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Quantitative Comparison and Analysis of Brain
Image Registration Using Frequency-Adaptive
Wavelet Shrinkage

Ivo D. Dinov, Michael S. Mega, Paul M. Thompsaviember, IEEERoger P. Woods, De Witt L. Sumners,
Elizabeth L. Sowell, and Arthur W. Toga

~ Abstract—in the field of template-based medical image analysis, the atlas associated with the reference volume. In the case of
image registration and normalization are frequently used to eval- studying human brain data, one is often times interested in un-
uate and interpret data in a standard template or reference atlas derstanding the interplay between brain function and structure.

space. Despite the large number of image-registration (warping) . . o . .
techniques developed recently in the literature, only a few studies 1 his problem can be simplified by warping the data into a ref-

have been undertaken to numerically characterize and compare erence (atlas) space and applying the reference-induced brain
various alignment methods. In this paper, we introduce a new maps to study the data. However, image registration introduces
approach for analyzing image registration based on a selective- 5 gihar nontrivial problem of controlling the amount of defor-

wavelet reconstruction technique using a frequency-adaptive . . .
wavelet shrinkage. We study four polynomial-based and two Mation required to transform the data into atlas space. One way

higher complexity nonaffine warping methods applied to groups of t0 measure and account for this data deformation is to compute
stereotaxic human brain structural (magnetic resonance imaging) various functionals on the displacement (warping) field (e.g.,
and functional (positron emission tomography) data. Depending |54 or global Jacobian of the vector field). Another is to look

upon the aim of the image registration, we present several warp - . .
classification schemes. Our method uses a concise representatior‘i'jlt the pre- and post-registration data and the target of the image

of the native and resliced (pre- and post-warp) data in compressed alignment to assess quality of warping and degree of image dis-
waveletspace to assess quality of registration. This technique is com-tortion. In this paper, we will only discuss the latter approach.
puthatlonallymtexp%nzlve and U“"ﬁes t'le mage Compression. Image  The overall organization of this paper is as follows. After
enhancement, and denoising characteristics of the wavelet-base L . : : . )
function representation, as well as the optimality properties of rev_lewmg baSIC warping strgtegles, we discuss wavelet thresh
olding (shrinkage). In Section I, we then present some ob-

frequency-dependent wavelet shrinkage. . f )
Index Terms—Brain imaging, magnetic resonance imaging servations about the useful properties of the large magnitude

(MRI), positron emission tomography (PET), quality of image Wavelet coefficients in discrete wavelet function representation.
registration, wavelets. Section 1I-B introduces three different schemes for quantitative
analysis of image registration using the compressed wavelet
coefficients of the data (pre- and post-warping). Each of these
three classification schemes is applied in different situations
A. General based onthe ultimate goals of the image alignment. In Section 11,

MAGE registration (warping) is the process of aligning dat&€ apply the methodology of “optimal” wavelet coefficient
into reference space. The main purpose of this alignmetftlection to analyze and rank the performance of four different

(MNI) fiducial-based spline warp [9], and statistical parametric

n&apping (SPM) [21] trigonometric nonaffine registration. A
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A stereotaxic polynomial warg39] is a three-dimensional eight nearest neighboss; , .. [24]. A table of coefficients de-
polynomial displacement vector field that brings into registeermines the warping field. For example, an affine field has the
two volumetric data sets (template and target). The field jmrticular form

usually obtained by minimizing certain (cost) functions (e.g.,

least squares, standard deviation, etc.). In general, the higher z filz, y, 2)
the degree of freedom of the field (higher order polynomial =20y | =1 foz, v 2)
coefficients), the better the registration. However, the image z fa(z, y, 2)

distortion increases with increases in the polynomial ordW )

) ! . here eachfi(z, v, 2) = ap o +ax 12 + ap 2y + ai 32
of the fleld.. Here, we address the following question: I%g Ris (an affir)1e function. The (gIoba]Iy deteninined)
there an ultimate upper bound on the number of parametét. parametergy 1, 1 < k < 3,0 < I < 3, minimizing the

beyond which the distortion of the field is too large to tolerate™ ¢ functionC(®) defi i tial displ t field
The answer to this question depends on the template, tar§8§ unctionC(@) define an affine spatial displacement fie

optimization procedure, warping approach, and measure Bﬁtlbnngs the data anq target.mt.o (affine) register, modglo the
goodness of registration. choice of a measure ofimage similarity) and a regularization

There are a number of warping techniques in the literatuf@ctor (K). _
Two major classes of warps can be identified based on the mairf N€ density-based warps have the advantage that, in general,

driving force of the minimization procedure producing the findf1€y do not require human interaction and are applicable for a

deformation field. Thelensity-basetechniques are ones where/a1€ty of data sets. On the other hand, the fiducial-based de-

image intensities are the core of the optimization algorithm@rmations can handle very difficult data and may allow for in-
They are subdivided intelastic warpsi4], [7], viscous warps corporating prior knowledge about the data structure into the

[8], trigonometric function-based alignment, SPM [20], usinéeg's’tr"’ltlon model.
the eigenvectors of the Laplacian rator, andpolynomial .
wzjrSsg[jl] e[c::gg]so e Laplacian operafgf poly C. Wavelet Thresholding

The second main class of warping methods is knowfidas We are now interested in developing a quantitative approach
cial-based A collection of fiducial points [6], curves [3], or foranalyzing the performance of various image registration tech-
surfaces [34], [35] is used as a constraining device of the spddues. This assfessment tool _shoulq be |r.1depend.ent of thg value
tial deformation. Then various deformable templates [7] or fluigif the cost function employed in the iterative warping algorithm
models [35] are used to drive the data-target image similarity'ce this function always attains a minimal value at the final step
function to a minimum, subject to the boundary conditions inf! the alignment process. Our wavelet-space analysis appeals to

posed by the fiducial landmarks. In such cases, the image-sini€ efficiency of wavelet data representation and the image de-
ilarity function includes a regularization term (e.g., for fluighoising properties of the function estimators obtained by wavelet

and elastic warps, one may choose the following regularizatigHeShommg (shrinkage). The usefulness of wavelets as a basis
factor |, |L(®)|[2 dz, whereL is an operator, determined b or function representation is well documented [11], [17]. The

y . o o

the kinetics of the elastic object, which assures that structu%:(ejfc,J ndation of this eﬁ'C'?m representation is the fact that only a
ew of the wavelet coefficients adequately encode the energy of a

are not broken apart [7]).

