relationships can hardly elucidate the mechanisms that cause the
special shale gas production trend. In this study, a novel two-part
Hooke’s model (TPHM) for the permeability and effective stress relationship is developed and incorporated into the hydro-mechanical
COMSOL solver to determine the pro- duction rate of shale gas wells
against time. The TPHM conceptualizes shale rock into soft part and
hard part, which comply with the natural-strain-based and engineeringstrain-based Hooke’s laws, respec- tively, and contribute differently to
the decreasing permeability with increasing effective stresses. The
simulation results are analyzed and compared with those for which the
permeability change effect is not considered. The analysis indicates
that the decrease in stress-induced permeability plays a non- negligible
part in the decline of the production rate.
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Shale gas, as a valuable natural gas, has recently drawn great
international interest following the boom of the shale gas indus- tries
in the United States [1,2]. As an unconventional gas resource, the
economical extraction of shale gas hinges on effective treat- ment of
the extremely low-permeability shale layer (usually on the
magnitude of nano-Darcy) using horizontal drilling and hydraulic
fracturing technology [2]. One of the distinct characteris- tics of the
shale gas production rate is that it declines sharply in the initial stage
with a long tail in the later stage. The sharply decline trend has
raised skepticism about the estimated ultimate recoverother reasons, comparative studies on the production decline
curve among different production wells, different geological
conditions and different production techniques may lead to
optimal methods for increasing shale gas production.
Conventionally, the prediction of the production decline curve
for shale gas wells is based on the data collected from previous
production wells or empirical relationships because these methods
provide a quick estimation. The Arp’s equation [4], which was initially derived for conventional wells, is employed to predict shale
gas well production rates as well. The Arp’s equation can be written as:

Q

ies (EUR) and the overall economic feasibility of shale gas plays [3].

Q ðtÞ¼
ð1Þ

i

1=
b

Therefore, accurate knowledge about the production decline curve
for the basis of estimating the EUR is fundamentally important. For

⇑ Corresponding author at: State Key Laboratory of Coal Resources & Safe Mining,
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University of Mining & Technology, D11 Xueyuan Road, Beijing 100083, China.
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Stress-sensitive permeability Numerical estimation

a bs t r ac t
The production rate of a typical shale gas well generally has steep
decline trend at the initial stage but small declines at later times.
Some empirical relationships have been proposed to describe the
declining production rates and thus forecast the final cumulative
production of a shale gas well. However, these empirical
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Nomenclature

a
b
/e
/t

ct
r

Ce
ke

material constant of the soft part (m2)
material constant for the hard part (dimensionless)
hard part porosity (dimensionless)
soft part porosity (dimensionless)
soft part proportion (dimensionless)
effective stress (MPa)
compressibility of the hard part porosity (MPa-1)
hard part permeability (m2)

½1 þ bDt]
where Q(t) is the production rate at time t, Qi is the initial
produc- tion rate, and b and D are empirical parameters that are
estimated from similar wells. However, Arp’s equation is not
used without question [5]. Many researchers [5–7] have
attempted to modify Arp’s equation for better describing the
production decline curve of shale gas wells. These predictions
provide an initial understand-

kt
Kt
m

soft part permeability (m2)
elastic modulus of the soft part (MPa)
material constant of the soft part (dimensionless)

Unit conversion
Pressure SI unit: 106 Pa; Field unit: 145.04 psi
Production rate SI unit: 104 m3/Day; Field unit: 355 MSCF/Day

ing of the shale gas production rate but with little consideration of
the shale gas flow mechanisms.

