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Abstract 

UCRL-18l05 

A moving-boundary system is analyzed, and an equation, valid 

for concentrated as well as dilute solutions, is, obtained for the 

transference number. When the partial molal vol~e of the sol-

vent is constant through the boundary, the equatIon reduces to 

the approximate equation now in common use. The cation trans-

ference number in 0.213 ~ NH4N0
3 

was eX]?erimentally determined 

at 25°C and found to be 0.5140 ± 0.0024. 
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Introduction 

Moving-boundary measurements date back to the nineteenth century. ~ 

The two-salt boun&.ry was analyzed in i900 by the mathematician Weber. 2 

In 1910 the chemist Le,:"fs 3 presented an analysis which corrected for 

the boundary movement caused by the electrode reaction. His 'equation 

was thought to be restricted to dilute solutions 1 until Bearman4 , in 

1962, showed that it actually applies to systems in which the partial 

molal volumes are constant through the boundary--a slightly less strin- .. 

gent condition. No other theoretical progress has yet been made, and 

LeWis's equation is still used today.5 In. the present work a more de-

tailed analysis of the moving-boundary system yields an expression of 

more general validity for the transference number. 

Theoretical Development .... 

Figure 1 shows the two-salt boundary at steady state. Solution A 

is composed of ions 1 and 3 and, be~ng the lighter of the two solutions; 

is above solution B, which is composed of ions 2 and 3. The solvent is 

referred to by "0".· 

The equations necessary to describe the moving-boundary system 

are the continuity equation or ~terial balance, 

, 

an equation relating the current density to the fluxes, 

\' 
i = F) z c v 

L iii' 
i. 

(1 ) 

(2 ) 
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x= -CX)' 

Salt sol uti,on A 
composed of 

ions I a 3 
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x = + CX) 
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Figure 1. The 2-sa1t boundary. 
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a statement of electroneutrality, 

and a flux or transport equatlon, 

where ~i is the electrochemical potential. These equations are dis­

cussed in detail by Newman. 6 When the motion of the ions is referred 

(4 ) 

to the solvent motion, the definition of the transference number becomes 

Equations (1) to (5) can be manipulated to yield the exact rela­

tiollships7 

and 

[c (v -v.
b

)] 
o 0 

[c (v-vb)]' o 0 

(6 ) 

(7)' . 

where Vb is the velocity of the boundary, the subscript i = -~ indicates 

that c3/co must be evaluated in solution A above the boundary, and the 

subscript x ; +00 indicates that c
3
/co must be evaluated in solution B 

below the boundary. 
, 

These equations immediately yield the Kohlrausch regulating function1 

(8) 

rJ'his is identJcD.l to the rcll3.Uon der:i.ved by SmUs and Duyvis8 in their 
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criticism of work done·se:pa.ratelyby Bearmanl
4 Haa~e19 a.nd Spiro.l.O 

, 'If the.concentration of the solution following the boundary does not 
,-, 

,initially satisfy the Kohlrausch regulating function l it will adjust 

itself so that it does., In this ,case a concentration boundary between 

the initial solution and that follOWing 'the boundary will be left behind 

as the two-salt boundary progresses up or down-the channel. This boun­

dary between solutions of two different concentrations of the following 

ion has been studied optically by Longsworth. 11. 

..... 

: ',' 

," ..... 

.... '.' .. 

In equations (6) and (7)1 the term co(Vo-vb ) is the solvent flux 

relati ve to the boundary and is constant through the boundary. The 

application of these equations requires the determit:Jation of Vo either 

above or below the two-salt boundary. Usually one electrode is selected 

with a well-defined reactionl and this electrode chamber is tightly closed 

so that the volume, changes at the electrode can be assessed. Thus the 

system shown in figure 1 must be expanded to include., the closed electrode 

chamber. Figure 2 shows this arrangement with the two-salt boundary and 

a concentration boundarYI formed as described in the preceding paragraph., 

Let ,the electrode reaction be that of metal dissolution, with the 

two-salt boundary progressing up the channel, so that solution A is the 

leading solution. This is the usual arrangement for determining t l • On 

account of the dissolution proc~ss, the 'concentration of solution'B 

near the electrode will be higher than its initial value. The solvent 

velocityvo in the 'solution below the two-salt boundary can be calculated 

by means of material balances over the region below a plane x fixed in the 

solvent (see figure 2), allowance being made for the dissolution of the 

anode, the concentration dependence of the density of solution B, and 

:. ~. 

