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Abstract

A moving-ﬁoundary,system is anﬁlyZed,iand an equation, valid
for concenfrated as well as dilute solutions, 1srqbtainea fér the
transference number. When the partial molal vdlﬁme.of the sol- |
vent is cénstant through the boundary, the eguation reduces‘to .

the approximate equation now in common use{ The cation trans-

. ference number in 0.213 M NHLLNO3 was experimentally‘determined

at 25°C and found to be 0.5140 * 0.002k4.
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' Introduction
‘Moving-boundary measurements date back to the nineteenth century.t
The two-salt boundary was analyzed in 1900”by,the mathematician Weber5
In 1910 the chemist Lewis presented an analysis which corrected for
: the boundary movement caused by the electrode reaction. His -equation

"was thought to be restricted ‘to dilute solutionsl until Bearman4

s in
1962, showed that it actually applies to systems in which the partial
molal volumes are constant through the boundary--a slightly less strin-_
gent condition. No other theoretical progress has yet been made, and

Lewis's equation is still used today.s_ In the present work a more de-

tailed snalysis of the moving-boundary system yields an expression of _H

more general velidity for the transference number.

Theoretical Development

Figure 1 shows the two-salt boundary at steady state, Solution A
is composed of ions 1 and 3 and, being the lighter of the two solutions;r

is above solution B, which is composed of ions 2 and 3. Thefsolvent is -

referred to by "0".
The equations necessary to describe the moving-boundary system

are the cont1nu1ty equation or material balance,

' : " de dc v,
| | id

1 o
¥ @)

an equation relating the current density to the fluxes,

i

2 .

_ E‘Vﬁ. _ o
= Zi: 2;6,Vy s - (2) .

X
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Salt solution A
composed of

ions 1 &3

2 - salt
boundary

Salt solution B
composed of

ions 2}.8:3
x=+®
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- Figure 1. The 2-salt boundary.
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" a statement of electroneutrality,

~ and a flux or transport equation,

Y e Y ey, m

c = RT v Vil o

1ox. - TDij : e -
. 3 .

where ui is the electrochemlcal potential. These,equatiéns are dis-

"cussed in detail by Newman.® When the motion of. the ions is referred
to the solvent motidn, the definition of the transference number becomes

(v -V ) o zZ Do#

+

t - (V =V, ) + 2z _c_(v_ -V47 -z b 3 .". (5) _

Equations (1) to (5) can be manipulated to yield the exact rela— )

tiogships ] o
Y171 e Legtvgw)l R
X= -9 v
énd o 7 : | | 7 22C | - | » . S L,
=3 2 . [co(vofvb)] ’ I (7)
- o X= 40 . . '

where vy is the velocity of the boundary, the subscrlpt x = - indicates
'that c3/co must be evaluated in solution A sbove the boundary, and the.
subscript x = +oo indicates that c3/co must'bevevaluated in solution B

below the boundary.

These equations immediately yield the Kohlrausch regulating functionl 8

£y leg/eol, e
~03/Co ) .

Lo on

This is identical to the relation derived by Smits and Duyviss in their

_ ﬁi
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criticism of work done separately by Bearman, Haase,gu and Spiro.lo

'_'If the. concentration of the solution following the boundary does not

initially satisfy_the Kbhlrausch regulating function, 1t will adjust

itself so that it does.. In this case a'concentration boundary between . -

»‘the initial solution and that following the boundary will be left behind

as the two-salt boundary progresses up or down the channel. This boun-‘dlffiikf;J
b.dary between solutions of two different concentrations of the following:'”:“

- ion has been studied optically by Longsworth.ll ' | d

- In equations (6) and (7), the term co(vo-vb) 1s the golvent flux:viidil;'d*

.relative.to the boundary and is constant through the boundary. The

. application of these equations requires the determination of v, either o

iabove or below the two-salt boundary. Usually one electrode is selected ':”J

: with a well defined reaction, -and this electrode chamber 1is tightly clOSea“:¢l o
'so that the volume changes at the electrode can be assessed. ‘Thus the Ldf
.system gshown in figure 1 must be expanded to include. the closed electrode_ﬂggjj”'