. . . . ignal. The wavelets corresponding to these few coefficients are
In general, a density-based warping scheme is (_jescrlt_)g Tl localized in both time and frequency domains. Thus, small
follows. If T(v) and D(v) are _the template and dgta INtensitieg, | changes in the signals will affect only a few of the cor-
ata voxelv = (p, ¢, ), v is in the image domai, the de- oqn4nding wavelet coefficients. The image denoising charac-
formation field &7 at iterationn, and locatiorv is obtained by tg(istics of wavelets are an additional property that will now be

minimizing a cost function discussed in some detail.
Suppose our data observatiofig;};x ;' are obtained by
(@) = S(T(v), D(v+ q,g/)) + R(®™) (1) adding noise to some real signAlt;) for each timet;. That

is,y; = f(t;) + €, Wheree; ~ R(0, o2) are independent (and

. . o ] ) identically distributed) Gaussian random variables. To recover
wheresS is an image similarity measure aftlis a regulariza- ine yunknown functiory, having the data alone, we construct
tion term. Common image similarity measures are standard ¢gnction estimatorsf. The Risk function measures estimator

viation of ratio images, least squares, least squares with intgRrformance by the average quadratic loss at the sample points
sity rescaling automated image registration (AIR, [39]), mutual

information [33], [37] or cross correlation, [24]. The regular- . 1 A 5 1 =, 2
ization factor in (1), [32] insures the smoothness of the inducddf> /) = v (”f_f” ): NP Z [f(ti)_f(ti)}
displacement field. The displacement fia¢ is computed it- =0 )
eratively in a hierarchical manner by measuring the similarities
between the data and target images using a coarsely sampl@dre £ is the expectation of the misfit between the function
vector grid on sub-sampled or filtered instances of the data amed its estimator. Notice the similarity between tRiskfunc-
template volumes. The resolution is then increased whenetien and the variance of unbiased estimators. Preference will be
the similarity measure is below a fixed threshold value. At evegjiven to estimators’ having smallRisk measures (i.e., small
run, trilinear interpolation is used to determif& based on its “variances”).
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Let W represent the matrix of the discrete wavelet transforthat the operator$V (wavelet transform)y, (wavelet space
(DWT) [10], [15]. The time-domain model = f + ¢ becomes shrinkage), andV —* (inverse wavelet transform) are applied to
w = 6+ z in wavelet space, where = Wy, 8§ = W f,andz = the observed datg in this particular order, to obtain a function
We. If U is a subset of the set of all wavelet coefficiefits}  estimator, in the time domain. All of the results for the analysis
of the datay [16], defineselective-wavelet (SW) reconstructiomeported in compressed wavelet space are obtained by applying

estimators by only the operatord¥ andn,, in that order, to the observed
R datay. Another point of interest is that the wavelet transform
F= > wiaWin (3) (and its inverse) are orthogonal. Therefofi@y ~1 (W (y))||
wj, kCU = W = l|lv|l, and if all of the wavelet parameters are

N1 . i employed (no thresholding), then the wavelet-space and the
wherew = {wn}, 2y = {wj,,, 0<J < J,0< k<2 — 1} {ime domain analyses produce the same results.
(thej codes for the frequency and thasubscript indexes the lo- Symbolically, letRy ,(SW, f) denote the minimaldeal

cation of the corresponding wavelet coefficients), #idi rep-  Risk of an estimator under any SW reconstruction. Note
resents theith, i.e., the(j, k)th, row of the orthogonal wavelet -, E(||f = E(||é — 9| whered — aa(w) and

transform matrixi [15]. We are interested in expressing thg?N (SW, f) = 1/N'Y, min(62, 02), [15]. We then have

datay in terms of (some of) its wavelet coefficienisin fre- 5, \5her hound for thRisk function, obtained by (4), of the
quency space. The reason for that will be shown later, but f8§timatorf as follows:

now, such decomposition allows compression, denoising, and )
“optimal” representation of the observed signals. R(f, n< (1 +2In(N +4)) <0' ]13]\7 + Ry, o (SW, f)> )

Il. METHODS . . . (5) .
A sketch of the proof of this fact is attached in the Appendix.

Transform methods for characterizing image registration usfie entire proof appears in [15] and basically follows the ideas
the concise image representation induced by various discrgtgsented in [16] applied to the frequency-adaptive threshold
transformations, e.g., the discrete fractal transform (DFT) aug,ep\j = 0\/21n(2n;, + 4). In a similar fashion, replacing the

DWT to reduce the data complexity and dimensionality [Skoefficient of.; by /3, we obtain the following approximation:
[12], [16]. In this paper, we exclusively employ the DWT to

evaluate image registration. Before we describe our three warp iE (||é - 9||2) 9
o ) N . . N B
classification strategies, we will discuss the foundations and inf sup ~ In V.
properties of our frequency-adaptive function estimators § oeRN O'QM + e E min(6?, o2) pl
' AN TN & ¢
A. Frequency-Adaptive Wavelet Space Thresholding (6)

As in Section I-C, lety = f +candw = 6 + z be the de- | other words, itA\; = o/2Iu(fn, +4), na, (wj 1) =
compositions of the observed data in time and wavelet spaggn(wj Dllwi el =X\4 andf = W= W (y), we have the
respectively. The noise ternasand » = We are normally dis- Riskfuhctionél of  bounded above by i
tributed with mean of zero and variance-covariance mattix 21
wheres? is the noise level (the variance matricesfandz are ¢ o n )
identical becaus# is orthogonal). Let; = 27 be the number B(f, 1) < (14+2In(5N +4)) [ BN + R0 (SW, 1))
of wavelet coefficients at thith frequency level. Define the fre- @)

quency-adaptive wavelet thresholding by
This can be compared to the spatially adaptive shrinkage

s (Wi, x) :Sgll(wj,k)[|wj,k| —AJ} of Donoho and Johnstone [17], whede = o+/2In(N),
* m(wj k) = sgn(w; w)[|w; k] — Al4, the function esti-