, 
. i 

, 
, , , , 

1 

, , 
. , 

. ~ 



-6-

. , 
~ 

Sol ution' A 

boundary 

Solution 8 

So1vent 
~~~~~~----~ x 

plane 

Concentration 

bound cry 

Electrode chamber 

EI ectrode 

X BL679- 5223 

Figure 2. 'I'he closed electrode. 
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transference or ions across 'the solvent plane. With a linear approxi­

mation-to the con~entration dependence of the density, the result is7 

where ~ and bB are defined by 

coB = aB + bBcB • (10) 

This last equation is equivalent to a linear density-conceritration rela-

tionship over tl;le range of interest, that range covering the concentra-

tions present in solution B from the electrode to the solvent plane x. 

Substitution of equation (9) into equation (6) with elimination of t+ 

(here 'ion 2 is the cation reacting at the electrode) by means of equation (7) 

yields7 

(11) 

where V is the volume through which the boundary moves when current I 

is passed for time t. 

For equation (11) to be fruitfully applied to a system, equation (.10) 

must be a good approximation. If the density of the following solution 

is given by 

then the solvent concentration is 

'rthere 

c = e + fc + gC3/ 2 + hc2 , o 

} (14 ) 
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rather than equation (10). A least squares fit of equation (10) to 

. equation (13) over the concentration range of interest, fromc to 

(l+€)c, yields 

a = e- ~ gC 3/ 2[1+ t €+ ~ €2+0(€3») - hc2 (1+€+ i €2) 

and 

where 0 indicates the order of neglected terms. 

Application 

-(15) 

(16) 

If the following solution is initially prepared so that its concen':' 

tration is less than that required by the Kohlrausch relation, equation 

(8), then equations (15) and (16) are immediately applicable with the 

initially prepared value of the concentration equal to c and with € equal 

. to either €l in the" anode chamber or €2 across the concentration boundary, 

whichever is larger. 

If the initially prepared following solution is of higher concentra-

tion than that required by the Kohlrausch relation, one can, with little 

error, approximate € by €1+E2 and take c to be the initially prepared 

concentration (rather than the lowest concentration of solution B present). 

The value €2 due to the Kohlrausch adjustment must be e~perimentally 

minimized or measured. The part El due to the electrode reaction can be 

calculated from one of theIDllowing approximate equations: 7 

For a uniform concentration in the anode chamber (an unlikely situa-

t:ton) , 

where U is the volume of the anode chamber. 
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If the anode can be treated as a vertical electrode with free 

, convection, 

(18) 

where in the ,latter expression I is the current in rnA, Ae is the effec­

tive electrode area in cm2, c is in moles/£, L is the effective electrode 

height in cm, and ~ = (l/P)dP/dc is in £/mole. The latter expression is 

based on a diffusion coefficient D of 10- 5 cm2/sec, a transference num­
-2 . 

ber t_ of 0.5, a ~nematic viscosity v of 10 cm2/sec, and a gravita-

tional acceleration g of l03cm/sec2. 

For a horizontal electrode, 

where in the latter' expression A is in cm2, I is in rnA,V is in cm3, ' e 

c is in moles/£, and the value t_ = 0.5 has been assumed. 

Discussion 

Equations (6) and (7) are exact relationships describing the two­

salt boundary. Equation (11), relating the transference number to the 

experimentally measured quantities, depends additionally only on the very 

good approximation of a linear concentration dependence of the density 

of solution B over the range of concentrations encountered between the 

electrode and the two-salt boundary. 

For the system being analyzed, the equation of the type derived by 

LeW18~'.3 is 

v J Z2~2 (20) . 
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. ' 

It can be . shown 7 t b8.t 

where a
A 

is given by an equation analogous to equation (10). Thus 

equation (11) redu~es to a Lewis-tYI'e equation in the: case where the 

(21) 

partial molal volume of the f301 vent is constant through the boundary. 

In applications, 'equation (11) is not very sensitive to the value 
! 

of €, but it is of course better to keep € smalL For most 'situations' 

encountered, equations (18) and (19) indicate that the use of a vertical 

anode results in an appreciably smaller value of €lthan a horizontal 

electrode. Then the linear approximation, equatiqn (10), is better J and 

~ is more accurately known. This should be expected since with a verti­

cal electrode there is a tendency toward a uniform concentration in the 

anode chamber (the optimum case), while with the horizontal electrode 

stratified layers of solution form with very little mixing. Equation 

(19) suggests that an autogenic boundary (one formed with solution A 

initially adjacent to the electrode surface) should not be used since 

then €l is very large--either Ae is small orV is large--and the analysis 

is not applicable. 

In the derivation of equation (11), it was assumed that ion 2 is 

the cation reacting at the electrode. If, on the other hand, the common 

ion 3 is positive, equation (11) should be replaced by 

x= -00 

r-FVb _lJ 
. i z P , 3 e 

(22 ) 

where Vb and i now have opposite ai.gns. If the boundary moves dO\m the 

c ha. nne 1 , equation (11) or. (22) is :JUll. applicable, but now the concen-

trD:t ion boundary 1s above the two-salt boundary, and ion 2 i.s the leading 

, I" 

.J 
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ion. 'If the electrode operates as a cathode" €l should be taken to 

be negative. 

