eScholarship
Combinatorial Theory

Title
Boolean elements in the Bruhat order

Permalink
bttgs:ééescholarshiQ.orgéucéitem46v0196gg
Journal

Combinatorial Theory, 5(3)

ISSN
2766-1334

Authors
Gao, Yibo
Hanni, Kaarel

Publication Date
2025

DOI
10.5070/C65365561

Supplemental Material

btt_gs:[[escholarshiQ.org[uc[item[6v0196p6#sggplementi|

Copyright Information

Copyright 2025 by the author(s).This work is made available under the terms of a
Creative Commons Attribution License, available at
https://creativecommons.org/licenses/by/4.0}

Peer reviewed

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/6v0196p6
https://escholarship.org/uc/item/6v0196p6#supplemental
https://creativecommons.org/licenses/by/4.0/
https://escholarship.org
http://www.cdlib.org/

COMBINATORIAL THEORY 5 (3) (2025), #13 combinatorial-theory.org

BOOLEAN ELEMENTS IN THE BRUHAT ORDER

Yibo Gao*! and Kaarel Hénni?

' Beijing International Center for Mathematical Research, Peking University, Beijing, China
gaoyibo@bicmr.pku.edu.cn
The Division of Physics, Mathematics and Astronomy, California Institute of Technology, Pasadena, CA, U.S.A.
khaenni@caltech.edu

Submitted: May 3, 2023; Accepted: Apr 10, 2025; Published: Sep 15, 2025
© The authors. Released under the CC BY license (International 4.0).

Abstract. We show that a Weyl group element is boolean if and only if it avoids a set of
Billey—Postnikov patterns, which we describe explicitly. Our proof is based on analysis of
inversion sets, and it is in large part type-uniform. We also introduce the notion of linear
pattern avoidance, and show that boolean elements are characterized by avoiding just 3 linear
patterns in types Ao, As, and Dy, respectively.

We also consider the more general case of k-boolean Weyl group elements. We say that
a Weyl group element w is k-boolean if every reduced expression for w contains at most k
copies of each generator. We show that the 2-boolean elements of the symmetric group
are characterized by avoiding the patterns 3421,4312, 4321, and 456123, and obtain their
generating function.
Keywords. Boolean permutations, Bruhat orders, Billey—Postnikov patterns, Weyl groups

Mathematics Subject Classifications. 05A05, 20F55

1. Introduction

Billey and Postnikov [BPOS5] defined a notion of pattern avoidance in Weyl groups, which effi-
ciently characterizes those Weyl group elements w whose corresponding Schubert variety X,
is (rationally) smooth, for arbitrary Weyl groups, generalizing the well-known result of Laksh-
mibai and Sandhya [L.S90] that says for a permutation w, its Schubert variety X,, is smooth if
and only if w avoids 3412 and 4231. Since then, Billey—Postnikov patterns (BP patterns), be-
sides geometric importance, have seen many combinatorial applications as well, characterizing
fully commutative elements [BP05, FS97], chromobruhatic elements [Woo18], separable ele-
ments [GG20a, GG20b], and can be used in the context of interval pattern avoidance [Woo10,
WYO08].

*Supported by NSFC grant 124713009.
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2 Yibo Gao, Kaarel Hianni

In this paper, we showcase another combinatorial application of BP patterns (Definition 2.3),
by characterizing boolean elements of arbitrary Weyl groups, generalizing a result by Ten-
ner [Ten(07] for the symmetric group, who showed that a permutation w is boolean if and only
if it avoids 321 and 3412.

Throughout, let ¢ be any finite crystallographic root system with Weyl group W = W (®)
(see more background in Section 2).

Definition 1.1. Anelement w € W is called boolean if the interval [id, w] in the (strong) Bruhat
order is isomorphic to a Boolean lattice.

Boolean elements in Weyl groups have precise geometric meanings: w is boolean if and
only if its Schubert variety X, is a (smooth) toric variety, if and only if X, is isomorphic to a
Bott—Samelson variety [Fan98, Kar13, LMP21a, LMP21b]. Boolean elements are also used to
characterize Levi-spherical Schubert varieties [GHY23, GHY24] and enjoy nice properties in
the calculation of the Schubert structure constants [GZ24].

Here is the first version of our main theorem.

Theorem 1.2. An element w € W(®) is boolean if and only if w avoids all the BP patterns in
Table 1.1.

type forbidden patterns # patterns
A2 §152851 = S$25159 (321) 1
Ag 59515352 (3412) 1
BQ = Cg §18281, $25152, §1525152 — S§95152851 3
Bs 59815389 1
Cs 595158389 1
D4 5951535452 1
Go all patterns of Coxeter length at least 3 7

Table 1.1: Forbidden patterns for boolean elements in Weyl groups.

See Table 1.2 for labels on the Dynkin diagram, where we use s; to denote the reflection
across the simple root «;. We omit root systems of rank 2 since no confusion will arise.

Theorem 1.2 is notable because in [Ten07], Tenner showed that an element being boolean is
equivalent to avoiding 10 patterns in type B and avoiding 20 patterns in type D, with a notion of
pattern avoidance for signed permutations that is different from the ones employed in this paper,
while we only need 7 BP patterns in type 5 and 3 BP patterns in type D.

Moreover, we also introduce a new notion of linear patterns (Definition 2.4), which simul-
taneously generalizes the classical folding of root systems and root system embedding [BP0O5].
This notion allows us to derive an even simpler characterization of boolean elements, which
requires only the same 3 patterns in all types. The following is the second version of our main
theorem.

Theorem 1.3. An element w € W (®) is boolean if and only if w avoids the linear patterns
S18981 € W (Ay), 82818380 € W (A3), and s951535452 € W (Dy).
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type | Dynkin diagram | pattern 7 | inversions /()
ar @

As [ ul— 818281 {0417@2,041 +062}
A3 w?) $295153S592 {Oéz, aq + a9, 09 + a3, 0 + (6] + 043}
Bg O:I;.‘zj;.‘?) 59515359 {O./Q, aq + g, g + Q3, (g + 2(1/2 + 2013}
Cs %1;.:2:;.:3 82518352 {ag, a1 + az, 200 + a3, a1 + 20 + as}
a7 (6] as
D4 " 598515354852 {062,041+062,042+063,052+Oé4,Oé1+2042+053+044, }

Table 1.2: Patterns of interest and their inversions.

Whether there is a generalization of this characterization of boolean elements from Weyl
groups to Coxeter groups is an interesting question that we leave open for future investigation.

The rest of the paper is organized as follows. In Section 2, we provide necessary background
and definitions on Weyl groups and pattern avoidance. In Section 3, we prove the two ver-
sions of our main theorems by first proving Theorem 1.3 and then deriving Theorem 1.2 from
Theorem 1.3. Our proof is largely type-uniform and is completely independent of that of Ten-
ner [Ten07, Ten22], even in the case of type A root systems whose Weyl group is isomorphic to
the symmetric group. Finally in Section 4, we go back to the symmetric group and generalize the
notion of boolean permutations to k-boolean permutations, characterize 2-boolean permutations
by pattern avoidance (as the case £ > 3 does not seem to be governed by pattern avoidance),
and enumerate them.

2. Background on Weyl groups and patterns

We refer readers to [Hum78] for a detailed treatment on root systems.

Throughout the paper, let ® C E be a finite crystallographic root system of rank 7 inside
an Euclidean space £/ ~ R” with a positive definite symmetric bilinear form (—, —). We fix a
choice of positive roots @ C ® which corresponds to a set of simple roots A = {ay, ..., a,}.
Let W = W (®) be its Weyl group, which is a finite subgroup of GL(F) generated by reflec-
tions s, € GL(FE) for all roots «, or equivalent, by s,’s for « € A. For simplicity of notations,
we write s; for s,, where o; € A and we call these reflections simple reflections.

The (strong) Bruhat order on W, which naturally comes from the Bruhat decomposition
of the flag variety, is defined to be the transitive closure of w < wsg if {(w) = ((wsp) — 1,
where ¢ denotes the Coxeter length and 3 € @7 is a positive root. There is a minimum id and
a maximum wy of the Bruhat order. The Bruhat order satisfies the subword property, that says
for any fixed reduced expression s;, ---s;, of u, v < w if and only if there exists a subword
of s;, - - - s;, that is a reduced expression for v.

® is said to be irreducible if it cannot be properly partitioned into ®; LI ®5 such
that (81, 5;) = 0 for all 51 € ®; and By € P,. Irreducible root systems can be classified
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into 4 infinite families A,,, B,,, C,, D,, and exceptional types Eg, E7, Eg, F), Go. We adopt the
following conventions for the classical types, as in [Hum78]:

s type A1t D={e; —e; |1 <i,j<n} CR"/(1,...,1),
Ot ={e; —¢; |1 <i<j<n},
A={e—e|1<i<n—1}

s type B,: P ={xe;te;|1<i<ji<n}U{zxe;|1<i<n},
Pt ={e;Lej|1<i<j<n}U{e |1 <i<n},
A={e;—e|1<i<n—1}U{e};

s type Cpr @ ={Fe;te; |1 <i<j<nU{£2e]|1<i<n},
A={e,—eq1 |1 <i<n—1}U{2e,};

s type D, ©={te;+e;|1<i<j<n},
Ot ={e; e; |1 <i<y<n},
A:{ei—eiﬂ|1<i<n—1}U{6n_1+6n}.