=sgn(wj, ) max ({ij,kl -} {0}) (@) matorg = Wi\ W(y), and R(g, f) < (1 + 2In(NV))
[02/N+Ry - (SW, £)]. SinceRn, ,(SW, f) ~ O (In N/N),

where); = o+/2In(2n; + 4) andsgn(-) is the sign function. the spatially adaptive estimators [16] ha&Riskmeasures of the
The threshold level defined by Donoho and Johnstone [1Tfder of O(2(In N)?/N). Our frequency adaptive function es-
\; = o\/2In(N) is different from the one we use. Ourtimators haveR(f, f) ~ O(2In(8N) ((3 +1)/8) (In N/N))
threshold level varies with the frequency characteristics of O((2(5 + 1)(In N)?)/8N) for 3 < N. Hence, for large?
the wavelet coefficient, thg index. One can show [15] that(buts < V), we have essentially optimal estimators.
the induced function estimatgf = W—1n\W(y) is essen-  The differences in the upper bound of tRésk measures
tially uniformly optimal. That is, no other SW reconstructiorin (5) and (7) are caused by the differences of the threshold
estimator can uniformly, across all possible “nice” signal$gvels (\; values). The second one, i.e., (7), has a smaller
outperform it in terms of minimizing th®iskfunctional. An upper bound for larg® parameters. In practice, we have used
SW reconstruction scheme is any function for choosing a subget= 2, ¢ = 10, and the thresholding (shrinkage) scheme
of the wavelet coefficients and using these as signal represan-= o/21In(/n; + 4).
tatives. How good this data representations is can be assess@ illustrate the power of frequency-adaptive wavelet
by inverting the wavelet transform on the chosen subset gtirinkage, we present an example involving degrading a two-
wavelet parameters. The notati(fn: W=in\W(y) means dimensional (2-D) magnetic resonance imaging (MRI) image
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@ (b) (©

Fig. 1. (a) Original MRI image, (b) originat®(0, 30), and (c) wavelet-space denoised recovered image. SNR of the wavelet space synthesized image (c) has
increased to 13.7, compared to the noisy image (b) 8 = 3.7. This fourfold increase of image quality, measured by SNR, is indicative of the nice properties
of the wavelet-space function representation.

(@) (b)

Fig. 2. (a) Wavelet transform of the original MRI image. (b) Frequency-adaptive compressed (thresholded) wavelet transform. All but about 68¢edéthe w
coefficients survived the shrinkage process according to the scheme in (4).

by adding to it pixel-wise Gaussian noise of mean zero amécessarily induce image blurring. High-frequency information

variances? = 30. The signal-to-noise ratio (SNR) of the noisycan be recovered, which implies that fine image details, e.g.,

image was reduced to 3.8BNR = 10log;o (02,.1/%%.isc)- €dges, can be captured and preserved.

Following the compressed wavelet space analysis, the SNR is o

improved to 13.7, about a fourfold increase in image qualitf: Wavelet-Based Warp Classification

Fig. 1, depicts the original image, noisy (observed) data, andThere are many different goodness of registration criteria one

recovered (denoised) image. can employ depending upon the specific aim and interpretation
For this example, only about 6% of the wavelet coeffief the warping procedure. Here, we present three different

cients were “selectively” chosen using (4), Fig. 2, and usegbproaches for evaluating warp performance in compressed

to synthesize the new image estimate. Despite the fact thaivelet space.

the synthesized image is not an exact replica of the originalFor notational convenience, suppose we are analyzing the

data, it still shows more fine detail compared to the observeérformance of image registration methods;. }+_; having

signal. This is used as an empirical motivation for analyzinge volumetric data of subjects S, ja—y each scannedtimes

goodness of image registration in compressed wavelet spageder different “activation paradigms” (brain statés, }o_, .

The data representation in wavelet space is robust, concifRe data obtained by scanning subjeatnder the conditiory

and computationally efficient. One may wonder if there arig denoted bys, 4, .

differences between the classical Fourier type of analysis andl) Triangle ScheméA) for Warp Classification: The fun-

the proposed compressed wavelet space signal representatiamental assumption of theangle (A) warp classification is

First, the wavelet basis functions are well localized in timghat a “good” warp is one that minimizes the destruction of

and frequency simultaneously [11]. Thus, local variations eklf-similarities of the data, with respect to some metric, yet de-

the observed signals affect only a small number of the wavefgtming (spatially) the data onto an image having self-symme-

coefficients. Second, the frequency-adaptive wavelet shrinkagies resembling those of the target of the warp. In other words,

7y, [see (4)] preserves wavelet parameters in the extremelg minimize the global distortion needed to transform the data

high-frequency ranges, provided these have large amplituds@ctly into the reference space. To identify image similarities

(are significant). In other words, wavelet compression does riiid symmetries of stereotaxic data, we use a three-dimensional
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the barycenters of the two groups of post-registered data instead
of looking at how close each individual (or an entire group)
is to the atlas (target of the alignment). We discuss such situ-
ations further in Sections II-B.2 and 11-B.3. Choosing the actual
target7™ as a gold standard addresses only one type of rea-
soning behind the process of image registration. Also, we are
Fig. 3. Triangle warp classification scheme in compressed wavelet space. ﬁ/gluatlng |_mage a_.llgnment using the actual |mage_s and the_lr
distance between the warped resliced volulr{@)* and the midpoint\/* corresponding reslices in target space, and not the induced dis-
between the datd)" and the targef™ is used to quantify image registration placement vector fields. A “perfect” warp of a data onto a target
in compressed wavelet space. would then render the entire information content of the data lost
o ] . inthe registration process. Of course, regularization factors [see
(3-D) DWT based on a 20-coefficient Daubechies wavelet filtgf ) jn the cost function employed in the optimization process of
[10], [26]. Signal "self-similarities” and "affine self-symme- ;5 ting the warping field insure that the displacement field
tries” for a functionf are defined as any collection of contracig not discontinuous and perhaps has no trivial Jacobian. Hence,
tive affine maps from the domain gfonto itself [23], [5]. BY i the case when we do not use the actual displacement vector
“contractive” maps, we mean maps that bring points closer fgsjqs byt only the native data, the target, and their resliced
gether in the range space than they are in the domain spage ey representations, we need to penalize against both loss
The close relation between the discrete wavelet and the DFJi§y4ta self-similarities (“perfect” image matching) and imper-

[12] justifies the use of the terminology “self-similarities” anGgc regice-target fit. Hence, the choice of the midpoint on the
“affine self-symmetries” in regard to the wavelet coefficients cgymmetry line.

