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L» BOUNDS ON EIGENFUNCTIONS FOR OPERATORS WITH
DOUBLE CHARACTERISTICS

KATYA KRUPCHYK AND GUNTHER UHLMANN

ABSTRACT. We obtain sharp LP bounds on the ground states for a class of
semiclassical pseudodifferential operators with double characteristics and com-
plex valued symbols, under the assumption that the quadratic approximations
along the double characteristics are elliptic.

1. INTRODUCTION AND STATEMENT OF RESULTS

Starting with the celebrated works [9] and [18], the question of establishing pre-
cise LP estimates for eigenfunctions of elliptic self-adjoint operators on compact
manifolds in the high energy limit has been of fundamental significance in the
spectral theory and applications. Most of the works have been concerned with
the case of the Laplace operator and we refer to [19], [20], [21], [6], for some of
the recent contributions.

Turning the attention to the case of operators on R”, similar problems have been
studied in [IT] in the case of the harmonic oscillator —A + |z|?, as well as for
more general Schrodinger operators, see also [10], [23], and [24].

The work [12] has introduced a semiclassical point of view, unifying and extend-
ing the results of [I§] and [II] to more general semiclassical pseudodifferential
operators. To motivate our result and to place it into its natural context, let us
recall some of the estimates established in [12] and [I7], specialized to the case
of the semiclassical Schrodinger operator.

Let
P=—-hA+V on R* n>2
where V € C*°(R",R) is such that

0V (2)| < Cal2)™, e N,
Viz) = ()"/C, x| = C,

for some m > 0. When equipped with the domain S(R™), the operator P is
essentially self-adjoint on L?(R") and the spectrum of P is discrete, with eigen-

functions microlocalized to compact subsets of T*R™, see [25, Theorems 6.4 and
1
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6.7). If u € L*(R"), ||lu||z2 = 1, is an eigenfunction of P, then according to [12,

Theorem 6] and [17], we have
[uflz= < O)R

_(n—1)
2

and
Jull sy < O

(1.1)

(1.2)

Interpolating between the bounds (L)), (I2)), and the trivial L? bound, the full

range of LP estimates is obtained. For n > 3, we have

n_ (n—1) 2n
» < O(Lh?™ 2
lullze < O(1) D

<p < o0,

and

and for n = 2,

see Figure [Tl

(1.3)

(1.4)

(1.5)
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FIGURE 1. Estimates (L3]), (I4) and (LI) of [12] and [17] written

in the form ||ul|z» < O(1)h=®),

The following example shows that the estimates ([L4]) and (LX) are sharp.

Example. Consider the quantum harmonic oscillator,
P=—-R*A+|z)*, z€R", n>2
The operator P, equipped with the domain,

D(P) = {u € L*(R") : 2°0°u € L*(R"),|a + B8] < 2},

is self-adjoint with discrete spectrum given by
Aa(h) == (2|la| +n)h, o€ N".

SR
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The corresponding L? normalized eigenfunctions are of the form

ua(h)(z) = h™ b po(a/hV2)e

where p, are the Hermite polynomials of degree |«|, see [25, Section 6.1]. A direct
computation shows that

n

lua(h)||r = Cah® ™%, 2<p< oo, (1.6)

2 l/p
C, — ( / |pa<x>|pe-“”z”dz) .

It follows that the bounds (I[.4) and (LEI) are saturated by the ground state
eigenfunctions u,(h), corresponding to A, (h) < O(h). Furthermore, (L)) implies
that the eigenfunctions w,(h), corresponding to A\,(h) < O(h), enjoy sharper
bounds than those in (3]), for % <p<oo,n>3.

where

The purpose of the present paper is to show that the sharp LP bounds of the
form

lulls < OMAHE,  2<p< oo, (1.7)
continue to hold for ground states of a natural class of semiclassical pseudo-
differential operators with complex valued symbols and double characteristics,
approximated by complex harmonic oscillators near the double characteristics,
see Figure

(=)

(»)
n—1
2

S
Y
w

[CIT N
-

[\~

3
N[
SR

FIGURE 2. The solid lines correspond to the estimates (7)), estab-
lished in Theorem [I.1], and the dashed lines correspond to estimates

(L3) and (L4) of [12].

Let us now describe precisely the class of operators that we are going to consider.
We shall be concerned with operators of the form

P =0py(p) on R, n=2 (1.8)
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where Opy/ (p) is the semiclassical Weyl quantization of the symbol p = p(z, §),

OB = s [ [ (T Jumands. (19

Here 0 < h <1 is the semiclassical parameter.