Note that the root system of type B is isomorphic to C5. And when we talk about root systems
of type D,,, we assume n > 4 as there is an isometry taking D3 to A3. We sometimes denote
the simple roots of a given root system as aj, ..., a,. Our convention is that the roots «; are
ordered as above. For instance, for type B,,, a; = ¢; —e;41 for1 <7< n —1,and o, = e,,.

The root poset is the partial order on ®* such that o < § € ®* if § — « can be written
as a nonnegative (integral) linear combination of simple roots. The minimal elements of the
root poset are precisely the simple roots A and there exists a unique maximum of the root poset
called the highest root. The root poset can be given the structure of a graded poset with the rank
of a root being the sum of coeflicients of this root in the simple root basis, known as the height
of this root. We say that a positive root 5 is supported on a simple root « € A if § > « in the
root poset. Define the support of [ to be

Supp(f) := {a € A | B is supported on a} C A.
For w € W(®), its inversion set is
Ip(w)={B €Dt |wp e d }.

We say that 3 is an inversion of w if 5 € Is(w), and a (right) descent of w if 5 € Is(w) N A
is an inversion and also a simple root. It is a standard fact that /(w) = |Is(w)|. The following
lemma is standard (see [BBOS, Corollary 1.4.4]).

Lemma 2.1. Let w € W(®) and o € A such that {(ws,) = {(w) + 1. Then
Is(wse) = solo(w) U{a}.

The next proposition is useful and well-known (see for example [HL16]).
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Proposition 2.2. The inversion set uniquely characterizes a Weyl group element. In other
words, I : W — 22 is injective. Moreover, a subset I C O is the inversion set of some
Weyl group elements if and only if it is biconvex; that is, if and only if:

1. ifa,fel,a+p e dF, thena+ 3 €l and,
2. ifa, e l,a+5€ P thena+ [ ¢ 1.

We can now introduce a restriction map, defined by Billey and Postnikov [BPOS5].
Let E' C FE be a subspace and &’ = &N F’ is then a root system with an inherited set of positive
roots (®')* = ®TNE’, which Billey and Postnikov call a root subsystem. For any w € W (®), its
inversion set /5 (w) is biconvex and it is easy to see that the restriction /g (w) N E’ is also bicon-
vex. By Proposition 2.2, there is a unique element w’ € W (®’) such that I¢/(w') = Is(w) N E'.
We call such w’ the restriction of w to ®’, denoted w|q.

Definition 2.3. We say that w € W (®) contains the BP (Billey—Postnikov) pattern m € W (R),
where choices of positive roots @+ C ® and R C R have been fixed, if there exists a sub-
space F/ C FE such that there is an isometry between root systems ¢’ := & N E’ and R that
preserves the chosen positive roots and maps Io(w) N E’ to Ig(7), i.e. @ = w|q as indicated
above.

For the purpose of this paper, we recommend thinking of BP patterns purely in terms of roots
and inversions, i.e. without considering the usual combinatorial descriptions of Weyl group
elements as permutations (for type A) or signed permutations (for types B and D). That said,
for the reader interested in examples and combinatorial descriptions of BP pattern containment,
we suggest Section 2 of [Hae19] as a reference.

We also introduce a new notion of linear patterns, which enables an even nicer characteri-
zation of boolean elements.

Definition 2.4. We say that w € W (®) contains the linear pattern = € W (R), where choices of
positive roots T C ® and R C R have been fixed, if there exists a linear transformation R — ®
that maps positive roots R* to positive roots &+, inversions /() of 7 to inversions /s (w) of w,
and non-inversions R* \ Ig(7) to non-inversions ®* \ Ig(w). If the simple roots s, .. ., oy
of R are mapped to 1, .. ., Ok, then we say that w contains 7 generated at (3, . . ., B.

Example 2.5. If w contains the BP pattern 7, then w also contains the linear pattern 7. Specif-
ically, by Definition 2.3, we have a linear transformation R = ®' < &, which is an embedding,
that maps positive roots Rt = & N E’ identically to positive roots in ®*. Moreover, inversions
of m and non-inversions of 7 are mapped accordingly into inversions of w and non-inversions
of w, respectively, by how 7 is defined in Definition 2.3.

On the other hand, linear patterns cannot be recovered by BP patterns in general. The dif-
ference is that in linear patterns, we do not require the map to be injective or angle-preserving
or surjective in any sense. For example, there are linear patterns # € W (A7) in w € W (Ey),
and m € W(Ay) inw € W(By), but this is not the case for BP patterns. We proceed to give an
example that demonstrates what linear patterns can look like, using folding.
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Example 2.6. If a Dynkin diagram has a nontrivial automorphism such that distinct nodes in
the same orbit are not connected, then the quotient by this automorphism is another root system.
Such a process is called folding. For example, a root system of type Fj folds into a root system
of type F}, giving a linear map oy +— (1, as — o, ag — 3, g +— Pa, a5 — 1, ag — B4. See
Figure 2.1 for the labels. Referring back to Definition 2.4, perhaps counter-intuitively, elements
in W (F}) can contain linear patterns in W ( Eg).

.

651 (6%) a3 Qg4 Q5 B B2 B3 Ba

Figure 2.1: Folding Fj into F.

Example 2.7. We provide a very concrete linear pattern in folding A3 into Bs. Let 3, be the long
simple root of By and (35 be the short simple root of B,. Then s1595; € W (Bs) contains the lin-
ear pattern s,515352 € W(Aj3). Letting the simple roots of A3 be avy, ae, a3, this is demonstrated
by sending oy — S, aip — 1, ag —> [o. The rest of the map is then uniquely defined by linear-
ity. As I4,(82515352) = {a, a1+ g, ast+az, a;+ag+as}, (A3) T\ La,(s2818382) = {1, as},
Ip,(s18281) = {1, B1+ Pa, b1+ 202}, (B2) T\ Ip,(s15251) = {P2}, we then see that inversions
are sent to inversions, and non-inversions are sent to non-inversions. See Figure 2.2. In fact, in

Figure 2.2: The linear pattern s,515382 € W(Aj3) in s18251 € W (DBs).

signed permutation notation, w = s;52s; € W(By) can be specified as w(—2) = 1, w(—1) = 2,
w(l) = =2, w(2) = —1, which looks like 7 = s2515352 € W (A3) that equals 3412 € S.

More generally, let 6 be an automorphism of the Dynkin diagram such that distinct nodes in
the same orbit are not connected, and let § be the corresponding automorphism on W. There
is a natural inclusion map ¢ : W’ < W, where W’ is the fixed point group of W under 6.
Then «(z) € W is a linear pattern in x € W"'.

To further illustrate how BP patterns and linear patterns compare, we note that for 7 in a
type Ay or D, Weyl group and w in a type A,, or D,, Weyl group, w contains the linear pattern 7
if and only if w contains the BP pattern m. We will not use this fact anywhere in the paper, and
readers are welcome to solve it as an exercise.
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3. Proof of the main theorem

We begin with the following simple proposition, which appeared in [RT09, Lemma 2.5] where
the proof is omitted. We include a short proof for completeness.

Proposition 3.1. An element w € W is boolean if and only if any (or equivalently, all) reduced
expression of w does not contain repeated letters.

Proof. If w is boolean, then the interval [id, w| has the same number of atoms as the height. The
atoms of [id, w] are the simple reflections used by any reduced expression of w while the height
is /(w). This implies that any reduced expression cannot contain repeated letters. Conversely,
if w = s;, - - - 5, is a product of distinct simple reflections, then we have a map ¢ : 2" — [e, w]
via A — ] jea Si;- By the subword property, ¢ is surjective and order-preserving, and since
all ¢;’s are distinct, ¢ is injective. Thus, [e, w] is isomorphic to the boolean lattice 2], O

We will first prove Theorem 1.3, the version using linear patterns of our main result. Then
in Section 3.2, we deduce the BP version from Theorem 1.3.

3.1. Proof of Theorem 1.3

We start the proof with a very useful lemma.

Lemma 3.2. Let w € W(®) and a € A be a simple root. Then any (or equivalently, all)
reduced expression of w contains s,, if and only if there exists € I (w) supported on .

Proof. If w has a reduced expression which does not contain s,, then w is contained in the
parabolic subgroup of W generated by reflections corresponding to A \ {«}. Its inversion set is
contained in this smaller root system where none of its roots are supported on «. Conversely, if
none of the inversions of w are supported on v, I (w) C E’, where E is the linear subspace of £
spanned by A\ {«}. We then have w|¢ = w so w is in fact contained in the parabolic subgroup
of W generated without a. As a result, reduced expressions of w do not contain s,. [

Remark 3.3. In the case of type A,_; where the Weyl group W(A,,_1) ~ &,,, the symmetric
group, Lemma 3.2 is saying that the simple transposition s, = (k k + 1) appears in a reduced
expression of w if and only if there exists 7, j such thati < k < j and w(i) > w(j). This fact
can be easily observed. See also [Ten21].