the data. _ _ For quantitative analysis of image registration based on a
To quantitatively evaluate a spatial deformatibrof a data ¢y of registered data sets, one uses the average distance be-
D to atarget volumé’, we use the following transform metrics eenas* and®(D)* for every warping technique to obtain the

evaluated on the compressed wavelet transforms,df’, and - yegired warp ranking. The distances between the midpoint and
©(D) (Fig. 3). The midpoinfl/ of thesymmetryine connecting \arped resliced volume is inversely proportional to the cumula-

the “points”D andT’ (in the compressed wavelet Spas Our e degree of distortion of the “self-similarities” of the data by
“gold-standard” representing the best warp since it minimizgse warp. More precisely

the total image distortion in registeridg to 7. If ®(D)* is far
from the symmetry line connecting* and7*, in compressed A(®y) =
wavelet space, there would be a great deal of “unnecessary” de- sxa

formation imposed on the data (Fig. 3). Also, the final result %hered(o, o) iis a distance function, we have used thaorm,

the warping W|II_not be clpse to the target.Afactthatdlmlr_ushe * is the midpoint betweeis, A* and 7" in compressed
the purpose of image alignment. In essence, the total distance” ¢ L .
. 2 e . N N wavelet space, andy, (SpAq)" = na, W(Pk, _(SpA,)) is
d(D*, M*) + d(M*, T*) < d(D*, ®(D)*) + d(®(D)*, and : P2 . I g ",
N . : - the reslice of the data sét, A, in target space using theth
1), for &(D)" lying away from the line connecting” and alignment strategy and its corresponding displacement field
T*. Thus, the amount of total warping [as measured/ph™, g 9y P g disp

(D)) + d(®(D)*, T*)] is unnecessarily larger than the ulti-2k».., for this image. Note, that the measuié®,,) can also be
mate total displacemeniti(D*, M*) + d(M*, T*) = d(D* computed in the image space by the formula
and7™)). The distance betweel/* and®(D)* is, therefore, A(22) - S d(<1>kp,q(SpAq), Mp,q)

1

> d(®, (S04 M;,)  (®)
b, q

a measure of goodness of the image registration. Why use the § X
midpoint betweenD* and7™, which is computed as a regular.. .. . .
. . . : Significant differences between these two measures, time
arithmetic mean, instead of, say, the targétitself? After all, . : !
. . . ) versus compressed wavelet space, will be illustrated in the
one of the ultimate goals of image alignment is to make the data . e :
X N . results. This warp classification approach is referred to as the
D* resemble the targdt*. As stated earlier, we base our anal;,_: » .
. ) . . “triangle” scheme because the data, target, and warped resliced
ysis on the fact that there are different goals in data registration. : . -
! : : . olumes represent, in general, the vertices of a nontrivial
For example, if comparing two groups of volumetric funcuonat ; : .
. - . riangle (two-cell) in compressed wavelet space (Fig. 3). In the
brain data, we may be inclined to look at the distance between .
case when a large number of volumes are to be co-registered,
1+ denotes data in compressed wavelet space. Observe the duality betw@ae may argue that the betrget data set to use is one
i{‘,‘age and compressed wavelet spate~ X = 1, W(X) for eachimage \whose compressed wavelet space transform ig%ventroid
U D = {4} = (0, W(D),1 < k < 27}, &(D) = [b,,} = (DAYCENeN) O, WS, Ag)hp, g o
{nx,W(®(D)),1 < k < 27} andT* = {e, .} = {0, W(T),1 < k < T_hls type of warp classification is useful for analyzing image
29} are the compressed wavelet representations of the Batat(e targetT’),  registration based on small groups of data, when the goal of
an? the Warpeq reslicid dE{t@(ID)I), then thel? distance between any pair is the Warping is to bring all the data into a common reference
defined according to the usual rule » space without significantly distorting the self-affine character-
o , ! istics of the data, e.qg., rigid-body-type registration without con-
d(D*, (D)) = (> lajx— b, l s - X
~ siderable local deformation. For example, this type of warp clas-
etc., and the midpoint in the compressed wavelet space is definadby=  Sification is extremely applicable for analyzing statistical differ-
{(a; 0+ ¢ 1/2) )5 k. ences between groups of functional brain data. In these cases,

2
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we prefer volume registration techniques that least distort thrlicating large between-group distances for different activation

Gaussian field characteristics [13] so that of statistical modgdaradigms (brain states).

remain valid in atlas space, as they are in native data space. Insummary, the following protocol describes the step-by-step
2) Cluster Group Classification (CGC)The second type process for obtaining a quantitative assessment of quality of vol-

of warp classification is applicable when we want to comparemetric image registration according to the wavelet-based ap-

a collection of registration algorithms applied to a group gfroach presented here.

volumetric data and we are primarily interested in identifying Step 1) Compute the wavelet transform of all data volumes,

common regions, fiducial points, curves, or surfaces across the their warped-resliced representations, and the target
entire family of data sets. In this case, we allow a lot of local data(j = Wy).

distortion, and penalize registration strategies that fail to clusterstep 2) Apply a spatially adaptive, a frequency-adaptive,
all the data. That is, a good warp in this sense is one that makes (4), or other wavelet shrinkage technique to the
any data volume as similar to any other in the group as possible. wavelet transformed data;, = 7 (9)).

Such a scheme for quantitative warp evaluation will be biasedstep 3) Evaluate the desired warp classification functionals
toward very local and highly nonlinear deformations and may or (A, CGC, SGC), according to the formulas listed in
may not be always desirable. The CGC classifying functional is (8)—(10).

the diameterof the smallest convex set containing the warped a)| of the results presented in the following section were

data. The smaller_ the diameter, the better the warp. obtained by this protocol using a 20-coefficient-based wavelet
As with the triangle scheme, distances between warpgd hechies filter, i.e., Step 1). Our software contains about
resliced volumes are measured in compressed wavelet SpR£gjitferent wavelet bases available (e.g., Spline, Daubechies,

and the diameter measure is computed as the largest paindgiets, and others). We have looked for significant differences
distance between two volumes in the group. Symbolically iy the induced warp ranking using four- and 20-coefficient

. . Daubechies filters and have found none. In general, the number
CCAer) = dlam{q)kpvq(SPA(I) P, q} () of coefficients used to constrict the wavelet bases determines

where @;, _ is the kth alignment method for the data se{he time localization and smoothness of the wavelets [11].

