)J (xi,mi, xi,mj)?, (5.15)
i)

where w?(a; m,n) = wé(a + z; m, n) — w®(a; m, n). Again, using the same method
of proof as [HR2] we can show that the limit in (5.13) exists and then by taking the
expectation of Z¢, we identify the limit.

6. Proof of Theorem 5.1

In this section, we establish (5.5)— (5.12). As a preliminary step, we state a lemma about
the regularity of the function u®. Recall that u°® satisfies (4.11) or equivalently

dm)+dm)Au®(x;m,n) =a(m,n)VE(x;m,n) [| 10g8|_1u€(x; m,n)+ 1] ,

In fact log e < u® and u?® is given by

|
2—a’(m,n)/10g Ix — y|VE(y: m, ) [|10g8|_1u£(y; m.n) + l]dy,
T

where ' (m, n) = a(m, n)/(d(m) +d(n)).
To ease the notation, we do not display the dependence of o’ (m, n) and r(m, n) on

m and n.

Lemma 6.1. There exist positive constants C1 and C3 such that for all x,

|uf (x; m,n)| < Cro’ min ’1 +

1ogﬂ' : |logs|], ©.1)
r

IVu® (x; m, n)| < Cia’ min {|x|—1, (ra)_l}, 6.2)
and for |x| > 2|z| + Care,

|Vul (x + z;m, n) — Vu' (x; m, n)| < Cro x| 72|z (6.3)
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Also,

/ |Vu®(a;m,n)|da < C1ol, (6.4)

lal<l

/ i (a; m, n)|da < Cro' (I + |z])z], (6.5)
la]<l

/ Vi (a; m, n)|da < Cro {|z| [| log(|z| +re)| + 1 +1log* l] + rs}, (6.6)
lal<l

l 2
/ ut(a; m,n)’da < C1ao’> |:r282| loge|® +1% (1og+ -) + 1], 6.7)
lal<l r

l
/ IVul(a;m,n)>da < Cra’? |1 +logt — +r2|. (6.8)
lal<l re

Proof. The proofs of (6.1), (6.2) and (6.3) are omitted and can be found in Sect.2.2 of
[HR2]. Note however that in [HR2] we are assuming that x = 0 and that we were dealing
with V&(x) = ¢ 72V (x/e) instead of (er) 2V (x/(re)). Since we have u®(x;m,n) =
vé(x/r) for r = r(m, n) and v® solving

d(n) +d(m) AvE (x) = a(m, n)V (x) [| log e 1v® (x) + 1] ,

we can readily use the results of [HR2] to obtain (6.1), (6.2) and (6.3).
As for (6.4), we apply (6.2) to assert

/ |Vu®(a; m,n)|da < cla’/ min {|a|_l, (ra)_l} da < cydl.
lal<l lal<l
As for (6.5), we simply write,

/ |t (a; m, n)|da = /
la|<l lal<l

< 7| |[Vu(a; m,n)|da,
la|<l+|z]|

1
/ Vub(a+tz;m,n) - zdt|da
0

and apply (6.4).
As for (6.6), we use (6.3) and (6.4) to write

/|Vﬁ€(a; m,n)|da 5/ Vil (a; m,n)|da
la|<2|z|+Care

+C / o' |la|"?|z|da
2|z|+Care<l|al=<l

< 2 [(Iz] +re) + |zl| log(|z] + re)| +|z]| log 1] .

For the proof of (6.7), let us write A(I; m, n) for the left-hand side of (6.7). We use
(6.1) to assert that if [ < er, then
/2,,2

A(l; m, n) < erl’a?|logel? < cra’*r?e?|logel?,
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aa]

and if er < [, then A(/; m, n) is bounded above by

log 14!
og —
r

cza”? [r282| loge|® + / 1(|a| € (er, 1))

l2
+1:|,

< c4a? |:r252| loge|® +1? |log -
.

completing the proof of (6.7). In the same fashion, we can readily establish (6.8). O

Proof of (5.5), (5.6) and (5.7). We omit the proof of (5.6) because its proof is very
similar to the proof of (5.5).
Evidently

BIG@O)] £ k! [ 3 hdali (@i m mlda

lal<1 55

< K121 D o (m, mdmda < 3Kz,

m,n

where we used (6.5) and (3.10) for the the second and third inequalities respectively.
This proves (5.5).
We now turn to the proof of (5.7). We certainly have

E¢7|Hiz((0))] < c]Kg/Z/ D hwhalVa (a; m, n)lda
lal<1

m,n
< 2K}2 D" d (m, ) (r(m, n)e + 2| log(lz] + r(m, n)€)) Amhn
m,n

< e3K, Pzl log 2],
by (6.6) of Lemmas 6.2. We now use (3.10) to deduce (5.7). O
Proof of (5.8). Evidently the expression Eg? | Hy;(w(0))] is bounded by

c1K£1/2/ Z a(m,n)Ve(b;m, n) (|a°(a; m, p)|
laj<1 "
+|i? (a; m +n, p)|) AminApdadb
< kP2l D" alm, n)( (n, p)
m,n,p

+o(m +n, p)hminkp < 3Kz,
where we used (6.5) and (3.10) for the second and third inequalities respectively. This
proves (5.8). O

Proof of (5.9) and (5.10). We start with the proof (5.9). We have Hz11 = H3111—H3112,
where

i—1
1 _ g . .
Hana (o) = E/Kg V23S B mit (v — xgsmi,m ) (mi g, m ),

ij m=l
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with

m;—1

B'(mi)= > Blm,mi —m).

m=1

Repeating the proof of (5.5) yields that E< | H3112(0(0))| < 1 K2/ |z|. The term Hs11

is treated in the same fashion:

n—1
B Haini (@(0)] < caKP12l DD Bm,n—m)(a(p) +am)iphy < e3K 1z,

n,p m=1

This completes the proof of (5.9).

We now turn to the proof of (5.10). The terms H3,; and H3p; are similar and both
can be treated as (5.9). We only treat the latter. We certainly have that E¢?| H3p1 (w(0))]
is bounded by

n—1
cl/K;/ZZZﬂ(m,n—m/vg(a—y;m,n—m>|ﬁ8(y—b;m,p>|

n,p m=1

I(ly = b = L, [y, [b| = D)dadbdy

n—1
=c1/ K2 Bim,n— m)/ | (y = by m, p)|I(ly — b| < 1, |y| < Ddbdy

n,p m=1

n—1
< K21 D0 Bl n —m)(@(p) +a(m)iphy < 3Kz,

n,p m=1
completing proof of (5.10). O

Proof of (5.11) and (5.12).. We certainly have that the term E;?|H3, (w)| is bounded
above by

-3/2
B K2 almi, mp)Ve(xp — x s mi,mj)uf (x; — xj + 23 mi, m )| (x| < 1)
i,J

<k 'Y aim, nyd (m,n)

m,n

tog <221 i er(m, 1) < 12D
r(m,n)

+c2 K2 am, mya (m, m) A M (er(m, n) > |2])

m,n
< 3K Ploglzl| + 3K V2D am, myel (m, n) log r(m, n) Amhn

m,n

+e3K 2D an)all(er(n) > |z))
n
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<c3K;'?|log [2]| + c41<;1/22a(n>2 logn A +caK 12D " a()*L(er () >[<)hy
n

gcﬂ(g‘/2|1og|z||+csKg/2(1 |Z|) Za(n) logn A,

1/2

< 3K 2 log|zl| +esK,

where we used Lemma 6.1 for the first inequality. This completes the proof of (5.11).
Similarly the term Eg? |H3; (a))| is bounded above by

clqu/KgyzZ Z Bm,mi —m)V®(x; — y; m, m; —m)

i m=1

[uf(x; —y+z;m,mi —m)|1(|x;| < Ddy

n—1
<k 1? Z Z B(m,n —m)a'(m,n —m)

n m=1
ogc2—|Z| L(er(m,n —m) < |z)An
r(m,n —m)
n—1
+or K2 Z Z B(m,n —m)a'(m,n —m)l(er(m,n —m) > |z|)r,

n m=1

1/2

<c3K,; /*|loglzl| +C3K5_1.