The following technical lemma, which is purely root-theoretic, is going to be important. It
is also the only part of the proof that is not type-uniform.

Lemma 3.4. Let o € A be a simple root and 3 # o € T be a positive root such that s, € ®*
is supported on «. Then (at least) one of the following is true:

1. B+aedt;
2. B=a+y + 2 suchthat « + v, + vo € DT for some 1,72 € T

3. 8 =2a+ v + v+ 73 such that o + v; € OF fori € {1,2,3}, a+ v+ € &F
fori#j€{1,2,3}, and B — a € T for some v1,72,73 € PT.
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Proof. If o and 3 belong to different connected components of the Dynkin diagram, («, 5) = 0
and s, = (8 which is not supported on «. This is a contradiction. Thus, we assume that ¢ is
irreducible.

For the classical types, we carry out a manual case check on the standard constructions. We
will proceed type by type, starting from the simply laced types.

Type A,: «isasimple root e; —e;;1, and 3 is a positive root e; — e, for some j < k. Keeping
in mind that s, () is supported on «, there are a few options:

* j<i<i+ 1<k Thenp = (e; —eir1)+ (ej —e;) + (€ir1 — €x), as in (2).

e j=i+ 1. Then f +«a € T, asin (1).

e k=14.Then 8+ a € &1, asin (1).

Type D,: Due to the automorphism of the Dynkin diagram of D,, we can assume
that « = e; — e;41. If B = e; — ey, then we are in the type A,_; subsystem, so we are done
by the type A, case (crucially, we use the fact that « is also a simple root of this A,,_;, and 3
is supported on v when taken as a root of A,,_;). So this leaves us with the case § = ¢; + ¢y
(with 7 < k). We split into a few options for a:

* a =e, 1 — e, Recall that s, () is supported on c.

- k<n—1 Then = (e,-1 —e,) + (e + e,) + (e — €,—1), as in (2).
—j<n—1<k=n.Then f+a € T, asin (1).

* a =e¢; —e;4q fori <n — 1. We again split into cases for the indices.

— J < i. Splitinto cases again.
% k #1i,1+ 1. Then we decompose [ = (e¢; — e;41) + (e; — €;) + (ei11 + €x), as
in (2).
# k=1+1.Then S+« € ®T,asin (1).
% k = 1. Then we decompose = 2(e;—e;+1)+(e;—e;)+(eir1—en)+(eir1+e€n),

as in (3).
- j =1,k =1+ 1. Then we decompose 3 = (¢; — e;11) + (€i41 — €n) + (€11 + €n),
as in (2).

— j=1i+1.Then f +a € ®*, asin (1).

Type B,: If a, 5 are both in the type A, subsystem, then we are done by the type A, case,
as before. It remains to consider the case where o = e,,, 8 = ey, or B = e; + ¢;, (with j < k).
We proceed to check these cases.

* a = e,. Recall that s, () is supported on c.
— f=c¢. Then 8+« € ®T, asin (1).
- f=e¢;—e,. Then f+a € ®F, asin (1).
- B =ej + e, with k < n. Then we decompose = e, + (e — €,) + €5, as in (2).
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* 3 = ei. Then the only case we have not considered yet is & = e; — ¢;,1. Given that s,(5)
is supported on «, there are a few options for the indices.

— k < i. Then we decompose 3 = (e; — ;1) + (ex — €;) + €;11, as in (2).
— k =1+ 1. Then we decompose S+ a € &, asin (1).

* 3 = e; + e;. The remaining case is again & = e; — e, ;1. Keeping in mind that s, (/) is
supported on «, there are a few options for the indices.

— J < i. We split into cases for k.
% k #i,1+ 1. Then we decompose 3 = (e; — €;41) + (ej — €;) + (€41 + €x), as
in (2).
# k=1+1.Then S+ € ®T,asin (1).
% k = 1. Then we decompose 5 = 2(e; —e;41) + (€ — €;) + €;41 + €41, as in (3).
- j =1,k =i+ 1. Then we decompose 5 = (e; — €;11) + €11 + €;41, as in (2).
— j=1i+ 1. Then 8+ a € &, asin (1).

Type C,,:  Again, if «, § are both in the type A,,_; subsystem, then we are done by the type A,
case. It remains to consider the case where o = 2e,,, 3 = 2ey, or 8 = e; + e (with j < k).

* a = 2e,. Recall that s,,(/3) is supported on c.

— [ =2eg. Then B = 2e,, + (e, — e,,) + (ex — €5,), as in (2).
- f=¢€j—e,. Then f+ a € ®F, asin (1).

- B = ej + ex with & < n. Then we decompose 3 = 2e¢,, + (e; — €,,) + (ex, — €,,), as
in (2).

* 3 = 2¢;. The only case that is left is « = e¢; — €;,1. Given that s, () is supported on «,
there are a few options for the indices.

— k <. Then 5 = (e; — €;41) + (ex — €;) + (ex + €;41), as in (2).
—k=1+1.Then 8+« € ®*,asin (1).

* 8 = e; + €. The remaining case is again & = ¢; — e;1;. Note that for C,,, e; — ¢; is
supported on e; — ;41 iff s <7and ¢ + 1 < ¢, and that e; + e; is supported on e; — €,
iff s < 7. In fact, this condition is the same for B,,, so the cases for the indices i, j, k that
are possible are exactly the same as for the analogous case for B,,. We can even use all the
same assignments to options (1), (2), and (3) as for B,,, except for cases where e, appears
as o+ [ in option (1) or in a decomposition (in options (2) or (3)). One can go through the
list of cases and confirm that this only happens twice. We now consider these two cases
for C),.

- j<i,k=1 Then § = (e; — e;41) + (e; — €;) + (€i41 + €;), as in (2).
- j=1t4,k=1i+1 Then 8+« € ®*, asin (1).
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For the exceptional types G5, F; and Eg, the lemma is checked on a computer. Note that the
program runs in seconds even for Eg because crucially, we are checking a condition on roots,
and not on Weyl group elements. It is easy to check types G5 and F); by hand, but we do not
present the tedious case analysis here. The cases of Es and E; follow from Eg, by identifying
these as subsystems of Fsg. [

Proceeding with the proof of Theorem 1.3, we now show that if w contains one of our bad
linear patterns, then it is not boolean. The fact that this proposition works so neatly is one of
the main motivations for thinking about this subject in terms of linear patterns (instead of BP
patterns).

Proposition 3.5. If w € W(®) contains the linear pattern sises1 € W(Asz), 2515352 € W(A3),
or 8951838482 € W (Dy), then w is not boolean.

Proof. Say for a contradiction that w contains 7, one of these 3 linear patterns, but is nevertheless
boolean. We first claim that it suffices to show that for any « € A N I4(w), we have that ws,,
still contains the pattern 7. To see that it indeed suffices to show this, note first that ws,, is
still boolean, since there is a reduced expression for w ending in s, (this is Corollary 1.4.6.
in [BB05]). We can conclude that ws,, is a boolean element that contains 7 of Coxeter length
one less. Therefore, by induction on |/4(w)|, the identity Weyl group element contains the
pattern 7, which is a contradiction.

It thus remains to show that for any & € A N Ig(w), we have that ws,, still contains the
pattern 7. Consider first the case that w contains the linear pattern 7 generated at the positive
roots (31, ..., Ok, none of which is equal to «. Then « is not in the image of 7, as all other
positive roots in the image of 7 are non-negative linear combinations of i, ..., B, but the
simple root o cannot be written as a non-negative linear combination of other roots. As « is
not in the image of 7, Lemma 2.1 lets us conclude that ws,, contains 7 generated at the positive
roots s, f1, - - . , Sa Ok, Which means we are done with the proof.

The remaining case is §; = « for at least one ¢ € [k]. To cover this case, we split into
subcases according to our three options for 7:

s If 1 = s15081 € W(Ay), let o be the other root generating the linear pattern
we are considering (in addition to «). Then «a,a’,a + o are inversions of T,
and s,(a + ') = —a + s4(af) € & s0 s,(’) is supported on a. But s,(c’) is an

inversion of ws,, so by Lemma 3.2, any reduced expression of ws, contains s,. How-
ever, this implies that there is a reduced expression for w that contains two copies of s,
which contradicts Proposition 3.1.

o If mT=59815352 € W(A3), then since « is an inversion, write « = . Here, (31, f2, B3 € P
play the role of a type As root system with (5 connected to both 5, and 3. The
roots 31 + (32, B2 + B3 and B; + B2 + (3 are all inversions of 7. At the same time,

Sa(B1 + P2+ B3) = 54(f1 + B2) + 5a(fB2+ f5) +

SO So (81 + B2 + [3) is supported on . But it is also an inversion of ws,,, and thus we get
a contradiction as before.
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o If mT=5551535482 € W (D), since « is an inversion, write o= f3,. Here, (1, 32, 83, B4 € T
play the role of a type D, root system with (3, connected to all others. Similar as above,

Sa(B1 + 202 + B3 + f1) = sa(f1 + B2) + 5a(B2 + B3) + 5a(f2 + 1) + 2

SO So (142824 B3+ B4) is an inversion of ws, which is supported on «.. A contradiction.
l

For the direction that w avoids the 3 bad patterns implies that w is boolean, our main strat-
egy is induction on the size of | J BEly(w) Supp() (the number of simple roots supporting some
inversion of w) via the following technical lemma.