SpA, anddiam denotes the diameter of the smallest convex
set containing the warped resliced data in wavelet space. In
practice, the diameter is computed as the maximum pair-wiseWe now present the complete warp classification analysis on
distance d(®x, , (SpAg)"s Pu,, ., (9. Ag.)"), With d  two types of data: functional [positron emission tomography
being thel? metric, as before. The analogous image spa¢PET)] and structural (MRI). The two examples use different
analysis may be done by evaluatigon the time-domain collections of warps; however, both include the triangle, CGC,
imagesd(®x,, , (SpiAq) Py, o (SpsAgs))- and SGC warp rankings for the corresponding registration al-
3) Spread Group Classification (SGCAnother common gorithms. For the second study, we perform a manual fiducial-
use of image alignment is to be able to identify differencdsased assessment of the wavelet-based warp ranking.
between activation paradigms for functional and/or anatomical
developmental effects for structural brain studies. The SGK Warp Classification Based on Functional Brain Data

warp evaluatloq scheme uses the goodness of warp CriterioRrne fnctional PET data used for this first example consists
proposed“ by Kjemst .aI. [24], where the b,eSt warp 1S theof six subjects, each being scanned two times under different
one.tha}t makes .the differences between different brain staleSivation paradigms, i.e., right- and left-hand finger tracking
(activation par’adlgms, developments stages, etc.) mos_t Clﬁ'gks. Informed consent was obtained from all subjects, and the
and profound.” In other Worc_zls, after the data sets are reglstege(gdy protocol was approved by the University of California at
to a reference atlas, the differences between them stand iy Angeles (UCLA) Human Subject Protection Committee
clearly and the locations of these variations can be easll%l]. The top row of Fig. 4 represents axial views of the six

identified. The SGC warp classifying functional we use ifb hand volumes and the bottom row shows the corresponding
our studies is the distance between the barycenters (cen[, Bt-hand scans. We “sequentially” used four polynomial

of ma_ss) _of the groups of Warped_ data for a fixed bra_in st Warps (AIR 3.0, [39]) of 7, 12, 30, and 168 parameters, i.e.,
or activation paradigm. More precisely, the SGC functional e output of low-order displacement fields were fed in as

defined by the average initialization parameters for higher order warps. The first
1 " y two alignments are affine and the last two are second- and
SGO(®r) = o\ Z d(BCk,qu Bck,qz) (10)  fifth-order polynomial warps.
< ) lsni<ge<a Table | depicts the compressed wavelet space analysis, and
the values of each of the three classifying functionals across the
where BCy = (1/s)3°)_, @, (S,A4,)" is the barycenter four different registration methods. The analogous image space
of the group of data (in compressed wavelet space) for a fixne-domain) analysis, where we compuie CGC, and SGC
brain statey under warpk, (5) = a!/((a — 2)!2!) is the usual values using all of the wavelet parameters, is shown in Table II.
binomial coefficient, and is thel? norm. The best warps choserRecall in Section II-B that smaller values foxr and CGC and
by this approach will have large SGC values, as opposed to tasger values for SGC indicate better registration in terms of the
smallA and CGC values of the first two classification schemesprresponding priori goodness of warp criteria.

Ill. RESULTS
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Fig. 4. Axial views of the PET data prior to warping (six subjects). (top row) Left-hand finger tracking task. (bottom row) Right-hand finger testking

TABLE |
(CoMPRESSED WAVELET-SPACE WARP CLASSIFICATION USING TRIANGLE
(A), CGC,AND SGC QASSIFICATION SCHEMES AIR 7-, 12-, 30-,AND
168-MRAMETER POLYNOMIAL WARPSARE APPLIED TO FUNCTIONAL PET
STUDIES, RIGHT- VERSUSLEFT-HAND FINGER TRACKING TASK

profound, one relies on a measure like the SGC scheme, and se-
lects the 12-parameter polynomial alignment. If one’s intentions
are to simply have all data sets into a common anatomical space,
without regard to possible decline in the between group vari-
ance, then the seven-parameter registration (under CGC) may

Warp Tp 12p 30p 168p be the method of choice. Last, if we want to minimize the global
Funct. distortion done to the entire collection of data sets, in the process
Ranking L .

A 4008050 20‘7534 ! 0.6800 3 07044 of aligning them |_nto a reference frame, we sel_ect the 30-pa-
P ; ; - rame_ter polynomial warp (undek). lefer_ences in the warp

cGe || 7.5781 | 49.1949 49.0140 48.9079 ranking between\, CGC, and SGC functionals should not be
Ranking_ |4 ) 2 3 viewed as inconsistencies or weaknesses. On the contrary, these
SGC || 3.3025| 8.5697| 8.4335| 8.3436 warp classifying functionals are systemic and complementary in
nature. Their differences are indicative of the empirically clear
TABLE I thesis that the purpose of image alignment influences what we

call agoodor abadwarp. Before selecting a warping strategy,
one needs to answer the question of why is image registration
needed in the first place, i.e., what are the ultimate goals of
image alignment of the real data at hand?

IMAGE-SPACE WARP CLASSIFICATION USING TRIANGLE (A), CGC,AND
SGC QASSIFICATION SCHEMES AIR 7-, 12-, 30- AND 168-FARAMETER
PoLYNOMIAL WARPSARE APPLIED TOFUNCTIONAL PET STUDIES, RIGHT-
VERSUSLEFT-HAND FINGER TRACKING TASK

Warp
Funch p 12p 30p | 168p B. Warp Ranking Based on Structural Brain Data
Ranking | 3 2 1 4 A very challenging problem in the area of brain mapping and
A 07163) 06751| 0.6356] 0.7534 brain evolution is the question of brain development and how
EGe 11 770801 492509 49,0797 48.9808 early anatomical changes may be affecting the complex brain
Py— ; 3 3 function and metabolism. At the macroscopic level, we are in-
SGC 333721 85793 84431 8.3560 terested in determining the evolution of cortical and subcortical

interior brain regions over time.