_._chadber. Figure 2 shows this arrangement with the two-salt boundary andf

"& concentration boundary, formed as described in the preceding paragraph.. _fl;ﬂd’]

Let . the electrode reaction be that of metal dissolution, with the -

two-salt boundary progressing up the channel, so that solution A 1s tned ]!ff*a"

| leading solution. This is the usual arrangement for determining t;. On

‘account of the dissolution process, the concentration of solution B

- near the electrode will be higher than its initial value. The solvent -

velocity vy in the'solutlon below the two-salt boundary can be calculated

by means of material balances over the region below a plane x fixed in the

solvent (see figure 2), allowance being made for the dissolution of the o

anode, the concentration dependence of the density of solution B, and
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Figure 2. The closed electrode.
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‘ where aB and b
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traneference of'ions-aeross'the‘solvent-plane. - With a linear appioxi-"

’ mation to the concenxration dependence of the density, the result is

[Me L bB} ? | (9)

<
!
[}

i |

v
2.Pe 2.V, 8p

B are defined by
cp =gt bBcB:f R o :_:(lQ>}

This laSt_equation is equivalent to a linearvdensityrconcentration'rela-

‘ tionship over the range of interest, that range'covering'thé concentra-

tions piesent in solution B from the electrode to £he'solvent plane x.

Substitution of equation (9) into equation (6) with elimination of t

(here fon 2 is the cation reactlng at the electrode) by meens of equation (7).

+

(11)
It zepe.- z2v2aB

yields” _ 25C4 [FV Me . by ]
. b

where V is the volume through which the boundary moves when current I

is passed for time f.

~ For equation (11) to be fruitfully applied to a sjstem, equation (10) ’;{ .

must be a goedvapproximation. If the density of the following solution
is given by

= kl'4 kgc +'k3c3/2 + k£02_) - (lg)t. :

‘then the solvent concentration is

c, = et fe + gc3/2 + h02 s R (13)
“here .
e = kM, 1= (kQ-M)/Mo‘, :
| (14)
g = k3/MO, o= kh/Mo s :
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rather thén'equatiéﬁv(lo)._ A least squares fit of equationf(lo)ﬁto.
_eduation.(l3)‘over the concentration range of interest, from ¢ to.

(l+e)§, yields

o= e- 3 el fer 5 Bro(e3)) - neP(rer 3B (1)
and - ” o . :
S b = £+ % gcl/2[1+ % €+O(€2)] + 2hc(l+_% €), _ - (16)

where O indicates the order of neglected terms.

' Applicafion

If the following solution is'initially'prepared sb that its conéené

tration is less than that required by the Kohlrausch relation, equation -~ |

(8), then equations (15) and (16) are immediately 5pplicable with the

'initially prepared valué of the concentration equai to ¢ and with € equai

to either €y in the anode chamber or €p across the concentration boundary,

whichever is larger.
If the initially prepared following solution is of higher concentra-
tion than that required by the Kohlrausch relation, one can, with little

error, approximate € by €,+€5 and take ¢ to be the initially prepared

1

concentration (rathér than the lowest concentration of solution B present ).

The. value €5 due fo the Kohlrausch adjustment must be experimentslly

minimized or measured. The part €1 due to the elégtrode reaction can be
calculated from one of the Hllowing approximaté-equations:7
For a uniform concentration in the anode chamber (an unlikely situa-

tion),

e ~V/U, arn)

where U is the volume of the anode chamber.

-

v i 2
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If the anode can bé treated as a_verticel-electrodejwith free

. convection,

o ' g 8 0.2 . |
o 1.62 Y2 | o 00932 0
€17 ¢ <; v FDA > < <; v.A > (g) s ‘(18)

where in the latter expression I is the current in mA A 1s the effec-

| tive electrode ares -in cme, ¢ is in moles/ﬂ 'L is the effective electrode‘
height in cm, and B = (1/p)dp/dc is in £/mole. The latter expression is
' based on a diffusion coefficient D of 10™° ecu /sec, a transference num-

ber t_ of 0.5, a kinematic viscosity v of 10 2cm /sec, and a gravita-

tional acceleration g of 103cm/sec2.

