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Abstract
Aspects of Low Dimensional Quantum Gravity
by
Mykhaylo Usatyuk
Doctor of Philosophy in Physics
University of California, Berkeley

Professor Raphael Bousso, Chair

This thesis will be an exploration of various topics within low dimensional quantum gravity,
with an emphasis on the gravitational path integral. We begin by studying two-dimensional
Jackiw-Teitelboim (JT) gravity deformed by a gas of conical defects and we solve the model
non-perturbatively. We then consider the problem of defining the Lorentzian gravity path
integral through a contour rotation of the Euclidean path integral within the context of JT
gravity. We demonstrate the agreement of integration domains and calculate the measure
for the Lorentzian path integral. We then analyze ensemble averaging a family of two
dimensional Conformal Field Theories and find a relation with an exotic three-dimensional
bulk Chern-Simons theory.
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Chapter 1

Introduction

A complete understanding of quantum gravity would allow us to address a variety of inter-
esting questions. A partial list of such questions includes understanding the origin of the
universe, the mechanism behind the resolution of gravitational singularities, the structure
and counting of black hole microstates, and the resolution of the black hole information
paradox. We currently lack such a theory for our own universe.

Over the past two decades, the AdS/CFT correspondence has played a central role in
quantum gravity research. The correspondence relates a conformal field theory in d spacetime
dimensions to a theory of quantum gravity in d 4+ 1 dimensions [1]. Within the context of
the AdS/CFT correspondence, there has been growing appreciation that lower dimensional
models, such as two-dimensional Jackiw-Teitelboim (JT) gravity [2, 3], can give us valuable
insight into difficult problems in quantum gravity. These models capture the relevant physics
of interest while maintaining computational tractability. Moreover, recent advances in a wide
variety of directions have highlighted the central role played by Euclidean gravitational path
integral techniques [4-7]. The path integral is defined by

Z = / Dg e, (1.1)
M=%

where we sum over all possible bulk geometries M with appropriate boundary conditions
Y., with an appropriate action for the bulk geometry S[g|. In two spacetime dimensions the
path integral is well understood and we have good control over both perturbative and non-
perturbative gravitational effects that are inaccessible in more complicated models. These
effects are crucial in revealing quantum properties of black holes, including the information
paradox [5, 6]. The broader goal of studying these simple models is to investigate the
questions in the first paragraph within a simpler setting where we have full control, unlike
higher dimensions.

In this thesis we will highlight a few selected works exploring both perturbative and
non-perturbative aspects of lower dimensional theories of quantum gravity, with a special
emphasis placed on gravitational path integral techniques. We now provide a brief overview
of the thesis.
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1.1 Jackiw-Teitelboim gravity and ensemble averaging

The standard form of the AdS/CFT correspondence states that a given quantum mechanical
theory is dual to a theory of quantum gravity. This is encapsulated by the equation

where on the left we evaluate the partition function of the quantum mechanical theory on the
boundary while on the right we evaluate the quantum gravity partition function in the bulk.
However, in recent years it has been appreciated that there exist examples of a modified
version of this duality, where an average over quantum mechanical theories is dual to a
theory of quantum gravity

(Zaar) = Zaa- (1.3)
On the left-hand side we average over a suitable space of quantum mechanical theories.
The clearest example of this is the duality between two-dimensional Jackiw-Teitelboim (JT)
gravity [2, 3, 8-11] and an ensemble of d = 0 + 1 dimensional quantum mechanical theories
[4]. The duality is expressed by an equality between a matrix integral and a gravitational
path integral

/dHe_NTrV(H) Tr(e ") = /DngzS e~ lirlo.?l (1.4)

where H is a Hermitian matrix of size N x N. To match the left-hand side to the right-
hand side we formally take the double-scaling limit where we send N — oo while tuning
the potential V(H) to match the JT gravity answer to leading order in the topological
expansion. The matrix H is interpreted as the Hamiltonian of the d = 0 + 1 dimensional
quantum mechanical system, and the boundary conditions imposed on the gravitational path
integral are specified by the observable computed on the left-hand side.

The existence of theories of quantum gravity dual to averages over quantum mechanical
systems is a radical departure from the standard statement of the AdS/CFT correspondence,
and a natural question is whether there exist additional quantum gravitational theories with
ensemble average duals. It was quickly realized realized that many two-dimensional quantum
gravity theories had ensemble average duals [12-20]. In [15, 16] a deformation of JT gravity
by a gas of conical defects was considered, with action (heuristically) given by

Tg. 6] = Iytlg, 6] + A / P fGe 21, (1.5)

The above theories were shown to be dual to matrix integrals, as in equation (1.4) with
modified potentials V(H), in the special range of angles given by the parameter a € [0, %)
[15, 16]. The connection of the above theory with conical defects comes from expanding the
action perturbatively in the coupling A\, which enforces the localization constraint that the
metric is of constant negative curvature with special cone points.

Chapter 2 is based on the work [21] where we study this theory in the full range « € [0, 1]
and show that for all choices of a the theory is dual to a matrix integral (1.4) with appro-

priately chosen matrix potential V(H). This is accomplished by using the correspondence



CHAPTER 1. INTRODUCTION 3

between JT gravity and the (2,p) minimal string theory [4, 19, 20, 22] in the limit that
p — oo. This approach circumvents various technical difficulties encountered for JT gravity
with conical points in the regime of o € [%, 1]. We solve the theory non-perturbatively by
providing an explicit form of the string equation which can be used to calculate observables
to any order in the genus expansion.

1.2 Lorentzian path integrals and topology change

To define the gravitational path integral we must specify the types of metrics that are
integrated over. Naturally, there are two common gravitational path integrals that are
considered: Euclidean path integrals and Lorentzian path integrals, where we integrate over
Euclidean or Lorentzian metrics respectively [23]. The Euclidean path integral is much
better understood, and it is defined as a sum over all manifolds M with an integral over
all Euclidean metrics g on M. The manifolds M are not required to have a foliation giving
them fixed spatial topology, that is M can have topology change.

The clearest example of this is in two dimensions, where perturbative string theory is
defined as an integral over two-dimensional Fuclidean worldsheets. The string partition
function for bosonic strings in Minkowski space is defined by the Polyakov path integral [24]

Zstring = /,DgDXeS[%X]? (16)

where we implicitly sum over all compact orientable surfaces M. The fact that we include
manifolds M that change topology is crucial, since it is these contributions that implement
perturbative interactions between strings. However, the fact that the above definition uses
Euclidean metrics is in tension with the fact that the string is propagating in a Lorentzian
signature target space, since the induced metric on the worldsheet have Lorentzian signature,
and hence it seems more natural to consider strings on Lorentzian worldsheets. The trouble
with this is that manifolds M that change spatial topology cannot be equipped with smooth
Lorentzian metrics g. We will return to this issue momentarily.

Two-dimensional Euclidean gravity path integrals have also played a crucial role in recent
developments related to quantum properties of black holes. A unitary page curve can be
recovered by including non-perturbative, topology changing configurations when calculating
the entanglement entropy of Hawking radiation emitted by a black hole [5, 6]. The number of
microstates of certain higher dimensional supersymmetric black holes can be counted using
two-dimensional Fuclidean path integral techniques, obtaining an exact integer degeneracy
that matches string theory computations [7]. The spectral form factor, which contains
information on the spectrum of the Hamiltonian is also computed by Euclidean path integral
techniques [4, 25-27]. A short list of other recent applications of path integrals techniques
applied to black hole physics includes [28-42].

The above results highlight that topology changing contributions to the Euclidean path
integral are crucial for recovering the expected quantum mechanical properties of black
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holes. Furthermore, two-dimensional Euclidean JT gravity naturally appears in the above
calculations, either as a dimensional reduction of higher dimensional black holes, or as a toy
model for a two-dimensional black hole.

However, black holes are inherently Lorentzian objects, and it is unclear how to interpret
topology changing Euclidean configurations from a Lorentzian gravitational path integral
perspective. While it is commonly believed that Fuclidean and Lorentzian gravity path
integrals should be equivalent after a suitable contour rotation, this equivalence has never
been adequately demonstrated. Partial progress has been made within the framework of
string perturbation theory, where strings propagating on Lorentzian signature worldsheets
were considered by Mandelstam [43, 44]. To accommodate Lorentzian worldsheets with
spatial topology change the metrics g were not entirely restricted to be Lorentzian but were
allowed to become singular at points where strings interact and split apart or join together

1
Interaction point: 5\/—9R = 2mi6 D (x — ), det g(z7) = 0. (1.7)

These singular Lorentzian worldsheets are now known as lightcone diagrams, and they pro-
vide a Lorentzian interpretation for the Euclidean perturbative string genus expansion.

Chapter 3 is based on the work [45] where we explore extending the formalism of
Lorentzian lightcone diagrams to JT gravity. The aim is to establish a Lorentzian theory of
JT gravity that incorporates topology changing configurations. In this case, the structure of
the metric near the singular points takes the specific form

%\/—_g(RjLQ) = (27 + ) 6P (z — x), det g(z;) = 0, (1.8)

where « is a positive real number. We define the Lorentzian path integral to be given by

Zyp = / DyDeetlrlod], (1.9)

where we now include the constant negative curvature analogues of lightcone diagrams,
with the metrics behaving as (1.8). We argue that by defining the Lorentzian theory on
such lightcone diagrams the theory has the same domain of integration as the Euclidean
JT gravity path integral, and we compute the Lorentzian integration measure. We are not
able to prove that the Euclidean and Lorentzian measures agree, which is required to show
that the Lorentzian path integral fully agrees with the Euclidean path integral. However,
since the regions of integration agree it guarantees that any topology changing Euclidean
configuration is mapped to a corresponding singular Lorentzian geometry, which provides a
Lorentzian interpretation for Euclidean wormhole geometries.
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1.3 Ensemble averaging in higher dimensions

In the previous sections we were primarily interested in two-dimensional gravitational theo-
ries. One surprising fact was that many two-dimensional models are actually dual to ensem-
ble averages over quantum mechanical theories, and a natural question is whether this idea
can be extended to higher dimensional versions of AdS/CFT. The basic idea is that while
a single conformal field theory might have a very complicated AdS bulk dual, an average
over a suitable moduli space of CF'T's may have a very simple gravitational description that
captures the statistics of the ensemble of theories. One challenge for this idea is that CFTs
must satisfy additional consistency conditions compared to 0 + 1 dimensional quantum me-
chanical theories, and so CFTs are much rarer in the space of quantum field theories. As
a result, relatively few CFTs are explicitly known, and one challenge is to find a suitable
moduli space of theories to average over.

Nevertheless, these ideas have been applied within the context of AdS;/CFTy in clever
ways [46-59]. In [49] an ensemble of two-dimensional QFTs was defined by specifying that
the density of states of the ensemble grows as Cardy’s formula [60], and the OPE coefficients
are taken to be Gaussian random variables with variance consistent with holographic CFT
statistics. While each such QFT is not itself a CFT, the average over the ensemble produces
data that is consistent with the theory being a holographic CFT to leading order in c. It
was found that ensemble averaged quantities were correctly reproduced by semiclassical 3d
gravity computations. One confusing aspect of this proposal is that the individual QFTs
that are averaged over are not UV complete, yet the averaged quantities are reproduced by
a semiclassical theory of gravity.

In [46, 47] the moduli space of two-dimensional T? Narain CFTs was averaged over and
it was found that many observables matched with an exotic theory of 3d gravity given by
U(1)P x U(1)P Chern-Simons with action

D
Sus = Z/ (A9 A dAD — BO A gBD) (1.10)
i=1 /M

coupled to topological gravity, where we sum over all handlebody geometries in the case of
a single asymptotic boundary. This provided an explicit example of how averaging over a
complicated set of CFTs can give rise to a simple semiclassical gravity theory in one higher
dimension. One feature of this duality is that the bulk dual for individual Narain theories is
not known.! However, it turns out that a closely related family of CFTs known as symmetric
product orbifolds of Narain theories, denoted by Sym” (T%), are dual to tensionless string
theory on AdSz x S x T* as we take the number of copies N of the theory to be large [61-65].
In this case the bulk dual is known for each CFT in the ensemble, but it is very far from a
semiclassical gravity theory.

Chapter 4 is based on [66] where we explore ensemble averaging the symmetric product
orbifold of Narain theories, with the goal of finding a simple bulk theory that reproduces

! Although see [54] for some developments in identifying the bulk dual for an individual Narain theory.
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the boundary average. One of our aims is to connect the standard story of holography with
ensemble averaging. In particular, while each individual Sym™ (T*) theory at large N is a
very complicated string theory that sensitively depends on the point in moduli space, the
hope is that the average is reproduced by a very simple semiclassical theory. We now explain
how this is partially realized.

The symmetric product orbifold CFTs are defined by taking a seed CFT X, taking
some integer number of copies of the theory, and gauging by the Sy permutation symmetry
exchanging the copies

Sym™(X) = X®V /Sy (1.11)

A natural expectation is that the averaged bulk dual should follow a similar structure which
turns out to be correct. Many contributions to the ensemble average are reproduced by
taking N copies of the bulk Chern-Simons theory (1.10) with total action

N
I=1

and gauging the Sy permutation symmetry, where we have suppressed the summation over
the D indices above. We will consider the theory on an asymptotic boundary torus, and the
prescription we follow is to include bulk geometries to match the boundary ensemble average
computation. We again couple the theory to topological gravity and define the gravitational
path integral to be evaluated on handlebody geometries, which we denote by

Tpax = Y DADB e 548y, (1.13)
handlebodies,
vortices
In the above we also allow for certain singular gauge field configurations in the bulk which
are implemented by inserting vortex operators V in the path integral that implement twisted
boundary conditions on the gauge fields. We sum over all vortices in the theory.

We find the above bulk theory correctly captures some, but not all, of the terms in the
boundary average of the partition function. We interpret the terms that are reproduced as
“semiclassical” contributions that admit a simple gravitational description, while the other
terms correspond to complicated wormhole configuration, see Chapter ??. Nevertheless, at
large N we are able to give an interpretation to certain geometries as arising from averaging
over the amplitude of a single string propagating on an AdSs; background. Furthermore,
certain special quantities such as the averaged free energy in the grand canonical ensemble
are fully reproduced by the semiclassical gravity calculation in the bulk. Therefore, the
proposed bulk theory does not reproduce all contributions to every observable, and we leave
a discussion of modifications of the gravity path integral to Chapter 4.6 that would allow us
to reproduce additional terms of the boundary average from the bulk.



Chapter 2

2D Dilaton-gravity, deformations of
the minimal string, and matrix
models

2.1 Introduction

This chapter is based on [21] where we study two dimensional dilaton-gravity theories with
ensemble average holographic duals. In recent years many insights regarding quantum gravity
and black holes have been obtained by looking at simple models in two dimensions described
by variants of Jackiw-Teitelboim (JT) dilaton-gravity [2, 3, 8-11] that can be solved exactly
[4, 67-72]. Some examples are the study of shockwaves and their relation to quantum chaos
9], traversable wormbholes [73-75], quantum effects for higher dimensional near extremal
black holes [16, 29, 32, 36], and recently how unitarity of the black hole spectrum and
dynamics emerges from the inclusion of spacetime wormholes in the gravity path integral
[4-6, 76, 77].

Of particular importance is the study of non-perturbative effects and spacetime worm-
holes, which connects pure JT gravity with a matrix integral [4] in the double-scaling limit
[78-80]. This gives a new twist on holography where a bulk gravitational theory is related
to an ensemble average over boundary Hamiltonians. This has been generalized in various
directions, for example [12, 28, 42, 81].

It was argued in [4] that pure JT gravity, including non-perturbative effects, is equal to
the large p limit of the (2,p) minimal string theory. This theory of 2D gravity has been
known to be dual to a matrix integral for a long time [19, 20]. This correspondence has been
further studied in [22, 82-89].

The connection between JT gravity and matrix integrals was generalized in [15, 16] to
include a gas of defects, which in turn can be related to more general 2D dilaton-gravity
building on some previous work [90]). The goal of the present paper is to identify defor-
mations of the minimal string that in a certain limit are equal to these deformations of JT
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gravity. Developing this connection will also allow us to find exact solutions for deformations
of JT gravity that are outside the reach of the methods used by [15, 16]. In the rest of this
section we will give a brief summary of our results.

The (2, p = 2m—1) minimal string theory consists of coupling the (2, p) 2D minimal model
to 2D gravity. After fixing the conformal gauge this theory can be recast as a combination
of the minimal model, the Liouville gravity mode ¢, and a set of bc ghosts. We will study
deformations of this theory described by the action

m—1
I=Topn—> Tn/Ol,n e, (2.1)
n=1

where b = \/% is the Liouville coupling. In this equation I3,y represents the undeformed
minimal model coupled to Liouville gravity. The constants 7,, are the couplings of the defor-
mations labeled by a gravitationally dressed minimal model primary O, ,. The cosmological
constant p is identified with the n = 1 deformation.

We will focus on the disk path integral with fixed length boundary conditions ¢ = §, ay eb?.
This can be computed using 2D CFT techniques, although in general this is difficult to do.
Alternatively we can use the fact that the theory is dual to a matrix integral, with the
matrix interpreted as a random Hamiltonian. All information is then encoded in the leading
order disk density of states p(F), where E are the eigenvalues of the matrix (related to
the boundary cosmological constant in the continuum description). Other observables and
higher genus corrections are uniquely fixed by the loop equations [91]. In a remarkable work,
Belavin and Zamolodchikov [92] proposed an exact expression for p(E) valid to all orders
in 7,,. Their only input is the fact that the theory is equivalent to a matrix integral and
that correlators on the sphere satisfy the fusion rules of the minimal model, following the
program started in [93].

Another theory that is dual to a matrix integral is JT gravity with a gas of defects. These
conical singularities are characterized by two numbers, a weighting factor A\ and a parameter
« defined through the deficit angle 27(1 — «). In general we have 0 < a < 1, with a = 0
being a cusp and a = 1 being basically no defect. This duality has been studied in [15, 16]
for the case 0 < o < 1/2 which we will refer to as sharp defects. The first result of this
paper is to show, using the Belavin-Zamolodchikov solution, that the large p limit of the
deformed minimal string gives JT with a gas of defects. In this correspondence we identify
each deformation with each defect species. The coupling 7, is proportional to A in the large
p limit. We also scale the label of the minimal model operator as n = £(1 — «), with fixed «
identified as the other defect parameter. At finite p, « is a discrete parameter but becomes
continuous at large p and bounded between zero and one.

Even though we can check this connection between deformations of the minimal string
and JT with a gas of defects by comparing explicit solutions of the theories, having a more
direct argument would be preferable. In order to do this we can write the minimal string as a
minimal model coupled to Liouville gravity. Then we can write a Lagrangian representation
of the minimal model as time-like Liouville (this connection is not completely understood;
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see [94] for a recent discussion) and a field redefinition gives JT with defects (this is a simple
generalization of [22, 86]). We summarize the relation between these theories in figure 2.1.

Taking the large p limit of the minimal string solution, we find the exact disk density of
states for JT gravity coupled to general defects. The answer we obtain from the Belavin-
Zamolodchikov solution is given in (2.67). Instead, we will present the result using a trick
pointed out to us by T. Budd [95]. It is convenient to define a defect generating function
W (y) as

W(y) =Y e 0oy, (2.2)

where 7 is an index labeling defect species, which can be continuous. Providing a function
W (y) is equivalent to specifying the angle and weights of the defects. Since 0 < «; < 1 the
inverse Laplace transform of W (y) should have support on (—27,0).

Before presenting the solution to the disk density of states we need to specify the edge
of the spectrum FEy where p(E < Ey) = 0. In terms of the defect generating function, the
large p limit of the Belavin-Zamolodchikov solution (2.67) gives Ey as the largest solution of

/C Y omy (v—ViZ—2W(y) — B) =0. (2.3)

2

Using this result, the disk density of states for £ > Ej, obtained in the same way, is given

by
e dy E—FE
E)=— [ ——¢*¥tanh™' ’ . 2.4
2 27 /C ot <\/y2 —2W(y) — Eg) (24)

The contour C is the one appropriate for an inverse Laplace transform, running along the
imaginary direction with a real part such that all singularities are to the left. This solution
matches the one found in [15, 16] when W involves only defects in the range 0 < a <
1/2. Since the connection between the minimal string deformations, defects, and Belavin-
Zamolodchikov solution are valid for any value of o we claim that this solution is valid for
JT gravity with a gas of general defects with 0 < a < 1. The solution we find for a@ > 1/2
is very different from the 0 < a < 1/2 solution, analytically continued in «. This feature is
most transparent in (2.67). The new terms we find have a nice geometrical interpretation as
we explain later on'. It is an open problem to derive this result using the JT gravity path
integral representation of the theory, since the methods of [15, 16] cannot be directly applied
for reasons we review in next section.

Finally, we study the connection between JT gravity with defects and the quantization
of 2D dilaton-gravity

. —%/\/g[cmu 20 (®)] . (2.5)

"When a > 1/2 there is the possibility of defects merging and this produces new contributions to the
density of states. This is reminiscent of the situation with conical defects in 3D gravity and 2D CFT
associated to operators with h < (¢ —1)/32 [96]. We thank S. Collier for discussions on this.



CHAPTER 2. 2D DILATON-GRAVITY, DEFORMATIONS OF THE MINIMAL
STRING, AND MATRIX MODELS 10

JT + defects

Compare pqisk(F) Field redefinition

(2, p) minimal string Coulomb gas  time-like + space-like
+ deformations Liouville

Figure 2.1: Relation between the three theories we are interested in and their respective
deformations: the minimal string, time-like Liouville coupled to space-like Liouville and JT
gravity with defects. The connection between the (2, p) minimal string and the combination
of Liouville theories is the least rigorous since it relies on a Coulomb gas representation of
the minimal model.

In the simplest quantization scheme, as explained in [15], one can identify the dilaton po-
tential with the defect generating function as U(®) = & + W(P). This can be justified
by Taylor expanding the path integral in powers of W representing contributions from an
arbitrary number of defects. The minimal string gives a new perspective on this connec-
tion. In order to do this we start from the action (2.1) and rewrite the minimal model in a
Coulomb gas, or time-like Liouville, representation. This action can be combined with the
gravitational Liouville mode into a 2D metric and a 2D dilaton which we identify with &
[22, 86]. This approach to the quantization scheme gives a 2D dilaton-gravity theory with
a slightly different identification between the parameters A\, & and the dilaton potential, see
equation (2.89). We use this approach to propose a solution of dilaton-gravity with a poly-
nomial potential. The advantage of this scheme is that it gives an answer consistent with a
semiclassical limit. Some recent studies on other aspects of dilaton-gravity are [97-102].

The organization of the rest of the paper is as follows. In section 2.2 we review the
solution for JT gravity with a gas of sharp defects and its connection to 2D dilaton-gravity.
In section 2.3 we describe the minimal string theory and its deformations, and present the
exact solution proposed by Belavin-Zamolodchikov. In section 2.4 we show the connection
between these two theories. We use the minimal string to find a solution of JT gravity
with a gas of defect with arbitrary angles. In section 2.5 we explain the connection with
dilaton-gravity. We finish presenting conclusions and open directions in section 2.6. We
leave technical details for Appendices.

Note: While this work was in progress, we became aware of a related work by T. Budd
[95]. The author found the same results by computing the Weil-Petersson volumes via a
geometric construction.
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2.2 JT gravity with defects: Review

We are interested in analyzing the path integral of JT gravity with conical defects. We
first review the genus expansion of pure JT gravity following [4], followed by a summary of
JT gravity with a gas of “sharp” defects with deficit angles 7 < § = 27(1 — «) < 27, or
equivalently 0 < o < 1/2 [15, 16] 2. These theories were shown to be dual to certain double-
scaled matrix models. We will comment on this briefly but postpone the full discussion to
sections 2.3 and 2.4, when we discuss defects with general deficit angles 0 < 6 < 27, or
equivalently 0 < o < 1, and the connection to the deformed minimal string. We will refer
to the range a > 1/2 as “blunt” defects. The case a = 1/2 is treated separately in section
2.4, where we show that it exhibits the same behavior as a < 1/2.

Pure JT gravity

JT gravity in Euclidean signature is a 2D dilaton-gravity theory described by a metric ¢
coupled to a scalar dilaton ® with action

JJT:—g—; (%/M\/ERJr/aM\/EK) —%/M\/@I)(RJJ)— [ Vher -1, 20

where we have set £44q5 = 1. The first term is the Einstein-Hilbert term, which by the
Gauss-Bonnet theorem is equivalent to the Euler characteristic x (M) of the manifold, so it
is purely topological. For a surface with genus g and n boundaries, xy = 2 — 29 — n. We will
assume Sy is some large parameter® so that e~ plays the role of suppressing higher genus
topologies in the path integral and the theory can be studied under an asymptotic “genus
expansion.” The dilaton & appears linearly in the action and merely acts as a Lagrange
multiplier enforcing the constraint R + 2 = 0. This fixes the bulk manifold M to be a patch
of hyperbolic surface, bounded by some boundary curve M.

Thus, all of the non-trivial dynamics come from the boundary term. For geometries with
circular asymptotic boundaries we choose boundary conditions such that the proper length
of each boundary is fixed to be /e where € is regarded as a “holographic” regulator which is
eventually taken to zero. The dilaton is fixed to be a constant ®, = /€ on each boundary.
Taking € — 0 while keeping the ratio 3/~ fixed corresponds to sending M to the asymptotic
boundary. We set v = 1/2 for simplicity. This gives the familiar Schwarzian action [9], which
encodes fluctuations of the curve.

We are interested in path integrals over connected geometries with n asymptotic bound-
aries of regularized lengths ;. We will denote this quantity by the n-point connected cor-
relator (Z(B1)...Z(Bn))c. The topological term in the action naturally organizes the path

*We follow the conventions in [16], related to [15] via awy — 1 — 24T, As explained in those papers,
taking o > 1 generates a proliferation of defects near the boundary that spoils the AdS,; asymptotics. For
this reason, in this paper we will only focus on 0 < « < 1. This is also the natural range appearing from the
minimal string, as explained in the next section.

3When the theory is regarded as an effective action for the near-horizon dynamics of near-extremal black

holes, the prefactor Sy has the interpretation as the Bekenstein-Hawking entropy.
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Figure 2.2: Left: The SSS construction of the correlator (Z(51)Z(52)Z(P3))c. The Weil-
Petersson volume Vg ,,—3 is glued to trumpets along each of the three geodesic boundaries.
Right: Analogous construction of the correlator with sharp conical defects. The Weil-
Petersson volume V,—¢ -3 r—3 has three sharp defects.

integral into a topological expansion in the genus ¢ of bulk manifolds. A manifold of genus ¢
with n asymptotic boundaries has Euler characteristic x = 2 —2g —n so the genus expansion
has the form

(Z(B1)..Z(Ba))e = Y eIt 7, (B, ..., Bn). (2.7)

In [4] an explicit expression for Z, , was found in terms of volumes of moduli spaces of hyper-
bolic Riemann surfaces with geodesic boundaries. It will turn out that a similar construction
generalizes to JT with sharp conical defects, so it will be useful to first understand the pure
JT construction.

To compute Z,, we must integrate over all constant negative curvature geometries of
genus g with n asymptotic boundaries. All of these geometries can be constructed by gluing
n trumpet geometries to an internal surface of genus g with n geodesic boundaries. See figure
2.2. We can now fix the lengths of the geodesic boundaries to be by, ..., b, and compute the
contributions of the trumpets and internal geometry separately. Finally, we can integrate
these contributions for all geodesic boundary lengths, with appropriate measure, to recover
Zgn as desired.

The path integral on each trumpet is

[ 1
Ztrumpet (B7 b) - me 5. (28)

We must also integrate over all internal geometries of genus ¢ with n geodesic boundaries
of lengths b;. These surfaces form the moduli space M, , (b1, ...,b,) of bordered Riemann
surfaces. The proper measure for this moduli space is provided by the Weil-Petersson (WP)
measure, and the integral over the moduli space reduces to the Weil-Petersson volume
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Vyn(b1,...,b,) [103]. Putting everything together, we integrate over all possible geodesic
lengths b with the proper gluing measure bdb to get all stitchings of trumpets with internal
moduli with the final result

Zg,n(ﬁhu'aﬁn) :/ bldblztrumpet(ﬁlabl) o / b db Ztrumpet(ﬁ'm n) gn(bla 7bn> (29)
0 0

There are two special cases for which the above formula does not apply, the disk Z 1(5)
and the double trumpet Zy2(01, 52). It will be interesting to compare these amplitudes to
the corresponding ones with defects so we quote the pure JT results here:

1 x2 Vi
Zoa(B) =4/ 16T53€ 7, Zoa(Br, B2) = % (2.10)

The structure of the genus expansion implies that JT gravity is dual to a double-scaled
Hermitian matrix model [4]. An integral transform of the JT amplitudes Z,, satisfies the
topological recursion property of matrix integrals, derived from the loop equations. This
turns out to be a consequence of Mirzakhani’s recursion relations [103] for V,,,, which were
shown to be equivalent to a topological recursion by Eynard and Orantin [104]. The gravi-
tational path integral can now be interpreted as a matrix integral

(Z(B1)...Z(B,)) = /dHe-LTrWH) Tr(e ). Tr(e ), (2.11)

where H is a Hermitian matrix of size L x L. Formally we take a double-scaling limit on the
right-hand side where we send L — oo while tuning the potential V' (H) such that the matrix
model density of states matches the JT density of states at leading order. The matrix H is
interpreted as the Hamiltonian of a dual quantum system and we interpret JT gravity as an
ensemble average over independent quantum systems.

Sharp defects

We will now briefly review the work of [15, 16] on JT gravity with conical defects of deficit
angle 0 < a < 1/2. The reason for this restriction will be apparent shortly.

We are again interested in path integrals over connected geometries with n asymptotic
boundaries which we denote by (Z(51)...Z(8,))c, but allowing for the presence of a gas of
defects. The path integral naturally organizes into a topological expansion in genus alongside
an expansion in the number of defects inserted in the bulk

0o 00 k
< (51 ﬁn = Zze So(2g+n—2) )\| Zgnk(ﬁla . 7671) (212)
0 k=0

9=

The term proportional to A\* inserts k conical defects in the bulk integrated over all possible
insertion positions. The defects are indistinguishable so the symmetry factor k! prevents
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overcounting identical configurations*. From this expression we see the weight \ acts as a

fugacity with respect to the number of defects.

The factor Z,,,j consists of an integral over all constant negative curvature geometries
of genus g with k conical points and n asymptotic boundaries. It turns out that for conical
defects with deficit angles m < § < 2, or equivalently 0 < o < 1/2, all such geometries can
be constructed by gluing trumpets to internal geometries of genus ¢ with £ conical points
[105], the only exception being the disk with one defect, where a direct calculation [90] gives
Zo1k = Zyrumpet(b = 2miar). Besides this exception, all of our formulas from the pure JT
discussion carry over as long as we replace the moduli space that we are integrating over in

Zg,n,k (517'--7ﬁn;a17"~705k> = (213)

/ bldbl Ztrumpet (Bhbl)/ b db Ztrumpet (/Bna n) gnk(bly-"abn;ala"-aak)y
0 0

with Vj , r the Weil-Petersson volumes of the moduli space of surfaces of genus g with n
geodesic boundaries and k conical points. For a < 1/2 there is a simple relation between
the WP volumes with conical points V,,, ; and volumes without conical points V14 [105-
107]. The WP volumes with & conical points can be found from the ordinary volumes by
analytically continuing k of the n + k geodesic boundary lengths to imaginary values

th,n,k (bl, ce bn7 ap,y... ,Oék> = V;LnJrk (bl, c. bn,bn+1 = 27Ti0(1, ey bn+k = 27Ti04k) . (214)

Using the above relation, and a formula for the genus zero WP volumes previously derived
in [22], reference [16] re-summed the defect expansion at genus zero

(Z(B1)-.Z(Bn)) gm0 = €501 Zz— 0k (B, es Bn)- (2.15)

We will give the answer for the case with multiplet species of sharp defects (\;, ;). Perform-
ing the sum explicitly and doing an inverse Laplace transform gives the density of states

<p(E)>g:0 = % . % <10(27T\/ﬂ) + Z)\zQﬂ——\/gljl (27'('()61@)) s (216)

where [, are modified Bessel functions of the first kind. Here, Fy()\) gives the spectral edge
of the distribution and is the largest root of the string equation which we review in section
2.3. We will derive the same result from the minimal string in section 2.4.

JT gravity with defects is again dual to a matrix integral which can be shown by proving
that integral transforms of Z, ,, ; satisfy topological recursion. We omit the details, arriving
at the same result through the minimal string in the next section.

4The moduli space and volumes Vg.nk are typically defined with distinguishable points, so Zg, i is
defined here with distinguishable defects.
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We finish by outlining the connection to dilaton-gravity. It was argued in [90] that an
insertion of a defect with parameters (A, «) in JT gravity is equivalent to the insertion in
the path integral of

A / d*x\/ge 1P, (2.17)

By summing over an arbitrary number of defects and summing over possible defect species
this insertion simply exponentiates [15, 16]. The end result is a modification of the action
of JT gravity into a more general dilaton-gravity model

1
1= /d%\@(@R +2U(®), U(®) ==Y Ne2e? (2.18)

where the sum ¢ is over the defect species. As emphasized in [15] there is a choice of
renormalization scheme behind this identification between a quantum theory (the sum over
defects) and a classical dilaton potential. We will give a different scheme using the minimal
string in section 2.5.

General defects

For blunt defects, corresponding to o > 1/2, the previous methods cannot be used for the
reasons we will emphasize now. The recipe of [4] involves first integrating out the dilaton
and summing over hyperbolic surfaces with cone points. The second step involves finding
geodesics homologous to the holographic boundaries and computing the path integral by
gluing Weil-Petersson volumes with ‘trumpet’ partition functions. This step fails when
a > 1/2 since hyperbolic surfaces with these cone points do not necessarily always have
geodesics that we could use to cut and glue.

There is a simple argument explaining why this is the case. Assume the opposite, namely
that we can write a hyperbolic surface with k£ cone points labeled by «a; and for concreteness
take a single geodesic boundary and no handles. We can use the Gauss-Bonnet formula on
a two-dimensional surface with & cone points and with geodesic boundaries

k
1
5/ R+ 2rm(1 — o) = 2wy (M). (2.19)
M i=1
For surfaces with R = —2 away from cone points and one geodesic boundaries this gives

the inequality Zle(l — ;) > 1. When «; < 1/2, this inequality is always satisfied as long
as we have more than a single defect. Instead, assume we have a single defect species with
a > 1/2. Then we need at least k > 1/(1 — «) in order for the inequality to be satisfied. We
show this in Figure 2.3.

Another manifestation of the fact that general defects are special is the fact that they
can merge without having to pinch off the surface. Consider the case of a single species of
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Figure 2.3: Left: Picture of a hyperbolic surface with a holographic boundary to the left
and two sharp defects shown to the right with & < 1/2. In dashed line we show a geodesic
homologous to the holographic boundary. Right: Similar picture of a hyperbolic surface in
the case a > 1/2. As argued in the main text there is no geodesic to cut and glue.

defects with defect parameter . In general, k of them can merge into a single “large” defect
with cone angle
oma®) = 27(1 — k(1 — )) (2.20)

as long as a® is positive. This is not possible when o < 1/2, so sharp defects do not merge
in a smooth way. Instead, when o > 1/2 we can merge no more than k = [ 2] defects.

For these reasons instead of following the approach of [4], we will exploit the connection
between JT gravity with defects and the minimal string that we develop in section 2.3. The
solution of the deformed minimal string given in [92] is insensitive to whether it corresponds
to sharp defects or not. Therefore we will find the JT answer by taking a limit of the minimal
string.

2.3 Deformations of the minimal string

In this section we review the relevant aspects of the (2, p) minimal string and its deformations
by adding “tachyon” operators in the action. These string theories are dual to a Hermitian
one-matrix integral in the double-scaling limit. Therefore the tree-level string equation of
the matrix integral, or equivalently the disk density of states, completely specifies the model
in the double-scaling limit. The most general tree-level string equation corresponding to the
deformed minimal string was proposed by Belavin and Zamolodchikov [92] building on the
work [93].

The minimal string

We will begin with a brief review of the minimal string theory. We will interpret it as a
theory of 2D gravity on the worldsheet coupled to a minimal model CFT. In the conformal
gauge the physical metric g can be written in terms of a fiducial metric g and a scale factor
as g = €2?g, with b a parameter to be determined later. After gauge fixing, the minimal
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string reduces to a minimal model coupled to Liouville field theory associated to the scale
factor ¢, and bc ghosts. Below we review some useful facts of these building blocks that we
will need later.

Minimal model: The minimal string can be defined for any minimal model labeled by
coprime integers (p,p’). Since we will be interested in the theories dual to a one-matrix
integral we focus on the Lee-Yang series (2,p = 2m — 1), for integer m. The central charge
of these theories is given by ¢y = 1 — 6¢*, where we define ¢ = 1/b — b and b = \/% The
interpretation of these parameters will become clear soon. We will consider theories with
odd m since only those exist non-perturbatively; see for example [108].

The spectrum of these models includes a finite number of primaries labeled by a single
integer with scaling dimension

(nb~! — b)2 — (b~' — b)?
7 ,

O1n, with A, = n=1...,m—1 (2.21)
These primary operators satisfy very simple fusion rules. Using the Coulomb gas approach,
some aspects of the minimal models can be reproduced by a time-like Liouville action, as
discussed by Zamolodchikov [109] (see also [110]), in terms of a scalar field x. The action is
given by

1 _ . .
b = 5 [ V3 [~ = aftx — dmpe™] (2.22)

where p is a parameter we will fix later. This gives a Lagrangian description of these CFT.
This representation motivates the connection to dilaton-gravity following [86]. Within this
time-like Liouville theory consider the following operators
. . b

exp (Zanx), an:§(1—n), n=1,...,m—1, (2.23)
with scaling dimension A, = a,(¢+a,). We associate these operators to the minimal model
primaries O, <> exp (Q&nx), although with a different normalization we present below. It
was verified in [109] that some correlators of time-like Liouville reproduce the minimal model
correlators, after imposing the fusion rules by hand. Some recent progress understanding
this identification can be found in [94] (for a different approach see [111, 112]).

Liouville sector: The second building block of the minimal string is the Liouville gravity
mode. This is an action for the scale factor ¢ in the conformal gauge, originating from the
conformal anomaly, given by

1

ILo) = - / d?2\/ [(W)Q + QR¢ + dmpe™ | (2.24)

where Q = b+ 1/b. The central charge is given by ¢, = 1 + 6Q?. The cancellation of the
conformal anomaly between the minimal model, Liouville and the ghosts fixes the parameter
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b = +/2/p. The primary operators are

V, = exp (2a¢), a= % +iP, A, =a(Q —a) (2.25)

which we can write in terms of a or the Liouville momentum P, which is continuous. The
normalizable states correspond to P? > 0 while non-normalizable local operator insertions
have P2 < 0. We will be interested in the case of geometries with boundaries. In this case we
will define the FZZT boundary condition [113] with fixed boundary cosmological constant

R/
Vsin b2’ (2.26)

in terms of the parameter s. Equivalently we will work with the fixed length boundary
condition which is a Laplace transform of the FZZT brane. This can be thought of a
Dirichlet boundary condition on the Liouville field that fixes the value of § e’ — ¢ along
the boundary. For a detailed explanation of how to go between them see [22].

up = kcosh (2wbs), K

Minimal string: The minimal string theory is a combination of the minimal model CFT,
the Liouville mode and a set of ghosts. These sectors are only coupled through the anomaly
cancellation, and a possible integral over moduli space when computing observables. We will
only consider in this paper states of ghost number one. These are “tachyon” operators that
are given by gravitationally dressing minimal model primaries

%E/@Omew, t=g(tn), n=l..m-1 (2:27)

For the operator 7, to be diffeomorphism invariant, the composite operator Oy ,, €2*¢ should
have dimension (1,1). The dressing parameter was determined from the condition

Ap+ A, =1. (2.28)

There is another solution for a, to this equation, but in (2.27) we picked the one that is
smooth in the b — 0 limit.

In the rest of this section we will review a connection pointed out by Seiberg and Stanford
[86] (see also Appendix F of [22]) between this theory and two-dimensional dilaton-gravity
that we will exploit later on. The idea is to use the time-like Liouville representation of
the minimal model. Then the action of the minimal string can be written as a sum of two
Liouville modes Ivs|x, ¢ = Inn[x] + IL[¢] + Lghosts- The ghosts do not seem to be important
so we will ignore them from now on, although this should be understood better. In conformal
gauge we can perform the following field redefinition mixing the two modes

bp = p—7h*®, (2.29)
by = p+7b*®. (2.30)
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We rewrite the path integral now over p and ®. We will call ® the dilaton and define a new
two-dimensional metric
g =e"y. (2.31)

Notice this metric is not the same as the worldsheet metric in the minimal string. In terms
of this new metric and dilaton the minimal string can be rewritten as

I= —% / V9 [PR + 4psinh (27b°®)] . (2.32)

This has the most general two-derivative form of dilaton-gravity —% [ @R + 2U(®), with
dilaton potential given by U(®) = 2usinh (27b*®) (this potential was studied for different
reasons in [114-116]). This suggests that the minimal string is equal to a certain dilaton-
gravity theory and some checks were performed in [22]. This theory simplifies in the limit
b — 0 where the potential is linear and the theory becomes Jackiw-Teitelboim gravity

[ _%/\/g B(R + 2A), (2.33)

where in the limit we keep A = 4wb*u, which becomes the absolute value of the two-
dimensional cosmological constant, fixed and set to one. We will call this the pure JT
gravity limit or JT limit for short. We can check that this identification is true by com-
paring the disk density of states [4]. We will extend this to the case of the minimal string
deformed by tachyon operators in section 2.4.

String equation

From the perspective of the loop equations [117, 118], all the information of a matrix integral
is encoded in the disk density of state po(E), which is also equivalent to giving the matrix
potential V(H). Higher genus contributions are determined from the topological recursion
[118, 119]; for an example on how this is done see [4]. Therefore, if two theories that are dual
to a matrix integral share the same disk density of states it means the theories are equivalent
to all orders in the genus expansion. Since we will work in the double-scaling limit we will
‘label’ the theory by po(FE) instead, since the precise matrix potential depends on how we
regularize the theory away from the double-scaling limit.

It will be very useful when studying deformations to look at the matrix integral from a
different perspective: the string equation [78-80] (building on previous work [19, 120-123]).
To leading order in the genus expansion the string equation has the following form

Ztkuk =z, (2.34)
k

where x is a dummy variable we can use to compute certain observables and ¢, are the KAV
couplings. We include ¢y on the left-hand side so at the end of the day we will always fix
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x = 0. This can be derived by taking the double-scaling limit of the orthogonal polynomial
method; see for example [78]. Knowing u(x) allows us to compute the main observable we
are interested in. For example, the genus zero disk partition function is given by [124]

(Tr [e=PH] >g:0 = \/F/ dx e~ @5, (2.35)

The string equation provides an independent way to compute higher genus corrections. The
recipe is to replace in the string equation the powers of u by the Gelfand-Dickii differential
operators u¥ — Ry[u; h] which to leading order in i = ¢~ coincide with Ry[u] ~ u* [125,
126]. Then one needs to solve again for u(x; k) and compute observables using the quantum
mechanical free fermion perspective [124] which to leading order reduces to (2.35). This
perspective is useful to derive analytical [22] and numerical results [84] which would be hard
to obtain from the topological recursion.

To simplify the presentation, instead of giving the KdV couplings individually we will
directly define and compute the function

u) =Yt (2.36)
k

The string equation to leading order becomes F(u) = x. The KdV coupling can be easily
extracted by a Taylor expansion. We allow for the possibility of the index k being unbounded,
since this is needed for the JT gravity matrix integral.

The function F(u) fully specifies the double-scaling limit of a matrix integral. This is
equivalent to giving the disk density of states which using (2.35) is related by the equation

650 E du OF
e A
Eo= u —u U

where Fj is the largest root of the string equation with z = 0, given explicitly by F(Fy) = 0.
This is in general a complicated equation.

(2.37)

String equation for the (2,p) minimal string: The minimal string with p = 2m — 1 is
dual to the mth-multicritical model of a one-matrix integral [19, 20]. In order to compare
the matrix model with the results from the worldsheet CFT approach one has to turn on
lower order couplings in a specific way [93]. We will now review the derivation of the ‘string
equation’ that matches with the CFT continuum approach [92, 93]. This can be read off from
the calculation of the disk partition function Z(¢) with fixed length boundary conditions [93,
113]. The final answer is given by

Z(0) ~ / ds e *#9)f sinh 27bs sinh 2#%. (2.38)
0

From this expression we can extract the disk density of states as a function of p and also the
cosmological constant through . This identifies pup(s) with the matrix eigenvalues Eyg (we



CHAPTER 2. 2D DILATON-GRAVITY, DEFORMATIONS OF THE MINIMAL
STRING, AND MATRIX MODELS 21

leave E' and u to refer to a different convention that we specify below). The answer picking
a particular normalization is given by

2 E
p(Eyg) = e P sinh (garccosh (—MS>) ) (2.39)

3274 K2 K

Using (2.37) we can obtain the string ‘string equation’ associated to this theory. The result

is given by
2

Flums) = 327;;\/% [Pm (%) — P <%>] , (2.40)

where kK ~ /i and P,(x) are the Legendre polynomials. We review the definition and
some useful properties in Appendix A.2. At large energies this precisely becomes the string
equation of the m-th multicritical point of the matrix integral u™ ~ x, or equivalently
po(Eys) ~ (VEws)*™ ! As anticipated this answer is modified by turning on other lower
couplings and near the edge this presents the universal p(FEys) ~ v/ Eus — # behavior.

JT gravity string equation: Now we will write down the JT gravity tree-level string
equation and compare it with a limit of the minimal string. It is useful to rescale and
shift the matrix, and therefore its eigenvalues F, and the variable u in the string equation
correspondingly. Following [22] we define the variables E and u as

872 872
Bus = K,(l + %E) Uns = /§<1 + iQu> (2.41)
P P

In terms of these variables the density of states and string equation of the minimal string
are independent of p and become

e D 872
p(E) = = sinh <§arccosh<1 + o E)), (2.42)
p 872 872
Fl) = 5 [Pm(1 + Fu) - Pm_2<1 + Fu> . (2.43)

We can now take the large p limit keeping E and u fixed. This gives

pyr(E) = Z:; sinh (27?\/@) < Fyr(u) = \2/—7?[1 (2my/u) . (2.44)

It is now evident that this coincides with the density of states (and therefore string equation)
of the matrix integral dual to pure JT gravity.

Deformations and Belavin-Zamolodchikov string equation

We now analyze deformations of the minimal string. We will review the exact string equation
proposed by Belavin and Zamolodchikov [92], building on the work of Moore, Seiberg and
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Staudacher [93]. In the next section we will make a connection between these deformations
of the minimal string and the conical deformations of pure JT gravity introduced in [16] and
[15].

We will focus on the following type of deformations by adding a combination of tachyon
operators Y 7,7, to the minimal string action, where 7,, are the couplings of each defor-
mation. Then the action of the deformed minimal string is, writing the deformation more
explicitly,

m—1
[=To,—> Tn/ VGO, e =1 m—1, (2.45)
n=2

where a, = b(n + 1)/2 is tuned such that the integrand is a marginal operator.

The outline of the derivation is the following. When computing tachyon correlation
functions on the sphere, the structure is strongly constrained by the minimal model fusion
rules and conformal invariance. For example the correlator (7, 7,/)s> = 0 unless n = n'. On
the other hand, given a tree-level string equation one can derive these correlators by taking
derivatives with respect to the couplings 7,,’s. Strikingly, solely the conditions derived from
the fusion rules completely fix the string equation. The final answer is given by

7o) = gz (P (%) P (50))

+Z Z HL 167 " Uns 2.46)
Al ) Pl 50) @

L= 1ni,..,nL= 1

where )\, o« 7,, with the prefactor determined below. We defined the Lth derivative of
the nth Legendre polynomial as PéL)(x) = 0LP,(x) ®. The sum is over a set of L integers
1<n;<m-—1wherei=1,...,Land L =1,...,00. As explained in Appendix A.2, the
Legendre polynomial is defined such that P,(x) = 0 when n < 0. This implies that the sums
in the second term in the right-hand-side only contribute as long as m —1—3%".n;, > 0. This
constraint comes from analyzing resonance conditions between deformations.