To illustrate the usefulness of our wavelet analysis of image

There are some similarities and some differences between {hgistration (WAIR) took we discuss the following develop-
wavelet- and image-space analyses. We will use the former faental example. The MRI volumetric data of two groups of nine
our quantitative warp ranking because warp ranking in corggpjects each are obtained. Group 1 contains children ages 7-9
pressed wavelet space is consistent with other types of registad group 2 contains children ages 14-16 (see Figs. 5 and 6). All
tion ranking, e.g., canonical variate analysis (CVA) [24], and bgybjects were recruited as normal controls for a large multidisci-
cause of its image denoising, optimality, and compression prgflinary neurodevelopmental research center. All of the children
erties (Section II-A). were right handed and each was screened for neurological im-

For this study, one selects the 30-, seven-, or 12-paramei@ifrments and for any history of learning disability or develop-
warp as the best alignment technique usigCGC, or SGC, mental delay. Informed consent was obtained from all children
respectively, depending on the goal of the registration procgng their parents. A gradient-echo (SPGR) T1-weighted series
dure. The three different goals and registration scenarios, listgfh TR = 24 ms, TE = 5 msNEX = 2, flip angle= 45°,
in Section I1-B, influence differently the final choice of the beSﬁe|d of view is 24 cm, section thickness of 1.2 mm, and no gaps.

image-alignment method. For example, if the aim of the stugiaging time for this series totaled approximately 20 min.
was to warp the two groups of functional data into an atlas space

where the differences between the two groups are most clear arffbnline]. Available: http://www.loni.ucla.edu/~dinov/WAIR.html
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Fig. 6. Axial views of the structural MRI data for group 2, children ages 14-16.

The aim of this study is to identify the regions showing statis- TABLE Il
i anifi it _(CoMPRESSEL) WAVELET-SPACE WARP CLASSIFICATION USING TRIANGLE
tically significant variations between th.e two groups (develo A), CGC,AND SGC QASSIFICATION SCHEMES AIR 12- AND 30-PARAMETER
mental changes). There are several different ways to approach porynomiaL Warps MNI NONLINEAR SPLINE WARP, AND SPM
this problem [21], [42], however, we will be only interested in  NONLINEAR TRIGONOMETRIC WARPING ARE APPLIED TO STRUCTURAL
determining which of four available image registration methods MR! DEVELOPMENTAL STUDIES, NINE SUBJECTSSCANNED AT AGES

. . 7-9AND ANOTHER GROUP AT AGES 14-16
should be used to warp all the data in a common anatomical

reference space. The four warping techniques used here were: Warp

1) polynomial AIR 12 [39]; 2) polynomial AIR 30 [39]; 3) MNI Funci || AIR-12[ AIR_30) MNI | SPM

nonlinear (point-based) fiducial-based [9]; and 4) SPM non- Roking |1 > p 3

linear trigonometric [20] warps. A 0.4323| 0.4330| 0.8094| 0.4980
Tables Ill and IV show the compressed wavelet and corre- Ranking = |3 2 4 !

sponding image-space analysis on these data using the three SGC 16'3119 - 6.2800 124'56422 58295

. . . . . Ranking 3
warp classification schemes presented in Section II-B. Again, sGe || 07906 07326 6.3942| 1.2897

as in the previous example, smaller valuesdénd CGC and
larger values of SGC indicate better registration. Depending on
the prior goodness of warp hypothesis (Section II-B), one segether in an atlas space, without regard to the required total
lects AIR 12 (usingd), SPM (using CGC), or MNI (using SGC) deformation, one selects the SPM trigonometric warp under the
warps. Ifa priori, the goodness of warp criterion chosen is t€GC classification scheme. Finally, if our aim is to investi-
minimize the global deformation, across all data sets, one selegase differences between the two age groups, we may choose
the 12-parameter polynomial alignment andhelassification the SGC scheme as a quantifier of goodness of registration. In
scheme. In the case when the ultimate goal is to cluster the dditia case, the MNI fiducial-based spline warp yields the largest



DINQV et al. QUANTITATIVE COMPARISON AND ANALYSIS OF BRAIN IMAGE REGISTRATION 81

TABLE IV 1‘3;‘8
IMAGE-SPACE WARP CLASSIFICATION USING TRIANGLE (A), CGC, Mean=5.3 +/-0.891 ) " WMRI12p"
AND SGC QASSIFICATION SCHEMES AIR 12- AND 30-PARAMETER :ean=g -g +5-g- igg o MRI3O0p " —
ean=o. +7/=-1. MRI_MNI
PoLYNOMIAL WARPS, MNI NONLINEAR SPLINE WARP, AND SPM 12 Meanw8.0 +/-1.497 CMRT_SPH" wmm

NONLINEAR TRIGONOMETRIC WARPING ARE APPLIED TO STRUCTURAL
MRI DEVELOPMENTAL STUDIES, NINE SUBJECTSSCANNED AT AGES

7—9AND ANOTHER GROUP AT AGES14-16 10
\\Z 8
"Ml AIR_12| AIR_30| MNI | SPM
Funct:
Ranking 3 2 4 6

3 1
A 0.5197| 0.5186| 1.1666| 0.5046

Ranking 2 1 4 3 4

CGC 7.1874  7.1308| 27.7210 ©7.5420
Ranking 3 4 1 2 . . . . C N N N N
SGC 2.1656| 2.0769| 11.5150 2.8432 0 2 4 6 8 10 12 14 16 18

Subject Index (group 1, 0-5)

- . . Fig. 7. Average stereotaxic fiducial point distances (rms).
SGC value and it is, therefore, considered the best alignment

method. Indeed, the MNI spline warp incorporates certain dﬂ-J bian
. . . . . . aco
gree of objectiveness since it involves manual point-landma 1.s .

. . Mean=1.0 +/-0. 047 ) “.MR112'p_Jac'obian'“ e
delineations. Mean=1.0 +/-0.025 ;ﬁxggg_gacogian-- g
. . . = -0. " - _Jacobian" >«

For this data, we also observe some differences inwarprar ; ¢l Mesr=1-2 1/-9-922 MBI SPM_Tacobian" e

ings between the time and wavelet space analyses. For exam
the SPM trigonometric registration is ranked third in wavele ; ,i
space by the triangle classifigr, whereas in time domain, it is
ranked the best.

C. Quantitative Assessment of theéScheme for the MRI Data

For the developmental example discussed in Section IlI-|
we conducted the following a biomedical validation of the re o.s}
sults for theA classifier and the frequency-adaptive wavele
thresholding approach. The resliced volumes resulting from tl
four registration techniques (affine, second-order polynomieu,
MNI-spline, and SPM trigonometric warp) were realigned t@jg. 8. Residual Jacobian magnitude.
the same target by a standard point fiducial-based 12-param-
eter affine alignment. For each of the (warped) resliced vol- - . .