Lemma 3.6. If w € W(®) avoids the 3 linear patterns s15281 € W (As), s2518350 € W(A3),
and $981535452 € W(Dy), and o € Ig(w) is a simple root, then I(ws,) contains no roots
supported on o and moreover, ws,, does not contain any of these 3 linear patterns.

Proof of Lemma 3.6. Let w avoid the 3 linear patterns and choose an arbitrary simple
root o € Ig(w). For the sake of contradiction, say there exists a root v € Ig(ws,) supported
on . We write 3 = s,(), and note that v = s,(f), and that s, () € Ip(ws,) = S € Is(w)
by Lemma 2.1. By Lemma 3.4 applied to these «, 3, we are now in one of the following three
cases:

1. a+ B € ®T. Note that «, 5 are inversions of w, and biconvexity implies that o + [ is
then also an inversion of w. So w contains an sys9517 € W(A,) generated at «, (3.

2. B =7 + a+ 7y withy, + a,a + v € ®T. Then if 7, or ¥, is an inversion of w,
w contains an s15287 € W(Ay) at respectively vq, v or «, yo. If neither is an inversion,
then we get that ; + a and o + 7, are both inversions, since otherwise we would get a
contradiction with biconvexity from 7;, & + s, y1 + @ + 2 or 71 + @, Y2, V1 + @+ 2. We
have now determined whether all the relevant roots are inversions or non-inversions of w
to conclude that w contains an sys15352 € W (A3) generated at 7y, a, 2.

3. 6 = v + 2a + ¥ + 7v3. Then if 7y, 79, or 73 is an inversion of w, w contains
a s18951 € W(Ay) at respectively ~y;, o or ¥9, @ or 3, . We restrict to the remaining
case that vy, v, v3 are all non-inversions. If any of vy +a + v, 1 + a4+ 73,72 + o+ 73
is an inversion, then w contains a bad pattern by case (2). So we restrict to the case where
these three roots are also non-inversions. Now if v; 4+ « is a non-inversion, then we get
a contradiction with biconvexity considering v, + o, v2 + & + 3. So 1 + « and analo-
gously v + «, 73 + « are inversions. Finally, biconvexity implies that (y; + o+ ¥2) + 73
is not an inversion. We have now determined whether all the relevant roots are inversions
or non-inversions of w to conclude that w contains sgs1535452 € W(Dy).

All cases result in w containing one of the bad patterns. So we deduce that all positive roots
in Iy (ws,) are not supported on cv. Now we show that ws,, does not contain any of our 3 linear
patterns. Suppose it contains the bad pattern = with simple roots mapping to 5y, ..., € ®*
(where k € {2,3,4} depending on the pattern). If some ; = «, then we can note for each of
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our patterns that there is a root in I3 (ws, ) covering «, which is impossible. So no j; is a. But
then it follows from Lemma 2.1 that s,(51), ..., Sa(05k) generate a pattern 7 in w, which is a
contradiction. So ws,, also avoids the 3 bad patterns. [

From here, we are now ready to establish the linear pattern characterization of boolean ele-
ments (Theorem 1.3).

Proof of Theorem 1.3. Proposition 3.5 gives one direction. As for the other direction, i.e.
that w which does not contain a bad pattern is boolean, we prove it by induction on the size
of Upery(w) Supp(8). The base case is trivial. As for the inductive step, we find a simple
root @ € Ip(w), and consider ws,. By Lemma 3.6, @ ¢ Ugcy, (ws,) SUpP(8). As multiply-
ing a root by s, only changes the coefficient of «, all other simple roots in (s, () Supp(5)
are also in (e, us.) SuPP(3). Putting these observations together, we get that

U Supp(ﬁ)‘ =

BEIp(wsa)

U Supp(ﬁ)‘ -1

Bels(w)

By Lemma 3.6, ws,, also avoids the bad patterns. So by our inductive hypothesis, ws,, is boolean.
Pick a reduced word for ws,. By Lemma 3.2, this reduced word does not contain s,. Append-
ing s, to the end of this word, we obtain a reduced word for w in which each generator appears
at most once, showing that w is also boolean. This completes the induction. 0

3.2. From linear patterns to BP patterns

In this section, we deduce the characterization of boolean elements in terms of BP pattern avoid-
ance (Theorem 1.2) from the characterization in terms of linear pattern avoidance (Theorem 1.3).
In the next lemma, we show that containing a linear pattern is equivalent to containing a corre-
sponding set of BP patterns (each itself containing this linear pattern).

Lemma 3.7. Let R be an irreducible root system of rank k and let 1 € W (R). Then w € W (®)
contains the linear pattern 7 if and only if w contains at least one BP pattern in the set

P.:=<{o0¢€ U W(©): o contains the linear pattern 7T}.
© irreducible
rank(0)<k
Proof. For the forward implication, we assume that w contains the linear pattern 7. Restrict to
the R-span of the image of R in ®. Denoting this subspace root system by ©, we define 0 = w|e.
Note that © has rank at most k. Since R is irreducible, the images of its simple roots lie in the
same irreducible component of ©. Thus, o € P, and w contains some BP pattern in P;.
For the backward implication, suppose w contains the BP pattern o € P, 0 € W (0). Then
there is a linear map R — © demonstrating that o contains the linear pattern 7. Composing
with the inclusion © — &, we see that 7 is also a linear pattern of w. U
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Observe that P is finite since there are only finitely many irreducible root systems of rank
at most k, each having a finite Weyl group. Then, it follows from the lemma that avoiding the
linear patterns my, ..., T, is equivalent to avoiding all BP patterns in P, U ... U P, . Finally,
observe that if there are 01,09 € P with o being a BP pattern in 05, then w containing a BP
pattern in P is equivalent to w containing a BP pattern in P \ {o2}. The last observation is a
consequence of the fact that BP-containment is a partial order (on the union of all elements in
all Weyl groups). In other words, we can get rid of redundant elements. To make this precise,
for any set P or Weyl group elements, we define the reduction of P, denoted red(P), as:

red(P) = {w € P: w does not contain any BP pattern 7 # w, 7 € P}.

With this notation, our observation is that avoiding all BP patterns in P is equivalent to
avoiding all BP patterns in red(P).

For any two sets P, .S of Weyl group elements (which we think of as BP patterns), we also
define the reduction of P mod S, denoted P/ S, is the set of elements of P which do not contain
a BP patternin 5, i.e.

P/S :={w € P: w does not contain any BP pattern 7 € S}.

Given Lemma 3.7 and the ensuing discussion, figuring out the explicit set of BP patterns, the
avoidance of which corresponds to avoiding our set of linear patterns, is now a finite computation
on Weyl groups of rank at most 4. We begin by presenting P := P,, where m; = s15951 € W (Aj).
In the case of P, it suffices to check all elements of Weyl groups of irreducible root systems of
rank at most 2.

Lemma 3.8. The set of BP patterns corresponding to my = s15951 € W(Ay), P, = Py,
consists of

® 518981 € W(Ag),
* 595152, 51525152 € W (Bsy);
* 525182, 51525152, 52515251, 5152515251, 5251525152, $15251525182 € W(G2)-

Proof. Observe that the linear map demonstrating containment of 7; cannot send both simple
roots of A; to the same image, as 3 € ®* but 5+ =20 ¢ dF.

We go through all the irreducible root systems of rank at most 2: Ay, Ay, By, Go. By the
observation above, there are no w € W (A;) containing 7.

For A,, suppose the linear map demonstrating containment of 7 takes the simple roots
to 31, 2. Then by the observation above, the only option is that 3, 3 are the two simple roots
of A,. This determines the inversions as well (namely, 31, 82, 81 + (2 are all inversions). The
only w € W(A,) with these inversions is w = $15251, which indeed contains 7 itself as a
pattern.

For Bs, let us call the simple roots a; and «y. W (Bs) has 8 elements. 5 of these have strictly
fewer than 3 inversions (these are id si, Sa, 5152, and s251), and we can immediately conclude
that these do not contain a linear 7y, since the observation above implies that 31, (5, 51 + [ are
all distinct inversions. We check the 3 remaining w € W (Bs) as follows:
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* 518981 € W(By) has the three inversions oy, ay + g, a1 + 2a. No two of these add up
to an inversion, so this does not contain a linear .

* $98189 € W (By) has the three inversions ag, a1 + g, 1 + 2. It contains a linear 7
generated at a, ap + s

* 51598182 € W(DBsy) has all positive roots as inversions. It contains a linear 7; generated
at aq, Q9.