The relation between the parameter )\, associated to the deformation and the coupling
in the action 7,, depends on the precise normalization of the minimal model operators. If we
pick the conventional normalization we obtain

p2

where we defined the leg-factor
"t mpy(nb?) T(p —1)
Leg(n) = s , 2.48
"= 50\ G ) TG — ) (245)

5Not to be confused with the associated Legendre polynomial which will not appear in this paper.
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with «(z) = T'(x)/T'(1 — z). This relation comes from comparing the correction to the disk
partition function to linear order in the deformation computed from the string equation or
from the worldsheet CFT description. We do this in Appendix A.3. The leg-factor appears as
well in computing sphere correlators. For example the normalized sphere two-point function
. (2m — 3)(2m — 1)(2m + 1)
2m —2n —1

If we want to shift normalization for the minimal model operators by O;, — N,O;, this
can be achieved by shifting Leg(n) — N,Leg(n). We will use this in section 2.5 to study
these expressions in a normalization more natural for the time-like Liouville description of
the minimal model.

Now we will analyze several special cases of these formulas in order to gain some intuition.
To simplify we will consider the case of a single deformation with parameter n and look at
various cases:

(TaTo) 52 = O Leg(n)?. (2.49)

n =m — 1: This corresponds to the case of deforming the action by the operator with the
lowest dimension in the minimal model. The level of the Legendre polynomial appearing in
the string equation is m — 1 — Y. n,;. Therefore whenever an operator with n = m — 1 is
present, it will only contribute by itself to linear order exactly. Any other term vanishes.
Then its contribution to the string equation is

5F ~ A1 Py (“MS> — A1 (2.50)

K
This is equivalent to shifting + — = — \,,_; when computing observables. Therefore this
gives an interpretation of the parameter x as a specific coupling in the minimal string.

mT’l <n <m —1: In this case the string equation also simplifies as long as n > n, with

n, = (m — 1)/2. In this range, the string equation is linear in the \,’s. This happens
because the resonance conditions for these operators are very limited and there are no non-
linear ambiguities due to contact terms [92]. The solution is given by

Fluss) = 2 [P (5~ oy ()] 5 S ap (M), @)
167 K K K

nN="nx

As n decreases from n = m — 1 to n,, the order of the polynomial goes from order zero to
order (m —1)/2.

n < mT’lz This is the most complicated range. As becomes clear from the string equation,
deformations with lower n involve higher orders in \,. In this case there is no simplification
and we need to consider the full expression.
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n = 1: Finally, there is a simplification when we include operators with n = 1. This is the
identity operator and we should reproduce a shift of the cosmological constant by —7;. In
this case the bound on the terms that can appear in the string equation is m —1—>".n; =
m —1— L > 0, and therefore L < m — 1. The sum can be explicitly done using results in
Appendix A.2 as

(unis/%) = Prus(unss /) | _( ”) P (s /R) (252)

Flums) ~ 2m — 1 '

n=1

UMS ums
~ (m/l - 27‘1Leg(1)) e <m/1 - 27‘1Leg(1)> 7 (2:53)

where we omit a u independent prefactor that will not be important, and in the second line
1602 _ 7 Leg(n = 1). We see that this gives back the undeformed minimal

we have used A e
string equation with the replacement k£ — k4/1 — 27 Leg(1). Using the minimal model
normalization of operators we obtain Leg(n = 1) = ﬁ Therefore we find that the shift

of k ~ /i is equivalent to shifting the cosmological constant 1 — p — 71, consistent with
equation (2.45).

After these clarifications we see the behavior of the deformed minimal string strongly
depends on whether the parameter n is bigger or smaller than n,. This is reminiscent of the
differences between sharp or blunt defect deformations with either & < 1/2 and o > 1/2. In
the next section we will see this is not a coincidence.

2.4 JT gravity with defects from the minimal string

In the previous section we studied the exact solution for deformations of the (2,p) minimal
string. In this section we will show that the large p limit of these theories corresponds to
JT gravity with a gas of defects. We will use this correspondence to find the disk density of
states for JT gravity in the presence of general defects with an arbitrary defect angle.

Sharp defects from the minimal string

Having explained the exact solution of the deformed minimal string in section 2.3 we will
now begin to take the JT gravity limit, namely p — co. As a first clarification, we will take
the energy and u to scale as
872 872
By = /{(1 n le) s = ﬁ-<1 n %a) (2.54)
p p

where E and u are kept fixed in the p — oo limit.
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Figure 2.4: The relationship between the minimal string operators 7, and the JT defect
parameter . The spacing between the operators in « is discrete and of order 1/p; as we
take the JT limit by sending p to infinity, o becomes a continuous parameter.

As we take the large p limit, we need to choose a scaling for both the index n labeling
the operator and the coupling 7,,. We choose the following scaling
[ 1672 1
n=-(1—-a), mH=A———, 2.55
where we keep a and A fixed in the JT limit. The rationale for this choice will be motivated
and explained below.

At finite values of p, « is a discrete parameter since n is discrete and takes value in the
set a € % -Z.. As we take p — oo this parameter becomes continuous. Since n in the minimal
string is in the range 1 < n < m — 1, the parameter « lies between 0 < a < 1. The case
n = 1 corresponds to a = 1 —% —p—oo 1, While n = m —1 corresponds to a = 117 —poo 0. We
give a diagram showing the relation between n and « in figure 2.4. We saw the deformations
in the minimal string changes drastically at the threshold n,. In terms of « this is given
by a, = % + QLp —psoo % The string equation simplifies when n, < n or equivalently
0 < o < 1/2. This is precisely the same range corresponding to sharp defects studied in [15,
16].

We begin by considering the large p limit restricted to n, < n or a < 1/2. We write the
string equation (2.51) in terms of variables that we keep fixed in the JT limit. Deformations
of the string equation in this range are exactly linear so we can consider one defect without
loss of generality. The finite p string equation perturbed by one defect is

p UMS UMS ums
Flu) = P (25) = Pz (25)| 44 Pocgaayn (5) 2.56
() 1672 K gk * e ( )
Using identities from Appendix A.2 the large p limit with a and \ fixed gives the following
answer

F(u) — \2/—3]1 (QW\/E) + A1 (27Toz\/ﬂ) , (2.57)

which precisely coincides with the string equation of JT gravity with a gas of sharp defects
[15, 16]! In that context the gas of defects are characterized by a deficit angle 27 (1 —«) (with
a related to the minimal model operator) and a weighing factor A (related to the coupling
7). It is easy to extend this to the case of multiple defect species from (2.51)

F(u) — \2/—311 (27 y/u) + Z A Iy (2ma/u) (2.58)



CHAPTER 2. 2D DILATON-GRAVITY, DEFORMATIONS OF THE MINIMAL
STRING, AND MATRIX MODELS 26

obtaining again a match with JT gravity.

We have shown that the minimal string deformed by operators n, < n at large p becomes
JT gravity with sharp defects aw < 1/2. We have only compared tree-level string equations,
but we would like to stress that this is enough to argue that both theories are the same to
all orders in perturbation theory. This is because both theories are dual to a matrix integral,
and all observables are determined by the matrix potential which can be determined from
the tree-level disk density of states. Of course, this is true up to corrections not captured by
the double-scaling limit.

Another check

The upshot of the previous calculation is that the insertion of a defect from the dilaton-
gravity perspective is equivalent to a tachyon vertex operator insertion in the minimal string.
It is instructive to check this more explicitly in a simple example, taken from [22, 90]. We
compute the expectation value of the disk partition function with a single tachyon insertion
and fixed boundary length ¢. This is easy to do using Liouville CFT techniques and gives
the answer

(Tn) ~ / ds e #8() cos (47 P, s) (2.59)
0

where P, = £i(1 — nb*)/(2b) is the Liouville momentum of the gravitational dressing asso-
ciated to Oy, with n = (1 — a)/b?. Replacing this value and writing the answer in terms of
« gives

o 2
(Tn) ~ / dse™treosh@mbs) cogh ( Wbas) : (2.60)
0

To take the JT limit of the result written in this form we set s = bk and ¢ = 3/(272kb?) and
take b — 0 while keeping 8 and k fixed

~ " e ~ L B
(Tn) /0 dke """ cosh (2mak) \/Be . (2.61)
This is precisely, for a specific choice of units, the path integral of JT gravity on the disk
with fixed renormalized length 5. This check is valid for any 0 < o < 1.

In the small b limit these are heavy operators. This match can then be understood from
the perspective of the semiclassical evaluation of the Liouville path integral with one heavy
insertion and fixed boundary length. The classical solution is precisely a hyperbolic metric
with one conical defect at the operator insertion. For a review in the present context see
Appendix B.1 of [22].

Cases with £y =0

In analogy with an analysis in [15], we can study deformations of the minimal string with
n, < nthat give Ey = 0. This requires at least two different defects and in general > A, = 0.
In this case we can analytically compute the density of states.
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Using the equation for the density of states (2.37) with the string equation (2.56) in terms
of u variables, the integral identity in (A.6) immediately gives

1 E
e Op(E) = o) sinh (garccosh (TMS>)

D — 2n EMS
+ Z )\ — cosh < 5 arccosh (T)) : (2.62)

where we have written the final result in terms of Eyg for simplification purposes. It is
surprising from the worldsheet CF'T perspective of the minimal string that all higher order
corrections in A, vanish! This is a nontrivial consequence of the Belavin-Zamolodchikov
analysis that deserves further study. A similar observation was made in [15] in the context
of JT gravity. To make the connection we take the large p limit of this expression giving

cosh (27ra2- \/E>
2omVE .

This is precisely the density of states of JT gravity with sharp defects for £y = 0.

e p(E) — Lsmh (277\/_) Z)\i

472

(2.63)

)

Solution with general defects
One defect species

The most general string equation for an arbitrary deformation is complicated, so we will
begin by analyzing a simpler case where only one deformation 7, is turned on with n < n,.
Then (2.46) simplifies into the following equation

Flu) = P [p (Ms)_ p UMS AL (167 L_IP(L—l) UMS 5 64
() =350 |Pr (577) ~ P (50)] + 2 T3 (0 e (50) 260
L=1

where we remind the reader that P.” (r) = 0L P,(z) is the derivative of the Legendre poly-
nomial. The new feature compared to (2.51) is the fact that now the string equation is
non-linear as a function of the deformation. This modification will survive the large p limit.

Now we take the JT limit. In order to do this we take p — oo, or equivalently m — oo,
while scaling the index of the minimal model operator as n = p(1 — a))/2 and the coupling
as in (2.55). This scaling gives JT gravity with a gas of defects with weight A and defect
angle ov. The final answer for the string equation obtained from (2.64), using identities in
Appendix A.2, is given by

Flu) = \2/—6[1 (2mV/u) + Mo (2mav/u)

Ll = L—-1
n Z (27T (1 —5%1 - 0‘>>) Iy (27(1 = L(1 —a))Vu) . (2.65)
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The first line contains the two terms that already appear in the string equation for sharp
defects. In the second line we show the new terms that appear when « > 1/2. The nonlinear
terms of order \* appear only if L < L —|. This has a geometric interpretation since there
is a bound on the number of 1nd1v1dual defects that can be merged into a single defect.
Moreover, the combination appearing in each term, 27(1 — L(1 — «)) is precisely the deficit
angle after merging L defects of angle 27w(1 — «). It would be nice to understand how to
derive this formula directly from the perspective of JT gravity but we leave this for future
work.

Finally, using this tree-level string equation we can find the density of states to leading
order in the genus expansion. Using (2.37) this is given by

VE—u Va

The edge of the spectrum Ej, appearing in this expression is defined as the largest root
of (2.65) solving F(ug = 1+ SPL;EO) = 0. For @ < 1/2 this coincides with the answer
found in [15, 16] and generalizes it to a > 1/2. Contrary to previous expectations this is a
non-analytic function of o and the result changes drastically as a approaches one.

27T Lz: a A du (27r(1 - L(1- a))) I, (27(1 = L(1 — a))v/au) . (2.66)

General case

We now generalize the previous discussion to an arbitrary number of defect species put
together. In order to do this we take the JT gravity limit of the most general deformed
minimal string equation (2.46). The calculation is very similar to what we have already
done and therefore we give the final answer

2: ( Zié( »>[r1[L1(2W(1—-§;€K1——aﬂ>vﬂ>,(26@

{4}

where L = ). /; and the sum includes all permutations of A; for a particular configuration
{¢;}. The case with all £; = 0 and therefore L = 0 gives back the pure JT gravity contribution.
We see this is a simple generalization of the one species case (2.65). The prime in the
summation means that we only include configurations {¢;} such that the following identity

is satisfied
1= 61— a;) > 0. (2.68)

This bound has a simple geometric interpretation. It specifies the maximum number of
defects «; that can merge together, and it is a straightforward generalization of the bound
on L appearing in (2.65).
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Structure of the perturbative expansion

We now explain general features of the perturbative expansion in A of the partition function,
and we relate it to some geometrical intuition developed in section 2.2. For simplicity we
focus on the case of one defect species.

To begin consider the case of sharp defects. For 0 < a < 1/2 the first orders in the
expansion are

2 2202

1 er e B VB
< —: i =€ ——— 7 g =0 ——— Ty g =0 2.69
06_2 JT € 4\/%53/27 1—def = € 2\/@; 2—def = € 2\/? ) ( )

where the dots indicate contribution with larger number of defects. The exponential ap-
pearing in Zyr and Z;_go come from classical solutions, while the prefactor comes from
perturbative quantum corrections. On the other hand for more than one defect there is no
classical solution. This manifests itself in the fact that for Z,_g4or with k& > 1 the answer is
always given by a finite polynomial in /f (it is easy to show this property using the string
equation).

Consider now the case 1/2 < a < 2/3 for which the maximum order in A in the string
equation is Lﬁj = 2. The perturbative expansion now has new terms

1 2 es e s VB xfa-2a?
—<a< < Zyp = e ———— Z,e:eso—, Zo—dot = €0 e B,
92 3 JT 4ﬁ/33/2’ 1—def 2m 2—def 2\/7_T

3/2

T aef = €501 12 — 6a(4 — 3a)) — 72), ... 2.
3 def = € 6\/3(6( 6ar(4 — 3a)) — 77) (2.70)
The first two terms corresponding to zero or one defect are unchanged. This is true for
defects in the whole range 0 < @ < 1. But now for 1/2 < a < 2/3 we see the two-defect
term gets modified and a new exponential term appears. This is consistent with the analysis
in section 2.2, in particular the exponent of Z5 4 is precisely the same as the classical
contribution of two defects of angle o merging into a single one of angle 27(2ac — 1) > 0.
The contribution of Zj_g4ef for all £ > 2 can be shown to be given by a finite sum of powers,
consistent with the fact that for 1/2 < o < 2/3 there is no classical solution with three or
more merged defects®.

A similar structure is valid in the whole range 0 < o < 1 consistent with section 2.2. If
we look at the high temperature limit of small 3, then the first terms have the behavior

2(1-L(1-0a))? 1
Zpa~ e®pte 7, for L< {1 J’ (2.71)
—

6For 1/2 < a < 2/3 and k > 2 there is a geodesic in the geometry we can use to glue with trumpets.
Nevertheless in this case a different calculation of the WP volume is required [105]. Therefore, more generally
contributions with Zy_4.r and k > Lﬁj do not need to match with the ones from sharp defects continued
to values of @ > 1/2, and we find they are different.



CHAPTER 2. 2D DILATON-GRAVITY, DEFORMATIONS OF THE MINIMAL
STRING, AND MATRIX MODELS 30

while for Zj_qof with £ > L the answer is always a finite sum of powers. It would be
interesting to understand these results directly from a JT gravity with defects path integral
calculation, but we leave this for future work. Some progress in this direction was done in
[95]. We collect more results regarding the perturbative expansion in Appendix A.5.

Summary: Types of defects

In this section we summarize the different types of defects and their correspondence to the
minimal string deformations outlined at the end of section 2.3.

o = 0: This gives a gas of cusps, and is obtained in the large p limit of the 7,,_; deformation.
The string equation in this case is simply

u

Flu) = 2£11 (27v/) + A, (2.72)
0

Just like the 7, 1 deformation, this is equivalent to shifting the variable x+ — = — A in

the string equation and gives a geometric interpretation for this dummy variable used to

compute expectation values. From the dilaton-gravity perspective this amounts to adding a

term to the dilaton potential proportional to e=27®.

0 < a<1/2: These are the sharp defects studied in [15, 16] and they are obtained from
deformations between T, , ..., T,,_2. The string equation is exactly linear in the deformation
parameter A

Flu) > Y21 (2r /i) + A (270 (2.73)

For a = 1/2, the contribution with L = 2 is exactly zero’. This was implicitly assumed in
[16] since this case is relevant to the application to 3D, and here we can verify this.

1/2 < a < 1: They correspond to blunt defects, for which the SSS recipe cannot be applied.
The string equation is non-linear in the deformation

|2
M fom(1 —L(1 — o

L=0
and we propose the new terms are related to the possibility of defects merging and new
classical solutions compared with sharp defects.

))) : I (2r(1 = L(1 — o))V, (2.74)

1

L is an integer since then the contribution from L. = Lﬁj is

"This happens whenever (1 — )~
proportional to (1 — Lyax(1 — a))fmex=1 = 0.
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a =1: The deformation with e = 1 corresponds to the large p limit of the deformation 77,
which in the minimal string simply shifts the cosmological constant. From the JT perspective,
when o = 1 we have a gas of insertions with vanishing deficit angle and therefore we expect
to recover pure JT gravity. Indeed this is the case:

2w
Vi
Vut2A, (2nvut28). (2.76)

2T

u N
Flu) — %11 (2mv/u) +;ﬂ(

)Ll Iy (2mV/u) (2.75)

This is precisely the JT gravity string equation up to a simple shift of u — u + 2\. The
density of states associated to this is simply

So

p(E) = — sinh <27n/E - E0> . Ey= 2\ (2.77)

™

In section 2.5, we give a possible interpretation of this shift from the dilaton-gravity perspec-
tive. It is interesting that the a — 1 limit of the partition function in the disk with a single
defect does not give back pure JT gravity. Instead we need to sum over a gas of points with
zero deficit angle in order to recover the undeformed theory.

Defect generating function

We have presented the solution to JT gravity with a gas of generic defect species parameter-
ized by their weight \; and angle «;. It will be convenient to recast this information about
the theory in the following defect generating function W (y). This is defined as

W(y) = Ne2m0medy, (2.78)

Characterizing the species present is equivalent to giving the function W (y), with some
restriction on W coming from 0 < «; < 1.

The solution found through the string equation (2.67) is not very transparent when
describing the spectrum of defects in terms of W (y). As we show in Appendix A.4, using some
integral identities for Bessel functions, the string equation (2.67) can be exactly rewritten as
an inverse Laplace transform®

271

F(u) = /c ﬂe%y (y — V12 —u— 2W(y)> , (2.79)

which now depends on the function W (y) in a very simple way. The contour is along the
imaginary axis with all singularities to the left.

8We thank T. Budd for pointing this out [95].
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Moreover, this expression can be inserted in (2.37) to obtain a general formula for the
disk density of states as a function of the defect generating function W (y)

e dy E — E,
E)=— [ == ¢ tanh™' 2.
2 27 /c o & (\/y2 —2W(y)— Ey )’ (2.80)

where the edge of the spectrum Ej can be found by solving F(Ep) = 0. From these ex-
pressions it becomes evident that adding a gas of defects with angle @ — 1 has the effect
of shifting the generating function by a y-independent constant. From (2.79) we see such
a shift W(y) — W(y) + ¢, for some constant ¢, can be absorbed by a shift v — u — 2¢, or
equivalently a shift in the energy £ — E — 2c. We have seen this explicitly in a simpler case
at the end of the previous section.

These expressions will be extremely useful in the next section when we reinterpret this
theory as a solution of 2D dilaton-gravity.

2.5 Dilaton-gravity

We will argue that there is a connection between deformations of the minimal string and
dilaton-gravity theories, and we study the large p limit of these theories. The minimal string
formulation implies a precise relation between the defect parameters and the dilaton potential
which differs from the one proposed in [15]. We then use the Belavin-Zamolodchikov string
equation to propose an exact solution of these dilaton-gravity theories.

The minimal string as 2D dilaton-gravity

To explain the first point we again use the argument of [86] (see also [22]) to rewrite the
minimal string action in terms of a time-like Liouville field. We apply the same field redefini-
tion (2.29)-(2.30) to the tachyon insertions present in the deformation of the minimal string
action. Ignoring changes in normalization, this gives

[Viou e [aamn e [gemme s

where ¢ is the JT gravity metric and ® the JT dilaton. The final proposal is that the
deformed minimal string is equivalent to a two-dimensional dilaton-gravity theory

I= _%/\/g[q>3+ 2U(®)] (2.82)

with the following dilaton potential

m—1
U(®) = 2usinh (276°®) + Z L (2.83)

n=1
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where n = 1,...,m—17. The first term is the undeformed minimal string potential derived
in section 2.3. We can take the JT limit of this dilaton-gravity action using the scaling
introduced in (2.55) n = (1 — «)/b?. Each deformation term becomes

e [ o, o

which is the same dilaton potential associated to one defect species. This gives yet another
perspective on why deformations of the minimal string matched with JT gravity with defects
in the previous section.

The conventional normalization of the minimal model operator does not match with the
time-like Liouville exponential required in this derivation. Therefore the parameter 7, here
is rescaled with respect to the one used in the previous section. We analyze this in detail in
the next section.

Minimal string normalization

The Belavin-Zamolodchikov string equation, which gives the exact solution of the theory, is
written in (2.46) in terms of A,, related to the coupling in the dilaton potential 7, by

2
p

The leg-factor is defined in (2.49) and depends on the precise normalization of the minimal

model operator. In order to compute the dilaton potential in (2.83) as a function of the

An’s we need to compute the leg-factor corresponding to the exponential time-like Liouville

normalization,

X = NIPIO, (2.86)

where O ,, denotes the minimal model with the standard normalization used in equation

(2.48). We exclude the definition of the prefactor NP for convenience; its precise expression
can be found in Appendix C of [109]. Instead we quote directly the result for the leg-factor
corresponding to the exponential normalization!©

) ()T
Leetr) = 322 () (257

where p5; is the cosmological constant of the time-like Liouville field which we take to be
—p, consistent with (2.22), and vy(z) = I'(z)/T'(1 — z). If we take the JT limit by sending

9Tt would be interesting to understand from the dilaton-gravity perspective whether the exponent in the
dilaton potential has to be quantized at finite p. A more complete understanding of the minimal model as
time-like Liouville would very likely answer this question (see [94] for some progress in this direction).

00ur definition has an extra factor of —1/2 relative to C.18 in [109]; this is to normalize the correlation
functions to be consistent with the convention of [92].
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b — 0 for a deformation with n = (1 — «)/b* we find that

To = 2T e~ 21— (2.88)
1(1-a)
where c is the Euler—-Mascheroni constant and we have again set 47b?u = 1 to recast the JT
action in the standard form. The exponential term can be removed by a simple shift of the
dilaton.
The final result of this section is that, following the minimal string quantization, the
string equation (2.79) provides an exact solution for the following 2D dilaton-gravity

271')\7; —or(l—a
U(®) = ¢+Zm€ rlan?, (2.89)

where the sum is over species of defects with parameters «; and ;. The advantage of this
choice is the existence of a good semiclassical limit, which we can probe in the limit o — 1
where the backreaction from the conical defect is small. Using that y(1 — «a) ~ (1 — a)™?,
the dilaton potential becomes approximately U(®) = ® + >, 27(1 — a;) e 2" 172)® | Tt was
checked in Appendix D of [16] that this extra factor of 27(1 — a)) guarantees a match with
the semiclassical dilaton-gravity calculation. We will come back to this in the next section
where we analyze polynomial dilaton potentials.

Polynomial potentials

In this section we explain how to generate nearly polynomial dilaton potentials
N
U@) =0+ ) 0"+ (2.90)
n=2

by choosing certain combinations of defect parameters in (2.89). By nearly polynomial we
mean that for some large interior region in the geometry the potential has the desired form,
but near the asymptotic boundary where the dilaton is very large it reduces to JT.

One way to construct a potential of lowest degree m is to introduce m + 1 defects with
0; = 2m(1 — ;) = 0. After expanding the exponentials in §;® the terms up to ™ can be
cancelled by tuning the couplings 7;, with one coupling leftover to specify the free parameter
Nm- The behavior of the potential is such that there is an arbitrarily large polynomial region
defined by 6;® < 1 which smoothly connects to a JT region near the asymptotic boundary
where the dilaton becomes large. This ensures that the boundary is asymptotically AdS,
and these theories are unambiguously defined through the string equation (2.67).

We demonstrate the above procedure with a simple example of the quadratic potential
U(®) = ® 4 10> + - - -, for which the semiclassical limit was studied in [127]. We begin by
turning on three general defects with corresponding potential

U(®) = ® +me "® 4+ me®® + me%?, (2.91)
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Figure 2.5: We illustrate the geometry for the quadratic deformation constructed in sec-
tion 2.5. The blue curve corresponds to the Schwarzian boundary, while the shaded region
corresponds to the portion of the disk where the deformation to the dilaton potential is ap-
proximately quadratic. The region in between corresponds to the transition from the nearly
polynomial behavior to AdS, asymptotics.

where the linear term is the undeformed JT potential. For #;& < 1 we can expand the
exponentials to find

1
U(@) = + 717+ 79+ T3 — (7'101 —+ 7'202 —+ ’7'3&3)@ + 5(7'19% + 7'29% —+ 7'30%)(1)2 + .. (292)

To get the leading order behavior of ®* we can choose the following parameters 6, = 0y/2 =
05/3 = 6 and 7, = —72/2 = 13 = 7, with 6 close to zero. If we now formally take § — 0
while keeping the combination n = 26?7 fixed at a small but finite value, we arrive at the
following potential

U®) = d + g<1>2. (2.93)
The quantity that will be relevant to us will be the prepotential, which is defined by
U(®) = 2/ U(®)dd' = d* + 5@3. (2.94)
0

Higher order polynomial potentials can be constructed by tuning defect parameters in a
similar way.

Note that since we have constructed this potential by turning on defects this approxima-
tion is only valid when 6 < 1. At any finite value of 6, this condition only holds for a region
near the center of the disk. The deformation can be turned on in a large portion of the bulk
by taking # small, but there is a transition to JT asymptotics near the boundary. See figure
2.5 for an illustration of this. As we will see in the next section, as long as we assume 7 is
fixed to be small but finite and only work perturbatively in 7, we can consistently take the
6 — 0 limit.
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Solution from string equation

We now solve for the density of states from the string equation for the quadratic potential
and compare to the answer from the semiclassical gravity calculation. The string equation
for this theory is given by choosing the same combination of defect parameters as above in
the defect generating function (2.78) which gives

Wiy =gy’ (2.95)
where we have taken the § — 0 limit and added a defect with zero deficit angle to cancel
the constant term. Examining (2.79) and (2.80), we see that the combination y? — 2W (y)
appearing in the string equation can be identified with the prepotential U (P — y), with the
y? term corresponding to the JT term. To make this identification, it is important to use
the quantization we obtained from the minimal string in equation (2.89). Now using either
(2.37) or (2.80) we can obtain the exact density of states

eSO/ dy E ~ n
F)=— | =% tanh™’ — |, Ul)=v*+21° 2.96
e = [ 2L o) Tw=vg (296)

where we have used Ey = 0 to all orders in 7. This can now be evaluated perturbatively in
7 and we find

¢S [ sinh (27@)

p(E) = o o — gE sinh (27T\/E) + ] (2.97)

For each term in perturbation theory in n we do the y integral along a contour in the imagi-
nary direction with all singularities to the left, appropriate to an inverse Laplace transform.
This is the prediction for the density of states from the string equation for the quadratic po-
tential. It would be interesting to connect this solution to the quantization of the non-local
boundary action derived by Kitaev and Suh [127].

We now comment on the validity of the string equation (2.79) and density of states
(2.80) for more general choices of W (y) beyond sums of exponentials. The expression for
the string equation is poorly behaved when we formally send § — 0 to achieve (2.95).
The integrand is unbounded as y becomes large and the branch cut structure becomes
complicated. These issues are ameliorated if one works directly with the density of states
(2.80) where the integrand is better behaved. Still working non-perturbatively in 7, an issue
remains regarding the choice of contour of the y integral. This is not a problem in the case
of defects producing exponential terms so to solve this we can go back to consider finite 6.
In this case the contour is uniquely defined and we expect this to indicate unambiguously
which contour to use in (2.80). We leave a more thorough investigation of this issue for
future work.
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Check: Semiclassical limit

We will see now that the large E limit of the density of states we propose matches the
semiclassical gravity calculations obtained in [127]; see also [128] and more recently [129].
In the semiclassical limit, the energy in terms of the prepotential is F = U (®g) where P is
the value of the dilaton at the horizon. Since the entropy is proportional to the dilaton at
the horizon, the density of states is immediately given by

So

82
We now show that this formula matches (2.97) for the case of quadratic potential. Taking
the large energy limit of (2.97) and expanding for small 7 we find

log p(E) = So + 2nVE — gwE + 062, 1/VE) (2.99)

pclassical(E> ~ €xXp (277' ﬁil(E)) . (298)

This expression matches with the semiclassical answer above since expanding (2.98) for small
n gives lOg Pclassical — So + 277[7_1(E) ~ Sy + 27T\/E — %ZWE + 0(772)

Moreover, at each order in n we can keep the terms in the exact density of states that
grow fastest at large energies. We have checked these terms match with (2.98) to leading
order in large E up to O(n°). This suggests that our string equation correctly captures the
semiclassical behavior of general dilaton potentials that can be built by turning on defect
deformations. We note that this result was obtained directly from a polynomial W (y) and is
therefore independent of how it is regulated by a sum of exponentials in the asymptotically
AdS, region.

2.6 Discussion

An important result of [4] was the realization that after the inclusion of spacetime wormholes
in the gravity path integral, pure JT gravity in asymptotically AdSs is dual to an ensemble
of quantum mechanical systems, realizing a new paradigm of holography. In this paper we
have generalized this story by showing that a large class of pure dilaton-gravity theories in
two dimensions are dual to an ensemble of quantum systems. We expect this duality to
hold for pure gravity in higher dimensions since wormholes play a very similar role, although
computing their precise contribution is harder (for some progress see [130]).

More specifically, we have pointed out a connection between deformations of the (2, p)
minimal string by tachyon-like operators in the large p limit and JT gravity with a gas of
defects, and studied the connection between these theories formulated as 2D dilaton-gravities
with general potentials. Using the minimal string we found an exact solution for JT gravity
with defects when the defect angle is blunt, or in our notation a > 1/2. The structure of
the solution is more complicated than the case of sharp defects studied in [15, 16], and we
gave a geometrical interpretation of these new features. Finally we have used this solution
to propose an exact disk density of states for a general class of dilaton potentials.

We finish with some open questions.



CHAPTER 2. 2D DILATON-GRAVITY, DEFORMATIONS OF THE MINIMAL
STRING, AND MATRIX MODELS 38

Path integral with general defects

In the presence of general defects we can still integrate out the dilaton first, producing an
integral over the moduli space of hyperbolic surfaces with cone points. When o < 1/2, the
geometry has geodesics that can be used to cut and glue by decomposing the surface into
trumpets and pairs of pants, following the recipe of [4]. For the case v > 1/2 we have used
the minimal string to solve the theory. In this case there might not exist geodesics we can
use to cut and glue and it would be very interesting to understand how to directly evaluate
the JT path integral. Moreover, after integrating out the dilaton, we are left with an integral
over the moduli space of hyperbolic surfaces with cone points, for which the corresponding
Weil-Petersson volumes have only been calculated for a < 1/2 [105, 106]. Therefore, our
results can be seen as a physicist derivation of what these volumes are for more general
defects. It would be interesting to understand this from first principles [95].

A possible approach to solve this problem is to rewrite the JT path integral with defects
as a sum over discretized surfaces with constant negative curvature. This sum over discrete
surfaces cannot be done with a matrix integral, which does not fix the curvature locally.
Instead, a related problem was actually studied some time ago using the model of dually
weighted graphs [131] . Matching these discrete results to the continuum approach is an
open problem being pursued in [132].

Leg-factor from JT gravity

When relating the exact solution of JT gravity with defects to the 2D dilaton-gravity formu-
lation through the dilaton potential, some ambiguities appear. This was explained in [15]. In
general different renormalization procedures can lead to different quantizations of the same
classical theory and 2D dilaton-gravity is no exception.

The natural choice for JT gravity made in [15] associates the classical dilaton potential
with the defect generating function (2.78). In this paper we have studied a different quanti-
zation provided by the minimal string, recast as a time-like Liouville coupled to a standard
gravitational Liouville theory. This gives a different identification between the defect pa-
rameters and the dilaton potential (2.89). The advantage of this choice is that the quantum
theory has a good semiclassical limit.

It would be nice to understand the origin of this mismatch in (2.89) from a detailed
evaluation of the dilaton-gravity path integral. In order to do this it might be important
to fill in the gaps regarding how the minimal model appearing in the minimal string is
equivalent to a time-like Liouville theory (for some progress in this direction see [94]).

Negativities in spectral density

It was noticed in [16] and [15] that the disk density of states for JT gravity with defects
can become negative if the defect weight A is too large, above some angle-dependent critical

We thank V. Kazakov for pointing this out and for several discussions.
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Figure 2.6: Disk density of states for a matrix model with string equation u(u®—1) + X\ = z,
dual to the only deformation of the (2,5) minimal string. For concreteness we used A = 0.5,
giving Fy = —1.2.

value. It is an open question to understand what resolves this problem and the matrix
integral formulation of the theory might help answer this.

One complication is that the matrix integral associated to JT gravity with defects is
difficult and requires turning on an infinite number of operators in the matrix potential. In
this section we would like to conclude with the observation that similar negativities already
appears in the (2, p) minimal string at finite p, and is thus inherited by the general class of
dilaton-gravity theories derived from the p — oo limit.

We will present the simplest case we found, which is the (2, 5) minimal string, correspond-
ing to the Lee-Yang CFT coupled to 2D gravity. Besides the identity this CF'T contains only
one non-trivial operator O, 5, and this gives rise to the only possible deformation. We study
the minimal string with the following deformation term in the action 61 ~ X [ O 5 €229,
After some rescalings, the string equation associated to this theory is F(u) = u(u® — 1) + .
From this string equation we can compute the disk density of states using (2.37) and we
find that it becomes negative at some energies for negative enough \. See figure 2.6 for an
example. This model corresponds to a simple matrix potential which can be easily studied
to see whether there is a phase transition to a two-cut model as suggested in [15] (another
approach to this issue has been taken in [133])'%. In the case of JT gravity, understanding
this regime might be necessary to study theories with a dSs region inside the bulk [134, 135].

12The negativity seems to appear for values of A where the interpretation of the matrix integral as a sum
over random surfaces of finite size fails [19]. We thank V. Kazakov for pointing this out.
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Chapter 3

Lorentzian Topology Change in JT
Gravity

3.1 Introduction

This Chapter is based on [45] where we explore defining a Lorentzian theory of JT gravity
with topology changing configurations. FEuclidean wormholes have played an important
role in recent developments in quantum gravity. The study of two dimensional Jackiw-
Teitelboim (JT) gravity [4] has been central to these developments. Topology changing
Euclidean configurations have been found to be important in the calculation of a unitary
page curve [5, 6], the spectral form factor[4, 25, 27], and a variety of other interesting effects,
see [28, 31, 33] for a few selected examples.

However, so far a satisfactory Lorentzian explanation for Euclidean wormhole calculations
has been lacking. The standard procedure is to calculate a Euclidean amplitude and then
analytically continue it to obtain a Lorentzian result. The role that Euclidean wormholes
play in the Lorentzian theory is not apparent in this analytic continuation. Similarly, in the
standard canonical quantization treatment of Lorentzian JT gravity[136] the topology of the
Lorentzian spacetime is fixed, and it’s unclear how the Fuclidean path integral formulation
of the theory[4] can be related to the Lorentzian formulation.

In this work we formulate a Lorentzian theory of JT gravity that includes Lorentzian
topology changing configurations. The theory is defined through a special analytic con-
tinuation of the standard Euclidean path integral. Euclidean wormholes are turned into
topology changing Lorentzian configurations with degenerate points in the metric, see fig-
ure 3.1. Our proposal is inspired by a formulation of bosonic string theory on degenerate
Lorentzian worldsheets known as the interacting string picture[43, 44]. In [137, 138] it was
argued that the interacting string picture is equivalent to the standard Euclidean path inte-
gral formulation to all orders in the genus expansion. This is accomplished by gauge-fixing
the Euclidean path integral to lightcone diagrams[137], which are a special class of metrics
that can be analytically continued to Lorentzian signature where they become the topology
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Figure 3.1: Lorentzian topology changing transition where two spatial circles evolves into
three circles. The metric is Lorentzian everywhere except the splitting points (blue circles)
where it is degenerate. At the splitting points the topology of spatial slices changes. The
spacetime is an analytic continuation of a genus two Euclidean geometry with five circular
boundaries.

changing geometries of the interacting string picture.

To define the Lorentzian JT path integral we closely follow the construction of the bosonic
string genus expansion with singular Euclidean/Lorentzian worldsheets [137-139]. We start
with the standard Euclidean JT path integral and with a suitable gauge choice and analytic
continuation we end up with a Lorentzian path integral over degenerate metrics. We now
briefly explain this construction, leaving technical details to the main sections.

Summary of results

We begin with the two dimensional Euclidean gravity path integral with specified boundary
conditions. In this paper we consider boundary conditions given by n geodesic circles of

given lengths b = (by,--- ,b,). For simplicity we assume the bulk geometry has fixed genus
g and is fully connected. The path integral is computed by
bs
Dg,, D®
7 — | 22T " ~Lrlg®] 3.1
Vol * 2| | == 81)
b1

The integral over Euclidean metrics can be split into an integral over the Weyl factor w and
over the moduli ¢, where all metrics can be represented as ¢ = e**§. The moduli space of
g is the moduli space of punctured Riemann surfaces M, , of genus g with n punctures. It
was shown by Giddings and Wolpert [137] that this Moduli space has a representative metric
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g that is flat with curvature singularities at isolated points, this is known as a Euclidean
lightcone metric. Choosing the Euclidean lightcone metric as our representative metric g
gives us a path integral over singular Euclidean geometries

bo bs

Z :/ d(measure) /DwD@eIJT[e%g’q’] = O (3.2)
moduli

b1

In the above figure, the circles (blue) corresponds to points where the metric § becomes
degenerate det g = 0. It is at these points that the topology of spatial slices changes. The
integral over the moduli is partially over all possible locations of the degenerate points. The
Euclidean lightcone diagram has a globally defined euclidean time 7 in terms of which the
metric is flat everywhere except the degenerate points. The boundary conditions are now
specified at 7 = 400, and we must make a choice to send boundary conditions either to the
future or the past. In the above figure the boundary of length b; has been sent to the past
while the boundaries of length b5, b3 have been sent to the future.

To turn the above Euclidean path integral into a Lorentzian path integral, we will ana-
lytically continue the Euclidean lightcone geometries. Since the time 7 is globally defined,
we can analytically continue 7 — 47 to get a Lorentzian signature metric ¢, known as a
Lorentzian lightcone diagram. We now have a path integral over degenerate Lorentzian
metrics that incorporate topology changing transitions

Zy, :/ . d(measure)/DwD@e“"T[ewg’q’}. (3.3)

Our definition for the Lorentzian JT path integral will be the above integral over Lorentzian
lightcone diagrams. The role of the Weyl factor w will be to give the geometry constant
negative curvature away from the degenerate points.

In the above procedure we started with the usual Euclidean path integral and through
a gauge choice and a suitable analytic continuation we ended up with a Lorentzian path
integral. It might then be expected that the amplitudes computed with this Lorentzian
path integral should agree with the corresponding Euclidean amplitudes. Indeed, this is the
argument of D'Hoker and Giddings[138] that the interacting string picture[44] is equal to
the Euclidean path integral to all orders in the genus expansion'. In the case of JT gravity
there are some additional subtleties that arise due to the degenerate points, and we return

!Giddings and D’Hoker [138] stopped short of analytically continuing the Euclidean lightcone diagrams
to Lorentzian signature. Thus they argued that the analytically continued interacting string picture was
equivalent to the usual Euclidean path integral.



CHAPTER 3. LORENTZIAN TOPOLOGY CHANGE IN JT GRAVITY 43

to this question in section 3.3 and in the discussion. We now briefly summarize the rest of
the paper.

In Section 3.2 we review the basic aspects of Euclidean and Lorentzian lightcone diagrams.
We also review the work of Giddings and Wolpert [137] where it was shown that Euclidean
lightcone diagrams give a single cover of the moduli space of punctured Riemann surfaces.
Lastly, we discuss the problem of finding a Weyl factor to turn a Euclidean/Lorentzian
lightcone metric into a constant negative curvature geometry with degenerate points.

In Section 3.3 we fill in the technical details of the path integral over lightcone diagrams.
We explain how boundary conditions are implemented, and we discuss the integration mea-
sure over the moduli space of lightcone diagrams. The inclusion of degenerate points in-
troduces certain ambiguities into the path integral, and we discuss how these ambiguities
modify the relation of the Euclidean amplitudes to the Lorentzian amplitudes.

In the Appendices we construct the Lorentzian pair of pants with constant negative cur-
vature, and we include additional details on punctured Riemann surfaces and the integration
measure.

3.2 Lightcone diagrams

In this section we review aspects of Euclidean and Lorentzian lightcone diagrams, their
connection to punctured Riemann surfaces, and how to construct constant negative curvature
analogues of lightcone diagrams.

Euclidean and Lorentzian lightcone diagrams

A Euclidean/Lorentzian lightcone diagram is a two dimensional geometry with degenerate
metric ¢ built out of flat Euclidean/Lorentzian cylinders joined together at singular points,
see figure 3.2. The two basic properties of a lightcone diagram are the number of asymptotic
cylinders n and the genus g. The number of cylinders running off to infinity is given by
n > 2 with a fixed number extending to past or future infinity?. In the next section we will
see that in/out states are specified by introducing boundary conditions on the asymptotic
cylinders. The genus ¢ and number of boundaries n determine the number of times the
diagram splits apart and joins together in the interior of the geometry. At the splitting and
joining points the metric is degenerate, and there are 2g — 2 4+ n such degenerate points. We
will also call these interaction/singular points, and denote where they occur by the subscript
z7. The curvature on a Euclidean lightcone diagram is given by

29—24n

%\@R =21 Y 8(z—z), det g(zr) = 0. (3.4)

2At least one cylinder must run to the future and one to the past.
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T=0 T1

Figure 3.2: Euclidean/Lorentzian lightcone diagram of genus two with five boundaries. The
geometry is flat except at interactions points 7; with delta functions of curvature. A lightcone
diagram is built by gluing pairs of pants together. The interaction times are labelled by T,
the twist angles by #, and the free internal radius by p.

Note that since the determinant of the metric is zero at the interaction points the action
on a lightcone diagram can be badly behaved at these points. Even though the metric is
singular, the singularity is sufficiently mild. The Gauss-Bonnet theorem continues to hold

%/\/ER = 27X, (3.5)

where y = 2 — 2g — n. All the curvature required for Gauss-Bonnet to be satisfied is
localized at the interaction points. In Euclidean signature we introduce coordinates 7,0 on
the diagrams where 7 is a time coordinate and ¢ is a periodic coordinate around the cylinder.
We can represent the diagrams by making identifications in the complex plane w = 7 + io,
see Fig. 3.3 for an example of how to build a pair of pants. To travel around a singular
point we must go through angle 47 in w coordinates, so the singularity is a double cover of
the Euclidean plane.
We can easily find the metric near the singular points using complex coordinates

1
ds* = |z[**dzdz = e*dzdz, 5\/§R = —21ad@(2). (3.6)

which is a cone of opening angle 27(1 4+ a) with conformal mode w = 1log|z[**. The
singularities of the Euclidean lightcone diagram correspond to o = 1. We can see this by
the coordinate w = 22, going through angle 27 in 2z takes us through an angle of 47 in w,

which is a double cover of the Euclidean plane as required.

Lorentzian lightcone diagrams

The above discussion was largely restricted to Euclidean lightcone diagrams. However, by
an analytic continuation of the time coordinate 7 — i7 we obtain a metric that is Lorentzian
everywhere except at the degenerate points. These geometries are Lorentzian lightcone
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] s \
T

Figure 3.3: Euclidean Pair of pants constructed by identification in the complex w = 7 + io
plane. The middle line (dashed) is infinitesimally split up to the interaction time 7 and
identified with the top and bottom segments as indicated. The singular point is indicated
by the circle (blue). A closed loop around the singular point goes through angle 4.

diagrams, and the metrics on them are known as almost Lorentzian metrics. The curvature

is given by
29—2+n

1
5\/—gR = 27 Z 6*(z — xp), det g(zr) = 0. (3.7)
=1

These geometries are constructed by gluing Lorentzian pants along geodesic boundaries. The
pair of pants cannot be given an everywhere Lorentzian metric, but with the inclusion of
the above singularity at the splitting point it becomes possible to equip it with an almost
Lorentzian metric [140, 141]. We can explicitly write down a regularized complex metric
near the splitting point of the pants. In the conventions of [141] this metric is given by

ds* = (2 + 12 +7) (da® + dy?) — (2 + ie)(wdz — ydy)>. (3.8)

The splitting point is located at © = y = 0, and we have introduced regulators v,e > 0.
The almost Lorentzian pants are obtained from the above metric as we take the regulators
to zero, with appropriate identifications of the x,y plane[140]. Analogous to the Euclidean
case, the almost Lorentzian pants are a double cover of Minkowski space. The v regulator
temporarily removes the degenerate point and the e regulator deforms the metric into what
is known as an allowable complex metric® [141]. This is important for us because allowable
complex metrics satisfy an analytically continued version of the Gauss-Bonnet theorem [140,
141].

Ultimately we will be integrating over all lightcone diagrams, and our Euclidean action
will contain a topological term suppressing each geometry by it’s Euler characteristic e*X,
where Sy is some large constant. Upon analytic continuation of the time coordinate the
topological term will be proportional to

% / d*zv/—gR. (3.9)

3A complex metric is defined as allowable if the following condition is satisfied[141, 142]. Consider a
basis where the metric is diagonal g;; = A;d;;, if >, [ ArgA\;| < 7 at every point on the manifold then the
metric is allowable. Allowable metrics satisfy certain nice properties. For example, this condition ensures
that the path integral of a p-form gauge field converges on the background g.
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For allowable complex metrics the above integral is equal to an analytically continued version
of the Gauss-Bonnet theorem [141]

1
3 /dQ:l:\/—gR = —2mix. (3.10)

All metrics considered in this paper can be deformed to be allowable, and so we maintain
the same topological expansion in Lorentzian as in Euclidean signature. We can directly
see that the above formula holds for the Lorentzian lightcone metric (3.7). An important
property is that given an allowable complex metric g, e*g is also allowable if w is real. Since
the Lorentzian pants are allowable so is any rescaling of the pants, which will be useful when
we need to consider the constant negative curvature pants geometry.

Moduli space of lightcone diagrams

We now explain the moduli space of inequivalent Euclidean/Lorentzian lightcone diagrams
of genus ¢ with n boundaries. The starting point is to specify the geodesic radius r; of
each of the n boundaries and whether they run off to past or future infinity. A positive
radius indicates that the boundary originates from past infinity, a negative radius indicates
the boundary goes to future infinity. We demand that the sum of the lengths vanishes
>..ri = 0. So that the total length of incoming boundaries is equal to the total length of
outgoing boundaries. We denote the total length of incoming/outgoing boundaries by 7yax.