This completes the proof of (5.12). O

7. Regularity of the Coagulation Term, Part II

As we explained in Sect.4, one of the main steps of the proof of Theorem3.1 is the
replacement of the expression V¢(-) in the collision term H ?32 with a more manageable
expression W (- + z) for small z. Ultimately we average out Wé(- + z) over z and apply
a CLT. For this to succeed, we need to make sure that we can afford a small z which is
as big as |loge|™¢ for some @ < 1/2. In Sect.5, we used the auxiliary function G in
order to relate Hi3; to H{; provided that |z| is of order §(¢) = |log e|=? for6 > 1/2.
In this section, we would like to fill the gap by showing that in fact z can be chosen so
that |z] is as large as 8’ (¢) = | loglog 8|’9/, provided that 8" € (0, 1/2). To achieve this,
we fix a0 € (0, 1/2) and set Hi3(w) to be equal

/ Hi (@)@ (2)dz = K732 almi, mp)We (i — xj:my,mj)J (xiomi, xj,m;j),
ij

where Wé(a; m, n) = f W(a+z;m,n)c%® (z)dz and W was defined by (4.13). First

observe that there exists a constant ¢; such that the function W¢ has a support that is

contained in a ball of center 0 and radius §(g; m, n) = c¢16(¢) + r(m, n)e. For our pur-

poses, it is more convenient to assume that r(m, n)e < §(e) so that for a constant c3,

the support W¢ is contained in a ball of center 0 and radius c28(¢), with co = c1 + 1,
and that |[W¢| < ¢28(g) 2. Such a restriction causes a small error. Indeed, if we set

Hi3() = K2 almi, mj)We (xi — xj; mi,mp)J (xi,mi, xj,mp),  (7.1)
i,J
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with
J(xiymi, xj,mp) = J(xi, mi, xj,mj)1(r(m,n)e < 8(e)),
then

E|H3(w) — Hi3(@)] < a1 KY? D> a(m, m)hphn 1(r(m, n)e > 5(e))

m,n
< K}/? Za(n),\,,n(zr(n)e > 8(¢)), (7.2)
n
which goes to 0 by our assumption (3.9).
Define v¢ by
vo(x;m,n) = %/log Ix — y|WE(y; m, n)dy. (7.3)
We then set

G(w:2) =G0 =K §°(xi — xjimimj)J (xi.omi, xj.mj),  (14)
ij

where g% (a; m,n) = vé(a+z;m,n)K(a +z) — v¥(a; m, n)K (a). We have
t
G (w()) = G (w(0)) +/ AG (w(s))ds + Mt’,
0

where M; is a martingale. Note that G’ is very similar to G of Sect. 5; i is replaced with
g and J is replaced with J. The latter difference has to do with the fact that now the

function K appears in the definition of § and we no longer need to multiply J with a
cut-off function. We write

AG' = AyG'+ A.G'+ AyG' =: H| + H; + Hj. (7.5)
We now study various terms which appeared on the right-hand side. We write

We do not repeat the definition of various H’-expressions which all correspond to H-
expressions of Sect.5. However, since v® satisfies (7.3), we have a different decompo-
sition for H{,. The decomposition

AG¥(a;m,n) = Av¥(a+z;m,n)K(a+z) — Av®(a;m,n)K (a)
+Vivi(a+z;m,n) - VK(@+7z) — Vvi(a;m,n) - VK(a)
+v¥(a+z;m,n)AK (a+z) —vi(a; m,n)AK (a)

=: qi(a; m,n) +q5(a;m, n) +q5(a; m,n),
results in a decomposition

/ / / !/
Hy3 = Hj3; + Hi3p + Hy33,
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where

Hiz, = K727 g8 — xjsmi,mp)J (i mi, xj.m)).
iJ
We may rewrite (7.5) as

t
/0 His(w(s))ds = G(w(t)) — G(w(0)) — M,

t
—/ (H{, + H{y + H{3, + H{33 + Hy + H})(w(s))ds. (7.6)
0

We are now ready to state the main result of this section.

Theorem 7.1. Assume that 6(¢) < |z| < 1. Then

t
/0 His (w(s))ds

Remark 7.1. With the aid of this theorem, we can readily improve the z-average from
lz| = O(8(e)) to |z] = O(8'(¢)). Indeed H, is given by

E¢ <Colt+1) [|z| + K;UZ] g 5(e)| /2.

K;S/ZZ We(xi —xj+z3mi,m)K(xi —xj+2)J(xi,mi, xj,m;) — Hi5,
i,J
and by (7.2), the term I-_I]’ 3 can be replaced with 1:113, for an error that goesto O as ¢ — 0.
From this and Theorem 7.1 we deduce that Hy3 = [ H{3(w)¢ 8() (z)dz can be replaced
with
K32 Z WEQ —xj+zimi,m)K (xp — xj +2)J (x;, mi, xj,m;),
ij
so long as |z] = &' (¢).

We establish Theorem 7.1 by examining various terms that appeared on the right-hand
side of (7.6). Indeed we show

EIG (@) = Cp (K724 121) (7.7)

EZ |(Hf, + His @) = G (K72 +12), (7.8)
EZ? [(H + H{pp)(@(s))] = CoK [zl log |zl (7.9)
E¢ |Hyy (o(5))| < Cplzl| log (e)| /2, (7.10)

ESY |(HYy + Hp) (@ ()| = G (K772 +121), (7.11)
ES |(Hyy + Hig)((9)| < CHK ;' log8(e), (7.12)
B [M]]” < Cor (KZ'8(e) + 12 (log |z|)2). (7.13)

To prepare for the proof of Theorem 7.1, we start with an elementary lemma.
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Lemma 7.1. Assume that fG(x,y,m,n)dxdy = 0, for every m,n € N. Then
fY2dv;~ = Z1+ Zr + Z3, where

Zi= NN =D =2 [ 3 GOz m GOy

ni,n2,n3

Ay Ay Ansdyrdysdys,

Zy=NIN=DWN=2) [ > G(1,y2n,1)G (3, y2,n3,11)

ni,n2,n3

)Vn1 )\nz)‘mdyldyZdy&

Zy=N(N — 1)/ > G, ya, 1, ) dyidysing iy

ni,n2

The straightforward proof of Lemma 7.1 is omitted. See also Lemma 3.3 of [R1]
where a similar lemma is proved. As our next lemma we state some bounds on the
function v®. The proof of this lemma is omitted because it is identical to the proof of
Lemma 6.1.

Lemma 7.2. There exist positive constants C1 and Cy such that for all x,

[0 (x; m, n)| < Cra’ min {1 + [log |x||, [log 8(e) [}, (7.14)
Ve (x: m, n)| < Cla/min{lxl_l,é(e)_l}, (7.15)
and for |x| = 2|z] + C28(¢),
Ve (x +z;m,n) — Vv (x;m,n)| < Cry(g; m, na' x| 2zl (7.16)
Also,
/IVqS(a; m,n)lda < Cia/, (7.17)
/Iég(a;m,n)lda < Cid|z], (7.18)

/IVCA]E(G; m,n)ldx < Cra’ {|z|[|log(|z| +8(£))| + 1]+ 8(e)}, (7.19)
/qg(a; m,n)*da < C1o?, (7.20)
/|Vq€(a; m, n)|2da < C1d/|log8(e)]. (7.21)

Proof of (7.7) and (7.8). We only prove (7.7) because (7.8) can be proved by a verbatim
argument. To apply Lemma 7.1, we need to check that for every n and n,

/ G° (1 — ya; ni, m)J (1, n1, y2, na)dyidys = 0. (7.22)

We certainly have

/C?S(yl —y2:ny,n2)J (y1, n)dyidyz =/J(y,nl)dy/é}g(a;nl,nz)da =0.
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The same is true if we replace J(y1, n1) with J(y1, n1 + n2). This completes the proof
of (7.22). In view of Lemma 7.1,

E4 G (0(0)) = / G"*(w)vr(dw) = R| + R> + R3,
with

Ry = K.(Ke — D(Ke — 2)K;3/ > G 1 =y nm) (i = yaini,na)

ni,n2,n3

J (1, 11, y2, 1) I (V1,115 V3, 13) Any Ay Ay dyr1dyadys,

Ry = Ke(Ke = DK? [ 750 — yas 1, n2)* T (91, m1, y2. n2)hny Ay dyidya.,

ni,ny

and R» is given by an expression similar to Rj.
We start with bounding R3. We certainly have

R3 = 61K§1/ > g [qg(a; n1,n2)* +q°(a+z;n, nz)z] da.
nina
By Lemmas 7.2,
Ry < K[! Z o (n1, 12) A hony < 3K Za(n)ZAn <K' (7.23)
ni,ny n
‘We now turn to Rj. First observe that Ry < R/l, where
R; =l Z )‘nl)\nz)‘m/|‘?8(a§”1’”2)|da/|‘?8(a;”17n3)|da'
ni,np,nj3

By Lemma 7.2 we deduce

Rii < cilzl’ Y- am)’an < calzl. (7.24)
n

From this and (7.23) we deduce (7.7). O

Proof of (7.9). Since Hj, is very similar to H{,,, we only establish (7.9) for H{,. In
view of Lemma 7.1,