For a better evaluation of the shale gas production rate, a
num- ber of reservoir modelling method has been proposed
with more concerns about the inherent gas transport
mechanisms in nano- pores [8–13], gas adsorption and
desorption effect [1,14,15], two phase flows effect [16,17],
multiscale transport phenomenon [18–20], influence of inner
porous structure and composition of shale [21], different type
of fracturing fluid [22,23] and geome- chanical effect [24–27].
Among these influences, the geomechani- cal effects play an
important role in the reduction of production rate [26,28–30],
especially in the early stage of the production. Along with the
production, the reservoir pressure decrease and effective stress
increase which leads to the value changes of many mechanical
and hydraulic properties of the shale layer [28]. It has been
widely reported that the permeability, which is fundamental to
the production rate prediction, showed a high sensitivity to the
changes in effective stress [30–35]. Specifically, permeability
of a shale rock usually decreases rapidly (usually larger than
one order) within the low effective stress range and then
decrease relatively slow at high effective stress range [31,36].
However, in the previ- ous studies [37–39] constant
permeability or empirical relation- ships between permeability
and effective stress, which cannot accurately characterize the
permeability changes at the whole stress range, were usually
employed in the reservoir models for the prediction of shale
gas production. Therefore, a physically robust relationship
between permeability and effective stress in a wider stress
range is in need for the accurate characterization of a shale gas
well.
In this work, a more physically robust relationship
between
permeability and effective stress is proposed and incorporated in
the shale gas production simulation. Specifically, a newly develThepermeability-effective
rest of the paper is organized
as follows: is
in Section
2, the
oped
stress relationship
incorporated
concept
of TPHM
andand
the Subsurface
derivation of
stress
dependent
permeinto the Porous
Media
Flow
module
in COMSOL
(http:// www.comsol.com/) for the simulation of shale gas
production. For the sake of the manageability of the study, the
desorption effect, two phase flow influences, thermal effect and
chemical reac- tions are not included in the simulation. This leads
to difficulties to compare our prediction results with those of field
cases that involve the above processes. Nonetheless, numerous
investigations indicate that the change of stress state significantly
modifies the permeability of shale rocks [30–35]. Considering
this fact, a simu- lation procedure, which can accurately take into
account the per- meability changing effects along with the
production, is imperative for the shale gas reservoir modelling.
In this study, the effect of shale matrix permeability
changing along with the
ability relationship are presented. In Section 3, the model constructed in COMSOL is introduced. In Section 4, the simulation
results are displayed, and the importance of including
geomechan- ical effects in shale gas production simulation is
discussed. Con- cluding remarks are made in Section 5.
2. Relationship between permeability and effective stress
Reservoir rock permeability is one of the most important
prop- erties for predicting the shale gas production rate. Shale
gas reser- voirs usually have extremely low permeability
[1,26,28], and abnormally high pore pressure which is
formed either by diagene- sis or by hydrocarbon-generation
[40–42]. It is understandable that the reservoir pore pressure
decreases along with the produc- tion while the overburden
pressure or confining pressure-almost remains constant. This
results in the increase in effective stress according to the
Terzaghi effective stress calculation theory [43,44].
Considering that the reservoir permeability is highly stress
sensitive and is directly related to the gas production rate, it
is imperative to include this geomechanical effect in the shale
gas production prediction model. The relationship between

permeabil- ity and effective stress used in our model is based on
the TPHM proposed by Liu et al. [36,45–47].
2.1. A brief introduction to the TPHM
Liu et al. [36,45–48] suggested that the true strain or natural
strain, rather than the engineering strain, should be used in
Hooke’s law for accurately modelling elastic deformation of
rock, unless the two strains are essentially identical (as they
might be for infinites- imal mechanical deformations). Natural
rocks are inherently heterogeneous [49,50] which means
different varieties of Hooke’s law should be applied within
ranges having significantly different stress–strain behavior. Liu
et al. [46] conceptually divides the rock body into two parts, hard
and soft, and hypothesizes that the soft part obeys the naturalstrain-based Hooke’s law, whereas the hard part approximately
follows the engineering-strain based Hooke’s law for
mathematical convenience. With this conceptually divid- ing, a
number of constitutive relationships between stress and rock
mechanical and hydraulic properties can be reasonably derived
by using a consistent set of parameters with clear physical
meaning [45,46]. Its validity is demonstrated by its consistence
with a num- ber of test data [36,45–47].
The TPHM based porosity–stress relationship under a hydrostatic state can be expressed by [46]:

(

\

r simulation. As a supplement and
production is the focus in the
extension of our preliminary study, a comprehensive simulation,
/ ¼ /e;0ð1 - C erÞ þ ct exp - t
K
ð2Þ
which involving more complete physical processes characterization, can be carried out provided that more accurate information of
reservoirs is available.