A general diagram is constructed by gluing Euclidean/Lorentzian pairs of pants together
along geodesic boundaries?. The different ways to glue pants together gives the moduli space
of lightcone diagrams. From figure 3.2, the moduli space is parameterized by the following
coordinates

Interaction Times 7; € [0, 00) i=1,...,2g+n—3
Twist Angles 6, € [0,2m) j=1,...,3g+n—3
Internal Radius Pk € [0, rmax) k=1,...,9

The moduli space is of real dimension 6g — 6 + 2n. The interaction times 7 define the points
at which the cylinders split apart at degenerate points. The diagram can be translated in
time so the first interaction time can always be set at 7 = 0. When gluing two cylinders
together we can twist them by a relative angle 6 € [0, 2), this gives the twist angles. Since
the pair of pants conserves total geodesic boundary length, the sum of radii of the diagram
at any intermediate time must be identical to the sum of beginning or ending radii. We
have a freedom in how the total geodesic length is distributed at intermediate times between
cylinders, which gives the last parameter p, where we integrate over lengths of intermediate
cylinders subject to the constraint that the total length is fixed to 7pax.

4The pair of pants used in the construction have boundaries with waist of length b; and legs of lengths
b2, b with the constraint that by = by + b3. There are other Lorentzian pair of pants geometries without this
constraint, but they are not used in this construction.
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Figure 3.4: A genus three surface ¥ with two punctures. We can put a metric on ¥ given
by (3.13) to turn it into a Euclidean lightcone diagram with two asymptotic cylinders.

The end result is that the integral over all lightcone diagrams is given by integrating over
interaction times 7, twist angles #, and intermediate radii p

[iarlasiipas) = (H | d) (H | d@) (H [ ,okdpk). (3.11)

i=1 Jj=1

The above integration range actually overcounts identical lightcone diagrams, and we must
divide by a symmetry factor S to integrate over one copy of the moduli space[137]. This
symmetry factor has never been explicitly computed, but see [143] for a recent discussion.

Punctured Riemann surfaces and lightcone diagrams

In this section we’d like to explain the connection between punctured Riemann surfaces and
lightcone diagrams. Giddings and Wolpert[137] showed that the moduli space of Euclidean
lightcone diagrams gives a single cover of the moduli space of punctured Riemann surfaces
My ,. This is accomplished by showing that every Riemann surface with n > 2 punctures
can be equipped with a unique Euclidean lightcone metric and vice versa. The integral over
the moduli space of punctured Riemann surfaces M,,, can therefore be represented as an
integral over the moduli space of Euclidean lightcone diagrams.

We now briefly explain how a given Riemann surface can be equipped with a Euclidean
lightcone metric. Consider a genus g Riemann surface Y with local coordinates z and n
punctures located at points z;. The goal will be to find a unique meromorphic one-form
w = w(z)dz on ¥ with simple poles at the punctures z; with real residues r; such that their
sum is zero » . r; = 0. The specific choice of the r; does not matter. We also require that
the integral of the form w is imaginary along any closed cycle® on the surface ¥

7{ w(z)dz € iR. (3.12)

Under these conditions, Giddings and Wolpert [137] showed that the one-form w exists, is

SWithout this condition there are many one-forms w with the appropriate simple poles, however they
fail to give a global lightcone diagram. One way to understand this condition is that on a lightcone diagram
a closed loop starts and ends at the same time 7, so around any closed loop AT + iAo = § w(z)dz must be
purely imaginary.
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unique, and that it defines a unique Euclidean lightcone metric® on ¥ by
ds® = ww = |w(z)*dzdz = dwdw, (3.13)

see figure 3.4. In the last equality we have defined the lightcone coordinates w = 7 + i0 =
fz'z w(z)dz, where zj is an arbitrary point on . In these coordinates the metric is explicitly
flat with the only breakdown occurring near the poles or zeroes of the form. Near a puncture
z ~ z; the form behaves as w = Zi—;idz + ..., so the metric will behave as

2
ds? = — " _dzdz + ... (3.14)
P
The form will also have 2g — 2+ n zeros at certain points z; on X, near such points the form
behaves as w = (2 — 2z7) dz + . . ., and the metric will behave as

ds* = |z — z;|*dzdz + . .. (3.15)

Note that near z; the metric is that of the interaction point of a Euclidean lightcone diagram
in equation (3.6). Thus, the zeros of w correspond to degenerate points where the topology
of spatial slices of ¥ change, while the simple poles are located at the punctures.

We now explain how to extract the moduli of the lightcone diagram (7, 6, p) from the met-
ric (3.13), see figure 3.5. One useful property is that the time coordinate 7 = Re [ w(z)dz is
globally defined and path independent, since it is defined as the integral of a globally defined
one-form”. The interaction time differences can be determined by performing an integral
between zeros of the form 7, — 7; = Re fZZJI wdz. The radius of an asymptotic cylinder is
given by integrating around a puncture ¢ dw = fsz(z)dz = 2mir;. Near the punctures
we have w = r;log(z — z;), and so the puncture is ;napped to 7 = #+oo if the radius r; is
negative/positive respectively.

The lengths of intermediate cylinders are given by integrating along cycles at constant
time 7, which gives § dw = § w(z)dz = 2mip;. Integration over cycles with non-constant
7 allows us to reconstruct the twist angles 6, see [137] for additional details. The above
procedure gives us the moduli (7,6, p) which uniquely fixes a lightcone diagram for a given
Riemann surface X, but the reverse direction also holds in mapping a lightcone diagram to
a Riemann surface[137]. To summarize, given a punctured Riemann surface ¥ we can equip
it with a unique Euclidean lightcone metric. Integrating over the moduli space of punctured
Riemann surfaces M, ,, is thus equivalent to integrating over the moduli space of Euclidean

lightcone diagrams.
/ S = /[dr] [dO][pdp] . .. (3.16)
M

g,n

In the above we have left out the integration measure to which we return to in section 3.3.

5The construction of w involves the period matrix of the Riemann surface, which is why each Riemann
surface is mapped to a unique lightcone diagram.

"The integral along two paths can differ by at most an imaginary constant if they enclose a puncture,
but the time 7 is the real part of the integral so it does not matter.
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Figure 3.5: A torus with two punctures mapped to a lightcone diagram with two interaction
points and two asymptotic cylinders. The circles (blue) on the torus denote where the one-
form w has zeros. The two cycles on the torus are illustrated with one at constant time 7
(orange). The loops ; enclose the punctures which run off to infinity in the lightcone metric.

Negative curvature lightcone diagrams

We are ultimately interested in JT gravity, so we want to construct the constant negative cur-
vature analogues of lightcone diagrams. We would like to start with a Euclidean/Lorentzian
lightcone metric ¢ and turn it into a constant negative curvature geometry g = e?*§ with
a Weyl factor w, with suitable singularities at the degenerate points. The reason for this is
that when considering JT gravity we will find we have a constraint R = —2 away from the
degenerate points, but there is no condition on the behavior of w at such points. We find
that the Weyl factor is not unique, and we have a large class of geometries that differ by the
strength of the conical singularity at the degenerate points. The only constraint is that the
resulting geometries satisfy Gauss-Bonnet.

Negative curvature Euclidean lightcone diagrams

Since g already satisfies Gauss-Bonnet, we will choose Weyl factor to weaken the delta func-
tions at the splittings points, and redistribute the curvature uniformly so that Gauss-Bonnet
remains satisfied. Consider a Riemann surface > where we prescribe conical singularities of
opening angles 2ma; at points z;, where the metric locally behaves as ds? = |z|*(!1=*)dzdz
near z;. Does there exist a constant negative curvature metric g on ¥ with the prescribed
singularity structure? The answer turns out to be yes, assuming the specification of oy does
not violate Gauss-Bonnet

% S\{z:} VOB ZI: ot o

Under the above condition, it was shown®[145, 146] that the metric ¢ exists, is unique,
and is in the conformal equivalence class of metrics on ¥. We conclude that starting from
a Euclidean lightcone metric §, we can find a unique w such that ¢ = €?*§ has constant

8For a review of various existence and uniqueness theorems on metrics with conical singularities see [144].
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negative curvature and any desired singularity structure consistent with Gauss-Bonnet

29—2+4n

%ﬂ(RH):—% ; (1= a)d(z = z1). (3.18)

We have written the curvature in this way to emphasize that the effect of a; is to take
curvature from the interaction points and redistribute it uniformly across the rest of the
surface X\{z;}. Note that this amounts to studying JT gravity with conical excesses, which
appears to be the closest relative to Euclidean lightcone diagrams. However, the utility
of lightcone diagrams is they can be easily analytically continued to singular Lorentzian
geometries, which we now discuss.

Negative curvature Lorentzian lightcone diagrams

We would like to construct negative curvature Lorentzian lightcone diagrams in a similar
way by rescaling the metric g = €?¥§, where g, § are almost Lorentzian geometries. As far
as we are aware, not much is known about almost Lorentzian metrics and the existence of
such Weyl factors. However, we would like to argue that it is plausible that there exists an
appropriate w such that the curvature of g = ¢*¥§ takes the form

2g—24n

%\/—_g(R—i—2):27T > (i+ap)d(z— ), (3.19)

I=1

under the condition that «; is chosen so that the complex Gauss-Bonnet theorem is not
violated, which requires that a; > 0. The purpose of the a; can can be seen from the form
of Gauss-Bonnet for complex metrics[140, 141]

%/E\/__QR = —2mix(%). (3.20)

The effect of the a; is to cancel out the contribution of the bulk volume

2g—24+n
1
- vV —gR+ ay = 0, (321)
AT S\ (o3 ;

so that the remaining terms in (3.19) give the Euler characteristic. While we cannot prove
that such Weyl factor exists, we think it is reasonable that it does for the following reasons.
It’s existence would be the natural extension of the Euclidean results of [145, 146] which
gives the unique metric (3.18). In both cases the role of the a; is to cancel out the bulk
volume term to satisfy Gauss-Bonnet. Furthermore, since the Lorentzian lightcone metric
g is complex allowable, so is €?**¢, which implies that Gauss-Bonnet (3.20) holds for both
metrics. If €2¥§ is to have constant negative curvature, it’s singular points must contribute
in a way to cancel out the bulk volume, otherwise Gauss-Bonnet would be violated. Finally,
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in appendix A.6 we construct the Lorentzian constant negative curvature pairs of pants with
the same singularity structure as advocated above.

To summarize, we believe it is reasonable that there exists a Weyl factor that turns a
Lorentzian lightcone diagram into a constant negative curvature analogue given by (3.19),
with the only constraint on a; being that Gauss-Bonnet (3.20) is satisfied. One important
point is that while flat lightcone diagrams are unique, the constant negative curvature ana-
logues are not. When integrating over the Weyl factor we must make a choice of which
geometries to include, which amounts to deciding which a; to include. We are not able to
give a conclusive answer to this question, but we return to it in the discussion.

3.3 JT gravity on lightcone diagrams

JT gravity is a two dimensional dilaton gravity theory with metric g,, and dilaton ®. We
will start with the Euclidean JT gravity path integral with boundary conditions given by n
geodesic circles of given lengths b = (by,- - ,b,). We assume the bulk geometry has genus ¢
and is connected, with the extension to the full topological expansion easily following. This
amplitude can be computed by performing the path integral over all compact geometries X
of genus g with n vertex operators V inserted?
Dg,, DP
Z= | =2 e lmlely, LV, 3.22

Vol 1 ) ( )
where Vol is the volume of the diffeomorphism group. The Euclidean JT action on a compact
surface X is given by [2, 3, 10]

Iyelg, @] :—f—;/z\/gza—%/z\/ﬁ(}zm). (3.23)

The first term is purely topological. Taking into account the vertex operators, the total
topological contribution will be given by e%X where Y = 2 — 2g — n. We ignore this term
from now on, although at certain points various constants will be absorbed into the definition
of Sy. The vertex operator that inserts a geodesic boundary of length b is given by [147]

V= / d*z\/ge”*™® cos (b®) . (3.24)
s

The path integral over all two dimensional Euclidean metrics can be decomposed into an
integral over the moduli space M, of genus g Riemann surfaces, and over the Weyl factor w
of the metric [148, 149]

Dg,, D :/ du/Dqu)e%SL[w,gL (3.25)
Vol My

9The other way to compute this amplitude is to perform the path integral over surfaces with n boundaries
with appropriate boundary conditions. However, the formalism of lightcone diagrams most easily applies to
the situation where boundary conditions are specified by vertex operator insertions.
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The above path integral is performed over metrics g = €?*¥g, where § is a choice of repre-
sentative metric’® for each point in the moduli space M,. In the above integral du is the
standard integration measure on the moduli space M, [148, 149], since it is quite compli-
cated we write it schematically and go into additional detail in appendix A.7. The Liouville
action Sy will turn out to be proportional to the Euler characteristic after we integrate out
the dilaton, and we absorb it into the definition of the topological term. This integral treats
the moduli of the Riemann surface on a different footing from the positions of the vertex
operators. Giddings and D’Hoker [138] gave an argument that the integral over vertex op-
erator positions [ d*z;,/g can be absorbed into the integral over M to give an integral over
the moduli space of punctured Riemann surfaces M, ,, of genus g with n punctures[138]

/Mg duilj (6_50 / d22i\/ge 2™ cos (b@)) - /M duﬁw,, (3.26)

g,n =1

The measure dp on the right is now for the moduli space of punctured Riemann surfaces
My, and various factors have been absorbed into the definition of the wavefunctions W;.
The integral over M, ,, automatically takes into account the integral over all distinct points z;
at which the wavefunctions can be inserted, and it could have been our starting point for the
Euclidean path integral’! (3.22). On the right hand side we have defined the wavefunctions

W; = e 27C) cos (b;d (%)) (3.27)

located at the punctures at points z; on the surface. The role that the wavefunctions W; play
is that they impose boundary conditions at the punctures in the following way. Consider
performing the path integral over the dilaton near a particular puncture z; with wavefunction
W;. When we integrate over the dilaton ® near the puncture we get the following constraint
on the behavior of the metric

%\/E(R +2) = (27 £ ib;) 6% (2 — z). (3.28)

Each wavefunction comes with two branches denoted by +ib, which arise from the expansion
of cos(b®), and so the constraint is a linear combination of the two branches!?. Since each
wavefunction comes with two branches, performing the dilaton integral over the entire surface
gives a sum over all possible branches of the constraints.

10The standard choice is to pick § such that it has constant negative curvature for g > 2.

"The two are equal up to overall normalization factors that can be absorbed, see [138, 149].

12Tt might at first be surprising that a geodesic boundary is given by an imaginary conical defect since a
geodesic boundary does not give a delta function of curvature. This was explained in Appendix A of [147]. A
geodesic boundary is given by the end of the trumpet geometry, after reaching the geodesic on the trumpet
the radial coordinate can be analytically continued into the imaginary axis to reach an imaginary defect.
We should thus imagine that the geometry is continued into the complex radial direction near the insertion
points.
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The end result is we have re-written the path integral over two dimensional Euclidean
metrics with vertex operator insertions as a path integral over the moduli space of punctured
Riemann surfaces with wavefunctions inserted at the punctures

7 = / dp / DwDde w2y, W, (3.29)
M

g,n

In the above integral dy is the standard measure on the moduli space M, ,, [138, 149]. The
path integral measure for M, is quite complicated and is written out in appendix A.7
alongside additional details on the moduli space.

Lightcone diagrams

To perform the above integral we must choose a representative metric g for each point in
My, and then perform the integral over the Dilaton ® and Weyl factor w. At this point we
must make a choice to separate the n wavefunctions W; into those that run to the Euclidean
past or future'®. We must have at least one wavefunction in the future and one in the past
for the Euclidean lightcone metric g to be a good gauge choice. Using the results summarized
in section 3.2, we choose the representative metric g to be given by the unique Euclidean
lightcone diagram for each point in M, ,,, which we write below for convenience

2g—2+n

—\/_R = —2r Z 5%(z — z1), det §(z;) = 0. (3.30)

As explained in section 3.2, the Euclidean lightcone metric ¢ has a globally defined
Euclidean time 7. In terms of the 7 coordinate on 3, the wavefunctions W; we choose to
define the in state are located at 7 = —oo, while those that define the out state are at 7 = oo.
In lightcone diagram gauge the measure du takes a particularly simple form[138, 149]

M 2m det'(=V?)
[, an= [rlaolion g (331)

g,n

up to a term proportional to the Euler characteristic that we absorbed into Sy. The prime
on the determinant indicates that we exclude zero modes. We include more details on the
derivation of the above measure in appendix A.7. The determinant of the Laplacian is
defined to be with respect to the Euclidean lightcone metric g on ¥, and we discuss the
determinants in more detail slightly later. We end up with the following path integral

2 det

s dQZ\/—

13In bosonic string theory we would send the vertex operators defining the in state to the Euclidean past,
while vertex operators that define the out state would be sent to the future.

7= / (dr][d0)[pdp) 7O =V / DD 0.5, (3.32)
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We have denoted the integral over lightcone diagrams as fW to emphasize that the wave-
functions W; impose boundary conditions at the ends of the cyhnders at 7 = +o00. Note that
so far all we have done is rewritten (3.22) in a particular gauge choice. This is essentially
the argument for the equivalence of the Polyakov formulation of bosonic string theory and
the interacting string picture [43, 44] on Euclidean lightcone diagrams [138, 150]. The only
new ingredients we have encountered in considering this formalism for JT gravity is that we
have to integrate over the Weyl factor, and there is no canonical choice for separating the
boundaries into those that are sent to the past or future.

Lorentzian JT path integral

Since Euclidean lightcone diagrams come with a global notion of Euclidean time 7, we can
analytically continue 7 — 7 to get Lorentzian lightcone diagrams with metric

2g—2+n

—\/ gR = 2mi Z 6*(z — z1), det §(zr) = 0. (3.33)

Our definition for the Lorentzian JT path integral will be given by the above analytic
continuation applied to (3.32), which gives us

27 det’(
2= [ larlanlloan) —

The Lorentzian JT action is now given by

/ DwDPeilirle o], (3.34)

Iyrlg, ® /\/_R+ /F¢R+2) (3.35)

where we use the notation g = e*§. We will ignore the first term which is topological by
complex Gauss-Bonnet (3.20) and focus on the second term. On a lightcone diagram we use
(3.33) to find that the second term is given by

2g—24n

%/Z\/—_gq)(R—i-Q):QWi > <1>(zl)+1

pay 2 Is\ary

V=g® (R +2). (3.36)

We see that the JT action on a lightcone diagram picks up point terms at the degenerate
points where the geometry undergoes a topology changing transition. The usual JT gravity
constraint of constant negative curvature R = —2 no longer holds at such points. If the
constraint did hold on all of ¥ the path integral would be zero since a suitable Lorentzian
topology changing metric does not exist. There is one issue, if we integrate over the dilaton
®(zr) at the interaction point the path integral will diverge. However, since there are 2g—2+n
interaction points we can absorb this infinite divergence into the definition of Sy in the
topological term.
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We can now perform the path integral over the dilaton ®. Since we are in Lorentzian
signature, we choose our contour for ¢ to be along the real axis. Rewriting the action in
terms of the Weyl factor we find

/DCI) exp (@ . V=P (—@Zw i eQw)) _5 (_@QW n 62“’) _ d (Of — Wo)

det (—V2 n 2e2wo)

(3.37)
Here wy is a configuration that satisfies the delta function constraint. This constraint enforces
that the metric ¢ = g has constant negative curvature R = —2 away from the interaction
points. The end result is the following path integral
27 det’( —
7 = / (dr][d6] [pdp) ——— / Duw W-wo) (3.38)
Wi Jud Z\/_ det —V2 + 262“’0)

The reason we have not carried out the integral over w is the following. As explained in section
3.2, there exist multiple Weyl factors that satisfy the constraint (3.37) while having different
behavior at the degenerate points given by (3.19), which we restate here for convenience

29—24n

SVIRT2) =0m S (i an) iz - 2). (3.39)

I=1

We must choose our contour of integration for w to decide which configurations should be
included. A configuration is specified by picking out a preferred choice of o;. There appear to
be two natural choices. We can choose a certain «; as special and the Weyl factor wg can be
forced to localize onto such a geometry for all lightcone diagrams. The other obvious option
is to integrate over all possible w (i.e. all ay). The benefit of choosing a particular «; as
special would be that we would get the closest analogue to Euclidean JT gravity where only
one w contributes for each point in moduli space M, ,,. For simplicity we will assume that
the Weyl factor localizes to a single configuration, after which we are left with an integral
over the moduli space M, ,, with given measure

27 det' (—V?) 1
2= [ {ar)aslod) o .
Wi fZ d2Z\/§ det <_v2 + 2€2w0>

(3.40)

The integration range is defined in (3.11), and the wavefunctions W; implement boundary
conditions as discussed around (3.28). The end result is that we must choose a set of
boundary conditions and then evaluate the above integral.

We now discuss the definition of the functional determinants appearing in the above
integral. Even though the integral is over Lorentzian lightcone geometries, we will choose
the functional determinants to be analytically continued and defined on the corresponding
Euclidean lightcone geometries to make them well defined. The Laplacian V2 is defined with
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respect to the degenerate lightcone metric (3.4). The corresponding determinant det(—@z)
has been studied by [139, 151-153], and in principle it is known in terms of basic objects
on the underlying punctured Riemann surface. However, the second determinant is more
complicated. Using the conformal anomaly we can relate it to det(—V? + 2) where V? is
now defined with respect to a constant negative curvature metric g = €?§ with conical
singularities at the splitting points. There has been some recent progress on computing
closely related determinants'® [154], but as of now determinants on singular Riemann surfaces
are not fully understood. Regardless, evaluating the above determinants will introduce some
dependence on the moduli into the above integral.

Relation to Euclidean amplitudes

We would like to discuss the relation of our proposed Lorentzian path integral (3.40) to the
standard Euclidean amplitudes. We first briefly review why the Euclidean JT path integral
gives Weil-Petersson volumes, originally explained in [4]. For simplicity, consider a compact

surface of genus g, the Euclidean path integral over all smooth metrics on this surface reduces
to [4]

_ ot PT P )Y/2 w o(w)
Z = /M d(WP)(det P} P,) /D (3.41)

, det(—V2 +2)’
where we have gauge fixed to a smooth metric ¢ of constant negative curvature, and as
a result the Weyl factor localizes to w = 0. We have written the integral in this way to
compare to (3.38). The measure d(WP) is known as the Weil-Petersson measure. In the
above we have two determinants: (det Pf P)Y/2 which originates from gauge fixing and is
theory independent, and det(—@2 + 2) which is special to JT gravity and arises from the
integral over the dilaton ®. In [4] it was pointed out that the ratio of these determinants is
unity, up to a factor that can be absorbed into the coupling constant S;. We are left with
an integral over the Weil-Petersson measure, which gives us the Weil-Petersson volume

7 = /M d(WP) =V, (3.42)

g9

We can similarly ask whether our Lorentzian path integral (3.40) localizes to the Weil-
Petersson measure. Possible issues might arise both from the theory independent measure
(3.31), and from the theory dependent contribution (3.37). However, choosing lightcone
diagrams as the representative metric for the moduli space M, ,, is simply a gauge choice, so
the theory independent measure (3.31) cannot depend on this choice. Indeed, it was pointed
out in [138] that (3.31) secretly contains the Weil-Petersson measure d(WP) in lightcone
coordinates, and that the determinant of the Laplacian det(—V?) roughly comes from the
punctured Riemann surface analogue of the gauge fixing determinant (det P} P;)/2,

14In [154] various determinants were studied on punctured Riemann surfaces with conical singularities of
opening angles f—_:l with n € ZT. However, in our case we require conical excesses instead of defects so the

results do not appear immediately applicable.
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The only possible issue with recovering the Euclidean amplitudes can therefore be from
the determinant arising from the integral over the Weyl factor in (3.37). However, this
is precisely where we ran into an ambiguity since w is not constrained to behave in any
particular way at the degenerate points. Therefore the determinant in (3.37) should somehow
depend on the choice of singularity structure at the degenerate points, and it’s unclear if
we get an exact cancellation as in (3.41) for Euclidean JT. Without a better understanding
of determinants on singular surfaces it is difficult to say anything more concrete. However,
since the only deviation comes from a finite set of points we believe it’s quite likely that the
resulting amplitudes computed by (3.40) share similar features with Euclidean JT gravity,
we return to this point in the discussion.

3.4 Discussion

In this work we have proposed a definition for the Lorentzian JT gravity path integral that
includes topology changing configurations. This is accomplished by integrating over metrics
which are Lorentzian signature everywhere except at special points where the metric becomes
degenerate, and where the spatial topology changing transitions occur.

Our proposal is inspired by a formulation of bosonic string theory on singular Lorentzian
worldsheets [43, 44, 137-139], and we followed similar logic to define the Lorentzian JT path
integral. Using lightcone diagrams we analytically continued the Euclidean path integral to
define a Lorentzian path integral over degenerate Lorentzian metrics. This analytic continu-
ation gives a Lorentzian interpretation for the Euclidean path integral genus expansion. We
end with a few comments and potential future directions.

Relation to Euclidean JT and degenerate points

We found that the most serious ambiguity in the definition of our Lorentzian theory is how
to properly treat the degenerate points. There appears to be no standard prescription for
dealing with such points in Lorentzian signature, although see [40] for a recent discussion.
In Euclidean signature the degenerate points can always be removed with a singular Weyl
factor to give a smooth Euclidean metric. However, in Lorentzian signature this cannot
be done since the degenerate points are crucial for the existence of an almost Lorentzian
metric with spatial topology change. This gives us some freedom to choose the behavior of
the metric at such points'® (3.19), and this choice propagates into the final path integral in
(3.40).

As discussed in section 3.3, to understand the relation between Lorentzian and Euclidean
amplitudes we must understand how the ambiguity at the singular points modifies the path
integral measure. Indeed, in both the Lorentzian and Euclidean cases the domain of in-
tegration is given by the moduli space of punctured Riemann surfaces M,,, so the only

15This ambiguity does not appear when considering the bosonic string on lightcone diagrams[138] since
we don’t integrate over the Weyl factor.
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difference can arise from the respective measures on this space. Since the determinants on
singular Riemann surfaces appearing in (3.40) are not fully understood it is difficult to give
a conclusive answer. However, it is likely that this ambiguity modifies the path integral
measure, and so we don’t expect the Lorentzian amplitudes to exactly match the Euclidean
amplitudes.

Regardless, we expect the Lorentzian amplitudes to have qualitatively similar behavior
to Euclidean JT gravity amplitudes for reasons of random matrix universality. In [27] it
was shown that wormhole contributions in a wide range of dilaton-gravity models, with
integration measures deviating from pure JT gravity, have universal behavior independent
of the specific details of the theory. Indeed, we do not expect the specific details of the
integration measure to seriously modify universal behavior, such as the existence of a page
curve[5, 6] or the spectral form factor [4, 25, 27].

Towards non-perturbative Lorentzian physics

Non-perturbative Euclidean wormholes have played an important role in a wide variety of
recent calculations, see [4-6, 25, 27, 28, 31, 33| for some selected examples. It would be
interesting to understand the Lorentzian origin of these calculations using the Lorentzian
path integral developed in this work. As an example, it would be interesting to understand
the Replica wormhole computations [5, 6] or the swap entropy [155] using topology changing
Lorentzian wormholes, see also [38, 39]. Additionally, it would be interesting to understand
how the inclusion of topology changing Lorentzian metrics modifies the structure of the JT
gravity Hilbert space[136], and whether there is a canonical quantization interpretation for
Lorentzian topology change.

To address the above questions it will be necessary to introduce asymptotically AdS
boundaries, which amounts to studying lightcone diagrams with boundaries. These diagrams
were studied in the context of open strings[43, 44], but the proof of Giddings and Wolpert
[137] was never extended to them. Thus we cannot claim that these diagrams give a single
cover of the desired moduli space, but it seems quite likely that they do. Regardless, we can
directly define the Lorentzian JT theory with asymptotic AdS boundaries to live on such
lightcone diagrams, but for now we leave an examination of the above questions to future
work.

Simpler representation of moduli space

One of the features of lightcone diagrams is that they provide a particularly simple repre-
sentation for the integral over the moduli space of punctured Riemann surfaces M, ,,. The
standard procedure is to introduce Fenchel-Nielsen coordinates on the moduli space in terms
of which the the domain of integration is incredibly complicated, see [4] for a discussion.



CHAPTER 3. LORENTZIAN TOPOLOGY CHANGE IN JT GRAVITY 59

However, lightcone diagrams have a very simple region of integration (3.11)

1 /oo /271' /rmax
== dr; do; Prdpy . .. 3.43
[\A S H 0 0 ! 0 K ( )

g.m irj,k

while the integration measure can be quite complicated, see (3.40). It would be interesting
to understand the integration measure in (3.40) in terms of the lightcone coordinates on
the moduli space. It might be possible that in corners of moduli space the measure takes
a simplified form in terms of these coordinates. More generally, it would be interesting to
understand if the ratio of determinants in (3.40) simplifies as in the case of Fuclidean JT
gravity.
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Chapter 4

Averaging the symmetric product

orbifold

This Chapter is based on [66] where we study ensemble averaging over a family of two
dimensional conformal field theories and it’s holographic gravitational dual. The AdS/CFT
correspondence states that a given conformal field theory is dual to a theory of quantum
gravity. However, it has recently been appreciated that some simple theories of quantum
gravity, defined by a sum over geometries and weighed by a semiclassical action, are dual to
an average over a suitable ensemble of boundary theories. The clearest example of this is JT
gravity which is a two-dimensional gravity theory dual to an ensemble of one dimensional
quantum mechanical theories [4].

This idea has been extended to a wide class of two-dimensional gravitational theories
[12, 15, 16, 21, 156], and progress has also been made in extending these concepts to higher-
dimensional theories of gravity [46-50]. In more than two bulk dimensions it is a priori
unclear how to construct ensemble averages over dual microscopic theories, so many ap-
proaches have focused on two-dimensional CFTs with a large number of symmetries such as
Narain CFTs [51-56], and WZW models [57-59]. We will consider the former. In [46, 47]
it was demonstrated that averaging over the family of T” Narain CFTs is dual to a bulk
theory given by Chern-Simons coupled to topological gravity. Narain CFTs can be defined
by the action

1= / A2 (Grnd0* P 0a X" 05 X" + iBpne® 0, X" 05 X™) (4.1)

where the choice of target metric GG,,,, and B,,,, is a choice of moduli and defines the theory.
We denote the Narain CFT partition function by Zgp(m, ) where ¥ is a two dimensional
Riemann surface on which the theory is defined and m is a particular choice of the moduli
defining the theory. Averaging over the moduli with an appropriate measure, it was found
that the resulting averaged partition function (Zpo(m,X)) could be reproduced by a bulk
Chern-Simons calculation. The bulk theory takes the form of 2D copies of abelian Chern-
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Simons with total gauge group G = U(1)” x U(1)” and action given by

D
i=1 /M

where the 2D gauge fields A;, B; transform under independent copies of U(1). It was found
that summing over a class of bulk three-manifolds, bulk handlebodies M with asymptotic
boundary OM = 3, precisely reproduces the average over Narain CFTs

(Zeo(m, %)) = Y Za(M), (4.3)

handlebodies M

where on the right we evaluate the Chern-Simons path integral with action (4.2) on each
handlebody. The subscript G on the partition function denotes the gauge group of the
Chern-Simons theory. We go into additional details on the proposed duality between the
Narain average and a bulk Chern-Simons theory in Section 4.1.

In this paper we will extend this duality by ensemble averaging over a related family
of two-dimensional CFTs, symmetric product orbifolds of Narain CFTs. The process to
construct a symmetric product orbifold is to take N tensor copies of a seed CFT X, and
gauge the Sy permutation symmetry exchanging the copies of the theory

Sym®™ (X) = X®N /Sy . (4.4)

We go into additional details on constructing such theories in Section 4.1. Applying this
procedure to the Narain theories we can construct a family of CFTs, denoted by Sym® (T?),
labelled by a choice of integer N and a point in moduli space m. We denote the partition
function of such theories by Zyp,s, (m,X). Since this family of theories has the same moduli
space as the Narain theories we can again perform the ensemble average over such theories.
We now summarize our main results.

Summary of main results

Ensemble averaging Sym” (T?): The goal of this paper is to provide a bulk dual for the
ensemble average of the symmetric product orbifold of Narain CFTs. Following the standard
holographic prescription, the bulk dual should be given by a sum over a suitable set of bulk
geometries. The philosophy we will take in this work is that the rules for the bulk path
integral should be dictated by the boundary ensemble average. In particular, the choice of
which bulk geometries to include is determined by consistency with the boundary answer
[46].

We now restrict our attention to Sym® (T?) CFTs defined on a boundary torus with
modular parameter 7. In Section 4.2 we explain how to ensemble average the partition
function of this class of theories (Zrp,g, (m,7)). The final result is given in equation (4.91),
and is a formal expression in terms of the Siegel-Weil Formula (4.20), which we introduce
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and explain in Section 4.1. We expect this average to be holographically dual to a sum over
bulk geometries with an asymptotic boundary torus. We find this is partially realized. The
averaged partition function can be schematically expressed as follows!

(Zrpysy (M, 7)) = Z Zguk (M) + non-semiclassical geometries. (4.5)
handlequies M,
vortices

In the above we have split the boundary average into two terms. We will refer to the first term
as a “semiclassical” contribution while the second term is a “non-semiclassical” contribution.
We define contributions as semiclassical or not based on whether they can be reproduced by
the standard rules of the gravitational path integral. Let us first explain the bulk origin of
the semiclassical contribution.

Semiclassical Contributions: The semiclassical contribution is reproduced by a standard
gravitational path integral where we sum over handlebody geometries bounding the asymp-
totic torus with the inclusion of “vortices” (analogous to ‘t Hooft loops for discrete gauge
groups) running along the non-contractible cycle of the geometry. We have schematically
represented the contribution of each such geometry by Zg. (M), which is given by a one-loop
exact Chern-Simons calculation. In the case of a boundary torus, handlebody geometries
are three manifolds of the form D? x S'. On each handlebody geometry we evaluate the
partition function of a Chern-Simons theory with gauge group U(1)” x U(1)P? 1 Sy.2 The
bulk action of the Chern-Simons theory with this group is given by N copies of the previous
action in equation (4.2)

N
Ses = /M (A A dAw = Bay AdBg) (4.6)
=1

where we have suppressed the summation over the D indices present in (4.2) for simplicity.
In total the theory has 2D N gauge fields. Evaluating the partition function of this theory is
slightly non-trivial since the structure of the gauge group is a wreath product, and in Section
4.3 we explain how to accomplish this for bulk handlebody geometries.

The final aspect of equation (4.5) that we must explain is the summation over vortices.
A vortex is a gauge theory line operator that we choose to place along the non-contractible
cycle of the handlebody. This operator implements twisted boundary conditions on the

!As we will discuss later in Section 4.1, both the average over the Narain moduli space and sum over
handlebodies can diverge, assuming the degree N of the orbifold group and the boundary genus g are
sufficiently large (in a way that will be made precise below), see also [46]. We will largely ignore these
divergence issues since, even when the sum over handlebodies diverges, the individual summands still make
sense as on-shell bulk partition functions. Of course, if one considers the full microscopic theory without
averaging, no such divergence should appear.

2The notation ? indicates that the gauge group takes the form of a wreath product group, which is defined
by taking N copies of U(1)? x U(1)” and gauging the symmetry permuting them. We explain this structure
in Section 4.3.
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gauge fields A(;), By as they travel around the vortex
Aw = Ax@,  Bw = Bray,s (4.7)

where m € Sy are permutations. The inclusion of vortices amounts to including gauge field
configurations that are singular in the interior of the handlebody, and we explain how to
evaluate the path integral on a handlebody with a vortex insertion in Section 4.3. The
summation over vortices amounts to a summation over all twisted boundary conditions
implemented by permutations 7 on the gauge fields.

Putting everything together, in sections 4.3 and 4.3 we evaluate the Chern-Simons par-
tition function on handlebody geometries with vortex operator insertions and show that
we precisely reproduce what we denote as the semiclassical contribution to the averaged
partition function

(Zams, (7)) D S Zasy (M) = . (18)
handlebodies M,
vortices

In the above figure the vortex is the red line running in the interior of the handlebody.
The Chern-Simons partition function Zggs, implicitly depends on the twisted boundary
conditions the vortex implements. Thus, at least a portion of the ensemble averaged partition
function can be reproduced by a standard bulk theory given by U(1)? x U(1)? 1 Sy Chern-
Simons with the inclusion of bulk vortices.

Non-semiclassical Contributions: Let us now explain the “non-semiclassical” contribu-
tion to equation (4.5). The ensemble average of the partition function (Zrn,g,) contains
averages over multiple disconnected products of partition functions of the seed theory. A
useful example is to consider the case of N = 2, where the boundary average contains a
contribution

(Zaonsy(m, 7)) D 5{Zoo(m, ) Zeo(m, 7)) = 3 ()

geometries

Where in the above figure we have used the results summarized in Section 4.1 to represent
the average (Z%D(m, 7)) as a gravitational path integral with two asymptotic boundary tori
[46]. Generic non-semiclassical contributions arise from geometries of a similar nature, where
for general N the boundary average instructs us to include terms with up to N asymptotic
boundary tori.

While such terms have a geometric interpretation as bulk configurations with multiple
asymptotic boundaries, typically, they do not have a holographic interpretation as a single
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geometry with a single asymptotic boundary. To assign a holographic interpretation to
a bulk wormhole geometry M with n asymptotic boundaries we require that M is suitably
“symmetric”. The precise notion of this symmetry is subtle and we elaborate on it in Section
4.3, but it is reminiscent of the Z,, replica symmetry in the context of the replica trick [157].
In the case that M is completely disconnected, the requirement is that the same boundary
cycle is contractible in the interior of each disconnected bulk geometry. Such a symmetry
is highly non-generic, and most wormhole configurations contributing to the average do not
have a simple interpretation. However, a subset of such geometries do have such a symmetry,
and have already been implicitly included in the “semi-classical” Chern-Simons computation,
see Section 4.3.

It’s useful to give a simple example of a geometry that does not have a semiclassical
interpretation. Consider a contribution to equation (4.9) where one torus is filled in with
a handlebody with contractible spatial cycle, while the other is filled in with a handlebody
with contractible time cycle

(Zppys,(m, 7)) D = , (4.10)

where the contractible cycles are identified by the dashed lines in the figure. A holographic
interpretation would require a single bulk geometry with both spatial and time cycles con-
tractible in the interior. A bulk manifold M cannot have both of these cycles contract, and
so such a contribution has no hope of being reproduced by a standard sum over geometries.
To include such contributions we would need to seriously modify the standard rules for the
bulk path integral, and allow different gauge fields A; to live on “independent” manifolds
with different contractible cycles. See Section 4.3 and the discussion in Section 4.6.

Averaging correlators: In Section 4.4 we consider ensemble averaging correlation functions
of twist operators in the symmetric orbifold, focusing specifically on the case of the Sym?(T?)
orbifold. These are non-local operators implementing twisted boundary conditions for the
fundamental fields in the orbifolded theory. Hence, these objects are naturally identified as
being the dual to the vortices of the the bulk Chern-Simons theory mentioned around (4.7).
Following the elegant approach of references [158, 159], the monodromy implemented by
twist fields trivialises on the covering space and it can be shown that the correlation functions
reduce to a product of covering map data and the seed partition function on the (branched)
covering space. For example for the case of the sphere we get (4.179). Therefore the Siegel-
Weil formula may be used in performing the average of the latter resulting in a modular sum.
How is this interpreted from the bulk perspective? Using the identification of vortices and
twist operators we will show that summing over all inequivalent configurations of vortices
ending on pairs of equivalent twist operators reduces to the aforementioned modular sum.



CHAPTER 4. AVERAGING THE SYMMETRIC PRODUCT ORBIFOLD 65

More specifically, as in [160] we consider vortex configurations, which are rational tangles in
the language of knot theory. Such tangles exhibit handlebodies as branched covering spaces
such that the modular sum can be understood as a sum over hyperbolic metrics.

Averaging Supersymmetric Narain CFTs: In Section 4.5, we consider the ensemble
average over the supersymmetric version of Narain CFTs. We propose that the ensemble
average is holographically dual to a supersymmetric version of U(1)” x U(1)? Chern-Simons,
and we reproduce the boundary ensemble averaged torus partition function from a bulk
supersymmetric Chern-Simons sum over handlebody geometries. Furthermore, we consider
the symmetric product orbifold Sym”™ (T?) of supersymmetric Narain theories and show that,
similar to the non-supersymmetric case, a supersymmetric Chern-Simons theory with gauge
group U(1)? x U(1)? 1 Sy reproduces many “semiclassical” contributions to the averaged
partition function.

Averaging the Tensionless String: The symmetric orbifold Sym®™ (T*) at large N is dual
to type IIB string theory on AdS3 x S* x T* with one unit of pure NS-NS flux (the so-called
‘tensionless string’) [61-65, 161-166]. Part of our motivation for considering the average of
Sym” (TP) theories is to understand whether the tensionless string can be ensemble averaged
to produce a semiclassical sum over geometries. We are partially successful, averaging a single
string propagating on an AdS3 background gives a “semiclassical” geometry as defined above.
Averaging over multiple strings on a single background gives rise to the “non-semiclassical”
geometries. We leave a more complete discussion of this to Section 4.6.

In Section 4.1 we review some preliminary results necessary for the rest of the work.
We explain the Narain average/Chern-Simons duality of [46, 47], and we review the basic
construction of symmetric product orbifold CFTs. In Section 4.2 we begin by explaining
how to ensemble average over a symmetric product CFT. We then apply this to the class
of Narain CFTs Sym”™ (T?) to obtain a boundary answer for the average. In Section 4.3 we
interpret the boundary average as a holographic Chern-Simons theory with the inclusion of
bulk vortices. In Section 4.4 we consider correlation functions of twist operators in the CF'T,
and we show that a bulk dual is given by a sum over vortex configurations equivalent to a
specific sum over hyperbolic three-manifolds. In Section 4.5 we consider the supersymmetric
extension of the Narain theories, and we provide a bulk dual given by supersymmetric Chern-
Simons theory, with additional details left to appendix A.8. In Section 4.6 we end with a
discussion of our results.

4.1 Preliminaries

In this section we review the necessary technology used throughout the main parts of the
paper. In particular, we review the Narain-ensemble/U(1) gravity duality proposed by [46,
47], as well as the basics of permutation orbifolds. Readers familiar with Narain averaging
and permutation orbifolds should feel free to skip this section.
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Narain averaging and the sum over geometries

Consider a sigma-model with target space a D-dimensional torus T”. The action reads
I = / A*2 (Grnd0* 0o X" 05 X" + iBpne® 0, X" 05X ") . (4.11)

where G,,,, is the metric on the TP target space and B,,, is a two-form field, and the target
coordinates are compact X ~ X™ + 2m. We take the theory to be defined on a Riemann
surface with locally flat metric §°°, with e’ being the Levi-Civita symbol. This CFT belongs
to a family of two-dimensional CFT’s with left and right-moving current algebras of type
U(1)P x U(1)? with central charges (cr,cg) = (D, D), namely the Narain family of CFTs.
The moduli space of Narain CFTs is parameterised by D? parameters encoded in choosing
a target metric G,,, and the two form field B,,,. Equivalently the moduli space is given by
the double quotient space (for more details, see e.g. [167]):

Mp=0(D,D;Z)\O (D,D) /O (D) x O (D). (4.12)
The partition function on a torus with modular parameter 7 is given by

O(m, 1)
In(m)|*"

where m € Mp labels a particular point in the moduli space of Narain CFTs, and (1) is
the Dedekind eta function. The only moduli dependence enters through ©(m,7) which is
the Siegel-Narain theta function.® As this moduli space carries a natural measure via the
Zamolodchikov metric,* one can ensemble-average over the space of Narain CFTs. Since
the only dependence on the moduli enters through ©(m, ) we must consider the formal
expression:

Zon(m, T) = (4.13)

Ep(7)
©m. )= [ dumBim.7) = — (4.14)
Mp (ImT)>
with du(m) being the normalized Zamolodchikov measure. The expression for (©(m, 7)) is
found by the use of the Siegel-Weil [168-171] formula, and it is given by the real analytic
Eisenstein series E(7) which is defined as

E(r)= Y  (Imy-7)°. (4.15)

YET w0 \SL(2,Z)

Nl|s]

3The partition function Z(m, ), the theta function ©(m, 7), and the Eisenstein series F(7) which we
introduce later, also depend on 7. To avoid clutter, we omit this dependence in the notation and keep it
implicit.

4This metric is calculated by computing the two-point function of the exactly marginal operator
O ~ 5Gmn5a58aXm6ﬁX” + iéaneaﬁaaXmagX”. This metric is equivalently the Haar measure of
O(D, D;R) descendend to the quotient.
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Here I' is the subset of the modular group which leaves invariant the imaginary part Im 7,
and T'o,\SL(2, Z) is the left quotient [46].> The sum over modular images can be represented
b

d
the final expression for the ensemble-averaged torus partition function as a sum over modular

images
(7) 1
= Y 5 (4.16)
. 2D
(Im7)? ()P e lares 107

The above averaging procedure can be generalized to partition functions on arbitrary Rie-
mann surfaces by using the higher genus analogue of the Siegel-Weil formula. The averaged
partition function of the sigma-model on a genus g surface ¥, with period matrix €2 takes
on the form

by matrices v = € SL(2,Z) with coprime (c,d) = 1. Using the above we can write

E

>}

(Zpp(m, 7)) =

(S} N

Ep(Q)
(Zrp(m,Q)) = ‘5 —5 - (4.17)
(det Im )2 }det 9|

The determinant det’ @ appearing in (4.17) is of the operator d on >, omitting the zero-
modes. We have introduced the higher genus generalization of the Eisenstein series

E,(Q) =) (det ImQp,)* , (4.18)

To

with Qp, being the period matrix defined with respect to what is known as a Lagrangian
sublattice I'\g. We defer the discussion of Lagrangian sublattices to slightly later in this
section, but for now a particular I'y should be thought of as specifying a distinguished set
of asymptotic boundary cycles which will be contractible in the bulk manifold when we
interpret the ensemble average holographically, see Figure 4.1.

The average can also be defined over products of partition functions on disconnected
Riemann surfaces. Suppose we have a product of n partition functions on associated Riemann
surfaces of genus g; with period matrices €2;. We can form a matrix {2 which is the direct
sum of the period matrices of the respective Riemann surfaces

Q= @ 0. (4.19)
=1

The ensemble average over disconnected Riemann surfaces is then given by the following
generalization of the Siegel-Weil formula

(Zgo (m, 1) . .. Zyo (m, Q) = (4.20)

(det Im Qi)% }det’ 52% ‘D

n Y
=1

1 n
0 =1
are considered equivalent in I'o\SL(2,Z) if v = h -+ for some h € I's,. The sum in (4.15) includes one
matrix from each equivalence class in I'oo\SL(2, Z).

®The subgroup I, consists of all SL(2, Z) matrices of the form ( > . Two matrices v, € SL(2,Z)
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Figure 4.1: A given Lagrangian sublattice Iy appearing in the sums in (4.16), (4.17), and
(4.20) will be holographically associated with a choice of asymptotic boundary cycles that
becomes contractible in the interior of the geometry. In this figure we have genus two
handlebody with the drawn cycles contractible in the bulk.

where in the above (2 is no longer the period matrix of a single Riemann surface, but a direct
sum of period matrices of disconnected Riemann surfaces.

Double Torus Average

We will primarily be interested in the Narain average over products of partition functions
on disconnected tori boundaries. In this case the period matrices are just the modular
parameters of the tori Q; = 7, and Q = diag(m,...,7,) is a diagonal square matrix. The
averaged partition function for products of disconnected torus boundaries is then given by
(4.20) with the appropriate diagonal matrix . We explicitly work out the case of two tori
with identical modular parameters 7 since it will be used later. Applying (4.18) and (4.20)
to the case Q2 = diag(7, 7) we obtain

(Zopo (1, 7) Zopo (1, 7)) = ! S (dettm(p,)"". (4.21)

D 4D
Im(T) |77(T>| [oyCH;(ZUX,Z)

Where we have used that det’ d = |(7)|? on the torus. In the above I'y C H, (X UX,Z) is a
sum over possible contractible cycles on the two tori. This sum contains a set of contribution
that give the disconnected average (Z(7))?, in addition to wormhole contributions.