Let us state our assumptions on the symbol p. First we assume that p €
C°°(R**; C) is such that

0% € L*(R*™), aeN" |a|>2. (1.10)

We assume that
Rep(X) >0, X =(z,6) € R™, (1.11)

and we also make the assumption of ellipticity at infinity for Rep in the sense
that for some C' > 1,

Rep(X) > <)é>2, |X| > C. (1.12)
Here (X) = /1 + | X|2. Furthermore, let us assume that
(Rep)~"(0) = {0}. (1.13)
Notice that (ILI3]) and (L.II) imply that
VRep(0) = 0.

Next we assume that
Im p(0) = VIm p(0) = 0,

so that X = 0 is a doubly characteristic point for the full complex valued symbol
p. By Taylor’s expansion, we write

p(X) =q(X)+ (9(|X|3), as | X|—0, (1.14)
where

o(X) = 70X - X,

and p” is the Hessian of p. In view of (IL1]), we know that Re ¢(X) > 0, X € R?".
Our final assumption is that the quadratic form Re ¢ is positive definite, i.e.

Req(X) >0, 0#X €R*™ (1.15)
Example. As an example of an operator for which all the assumptions above
are satisfied, let us consider a Schrodinger operator with a complex potential,
P=-R*A+V(x)+iW(x) on R" n>2.

Here V,W € C*(R™R) are such that 0°V,0°W e L*(R") for |a| > 2. We
assume that V(z) > 0 for x € R® and V(x) > |z|?/C for |z| > C. Furthermore,
assume that V=1(0) = {0}, V”(0) > 0, and W (0) = VI¥(0) = 0.
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Coming back to the operator P in (L8)), we shall view it as a closed densely
defined operator on L?(R™), equipped with the domain

D(P) = {u € L*(R") : (=h*A + |z[*)u € L*(R")}.
We notice that the inclusion map D(P) < L*(R") is compact, and hence, the

spectrum of P is discrete.

Thanks to the works [15], [3], [7] and [8], we have complete asymptotic expansions
for the eigenvalues of P in an open disc D(0,Ch), in fractional powers of h.
Specifically, for any C' > 0, there exists hg > 0 such that for all 0 < h < hg, the
eigenvalues A\ of P in D(0,Ch) are given by

A ~ h(,uk + hl/Nk,UJkJ + hz/Nk,LLk,Q + ... )
Here . are the eigenvalues of Opy’(¢) in D(0,C), repeated with their algebraic
multiplicity N, € N.

The following is the main result of this paper, where we are concerned with
estimates for eigenfunctions of P, corresponding to eigenvalues in the spectral
region above.

Theorem 1.1. Let C' > 0 be fized and let X € Spec(P) be such that |A| < Ch.
Assume that u € L*(R"), ||ul|z2 = 1, is such that

(P=XNu=0 on R" n>2.
There exists hg > 0 such that for all h € (0, ho], we have uw € L*(R") and

n

lulle < O()A% . (1.16)
Hence, by interpolation,

lullzr < O ™E,  2<p < oo (1.17)

The estimates (I.16) and (LIT) are sharp, since they are saturated by the ground
states of the harmonic oscillator.

The case n = 2 of Theorem [T when P is self-adjoint, is a special case of the
general results of [12] and [I7].

Let us now describe the main idea of the proof of Theorem [Tl and the plan of
the paper. Heuristically, we expect the eigenfunctions u of P, corresponding to
eigenvalues A = O(h), to be concentrated to the region where p(z,&) = O(h),
so that (z,£) = O(hY?). One wishes therefore to microlocalize u by means of
h-pseudodifferential operators of the form

Opy, (X(X/h'7?)),  x € C*(R™). (1.18)

Since the symbols x(X/h'/?) are only regular on the scale h'/2, we know from
[25, Theorem 4.17] that the operators (ILI8) belong to a calculus having no
asymptotic expansion in powers of h. A suitable exotic h'/? calculus, involving
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two small parameters 0 < h < h < 1, was developed in [16], see also [4]. Here we
shall not rely on this calculus explicitly but rather borrow some of its ideas and
proceed as follows. First in Proposition 2.1l we establish a microlocalization of the
ground state eigenfunctions of P to a slightly larger region (z,&) = O(h°), using
the standard h’-calculus with 0 < § < 1/2. Secondly, using the sharp Garding
inequality, we get an a priori estimate for P, involving a microlocal cutoft, regular
on the scale (h/h)Y2, see Proposition 23l Using the a priori estimate, we obtain
a uniform control in L? on

Opy (¢ (X1 /1)),

where ¢ is the quadratic approximation of p and N large, see Proposition 2.4l
The proof of Theorem [I.1]is concluded by a Sobolev embedding argument.