For (55, say that the simple roots are o, as. There are 12 elements and we can rule out 5 of
them immediately on account of having strictly fewer than 3 inversions. We analyze the rest:

* 5159571 has the 3 inversions 2o + 3, a1 + aie, ;. No two of these add up to an inversion,
so this does not contain a linear 7.

* S95159 has the 3 inversions oy + 2as, a; + 3aa, ae. It contains a linear 7; generated
at oy + 2042, Q9.

* 5189817 has the 4 inversions 2o + 3, ap + 2aia, oy + 3ag, o, It contains a linear
generated at oy + 2a, ao.

* $9515981 has the 4 inversions oy + 2as, 21 + 3, @ + i, . It contains a linear 7
generated at a; + 2aip, o + Qs.

* 51595159251 has all positive roots other than as as inversions. It contains a linear 7, gener-
ated at oy + 2an, aq + Qs.

* $951595152 has all positive roots other than o as inversions. It contains a linear m; gener-
ated at oy + 2an, aq + Qs.

* 515251595159 has all positive roots as inversions. It contains a linear 77 generated at oy, .
This completes the casework. [

Lemma 3.9. The set of additional BP patterns corresponding to mo = s9515352 € W (Aj3),
P, :=red(Py,)/P,, consists of

® 5189851 € W(BQ),
® 595815382 € W(Ag),
® 59515382 € W(Cg)

Proof. red(Py,)/ P, consists of all elements of Weyl groups of root systems of rank at most 3
that contain 7, and do not contain the linear pattern 7; nor any smaller BP pattern that contains
the linear pattern m,. The root systems of rank at most 3 are Ay, As, By, G, A3, B3, C3. Suppose
that a linear map demonstrating containment of 7, sends the simple roots to 31, 52, 53. We note
that then 5, + (5 + (35 has to be a root. This already implies that a linear 7, is not contained in
any element of W (A;) or W (As). Also note that 5, B2 + (33, and 31 + 35 + (3 are all distinct
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inversions, so if w contains s, then w must have at least 3 inversions, and that these inversions
are all > (3, in the root poset. We can use this inversion count to check the case of B,. Consider
the argument for B, in the proof of Lemma 3.8. We note that the same elements are ruled out on
account of not having enough inversions. Denote «;’s as the simple roots of the root system into
which we are considering a linear map, ordered according to our conventions (Section 2). The
only element which has not been ruled out and also does not contain 7y is then s1 5251 € W (Bs).
It has the inversions oy, a; + o, ap + 2av5 S0 it contains 7, generated at ai, a1, . There is no
strict subspace which contains a linear 7, so we conclude that s; 5951 € red(Py,)/ Py,

For (G5, the only element left to consider after the proof of Lemma 3.8 and counting inversions
is 518981 € W(Gs), which has the inversions 2ai; +3as, ag + g, 1. If 53 # « in this case, then
it is not possible for there to be three distinct inversions containing 5. Hence, we just need to
consider the case that 5, = ;. Arguing similarly, we get that S + 3 = a1+ = (3 = .
Continuing, 51 + B2 + 3 = 201 + 3as = 1 = a1 + 2an. However, 51 + f2 = a1 + 3as is
not an inversion, so this does not give a linear 5. Hence, we obtain no new elements.

For Aj, coefficient counting gives that (3,35, 53 must all be simple roots, from
which 81 + B2,02 + 3 € &+ = [y = s, and WLOG 3, = «y,03 = a3. The in-
versions of w € W (Aj3) containing a linear m, pattern are fully determined by this, and this
determines w to be sy515359 € W (A3). One can check that this does not contain a linear 1 and
also that there is no strict subspace which contains s, S0 s9515352 € red(Pr,)/Pr,

Let us now show that red(P,,)/P,, contains no elements of W (Bj3). Suppose we
have w € W (Bj3) containing a linear m5. Let the corresponding linear map send the simple
roots of Asto 31, B2, B3 € Bs. Let us consider the options for 1, 32, 53. If the R-span of these
three roots is a proper subspace of the ambient B3, then the restriction of w to the root system
in this subspace contains 7o, so w ¢ red(FPy,). This leaves us with the case where the R span
of (51, B2, B3 is full-dimensional. Note that 5; + B2 + 3 € Bs, so its height (the sum of its
coefficients in the basis of simple roots a1, ais, a3 of B3) is at most 5. It is also at least 3, and we
will consider each option:

* If the height of 3; + (2 + 5 is 3, the only full-dimensional option that also satisfies the
condition that 31 + (32, 82 + 3 € ®T is f1 = ay, 2 = g, f3 = a3 (the map in reverse
order is also possible, but this gives the same inversions since 75 is preserved under the
isomorphism of Az). Then 3, + [ + 3, B2 + (33, and (by biconvexity) 31 + 23 + 233
are all inversions, so w contains a linear m; generated at 3, + 5 + B3, 82 + (3, S0 w is not
inred(Py,)/Pr,-

o If the height of 8, + (5 + (5 is 4, then one of (1, 52, O3 has height 2, and the other two
have height 1 each. B3 only has two roots of height 2, namely a; 4+ a5 and as + ag. If
the height two root is «; + as, then any root adjacent to its preimage in the A3 Dynkin
diagram has to be sent to 3 (since neither a; + (1 + ) nor (g + @) + s is a root).
Since we are in the full-dimensional case, this implies that Sy # a3 + a3, so WLOG (as
before) 51 = a; + as. From what we already argued, it follows that S5 = «3. The only
option for 33 is 53 = an. But then w contains a linear 7r; generated at ay + 3, 3. So w is
notinred(Py,)/ Py, . If instead the height 2 root is s + a3, then an adjacent root can be oy
or as. If as + a3 = (o, then WLOG (3; = a4 and 3 = a3. Then w contains a linear m;
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generated at a; + a2 + a3, a2 + a3. So w is not in red( P, )/ Pr,. The remaining case is
that WLOG a5 + a3 = 31, in which case either 5, = a1, and hence 83 = a»; or B3 = as,
and hence 83 = an. The former case is impossible since then 3; + 35 + 83 € ®T. In the
latter case, we find a linear 7, generated at as + a3, 3. So w is not in red( Py, )/ Pr,.

o Ifthe height of 5,4 32+ 3 is 5, let us split into cases according to whether one of 31, 2, 3
has height 3.

If one of (31, (2, B3 has height 3, then this can be either oy + s + ag or i + 23 (since Bs
has no other roots of height 3). In either case, 81 + 52 + 03 = a1 + 2as + 23 (since this is
the unique root in Bs of height 5), and this lets us determine the other two £3;. In the former
case, the other two are as, s, in which case we note by considering pairwise sums that
the only option is 81 = a1 + as + a3, B2 = a3, f3 = as. But then w contains a linear
generated at ais + a3, avg. So w is not in red(Py,)/Py,. In the latter case, the other two
are o, (g, in which case (arguing as before) we get 81 = as +2a3, f2 = a1, 83 = as. But
then there is a linear 75 generated at a3, oy + o, g which is contained in a 2-dimensional
subspace, so w ¢ red(Py,).

If there is no root among (31, 32, 33 of height 3, then two have height 2 and one has height 1.
The only two roots of B3 of height 2 are a; + o and as + a3, and since it is not possible
that one of these appears twice (that would contradict with full-dimensionality), both must
appear once among (31, 32, 83. Since (o + )+ (az +a3) & ®T, these must be 5; and (s,
so WLOG 1 = a1 + g, B3 = ag + as. Using 51 + f2 + 53 = ay + 2 + 2ai3, we get
that 8, = 3. But then w contains a linear 7m; generated at ai; + a, ais + 2cx3. So w is not
inred(Py,)/ Pr,-

This completes the case check for B;. We do the same for C'3. The case check can be set up
completely analogously, and there will again be 3 options for the height of 5, + B2 + B3. We
will now find that there is exactly one w € W (C}3) that contains a linear 7.