E% H{3(w(0)) = Ry + Ry + R3,
with

Ri=Kc(Ke—= (K=K [ D" Vg" (31 = y2in1,ma) - V§° (y1 — y3; n1, n3)

ni,nz,n3

J (1, n1, y2, 12) T (V15 11, V3, 13) Any Any Ansdyr1dyadys,

Ry = K&(Ks_l)KE_B/ D IVGE (i—yas ni, n) P T (y1, 1, ¥2, 1) Ay Amydyidys,

ni,nz

and R; is given by an expression similar to R;.
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We start with bounding R3. We certainly have
Ro =k [ 3 huin [ 196" @i n) P+ 1V @ 4 2im )P da.
ni,nz
By Lemmas 7.2,
R < callogd(e)| K" D o' (n1,12)*Any hny

ni,n2

< e3K ' log8(e)| Za(n)z)\,, < 4K M logs(e)). (7.25)
n
‘We now turn to R;. First observe that R < R/l, where

Ri=ci 3 hahnin [ 10 @innolda [ 1@ nna)ida,

ni,np,nj3
By Lemma 7.2 we deduce
Ri <clz)? Z o (n1, n2)a’ (n1, n3) A, Amydony < c212/. (7.26)
ny,n2,n3

From this and (7.25) we deduce (7.9). O

Proof of (7.11). As in the proof of (5.8) and (5.9), we have that H;; = 2H;,,, Hy;, =
Hjyyy — Hjjyy, Where

1 N A ~
Hy (o) = EK,S 3/22,8’(mi)q8(xi —xjsmi,mj)J(xp, mi, xj,mj).
iJj
Repeating the proof of (7.9) yields
2 —
Egq [Hiin@@)]” < ez + K.

The term Hj,,, is handled in just the same way we handle Hj, below.
We now turn to Hj,. The terms Hj,, and Hj,, are similar and both can be treated as
(7.11). We only treat the latter. We apply Lemma 7.1 for G (x;, xj, m;, m ) given by

mj—1

/ z Bm,mj —m)VE(x; —y;m,m; —m)q®(x; —y; mi, m)J (x;, mj, y, m)dy.

m=1

1
2
As a result,

E% [H3o(w(0))]* = Ry + Ra + R3,

with Ry, R», and R3 corresponding to Z1, Z, and Z3 in Lemma 7.1.

We first treat R3. For this term we need to bound |G (x;, xj, m;, m;)|. In this case we
simply move the absolute value inside the summation and replace |¢®(a; m;, m)| with
a constant multiple of |¢®(a; m;, m)| + |q®(a + z; m;, m)|. We then apply Lemma 6.1 to
assert

|G (xi,xj,mi,mj)| < S(xj —xj,mi,mj)+S8x; —x;+z,mj,mj),
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with S(a, p, n) given by

n—1

Cz/ D B, n—m)VE(y;m,n —m)a(p, m) min {|log 8(e)|, | logla + yl[} U(la| < 2)dy.
0

We have that there exists constants c¢3 and ¢4 such that

¢33 Bm,n —m)a!(p,m)(|loglall+1), if la] = ca(r(n)e +3(e)),
3 Y0 Bm, n — mya! (p, m)|log ()|, otherwise.

S(a, p,n) S[

From this we can readily deduce that R3 < ¢5K !, as in the proof of (7.11). (Note that
87] Bm,n —m)a’'(p,m) < (a(n) +a(p))B’ (n) because by our choice, the function
a is non-decreasing.)
We now turn to Ry and R;. We certainly have that |G (x;, x;, m;, m;)| is bounded
above by

Mj—l

1
|z|/0 /Z Blm,mj —m)VE(xj — y;m,mj —m)
m=1

IVq® (x; —y +tzimi,m)J (x;, m;, y, m)|dydt.
We then apply Lemma 7.2 to assert

1
|G (xi,xj,mi,mj)| < |Z|/ L(x; —xj+tz,m;,mj)dt,
0

with L(a, p, n) given by
n—1
05/Zﬁ(m, n—m)VE(y;m,n—my (p, m)
0

min {8(e)~", la+ v 7'} 1(lal < 2)dy.
Again we can readily show

L < [c3 S Onmpn n—mlal™!, it la] 2 (e +5),
RS e

07 o/ (m,n)B(m, n —m)8(e)~!, otherwise.
Repeating the proof of (7.7) yields that Ry + R, < ¢7|z|?, completing the proof of (7.11).
0

Proof of (7.12). We only establish (7.12) for Hz/] because H3/3 can be treated by an
identical argument. Choose c; so that V (a) = 0if |a| > c¢;. We certainly have that the
expression E;? | H5, (w)| is bounded above by

BRI almi,mj)Ve(xi — xj:mi,mp)|§ (xi — xj +zimi,m)|
i
< cillogd(e)| K, 2" a(m, mya (m, m)Amhn

m,n
< 2l logs(e)| K2,

where we used Lemma 6.1 for the first inequality. This completes the proof of (7.12).
0
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Proof of (7.10). We note that H}, is a sum of eight terms H),.,i = 1,...,8, and we
establish (7.10) by showing the analogous bound for each HJ,.. Since all the eight terms
can be treated in the same way, we only treat the sixth term which is given by

R
Hypg(w) = 5K 2 Za(mi, mj)Ve(xi — xj;mi, m;)
ik
q° (X — xi; me, mi)J (X, my, xi, m;).
We note that J is a sum of 4 terms which yields a decomposition
Hype = Higy + Hypey — Hines — Hapeu- (71.27)

Again all the 4 terms can be treated in the same way, so we only treat H,., which is
given by

1 ~
5K 2D almi,mj) Ve (i — xj3mi, m )G (e — xis me, mp)J (xi, mp),
ij.k
where g(a; mg,m;) = q(a; mg, m;)U(r(m;, my)e < 8(¢)). We use the elementary
inequality |a| < & + 8~ 'a? to assert
| Hp6s] < Hypear + Hypuos (7.28)

) ) . .
where Hj,44, and H),c,, are respectively given by

5 _
SK D almi, mp)VeCxi = xj mi, m 1 (xi, my)|
ij
st
TKE Za(mi,mj)Ve(xi—xj;mi,mj)ll(xi,mi)l
ij
2
[Kel/ZZés(xk—xi;mk,mi)] .
k

Evidently, E7, Hj,esq < 18, for some constant c. Moreover, by squaring the expression
. ’ oy ’
in the brackets, we learn that Hyye4y = Hjoeanq + Hioganns Where

12 ) ~ . 2
Hlyeun1 =8 'K Za(mi,mj)vs(xi_xj,miamj)|-](xi7mi)|qs(xk_xi’mkami),
ijk
—1 =2
Hypgum =87'K:2 D almimj)Velxi — xj3mi,mp)|J (xi.mp)|
ij, k#l
G (xx — xi5s my, mp)q* (xp — xi5 my, my).

Because of our choice of ¢, we have that [ §(a; m, n)da = 0. As a consequence,

E%, Hyann = 0. (7.29)
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We certainly have that B, H},¢,,, is bounded above by
287 Ke D o, m2)hy dany / Ve(a: ny. ny)da / q° (b n3, m)*db
ng,nz,n3

=cs™t D] a(”lan))\nl)an)‘«m/és(b; n3, n1)*db.

ni,nz,n3

On the other hand, by Lemma 7.2,

/cm; n3. n1)db < |z|2/wf<b; n3, n1)Pdb < c3a(n3,n1)*|log 8 (e)||z|>.
As aresult, Ef, Hj4- is bounded above by

a8z log8 (@) D alni, na)e (13, n1) hny hnyhny < €587zl log8(e)].

ni,n2,n3

In summary, from this (7.28), and (7.29) we deduce
Ef, |Hypgs| < 18+ 567" 2*|log 8(e)|.

By choosing § = |z||log 8(¢)|"/? we deduce (7.10). O

Proof of (7.13). As itis well-known,
t
E[M]]? = B¢ /0 (AG" —2G'AG ) (w(s))ds = 1(Z1 + Zr + Z3),

where
Z) = 2E¢(ApG’ — 2G' ApG') (w),
Zy = E9(AG —2G' A.G)(w),
Z3 =E4(AfG' —2G' A G (w).
We start with bounding Z:
Z) = K. ’EY Zd(mi)|vx1 G (@) <Zin+Zin+Zi3+Zi4,
i

where
2
Zi = 4KPES Y d(m) | D VG (i — xjsmi,m ) (ximi, xj,mp)|

! J
2

Z1y = 4K EY Zd(mi) Zé}s(xi —xj,mi,mj)V J(xi,mi, xj,mj)
i J
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The term Z13 and Z14 are given by a similar expression; x; and x ; are swapped inside the
absolute values. We only bound Z| because Z1; involves V§¢ which is more singular
than ¢°. The remaining Z;, can be bounded in a similar way. Squaring yields

Zy < 4KPEY Y d(mi) D Ve (i — xjimi my) - V§®(xi — xgsmi, mp)
i j#k
J(xj,mi, xj,mj)J (xi, mi, X, my)