2. PROOF OF THEOREM [L.1]

2.1. A rough microlocalization of the ground states. To state our microlo-
calization result we have to introduce some notation. Let m > 1 be a C* order
function on R?", i.e. there exist Cy > 1 and N, > 0 such that

m(X) < Co(X —Y)om(Y), X, Y € R*™,
For0<¢d < %, we consider the following symbol class,
Ss(m) = {a(X;h) € C*(R*";C) : Ya € N** IC,, > 0,Vh € (0, 1],
VX € R™ |0%a(X; h)| < Coh™%Im(X)}.
We shall need the following composition formula for the Weyl quantization, see

[5], [25], and [1]. If a; € S5, (m1) and as € Ss,(m2) with 0 < 61,92 < 1/2 and
01 + 09 < 1, then

Opy, (a1)Opy (a2) = Opy (a1#az),  a1#az € Simax(s,,52) (M1m2), (2.1)
and
(ar#taz)(x,§) = e 2o(Ds DDy, D”)(al(% §)aa(y, 77))‘?;2%
where

o(D,, D¢; D,, D) D¢-D,—D,-D,.

By Taylor’s formula, applied to ¢ — e'5"(Pe:DeiDy.Dn)

ih

, for any N € N, we have
N

(ax#taz)(z,§) = k:'(

k=0

x/ (1 — f)¥e oDeDeDy Dy (z2h (D, D Dy D)™ a1, )y, ).
’ (2.2)

7(Dy, De; Dy, D))" (a1 (x, €)as(y, n))\y e+ %
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It follows that
N 1

(ar#as)(z, €) — k:(ﬁ —0(Ds, De; Dy, D))" (a1(z, €)ax(y, m))lv=s (2.3)

c h(N+1)(1_61_62)Smax(51,52)(m1m2)'

We shall also need the following formula from [I3] p. 45], valid for £k = 1,2, ...,

(D, De; Dy, Dy)* (al(ﬂf,&)az(ym))lgzg

=S () @0 (o, )0 s, €)).

131
0.
lal+|8|=k p

(2.4)

The main result of this subsection is as follows.

Proposition 2.1. Let C > 0 be fized and let X\ € Spec(P) be such that |\| < Ch.
Assume that u € L*(R"™), ||ul|z2 = 1, is such that
(P=XNu=0 on R" n>2.

Then there is v € C°(R*™,[0,1]) such that for any 0 < & < 1/2, there exists
ho > 0 such that for all h € (0, hy], we have

u = Opy (Y(X/h°))u + Ru, (2.5)
where R € hWMO=2)8s((X)~N) for any M, N € N.

Proof. Let x € C§°(R*",]0,1]) be such that x(X) = 1 for | X| < 1 and supp (x) C
{X € R*™ : |X| < 2}. Since p is not elliptic near zero, to prove (2.5) we consider
the symbol

BX3h) = p(X) = X+ h*x(X/1?), (2.6)
where 0 < § < 1/2 is fixed, and construct a parametrix for the operator Opy, (p).
In doing so we shall proceed similarly to the proof of the sharp Garding inequality
in [5].
First let us show that there is C' > 0 such that

Rep(X) > |X[*/C, X € R™. (2.7)

Indeed, when | X| < ¢y with ¢y > 0 being a small but fixed constant, the estimate
(2.0) follows from the quadratic approximation (L.I4]) together with (I15). When
| X | > Cp with Cy > 0 being a large but fixed constant, the estimate (2.7)) follows
from (LI2)). Finally, when ¢y < |X| < Cy, using (LI and the fact that Rep
vanishes only at X = 0, we conclude that Rep(X) > ¢ > 0, and hence, (2.7)
follows.

Now as a consequence of ([2.7), we have
h26

Rep(X) 4+ h¥x(X/h%) > ?<X)2, X e R™. (2.8)
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Indeed, when |X|/h? > 1, 28) follows from (Z7), and when |X|/h° < 1, the
estimate (2.8) is a consequence of (LII) and the fact that x(X/h°) = 1 in this
region.