/e ¼ /e;0ð1 - C erÞ

ð3Þ

(
\
r
/t ¼ ctexp -

ð4Þ

K

t

Hereafter, subscript e denotes the ‘‘hard part”, t refers to the ‘‘soft
part”, and 0 refers to the unstressed state. / is porosity and r is
effective stress which is defined as the confining stress minus the
pore pressure. Ce is the compressibility of the ‘‘hard part”, Kt is the
bulk modulus of the ‘‘soft part” and ct is the proportion of the ‘‘soft
part”. Usually, the soft part accounts for only a small portion in the
conceptualized model. As noted by Liu et al. [36,45,46], the soft
part refers to some portion of the pores and micro-cracks in a
rock body, which could be subjected to significant deformation due
to their geometrical heterogeneity [51–54]. Under this conceptu- ally
divided framework, the rock behavior with applied stress can be
more accurately described.
It should also be noted that the TPHM is a macroscopic model that
deals with mechanisms of micro-mechanics in a phenomenol- ogy
manner. As a result, the parameters in the TPHM based rela- tionships
are determined from the macroscopic experimental data. A typical
laboratory tested porosity–effective stress data
[31] is shown in Fig. 1, as indicated by little black squares. Accord- ing
to the tendency of the experimental data of porosity against effect
stress, determination of the unknown parameters in Eq.
(2), i.e. /e,0, Ce, ct, Kt, can be divided into two steps. First, the
parameters of the ‘‘hard part” are determined. Considering the clo- sure
effect of micro-cracks under a high effective stress roughly ranging
within 35–120 MPa, the influence of the ‘‘soft part” on the changes of
porosity can be ignored. Therefore, the hard part porosity relationship
/e = /e,0(1
Cer) is adopted to match the porosity–effective stress
data at this range, as indicated by the red straight dash line in the
figure, from which, /e,0, Ce can be determined. Secondly, the
parameters of the ‘‘soft part” are deter- mined considering the
contribution of micro-cracks to the change of porosity at a low
effective stress roughly ranging within
0–15 MPa. The value of ct can be determined by /0 - /e,0 at

r = 0, if the /0 is provided from the experiment. Otherwise, /t is
first obtained by using the laboratory test data / minus the
already obtained /e value at relatively low effective stress level.
(
\
Then, fitting the data of /t and r using the equation /t ¼ ctexp -K r gives
the values of ct and Kt. The contributions of soft part porosity and
hard part porosity are indicated by black shadow and red shadow
in the Fig. 1, respectively.

2.2. Stress-dependent rock permeability
It is conceivable that the rock permeability decreases with
increasing effective stress in the elastic stage because of the
com- paction of pore volume, i.e. transport channels. One
particular phe- nomenon for low-permeability rock is that the
permeability decreases rapidly (up to several orders) along with
the first several megapascal effective stress increases. As
demonstrated by many experimental studies, this rapid decrease
in permeability is the result of micro-cracks closure [36,55–58].
However, most existing models cannot accurately describe the
permeability–effective stress relationship mainly because they
consider rock as a homoge- neous material. In contrast, the
TPHM considers the heterogeneity of natural rock and can more
accurately describe the relationship between permeability and
effective stress.
According with the division of porosity into ‘‘hard part” and
‘‘soft part”, one can consider the contribution of these two parts
to permeability respectively. First, the permeability changes in
rel- atively high effective stress range are dominated by the hard
part with the consideration that the soft part can be neglected in
this stress range due to micro-cracks closure. Mathematically, the
stress-dependent hard part permeability can be empirically given
by an exponential law (as shown in Eq. (5)), which is consistent
with most of the experimental observations [6,10,23,24] at relatively high effective stress range. Secondly, the soft part corresponding to those slot-like micro-cracks according to the
division of the porosity. The flow in crack-shape channels or two
parallel plates is governed by the well-known ‘‘cubic law’’
[53,59,60]. For a given rock volume, whose flow space can be
conceptualized as crack-shape flow channels, the permeability is
related with the aperture of cracks by the cubic law. Meanwhile,
the porosity is lin- early correlated with the aperture of cracks.
Thus, the soft part per- meability change with the soft part
porosity should obey a power law similar with the ‘‘cubic law”
[32,59,60] (as shown in Eq. (6)). In other words, the value of m
value should be near 3. This has been verified in our previous
work [36] using the experimental data pro- vided by Dong et al.
[31]. Combining Eqs. (5) and (6) yields the total stressdependent permeability as Eq. (7).

ke ¼ ke;0exp bð/e - /e;0 Þ ¼ ke;0exp -bC e/e;0 r

ð5Þ

m
(
lm
kt ¼ a/t ¼ a ct exp -

K

k ¼ ke;0exp -bC e /e;0r þ a ctexp K
(

r

t

\lm
ð6Þ

ð7Þ
Fig. 1. Relationship between porosity and effective stress. The black and red parts
denote the contribution of the soft part and hard part, respectively. (For interpre-

t

r

\

where ke, kt are the stress-dependent permeability of the hard
part and soft part, respectively; the combined term bCe/e,0 for
the hard part has similar meaning with the stress sensitive
coefficient in an commonly used empirical exponential law
for describing the
stress dependent permeability; b is a material constant of the hard
part; a and m are material constants of the soft part.
A typical laboratory tested permeability–effective stress data
[31] is shown in Fig. 2, as indicated by little black squares.
Note that the permeability is plotted in logarithmic