We now explain how to see the contribution of the disconnected average (Z(7))* in the
sum. Let AM A® be the A-cycles of the two tori, while BV, B are their B-cycles. Take
the contractible cycles specified by I'y to be given by independent modular transformations
7; of the A® cycles on the two respective torii. This corresponds to a choice of I'y and Qr,
given by

. 0
F0 = SpanZ (’71 (A(1)>7’Y2(~A(2))) ) QFO = <,}/10 ! Yo - 7_) : (422)

The above choice of T'y is decomposable® and amounts to picking all possible choices of
contractible cycles on the two tori independently, and we postpone an explanation of how to

SIntuitively, a decomposable 'y amounts to picking independent contractible cycles on all surfaces[46].
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obtain p, to the next subsection. This choice immediately gives the following contribution
to the average

vl

1 D
<ZTD (m7 T>ZTD (m7 T)> 2 Im(T)D|77(T)|4D Z Im(’yl : T) 2 Im</72 : T)
71,726 0 \SL(2,Z)

(4.23)
By comparing to equation (4.16) we notice that this is the disconnected contribution squared
(Zyp(m, 7‘)>2. Wormbhole contributions arise from other choices for I'y, an example of which
is given by

Iy = Spany (.A(l) + A® BY — B(z)) . (4.24)
The above choice corresponds to a bulk wormhole geometry of the form 3 x [0, 1], where
Y is a torus. We examine this case in greater detail in Section 4.3. To summarize, the
average over products of partition functions contains disconnected contributions which can
be identified with special choices of I'y, alongside wormhole contributions which correspond
to more non-trivial choices of contractible cycles.

Lagrangian Sublattices

We now briefly explain Lagrangian sublattices since they appear in the FEisenstein series
(4.18). Consider a Riemann surface ¥, of genus g. The surface has 2¢ canonical cycles
which are labelled by A;, B; with i« = 1,...,¢g. The first homology group of the surface
H,(X,) is generated by these 2g cycles, and we have

Hl(Zg)’éZ@...@Z. (4.25)
2g

Once we have made a choice of cycles A;, B; we can choose a basis of g holomorphic one-forms
w; by imposing the condition that
A;

The period matrix of Y, is then defined to be given by

B;

To all cycles 7,7 € H1(X,) we can associate an intersection number (7,~’) that counts the
number of times that v and 4 cross. A Lagrangian sublattice is defined to be a primitive’
subgroup I'y C H;(X,) generated by g cycles A; such that their mutual intersection numbers

TA primitive sublattice/subgroup I'y of H;(X) is defined such that given v € Ty there does not exist
an integer n such that v = nu for some v € H;(X). This is to exclude situations where the lattice T'g is
generated by 2[A] in the case of the torus. Such a lattice would be generated by the cycle that winds twice
around the [a] cycle of the torus. Holographically, such a choice would require demanding the twice wound
[a] cycle be contractible in the bulk.
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vanish (.%L, .[lj> = 0. That is, for a genus g surface a Lagrangian sublattice is a choice of g
non-intersecting cycles. Once we have picked g cycles to define the Lagrangian sublattice we
must choose a dual pair of cycles B; that do not mutually intersect, but intersect the original
cycles once </~lz, Bj> = 0;;. We now define holomorphic differentials w;, constructed out of
the original differentials w;, such that we have

7{ &; = by, (4.28)

A

The period matrix {2, associated to the Lagrangian sublattice is then defined to be

j{ @j = (Qry)y; - (4.29)

B;

In the case of multiple disconnected Riemann surfaces the first homology group is given
by a direct sum of the homology groups. For two surfaces of genera g; and g, we have
H\(X,, UX,,,Z) = Hi(X,,,Z) ® Hi(X,,,Z). A Lagrangian sublattice is then a group I'y C
Hy(X,, UX,,,Z) generated by g1 + g2 cycles that have zero mutual intersection numbers.
The period matrix associated to I'y is defined in an identical way to the case of a single
surface, and generalizes to any number of disconnected surfaces. The new ingredient with
disconnected surfaces is that the cycles A; that define I'y can now be linear combinations
of cycles on disconnected surfaces, as explained for the average over two disconnected tori
earlier. To summarize, the sum over Lagrangian sublattices appearing in the Eisenstein
series (4.18) is a sum over all possible choices of non-intersecting boundary cycles.

Holographic Dual: U(1) Gravity

In references [46, 47] a three dimensional bulk dual was proposed for the average over TP
Narain CFTs. It takes the form of a U(1)? x U(1)? Chern-Simons theory with 2D indepen-
dent U(1) gauge fields A’ B* and action

D
Ses =13 /M (A A A4~ B AdB) - /8 g (A BB (430)
=1

In the above we have included the proper boundary term with boundary metric g,,, which
corresponds to a choice of boundary Riemann surface. A choice of boundary conditions that
make the variational problem well defined are given by asymptotically fixing A = 0 and
B. =0, see [51, 172, 173].8

In principle to compute the bulk partition function we should specify asymptotic bound-
ary conditions and evaluate the Chern-Simons path integral over all bulk manifolds consistent

81t turns out that the only bulk configurations that contribute also have A, = Bz = 0 on the boundary.
This can be seen by noticing that the holonomy of A, B around the contractible cycle must vanish since the
connection is flat [173].
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with those boundary conditions. However, it was shown in reference [46] that in the case
of a single torus boundary, the bulk partition function defined by summing over only bulk
handlebodies exactly reproduced the Narain average.” A torus handlebody is a manifold
of the form M = D, x S'. There is an entire family of distinct handlebodies labelled by
elements of I',,\SL(2,Z), with the distinction being which asymptotic cycle of the boundary
torus is contractible in the interior of the handlebody. Summing over the contribution of
each handlebody we find [46]

1

handlebodies M v€l \SL(2,Z)

where each term in the sum corresponds to a one-loop partition function of Chern-Simons on
the handlebody specified by v. We note that each choice of v picks out a boundary cycle that
is contractible in the interior of the handlebody.!® In terms of the representation of v given
above equation (4.16), the contractible cycle is given by ¢7+d with (¢, d) = 1. This precisely
reproduces the Narain average partition function (4.16) on the torus. Similarly, it was shown
in [46] that summing over handlebodies with a single higher genus asymptotic boundary
correctly reproduces the higher genus Narain average (4.17), where the contribution of each
handlebody is again given by the one-loop Chern-Simons partition function.
From the above discussion there are two key points:

e To reproduce the Narain average, the sum over bulk geometries should not include
every manifold with appropriate asymptotic boundary conditions.

e The sum over Lagrangian sublattices in the Siegel-Weil formula identifies which asymp-
totic boundary cycles are contractible in the bulk.

The first point is surprising since naively every bulk geometry should be included, but we take
the perspective that the boundary ensemble average will dictate what bulk geometries we
ultimately include in the sum. For the second point, there are infinitely many three-manifolds
with the same contractible bulk cycles, but U(1) gravity seems to pick out a distinguished
bulk manifold with given contractible cycles. We follow the interpretation of [46] where it
was proposed that this simple theory of gravity cannot resolve finer topological features of
the bulk manifold other than which boundary cycles are contractible in the interior.

In the case of averaging over disconnected partition functions the bulk picture is more
complicated. The average given by (4.20), which we rewrite for convenience, can still be

9The statement that the bulk partition function is given by U(1)?” Chern-Simons theory is rather subtle.
See [46] for a discussion on subtleties related to whether the gauge group of the Chern-Simons theory should
be U(1) or R.

0The sum over I'y,\SL(2,Z) also appears in pure AdS3 gravity [174], where it is interpreted as the sum
over the family of SI(2,Z) black holes. As an example, the term with v -7 = 7 is the contribution from the
handlebody with the spatial circle contractible in the interior, while the term with ~-7 = —1/7 corresponds
to the handlebody with contractible time circle. In pure AdSs gravity these handlebodies would correspond
to Thermal AdS3 and the BTZ black hole respectively.
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given a bulk interpretation

D
2

>, (det Tm Qp,)

(det Tm Qi)g |det’ Oy,

1

(Zoo (M, Q1) ... Zyp (m, Q) = (4.32)
‘D

n

)

Each Lagrangian sublattice I'y in the sum again corresponds to a bulk manifold with certain
asymptotic cycles contractible in the interior. This sum includes both disconnected han-
dlebody contributions whose each connected component appeared when averaging a single
partition function, as well as new wormhole contributions where the bulk manifold connects
multiple disconnected boundaries.

For an independent bulk computation of (4.32) we should evaluate the Chern-Simons
path integral on the bulk manifold specified by I'y. For wormhole geometries there are again
infinitely many bulk manifolds with the same contractible cycles specified by a particular
I'y, and it’s unclear which one is picked out by the Narain average. Furthermore, we are left
with the problem of evaluating the Chern-Simons partition function on the given wormhole
geometry, for which we know of no general results, but see comments in [46]. We will forgo
these issues and assume the bulk theory is directly defined by (4.32).

Divergence of the Ensemble Average

The average of the TP partition function only converges when D — 1 > ¢, where g is the
genus of the boundary. In the case of multiple disconnected boundaries this generalizes to

(Zgp(m, Q) ... Zrp(m,§2,)) < oo, D—-1> Zgi. (4.33)
i=1

We note that the Eisenstein series (4.18) precisely diverges when D — 1 < g. When the
average over moduli space such as (4.14) diverges we cannot, strictly speaking, claim that
the average is given by an Eisenstein series since the average is not well defined. Nevertheless,
we will define the divergent ensemble average for D — 1 < g to be given by the standard
Eisenstein series (4.18), where each term in the sum gives a finite contribution but the full
sum does not converge. From a bulk perspective each term in the sum may be associated
with a finite contribution from a given bulk geometry, but each geometry is not sufficiently
suppressed to make the sum convergent.

From a boundary perspective this is slightly puzzling since for every member of the
ensemble the partition function is well defined, but when the average is performed a new
divergence appears. This can be understood as follows, the Narain CFTs are defined by a
target TP torus. There are points in moduli space where the target torus decompactifies and
we get infinitely many light states that give a divergence to the thermal partition function.
The simplest example of this is D = 1 where the target is a circle S'. As the radius of the
circle goes to infinity we decompactify to target R, and the momentum modes with zero
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Figure 4.2: An orbifold CFT M /G allows for twisted boundary conditions of fundamental
fields around non-contractible loops.

winding become light. The measure for the ensemble average suppresses these dangerous
corners of moduli space, but when averaging sufficiently many products of partition functions
the growth of light states near decompactification points eventually wins out over the measure
suppression and gives a divergent answer.

Symmetric orbifold CFTs
Orbifolds in general

Before discussing the symmetric orbifold, let us recall some basic facts of orbifold conformal
field theories in general. Let M be a smooth manifold with a discrete symmetry group G.
We can define the quotient space M /G by identifying points

p~g-p, (4.34)

where p is a point in M and g € G. If the action of G has fixed points, then a generic point
of M /G will not locally look like R™, but will have conical singularities. Such a space M /G
is known as an orbifold.

Now, consider a conformal field theory which is a sigma-model with target space M, i.e.
a CFT whose fundamental fields are maps ® : ¥ — M from some two-dimensional surface
Y into M. By abuse of notation, we will also refer to this CFT as M. The CFT inherits the
symmetry group G of the target space M, and we can define a new conformal field theory
with target space M /G by starting with the CF'T M and ‘gauging’ the discrete symmetry G
of the original theory. Specifically, we demand that the field configurations ® and ¢ - ® are
physically equivalent, and in the path integral only integrate over equivalence classes [®] of
field configurations under the action of G.

Naively, one can avoid the over-counting by picking a representative of [®] in the path
integral and only integrating over those representatives. This would effectively result in
dividing the path integral of the CFT M by an overall factor of 1/|G|. However, picking a
unique representative of [®] is only possible locally, and globally one needs to be more careful.
If 3 has a non-contractible loop based at a reference point x € ¥, then it is possible that
®(x) obtains a monodromy g upon being transported around this loop (see Figure 4.2). This
is a perfectly allowed field configuration, since ®(x) and g - ®(x) represent the same point
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in the target space orbifold M/G, yet such a configuration does not allow one to smoothly
choose a unique representative of the equivalence class [®] at every point.

Twisted boundary conditions like those in Figure 4.2 are characterized by assigning a
monodromy g to each loop v based at a point x, such that transporting the field ® around ~
returns g(7y) - ®(x). The assignment of an element g € G to each loop satisfies the following
properties:

e If 7 is the trivial loop, then g(vy) = id.

e The monodromy ¢(v) depends only on the homotopy class of the loop v, i.e. g(v) is
invariant under smooth deformations of the loop 7.

e Given two loops 71,7, based at the same point, g(71 © ¥2) = g(71)9(72), where v; 0 ¥,
is the composition of the loops 1 and .

The above three properties are equivalent to specifying a group homomorphism ¢ :
m(X) — G.1' Each such twisted boundary condition should in principle appear in the
path integral of M /G, and so the path integral should sum over them. The result is that
the path integral of M /G on ¥ can be expressed as

1
Z=— Y D 5] (4.35)

‘ ’g:ﬂ'l(Z)—>G 9

where the subscript ¢ in the path integral instructs us to integrate over field configurations
which obey the twisted boundary conditions. The factor of 1/|G| is again included so that
physically equivalent fields are not overcounted.

Permutation orbifolds

Consider a 2D CFT X whose fundamental fields are labeled collectively by ®. If X has central
charge ¢, we can construct a CFT with arbitrarily large central charge Nc¢ by considering
the N*® tensor power of X
XN=X® - ®X . (4.36)
N times

The theory X®V contains, as its fundamental fields, N-tuples ® = (®y,...,®y) of funda-
mental fields of X. Since X®¥ is constructed from N copies of an identical seed theory the
Hilbert space is an N times tensor product of the original Hilbert space, and there is an
obvious symmetry of permuting the individual copies. Let 2 C Sy be a permutation group
acting on the letters {1,..., N}. Then for any permutation 7w € ), there is a natural action
on the fundamental fields of X®V given by

TP = ((I)ﬂ-(l), ey (I)ﬂ-(N)) . (437)

H'We assume that ¥ is connected, so that 71 (%) is independent of the chosen basepoint.
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We can define a new CF'T, known as the permutation orbifold or X {2, by gauging the action
of Q on X®N . That is, we define the orbifold theory

X 10:=X%Y/Q. (4.38)

The use of the wreath product symbol ¢ to denote permutation orbifolds will be clarified
later when we discuss Chern-Simons theories with permutation symmetry.

A special case of a permutation orbifold comes from taking the permutation group 2 to
be the full symmetric group Sy. In this case, the permutation orbifold X ¢ Sy is called the
symmetric orbifold and is often denoted by Sym”™ (X). We will mostly focus on symmetric
orbifold theories in this paper, but most statements we make generalize in a straightfoward
manner to generic permutation orbifolds.

Partition functions

Let > be a Riemann surface of genus one. Its cycles are denoted by A and B, and given
a point z € ¥, we let A - z denote the operation of transporting z along a cycle homotopic
to A. Within the permutation orbifold, as with any orbifold, we impose the gauging of the
discrete group €2 by allowing the fundamental fields ® to have non-trivial monodromies when
transported around non-contractible loops on . That is, given permutations 74 and 7p,
we allow the twisted boundary conditions

P(A-2) =74 P(2),

®(B-z)=mp-®(2).
Now, given that A- B - A~!'- B~! is a contractible cycle on the torus (see Figure 4.3), we
should not pick up a monodromy when traversing it. Thus, we have

®(2)=P(A-B-A- B 2) = (mampmyingt) - ®(2), (4.40)

which is only consistent if
TATR = TBT A, (4.41)

i.e. if the permutations m4 and mp commute. This is precisely the requirement that the
permutations 74, 75 define a group homomorphism 7 (¥) = Z & Z — Sy. Now, from the
general theory of orbifolds, we know that in the path integral of X {2 on ¥ we are required
to sum over all twisted boundary conditions 74, 7 which commute. That is, the partition
function is given by

1
Zﬂ(z):W > Zepr(D), (4.42)
[7a,7B]=0

where Z, .,(X) is the path integral of X®Y on ¥ with the twisted boundary conditions
imposed by 7, mg. For a general choice of m4, 7 the fields are not single valued, they
permute amongst themselves as we travel around different cycles of the torus.
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B B

B B

Figure 4.3: The loop A- B-A~!'. B™1 on a torus is contractible. Thus, twisted boundary
conditions 74, mp must satisfy mamg = wpmwa.

Let us now specialize to the case {2 = Sy. In order to evaluate the individual summands
in equation (4.42), we use a standard trick in the theory of orbifolds by considering a covering
space 3. on which the fields become single-valued [175]. The space 3 is constructed by taking
N copies of ¥, letting the field ®; live on the i*" copy of 2, and ‘stitching’ together the copies
of X via the twisted boundary conditions 74, 7p.

The resulting surface 3 is an N-fold covering space of ¥ in the topological sense (this
process is easy to visualize in the case of a one-dimensional theory on a circle, see Figure 4.4).
The partition function with twisted boundary conditions reduces to a partition function of
the seed theory X on ¥, i.e.

Z

TATB

(X) =2Z(3), (4.43)

where Z denotes the partition function of X. Therefore, we naively write

Zsu(9) L 1 30 (5, (1.44)

Y-

where Z(3) is the partition function of X on .

The above equation is actually not quite right. This is because not all pairs of boundary
conditions (w4, 7p) give topologically inequivalent covering spaces. Indeed, if we define
(7'y, 7)) = (rram~ !, mrpm~1), the resulting covering space is the same, since the effect of
conjugating by 7 it simply permutes the sheets of DSy (the copies of 3), which is a

homeomorphism. If we let
Orymp = {(mman™  mmprt)|m € Sy} (4.45)

where we do not double-count equal pairs of permutations, then each covering space DSy
occurs precisely Oy, »,| times in the sum (4.42).'2 We define the ‘symmetry factor’ of a

12The set Oy, r,, is the orbit set of the element (74, 7p) € Hom(m (X), Sy) under the Sy action which
acts as conjugation. Covering spaces are in one-to-one correspondence with the coset Hom(m(X), Sy)/Sn
of this action. Readers familiar with mathematical aspects of gauge theory will recognize this coset as the
space of principal Sy bundles over X, which is just a fancy word for a covering space.
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{l
7t

base base

;

Figure 4.4: Twisted boundary conditions on the circle as 3-fold covering spaces. Left: the
fields {®q, Po, P53} satisfy twisted boundary conditions ®(27) = $9(0), while @3 is single-
valued. Right: The fields satisfy boundary conditions ®;(27) = $9(0), Po(27) = P3(0), and
O3(2m) = D4(0).

covering space 3 — Y to be the quotient |Aut(X — ¥)| = N1/|O Thus,

ﬂ'A:ﬂ'B"

_ _ZE)
B Z Aut(S — )| (4.46)

Y-

Zsy (X

~—

The factor |Aut(§] — X)| is precisely the degree of the group of deck transformations:
homeomorphisms of the covering space 3> which preserve the projection >y 318 B

For a base space which is a torus, it is a topological fact that the covering spaces ¥ — X
considered above are always given by disjoint unions of tori. That is, each covering space we
want to consider is given by

S=SU--U%, >3, (4.47)

where Y; is a torus with modular parameter 7; that is not necessarily equal to the initial
modular parameter. Since the partition function of a CFT on a disjoint union of spaces is
the product of the partition functions, we have, for each covering space ¥ — ¥,

zx) =[[2=). (4.48)

Thus, in order to calculate the partition function Zg, (X) of the symmetric orbifold theory
X 1Sy on a torus X, one only needs to know the generic torus partition function Z(X) for

13Since a covering space can be considered a homomorphism ¢ : 7 (X) — Sy, we can equivalently define a
deck transformation to be an automorphism v : Sy — Sy which leaves ¢ invariant, i.e. for which o ¢ = ¢.
Group theoretically, conjugation by elements of Sy defines an action on Hom(71(2), Sn). The group of deck
transformations of a covering space ¢ € Hom(71(X), Sn) is the stabilizer Stab(¢) under the Sy action. By the
orbit-stabilizer theorem, we have |Stab()||O(¢)] = |Sx| = N!, or N!/|O(¢)| = |Stab(¢)| = |Aut(E — ).
Note that we do not require X to be a torus, and this statement works for any topological space X.
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the seed theory X — all of the other data is contained in the combinatorics of the covering
spaces. This simplification does not occur for partition functions of X ! Sy on higher-genus
surfaces: as we will see later, if 3 has genus g, calculating the partition function Zg, (3)
requires knowing the partition functions of the seed theory X on surfaces of many different
genera.

Example: N = 2

For N = 2, the above discussion can be made very concrete. The only two permutations in
Sy are the identity e and the two-cycle m. Since S, is abelian, all permutations commute
among each other, and we can immediately write down the sum (4.42) as
1

Zy(X) = 3 (Zee(X) + Zne(X) + Ze r(X) + Zr (X)) . (4.49)
If we realize the torus ¥ as a parallelogram in the complex plane C/{m+n7}, we can choose
the A-cycle to act as A- z = z + 7 and the B-cycle to act as Bz = z+ 1. Then Z, . is
the partition function of fields (®y, ®5) with ®1(z + 7) = ®5(z). This is single valued on the
torus obtained by making the A-cycle twice as long, i.e.

C/{m+2nt}. (4.50)
This is a torus with modular parameter 27, and so
Zeeo(T) = Z(271). (4.51)

Similarly,
Zew(T) = Z(5),  Zna(r) = Z(75). (4.52)

2

All of the above covering tori are depicted in Figure 4.5. The partition function Z..(7) is
just the partition function of X®? with no twisted boundary conditions, and so

ZeoolT) = Z(1)?. (4.53)

Putting the above discussion together, we can write the full X ¢ S5 symmetric orbifold
partition function (4.49) as
1 2 1 1 L
Each term in this sum can be seen as the partition function of the seed theory X evaluated
on a covering space > — X, see Figure 4.5. A similar, more complicated discussion can be
done for N = 3, which requires 18 pairs of commuting permutations in S3. The end result is

Zs5(7) :éZ(T)?’ + %Z(T)Z(QT) + %Z(T)Z( L L

2237 + S 2() + 325 + 1 2(5).

IR
~—
_|_

I

N
—~
\]
~—
N
—~
|~1
[\
~—

(4.55)
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Figure 4.5: The connected covering spaces for the torus N = 2 symmetric orbifold. Individual
cells represent the base torus (with modular parameter 7), and the numbers label which copy
of the seed theory lives on which sheet of the base torus. The permutations w4, 75 prescribe
how to stitch together the copies of the seed theory onto the covering space. The covering
space itself is the fundamental domain for which the arrangement of labels 1,2 is periodic
(shown in red). The fundamental domains in the above examples have modular parameter
7/2, 27, and (7 + 1)/(1 —7) ~ (7 + 1) /2, respectively.

T T 2T 7/2 (T+1)/2

Figure 4.6: All covering space geometries contributing to the Sy partition function. The
Riemann-Hurwitz formula guarantees that these covering spaces are also tori.

General N

A general expression for the Sy symmetric orbifold partition function can be found by
working in the grand canonical ensemble

o0

Sym(X) := (X1 Sy). (4.56)

N=0

Working with Sym(X) allows us to work with all symmetric orbifold theories at once. We
can keep track of the specific orbifold X ¢ Sy by introducing a chemical potential p which
keeps track of N. In analogy to second-quantized statistical mechanics, we define the ‘grand
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canonical” partition function 3(p, 7) by
=Y " Zn(7). (4.57)
N=0

In the case of the torus, it can be shown [176, 177] that the grand canonical partition function
has a simple expression in terms of Hecke operators, namely

3(p,7) = exp (ZPkaZ (T)) , (4.58)

where the k" Hecke operator is given by

1.2

?vIH

! aT
kaZ < + b) (4.59)

The relationship between Hecke operators and permutation orbifolds is that (4.59) sums over
all connected covering spaces of the original torus with degree k. The integers a, d in the sum
indicate how many times the covering space wraps around the A and B cycles, respectively.
The integer b then indicates a Dehn twist on the base torus, which is a Dehn twist around the
B cycle of angle 27b/d on the covering torus. The exponential (4.58) then can be expanded
to include all disconnected covering spaces. Taking the degree N coefficient then produces
the partition function of the symmetric orbifold X @ Sy, which can be written as

Zn(r) = ), H . DS (4.60)

parititons of N k=1

ad

where partitions of N sums over N such that Z,]j:l kN, = N.

Finally, we list an equivalent definition of the Hecke operators in terms of modular trans-
formations. Let M} denote the space of 2 X 2 integer matrices with determinant k, and let
I' = SL(2,7Z) denote the modular group. The coset I'\ M}, is given by

o= {5 o)

TkZ(T):% > Z(y-T), (4.62)

YESL(2,2)\ M,

ad =k, b:O,...,d—l}. (4.61)

Thus, we can write

where 2 x 2 matrices are taken to act on 7 in the usual way, i.e.

a b at +b
(c d) ST = p— (4.63)




CHAPTER 4. AVERAGING THE SYMMETRIC PRODUCT ORBIFOLD 81

Higher genus

Finally, we mention the situation for permutation CFT's formulated on surfaces ¥ with genus
g > 1. We will focus on the case 2 = Sy.

Recall that the uniformization theorem states that every surface X, with genus g > 1 can
be expressed as a quotient H?/G of the upper-half-plane by a Fuchsian group G.** Consider
a (connected) covering space ¥, — 3, of order N. By the Riemann-Hurwitz formula, the
genus ¢’ of X, is related to the genus g of X by

g =N(g—1)+1. (4.64)

One can classify such covering spaces in the following way: let H be a subgroup of G' with
index [H : G] = N.'® Then the quotient H?/H is a covering space of & = H?/G. The covering
map is given by mapping the equivalence class [z]g = {h- z|h € H} to [z]¢ = {g - z|g € G},
and this map is N-to-1. It can be shown that all connected covering spaces of ¥ can be found
in the following way, and the covering spaces are determined uniquely by the subgroups H
up to conjugation by elements of G.

Using the above construction, it has been shown that the grand canonical partition

function 3(p, >) of the grand canonical ensemble (4.56) on a higher-genus Riemann surface
¥, = H?/G can be written as [178]

3(p, H2/G) = exp S zwE) |, (4.65)

HCG
up to conjugation
where Z(H?/H) is the partition function of the seed theory X on the covering surface
Y, = H?/H. The sum in the exponential with fixed value of [H : G| can be thought of as a
higher-genus generalization of the Hecke operators (4.59).
Expanding out (4.65) will generally give terms of the form
[[zwe/Hy)- - 202/ H,), (4.66)
i=1
where Hy, ..., H, C G have degrees N; = [H; : (], with some combinatorial factors we don’t
care about. Isolating the pV coefficient (i.e. the terms contributing to the Sy partition

function) requires
n

Y [H;: G = zn:Ni = N. (4.67)

=1

14 A Fuchsian group is a discrete subgroup of SL(2,R), which acts on the upper-half-plane in the usual

way, i.e.
a b az+b
sz = .
c d cz+d
15The index of a subgroup H of G is the number of left cosets or equivalently the number |G/ H| of right
cosets of H in the group G.
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Since H?/ H; defines a Riemann surface Yg of genus g; — 1 = N;(g — 1), we can equivalently

write the above product as
Z(Xg) - Z(Xg,) (4.68)

where the genera g, are constrained by the requirements

n

> (gi-1)=N(g-1) and (g —1l(g—1). (4.69)

=1

Thus, calculating the Sy orbifold partition function on a surface of genus g requires knowl-
edge of the seed theory partition functions of surfaces of various genera.

Spin structures

We now generalize the above discussion to CF'Ts with fermionic degrees of freedom. In this,
case, in addition to a surface X, one must make a choice of spin structure. A surface of genus
g has 2¢g non-contractible cycles, and a choice of spin structure on ¥ is a choice of periodic or
antiperiodic boundary conditions for fermions on ¥ around each cycle.! There are 229 such
choices of spin structure, and the path integral of a fermionic CF'T on ¥ is highly dependent
on the choice of spin structure.

Specializing to genus g = 1, the spin structure is labeled by two half integers «, 3, such
that a fermion 1 satisfies

B(A - 2) = op(z), (B 2) = 2 (2). (4.70)

Explicitly, if we choose A to be the cycle along the 7-direction and B to be the cycle along
the 1-direction, we write

Y(z4+7)=e™(2), Y(z+1) =¥ P(z). (4.71)

We will denote the partition function of a (fermionic) CFT X with spin structure (o, 3) and
conformal structure 7 as

Z m (1) or Zs(1), (4.72)

where & = (a 3)T is a column vector.

If we consider the symmetric product of X, a formula similar to (4.58) can be given which
takes into account spin structures. We now must sum over permutations of the N fermions
such that ¥(A-z) = (—=1)%r4-9(2) and ¥(B - z) = (—1)’7p -9(2). The effect of this is that
the spin structure on the covering space can differ from the base space. The end result is

given by .
315 ) = e (ZpTz B m) , (4.73)

16 A spin structure can also be defined as a homomorphism ¢ : 1 (X) — Zs. Since Zs is abelian, if ¥ is
connected this is equivalently a homomorphism ¢ : H1(X,Z) — Zs.
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where the fermionic Hecke operator 7 acts as

T 7 {g] (1) = % S diz [“adgbﬁ] <m7+b) . (4.74)

ad=k b=0

Here, we understand the parameters of the spin structure to be added modulo 2. The spin
structure (ac + b3, d[3) is the spin structure (o, 5) pulled back to the covering torus. Note
that if we take v € I"\ My, then the spin structure on the covering space is written as

4+l

and so, writing the spin structure as a column vector € = (a 3)7, we can write the Hecke
operator compactly as

1
TiZe=1 D Zye(y:7). (4.76)

yel\ My,

4.2 Averaging the symmetric orbifold

As mentioned in the introduction, the fundamental objects of study in this paper are the
permutation orbifolds TP of Narain CFTs. In this section, we compute the averaged torus
partition functions of these orbifolds over the moduli space Mp of TP targets. We focus
primarily on the symmetric orbifold case 2 = Sy. We begin by computing the averaged
partition function of the T? ¢ S, orbifold, which is simple enough to write down explicitly,
but still complicated enough to exhibit general features which persist at larger N. We then
turn to the case of N > 2. Finally, we briefly comment on the generalization to higher-genus
surfaces.

Generalities

Before jumping straight into averaging symmetric orbifold partition functions, let us briefly
comment on the general structure one might expect to see. Given a surface >, we know that
the symmetric orbifold partition function of some theory X on ¥ is expressed by summing
the partition function of the seed theory X on all possible N-fold covering spaces > — 3,
weighted by an appropriate automorphism factor. We again quote the result:

_ Z(%)
Zn(E) = ;:E Aut(S — )| (477)

where the sum is restricted to N-sheeted covering surfaces.
Now, let us assume that X is not a single theory, but an element of some moduli space
m € M. Furthermore, we assume that, as in the case of U(1)-gravity, there is a sense in which
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averaging the partition function Z(3,m) over the moduli space M admits a holographic
interpretation in terms of ‘filling in’ the manifold ». That is, we assume

/M ap(m) Z(Sm) = 3 Zyu M), (4.78)

OM=%

where we sum over three-dimensional ‘bulk manifolds” M with boundary 3, weighted by
some sort of gravitational path integral Zg., evaluated on M.'7 With this assumption in
mind, we can automatically compute the average of the symmetric orbifold partition function
Zn(3, m) over the moduli space M, and the result will take the schematic form

J, ) 2 = |t >Zm Y ey 6

—X oM=

That is, to average the symmetric orbifold partition function, we first sum over covering
spaces 3 3, and then sum over bulk manifolds M with boundary 3.

In principle, the above procedure is straightforward (although most likely analytically
intractable). However, it leaves much to be desired in terms of the standard holographic
dictionary. Specifically, each term in equation (4.79) is calculated on a bulk manifold which
has boundary f], while holographically one expects gravitational quantities dual to CF'T
data to be computed on manifolds with boundary 3. Moreover, the automorphism factors
|Aut(¥ — X)| don’t have an immediate interpretation in terms of a gravitational path
integral on M. .

A natural solution to both of the above problems arises if we think of M not as a true
gravitational bulk manifold, but as a covering space of a gravitational bulk manifold M with
boundary Y. As we will discuss in more detail below, if the bulk is described by a gauge
theory which has a discrete Sy factor, then the path integral of the gravitational theory on
the bulk M is naturally calculated by passing to a covering space M. In direct analogy to
the symmetric orbifold, we would expect the three-dimensional partition function on M of
a theory with Sy gauge symmetry to take the schematic form

Zgrav(‘]f\\j/)
ZM |Aut(M — M)|’ (4.380)

where the sum is over all covering spaces M — M of degree N. The full gravitational
path integral would then be given by summing over all appropriate bulk geometries M with
boundary ¥. In order for this procedure to reproduce the averaged symmetric orbifold
partition function (4.79), we would demand

grav grav
2 2 |Aut(M — M P> |Aut(E — 2)| (4.81)

M—M OM=X SoY M=%

1"We allow the notion of a ‘bulk manifold’ to be rather vague. In the case of U(1) gravity, this role is
played by Lagrangian sublattices I'g C Hq (3, Z).
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N ; N
lv
¥ ! >.M

Figure 4.7: We construct a bulk manifold M by ‘filling in’ the covering space S, M
is a (branched) covering space of another bulk manifold M with boundary ¥, then M is
interpreted as a bulk geometry in our theory of quantum gravity, and the branch loci of
the covering v : M — M are interpreted as ‘vortices’ for the bulk gauge theory. For bulks
M which do not cover a bulk M with boundary >, a semiclassical interpretation of that
contribution to the gravitational path integral is less clear.

Unfortunately, such a strict prescription has little chance of working. This is because there
are many ways to fill a covering surface 3 with a three-manifold M which itself does not
cover any three manifold M whose boundary is . In other words, given a surface ¥, a
covering ¥, and a bulk manifold M bounded by Z the bottom-right corner of the dlagram
in Figure 4.7 does not always exist. However, the opposite statement is always true: given a
surface X, a three-manifold M with OM = X, and a covering space M of M, the boundary
of M is always a covering space of 3. This means that the left-hand side of (4 81) is strictly
contained in the right-hand side, and so at the very least some information of the averaged
symmetric orbifold CFT can be recovered from a bulk theory with gauge group Sy.

We will return to the bulk/boundary duality later in Section 4.3, where we explicitly
calculate the two sides of (4.81). We will find that, although the two sides do not match,
one is contained within the other and we find a match between the connected parts of both
sides in the case of a single torus boundary. We will refer to the terms that match as
“semiclassical” contributions, since they can be obtained through the usual rules of the bulk
gravity path integral. We also postulate that the “extra” terms appearing in the right-hand-
side of (4.81) represent quantum gravity corrections that go beyond the usual semiclassical
picture, since it seems difficult to interpret these extra terms as standard bulk geometries.
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Example: N = 2

Let us make some of the general statements made above more explicit by considering the
case of the TP S, orbifold. As discussed in Section 4.1, the partition function of the orbifold
X 1Sy on a torus of modular parameter 7 is given by

1 1 1 1
Z'H'D252 (7’) = §Z'IFD (7’)2 + 5Zr]l-D (27_) + §ZTD(%) + §Z']FD(TT+1) s (482)
where Z(7) is the partition function of X. We will split up the partition function into a

“connected” and a “disconnected” part

ZTD252 (T) = Z’H‘DZSQ, conn.(T) + Z’]TDZSQ, dis.(T)a (483)

where connectedness refers to whether the covering space is connected or not. That is, the
connected part only contains terms with a single partition function Z. If X is a Narain
theory X = TP, then we can write the T? { S, partition function as

Zpys, (M, T) = (4.84)

S 2[n@En)PP 2P 2(FHPP 2

10(m,21)  16(m,3)  16(m, =) 1<@(m77))2
In(r)12P )

where ©(m, 7) is the Narain theta function evaluated at the point m € Mp of the Narain
moduli space. The “connected” and “disconnected” parts are given by

109(m,2 10(m,%) 10(m, =t

ZTDISQ, Conn.(maT) = _<m—,27—D) Y (T 22D> 5 (T+1 22[2 )

2 |n(27)| 2 n(3)l 2 ()]

1 /6(m,1 2
ZTDZSQ7 dis.(maT) = 5 (W) :

These correspond to contributions to the symmetric orbifold partition function from double-
covers of the torus which are connected and disconnected, respectively. Using the Siegel-Weil
formula (4.14) we have

(4.85)

otm.1) - 1
/MD a In(r)]?P> Z In(y-7)]2P” (4.86)

~ET 00 \SL(2,7Z)

and we can immediately write down the average of the connected piece:

1 1 1
o om ) =3 D <|77(7 2P Tl GO Ty () |2D> |
(4.87)

The average for the disconnected part was worked out in Section 4.1, and requires the Siegel-
Weil formula for disconnected surfaces (4.20). The period matrix €2 of the disjoint union
YUY is given by Q = diag(7, 7), and following the rules of [46], we can write the average of
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Figure 4.8: The “bulk geometries” contributing to the averaged TP S, partition function.
The geometry on the left is understood to be a connected three-manifold whose boundary is
the disjoint union of two tori.

the disconnected component as a sum over Lagrangian sublattices I'y of the total homology
lattice Hy(X U X,Z) = H((X,Z) & H1(X,Z), namely

(Zoos, ai(m, 7)) = ! S (detTm(Qn,)”2, (4.88)

2D 4D
2Im(7)2Pn(7)| ToCH(SUE.Z)

where Qp, is the period matrix {2 evaluated on the sublattice I'y as explained in Section 4.1.
Each Lagrangian sublattice I'y is to be associated with a bulk geometry with boundary 113
such that the boundary cycles I'g are contractible in the bulk. Choices of 'y correspond to
either “Wormhole” geometries, or completely disconnected bulk geometries.

In both the connected and disconnected case, the averaged partition function has an
interpretation as a sum over geometries shown in Figure 4.8. For the connected piece, (Zeonn)
is a sum over U(1)?P x U(1)2P Chern-Simons partition functions on geometries with boundary
tori of modular parameter 27, 7, or T—“ The disconnected piece (Zgis) is written as a sum
over both disconnected handlebody geometrles and “wormhole” geometries whose boundary
is the disjoint union > U . From a holographic perspective this sum over geometries is

unsatisfactory for two reasons:

e Each geometry comes with a symmetry factor of %, which, from the point of view of a
bulk Chern-Simons theory has no reason to be there.

e Holographically, we expect the bulk dual of a CFT on a surface ¥ to consist of a
gravitational theory on bulk manifold M whose boundary is . However, none of the
geometries mentioned above have boundary X, but rather their boundaries are double
covers of X.

Thus, we need a way to interpret the contributions of (4.87) and (4.88) in terms of geometries

whose boundary is given by ». We now explain under what conditions this can be done.
We will first make some formal statements before giving a more intuitive picture towards

the end of the paragraph. Let us denote one of the bulk geometries contributing to (4.87) and

(4.88) by M and its boundary by 3. Suppose that M has symmetry group G such that if we
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consider the quotient geometry M /G we obtain a manifold with desired asymptotic boundary
OM /G = ¥. Then we can holographically interpret the geometry M /G as contributing to
the averaged partition function through the usual rules of AdS/CFT. It turns out that we
can give such an interpretation to certain terms in the sum, as we now explain for the case
of N = 2. This is achieved by recalling that the boundaries of all of the above geometries
are covering spaces of the original torus ¥. There exists a 2-to-1 map

ISy (4.89)

which is the covering map of ¥ by 5. This map _can be thought of as the quotient map
of a Zy automorphism (deck transformation) ¢ : ¥ — ¥ which projects ¥ to the quotient
space ¥/t = .18 One might hope that the bulk geometries M with boundary 3. also inherit
a Zo automorphism that restricts to ¢ on the boundary. For many of the bulk geometries
this is indeed the case, such as with the solid tori which fill the connected covering spaces,
shown in Figure 4.8. For these geometries we can define a (possibly singular) bulk manifold
M=M /Zs which has boundary ¥, and thus provides a promising candidate for the bulk
manifold which should appear in the sum over geometries contributing to the averaged
TP .S, partition function. However, as we will explore more in detail later, many of the bulk
geometries appearing in the averaged TP LS do not inherit a Z, automorphism compatible
with the automorphism of the boundary Y. Specifically, the geometries in Figure 4.8 with
connected boundary all inherit the Z, automorphism of the boundary, and so they can indeed
be thought of as covering spaces of well-defined three-manifolds. However, for the geometries
whose boundaries are disconnected, the Zs symmetry of the boundary can be ‘broken’ by
specific details of the bulk.

Let us also explain this in a more pictorial way. Consider the concrete case of the potential
wormhole contribution depicted in the leftmost panel of Figure 4.8. The corresponding
boundary contribution, the leftmost panel of figure 4.6, is invariant under swapping of the
two tori. This symmetry of the two coverings leads to the factor % as explained in Section
4.1. Analogously, we can also consider the second to left panel in Figure 4.6. The upper and
lower half of the torus correspond to the two covering sheets. Again, we observe a symmetry
by exhanging these two sheets. Similar statements can be made about the remaining two
covering surfaces pictured in 4.6. In order to define a theory on a potential quotient three
manifold, we must be able to extend these symmetries of the covering surfaces into the bulk.
It is then clear that for the 3 connected contributions pictured in Figure 4.8 this can be
done. However, for the wormhole contribution it is also clear that this may only be possible
if the two boundary tori are imbued with the same complex structure.

Geometries for which this is not possible can be avoided by either only considering the
average of the connected contribution to the T? ¢ Sy partition function, for which such a Z,
automorphism always exists, or by trying to find a suitable generalization of what is meant

18The Sy orbifold on the torus is a special case since all covering spaces Y Y satisfy 3 = ) /Zs. In
general the relationship between covering and base spaces is not a simple quotient.
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by a ‘bulk geometry with boundary >’. We will return to this point in Section 4.3 in the
context of the bulk gauge theory description.

General N

For general N the theory is given by the TP Sy orbifold. The partition function for fixed N
can be extracted from the grand canonical partition function in equation (4.58) by extracting
the term proportional to p’¥ in the series expansion. For general N the form of the partition
function is quite complicated and is given by (4.60),

Zrogy (m,7) = Y HNLIC!(TkZTD(m,T))Nk, (4.90)

parititons of N k=1

where again partitions of N sum over Ny such that Z]kV:1 kN, = N. We can immediately
obtain the ensemble average by applying the Siegel-Weil formula (4.20) to the above expres-
sion
S|
_ L N,
(Zyoisy (m, 7)) = pm% ofN<;£[1 1 (TZeo(m. 7)) > (4.91)

However, this expression is quite formal since it is a complicated sum over various wormhole
and non-wormhole geometries with up to N asymptotic boundaries. It is useful to split the
partition function into a sum over “connected” and “disconnected” contributions

ZTDZSN (m7 T) = ZCOnn(m7 T) + Zdis(m; T)- (492)

The “connected” part of the partition function only includes contributions from connected
covering spaces, and it has a simple expression since it can be extracted from (4.58) by
keeping contributions proportional to p”¥ and a single copy of Z, giving

d—1
1 b
Zconn(mv 7-) = T'nZpo (m77—) = N § E Zrp (ma aT(;_ ) : (493)
ad=k b=0

The ensemble average over the connected part is simple since there are no wormhole contri-

butions. We find

Zeomalm, ) = 1= 3 3 <ZTD (m, wr b)> , (4.94)

1 1

S Z . 4.95)

. (at+b\\|2D (
N ad=Fk b=0 v€T'«\SL(2,Z) |77(7 ( d )>|

where the quantity on the right is simply the torus average given in (4.16). We will later

see that we can give this term a holographic interpretation as a Chern-Simons path integral

with vortices, similar to the case of N = 2.
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The “disconnected” contribution Zgis(m, ) is more difficult to write out explicitly, but
it would contain sums over multiple copies of partition functions with different modular
parameters. As an explicit example, from (4.55) we see that for N = 3 the “disconnected”
piece would be given by

Zais(T) = éZ’H‘D (1) + %Z’ED(T>ZTD(2T) + %Z’H‘D (7)Zro () + %Z’ED('T)ZTD(TTH). (4.96)
We can again apply the Siegel-Weil formula for disconnected surfaces (4.20) to perform the
average over the “disconnected” partition function. This provides a bulk interpretation for
the disconnected piece as a sum over wormhole geometries with up to N asymptotic boundary
tori. Similar to the discussion for N = 2, we are unable to give a holographic interpretation
to the disconnected piece as a sum over bulk geometries with a single asymptotic boundary
torus of modular parameter 7.

Averaging at higher genus

Finally, we make some brief comments on how to generalize the above discussion to sym-
metric orbifold partition functions on higher genus surfaces, only focusing on the connected
component of the partition function. In Section 4.1 we mentioned that the symmetric orb-
ifold partition function on higher genus surface ¥, = H?/G can be neatly packaged in the
grand canonical ensemble as a sum over subgroups H C G where G is the Fuchsian group
acting on the upper-half-plane. Specifically,

H:G]

[
S B/G) =ew | S ) | (4.97)
HCG ’

up to conjugation

The connected component of the X ¢ Sy orbifold can then be easily extracted by isolating
the p" coefficient in the exponential, namely

1

Zncom(H?/G) = — Z(H?*/H) . 4.

Neom (H/G) = HCG’%G]N (H*/H) (4.98)
up to conjugation

This sum is precisely what one would expect: a sum over all connected covering spaces H?/ H
of the surface ¥ = H?/G. An equivalent yet slightly less algebraic notation would be to write
the connected contribution as

xcomn(Sy) = %Z 2(8), (4.99)

=3y

where the sum is over all genus ¢’ = N(g — 1) + 1 surfaces which cover ¥,,.
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We can now consider the ensemble average of this quantity by specifying X = T?. By the
dictionary of [46], we know that the average of the partition function Z(X) is given as a sum
over all handlebodies bounded by 5 (or equivalently as a sum over all Lagrangian sublattices
Iy C Hl(i, 7)) weighted by the Chern-Simons action on that handlebody. Explicitly,

Zncom(m o)) = v 3 S Zes(). (1.100)

i—)Eg OM=%

While this expression is short and conceptually simple, its practical computation is very
difficult. Specifically, computing the Chern-Simons path integral on the handlebody M
requires knowledge of the period matrix §2 of ¥, which is difficult to generically compute
[179]. That said, the averaged partition function (4.100) is in principle well-defined, up to
divergence issues in the resulting Eisenstein series.!®

4.3 The bulk theory

The torus theory TP possesses affine U(1)P x U(1)E currents, whose zero-modes generate a
global symmetry algebra. These currents are given by the left- and right-moving derivatives
of the worldsheet scalars, namely

JU=90X™, J =0X™, m=1,...,D. (4.102)
By the standard holographic dictionary, these currents are dual to gauge fields in the bulk,
Jm— A" J" — B™, (4.103)

where A transforms under the left U(1)” and B transforms under the right U(1)P. In
the Narain ensemble, this identification of global symmetries on the boundary with gauge

symmetries in the bulk is all that needs to be done, and we can write the bulk action as a
U(1)P x U(1)? Chern-Simons theory, namely

5:/ (ANdA— BAdB). (4.104)
M

Here, we implicitly perform a sum over the U(1)? indices m, see (4.30). The rules of Narain
averaging then also tell us that the path integral must be summed over bulk geometries M.

The TP averaged partition function on a surface of genus ¢’ diverges when D < ¢’ + 1. Since each term
in (4.100) is evaluated on a surface of genus ¢’ = N(g — 1) + 1, where g is the genus of ¥, we require

D>N(g—1)+2 (4.101)

for convergence.
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For the permutation orbifold T” ¢ Q, things are a bit different. We now have N copies
of each current, and so in the bulk we expect N copies of the gauge fields A, B. Thus, we
postulate the following action:

N
S = Z /M (A(i) A dA(i) - B(i) A dB(i)) . (4105)
i=1

Where again the U (1)D indices are implicit. Since the boundary theory contains N copies
of the original U(1)? x U(1)” symmetry the bulk theory has N copies of the U(1)? x U(1)”
gauge symmetry

A(i) — A(i) + d)\é) , B(i) — B(i) + d/\(B;) . (4106)

We must now understand how quotienting by {2 modifies the bulk theory. Before we quotient
the boundary theory by Q we have a permutation symmetry given by J™ — J=m_ J" —

—m(m)

J 7. This immediately maps into a symmetry of the bulk Chern-Simons theory Ay —
A(x(i)), By = Br(iy)- After gauging the permutation symmetry €2, it is natural to expect the
bulk theory to also carry this gauge symmetry. This promotes the permutation symmetry
of Chern-Simons fields to a gauge symmetry

Ay = Ay, B = B - (4.107)

The full gauge group of the bulk dual of the T” @ € permutation orbifold should then be
the group generated by combinations of the U(1)? x U(1)? transformations (4.106) and the
permutations (4.107). The group generated by these two transformations is a semidirect
product of (U(1)? x U(1)”)" with the permutation group 2, and in the mathematical
literature is denoted by the wreath product?