The analysis treats an electrode involving metal dissolution or . 

deposition. The analysis can be modified to treat other cases with 

well-defined volume changes at the electrode. 

The transference number of the leading ion can always be determined 

more accurately than that of the following ion, since the concentration 

is known. The transference number of.the following ion can be calcu­

lated from equation (8) if· the concent'ration difference across the concen-. 

tration boundary is determined, say, in the manner of Longsworth. 11 The 

uncertainty in the concentration' so determined must be added to the un-

certainty in the transference number of the leading ion in order to deter-

mine the uncertainty in the following-ion transference number. 

Experiment 

The transference ntl.'nber of 0.213 ~ NH4N0
3 

at 25°C was determined7 

with AgN0
3 

as the following solution. A standard Tiselius cell with a 

closed vertical silver anode was used. Equation (15) was used to cal-

culate ~, with equation (18) being used to calculate €l and €2 being­

measured by a Rayleigh interference optical method. All other procedures 

were standard methods for moving-boundary measurements. 

Equation (11) yielded the result t+ = 0.5140 ± 0.0024. other than 
. , 

the value t+ =, 0.5130 at 0.1 !:! listed by Milazzo12
, for which the present 

authors could discover no original source, this is the only value 

r.leasured for NH4N0
3
.The value at infinite dilution, calculated from the 

limiting ionic mobilities of the ions, 12 is 0.507. 

I­
f 
t" 
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Equation (8) was used to estimate the cation transference nQ~ber 

. of the following AgN0
3

.so1ution.The result t+ =0.467 ± 0.009 at a 

concentration of 0.195 ~ can be compared with the work of F~ase, et al.,5. 

0.4708 and 0.4723 (two determinations) at 0.1995~, calculated from-a 

Lewis-type equation. If reasonable values are assumed for the concentra-

tion range of the following solution used by Haase, his data can be re-

evaluated with equation (11) to yield the results 0~4693 and 0.4708, 

respectively. 

An equation for the transference number, applicable at high as well 

as low concentrations, was presented. The difference between the present 

equation and the approximate equation now in common use lies in the cal-

culation of the volume changes which accompany transference number 

meai.;urement s. 

The equat1.on in common use is arrived at by an intuitive approach, 

and accounts for volume cha.nges across the two-salt boundary. Approxi-

mations are thus introduced which limit the usefulness of the equation 

to dilute solutions. 

The present equation is derived from fundamental equations. It .is 

seen that once a steady-state concentr.ation profile is establishe~ in the 

two-salt boundary, no changes take place across the two-salt boundary 

which affect the determination of the transference number. Rather, the 

volUme corrections are dependent only upon what takes place in the region 

from the electrode in the closed electrode assembly to, but not including, 
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the two-salt boundary. The approximation is made· that ,. in .this region" 

the concentration of solvent is linear with respect to the. concentra-

tion of solute" co=a+bc. This approximation does not greatly limit the 

usefulness of the transference nQ~ber equation. 

Equations are presented which allow the ca.lcula.tion of the quantities 

a and b if the density of the solution is known as a function of concen-

trationand the concentrations on both sides of the Kohlrausch concentra~ 

. tion boundary are known. 

The transference number of 0.213 ~ NH4N03 was measured at 25°C. 
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Nomenclature 

~ - defined by equation (10). 

- surface area of electrode, cm2 • 

defined by equation (10). 
. 3 

- concentration of species i, mOle/cm • 

tot~l solution concentration, mOle/cm3• 

- diffusion coefficient of salt, cm2/sec. 

- diffusion coefficient for binary interactions, cm2/ sec •. 

e,f,g,h - defined by equations (13) and (14). 

F 

g 

i 

I 

k1 ) 1'~2' 

ky k)t 

- Faraday's constant, 96,493 cou1/equiv. 

/ 
2 acceleration of gravity, em sec • 

/ 
? - current density, amp em • 

- current, amp. 

- defined by equation (12). 

"':", .' 
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L - electrode height,cm. 

Mi - 'molecular i"eight of substance' i, g/mole., 

R - universal gas constant, joule/mole-deg. 

t - time, sec. 

ti - transference number of species i. 

t~ 
~ transference number of species i as calculated using a Lewis-

type volume correction, see equation (20). 

T - temperature, deg K. 

u 

v 

x 

€ 

€ .. 
.l.. 

E' 
2 

IJ i 

v 

- volume of anode chamber, 3 cm • 

- velocity of' the two-salt boundary" cm/sec. 

- velocity of species i, em/sec. 

3 - volume through which the two-salt boundary moves, cm • 

3 - partial molal volume of component i, cm /mole. 

- distance variable, cm. 

charge number of species i. 

coefficient of expansion, cm3/mole. 

- range of concentrations of solution B present below 'the two-salt 
boundary, relative to the lowest concentratton in that range. 

- relative concentratlon range in electrode chamber. 

- relative concentration change across concentration boundary. 

- electrochemical potential of species i, joule/mole. 

- kinematic viscosity, cm2/sec. 

numbers of cations and anions produced by the dissociation of 
one molceulc of electrolyi:e. 

P - densily of solution, g/~m3. 

Pc - density of electrode me tal,. g/ em3 . 
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