coordinates. Determina- tion the value of ke,0, b, a, m is similar
with the two-step procedure described in the Section 2.1. First,
the permeability data at relatively high effective stress range are
matched by ke ¼ ke;0 exp -bC e/e;0 r to determine the values of ke,0
and b. Secondly, kt is first obtained by using the laboratory test
data k minus the already obtained ke
value at relatively low effective stress range. Then, fitting the data of k
h
(
\i
andt r using the equation k ¼ at c exp - r m gives the values

tation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

of a and m. In our previous work [36], the procedure described
above was employed to determine the unknown parameters in Eq.
(7)

t

K
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Fig. 2. Relationship between permeability and effective stress. The black and red
parts denote the contribution of the soft part and hard part, respectively. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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horizontal well, as shown in the upper part of Fig. 3. The
reservoir depth is set as 1500 m. The formation thickness is 90
m, the length accessed by the horizontal well is 1000 m, and the
half width accessed by the hydraulic fractures (perpendicular to
the paper as shown in Fig. 3) is assumed to be 84 m. The
distance between hydraulic fractures is 50 m. Under these
settings, the size of each block is 50 45 84 m 3, and a total of 80
x
x by this horizontal well. For the simplicity of
blocks are accessed
the simulation, only one block is take into consideration with the
hypothesis that each block has the same contribution to the
production. Shale gas is assumed to transport freely to the well
head once it flows out of the shale matrix, considering the fact
that the effective permeabil- ity of hydraulic fractures and wells
are usually several orders higher than that of shale matrices [25].
Thus, only the process that shale gas flows out of the shale
matrix is considered in this work. Moreover, the flow velocity is
assumed to be uniform along the fracture width (perpendicular to
the paper). With these simplifica- tion and assumption, only a 2D
rectangle (size: 50 m 45 m) block, is constructed and x
meshed
using the build-in meshing mod- ule in the COMSOL, as shown
in the lower part of Fig. 3.
3.2. The physical condition setting in COMSOL

using the experimental data of four groups of shale samples [31].
The determined parameters values are also the basis of the
settings in the numerical simulation.
3. Methodology
The COMSOL software was employed to simulate the gas
pro- duction process in a simplified shale gas reservoir model.
The derived permeability–effective stress relationship of shale
matrix was incorporated into the solver to study this
geomechanical effect on shale gas production. The geometrical
model constructed in COMSOL was simplified, and the stress
dependent permeability effects was the focus of the simulation.
3.1. Simplified geometrical model in COMSOL
For the sake of simplicity, the production shale layer is
hypoth- esized as blocks, which are segmented by hydraulic
fractures and

The 2D time-dependent Porous Media and Subsurface Flow
mod- ule in COMSOL is employed to simulate the production in
a shale gas reservoir. The reservoir overburden pressure gradient
was assumed to be 23 MPa/km along depth, which led to a
confining pressure of the reservoir at 34.5 MPa. The reservoir
was assumed as an overpressure reservoir and the initial
reservoir pore pressure was assumed to be 30 MPa. In the
simulation, the confining pres- sure was assumed as a constant
and the pore pressure was consid- ered to decrease with the
process of gas production. The effective stress was determined
using the confining pressure minus the pore pressure. Besides,
the pressure in the production well was assumed to be a constant
of 10 MPa. Accordingly, the left and right bound- aries of the
block, which were treated as the interfaces between shale matrix
and hydraulic fractures, were considered as the flow out
boundaries for gas at a constant pressure of 10 MPa. The top and
bottom boundaries of the block are set as ‘‘no flow” boundaries.

Fig. 3. Simplified geometrical model.
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Table 1
Input parameters for shale gas production simulation.
1.12 x 10-5

Viscosity (Pa-s)

ity are also presented which highlight the importance of considering geomechanical effects.
Permeability (m2)

k¼

e;0

ahc
r

e e;0

þ

t

Kt

k exp
bC /

-

r
exp

(

\im
2

ke,0 (m )
bCe/e,0 (MPa-1)
a (m2)

ct
Kt (MPa)
m
Initial pore pressure (MPa)
Confining pressure (MPa)
Production well pressure (MPa)

-20

10
0.01
10-16
0.005
8.00
3.00
30.00
34.50
10.00

In contrast to previous studies, the effect of permeability
changes along with the effective stress, as presented in Eq. (7), was
studied in the simulation. COMSOL provide a very convenient
way to set the material parameters as a function of variables. By
this way, stress-dependent permeability equation was incorporated into the calculation and updated at each time step. Darcy’s
law was applied to describe the process of gas flow out of the
reser- voir block. Moreover, the shale gas in the production process
was assumed to be ideal gas. Table 1 shows the material
parameters used in the simulation, the value of which are set
according to our previous study [36]. The pressure condition of the
reservoir is also provided in this table. Given these settings, timedependent calculation was performed in the COMSOL.