 If the height of 5, + B2 + (3 is 3, then again the only option we have to consider
is f1 = ay, P2 = ag,P3 = az. Then as, ay + a3, and (by biconvexity) 2as + a3 are
all inversions, so we find a linear .

o If the height of 5, + (2 + (5 is 4, then the height 2 3; is a; + a5 or ay + ag. If the
height 2 f3; is a1 + «a, then arguing like for B, we get WLOG [ = ay + aw, (2 = as,
B3 = ap. Then note that 31 + 5 + 3 = a1 + 2as + a3 is an inversion, so by biconvexity,
at least one of a; and 2a; + a3 is an inversion. If the former is an inversion, there is a
linear 7, generated at vy, s + cv3. If the latter is an inversion, there is a linear 75 generated
at i, a3, (i, the span of which is a proper subspace. This leaves us with the case that the
height 2 Bz is a9 + Qas. If Q9 + (g = /82, then WLOG ﬂ1 = (, 53 = (9. Since Q9 + Qg
is an inversion, biconvexity gives that at least one of s, g is an inversion. If as is an
inversion, then we have a m; generated at s, as + 3. If a3 is an inversion, then we have
a o generated at oo, az, g, the span of which is a proper subspace. The remaining case
is that WLOG a3 + a3 = f(4; then 85 = «q or 5 = as. In the case that 35 = aq,
we get that 3 = ay, from which 51 + 8 = a1 + as + a3 and (s + B3 = a1 + o, are
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inversions, so there is a m; generated at oi; + o, a; + a5 + a3. In the case that Sy = v,
we get that 83 = «; (the case 33 = asz is ruled out since 31 + B2 + 33 € ®1). Then
note that o, 2as + a3, a1 + ao, a1 + 200 + a3 are inversions and aq,y + ag
are non-inversions (by definition of linear pattern containment). The remaining roots
are ag, oy + g + a3, 201 + 2a0 + as. If g is an inversion, then there is a linear m; gen-
erated at oy, 3. If ay + ay + a3 is an inversion, then there is a linear 7 generated
at oy + ao + ag, ao. If 201 4+ 25 4 vz is an inversion, then there is a linear 75 generated
at o, 2a0 + ag, 1. So the only option is that ag, a1 + g + as, 2a1 + 25 + a3 are
all non-inversions, in which case the inversion set is exactly known and determines w to
be s9518352 € W(C3). One can check explicitly that it does not contain any 71, nor does
it contain any 75 in a strict subspace, so s2515352 € red(Py,)/Py,. We have now checked
all options for the height 4 case.

If the height of 3; + (35 + B3 is 5, we again split into cases according to whether some j3;
has height 3.

If one of 31, (5, B3 has height 3, then this can be either a; + a + a3 or 2as + «3. Either
way, 31 + B2 + B3 = 21 + 2a5 4 ag, from which we can deduce the other two ;. In the
case that the height 3 root is a1 + s + a3, we get the other two to be 1 and ap, from which
WLOG ) = a1, B2 = o, B3 = a1 + a2 + 3. Note that 51 + By + 83 = 201 + 20 + i3
is an inversion but 3 = a1 + as + a3 is not an inversion, from which biconvexity gives
that oy + a3 is an inversion. But then there is a m; generated at aio, oy + 3. In the case
that the height 3 root is 2as 4 a3, we get that the other two are o and ;. However, these
span a two-dimensional subspace.

The remaining option is that two of 31, 32, 53 have height 2. The only two height 2 roots
are a; + as and as + a3. By considering the dimension of the span, we see that it is not
possible for one of these to appear twice, so both must be some f;, which implies that the
third root is (2a1 + 2 + a3) — (a1 + a2) — (g + a3) = ay. By considering pairwise
sums, we see that WLOG (7 = aq, 82 = s + a3, 3 = a1 + an. Since ay + a3 is an
inversion, biconvexity gives that at least one of as, a3 is an inversion. If «; is an inversion,
then we find a linear 7; generated at o, oy + a2 + 3. If o is not an inversion, then o
is an inversion. Also note that oy + 23 + <3 is an inversion but ¢ is not an inversion,
so biconvexity implies that 2as + a3 is an inversion. So we find a linear m, generated
at oo, a3, (s, []

Lemma 3.10. The set of additional BP patterns corresponding to m3 = 251838452 € W(Dy),
P; =red(Py,)/(Pr, U Py,), consists of

518281 € W(Gs);
52818382 € W(B3);

8981835452 € W(D4)

One can prove this analogously to what we did for m; and s, i.e., by checking all elements
of Weyl groups of irreducible root systems of rank at most 4 (which we did using computer
assistance), but we skip this.
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We are now ready to prove Theorem 1.2 from 1.3.

Proof of Theorem 1.2. We continue with the notation m = s1581 €  W(Ay),
Ty = $2818382 € W(A3), and 3 = $9818358482 € W(Dy). By Theorem 1.3, w € W(®) is
boolean iff it avoids the linear patterns 7y, 5, 3. By lemma 3.7 and the observations after it, w
avoids linear 7y, o, 73 iff w avoids all BP patterns in P, U P, U P3; =: P, which is exactly the
set of BP patterns given in Theorem 1.2. [

4. k-Boolean permutations

Inspired by Proposition 3.1, we define k-boolean permutations.

Definition 4.1. A permutation w € &,, is k-boolean if for any reduced word of w, there is no
simple transposition s; that appears strictly more than & times.

We see that w is 0-boolean if and only if w is the identity. Also by definition, being 1-boolean
is the same as being boolean.

Theorem 4.2. A permutation w € G,, is 2-boolean if and only if w avoids 3421, 4312, 4321
and 456123.

Remark 4.3. 1t is clear that being 0-boolean is equivalent to avoiding the pattern 21, and we
know that being 1-boolean and being 2-boolean are characterized by pattern avoidance as well.
However, it is not true that being k-boolean for £ > 3 is characterized by pattern avoidance.
We have that 436512 = 53595354555152535453 iS not 3-boolean since this reduced expression
contains 4 copies of s3. However, 4357612, which contains 436512 as a pattern, is 3-boolean
by a computer check.

Given w, an algorithm of finding reduced words where a certain s; appears minimally can
be found in [GGJ 24, Proposition 5.1].

Question 4.4. Can 2-boolean elements be characterized by BP patterns, or linear patterns?

Question 4.5. Is there another notion of £-boolean permutations that can be characterized by
pattern avoidance, for general £?

We prove Theorem 4.2 in Section 4.1 and we then enumerate them in Section 4.2.

4.1. Proof of Theorem 4.2

This section is devoted to proving Theorem 4.2, which boils down to tedious case checking. We
split the proof into two halves, one for each direction. We start with the following lemma, which
is related to [Ten17].

Lemma 4.6. [f a permutation w € &,, contains 3421, 4312, 4321 or 456123, then there exists
a reduced expression w = s;, - - - s;, where some simple transposition s, = (k k + 1) appears
at least 3 times.
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Proof. Multiplying w by s, on the right can be thought of as swapping the values at index &
and k41, in one-line notation of the permutation. We are going to construct a reduced expression
of w by using the simple transposition to gradually reduce the length of w until we obtain the
identity permutation.

Case 1: w contains 3421. Suppose that w contains 3421 at indices r; < 1y < r3 < 1y
with w(ry) = ¢, w(re) = d, w(rs) = b, w(ry) = awitha < b < ¢ < d. We pick (ry, 79,73, 74)
such that 73 — 75 is as small as possible. In this way, for every j in the range of o < 7 < 13,
if w(j) > ¢, then we can replace 5 by j to decrease 3 — 79, contradicting its minimality and
ifa < w(j) < ¢, we can replace 73 by j to decrease 3 — o, contradicting its minimality as well.
As aresult, for ro < j < r3, we must have w(j) < a. Let kK = r3 — 1 and we will show that we
can use Sy, at least 3 times to decrease w down to the identity.

First, let w") = ws,,5,,41 - - - 5,,_o Where the length of w is decreasing by 1 at each step.
We then have w") (k) = d and w")(k + 1) = b, which form a descent.

Let w® = wWg,.

Now we multiply w® by some products of s,’s to obtain w'®), where k + 1 < i < ry — 1
to sort the indices {k + 1,k + 2,...,r4}, ie, w®Ek + 1) < -+ < wO(ry)
and {w®(k 4+ 1),..., w3 (r)} = {w®(k +1),...,wP(ry)}, while decreasing the length
of w by 1 in each step.

We observe that w® (k) = band w® (k 4+ 1) = ¢/ < w®(ry) = asoletw™® = w®s,.
Finally, notice that w¥) (r,) = ¢ > w®(k+41) = b, which means w® has an inversion supported
on s,. By Lemma 3.2 (Remark 3.3), any reduced expression of w® contains s;,. We have thus
obtained three copies of s.

A diagram of the above steps is shown in Figure 4.1.

We=-Coooderbovenn- a
w® Covenn- db-----. a
w® o bd - a lsk
w® = e ba' ---d------
(4) / | s
w® =i ab-ode-
|

supported on sj

Figure 4.1: 3421 implies some s; appearing at least 3 times.

Case 2: w contains 4312. Since 4312 is the inverse of 3421, this case follows from Case 1 by
taking inverse.

Case 3: w contains 4321. This is a simpler version of Case 1. As we have already done Case
1, we may as well assume that w avoids 3421. Suppose that w contains 4321 at indices r; <
ro <13 < 14 Withw(r) = d, w(ry) = ¢, w(rs) = b, w(ry) = awitha < b < ¢ < d. For j in
the range of 7y < j < r3, we must have w(j) < w(ry) = c since otherwise, w contains 3421 at
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indices 2 < j < r3 < r4. We can now run exactly the same argument as in Case 1 by switching
all ¢’s with d’s. One could also refer to Figure 4.1 by considering ¢ and d swapped.