U()? x U Q. (4.108)
Armed with the above discussion, a natural duality to propose would be:

Narain-ensemble of TP Q orbifolds
PN (4.109)
U(1)P x U(1)” 1 Q Chern-Simons coupled to topological gravity

Although this gauge group is not discrete, it contains a discrete factor?' of Q. Thus, the
above theory will exhibit behaviors universal to all discrete gauge theories. One of these is the

20The wreath product is just mathematical notation meaning the gauge group which is generated by
composing (4.106) and (4.107). The relationship between the wreath product symbol ¢ and permutation
orbifolds X Q2 is that if a CFT X has symmetry group G, then the permutation orbifold X (€2 has symmetry
group G €.

2ndeed, U(1)P x U(1)P 1 Q is equivalent to (U(1)P x U(1)P)N x Q as a topological space (but not as a
group).
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Figure 4.9: The effect of including a vortex associated to a permutation 7 in the bulk dual
of TP Q.

existence of twist operators in the bulk, which in three-dimensional discrete gauge theories
take the form of one-dimensional vortices [180, 181]. We now explain the bulk partition
function of this theory and how gauging by () introduces new features such as vortices.

The Chern-Simons path integral with action (4.105) and gauge group G Sy, where G is
some Lie group, on a bulk manifold M is given by

1
Zasy = 5 > / DADRB e~ %csAB] (4.110)

" bundles

The factor of N! comes from taking permutations of the fields to be gauge equivalent. We
take this into account by integrating over all possible fields A, B but divide by N! not to
overcount. In the path integral we are to integrate over gauge connections on all G Sy
bundles over M. Typically, the total gauge group is a Lie group and so there exists only
a single trivial bundle. However, if the gauge group contains a discrete factor, such as Sy,
then there are additional bundles that must be included in the path integral [182, 183]. This
is one of the new features when dealing with gauge theories with discrete groups. As we will
see slightly later, the effect of including the sum over bundles is that we must include gauge
field configurations where the fields A, B are twisted as we travel around the non-contractible
cycles in M.

We will find that to match to the boundary ensemble average we will need to include
gauge field configurations that also have non-trivial monodromies around the contractible
cycles in M, but these are not reproduced by the sum over bundles above. However, there
is a way to include such configurations by including codimension two “vortices” in the path
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integral. We thus claim that the correct bulk path integral of interest is given by

1
Zpuk = 55 >N / DADB ¢ SeslABly. (4.111)

M bunc'llcs7
vortices
where we have modified the path integral by inserting an additional vortex operator V. We
specify what the summation over vortices means slightly later. A vortex is a line operator
embedded into the manifold M which enforces that the gauge fields A, B pick up certain
monodromies as they travel around the vortex. The sum over vortices needs to be put in by
hand, and we take the philosophy that the summation over vortex configurations should be
chosen to match the boundary answer. In the bulk path integral we also sum over a set of
bulk manifolds M with given asymptotic boundary structure, and the specific choice of bulk
manifolds M will be clarified later.

In the remainder of this section we go into additional details regarding the summation
over bundles and vortices. We then explain the bulk path integral calculation in the case
of N = 2 with an asymptotic torus boundary, and we clarify which terms in the boundary
ensemble average are reproduced by the bulk calculation. We discuss the case of larger N
and higher genus boundaries, and we comment on bulk non-handlebody contributions.

Topological theories with finite gauge group

Before fully exploring our proposed bulk theory, let us first make some general remarks
about topological field theories with finite gauge group [183], see [184] for an expository
introduction.

A field theory with a discrete gauge group 2 is formally very similar to 2D orbifold CFTs.
Indeed, an orbifold CFT can be formulated as a 2D theory with discrete gauge group. In
three-dimensions, we can similarly consider field theories whose gauge groups are discrete.
Let M be some three-manifold. If the field content of the theory is ®, then gauging the
group {2 amounts to identifying

D(p) ~ g- (p) (4.112)

at all points p. Again, just as in the orbifold CFT case, this leads to interesting behavior
when M is not simply-connected. In this case, we can imagine transporting ® around some
non-contractible loop v based at p. It is perfectly fine if & itself is not single-valued, but
rather picks up a monodromy ¢(7) € €2 upon being transported around . That is,

O(v-p) = 9(v) - 2(p), (4.113)

where ®(+ - p) is shorthand for the value of ® after being transported along ~. Since ¢ and
¢(7) - ® are physically equivalent, the above should be a perfectly allowed configuration in
the path integral.

Similarly to the discussion in Section 4.1, the assignment of a twisted boundary condition
to each loop v must be consistent with the process of concatenation of loops. That is,



CHAPTER 4. AVERAGING THE SYMMETRIC PRODUCT ORBIFOLD 95

the twisted boundary conditions must form a homomorphism ¢ : m (M) — Q. Moreover,
for any g € €, the homomorphisms ¢(v) and g~'¢(7)g represent the same physical field
configuration, since it is related to ¢ simply by a global field redefinition ® — ¢g - ®. That
is, contributions to the path integral are defined only up to conjugation by elements of 2
(this is the Q group action on the map ¢). Mathematically, the set of such twisted boundary
conditions are in one-to-one correspondence with the representation variety

Hom (r; (M), Q) /2, (4.114)

which is equivalently the moduli space of flat Q-bundles on M .22

We can also consider a fully topological theory whose only content is the discrete gauge
group €. The field content of the theory is trivial, and the only nontrivial observables are
the partition functions on M. It is given as a sum over all homomorphisms ¢ : w1 (M) — Q
(i.e. twisted boundary conditions) weighted by the automorphism group Aut(¢) of that
homomorphism. That is, the partition function of the TQFT with gauge group 2 is simply:

1
Zo(M) = M(EM:HQ @) (4.115)

up to conjugation

As a trivial example, if M = S* is the three-sphere, then m(S®) is trivial, hence the only
choice for ¢ is ¢(id,, 3)) = idg and we simply have
Za(S?) ! (4.116)
Q = —. .
€2
Now, we are specifically interested in the case of 2 = Sy. As we discussed in Section
4.1, a set of twisted boundary conditions ¢ : m (M) — Sy can be identified with a covering
space M — M, and the group of automorphisms becomes the group of deck transformations
Aut(M — M). Thus, the Sy topological gauge theory on M computes a weighted sum
over all covering spaces of M of degree N, weighted by the order of the group of deck
transformations. Explicitly,

1
Zg (M) = E — . 4.117
M= [Aut(M — M) (4.117)
M—M
degree N

The above construction can be rather nicely extended to the case of not a finite gauge
group, but a gauge group G'! Sy where G is some Lie group and { is the wreath product
defined above. In this case, the path integral is over all gauge connections on G1.Sy bundles
over M. Now, topologically, a G'! Sy bundle E' — M is equivalent to a G bundle £ — M
over the Sy bundle M — M (i.e. a degree N covering space of M).?3 Thus we can trade

22Gince () is discrete, all Q-bundles are flat.
23This statement is already implicit in [185].
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the path integral of a G Sy gauge theory for a sum over path integrals of a G gauge theory
on the covering spaces of M. The final result is

—

Za(M)
|Aut(M — M)|

ZGISN(M) = Z
M—M
degree N

(4.118)

Another way to view the above construction is to take N copies of a gauge theory on G,
and then to gauge the Sy permutation symmetry of the resulting product theory. This
is equivalent to defining a gauge theory with gauge group G ! Sy, and the arguments for
computing path integrals in symmetric orbifold theories from Section 4.1 carries over, and
we arrive at (4.118), in direct analogy to the logic that allowed us to derive equation (4.46).24

To summarize the above discussion, the summation over non-trivial bundles appearing
in equation (4.111) induces a summation over non-trivial boundary conditions on the gauge
fields around the non-contractible cycles in M. This can be rewritten as a sum over covering
spaces of M given by equation (4.118). Note that this does not induce twisted boundary
conditions around the contractible cycle. To include such configurations we need to include
bulk vortices, which we now discuss.

Vortices

Another property of gauge theories with discrete gauge groups is the presence of so-called vor-
tices. As explained above, vortices are codimension-2 objects which impose twisted boundary
conditions on gauge fields transported around them. These are the 3-dimensional analogues
of twist fields in orbifold CFTs, and as we will see in Section 4.4 are holographically dual to
twist fields.

Informally, a vortex (often also called a monodromy defect [188] or a Gukov-Witten op-
erator [189]) is a codimension-2 extended object in a gauge theory which has the property
that being transported around it induces a monodromy of the gauge group €2. This is anal-
ogous to the Aharonov-Bohm effect, in which the wavefunction of a charged particle picks
up a phase upon being transported around a solenoid. In the case of a gauge theory with
a discrete gauge group, a field ® picks up a monodromy ® — ¢ - ® upon being transported
around the vortex.

Formally, a vortex is a codimension-2 sublocus L of a three-manifold M which carries
charge [g], where [g] is some conjugacy class of elements of the discrete gauge group 2.2° We

24In fact, given any TQFT Z, not just gauge theories, one can construct a ‘symmetric product’ theory
by formally averaging Z over covering spaces, see [186]. Such TQFTs are useful, for example, in computing
generalizations of Hurwitz numbers, see also [187].

25We assign a charge to V in terms of conjugacy classes of ) because otherwise the vortex ¥ would not
be a gauge-invariant object. This is because gauge transformations would act on a charge g as hgh~!. This
generically changes the group element g, but leaves it in the conjugacy class. This is spelled out more
concretely in Section 4.4 in the context of orbifold twist fields. For abelian groups like those considered in
[160] this problem does not arise.
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can formally write a vortex operator Vi 1, of charge [g] associated to a sublocus L by the
operator
Vo= D Vor, (4.119)
o€lg]

where we sum over permutations o in the conjugacy class [g], which makes the operator gauge
invariant. In discrete gauge theories the vortex operator cannot typically be represented in
terms of fundamental fields of the theory. It’s action is implemented by imposing twisted
boundary conditions on the fields as they are transported around the vortex: transporting
the fields A;, By around V, enforces the twisted boundary condition A; — A,y and
B] — Bo([).

We can combine vortex operators with the non-trivial sum over bundles to implement
twisted boundary conditions around multiple cycles. Suppose our bulk manifold is a torus
with boundary cycles a, b, and that a vortex operator imposes twisted boundary conditions
around the a cycle given by 7,, while a non-trivial bundle imposes twisted boundary con-
ditions 7, around the b cycle. There will only exist non-trivial gauge field configurations if
(74, m] = 0. That is, going around the same set of cycles in different orders gives the same
boundary conditions for the fields. The end result is that when summing over bundles and
vortices the only contributions come from combinations with consistent boundary conditions.
For a general bulk manifold M this condition is formalized as follows.

The partition function of a discrete gauge theory on M in the presence of a vortex L
of charge [g] is defined similarly to the partition function on M alone. Let ¢ € m (M \ L)
be a generator of the fundamental group of M \ L which winds once around L. Then the
path integral in the presence of the vortex is defined by summing over all homomorphisms
¢ m(M\ L) — Q (up to conjugation) such that ¢(¢) lies in the conjugacy class [g].
Specifically,

ZoMiLl)= Y (1120)
smnpy—a 1AUH@)]
Tl

up to conjugation

d(O)€Elg]

Again, we can specialize to the case where € is the permutation group Sy. Conjugacy
classes of Sy are labeled uniquely by cycle-types of permutations. Let us denote the charge
associated to L with [7] and let us assume that [r] is the conjugacy class of permutations
with cycle-type wy, ..., wy, where

Wi+ +wp=N. (4.121)

Then a homomorphism ¢ : m (M \ L) — Sy with ¢(¢) € [r] defines a covering space of M
which is branched over L with branching structure given by the cycle type wy, ..., wi. In
the language of Figure 4.9, this branched covering space M — M is the N-fold cover such
that the gauge fields are single-valued. Thus,

Zo L LI = 3 |Aut(]\71%M)|, (4.122)

branched over L
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where the branching over L has branching structure wy, ..., w.

Just as in the case without vortices, we can also enrich the above partition function by
considering a topological gauge theory with group G Sy, where G is any Lie group. The
partition function then becomes a sum over GG partition functions on branched covers of M
over L, i.e.

—~

Zasy LD = 3 Auj%]‘i ) vt (4.123)

brané\l{cﬁj‘cﬁ/er L
Note that this is essentially the three-dimensional generalization of the covering space con-
struction for calculating correlation functions of twist fields in two-dimensional CFTs [158,
175].

The upshot of the above construction is that the introduction of a vortex into a topological
G Sy gauge theory amounts to computing partition functions on the branched cover M of
M over the branching locus L. This is completely analogous to the case in 2D orbifold CFTs,
where correlation functions of twist fields are computed by passing to the branched cover,
branched at the points where the twist fields are inserted [175]. In fact, as we will see, this
analogy is made precise in the holographic setting, and we will find that vortices in G Sy
gauge theory which intersect the boundary OM are dual to twist fields in the symmetric
orbifold CFT. We delay this discussion to Section 4.4.

Below we will perform some calculations of the bulk U(1)? x U(1)” 1 Sy Chern-Simons
theory. We will start by taking the simple case of a torus boundary and N = 2, where we
can be quite explicit. We then move on to the case of a torus boundary but for generic
N. Finally, we will make comments about the calculation of bulk partition functions on
3-manifolds with higher-genus boundaries.

Example: N = 2

Let us now turn to calculating the Gt.Sy Chern-Simons partition functions on bulk manifolds
where G = U(1)P x U(1)”. For now, let us work with the simple case N = 2. We fix an
asymptotic boundary ¥ which is a torus of modular parameter 7. As discussed above, we
can reduce the problem of calculating U(1)? x U(1)? 1S, partition functions to the task of
computing U(1)? x U(1)? partition functions on degree 2 covering spaces M of M.

Let us start by letting M be a handlebody, i.e. a solid torus. Then 7 (M) = Z, and
there are precisely two covering spaces for a given M: the covering space which is simply
two disconnected copies of M, and the handlebody whose asymptotic boundary is a torus of
modular parameter 27. We know that the Chern-Simons partition function on a handlebody
with contractible spatial cycle and modular parameter 7 is simply

1

ZG(M):Wa

(4.124)
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and so we have
1 1 1 1

" 2@ 2 fp2npEr

where the factors of two come from the automorphism factors of the covering spaces.

Now, we can also introduce a nontrivial vortex. Let L run along the non-contractible
cycle of M. The only nontrivial conjugacy class of Sy is [(12)], and there are precisely two
covering spaces of M branched over L with that structure: a handlebody with modular
parameter 7/2 and a handlebody with modular parameter (7+1)/2. Thus, the the partition
function of the G Sy Chern-Simons theory on M with vortex L is given by

Zais, (M) (4.125)

11 1
2@ 2"

In a theory of quantum gravity it is natural to sum over bulk manifolds with fixed
asymptotic boundary, which in the case of the handlebody M is given by a sum over modular
images of the boundary torus. The natural partition function after coupling G ¢ .Sy Chern-
Simons theory to topological gravity is then given by

ZGZSQ (M, L) = (4126)

—_

1 1 1
Tk =5 Y, =+ =+ ———= + — | . (4127
2 YET o \SL(2,2) M (2 - 7)l (%) n(*5)]

J/

-~

disconnected
vortex

In the above we have identified the term associated with a disconnected covering space of the
torus, as well as the contributions arising from including the vortex. The last three terms
represent covering spaces M which are connected, the last two of which are branched over
the vortex L. All of the covering spaces, both with and without vortex, are shown in Figure
4.10.

Comparing to the symmetric orbifold

We would like to compare the above bulk calculation to the Narain-averaged symmetric
orbifold result, which we recall takes the form

1 1 1 !
Zros, (M, 7)) = = 50 T 2 T 1)y 2P
(Zroisy (m, 7)) zm%fm (rnw-(zr))\ Gy -G [n(r- (=5 )
+ % (Zyp (T, m)?) (4128)

where the second line is the disconnected part of the partition function. Comparing the
connected parts of (4.127) and (4.128), we see that the modular parameters in the sum do
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Figure 4.10: The four double covering spaces of a solid torus M without a vortex (on the
left) and with a vortex (on the right). The connected covering spaces are also solid tori with
modified modular parameters, while the disconnected covering space is simply M U M.

not quite match. However, it is an algebraic fact that these two sums actually coincide, i.e.

1 1
+ 2D+ 1\ 12D
2 ('77(27'7)'2” AT (5] )

7€l \SL(2,2) 2

—_

(4.129)

1 1 1
- VGFW\ZSL@,Z) (mw @)EE " In(v- ()™ " In(y - <TT“>>|2D> ’

see, for example, Theorem 6.9 and 6.10 of [190]. Thus, the connected part of the U(1)? x
U(1)P1S, Chern-Simons theory coupled to 3D gravity precisely reproduces the Narain average
of the connected part of the symmetric orbifold theory TP ¢ S,.

The disconnected part

Now that we have shown that the connected parts of the Narain-averaged symmetric orbifold
and topological gravity partition functions agree, let us move on to the disconnected part.
The disconnected part of the symmetric orbifold partition function is given by

B 1
= 2J(7) [P T

(Zpp15,. 45 (T)) = % {Zyp(m, 7)?) 5 > " (det Im Qp,)""? (4.130)
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T

Figure 4.11: A vortex configuration for U(1)” x U(1)” 1 Sy Chern-Simons theory on a solid
torus. The double-cover of this geometry is topologically ¥ x I.

where

Q= (g S) (4.131)

is the period matrix of the double cover ¥ LY of the boundary torus ¥, and the sum is over
Lagrangian sublattices of Hy(X LI X,7Z) (see Section 4.1). Intuitively, the sum is over bulk
manifolds M with boundary > U Y such that the sublattice I'y is contractible in M. On the
other hand, the disconnected piece of the bulk G ¢ S; partition function (4.127) is

1 1 1
ZBulk. dis. = = = Im(y-7)P, (4.132
Bakas =5 D D S S 2 e (4132)

~€T 50 \SL(2,Z) ~€T 50 \SL(2,Z)

where we have used the fact that |n(7)|* Im(7) is modular invariant.

Clearly, (4.130) and (4.132) are not equal. However, the sum in (4.130) actually contains
the full sum (4.132). Let A" and A® be the A-cycles of the two boundaries, while B™)
and B® are their B-cycles. Then the Lagrangian sublattices of the form

o = Spang (v(A®D), 5(A®)) | (4.133)

where v € T'..\SL(2,Z) is a modular transformation which acts on the homology cycles of
> in the usual way, contribute

(det Im Qp,)?/? = Im(y - 7)7, (4.134)

and thus reproduce the elements in the sum (4.132). This makes sense, given that sublattices
(4.133) correspond to manifolds M which are the disjoint union M L M of two handlebodies
of modular parameter « - 7, which are precisely the covering spaces that appeared in the
disconnected part of the Chern-Simons partition function. Thus, although (4.130) is not
precisely reproduced by (4.132), we have the inclusion

<ZTDZSQ,dis.<T>> D ZBulk, dis. » (4.135)

where by D we mean that the sum on the left-hand-side contains all elements of the sum on
the right-hand-side.
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Figure 4.12: The three-manifold M = ¥ x [ has an orientation-preserving involution given by
rotating the geometry around it’s center axis by angle 7. The fixed points of this involution
are the two circles shown in red, which run through the bulk. The quotient M /Z, (light
blue) is a solid torus with two vortices running through the non-contractible cycle.

So what about the other geometries contributing to (4.130) which aren’t reproduced by
the Chern-Simons calculation? It turns out that at least the 72 x I wormhole can be recovered
from the Chern-Simons theory if we include more complicated vortex configurations.?® For
example, (4.130) contains the Lagrangian sublattice

I', = Spany, (AY + AP BY — O | (4.136)

which geometrically corresponds to a bulk manifold M = % x I. This manifold can actually
be included in the Chern-Simons calculation if we include a two vortex configuration as shown
in Figure 4.11. The two vortices in the figure individually act on the fields by the swap [(12)].
The branched covering space of this vortex configuration has two boundaries, since one does
not pick up a monodromy upon being transported along a cycle at the boundary, and it is
not difficult to see that the topology of the covering space is indeed ¥ x I (see Figure 4.12).
One can also come up with stranger covering spaces which are not topologically > x I by,
for example, applying Dehn twists to the vortex in Figure 4.11.

So now the natural question is: are there contributions to (4.130) which cannot be recov-
ered by a sufficiently complicated vortex configuration on the bulk Chern-Simons theory?
As we will show, the answer is actually yes. Both the averaged symmetric orbifold and the
Chern-Simons theory are summing over geometries in two different ways. The symmetric
orbifold theory is summing over covering spaces X of the boundary manifold Y, and then
summing over fillings (Lagrangian sublattices) of M. The Chern-Simons theory is summing
fillings (Lagrangian sublattices) of M and (branched) covering spaces M of M. Every con-
tribution to the Chern-Simons theory, so long as M is specified by a Lagrangian sublattice
of its boundary, computes a contribution to the symmetric orbifold partition function, since
S = OM is always a covering space of Y. However, given a covering space S of ¥ and a

26Strictly speaking, the Chern-Simons calculation on the 72 x I wormhole has not yet been carried out
and matched to the expected boundary answer.
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bulk three-manifold M specified by a Lagrangian sublattice of i, it is not always true that
M is a covering space (branched or otherwise) of a three-manifold M with boundary . Put
pictorially, the diagram

—~

Y$e—>— M

lr (4.137)
does not always have a completion of the form

Se—t M

l l (4.138)

Se—t M

where I' : M — M is a (branched) covering map.

In order for M to be a covering space of a three-manifold M whose boundary is ¥,
we need the Lagrangian sublattice I'g to be ‘compatible’ with the covering space structure
of . The covering space I' : ¥ — ¥ comes equipped with a group of automorphisms
(deck transformations), which are self-homeomorphisms ¢ of X such that I'(¢(p)) = é(p)
for all p € 3. This group Aut(E — ) can be thought of as the set of symmetries of the
covering space 3. Now, we specify a bulk manifold M by picking a Lagrangian sublattice
Iy C Hl(E Z), and it is clear that M can only inherit the symmetries of ¥ if the group
Aut(E — X) leaves the Lagrangian sublattice I'g invariant. 2

A natural condition for M — M to be a covering space respecting the structure of DSy
is for the Lagrangian sublattice I'g to be invariant under the action of the deck transforma-
tions Aut(X — X).2® We emphasize, however, that this is not a sufficient condition, and that
there could be Lagrangian sublattices Iy which are invariant under the group Aut(i — ),
but for which the desired covering space M — M does not exist.

Let us now return to the Sy symmetric orbifold example. The sum in equation (4.130)
is over all Lagrangian sublattices 'y of H;(X U X, Z). The group of deck transformations of
the covering map X > — X is simply Zs, generated by swapping the two copies of the tori.

27An element ¢ € Aut(X — X) has a natural action ¢, : Hy(3,Z) — H,(%,Z) given by simply pushing-
forward one-cycles with ¢.

28Tn the case that Y is a regular covering of ¥ and M — M is not branched, this is straightfoward. A
regular covering ¥ — ¥ has precisely the structure of a principal G = Aut(X — X) bundle. The diagram
4.138 requires that M — M is also a principal G bundle, i.e. the deck transformations of M should be
those of ¥. Put another way, if M does not admit an action of the deck transformations G, then there is
an obstruction for a base space M to exist. We suspect that a similar logic exists if % is not regular and
M — M is branched. We thank Ivano Basile for pointing this out to us.
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A By

Figure 4.13: The geometry corresponding to the choice of Lagrangian sublattice (4.140) is
a disjoint union of thermal AdS; and the BTZ black hole. Such a geometry does not have
an interpretation when we have a single bulk manifold M, but it can be included in the
gravitational path integral if we allow different gauge fields A; to live on independent bulk
manifolds M; with the “same” asymptotic boundary.

In terms of the homology, this acts as:
¢ (A =A@ | ¢, (BY) =B, (4.139)

According to the discussion above, only Lagrangian sublattices which are left invariant under
the action of ¢, have a chance of being computed by a Chern-Simons calculation on a bulk
manifold M. As an example of a Lagrangian sublattice which does not work, take

Iy = Spany, (A", B®)) . (4.140)

This sublattice corresponds to a three-manifold which is a disjoint union of thermal AdS;
and the Euclidean BTZ black hole. Of course, there is no three-manifold with single torus
boundary whose 2-fold cover is a disjoint union of thermal AdS3 and Euclidean BTZ, and so
this Lagrangian sublattice has no chance of being reproduced by a Chern-Simons calculation.
Indeed, I'y is not invariant under the deck transformation ¢,, as

¢.(To) = Spany (AP, BV) £ Ty (4.141)
As another example, we can take the sublattice
o = Spang (A®D +7(A®), BY - 4(B%)) | (4142

for some modular transformation . This sublattice corresponds to a wormhole with topology
33 x I for which one boundary has modular parameter 7 and the other has modular parameter
7(7). The deck transformation ¢, only leaves Iy invariant if the modular parameter is trivial,
i.e. v =id, for which we simply recover the double-vortex configuration in Figure 4.11.
While the average of the disconnected component of the symmetric orbifold partition
function contains bulk geometries which do not inherit the Zs automorphism present in the
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2D theory, we note that such bulk geometries come in pairs. For example, the two Lagrangian
sublattices

I§Y = Spany, (v(AM), p(A®)) |, TP = Spany, (p(AD),7(A®)) (4.143)

transform into one another under the Z, automorphism swapping the two boundary tori.
More generally, geometries contributing to (4.130) either transform as singlets under the Z,
automorphism, or as doublets. Sublattices I'g which transform as singlets correspond to bulk
geometries M which inherit the boundary automorphism, and thus can be realized as the
double cover of a manifold M /Z,, which we think of as a bulk geometry with bulk vortices.

It is tempting to also think of pairs (F(()l),F((]Q)) of sublattices which transform as Zs
doublets as also corresponding, in some abstract sense, to the ‘double cover’ of a generalized
bulk geometry (or ‘microgeometry’, borrowing the terminology of [65]). Such a generalized
notion of a bulk geometry is not entirely far-fetched, and has been considered before in the
context of pure 3D gravity (see the discussion in Section 4.2 of [174], and also Section 3.1
of [191]). In that case, holomorphic factorization of the CFT dual to pure gravity required
the introduction of geometries for which the left- and right-moving boundary gravitons lived
on separate bulk geometries with the same boundary. Analogously, it is possible that the
theory of quantum gravity dual to the Narain-averaged symmetric orbifold includes, in its
sum over ‘geometries’, contributions for which separate copies of the Chern-Simons gauge
fields probe different classical bulks with the same boundary.

General N

Now that we have seen the details of how the Narain-averaged symmetric orbifold and
U(1)P x U(1)P 1 Sy Chern-Simons theory are related for N = 2, let us turn our attention to
generic N. We find it convenient to work in the grand canonical ensemble. We define the
grand canonical partition function of the symmetric orbifold to be

3(r.p) = > PV Zeoisy (7). (4.144)
N=0

which, as we have seen, admits a nice expression in terms of Hecke operators

3(7,p) = exp (i p" T Zyo (r)) : (4.145)

n=1

We can also define the grand canonical ensemble of the bulk Chern-Simons theory by spec-
ifying a solid torus M with boundary modular parameter 7, as well as a vortex locus L,
which we keep implicit, which runs along the non-contractible cycle of M

3cs(M,p) =Y p™ Zaysy (M). (4.146)
N=0
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As in the case of N = 2, we propose that the correct thing to do is to include the vortex
L in the definition of the bulk partition function and to allow it to take any charge. That
is, the U(1)P x U(1)P 1 Sy partition function is computed by summing over all degree
N covering spaces of M branched along L with any allowed branching structure. Since
m(M\L) = 7 (OM) (i.e. M\L retracts onto M) the covering spaces of M branched over
L are in one-to-one correspondence with the (unbranched) covering spaces of the boundary
torus. This means the combinatorial counting of bulk and boundary covering spaces matches.
The grand canonical partition function includes both connected and disconnected covering
spaces, and through standard combinatorial arguments it is given by the exponential of the
connected covering spaces

3es(M,p) = exp (iPnTnZG (T)> : (4.147)

n=1

Indeed, the connected covering spaces are simply handlebodies whose boundaries are N-fold
covering spaces of the boundary torus of M. From the above we can extract a formula for the
partition function of the GiSy Chern-Simons theory with a vortex along the non-contractible
cycle by keeping all terms with a power of p? which is

Zasy(M) = > H TkZG NN (4.148)

parititons of N k= 1

where the partitions of N are Zévzl kN, = N. This can be compared to the boundary
partition function given in equation (4.60). The connected part of the partition function is
given by

ZGZSN,conn.(M) = TNZG(T) . (4149)

Which can also be obtained by recalling that the Hecke operator T sums over all connected
covering spaces of the original torus. To obtain the bulk partition function we additionally
need to sum over all bulk handlebodies M, which is implemented by the sum over modular
images.

We claim that the averaged free energy of the grand canonical symmetric orbifold exactly
equals the free energy of the grand canonical Chern-Simons theory, summed over all solid
tori M, i.e.

., duies30) = 3 low s, (1.150)
Mp

This is equivalent to stating that the connected covering space contribution to the symmetric
orbifold is exactly reproduced by the bulk Chern-Simons theory. To check this claim, note
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that the averaged symmetric orbifold free energy takes the form

p" (T Z(7))

Yy Y

A 2D’
1 Y€l \SL(2,Z) v €SL(2,Z)\ My, |7I<7 Y T)l

NE

/ dp log 3(7,p) =
Mp

1

3
Il

(4.151)

[
NE

n

where M, is the set of all 2 x 2 integer matrices and we have used the definition (4.62) of
the n't Hecke operator. Now, the sum over geometries in the Chern-Simons free energy is
implemented by a sum over modular images of the boundary torus. We have

Y log3es(Mp)= > Y p'TZa(y-7)
M 7€l \SL(2,Z) n=1

SE Y% !

I~ . ) [2D
¥€L\SL(2,Z) v/ €SL(2,Z)\Mn Ny - 7))

(4.152)

where we have again used the definition of the Hecke operator T,,. Equations (4.151) and
(4.152) appear to yield different results, since the summand of one includes the modular
parameter 7 - ' - 7, while the other includes v’ - v - 7. However, it turns out?® (see Theorem
6.9 and 6.10 of [190]) that the sums (4.151) and (4.152) are composed of all the same terms,
simply shuffled around. That is,

) > 1 = ) > ! (4.153)

. !, 2D /. . 2D °
V€T \SL(2,Z) v/ €SL(2,Z)\ M, (- 7)l €T o \SL(2,Z) v/ €SL(2,Z)\ M, (" -y 7))

This proves the claim of (4.150).

Since the free energy of the grand canonical partition function (either in the case of the
symmetric orbifold or of Chern-Simons) computes the connected contribution, we have the
following result:

The ensemble average of the connected part of the TP 1Sy orbifold torus partition
function is equal to the connected part of the U(1)P x U(1)P 1Sy Chern-Simons
partition function, summed over all handlebodies bounded by the CFT torus for

all N.

<ZTDZSN,c0nn.(7—)> = ZBulk, conn. - (4154)

As we have seen in the N = 2 example, however, the disconnected parts of the two theories
cannot so easily be matched.

29Tt turns out that given v1,7] there exists a 2,4 with v; € To\SL(2,Z) and v, € M,,\SL(2,Z) such
that v, - 94 = 4 - 72. This decomposition is unique, and summing over all possible 1,7} is equivalent to
summing over all possible vo,v5 [190]. Hence, the two sums are equivalent.
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Disconnected Part

We now briefly comment on what portion of the disconnected partition function the Chern-
Simons calculation reproduces. We restrict to a torus handlebody M with a single vortex
operator running along the non-contractible cycle L. As explained earlier, since 71 (M\L) =
m1(OM) the branched covering spaces of M exactly match the covering spaces of the bound-
ary torus. The disconnected part of the bulk Chern-Simons partition function is given by
discarding the connected covering spaces from the full answer in equation (4.148) and sum-
ming over modular images

ZBulk, dis. = Z Z H N' (TeZa(y - 7)™, (4.155)

Y€l \SL(2,Z) parititons of N k=1

where now we sum over disconnected partitions of N by imposing z el "kN,, = N. Similarly,
the contribution of disconnected covering spaces to the boundary ensemble average is given

by (4.60)
(Zrpisy, ais(T)) = Z < NL )N’“> , (4.156)

parititons of N\ k=1

where we must use the disconnected Siegel-Weil formula (4.20) to evaluate the average. One
of the contributions to the above average will be given by filling in the “same cycle”, specified
by a modular parameter v, on each disconnected covering torus in (4.156). More precisely,
these are the configurations where the preimage of the cycles on the covering tori map to
the same cycle on the base torus.

This precisely matches the bulk computation in (4.155) after using Theorem 6.9 of [190]
to commute the sum over modular images with the Hecke operator sum. However, the other
terms appearing in the boundary average will not be reproduced by the bulk computation.
We therefore have that the bulk Chern-Simons computation is strictly contained within the
boundary average

<ZTDZSN,dis.<T)> D ZBulk, dis.- (4.157)

Higher-genus boundaries

Let us now make a few comments about the case of geometries whose boundaries have genus
g > 2. We only comment on the connected components.

In the symmetric orbifold theory on a surface X, of genus g, the connected component
of the partition function can be expressed as

Zyy5, conn. (1 2g) Z Zyo(m, ), (4.158)

where the sum is over all connected unramified covering surfaces I ¥4 of degree N. As
in the case of the torus, these covering spaces are constructed by summing over all twisted
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oM =%,

Figure 4.14: A handlebody M is a singular foliation of its boundary 3,. The leaves of
the foliation become singular at the ‘center’ L of M, which roughly resembles ¥, with the
contractible cycles collapsed to points. In the Chern-Simons theory dual to the Narain-
averaged symmetric orbifold, we treat L as the locus of permutation gauge vortices.

boundary conditions around the cycles of ¥, with the requirement that around contractible
cycles the resulting boundary conditions are trivial. As noted above, such surfaces have
constrained topology, and specifically have genus

d=N(g—-1)+1, (4.159)

We argued in Section 4.2 that the average of this connected component over the Narain
moduli space is given as a sum of the U(1)? x U(1)? Chern-Simons partition function on
handlebodies whose boundaries are the covering surfaces X,

(ZrosyemmZ)) =5 3 Y Ze(il). (4.160)

ig/—>2g aﬁzi

We can now try to interpret the above sum in terms of Chern-Simons theory. Let M be

a handlebody bounded by X,. Next, let L be the codimension 2 locus shown in Figure 4.14.

The fundamental group m(M\L) is isomorphic to the fundamental group of the boundary
of M, i.e.

m(M\ L) =m(%,). (4.161)

Since covering spaces are classified by choices of consistent twisted boundary conditions
around different cycles, that is homomorphisms ¢ : m(3,) — Sy, we have that covering
spaces of M branched over L have the same structure as covering spaces of ¥,.*° Further-
more, the covering spaces M will also be handlebodies. There is one subtlety regarding the
singular locus L. Earlier we demanded that vortex operators were defined along a dimen-
sion one submanifold of M, but L is not a manifold so it is not obvious in what sense a
vortex operator can be associated to L. However, it remains perfectly consistent to impose

30The isomorphism 1 (M \ L) = 71(%,) is due to the fact that a handlebody can be foliated by copies of
its boundary, up to a singular locus given by L. That is, M \ L is homeomorphic to 3, x [0, 1), see [172].



CHAPTER 4. AVERAGING THE SYMMETRIC PRODUCT ORBIFOLD 110

Figure 4.15: A genus 3 surface which double covers a genus 2 surface. The deck trans-
formation acts as a product of two reflections (shown), and maps the homology cycles as
A1, By — As, Bs and fixes As, Bs.

twisted boundary conditions on the bulk Chern-Simons fields as they travel around L. Since
m(2y) =2 m(M\L) a choice of twisted boundary conditions on 3, descends to a consistent
set of monodromies for the gauge fields as they travel around different cycles of L, and we
define our bulk theory by demanding such monodromies.

Coupling our Chern-Simons theory to topological gravity results in summing over all
handlebodies M with boundary ¥,. Summarizing, we have the bulk contribution

Z ZCS,conn.(M) = % Z Z ZG(M) . (4162)

oM=%, OIM=%g VM
branched over L

This formula, however, will not reproduce the full symmetric orbifold answer (4.160), even
at the level of the connected parts. Algebraically, this is rather straightfoward to see: the
sum over handlebodies M in (4.160) amounts to summing over Lagrangian sublattices of
H 1(5, Z), which can be repackaged into a sum over the quotient space P,\Sp(2¢’, Z), where
P, is the parabolic subgroup of Sp(2¢’,Z). On the other hand, the sum over handlebodies
in (4.162) is over Lagrangian sublattices of H;(X,,Z), which in turn is a sum over images of
a fixed sublattice under the action of P,\Sp(2g,Z). Since ¢’ > g when g > 2 (and N > 2),
these sums can’t possibly be equal. On the other hand, when ¢ = 1 (i.e. for the torus
partition function), we always have ¢’ = ¢, and the sums contain all of the same terms.

The more geometrical reason for the fact that not all geometries appearing in the average
of the symmetric orbifold partition function can be recovered from the Chern-Simons theory
was already discussed in Section 4.3. We can think of the symmetric orbifold calculation
as finding a (connected) branched covering space ¥ — 3, and then choosing a Lagrangian
sublattice I'y of Hl(i, Z), which in turn defines a handlebody M. However, if 'y does not
fill in the cycles of Y in a symmetric way (i.e. such that I'y is invariant under the deck

transformations Aut(3 — ¥,)), then M will not be the branched cover of some 3-manifold
M whose boundary is ¥,. As a simple example, let us take g = 2 and take the two-fold



CHAPTER 4. AVERAGING THE SYMMETRIC PRODUCT ORBIFOLD 111

covering space shown in Figure 4.15. The covering surface has genus ¢’ = 2g — 1 = 3, and
its homology cycles are labeled by A;, B; for i = 1,...,3 (also shown in Figure 4.15). The
deck transformation group is Aut(i — Y9) = Zs, and simply consists of the operation of
swapping the two sheets of the cover. On the homology elements, the nontrivial element
¢ € Aut(X — Xo) acts as

¢*(A1) =As, ¢*(~A2) = A, ¢*<Bl) = Bs, 925*(82) =B;. (4-163)

Any Lagrangian sublattice I'y which is not invariant under this group of deck transformations
has no hope of describing a bulk manifold M which is a covering space of a manifold M with
boundary OM = ¥,. For example, the sublattice

FO = SpanZ (Al, AQ, Bg) (4164)

is Lagrangian but is clearly not invariant under the deck transformations of 3.

In the case of the torus, this simply doesn’t happen for connected covering spaces. This
is because the set of deck transformations of a connected covering space acts trivially on
homology, i.e. all Lagrangian sublattices of the covering space are invariant under deck
transformations. This explains, at least qualitatively, why we were able to get a match
between the connected parts of the symmetric orbifold calculation and the bulk Chern-
Simons theory in the case of a genus one boundary.

Non-handlebody contributions

Among the gravitational contributions considered so far, all have arisen either from handle-
bodies with genus-g boundaries, potentially with vortices in the bulk. We now show that
for surfaces of genus g > 2, the Narain-averaged partition function of T? ! Sy will also in-
clude smooth bulk geometries which are not handlebodies. We work again with N = 2 for
simplicity.

Consider a surface 3, of genus g, and consider the TP .S, partition function. It will take
the form

1
Zroys, (M, ) = 5 Zro (m, Bg) Zro (m, Bg) + - -+, (4.165)

where we are concentrating only on the contribution from the double cover ¥, L ¥, — X,
(of course, there will be other contributions, but we will not need them for our purposes).
Upon averaging over the Narain moduli space, we have

(Zrvisa(m, 50)) = 5 2o (m, 5) Zeo(m, 5y)) + -+ (4.166)

As we know, the average of Z(X,)Z(3,) is computed by summing over all Lagrangian sub-
lattices I' C Hq (X3, U Xy, Z), weighted by an appropriate one-loop determinant. A special
class of sublattices I" are constructed by picking a basis (A;, ;) for the homology group of
>4, and letting

I = Spang (A + AP BY — ) (4.167)
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where the (1) and (2) superscripts differentiate between the two copies of ¥,. This is the

Lagrangian sublattice associated to a manifold which is topologically of the form M = 3, x 1.
For g > 2, such manifolds are hyperbolic with metric

ds* = dp? + cosh?® pds%g , (4.168)

where the coordinate p € R is the coordinate along the interval. Furthermore, for special
choices of complex structure on ¥, the boundary admits a fixed point free Z, involution
which reverses the orientation of ¥;. Combining this boundary involution with the bulk
reversal p — —p we obtain a bulk involution ¢ [191, 192]. This involution acts without fixed
points, and we can consider the quotient manifold

M =M/ (4.169)

As noted in [191, 192], this geometry is smooth and hyperbolic with boundary X,, but is
not a handlebody. Specifically, it has the following properties. Given the inclusion map
i: 3, — M, the induced map i, : m(5,) — m (M):

e is injective. This means that the non-contractible cycles of ¥, do not become con-
tractible when viewed as cycles of M.

e is not surjective. This means that there are non-contractible cycles of M which are
not visible from the boundary >J,.

The first property means that M is not associated to any Lagrangian sublattice I'y C
H,(X,,7Z). The second property means that there are generators of the fundamental group
which do not exist on the boundary. This is why M is able to be both smooth and have a
connected double cover M which has a disconnected boundary.

By the standard U(1)-gravity dictionary, we should be able to associate the contribution
of the sublattice (4.167) in the averaged partition function (4.166) to the path integral of
U(1)? x U(1)P Chern-Simons theory on the wormhole geometry M. This, in turn, should be
reproduced by the U(1)” x U(1)P1.S; partition function on M with a nontrivial monodromy
around the ‘internal’ generator(s) of m (M) (i.e. the generator(s) of m (M) which are not
inherited from m(%,)).

We emphasize that the gravitational instanton associated to (4.167) appears to be a
smooth bulk manifold M with a connected boundary, but which is not a handlebody. This is
worth emphasizing, since U(1) gravity with a connected boundary (i.e. the bulk dual of the
non-orbifolded Narain ensemble) includes only handlebodies in its sum over geometries.?! Tt
would be thus be interesting to explore further in what sense the ensemble average of T” .Sy
CFTs includes more generic gravitational instantons which are not visible in U(1) gravity,
but which are generally expected to be included in a more general theory of three-dimensional
quantum gravity (for example, semiclassical gravity).

31Gtrictly speaking, U(1) gravity only classifies bulk geometries by their associated Lagrangian sublattice,
which for connected boundaries are in one-to-one correspondence with handlebodies.
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Figure 4.16: A twist field o, (z) is holographically dual to a vortex V, in the bulk which ends
at the point z.

4.4 Averaging correlation functions

In the previous sections, we have considered the ensemble average of partition functions
of permutation orbifolds T ! © (mostly for Q@ = Sy) and showed that a large family of
contributions can be recovered from a Chern-Simons theory with gauge group U(1)P x
U(1)? 29 coupled to topological gravity. In this section, we consider correlation functions of
permutation orbifolds and explore their bulk interpretations.

Before jumping into calculations, let us briefly summarize the main idea. In Section 4.3,
we found that the averaged partition function of the symmetric orbifold CFT is partially
reproduced by a sum over bulk geometries which include nontrivial vortices. Roughly, these
vortices are holographically dual to the twisted-sector states of the orbifold theory on the
boundary, see Figure 4.16. Now, let us consider a correlation function of twist fields?

{om (21) - O, (20))

where m; € Sy are permutations specifying the monodromy of fundamental fields around
the point z;. Just as in the case of the partition function of the symmetric orbifold, such
correlators are determined by passing to a covering space ¥ — CP' which is branched over
the points wy,...,x,, such that the branching structure is induced by the monodromies
T1,...,T,. Upon averaging, one is then instructed to sum over bulk geometries M filling in
¥, specified by a choice of Lagrangian sublattice of H(X,7Z).

Holographically, one would expect this correlator to be dual to a bulk computation in-
volving vortices V;, ending at the points z; on the boundary. Such vortices will need to
end somewhere in the bulk, and in principle one should sum over all bulk configurations
of the vortices. In terms of the bulk G ¢ Sy Chern-Simons theory, the calculation of the
path integral in the presence of a nontrivial vortex configuration corresponds to passing to
the branched covering of H? over the locus of the vortices, with the branching structure

32The exact definition of twist fields is discussed in detail below.
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Figure 4.17: The bulk geometry dual to the four-point function of twist fields in the sym-
metric orbifold. In principle, the vortices can branch and tangle in complicated ways in the
bulk.

determined by the monodromy specified on the components of the branching locus. Given
that the vortices end on the boundary at the points x1,. .., x,, a branched cover of H? will
induce a branched cover of the boundary. However, the precise organization of the vortices
in the bulk can drastically effect the topology of the 3-dimensional branched covering. Thus,
each topological choice of configuration of vortices in the bulk will specify a 3-manifold M
which is a branched covering of H?, and whose boundary is a branched covering ¥ of CP*
branched at x4, ..., z, with monodromies m, ..., mT,.

The above discussion suggests that it is possible to reproduce the Narain average of
symmetric orbifold correlators by summing over topologically distinct vortex configurations
in G Sy Chern-Simons theory on H?. However, this is not always possible. For the same
reasons discussed in Section 4.3, while it is always true that a branched cover M over H?
always has boundary ¥ which is a branched cover of CP', the converse is much more difficult
to satisfy. Given a branched cover ¥ — CP', it is not always the case that a given 3-manifold
M with boundary ¥ admits the structure of a branched cover of H? (or any other 3-manifold
with boundary CP' for that matter).

For the examples we explicitly consider in this section, however, this turns out to not be
an issue. Specifically, in this section we consider the symmetric orbifold T ? S,, for which
there is a unique twist operator o 2).33 We consider the correlation functions of the form

(o (@) oag () - (4.170)

Just as in [160], we find that the Narain averages of these correlators are indeed reproduced
by a sum over bulk vortex configurations in U(1)? x U(1)”1S; Chern-Simons theory, for which

33Tt is possible to consider TP ¢ Sy theories with N > 2. We leave this to future work.
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the vortices are constrained to lie in rational tangles.* As such, we are able to reproduce
the averaged symmetric orbifold correlation function via a bulk Chern-Simons calculation.3?

Correlators in permutation orbifolds

Before considering the ensemble average of correlation functions, let us first review the
calculation of correlation functions in permutation orbifolds. For the rest of this section, we
only concern ourselves with correlators of fields on the sphere (CP') for simplicity.

As an orbifold theory, a permutation orbifold X {2 contains non-local operators known as
twist-fields which implement a monodromy on the fundamental fields of the theory. Denoting
by ® = (W, ..., &) the collective fundamental fields of the tensor theory X®V, a twist
operator o, associated to a permutation 7w € (2 is defined by the monodromy relation

D(e*™z + () 0x(C) = (7 @)(2 + () (C) (4.171)

where

ro® = (BT @) (4.172)

On their own, twist fields o, are not gauge-invariant.We can see this as follows. Consider
the monodromy of an element (p - ®) (z) around the twist field o,(¢). The twist field acts
on ®(z):

(0-®) (724 Q)an(C) = (p- 7 - ®) (z+0)0x(O) = (p- 7 p - (p- B)) (:+)0n(0) - (4.173)

From this we can infer the action of the twist fields on the field (p - ®) (z), which lies on the
same gauge slice as ®(z):

(p- @) (™2 +)ox(C) = (p+ @) (€2 + () Tpmp1(C) - (4.174)

Where on the RHS the twist field acts on (p - ®) and on the LHS on ®(z). Hence under an
overall permutation p € €, twist fields transform as

Or = Oprp—1 . (4.175)

From a twist field o, we can construct a gauge-invariant twist field o, by

0w =Nim > 05, (4.176)

pE[n]

340ur analysis differs slightly from that of [160], in that they consider orbifolds of the form T? /Z,, which
are qualitatively different from symmetric orbifolds. As such, their bulk theory is of the form U(1)P x
u()P x z,.