In this part, some calculation results are shown under the
framework settings in Section 3. The reservoir pressure distributions are shown in Fig. 4 at different production times. As displayed, after 5 days of production, the pressure change occurs
only near the two flow-out boundaries. Along with the
production, the reservoir pressure near the flow-out boundaries
gradually become equal to the well pressure, and the overall
pressure in the block slowly decreases. Even after 10 years of
production,
pressure permeability
in the middle
of the
block
is still
much
4.1. Results ofthe
considering
change
with
effective
stress
higher than the well pressure (16.70 MPa compared with 10
MPa). This suggests that denser hydraulic fractures could be
applied to access more gas in the reservoir.
From the calculation, the gas velocity is obtained at each point
of the flow out boundary. By integrating the velocity in the flow out
boundary and multiplying it by the fracture width and fracture face
number, the total flow rates of the reservoir are obtained. Note that
this flow rate is at 10 MPa, so we transfer it to the wellhead production rate (at atmospheric pressure) through the ideal gas
assumption. The production rate variations in the time range of
1 year and 10 years are shown in Fig. 5(a) and (b), respectively.
As shown, the production rate declines rapidly in the first several
days, mainly because of the pore pressure decrease near the flow
out boundaries. It should be noted that the geomechanical effect
plays an important part in this process. Along with production,
the gas pressure near the flow out boundaries decrease to the well
pressure (recall Fig. 4), which lead to increased effective stress and
thus causes the permeability in these regions to decrease rapidly.
In the next section, this effect will be analyzed in more detail in
Fig. 4. Reservoir pressure distribution. (a) after 5 days of production, (b) after 1
month of production, (c) after 6 months of production, (d) after 1 year of
production, (e) after 5 years of production, and (f) after 10 years of production.
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4. Results and discussion
With the help of the COMSOL software, the reservoir pressure
contour, gas flow velocity, and production rates can be calculated.
Comparisons with the model that uses constant matrix permeabil-

Fig. 5. Shale gas production rate.
(a) In one year and (b) in ten
years.

comparison with models that use a constant permeability
parameter.
4.2. Comparison to the model without considering the geomechanical
effect
In this part, the calculated production rate data were compared
with the results obtained from the model that has exactly the same
settings except permeability. The permeability in this model is set
as a constant with the value calculated by Eq. (7) at the effective
stress of 24.5 MPa. Fig. 6 shows the comparison result. It is found
that the reservoir pressure drop along with the production is the
main reason for the decline in the shale gas production rate.
However, some major differences can be found between the two
models. As shown, the production rate of the constant
permeability model has a more gradually declining trend. The

initial production rate of the constant permeability model is
lower than the model that considers the per- meability change
effect. This is caused by the fact that the constant rock matrix
permeability is lower than that in the stress dependent
permeability model at high reservoir pressure or low effective
stress range. The more severe production rate decrease is caused
by the rapid decrease in permeability near the flow out
boundaries for the stress dependent permeability model.
The different production rate decline trends shown in Fig. 6
sug- gest that the stress dependent permeability plays a nonnegligible part in the production rate calculation. As a result, the
geomechan- ical effect should be carefully included in the shale
gas well production prediction models. More accurate
knowledge of the

geomechanical effects may help in the optimization of shale gas
well production strategies.
5. Conclusion
In this paper, the influence of geomechanical effects on the prediction of shale gas production rate decline is studied. Specifically,
TPHM-based permeability–effective stress relationship is developed and incorporated into a simplified numerical model. The
COMSOL is employed to calculate the reservoir pressure and production rate that evolve with time. As calculated, the reservoir
pressure in the middle of the model decreases slowly with time
and remains considerably higher than the well pressure even after
10-year production. The production rate curve showed a rapid
decline trend in the initial stage and a long tail in the later stage.
Moreover, the model considering the stress dependent permeability effect shows a much more rapid production rate decline trend
in the initial stage than the model which set the permeability as
a constant. The comparison result suggests that this geomechanical
effect should be included in shale gas production prediction to
ensure a better accuracy.
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