Thus, since 0 < § < 1/2, there exists hg = ho(d) > 0 such that for 0 < h < hy we
have

_ p2
Rep(X;h) > F<X>2’ X e R™. (2.9)
We shall next estimate 9“(1/p). To that end, we use Faa di Bruno’s formula,
|| k
rT=r1y. > CeopllUTOTD (210)
k=1 a=p1+..43k,|37|>1 j=1

for appropriate constants Cg g, see [25, p.94]. Using (LLI0), for |3 > 2, we

-----

get
°P(X; h)| < Ceh?@ 18D X e R, (2.11)
This estimate together with (2.9) implies that for |5]| > 2,
85ﬁ =48] -2 2n
— | < Cph7PHX) T, X e R™ (2.12)
p

Let |5| = 1. Here we need the following gradient estimate. Let f : R" — R be
C? with f” € L>°(R"), and f > 0, then

IVF@)]* < 201"l @) f(2), (2.13)
see [28, Lemma 4.31]. We have therefore,
0°(Rep)| < C(Rep)™?, || =1, (2.14)

with C' > 0 independent of h.
Let us now estimate the gradient of Im p. By (LI0), (I.14) and (2.7), we get
Imp(X)| < C|X|* < CRep(X). (2.15)

Treating the regions | X|/h% < 1 and | X|/h® > 1 separately and using the estimate
(27) in the latter region, for all 0 < h small enough, we see that

Rep(X) < CRep(X;h). (2.16)
Thus, it follows from (2.I5) and (2.16]) that
CRep(X;h) —Imp(X) >0,
and therefore, using (ZI3), we obtain that
10°Im p| = [0°Im p| < |0°(CRep — Imp)| + C|0°Rep)

2.17
< C(CRep —Imp)Y? + C(Rep)*? < C(Rep)?, |8 = 1. (217)
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It follows from (2.14)), (2.I7) and (2.9) that for all 0 < A < 1 small enough,

BN
a—Np <ClpV? < oni(X)t | =1. (2.18)
Combining (2.12) and ([2.I8)), we write
BN
'%' <CR PR 18> 1, X e R™. (2.19)

Letting e(X; h) = 1/p, and using (2.10) together with (2.9) and (2.19]), we obtain
that

10%] < CLh~2070el(X)=2 |a| > 0, (2.20)
i.e. h¥e S 55(<X>_2).
Using (2.2)) with N = 1 and the fact that the Poisson bracket {e,p} =0, we get

(e#tp)(x,€) =1

1 [t iht . _
+ —/ (1 —t)e%“(D’“Dﬁ’Dy’D’”(ihU(Dx,Dg;Dy,Dn))Z(e(a«“,f)p(y,n))|y=gdt-
0 n=

4
(2.21)
Next we would like to determine the symbol class of the integrand in (22T
uniformly in ¢. To that end, in view of (2.4)), we first conclude from (Z20) that

9gdle(x,€) € " S;((X)7%), lal+ 18] =2, (2.22)
and from (Z6) and (LI0) that
29 p(y,m) € Ss(1), ol + 8] = 2. (2.23)
Thus, using (2.4), (2.22)) and ([2.23), we get
h?0(Dy, De; Dy, Dy)?(e(x, £)p(y,m)) € B>~ S5((X)7?). (2.24)

Using the fact that
e HoDmDEDAD)  55((X) %) = S5((X)77),
see [28, Theorem 4.17], and (2.24)), we obtain from (2.21]) that
e#p=1+h"Yr  reS;((X)72).

Hence,

Opj (€)Opy (B) = 1 + h*~*Opj (r), (2.25)
where the operator Opj’(r) = O(1) : L*(R™) — L*(R") is bounded for all 0 < h
small enough, see [25, Theorem 4.23]. As 0 < § < 1/2, we have

IR~ 0py ()| L2(rn) s 12 ey < 1/2,

for all 0 < h small enough and therefore, the inverse (1 + h2~*°Op}’(r))~! exists
as an operator L*(R") — L*(R").
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Next using that 1 + h*%r € S5(1) and Beals’s theorem for S;(1), see [25, p.
176 — 177], we see that (1 + h*%0p¥(r))~* := Op}(q) is a pseudodifferential
operator with ¢ € Ss(1).

It follows from (2.25]) that for all 0 < h small enough, we have

Opy, (2)Opy (€)Opy (p) = 1.
Using the composition formula (2.1]), we see that

Opy, (9)Opy (e)h™ = Opy(@), g € Ss({X)™?).

This together with (2.6]), and the fact that (P — A)u = 0 implies that

u = Opy (@)Opy (X(X/h°))u. (2.26)
Let ¢ € Cg°(R?™,[0,1]) be such that ¢» = 1 near supp (x) and

supp (¢) C {X € R* : |X| < 3}.

Then it follows from (2.26) that

u = Opy (Y(X/h’))u + Ru,

where
R = (1= Opy (¥ (X/h?)))Opy () Opy (x(X/R%)).
Here we notice that

X(X/h%) € Ss((X)™), VN €N, and 1—1(X/h%) € Ss(1).
Since supp (1 — ) Nsupp (x) = 0, it follows from (Z2) that
R € hMU=29) G ((x)=N),
for any N, M € N. The proof is complete. U

2.2. Applying Garding’s inequality. We shall need the following version of
the sharp Garding inequality, see [22] and [2].