35We emphasize that for N > 2, the analysis does not work out so cleanly, and not every term in
the averaged correlation functions will be reproducible by a bulk Chern-Simons calculation on a classical
background.
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where N = 1/4/][r]] is a normalization factor so that oy is canonically normalized.*®
Note that o, only depends on the conjugacy class of 7 in ). A generic correlator of gauge-
invariant twist fields thus takes the form

<H U[wi1(i€i)> =T Ww) > <H Upmp;l(l’i)> : (4.177)

i=1 Ply-pn €Y \i=1

That is, the correlators of gauge-invariant twist fields can be expressed purely in terms
of an appropriate sum over correlators of the ‘pure’ twist fields o,. From now on, we
calculate only the correlators of pure twist fields o, keeping in mind that we should sum
over conjugacy classes to obtain a gauge-invariant result. Expression (4.177) will in general
have disconnected contributions, meaning contributions for which some terms of the right
hand side factorize. Here we focus on the connected part of the correlators. This can be done
by looking at correlators for which the group elements that appear in the twist fields generate
a transitive subgroup of the permutation group acting on the elements of {1,2,..., N} that
appear in the correlator (see e.g. [193]).
Given a set of twist fields o,,, we can compute the (sphere) correlation function

(om (1) - - Ox, (20)) (4.178)

in the following way [158, 159]. Within the path integral, the twist fields define twisted
boundary conditions of the fundamental field on the punctured sphere CP' \ {z,...,z,},
and so we can pass to a covering space ¥ of CP' which is ramified over the points z; such
that the fundamental fields are single-valued on .3 The covering space Y is related to
the base sphere via a holomorphic map I' : ¥ — CP', and so we can exploit the conformal
symmetry to pull back the fields of the seed theory X to the covering space X, at the expense
of a conformal anomaly in the path integral measure when X has non-zero central charge.
The result is that the correlation function of twist fields is given by

(O, (1) - O, () = e_SL[@F}ZX(Z) , (4.179)

where Zx(X) is the partition function of the seed theory on the surface 3. The genus of
the covering surface X is fixed by the Riemann - Hurwitz formula. Specifically, it is given in
terms of the genus g of the base surface, the number M of distinct elements of {1,2,..., N}
that appear in the correlator and the lengths of the cycles w;, j = 1,2, ...,n. Concretely, we

have
n

¢ —1=M(g—1)+ % > (w;—1) . (4.180)

j=1

3Here, by ‘canonically normalized’ we mean that the two-point function satisfies (o[ (21)0(q(22)) =
1/(z1 — 22)**(™) | where h(r) is the conformal weight of the twist field.

3"Note that, unlike in previous sections, we are now using ¥ as opposed to Y to refer to the covering
space, since the base space is already specified to be CP.
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Since we focus on sphere correlators, g = 0 and thus

n

g’:1—M+%Z(wj—1). (4.181)

Jj=1

Here, the Liouville action Sy, is given by

Sp[®] = YT / d’2/q (—PAD + RD) | (4.182)

where ¢ is the central charge of the seed CFT X, R is the scalar curvature on ¥, and A
is the Laplacian on ¥.3® The conformal anomaly is found by evaluating this action on the
scalar

®r = log |OT)? . (4.183)

This corresponds to a metric on the covering space
ds® = e*rdz dz (4.184)

where 2,7 are local coordinates on the covering space.

Narain-averaging correlators

Let us now specify our CFT to be a Narain theory X = T?. We write the correlators of
twist fields in TP Q as

(Or, (1) ... O, (x2)) = €L Z(m, 20) | (4.185)

where Z(m,Y) is the partition function of the T theory on the surface ¥.. We can now
average this result over the moduli m and we find

/ Qa(m) (0ny (21) ... o, (1)) = &~ 52007) / dju(m) Z(m, 5) (4.186)
Mp Mp

However, the average of the partition function Z is readily written down in terms of a sum
over Lagrangian sublattices of Hy(3,7Z), i.e

[ antm) (o) o @) = S Zem), s

CoCH1(Z,Z)

where Zcg(Ig) is shorthand for the U(1)? x U(1)” Chern-Simons partition function on the
bulk manifold defined by the Lagrangian sublattice I'y. In the case that ¥ is a connected

38In our conventions, we have /g A® = d(,/g d®) + 0(,/g 0P).
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surface, we can instead express the averaged correlation function in terms of a sum over
handlebodies bounded by >, namely

/M Au(m) (0my (1) - Omy () = €518 S Zog(M). (4.188)

handlebodies
oOM=%

In the rest of this section, we will consider examples of such correlators and interpret them in
terms of correlators of vortices of U(1)? x U(1)P Q Chern-Simons theory on the hyperbolic
ball. Completely analogously to [160], we find that the sum over geometries on the covering
space can be interpreted as a sum over configurations of bulk vortices.

Four-point functions

We begin with the simplest nontrivial example: the four-point function of the twist field

o(12) in the orbifold TP 1 S,. Since Sy = Z,, this analysis is very similar to that of [160].
Without loss of generality, we can use the SL(2, C) isometry on the sphere to place three

points at 0,1, 00 and leave the fourth point arbitrary. That is, we consider the correlator

(012)(0)on(1)oaa)(u)onz(c0)) - (4.189)

Since S5 is abelian, this is actually a fully gauge-invariant correlator. This correlator is also
connected as the permutation (12) acts in a transitive way on the elements {1,2}. The
covering space on which the fundamental fields are single-valued is given by the torus whose
modular parameter is related to the cross-ratio u via the modular A function [175]. That is,

. . '192(7')4
u(t)=1—=XN71)=1- o) (4.190)
The explicit form of the covering map I' is
p(z7) —p(5:7)
I'(z)= , 4.191
&= hG e 9

where p is the Weierstrass function. Given the form of the covering map, the conformal
anomaly e™5:1®r] can be explicitly worked out and, after regularization, takes the form [175]

1
220/3|u(1 _ u)’c/12 ’

e SulPr] = (4.192)

Therefore overall :

(0(12)(0)o2)(1) o2y (u)one (o)) = (220/3|u(11_ u)|c/12> (EEZ]Q) . (4.193)
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Putting everything together, the average of the four-point function of o(; 2 is computed using
the Siegel-Weil formula, and we find

/ du(m) (o12)(0)on2(1)oqs(u)ons(00))
Mo (4.194)

1 1
= 52¢/3 _ /12 Z 2D’
PR Wl 2 i)

where 7 is obtained from u by inverting (4.190) and the central charge c is just the dimen-
sion D of the torus target.?® Specifically, 7 admits a closed-form expression in terms of
hypergeometric functions

(4.195)

The bulk interpretation

As in [160], we can interpret the sum over modular images in (4.194) in terms of U(1)? x
U(1)P1 Sy Chern-Simons theory in the following way. Consider the CFT sphere on which we
calculate the correlation functions to be the boundary of the ball H?. We extend each twist
field 0(19) as a vortex in the bulk which meets the boundary at the point x;. Each vortex
in the bulk implements a monodromy A(;y — A2 in the bulk gauge field. Since a vortex
cannot just end at one point, we need to join pairs of boundary points by vortices. Let us
choose for the moment a vortex which joins the point at x = 0 with the point at z = 1
and another which joins x = u with = oco. The two strands are in principle allowed to
cross and link in the bulk in an arbitrary fashion, so long as they do not cross. For example,
the ‘trivial’ configuration 7y on the left of Figure 4.19 connects 0 to 1 and u to co in the
simplest way possible — with no crossings in the bulk. The bulk geometry found by taking
the double branched cover of the ball over the vortex 7Ty has the property that the cycle
generated by a loop encircling 4 and oo is contractible in the bulk. For an illustration, see
Figure 4.18. Indeed, as was noted in [160], the branched cover of the geometry in Figure
4.18 is a handlebody with torus boundary.*°

In [160], the sum over modular images in equation (4.194) was argued to arise from a
sum over vortex configurations in the bulk which are topologically ‘rational tangles’. A
rational tangle is a vortex configuration which is obtained by applying successive exchanges
(braidings) of the points 0,1, u, 00 on the trivial tangle 7y. For example, the three tangles
shown in Figure 4.19 are the trivial tangle 7y, the tangle obtained by starting with 7, and
braiding the ends at 1, u around each other twice, and the tangle obtained from 7, by braiding
the ends at u, oo three times. Note that the direction of swapping matters.

39We keep the central charge ¢ arbitrary since, for example, for Narain theories with supersymmetry, the
central charge is instead ¢ = 3D/2.

40This can be seen by ‘cutting open’ the hyperbolic ball along branch cuts associated to the vortices and
gluing a second copy along the same branch cuts, see Figure 2 of [160].
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Figure 4.18: An illustration of the (non)contractibility of loops encircling points on the
sphere. The green loop is contractible when continued in the bulk whereas the red loop is
not (it has to cross the orange and blue vortices that live inside the sphere).

o0 &

Figure 4.19: Some rational tangles contributing to the four-point function of twist fields in
the averaged TP 1 S, orbifold.

Mathematically, a rational tangle is obtained from the trivial tangle 7; in the following
way: Let B4(SQ) be the braid group of points on the sphere. There is a natural action
of B4(S?) on the ends of the vortices at + = 0, z = 1, # = u, and 2 = oo. A basis of
generators for By are the ‘standard braids’ o1, 09, 03 which swap the pairs (0,1), (1,u) and
(u, 00) respectively (with specified orientation) as in Figure 4.20. All rational tangles can be
seen as the action of an element of B,(S?) on the trivial tangle 7p.

The braid group B4(S?) is generated by oy, 09, 03, which satisfy the following relations:

0103 = 0301, 010201 = 020102, 020302 = 030203 (4 196)
010903030201 = 1.

The last of these relations is specific to the braid group on the sphere. Note that the braid
group does not act on rational tangles faithfully. In particular, the combination 05" acts
trivially on any rational tangle since it corresponds to a reflection about the East-West axis
as in Figure 4.21, see [194].

Let NV (0105"') be the normal subgroup of B,(S?) generated by oy05".4!

Since this is

“That is, N (o105 ') is the smallest normal subgroup of B4(S?) which contains o035 *.
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Figure 4.20: The action of the braid of points on the sphere B,(S?). The two circles depict
cross sections of two-spheres. Inside the smaller two-sphere the strands could be arbitrarily
tangled. The first row shows the action of the generators, the second depicts some of the
relations that these generators satisfy. In the last drawing, the strands can be “untangled”:
the one that connects to 1 from the front of the inner S* and the one connected to « behind
the inner S°.

OO

Figure 4.21: The action of o105 ' on the tangle obtained by acting with o2. We see that this
corresponds to the same tangle. One can see this for example by drawing the first tangle as
seen from "behind the page”.
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a normal subgroup, the quotient B4(S?)/A (o105') is a group which acts in a well-defined
manner on the space of tangles. This quotient effectively imposes o1 ~ o3 in the defining
relations (4.196) of the braid group. It turns out that this quotient is nothing more than the
modular group, i.e.

B4(S*)/N {o1051) = PSL(2,7Z) . (4.197)

The isomorphism is seen by the direct matrix identification

11 1 0
01,03 — (0 1) , O9 = (_1 1) . (4198)

Finally, note that not even B,(S?)/N (o105') acts faithfully on the space of rational tangles.
This is because o7 - To = To. Thus, the set of operations which acts faithfully on the set of
rational tangles is

(B(S*)/N (01057))/ {01) = T \PSL(2, Z) . (4.199)

Thus, the sum over rational tangles produces a sum over the coset I',\SL(2,Z). This sum
also precisely reproduces the sum over Lagrangian sublattices, since each rational tangle
admits a combination of the cycles shown in Figure 4.18 which becomes contractible in the
bulk. Furthermore, the branched double cover of each rational 2-tangle is a handlebody with
torus boundary.*?

Higher-point functions

The above analysis tells us how to interpret the four-point function of twist fields in the Sy
permutation orbifolds in terms of rational tangles of vortices in the bulk. Let us now consider
the case of higher-point functions. In order to have a non-vanishing correlation function, we
require that the number of twist field insertions is even, and so we consider the correlator

(oo (21) - o012 (T2942)) (4.200)

where ¢ is some non-negative positive integer. The covering space associated to this corre-
lation function is a genus-g hyperelliptic curve defined by the equation

v =]l @- xi)} . (4.201)

=1

Y, = {(m,y) € CP' x CP!

Indeed, around the point = = x;, the solutions y(z) have a square-root branch cut, as required
by the form of the correlator. The correlation function can be expressed as

(oaoy(1) - o 2)(T2g942)) = est[(bF]Z(Eg) , (4.202)

42This follows either from the fact that the double cover of T is a torus handlebody and the fact that all
rational 2-tangles are homeomorphic to 7g. Intuitively, the action of the braid group on 7y can be thought
of as implementing Dehn surgery on the double cover of 7y. In the mathematics literature, this is often
referred to as the ‘Montesinos Trick’ [195].
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where I is the covering map
r:x, — CP'

og) . (4.203)

This gives a double cover of CP' by ¥4 since each value of z has two values of y satisfying
(4.201). Here and in what follows we will not be explicit about the form of the conformal
anomaly.

Upon ensemble averaging, we have

/M dp(m) (o (@1) -+ 0@ (wagpa)) = e TN Zog(v- Q) (4.204)

YEP\Sp(29,Z)
where (2 is the period matrix of ¥ , and Zcg(7y - ) is shorthand for the expression
(det Tm(y - Q))P/2
(det Im(§2))P/2| det’ 5§)g|D ’

which is the U(1)” x U(1)P Chern-Simons partition function on a handlebody bounded by %,
[46]. The sum over modular images of 2 under the action of P\Sp(2g,7Z) defines a sum over
different inequivalent handlebodies with boundary 3,. For later convenience, we introduce
a basis for the homology group of ¥, by choosing the branch cuts in equation (4.201) to be
between neighboring points x9;_; and z9; for ¢ = 1,...,g9 + 1, and choosing the A and B
cycles of 3, as in Figure 4.22. Just as in the case of the four-point function, we can interpret
the sum over handlebodies as a sum over rational tangles of vortices in the bulk. We do this
in the following way: let Ty be the ‘trivial’ tangle defined by connecting x5, 1 to x9; as shown
in Figure 4.23. The double cover of the ball branched over this surface will be a genus g
handlebody such that the A cycles of ¥, (those surrounding the branch cuts between xq;_4
and ;) are contractible in the bulk. Now, let us pick out the point z5,45 to be special.
We can generate all rational tangles connecting the points zy,...,z,42 via actions of the
braid group B,.1 (where we treat the points xq,..., 29,41 as individual strands, keeping
Tgg+o fixed) on the trivial tangle 7o. Via the double cover I' : ¥, — CP' associated to this
configuration of points, the action of the braid group on the configuration X can be shown to
induce an action on the fundamental group m(X,) or, similarly, its abelianization Hy(3,,Z).
Specifically, if we let o}, € Bagq1 be the element of the braid group which swaps the points
x), and x4 (with specified orientation), and we pick a homology basis A;, B; on ¥,, then

we can take the action of the braid group on H;(2,,Z) to be (breaking up cases for k even
and odd)

Zes(y - Q) = (4.205)

09 - Ai = A + B;
09 - B = B;,
09+ Aiy1 = Aiq1 — B;
091 Bio1 = Bio1 + A,
091+ Ai = Aj,
091 Bi = Bi — A; .

(4.206)
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A

X1 ) i

Figure 4.22: The homology basis of the genus g surface ¥,. The red and blue curves represent
the A and B cycles respectively. In the preimage, the red cycles are given by the branch
cuts between x; and x; ;.

X2
X1
T2i—1 L2942
Xo; 1729+1

Figure 4.23: The trivial tangle 7.
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Figure 4.24: A handlebody filling in the hyperelliptic curve 3, (¢ = 2 shown). The hyperel-
liptic involution induces a 180° rotation around the symmetry axis, and the fixed points of
this rotation are g + 1 intervals. The Z, quotient of the handlebody under the hyperelliptic
involution is homeomorphic to a ball with g + 1 vortices. The points z; are the preimages of
the points z; in the correlator (4.202). Since a tangle is homeomorphic to the trivial tangle if
and only if it is rational, the double-cover of a rational (g+ 1)-tangle is always a handlebody.

Furthermore, all other actions are trivial. This action defines a representation p : By —
Aut(H,(X,,Z)) ~ GL(2¢, Z) of dimension 2g of the braid group by integer matrices. Further-
more, it is not hard to see that the above action preserves the intersection form (A;, B;) = 0;;,
and thus the representation of the braid group is actually via symplectic matrices. That is,
there is a homomorphism

p: Bagy1 — Sp(2¢9,Z) . (4.207)

This is known as the symplectic representation of the braid group [196]. Given an element
0 € Bygt1, the symplectic representation p(o) acts on the period matrix of ¥, as

Q—=0-Q=(AQ+ B)(CQ+ D), (4.208)

where A, B, C, D are the block entries of p(¢) as a symplectic matrix.

Now, while the action of the braid group on the 2¢g + 2 endpoints of the g + 1 vortices
induces Sp(2g,7Z) transformations on the period matrix €2 of the hyperelliptic curve ¥, it
is also possible to show that the resulting rational tangle (obtained by acting on the trivial
tangle with the braid group) indeed has a double cover which is a handlebody of genus g,
whose boundary is 3,.** Each rational tangle in the G Sy Chern-Simons theory, therefore,
reproduces a handlebody in the sum (4.204). However, it is not clear that every element of
the sum (4.204) over handlebodies is reproduced by a rational tangle of vortices in the Chern-
Simons theory. Indeed, this is not the case. To see this, consider the image of the symplectic
representation p. For g = 1,2 this image is indeed the full modular group Sp(2g,7Z), but for
g > 3, p(Bagy1) is only a finite-index subgroup of Sp(2g,Z) [196]. Thus, for g > 3, i.e. for
n-point functions of twist fields with n > 8, the sum over rational tangles cannot reproduce
the correct sum over the symplectic group.

43This follows again by the Montesinos trick — braid group actions on the trivial tangle lift to Dehn twists
on the branched double cover, and so the double cover of any rational (g 4+ 1)-tangle is related to a genus g
handlebody by a Dehn twist, and is therefore also a genus g handlebody.
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The reason why is because many handlebodies in the sum (4.204) do not respect the
covering map structure of the boundary. Specifically, the covering map I'" : ¥, — CP!
has the structure of a Zs quotient by the so-called hyperelliptic involution ¢, which sends
(x,y) = (x,—y) in equation (4.201). Given a choice of Lagrangian sublattice I' C Hy (3, Z)
it is not guaranteed that the hyperelliptic involution extends to a symmetry of the bulk
(when ¢ does extend to a symmetry of the bulk, it is represented by a 180° rotation around
a fixed axis [197, 198], see Figure 4.24).%* Those handlebodies M which admit an extension
of the hyperelliptic involution are then branched covers M — M/. of 3-balls, for which
the branching loci are rational tangles. Those handlebodies M for which the hyperelliptic
involution does not extend into the bulk cannot, as far as we know, be thought of as 2-
fold branched covers of a 3-manifold with spherical boundary, and thus represent another
example of terms in the averaged symmetric orbifold theory which cannot be recovered by
a semiclassical Chern-Simons calculation in the bulk.

The conformal anomaly

In the above discussion, we demonstrated how, in certain special cases, the ensemble average
of correlators of twist fields in the symmetric orbifold can be reproduced by an appropriate
sum over vortex configurations in a bulk U(1)? x U(1)? 1Sy Chern-Simons theory. In doing
so, we only discussed the origin of the Eisenstein series appearing in the averaged correlation
function from the Chern-Simons perspective, and we ignored the conformal anomaly which
appears in the symmetric orbifold correlators. Let us now briefly comment on the origin of
this prefactor from the Chern-Simons side.

First, let us recall the origin of the conformal anomaly in the symmetric orbifold setting.
The 2-sphere CP' can be locally taken to have fiducial metric dzdZ. In calculating the
correlator of twist-fields on CP', each contribution is given by an appropriate covering map
I': ¥ — CP'. The associated contribution to the symmetric orbifold path integral arises
from calculating the correlation functions of the pullback of the twist fields under I' on the
surface . If " has the correct branching properties, then the pullbacks of these fields are
untwisted, and the calculation reduces to the computation of a T? correlator on ¥, see [158].

Importantly, in this construction, the path integral on Y is evaluated with respect to the
pullback metric

I*(dz dz) = |0(2)*dz dz, (4.209)
where z is a local coordinate on Y. This metric can be locally put back into the form of the
fiducial metric dz dz via a Weyl rescaling e~® with

® = log |OT|*. (4.210)

This Weyl rescaling comes at the cost of the conformal anomaly

exp (—%SL[cb]) — exp (—é /E 42z /g <—%<I>A<I> + R(I))) , (4.211)

4“For low genera (g = 1,2), however, the hyperelliptic involution always extends into the bulk.
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where the metric g on X is the fudicial metric dz dz, or more accuraltely the Weyl-transformed
metric e~ ®T* (dsé}ﬂ).

On the Chern-Simons theory side, the conformal anomaly arises in a nearly identical
way. Let us for the moment consider GG .Sy Chern-Simons theory for some generic group G.
Given a bulk manifold M with spherical boundary M = CP' (in our case M = H? is the
3-ball), we can consider the Chern-Simons path integral with vortex locus L. To compute
this path integral, we must consider the branched cover M of M branched along the vortex
locus L. Let v : M — M be the appropriate branched covering. We define I' = 7|gps to
be the induced branched covering I' : ¥ — CP' on the boundaries, where ¥ = OM. Now,
we can gauge fix the Chern-Simons path integral by explicitly choosing a metric g on M.
Then the G ¢ Sy Chern-Simons path integral is given by the G' Chern-Simons path integral
evaluated on M with metric v*g.

The Chern-Simons path integral is not completely independent of the choice of metric,
and in particular depends on the boundary value of the metric on a specific bulk manifold.
It is convenient to locally pick g|lsys = dedZ. Then the induced boundary metric on M is
simply the pullback of the boundary metric of M by ~y, which is exactly the metric (4.209).
We can perform a Weyl transformation by e~® on the metric on M4 in order to bring the
boundary metric of M into canonical form. However, the path integral of Chern-Simons
theory is also not invariant under such transformations, and picks up a conformal anomaly

[199]
exp (—dmlléG) SL[CD]) — exp (—ding(f) /E 42z /g (—%(I)A@ + Rcb)) L (4.212)

where the integral is over the boundary Y = OM evaluated with the Weyl-transformed
boundary metric. For the case of U(1)” x U(1)” 1 Sy Chern-Simons theory, this reproduces
the correct conformal anomaly of the symmetric orbifold theory since

dim(G) = 2D = 2c. (4.213)

The fact that the Chern-Simons theory picks up the same conformal anomaly as a boundary
TP CFT is, of course, to be expected. By the CS/WZW correspondence [200, 201], the
partition function of U(1)” x U(1)? Chern-Simons theory on a smooth handlebody with
boundary conditions specified in Section 4.1 should reproduce the vacuum character | XVaC‘Z
of a (non-chiral) U(1)? WZW model on the boundary. The vacuum character of a WZW
model, however, picks up the appropriate conformal anomaly under Weyl transformations
of the boundary metric.

45Here, ® is understood to be a scalar field on M which reduces to log |T'|2 on the boundary.
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4.5 Adding supersymmetry to the Narain ensemble

Narain averaging with supersymmetry

In this section we consider ensemble averaging the supersymmetric variants of the Narain
theories. The supersymmetric T? theories are obtained by simply adding D free fermions
to the bosonic theory. Each fermion is a partner to one of the D free scalars. As discussed
in 4.1, we must make a choice of boundary conditions for the fermions as they traverse
nontrivial cycles. For a CFT on a torus we label the spin structure by two half integers «, 3
such that

V(A 2) = ETY(2), U(B-z) = P(2), (4.214)

where again we take A to be the 7-cycle while B is the 1-cycle. The supersymmetric T
partition function on the torus with a choice of spin structure is then given by

« «

n(r)PP

where we have split the partition function into the bosonic and fermionic parts. Here, 50675 is
the Dirac operator acting on spin (%, 0) fermions with spin structure a, . The determinant
of these operators are given by theta functions. Specifically,

(4.215)

0i(7)], a=8=0,
—l pr—
et Bup] = L x [D2(7)], @ =3, {3 0, (4.216)
(D] " ) 10s()], a=p=1,
0a(r)], a=0, B=1.

The exact form of the theta functions will not matter much in what follows. It suffices to
remark on their modular properties. The partition function Z,,, of a single free fermion,
given by the above determinant, satisfies the modularity property

aac+bB| faT +bY Q
Zferrn La—l—dﬁ} (m) - Zferrn |:,6:| (T>7 (4217>

when acted on by an element of SL(2,Z). The partition function of the supersymmetric
Narain theory can now be readily averaged, since only the theta function ©p depends on
the Narain moduli. The result is

/MD du Zeo m (7) = Zterm {Z,‘] (7)? Wepw\ZsL » W _ (4.218)

The above partition function is recovered straightforwardly from the partition function of
N = (1,1) Chern-Simons theory, summed over geometries. The boundary fermions in the
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Chern-Simons theory have specified spin structure on the boundary, namely the same spin
structure specified for the Narain CFT.

As explained around equation (4.16), each element of the sum over geometries is specified
by a choice (¢, d) of coprime integers such that the cycle cA+dB becomes contractible in the
bulk. Because the fermion picks up a sign of (—1)2* around the A-cycle and (—1)2* around
the B-cycle, the monodromy around the contractible cycle is given by (—1)2c*d4%)  This
flies in the face of the usual intuition that the boundary fermions must satisfy antiperiodic
boundary conditions around a contractible bulk cycle. This only occurs if ca + df is half-
integer.

To be concrete, let us take the boundary theory to be in the NS sector, i.e. o« = =1/2.
Then in the bulk geometry associated to (¢, d), the boundary fermion is periodic when ¢+ d
is even, and antiperiodic when ¢ + d is odd. We can break up the sum over geometries into

two sums:
Zferm |:%:| (7_) Z —2D+Zferm |:%:| (T) Z T N[2D - (4219)
U b I R VR
. c+d odd N c+d even ,
‘good’ boun;a:y conditions ‘bad’ bound;rry conditions

The ‘good’ boundary conditions correspond to the fermions being anti-periodic around the
contractible cycle, while the bad correspond to the opposite. We give an explanation of this
from the bulk perspective in the next subsection.

We can also consider the symmetric product orbifold of this supersymmetric theory, the
only modification being the inclusion of the fermion partition function. It is easier to directly
consider the grand canonical partition function in equation (4.73) which we showed can be
written in terms of supersymmetric Hecke operators Ty

3|5 ) = e (imz@ B <T>) . (4.220

k=1

We can average the above partition function in the same way we carried out the bosonic
average. Since the fermions do not depend on the moduli they factor out of the average. It
is convenient to consider the average of the connected part of the partition function

L weves sl en -2 (52 5] )

. (4.221)

B " ac +bB| (aT +b ar +b
ST A [ 5] () (e (),

where we have split it up into the bosonic part which the average acts on, and the fermionic
part. We will again reproduce the above average by performing a summation over bundles
and vortices, now including fermions.




CHAPTER 4. AVERAGING THE SYMMETRIC PRODUCT ORBIFOLD 130

The bulk dual

The natural candidate bulk theory is a supersymmetric version of Chern-Simons. We will now
briefly explain this supersymmetric theory, leaving our conventions and additional details to
appendix A.8. In [202] supersymmetric Chern-Simons in flat Minkowski space was considered
in the presence of a boundary. The boundary broke half the supersymmetry down to N’ =
(1,0). In the conventions of [202] the flat space action is given by

SATHO) = / Br(e™? A,0,A, +AN) — % / PrvVh(R" A Ay + X" Omx-).  (4.222)
M oM

In the above A, x are Majorana fermions and the notation x4 means we project the fermion
onto it’s top/bottom component respectively. The boundary is located at 3 = 0 and the
coordinates on the boundary are given by (x!,2?) indexed by the label m, the boundary
metric is b and vy are the gamma matrices.

Due to the presence of the boundary, the action is not invariant under the most general
supersymmetry transformation. However, it is invariant under half of the supersymmetry
transformations N = (1,0).16 These transformations are given by

0A, = (X’Vue-i-) + (€4:9ux-),
0N = _G#Vp(7p6+)aauf4ua (4223>

Sx- = (e Ay = (") An.

Where €, is a two component spinor projected onto only it’s top component. In the path
integral we must choose boundary conditions that satisfy the variational principle and that
are left invariant under the above supersymmetry transformations. It was found in [202,
203] that one such choice of boundary conditions is given by fixing given by A_ = 0 and
292X\, + O_x_ = 0, where we have defined Ay = A; & Ay and d1 = 9; & 0,. The boundary
action in terms of these fields is given by*

N=0) _ 1 —
Shay = B /8M d*z(Ay A+ X 7" 0-x-). (4.224)

The second boundary condition we fixed, relating x_ and A\, , guarantees that our boundary
condition for the gauge field is invariant under the e, supersymmetry transformation 0A_ =
0. Similarly, the other boundary condition 2v2\, + O0_x_ = 0 is also invariant under e,
transformations. We don’t need to set any additional boundary conditions because the
second term in the boundary action (4.224) varies into an equation of motion for x_ on the
boundary. One of the interesting features of this theory is that there is a dynamical boundary
fermion y_, decoupled from the other fields, without any corresponding bulk action.

46The action is invariant under these transformations without having to impose any boundary conditions
on the fields. This approach was advocated as “supersymmetry without boundary conditions” in [202].
47For this one uses the identity y'y_ = —%x_.
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Similarly, there is a N' = (0, 1) supersymmetric Chern-Simons theory invariant under €_
transformations, given by the action

- - 1
Ség—(m) — /Md:%x(ewm#ayAp + AN\ + 5 /6M /79 A Ay + X7 O xs).  (4.225)

In the above A, x+ are again Majorana fermions, except now x has been projected onto the
top component. The boundary action can be re-written as

ooy 1 -
dey(0 V= 5/@ d*r(—= AL A + X701 x4)- (4.226)
M

A consistent choice of boundary conditions is given by A, = 0 and (—2v*\_ + d,x4) = 0.
We can consider the combined action

G = SN0 _ ght=(0.1) (4.227)

where in total the bulk theory has N = (1,1) supersymmetry with each half realized inde-
pendently by one of two theories. The total action will depend on two independent Chern-
Simons fields A, B, two independent auxiliary fields Ay, A2 and two, fermions y4 which have
been projected onto the top/bottom component and effectively function as single component
fermions. When considering the partition function of the total theory it will factorize into a
contribution from the independent Chern-Simons fields, the two copies of the auxiliary fields
i, and the boundary fermions y_, xy,. Since we are integrating over the auxiliary fields \;
there is no restriction on the field configurations the boundary fermions take.

After analytically continuing to Euclidean signature and defining the theory on a bulk
handlebody with an asymptotic boundary torus the full partition function is given by the
product of contributions of: U(1) x U(1) Chern-Simons, a holomorphic and anti-holomorphic
2d free fermion, and an overall normalization given by integrating over the auxiliary \;.
Dropping the normalization given by the auxiliary fields gives the partition function

o 1

3 R (4.228)
where the first factor comes from the Chern-Simons contribution and the second comes from
the free fermions.

We take D copies of the above theory and perform a summation over all bulk handle-
bodies. The choice of asymptotic boundary conditions fixes the spin structures «, 5 around
two particular boundary cycles A, B. When summing over bulk handlebodies the standard
prescription is to only include handlebodies which can inherit the spin structure specified at
the asymptotic boundary [174]. That is, if the cycle cA + dB is contractible then it must be
true that the fermions are anti-periodic around that cycle. However, in our case the fermions
reduce to a boundary term, and so we do not have such a constraint since the spin structure

Zterm [ } (7)Zcs (1) = |det O,
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does not need to be extended to the entire handlebody. Summing over all handlebodies,
taking into account that the fermions give identical contributions due to (4.217), we find

1 D

R (4.229)

ZBuk(T) = Ztorm [g} (1)" Z

~v€l0\SL(2,Z)

We see that the bulk supersymmetric Chern-Simons theory precisely reproduce the boundary
ensemble average.

Let us now explain how the above is modified when we consider the symmetric product
orbifold of the supersymmetric Narain theories. We are again interested in implementing
twisted boundary conditions along the contractible and non-contractible cycles for both the
gauge fields and the fermions.

Let’s first consider the non-contractible cycle. In the case of the gauge fields we found that
our gauge group was given by (U(1)” x U(1)?)1 Sy, and the summation over non-trivial Sy
bundles gave us twisted boundary conditions for the gauge fields along the non-contractible
cycle. The story for the fermions is similar. Fermions are sections of a spinor bundle with
fiber denoted by S, and before quotienting the Sy symmetry the N fermions takes values
in this spinor bundle. After quotienting we take the fiber of the spinor bundle to be given
by S® {1,..., N}, and we must sum over all non-trivial bundles. The group Sy acts on
the fiber by permutations acting on the the set {1,..., N}. This implements a sum over all
possible twisted boundary conditions for the fermions ¢; — eQWiO‘wW( 1) when the Sy portion
of the fiber is non-trivial, identical to the case of the gauge fields in Section 4.3.

For the contractible cycle, we can again use a vortex operator V to implement twisted
boundary conditions for the fermions. We implement the action of the operator by specifying
the monodromies it implements on the fermions, namely 1y — e%iﬁmr( 1) as we travel around
the contractible cycle. Summing over all possible choices of vortices, similar to the gauge
theory case in section 4.3, gives a summation over all twisted boundary conditions along the
contractible cycle.

Combining these two ingredients together we find that a summation over bundles and
vortices again implements the twisted boundary conditions necessary for the symmetric
product orbifold. Since the fermions and gauge fields both transform in the adjoint of the
discrete gauge group they acquire the same monodromy A; — A and ¢y — e%mw,r( 1 as
they travel around a vortex. Since the fields acquire the same monodromies it immediately
follows that that, identical to the bosonic case, performing a summation over bundles and
vortices implements a summation over all degree N covering spaces of the base torus.

If we consider the grand canonical partition function of the supersymmetric Chern-Simons
theory on handlebody M, since we are summing over covering spaces, we find that it is again
given by the exponential of connected covers

Sscs(M,p) = oxp (Zmz H <T>> . (4230

k=1
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Comparing to the boundary answer in equation (4.221), we immediately have that the con-
nected covering space contributions match between the bulk and the boundary theories after
summing over handlebodies M

/MD dy log 3 {g} (r,p) = Y _log 3scs(M,p). (4.231)

4.6 Conclusions and discussion

In this work our goal was to provide a bulk dual for the ensemble average over Sym™ (T?)
CFTs. In the case of a torus boundary, we showed that a Chern-Simons theory with gauge
group (U(l)D x U(1)P ) LSn, with the inclusion of bulk vortices, reproduces what we denoted
as the “semiclassical” portion of the boundary average. However, there remain many terms
that do not have a clear semiclassical interpretation.

We argued that some of these terms can be included by appropriately modifying the rules
of the gravity path integral. For instance, disconnected handlebodies that break replica sym-
metry can be reproduced by letting independent gauge fields A; live on “independent” bulk
manifolds M; with distinct contractible cycles but the “same” asymptotic boundary, see the
discussion around equation (4.143). Furthermore, we argued that the simplest wormhole ge-
ometry in equation (4.136) can be reproduced by having two vortices in the bulk. It’s possible
that other wormholes can also be reproduced by more complicated vortex configurations.

We will briefly contrast our results with the expectations for pure AdS; gravity [174,
204]. With a boundary torus, the only classical saddle-points for the Einstein-Hilbert action
are handlebody geometries. However, in [160] it was argued that another reasonable class
of geometries to include are conical defect geometries which are singular orbifolds. We note
this is quite similar to what we have found. We also sum over handlebody geometries and
the gauge theory analogue of conical defect geometries, since the bulk vortices make the field
strength singular at the vortex. In addition, in AdS3 gravity it is expected that additional
off-shell geometries should be included [16, 48] in the path integral. While off-shell geometries
seem to differ from the non-semiclassical geometries we have found, it is interesting that we
also find contributions beyond simple handlebodies.

Ensemble Averaging Strings

As mentioned in the introduction, one motivation to consider the ensemble averaged sym-
metric orbifold comes from string theory. It has recently been shown that the tensionless
string theory on AdSs x S* x T* is precisely dual to the (super) symmetric orbifold Sym®” T*
CFT at large N [61-65]. The tensionless string has string length equal to the AdS length,
and so the theory is far from any sensible semiclassical limit. While all observables of the
theory can be calculated through worldsheet path integrals, there is no known sense in which
the string partition function can be approximated by a gravitational path integral with a
sum over smooth bulk geometries. One hope is that a suitable sum over geometries may
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Figure 4.25: A cartoon representation of a worldsheet propagating within the bulk in the
tensionless limit. The dynamics of the string are constrained to the boundary of spacetime.

emerge if we average over the moduli of the tensionless string. We now explain how this is
partially realized.

The natural partition function for the tensionless string is given by the grand canonical
ensemble of Sym(T*) [65]. The genus-one partition function of the grand canonical ensemble
is given by*8

3(p,7)=exp [ > PTZ(r) | . (4.232)

k=1 worldsheets

The Hecke operators T enumerate over connected covering spaces that cover the boundary
of AdS3. Holographically, the connected covering spaces are to be interpreted as worldsheets
of strings propagating in the target AdS; which wind the boundary k times. The argument
of the exponential only includes contributions with a single string on the AdS3 background.
The grand canonical partition function 3, after expanding the exponential, then includes
any number of disconnected strings propagating on the AdSs; background. The free energy
F = log 3 is then, in this sense, a ‘first quantized’ partition function of the string theory,
while the partition function 3 can be thought of as a ‘second quantized’ quantity.

Within the main text, we considered averaging both the connected and disconnected
contributions of the symmetric orbifold, or equivalently we considered the averages of both
the first and second quantized partition functions. From the point of string theory, these
averages have the following interpretation:

e First quantized average: Averaging the string theory at the level of the worldsheet

48Here and in what follows we ignore spin structures.
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sigma model on AdSs x S* x T*. This results in considering only an average of the free
energy F' =log 3, which in turn is given by

(F(p,7) =Y 0" (TuZ(7)) . (4.233)

As discussed in Section 4.3, this average is reproduced by a sum over torus handlebodies
of the free energy of the grand-canonical U(1)” x U(1)” 1Sy Chern-Simons theory with
vortices in the bulk.

e Second quantized average: Averaging the string theory at the level of the second
quantized theory of strings, i.e. at the level of string field theory on AdSs; x S x T*.
The resulting partition function is

(B3, 7)) = <eXp <ZkakZ (r)>> . (4.234)

As we have seen throughout this paper, the resulting expansion can be reproduced
partially by bulk U(1)” x U(1)” : Sy Chern-Simons quantities on semiclassical bulk
geometries, but many of the terms in the average cannot be recovered this way, and
are thought of as arising from ‘generalized’ geometries.

Of course, from the point of view of string theory, these are both completely valid course-
grainings of the T compactification. It’s interesting to note that a single string (4.233)
propagating on AdSs; has a simple ensemble averaged interpretation in terms of a sum over
handlebodies with vortices. When we average over multiple strings (4.234) on one back-
ground we get additional “non-semiclassical” geometries connecting the strings, for which
we have no standard holographic interpretation.

One subtlety with the above is the issue of convergence. As explained in Section 4.1,
the average of TP and therefore of the Sym(T?) partition functions only converges when
D > g+ 1. For the specific case of the tensionless string, D = 4, this means that most
contributions to the grand canonical average diverge. However, the first quantized average
(4.233) converges. Nevertheless it is still tempting to consider each individual term in the
average as arising from a bulk geometry. A bulk interpretation of the divergence is that the
sum over wormhole geometries diverges when we have too many asymptotic boundaries.

Semiclassical Limit

It would be interesting if there was an appropriate semiclassical limit of (Z1p,s,, (7)) where the
dominant geometry is given by the (U(1)” x U(1)”) 1Sy Chern-Simons theory, as opposed
to one of the more mysterious contributions. We do not have a coupling constant we can
tune, but there does appear to be a natural notion of a semiclassical limit for the Narain
average which is given by sending D — oo [46, 205].
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For N = 2 this can be argued very explicitly. The proper limit is to take D — oo while
holding the temperature 7 = i sufficiently large or small. In this limit, the contribution of
wormbholes to (Z?) is exponentially suppressed relative to the handlebodies [205]. Further-
more, it’s straightforward to see that the disconnected handlebodies that dominate (Z?) will
be replica symmetric in the large D limit.* The symmetric disconnected covers are captured
by the Chern-Simons calculation, and therefore we find in this limit

Jim Tim (Zeos, (i8)) = D Zas,(M)+O(B™), (4.235)

handlebodies M,
vortices

where the subleading terms are exponentially suppressed in D, with ¢ some constant [205],
relative to the dominant term in the semiclassical contribution. An obvious generalization
of this equation is true when  — 0. Thus, at least in this limit a semiclassical geometry
dominates the average. It would be interesting to know if this holds for general N, which
would require understanding whether disconnected symmetric handlebodies dominate (Z%)
in the large D limit.

Open Questions and future directions

We will end with a discussion of some open questions and possible future directions.

OPE Randomness Hypothesis: In [206] the OPE randomness hypothesis was proposed.
This amounts to a generalization of ETH to an ansatz for the OPE coefficients of chaotic
CFTs. The proposal conjectures that OPE coefficients involving heavy operators are ran-
dom variables obeying an approximately Gaussian distribution. Both the TP and Sym(T?)
theories should evade these proposals since the theories are not chaotic. The symmetry cur-
rents furnish selection rules which should lead to deviations away from the aforementioned
subleading non-Gaussianities. It would be interesting to determine the statistics of the OPE
coefficients in the Narain ensemble.

Deforming Towards Supergravity: There is a general expectation that the tensionless
regime can be deformed to the semiclassical supergravity regime [207] by turning on an ex-
actly marginal operator in a twisted sector of the orbifold theory, see for example [208-213].
It would be interesting to understand if it is possible to ensemble average over the Narain
moduli space with this marginal deformation turned on. One potential approach would be
to use conformal perturbation theory, and our discussion of correlators in Section 4.4 might
be useful for such an approach. It would be very interesting to see how the sum over bulk
geometries is modified as we move away from the tensionless point.

49This is because non-replica symmetric disconnected covers are subleading due to the Hawking-Page
transition at large/small temperatures.
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Averaging the D1/D5 moduli space: As mentioned above, symmetric product orbifold
theories Sym”™ (T?) live in a larger moduli space than that of their Narain seed theory, and
specifically for seed theories of central charge ¢ < 6, symmetric product orbifolds admit
marginal deformations by twist fields, which break the orbifold structure. One special such
example is the D1/D5 system compactified on T* [207], whose moduli space contains the
‘orbifold point’ Sym” (T*) along with its Narain moduli, as well as four exactly marginal
operators in the twist-2 sector.”® It would be interesting to consider an average over the
full 20-dimensional moduli space of the D1/D5 CFT. Such a computation, however, would
require knowledge of unprotected quantities on the full D1/D5 moduli space, which are cur-
rently poorly understood beyond low-orders in conformal perturbation theory.

Large N and Phase Transitions: The grand canonical ensemble of Sym(T*) is dual to
the tensionless string with any number of strings propagating on the background geometry.
It was argued in [64] that at large N the grand canonical partition function is dominated
by a configuration of strings that wind ~ N times around the AdSs boundary. This corre-
sponds to the average of the grand canonical ensemble being dominated by Chern-Simons
with gauge group G ! Sy with large N. In the case of a single winding string this would
correspond to a geometry with a single vortex, whereas multiple winding strings would par-
tially be reproduced by multiple disconnected covering spaces with multiple vortices. It was
shown that there are phase transitions between different stringy configurations as the chem-
ical potential was tuned [63], it would be interesting to better understand these transitions
from the perspective of the Chern-Simons geometries considered in this work.

Stringy Ensemble-Averaging: In this work we have attempted to construct an effective
theory of a course-grained string theory. In view of the universal complexity of full-fledged
UV compactifications there may be some logic in considering some form of course-graining
as a starting point. It would be highly interesting to seek out other examples of string
compactifications amenable to some form of ensemble averaging. See [160] for work in this
direction.

50These operators roughly correspond to introducing a non-zero ‘t Hooft coupling A.



138

Bibliography

Juan Martin Maldacena. “The Large N limit of superconformal field theories and
supergravity”. In: Adv. Theor. Math. Phys. 2 (1998), pp. 231-252. por: 10.4310/
ATMP.1998.v2.n2.al. arXiv: hep-th/9711200.

R. Jackiw. “Lower Dimensional Gravity”. In: Nucl. Phys. B252 (1985), pp. 343-356.
DOI: 10.1016/0550-3213(85)90448-1.

C. Teitelboim. “Gravitation and Hamiltonian Structure in Two Space-Time Dimen-
sions”. In: Phys. Lett. 126B (1983), pp. 41-45. DOI: 10.1016/0370-2693(83) 90012~
6.

Phil Saad, Stephen H. Shenker, and Douglas Stanford. “JT gravity as a matrix inte-
gral”. In: (2019). arXiv: 1903.11115 [hep-th].

Geoff Penington et al. “Replica wormholes and the black hole interior”. In: (Nov.
2019). arXiv: 1911.11977 [hep-th].

Ahmed Almbheiri et al. “Replica Wormholes and the Entropy of Hawking Radiation”.
In: JHEP 05 (2020), p. 013. por: 10.1007/JHEP05(2020) 013. arXiv: 1911.12333
[hep-th].

Luca V. Iliesiu, Sameer Murthy, and Gustavo J. Turiaci. “Black hole microstate
counting from the gravitational path integral”. In: (Sept. 2022). arXiv: 2209. 13602
[hep-th].

Ahmed Almbheiri and Joseph Polchinski. “Models of AdS, backreaction and hologra-
phy”. In: JHEP 11 (2015), p. 014. DOIL: 10.1007/JHEP11(2015)014. arXiv: 1402.6334
[hep-th].

Kristan Jensen. “Chaos in AdSs Holography”. In: Phys. Rev. Lett. 117.11 (2016),
p. 111601. po1: 10.1103/PhysRevLett.117.111601. arXiv: 1605.06098 [hep-th].

Juan Maldacena, Douglas Stanford, and Zhenbin Yang. “Conformal symmetry and its
breaking in two dimensional Nearly Anti-de-Sitter space”. In: PTEP 2016.12 (2016),
p. 12C104. poI1: 10.1093/ptep/ptwi24. arXiv: 1606.01857 [hep-th].

Julius Engelsoy, Thomas G. Mertens, and Herman Verlinde. “An investigation of
AdS, backreaction and holography”. In: JHEP 07 (2016), p. 139. po1: 10. 1007/
JHEP07(2016) 139. arXiv: 1606.03438 [hep-th].


https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://arxiv.org/abs/hep-th/9711200
https://doi.org/10.1016/0550-3213(85)90448-1
https://doi.org/10.1016/0370-2693(83)90012-6
https://doi.org/10.1016/0370-2693(83)90012-6
https://arxiv.org/abs/1903.11115
https://arxiv.org/abs/1911.11977
https://doi.org/10.1007/JHEP05(2020)013
https://arxiv.org/abs/1911.12333
https://arxiv.org/abs/1911.12333
https://arxiv.org/abs/2209.13602
https://arxiv.org/abs/2209.13602
https://doi.org/10.1007/JHEP11(2015)014
https://arxiv.org/abs/1402.6334
https://arxiv.org/abs/1402.6334
https://doi.org/10.1103/PhysRevLett.117.111601
https://arxiv.org/abs/1605.06098
https://doi.org/10.1093/ptep/ptw124
https://arxiv.org/abs/1606.01857
https://doi.org/10.1007/JHEP07(2016)139
https://doi.org/10.1007/JHEP07(2016)139
https://arxiv.org/abs/1606.03438

BIBLIOGRAPHY 139

[12]

[13]

[14]

[17]

18]

[19]

Douglas Stanford and Edward Witten. “JT Gravity and the Ensembles of Random
Matrix Theory”. In: (July 2019). arXiv: 1907.03363 [hep-th].

Daniel Kapec, Raghu Mahajan, and Douglas Stanford. “Matrix ensembles with global
symmetries and 't Hooft anomalies from 2d gauge theory”. In: JHEP 04 (2020), p. 186.
DOI: 10.1007/JHEP04(2020) 186. arXiv: 1912.12285 [hep-th].

Luca V. Iliesiu. “On 2D gauge theories in Jackiw-Teitelboim gravity”. In: (2019).
arXiv: 1909.05253 [hep-th].