For a horizontal electrode,

e
where in the latter expression A_ is in cm2, I isvin mA, V 1s in cm3,

¢ is in moles/#, and the value t_ = 0.5 has been assumed.

bDiscussion

Equations (6) and (7) are exact relationships describing the two-

salt boundary. Equation (11), relating the transfereﬁce number to the

experimentally messured quantitiee,idepends additionelly‘only on the very -

good approximation of a linear concentration dependence'of the density
of solution B over the range of concentrations encduntered.betweeh the
electrode and the two-salt boundary.

For the system being analyzed, the equation of the type derived by

Lewis™ > is = - :
o 23030 [y V.V ' . -
Yy T - TS Tt 'z 2.V, | " (20).
A'A : 2 Zo¥2 , :

o / oIV 0.8 / V. s
€, N — ~ ] ’ . ) (19) .
1 A Tz, v, FDe Ae z+v+c - . v

S OO S U
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It can’ be shown that : : 11%:: T o
' L/£ T a. /a - /—oA-’ J;fj;:n;;l"":vv ‘(Ql)lxﬂ
where a, is given.by an equation analogous £0 equation (lO) - Thus . L
equation (ll) reduces to a Lewis-type equation in the case where the

' partial molal ‘volume of the solvent is constant through the boundaryl

| In applications, ‘equation (11) is not very‘sensitive to the value
ofve, but it is of course better to keep'e‘small,_ For{moet'situatione7 |

encountered, equations (18) and (19) indicate that the use of a vertical

anode results in an appreciably smaller value of € than a horizontal '

electrode. Then the linear approximation, equatlon (lO), is better, and T

&g is more accurately known. This should be expected since with a verti- .

cal electrode there is a tendency towardAa uniform concentration in the 3
'anode chamber (the optimum case), while with theihoriZOntel electrode
stratified layers of solution form with very little mixing. ‘Equation .
(19) suggests that an autogenic boundary (one formed with solution'A

initially adjacent to the electrode surface) should not be used since_'

“then €, is uery'large--either A, is small or'V is large—-and the analysis

~ is not applicable.
In the derivatlon of equation (11), it was assumed that ion 2 is
the cation reacting’at»the electrode. If, on the other hand, the common "

i

ion 3 is positive, equation (11) should be replaced by

Zz.e. 1 ' Fv M u;' o o
t, =8y —3 (—l—‘lzeJ o (22)
3Pe _

*

= ~-00 |
where vy, and 1 now have opposite signs. If the boundary moves down the
channel, equation (11) or (22) is still applicable, but now the concen-

tration boundary is above the two-salt boundary, and ion 2 is the leading =
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" fon. 'If the electrode operates as avcathOde;-elcShoﬁldrbe-taken to-.

be negative.

The analysis treats an electrode involving metal dissolution or
deposition. The analysis can be modified to treat other cases with

rwelleefined volume changes at the electrode.'

"~ The transference number of the leading ion can,always be determined

mofe'accurately than that of the following ion,‘since the concentration

is known. The transference number of the following ion can be calcu—‘

lated from equation (8) if .the concentration difference across the concen-

~ tration boundary is determined, say, in the manner of Longsworth.ll The

uncertainty in the concentration so determined must be added to the un-

certainty in the transference number of the leading ion in order to deter-v

mine the uncertainty in the following-ion transference number.

Experiment

The transference number of 0.213 M NHANO3 at 25°C was determined’

with AgNO, as the following solution. A standard Tiselius cell with a

3

closed vertical silver anode was used. Equation (15) was used to cal-.

culate ag, with equation (18) being used to calculate €, and €, being'

' measured by a Rayleign interference optical method. All other pfocedures_'

were standard methods for moving-boundary measurements.