. ! resented in Figs. 7 and 8, clearly a polynomial alignment
umes, 18 (2x 9) subjects under the four warping methods,. ! . . .
: . o : first or second order) may be the final pick since they yield
nine clearly identifiable points [31] were manually selected g :
. . o e smallest rms values and Jacobians of about one. Note the
the target and the resliced data. These included points in %

. i ilarity between the rms/Jacobian measures and the ranking
lateral cerebellum, corpus callosum, fourth ventricle, tempora . e
. . . . induced by theA wavelet-based warping classification scheme,
lobe, mammillary body, and superial medial parietal lobe. Two, . .
.Which also gave preference to the affine and the 30 parameter

neuroanatomists independently selected the fiducial points m&ynomial warps (Table I1I). Similar anatomically driven

blinded design. The variations between the two delineators wgr D .
small (within 10%) and did not affect the final warp rankings.v"’ﬁldaItlons for the CGC and SGC wavelet-based warp ranking

. o . schemes would be harder. These classification criteria are
Two different quantitative measures were applied to assgss

the residual mismatch of the resliced data volumes and tht?} sed on prior goodness of warp criteria, Whlc.h (jo not require
. . at the data perfectly matches the target (this is a condition
target. First, the average root mean square (rms) distance . o .
) o . . imposed in minimizing the cost function [see(1)]), but rather
(in millimeters) between the nine pairs of manually selecte[
fiducial points was computed. Second, thacobianof the
inducedresidual affinewarps were calculated for each subje
and alignment technique. The graphs of the RMS measure and
the magnitude of the Jacobian across subjects for the 4 different
alignment methods are shown in Figs. 7 and 8, respectively.There are optimal ways to select the “ideal” sub-collection
Small mean values (across subjects) of the rms measure ahdvavelet coefficientsl/ with induced function estimators
Jacobian values about one (no contraction/expansion) indictitat optimize theRiskfunction R(f, f), [16], [14]. It is worth
better initial fit and smalleresidual deformation. With the mentioning here that these SW estimators also have good
exception of the SPM trigonometric warp, none of the measuri@sage compression characteristics [11]. This means that a
appear statistically distinct from each other. However, if or@mall number of the wavelet coefficients of the data efficiently

is to choose a single alignment technique based on the resalisode the information context (energy) of the entire image.

0 2 4 6 8 10 12 14 16 18
Subject Index {(group 1, 0-5)

at groups of resliced data are simultaneously clustered or
C?pread apart (Section II).

IV. DISCuUsSION ANDCONCLUSION
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The problem of finding good function estimators, based dhreshold value (say, two) is used, no bias is present; however,
the data alone, that hawisk functions close to the “oracle” little denoising occurs in the process. Therefore, the tradeoff
based ideaRisk[17] was first approached from the classicabetween variability and accuracy of the induced-function
theory point-of-view using Fourier analysis (e.g., [18]). Somestimators is resolved by imposing optimality conditions [see
of the inherited limitations of the Fourier basis functiong5) and (6)]. Hence, the derivation of the formula for the
however, inclined Donoho and Johnstone to look at the problesptimal threshold level. Thresholding approaches other than
of evaluating function estimators using wavelet analysis. Thewft thresholding have been also investigated in [17]. Most
showed that, on discontinuous functions, their wavelet-basieduitive is thehard threshold scheme(w) = wl{jy|>x},
spatially adaptive approach produces better results and achiaveere I, is the indicator (characteristic) function of the
rates of convergence of the order of M/ N . Later, Efromovich set A. Note the difference betweem, and ¢5. The former
[19] introduced an exponentially increasing frequency-adaghrinksall, whereas the later shrinks only themiall’ wavelet
tive wavelet thresholding having optimal characteristics angefficients. Therefore;, is continuous and), is not. Despite
performing visually, and in terms of compression, at least &@sat, certain optimality properties could also be derived for the
good as the Donoho and Johnstone’s spatially adaptive waveigtd threshold schengg,.
shrinkage. The probability that a wavelet coefficient is purely Other methods for quantitative analysis of image registration
due to noise increases with the increase in the frequency of e based on estimating the local and global characteristics
corresponding wavelet. That is why we have chosen steaddlj/ the warping displacement fields. For example, the novel
increasing wavelet thresholds [see (4)] instead of a static oa@proach introduced by Strothet al. [32] measures accuracy
which depends heavily on the frequency component of tia¢ registration by explicitly using the scaling, rotation, and
corresponding wavelet. translation parameters of the alignment field. This numeric

The idea of employing wavelets as efficient basis for fungyarp ranking approach measures performance of image
tion (signal) representation has recently gained increasing popeyistration by the meant(S D) and the maximum voxel reg-
larity. New methods exploiting the useful properties of wavelefstration error calculated for all brain voxel locations within the
forimage compression [12], image enhancement, and denois{Bference (target) volume. Kjenes al.[24] developed another
[17] and image registration [1] have been introduced, testgflethod for warp classification, which uses the multivariate
and validated. In this paper, we present yet another applicati@fictional SNR in PET/ single photon emission computed
of the DWT to characterize stereotaxic image registration. Thismography (SPECT) data to assess registration error. The rms
new approach appeals to the low computational complexity gfrors for anatomic landmarks can also be employed to assess
the wavelet signal decomposition and the explicit Compressicmm"ty of image registration [40]. Koolet al. [25] estimate
optimality of estimators, and denoising properties of the frgne accuracy of the matching process for intramodality and
quency-adaptive wavelet shrinkage. . _intermodality registration via the residual mismatch between

A summary of the heuristic and theoretical propertiesyternal markers. Various authors, e.g., [30] and [38], have
of wavelet space shrinkage is in order.{lf;};""* are IID 450 used phantom and simulated data to evaluate quality of

(0, 1), the rationale behind the choice of the spatially adayfterent 3-D warping strategies based on decomposition of
tive thresholdA™” = +2In N is motivated by the fact that {he warping fields into translation, rotation, affine scaling, and

the maximum order statisti¢ ) is less thamy/2In NV with nonlinear displacement components separately.

probability p, wherep — 1 asN — oo. Similarly, for the  The wavelet-based method presented here has the advantage

J-frequency band containing; wavelet coefficients and, there-ha¢ it is computationally inexpensive and allows the use of
fore, that many IID noise variates, we use a frequency-adapt

. tHe resliced (post-warping) data alone or in combination with
thresholding level /2In(4 +n;). Hence, we are almost aiive_space (pre-warping) data in the process of quantitatively
sure to have the pure noise terms shrunk to zero. In ot