Edward Witten. “Matrix Models and Deformations of JT Gravity”. In: (June 2020).
arXiv: 2006.13414 [hep-th].

Henry Maxfield and Gustavo J. Turiaci. “The path integral of 3D gravity near ex-
tremality; or, JT gravity with defects as a matrix integral”. In: (June 2020). arXiv:
2006.11317 [hep-th].

Felipe Rosso and Gustavo J. Turiaci. “Phase transitions for deformations of JT super-
gravity and matrix models”. In: JHEP 02 (2022), p. 187. DOI: 10.1007/JHEP02(2022)
187. arXiv: 2111.09330 [hep-th].

Gustavo J. Turiaci and Edward Witten. “A = 2 JT Supergravity and Matrix Models”.
In: (May 2023). arXiv: 2305.19438 [hep-th].

V.A. Kazakov. “The Appearance of Matter Fields from Quantum Fluctuations of 2D
Gravity”. In: Mod. Phys. Lett. A 4 (1989). Ed. by E. Brezin and S.R. Wadia, p. 2125.
DOI: 10.1142/S0217732389002392.

Matthias Staudacher. “The Yang-lee Edge Singularity on a Dynamical Planar Ran-
dom Surface”. In: Nucl. Phys. B 336 (1990). Ed. by E. Brezin and S.R. Wadia, p. 349.
DOI: 10.1016/0550-3213(90)90432-D.

Gustavo J. Turiaci, Mykhaylo Usatyuk, and Wayne W. Weng. “2D dilaton-gravity,
deformations of the minimal string, and matrix models”. In: Class. Quant. Grav. 38.20
(2021), p. 204001. DOT: 10.1088/1361-6382/ac25df. arXiv: 2011.06038 [hep-th].

Thomas G. Mertens and Gustavo J. Turiaci. “Liouville quantum gravity — holography,
JT and matrices”. In: (June 2020). arXiv: 2006.07072 [hep-th].

Robert M. Wald. General Relativity. Chicago, USA: Chicago Univ. Pr., 1984. pot:
10.7208/chicago/9780226870373.001.0001

Alexander M. Polyakov. “Quantum Geometry of Bosonic Strings”. In: Phys. Lett. B
103 (1981). Ed. by I.M. Khalatnikov and V.P. Mineev, pp. 207-210. por: 10.1016/
0370-2693(81)90743-7.

Phil Saad, Stephen H. Shenker, and Douglas Stanford. “A semiclassical ramp in SYK
and in gravity”. In: (June 2018). arXiv: 1806.06840 [hep-th].

Phil Saad et al. “A convergent genus expansion for the plateau”. In: (Oct. 2022).
arXiv: 2210.11565 [hep-th].


https://arxiv.org/abs/1907.03363
https://doi.org/10.1007/JHEP04(2020)186
https://arxiv.org/abs/1912.12285
https://arxiv.org/abs/1909.05253
https://arxiv.org/abs/2006.13414
https://arxiv.org/abs/2006.11317
https://doi.org/10.1007/JHEP02(2022)187
https://doi.org/10.1007/JHEP02(2022)187
https://arxiv.org/abs/2111.09330
https://arxiv.org/abs/2305.19438
https://doi.org/10.1142/S0217732389002392
https://doi.org/10.1016/0550-3213(90)90432-D
https://doi.org/10.1088/1361-6382/ac25df
https://arxiv.org/abs/2011.06038
https://arxiv.org/abs/2006.07072
https://doi.org/10.7208/chicago/9780226870373.001.0001
https://doi.org/10.1016/0370-2693(81)90743-7
https://doi.org/10.1016/0370-2693(81)90743-7
https://arxiv.org/abs/1806.06840
https://arxiv.org/abs/2210.11565

BIBLIOGRAPHY 140

[27]
28]
[29]
[30]

[31]

[32]

[33]

[39]

[40]

Andreas Blommaert, Jorrit Kruthoff, and Shunyu Yao. “An integrable road to a
perturbative plateau”. In: (Aug. 2022). arXiv: 2208.13795 [hep-th].

Phil Saad. “Late Time Correlation Functions, Baby Universes, and ETH in JT Grav-
ity”. In: (2019). arXiv: 1910.10311 [hep-th].

Luca V. lliesiu and Gustavo J. Turiaci. “The statistical mechanics of near-extremal
black holes”. In: (Mar. 2020). arXiv: 2003.02860 [hep-th].

Luca V. lliesiu, Murat Kologlu, and Gustavo J. Turiaci. “Supersymmetric indices
factorize”. In: (July 2021). arXiv: 2107.09062 [hep-th].

Luca V. Iliesiu, Mark Mezei, and Gabor Sarosi. “The volume of the black hole interior
at late times”. In: JHEP 07 (2022), p. 073. DOI: 10.1007/JHEPO7 (2022)073. arXiv:
2107.06286 [hep-th].

Matthew Heydeman et al. “The statistical mechanics of near-BPS black holes”. In:
(Nov. 2020). arXiv: 2011.01953 [hep-th].

Douglas Stanford and Zhenbin Yang. “Firewalls from wormholes”. In: (Aug. 2022).
arXiv: 2208.01625 [hep-th].

Ahmed Almbheiri and Henry W. Lin. “The entanglement wedge of unknown cou-
plings”. In: JHEP 08 (2022), p. 062. pO1: 10.1007/JHEP08(2022) 062. arXiv: 2111.
06298 [hep-th].

Yiming Chen and Henry W. Lin. “Signatures of global symmetry violation in rela-
tive entropies and replica wormholes”. In: JHEP 03 (2021), p. 040. por: 10.1007/
JHEP03(2021) 040. arXiv: 2011.06005 [hep-th].

Animik Ghosh, Henry Maxfield, and Gustavo J. Turiaci. “A universal Schwarzian
sector in two-dimensional conformal field theories”. In: (2019). arXiv: 1912.07654
[hep-th].

Donald Marolf and Henry Maxfield. “Transcending the ensemble: baby universes,
spacetime wormholes, and the order and disorder of black hole information”. In:
(Feb. 2020). arXiv: 2002.08950 [hep-th].

Sean Colin-Ellerin et al. “Real-time gravitational replicas: Formalism and a variational
principle”. In: JHEP 05 (2021), p. 117. por: 10. 1007/ JHEP05(2021) 117. arXiv:
2012.00828 [hep-th].

Sean Colin-Ellerin et al. “Real-time gravitational replicas: low dimensional examples”.
In: JHEP 08 (2021), p. 171. por: 10.1007/JHEP08(2021) 171. arXiv: 2105.07002
[hep-th].

Donald Marolf. “Gravitational thermodynamics without the conformal factor prob-
lem: partition functions and Euclidean saddles from Lorentzian path integrals”. In:
JHEP 07 (2022), p. 108. por: 10 . 1007 / JHEPO7 (2022 ) 108. arXiv: 2203 . 07421
[hep-th].


https://arxiv.org/abs/2208.13795
https://arxiv.org/abs/1910.10311
https://arxiv.org/abs/2003.02860
https://arxiv.org/abs/2107.09062
https://doi.org/10.1007/JHEP07(2022)073
https://arxiv.org/abs/2107.06286
https://arxiv.org/abs/2011.01953
https://arxiv.org/abs/2208.01625
https://doi.org/10.1007/JHEP08(2022)062
https://arxiv.org/abs/2111.06298
https://arxiv.org/abs/2111.06298
https://doi.org/10.1007/JHEP03(2021)040
https://doi.org/10.1007/JHEP03(2021)040
https://arxiv.org/abs/2011.06005
https://arxiv.org/abs/1912.07654
https://arxiv.org/abs/1912.07654
https://arxiv.org/abs/2002.08950
https://doi.org/10.1007/JHEP05(2021)117
https://arxiv.org/abs/2012.00828
https://doi.org/10.1007/JHEP08(2021)171
https://arxiv.org/abs/2105.07002
https://arxiv.org/abs/2105.07002
https://doi.org/10.1007/JHEP07(2022)108
https://arxiv.org/abs/2203.07421
https://arxiv.org/abs/2203.07421

BIBLIOGRAPHY 141

[41]

Po-Shen Hsin, Luca V. Iliesiu, and Zhenbin Yang. “A violation of global symmetries
from replica wormholes and the fate of black hole remnants”. In: Class. Quant. Grav.
38.19 (2021), p. 194004. por: 10.1088/1361-6382/ac2134. arXiv: 2011 . 09444
[hep-th].

Juan Maldacena, Gustavo J. Turiaci, and Zhenbin Yang. “Two dimensional Nearly
de Sitter gravity”. In: (2019). arXiv: 1904.01911 [hep-th].

S. Mandelstam. “Interacting String Picture of Dual Resonance Models”. In: Nucl.
Phys. B 64 (1973), pp. 205-235. DOIL: 10.1016/0550-3213(73)90622-6.

Stanley Mandelstam. “THE INTERACTING STRING PICTURE AND FUNCTIONAL
INTEGRATION”. In: Workshop on Unified String Theories. Oct. 1985.

Mykhaylo Usatyuk. “Comments on Lorentzian topology change in JT gravity”. In:
(Oct. 2022). arXiv: 2210.04906 [hep-th].

Alexander Maloney and Edward Witten. “Averaging Over Narain Moduli Space”. In:
(June 2020). arXiv: 2006.04855 [hep-th].

Nima Afkhami-Jeddi et al. “Free partition functions and an averaged holographic
duality”. In: (June 2020). arXiv: 2006.04839 [hep-th].

Jordan Cotler and Kristan Jensen. “AdS; gravity and random CFT”. In: (June 2020).
arXiv: 2006.08648 [hep-th].

Jeevan Chandra et al. “Semiclassical 3D gravity as an average of large-c CFTs”. In:
(Mar. 2022). arXiv: 2203.06511 [hep-th].

Scott Collier and Eric Perlmutter. “Harnessing S-duality in N = 4 SYM & super-
gravity as SL(2, Z)-averaged strings”. In: JHEP 08 (2022), p. 195. por: 10. 1007/
JHEP08(2022) 195. arXiv: 2201.05093 [hep-th].

Shouvik Datta et al. “Adding flavor to the Narain ensemble”. In: JHEP 05 (2022),
p. 090. po1: 10.1007/JHEP05(2022)090. arXiv: 2102.12509 [hep-th].

Alfredo Pérez and Ricardo Troncoso. “Gravitational dual of averaged free CFT’s over
the Narain lattice”. In: JHEP 11 (2020), p. 015. DOI: 10.1007/JHEP11(2020) 015.
arXiv: 2006.08216 [hep-th].

Joris Raeymaekers. “A note on ensemble holography for rational tori”. In: JHEP 12
(2021), p. 177. DOL: 10.1007/JHEP12(2021)177. arXiv: 2110.08833 [hep-th].

Meer Ashwinkumar et al. “Chern-Simons invariants from ensemble averages”. In:
JHEP 08 (2021), p. 044. por: 10 . 1007 / JHEP08(2021) 044. arXiv: 2104 . 14710
[hep-th].

Anatoly Dymarsky and Alfred Shapere. “Quantum stabilizer codes, lattices, and
CFTs”. In: JHEP 21 (2020), p. 160. por: 10 . 1007 / JHEP03(2021 ) 160. arXiv:
2009.01244 [hep-th].


https://doi.org/10.1088/1361-6382/ac2134
https://arxiv.org/abs/2011.09444
https://arxiv.org/abs/2011.09444
https://arxiv.org/abs/1904.01911
https://doi.org/10.1016/0550-3213(73)90622-6
https://arxiv.org/abs/2210.04906
https://arxiv.org/abs/2006.04855
https://arxiv.org/abs/2006.04839
https://arxiv.org/abs/2006.08648
https://arxiv.org/abs/2203.06511
https://doi.org/10.1007/JHEP08(2022)195
https://doi.org/10.1007/JHEP08(2022)195
https://arxiv.org/abs/2201.05093
https://doi.org/10.1007/JHEP05(2022)090
https://arxiv.org/abs/2102.12509
https://doi.org/10.1007/JHEP11(2020)015
https://arxiv.org/abs/2006.08216
https://doi.org/10.1007/JHEP12(2021)177
https://arxiv.org/abs/2110.08833
https://doi.org/10.1007/JHEP08(2021)044
https://arxiv.org/abs/2104.14710
https://arxiv.org/abs/2104.14710
https://doi.org/10.1007/JHEP03(2021)160
https://arxiv.org/abs/2009.01244

BIBLIOGRAPHY 142

[56]

[57]

[58]

Anatoly Dymarsky and Alfred Shapere. “Comments on the holographic description
of Narain theories”. In: JHEP 10 (2021), p. 197. por: 10.1007/JHEP10(2021) 197.
arXiv: 2012.15830 [hep-th].

Junkai Dong, Thomas Hartman, and Yikun Jiang. “Averaging over moduli in de-
formed WZW models”. In: JHEP 09 (2021), p. 185. bo1: 10.1007/JHEP09 (2021) 185.
arXiv: 2105.12594 [hep-th].

Viraj Meruliya, Sunil Mukhi, and Palash Singh. “Poincaré Series, 3d Gravity and
Averages of Rational CFT”. In: JHEP 04 (2021), p. 267. DOI: 10.1007/JHEP04 (2021)
267. arXiv: 2102.03136 [hep-th].

Viraj Meruliya and Sunil Mukhi. “AdSs gravity and RCFT ensembles with multiple
invariants”. In: JHEP 08 (2021), p. 098. DOI: 10.1007/JHEP08(2021) 098. arXiv:
2104.10178 [hep-thl].

John L. Cardy. “Operator Content of Two-Dimensional Conformally Invariant The-
ories”. In: Nucl. Phys. B 270 (1986), pp. 186-204. por: 10.1016/0550-3213(86)
90552-3.

Lorenz Eberhardt, Matthias R. Gaberdiel, and Rajesh Gopakumar. “The Worldsheet
Dual of the Symmetric Product CFT”. In: JHEP 04 (2019), p. 103. po1: 10.1007/
JHEP04(2019) 103. arXiv: 1812.01007 [hep-th].

Lorenz Eberhardt, Matthias R. Gaberdiel, and Rajesh Gopakumar. “Deriving the
AdS;3/CF Ty correspondence”. In: JHEP 02 (2020), p. 136. DOI: 10.1007/JHEP02(2020)
136. arXiv: 1911.00378 [hep-th].

Lorenz Eberhardt. “AdS;/CFTy at higher genus”. In: JHEP 05 (2020), p. 150. DOL:
10.1007/JHEP05(2020) 150. arXiv: 2002.11729 [hep-th].

Lorenz Eberhardt. “Partition functions of the tensionless string”. In: JHEP 03 (2021),
p. 176. Do1: 10.1007/JHEP03(2021)176. arXiv: 2008.07533 [hep-th].

Lorenz Eberhardt. “Summing over Geometries in String Theory”. In: JHEP 05 (2021),
p- 233. DOI: 10.1007/JHEP05(2021)233. arXiv: 2102.12355 [hep-th].

Joshua Kames-King et al. “The Lion, the Witch, and the Wormhole: Ensemble averag-
ing the symmetric product orbifold”. In: (June 2023). arXiv: 2306.07321 [hep-th].

Douglas Stanford and Edward Witten. “Fermionic Localization of the Schwarzian
Theory”. In: JHEP 10 (2017), p. 008. por: 10 . 1007 / JHEP10(2017) 008. arXiv:
1703.04612 [hep-th].

Thomas G. Mertens, Gustavo J. Turiaci, and Herman L. Verlinde. “Solving the
Schwarzian via the Conformal Bootstrap”. In: JHEP 08 (2017), p. 136. DOI: 10.
1007/JHEP08(2017) 136. arXiv: 1705.08408 [hep-th].

Ho Tat Lam et al. “Shockwave S-matrix from Schwarzian Quantum Mechanics”. In:
JHEP 11 (2018), p. 182. pOI: 10 . 1007 / JHEP11(2018) 182. arXiv: 1804 . 09834
[hep-th].


https://doi.org/10.1007/JHEP10(2021)197
https://arxiv.org/abs/2012.15830
https://doi.org/10.1007/JHEP09(2021)185
https://arxiv.org/abs/2105.12594
https://doi.org/10.1007/JHEP04(2021)267
https://doi.org/10.1007/JHEP04(2021)267
https://arxiv.org/abs/2102.03136
https://doi.org/10.1007/JHEP08(2021)098
https://arxiv.org/abs/2104.10178
https://doi.org/10.1016/0550-3213(86)90552-3
https://doi.org/10.1016/0550-3213(86)90552-3
https://doi.org/10.1007/JHEP04(2019)103
https://doi.org/10.1007/JHEP04(2019)103
https://arxiv.org/abs/1812.01007
https://doi.org/10.1007/JHEP02(2020)136
https://doi.org/10.1007/JHEP02(2020)136
https://arxiv.org/abs/1911.00378
https://doi.org/10.1007/JHEP05(2020)150
https://arxiv.org/abs/2002.11729
https://doi.org/10.1007/JHEP03(2021)176
https://arxiv.org/abs/2008.07533
https://doi.org/10.1007/JHEP05(2021)233
https://arxiv.org/abs/2102.12355
https://arxiv.org/abs/2306.07321
https://doi.org/10.1007/JHEP10(2017)008
https://arxiv.org/abs/1703.04612
https://doi.org/10.1007/JHEP08(2017)136
https://doi.org/10.1007/JHEP08(2017)136
https://arxiv.org/abs/1705.08408
https://doi.org/10.1007/JHEP11(2018)182
https://arxiv.org/abs/1804.09834
https://arxiv.org/abs/1804.09834

BIBLIOGRAPHY 143

[70] Alexei Kitaev and S. Josephine Suh. “Statistical mechanics of a two-dimensional
black hole”. In: JHEP 05 (2019), p. 198. pO1: 10.1007/JHEP05(2019) 198. arXiv:
1808.07032 [hep-th].

[71] Zhenbin Yang. “The Quantum Gravity Dynamics of Near Extremal Black Holes”.
In: JHEP 05 (2019), p. 205. Do1: 10.1007/JHEP05(2019) 205. arXiv: 1809.08647
[hep-th].

[72] Luca V. Iliesiu et al. “An exact quantization of Jackiw-Teitelboim gravity”. In: (2019).
arXiv: 1905.02726 [hep-th].

[73] Juan Maldacena, Douglas Stanford, and Zhenbin Yang. “Diving into traversable
wormholes”. In: Fortsch. Phys. 65.5 (2017), p. 1700034. DOI: 10.1002/prop.201700034.
arXiv: 1704.05333 [hep-th].

[74]  Juan Maldacena and Xiao-Liang Qi. “Eternal traversable wormhole”. In: (Apr. 2018).
arXiv: 1804.00491 [hep-th].

[75] Ping Gao, Daniel Louis Jafferis, and Aron C. Wall. “Traversable Wormbholes via a Dou-
ble Trace Deformation”. In: JHEP 12 (2017), p. 151. DOI: 10.1007/JHEP12(2017)
151. arXiv: 1608.05687 [hep-th].

[76] Geoffrey Penington. “Entanglement Wedge Reconstruction and the Information Para-
dox”. In: JHEP 09 (2020), p. 002. por: 10.1007/JHEP09(2020) 002. arXiv: 1905.
08255 [hep-th].

[77]  Ahmed Almbheiri et al. “The entropy of bulk quantum fields and the entanglement
wedge of an evaporating black hole”. In: JHEP 12 (2019), p. 063. DOI: 10. 1007/
JHEP12(2019)063. arXiv: 1905.08762 [hep-th].

[78] E. Brezin and V.A. Kazakov. “Exactly Solvable Field Theories of Closed Strings”. In:
Phys. Lett. B 236 (1990), pp. 144-150. por: 10.1016/0370-2693(90)90818-Q.

[79] Michael R. Douglas and Stephen H. Shenker. “Strings in Less Than One-Dimension”.
In: Nucl. Phys. B 335 (1990). Ed. by E. Brezin and S.R. Wadia, p. 635. DOI: 10.
1016/0550-3213(90)90522-F.

[80] David J. Gross and Alexander A. Migdal. “Nonperturbative Two-Dimensional Quan-
tum Gravity”. In: Phys. Rev. Lett. 64 (1990). Ed. by E. Brezin and S.R. Wadia, p. 127.
DOI: 10.1103/PhysRevLett.64.127.

[81] Jordan Cotler, Kristan Jensen, and Alexander Maloney. “Low-dimensional de Sitter
quantum gravity”. In: (2019). arXiv: 1905.03780 [hep-th].

[82] Kazumi Okuyama and Kazuhiro Sakai. “JT gravity, KdV equations and macroscopic
loop operators”. In: JHEP 01 (2020), p. 156. DO1: 10.1007/JHEP01(2020) 156. arXiv:
1911.01659 [hep-th].

[83] Kazumi Okuyama and Kazuhiro Sakai. “Multi-boundary correlators in JT gravity”.
In: (2020). arXiv: 2004.07555 [hep-th].


https://doi.org/10.1007/JHEP05(2019)198
https://arxiv.org/abs/1808.07032
https://doi.org/10.1007/JHEP05(2019)205
https://arxiv.org/abs/1809.08647
https://arxiv.org/abs/1809.08647
https://arxiv.org/abs/1905.02726
https://doi.org/10.1002/prop.201700034
https://arxiv.org/abs/1704.05333
https://arxiv.org/abs/1804.00491
https://doi.org/10.1007/JHEP12(2017)151
https://doi.org/10.1007/JHEP12(2017)151
https://arxiv.org/abs/1608.05687
https://doi.org/10.1007/JHEP09(2020)002
https://arxiv.org/abs/1905.08255
https://arxiv.org/abs/1905.08255
https://doi.org/10.1007/JHEP12(2019)063
https://doi.org/10.1007/JHEP12(2019)063
https://arxiv.org/abs/1905.08762
https://doi.org/10.1016/0370-2693(90)90818-Q
https://doi.org/10.1016/0550-3213(90)90522-F
https://doi.org/10.1016/0550-3213(90)90522-F
https://doi.org/10.1103/PhysRevLett.64.127
https://arxiv.org/abs/1905.03780
https://doi.org/10.1007/JHEP01(2020)156
https://arxiv.org/abs/1911.01659
https://arxiv.org/abs/2004.07555

BIBLIOGRAPHY 144

[84]

[100]

Clifford V. Johnson. “Non-Perturbative JT Gravity”. In: (Dec. 2019). arXiv: 1912.
03637 [hep-th].

Clifford V. Johnson. “JT Supergravity, Minimal Strings, and Matrix Models”. In:
(2020). arXiv: 2005.01893 [hep-th].

Nathan Seiberg and Douglas Stanford. “unpublished”. In: (2019).

Thomas G. Mertens. “Degenerate operators in JT and Liouville (super)gravity”. In:
(July 2020). arXiv: 2007.00998 [hep-th].

Alexander Altland and Julian Sonner. “Late time physics of holographic quantum
chaos”. In: (Aug. 2020). arXiv: 2008.02271 [hep-th].

Akash Goel et al. “Classifying boundary conditions in JT gravity: from energy-branes
to a-branes”. In: (Oct. 2020). arXiv: 2010.12592 [hep-th].

Thomas G. Mertens and Gustavo J. Turiaci. “Defects in Jackiw-Teitelboim Quantum
Gravity”. In: (2019). arXiv: 1904.05228 [hep-th].

Alexander A. Migdal. “Phase Transitions in Gauge and Spin Lattice Systems”. In:
Sov. Phys. JETP 42 (1975). [Zh. Eksp. Teor. Fiz.69,1457(1975)], p. 743.

A A. Belavin and A.B. Zamolodchikov. “On Correlation Numbers in 2D Minimal
Gravity and Matrix Models”. In: J. Phys. A 42 (2009), p. 304004. DO1: 10.1088/1751~
8113/42/30/304004. arXiv: 0811.0450 [hep—th].

Gregory W. Moore, Nathan Seiberg, and Matthias Staudacher. “From loops to states
in 2-D quantum gravity”. In: Nucl. Phys. B 362 (1991), pp. 665-709. por: 10.1016/
0550-3213(91)90548-C.

Daniel Kapec and Raghu Mahajan. “Comments on the Quantum Field Theory of the
Coulomb Gas Formalism”. In: (Oct. 2020). arXiv: 2010.10428 [hep-th].

Timothy Budd. “Irreducible Metric Maps and Weil-Petersson Volumes”. In: Com-
mun. Math. Phys. 394.2 (2022), pp. 887-917. DOI: 10.1007/s00220-022-04418-6.
arXiv: 2012.11318 [math-ph].

Scott Collier et al. “Quantum Regge Trajectories and the Virasoro Analytic Boot-
strap”. In: JHEP 05 (2019), p. 212. por: 10.1007/JHEP05(2019) 212. arXiv: 1811.
05710 [hep-th].

Dionysios Anninos and Damian A. Galante. “Constructing AdS_2 flow geometries”.
In: (Nov. 2020). arXiv: 2011.01944 [hep-th].

Davood Momeni and Phongpichit Channuie. “Exact Solutions of (deformed) Jackiw-
Teitelboim Gravity”. In: (Sept. 2020). arXiv: 2009.03723 [hep-th].

Davood Momeni. “Real Classical Geometry with arbitrary deficit angle o in Deformed
Jackiw-Teitelboim Gravity”. In: (Sept. 2020). arXiv: 2010.00377 [hep-th].

Eric Mefford and Kenta Suzuki. “Jackiw-Teitelboim quantum gravity with defects
and the Aharonov-Bohm effect”. In: (Nov. 2020). arXiv: 2011.04695 [hep-th].


https://arxiv.org/abs/1912.03637
https://arxiv.org/abs/1912.03637
https://arxiv.org/abs/2005.01893
https://arxiv.org/abs/2007.00998
https://arxiv.org/abs/2008.02271
https://arxiv.org/abs/2010.12592
https://arxiv.org/abs/1904.05228
https://doi.org/10.1088/1751-8113/42/30/304004
https://doi.org/10.1088/1751-8113/42/30/304004
https://arxiv.org/abs/0811.0450
https://doi.org/10.1016/0550-3213(91)90548-C
https://doi.org/10.1016/0550-3213(91)90548-C
https://arxiv.org/abs/2010.10428
https://doi.org/10.1007/s00220-022-04418-6
https://arxiv.org/abs/2012.11318
https://doi.org/10.1007/JHEP05(2019)212
https://arxiv.org/abs/1811.05710
https://arxiv.org/abs/1811.05710
https://arxiv.org/abs/2011.01944
https://arxiv.org/abs/2009.03723
https://arxiv.org/abs/2010.00377
https://arxiv.org/abs/2011.04695

BIBLIOGRAPHY 145

[101] K. Narayan. “On aspects of 2-dim dilaton gravity, dimensional reduction and holog-
raphy”. In: (Oct. 2020). arXiv: 2010.12955 [hep-th].

[102] Mohsen Alishahiha et al. “On Free Energy for Deformed JT Gravity”. In: (Oct. 2020).
arXiv: 2010.02016 [hep-th].

[103] Maryam Mirzakhani. “Simple geodesics and Weil-Petersson volumes of moduli spaces
of bordered Riemann surfaces”. In: Invent. Math. 167.1 (2006), pp. 179-222. DOIL:
10.1007/s00222-006-0013-2.

[104] Bertrand Eynard and Nicolas Orantin. “Weil-Petersson volume of moduli spaces,
Mirzakhani’s recursion and matrix models”. In: (May 2007). arXiv: 0705.3600 [math-ph].

[105] Ser Peow Tan, Yan Loi Wong, and Ying Zhang. “Generalizations of McShane’s iden-
tity to hyperbolic cone-surfaces”. In: (2004). arXiv: math/0404226 [math.GT].

[106] Norman Do and Paul Norbury. “Weil-Petersson volumes and cone surfaces”. In:
(2006). arXiv: math/0603406 [math.AG].

[107]  Norman Do. “Moduli spaces of hyperbolic surfaces and their Weil-Petersson volumes”.
In: (2011). arXiv: 1103.4674 [math.GT].

[108] Juan Martin Maldacena et al. “Exact vs. semiclassical target space of the minimal
string”. In: JHEP 10 (2004), p. 020. DOI: 10.1088/1126-6708/2004/10/020. arXiv:
hep-th/0408039.

[109] Alexei B. Zamolodchikov. “Three-point function in the minimal Liouville gravity”.
In: Theor. Math. Phys. 142 (2005), pp. 183-196. DOI: 10.1007/s11232-005-0003-3.
arXiv: hep-th/0505063.

[110] LK. Kostov and V.B. Petkova. “Bulk correlation functions in 2-D quantum gravity”.
In: Theor. Math. Phys. 146 (2006), pp. 108-118. Do1: 10.1007/511232-006-0011~-y.
arXiv: hep-th/0505078.

[111] Ivan K. Kostov. “Boundary correlators in 2-D quantum gravity: Liouville versus dis-
crete approach”. In: Nucl. Phys. B 658 (2003), pp. 397-416. DOI: 10.1016/S0550~
3213(03)00147-0. arXiv: hep-th/0212194.

[112] Ivan K. Kostov, Benedicte Ponsot, and Didina Serban. “Boundary Liouville theory
and 2-D quantum gravity”. In: Nucl. Phys. B 683 (2004), pp. 309-362. DOI: 10.1016/
j.nuclphysb.2004.02.009. arXiv: hep-th/0307189.

[113] V. Fateev, Alexander B. Zamolodchikov, and Alexei B. Zamolodchikov. “Boundary
Liouville field theory. 1. Boundary state and boundary two point function”. In: (Jan.
2000). arXiv: hep-th/0001012.

[114] Hideki Kyono, Suguru Okumura, and Kentaroh Yoshida. “Deformations of the Almheiri-
Polchinski model”. In: JHEP 03 (2017), p. 173. po1: 10.1007/JHEP03(2017) 173.
arXiv: 1701.06340 [hep-th].


https://arxiv.org/abs/2010.12955
https://arxiv.org/abs/2010.02016
https://doi.org/10.1007/s00222-006-0013-2
https://arxiv.org/abs/0705.3600
https://arxiv.org/abs/math/0404226
https://arxiv.org/abs/math/0603406
https://arxiv.org/abs/1103.4674
https://doi.org/10.1088/1126-6708/2004/10/020
https://arxiv.org/abs/hep-th/0408039
https://doi.org/10.1007/s11232-005-0003-3
https://arxiv.org/abs/hep-th/0505063
https://doi.org/10.1007/s11232-006-0011-y
https://arxiv.org/abs/hep-th/0505078
https://doi.org/10.1016/S0550-3213(03)00147-0
https://doi.org/10.1016/S0550-3213(03)00147-0
https://arxiv.org/abs/hep-th/0212194
https://doi.org/10.1016/j.nuclphysb.2004.02.009
https://doi.org/10.1016/j.nuclphysb.2004.02.009
https://arxiv.org/abs/hep-th/0307189
https://arxiv.org/abs/hep-th/0001012
https://doi.org/10.1007/JHEP03(2017)173
https://arxiv.org/abs/1701.06340

BIBLIOGRAPHY 146

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

124]

[125]

[126]

[127]

Hideki Kyono, Suguru Okumura, and Kentaroh Yoshida. “Comments on 2D dilaton
gravity system with a hyperbolic dilaton potential”. In: Nucl. Phys. B 923 (2017),
pp. 126-143. por: 10. 1016/ j . nuclphysb . 2017 . 07 . 013. arXiv: 1704 . 07410
[hep-th].

Suguru Okumura and Kentaroh Yoshida. “Weyl transformation and regular solutions
in a deformed Jackiw—Teitelboim model”. In: Nucl. Phys. B 933 (2018), pp. 234-247.
DOI: 10.1016/j .nuclphysb.2018.06.003. arXiv: 1801.10537 [hep-th].

Alexander A. Migdal. “Loop Equations and 1/N Expansion”. In: Phys. Rept. 102
(1983), pp. 199-290. poI1: 10.1016/0370-1573(83)90076-5.

B. Eynard. “Topological expansion for the 1-Hermitian matrix model correlation func-
tions”. In: JHEP 11 (2004), p. 031. DOI: 10.1088/1126-6708/2004/11/031. arXiv:
hep-th/0407261.

Bertrand Eynard and Nicolas Orantin. “Invariants of algebraic curves and topological
expansion”. In: Commun. Num. Theor. Phys. 1 (2007), pp. 347-452. por: 10.4310/
CNTP.2007.v1.n2.a4. arXiv: math-ph/0702045.

C. Itzykson and J.B. Zuber. “The Planar Approximation. 2.” In: J. Math. Phys. 21
(1980), p. 411. po1: 10.1063/1.524438.

F. David. “Planar Diagrams, Two-Dimensional Lattice Gravity and Surface Models”.
In: Nucl. Phys. B 257 (1985). Ed. by E. Brezin and S.R. Wadia, p. 45. DOI: 10.1016/
0550-3213(85)90335-9.

V.A. Kazakov. “Bilocal Regularization of Models of Random Surfaces”. In: Phys.
Lett. B 150 (1985), pp. 282-284. DOI: 10.1016/0370-2693(85)91011-1.

V.A. Kazakov, Alexander A. Migdal, and I.K. Kostov. “Critical Properties of Ran-
domly Triangulated Planar Random Surfaces”. In: Phys. Lett. B 157 (1985), pp. 295—
300. por: 10.1016/0370-2693(85) 90669-0.

Tom Banks et al. “Microscopic and Macroscopic Loops in Nonperturbative Two-
dimensional Gravity”. In: Phys. Lett. B 238 (1990). Ed. by E. Brezin and S.R. Wadia,
p- 279. DOI: 10.1016/0370-2693(90)91736-U.

I M Gelfand and L A Dikii. “Asymptotic behaviour of the resolvent of Sturm-Liouville
equations and the algebra of the Korteweg-de Vries equations”. In: Russian Mathemat-
ical Surveys 30.5 (Oct. 1975), pp. 77-113. DOIL: 10.1070/rm1975v030n05abeh001522.

I. M. Gelfand and L. A. Dikii. “Fractional powers of operators and Hamiltonian
systems”. In: Functional Analysis and Its Applications 10.4 (1976), pp. 259-273. DOT:
10.1007/BF01076025.

Alexei Kitaev and S. Josephine Suh. “The soft mode in the Sachdev-Ye-Kitaev model
and its gravity dual”. In: JHEP 05 (2018), p. 183. por: 10.1007/JHEP05(2018) 183.
arXiv: 1711.08467 [hep-th].


https://doi.org/10.1016/j.nuclphysb.2017.07.013
https://arxiv.org/abs/1704.07410
https://arxiv.org/abs/1704.07410
https://doi.org/10.1016/j.nuclphysb.2018.06.003
https://arxiv.org/abs/1801.10537
https://doi.org/10.1016/0370-1573(83)90076-5
https://doi.org/10.1088/1126-6708/2004/11/031
https://arxiv.org/abs/hep-th/0407261
https://doi.org/10.4310/CNTP.2007.v1.n2.a4
https://doi.org/10.4310/CNTP.2007.v1.n2.a4
https://arxiv.org/abs/math-ph/0702045
https://doi.org/10.1063/1.524438
https://doi.org/10.1016/0550-3213(85)90335-9
https://doi.org/10.1016/0550-3213(85)90335-9
https://doi.org/10.1016/0370-2693(85)91011-1
https://doi.org/10.1016/0370-2693(85)90669-0
https://doi.org/10.1016/0370-2693(90)91736-U
https://doi.org/10.1070/rm1975v030n05abeh001522
https://doi.org/10.1007/BF01076025
https://doi.org/10.1007/JHEP05(2018)183
https://arxiv.org/abs/1711.08467

BIBLIOGRAPHY 147

[128]

[129]
[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139)]

[140]

[141]

Daniel Grumiller and Robert McNees. “Thermodynamics of black holes in two (and
higher) dimensions”. In: JHEP 04 (2007), p. 074. boI: 10.1088/1126-6708/2007/
04/074. arXiv: hep-th/0703230.

Edward Witten. “Deformations of JT Gravity and Phase Transitions”. In: (June
2020). arXiv: 2006.03494 [hep-th].

Jordan Cotler and Kristan Jensen. “Wormholes and black hole microstates in AdS/CFT”.
In: (Apr. 2021). arXiv: 2104.00601 [hep-th].

Vladimir A. Kazakov, Matthias Staudacher, and Thomas Wynter. “Exact solution of
discrete two-dimensional R**2 gravity”. In: Nucl. Phys. B 471 (1996), pp. 309-333.
DOI: 10.1016/0550-3213(96)00184-8. arXiv: hep-th/9601069.

Vladimir Kazakov and Fedor Levkovich-Maslyuk. “Disc partition function of 2d R?
gravity from DWG matrix model”. In: JHEP 01 (2022), p. 190. por: 10 . 1007 /
JHEP01(2022)190. arXiv: 2110.10104 [hep-th].

Clifford V. Johnson and Felipe Rosso. “Solving Puzzles in Deformed JT Gravity:
Phase Transitions and Non-Perturbative Effects”. In: (Nov. 2020). arXiv: 2011.06026
[hep-th].

Dionysios Anninos and Diego M. Hofman. “Infrared Realization of dS, in AdS,”. In:
Class. Quant. Grav. 35.8 (2018), p. 085003. DOI: 10.1088/1361-6382/aab143. arXiv:
1703.04622 [hep-th].

Dionysios Anninos, Damian A. Galante, and Diego M. Hofman. “De Sitter Horizons &
Holographic Liquids”. In: JHEP 07 (2019), p. 038. DOI: 10.1007/JHEP07 (2019) 038.
arXiv: 1811.08153 [hep-th].

Daniel Harlow and Daniel Jafferis. “The Factorization Problem in Jackiw-Teitelboim
Gravity”. In: JHEP 02 (2020), p. 177. por: 10 . 1007 / JHEP02(2020) 177. arXiv:
1804.01081 [hep—th].

Steven B. Giddings and Scott A. Wolpert. “A Triangulation of Moduli Space From
Light Cone String Theory”. In: Commun. Math. Phys. 109 (1987), p. 177. DOT: 10.
1007/BF01215219.

Eric D’Hoker and Steven B. Giddings. “Unitarity of the closed bosonic Polyakov
string”. In: Nucl. Phys. B 291 (1987), p. 90. DOI: 10.1016/0550-3213(87)90466-4.

Hidenori Sonoda. “Functional Determinants on Punctured Riemann Surfaces and
Their Application to String Theory”. In: Nucl. Phys. B 294 (1987), pp. 157-192. poT1:
10.1016/0550-3213(87)90578-5.

Jorma Louko and Rafael D. Sorkin. “Complex actions in two-dimensional topology
change”. In: Class. Quant. Grav. 14 (1997), pp. 179-204. por: 10.1088/0264-9381/
14/1/018. arXiv: gr-qc/9511023.

Edward Witten. “A Note On Complex Spacetime Metrics”. In: (Nov. 2021). arXiv:
2111.06514 [hep-th].


https://doi.org/10.1088/1126-6708/2007/04/074
https://doi.org/10.1088/1126-6708/2007/04/074
https://arxiv.org/abs/hep-th/0703230
https://arxiv.org/abs/2006.03494
https://arxiv.org/abs/2104.00601
https://doi.org/10.1016/0550-3213(96)00184-8
https://arxiv.org/abs/hep-th/9601069
https://doi.org/10.1007/JHEP01(2022)190
https://doi.org/10.1007/JHEP01(2022)190
https://arxiv.org/abs/2110.10104
https://arxiv.org/abs/2011.06026
https://arxiv.org/abs/2011.06026
https://doi.org/10.1088/1361-6382/aab143
https://arxiv.org/abs/1703.04622
https://doi.org/10.1007/JHEP07(2019)038
https://arxiv.org/abs/1811.08153
https://doi.org/10.1007/JHEP02(2020)177
https://arxiv.org/abs/1804.01081
https://doi.org/10.1007/BF01215219
https://doi.org/10.1007/BF01215219
https://doi.org/10.1016/0550-3213(87)90466-4
https://doi.org/10.1016/0550-3213(87)90578-5
https://doi.org/10.1088/0264-9381/14/1/018
https://doi.org/10.1088/0264-9381/14/1/018
https://arxiv.org/abs/gr-qc/9511023
https://arxiv.org/abs/2111.06514

BIBLIOGRAPHY 148

142]

143]

[144]

[145]

[146]
147]

148

[149]
[150]
[151]

[152]

[153]

[154]

[155]

Maxim Kontsevich and Graeme Segal. “Wick Rotation and the Positivity of Energy
in Quantum Field Theory”. In: Quart. J. Math. Ozxford Ser. 72.1-2 (2021), pp. 673~
699. DOI: 10.1093/gmath/haab027. arXiv: 2105.10161 [hep-th].

Laurent Freidel, David Garner, and Sanjaye Ramgoolam. “Permutation combinatorics
of worldsheet moduli space”. In: Phys. Rev. D 91.12 (2015), p. 126001. pDO1: 10.1103/
PhysRevD.91.126001. arXiv: 1412.3979 [hep-th].

Mijia Lai. “Metric aspects of conic surfaces”. In: Frontiers of Mathematics in China
11.5 (2016), p. 1291.

Marc Troyanov. “Prescribing curvature on compact surfaces with conical singulari-
ties”. In: Transactions of the American Mathematical Society 324.2 (1991), pp. 793—
821.

Robert C McOwen. “Point singularities and conformal metrics on Riemann surfaces”.
In: Proceedings of the American Mathematical Society 103.1 (1988), pp. 222-224.

Andreas Blommaert, Luca V. Iliesiu, and Jorrit Kruthoff. “Gravity factorized”. In:
(Nov. 2021). arXiv: 2111.07863 [hep-th].

Eric D’Hoker and D. H. Phong. “Multiloop Amplitudes for the Bosonic Polyakov
String”. In: Nucl. Phys. B 269 (1986), pp. 205-234. DOI: 10.1016/0550-3213(86)
90372-X.

Eric D’Hoker and D. H. Phong. “The Geometry of String Perturbation Theory”. In:
Rev. Mod. Phys. 60 (1988), p. 917. boIL: 10.1103/RevModPhys.60.917.

Steven B. Giddings. “THE EQUIVALENCE OF POLYAKOV AND LIGHT CONE
BOSONIC STRING THEORY?”. In: Conference on Superstrings. Feb. 1987.

Eric D’Hoker and DH Phong. “Functional determinants on Mandelstam diagrams”.
In: Communications in mathematical physics 124.4 (1989), pp. 629-645.

Luc Hillairet, Victor Kalvin, and Alexey Kokotov. “Spectral determinants on Mandel-
stam diagrams”. In: Communications in Mathematical Physics 343.2 (2016), pp. 563—
600.

Aleksey Kokotov and Dmitry Korotkin. “Tau-functions on spaces of abelian differen-
tials and higher genus generalizations of Ray-Singer formula”. In: Journal of Differ-
ential Geometry 82.1 (2009), pp. 35-100.

Lee-Peng Teo. “Resolvent Trace Formula and Determinants of n Laplacians on Orb-
ifold Riemann Surfaces”. In: Symmetry, Integrability and Geometry: Methods and
Applications 17.0 (2021), pp. 83—40.

Donald Marolf and Henry Maxfield. “Observations of Hawking radiation: the Page
curve and baby universes”. In: JHEP 04 (2021), p. 272. DOI: 10.1007/JHEP04 (2021)
272. arXiv: 2010.06602 [hep-th].


https://doi.org/10.1093/qmath/haab027
https://arxiv.org/abs/2105.10161
https://doi.org/10.1103/PhysRevD.91.126001
https://doi.org/10.1103/PhysRevD.91.126001
https://arxiv.org/abs/1412.3979
https://arxiv.org/abs/2111.07863
https://doi.org/10.1016/0550-3213(86)90372-X
https://doi.org/10.1016/0550-3213(86)90372-X
https://doi.org/10.1103/RevModPhys.60.917
https://doi.org/10.1007/JHEP04(2021)272
https://doi.org/10.1007/JHEP04(2021)272
https://arxiv.org/abs/2010.06602

BIBLIOGRAPHY 149

[156]

[157]

158

[159]

[160]
[161]
[162]

[163]

[164]

[165]
[166]

[167]

[168]

[169]

Stefan Forste et al. “Deformations of JT gravity via topological gravity and ap-
plications”. In: JHEP 11 (2021), p. 154. DOI: 10.1007/JHEP11(2021) 154. arXiv:
2107.02773 [hep-th].

Aitor Lewkowycz and Juan Maldacena. “Generalized gravitational entropy”. In: JHEP
08 (2013), p. 090. DOI: 10.1007/JHEP08(2013)090. arXiv: 1304.4926 [hep-th].

Oleg Lunin and Samir D. Mathur. “Correlation functions for M**N / S(N) orbifolds”.
In: Commun. Math. Phys. 219 (2001), pp. 399-442. pOIL: 10.1007/s002200100431.
arXiv: hep-th/0006196.

Oleg Lunin and Samir D. Mathur. “Three point functions for M(N) / S(N) orbifolds
with N=4 supersymmetry”. In: Commun. Math. Phys. 227 (2002), pp. 385-419. DOTI:
10.1007/s002200200638. arXiv: hep-th/0103169.

Nathan Benjamin et al. “Narain to Narnia”. In: Commun. Math. Phys. 390.1 (2022),
pp- 425-470. DOI: 10.1007/s00220-021-04211-x. arXiv: 2103.15826 [hep-th].

Andrea Dei et al. “Free field world-sheet correlators for AdS;”. In: JHEP 02 (2021),
p. 081. poI: 10.1007/JHEP02(2021)081. arXiv: 2009.11306 [hep-th].

Bob Knighton. “Higher genus correlators for tensionless AdSs strings”. In: JHEP 04
(2021), p. 211. DOI: 10.1007/JHEP04 (2021)211. arXiv: 2012.01445 [hep-th].

Hanno Bertle, Andrea Dei, and Matthias R. Gaberdiel. “Stress-energy tensor correla-
tors from the world-sheet”. In: JHEP 03 (2021), p. 036. DOI: 10.1007/JHEP03(2021)
036. arXiv: 2012.08486 [hep-th].

Matthias R. Gaberdiel and Kiarash Naderi. “The physical states of the Hybrid For-
malism”. In: JHEP 10 (2021), p. 168. pDOI: 10 . 1007 / JHEP10(2021) 168. arXiv:
2106.06476 [hep-th].

Matthias R. Gaberdiel and Beat Nairz. “BPS correlators for AdS;/CFTy”. In: JHEP
09 (2022), p. 244. por: 10.1007/JHEP09 (2022) 244. arXiv: 2207.03956 [hep-th].

Kiarash Naderi. “DDF operators in the hybrid formalism”. In: JHEP 12 (2022),
p- 043. DOI: 10.1007/JHEP12(2022)043. arXiv: 2208.01617 [hep-th].

Ralph Blumenhagen, Dieter Liist, and Stefan Theisen. Basic concepts of string theory.
Theoretical and Mathematical Physics. Heidelberg, Germany: Springer, 2013. ISBN:
978-3-642-29496-9. DOI1: 10.1007/978-3-642-29497-6.

Carl Ludwig Siegel. “Indefinite quadratische formen und funktionentheorie I”. In:
Mathematische Annalen 124.1 (1951), pp. 17-54. 1ssN: 1432-1807. poI: 10 . 1007/
BF01343549. URL: https://doi.org/10.1007/BF01343549.

André Weil. “Sur certains groupes d’opérateurs unitaires”. In: Acta Mathematica
111.none (1964), pp. 143 —211. por: 10.1007/BF02391012. URL: https://doi.org/
10.1007/BF02391012.


https://doi.org/10.1007/JHEP11(2021)154
https://arxiv.org/abs/2107.02773
https://doi.org/10.1007/JHEP08(2013)090
https://arxiv.org/abs/1304.4926
https://doi.org/10.1007/s002200100431
https://arxiv.org/abs/hep-th/0006196
https://doi.org/10.1007/s002200200638
https://arxiv.org/abs/hep-th/0103169
https://doi.org/10.1007/s00220-021-04211-x
https://arxiv.org/abs/2103.15826
https://doi.org/10.1007/JHEP02(2021)081
https://arxiv.org/abs/2009.11306
https://doi.org/10.1007/JHEP04(2021)211
https://arxiv.org/abs/2012.01445
https://doi.org/10.1007/JHEP03(2021)036
https://doi.org/10.1007/JHEP03(2021)036
https://arxiv.org/abs/2012.08486
https://doi.org/10.1007/JHEP10(2021)168
https://arxiv.org/abs/2106.06476
https://doi.org/10.1007/JHEP09(2022)244
https://arxiv.org/abs/2207.03956
https://doi.org/10.1007/JHEP12(2022)043
https://arxiv.org/abs/2208.01617
https://doi.org/10.1007/978-3-642-29497-6
https://doi.org/10.1007/BF01343549
https://doi.org/10.1007/BF01343549
https://doi.org/10.1007/BF01343549
https://doi.org/10.1007/BF02391012
https://doi.org/10.1007/BF02391012
https://doi.org/10.1007/BF02391012

BIBLIOGRAPHY 150

[170]

171]

[172]

[173]

[174]

[175]

[176]

[177]

[178]

[179]

[180]

[181]

[182]

183]

André Weil. “Sur la formule de Siegel dans la théorie des groupes classiques”. In:
Acta Mathematica 113.none (1965), pp. 1 —87. DOI: 10 . 1007 /BF02391774. URL:
https://doi.org/10.1007/BF02391774.