Theorem 2.2. Let a(z,&;h) € C°(R*™) be such that a > 0 on R*™ and 0%a €
L®(R*) for all || > 2. Then there exist C > 0, depending only on ||0%al| 1,
la| > 2, and ho > 0 such that

(Opi (@)u, u)r2@n) = —Chllull ),

for all0 < h < hg and u € L*(R™).

We shall now establish a suitable a priori estimate for the operator P = Opy}’ (p).
To that end, we let 0 < h be sufficiently small but independent of h. We shall view
h as a second semiclassical parameter. In order to relate the h~Weyl quantization
and h-Weyl quantization, following [16], we set

v=VEF, £=vE, y=vVEj, s=h/h
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We obtain that
(Opy (a)u)(x) = ™% (Op¥ (a)u)(Z),

where
a(7,€) = a(VeT, VEE), T(F) = eiu(vER). (2.27)
Letting
U :u(z) = u(T) = etu(v/E7), (2.28)
one can easily see that U is unitary on L*(R"), and we have
Opy(a) = U_lop}f(fi)U. (2.29)

We have the following consequence of Theorem 2.2l

Proposition 2.3. Let C' > 0 and let |\| < Ch. Let x € C°(R*",[0,1]) be such
that x(X) =1 for | X| <1 and supp (x) C {X € R?*" : |X| < 2}. Then there
exist C' > 0 and hg > 0 such that

w €
Re ((P — A)u,u) 2@y + €(Opy (X(X/VE)Ju, u) L2mny > EHUH%Q(Rn)a (2.30)
for all0 < h < h < Eo and u € L*(R™). Here ¢ = h/?L

Proof. To establish (2.30]), using (2.29)), we pass to the h-Weyl quantization and
get

P = X+ €Op} (x(X/V2)) = U™ Op¥ (F)U. (2:31)
where

~ 1 A
FX:6) = Zp(VEX) = 2 4 x(X). (232
Let us show that there is C' > 0 such that uniformly in € > 0, we have
1
gRep(\/EX) +x(X)>1/C, X eR*™ (2.33)

Indeed, when |X| < 1, the estimate (2.33) follows from (LI1]) and the fact that
X(X) =1 here. When |X| > 1, (2.33) is implied by (2.7)).
It follows from (Z32) and (Z33) that for 0 < h small enough,
Rep(X;e) > 1/C, X € R*™,
uniformly in h. Using (LI0), for |a| > 2, we get

]
050x; )] < VS @) (VEX) 4 ()| £ Gy X € R

uniformly in € < 1. Applying Theorem to Rep in the EfWeyl quantization,
we obtain that there exist C' > 0 and hy > 0 such that

w 1
Re (Opj (p)u, u) 2wy = EIIUIIinn), (2.34)



12 KRUPCHYK AND UHLMANN

for all 0 < h < h < hg and u € L2(R").
Using (Z.31]), (2:34]) and the fact that U is unitary on L*(R"), we obtain that

Re ((P = Au, u)r2@n) + €(Opy (X (X/VE))u, u) r2n)
w 3
= eRe (Op; (P)Uu, Uu)r2(gn) = 5||u||2L2(Rn)=

forall0 < h < h < hg and u € L*(R™). This completes the proof. O

2.3. Testing the a priori estimate. In what follows we shall take h > 0 suf-
ficiently small but fixed, i.e. independent of h, so that Proposition is valid.
The dependence on the parameter h will therefore not be indicated explicitly.

The following result obtained by combining Proposition [2.1] and Proposition 2.3]
is an essential step in the proof of Theorem [I.1l

Proposition 2.4. Let C' > 0 and let A € Spec(P) be such that |\| < Ch. Assume
that

(P—MNu=0 on R" n>2
ue L*(R™), |lullp2z = 1. Set ¢(X) = 3p"(0)X - X. Then for every N € N, there
exists hg > 0 such that for all 0 < h § ho, we have

10p} (6™ (X/V/E))ull 2y < On (1), & = h/h. (2.35)

Proof. First using Proposition 21 we see that Opy (¢"(X/v/e))u € L*(R") for
any N € N. Thus, it follows from the a priori estimate (2.30) that there is C' > 0
such that

Re (P — \)Opy ¢V (X/v/E))u, Opp (¢™ (X/VE) u) r2gan)
+e(0py (X(X/vE))Opyy (¢ (X/v/2))u, Opyy (¢™ (X/vE))u) r2ery  (2.36)
> %||0p;f<qN<X/ﬁ))un;m,

for all 0 < h small enough and all N € N.