KBS d(mi) D IVET (i — xjimim )T (i, mi, xj.mj)?
i J

=:Zin+Zn2-
Use Lemma 7.2 to deduce

Zin < 1K log8(e)| D~ d(m)a (n1,n2)*hnyhny < 2K |log 8().

ni,ny

We now turn to Z11;. By Lemma 7.2,

2
Zin<er Y, dm)|lzllloglzll+8()] o (n1, n2)e (n1, n3)hny Any s

ni,n2,n3
2 2
< ca Izl log |z]| +8()]” < 4ca [Izllog |zll] "
In summary
Zy < c3K ' log 8(e)| +callzl| log [z][1°. (7.30)

‘We now look at Z,. We have

1
7 = K, SR almim ) Ve (x; — X3 mi,m))
i,J
2

8
X z I (0) + Z Lijk(p) ;

k p=1

where Zi:l I';, j .k (p) represents the eight terms that appeared in the definition of gz’z

and I'; ;(0) = —q° (x; — Xj;mi, mj).l_(xi, m;, xj, mj). An application of the inequality
8 2 8
Sa) =93
p:O p:()

yields that Z» is bounded by

8 2
9 _
K SR Za(m,-, m)Ve(x; = xjimi.mj) | Ti j(0)* + Z(Z Fi,j,k(P))
p=1 k

i,j

8
= Z Zyp
p=0
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with for example,

9 _
Zrg < EquKs 3Za(mi»mj)vs(xi —Xj;mi,mj)
i,j
2
[Zé%ck—xj';mk,mj)f(Xk,mk,xj,mj)} :
k

We only treat Z»o and Z»g as the other terms Z,, forr = 1, ..., 7 can be treated as Zg.
We have Z>g = Z»31 + Zog», where

9 _
Zg1 = EEE(’ K, 32 Ve(xi — xjsmi, mj)a(m;, m;j)
i,J
Z@E(Xk —xjimp,mj)q°(x; —xjimy,m;)
kel
J ey my, xj,mp)J (xp, my, xj,mj),
9 _
Zogr = E]qu K, 3ZVe(xl' —xjsmi,mj)o(mi, mj)
i,j
~E . 27 2
Zq (e — xj5 mp, m i)~ J (xp, mg, xj,m;)”.
k
‘We start with the former

Z81 < ci1 Z a(ny, n2))\n1)¥n2)\n3)\n4 / |é€(a§ n3, na)lda

ni,n2,n3,n4
. 2
/qu(a;nmnz)lda < lz|”.

As for Z>g> we have
Zop <kt D] Ol(nl,nz)/ée(a; n3, n2)*dahn hnyhny < 2K
ni,na,n3
Finally
Zrg0 < CIKS_Z Z a(nl,nz)lnlknz/és(a; ni,np)*da < Cng_z-
np,ny

In summary,
Zr < (K;‘ + |z|2) . (7.31)

We now turn to Z3. We have

mi—1

Z B(m, m; —m)/ Ve(xi —y,m; —m,m)
=1
2

4
Li(y, m)+ > Ti(p;y,m) | dy,
p=1

1 -3
Z3 = EE?qKs Z

i
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where for example

Ti(y,m) = q°(xi — y;m,m; —m)J (xj,m,m; —m,y),

i3 y,m) = ng(y —xj;m,mj)f(y,m,xj,mj).
J

Again Z3 <5 Zg Z3, with for example

m;—1

5 _
Zs3 = SEIK, DD Bimom —m)/ VE(x; = ysmi —m,m)T(3; y, m)*dy.

i m=1

We can now repeat the line of argument we had for Z, by squaring out I'; and use Lemma
7.2 to get

7y < (K;1 + |z|2) . (7.32)

From (7.30), (7.31) and (7.32) we deduce (7.13). 0O

8. Kinetic Limit

In this section we establish the main claim of Theorem 3.1. We now state the martin-
gale formulation of the Ornstein—Uhlenbeck diffusion which uniquely determines the
solution of Eq. (3.13).

Definition 8.1. We say & is a solution of (3.13) if for any smooth function J of compact
support with [ J = 0, the following processes are martingales:

t
My () = M(t) = £(t, J) — £0. J) — /0 PE(s. J)ds.
N;(t) = N(@t) = M(1)* — tA(J).
Here J = (J, :n € Ny with J, : R — Rand [ J,(x)dx =0, =T+ ¢+ Ty, and
£, 0) =D &t Jn),
Co&(t, J) = D" d(m)én(t, Ay Jy),
Te£(t, J) = D &Om, myhnkn(t, Juom — Jn = Jm),

m,n

TpE J) =D Bon.m&n(t, Ju+ I = Jusm),
m,n
1 .
A(J) =2 / 2 AW VedylPdx + 5 / > atm, mnhm Jnem — Jn = Jn)*dx
n m,n

1 N
+3 / > B, M Jpsm — Jn = Jm)dx.

m,n
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We note that the last two terms in the definition of A(J) are equal by the detailed
balance assumption.

Ideally, we would like to show that the family P? is tight as ¢ — 0 and that any
limit point solves (3.13). Unfortunately we have not been able to establish the tightness
and the difficulty comes from two error terms which go to 0 as ¢ — 0 for each . More
precisely, let us define &'(¢, J) = &(¢, J) + £”(¢, J), where

£, ) = K2 T(i(0), mi(1)),
and £"(t, J) = 3G, (0(1)), with

Ge(@) :/ Gl Z)56(8)@‘1”/ / G (@: 22 — 2087 (@)@ (21)dz1dza.
8.1)

Here G and G’ are as in (5.1) and (7.3), and ¢%(a) = §72¢(a/8) with ¢ a smooth
non-negative symmetric function of compact support satisfying [ ¢(a)da = 1. We
take a countable dense subset Dy of smooth functions of compact support and write
H = L' ([0, T]; R)D0. The transformation w(-) — (&'(-, J) : J € Dy) induces a prob-
ability measure P¢ on . Let us write P for the distribution of a process & which solves
(3.13) and is subject to the following initial condition: £(0, J) is a Gaussian random
variable with variance

/5(0, I’P§) = Z/\n/ﬂ(x,n)dx.

Note that £(-, J) is stationary under P. Note also that P can be regarded as a probability

measure on . It turns out that the tightness of the sequence P can be shown by standard
arguments.

Theorem 8.1. The sequence Pe converges to P as ¢ — 0. Moreover,

imESE" (1, J) = 0, (8.2)
&

foreveryt.

We note that (8.2) is an immediate consequence of (5.5) and (7.7). The proof of the
convergence of P? is naturally divided into two steps. The first step is devoted to the

proof of the tightness of the family Pe. This step will be carried out in Sect. 9. For the
second step, we show that any limit point solves (3.13). This is a rather straight forward
consequence of Theorem8.2 below. This theorem is also the main ingredient for the
proof of Theorem 3.1. We note that by a celebrated result of Holley and Stroock [HS],
(3.13) has a unique solution in the sense of Definition 8.1.

Theorem 8.2. There exist martingales M, and Ny, and processes Err'-¢ and Err>* such
that

t
E'(t,J)—E'(0,J) —/ L& (s, J)ds = M. (1) + Err' 4 (1), (8.3)
0

M. (1)> —tA(J) = N(1) + Err>*¢, (8.4)
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where A(J) was defined in Definition 8.1, and

Err“(z)‘ — lim E%
e—>0

lim E¢9 Errz’s(t)‘ —0.
e—

The proof of Theorem 8.2 is naturally divided into two parts.

Proof of (8.3). Step I: Letus write X, (w) = X,(w)+1 G (), where X, () and G* (w)
were defined by (4.1) and (8.1) respectively. As it is a well-known fact for Markov pro-
cesses, the following process is a martingale:

t
M (1) == Xe(@ (1) — X ((0)) —/ AX e ((5))ds.
0

Note that by definition, X, (w(®) = @, ).
Let us study the term AX,. We certainly have

_ 1 -
AXe = AoXe + AcXe + Ap X + EAGS.

Note that the term AX, involves J whereas AG, involves J. We replace Jof AX e with
J. This causes an error Errg which is small because E¢? | Errg | is bounded above by

Clelﬂza(m,ﬂ)]l(CoS"(m,n) > DAgphy < Cngl/zZa(n)]l(Zcosr(n) > DAy.
n,m n

As a result, we may use (3.9) to deduce

lim EZ?| Errg | = 0.
e—0

As a consequence of Theorems 5.1 and 7.1 (see Remark 7.1), we have

t 1 t 1
/ (Acxg+lAG€) (w(s))ds:/ Qs(w(s))ds—/ H303(a)(s))ds+/ Err; ds,
0 2 0 0 0

where Q. (w) equals
1 )
E/KS_B’/ZZO[(mi,mj)WE(x,' —Xxj+2z2—2z1;m;,mj)
ij
TG mi, xj, me® (20 (z2)dz1dza,
and
E¢| Erry | < ¢ [K;/Za(s) + K;1/2] llog 8(e)| + c1 [5’(8) + K;l/z] llog 8(e)|'/2,
(8.5)

which goes to 0 in small ¢ limit.