Fquation (11) ylelded the result t, = 0.5140 * 0.002k. Other then
. + .

the value t, = 0.5130 at 0.1 M listed by Milazzo'Z, for which the present(
2

" authors could discover no orlginal QOUTCG, this iu the only value

megsured for NHuNO3.

limiting ionic mobilities of the ions, is 0.507.

The value at infinite dilution, calculated from theef I

et gy e e
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, Equation (8) was used to estimate the cation transference nurber

.mof the following AgNO solution. The result t = O h67 0.009 at a -
concentration of O 195 M can be compared w1th the work of Haase, et al , -
0. h708 and 0.4723 (two determinations) at 0. 1995 M, calculated from a |
Lewis-type equation. If reasonable values are assumed for the concentre-
tion range'of the following solution used by Haase, his data can be re-v'
evaluated with equation (11) to yield the results 0. b,693 and 0. 1+708

respectively.

Summary

‘An equation for the transference number, applicable at high as_well":'i
as low COncentrations, was presented. The difference between the present¢

.eQuation and the approximate equation now in common use lies in_the cal-

- culation of the volume changes which eccompanyrtransference number

measurements.

The equation in common use 1s arrived at by an Intuitive approach,;”i

and accounts for volume changes across the two-salt boundary. Approxi-
mations are thus introduced which limit the usefulness of the equation
to dilute solutions.

The present equation is derived from fundamental equations. It is

seen that orice a steady-state concentration profile is established in the -~

two-salt boundary, no changes take place across the two-salt boundary

which affect the determination of the transference number. Rather, the

volume corréctions are dependent only upon what takes place in the region

from the electrode in the closed electrode assembly to, but not including,
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3.

‘the tuo-selt ooundarj.v The approximation is made that, in this region,

) the concentration of solvent is linear with respect to the concentra-vef_i“
ltion of solute,-co=a+bc.‘ This approximation does not greatly limit theﬂ
tusefulness of the transference number equation." |
Equations are presented which allow the calculation of the quantitiesf

a-and b if the density of the solution is known as a function of concenf

tration-and the concentrations on both sides of the Kohlrausch concentra- .

tion boundary are known.

The transference number of 0.213 M NHhNO3 was measured atv25°C.
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Nomenclature

' defined by equation (10). |
A - surface area of electrode, cn?. ;
by - defined by equation (10).
ey ;-concentration of species i, mole/cm3{
C ; total solution concentration, mole/cm
D - diffusion coefficient of salt, cme/sec.
Dij -.diffusion coefficlent for binary interactions,}cm?/sec};rt.
e,f,g,h - defined by eouations (13) and (lh)r
F - Faraday's constant;_96,h93 coul/equivr‘
N - acceleration of gravity, cm/sece.
i - ourrent density, amp/cmg.
I - current, amp.
kl.’ ].’;é,

defined by equation (12).

e bt i stvire 47
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electrode helght, cm.

efmolecular weight of eubstance i, g/mole.'

unlversal gas constant, joule/mole-deg.

time, . sec.

~transference number of species i.

- transference number of species i as calculated using a Lewis-
~ type volume correction, see equation (20).

»temperature, deg K.
VVolume of anode chamber, em3.

velocity ofbthe two-salt boundary, cm/sec,

velocity of species i, cm/sec.'
volume through which the two-salt boundary moves, cm”.
partial molal volume of component i, cm3/molem

distance variable, cm.

charge number of species i.
- coeTficient of expansion, cm3/mole.

range of concentrations of eolution B present below the two- salt

boundary, rolative to the lowest concentratnon in thar range.
relative concentration range in electrode ‘chamber.

relative cencentration change aeross concentratioe bdundary.
electrochemlcal potential of species 1, Joule/mole. |

kinematic viscosity, em /sec.

numbars of cations and anions produced by the dlssoc1at10n of

one molecule of clectrolyie
density of solution, g/um~.

density of electrode metal, g/cm3.

¢
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