Case 4: w contains 456123. The argument is also largely similar. Suppose that w contains
456123 at indices | < - -+ < 1g with w(ry) = d, w(ry) = e, w(ry) = f, w(ry) = a, w(rs) =b
and w(rg) = c. Let 73 < k < 74 be any index in between r3 and r,. Consider w(), which is
obtained from w by sorting indices 73,73 + 1,..., 7, in order, i.e. wM(r3) < -+ < w(r,).
Equivalently, we can obtain w" from w by multiplying s; on the right, for some r3 < j < 7y,
so that the length decreases after the multiplication, until such operation cannot be performed
anymore. By Lemma 3.2 (Remark 3.3), as w(r3) > w(r4), s must be used. Next, let w®@ be the
permutation obtained from w(!) by sorting indices 5, . . ., 5. Similarly, as w™® (ry) > w™ (r3),
s, is used in the process. Finally, let w® be the permutation obtained from w(® by sorting
indices 71, . .., 76 and as w® (r;) > w® (rg), sy, is used a third time. O

We now proceed to the other direction of Theorem 4.2.

Lemma 4.7. Let w be a permutation that contains one of 3421, 4312, 4321, 456123. If u = wsy,
or u = sgw, such that {(u) = ((w) + 1, then u also contains one of these patterns.

Proof. Let’s note that the set of patterns of interest is closed under taking inverses, so it suffices
to consider only the case u = ws,. Assume that w contains 7, one of the pattern of interest, at
indices r; < -+ < 1y, where m € {4,6}. If {k,k + 1} N {ry,...,rn} < 1, then u = wsy,
contains the same pattern 7. If {k, k+1} C {ry,..., 7}, then u contains 7s;, for some s; such
that ((7s;) = {(m) + 1. If = = 3421, then we must have j = 1 and 7s; = 4321; if 7 = 4312,
then j = 3 and 7s; = 4321; if 7 = 4321, no such j exists and we have a contradiction. The
remaining case is m = 456123 and if j = 1, then u contains 546123, which contains 4312;
if 7 = 2, then u contains 465123, which contains 4312; if j = 4, then u contains 456213, which
contains 3421; if 7 = 5, then u contains 456132, which contains 3421. O]

Lemma 4.8. Let w € G,, be a permutation with a reduced expression w = s;, - - - s;, where
some simple transposition sy, appears at least 3 times, then w contains one of 3421, 4312, 4321,
456123.

Proof. Use induction on {(w). If s;, # si, then w' = s, - - - s;, contains sy, at least 3 times so
by induction hypothesis, w’ contains one of the 3421, 4312, 4321, 456123. By Lemma 4.7, w
contains one of the patterns as well and we are done. Thus, we can assume that s;, = s, and
similarly s, = s, sothat w = sj -+ - Sg - - - Sg.

As wsy, < w, we have w(k) > w(k +1). Letx = w(k + 1) and y = w(k) with z < y.
As spw < w, we know that k + 1 appears before k in w. Let w(i) = k+ 1 and w(j) = k
with i < j. If {i,j} = {k,k + 1}, then w(k) = k + 1 and w(k + 1) = w(k), so that
wsy = spw and w cannot possibly have a reduced expression starting and ending at si. This
case is impossible. We will consider various orderings of ¢, j, k, k + 1 and =, y, k, k + 1 to find
patterns in w. Write u = szwsy so that {(u) = ¢(w) — 2. By Lemma 3.2, since a reduced
expression of u contains s, « has an inversion across index k. We are going to use this strategy
for the following cases.
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Case1: |{i,j} U{k,k+ 1}| = 3. We have a few subcases here.

If i = k, then; > k + 1. As there are at least two values among {w(k + 1),
w(k + 2),...,w(n)} that are at most k, namely w(k + 1) < w(k) = k+ 1 and w(j) = k,
there must be at least two values {w(1),...,w(k)} that are greater than k. We already

have w(k) = k + 1 so there exists some a < k such that w(a) > k. But w(a) # k + 1
sow(a) > k + 2. As aresult, w contains 4312 at indices a, k, k + 1, j.

If i = k+1,then j > k + 1 and we see that w(k) > w(k + 1) > w(j). Then u(k) = k,
u(k+1) =w(k) > w(k+1) = k+1,u(j) = k+1. Since u has an inversion across index k, we
must have some a € {k+1,...,n}suchthatu(a) < k. Asu(k) = k,u(a) < k,a # k,k+1,j.
We see that w(a) = u(a), and if a < j, w contains 4312 at indices k < k+ 1 < a < j and
if a > 7, w contains 4321 atindices k < k+ 1 < j < a.

If j =k, theni < k and w(i) > w(k) > w(k + 1). Similar as above, we see that u(i) = k,
u(k) =w(k+1) <w(k) =k, u(k+1) =k + 1. As uhas sy in its reduced expressions, there
exists some a € {1,...,k} such that u(a) > k. Thus, a # i,k and u(a) > k + 2. Back to w,
we have w(a) = u(a). So if a < i, w contains 4321 at indices a < i < k < k+ 1 and if a > 1,
w contains 3421 at indices? < a < k < k + 1.

If j = k+ 1, then i < k. Both w(i), w(k) are greater than k. As
{w(1),...,w(k)}N{k+1,...,n} has cardinality at least 2, {w(k+1),...,w(n)}N{1,..., k}
has cardinality at least 2. So there exists some a > k + 1 such that w(a) < k. As a result, w
contains 3421 atindicesi < k < k+ 1 < a.

The situation when |{z, y} U{k, k+1}| = 3 can be deduced from Case 1 by taking inverses.
From now on, assume that both {7, j} and {z, y} are disjoint from {k, k + 1}. Table 4.1 shows
how we divide the problem into cases.

r<y<k<k+1l|z<k<k+l<y|k<k+l<z<y
1<j<k<k+1 Case 2 (4321) Case 3 (4321/4312) | Case 3 (4321/4312)
1 <k<k+1<j| Case3(4321/3421) Case 5 (...) Case 4 (4321/4312)
k<k+1<i<j| Case3(4321/3421) | Case 4 (4321/3421) Case 2 (4321)

Table 4.1: Cases for the proof of Lemma 4.8.

Case2: 1 < j<k<k+landzr <y<k<k+lork <k+1<1i< jand
k < k+1 < x < y. In this case, we directly see that w contains 4321 at indices i, j, k, k + 1
(eitheri < j<k<k+lork<k+1<i<y).

Case3: i< j<k<k+1landy > k+ 1. Since {w(l),...,w(k)} N{k+1,...,n} has
cardinality at least 2, namely w(i) = k+ land w(k) =y > k+ 1, {w(k + 1),...,w(n)} N
{1,..., k} must have cardinality at least 2. Say £ < a < band w(a), w(b) < k. Asw(j) =k
with j < k, we must have w(a), w(b) < k. As aresult, w contains either 4321 or 4312 at indices
1 < j < a < b. By taking inverses, we are also down with the case where x < y < k < k + 1
and j > k + 1.

Cased: i<hk<k+l<jandk <k+1<uz<y.Since{w(l),...,w(k)}n{k+1,...,n}
has cardinality at least 2, namely w(i) = k+land w(k) =y > k+ 1, {w(k+1),...,w(n)} N
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{1,...,k} must have cardinality at least 2. Besides w(j) = k, we must some a > k, a # j,
such that w(a) < k. Alsoa > k + 1 since w(k + 1) = x > k + 1. As aresult, w contains 4321
atindices k, k + 1, 7, a if a > j and contains 4312 at indices k£, k + 1,a, 5 if a < J.

Case5: i< k<k+1<jandz < k < k+ 1 < y. Recall that u = spwsg. In this
case, u(i) =k, u(k) =wk+1) =z < kuk+1)=w(k) =y >k+1,u(j) = k+ 1. Since
a reduced expression of u uses si, we cannot possibly have {u(1),...,u(k)} = {1,...,k}.
There exists a < k such that u(a) > k and b > k such that u(b) < k. Since u(j) = k + 1,
u(a) > k + 1, and also a # i, k. Similarly, u(b) < k and b # k + 1,j. This also tells
us u(a) = w(a), u(b) = w(b). If a < i, then w contains 4312 at indices a,i,k + 1,5 and
if w(a) > y, then w contains 4312 at indices a, k, k + 1, 7. Similarly, if b > j, then w contains
3421 at indices i, k, j, b and if w(b) < x, then w contains 3421 at indices i, k, k + 1, b. The final
remaining case isthati < a < k, k+1 < w(a) <y, k+1<b<j,z <w(b) <k, where w
contains 456123 at indices i, a, k, k + 1,0, 7. O

Now Theorem 4.2 follows from Lemma 4.6 and Lemma 4.8.

4.2. Enumeration of 2-boolean permutations

Throughout this section, let f(n) denote the number of 2-boolean permutations in S,,. We
adopt the convention that f(0) = 1. We have that f(1) = 1, f(2) = 2, f(3) = 6, f(4) = 21,
f(5) = 78, and so on, which appears as sequence A124292 in OEIS [ST20].

Theorem 4.9. Let f(n) be the number of 2-boolean permutations in S,,. Then

— T 160+ 92 -3¢

In this section, we think of 2-boolean permutations as permutations that avoid 3421, 4312,
4321 and 456123 (Theorem 4.2). Let’s first look at what a typical 2-boolean permutation looks
like. Let w be 2-boolean. If w(1) = 1, then the restriction of w to indices 2,3, ..., n is just
a 2-boolean permutation in &,,_; (and it is easy to see that this can in fact be any 2-boolean
permutation in S,,_1). If w(1) # 1, we define the following sets:

C(w) ={(i,w(@)) |1 <i<w(1),1 <w()<w(l)},
Aw) ={(i,w(i) |1 < i < w (1), w(i) > w(1)},
B(w) ={(i,w(?))|i>w1(1),1 <w() < w(l)}.