Step 2: Recall that the summation is over distinct i and j by our overall convention.
However, one can readily check that if we allow i = j in the summation, then the
discrepancy is of order O (K, 1/ 2). Also, if we replace J with J , the error is of order
O (7 (¢)). The sum of these two errors is denoted by Errp, and we have

E%|Erra | < e1(K; %+ 7(e)), (8.6)
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which goes to 0 in small ¢ limit. Because of the form of J , We may write

0:(®) = Q)+ Q2 — Q) — Ot + Erry,

where for example Qg (w), given by
1 _ -
EZ/KS 3/2(¥(mi,mj)W8(xi —Xxj+22—2z1;m;,mj)
)

TG m e @ @) e © (22)dz1dzs,

with the summation over all i and j. We make a change of variables x; — z1 = ay,
Xj — z2 = ay to write that Qg (w) equals
1 _ _
5 Z KE 3/2/a(mi, mj)WE(al —daz,mj, m])
i,j
J(xj, mj)é“a,(g) (x; — al)fa/(s)(xj —ay)daday

— Kgl/2 Z/a(m, nMWE (a1 — ax; m, n) f€(ar, m; o) f&(ar, n; w; J)daydas,

m,n

where

foamiw) =K' ZCS,(S)(XI' —a)ll(m; = m),

fE@mi o 1)y = KU 0O (g — a)J (i, m)L(m; = m).

We then have that 0% (w) = 0*!(w) + Q¥ (w) + Err3, where

1 _
oM (w) == [ K1/? a(m,n)Wé(ay — az, m, M)A, f(az, n; w; J)dadas,
& 2 £
m,n
1 - _
02 (w) == [ K2 a(m m)We(ay — ax; m, n)h, f¥ (a1, m; ) J* (a2, n)daydas,
& 2 £
m,n

where J¢(a,n) = [¢%® (x — a)J (x, n)dx and Err; is given by

1 _
E/KQ/ZZa(m,n)Ws(al —ax;m,n)
m,n
(f¥(at, m; ®) — k) (f* (a2, n; @3 J) — dpd (a2, m))daiday
1

= §/K§3/2Za(mi,mj)W8(a1 —ay; mi,m;)
i

@O —an) = )@ O () — a) I (xj,mj) = h, T (@2, mj))dardas.

Here we have used the assumption [ J = 0. We wish to show that Errs is small. We
first observe that we can write Erry = Errs; + Errsy, where Errs; is what we obtain
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by restricting the summation to indices i # j, and Errsp corresponds to the case i = j.
It is not hard to show that Errs; is of order O (K, 1/ 2). On the other hand,

EY B3, < 1K '8 (e) 72 (8.7)
To see this, observe that Err%1 equals

1 -3
z/daldazdbldbz K, Z a(mi,mja(mp, mgy)

i,J:P:q
We(a) — an: mi,mj)Wa(bl —byymp, my)
@O —a) — )»m,-)(é'y(s)(xp = b1) = 2m,)
({8/(8)()61' —a))J(xj,m;j) — )»mjjg(dz, mj))
(7 (xg = b2)J (xg. mg) — A, (b2, my))
=: E1+ Ey + E3,

where E; represents the above summation with (i, j, p, g) € I (s) with I (1) correspond-
ing to the casesi # p,qor p #1i,jor j # p,qorq # i, j, I(2) corresponds to the
casei = p and g = j, and I (3) corresponding to the case i = g and p = j. (Recall
that the summation in our expression for Err%] isoveri # jand g # p.) We can readily
check

E¥E, =0. (8.8)
On the other hand E{? E; equals
1

SK! Z/v'v%a] —az m, m)W* (by — bys m, m)at(m, n)> hny® (a1 = b1) — A3)
m,n
(%O (y — a2)e? O (y — b2) I (y, n) — A2 % (az, n)J¢ (b2, n))dydaidardbdby

1
= E(EZI + Exp + Exz + Eyy),

where 19 © (@) = §'(e) >y (a/8 (e)), for y(a) = [ ¢(a + b)¢(b)db, and E, for
r=1,...,4, are given by

Ey = K;l ka)»n/Wg(al —ay; m,n)We(by — by: m,n)a(m,n)zy‘s/(s)(al —by)

m,n

YOy — az)c®® (y — by) I3 (y, n)dydardazdbdbs,

Ey = Kg] Zkfn)»n/Wg(al —ay; m, n)WE(by — by; m, n)a(m, n)?

m,n

;5’(8)(), _ a2)§-5/(3) (y — bz),]z(y, n)dydaidaydbdb;,

Exy = Kg_l kaki/wg(al —ay; m, n)WEe(by — by m, n)a(m, n)zy‘s/(a)(al —by)

m,n

JE(az, n)JE (b, n)dydaydardbidb,,
Eoy = K;] Zkfnki/wg(al —ar; m, M)W (b — by m, n)a(m, n)*
m,n

JE(az, n)JE (b, n)dydaidardbidb,.



Equilibrium Fluctuations of Coagulating-Fragmenting Planar Brownian Particles 811

We can readily see
-1
|Ex| + [Ex|+|En| <K,

for a constant c;. As for E»; we have,

En < K'6/@) 7D hnhn / We(ar —az; m, m)W*

m,n
(b — by; m, mye(m, n)*y® © (@) — by)
¢ (y — a) I3 (v, n)dydardardbydb,
<K' ()2
Hence E{/E, < C4K6_15/(8)72. Similarly Ef E3 < C2K51/25/(8)72 for a constant cs.
This and (8.8) yield (8.7).

Step 3: Note that & = « lim,_,¢ f W¢ (this was proved in [HR1] as Theorem 3.2),
and [ W® = [ W®. Hence

1
?1 (w) = —/ ;/ZZ&(m, My fE(az, n; w, J)day + Erry
2 m,n
1
= 51(;1/2 D> am. m)amJ (xj. )l (mj = n) + Errgr,  (8.9)

j m.n
where Erry is the error we get by replacing [ W€ = [ W€ with its limitas ¢ — 0. Since
E | K2 am, i (xjm)im; =n) | <c,
j m.n
for a constant ¢ independent of ¢, we deduce

lim E%|Erry|* = 0. (8.10)
E—>

Moreover, since J¢(a, n) = A, J (a, n) + O(8'(¢)), we have that Q;&z (w) equals

1 _
—/ 81/2 Za(m, mWé(ay — ax; m,n)J (az, m)f‘s(al, n; w)daiday + O (5)
m,n

2
1
= 5/ sl/zz&(m,n)lnf(al,n)fa(al,m;a))da1 + Erryp (8.11)
m,n
1

= -/K;‘/ZZZ&(m,n))\nj(x,-,n)n(m,- = m) + Erran

2 ,
1 m,n
with

11% E%|Errg|* = 0. (8.12)
£—>
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The terms Qg for j = 1, 2, 3 can be treated likewise. From (8.6), (8.7), (8.9), (8.10),
(8.11), (8.12) and (8.2) we deduce

' t '
/ Qﬁ(a)(s))ds =/ T.&(s, J)ds+/ Errs ds, (8.13)
0 0 0

with

lim B7|Errs| = 0. (8.14)
E—>

Step 4: We now study the term H§)3. Recall

mi—1

HY (w) = %K;WZ > Bm.mi —m)
m=1

i
/Vg(xl' — yim,mi —m)u (xi — y;m,mi —m)J (xi, m, y, mi —m)dy.