H Maass. Lectures on Siegel’s Modular Functions. Tata Institute of Fundamental
Research, Bombay. Lectures on mathematics and physics, 1954. URL: http://www.
math.tifr.res.in/~publ/1n/tifr03.pdf.

Massimo Porrati and Cedric Yu. “Partition functions of Chern-Simons theory on
handlebodies by radial quantization”. In: JHEP 07 (2021), p. 194. po1: 10.1007/
JHEP07(2021)194. arXiv: 2104.12799 [hep-th].

Per Kraus and Finn Larsen. “Partition functions and elliptic genera from supergrav-
ity”. In: JHEP 01 (2007), p. 002. DOI: 10.1088/1126-6708/2007/01/002. arXiv:
hep-th/0607138.

Alexander Maloney and Edward Witten. “Quantum Gravity Partition Functions in
Three Dimensions”. In: JHEP 02 (2010), p. 029. po1: 10.1007/JHEP02(2010) 029.
arXiv: 0712.0155 [hep-th].

Lance J. Dixon et al. “The Conformal Field Theory of Orbifolds”. In: Nucl. Phys. B
282 (1987), pp. 13-73. DOI: 10.1016/0550-3213(87)90676-6.

Robbert Dijkgraaf et al. “Elliptic genera of symmetric products and second quan-
tized strings”. In: Commun. Math. Phys. 185 (1997), pp. 197-209. por: 10. 1007/
s002200050087. arXiv: hep-th/9608096.

P. Bantay. “Permutation orbifolds and their applications”. In: Fields Inst. Commun.
39 (2003), p. 13. arXiv: hep-th/0104203.

P. Bantay. “Symmetric products, permutation orbifolds and discrete torsion”. In:
Lett. Math. Phys. 63 (2003), pp. 209-218. DOI: 10.1023/A:1024453119772. arXiv:
hep-th/0004025.

Rubén A. Hidalgo. “On the inverse uniformization problem: real Schottky uniformiza-
tions”. In: Revista Matematica Complutense 24 (2011), pp. 391-420. por: 10.1007/
513163-010-0046-3.

Lawrence M. Krauss and Frank Wilczek. “Discrete gauge symmetry in continuum the-
ories”. In: Phys. Rev. Lett. 62 (11 1989), pp. 1221-1223. DOI: 10.1103/PhysRevLett.
62.1221. URL: https://link.aps.org/doi/10.1103/PhysRevLett.62.1221.

John Preskill and Lawrence M. Krauss. “Local Discrete Symmetry and Quantum
Mechanical Hair”. In: Nucl. Phys. B 341 (1990), pp. 50-100. por: 10.1016/0550~
3213(90)90262-C.

Robertus Henricus Dijkgraaf. “A geometrical approach to two-dimensional conformal
field theory”. In: Ph. D. Thesis (1989).

Robbert Dijkgraaf and Edward Witten. “Topological Gauge Theories and Group Co-
homology”. In: Commun. Math. Phys. 129 (1990), p. 393. DOI: 10.1007/BF02096988.


https://doi.org/10.1007/BF02391774
https://doi.org/10.1007/BF02391774
http://www.math.tifr.res.in/~publ/ln/tifr03.pdf
http://www.math.tifr.res.in/~publ/ln/tifr03.pdf
https://doi.org/10.1007/JHEP07(2021)194
https://doi.org/10.1007/JHEP07(2021)194
https://arxiv.org/abs/2104.12799
https://doi.org/10.1088/1126-6708/2007/01/002
https://arxiv.org/abs/hep-th/0607138
https://doi.org/10.1007/JHEP02(2010)029
https://arxiv.org/abs/0712.0155
https://doi.org/10.1016/0550-3213(87)90676-6
https://doi.org/10.1007/s002200050087
https://doi.org/10.1007/s002200050087
https://arxiv.org/abs/hep-th/9608096
https://arxiv.org/abs/hep-th/0104203
https://doi.org/10.1023/A:1024453119772
https://arxiv.org/abs/hep-th/0004025
https://doi.org/10.1007/s13163-010-0046-3
https://doi.org/10.1007/s13163-010-0046-3
https://doi.org/10.1103/PhysRevLett.62.1221
https://doi.org/10.1103/PhysRevLett.62.1221
https://link.aps.org/doi/10.1103/PhysRevLett.62.1221
https://doi.org/10.1016/0550-3213(90)90262-C
https://doi.org/10.1016/0550-3213(90)90262-C
https://doi.org/10.1007/BF02096988

BIBLIOGRAPHY 151

184]

[185]

[186]

[187]

188
[189)]

[190]

[191]

192]

193]

194]

[195]

[196]

Constantin Teleman. “Five Lectures on Topological Field Theory”. In: Geometry
and Quantization of Moduli Spaces. Ed. by Luis Alvarez Consul, JwrgenFEllegaard
Andersen, and Ignasi Mundet i Riera. Cham: Springer International Publishing, 2016,
pp. 109-164. 1SBN: 978-3-319-33578-0. DOI: 10.1007/978-3-319-33578-0_3. URL:
https://doi.org/10.1007/978-3-319-33578-0_3.

Peter Bantay. “Characters and modular properties of permutation orbifolds”. In:
Phys. Lett. B 419 (1998), pp. 175-178. DO1: 10.1016/S0370-2693(97) 01464 - 0.
arXiv: hep-th/9708120.

Sam Gunningham. “Spin Hurwitz numbers and topological quantum field theory”.
In: Geom. Topol. 20.4 (2016), pp. 1859-1907. pOI: 10.2140/gt.2016.20.1859.

A. Alexeevski and S. Natanzon. “Non-commutative extensions of two-dimensional
topological field theories and Hurwitz numbers for real algebraic curves”. In: (2004).
arXiv: math/0202164 [math.GT].

Edward Witten. “Fivebranes and Knots”. In: (Jan. 2011). arXiv: 1101.3216 [hep-th].

Sergei Gukov and Edward Witten. “Rigid Surface Operators”. In: Adv. Theor. Math.
Phys. 14.1 (2010), pp. 87-178. DOI: 10.4310/ATMP.2010.v14.n1.a3. arXiv: 0804.
1561 [hep-th].

Tom M. Apostol. Modular Functions and Dirichlet Series in Number theory. Graduate
Texts in Mathematics. Springer New York, NY, 1989. 1SBN: 978-0-387-97127-8. DOTI:
https://doi.org/10.1007/978-1-4612-0999-7.

Xi Yin. “Partition Functions of Three-Dimensional Pure Gravity”. In: Commun.
Num. Theor. Phys. 2 (2008), pp. 285-324. DOI: 10.4310/CNTP.2008.v2.n2. al.
arXiv: 0710.2129 [hep-th].

Xi Yin. “On Non-handlebody Instantons in 3D Gravity”. In: JHEP 09 (2008), p. 120.
DOI: 10.1088/1126-6708/2008/09/120. arXiv: 0711.2803 [hep-th].

Andrea Dei and Lorenz Eberhardt. “Correlators of the symmetric product orbifold”.
In: JHEP 01 (2020), p. 108. por: 10.1007/JHEP01(2020) 108. arXiv: 1911 .08485
[hep-th].

Alexander Maloney, Henry Maxfield, and Gim Seng Ng. “A conformal block Farey
tail”. In: JHEP 06 (2017), p. 117. DOI: 10.1007/JHEP06(2017) 117. arXiv: 1609 .
02165 [hep-th].

J. M. Montesinos. Knots, Groups and 3-Manifolds (AM-84): Papers Dedicated to the
Memory of R.H. Fox. (AM-8). Princeton University Press, 1975. 1SBN: 9780691081670.
URL: http://wuw. jstor.org/stable/j.cttlb7x7xd (visited on 05/22/2023).

Norbert A’Campo. “Tresses, monodromie et le groupe symplectique.” fre. In: Com-
mentarii mathematici Helvetici 54 (1979), pp. 318-327. URL: http://eudml . org/
doc/139786.


https://doi.org/10.1007/978-3-319-33578-0_3
https://doi.org/10.1007/978-3-319-33578-0_3
https://doi.org/10.1016/S0370-2693(97)01464-0
https://arxiv.org/abs/hep-th/9708120
https://doi.org/10.2140/gt.2016.20.1859
https://arxiv.org/abs/math/0202164
https://arxiv.org/abs/1101.3216
https://doi.org/10.4310/ATMP.2010.v14.n1.a3
https://arxiv.org/abs/0804.1561
https://arxiv.org/abs/0804.1561
https://doi.org/https://doi.org/10.1007/978-1-4612-0999-7
https://doi.org/10.4310/CNTP.2008.v2.n2.a1
https://arxiv.org/abs/0710.2129
https://doi.org/10.1088/1126-6708/2008/09/120
https://arxiv.org/abs/0711.2803
https://doi.org/10.1007/JHEP01(2020)108
https://arxiv.org/abs/1911.08485
https://arxiv.org/abs/1911.08485
https://doi.org/10.1007/JHEP06(2017)117
https://arxiv.org/abs/1609.02165
https://arxiv.org/abs/1609.02165
http://www.jstor.org/stable/j.ctt1b7x7xd
http://eudml.org/doc/139786
http://eudml.org/doc/139786

BIBLIOGRAPHY 152

[197] Tara E. Brendle and Dan Margalit. “Point pushing, homology, and the hyperelliptic
involution”. In: (2011). arXiv: 1110.1397 [math.GT].

[198] Tara Brendle, Dan Margalit, and Andrew Putman. “Generators for the hyperelliptic
Torelli group and the kernel of the Burau representation at t = —1”. In: Inventiones
mathematicae 200.1 (2014), pp. 263-310. poI: 10.1007/s00222-014-0537-9.

[199] S. Hu. Lecture notes on Chern-Simons-Witten theory. 2001.

[200] Edward Witten. “Quantum Field Theory and the Jones Polynomial”. In: Commun.
Math. Phys. 121 (1989). Ed. by Asoke N. Mitra, pp. 351-399. DO1: 10.1007/BF01217730.

[201] Daniel C. Cabra and Gerardo L. Rossini. “Explicit Connection Between Conformal
Field Theory and 2+1 Chern-Simons Theory”. In: Modern Physics Letters A 12.23
(1997), pp. 1687-1697. DOIL: 10.1142/50217732397001722.

[202] Dmitry V. Belyaev and Peter van Nieuwenhuizen. “Rigid supersymmetry with bound-
aries”. In: JHEP 04 (2008), p. 008. DOI: 10.1088/1126-6708/2008/04/008. arXiv:
0801.2377 [hep-th].

[203] David S. Berman and Daniel C Thompson. “Membranes with a boundary”. In: Nucl.
Phys. B 820 (2009), pp. 503-533. DOI: 10.1016/j.nuclphysb.2009.06.004. arXiv:
0904.0241 [hep-th].

[204] Edward Witten. “Three-Dimensional Gravity Revisited”. In: (June 2007). arXiv:
0706.3359 [hep-th].

[205] Scott Collier and Alexander Maloney. “Wormholes and spectral statistics in the
Narain ensemble”. In: JHEP 03 (2022), p. 004. DO1: 10.1007 / JHEP03(2022) 004.
arXiv: 2106.12760 [hep-th].

[206] Alexandre Belin and Jan de Boer. “Random Statistics of OPE Coefficients and Eu-
clidean Wormholes”. In: (June 2020). arXiv: 2006.05499 [hep-th].

[207] Nathan Seiberg and Edward Witten. “The D1 / D5 system and singular CFT”. In:
JHEP 04 (1999), p. 017. por: 10.1088/1126-6708/1999/04/017. arXiv: hep-
th/9903224.

[208] Justin R. David, Gautam Mandal, and Spenta R. Wadia. “Microscopic formulation
of black holes in string theory”. In: Phys. Rept. 369 (2002), pp. 549-686. DOI: 10.
1016/S0370-1573(02)00271-5. arXiv: hep-th/0203048.

[209] Benjamin A. Burrington, Amanda W. Peet, and Ida G. Zadeh. “Operator mixing
for string states in the D1-D5 CF'T near the orbifold point”. In: Phys. Rev. D 87.10
(2013), p. 106001. po1: 10.1103/PhysRevD.87.106001. arXiv: 1211.6699 [hep-th].

[210] Matthias R. Gaberdiel, Cheng Peng, and Ida G. Zadeh. “Higgsing the stringy higher
spin symmetry”. In: JHEP 10 (2015), p. 101. DOI: 10.1007/JHEP10(2015) 101. arXiv:
1506.02045 [hep-th].

[211] Bin Guo and Samir D. Mathur. “Lifting at higher levels in the D1D5 CFT”. In: JHEP
11 (2020), p. 145. poI: 10.1007/JHEP11(2020) 145. arXiv: 2008.01274 [hep-th].


https://arxiv.org/abs/1110.1397
https://doi.org/10.1007/s00222-014-0537-9
https://doi.org/10.1007/BF01217730
https://doi.org/10.1142/s0217732397001722
https://doi.org/10.1088/1126-6708/2008/04/008
https://arxiv.org/abs/0801.2377
https://doi.org/10.1016/j.nuclphysb.2009.06.004
https://arxiv.org/abs/0904.0241
https://arxiv.org/abs/0706.3359
https://doi.org/10.1007/JHEP03(2022)004
https://arxiv.org/abs/2106.12760
https://arxiv.org/abs/2006.05499
https://doi.org/10.1088/1126-6708/1999/04/017
https://arxiv.org/abs/hep-th/9903224
https://arxiv.org/abs/hep-th/9903224
https://doi.org/10.1016/S0370-1573(02)00271-5
https://doi.org/10.1016/S0370-1573(02)00271-5
https://arxiv.org/abs/hep-th/0203048
https://doi.org/10.1103/PhysRevD.87.106001
https://arxiv.org/abs/1211.6699
https://doi.org/10.1007/JHEP10(2015)101
https://arxiv.org/abs/1506.02045
https://doi.org/10.1007/JHEP11(2020)145
https://arxiv.org/abs/2008.01274

BIBLIOGRAPHY 153

212]

213]

214]

[215]

[216]
217)
[218]

219]

Luis Apolo et al. “Deforming symmetric product orbifolds: a tale of moduli and higher
spin currents”. In: JHEP 08 (2022), p. 159. Do1: 10.1007/JHEP08(2022) 159. arXiv:
2204.07590 [hep-th].

Nathan Benjamin et al. “The stranger things of symmetric product orbifold CFTs”.
In: JHEP 11 (2022), p. 054. DOI: 10.1007/JHEP11(2022) 054. arXiv: 2208 .11141
[hep-th].

Alexander Belavin and Chaiho Rim. “Bulk one-point function on disk in one-matrix
model”. In: Phys. Lett. B 687 (2010), pp. 264-266. DOI: 10.1016/j.physletb.2010.
03.020. arXiv: 1001.4356 [hep-th].

Nathan Seiberg and David Shih. “Branes, rings and matrix models in minimal (su-
per)string theory”. In: JHEP 02 (2004), p. 021. por: 10.1088/1126-6708/2004/02/
021. arXiv: hep-th/0312170.

John L. Cardy. “Boundary Conditions, Fusion Rules and the Verlinde Formula”. In:
Nucl. Phys. B 324 (1989), pp. 581-596. DOI: 10.1016/0550-3213(89)90521-X.

M. Goulian and Miao Li. “Correlation functions in Liouville theory”. In: Phys. Reuv.
Lett. 66 (1991), pp. 2051-2055. DOT: 10.1103/PhysRevLett.66.2051.

Cyril Closset et al. “Supersymmetric Field Theories on Three-Manifolds”. In: JHEP
05 (2013), p. 017. bo1: 10.1007/JHEP05(2013)017. arXiv: 1212.3388 [hep-th].

Benjamin Assel et al. “Localization of supersymmetric field theories on non-compact
hyperbolic three-manifolds”. In: JHEP 03 (2017), p. 095. DOI: 10.1007/JHEP03(2017)
095. arXiv: 1609.08071 [hep-th].


https://doi.org/10.1007/JHEP08(2022)159
https://arxiv.org/abs/2204.07590
https://doi.org/10.1007/JHEP11(2022)054
https://arxiv.org/abs/2208.11141
https://arxiv.org/abs/2208.11141
https://doi.org/10.1016/j.physletb.2010.03.020
https://doi.org/10.1016/j.physletb.2010.03.020
https://arxiv.org/abs/1001.4356
https://doi.org/10.1088/1126-6708/2004/02/021
https://doi.org/10.1088/1126-6708/2004/02/021
https://arxiv.org/abs/hep-th/0312170
https://doi.org/10.1016/0550-3213(89)90521-X
https://doi.org/10.1103/PhysRevLett.66.2051
https://doi.org/10.1007/JHEP05(2013)017
https://arxiv.org/abs/1212.3388
https://doi.org/10.1007/JHEP03(2017)095
https://doi.org/10.1007/JHEP03(2017)095
https://arxiv.org/abs/1609.08071

154

Appendix A

Appendix

A.1 JT Gravity With Conical Defects
A.2 Useful Formulas

In this Appendix we will collect useful identities that will be relevant in the main text.

Legendre polynomials

The Legendre polynomials P,(z) play a crucial role in the minimal string theory string
equation. P,(z) is a polynomial of order n defined by

1 n
Poa)= 4

where n is an integer. The normalization is chosen such that P,(1) = 1. These polynomials
can also be written as a particular case of hypergeometric function

1—
Pn(l‘) :2F1 (—n,n+1,1, 9 x) . (AQ)
The following relation is also useful
Pn+1(.r)—Pn,1(SL’) . 1—=x
o+ 1 —<$—1)2F1 —n,n—l—l,Z,T (AB)

and the derivative of this combination of polynomials is given by

d
e (Poi1(z) — Poq(2)) = (2n + 1) Py (). (A.4)
This is precisely the combinations appearing in the string equation of the undeformed min-

imal string.
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Integrals: The following integrals are particularly relevant since they appear in the calcu-
lation of the minimal string density of states from the string equation. Having in mind this
application, we call p = 2m — 1 and introduce an arbitrary parameter x. Then the following

identities hold
E oy
/ meq (E) 2v2k sinh (—arccosh (E>) , (A.5)
x VE —u K P 2 K

and, taking L to be an integer,

/ ma . Pr ( ) - %cosh (Marccosh <§)> - \/Eli—n (A.6)

When computing disk partition functions the two integral representation of Bessel func-
tions are very useful

o 2 . 1
/1 dte™® p sinh (g arccosh(t)) = ng/g(s) (A.7)

and

/ Rt ;richh( D~ Kyt (8.8

Finally another useful identity

Pm(ZL') — n—1 . m/QPm(V%)_Pm_Q(\/liﬁ)
2m—1 +Z 'a Pona(z) = (1=2)) S . (AL9)

This identity can be proven using the representation of the Legendre polynomial as a contour
integral used in [92].

Large order limit: It will be relevant in order to take the JT limit to consider the large
order limit of these Legendre polynomials. In particular we will use the following relation

8 2m —1
—_ 1y(2 =
@m = 1)2u> — I(2Tan/u), n 5

Prn (1 n (1-a) (A.10)
where we take m — oo with 0 < a < 1 and wu fixed. To prove this we can rewrite the
Legendre polynomial as a hypergeometric function, take the m — oo limit of the Taylor
expansion in u, and then recognize precisely the Taylor coefficient of the Bessel function on
the right hand side.

A related useful limit will be

2m — 1 872 872

sm [P n(1+ m“) ~ Paca(1+ mu}] —Vul (2rvu), (A1)

where we take m — oo. For a proof of this limit see [22].
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Bessel function identities

The modified Bessel functions of the first kind I,,(x) appear from taking the JT limit of the
minimal string theory string equation. They satisfy the symmetry property I_,(z) = I,(z)
and the following recurrence relation

1d\"
(52) (7n@) = (A12)
xdx
which occur in the derivation of the JT with defects string equation.

Integrals: The following integral of the modified Bessel functions appears in the calculation
of the JT with defects density of states from the string equation

/OE 2\/% (%)M s (“\/a) = \/g (%) " Los1y2 (a\/ﬁ) (A.13)

where L, is the modified Struve function, evaluated at half-integer order. These functions
are related to the more familiar modified Bessel functions by

2m gn2m-
Lus1/2(2) = Lnrpo(@ \[Z e (A.14)

The Bessel functions at half-integer order actually have elementary form [93]

(n+m)!

Lp1a(a) ¢— Z o (1) + (e ). (A15)

A useful way of writing the above summation is as follows

Ipip(z) = (-1)7\/% ( o (1)) cosh & + gu_y (1/2) sinh a:> (A.16)

where we define the finite polynomials

M) = Y A = Y Sy (aan

It is easy to see that p, and ¢, have degree n, are vanishing for n < 0 and have definite
parity.
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Laplace transforms: The Bessel functions are related to elementary functions via the
following useful Laplace transforms. When computing the partition function from the JT
with defects density of states we have the following integral: for any v > —1,

[ () 1evE) =2 A9

On the other hand, for any v > —1/2,

> —py [ £ ’ ” :2UF(V+1/2) 2 _ )2
/O dpe (\/a) L(Vup) — (v* —u) : (A.19)

The case v = —1 is special and evaluates to

/OOO dp e gl_l(\/ﬁw) =y—Vy—u (A.20)

These expressions are used in simplifying the JT with defects string equation.

A.3 Disk one-point function: Normalization

In this Appendix we compare the minimal string bulk one point function calculation to the
matrix model prediction originally computed by [214], finding agreement as expected. We
leave out the technical details, referring the interested reader to [22, 214, 215]. We mostly
follow the conventions of [22] for the continuum calculations.

Liouville approach: First we will compute the continuum partition function to leading
order in the deformation to the action Iys — Ins — 7, 7. Then we will call Z}5(¢) the disk
partition function in the undeformed minimal string and ZMS(¢) = 7,,(T,), the linear order
correction in 7,. In both cases the continuum calculation factorizes into a Liouville part and
a minimal model matter part.

The undeformed minimal string disk partition function with boundary length ¢, following
the conventions of [22], is given by

87 2 (1=0b%) [ _ : 1 KB
MS _ 2 ¢
ZyP(0) = i (mpy(6%)) 2 T2 /H dpg e "7 sinh (anrccosh p (A.21)
8T 1 1 1
= — b)) 2? ————K 1 (kl). A.22

The linear order contribution is given by the fixed length tachyon one point function. Fol-
lowing the conventions of [22] it is given by

N T oy —iP/b I 1Pb
Z1 S<€> = Tn<7;z>€ = Tn4_ (T‘-M/Y(b )) / %

b K%(’%) X (O1n)11, (A.23)
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where P = i(1 — nb?)/(2b), K, is the modified Bessel function of the second kind, and the
matter one point function O, ,, is evaluated with identity brane boundary conditions and the
identity operator normalized as (O 1)1 = 1. The matter one point function can be found
from the modular S-matrix of the minimal model and is equal to [216]

1 [sin(mnb?)
—_—. A.24
sin(mwb?) ( )
It is convenient to write the final answer in terms of the leg-factor
A ) (-1
Leg(n) = - ™ 2) <bf ), (A.25)
2\ ulrpy (@) Tz —n)
The normalized tachyon one point function is now given by
ZM5(0) k(K ., (Kk0)
=Tn L . ; A.26
72~ el n (A.26)
2

where we used that b*> = 2/p and rewrote the Liouville momentum P in terms of the min-
imal model operator n. This is the continuum prediction of the normalized disk one-point
function. Now we will compare it with the matrix model approach.

Matrix Model: From the matrix model we will compute the correction to the disk
partition function to linear order in \,. We expand both the density of states p(E) =
po(E) + p1(E) + O(A\2) and the partition function ZMM(¢) = ZMM(¢) + ZMM(0) + O(X2). To
this order the string equations for any deformation n is given by

Flu) = o2 [P (2) = Pua ()] + APt (£) +002) (A.27)

= 1672 K

The undeformed disk density of states is

E
P du u 2V2k p p . p E
E) = P, (—) - P sinh (2 n(=)), (A28
po(E) 27T/<a/,_c VE—u "' \k 2mp 1602k A\ 2O ( )

and the partition function is

V2k p? o1

1t Ko (kD). (A.29)

o0
256 = [ dBpm(B)e " =
K
To order ~ A, we get a contribution from the linear order correction to the string equation
and also from the linear order correction to Ey applied to the density of states coming from
the zeroth order string equation.
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Lets consider first the latter. The contribution from the order \° term in the string
equation is
1 [ du 1[5 du

27T v m@ Jro( ) O(E> - % - m

Now define Ey = k + dEy, where dEj is of order \,, and expand to linear order in dLEj.
Therefore the second integral above is over a small range. We can approximate

— 9. Folu). (A.30)

(SE()aufo(fi)
21 Ji, \/ —u 2mVE — K

Finally, if we expand the equation for Ey, the string equation Fo(FEp)+ A, F1(Eo)+O(A\?) = 0,
to linear order in A, and use the fact that Fy(x) = 0, we obtain

—————0,Fo(u) = po(E) — +O(N\2). (A.31)

/\n]:l(li)

Falk) +OEp0uFo(w) + MFa(w) + O(N) =0 = 0By =~
uv 0

(A.32)

In our case, the string equation is given by (A.28). Therefore Fi(u) = Pn—n-1(u/k) and
Fi(k) = 1, giving 6Ey0,Fo(k) = —\,. Inserting this in equation (A.31) we get the linear
order correction from the shift in the edge of the spectrum as
1 (" du A
———0.F E)+ ————
o B VE—u o(#) = po(E) 2rvE — K

Adding all terms, the final answer for the linear order density of states is

+ O(\2). (A.33)

n u An
By = 2o 2 _o9p (L) yp__An
m(E) = 52 [ tibann () + 5o

V2 -2 E
= )\n—K cosh (p % arccosh (—)> . (A.35)
2V E? — K2 2 K

Notice that after a change of variables E(s) = k cosh (27bs), this equation becomes precisely
the density of states (2.60) obtained from the Liouville one-point function. The partition
function can be easily computed using the identity (A.8), obtaining

> 2
ZMM () = / dE pi(E)e ™ = %AHK“M). (A.36)

(A.34)

Putting the two results together we can compute the ratio between the zeroth and linear
order partition function

M 2 0Ky (kL
L0 _ ) 1om K W), (A.37)
20 =" Rynl)

This is the prediction from the matrix model.
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Comparison: Now we can compare the continuum result (A.26) with the matrix model
calculation (A.37). Demanding that both results agree gives the following identification
between the parameter in the string equation A\, and the parameter in the action 7,, given

by
2

p
)\n = Tn Leg(n)ﬁ,

with Leg(n) given by (A.25). This dictionary between the string equation and the coupling
of the deformation in the action can also be obtained by comparing the matrix model sphere
correlation functions with the one computed by Liouville. This is done for example in [217]
and also [92] and it matches with the identification (A.38) obtained from the fixed length
disk correlator.

(A.38)

A.4 String equation simplification

In this Appendix, we will show that the string equation for JT gravity with general defects
(2.67) can be written as in (2.79)

W= [ 55 (1= VF—u =2V )

= Ne Ty (A39)

=27

which is an inverse Laplace transform evaluated at ¢ = 27. The contour C is taken to be
along to the imaginary direction with all singularities to the left. For simplicity, we will
restrict to a single defect species o and evaluate the formula by Taylor expanding in the
coupling A

A oL-1P (L —1/2 6727rL(17a)y
Y=V —u—2W(y) = y—y _U+Z (\/% / )(yQ_U)L—1/2<A‘4O>

Using (A.20) the first term evaluates to the string equation for pure JT gravity

29 soy 2 _
/2me Y u)

For L > 1, we can make use of the formula (A.19) to write

and that for a > 0

_ \2/_3 L (27/a). (A41)

=27

dy Yy —ay
S e (y)e ™. (A.43)

fle—aete—a = [ 32
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The answer at O(A\F) is then

("

Substituting this back into the sum and setting ¢ = 27, we find

1 oa)) ) I ((p = 27L(1 — @)Va) O(p — 2rL(1 — ), L>0. (Add)

Lﬁj L m — —
Flu) = Yenenas Y 37 (T

A
2T L!
which is precisely the string equation for a single species (2.65). The string equation for an
arbitrary number of species follows from an analogous calculation, resulting in the replace-
ments A — TLAY and L(1 —a) — 3, (1 — o) with £; = 0,1,...,L and L = 3, ¢;. This
is precisely (2.67), as claimed.
Although we performed a Taylor expansion in A\, we note that the truncation of the series
due to the step functions implies that this derivation holds for arbitrary large values of the
couplings.

>H I (2w<1 L(1- a))\/ﬂ) (A.45)

A.5 Density of states with general defects

In this Appendix, we will explicitly evaluate the disk density of states for JT gravity with
general defects (2.66), which we reproduce here for convenience

=)\ ,m L
o(E) :% LZ_O %/Eo 2% (2”“_\%1_“))) ]L<2W(1—L(1—a))\/ﬂ>, (A.46)

from which we can compute the partition function

2(8) = — / " dE p(B)ePE. (A.47)

27 J g,

For the case of Ey = 0, we will evaluate these expressions exactly to all orders in A. For
Ey # 0, we will only write down the perturbative expansion.

Case Ey; =0

Let us first consider the case with Ey = 0. A single defect species can never satisfy this
condition, so Fy # 0 always in that case. Nevertheless, for the sake of notational convenience,
we will perform the calculations with a single defect species and make the replacements

A TS and L(1 —a) — 2. 6(1 — o), with £, =0,1,..., L and L = ", ;, at the end.
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In this case, the integral in the density of states formula can be evaluated exactly using

(A.13) and (A.14) and the result is

5o sl |, B o\ E
pE) = A \/7<27T (1-L0 ») [1_L+1/2<27r(1—L(1—a))\/E)

L-1

1 QT) - (2r(1- (1~ a))JE)L " 3/2]. (A.48)
m:O
This form of the density of states will be useful when we discuss the Ey # 0 case in the
perturbative coupling regime in the next section. From (A.16) and (A.17), we see that the
low energy behavior at O(AL) is such that a divergent contribution of cosh (#v'E)/EL~1/2
~ 1/E*=1/2 in the first term is precisely cancelled by a contribution of —1/E*~1/2 in the
second term, leading to the expected square-root behavior

=l
p(E) =% Y (IAWQWLQ — L(1 — a)*"VE + O(E*?). (A.49)

L=0

These expressions generalize those found in [15, 16].
The partition function can be computed from the Laplace transform of (A.48) given in
(A.18) and the exact answer is

] -1 2\ "
So AL oL x2(-1(1-a))? 1 (n*(1-L(1 -a))
Z(ﬁ) = 4\/_ Z L' 63/2,[/ (6 B _ Z:O% <7T 5( (07 ) >A50)

2
So |_1 a )\L 2L 71—2(1711(17&))2 1 F(L’ 7r2(1—Lﬁ(1—0¢)) >
— _ B .
4\/_ Z N (L) ’

(A.51)

where we have used the series representation of the incomplete Gamma function at integer

order
n—-1 .,

F(n,z)=(n—1)e™® Z T

m!’

(A.52)
m=0

It is interesting to note that in the large temperature regime 5 — 0, the exponential terms

dominate and we have

Berd

S A 2R Raciaew?
e B eﬂQﬁQQ 51/2 72 (200—1)2

= L Azﬁﬁm NG 7 027(2a — 1)) + O(N*)(A.54)
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In fact, we will show below for the case Fy # 0 that the exponential contributions are exact
in the perturbative regime at each order of the coupling where the defect merging condition
is satisfied.

Case Ey # 0

Let us now move on to the general case with Fy # 0. We will again focus on a single defect
species, though the results generalize easily to any number of species.

In this case, we need to perform the integral in the density of states from Ey to E. Since
we have already found the exact answer for the integral from 0 to E, all that remains is to
compute the integral from 0 to Ey and subtract it from the previous answer. In practice,
this is difficult as the integral in general does not have a closed form. In addition, one needs
to solve for Ej, defined as the largest root to the equation F(FEy) = 0, which in this case is
a highly nonlinear equation involving sums of modified Bessel functions.

To avoid these issues, we will focus only on the perturbative coupling regime where things
simplify greatly. Since we know that Ey = 0 for pure JT gravity, i.e. A = 0, the leading
contribution to Ey must be O(A). The integral from 0 to Ej is thus over a small range,
and we can Taylor expand the integrand and evaluate the integral perturbatively in Ey. To
extract the contribution at O(AL), one needs to solve for Ey perturbatively up to O(A\1)
from the string equation. In general, this can be done iteratively as the solution at a given
order depends only on the solution at lower orders. While all of this can be done explicitly,
it is rather tedius in practice and we will not do it here.

Fortunately, there is a quick way of extracting the answer up to O()\Lﬁj) by demanding
(A.48) match the exact answer (2.77) at & = 1. In that case, we found that the density of
state reduces to that of pure JT gravity with the spectral edge shifted to Fy = —2A. The
Taylor expansion in A is

So

e’ S0 AL [x [ om \PTY?
p(E) = T sinh (2rvE+22) = = ; ﬁ\/; (ﬁ) Iy (2nVE). (A55)

Comparing this to (A.48) at o = 1, we see that the polynomials in 1/v/E must be precisely

the contributions of the integral from 0 to Ey. We conclude that up to (’)()\Lﬁj ), the density
of states is

S L1 cx L . —a _%
o5~ S A\/’(%l L(1 ))> ]7L+%<27r(1—L(1—a))\/E). (A.56)

Finally, the partition function is, up to the same order,

e
So 1o 5] 2\ 9oL 72(1-L(1—a))? 1
E ( e ly=a ]+t
4\F niprL " +O<A ) (4.57)

It is easy to show using the strlng equation that the higher order terms take the form of
finite polynomials in ~1/2.
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Figure A.1: Building the Lorentzian constant negative curvature pair of pants with geodesic
boundaries by identifying points x,x’. The dashed lines are geodesics that form a figure
eight with a singular point between them. The geometry on the right is smooth everywhere
except at the point z ~ 2’

A.6 Lorentzian pair of pants

In this section we explain how to construct the constant negative curvature Lorentzian pair
of pants'. This can be accomplished with an identification similar to the one used for the
flat pants in figure 3.3. We start with the Lorentzian R = —2 cylinder which is the analytic
continuation of the double trumpet

5 —dr? + do?

ds® = T € (—00,00), o€ 10,b]. (A.58)

cosh?
From the identification o ~ o + b; we have a spatial geodesic of length b; at 7 = 0. We now
pick two points x, 2’ at constant 7 but at different values of o, and we connect these points
with two geodesics traversing both sides of the cylinder, see figure A.1. The geodesics will
have lengths by, b3 such that by > by + b3. Solving for the geodesic lengths in terms of x, 2/,
it’s possible to show that we can find z, 2" to give any geodesic lengths by, b3 satisfying this
constraint. We now identify the points x ~ 2z’ and discard the portion of the geometry above
the geodesics to get a Lorentzian pair of pants with a singular point at x ~ z’.

When the geodesics meet at x, 2’ there is a jump in the tangent vector, so there is a delta
function in the Extrinsic curvature of the boundary curve at those points. This is taken into
account in the Gauss-Bonnet theorem through the jump angles «;, of which there are two
in the above construction

%/\/ER + ;ai = 27). (A.59)

We’ll absorb the jump angles into a delta function contribution to the Ricci scalar at the point
x ~ z'. The above is the Euclidean version of the Gauss-Bonnet theorem, the analytically
continued version for almost Lorentzian metrics is given by (3.10) [140, 141]

% / V—gR = —2mix. (A.60)

'We thank Don Marolf for suggesting this construction.
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and we see that the effect of the jump angles is to cancel out the bulk volume contribution
as explained in section 3.2. The scalar curvature of the pair of pants is then given by

VI (R42) = (2mi + 0) (). (A.61)

where we have relabeled the sum of jump angles as just . One way to see that the imaginary
delta function contribution appears after the identification of x ~ 2’ is to note that without
the Weyl factor in (A.58) this is the construction of the flat Lorentzian pants, where this
contribution can be explicitly evaluated[140]. We can also attach pant legs to the boundaries
by or b3 as follows. Consider a Lorentzian cylinder with two geodesic boundaries where one
boundary has a corner so that the geometry exists. We can glue the boundary with the
corner to the pants at by or b3 making sure the corner coincides with the point x ~ 2. This
will give additional contributions to the « term, and gives Lorentzian pants with any desired
geodesic boundary lengths.

A.7 Details on punctured Riemann surfaces and
measures

In this section we include some additional details on punctured Riemann surfaces and on
the integration measure. A punctured surface ¥ is defined by taking a compact surface ¥
of genus ¢ and removing n distinct points ¥ = X\{zy,..., z,}, after which ¥ is no longer
compact and its Euler characteristic is given by x(X) = 2 — 29 — n. When performing
an integral over a punctured surface the punctures do not contribute to the integral. The
moduli space of punctured Riemann surfaces can be constructed by considering equivalence
classes of singular Euclidean metrics on ¥ [139]. We consider metrics that behave as

G dedz . (A.62)

- |2 = zi?

ds?

near the punctures at z;, where ¢; is some constant. We consider all such metrics related
by smooth Weyl transformations to be in the same conformal equivalence class. The set
of all such equivalence classes gives us the moduli space of punctured Riemann surfaces
M, . In the literature it is also common to include additional singular metrics in the
conformal equivalence class[137, 149, 151], such as the lightcone diagram metrics described
in section 3.2. These metrics are related to other metrics in the equivalence class through
Weyl transformations that are singular at isolated points, see [44] for an explicit example at
genus zero.

The path integral over metrics on a genus g surface with n punctures was analyzed in
[138] and is given by

Dy :/ [dm]w(det fDlTpl)l/Q/Dwe%SL[w,ﬁL (A.63)
Vol Jmen  det (¢a, d5)

[V
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Where on the left side Vol is the volume of the diffeomorphism group of the punctured
surface, and we have gauge fixed to a metric § on the right. Compare this to equation
(3.29) in the main text®. In the above integral m is a coordinate on the moduli space and
(det ]31T ]51)1/ 2 comes from gauge fixing to the representative metric g, and in total the above is
the integration measure for the moduli space M, ,,. For a detailed explanation of the various
determinants in the above measure see [138, 148, 149]. In the main text we introduced the
shorthand notation du for the integration measure for simplicity, we now define it in terms
of the above objects for easier comparison to the literature[138, 148, 149]

/ dy = / ] S 98) o pi e (A.64)
Mg.n Mgn det (Pa, Pp)

Gauge fixing to the lightcone metric g, the various determinants in the above integral
were worked out in [138] (see equations (2.22) and (4.7-4.8) in [138], see also section V.G in
[149]). The product of determinants significantly simplifies, and we find the final result

[

Dg_

20— [arianpan 22

@2) /Dwe_%SL[‘“@ (A.65)
fz d*2\/g ' '

Compare this to equations (3.31) and (3.32). The prime on the determinant indicates that
we remove zero modes.

A.8 Supersymmetric Chern-Simons

In this section we include additional details on our conventions and on N' = 1 supersymmetric
U(1) Chern Simons in the presence of a boundary, closely following [202, 203]. We first discuss
our conventions for Lorentzian signature supersymmetry. The gamma matrices satisfy the
standard algebra

{7y =20 A = A = = Py, (A.66)

(the first of the right equations is a definition for v** and they are explicitly given by

() (1) (0 ) e

The metric takes the form 7, = diag(—1,1,1), and the spacetime coordinates are z* =
(2!, 22, 23) where x! is the time component, while the boundary is located at 2% = 0. We will
use indices m, n to indicate components restricted to the boundary 2™ = (2!, 2%). All spinors

considered are Majorana A" = C%), where C' = —CT is the charge conjugation matrix.

ZNote that in (3.25) we are integrating over M, instead of punctured surfaces M, ,,. The integration
measure slightly differs between the two cases, see section 3 of [138].
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Spinor indices are contracted top right to bottom left: Ay = A4, M"Y = A*(v*) X,
where the gamma matrices implicitly have the index structure (y*),. Spinor indices a, b are
raised and lowered with the antisymmetric charge conjugation matrix C: \* = C*)\,, which
is defined through Cy*C~! = —(y#)T. We introduce projection operators Py = (1 4+ ~?)
and define fields x4+ with Pyx = x4, which projects onto the top or bottom component of
the spinor respectively.

N = (1,0) Lorentzian Chern Simons

We first discuss the case of N = (1,0) supersymmetric U(1) Chern Simons in the presence
of a boundary in Minkowski space. The action can be constructed through the use of spinor
superfields,® including appropriate boundary terms it is given by [202, 203]

_ — 1
Séfs—(l,o) — /M d3x(€“l’ﬂAuayAp + )\/\) — 5 /BM d2x\/ﬁ<hmnAmAn LA™ mX—)- (A68)

In the above A, x are Majorana fermions, with y_ = P_x being a purely boundary fermion.
The dynamical boundary fermion y_ is unusual, and is required to cancel the boundary
terms produced by the susy variation. We also have the boundary metric h,,,. The full susy
variations under e are given by [202]

5Au = _(E’Yu)‘) + (EauX):
g = —€"P(7,€) a0, A, (A.69)
0Xa = (7#6)GAM‘

However, the action (A.68) is only invariant up to a boundary term under a general variation
(see (A.86)). For the full action to be invariant we must restrict to variations e, = P, ¢, which
means the supersymmetry is broken down to A/ = (1,0) in the presence of the boundary.
This is true even without imposing any boundary conditions on the fields. The explicit susy
variations under e, are

0 A, = =€) + (€4:0ux-),
e = —€"P(7,€64) 00, AL, (A.70)
ox- = (7m6+)Amv

and the action is invariant under this subset of transformations. Using the above, we can
obtain the following variations

0A_ =% (29°A+ +0_x-), (A.71)
6 (29°A 4 +0-x-) =~’e; 0. A_. (A.72)

3The spinor superfield formalism includes an additional complex scalar that is the superpartner of y,
but it does not end up contributing to the action. We exclude it below, but see [202].
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where we have defined the notation Ay = A; &= Ay, 0+ = 01 = 0, which is distinct from the
spinor £ projection notation and used y'\, = 7?\,. For a good variational principle, the
boundary conditions we impose are A_ = 0 and 2v*\, + d_x_ = 0 [202, 203]. We see that
the e, transformations leave these boundary conditions invariant. The boundary kinetic
term for y_ does not need to be cancelled for a good variational principle since it gives the
equations of motion. In the path integral with these boundary conditions the integral over
x_ is effectively not constrained since we also integrate over A\, thus x_ is essentially a
free dynamical one-component boundary fermion. The integral over A will give some overall
normalization constant since it is non-dynamical.

Similarly, we can construct an action with A" = (0, 1) invariant under e_ transformations
by modifying the boundary term

) 1
gN=0n _ / do(c?A4,0,4,+ W) + 5 / o /g(g"" A An + X7 Onx1),  (AT3)
M 1o}

M

where A, x4 are again Majorana fermions, and y, has been projected onto it’s top component.
In this case the variations under ¢_ are given by

0AL = —(E-7uA) + (€-0ux+),
ONg = —€"P(7,62)40,A,, (A.74)

ox+ = (V"e-) A
Which immediately gives us the variations

5A+ =€c_ <_2’72)\_ + 0+X+) s (A75)
§ (=292 + 04x4) = =72 0_A,. (A.76)

Proper boundary conditions in this case correspond to A, = 0 and —2+v2A\_ + 9. x4 = 0
which are both preserved under e¢_ transformations. In the main text we defined a total
theory given by the difference of the above actions

g_ S&:@,O) B S/C\fsz(o,l)’ (A.77)

so that the bulk theory has the full N' = (1,1) supersymmetry realized by different sectors.
Since X_Y"O0mX+ = X4+ OmX— = 0 the boundary fermion term for the above action can be
rewritten in a simple form

| e, (A.78)
oM

which makes it clear that we have a dynamical 2d free fermion on the boundary. The
gauge fields do not interact with the fermions so the full path integral will simply be a
product of the Chern-Simons contribution and the fermion contribution. In each case, the
boundary fermions y+ are projected onto the top/bottom component and function as single
component spinors, so individually their partition functions will contribute a determinant of
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either a holomorphic or anti-holomorphic derivative after analytic continuation to Euclidean
signature.

There is one additional subtlety to address, the above theories were defined on a flat
background. However, for our purposes we are interested in supersymmetric Chern-Simons
on a manifold with an asymptotic boundary torus. In general such manifolds do not admit
flat metrics, so we need to consider the theory on a curved background [218]. While Chern-
Simons is itself background independent, the supersymmetric version depends on a choice of
background metric g through the quadratic bulk fermion term. Ignoring the boundary term,
the action is of the form

S = / Br(eP A0, A, + /G AN). (A.79)
M

However, the metric dependence is quite mild since the fermion is non-dynamical, and it
produces an overall normalization for the partition function. Nevertheless, to preserve su-
persymmetry we need to choose a bulk metric g that satisfies the killing spinor equations.
The end result is that the supersymmetry transformations will mildly depend on the back-
ground metric [218]. In the case of bulk handlebodies we can choose g to be given by the
corresponding AdS3 metric [219] and supersymmetry will be preserved, but for more general
three-manifolds that appear when considering wormhole geometries little is known.

Details of the variations.

In this subsection we include additional details details* on the variation of the supersymmetic
Chern-Simons action in equation (A.68). For convenience we split the action into a bulk and
boundary piece

5= / & (0 A,0,A, + W) , (A.80)
M
1

Sy = —= / A2 (A™ A + XA Omx ) - (A.81)
2 Jomr

Where we used h,,, = diag (—1, 1), where Latin indices m, n are again boundary indices and
take values in {1,2}. Varying with the full supersymmetric variations (A.69) we find

5S =2 / A3z, A, (v, + €0, x) + / 22 ™ A, (—eyu A + €0nx) (A.82)
M o

M

+ 2/ dPxe"?0, A, (€y,)) . (A.83)
M

4Some useful identities include Ay = YA, X’yﬂe = —€y,A, and since the spinors are Majorana we have
XaXot = Cab)‘bXa-
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The second line cancels the first term, and we can rewrite the remaining bulk term as a
boundary term to obtain

55 = / L™ A, (Fy )+ 0 X) - (A.84)
oM
The variation of the boundary term gives
0S8y = / d*z (Am (EYmA — €0 X) + (8mX_eAm — 8my_em“pfypeAu)) : (A.85)
oM
The variation of the full action (A.68) is thus a total boundary term
N=(1,0) _ 2 3nm — - m ~ muv ~
dScs —/ d*z (—€*"™ A, (€0px + EymA) + A™ (OmX_€) — €™ A, (OmX_€))
oM
+/ d*z A™ (EymA — €0nX) - (A.86)
oM
Now we specialize to Pye = €, variations. We immediately have the following cancellations.
The third term cancels the last term since Y_e, = €, x, while the first term is cancelled by
fourth term since in the fourth term only Y _7y3e, = X_e, survives. Finally, the second term
cancels the fifth term since we have €¥"™~,, = 439" and €.v® = Fe, due to the factor of the
charge conjugation matrix C' in €. Note again that no special choice of boundary conditions
was needed to make the action invariant under e, variations.

The variation of the N' = (0,1) supersymmetric Chern-Simons action under e_ works
similarly, and we obtain

sSNT O = /8 5 A2z (=€ A,, (@0 x + @A) — A™ (8% 4€) + €™ Ay (X ve))
+ / APA™ (e A + €0 X) - (A.87)
oM

Specializing to P_e = e_ variations we again find that all the boundary terms cancel in a
similar way as in (A.86).
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