Let us start by estimating the second term in the left hand side of (2.36). Using
227), [229), and the fact that U is unitary, we have

(Opy (x(X/v2))Opy (¢ (X/VE))u, Opy (¢ (X/VeE))u) r2(mny

= (Opy (@"(X))Opy (x(X))Opy (¢" (X)) U, Un) 2eny < On(1)]|ull72zn),

(2.37)

for all 0 < h small enough and all N € N. Here we have used the fact that x has
a compact support, and therefore,

Opj (7" (X))Opy (x(X))Opy (¢" (X)) € Opy (S(1)),
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so that
Opj (@ (X))Opj (x(X))Opy (¢" (X)) = On(1) : L*(R") — L*(R")
is bounded, see [25, Theorem 4.23]
Let us consider the first term in the left hand side of (2.36]) and show that
Re ((P = A)Op}, (¢" (X/v/e)u, Opy (a" (X/VE))u) rany < On(h)[[ullf2gn)-
(2.38)
Since (P — N)u = 0, we get
(P=X\)Opy (¢" (X/VE))u, Oy (¢™ (X/v/E) u) ey
= (Op; (@" (X/Ve))[P, Op} (¢™ (X/Ve)|u, u) raceny.

Since ¢ is quadratic, by the composition formula for the Weyl quantization (2.2])
we have

Op}(a), 0P (a™)] = 2 Opf ({0,4") = 0. (2.39)

Letting
r(X) = p(X) = q(X),

and using (2.39), we get

Opy, (7" (X/v2)[P, Opy (4™ (X/VE))] = 8%Op}f (@ (X))[Op}, (r), Opy, (¢ (X))
We have

B 1= Opy(" (X)IOp(r), Opt (" (X))] € hSy((X)™#2), (2.40)
as r € Sp((X)?) in view of (LI0), and ¢ € Sp({X)*N).

By Proposition 2.1] there exists ¢ € Cg°(R*™, [0, 1]) such that for any 0 < § < 1/2,
we have for all A > 0 small enough,

u = Opy (¢(X/h°))u + Ru,
where R € hM10=20)Go((X)=M2) for any M;, My € N. Thus,
€_2NBR c h—2N+M1(1—26)h56(<X>4N+2—M2) c hS@(].),

provided we choose M; and M so large that
2N

>
Mz 1755

My > 4N + 2.
Hence, the operator

e BR = 0O(h) : L*(R") — L*(R")
is bounded for 0 < h small enough.
Given N € N, let us choose ¢ so that

1/2>5>
2202
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and show that the operator
e BOpY (w(X/h%)) = O(h) : L*(R") — L*(R") (2.41)

is bounded for 0 < h small enough. To that end, first letting B = Opj}’ (b), using
the composition formula (2.3) and the fact that ¢(X/h°) € Ss((X)~L) for any
L € N, and (2.40), we write

e b(x, ) (x /B0, E/h°)

_ 2N Z_: l(lh)J 0(Dy, Dg; Dy, D)) (b(z, )1 (y /1, 0/ h°)) |y e + T

(2.42)

where
e e K-8 g (( x)AN+2-LY,

for any K € N and any L € N. Choosing

L>4N+2 and K > 4N + 2,
we conclude that the operator

Op}, (7) = O(h) : L*(R") — L*(R")
is bounded for all 0 < h small enough.
To prove (2.41]), let us determine the symbol class for the first term in the right

hand side of (2.42), i.e.
0(Dy, De; Dy, Dy) (0(x, )9 (y/ 1,0/ 1)) y=o. e

N c2N Z .
(2.43)

Using the composition formula (2.3]), (2.4]), and the fact that ¢ is quadratic, we
get

2N . B! 2N .o 1\

o= GG > CUE Y Cl @)
1=0 k=1 lal+Bl=k T ItHel=

008 (002 (. ) (20" (.6)) — (9F 04" (2. ) (@207 (. )

(2.44)

Hence, to estimate b, we see using 243), ([2.44), and ([2.4) that we have to
estimate the following terms,

e NIt g g | (07 00N )0102 [(020r) (0507 ™) — (9202 g™) (0297 T)]

() (X /D),
(2.45)
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where
j=0,..., K—=1,1=0,...,2N,k=1,...,2N,
lal + 8l =k, [y + 6| = L, [p] + |v] = j.

It follows from (2.45) that it is enough to estimate
ok | 037k (05 (03] | (2.40

on supp (¢(X/h%)), i.e. when |X| < 3h%, with

la) =k, [v] =1, || = J.