As we discussed in Step 1, we have replaced J with J for an error which vanishes in
small ¢ limit. Moreover

J(xiym, y,mi —m) = J(xi,m, xi, mi —m) + O(r(m,mj —m)e),
whenever V¢ (x; — y; m, m; —m) # 0. Hence —H303 (w) + Ay X, equals

mi—1

%IK;”ZZ Zzll B(m,m; —m)

i
X / We(x; — y;m, m; —m)J (xi, m, x;, m; —m)dy + Errg
_1 m,-—l
= TKEI/ZZ > Bm,mi —m)J (xi,m, xi, mj —m) + Err;
i m=l1
=TIr(&,J) +Erry,
with

lim 7| Errs| = 0. (8.15)
E—>

This is proved as in the previous step. For example, we have used

m;—1
qu[Kg_l/zz Z B(m, m; —m)/ Wé(x;j — y; m,m; —m)

i m=l1

N 2
Vi x4 00y = xp)mi = m) - (v = x)d6 dy | = 0(?),

where V denotes the derivative with respect to the second spatial variable.
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Final Step: From (8.4-6) and (8.13-15) we deduce that the martingale M, (¢) satisfies

t t
M) = £, 1) — £'0, J) — / LE(s, J)ds + / Brrs (0 (s))ds
0 0
1 t
—E (L T) —E0, ) - / L (s, J)ds + / Erro(w(s))ds
0 0
lim B2 Errg((0)] = lim E£?| Erro((0))] = 0. (8.16)

O

Proof of (8.4). Step I1: Define ég (w) = f G (w; 2)2%® (2)dz and let us write f(s (w) =
Xe(@) + 1Go(0). Set,

t
M:(t) == Xe(0(t)) — Xe(@(0)) —/0 AXe(w(s))ds.
Note that M, (t) = M, (t) + M/, where M] was defined in Sect.7. By (7.13),
_ R 2
lim E%9 [Ms(t) _ Mg(t)] —0. (8.17)
e—0

As it is a well-known fact for Markov processes, the following process is also a martin-
gale:

t
N () = Mo (6)* — / (AX)? = 2X. AX:) (@(s))ds.
0

We certainly have
A= AXe)? —2X.AX, = Ao+ A+ Ay, (8.18)
with

Ag = 2K d(my) [V d (xi,mi) + Bi(@)|* |

1

where
| _ -
Bi(w) = EKS v, Zus(xi —xjymi,mi)J (xi, mi, xj,mj),
J
1 _ o
+=K; 'V, Zu‘g(xj —xi;mj,mi)J(xj, mj, x;, m;),

2
J

with #® = i® —u®, where i®(a; m,n) = [u®(a+z;m, n)%® (z)dz. The exact form of
A¢ and Ay will be given in Steps 2 and 4 respectively. We have B; = B;1 + B2, where
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Bi1(w) and Bj>(w) are given by
1 _ ~
EKS : Z (Mi(xi —xj;mi,mj)J(xj, mj, xi, m;)
J
—iy(x; —xi§mjami)j(thi,xj,mj)),
| B n
—KSIZ(MS(xi —xjimi,mj)Jo(xp,mi, xj,mj)

2
J

-& . fa
—u (x; —Xi,mj,mz’)Jy(xj,mj,xi,mi)) ,
respectively. We have

Ao = 2A00 + 2A01 + 2A02,

with
Ao = K. D dm)|Vod (xi, mi) P,
i

Aot = 2K " d(mi)(Bit() + Bia()) - V] (xi, i),
Ay =K' d(m) (B (@) + Bia(@))* .

We first show that the term Ag; is small. Note that |Ag;| < Agi1 + Aoi2, for

Aoty = 1K' D" d(mi)|Bir (@),

1

with ¢; = 2||VJ||c0. By Lemma 6.1,

B2, Aot = 2 3 ik [ 1V (@i, mlda < () log3(e)

m,n

B Ao < 2 3t | i (@i mlda < cad ),

o lal<1

as in the proof of (5.5) and (5.7). As a result,
[Ao1] < 2c38(e) logé(e). (8.19)

We now turn to Agz. We may write Agx = Aga1 + Aoz + Aoz, with

A1 =K' dm) B,

1

Aoz = K Zd(mi)B,-Zz,

1

Aops = 2K ' D" d(mi)Bii Bia.

1
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We now use Lemma 6.2 to show that Agpo and A3 are small. Indeed after squaring,
Ef, Ao < caBE, K2 D d(mp)|ia® (x; — xjz my, m )| i (xi — xgs my, mp)|
ij.k
= Ap21 + Ao222,

where Agz21 and Agaoo correspond to the cases k # j and k = j respectively. By
Lemma 6.2 and (3.10),

Ef, A1 < ¢s D, Amhnlp /

<
m,n,p lal<1

CsKs_l Z)\m)»n i (a; m, n)|>da < 66K8_1.
mn la|<1

| (a; m, n)Ida/ it (a; m, p)lda < ced(€)?,

lal<1

IA

Ezy Aoz

In the same fashion,

-3 - . - .
Ef, Aoz < c7BS K72 D d(mi)li (xi — xj5 mi, mp)| Vit (xi — xx; mi, my)|
i,j.k
= Ap231 + A3z,

where Apz31 and Aga3z correspond to the cases k # j and k = j respectively. By
Lemma 6.2 and (3.10),

Bfy A = 68 3 by [ 10 @i mida

m.n,p la|<1
x/ |Vit® (a; m, p)|lda < C98(8)2|10g8(8)|,
la]<1

Eg, Aoz < clok; ! ka?»n
m.,n
x/ lit? (a; m, n)||Vi® (a; m, n)|da
la|<1

< CIOIQ;1 Z)\m)\n (/|
m,n

al<l

172
X (/ Vit (a; m, n)|2da)
lal<1

< enK;'8(e)KVPK? = c18(e).

1/2
|ﬁ8(a;m,n)|2da)

As a result,
|Ao22 + Ao2s| < ci2 (5(8) + Kg_l) . (8.20)

We now concentrate on Ay;. First observe that since V and ¢ are symmetric, we learn
that u® is symmetric. From this and symmetry of J and K we learn

1N - ) 7
Bi1 =K, Zui(xi—xj,mi,mj)J(xi,mi,xj,mj)-
J
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After squaring, we obtain Aga; = Ag211 + Ao212, Where
Aot = 2K, zd(mi)ﬁi(xi —Xxjimi,mj) - iy (x; — xg; mj, my)
ij.k
J(xiymi, xj,mp)J(xi, mi, X, mg),
-3 - . 27 2
Aopiz = K3 D d(mi) it (xi — xjsmi, m )T (xiomi, xj,m ),
i,j
where j # k in Aga11. Using Lemma 6.1 we deduce

Bl Aot £ et S dmdady | Vi @im.mlda

m,n,p la|<1

x/ \Vii® (a; m, p)lda < c28(¢)*(log 8(¢))>.
la|<1

As for Agp12, we first write, Agp12 = Ao2121 + Ag2122 + Ag2123, Where

-3 2% 2
Ani21 = K, Zd(mi”ui(xi —xjmi,mp)|°J(xi,mi, xj,mj)”,

iJ
A - K3 dmH i (x: e m PTG xa o m )2
02122 = &, (ml)|ux(-xl_x]7mlvm])| (xl$mlsx]7mj) s
i,J
A — _2K73 d(mi) (a8 - uf) (x; — x;:m; )j( oy .)2
02123 = e mi) \Uy - Uy ) (Xi — Xj,m;, m;j Xi, Mi, Xj, mj) .
i,j

We now argue that Agp122 and Agpo3 are small. To see this, first observe that by
Lemma 6.2,

Vit (a; m,n)| = ’// Vul(a+zm,n)’®(z)dz

IA

C33(8)*2/ |Vu(a +z;m,n)|dz
|z]<c36(e)

c48(s) "2 (m, n) la+2z|7'dz
[z]<c36(e)

cso’ (m, n) min {|a|71, 8(8)71} .

IA

IA

As a result,
/ Vit (a; m, n)|*da < ceo!' (m, n)*|log 8 (¢)|,
la|<1
/ |Vii® (a; m, n) - Vu® (a; m, n)|da < cea’ (m, n)*|log 8(¢)|"/*| log e| /.
lal<1

From this we learn

|log 8(e)| |log 8(e)|'/?
H)Zg—, |Ap2123] < C70/(m,n)2g—

8.21
|log e | log e|!/2 ®:21

|Ag2122] < c70 (m,
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From (8.18)-(8.21) we deduce that Ag = 2Ago + 2Ap2121 + Erry, with
E?| Erry | < ¢ (5(8)| log 8(¢)] + [log | ~1/2| 1og3(s)|1/2) . (8.22)
Furthermore, if we pick a small § > 0 and write Ag2121 = Ao21211 + Ao21212, With

-3 : 2% 2
Ap21211 = K, Zd(mi)lui(xi —xjsmi,mp)| S (x;, mi, xj,mi) N(lx; — xj| <96),
i,j
-3 ) 2% 2
Ap1212 = K Zd(mi)ﬂli(xi —xjsmi,mi)|"J(x;, mi, xj,mj) M(|x; — x| > 6),
i,j
then we have that EZ?|Apx1212] < K7 1672, and Ago1211 = Ao212111 + Ao212112, Where

in the first term we replace the x ; argument of J with x;, and the second term is the error
caused by such a replacement. More precisely,

-3 ) 2
Api2111 = K, Zd(mz‘)lui(xz‘ —xjsmi,mj)|
i,j
> 2
J(xismi, xi,mp)”U(|x; — x| < 93),

E“Anii12] < K, '8 z)»m)\n/ |Vu® (a; m, n)|*da < 28,

m,n la|<é

where we used the smoothness of J for the first inequality and (6.8) for the second

inequality. Now that we have replaced x; with x; in J, we can drop the condition
|x; —xj| < 8. Indeed Apa12111 = Ao2121111 + Ao2121112, With