, X timating the performance of different image-registration
words, thesoftthresholding approach [see (4)] provides almo$fethods. In addition, we argue that different classification
optimal function estimators—in terms of minimizing the risk;.omes for warp ranking should be employed under different
funct-io-n [mean square error (M.SE)]’ over all possible Wavel@ﬁcumstances based on the main goals of image alignment.
coefficient selection schemes, including the ones where exggf \wa R technique avoids certain statistical issues (e.g., low
knowledge is given as to which are tiree coefficients larger degrees of freedom) present in other methods for quantitative
than the standard error_of the NOISE. ssessment of image registration using CVA, scale subprofile
\ﬁsu_ally, wavelet shnnka_\ge using (‘.1) does not remove all‘jblodels, and other common statistical approaches.
the noise from the data (_F'g' 1). Th's IS a consequence OT thel'here are three main steps in the WAIR toolkit: The first one
fact that the MSE norm is used in minimizing the loss (”S,Fs computing the discrete wavelet representation of the data (pre-

func_tiop_). MSE balances between the effects of the NOIFRd post-warping) and the target of the registration. The wavelet
(variability measure) and the biaadcuracymeasure) of the 5nqtorm of 4 single 1-B per voxel volume of dimensions 256

estimator, [see (2)]. If a uniform threshold level of21n N % 256 x 256 is computed on a single processor SUN station

is applie(_j across the frequency _spectrum, an unnecessary gﬁ‘b MHz) for about 50 s. Determining the optimal frequency-
may be mtro_ducledc,) burt] thehnoie Ig"?f' Ofl thef_ rezons?fruct Haptive threshold curve of the wavelet coefficients takes about
Image Is minimal. On the other hand, it a low fixed unitorbg ik o the same machine. Finally, the warp ranking in com-
“Note that, if the variance of the noise componeht# 1, then a nontrivial press:ed wavelet space is applied, .Wh'Ch takes variable time de-
factore comes into play in these threshold values. For details, see the Appen@@ending on the number of volumes in the study and the warp clas-
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sifier chosen. For example, CGC of our MRI data (two groups In other words,
of nine subjects under four different warps) took about 20 min. 5 —2/2
The development of new more accurate and robust applicg-< (1 +1 ) (1 +26 )

tion-specific methodologies for image registration will increase (#24+1) (/2 +p?)
with our knowledge in the fields of biomedical research [36], forall ¢ > 1.

[22], pattern recognition [29], video data analysis [2], stereo vi-
sion [27], and astrophysics [28]. The complexity and diversity of
such new techniques, whether fiducial- or intensity-based, will
augment the growth in number and quality of these registration ) 5 5
tools. Employing various image-registration methods needs to 13X 1) = £ ((n.(x) — 2) ) S (X +)(6+6° A1),
be quantitatively assessed to produce valid and correct results. Defined = o.X' ~ R(u, o%), wherey = of. Let

The present wavelet-based technique for numeric characteriza-
. . . . . S . t=04/2In(2n; +4)
tion and analysis of image registration shows promise in delin-

<(A+2) (e 2 A1),

2) How would this bound change if we apply it t ~
N(6, 02)?
Let X ~ R(6, 1). Denotes = ¢~**/2. We then showed

eating and discriminating between separate warping methods R R
for a variety of image modalities and study paradigms. However, R(6,t)=E <(m(9) - u) )
further more-extensive testing and validation of this method-
ology need to be conducted on larger and more complex data 5

9y : 9 . plex data —E ((9—u)—sgn()[|9|m])
sets (e.g., comparing new categories of warping strategies, in
termodality versus intramodality alignment, etc.).

onf( v t
()
APPENDIX

We now sketch the derivation of the approximation [see (6)] =0’R(X, t1)

and the induced upper bound of tRéskfunction [see (7)] of <1+ + 602 A1)

the function estimator shown in (4). The proof consists of three

parts. Following the notation from Section I-C, we first show the wheret; = ¢/o andé’ = e=t/27" = ¢=11/2_ Then
result for a single observation with noise-level= 1. We then R o 9es ) )

extend this to an arbitrary noise-level Finally, we generalize R(f, ) <(1+17) (0 & +(o8)" Ao ))

the result to any collection aV observations.

1) SupposeX ~ R(u, 1), 6 = (2n; +4)7', n; = 27, = (1 +21n(N+4)) S S G
t = 2Wn(6 1), z Ay = min{z, y}, andmp(z) = (2n; +4)
sgu(z)[[e| — ]+ Sincen,(x) = sgu(x)[lz| — || A ] 3) Finally, we consider the situation when we haVvebser-
= z—sgn(z)[|z|At]and] = E((X —p)sgn(X)[|X|AL]) vations = {6;}; = {1}, x, wheref; ~ X(6;, o). In

= P(]X] < t), we obtain an estimate of matrix notationd ~ R(0, 21
R=E ((m(X)-p)* R 1 . 2 1 R
( ) , R, t)zNE< () - o| ) =5 2 B )
=B (X — i~ sen(X) [ X[ A ])°)

—1-2P(|X| <t) + BE(X2 A #3). Wh:ret =\ =0/2In[2n; +4)] = 0/2In[1/6].
ence,

We can construct two different bounds éhand ex-
press the fact thak is less than the minimum of them. (6, 6) < 1 Z
For one thing X2 At? < t?andR < 1 - 2P(|X| < t) N
+E(t?) < 1+t

Secondly, X2 At? < X?andR < 1 - 2P(|X| < t)

FE(X?) = 1-2P(|X| < #) +Var(X)+ > =1— 2P | o G +4 +Z A
(IX] < &)+ 1+ p2 = 20— P(IX]| < 8) +4* = ’
2P(|X| > t) + 2.

Note that P(|X| > ¢) is implicitly a function of — (1 +21n(N+4)) o2 4= Z 92 r Ao
the (unknown) parameter [becauseX ~ N(u, 1)]. 2N N
If g(u) = 2P(|X]| > t), than using the Taylor ex-
pansion ong at zero and carefully estimating the (1+2111(N+4)) [O— 2 S + Ry o (SW, 9)}
max, (|l¢”(w)]|/2), we can derive an upper bound of 2N
g(n) < (2 + 1)e /2 4 212 Therefore, the per-
formance estimate, as measured by Risk factor, is ACKNOWLEDGMENT
bounded above by

(1 +2In(2n, + 4))

) The authors wish to thank the group of D. Rottenberg and
R=E ((m(x) _ H)Q) < { Y 1+ ) s S. Strother, VA Hospital and the University of Minnesota, Min-
(2 +1) +4* + 1> neapolis, MN, for providing initial test data and for their support
forall ¢t > 1. and encouragements.
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