Using Leibniz’s rule twice, we rewrite (2.46) as follows,

SR S @ G0 e ).
ptpP=p Y =p2+y

(2.47)

As|a| = k > 1, we know that |y!|+|a| > 1. Consider first the case |[y!|+|a| = 1.
In this case

9 1l < O(XP),
since
r(X)=O(X?) near 0.
Therefore, using the fact that

O(| X |2N-18l < 2N
0, 18] > 2N,

we estimate the absolute value of (Z47) in the case [y'| 4 |a| = 1 by

< eI O(| X [N O(| X ?)
< 8_2No(hh5(4]v+1)h(1—25)(j+l+k—1)> < 8—2N0(hh5(4N+1)) < O(h).

(2.48)

Here we have used that 4N —j —2l—k+ |y} >0and 1/2 > § > %. Similarly,
using that

0% **rl < O(X]) when [7}]+ o =2,
and
0% Tr| < O(1) when ||+ |a] > 3,
we obtain the estimate (Z:48) also in the case when |y!| + |a| > 2. Hence, we get

[b(x,€)| < O(h).
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To estimate the derivatives 8&5()( ), |p| > 1, arguing as above and using Leibniz’s
rule one more time, we conclude that we have to estimate

e (O CTC 7] | REEXT)

on supp (1(X/h%)), with
Similarly to (2.47), we write (2.49) as follows,
o—2N pi+l+k—3i=|pal Z i o (8g<1+’qu)

pltu?=pi+p

1 2

Yo Y t+a N
(X com@dnere)),
Y =p2+y

Therefore, using that 4N — |py| —j — 21 — k + |y}| > 0, we get
955, )] =N o X[l amke

< WPl @(h=2N RSN+ p-20)G++E-1)y < =0l o1,

since 1/2 > 6 > 4]2\7111. Hence,
b e hSs(1),
and thus, (2.41) and (2.38) follow.

The estimate (2.35]) follows from (2.3€)), (2.37) and (2.38). The proof is complete.
U

2.4. Concluding the proof of Theorem [I.1l Let N € N be fixed. Then by
Proposition 2.4] and scaling (2.29), we have

10p5 (¢" (X)) Uul| 2zmy < O(), (2.50)

for all 0 < h small enough. Now it is convenient to make an additional scaling to
pass to the case h = 1. By ([229) and the homogeneity of ¢V, we have

Opy (¢™) = K™V 0y (¢™)V,
where
(Vu)(@) = () Fu(Vh3).
Hence, in the remainder of the proof we may assume that h=1.
We have ¢"V(X) € S¥(R?"). Here
STR™) = {a(X) € C®(R*;C) : Va € N*",3C, > 0, |0%(X)| < Co(X)mIolY,
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see [14 Section 23.1]. Using the fact that Re ¢(X) is a positive definite quadratic
form, we get

" (X)] = (Req(X)™ > [X]*/C, X #0.
It follows from [I4, Theorem 25.1] that there is b € Sx*~ (R?") such that
OpY (0)OpY(¢") — I = R, (2.51)
where the operator R has a kernel in the Schwartz space S(R?"), and therefore,
R:S'(R™) = S(R*™). (2.52)
Here S’(R?") is the space of tempered distributions.
Let s € R and let
H(R") = {u € S'(R") : OpY((1 + |af” + [¢]*)**)u € LA(R")}.
We know that
OpY¥(b) : L*(R™) — H*N(R") (2.53)
is bounded, see [14, Theorem 25.2]. It follows from (2.51), (250), (252) and
(2.53)) that

for all 0 < h small enough.

Choosing N > n/4 and using the fact that H2V(R") c H*"(R"), the standard
Sobolev space, together with the Sobolev embedding H?Y (R") C L*°(R"), we get

Hence, recalling (2.28]), we obtain that
||u||Loo(Rn) S O(l)h_n/4
This completes the proof of Theorem [Tl

Remark 2.5. The estimate (2Z54) also shows that for any K € N, there exists
ho > 0 such that for all h € (0, hy], we have

[(722) 00

foralla, € N", |a+ | < K.

S OK(h_N/4)>

Lo (R")

ACKNOWLEDGEMENTS

The research of G.U. is partially supported by the National Science Foundation.



18 KRUPCHYK AND UHLMANN

REFERENCES

[1] Bony, J.-F., Fujiie, S., Ramond, T., and Zerzeri, M., Microlocal kernel of pseudodifferential
operators at a hyperbolic fixed point, J. Funct. Anal. 252 (2007), no. 1, 68-125.

[2] Bony, J.-M., Sur linégalité de Fefferman-Phong, Seminaire Equations aux Dérivées Par-
tielles, 1998-1999, Exp. No. III, 16 pp., Ecole Polytech., Palaiseau, 1999.