Aoz = K2 D~ d(m)|Vu (xi — xjs mi, m )|
i
f(xz',ml‘,xz',mj')zll(lxz' —xj| < D),
E|Agaioinnal < c3K 71872
We now choose § = | 10g8|_1/3. In summary, Aga121 = Ag2121111 + Erra, where
E%|Erry| < cq|loge| /3. (8.23)
On the other hand, by Lemma 5.1,

t
lim B¢/ / 2A00(w(s))ds — tAo(J)' =0, (8.24)
E—> 0
t
limOIqu / 2A0121111(w(s))ds — I‘AE)(J)‘ =0,
E—> 0
where
Ao(J) = 2Zd(n)xn/|wn|2dx, (8.25)
n

A6 = X hmdad )y o) [ 1 = 4y = Il
m,n
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with

y(m,n) = lirrb|loge|_l/ |Vul (a; m, n)|*da.
E—>

la]<1
Step 2: We now study A.. Recall that u® = u® — u®. We have

2

8
1
Ac(w) = EK;] Za(m,-,mj)Vg(xi —Xjimi,mj) [S(i,j, a))+ZRr(i,j, a))] ,

i,j r=0
where
.o 7 2 —1 .
S, j,w) = J(xi,mi, xj,mj)+J(xi,mi, xj,m)K; u®(x; —xj;mi,mj),
.o —17 ~ .
Ro(i, j,w) = —K_ " J(xj,mi, xj, mj)a®(x; — xj;mj, mj),

.o _ m; _ A
Rl(lv ]sa)) = Kg ! z—lug(xi — Xk, mj +mj, mk)J(xia mj +mjvxk9mk)7
m,-+mj
.o _ m; _ A
Ro(i, j, w) = K, Z—'ug(Xk — Xi3 Mg, mi +mj)J (X, mp, xi, mi +mj),
m,-+mj
k
. _ mj ~
R3(i, j, w) = K, lz—’ug(xj —Xxpsmi+mj,mp)J(xj, mi +mj, X, my),
m,~+mj
k
mi; ~
R4(i, j,w) = Ks_l Z —jug(xk —xjimg,mi +mj)J (X, mg, Xj,mi +m;j),
m-+mj
k
.o —1 - . S
Rs(i, j,w) = =K' D" (v — xi my, ma) J (xi, mi, i, my),

k

. . _1 - . A
R6(l’ J’w)Z_Kg E ug(xk—x,',mk,mi).](xk,mk,xi,mi),
k

. . 71 - . A~
R7(lv Js Cl)) = _Kg zug(xj — Xk, mjymk)](xjvmj7 Xk s mk)a
k
. . _1 - . ~
Rg(i, j,w) = —K_ Zug(xk —xjsmp,mj)J (X, mp, xj,mj),
k

where the summationis over k withk # i, j.Letuswrite T (i, j, w) = Zf:o R.(i, j, w).
‘We then write

Ac(@) = Aco() + Aci(0) + A2 (w) (8.26)
with
1
Aco(@) = SKZ' D almimj)Velxi = xjmi, m)SG. j, )%,
ij
Ac(w) = K, ! Za(mi,mj)Vg(xl' —xj;mi,mj)SQ, j,0)T(, j, w),
ij

1 ..
Ap(w) = EKS ! E a(mi,mj)Ve(x; —xjim;,mj)T(, j, )2
ij
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Our goal is showing that both A.j and A, are small. We start with the latter. We use the

2
inequality (Zg R,) <9 Zg R,z, to assert that A.p <9 zg Acor. We only bound Az

and A5 as the remaining Ao, are similar to A 2s.
To bound A »5, we simply square out the summation in & to obtain

1
73 .
Aes = EKE Z a(m;,mj)Ve(x; — xj;m;,mj)
ijkl
u (xp — xps mi, m)u® (x; — xp; mi, my)

J (i, mi, xg, mp)J (xi, my, xp, mp) =: Agst + Acasa,

where Ac251 and A5y represent the cases k # [ and k = [ respectively. We then have

quAdSl =c Z a(m, n))\m)&n)”p)”q/

m,n,p,q Ialfl

< 28(e)?

|L_t8(a;m,p)|da/ |it®(a; m, q)|da

la|<1

by (6.5). In the same fashion, we may use (6.7) to show that E{ Arsy < 2K . L Treating
other Ay, r =1, ..., 8 in the same way yields

8
B Acr <3 (82 + K. (8.27)

r=1

As for Axo we have that E¢? Ao is bounded by

1 N
e -3 . ~ . 2 2
E]quKE E o(mi, mj)Ve(xj —xjsmi, mj)ia(x; —xj;mi,m;j)~J(xi, mi, xj,mj)
i,j

< C4K8_1 Za(m,n)kmkn/vg(a; m, n)i* (a; m, n)’da.

m,n

If we restrict the summation to those m and n such that r(m, n)e > §(¢), then we sim-
ply use u® < ¢1K¥? to show that the sum is bounded by a constant multiple of 7 (¢),
which is small by our assumption (3.9). On the other hand, when V,(a; m, n) # 0 and
r(m,n)e < é(e),

|if(a; m,n)| = ’// us(a+z;m,n)§8(£)(z)dz

IA

c55<s>—2/ u (a +z: m, n)|dz
|z]<c56(e)

IA

c68(e) 2 (m, n) |log |z||dz
|z|<cs58(e)+cger(m,n)

c7a/(m, n)|log §(s)|. (8.28)

IA

Hence

E% Ao < cglloge| %[ log 8()[> + csT(e). (8.29)
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From this and (8.27) we deduce
E¥ A < co (5(8)2 +|loge|~! +|loge| 72| log 8(e)|? + t(s)) ) (8.30)

Step 3: We now turn to A.1. By Lemma 6.2, the expression Ks’] uf(a; m, n) is uni-
formly bounded whenever V;(a; m, n) # 0. Hence

[Actl < Ay = c1K2 > almi, mp)Ve(xi — xjsmi, mpIT (G, j, o).
i,j,k

Again using the decomposition of T', we write A = Zfzo Ac1r, with for example

) )
Acis(w) = 1K, Za(mi,mj)vs(xi—xj,mi,mj)
ik

|t (xi — xi; mi, my)| ‘J(xzxmi, X mp) | -

By (6.5),
BAs <2 3 alnmninky [ i @im, plida £ e2d(e). (83D
m,n,p la]<1
Similarly
Acro(@) = c1 K72 allmi. mj)Ve(xi — xj:mi mj)
i
|it® (x; — xj5mi,mj)| ’j(xivxj,mi,mj) ,
which yields

Ef7Acio(@) < c3 za(m,n)?»mkn/ Ve(a; m, n)|i® (a; m, n)|da.

m,n lal<1
Again using (8.28) we obtain
Ef7Acto(@) < calloge| ™' log ()] +cat(e),
in the same way we obtained (8.28). From this and (8.30) we deduce
B A, < cs (8(8) +loge| " log 8(e)| + t(s)).

From this, (8.26) and (8.30) we deduce

! t
/Ac(a)(s))ds=/ Aco(w(s))ds + Errp,
0 0

with

E| Erry | < ¢ (5(8) +|loge| ™! + | loge| ! log 5 + r(e)|). (8.32)
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On the other hand, by the Law of Large Numbers,

t
liII})qu / Aco(w(s))ds —tA(J)| =0, (8.33)
E—> 0
where
1 -
Ac(J) = E/Z‘x(mv M ApAm (Jpam — In — Jm)de
m,n
and

a(m,n) = a(m,n)n(m, n)2 = a(m, n)n(m, n),

where n = &/o. Here we have used lim, K "4 = 5 — 1 uniformly in the support of
Ve. (See Theorem 3.2 of [HR].)
Step 4: We now concentrate on A r. We have

m;—1
Ar(w) = %Kg_l z Z B(m, m; —m)/ Vé(xi —y; m; —m,m)

i m=1
2

4
|:S(i; y,m; o) + Z R (i; y, m; w)] dy,

r=0

where

SG;y,myw) =Jxi,m)+J(y,mj —m) — J(x;, m;)
—Ks_lug(x,- —y;m, m; —m)J (x;, m, vy, m; —m),
Ro(; y,m; w) = Kg_lﬁs(x,- —y;m,m; —m)f(xi,m, y,m; —m),
Ri(i;y, m;w) = Kg_1 Z[ﬁg(xi —xj;m,mj)f(xi,m,xj,mj)
j
—u®(x; _xj§mi:mj)j(xi,mi,xj»mj)],
Ro(is y,m; @) = K" [ (i — xj5 mi, m)J (xi, mj, xj, m)
j
—i® (x; — xjsmi,m)J (e, mi, xj,m)l,