Write a(w) = |A(w)], b(w) = |B(w)| and ¢(w) = |C(w)| for cardinality. Note that all these
quantities are only defined for those w such that w(1) # 1. See Figure 4.2 for a visual descrip-
tion of these regions. Since w avoids 4321, we see that entries in C'(w) must be increasing. Let
C(w) = {(i1,w(ir)), ..., (le,w(i))} withiy < -+ <i.andw(iy) < --- < w(iy). As w avoids
3421, the region {(i,w(i)) | 1 < i < i, w(i) > w(1)} must be empty. Similarly as w avoids
4312, the region {(i,w(i)) | i > w™(1),1 < w(i) < w(i.)} is empty. These empty sets are
indicated in Figure 4.2. Consequently, we know that C' = {(2,2),(3,3),...,(c+ 1,c¢ + 1)}
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Figure 4.2: Structure of a 2-boolean permutation.

where ¢ = c¢(w). Moreover, it is impossible for a(w) > 2 and b(w) > 2 to happen si-
multaneously. Otherwise, say A(w) contains (z1,w(z1)) and (z9,w(z3)) while B(w) con-
tains (y1,w(y1)) and (y2, w(y2)) with 1 < 29 and y1 < yo. If w(zy) > w(z2), then w
contains 4312 at indices x1, 2o, w™ (1), y; and similarly if w(y;) > w(ys), w contains 3421 at
indices 1, z1, Y1, y2; and if finally w(z;) < w(xq) and w(y;1) < w(y2), then w contains 456123
at indices 1,21, 2, w™ (1), y1, y2. As a result, either a(w) < 1 or b(w) < 1 for a 2-boolean
permutation w.

As an important piece of notation, we use f%°(n) to denote the number of 2-boolean permu-
tations w in &,, such that a(w) = a, b(w) = b and c(w) = c. Note that f*(n) = f>(n) by
the symmetry of taking inverses. We will also omit some superscripts or subscripts to mean we
require less conditions. For example, f?(n) is the number of 2-boolean permutations w in S,,
with a(w) = a.

The following lemma is the key to our recurrence.

Lemma 4.10. We have the following identities for n > 4:

fy= > fk), 4.1)

1<k<n—1

fHn) =f(n—1) = f(n - 2), (4.2)

fomy= > fk), (4.3)
0<k<n—2

Oy = > k), (4.4)
1<k<n—2

fl’l(n) =f(n—2)—1. 4.5)

Proof. We will start by proving (1). Note that partitioning 2-boolean permutations according to
the value of ¢, we obtain

P =S f00n).

We will now show that f2(n) = f(n — 1 — ¢). Consider a 2-boolean permutation w € &,
with ¢(w) = ¢ and a(w) = 0. Let w’ be the restriction of w to the indices 1,c+3,c+4,...,n.
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Note that w’ € &,,_;_. is a 2-boolean permutation. Furthermore, this map w — w’ takes
different 2-boolean w with c(w) = c to different 2-boolean w’ € &,,_;_.. Also note that for
any 2-boolean v’ € &,,_1_., if we construct a permutation w € &,, by letting w(2) = 2,
w(3) = 3,...,w(c+1) = ¢+ 1, w(c+ 2) = 1, and we let the restriction of w to the
indices 1, c+3, c+4, ..., nbeequal to w’, then w is also 2-boolean with a(w) = 0 and c¢(w) = c.
To see this, observe that for w to contain 3421, 4312, 4321, or 456123, some image < c+ 1 would
have to be 3, 4, or 5 in the pattern, which is impossible. This map is also injective. Hence, we
have a bijection showing that f2(n) = f(n — 1 — ¢). This lets us rewrite the above sum as

P =S ) =3 fn-1-0) =3 f(h)

The proof of (3) is completely analogous to the proof of (1), with the only difference being
that we instead consider the restriction of w to the indices c+3, c+4, . . ., n, and note that this can
be any 2-boolean v’ € &,,_5_., whereas w(1) = c+2, w(2)=2,w(3)=3,...,w(c+1)=c+1,
w(c+2) = 1. The fourth identity is also analogous, with the restriction being to the same indices
c+3,c+4,...,n,and the fixed values being w(1) = c+ 3, w(2) =2,...,w(c+ 1) =c+ 1L

As for (2), consider a 2-boolean w € &,, with a(w) = 1 and ¢(w) = ¢. Then w(2) = 2,
w(3) =3,...,w(c+1) = c+ 1, and w(c + 3) = 1. The restriction of w to the rest of the in-
dices 1, c+2, c+4, c+5, ..., nisa2-boolean permutationw’ € &,,_._; withw'(1) < w'(2). Fur-
thermore, any such permutation w’ can be inserted to these indices while giving a 2-boolean w.
These maps are inverses of each other, so it suffices to count the number of such permuta-
tions. For this, it suffices to count the size of the complement, i.e. the number of 2-boolean
permutations © € &,,_._1 with u(1) > w(2). This is equivalent to u(1) > 1 and c(u) > 1
or c¢(u) = 0,a(u) = 0.

For the first case, i.e. that u(1) > 1 and ¢(u) > 1, we can count the number of
such u € &,,_._ in the following way. Note that u(2) = 2 (since ¢(u) > 1, and the restriction
of u to the rest of the indices 1, 3,4,...,n —c—1is a 2-boolean permutation v’ € &,,_._5 such
that u(1) > 1. Furthermore, when we insert any such permutation to these indices, no bad pat-
tern is created that involves the index 2. These maps are clearly inverses of each other, so we have
a bijection. The number of 2-boolean v’ € &,,_._o withu(1) > 1is f(n—c—2)— f(n—c—3).
By our bijection, this is also the number of 2-boolean u € &,,_._; with (1) > 1 and ¢(u) > 1.

For the second case, i.e. that u(l) > 1,c¢(u) = 0, and a(u) = 0, the number of
suchu € &,,_._1is fJ(n — ¢ — 1), which is equal to f(n — ¢ — 2) as argued before.

Putting everything together and summing over ¢, we get that the number of 2-boolean w
with a(w) = 11is

fiin)=) fln—c=1) = ((fln—c=2) = f(n—c=3)) + f(n—c—2))

= fln—c—=1)=2f(n—c—2)+ f(n —c—3).
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This sum telescopes, and we are left with the desired

fin) = fn=1) = f(n—=2) = f(0) + f(1) = f(n— 1) = f(n —2).

It remains to show (5). Consider a permutation w with a(w) = b(w) = 1, and ¢(w) = c.
Then w(l) = ¢+ 3, w(2) = 2,w(3) =3,...w(c+ 1) = c+ 1, and w(c + 3) = 1. Let w’ be
the restriction of w to the rest of the indices ¢ + 2,¢ + 4,¢ + 5,...,n. Then w' is a 2-boolean
permutation in S,,_._» with w’(1) # 1. Conversely, when we insert any such permutation to
these indices, no bad pattern is created, and the result is w with a(w) = b(w) = 1,c¢(w) = c.
This gives a bijection showing that f'(n) = f(n —c—2) — f(n — ¢ — 3). We sum over c:

c=n—4 c=n—4

)= > fHrm)= Y fln—c—2)— f(n—c—3).

This sum telescopes, and we are left with the desired identity

) =fln-2) - f(1) = f(n-2) - L. 0
We are now ready to finish the proof of Theorem 4.9.

Proof of Theorem 4.9. Letn > 4 Recall that for a 2-boolean permutation w € S,, with w(1) #1,
we have either a(w) < 1 or b(w) < 1. By the symmetry between A(w) and B(w), and by simple
inclusion-exclusion, we obtain

fn) = f(n=1)+2f°(n) +2f (n) = f*(n) = 2f*(n) — ' (n)

where the term f(n — 1) accounts for those permutations w with w(1) = 1 while f°(n) accounts
for those with a(w) = 0 and another f°(n) corresponds to those with b(w) = 0 and so on. For
simplicity of notation, write S = ZZ;? f(k). By Lemma 4.10, we continue the computation

fn)=fn=1)+2(f(n—=1)+ f(n=2)+S)+2(f(n—1) = f(n—2))
—(f(n=2)+S+1)=2(f(n—-2)+95) = (f(n—2)—1)
=5f(n—1)—4f(n—2) — S+1.

For n > 5, we write the above equation using n — 1 to get

7
W~

f(n—=1)=5f(n—2)—4f(n—3) — f(k)+ 1.

1

B
Il

Subtract from the above computation, we obtain a linear recurrence

f(n)—6f(n—1)+9f(n—2)—-3f(n—3)=0

for n > 5. Together with the initial terms f(0) = f(1) =1, f(2) =2, f(3) = 6 and f(4) = 21,
we obtain the desired generating function. [
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