[3] Boutet de Monvel, L., Hypoelliptic operators with double characteristics and related pseudo-
differential operators, Comm. Pure Appl. Math. 27 (1974), 585-639.

[4] Datchev, K., Dyatlov, S., Fractal Weyl laws for asymptotically hyperbolic manifolds, Geom.
Funct. Anal. 23 (2013), no. 4, 1145-1206.

[5] Dimassi, M., Sjostrand, J., Spectral asymptotics in the semi-classical limit, London Mathe-
matical Society Lecture Note Series, 268. Cambridge University Press, Cambridge, 1999.

[6] Hassell, A., Tacy, M., Improvement of eigenfunction estimates on manifolds with nonpositive
curvature, Forum Math., to appear.

[7] Hérau, F., Sjostrand, J., and Stolk, C., Semiclassical analysis for the Kramers—Fokker—
Planck equation, Comm. Partial Differential Equations 30 (2005), no. 4-6, 689-760.

[8] Hitrik, M., Pravda-Starov, K., Figenvalues and subelliptic estimates for mon-selfadjoint
semiclassical operators with double characteristics, Ann. Inst. Fourier (Grenoble) 63 (2013),
no. 3, 985-1032.

[9] Hormander, L., The spectral function of an elliptic operator, Acta Math. 121 (1968), 193—
218.

[10] Karadzhov, G., Riesz summability of multiple Hermite series in LP spaces, C. R. Acad.
Bulgare Sci. 47 (1994), no. 2, 5-8.

[11] Koch, H., Tataru, D., L? eigenfunction bounds for the Hermite operator, Duke Math. J.
128 (2005), no. 2, 369-392.

[12] Koch, H., Tataru, D., and Zworski, M., Semiclassical L? estimates, Ann. Henri Poincaré
8 (2007), no. 5, 885-916.

[13] Martinez, A., An introduction to semiclassical and microlocal analysis, Universitext.
Springer-Verlag, New York, 2002.

[14] Shubin, M., Pseudodifferential operators and spectral theory. Translated from the 1978
Russian original by Stig I. Andersson. Second edition. Springer-Verlag, Berlin, 2001.

[15] Sjostrand, J., Parametrices for pseudodifferential operators with multiple characteristics.
Ark. Mat. 12 (1974), 85-130.

[16] Sjostrand, J., Zworski, M., Fractal upper bounds on the density of semiclassical resonances,
Duke Math. J. 137 (2007), no. 3, 381-459.

[17] Smith, H., Zworski, M., Pointwise bounds on quasimodes of semiclassical Schrédinger
operators in dimension two, Math. Res. Lett. 20 (2013), no. 2, 401-408.

[18] Sogge, C., Concerning the LP norm of spectral clusters for second-order elliptic operators
on compact manifolds, J. Funct. Anal. 77 (1988), 123-138.

[19] Sogge, C., Kakeya-Nikodym averages and LP-norms of eigenfunctions, Tohoku Math. J.
(2) 63 (2011), no. 4, 519-538.

[20] Sogge, C., Zelditch, S., Riemannian manifolds with mazimal eigenfunction growth, Duke
Math. J. 114 (2002), no. 3, 387-437.

[21] Sogge, C., Zelditch, S., Focal points and sup-norms of eigenfunctions, Preprint 2013,
http://arxiv.org/abs/1311.3999.

[22] Tataru, D., On the Fefferman—Phong inequality and related problems, Comm. Partial Dif-
ferential Equations 27 (2002), no. 11-12, 2101-2138.

[23] Thangavelu, S., Summability of Hermite expansions, I, II. Trans. Amer. Math. Soc. 314
(1989), no. 1, 119-142, 143-170.



BOUNDS ON EIGENFUNCTIONS 19

[24] Thangavelu, S., Hermite and special Hermite expansions revisited, Duke Math. J. 94
(1998), no. 2, 257-278.

[25] Zworski, M., Semiclassical analysis, Graduate Studies in Mathematics, 138. American
Mathematical Society, Providence, RI, 2012.

K. KRUPCHYK, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, IRVINE, CA
92697-3875, USA

E-mail address: katya.krupchyk@uci.edu

G. UHLMANN, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WASHINGTON, SEATTLE,
WA 98195-4350, USA

E-mail address: gunther@math.washington.edu



	1. Introduction and statement of results
	2. Proof of Theorem 1.1
	2.1. A rough microlocalization of the ground states
	2.2. Applying Gårding's inequality
	2.3. Testing the a priori estimate
	2.4. Concluding the proof of Theorem 1.1

	Acknowledgements
	References