R3(i;y,m; ) = K ! Zﬁg(y —Xxj; m,mj)j(y,m,xj,mj),
J

RaGi; y,m; ®) = K.} zﬂg(xj' —y;mj, m)f(xj-, mj,y,n).
j

Let us write T = Zg R,, and

Ar=Ap+Afr1 +Ap, (8.34)
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with

i—1
1 i s ,
Apo= K D Bmm; —m)/ Ve = yimi —m,m)S(i; y, m; w)*dy,

i m=1

m,-—l

A = K;l Z Z B(m, m; —m)/ VExi —y;mi —m,m)(ST)(i; y, m; w)dy,
i m=1

m;—l

1
Ap = sz_l Z Z B(m, m; —m)/ VE&(x; —y;m; —m,m)T(i; y, m; a))zdy.
m=1

i
We have that Ay < 3 370 A fo, with

m,-—l

Appr(@) =K' D" Bom,m; —m)/ VE(x; = yimi —m, m)R,(i; y, m; @)*dy.

i m=l1
We then use (8.27) to learn that A y29(w) is bounded above by

m;—1

K3 Bmmi — m)/ Ve — yimi —m,m)ii® (x; — y; m, mi —m)*dy

i m=l1
mi—1
< K2 logs @) D° > Blm.m; —m)a'(m,m; —m)?.
i m=1

We then use (3.10) to deduce

E% A 20(w) < c3]loge| %[ log 8(e)°. (8.35)
On the other hand,
m,-—l
Am(@) =K' D D" Bm,mi — m)R G y, m; 0)?,
i m=l1

is bounded above by A 211 + A 212, with

2
m,'fl
Apoyl = ZKQSZ Z B(m, m; —m) Zlﬁs(xi —xj;m,mj)J(xi, m, xj,mj)|
i m=l Jj
m,-—l 2
Ap=2K33" D" Bommi —m) | Dl (i — xjimi, mp)J (i, mi, xj.m))|
i m=l1 j

By squaring out the expression inside brackets, we can readily see

Apii+Apn <c (8(8)2 + Kgl)
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by Lemma 6.1. The term A r7; is treated likewise. Hence,

E (Af21 (w) + Afzz(a))) < (5(8)2 + Kg_l) . (8.36)
We now study A 723:

m,-—l

Apn(@) =KD > Blm,m; —m)/ VE(x; — y;mi —m, m)

i,j,k m=1
ut(y —xj;m, mj)f(y, m,xj,mj)ut(y — xi; m, m)J (v, m, xi, mp)dy

= Ay + Ao,

with A 231 and A y3; corresponding to the cases k # j and k = j. With the aid of (6.5)
and (6.8) , we can readily deduce

EYA 31 < c38(e)?,  EYAp3 < c3llogel ™.
The term A y24 is treated likewise. In summary
Ef,Ap() < e (5(8)2 + 1oge|*‘) .

We can readily bound A f; as in the previous step:

E, Afi(w) <cs (8(8) +|loge| ™ logd(e) + ‘L’(S)|) .

From all this we conclude

t t
/ Agr(w(s))ds =/ Aro(w(s))ds + Err3
0 0

with Err3 satisfying (8.32). On the other hand

S, y,m;w) = —J(xj, m, x;, mj —m)
1+ K;lug(x,- —vy;m,m; —m)) + O(sr(m, m; — m))

whenever Vé(y — x;; m, m;j — m) # 0. From this and a law of large numbers, we can
readily deduce

t
lim E<4 / A ro(w(s))ds — tA f(J)| =0, (8.37)
e—0 0o
where
1 ~
Af(-]) = 5 / Z,B(m, 1) Apam (Jnem — Jn — Jm)zd)ﬁ
m,n
where

B(m,n) = B(m, myn(m,n)> = Gm, m)n(m, n).



824 M. Ranjbar, F. Rezakhanlou

Final Step: From (8.22), (8.23), (8.24), (8.32), (8.35) and (8.37) we learn that the
process

M:(1)? = tA'(J),
is a sum of a martingale and a small error, where

A = 2/ D dnd )|V Jydx +/ankmd(n)y(n, m) (Jnem — Jn — Jm)>dx

n,m

1
+§ / z&(mv W Andm (Jnam — Jn — Jm)zdx
m,n
1 -
+§ / Zﬁ(mv W) Anam (Jnam — Jn — Jm)zdx-
m,n

It remains to show that A(J) = A’(J). Since
Amhn@(m,n) = B, m)hnim.  Amhn@(m, n) = Bm, n)hnsm.

it suffices to show
(d(m)+dn))y(m,n) = lin%)(d(m) + d(n))KS_1 / IVu®(a; m, n)|2da
&= la]<1
=a(m,n) —a@m,n) = a(m,n)(n(m, n) — n(m, n)z).

(8.38)
‘We have

(d(m)+d(n))K£_1/ |Vu‘9(a;m,n)|2da

la|<1

= —(d(m) +d(n))K8_1/ uf(a; m,n)Au®(a; m,n)da + O(Kg_l)

lal<1

= —a(m,n) Vs(a;m,n)Kg_lug(a;m,n)
la]<1

X (1 + Ks_lug(a; m,n)) da + O(Kg_l),

where we integrated by parts and used (4.11). This and lim,; K "4 = n—1(Theorem 3.2
of [HR1]) imply (8.38). O

9. Proofs of Theorems 8.1 and 3.1

In this section, we complete the proof of Theorems 8.1 and 3.1. We first show that the
process &'(¢, J) is tight. More precisely,

Theorem 9.1. For every smooth function J of compact support and positive T, there
exists a constant c(J, T) such that

T
1imsupqu/ sup |E'(t+h,J)—E'(t, Ddt < c(J, T)8">. 9.1)
e—0 0 0<h<$
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Proof. Recall that by (8.16),
E@,J)—E'(s,J) = /t TE(6, J)dO + M (t) — Mc(s) — /t Errg(w(9)) d6, (9.2)
s s
where,

limsupE{? sup
e—=0 0<t<T

1
/ Errg(w(0))do
0

< Tlimsup E¢? |Errg(w(0))| = 0. (9.3)
e—0

On the other hand, since
sup ESTE(H, J)* = supESTE(0, J)? < oo,
£ &

we can readily deduce

EZ sup

0<s<t<s+5<T

/I & (0, J)d@'

¢ 1/2
< (T +8)'/? [Eg’i/ TE@, J)2d6?:| <1872, 9.4)
N

See Sect.5 and (5.7) of [R] for more details. B
It remains to establish the tightness of the martingale M, . For this, it suffices to show

lim sup sup E[M.(t +h) — M.()]* < co(T)8. (9.5)
e=00<;<T 0<h<s

This is an immediate consequence of Doob’s inequality and (8.5). From (9.2), (9.3) and
(9.5) we deduce (9.1). O

We are now ready to complete the proof of Theorems 3.1 and 8.1. Take a countable

set {t, : n € N} that contains 0 and is dense in some fixed interval [0, T']. Write P¢ for
the law of

(' J): J €Dy), 'ty J) : J € Do, n € N)) € H x RPN,

with respect to the probability measure P¢? . Using Theorem 9.1, we can readily show that

the sequence Pe is ti ght. Let P be a limit point of the sequence Pe. Using Theorem 8.2,
it is not hard to show that for every J € Dy, the sequences

t)l

(My(tn) = & (1, J) — £10, J) — / Te/(s. J)ds - n € N),
0

(Nj(ty) == My (t))* — t2A(J) : n € N),

are martingales with respect to the probability measure P. We now extend M and N,
to the whole interval [0, T']. More precisely, for ¢ ¢ {z, : n € N}, define

M) = ,ILH,I_ M;(t,), Nj@):= tli_)Htl_ Ny(tn),

which exist almost surely by the Martingale Upcrossing Theorem. Here by lim;, _,,_,
we mean the limit with respect to a subsequence of {z,} which increases to ¢ from the
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left. As aresult, é(t, J) :=lim;, . &(t,, J) also exists almost surely with respect to P.
The process &(t, J) is a solution to (3.13) in the sense of Definition 8.1. This completes
the proof of Theorem 3.1 because the set {r, : n € N} can be chosen to include any
given finite collection of points.

To complete the proof of Theorem 8.1, it suffices to show that &'(z, J) = é (t, J)
almost everywhere. For this, let us assume that the set {#, : n € N} includes the points
inthe set {i /L : i € N} N[0, T] for every positive integer L. Write 77 (¢) for [tL]/L,
where [7 L] denotes the integer part of L. From (9.1) we can readily deduce

T
/ / & (t, ) — &' (T(t), J)|dtdP < ¢(J, T)L™'/2.
0

Since lim; o0 £/ (T7. (1)) = £(¢, J) by definition, we deduce that &’(¢, J) = &(z, J) for
almost all ¢ and almost surely. O

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncommercial
License which permits any noncommercial use, distribution, and reproduction in any medium, provided the
original author(s) and source are credited.
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